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PREFACE

This bonk rantaing ane hundred highly raved problems used in the train-
ing and teeting af the USA Internatianal Mathesnatical Olympiad (140
poame. [ 05 net & collection of ene hundred very difficult, impenetrahle
questions. Instead, the hook gradually builds atisdents’ algehraic skills
ared technigues, This work aims to broaden giudents’ view of mathemat-
i and hetter prepare them for possible particpation in vanous mathe-
matical competitlons. It provides in-depth ssrlchment m important aress
of algehra by morganizng and enbancing students” problemesalving 1ac-
pies and stratesies. The back further stimalates students’ mterest for
furare study of mathematios.




INTRODUCTION

In the United States of America, the selection prooess leading w0 par-
ticipation in the Intermaticmal Mathematical Olymplad (IMO) corsists
ol a serles of national comtests called the American Aathematies Con-
pest 10 (AMOC 10). the American Mathematics Contest 12 (AMC 12,
the Ameriran Invitational Mathematics Examiration’ ATME), and the
United States af Americn Mathematical Qlympind (USAMO), Partiei-
pation in the AIME and the USAMO is by invitation only, based on
performanee in the proceding eams of the peguence. The Mathemati-
cal Olympind Summer Pragram [MOSP] is a four-week, intenss traln-
ing of M-30 very promising students who huwe risen 10 the top of the
Amprican Mathematics Competitions. The six stodents representing the
United States of Amerita in the MO are selected on the basis of their
DEAMD srores and further INO-type testing that takes plase during
MOSP Throughoat MOSE, full dags of classes and extessive problem
sets give studesis thorsagh prepamtion in several important areas of
mathematice. These topics inclode cambinaterial arguments and identi-
ties, generating (usetlions. graph theory, recursive relations, telescoping
gues and products, probability, number theary, polynomials, thenry of
oqustions. complee numbers in peametry, algordthmic proafs, combinatns
rlal and advanesd prometry, funetional equations and classical ineqguali-
tles

CHymplad-style exams consiet of several challenging ey problesmns, Cor-
rect soluticns often require deep analysis and sareful sbgoment. Olym-
ad questions can soem imperetrable 0 the novies, vt most can be
ﬁl!;:ud with elementary hizh schoal mathematies tedhniques, cleverly ap-

Here b soeme advice far students wha attempt the prablems that fallow.

= Take your time! Very few contestance can eolve all the gives prob-
kems.

® Try i minke connections between prohlems. A very impertant
thyrmee of this work i=: all important technigues and ideas feazored
in the book apgear more than onee!

¢ (Hympiad problems dom't “erack”™ immediately. Be pationt. Try
dilferent appraaches. Experiment with simple cases. Tn sama oases,
working backward from the desired pesult is helpful.

* Ever il you can sl & problem, @0 red the solutions, They may
comtain oamd (dess that did not accor nowour solutions, and they

e




wis Anirduction

may discuss strattric and tact ical approaches that. can be peaed olp-
where. The farmal selusiong see alen medels af slaane Db~
thos that you shoald smulate, byt thiw odten ohscure the terbarogs

canstruct the thinking that went intg them. Ask yourself, “What
were the ey idasa? “How can | apply thees ideas further ™

o back v the arlginal prokbilem later. snd see if you ean solve it

in o different way, Many of the problemes have malripbe slutos,
but not all sre outliped hepe,

Al terms in boldface are dofined in the Slassary, Use the glassary
el thir reading list to further your masthermatical eduent jan

Meaningful problem slving takey practier. Dan't get disconrases
if you have trouble ol first, Far additional practice, use the boaks
on the peding list.
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ABBREVIATIONS AND NOTATIONS
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1. INTRODUCTORY PROBLEMS

—

Problam 1

Lot . b and ¢ be real mnel popitive paramelers. Solee the squatan
= b+ W —

I i !
3w br+ ¥+ er - yfe s ar &= Wl — X+

Prohlem 2
Fifu the genemi trm of e sequaner defined e g =k
e
A
el = Fae ILr
frallne M

Prablem 3
o Ty LHE BOPg LEA R of imiegegs auch that

(P S
i =1z =2 furi=]2 il
(@) my+dy =TTy = LB

2o 4al=00

Protlem 4
The funcizan J. defided Ly
ar+4h

'r.J =.-'_-_.||'

Where ., o sisad o are Beiceeto Al nuediers ks e e ies
Jid e 0 nemi=0T wed  fiflzil=a

for all values ol r.ooeerpt

Find e g ool f




& L Introductory Problems

Problem 5
Prave that

fn = b)? aLh o — B2
B2 = 2 —VEE—T

forall o 2 & =0

Froblem 6

Seweral (ut least twa) nonzern numibers aee writeen ap 5 boasd, e mny
FIxEC amy v fumbers, say @ and b, and then weite the numhers g 4 O
anid & — % insinnd, :
Prove that the o, of numbers en the hosed, after Ay numbey of the
preneding aperations, cannot eoincide with the initia] s

Problem T
The palyramial
R T Sl S R LR

may he written in the form

B+ a o + ey’ +mrp'7,
whore y = % 1| and ags are constantg.
Find ag.
Problem &
Let a.b, and e be distinet noneets real nusbers sueh thas
|

I:I"'-I-ll:h—l-,:a.__
b I &

Frove that [obe| = 1

Problem o

Find polynomials fix), of#), and bi=). i they exist. such that for all £,
=1 ifxe -]

Wigh = lgl£}| +hiz) = { 3z+2 if=lcren
=112 fr=i

"F——_

1. Introductory Prablems
-_-_-—-_

Problem 14 .
Find all real musbers T for which
AT 4277 _T
13 4 '|Elr I':.'
Problem 11

Figsl the lopst pocitive integer m such that
S
(%) <m
s M
for all positive Inteagers .

Problem 12
L% @, b, e, i, and & ba positive integers such that

abede = o+ b+ dd+e
Find the mudmum pozsible valoe of max{o, b, e, d, =}

Problem 113

Evaluate
3 4 2L

Tea+d T+ x =t T oo+ 2oow + 2001

FProblem 14
Latz=va®4+o+l-vel=a+lach
Find all passible values of ¢

Problem 15
Firad all real sumbers = for which

10 = 117 4 17 = 157 + 147




4 1. Introductary Problems I 1, Introductony Prablerns 5

Problom 16
Let foMoe N <N bea functiom sach that f{L1} =2

Sim 4 L} = fiven) 4+ mand fimons 1) = fim,n)-n
fre all m.mE M,
Firal nll paiez (5. g} such thas fip, ) = 2001
Prablem 17
Lot f be a function defined oo (001 such thar

Fi0h = fi1) =1 and |f{r) = f(M)] = la—&.

for all # b in the interval [ 1),
Prowve that

|fia] = Fib}| =

By -

Problom 18
Find all pates of mtegers iz, ) such thi

Tyt =g

Problem 1%
2
Let fiz) = e for veml nunshers 1.
Evalbunie ! |
1 EEIII\II
—— i e | m—
'rl:::nmj""‘ ( LJ* "'rljzn il
FPrablem 20
Prowe that for n 2 0 the equation
e e
S| o

has integer smlutions.

Froblem 21

Find sll paies af integers (o, 8] such that the palynemil az1? + b 4|
is divisible by 2 = x ~ |

. -

blem 2 .
E:an a peaiitive Iteger n. Iet p(n] be the product af the man-zera digis

of m. (1 n has anky ane digit, then pln) is equal to that diglt] Let

5=I|'I‘:1'I r:l.lf:{l-'- ' +i|.':w:|.|-

Wihat 8 the largess prime factor af 57

Problem 23

Lt Tn b a senuence of nongoen real pamhers such that
Fa-1Tn-1

Iy, =Ty

Iy =

farm=3d..
Establish necessary amb sufficient poniithems on sk 13 for oy to be
an izteszer (ot infindtely any values of &

Problem 24

Salve tha egaatian
P _dr=yr+2

Problem 235

Fre any mequence of real pumbers A = {0 ag, 80 b defiee 8240 b
tha sequamen {ns = aa. 03 = 03,85 — 0.} Suppree that all of the terms
of the sequence A0 A0 ara 4, and thal &= am =0,

Find ay.

Froblem 26
Find all renl mumbers 1 satisfying the psation

43—+ =0 =

Problem 27
Press dhae ”
g = E -],- <17
kw1 ¥ E
FProblem 28

E’t"tﬂmlnﬂhz number of ordered pains of integers (m, ] for which mn =
Al

m® o n? e Oma = 53




B L Introductary Froblem

Problam 20

Let a.b. ane ¢ bo positive real numbers sach that 6+ 6+ ¢ < 4 ang
ol + b deen o4,

Prowve that ot lesst twn ol the inequalivis

jp=WEd jh=cl=2 jc-a|lgl

are frue
Prohlem 30
Evaluate

A

PP S

Zin- Ellin+ kX

Froblem 31

Let D« a= 1. Salve

lor positive rmbers o,

Froblem 32
What i the coefficiens of 27 when

[14+3H] + 22} 1+4dz)- {1 4 3™r2

i rEpanidngd?

Problem 33
Lot v noal moba distinet pesitive integers

Find the maximum value of [2™ — o8| where £ f2 a s number in the
imderwval ({10

Prohlem 34
Prose that the redw nomyial

r—a iz —@g) (T =g =1,

wWhner a0, - .0, Are distinet integers, cannot he written as the prod-
et of two noasmostart pelynomisle with integer coefficionts, Go., I8 s
irredurible

pasn

1. Introductory Problems
e

3.5 8y .}

Fﬁnd ali opderod pairs af real pumbsess (F, @) ok which

Aeail+eaY = 14y

and 11 FaMlE LA = L4z
Problem 36

Zglve the scmatinn

gi07 - 1l ¢ (27 =2z =T =2
fior el miiEnbers T

Problem 37
Let o e an irrat
Frave thatl

inal mumbior and et be an nteger preater than .

{-:4+ m{- L (ﬁ‘ '1-""3_!-‘_1]7
is it evaticaal pumber

Problem 38
Salve the svstem ol pquations

[r =z 420 = Falzg+an=E)
(g3 = a3 + 24} Talgs #11 — F5)
[zp—fgd 1) = mim+ap- Tl
fgy=m @) = gy +3i— )

law — 34 +r]:= = IilE+ Tg—ay)

for penl nupnbers 1y, T3, I3 T4 o

Froblem 39

Le1 2,3, and = be complex umbers sach that
r+pg+z=2
r': n y.' _::I - 3

anid

s =+

[ T | 1 . I

FTAATE O L.
L ITN

= +
| rp+r-1 gzerx—1 zr+p=l
]

r
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8 1. Introductory Pmﬂﬂi Lw!mpmmm!

Praohlam 40 Problem 46
Mr. Fat it gning to pick three non-2zoro real numbers and Ay, Tal i* gaing | The sequence given by Tp =4, 1y = b, and
ke arrange the theee mumbers as the coedficients of & quadrat| oqquation | 1 i ﬁl
2 . rﬂL':'(f"-'“z_ '
Tt _r=_=0 2 e

Mr. Pat wing the game If and oaly i the resulting equation has bwa

indlie.
distinct rational sofutions, = 'ﬁ"ﬁ; ah=1
Wha has a winning stratesy? Foures
Problem 47
Problem 41 a. b e aned d be ceal mumbiers such that
Given that the real nambers a.b, e 4, snd e sabisly simultanoously the Let a0y R
relatians .

faf 4 7 = e+ = 1) > (ot bd -
atb+etatemBand o’ £ el 47507 = 15

Prove that g+ b= land e +47 > L
dedermine the masimam and the minimum valoe of o,

Problem 42

. Problem 43
Find the real zeras of the polvesminl

Find all comphe numbers = sach that

Falrl= (" = 1){x = 117 = ax?. [3z 4+ 1}z + Difz £ 12z + 1 =2

whire o & a given real number.

Prohlem 49 .
I'j""“"";':rﬁ Lt #y,23,-1+, Fay, be the serrs diferent (pom 1 oaf the pelynamial
reree e
L3 amen 1 Pl ="~ 1022
24 2n Win Preree that
for all pasitive integars n. 1 -1
or all pasitive integers 1 r 1 +or b p———
Problem 44 -1 1-1 b= dn-1
Let
Pzl = LU PR o R Froblem 50 of b
. uations

be a neazera polynamial with integer coeflicients moch that Pirl = Let o nned b be given real pombers. Salve the system of o
Py =l for some integers rand s, with 0 < ¢ < 5. ; T
Frowe that ng = ~2 for same &, T g = &

NrrT
Froblem 45 3
Lot #tr be a given real number, yo oy o =

2 4
Fienl all eomples rumbens © such that, L
{ r 3 I: r 43 . for peal numbers ¢ and y.
| ——= =m" +m.
T+ lJ z - ])

. _._— e ——




ADVANCED PROBLEMS

M=hmrirtin= Ry = 2o,
= Yilfs + Malla T Yz = ,-": 4

D= Yilfals = 'l';‘l.."_: f .r:'

=

':: +— 3T Lol
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2 ADVANCED PROBLEMS

Problem &1
Fanlunte . -
(5 (5= (%) + = (oo

frroblem 52 .
Let 1, 3, = he pesitive tenl mumbers such that ' +p*+4" =1.

Distermina with peonl the mintmam vche of
! u?— 1
T T o]
1-7 1-p l-—z

Problem 53
Find al] resl solutioes o the pquation

?'--l-:]-r'r"\i'-=1"

Problem 54
Let {05} szt be a serence such ihat gy = 2 and

4 1

L ._;l + “_
- .
for all me M.
Fied an sxplicis formmla Sor 0.,
Problem 55
Lat 2, g, and ¢ be postive risk pumbers, Prove that
| W

TSzt pdiz+zd e+ S+ aip+El

[

T

T




11 2. Advanced Probleim,

Froblem 50
Fend, with prowd, all manzera polvnaminls fiz) sueh th

S+ fefiz - 1 =0

Problom 57
Loc 1 K — M bo a (uniction sech that fie+ 1] > Jinb and

Fifin]y =1

far all m.
Evaluate §i2001)

Problem GE
Let £ be the set of all pobmamink Jiz] with iegers coeflicionts sk
that fiz) = 1 b st least one (nleger ront,

For each integer & > 1. find oy, the let integer greater than | for
which there exisis | 2 F auch that the piination ) = 5, has exaetly
Eadistinet isdeper roots '

Problom 50
Lot ry = 2 apal
Torp mEL— 2 =1,
farn =T,
Prove that
i 1 1 i | 1
S stk Bl el o
Problerm

gumkﬁ; that - BY — %7 is o decrossing fonctin =wh that fr all
r.n e Y,

flz ot = S L)+ Slodl = fif1e+ i)+ i + Sie)

Prove thee fifizt = ¢

L_HE,HLBM— 15
Problem ai
Find all fancisand § 20— O such that

fia + @)+ Jiz = =2f1x) + 20w
gl mp € 4]

Problem 62
Lt %.ﬂ_ a1l
Proges that The sguatan

i+ = (e 4 al{2r+ a)

has [rar diztince real salitinns sed find thos solutloms in expliciy Frm

Problem 63
Let o, b, and ¢ be positive peal numbers suck that abe = |
Prove tha
1 - i . | i
a+hsl B+c+l crm+l T
Problem 048

Find alt functicns [, defined i e sor of crdered pairs of pasitive intes
gers. sntisiving the fnllowing properibes

e xl=x, fixrgl= iy 1) 2+ plfieg=pfico-yl

Problem 65

Comtlder nocomplex sumbers =, such that 2 <= L & = L3 n
Prove ehat there eslsg eq,64, .. 6q & [=0, 1} such that. for any w2 w.

Fif T ez - il S

Froblem &6
Find 5 triphs of rationad rumbers [a. 8, &) such thai

—
':-'-:‘2—[- Mo+ vk PE




16 2. Advancod Prablems

Problem 67
Find the minirmum of

log,, {Iz-‘dl) + Ingt,, {:;.—%:] + o bagy I:h—%::l

whime 7y, 3z, .. T, are eal nimbers in the mbered (4, 1),

Problem 68
Dieterminse 28+ y? + 22+ w? if
z* ¥ 22 u?
o T@E_mtEoptEoeEcL
1 1 1 1
r N z w
+ — 3 + =1,
e Rl - e

2 2 .2
'] £ w
-7 R-F RE-BETE-m b
2 ] 1
& L3 !
F_ i EtEEtE A

Probiem 69
Find all functioms f: B — 5 such that

Flefie)+ Jig) = Lo + o
forall v, ¢ B,

Problem TD

The prubsers 1000, LOD7, . F00 have been written an o hoard

Each time. oo is albowed wo eram two numbers, say, o and b, and replace
them by the number éminl’n.l'l'l.

Adter 1999 such operatioes, one abtaine seactly one number © oo the
board. Prowve that ¢« 1,

Prablem 71

Lot @000, 00 o0 b real numbers, not all e,

Prove that the equation

dltmr+yT+mz+ + /I tac=n

has &l mast oo nonzera poal roat,

j —

syanged Problems 17

Problom 72 :

Lat {an} bo the sequence al real numbers defined by a; = ¢ and
A1 = dig(l = ap)

formz L

Eor kv many distinct vales of ¢ do wn hve aypay = 07

Problem T3

{a) Do tivepe exist functions f:E—Rapd g: R — & such that
figlem st and  gificl) =2
for all z = KT
[t) D there exist funetlans J: B — Roand g: & — B such that
flga =2 amd  gifirl)=1"

for all £ € BT

Prablem T4

Let Oy Sag 0 = og. 0 by = 4o 2 By be real nwmbers such that
Eu. = Eﬂ..
=l 1=

Suppose that thero exists | = & < moauch that & < a; for L < (< & and
o forisi
Frowe Lhat

By -y = bbby,

Problem 75
Geiven eight not-sero real numhers . ng. - ag, prove that ab least eoe
of the following six numbers: @y + 0g0s. 005 + 0obe. oo + oo,
Bafly + G4rig, @35 + 040g, Q507 + G B NON-Negative.
Prabilem 74
Let 5, b and £ be positive teal rumbers such thar abe = 1.
Prove thae
ab b ra
T + . T . -
B rak Mot Fratiem




18 t-wm' 2, Adyanced Probioms. 22

Problem 77
Find sl fumetlons 1 2 — B gach that, the equality

Sy o= izt =) + i
hoidds far al padrs of real amhers (.50

Problom TR
Salve the system of eguncions:

W P
L
r+Jy
L pr i

Prablem 70
Mr. Fai aad My, Taf play a game with o pelyncmial of degree at Inase 4

In=l in-1

e _r i e = o

Thﬂ'_l:' fill In sead numbers o empey spaces o tum, 1 the rosalting poly-
nomial bes po teal root, Br. Fre wine otherwse, Me, Tof wins.

I ks, Fut goes first, who has a winning steategy?

Problem B0

Find r..11 pitive nbegers & for which the following statement & troo I
Fir) & a polmomisl with integer confficlsms aatislring the randitien

D Flel=k for e=0.L.... k&1,
then P = Flth=:--= Fk+ 1},
Problem 81
The Fibonaeri eeqaence F,, |8 given by
Fi=f=LF =R a+F nem
Frowe that
in

o o Fayi e Fhe 3
I = = :G d_gp

foralin = 2,

Probiem &2 ;
Find all fusetions o B o= ® for which 1hem exists a strictly momedanse

fumetion fﬂ_—l:"! sigrh that
fiz =+l = Friolpl + v

forall .y e R

Problem B
Lt 212200 o Tn T COMpleR muenlbers sipeh that

|| 7 Jsal = + 2l =1

Prores thit Lhere meists o subset § of {21,250 oaa} sach thar

Il 1
I:l.’.f | b

Problem 84

A peivpamial Px) of degree n 2 Gadtl intoger ranfRedents and n clzarinet
fntegEar ros = ghven

Find all integer pooas of PP given that Dis o ront of Plx]

Problem B4
T venl seguences v, ra, .. 80 gy pe o aredefined in the fallowing
e
£ o=y =\l"i ,-_4.,-r‘-r-,-'1+:r,5
and

el
LTS ITW

forall = §. Prove that 2 € Enla < far allm = 1,

Froblem &6

For & paiynnmial 200, define the differenace of Piz) om the inferval fa. b
(o8 (.50, (o, 8]1 as PIB) = Pial.

Presn thar. it s passible ta digseet the interml [0 1] into o finke ramber
of iitervals and ealoy therm vod amd bl alternaiely such thal, lor every
uadratie polymnmial ). the tetal difeeenee of PLe) on el interks
ks eual o thiat af Pie) an biue ingervais

What about cubsic pebvnam|als?
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Froblem BT
Civen A cubic equation

o _rd_r4+_=0

Ilr. Fat and Mr. Tal are plaving the following gane. Tn one move, My,
Fat chooses & real namber and by, Tal puts it in e of the empey spades,
Alter three mpwes the game s ever. M Fat wins the game if the fing)
equation has three distinet inbeper moots

Whn has a winsing strategy?

Problom B&

Lee v = 2 be an integer and et £ BT — B be a function such that for
amy regular megan Ay .o Ay,

_i'-':l'1|_l: +_||'|,-ﬁ‘-'| + - j'l'.-"lu] =1L
Frove that f iz the 2ere functinn,

Problem EG

Let p be a prime number and ket i) he & palysomial af degree d with
integer coeffieienis such that:

(i iy =08 =1,

(il] for every positive integer 4, the remainder upan divisicn of fin)
by s either Qor 1.

Privee that d = p - 1.

Problam S

Lot 1t e a given positive integer,

[}

Canaider the sequence ag. 0., @, with aq =

L=l

-

k=l
O = gy + —.
ft

for k=1,%--.n
FPrave that

2, Adyanosd Problems.

hileam D1
Pro o 1, he nonnegative real pumhers, not all zere.
Lot a8z
{a) Prove that =* ey = = g F — 1y = O has precisely ane
&
positive read pond i

(k) Let Awm T gn; and B o= ey fay

prowe that A < BT

Prablen 92 ) .
that. there exista & peivnomial Pz, ) with resl crefficients such
that Pz, ) = 0 for all peal numbers 1 and p which cannat be writien

a4 the sam of squares of priviaiminls with rel eediciens.

Problem 93 .
Fer sach pesitlve integer 9 show that there exists & poaitive integer k

soch that
k= fiee + 17 + iz + 1)

for same polveamials f, 9 with integer eowdficiends, amd fnd the smablest
such k 55 a functicn af A,

Problem 94

Let x he a positive real number.

{a] Prowe that
N Ts ) I ¢
L fr+1)---{pEnl ©
w=l

{b} Prosoe thay
{rz = 1} = 1

L NEE T = mir*-'-"lzl
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Problem 95
Let n = 1 be an inbeger, and Lee

XCs=|L2....»%

b aset ol In? alomernis
Prove that coe can find slne distitet numbers 0, 5,6 (= L2 in ¥
such that the system

Mr+hp+oz: = 0

2z o+ byt 4 fad

AT + by ez

|
= =2

hae a eolution (Tn, g2, 20) in nonzero integers

Froblem $8
Let n 2 3 e an integer and ot 2, 25, -+ - . Iy e positive real mumbers,
n
1
iy thiat e
ppnes tha E Tre, L.
Prove that

"

PR R T l]|{
| T

-
-+

ro)

Problemn 97
Lot oy.vq.. .. .re be distines real numbers. Teflie the polynomials
PlEI=(z— zy){1 =23} - {3 — 1)
and
i
Ll = Plx) | L iy :l
VE—T T=I4 -4

Lot 41, pz0 oo oo gmmy be the roois af &, Show thal

min [T = 2;| = min |y — ).
i 1 g B ¥

hlem 8
pro ghat for any pesitive integer i, the palynomial

N =i+ 41

cannot bo writeen a5 the praduct of twn nan-comstant polynemiaks with
inbegEer cn"Eil"H’TH-

Problem ¥
Let fi. fa- f : B — B be functions sach that

Sy )y +aa ks

& monatanic far all @20 € R
Prowe thal there exier op, 03,03 € R. ot all zepa. such that

e filzh + o fpixl +eafalal =0
el xR
Problam 100
Let Ty 2000 o By e variables, and 186 4y 4. . . ooy be the sums af

manempty subsets of T,
Let figl®y. ... 2] be the &7 clementary symmatric polynocmial in
the g, (0he gum of every produce of & distinet gs).

Fae which & and r is every eoefliclond of py (as a palynemeal lnr,. o o)
even’
Fot example, if m = & then ;. yz. 31 are Ty, Fg, £y 4+ T3 and
=+ B+ e = 2y £ 2en
i
P = Wi F Bl i = Fp o+ b Bn .
Pa = pugegs = Fids 4+ Tl

Problem 101

Prove thar there exist 10 dietinet real numbers g, a3, . ., @ sech tha
W exantion

(2 —ayliz —az)-- ir—am] = (£ 48 )(x+az]-- [T+ an

hias exitly G dilfereni real roois.
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| 3. SOLUTIONS TO

INTRODUCTORY PROBLEMS

=
Problem 1 [Romanis 174!
Let o, B, and o be real atel positive parsmeers.
Salve the squatian
-,m BT Er W ar = b —az + T — bz + /0 — ez

Solution 1

1t & pagy te s that = 0 is @ solution. Since the sight hatad side & 6
devreasing function of T and the left haesd side is an increasing function
of z, there is at most one splutan

Thus £ = 0 Is the anly sslution 1o the aquation.

Problem 2
Find the gemeral term af the nﬂquvr::vilﬂiuml by mo=% a1 =4 8nd

Tpe| = Fp_y — NIy
for all 1 & W
Bolution 2
We dhall pronve by indaction that r. = n+ 3 The claim iz evident for
"= I:lI 1

For k=1 ifreey =+ 2and 7 = k4 1 then
Tt = 8 — ke = (h+ 27 Rk =D m b4,

o dhegired.
This opdetes dhie incduciion.
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Froblem 3 [AHSME 1900]
Let rp.#ae. . my be o sequence of integers quch that
W=le2m =2 wi=1.%,, .n
Uil oy g2+ b, = {0
(i) =f + 23+ 0 22w,
Determine the minimum and maimom peesible values of

a %
Ty e+ gd

Solution 3

Lot aub. and e denote the number af —1a, 1= arl 2= in the sequenge,

msp ivnly. ¥ * ferd T oF Eh i
: LIvely, ¥ L Tl sl e mefod, Then i, | NG EKHITPER
I I i e 1im e

—otb4Je= 15 and a4 b+ 40 = 0%

fl:l'nllf:-wsth.:l.ru:'l.‘f'l—l.';lr_*:‘l-':- 50—13 i

" = P=de, where 0 = ¢ £ 19 (sinee b 2 0,
4z b 1) = g g bt B 104 G

Whets e =0 (& = 4,5 = 505, the lener baund {117 15 achirved,

When e = 10 fo=21,b =1, the uppeT bourd (1330 is pchieverd,

Problem 4 [AIME 1907]
The functian §. defiped by

fig) = 2EFD
L=}
where & & & and o ate nosrers el nurmbers bz the propereies

S0 = pa, a7 = 07, and fiiali=r,

far ll valdurs of 2, excep —E.
Fieid the range of f ’

Solution 4, Alternative 1
Forallz, fifiz)) e in.,

'_—_r=.-!
EJ"ar+E- i
lersd )

L

L_S'E‘_“ﬁ'.;-“ﬁ Introductory Problems ]

i= o tbeir LMo +d]
cla +d)r + be + o

b ola + dir’ +{d" —a®)z —bla+d) =0,

which implies that efa + db = 0 Sinee o @ 0, we mus v @ = =d,
The conditiotss (18] = 19 anel f{§T} = 97 lawd w0 the equations

1Fe=2 10044 and O = 3. 0T 4 B,

Fiemoe N -
(A7 ~ 19°)e = 9T — 18]n.

[t follows that o = 58, which in s beds b = —1843c. Therelore

BRr- 841 _ __ 152
fla)= ——m— =%+ %

which never hag the wlue 08

Thus the mage of [ i B - {58},

Solutlon 4, Alternative 2

The statement implies that [ i ite own inverse, The inverse may be
ferand by salving the equation

ag+ b

ey

fioe g, This-wiehls i
T T = &
f .I:T"= =rT & g
The nonzere numbers a, & o, and d must therefare be proportional 1o o,
=b. ¢, and a, respectively; it follows that o = =, and the rest is the
S&me as in the lirst sodutian.

Prablem 5
Frave tha
[ —El:': - a+h —'\I".-u_l-:l'\'- [a—#17
. - 2 = Bb
Erollasgg

Boluziap 5 Alternative 1

Hake gk
\.r'&+,..-'[.'\‘|' {wﬁ+v"aﬂ\‘|_
( 'E-...':-'.'l | ilz ?-..n'ﬁ J ’

A =
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I,

[/ + B = T < (B _ Bt e 1B + 817 A — B)E
4n i = &b J

fm =67 a—DSakeb  ja=a?
o =< .
An = 1 = L
[rom which the cesule flbows,

Bplution 5, Alernative 2

Satn that
'u+|'|"I|=
—— | —ah
 fi |I / o Py — B2
it + _m_ 1 T*__ i {m—
z “; b ofE HMad b +dvhe

Thiug the desired irequaliey is equivalent bo
da = 0+ b+ 0 = db
which & evident e n > & (which impliesa > 3k = 8

Problem 6 [5t, Petorsburg 1984

Soveral (a1 benst twol nonzora pumbers nre wTitton on 6 beard. One may
orngsr Aty teo oumbers, aay o aod 8, and then stite the nambers o + E
and b - E it beal

Prone thai the set of numbers an the board, after any cumber of the
preceding ofierations. canmed enineide with th initial s

Solutlon §

Lot 5 be the sum of the squares of the rumbers oo the board, Note that
& Inetenses in the first opetation and does nat decenss i ary suceeasioe
cperation, ns

S

l::n +-__|:|-+ |:ﬁ - ;]:= :’II|1"'\'+f|:§-3-’:|=+h:I

with ecpuality only f o= b =),
This eomplates the prand,

jons to Intmoductory Problems 31

3, Solut
Problem 7 [AIME 1986]
..n“ F'ﬂ:,rr:ln'uinj
l=gtgiar g ez gt

b werbtten in the farm
I £ Ly
ag+ap - oy’ + oy ol

where o = 1+ | nod 05 are SORS1ANEE. Firwl n2

galution T, Alvprmative 1
Lat fi#) cemnie the given exprossion.. Then

_;l'_ﬂ:.l"l:r—j"'l '.Tﬂ:—' — gt
e 1+ #1800 =] =z
Fhcy 1= (=1 1y ="
Jixl=fig=11= FETPST] m

Tharedare 04 ie equal to the cesfficlens of u” in the sxpansan of

T=(y=11"%

()=
iry = 1) = o

Balation 7, Alternative 2
Let fir}! denoee the given expeession. Then

Ay =17 =
il

flzh=fly—1i=1-A
g T T ) B

=)+ e 5= (D)

i |, L
Bero wn gaeed the formmubs

0)-(2)-62)

ey
Thus

35 the face thn

T
#
e
1]
—
[T
e
Il
il
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=] 3, Selutions 72

Prabilom 8
Let w, by amid ¢ beddlstinet nanmeemn real numbers sk that
1 1 1
B RS s -

Mrove thnt [abe] = |
Solution B
From the given condigions It fellws thng

b—e c—a =
D= =

n— b : caml E—n=
[ It

Muftiplying the ahove equations wives (ahel® e 1, fram whiel this elrsired
result folleses

Problom § [Putnam 1966)
Find palynomials fia], glrh and &(2), if ther nxdat, gueh that foe all I,
1 ifr e <]
el —igirhl + izl =€ qp+2  if=1<req
x4 Al

Satution 9, Alternative 1

Slnom = = =1 anid r =  are the pwo tical values of the ahsoluie |

funrtioas. one enn suppose Eaal
Firl = alz+1j+brl +er+d
le—a—8red-a fre—|
= la+e—bir+ord f=l<xcn

fa+b+cir+a+d ifz=n

which imphies that @ = /2, &= =il e=—Landd =12

Hetie f{2) = (31 + 300 gl = 570 nnd bix) = «p L 4

Solution 9, Alternative

Rate that if r{x} and s} are nay twa functions, then

r= & — g

2
Therefore., i F21is the given Tunction, we have

matir sl -

Fiz]l = max{-3r - 30} — max{ae.0) + 2r = 2
= [=dz—-1+ A+ = B+ =T 4+
|
= R+ 30— Haf/f —r = )

£

1
Tor which
21l real mumlwers T
Fed g a1
=+l 0
Salution 10 L
By settin 2 = g atel ¥ =& the eguation hecomes
ol o A 7
e
|E S |'|-'| - |'|l:l - n'.'l: o i
nt -
i fin? — T+ 67 = .
e

{20 — 38332 — 26} = 0
Therefrme 27+ = 3741 g 2751 = 37=1 which implea that © = =1 and

zw .
18 le sy L check chat Both 1 = =1 ond £ = 1 satisfy the given equation

Probvlem 11 [Romanka 1950]
Fimel the leasi positive integer w1 <pch that

() <

for all possitive |rnegers m,

Solotlon 11
Note thas
(2n n n Y oL jEe o gn
[u::lfl::Uj]-r["l}-'” _I:tEmII_] 2 J
and for n = 5,
o (ﬂ:zﬁh:l“.
I:Ii'."||-|-!-l'l|:-|
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Problem 12
Lot a. by o, d. and ¢ he positive integers such that

gl =g b bsrsdeae

Fipdd the maximum possible value of max{n, b, c.d, o).
Solution 12, Alternative 1
Suppose that n &% o2 d < e We need ta find the maximum valoe o
. Bimoe
cca+bh+et+d+e s Ge
then ¢ < abede 2 fe, i |« alied £ 5.
Hetwe [0 B, e, d) = (1.1, L1, 1L,30 (L L1 4% (012 21, oF
(L L L&), which leads to max[e) = §,
Solution 12, Aliernative 2
As befiare, siappose that o < b < e < o < & Nate that

1 1 | 1 1

| = — i m— +o— i —

bede  eden | gead | pobe | abed

1 1 1 1 1 d+dee
o o= — = - —
de e | ode r+d i

Therefore, de < 34 dd-eof (d — 1{e=1) < 4,
lfd=1thena=8=c=1and 4+ ¢ = ¢, which is impessihle,
Thesd—T=lande=1=4dare=<h

It is oy to sew that (1.1.1,2, 50 is 5 solution.

Therefore i} = 5.

Comment: The second sofution wan be used to detepmine the maxi-

rmum wnloe af {r.7y.. .., To}. when 1.1y, ., 7, are postive integens
such that

TITy B S Tp b Ty,

Prablem 13
Evalunte

X i 2001
——  —— L
11420430 :!!-I-?IH-'-‘I-!+ +l!'|‘.?§I!Iﬂ|.-|:ﬂ!-riEl:|]!'

J S—_—

. memwuw Priohlems

Nmrlih-"f*
k2 _ k2
Tk i+ (E+21  K[l+E+ 1+ [k 10k+20]
- 1
Tk +E
- Sl
= k2
k+21-1

T+ o

{ 1
HE kDU

By telescopitg sum, the desited value |5 equal 1o

Froblem 14

1
ey

kA —

Letr=va'+adl=vn—a+lLaER
Find all possible vnlues of 7.

Solution 14, Alternative 1

Sinee
wio? e a| + 1= e
and
} 2
Valto+l4+ve —a+l
wn have
x < |Wfal =2
Bauasing both sides of
sealca+l=raldiatl
Filds

Ty —pdl=2a—
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I

Squaring both sides of the abeve pquation gives

5o

. 12 _ g
(3% _ 1_ -:I,.-'\_ , :_T.-'l_ ¥
-l =rr -dlnora ST
Simee 0¥ = 0, we must e

et — At =1 2 9,

Emee |2| = 2, 2 —4 = 0 which forees £ — 1 < 0, Thetefore, =1 < 5 = {,
Conversely, for every 2 € (=1, 1) there exists ooroal pumber o such that

r=yal+a+l=yal=atl

Solution 14, Altermative 2

Let A = [=1/3 w320, B = (17250, and P = (2,0), Then P
is o point on the z-axs sed we are ooking for all possible values of
d=FA - P

By the Triangle Inequoality, |PA = PR} = [AB] = 1. Ard it is clear
thnt all the walues —1 < o < 1 are indesd obiainable. In fet for such
nod, n hall hyperbala of all peints o such that @A — 38 = d & woll
defined. [Painme A and JF are foci of the hyperbols, |

Eance line AR is parellel to the r-axis, this half hyperbola intersects the
1- axs, Lo, Pis wall defined,

Froblem 1%
Find all real numbers z for which

10 115 4 157 = 137 + 147,

Zplution 15

It s eyt check that = = 2 |5 & soluthon. We claim that it is the anby
o, 10 [act, dividieg by 137 on both sides gives

RS RS S A 144"
The beft Band side is & decreasing function of  and the right hard gide
is an increasing fusetion af .

Therefore their graphs can have at most ane paint af interseethon,

1o Introductony Problems ar
3. Solutions 12

CpmmeTt: Adore penerally,
al £ o+ Dk K
m(a sk I+ bk 27 ot e+ 20
fra=k2k+ 1) KEN
Problom 16 [Korean Mathematics Competltion 2001]
Lot f o o= M = 1 be s unction such that fl1.11=2

fim+ 1.m] = fim, )+ m and fim,m b 1= flmn) -0

rm-mm_n't M.
Find all paice (p, q] =ach that f(pg) = H0L
Splution 16
We bawe
Fipgl = Flp=lagl+p-1
= fip-2q &{p-2+{p-1]
PRI i Ll Y,
= Jil.al 7
-1
= fa-1-lg- 1+ BEZD
b -1, pp=1)
= jn.n—"'“g L + _1.12 L
= 2001
Thirsfare ) )
=1 _g9-1 _ e
F 2
1

(p—qlip+g-1)=12. 159

Neta that 1991 2 a prime pumber aod that p—q < p+g—Llr prE R
We have the fodlowitg twn cases:

Lop-g=1and p4q-1=3058 Hence p= 2000 and g = 1690,

L p-g=2and pig=1 =190 Heneo p= 1001 and g = 59,
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Therelore (p.g] = {2000, 1999) or {1001, H65]

Problem 17 [China 1083]
Let f be & function defined on [ 1] soch that

FI0y = fil) =1 and |fa) - Fid)] < la— b,

for all o # b in the interval [0, 1),
Prevve that

\fla) - i) < 5.

Solutlon 17
W cobsider the following cases.

Lo =8l = 172 Then |fia) = (8] = o -] < :—I.M-:I:-:.i:wl.

e | =4 =172 By symmetry, we may assume that o > 8. Then

[Find = fia)] = [fin)= fil} = F0) = f#))
£ = SO0+ 10} — fio|
< ja=1/+0-h
= l-a+&-0
= 1=in-h
" IJ.

8 dlesarand
Problem 1R
Find all pairs of integers (=, y] such that
=y = [z 4y
Sajution 18

Since 27 457 = [r 4 glizT - xy 4+ 477, all pairs af integesa (n,—n). n & .
are galatinng

Suppose that £+ y # 0. Then the cquation bessmes

L] H
I =Ig=p =1r+4y

.Ti—-:!,l+i:T—L|T—g'=D.

ans to Introdictory Problems EL

Treated as & guadratic equation in r. wo cakoulate the discriminant

A=gf g+l —dy sdp= -5+l
A = 0 vields
.*:.-'sf':ﬁﬂrS 3+ 03
3 3
Thus the possible values for goare 0, 1, and 2, which lend 1o the solutions
i, 0. (o 1 C8 20 (2,1}, ard {2, 2},

Therelre, the isteger solutions of the equation are {r, ) = (L.0]. {0, 1],
(L3 (2 Ly, 72,20, and (r,—n, for all w € Z.

Galving o7

Problem 19 [Korean Mathematics Competition BiM|
. i) = .2_

Lk
for real pumhers = Evaluate

() () + -+ (),

Salution 19
Wit that § has & hall-turn ssmmetry about peane (172, 1030 Tisled,,
., 2 2.4 47
fil=ai Fyraz a+d.4 T

from which it follows that fiz) + f{l=1i=1
Thas the desired sum is equal to T

Problem i
Prove that for = 6 the equatice

I 1
A T i e 1
B T
s Enteper solutions.
Enlution g0
etz 1
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fromm which it follows that i [2,, 25, 2.} = lagomz, o0 ) 18 &0 inga,

ger malutinn 1o

1 1 1
gTaY s
then
[FLs 825 -2 Fumly Tny Fnsl. Tnpd Tt ]

= 10y,8z, - ooy, By, Dy, 2op, 20 ]

is an integer solution o

1

+ & --+;.!—='|.

H|—

(1]

-

Thesetare we can canstroct the solutions inrlu-.'l::n.'{\-l_'.- o there are solutjons
fof n = 8,7, and 8,

Smep xy = 1 s a slution for o= 1, (02222 & asalation SF 51 = 4.
and {2,2,2,4.4.4,4) is a solution for n = 7.

It 5 casy 1o check that (2,220 0.6) and (22,22 4,4, 12, 13 are sohy
tiems for = 0 and n = 8. respectively, This rampletes the proaf.
Problom 21 [ATME 1958]

Finel all pairs of mtegers (0,51 such that the palynomial

ar'T k™ |

i5 dlivisible by #7 — 1 — 1.

Snlution 21, Alternative 1

Lot and g be tho oot of ° = 1= 1 = 0 Bv Vieta's theorem.
F4q=1and pgw -1 Note that p sl g mwst ako be the roots af
art” £ b 4 1 =0, Thus

0t bl = ] pnd n.?”+.5.]":' =1,

Multiplying the first of these equasions by g%, the sseemd oop by o,
and uging the fact thae py = =1, we find

ap + b= —'% ppel ag+ b= —plf, i1
Thes
PIﬂ_q.ll B . o s
1Ty = N Pl ).

3, S0l

it fldowes that o= 1 -3
Likgwise. eliminating a (1} gives

utioms to Introductory Problems #

jnee

p+q = 1.

Fre = iprel —ime=l+2=3
;Dq+|]'* —_ [F=+-Tﬁ]i_i:uif=ﬁ'2=l
P - (o= 2=

ST 4T = BRT.

Fl1T_l,i.|:‘

P

= pfaptlad e b g -

= %+ g™ Lm0+ N 2
Rk i st i R S

= (T =T g T = P L

b =

Foree = L, bt kg = 07"+ 47", Then ky = 3 and &y =7, and
bes = P o
[ph.f: + ':Ih-r“.l-l,:yl + q,‘!] . _I:I!q':f_p"" + "
= Manez — ks
for = 3 Thet kg = 18, kg = 4T, kg = 123, by = 322, kyy = BA3,
kg = 2207,
Hence

b BT — 843+ 320 - 133 4T = 1B+ T =34 L= LXT

{a, &1 = (0BT, =157,
Salution 21, Alternative 2
Thie eshes Sactar |5 of degree 15 A we write

17 it
leing'® — gz + -+ gy = ml(z? —x— Dy maz’ +8E 4 1

c"ﬂ'lmrin.l: cowdfieienia:

=: =1

.ol .:n—l.'L-l:'-l".=]

P —m-eidrp=le=1
ard for B2 k<15, 2% =cpoa—ceeg =0
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Tt fallows that for & < 15, cp = Fl=y (the Fibonacel rapyber |
Thus o = oy = Fig = 887 aml b = —opy = o5 = —Fyr = =1597 &
[m, &) = [T, — 1597,

Comment:  Combining the two methods, we abtaln sofie interosting
fnrtzs about sequences Kay and Fiy.p. Sigce

Womid = Finan = 2pe1 = Fings = Figgg = Fapes = Fontis
it follows that Faeo; anel ke, satisfy the same rscarsive tolacion, It is

ey b chieck that &y = ) = Fy and &y = <R
Thimednre ke = Faoq + Foeyy and

F:n-n-l = t:ﬁ - ‘l":n-] + t‘."'-—i == I.lt---'"! + -1}
Problem 22 [ATME 1994]
Civen a positive integer n. let pind be the produst of The nos-zers digits
of n. (I i has only one digit, ther: o) i equal te that digit.) Let

S =Ll = p2) = - 4+ p[0ig)
What & the largest prime fhetor of 57
Salution 22

Cemsider each positive integer Iess thin 1000 10 be & three—dizit numher
by prefising Os to numbers with fower than three digits. The sam of the
proslucts af the digits of all sach positive aumbers is

M0 0+0-0-1+---+9.9.9=0-0-0
=M+ 14--+0 =0

However, pin} is the product of non-gern digits of &, The sim af these
products can be faund by replacing 0 by 1 in the above BRpreEEan, since
igrnring 0s is equivalont to thinking of them as 1's in the products (Note
that the final 0 in the abave expression becames 5 1 and Pampensies
for the contribution of D00 after i1 & changed ta 111.)

Hepre

F=dfi* = 1=(16 = 1)(4F + 40+ 1) = P . 5-7- 103,

and the lrgest prime factar is 103,

3, Solutions to Introductory Probloms 2
.--"_'_._._._

jom 23 [Putnam 197%]
i & sequence of panzers peal numbers such tha

Prab
L&t Tn

Fpy_sFmal
Tn =7
-‘I-:Iu—:'_-’rﬂ—l

=3
hw" Jisk necossary and sufficlent conditions on 1y arel 1g for g 10 b

far infinitely marny valees of n.

Balation 3, Alternative 1
W have 1 _ Maa=Twy _ 2 1
R In=1 TFu-%

= — ln=1 is an arithmetic
1y, Then 3 — Byl = Maol — Mn=g. b0 Yo is an Ariths
o ,.1{r :., 5 III":l"IF‘f"'I'I'Iqu'I‘II"!.'_\'E"':I' when & 5 in an infinite et 5. the
goeforn € S saniEly —1 % e = L .
Singe g asithmesic sequets i unhounded ualess the eommon differenee
20, g — Po-t =0 for all @, which in turn {mples that x; = &3 = 3, &
) ]
mamzera [MbeReT.
Cloarly, this crmditian is alo safficint.
Solutlon 23, Allernative 2
An assy induction shaws that
I T3 Foda

Mo = (n—2rr T - I+ (drs - my)

T

fen=134,...
In this form we ses that 2, will be an integer for infinitely many values
of i if ard mly I 1 = 25 = m for some RON2Ere inbeger W,

Problem 24

Balve the equation

I —fr=afr sl

Bolution 24, Alternative 1
It is clear that r = =0 We eonsicler the fllowing cases,
Lo=2e ¢ =2 Setting r=2mae, 5 0w, the squation becoinis

Bpgs” ¢ = Bcosa = \.llirf"ﬂl'l +1i

f o
Feosda = -|I_=-'|-l:\-"l‘~:§-
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——

jons to Intwod Prabiloms 45
3, Soutons 0 latroductery

froims which it Snlbows that oo da = o g2 m 25 [AIME 1882]

Then Ja = ‘? =2dmr,meL otla+i=nm nel For any s af real numhers A = {ag. 0g.a3, -} define A4 1o he .
P = HWIN {n:.—lll_ g = g g — O3, ] ]
Sinee & 5 0 £ v, the solution in this case is I; o Ehat all of the terens of the squence ALAAD are 1, and that
4= - — ey = UL
=2zl =2, ¥ =?{|-;q-|'_ -\?llldl'=:|'ﬁh.=?.. pgg = 992
= T F|_|-||j_ i
Zoa» 2 Then ' = dr = rjr’ — 4) = 0 and golutbon 25 |
Spppes that the first term af the sequence &l s 4 _
|-!__r—1f..:1-_3:||_,4.|_'|~_-...:| Then |
Ad=[ddx1d+2...]
ar }
Py + L wlth the n*1 term given by o + |n— 1]
It Follores fhat Hence

P=3r>r>vzI+l

A=laya —d gy 4 d+(d+ 1w e )+ 0+ 2
Hence there are no solutions in this case.

: th iy v
Thepefare, © =2, r = 2eosda/5 and 1 = Feos d=/7. with the 1 term Ziven by

Soletion 24, Alternative 2 o, =y +(n— I+ %:" = 1)(n 2.
Fee = = 2. there 5 & real rumber ¢ = 1 such that ‘ _
This shews that a, is o quadratic sedvnomial in nwith lesding coesTiciend
! -L l.l'ﬂ.

r.
Sinte @ys = agz = 0, we Eust have

A
r=t

The equatian becomes

iy = =im — 18] {n =021,

2
B0y e (1 — 19)[1 — B2 = ELD

[

e ] -
{5 | - 1™ ) 1
It +F_;':I _n|;'-+ﬁ,.| =1|!,.ﬁ_¢

i.e I
#al Pl Problem 26 [Korean Mathematles Compatition 2000|
P ¢ Find &l real naprhers © sarisfying the equation
im
W=t -1 =0 WL AT 4T T -0 = 0
which has ne selutions Ter ¢ = | b
Solution
Henes there are po solutions for 2= 2 Betling 27 = 4 apel 77 = b {he equation hecames .

For =2 £ ¢ £ 2, please see the frst salution

1+a® +p" —a—h=ab=1

Multiplving hath sides of the last equation by 2 and completing The ]
Eives

i1—a)? e — P2 (b= 17 =0,
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) Introductory Problems
3. Solutions 8 20
Therefore 1 =27 =37, apd 2 = 1} is the anly sebutian thore are 35 solutions alwegether: {1, 33) {1,32), -+, 133,0). and

Problem 27 [China 1682] (-3, -3

Prave that ent: More generally, we hae

LE [
l-:-fEﬁq-r.'_ of 4 1 et = Babe

k=t ,Ill.;.;+h1-.r;||.1-J.-:’+-:.':ur:|f+|'.-—n‘.=].
Solution 27 =
Nate that . )

2 |:n.-'_q- T 1- Tl = ¥ o L. Problem 20 [Korean Mathematies Competition 2000]

CONEFTHVE AT Let &b, and ¢ be positive real numbers such that @ + 5o < 4 and

Therefare i AP

" LH

1 1 =
Y=y (VEFT-vE) = Prove that at least two of the inequalitie:
[T T !

-4 =2 lb-eg=2 |e—a|sl
which prowes the lower bound,

O the cther hand.

g troe
— Sobut 2B
2{VE-vETT) = ot -l ton
R T We bave a
(a4 b=o 16
Therefore
B0 " an i af o b ef + Mab 4+ be 4 on) < 16
I , ' = v - 1
T?J,' 1+2% (VE-vE-T) =0/@- 1217,
|.-_:l L = ’ I"' )
. +& 4 e 58,
which pronss the upper hourd. Our proafl is complete. i ' i
..
Problem 28 [AHSME 1950] al &b el = [ob + be doca) £ 4
Dietermine the number of ardered prirs of inegers [me. =) for which mn 2 Le.

0 and fo=b + (b= e)® +ie-a) <8,

and the desired result Sollaws,

Probdem a0
Evalimip

w1 + 1t 4 Dinn = 337

Salution 28

Mote that (m 4 0! =m®* + 0t + Imaim 4+ 1) B m+n =30 then

I = imtn)® -m® ot 4 I 4 1) =7 + n? + W, i —L—-
fra = &k)in + &)1

Henee g + 0 — 33 is o factar of s + 0 4 09men = 297 W have =t

m? + 17 + Smn = 120

={m +n=3m? +n? — mn & 2B@m + B+ 355

1 . .
- :T-j-rr +r = 3im =11 4 [ 33 & e 20
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Solation 30
Let 5 denote the desired sum. Then

. I !
Gp = —_— —_—
[Im)? = [0 — BN (n + !

_ 1 2
- -ZEH:I!EIL_H—J:_:I

LEnjl

Pin=1 1
[2m]? ~ Hal)=

Froblem 31 [Romania 1983]
LoD <aw | Salwe
" = g*
for positive mumbers x,
Solution 31
Taking lng, vields
a” oz, ¥ = 2%

Cronsider Tanetions from B~ = &,
firt=a® glti=log, =, AMri=1

Then hoth § and g are decreasing ard A is increasing
Jixlglry = A{r) has unigue salation © = a.

Froblem 32
What s the coefficient of ¥ when

(L4 M1+ 2201 +48)-- (14 2"1)

is expanded?

. [t follows that

3, Solutions 10 Intreductary Problems 4
=
golution 32
Let
Jal£) = e +Rap T tnmt” =L+ 214+ 221 {1+ 2%x),

It s sy to pee that e, = | s
ggr=1+24+ N, ey, Ly |
St
Julzl = JaaiizHl + 271}
142" = U+ 0popar’ +-- ] (1+ T2

= 14 [P o i)rt (g g+ PV =20+
e havm
g = Ggogt -0
= (ly=3 +].'H-.: - gu=l +!}' -m
= pae (PP s TN [FrP i+
fadu=3 _ 1
= 2+¥—"HT-I — 1)
:fu.+’_i_3_2q-|+|_r ri""'l —l;ll:f"—'- _,,E-I
1 k] ’
Frablem 33

Let m and = be distiel positive Integers
Find the masimum wvalue of 2™ = r*|. where x & o renl number in the
Intervsl 0, 15

Balatlon 35
Ei‘ EYmMmEry, we can assume that e > oo Leg gp= ™%
Sice 0w r =], £™ 2 2% and 0 = y = | Thus

—o WY

= {1 - g™

== - 2™ =1l -2
Applying the AM-GM lvequality vields

f_m %" ILF|':|1: - r.:|:_|"|'| -
|‘-|i'—r.l_ll i : !

{ i "||rI e e e
m—n) n+m-n

ntm = n™"

i™

1L = yjen

&

1%

" N




50 1. Solutions to Introductory Problom,

Therefore
" —_— —
o im — f)m=n’ === LR -
,-""_,-'=|£["—'_\'. =.:1-|-,._,-,'|rp J
mm J S hmm,

Equality holds if and anly if

[m = m)
Yoy
i
ar
- ['11 Y wew
m.'l
Comment: Form=n+ 1, we have
e .
LT Ve

far resl nambers 0 < © < 1. Equality balds if and only il 2 = m/(n+1)
Problem 34
Prove that the polymsamial

[F=mlir=as)dr—a) -1,

WIS By, 8z, - -+, @ nre distinet integers, cannot he writen as the arod-
et of two nan-constant pelynamials with integer coefficients, Le., it @
irredueibile.

Salution 34
For the sake of contradiction, sappose that
flal=lr=aliz -6z} - (z—n0a) =1

I8 ned irreducible. Lev fix) = pirlgic) such that ple) snd giz) are tn
palynomials with integral coelficients having degres less thas n. Then

glz) = pix] + glr)
# & polymomial with integral soefficients having degres less than n,
Sinee
Pl = flog) = -1

and baoth plag) and qgia,) are integers,

[Fagh| = |qe:d| = 1

5, Solutions t0 Introdiictary Probloms 5l
_--—"'_._._

a=i o] +g{ag] =

hus gix} bas at lenst moreate. Hut degg < o, g0 gle) = ik Then

plr) = —qlx] and Jiz) = —piz)lF.

which implies that the leading crefficient of f{r) mst be a negative
ibeges, which i impassible, sicee the beading coefficlent of flr) i= L

Problom 35
Find all ardered paics af real numbers (2, ) for which:
(L+ail+ 21+ = 14y
and (10143 WI=y") = 1+

Salutlon 35
W comsider the following cnses
1. zy = 0. Then it &s clear that x = g = 0 and [z, 4} = (0,00 is a
solution,

2, £y < 0. By the symmetry, we can aasume that o > 0> g Then
4zl + 2501+ % > Land 1 4" < L. There are no salutions
im this caee.

3 z,y > Dand x # p. By the symmetry, we can assume that £ =

¥ >0 Then

(el +Hl+ 2 1+ =14y,
showing ikal there are no solutions in this case,

4z, y < Oand £ £ 4 By the symmesry, we can assuite Lhat T < y
0 Multiptying by 1 — ¢ and 1=y the first and the seeond equetion,
respectively, the system now resds

1-z% = I_'|.+y'1|||—1-:|=|—,:-| ;,-T—:g-*
1=y = N4+l =-wi=l-g+s -2y

Subtracting the first equation froem the second yields

R ST B T TE S ) i1

Simrropa0f—p ol z—galz"—y" <0 —2zp <0 and
1% — 4 = 0. Therefore, the left-hand zide of {17 is positive while
the righi-hard side of (1) s negative,

Thus there are na solutions in this e,
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jome 1o Introductory Probéoms
3. Solutions o,

5. # =g Then solving mm ar

bet ,"n.':|:ln-|--'n'i—l_':ll..r{.—'.-'ni—l:lél.
"u"ilﬁ .&.::.u+'|,"'-'£_?—_'|I*

W =&+ 1/k For the soke of contraadiction, assame that N s
rational. Then by wzing the identity

l-xfalcpdy — oy’ ) cr ™ — o
lends to x = 0, 1, -1, which implies that {r. ) = (00 o7 (=1, =1

Therefare, (r.y) = (0,00 and [=1,=1) are the ooly solutions to the
EvaheTm.

Problem 36

Solve the / )
tlve the epontion ETTRN S lhrll" {.'r"'+i - [:h"""+!;l_-,
| F) )

HE =~ 1) + (2 =N =27 —2
woatedly for m = 1.2, ..., we abtaln thai 5 4 1/8™ is raticoal for all
me N

Tnp.an;iquﬂr.
g IEIl.“-r|.--.-"n:l':"—]1-:1'—'..-'|1"—]=2:'l

i rational, in eomtradiction with the bpypothest,
Thieefore our assumption 3 wiong and N is irrational.

for real numbers 2,
Solution 36
Rearranging terms by powers af 3 vields
N L L T Ty i
Setting g = z¥ = 1 aned dividing by 2 ot the both sides, [1] becomes
PrsFy—ir+yl=0 Problom 18
Balve the system aof equations

or
-1+ =11=0 () . 3

) ’ (Zy =M+ = nintfaa-n

Einee fir) =27 - | and 1 always have the sxme sizn, |E?'l ;|_-:+1' Elz r1'_1::+:: If“
I+ R = —

HI - 1)y - 1) =0 {Tx=rg+15)’ = ralritas—m)

N a [
2y =Py +1)° = rmpin -
Hence if the ferms ca the left-hand gide of (2] are nensens, they mmst o s+ ] R
have the same sign, which in turn implies that their sum is not equal to
a.

Theredoee (2) is trse i§ and ooly if 2 = 0 o y = 0, which Jeads to solutions
¢=—L0Land ].

(rn =1 +12)? = rlEs g —m)

for rosl numbers 2, #2, 25, 74, Ts-

Balution ag

Let Zyn = Ty Adding the five eqoations gives
Problem 37

Lt o be an irrational nomber and et n he an integer groater than 1.
Prowe that

5
EHIE — ATiTepn + 22eThaa) = E':'r-l': + 2ziTp-a)
km] he=1

M filkerwrs phiat

(o+v30) "+ o i)’

) H
& an brrs 5
0 krrational nombsr E [rf = TyTy=1l =1

d=l
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]

Multiplying both sides by 2 and completing the squares vields

[
E:Ix —Tyq P =1
L1}
from which £ = 23 = £3 = 1y = 1y, Therefore the sohutions o the
Ewalenm are
LT3, Bx Ty, T = 4.4 ik 5, 0)

fer o € R.

Problem 34

Let g, g, and = be complry numbers such that rdegds = 2 534 g gpl g
3, apd zpr =4,

Esnhinls
1 . 1 y |

tptz—1 gr+r—1 T =1

Solution 30
Lot & be the deslred value, MNote thar

Bt —l=zgp+l—p—p={r=Niy=1h

Lk,
prdr—1=(g—1iz=1)
and
by —l=(z=1)lz =1k
Hener
4 1 . L . |
fr=1y=11 |lp—1iz=1) " {z =1z =1}
_ Edpy+az=1 =1
T otE-Ullp=Tz—1] {x=1ip-1z=1
_ - |
T o myr-(ydprtorltotger_|
_ —1
T OB— Ty + w4z
Bt

Hry+prtar)m (ray+ T - P e =,
lhesefore & = —2/0.

} Intraductory Problems 55
L_Sﬂh___,ﬂfﬂ

Pl"l*'hm 40 USSR 1804

Fat is gning bo pirk three nonszera real numbers wnd br. Taf is going
w;'m.,r; b three nambers as the coefficients of o quodratc equation

_a k=1

_ Fat wins the game if and oaly if the resulting equstion bas twe
distinet ratinnal enlutinns.
Wha has a winning stratoy?
Solutfon 40
pdr. Fat hns Lhe winring steategy, A sot of three distinet md knal norzero
pusberd @, 8, and £, such that o+ b+ o= 4, will de the trick. Let A, H,
and £ be any aprangement of a,4, and ¢, and let fie) = Azt e Hr+ 10,

Then
fill=A+F+0=a+bhee=0

which Emplies that 1 i & sclution,
Sinee the prodoct of the two selutions is O A, the other solution b i,
azd 1L ip different from 1

Problem 41 [USAMO 1.!]?3'
Coven thar the real mumbers @b e, and e satisly simultaneously the

relatlons

dgtbeckdte=fande’ +F ++0f +e® =10,

detnrmine the masiimim and the minioom waloe of o
Bolution 41, Abernntive 1
Since the total af bo.d, and € (8 & =, their sverage b= 1 = {8 — a) M,
Let
=g+bh, c=p+n, d=s+d;, =TIt
T}th +rp =—dy+ e =0and
3 s [B=al®

W= p? +dr + B +f +of wef 2ol +ast =0 b Y om

or
L] 2!":0.: - lla = al5a — 14).

Tharefore 0 < o < [6/5, whore o =0 fand only Fh=r=d=¢ =2
Bl g o |.|"|-_|"."| il ared |:.l_-||:|.- Hhwp=d=¢= '“f..rl.
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Solution 41, Alernative 2
By the RMS- AN Ineasality. (1) fodlows fram

PSR T b+ e+d+ e)

. [&— al®
- ] 4

and the: rest of the slution & the svme

Problem 42
Findl the renl seros of the polynoenial

Pzl = {2 + 1}r - 1}¥ = az?
where @ is n given roal numhber.
Solution 42
We have

[T+ Li[r? = 2r = 1] —az® = 4,
Dividing by =7 vields

f

1
=tz

f:l{r—f.?—%l] = =],

By setting 5 = v+ 1/, the last equation herames
yl'. = 39- - =1k

[t follows thai

r+—=1xv1+a,

M |

which i turn imples that, if @ = 0, then the palysomial Palz) ks the
real meros
1+T+a+va=2,T+a-2
T

I sddition, if o 2 & then Paix) also has the real e

o l=vTFa+ya-2Tta—-2
- .

L

I.z=

Problem 43
Prose tha

inr all positive integors f

57

godution 43
e PI"D"“" i Eronger slatement:

We nse incusian
For n = L. the resull B evidenl

Eupprnse the cratement s Crue for some posltive integer &, 1.0,

13 -1 _ 1
I R TR 1 2
Then 13 -1 W+l | Tk +1

2 4 2E 2
fn aeder for the indurtion step Lo pass it suffices 1o prove bhal

| W+ 1
Y1 k=2 JAT+4

.1 = T

This redupes 1o y
Ca 1Y 3k+1
|'-g.5_._ T
I

(AE? 4 4+ LH3R + 4) < (447 + 8k + )03 + 1),

]
0k,

which |& evident, Char prood is complete

Comment: By using Sticling numbers. the upper bound can b im=
preved g0 | fFR for suffictently Large n.

Problem 44 [USAMO Proposal, Garald Hewer]
Pizl=me" +mrt ™ = kg
b & nonzero palynnmial with integer coeffcats sach that
Pirl=Plsl =0

for Bime integers 7 and 8, with < r < &
tbhat g < —¢ for gome &
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problem 40
m muﬁﬂ.’l‘n‘

58 3. Salutions to Introductory Prg

Solution 44
Write Px] = [ — 21270 1) and

given by g = a, =&, nnd

Fagl =

CE] = byr™ + By ™14 +d,

where bey # 0. Since (Q has a pasitive roat, by Descartes’ pgle of Higng,
elther there st et same & for which by =02 beo o or be = 1)
£ there exists a & far which & = 0 = By then

i periodin.
Prove that ab=1.
Sobutlon 46

pultiplving by 2re ot both zldes of the given recursive relatlon vields

Ag=1 = —s5ig + Ogg £ —&

I by 2 0, then a,. = -5t = —8.
In wither case, there is 0 & such tha g = —g, a5 degiped

Ny n
Iy Tye] = Tgel Ty + 1

o ;
HNrpnTatt = 1) = Ta—gTn =1

roblem 45

Let o be & given real number, Find all comples numbers  such that

Ilr i I\.II:+ £ :_ .
\z+1 -\!'_-__I- =M+

Lt o = T 1Ty — 1 for n £ M. Since jnir = /2 {1} is & gecenetric
soquence, If 2y is pericdic. then sa is g, which implies that g =0 for
all g & M. Therefnes

ph=mn=m+1=1L
Solutlon 45

Completing the square gives

oz x 4 e
o -
|I +——~]| = e ki 4+ m,

Prohlem 47
Let o, & ¢, snd d be real nombers such that

fad 8% = 190+ d = 1] = (ae+ b = 10,

I+l r=1) ! — 1 |
i Prove that
fae? 3P g ) af 4+ b w Land o = = 1
Fo1) TFogtmiem
L / =] Sohstlon a7

Bot the sake of the contradiction, suppese that ore of 27 & b7 or o7 & 7
B bs than or squal ta 1. Since [oe +bd = 1) 2 0, a7 48 = | and
€+ - | must have the sme sign. Thus hoth a% + B and & + ® are

bess thar |, Let

Setting y = 2e¥/27 — 11, the ahove equation benmmes

g'z—y—lrllz-l-.'n::‘ll_

fy—m =1y +m| =0 rel-a~Fady=l-c -

Thus

223 ap? Then 0 Ty L. Multiplving by 4 on both Sdes of the given inequality
o1 - Eives
which leads to salutions ey > (Zac+2hd - 2% = (2 - Jar — Dba)?

(6 + & + 7+ +d + g = Zac — 20d)°

re+ | b if 2 m+ 1! ‘=

Jm— i £ = = j — i L i # f

Ymen F nrwl +'|.-:|_||I=u-,£|. = [la=e) ¥ &(b=dl“+z+y"*
ozt =0 + B +al,
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T

ar it = 1% — Zry +5* = (1 = 3}, which & imipassibie
Thus cur assumption |8 wrang and both a? 4 2

S and o 4 a®
than 1. + 0% are greadeg

Problem 48
Find oll complex numibers 2 such that

[3z+ 1142 + 1106z + 14122 + [} = 2,

Solution 48
Mote that

Bi3z + )64z + LMiie = 1127122 + 1] = 768,
(242 4+ BNz + GNPz + 41242 + 7} = TR
Serting u = 242 + 5 and w = u? vields

3+ 1 = e = 3= TR,

e
fu® = 1 Hu? = 0 = TER,
e
w = Uy — T80 =11,
e

fw = 33w + 29} =0
Therefore the solutions to the FivEn scquation e

iy

g EWAI =& 4430 = &
: T m

= and ==

Problem 49
(IEL N PN P S i . .
.I“l'.i".ll o l.::gl'g_ e the aeres different fram 1 af the polynomial
Prows that

I | ] _n- 1

—

+ [P
1—m [ l-|_—_-|-"_|_ a

E.__.___._,_

golution 40, Altermative 1

Golutians to Intreduciory Problems il

My ketay=1—-=z. Lm

Pil—3] _{1=x"=1
-——u .

W'=]'E'“

LuEd

Then F lr
Q) = (=11 + - l\"-lr':?:j R RS |._;::I‘__ ;‘:l

anil @5 e the poneero poots of the palymomial Q{x). a8

=" -1 -1

Qla) = —— =T

= 1.

Thus the desired sum & the sam of the reciprocals of the roots of poly.

pomil ), that =

l—# 1-#; 1= Th-

1 1 1
= — e +

15} [ An—1

[T T e VL S T 4 @y - O
h s g

By the Vieta's Theorem. the ratlo hetwern
=t dip iy @yt @l gy
and
P=a i

& equal 1o the additive inverse of the ratio between the coefficient of
and the comstant term in G, i, the desieed value §s equnl to

'rr.l

& _ l-E} _n—1

B T
_I:I.-I

2= desiped.

Salution 40, Alternative 2
ary pelynaminl 7 r) of degree n—1, wihos? 26005 A8 T - F3.0 0o Tnals
e follewing idestity holds

1 1 1 Rz}
e — 1 —
T=-T T-T1 T=Fa.i  HT]




| 1 1
L —— e —
-3 I P | - S

Froblem G
Let noneud & be zives real nimbyers

Rolve the tysterm of auatians

Wl =24 g3
P

= S -

a"‘lﬂl—'l'-_ _":. = i

VI=glsy

for renl mumbers © pnd .,

Solutjon H0

Lot mi = ttynod v =r1-y Thep

2ry nned = L—\_I.

1 n

2 2
Adding the two PRUSLEME and 24 biroctjpe the tem exjuations in the arig-
Inal system yields the new SyRLE

LRl g e | T -

— L
b=uyor & [oepdi]—up
e

I.'-fr'u\,l":E = {a—-8v1-

Muledp ving the ahose twn cuntans vields

R \
el — witl = fa® — py 1 — ui)

fience uy = o= — b, Pl v 1hindg

8+ 01w — gd 3T fa = BT — a7 1 BT
— i b= :

U= —

3 ! 'y
= et gl L+ nd — §=

which in tum implies tha

——
T

e 4 by oy = b+ nva® Y

oIl = T e
R e T Y s g - J

whenever 0 = A= — k|

SOLUTIONS TO
ADVANCED PROBLEMS

——



4. SOLUTIONS TO
~ ADVANCED PROBLEMS

_—

prohilem &1

E,ﬂ'_lulll‘
S SO0y, 000 B
Lo JTU s T s )T 'l\:r.i:m

gotutlon &1

Lt et ]
300 oo
Jial = {1+ = {-T.l £

&m0 L
Lot w= (=1 + v30/2 Then o® =1 aed & £+ 1= Hence
o [ (2000 (2000 00ty |

*he )T s " nn

[}
K

= f1 w2+

- 0T ] 4

g0, 30

._J-_|_':1'l":_ 1

Thus the desiped vahoe is

Prablem 52

Let 1 v, = be positive neal 1 migmhbers sach that ™ + _'."' Rzxi=1 I
Determiine with |;_-|m|' the minimum valoe of
T ¥ 1
T—aF  L—gy  1-2F l

Solution 52
For 0w 1, Lot flu) = il — o) Lot A be a positive real rumber,

By the AM.GM insquality.

T B g - a7F
Al fiuif? = Ax*{1 =) (1 =0f1 2 _1u+u_|

E—




66

Setting A = B in the abave mequality vields

0
B uh)® = [%‘ll
or .
. ]
J'.UIS—_EI;-
It lallews thae
e !|': _:‘:l x1 L]
T—_I_.u+—l l'—ﬂ = ——r it
= l—g%  1-=z 21 —=x%)  pil ="
L eyt VE
- B
_a¥E
= 5
with equality if and only if
L
Tefimi= —,
V3

Comment: Thiz s a gimple applicatian of the relt of profilem 33 i

the previcas chagtor,

Problem 63 [Romania 1990]
Find all resal salutions ta the equation

T =2

Splution 53

For x = 0, the function fie) = 2 + 37 + 67 = 57 i increasing, so the

equation fz) = 0 has the onigoe saletion = -1,
Asmume that there is a slution 5 > 0, Then

e R R LY

05 2 & and henee 5] 21
Bit them s = |s] vields

b I B - Y T
which in turn implies that

L g

4, Solutions to Advanced Probley,

i fiops to Adyanesd Problems &7

g+ ¥+ B = &%, a comradiction

herefoee T = =1 ie the anly selathon to the eqaatian
Problem 64
Let {n}uz: b0 & soquence such that @y =2 and
it 1
Gng) ™= ?T + .
[ ol |
& for allm &
#[1 - 2% Find an cxplicit formula for aq.
Balution
Salying the equation .
R
?r

jeads b r o 2o/ T, Nove that
%
Bl F \"’E_ﬂi -+ gﬁn'r' 2 _(ﬂ"-l-'u'ﬂ.\]

O 4] —\"? -ﬂa —Ell'ﬁl'ln +2 N ﬂn—'l.l'ré._

Thirefiore.
| ] .
:: :"'ﬁ? = (zﬁ[‘ t f) = Iil.-'-li‘-r 'I:I-
and -
VE[E+n)” 4]
I FETLI
Problom 55

Let z, , and = be positive teal cambers, Prove that
£ N i
T+ fiTEyiiz+2) udyflu T+

.
. = 1
MMzt il =yl

JETIIE 2 T + V. |r

Bolution f5
Mot thay




L] 4, ipns to Adwva

In fart, spaaring boch sldes af the above inequality vields
2 yr 2 Ir A
which I5 evidemt by the AM-GM inequallty. Thus

E - F] I_,n';
T T H T+ P+ TR HTE YT S T

Libswrise,

i - VT
g+ lr =zl + ol VT TR
and
2 - I.ln'_T .
zhfleFallz+pl - VT JFHVE

Adding the laet theee inequalities leads to the deslred Tosuli,

Problem 56
Find, with proal, all ronzere polynoomials fiz) such that

S5+ iz + 1) =0

Solution R

lﬂl Jizh = az™{z = 11" gl =}, where e and n are non-negative imegers
fle

gisl=fs—nl{z— )z = =),
g land 5 £ 1, bar i = 1.2k The given eondithon becomes

art™z = 1 s 1 = (8 — a2 = )
=g e ™ — 1M 2=y I = Ea] e = )
fz+l=miedl—ad o lz+1-zl
That o = —a® and [ & nobeero, s0a = -1 Since 2, # 1, 1 =2, £ 0
Then 2*™ = 2™+% thae |5, =,
Thus [ is of the form
=5"z = 11"g(z]
Dividing by 2¥™(z — 1)7(z + 1", the Inst eqoatbon becomes

afz=) = glslglz + 10

*ﬁm&mﬂm L]

we claim that g(=] = 1. Suppose not; thim clearky g st have at beast
o eniple Faet 7 2 0 Mo

qll':':l = giriglr + 1=,

glrfy = By

alrfl = 0,

garl 50 06

Ginee f cannod, have infinively many reats all its racts mast have absclute
walue 1.

s
qiir = 1171 = gir — Ugirl =10,

wr=11 =1

Clearly, i
F=llr=1=1

. [ ++/3 1=+
rE I

Put = s algs & ront of g, &0 the same should be troe af #

. {J—x-ﬁr 1—ﬁn‘}
FPEf=——m— "= [

then

2 2

This is absurd, Heree, ¢ canmot have any rosts, and g(=) = 1.
Therefore, the {{z) are all the polynomials of the ferm =2™(z = 13™ for
mE N,

Problem 57

Let £ i 8 — M he a fanction sach that o+ 10 > fr) and J{fn)) = dn
Tor all L

Evaluane fi2001),

Belution 57, Alternative 1
We firee the following lemima.
Lemma Forn=0.1.2,.. .

L [f{3")=2-3" and

2 fi2.9m =37,

—




il 4. Solutions t¢ Advanced Problem,

Proof W use induction,

Ve n =1, nate that [[1) # 1, stherwise 3 = J{f[11} = (1] = 1, whig,
® impossible. Snee f o W — H, f1) > L Siaes fin + 1) = fin}
{ is mereasing. Thus 1< f(1) < fif{1] = 3or f{1} = 2 Heney
S = FIfiL =3,

Suppese that for same pogillve intoger o> |,

FUEE" =23 and f(2.37) = JnH

Then.,
FEEE = fif2- 30 = 3ogmet,
arcul
Jrfz 4314-1:' - Jf I:‘fl:3n+1:l:| = 43:1-:.
as desiredd. This complebes the induction. o

There are 3* = | integers m soch that 3" < m < 2- 37 and there am
1 — 1 ictegers m' sach that

JiAM =2 cm <3 = f(2 37,
Slmee [ i a6 incrensing fanction,
S+ mi=2 0" 4,
for 0 < m < 3™, Therefare
Ji2-F +m)= (3 + m)h= 300" + m)
far 1 £ m = 3% Hetwe
TN = f (2.3 4 543) = 33 = 543 = 3816,

Solution 5T, Altermative 2

Far integer n. Iet nyqy = aq82 - gy denote the hase 3 representation of
f.

Using similar nductions & in the first salution, wo can prove that

o g ey =
'rl'ﬂj'r'_{ log--al ifa =

Sinco 20015y, = IHIRIL0, ST Yy o= 12000000 ar

ST} e -3 =235 4 0. 05 4 .77 = 3814,

W_MM L

problen 58 [China 1504)]

F b the set af all polynomials f(z] with integers coefficients swech
E fix] = | has al beasl ane inbeger ront
For cach integer k= L, find my. the least integer greater than 1 far whlch
there exists an J & Fauch that f{z] = g has exactly & distinet integper
poais-

gotution 58
that fy & F satisfies the corditicn that Jelx) = mig hins exactly

F distinct imteger roots, aned let o be an mbeges guch that filo) = 1. Let
g b the palynoamial in £ such that

gelal = filz & a)

fof all x.
Bew m i) = filal = 1, s0 the constant term of gy 15 1. Mow gelr] = mg
kap rocactly b distifet integer 1018 T Tg. .0 P, 50WE G20 write

[z — iy = (2= dlE - gl [0 - )l

where gy [ ) is AR integer polymomial
Made thai myrg---+y divides the constant teem of gelz) — ™. which

epaals 1 = M.

Simer my = 1, 1 = me cannod be d,
1 -t 2 [rarz- - Pl
Kow ry.ry. -1 are distinet integers, and none of them & i, =0
lryra- el 2 1 (=102 (=21 3o (=1 /2]

fenee
me = k£ T

This value of my is Attained by

miz) = (=107 e = Lz + 1z =2r+ 5
ool (=1 RS20 + Rt [Ef2]E+ 1

me = [k/2)! [/ L




12 o okt .

Problam O
Let vy =2 and
Tuet = £ —2p + 1,
foem > |
Prese that
I i 1
=g € — i | =
»=- T Iy * T < ?F
Solution 50

Simee 2y =2 and
Fner — Ll = zq(m, — 14

Ty IS iNCreasing.

Then 2, — 1210
Hegiee
R S !
Tpt1 =1 Tn|Fu ]I'_J'-|—|- --::
o
1 1 1
— -
e  To— | Fapr-1
which implies that
1
—_ l - - L =]1-= -—l_
E2 ] I n Fapp = 1
Thus it suffices to prese that, for n e M,
1 1 i
1 =1 -
i

o
=L -
= o Ty — 1= 2

W use induction to prove (1),

Forn=1zp=sf -2 +1=23pnd (1) becames 2 = 3 = 4, which is

troe,

Now suppase that (1) is true for some positive intezer n =k, o,

bt o
2 Ty — 1 <29

Then for m o= & + L. the kower hound of {11 follows fram

Tipa =1 = Bpg(Feay — 1) 28 280 g

{2

Mmmmﬂiw 73

ar integee, the lower bound af (2) implies that

ginoe Taal is
Th4l EIFP and Ti4r —I-Ezzt_ L,
e which it Eolkows that

L] L F :l_.
Taes — 1 = feelliTasy — 1] = H [‘F." - l} <3,

a desard.
This finishes the induction acd we ane dane

problem G0 [Iran 1997]
Syppese Lhat f : BF — B* & a decreasing funetion such that for all

sy RY

Flo+ ) + fUfle) + figh) = Fiflz + fla)) + fly + fiz
Prove that Jf{f(21] = =.

Sohution GO

Setting y = T gives

Fl2s) + fiafix)y = fl2fiz + fizllh

Replacing  with Jiz] yields

Fe2fiey) + ANy = F2fU )+ FA
Subtracting these two oquations givs

FEfL0Y = fi22) = FRF(fixh+ JUfa = J2fl+ .
H fifiz]] = 2, the it hand side of this equation is begative, oo

" LRI+ FUfi1) = Fle+ Sz

and

fizh+ I|J'|'|||'I:|"I'| <+ fixl

& cemtppdietlon. A similar coatradiction accurs of fif(z]: < T
Thus f{fir)] = x as desived

Comment: In the arigmal feemulation [ was meart 1o be a coptinous
function, The solution Ahove shows that this conditian |8 not GeCOSETY.

_
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Froblem 61 [Nordic Contest 1098]
Fined all functions § 2§ — €f such tha

flz 4wl flz—pl =2f(r)+ 2f(u)
forall £,y Q
Solution &1
The: anly such Functions are fir) = kx? far raticeal k, Any such fanciog
werks, sinee

Fizdyh+ flr—yl = kiz+ )" + kiz - g)°

=k + Dhry b k¥ o+ br® o Dy = iy

= 2hx® 4 Bhy”

= 21} + 2f gk

Nerwr suppase f is any function satisfying

fle+yl+ fir =) = 2f(x) + 2f(y)

Then kﬂrim::;-nl;]':hm B0 = 4 (0, s FI0) =0

We will prove by induetion that f{ns] = n?fiz) for any pasitive mieger
n Al afy rational number =,

Thee claim holds foe =0 apd 0= 1; ket 1 = 2 and suppose the claim
hidds for m= | pewd 0 — 2.

Then letting = in= 132, g = = in the Eiven equation we obitam

Fimzd & Jlin— 2z} = flln— Uz 420+ fifn = 1)z — )
= 2f{in = =)+ 24

Finz) = 2f{in = 108} + 2f(2) = f{[0 - 2z
= 2{n = 1% fz) + 2f(2) — [ — 20 )
= (207 —dn + 2+ 2 — n’ 4 dn - 4} f{z)
=n"fiz]
A the claim bolds by indwetion.
Letting a1 = 0 in the given cquation gives
Fia) + 7w = 20000 + 27{w) = 25(y),

= f{~g} = fiy) for all mticeal v thus finz) = a®f(z] for all mtegers
T

S . 5

N lok &= F1% then for any rational rumber x = piq.

P Atal = Flgzh = fip) = 2 fil) = kg’

= _l|'|:r'| = k_n:.'q: = kr.

This the funceians fir} = kx?, ke . are the oaly solutions.
Problem 62 [Korean Mathematics Compatition 20010

pi=axl
frone that the equation

N+ 1) = (r+allr=al
las Euir distinet poal golutions and find these solutions in explicit form

Solution G .
Took a1 the given equation as a quadmtic equation in o

okt 2 - L
The digsriminant of this squation e

Be¥ — Be® e dr’ + 4t = (2 + 22T
Thi=

=3 £ {r+21%)

2
The firat. chaice @ = —7 437 yiokds the quadratie equation % — 5 —o = 0.
whoss solutions are Rr ST

= __q_.

-

The second choios o = =2z — £* vields the quadratic equation
=0,

whoes salutinns are

=lxvl=a
The mequalities

I-TFd _1+T+%
—leylone=l+yT—n< 12 = 3

B thar, the [aur soluticms are distinet.




i 4, tio A

rdied

= da .._l'| — it = M
2
Tedures b
dWl—a<3—]+4a
which is equivalent o
Gl +do < 6§ 4 Ba,

or Ja < 407, which is evident
Problem 63 [Touwrnament of Towns 1667]

Lt a, b, and ¢ b positive real cumbers such ikat abe = 1.

Prowe that

1 1 1
a+h+l +|'l—r+] Ferat1 =1

Solution 823, Alternative 1
Setling z = a4+ 8 = b+ cand = ¢+ g, the insqualisy horamss

I 1

1
—— o — ]

+
r+l p+l1 z+1

i
L, L
g+1 =+1"141
e
g+=z+12 ¥
s~ s+l
i
trzrlrey+s RS Ty by + o2 ko,
(Mol
t-y+z+292 rys
i
Ha+b+eh+2= (o + b+ clic + o),
I

W +b+2) < |1.l"h|'| + b + e +.\|_r_} —.r‘l'u F s
L]
By the AM-GM inequalfty

(6% +a’c & 1) = 34Tk = 30

We+bifa+ll >3

fela + b+ 1) 2 30

herefore we afily oeed Lo prowe that
a+b+el+d s Harb+ol,

ie IZa+h4n

which is evident fram AM-GIM ineeueallty and abe = 1.

Gohsthon 63, Alternative 2
feto=al b= 0, c=rl. Thin bz = 1. Note that

which implies that . B )
] + & = oy byfe 4 )
Therefore,
] 1
— — —F = "
a+b+1 ay + iy + e
1

S S —
arhy oy + &) Fakd

I

|1.|IEI|I.'1
g By + &)
P

@y + 5| T

Liarrwign,

1 iy
=
bdpa ]l = ap 40k

and

L b
ctatl T ag+bde
Adding the three inequalitios vields the desired Tesilt,

al + 8 = adty —aubf = (oy = b )af - H) 2 0
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Problem G4 [AIME 1988]

Find &l fusictions §. defined on the set of oedeeed palrs of positive ine
gove. satisfying the ioflowing properties:

Firel=g flzp) =urh (o +p)fiey) = gfine+ph

Solution G4

W claim that (e, y) = lemlz.y). the et common mulilple of + ang
g 11 is chear tha

lemiz. vl = r
nex
legnir, i = bemiy, x|
Mato thad .
lemiz, o) = mu—
newd

grd Lz g = ged {2, 0+ ),
where ged (u. v drmiotes the greatest commson divisor of woard @ Then

fr+yulbmir. gl = e Y|
u fry Iz =yl ged 1, )
IiT 4 g
; o

gedir. o +y]
= plomis, o +30
Mo we prose That there is only cee function saitefving the conditbong of

the problem

For the sake of contradiction, assume that there is anather [uncton
#lr.w] also gatisfying the given eoaditions.

Let 5 b the sen of all pairs af poditive integers (1, o) such that fiz, o) 2
miT il ani |22 [t n) he guch & pair with minimal sum o+ n 15 5 dear
LEnE 1 # 8, otherwise

flm s) = fim.m) wm = gimm)] = g,

By symmetry [ Fiz.gb = fly. o)), wn enn adanme thot g = o= 0,
Mo that
affma=m} = |m # [ = ml]finn = m)
= [f—m}fin,m+(n—rmi
= {m =] [, n)

4, Salutions o Adwanced Problems 13

or — 1t
fimn— ) = L flm.m]
n

e == L
Lik _ n—m .
gim.n—m)= - sl R

ginor fim.m] # ghionl, fioe a - m) @ ginen —m).

Thes (w2, n— ] £ 5.

Rul (Fef = mY has a smaller s 1 = (5 = o) & n, o eoplrsiletion.
Thersfoge aut assumptlen & wrang and fir,y) = fem(e y) = the anly
slutiati.

Problem 65 [Romanis 19K
Comider m complex numbers 2, such that |zg) = L E=1LE. .0
Prowe that theroexist ea.eg, . o.oon © {— 11} such thes, for any m < n,

[Pasr+opip+ 0t emzml €2

Solutlon 65

Call & finlte 2enunonen of comples nombers sach with absolste whee nnd

merver]ing [ o goeen Seqemen

Call a green sequence (235, kanpy i it has & friend mquenco ey |8

of |2 and - s, gatilving the comditien of the problem.

Wi wdll peerer by induction oo n thae all green sepaences are happy,

Far = 2, this edaim iz abvicasty trae.

5u|:1:ln€-|" thie clabm is Lrioe when o equals same pumber m. For the case

of =y + |, think of the zp a5 poines I8 the complex plane

Bar gty k, les ¢ be the lioe throagh the arigin and tha palnt oorre-

aponding to sy, Anang the ines £ ffa, some ewnare wichin 61° of

ench geber; supncse Lhey are £, ned ©a, with the eflover ane boing £

The fnci. that £, and Oz are within 607 of each ather implies that thees

exlts s mumber £p & (=L U} such thoe 2% = &, 4 fpzy has absalure

valie at mnes

Wonw hae séruenie o, 5 84 Bha s Spe) BB ACK-LOTHD BEOON SOGUMER. 0,

h:l the industion hvpeahiegls, it must be happyv: et e’ fon B - -0 T2l
25 friend

Les o &

Them the sequenen (e,}357) s the friend of {212 Induczson is now

Fompioe,
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Problem 66 [ARML 1007]
Find & teiple of rathonal numbers (&, b o) such that

V¥T-1=da+ ¥+ 30

Solutlon 66

Letx= ¥ 02— Land y = & Then ¢ = 2and r = 7= 1. Note thay

'I=|'|’:'—]=|_!,|—'I'||'p-’+_!,l—l'|_

ansd
W dy=3 Tl + 3 L
Peys1o Wl e liedrl
B 3
which implies that
Pyl - L4
y W ry+l lg+IP
or
¥
= .
v+l

Om the sdher hand,
Jay i+ iy =y+1)
fromm which it follows that
L _ gyl
i+ 1 3 '
Combining [1] and {2], we obiain

=

2= {3 (¥i- ¥ +1).

Cormequent Ly,

=1 e
(=1 8 =

fa, bl = ||J
\

=1
T

i . cessired triple.

4, Sohutions to Advanced Problems_ a1

problem 67 [Romania 1984]
Find the minimuem of

1
Il':'EIr-. {-TE - ll.::l l'I"'-l-g:r;\- |::_I‘| - ltll_ll t--F I'-"ﬁr.,, I:::'- - 1}

ghere £L-T10: .- Fn A0 pieal nambers in the mterval ':J.i. L

golution 7
legr, 7 i & decrensing functhom of = when @) < a < 1 abul. sinee
== 1/27% = 0 implies = = £ — 174, we have

1 _ aMETEs]
logy, {:L‘FI - ;] = I“'E.';. j-E-i-l =2.k'ﬂr|. Tppl = F=——

Th

It frdlows chat

i 1 1
Iog., {"r:' - %:I + gy, ll.?*_ T.) +oo ok Iogy, I:II'I - ijl

lag Tn . log 1 ‘ll

i 2 Yign Thogm T T wze | logEa,

by the AM-GM Inequality
Beualithes hold if and anly if

FpErp=Ee =Ty L.'?.

[

Problem 68 [AIME 1084]
Determize 12 + g7 4+ 27w if
il 2 2 :»}
o | S S Q. . M
TP T E-BTE-® BE-©¢
£ ¥ 2! u?
o - - P-7
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Solution 68
The claim that the glven system of squations &= satlafied by 2% 37 2
and w* is equivalent o claiming that

r ¥ 2t w?

et wtioemteeE ! (1
is satisfied b & =4, 16, 38, and .

Multiplying ta clear fractions, wo find that for all valoes of 1 for which
i5 cefined (e, ¢ # 19,25, and 49), (1} & equivalent to the pelyaomial
eiuALion

Pt =,
whee
Pigh = [t = LHf — Wt — 253{ = 40

=¥ (f — B[t = DHE = 0] — ¥t — Ve — 2500t - 40)

=t = 13E = Gyt = 48) — w?e = 111 = 818 — 25).
Sinwe deg Pt} = 4, Pi1) =0 has exactly foer zoros & = 4, 16,55, and &4,
b,

Ft) = (¢ = 40 — V)¢ — 3Eh[¢ = ).
Comparing the coelfcients of 87 in the twa ecpressicns of Ple) wields
T4+9+ 0 +dde ey + ¥+l =+ 164+ 36 + &

[roem which it follows that

R T TR S

Problem 69 [Balkan 1987
Fird all functions § : B — B such that

izl + flgh = (o) P +
forallz, y € B.
Bolution 69
Lea fih = a. Setting r = 0 in the given condition vislds

JiFivli=a® 4y,

forall g g BE
Smee the range of 0 +y consiats of all real numbers, | mae be sarjective.

4, Solutions to Advanced Problems L

Thiss there exists & € R such that fb) = i,
gptting £ = b in the given condition viells

JUfighy = Fiaf(B)+ fighh = (FidE +p=m
gor all g € B 1% Solbaws that, for all 2.y ¢ E.
(Fient = w = Flxfix)+ Fwl)

= [N i)+ flwt] = PGS0 + ul

= fifi=lP +p =1+,
thet &,

(f1z))? = i
[i is chear that fir} = ris & funciion satisfying the given condition.
Sugpese that [} # £ Then there exigls soms: noomem el ruenber ¢
paeh that fie) = = Setting = =cf(e] + J{y] in (1] yelds
Flefte) = Ful = [efiel = flp)T = =€ + fll,

for all i € B, and, setting = = c in the given candition yiclds

Heflel + Pyt = (Fiel + p =" +y,
for all 3 = R,
Note that [ iyl = 3
It follows that )

[ + Syl = {e® 4 y),
or
flwh=—w

for all y ¢ B a functicn which satisfes the given conditan.

Therefare the anly fanctions to stisfy the given smditan ase f(r} = =
of fiz) = —r, for 2 € R.

Problem 10

The eamibers 1000, 1L, -, 2099 have been writben oo a board

Bach time, op is allowed to erase taen rumbers, say, o and §, and replace
them by the pamber é mile [, ).

After 1999 sach apeations, one shtains sxactly one number ¢ oo the
binsrg

Prove that ¢ < 1
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Solution 7O

R [T ey
v PEPY . . R . . . . .
¥ SPMAMELEY, we may sssume @ < B Then Since f'(x] existz. chere can be at most one paint on the curee w= e
1 4 with derivative [
3 Minla.b) = 3 Suppase there is more than ome nonsera roof.
Wi e Gimer T =0 is .1.l=|:~ a rool, we have three real rooes 1) = ¥z < a Ap-
1 1 1 plying the Mean-Value thearem to f(x] oo intervals ey, 2] and ey, 2y,
P we tan find twe distinet points oo the cufve with derivative 0, o contra-

L3 ) diciiom.
froen wlich it follews that the sum af the toeiprocals of all the numbey Thereforo, our asumgpesan is weong and there con be al most ane noizemn
oe the baard & nondecreasing {i.e.. the SHM I8 A monovacians’. peal reod Tor the equation fir) = n,

At the beginsing this sum i Probiem 72 [Turkey 1008]
rablem d i

& 1 I . 1 1 Let [} b the sequence of real numbers defined by @, = § and
1m0 = !
. Bl = digl] = a.)
whese 1fe is the sum at the end. Mote that, foc | = & < oo, nl i a
form > 1.

For e snany distimet values af ¢ do we have Myapa = 07
Solution T2, Albernative 1
Let firh =401 = 21, Ohserve thee

R SR s 1 ., Aoop 1
W00 -k M0k 20008 - &7 00T - 1000

Rearranging terma in £ vields

1 1 %

1, | L3 L . C e .
=27 * o )+ () - SO {0 1) N - ) = L
U D N and [y flol = xhl =2 for all z € [0,1)
N1 T 01 ) T 30 Lt Ap =[x B: ™z = 0} then
1 ! -
'.-I-ﬁ*cll'l'l'l-rﬁ_'hl_ Aorr = {.—FE.}'""I;'!:I?:-
- 1 PR = O = i fiel & 4
of &« |, a8 desined, WTEE: Mifiz=0l={zcR: f{xrl e A}
W elnden that forallmz1, 4, 1)1 E Ay and
Froblem 71 [Bulgaria 1804) I
A | o FE=E o
Let oy, 02, .. .. ity e renl nimhers, not al] gem Inl =2 b
Frine that the rquation For n = 1, we have
VTT0E+ViTom+ - + VITaS = A= {zeR| f(z) =0} = 0.1}, |
has at Eost one nomzera peal resl 2] the claims hald. |r
Sohstion T1 Now suppnse s 2 1 and A, = [0 1] 1€ Ay, and [A,| = 3""! + L. Then
Natie fix) w1 -
Aatiee that fLiz) = T+ a.r is comegee, Hemoe TE Ansy = fif) € Ax C[0L1] = 2 e 0,1

P p—
.||-""|—'.-'|—I'-"\;.1'1' o T h"l"-'-lf-.'ﬂ.”
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Since f(0] = Fil} = & owe have S ) mOfcalln > Len 124
New we have

ne]

Mmsz| = [{x:fixd e Aq}
= ¥ Wi fizi=a}|
AL N
= |-:'..":_f|'j":|=|.l-|'r E ':.?‘-I:J'"=-L|I'.
Ak K
ag i
= 1+ % 12
[ .
€]
= 1+l -1]
= 1+ +1-1)
= "4 1.

Thus the claim helds by imduction,

Finally. ey = 00 if and only i /(1] = 0, so there ase 217 4 1 such
values of 1.

Solution T2, Alvernative 2

As in the previous salution, ehserve that if f(2) € [ 1] then © ¢ o, 1],
50 if dypny =0 we must have £ 2 [0, 1],

Nowr chomee @ 2 [0, /2] swch that sln @ = F
Oheerve that far any g g R,

g 8 g : = 1
Fisin® ) = dain ¢{1 = sin® ¢ = 4gin doas® & = pin® 20

sinen 4y =260 §, it follows thai

o2 = sin? 20, gy = sin® 40, . . ppaes = ind 2197
Therefore
Apaee = 0 == @20 e e ﬂ:%

for some &k = 2.
Thus the values of ¢ which give s = 0 are

s /21T,

&£ E, giving 2% L | cuch values of ¢

4, Solutions to Advanced Probloms BT

problem 73 [IMO 1097 shaore Hst]
fa] Do there exist functions f - B — B and g: B = K such tha

flpzii=r?  and  g(fizli=1
for all x £ B?
b} Do there exist fanctions (2 B — B and g B — B such that
fiFali= e amd  glficl}=10
for ol = £ R

Solution T3
fa} The conditicns imply that S = fig(f(=)]} = 1f(2)[* whenee
e [-1,0,1) == £ = r == fiz] = [flr)] = f(r) e {0.1}
Thus, there exigl different @, b € [=1,0,1} such that fia) = fis]
Pt then a® = gf fla]}l = g f(¥)] = &*, a contradietion
Therefore, the desived functions f and o do ot exist.
{b) Led
xln:'rl il |1 -:_\, 1
plel=¢ |z|=Pl= 0= |e<1
0 if =1k

Mote that g ls even and o] = |b| whenever gla) = pib); thus, we
are allowsd 10 define f a5 an even function swch that

Fixt = y%, where y |5 such that gi=y} = 1.
We claim that the functions [, g described abowe aatisfy the condi-
tians of the problem.
It is clear froen the definltion of [ that flg(=z]} = =%
Moww Lot o = /T 20,

Then giy) = = and

aifi=z = aie™
(WP m tinn = (et iy
= [y ettt = fy= e IFa= gyl
(i Ify=10
= |olw)*
= It
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Problem T4 [Weichao W)

LerO<ay Sag- o 0 < by £ baso o < by bereal numbiers such thag

L fi
Yazda
=1

Suppose that there mxists | £ k = n such that by < g, for 12 < & ang

Lo frisk
Prove thait
myag iy 2 balia oo by,

Solution T4, Altermative 1

We define teo rew BETJURTTE Fori=L% . . n ket
@, = ay an ﬁ::ﬂ
I“I
Then
2 § L &
= h =y - . R __"'“.l_._*l:l
o iy
o
] = B) = (g — by) = L2 Bl ZB)
Therefore

By =y -0y okl 20 40 = e

Applying the AM-GM inequality vields

Bk BmP Y T TR T )
e RETUU SR Lo b A 2
n

Lo |
freem which the desired result Toilows,
Solution T4, Aliernative 2
Wi definn two new sequences. For i = 12 .0 e
I'l:-“a &IIL"'I’:'=IEI. =ag =i >0

Then
ot 5 ey
Wate thar, for cpix = )y + ¢} = 0.

T+

2]

=

crzyand e >0

=l
-

W+

4, Solutions to Advanced Problems ]

Epting © = gy, & = by, and £ = ag — oy, the above inequality implics thad

g = T for ¢ = 1,3,....m. Thus,

v or
MpEy - -~ Oy Al g )

Fiby by © By B

Usine (17 and the AM-CM inequality ridlds

. bl B ,
ooyt mag z ESEE e e

aF
Wy 2 b i)

[t i clear that the desired result follows from (2} and [3),

Problemn TG

Given chght pan-zero real nambers @), ag. -, 2, prese Lhat b least oan
of the following six nimbers @6y & 0o, @ + G, ©07 & 00,
Dgily 4 gy, @37 — gl G - Qg 15 i - el e,

Splution Th [Moscow Dlympiad 1974]

First, wr introduce some basle knowiedge of vector aperatlon:

Lot w=[a b] and v = [m.n) be twt veclars

Diefine thedr dod product o - v = am + b

It i= rasy to cheok that

(i1 vov = m¥+naf = |v|?, that is, the dot produc of vectar with itself

is the square of the magnitude of v and ¥ - ¥ = & with equality il
arel only il v = [0L0):

il u v=wv o

i) u-[v+w)=u-v+u-w, where wis a vector;

[iw] femd v = ofu v, where ¢ 8 o senlar.

When wectors w and v are placed tail-hy-tail ae the arigin &, lek A and
B he the tips of w and v, respestively. Then AB=v-u

Lot s A0 =@,

i Applying the law of costnes to triangle AQE vields

v =u¥ = AB°

A7 & 0F? - 204 - O easdl

[nef* + % [* — Zju]jvi casd.
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1t fallerws that

[v—u)-[v=w) et w v — 2y eosd,

o
B
a0 —
[uaffw
Coneeaquently, if 02 @ < 905, uw-v =0,
Consider vectors v = [ay, 03] %3 = lagaq)va = [as.06), and v =

lar, ma).
Note that the nambers aya;+ 050, 8305 ~ 8206, ayer+og9s, Tyt + fgag
daitr + dydg, dadr + ogag are all the dot products of distine veetoes w,
nrdl vy,

¥

Since there are four vectors, when placed tail-by-tail ae the origin, ag
|r~as_|: twn o themn form & non-ohites angle, which in turn Implies the
crsired reault.

Problem 76 [TMO 1906 short list)
Let o, b and & be positive real numbers sgek that abe = L
Frove that

ah be en -
at 4 & 4 mh ﬁ’-ﬁn“‘pﬁlﬁ_fﬂ:+ut+m—'l'
Solution T
Wi have
0 + 5 2 07+ b,
becncn

(ot = b e = B =0,
with equality if and only if @ = b. Henee

il = iwh
0¥ + & + ab 020 [ + B + ab
1
abfo+i] + |
abe
abla + b+ o)
i

-
a-+d+c

Likewrise,
[ a

o ———
Frelbbe Tn-b+e

and ra ]

T a+ht
pdding the last theee inequalities loads 1 the elesined result.
Equality halds fandonly ifa=b=c=1.

Comment:  Please enmpare the solution o this problem with the
gponnel aolution of problem 13 in this chapler

Problem T7 [Ceech-Slovak match 1997
Find all functlons § - R — R such that the equality

FLAE + g = fl2° = ) + 4 fixly

holds for all pabrs of meal numbers (2, y).

Splution TT
Clearly, fiz} = 1° satimlies the functional equation
Mow acsume That there is a nonzero valee @ such that fle} # 2%

Lety= "__T’ru in the furctional equation 1o find thas

i {_I':r:"; r-'jl —f Iifl:'l;- *.'!} +afiea® = fliz))
o b= 2f{ziiz" = fiz]]. Thus, for each x. either fixy =00 FLES TR o
In hoth cases. flI] =10

Saiting x = a, |t follows fram showe thal pither flal = 0ar fla} = (17
Ia) = a®,

The latter is false, = fla) =

Now, let z =0 ared then £ = o in the furetional squation to find thal

figh= fi—gy  fig) = Fla® —pl

ane] ga .

Figh = fl=p) = flo* + oy
that is. the function is periodic with monzers pericd o%.
Let y = o2 in the orbginal Tunctional squation to alsain

FUflxy = fifix) + 670 = fiz® —a®)+ 4o’ flz} = fis®) + da’ fiE).

Bowever, putting y = D in the fJunctional equation gives i = =)
for all .
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Thus, 407 fiz) = D for all 2. Sinee a is noreern, ] =0 for all 2.
Therefoee, either fiz) = 2% ar flri =10

Problem T8 [Fuani]
Salve the system of equationss:

Ir =

I+ f =1
LR &
T+ 3

¥ == L =0
oyt

Zolution T8, Alternatlve 1

Multiplving the second equation by  and adding it to the first equation
vields
[k = ph = [z + IgHi

Tl —————— =
v pE g
ar % o . |
- =g
'.'—hrH-—'%—'..—!r.:S.
I+ =y
Let z =1+ i, Then
1 T — i
= =
I T g

(=3
A==

Hesper

b=
=

g4 ThEa _ 3E{1+3i)
- =

L]
that is (z.pl= (& 1 or (2. y) =(1L-1)
Solution T8, Alternative 2
Multiplying the first equation by g, the second by 7. and adding up yieldd

L fAr =ylp — &+ dgkr
T R —

=y T2 4 g

= Iy,

of Yxy— 1 =3y It follows that y # 0 and

::Ig.—]
2y

M;Mmﬂm a3

gubstituting this into the secvsd pruathon of The given aysiem gives

a+1y7 _‘?u.-+l]_?I _n
FI{: 2 "l ”] lx Iy !

-Ig‘:—:"-_l.-':—]'-ﬂ-

It fallows that 3 = 1 and that the slutions to the syster fre (2, 1) and
I =11

Problem 79 [China 1005]
fr. Fat andl Mr, Tal play & game with a pofynaimial af degroe at Jenst 4

:!"l +_..':"-I' __..._.:n-i" Foref T 1
They fill In real numiers 1 emply spnieA N Eurn.
1f the pesulting polvnomial has oo real poot, Br, Fat wing otherw|s, ue.
Taf wins-
H Mr. Fist goes first, whe kas a winning srategy?
Eolution T
Mr. Tal bas o winning sirategy.
We s blank snee is odd [ezen) 0T it is the coeflcient of an odd {even)
poer of £, B
First 3r. Taf will Al in arbitrary ceal numthers inbe ane af the remaining
even spaeeg, iF thers ane any.
Sinee theps are only n — 1 pven spares, there will be at frast one: odd
space loft after 2n = 3 plays, that is, the glven polyramial beoomes

pirh = glr) 4 T + 1

where 5 and 2 — 1 are distinet positive Integees and qiz] i a fived

polmomial

We clajm that there ks & Teal number o such thal

piz] = i)+ 07" + _pirel

Ir=1
will always hawe o roal root regaedless of the coefflcient of =577

Then Mr. Taf can simply S0 in @ in frant of = and win the gami.

BRSNS
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Mesy we prove our claim. Let & he the coeflicient of 22! in pl2). Nogg
thai )

;%rﬂf- +p-1)
_f

-1
1

gl & Qe-Fitl g 1..|:l| +lgl=1 = [=1"a — B
&

| .
= {,}ﬁﬂfz:"i'l;", _“:l _.\-I'_I"':I""' ;I:—”’;.

Simoe s o o= | '3"#"- = |:|i = 0.
Thus 1
=i g +gi-1)
== T |'_]',-c
is well defined such that o & independent of b and
,ET,I'_—_j-‘IE'I + -1 =0

It Inllerws that either pl—1) = p(2} = 0oor p{—1] ardd 0]2) have differens
signs. which implies that there iz & real roof of p) in betwesn —1 and
: !

In rither case, plz) has a ronl oot egandless of tho eoeffelent of o261,
ax clairned

Dur proal is thas complete,

Protlem 80 [IMO 1997 short list]

Find all positive integers k for which the follawing statement is tree: i

Fir} B a polveamial with integer coefficients satsalving the randizion
0 Flel=k foe cmill,,.. b+1,

then F[0] = F1}

Solution 20

The statement & teae if and oaly il & = 4,

W start by proving that it does hold far each & = 4,

Consider any pelynomial Flx] with integer eoelBeients satisfving the

inouality 0 = Fie] £ & for each e ¢ (0.1, & +1)

Mote first that Pk + 1) = F{0). sinee P&+ 1) = B0} s 4 mualtiphe of

k=1 not ewoeeding & in absolute velge

Henew

s = k).

Fiz] = Filh = £{r — &k = 1163 2)

ghere G£) 15 & palynomial with integer coeflickents.
Consequeneiy.
k2 [Fle) = Fioy| = ek + 1 = el|e]| o

far each ¢ £ ':'I.?.. . ..k].

equality cff + 1 — ¢} = & holds Sor each e2 {23, .., B =1} aa bt s
paivalent to [e— 1108 — ) = 0.
Mate that the set {20 &k =1} & not empey i & 2 L and for any e in
this set. (1} implies that (o)) < L.
Sgmers (700 is an integer, Ge) = 0.
Thus

Fizi— Fill =2z = iz =3)--(z— &+ Lz -k =1H(z). (3]

wheee H [T} is a palynoenial with integer coefiicients,

T cvenplete the prool of our caim, i1 pemaing to show Lhal Hill =
ik =1,

Note that for ¢ = 1 and ¢ = &, [2] implies that

k= |Fiel— Fil) = (k= 2} k- [Hic)]

Frkz4. (k=21">1

Henee Hich =0,

We pstahlished that the statement In the question holds for any & 2 4.
Byl the proof alo provides information foe the smaller values of k &
wrell,

More exactly, if Fiz) eatlsfies the given condition then 0 and &+ 1 are
monds of Fz) and FI0) for any & = 1 and i & = 3 then 3 must alsa be
arot of Fiixl — F),

Taking this Inte aecount, it is pot Bard 10 And the following eounierex-
amples:

Fizl= (=1} frr k=1
Flz) = 2(3 =1} frr k=12
=4 -rifr=-2" fomk="2
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Problem Bl [Korean Mathematies Competition 2001]
Thir Fibonsoel seqiience Fy is given by

==L =R+ F (niE ML

Frove that P
Py, = Linta - in=2 _gpd
foralim2 1.
Solution 81
Nato thal

Fineg — 3% = Fager = Wan = Fipog = Fog = =Fiqos
whenoe
Wan — Fanas — Fanoa =10 1
for allm = 2
Setting @ = Wan. b = =Fygeg, A 0= = Fyq.9 in the algebrale demtity
I|t!--_ E,J 1”:.3_ 3“-.':1'-I'l'l-—h—{"lf-':-}+|.|:+-': —!'I|"—|.|l:"'—l.'-\'.l.|

Elvas
FTFE, — Fiyas — Fiyog — WanapFra ooz =10,

Applying {11 twice gives

FrnsaFan-a— F§ = (W = Fong)Fag—g = F5,
= ol dFyans = Pl = Fi, o = FanFanos — Fi, s
== Fpfn - B = =1

The desired resale follows [rom

1P FinFin o1 — 0FD, = BFin | FaosrFan-g = Fi,1 = =0F,.

4. Soluti 7

Problem 82 [[omania 1008]
Firel all functions & - B — 2 for which there exists a strictly monotonie
function f: R — & sach that

fiz+ wh = flzulyl + fly)
foe all #. 1 € B.
Solution B2
The salutions pre w[r) =a”, o ¢ 2=,

Tw se that these work, take flz) =z fora =1
Fazl, take fix] =a = 1; then

Jiz+ g =a"F -1 =(a® = 1}a? + a¥ ~ 1 = flzhuiy)} + flu

forall ., y = B

Kow supposeu : B — R, /¢ B = R are functions for which £ 18 atrictly
onctanic and flx+ 31 = flluiy) + fipd foenl o e R

W must show that w is of the form a2 = o* for some a € BT, Fimt.
Jetring g = 1, we obtain f{) = f=)e(0) + f0) forall z € R

Thus, =D} # 1 would imply fix) = f01/00 — w07} for sl 2. which
woitkd eontendier the fact that [ s strictly manotonis, 5o we muast have
W) =1 and Ji0) =q.

Then fir} £ 0 for all £ #40

Next, we have

Flelw(y) + fig) = fiz+yl = fir) + foluiz].

Firielgl— 1) = fla)al£) — 1}
for all =,y = B. That iz,

alz]—1 B alg)— 1
F{E3] [
e all xgy « 0.
It follovws that there exiss O £ B such that
wiri=1
—_
flzd
for pll x # 0

Thus, ufz) = 1+ F[=) for £ 2 % ginee w0 = 1, Fi0} =0, chis squation
Bls halds for o= 0

—__J
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1747 w= 0, then ulx} = 1 for all =, and we are dane.
Oitherwise, oheerve

ul® =+ &)

1+ 0 f 24y

L+ Cf(zhulyl + Cfiw
= ulyh+ Of{Fuiy)
e ()

fralz,yc R

Thos sire) = ez focall a2 T, s R.

Since nfr] = 1+ fiz) for all =, ¥ is stricily manetanic, and w(-r} =
1/uix) far all . so wir) = 0o all = a8 w[0] =1

Let g = ui1) = & then uin) = &" for all n £ M, amd

wlpfa) = [ulpl T = oP'e

forallpe B g M, onulz) = o™ forall 22 O
Simee u ls manotanic and the rathonals are dense in B, we have uir) = a®
forall r e B

Thus all sslutions sre of the foem uir} = a® a0 € R*

Problem 83 [China 1988)
Lot 2357, .. =n be complex mombers such that

|z3| * izl + - -+ [za| =1,
Prove that thite xists a subset 5 af {24, 22, .., 25} soch that

T

EEE

)
=

ol

Solutlon 83, Alteérnative 1

Lot £, £z, and f5 be three rays frem orkrin that form angles of 60, 1307,
and 300°, rempectively, with the positive z-axis.

Foré = 1.2.9. Iet B, domote the region between £ and £5.; (here 5 = %
Incleding the zay £, Then

1= 5 jul+ T lml+ 3 [l
ER; wERa raEfiy

By the Pigesnbole Principle, at least one af the above sums is nod Jess
than 1,3

s t 9%

Gay Vs Mg (otherwise, we apply & rotathon. which does pot offert the
magnitude of a complex oumber]. Let 2 = 2y + 95 Then far 23 £ Ty,
= [Ea] 2 [z li2

Censequently,

ik
lrag®a |

B =
Zaal =
ol =

2

Z rnl&% 2l 2

ey Ty Ra

a5 cesired,

golution B3, Alternative 2
We prove & strongdl statemenil: there is swheet § of {2, 20, .. 2} BUCH

that. | |
|E_:."I-I
Iwa

for 12 & < n, ket 5 = @ + 9. Then

|zl + |zl + + ||

O] =+ len |t + (el + vl + + [[|Tn] + |4all

3 lnl + 3 lmel+ ot Y

g =0 Facil vl e

(L]

By the Pigeoahole Principle, at least one of the sbowe sums e not loss
than 1,4, By symmetry, ane may assume that

Comsequently,

Comement:  Using advanced mathematics, the lower hound can be
harther improved o 1,7

Problem 84 |Czech-Slovak Match 109E]

A polynomial Pl £) of degree n = b with integer enefficients and g distife?
intogee poots is given,

Fird all intemer roots of P{P(z)] given that 0 is a roat al Pzl
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Saplution 84

The racts of Plx} are clearly integer roots of PIPLE) we clalm trers
are ni cther integer pools )

We rc: claif by contradiction. Suppose, on the COLEATY, that
PIFET =0 for some integer & such that PRE) 20

Let

e =l . R [ = -
Flrl=alr - sz —rgliz = ra)- iz Fal,
whire @, Ty, ... Py ATE ir|1r~p"r.:._
=l gl £ el £ - gl

Sanee PUEY & 0, we must have |k — re| 2 1 for all 6

Sinee the ry are all distinet, at mest o of [k —ral =] - r4 munl
I, =a o

alk =rg} ok —ra_yll 2 laj | — g B = palik —ry| 2 2,

and |FEE]| = 2jk(k —r, )]
Also nate that PlE) = vy, for some s, an [FleY) = |Pal.
Mosy we cansider the Tollowing tan cases:

Lo [k = |rol. Then [P{¥)] = Jkik = rad| 2 Bk = |r4], & contradic
ELOTI.

2. |k < [raf. that |8, 1 2 |&] £ fry] — 1. Let a b, & be real nombers,
e<h Forxe L&, the functinn

flei=x(c=r)

reacties D5 minlmum value at an endpaint © o= @ or 7 = &, or at
heth endpaints.

Thus
[E(E = ra)] = [Elira = k| = [Elllral = (] = fral = 1.
It follows that
Ta| 2 PRI 2 2[41E = vy )] = 2(Iral = 1),
which implies that Jre| = 2. Slnce n = 5, this is only pnssible i
Flrl=(x+Iz+ ez - 1)ix =12,

But then it & impessible 1o hase & £ r, and k| < lra|. a contra-
dirtiem -
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Thus our segumption wis Incorrect, and the integer ronts of PUP(x)) are
axactly all the intager roots of Plz).

Problem 85 [Belarus 1990]
Twn real sequences oy, oo o ol gy, .0 800 efined in the fodlowing
way: _
Fr=ip = v, Eaer =Tk 14T,
3"'""" Nosn = i

SR WO oy
fe pll = 1. Prove that 2 < 2ogw < 3 for all mo> 1.
Solation 85, Alternative 1

Let 2o = 1y and note that the recursion for -y is equivalent 1o

Inel = amt LTl
Alsn note that 2z = 1 = 5y sinee the 5 and 55 smtisfy the mme
recursion, this means ot &, = Fpog 0ol 0= 1.
Thus
T

Imlin = T =
Pt 1hat

i 1 -|-.|'E|_1_ g S
Trus xp > 2rooy and 2oy = 3, which is the lower boured of the desieed
inequality,
Simoe #o% are increasing for o> 1owe have

1
o, erl=3> T

which implies that

. | ]
dfno1 > W 1 - £

This 3z, _; = r.. which leads to the upper boused af the desieed innqual-
iy,

Solutbon 85, Alternative 2
SI'l'tmg e = cotfly for 0 < 6, = 90° vields

)
ZFnpy = oot g+ 41+ ent® By, = cot fly + caedly = oot | ?"\'I
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E

Siope 0y = 37, we have |0 geaeral 0, =
that

e Bimilar ealewlation shiy,

Zean#,
pu = fan(il,] = —
L 1—tand,

It fallowes ehint

2

Tl = i - -r.l'l_l'l-.?_n..._.
Sieves tandly #10, tan® 8, &= posltive and oy = 2
Aond sinee Toe no2 | e have ':IIr. < 307 wr glan by
tan® i, = 2

Ee ]

50 LRAL Topin < 3.

Cominont:  From the sdasod Torms for £, and g, in 2he scond sobutics,
wir can s e relationship

o=
|

used In the firet aolution

Problem EG [China 1005]

For a pelynaminl Fix}, define the differeree af P{e) on the intesval o, B
(Pa, ) (oubh, o &0 as POY) — Plod

Frove that it i5 poaalble 1o dissect the interval [0, 1] fnto a finite nomber
af intervals and ealoy them red and Blse abter natedy dlch that, for every
fisdelratic palynomial P, the tedal differenoe of P2 an red intecils
=equal 1o that of PLrd on Blue intereals.

‘What ahour cuble palymomials?

Solution 86

For an intersal £ lee &7 denatn the difference of pelvoamdnl P on (.
For s positive roal nember o amd o set 82 R, et 5 4o denote th 201
abiained by shifting 5 in the pesitive dirsction v e

W prese o mare general fesuls

Lamms

Lot £ bea pasitive feal oumber, and let &k be a pasitive imtegrr. It =
&lw.'-'-':-_p-mu'hll‘ to dissect imerval fp = JL2Y0 ima a finbie namber of
Intervals and color them red and blve aliermatively such that, for vers
hri-.'rl.-:rm..!'d Pxy with deg P £ &, the wotal dilfrrence of Pzt on che red
Imtervals & equad w that an the Blue interaks.
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Proof
e irlact an &
vor & = 1, we can just use intervnis [00F] and (£.26. 0t s easy 10 Gen
that & Linear ar constant polynaminl has the sume dillerenoe oo the e
interials
gyppoer that the statement 8 true for & = %, whero n 5 & postive
inpeser: Ehat is, there exisd gt Sy of ped dishoing inrepsnds ard a set
B, of hlee digjeint intervals sack than 5, 78, = 8, B, U, = Iy and,
for amy polyvnomials M x) with deg @ £ n. the total differences of P on
Ry = eonl 10 that of Mon By
pow consider palynomial fir) withdeg f £ 2+ 1 Do

glrh = fiz + 2% nnd &iz) = Flz] —aleh
Then degh < w By the induction kypothesds,

E A= E Ak

(T ri ity
Yo A+ ST An=F a0+ § A
15 riefts rifiy T Fn
It [olkvws that e
Y. dwf= 3 A
BESL rEftl,,
wharre
n+l = Ba U B+ 770

amd B, = BlUiR.+2)

HE R, and B, both contain the nuembes 2°F, that number may he
Temoried from ane of Lhem )
It |6 vlenr that A7, aod B, foem 2 disection of fooq and, for any
Polymcenial [ owith deg /= no+ L, the wofal difference of foon 8, B
®ual tocher of Fon B
The nndy possible erauble loft 1 thar the eolors in &L O RS, might not
be alternating (which san happen at the end of the I, and the beginming
tf_l'_: + anf),
But nate that i meervals iy = [my, iy ] and iy = |byog| are in the samo
2akar, then

I_-:““I' ¥ ﬁr}.lr - '-“'laf

Whire, i1 = ||I|.|"'||.




104 4. Solutions to Aarcod Problems

Thus. In 5 L 0 %0 000 SIMEY put maecutive asma mlar inferaly
irte ane bipger intorval of the snme color
Thus, there exists & dlsznrtnm

.I'n.—1 = _|'_|"_| e .H-u.|

wuch that, far every palynomial 2] withdeg f = n =1,

o= A

g, Mt e Anil
Thia completes the induetion ool the proaf of the lemma O
Sarting fivst f = } ard thim = * Ifs the kmmna, it = clear that the

snawer 1o each of the given questings: (B “pes”

Prohlem BT [USSH 1914
Given a cubic equalion

] 2 "
Py e+ _=10

flr, Fat pnd Mr. Taf are plaving the follewing game.

Ir ane mew, W, Fab chocses o real mombee and br. Tof puts it-in one
of the empry spaces.

Afeet thros movns the gnme is pver

Mr Fat wirs the game f the inal equathan bas theee distinct mteger
EXHHE.

Wha has o winning strategy?

Solution BT

Mr. Fod has a winning atrategy

Lot the pobynaminl be £2 4+ ax? = br 4 o0 Alr. Fat can prck 0 i, We
ronsider the follomring chses

ial Mr. Tal chncees g = 0, vinlding the palnnmial squiatiog
Frbree=0

Wr. Fat then picks the numbee —(mnpl®, where o and p are
three pasitive integers such thin

IF 8r. Tal chocses b = ={mup)®, then M. Fat will chiose ¢ = 0
The given palynamial becomes

riT = mrpllT + mnpl

th]
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if Bir. Taf chacses © = —[mnp)”. then e Far will chonse
b= min? —nipt = p'm?

The given polynontisl becomes
{24 m3r+nlliz -1

hif, Taf chaoses & = (k. vielding the equation
P part o=
ik Fal then pirks the number
mifmi = 1 4 m+ 1)

where . |5 an inbegee #roater than 1
18 Mir. Tl chooses

o= mm o+ 1T e m e+ 17,
them e, Fat con chaoss

g =mtm = 1 m e m e
The podynominl boeoanwes

[~ mplje 4 (m 4+ Uiplle +mm -+ 1),

where - c :
p=mirm - '|:'I:rli" -+ Tl + |.IJ

1¢ 8r. Tl chooses
c=mim 4+ 17 m® b L
then Mr. Fal can chnose
&= —imt s m+ 117
Ther pelynomial bhecomes
(r+mghlr= [m+ Uglle = mim -+ L7,

where .
|i|=l':"1"I bm1
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(o} Me. Tal chisages =0,

Then the probdem redices 10 problem 40 of the previcas chagpter
Mr. Fat peeds anly to piek two mtegers o ard § such that

abfa =1 -1150
and o+ = -1,
The palynomial becamses either oir = Lz —n) or 2{x =13z =4,

Chur proot i oomiplete
Bredow 8 an example of what %z, Fhat and Me. Taf coald d

F T F T F [ionds
0 a  —mail b ] T, 1L Bl
. ol —481 =10, =10, 25
Th AR T o P dF I | —B -4,
—4 27 49,
8.0-dm
SN - B =49 - 14, 31,42
T T =5 -5 0,1
R " b = | 01.2

Problem BB [Romania 1996
Lot o= 2 b= imbeger and bor §: BY — B be o function sach that for
amy rogular dgan Ay Ay AL
b+ Flds) + 04 flA) =1k
Prove that f iz tho sero function.
Solution B8
Wi identify BY with the coonplex plare and let ¢ = ofrin
Thiem the condition b= that for any 2 & © and any jrsitive roal ¢,

S flzethimn,

Jm=]

[n particular, for each ol k= 1., .., #, we ablain

'iru—-:*fzi:.:-n.
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gumming ek, we have

i iﬂ’_'l — ™R =1,

m=] ek

For m = i the innec satn B s (20 for sther o, the NEer sum agam mns
over o regular palygan, henes iz 0
Thus fiz) =fforall z e C

Problem BD [IMO 15907 short list|
Let o be & prime namber and fot fix) be a palynoemial of degren d with
igpnger eoefficients such that:

moAm=0 =5

{ii) for every positive integer n, the remainder wpan divison of fin}
by ig elther O ar 1.
Prowe that o = #— 1,
Sakution 89, Alternative 1
Fnr the saka of the romtradiction, aseame that o = f— 2.
Then by Lagrange's interpolation formula the palynemial fir] &
determnined by its values at G, 1, .., p = D; that is,

i—3

dr—k+r=k=1)---(2—p+ T

| ey
fix) = 3 fK Eooilot=1]es [E=p+1)

ke

P . ) TR

poefzmbrliiz—k=1]lz-p+d

" ;E-;”H =117 - k=20 i
=

Bewtbng ¥ = p = | grees

p=1 . . :
: qip=1lip=2) -k
fig=1 = E-‘r't' {—1)r=kit
dmil
e : :_l'l*kl
p=d
= (=LY fi) (mod g
krai]
It [ollewrs that
S{f) = fil) & F(1)+-+ fip= 1150 (mod g} L




14 4. Solutions to Advanced Problag,

O thir aithor band, (i) implies that Sif)1 = 5 [mod p), where § denate
the numher of those & € {0.1,...,p= 1} for which fik] =1 [mad g,

Bt (i) implies that 1 £ j <p-1

BnSF1#0 (mod o}, which contradices (13

Thus par ariginal assumption was wrong, and par proasd @ coifiiplete
Salution B9, Albernative 2

Agnin, wo approach the problem indirectly

Asgutne that d < p = 2 and bt

il =tpar™ % o ey r 4+ s
Then
P--I\. F=1p=1 I I | =T
St=3 Skl S ek =Y oY B =Y a8,
k=0 e izl =il  kmD =n
=1
where 8, = % kI,
[ L=
We claim that 5,20 (med pl for slli =001, ,p = 2.

W wge strong induction on { ta prove our claim.

The statement & trge bor i =D as S5 = p

New suppose thal Sp = 5 = =5, =0 (mmd Pl for sommn 1 < (<
=13, Mote that

P =i
Bapt = B e o5 e Sk 1) -
hm k=11

(=]

_p-.r-lliul'll-rl":lk_: ; ]""-—\-{.':‘%L:?*nlq
. CALE R .
hetmn b 4 I Lrll 74
=0+ 115 (med p)

:‘iil'.rr-:'l i1 < p ot follows that 5, =0 (mod ni. Thia ensmpletes fis
induction ared the proaf of the clais, Thersfare,

-2
Sfl= Ea..':-'. =i (mod g}

=il

The rest b the same ps in the st solotion,
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Problem 910

Let = B & given pesitive integer.

and

T

Conaidet The sequence ag.ay.- - aq with g =

“:"
A = k-1 + %

for k= 1. D -m.
Prowr that

Salution W, Albarnative 1
We prove & stromger statement: For £=1,2,....m,

n=+1 n
I ki ey 4 ()

We use inductioes to prove hoth ineoualities.
W first prove the upper boand. Far k= 1, it is ensy to check that

1 1_2|:-|-I ) n

] == —

iTm T Tan =i

Suppnee that

"

ok = m
Tor some peltive integer £ < r. Then

n
Mhoi = T*;I: + 0]

. l Il.'! o )
R '.‘l:—lt_-l
alfn=Fk+1)
[T = k17
1]
In-k-1"
Lo
(B —k+ 1) 2 — k= 1) = (In =& — 1= (20 = kF%
Tll'l.ﬂ oup bnduction stop in -_-nmpllll-n In |'|a.rr|r||.|.'|r. Ior k=1 =1,
; ]
"Am—-(n—-11=1

an = fge) -
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ns dmsired.

Miw wer prove the upper boand. For & = 1, it is ensy o check that

oy

Suppose that

g

=?n+1h A+l

dn T I+l
i+ 1

- ——

n-k+1

4. Solutions to Advanced Problems

Thus [} implies that | |

far some positive mteger £ < n. Then

a3 r+l 112
M) = 0y + = = . .
e S T M Esl T nm-E+ar

It fallows that

g1
for b=12....1
Telestoping summation gives
L_Ley
(=] 1 Y
i
l'.- L—]=‘.'-!—|.=l.
[1 9 11}

that B, n,, < 1. which gives the desived upper bound.

=i <Ay 5 g < 1 for

il —

Sinoe d, = 1, and, snce ogs are incressing

el — rtl n+1 . in+ 1y ) P
M=kl (In-k+1Hm=b4+2%  niln-k+ 7 Then (2} implies
n+t 1 ‘i+1 M=k 42 1 1 ] !
!:ﬂ—sz:EL n -kt et B mwaey  n+l
a4+l {-’| i for E=1.2,...,m
= T i .
In=k=+2<ln I=k+ ]J a4 Telezraping sum gives i i
R
Thiz casmplere the induction stepe In particular, Tor i = & — 1. we obtain [ *aEl
n+ 1 e+ 1 1 2
Ay =l > @ m— | —— e | = =, l 'l_ fi n+
M—n—-11+1 n-+2 Y 1 ,-,hr-m, n+1 n+l
as desired, that is, ! |
n+ 1 1
x‘lﬂthl:n ), I‘-]m'n::dl:rl!'? iy ™ :I1—2_ I_r'.‘-_”-? —E.
it .
wiiting the given coedition 2= which iz the desired Jower hournd.
1 1 _ n 1 1
oy '“E-l Bpag|t T 04} Og-1 R g Problem 91 [IMEI 10946 short .Ih]
o= 1 Let 0y, 0, ... 0, be nonnegative roal naibers, net all zero.
vields [a] Prowe that 2° — @pr™ =" — -+ — @212 = @, = [} has precisdy one
11 1 ) s pasitive real roat &
k-1 iy R+ g . . o
forb=1,%,....n [h'.I""ﬂ:"q':E.lﬂ'r'--l “ﬂﬁﬂ'k-.l-l-'m-"
It Is elear that oys am incroasing Frowvo that A% = 29,
Tha=
g 2 iy -"ul."-é'
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Solutlan 91 [f o 4+ u% = L = 0 then it i clear that Plrgl > i+ — 10, !

8) Conslder the famet; then applying the AM-GM inequality gives
& {r=]

5 L | |

O - PRS- -:1—r=_y:;.1:5.:£[1—r'—u;+f*+__f'-'_':| = |

Mote that £ derreases from oo to D as = inereses froam 0 to oo, o .. - 1 | I
Henee there iz utique real momber B such thae FIf} =1, that i, -l e F '
there exsts o anigue pesitive real root & of the piven palynomial It follews that Plr, ) = 0 |
b} Let &y = i Wi are left b prove that Plr, ) cannnt be written s thi s of syuares |

of palynomials with real eoefMicients.

Then ¢y are non- ive aml 77 3
et £y are non Begative and b ooy =] Fiwr thir aake of contesdictinn, pesume that

Since = In x & a somves function o the: interval (0, oo, by Jensen's

inequality, Piz.y) =% Qi(z. o)
z A oA -
Ec_.f—lnmj 2 —In E-:_.F =—In{f(Ri=0m0 Since dog P = 6, deg ; = 4,
dm] Jai .
. Thius

It Eollowes that

Qimr = Ax?+ By e Oyt + Dyy®
2 el-hAs iR zo +ET?  Fry+ G + Hor = Ly +
Jm=]
o . . Comparing the coeficients, In Pr, y) and Foimy Qelr i), of derms £
§ o
ErﬂﬁdﬂE,‘f{-]uﬁ‘. and y" gives n n
=1 =l Eﬂlz:':._‘,'];-'- n
Bubstituting ¢; = o, /4, we chiain the desiped inequality, v il
or Ay = Iy = 0 for all §
Comment:  Flease compare the salution of (4] with that of the problem Then, comparing those of o and y* gives

¥ in the last chapter.

iﬁ-iﬂr =i,

4] i=j

of By = ) e 0 for all o

Froblom B2
Frove that there exists o palynomial Plr, ) with eal coefirients quch

that Pz, 4} = 0 for all seal numbees o and g, which cannnd he writhen

a5 the sum of sganres of polynemials with rsl crefeienss, Next, commparing those af =2 and ¥ mives
Solution 92 = =
fi= =
We cladm that ! E i %:f =t
Plr,gh=(r¥ + o — 1 + — -
¥ o Ho= 8 =0 for all 5,
18 & polyiomial astisfving the rven condithoes, Thug,
Fizse we prove that P, 2 0 for all pead numbers = and W r v = B’y 4 Cury? + Faw + J
— .

e ——
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Fut. finally, comparing the cosficients of the term 2557, we have

iFﬁ‘-—L.

jm]

which & impesalble for real numbers £
Thius cur rssumption is wrang, and our prool is complete,

Problem 83 [IMO 1995 short list]

For each positive integer m, show that there exists o pesitive integer &
guch that

b= Ml + 1™ + g™ = 1)

far some polynamials £, g with integer coefficients, and fned the smallst
guch & as a function of n.

Solution 93

First wo show thar soch & & exists.

Mrte that 7 + 1 divides 1 — £ Then for some palynemial afr) with
integer cocfTiciends, we have

(14 zr} =l =7 =3 =1+,

F = 14 zlafsl+ (1 =)
Raising both sides t the [2n])% power, we obtain
2% = (1) alz) 1 + {14+ s ™),

wheee bl ) i & palynomial with integer coelllcsmts.

Thiz shiwws that a b satisfying the condition of the problem xists, L=
kp he the minlmum such &.

Let 3r = 37 -g, where r s o pasitive integer amd g is an odd inbeger.
We claim that &g = 3.

Fizat we prove that 29 divides ks, Lev ¢ = 27, Noto that 2™ + 1 =
[r' = 133 x), where

Aig=1] 2a=-I1 I
ey =™ = 9™ = g L

The roots af =5+ | pre

] —_ { _ A
m“=m{M-‘| +r5in|lrM |I mel2 ... &
! Jll ! ¢ /!
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that i,

Rizl =2+ 1= {r—uwlf—=wa)lx—wl
Lt £ir) and g{r) he polynomisls with integer eoefielonts such that

kg = Szl + D i)™+ 1)
= fizlz+ 1"+ gl =)Q(ekz" + 1)

It follows that
Hum il + ¥ =k, 1Z2mEL 1
Fince r is positive, § 5 even, So
= f[=1) = (1wl +wl- {14l

Simee Flun | flwa) - flayhisa symmetrie pabynomial in [T AR
with Integer crafficients, it can be sxpeessed as a polynomial with integer
peedTicients i the ebementary symmetric fanctions (0w, wh,.
and therefore

Fo= flaa )l flud
® a0 integer. )
Taking the product over m = L2, .. 0, (1) gives I57F = & or 1A =
ED. Tt follows that 27 divides kg
[t mmer suffieed to prove that &y < B
Mate that @[=11= 1L
[t follerms that .

Qizi=(z+ izl + 1,
whete ¢f2) |s a pelyoomial with integer enefficlenss.
Hence . .

[z + 17el2))*" = ((x] = 1)°" = Qixldlr) + 1. m

for soene polymomial (2] with integer coefficients.
Alzn ohserve that, for any fived m,

-1 i=1,2,.. 1) = (i .ip oo it - |

Thus
0 +uml] ey +uZ = B =1,

Al writing

& . B2y
1™t = (L + w(] = Fd =+l
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wr finid that for pome pelysaminl ilr), independont of m, with inboger galution Bd

cocfficients sach that i . e usd infinite teleseoping swms to splve the problem
(1 ey ety ) = 2.

But then (z + 1WA{r) — 2 is divisitle by 2" + | ared benes we can wyike {n] Equivalently, we have uw ahow that

(r+ Dh(r) = 3 (2 + Uil 'i_""'._=
— izt --lz+nl
for s palynomial wlrh with integer copffcsents. - |
Raising bath sldes 10 the power g we cheain Mot that i 1
Ed
I:J'—l.'llhl_"ll_Tll:l"--g"rlil"'rn:'::l':. (3 nir+mnl TS
where o(z] is a pelymomial with mteger coflicieats. It fallows that
) |
Using (2} and {3] we chtam nir |

- - tir+ 1] (24 n)
H S R Ko ) i A T
= (Wl el + Uelr) + (2% + Luiz)
= Qixld[rir" + 1vir) + (2 + 1R}t — 27,

i — 13 n!
[z+1}--[z4+n—-1" [z+1]---[2+n]"

amil this telescrming sammathon yields the desired result

thit g,

¥ = flzliz + 17 + gy (230 + 1), by Let
where fu{#} and gy(x) are polynomdals with fteger coefficients. (! - fn=11
Hemiee b = 2. ps desieed, fl=)= ﬁ alr+1).. (7 +nl

Cur preaaf 18 this complete. 1
Then, by [8). iz} < =
Prablem 04 [USAMO 1998 proposal, Kiran Kedlaya) *

Lot + be a prsitive roal numbser, [n partecualar, fix] converges to 0 as © appiosdis oo, B0 W0 CRR

write [ ne nn infinite telescoping serim

[} Prown that

fiE) = [flz+ &= 1) - fiz + ]| (i}

k=]

(b} Prove that Un the nther hand, ebe result in (o) gives

= -1 = _ = (n—11l 1 [
E .=§:r__|;::! _I'|.:|-—]'I—‘rll_r'| . grI:Tr'III.TI..I:.T'r'ﬂ—|-I{..:_."+'1-_]

=1

- |3.,1
T orxisfr=1)fr e

el
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Substituting the last cquation to (1) gives

=
fa=3 e
k=]
aa dosiril.

Problem 85 [Romanda 1904
Let mo = 3 ba an lnteger, aml bet

XoS={L%... oM

he st of En? elerents

Prove that coe can find nine distinet sumbers ag, b0 [ 1,2, %) in X
guch that the system

oIy +ez = 0
I:I-:I-rﬁ:y-rr.:'." -
07 + Myl + 32 = 0

has & salution [T, . 25} in Boneero integers

Solution A5

Lahel the elements of X in inctessing ceder £y < 0 & 200, and put
..5;'1 = {2"'. ST | I‘
-Ti“ = {f-"l_|-. ..'I':nEI'.
.‘f] = {:I.';|||:+| ey TJ":J.

Define the functlon = Xy = Xy« Xy = 5 = § as follows:

Flaboe)=(b=n,c=4

The domain of [ comtains n® clements

The range af f, on the ather hand, is comtained in the sgbset of § = 5
of pairs whase sum i at most n?, a set of cardinallty

a.l—";

S e-mon o
= 2 1

v the Pigeonhaole Prineiple. some thres triples (o, by e} (= 1,23
mag o the same pair, in which case 2= b —o, p = —op.z =ap — b
Ia & soluticm in nonzeroe integers.
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plote that a; cannol egual by slnes Xy and Xy are disjoing, and that
gy = @y implies that the wriphed (0,500 and (a2, b, o) are idontical,
“cut.rﬂr.n.di:tinn.

Henoe the nine numbers chosen are indesd datinet.

Problem 96 [Nuanguo Humng|
Lot n = 3 be an integer and et oy, 13-+, T be positive real numbers

Sypposs Lhit
= 1
— ]
-:_EJTIJ
Prove that
L 1 1Y
\,l'r_|-|--|"£_:-+-- 4 =in—11 _.I':|+_r']-r -I-I-?HIJ
Solution 96

By symmedry, we may assume that xq £ #3 £ 0 £ . We have the
fllowing lamims.

Lemma Forl <= §f<n,

we have - . . 1 Ty
I+ l+x;  (1+5H1+ 5]

ldry+rpt+rm =248+

It follows that £,2; > 1. Thus

VE T

l+3 143

1.-"?:-':]'*-"';]—-.-':;:: + b
[T+ =zl + 240

1T — YT = T

(L + xa(l + 2]

I

i,
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a5 deslred.
By the lemma, we have
i 3
¥ o ¥Tr .
l+x T 1oz ~ B

aied, since

]
— —_ e .
it fedlmws by the Ghehyahav Inequam;.-

_E-,-"_E]-rr [:.1:; ]1T‘I E

By the Cauchy-Schwarts Immt.aJil;.y_ wir b

ar

Bluktiplyimg by

om both sides af (¥} and applying (1) gives

E—+EJ_.1-

=1 W = =1

which is turn implies the desired inoquality

121
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Froblem 7
Lef Pl 2,00 08n bt dlistimet real numbers
[ieline the polynomials

Plri=lr = £)[r=1T9) - [F=Tq)

d
: 2] = Pla) [ — S
'Q"--"' =& — T?—:r: .'—.—"_,'

Lot Wi g5 - oo Bnoi b the toots af G
Shisw that

. | _

min |2, = 25| < min g - 5
Solution BT

Ny symmedry, we may assme that
n!=1:u[-|==*. Wl =g =
Leh dg = by = Fp, far E=1,2,..

By symmetry, we may also amume that & = 85 < 0 < Bq, Loy, 33 2>
Tz = - = Tu

For the sake of contradictlon, assume that

o < min £ — 75| = minz; -y = min sy = 5. (1]
iy “ W vy

Sinee P has ne double foats, i shares nnoe with @

Then
fo1 1 ‘nl
! + o _— !I.."-
JIID-III[!”—JH M — a3 W= Ta ) I;?
. 1 1 L

———1 | |

+ +---+
W-% BT %~ o
In particular, se4ting = 1 and @ = 2 gives

LI S E 2

Sk ;;F;-rl.l'

Wi claitn that there is a & such that 2y{s, ) = 0, atherwise, we baw

1
.‘*1d
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for all k., which In turn implies that

S
i Ay + 4 oA

which contradicts. [2)]

Let j ke the number of ks such that se(se+d) 2 0 that ie, s = 0= e+
A simple bt eritkcal fact is that s, + d and 545 haen the same sign. In
fart, sipposs that

By D By D o By 0 0 By e gy

them
Al s+ dsleig +d < Ey=d
Then spey > 000 and only i & =1+ 1, that s 5 +d =0

From (1], we ohtain 5 +d = 8e4 5, and, since 53 + d and 8y have the
same sign, we obtain

1 1
sekd T R

forall &= 1,2, - 5 = j. Theralore,

n=7 n=j3
1
it i-|”‘+ﬂ
ar
n fi=1
1 » 1
PO 3 Wt &
w41 S k] S+ d
Alzo nivte that

I . 1
—_ _ i)
i & E: 3 T d 'l”
Adding (3] and {4) yields
2 n 1
E —_ E rm——
= Bg prrt sk +d
which contradicts (2).
Thus oar assumptien is wrong and rar procd = comples

1 4, Solutions to Adwanged Probloms 133

Prablem 98 [Romania 1904]
Show that for any positive integer n, the palysomial

figh=ir 4 ¥ +1

cannce Be written ss the product af fwe non-constaot polyoomials with
mteger oeedicients.

Solution BE

Nate that fix} = g(hix1}, where Aix] = 2% +r and gy} = y L
Eince

"l
plysD=(ps 1T +1=4" + rz {T:In-*\}] +2
b bl !
and [3] i even for | £ & € 27 = 1, g s irreducible, by Elsenstein’s
criterion
Mrnw let p be o gon-comstant Tactor of f, ared ot © he aoroat af p
Then gihiel} = flFl =0, 80 2 e hr] is a ol al g
Binee 5 = #1 0 & Qir), we have () < Qr), =0

deg p = deg(Qir]/Q) = degi Q14)/Q) = deg g = 2.

Thus ewery factor of [ has degres an least 27
Therefoee, i f is reducible, we can write f{r] = Alz18(z] where A sl
B have degree 17,
MNexr, oheerve that
firy = [+ +1

grat

= e risF e 1 (mod 20
Sinen 17 + 2 + | is irreducible in Zqlz, by unboue fackorization we moust
h.ﬂl'\-l'i
5 - _— = .
Ansfinsirt+r+ 1 557 a7 +1 [mod 2}
Thus, if we write
Air) = mgea¥ + - +an,
Biz] = bgmr® +-ood o

theft fiam, Eanea, s, Bae. deoi, by are odd and sl the other m!ﬁ'l.{“wvts
are ave. Sinee f i monit, we mey assare without Jass of grnarality
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that ogs = bye = L: alsa, agho = F01 = 1. but ag = 0. % > 0 as § hag
no real poots, soan=hg = L
Therefose,

17 S P | TPYE S TS
P !
= ( E "1"1"1'!"'-—-] -+ [E 'lhﬁ‘!""-q)
AmIm=l 1=
= A Byeet 4 fanarbgn + dabge-1 4 ga-ife
=2[|'I.-_u.-| -I-I:‘zl.l:l:{l rml:ld‘\i.l

48 fgn—t + demat |5 ovED
But

([ +1~-‘-] + [15"'"::,[;(:]‘. - (;:} = g(ﬂnfjl—_Ll)‘l_
and (,°71,) is pdd by Lucas's theorem, =

(e @ N2 =2 (mod 4},
a pontradiction.
Hence f is irceducible,

Problem 99 [Tran 1998
Let fi, fz, f3 - B — B b= functions such that
apfy +azfz + oafy
& menobonic for &l 8y, 00,05 € B
Prowe that thete exist o, 03,00 € B, mot all zero, such that
epfila) & oo falz) + eafalr) =0
for all £ 2 R,

Solution 99, Alernative 1
We establish the Following lemma.
Lemma: Lot f,p - B — B he funclions such that f i nomeonstant and

af + by i monatonic for all o.b & B Then there exista o © B such that
& —cf is a constant function.

Froaf  Let 5,1 be tan real numbers such that fis) ¢ fif),

B

.

4, Solitions tn Advanced Prablems 126
Lt
= gial — glfl .
fisl=fir)

Let by =g — dy f for same oy £ R
Then hy is manotenic, But

hale) — hale) = 6is) = alt) — dy(fia) = fie)) = {f18) = F{tNh0m = ).

Sinen fia] = Fit] # 0 s fxed, the monotondeity of By depends only on
the slgn of u — dy.
Sinco [ is momoonstant, thete &t 2y, £ € B osudh that iz ) # e

Lt
_ gtz = aixs)

= Fim) - i)
afd & = g = af.
Them v = k{r, ) = h(ra} and the monotendeity of by =7 — dy [, Tor each
. deperads cnly an the gign of e = ;.
Wi claim that h = g — cf i3 & constant function,
We prove awr clsim by contradiction
Suppose, on the conirary, that there exists ©; € B such that &z # 5.
Simee f(zu) # f21), 88 beast one of fir) # firs) and flzz) o flza) is
irue
Withaut loss af penerality, suppese that f{r ) # fl2s).
- o o iri) = alzs)

Fiz) = flzs)

Then the menotomicity af by slea deperds only on che sign of o = d).
Sinee hiz) & r = hin)

i) = gixs]

¥ ) = flan)

hence ¢ — dy # ¢ =dy.

S there exlrts some dy such that By Is baoth strictly incressing and de-
creaging, which is imprssible.

Therelore pur assumption is false and & |s a constant function. 0
Wi W POV pur main resilt.

If f, 020 f3 are all constant functions, the resalt i triwial

Witheut less of generality, suppose that [ is nsfisimstant.

_
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For ay =0, we apply the lomms to f and fo, 80 fo = of, +d farag =0
we apply the lemma to f; and fy, 80 f = o F, + o

Here o, &, . @ fro comstant
We have

led—al)fi +d [y ~dfs = {dd— o) i + d'{ef; +d) —dic'f; + 0} =0,
I ie'd = e’ ', —dd) £ (0,0,0, thes Jei
ey, ) = [d — o, &, =)

and we are done.
Otherwise, d = o = 0 and f3, f3 are constant multiples of J,
Then the prablem & agsln teivial,
Solution 09, Alternative 2
Define the veetor
vish = (filz). f2l5), f2lx)
for z £ R.
1 the w(x) span a proper subspace of B®, we mn find & vecter (o) 03 0

erthegonal to that subspace, and then cyfi (] + oy falx] + eqfalz) =0
forall z ¢ B.

Eo puppose the viz) span all of B3,

Then I:h-?’r oxlst £ % 2 < 13 € B such that efry), wlrs), v(rg) are
linearly mdeperdont, and so the 3 = 3 matriz A with Ay = Jilz) has
linearly independest rows

But then A is invertible, and i6s columes also span B

Thz means we can find o, o, o3 such that

I
3 lfilen. felzad, fitzs)) = (0,100,

il

and the fanetion oo fy +-03 fy 403 f3 i then not monotenic, a contradietion.

Problem 100 [TSAMO 1998 proposal, Richard Stong)

Lt oy 25, By be variables, and let yype, oo e ey Be the sams of
monemphy subeets af =z,

Lot (%1, 0 Tn) be the &0 elementary symmetrle polynomial n
the w (the sum of every product of & distinet 4;'s).

For which & and & is every coelfcient of m, (a5 & palynomial inzy . 2,0
oven T

For example, if & = Z, then vy, s, # 808 £, 21, 71 + 17 and

o= iy o+ e+ s =21y + 21,
Pr = e + gy + g = 8 13 + 3o,
T3 = Py = 2Ty + IyT)

Solutbon 100
W sy a palynomial py is even iF every conflelont of pye is even.
(itherwise, we say py is not eren

For any flaed poedtlve inbeger n, we sy o nonnegative inteper & i bad
Jorm if k= 27 =1 for seeme nonnegative integer .

Wi will ehow by indisction on o that py (2y, 25, 2] 18 Bob even if and
only if & is bad far n,

Foen=lmin)l =z snatewn and £ = 1 B bad far v = 1 as
k=1=3-2"=3 10,

Suppnse that the claim & true for & certain n,

Ve npw comsider pele, 1,00 Fagr

Loty (4, #3. - b B thee &0 elomentary symmetric polynomial.

We have the following useful, but ensy to prove, Tacts

Lome{m. b oo M 00 = Selbn pr- o)
2 Foralll ¢ <s

gl ol = Y bmlpc o el

i+ =k
L mplr ey,

= E Ty Mz g, (4wl

1 ki

i
E E E Wi Blag - 'y*-zl_r

Ly iy -l g el e
[P _n; TR 1 |
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5 fa—r
S (1
K=
rei
Hence
P.l:':-fl-r?- Vi Engl)
= ¥ inireo.zm)
RESS Lot
PPty 81+ Fapr, oo 2 domg + R S |
Ly . fmp
= L );I-Ll.l'u- LD S TR B P
hjmbrmy b T

By the indwction hypathesis, svery torm ol polzy, ®a-- -
essr = — ¥ forsomeD <t <n

For such v, nabe that
n_ i
(=)=(2)

iBeven unkss f—r=Qar j=p =3
Therefore. taking confBrients meduln @

Eqn) B mvem up-

TS R R S

= E Pilza,Tp - T [y, g, 00 o2y

1= mk
n
+Eh-z—-[2| L TRRRE O e T ST SR M Py
1]

By the induction bypothesis, the terms (5 the firat sum are even unkes
k-2 o g for fome 0 £ u = m that is & e 9747 gu

In the secand sum, every torm AppEArs twick exeept the term

EUETE S POCTR I L

Tor & ern,

By the induction hypotbesis, this term B inven umbess k73 = 2% 0% for
=ome 2 v £ n, that s & = 3L _ sl

It follows that (1, 1, - “Tapn) B ooven unless k= 2071 _ 0w for copn
DZwsn4 1, i, kis bad for 4 1:

_

4, Solitions to Advanced Problems

Furtbermare, note that the add coslficiants in

123

k]

Frapy)

|2, T3,

oceur for diffarent pawers of 2,

Thezefare, the conditien that & e bad for 0+ | is ako slfcent for
LIPS S IR |

1 be oo,
Our induction is complete

Problem 101 [Russka 2000]

Prave that there exist 10 distinet sl Bamhers &g, @a.. . ., 81 such thad
the equatinn
[T =ailiz—agd {2 —api =z +83 )02 +ag) - (£ +ayg)

has exactly 5 different renl ronts

Solutlon 101

Wit show that (1,05, 0} = [7.6,. <=2} i a group of numbers
satlefying the comditions given in the pnabdem

The given equality hecomes
fF = iz = Dz + 10+ Dgiz?) =1,
where

- '_f._:rT o P '—‘.:Illll.:-i-

[T-B-047-8-44

la)
S e T6 ]

If 9{u) = has no real salutlons, thon g{r*) = 0 has Bo real solutions.

16 uy and vz are real plutione of glu} = 0, then uy =2y < 0 .and Hylig = 0,
that is, hoth @y and us are negative,

It follows agnin that gis®) = 0 has no real salutioac.

Our proaf is complate
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Arihmetie-Gerometric Mean Inequality [AM-GM Inequality)
Il o, 85, ..., 0 60e 6 nonpegatve nambers, then

1 I

=(ay Ayt a0 2 (oo oan)®
with equnlity if and anly if gy =0z = - =a,.
Binomial Coefficient

The cedficient of £* in the expargion af (x + 1™ is

r‘r:"- . m!
k,.l T klin =k

Canchy-Schwars Inequality
For any real numbers &, @200 80, @nd bbby

faf +ad+ o+ ad e + 8+ #8112 faghy + ogly + o0 +anby )
with equality i amd enly il oy and B; are proportional, = 1,2,...,n

Chebyshev Inequality

L Lt mypoma.oo1n and gy pa.. oo pn b Bwo sequenoes of real num-
bers; sisch that £ < 19 € - T Tp and £ = oo Zof
Then

l-f.1'-|-|-.1:3-|--- + oy et bl S Tm I+ Tnke
n

2. Let 1y, Tz...,Zn and gy, M. ..., Yo DE ton sequenoes af real nam-
bers, such that o7 = T3 2 -~ 2 g and yy 291 = 00 2 e
Then

1
=[xy taztr ok TS k) ZaN TN Rt o
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D Molvre®s Formuly
For any angle o and for sy isteger 5,

oS o+ feina)™ = eogna + § 850 na.

Elementary Symmetric Polynomials {Funetions|
Given indetermimates 21, ..., £, the clementary svmsmetric fifbctions
Broo.. By are defined by the relation (in spather indmerminate ¢

L T R L e E N ST

That i, s¢ is the sum af the products af the r; taken & al a time. i
i# & basic result that every sviimedric polynomial in Ty,...,%n can he
tuniguely| expressed as a palymomial in the 5. And vioe versa,

Flbonacel Mumbers
Sequence defined recursively byiv=Fisl, =P+ Fy, fer all
ne M,
Jemzen's Inequality
If f is concave up on an interval [, 8] and Xy, Aa. L, A, are peanegative
nimbers with sum evual 10 1, then

MflEd +daflmg) 4o b hef(20) 2 flhazy & dgzg oo+ AnZy, ]
for amy ®1,21,.... . in the mterml la. bl B the function iz comesve
down, the ineguality |s reverspd,
Lagrange's Interpolation Formula

Let zp, 23,2, be distinet real ragmkbes, and et ge, ..., gy be ar
bitrary real mumbers, Thes there exists a undque pelynomial Ple) of
degres At mast 5 sach that Pz = Fi. ' = 0.1....,% This Iz the
pody¥nemial given by

Pix) = ir—ag): F =B W= 2q] - 2 — g}
E"‘;r'-:za. = Zol- o [0 — 2y biE, = Tipp ) (T = £

Law of Coslnes
Lot AR ban triangle. Then

BO% = AR 4 AC? Z 04AR . AC om A

Glossary 133

Lucas" Theoram
Let p be a peime; lot o and b he two positive intepers such that
T = '::l\-.‘-l* —El-—'.;ﬂl'l +cdp+ o, b= l"'u-:l.l* —"'t—1_l'll'_.' * 'l!?lr:l"' by,

I'I'H"I\!I:'Erl.l.n'l.{r&minieg;m:furf:ﬂ,'l._....l.—. Then
il LN LY aph fén .

= N e pl.

(ej (iu)(m-.J (mj{mj A

Pigeonhale Principle

If = ehjocts are distributed smang £ < n bowes, some box contains at
lrast twa abjects

Root Mean Squarc-Arithmetic Mean Inequality (EMS-AM In-
equality)

Far positive numbers £, 29, ., 2,0,

I e — | e 1 ,
frtait ox] m+m+oan
] fa = ®

Mare gererally, lot ay,aa,. .., 0. be any pesitive numbssa for which aq 4
az+ -+ ay = 1, Far pastive numbers ©;, 15, ..., 8, % define

Mo = n'l||'l{2'-|._1:i\-.. e Zk}

Mo =max{zq, 22, 3e}.

My = 2528 zim,

M= [rr-__'l."; + |1-;I'3 +: —E.-Il.:l"-'.
whire ¢ is @ non-zero real numbey. Thes

-I"r—w '-_": 'Ul f -Il'-rr 5 'le

Tops =i
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Trinngle Inequality
Let 2 = a+ & be a comples number. Tiefine the abealute valee of = to
b

|z] = vl + b

Let o amd 7 be two complex nombsers, The [nequality
|+ 2| = ol + 13|
Is calbed the triangle inequalicy.
Let o = ay +ogi and §= F + @y, where o, 0, Fy, T e real rombess,

Then e+ F = (o + 5] + o + 5200
Vectars 1 = oy, oz), v = [§1,04], and w = oy + Fy, g + ) Tem s
iriangle with sides lengths |of, 3], and |o+ 3.
The triangle inequality restates the faet that the length of any side of &
trinngle is less than the sum of the lengths of the ather fwo sides.
Vieta's Theorem
Let ry.73,.. ., 2q bie the mats of palynomial

Fla) = apt +tm g™ 4 b s

where g, # 0 and ag,a7....,94 €T, Let sg ke the sum of the products
af the 1y taken & &t a time Then

a.=¢—l*.‘“j‘T'*.
that i,
I+ F+ "'1-1',‘_--a‘—_1:
n
Oy—3
Ty o B+ Fpa T = ;
ny ez, = (=R
Ty
Trigonometric Identities
snfa 4+ emie =1,
tanz = —0 L
i L]

mrt.r:l—]-—
ban @

—

Glossary
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piddition and subtraction formalas:

sinfo = b = sinacos b & pmasn b,
cosln = b = cosa o b F anasnb,
fana & tank
| Ftanatanb'

tanfn = b} =

double-angle formulas:

gif 2a = 2sinacosa,

cosda =conl o —aina = Josta— 1 = 1 — Zaint a,

Jtana

e

triple-sngle fnrmulas:
aim3a = Isine — 45in’ a,
cas3a = dens’ 4 = Joma,

% Jtana - tan®a
T ..—_:_—.l
“‘ 1-3tanta |

half-asgle formrmbas:
2tan
"“"mﬂ—f
1ot
o tam ¥
E!-&:I'l;
tama = H
" 1 —tan® §
sum-te-produst formulas:
. . a+h a=Fh
fina + snb = 2&in 3 7
@+bh o-
m:u+m&h-2¢mTtﬂT.
dlinfi 4 )
tana + fand = — ol
difference-to=product foemulas
Ca=h a+h
:irl.ﬂ—EIrlh-2B‘l1T -
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-h 4k
Eo%a — cnsh —'.!slﬂu 3 =|irl.ﬂ',I
il 6t 88,
cosaensh’

preeatl vint-boesam formilne:

2Einmoosk = sin{n & + ginda = b),
Toeveneosh = eoslm + B) + omsin - b,
Tainnsind = —eosfn + B) < oosin — b
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