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PHAN [

CAC BAI TOAN

NHUNG BAI TOAN CO BABILON

1. Théi xa xua, ngudi Babilon coi chu vi dudng tron la chu
vi cua luc gidc déu ngi tiép dudng tron dé. Hay tinh gid tri gan
ding cia s6 z theo cich nay ciia ngudi Babilon.

2. Hay chia mdt géc vuéng ra 3 phan biing nhau.

3. D€ tinh dién tich mét ti gide, ngudsi Babilon ldy nda téng
cdc cip canh d6i dién nhdn véi nhau. Ban hay cho biét cong thic
nay xic dinh ding dién tich cda nhing ti gidc nao ?

Con d€ tinh dién tich cia mét tam gidc cAn, ngudi Babilon
déi hic ldy tich cda canh bén véi nia canh ddy. Hay chi r6 vdi
gia thigt nao thi cong thdc tinh dién tich tam gidc cdn la trudng
hgp dic biét céa céng thic tinh dién tich td gidc ndu trén ?

NHUNG BAI TOAN CO Al CAP

NHUNG BAI TOAN TU PAPIRUT () RAINDA.

. i i 2
4. Hay tim mét s5 biét rAing néu thém vio s6 d6 5 cia né

1,
roi trir di g tong wvita nhan dudc thi ta duge 10.

U Papirut (di thio, di ban) : van ban ghi trén g& nghy xua con d@ laj.

VNMATH.COM



5. Bay gia dinh nudi 7 con meo, mdi con méo an thit 7 con
chudt, con mdi con chuft an 7 cay lia, mdi cdy lia cd thé cho
dugc 7 hat. Nhing s6 hang cda day s6 nay l6n dén dau va téng
cia ching biing bao nhigdu ?

6. Ngusi Ai Cap xa xua tinh dién tich hinh trén bing cach

8
14y dién tich hinh vudng cé canh bang 5 dudng kinh cida hinh

tron. Hay xdc dinh gia tri gan ding cla s6 7 theo cdch nay.

7. DE tinh didén tich tam gidc can, nguti Ai Cap 14y n¥a ddy
nhén véi chiéu dai canh bén. Hay tinh sai s theo ti 1& phan tram
néu ddy cla tam gidc can bang 4, con canh bén bang 10.

8. D& tinh dién tich hinh thang cin, ngudi Ai Cap lay nia
t6ng ddy trén va ddy dudi roi nhan vdi canh bén. Hay tinh sai 50
theo ti 12 phan tram néu ddy trén bang 4, ddy dudi bang 6, con
canh bén bang 20.

NHUNG BAI TOAN TU PAPIRUT MOSKVA.

9. Tinh thé tich cia hinh chép cut ti gidc déu néu chidu cao
bing 6, canh ddy dudi bang 4, con canh ddy trén bang 2.

10. Hay xac dinh do dai cdc canh cia mot hinh chd@ nhat
cho bi&t ti s6 gida cic canh va dién tich cia hinh chd nhat doé.

NHUNG BAI TOAN TU PAPIRUT AKHMINSKI
1
11. Mot nguoi ldy di E bdu vAt trong kho, mdt ngudi khidc

1
lay di T bdu vat con lai va nhy vay kho bdu con lai 150 bau vat.
Hoi ldc dau kho bau cd bao nhidu bau vat ?

NHUNG BAI TOAN CO HI LAP

NHUNG BA! TOAN CUA PITAGO (PYTHAGORE)

12. Ching minh ring dién tich hinh vuéng duyng trén canh
huyén cia mdt tam gidc vuéng biing tdng di¢n tich cdc hinh vuéng
dung trén cdc canh géc vudng cda tam gidc nay.

4
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13. Hay tim cdc s§ Pitago, tdc la tim tdt cd cdc b ba cdc
s8 nguydn x, y, z sao cho théa méan phuong trinh x2 + y2 = 22

14. Chung té ring téng cda n s8 1& lién ti€p, bdt dau tir s6
1 bang n binh phudng.

15. Ching t6 ring, mei s6 1& bat ki, trit s§ 1, la hiéu cda
hai binh phudng.

Trong trudng phai Pitago, khdng dinh nay dugc ching minh
bang hinh hoc ddi vdi mot s6 trudng hgp ridng. Hay thi xem bhng
ciach nao ?

Hay khéng dinh tinh ding din cia ménh d& trén ma khong
can tdi sy minh hoa bing hinh hgc.

BAI TOAN CUA HIPPOCRATE

16. Ching minh réng tdng dién tich cdc hinh ludi lidm (hinh
ban nguyét Hippocrate) nhm gida nia dudng tron vdi dudng kinh
12 canh huyén cla tam gidc vuéng va cdc nda dudng tron dyng
trén cic canh géc vubng cla tam gidc vuéng Ay ding bing dign
tich cia tam gidc vubng 4y.

NHUNG BAI TOAN CUA OCLIT (Trich tir cubn “Nguyén Ii")

17. Hay dung mot tam gidc d2u trén doan thdng AB cho truéc

18. H&ay chia géc cho trude ra hai phan biing nhau.

19. Hay dyng mét hinh binh hanh c¢6 canh ban nghiéng vdi
ddy mft géc cho trudc sao cho dién tich cia né bing dign tich
cua mdt tam gidc cho trudec.

20. Trong mjt hinh tron cho trude, hiy dung mét tam gidc
ndi ti€p débng dang vdi mot tam gidc cho trude.

21. Chia mét doan thing cho trude thanh hai phan sao cho
dién tich hinh ch@ nhat ¢6 hai canh la doan thing Ay va doan nhé
vira chia ding biing dién tich hinh vuéng c6 canh bing doan thing
I6n. (Bai toan diém chia vang).

22. Ching minh ring t4p hgp cdc s& nguyén t6 la vé han.

BAI TOAN APOLLONIUS

23. Dyng duong tron ti€p xic vdi ba dudng trdon cho trude.
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NHUNG BAl TOAN CUA ACSIMET (Archimede)

24. Ching minh rling hinh tron ngoai ti€p hinh vuéng cé
dién tich gip d6i hinh trdon ndi tiép hinh vudng ay.
25. Acsimet da ching minh rdng :
1) Dién tich mdi hinh trdon s& bing dién tich cia mdt tam
gidc vubng c6 mét canh géc vudng bing ban kinh hinh trom, con
canh géc vuéng kia bing 46 dai dudng tron.
2) Dién tich hinh tron ti 1& véi binh phudng dudng kinh theo
11
ti s —.
14

Hay chiéng t& ring ca hai ménh dé cia ACSIMET tuong dudng

22
véi quy thc tinh dién tich hinh tron hi¢n nay la £ r2

26. Tu difm B trén nda dudng tron A/@, ha dudng vubng

g6c BD xufng dudng AC, trén cdc

B doan AD va DC dyng cdc nia dudng

tron AFD va DHC véi dudng kinh

la ciac doan thing tuong ung dé
(hinh 1}.

Ching minh rang dién tich
hinh AFDHCBA (hinh gach chéo)
. biing di2n tich hinh tron dudng kinh

) Hink ] BD.

27. Dién tich cia chdém cau bing dign tich hinh tron cé bdn
kinh 13 doan thing ndi ti dinh chém cau tdi dudng tron ddy cia
chém chu.

28. Hay tim mot hinh ciu c6 thé tich bing thé tich mgt
hinh nén hay mét hinh tru cho trudec.

29. Chung té ring hinh try c6 ddy la duong tron ldn cia
mét hinh cAu va chitu cao bing dudng kinh hinh cdu d6 cé thé

3 . . .3
tich bang 5 thé tich hinh chu va dién tich xung quanh bing 2

dién tich mit cau.
30. Tim téng cia cdp s6 nhan lii vé6 han sau :
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S6 bo cdi mau tréng
bing phan ba clda xdm
{cA xdm dyc va c4i)
chng vdi mOt phan tu
tdt ca ld bd xam.
Nhung riéng bd cdi xam
bao ghm mot phan tu
cliia Jd bo long d6m
cOdng thém mot ph&n nam
d6m duc cdi cong lai.
Tdng 85 bd cai d6m
bing phan nim bd niu
(cd niu duc, nfu cdi)
cong thém mot phan sdu
cua ca duc cdi nau.
Cufii cung, s6 cdi niu
bing phan sdu bo tring
cOng véi mét phan bay
cia tdt ca bd tring.

x

* %

Ky vy ma chua dd

Bo duc trdng, duc xam
Khi xép hang d2u nhau
Thi cé hinh vuéng ddy !
Con dyc nau, dyc dém
X&p dan theo béic thang
Bat dau tir mot chi

Thi cé hinh tam giac.
Ban 0i, nao... nghi xem ?

NHUNG BAI TOAN HINH HOC €O NOI TIENG
Bai todn giip d6i hinh 1ap phuong

35. Hay dyng mét hinh lap phudng sao cho th¥ tich cda né
gidp d6i thé tich cia m6t hinh lap phuong cho trude. Hay thyc

-

hién phép dyng nhd thudc diic bigt “Iong ghép” (xem chi din).

8
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Bai todn chia ba mdt goc

36. Hay chia mdt géc b&t ki thanh ba phan bing nhau. Hay
thuc hién viéc dyng hinh biing phuong phip cla Acsimet - ding
compa va thudc chuy@n dich c6 hai diém danh diu (xem chi dén).

Bai toin ciu phuong hinh tron

37. Hay dung mot hinh vuéng c6 dién tich béng dién tich
hinh tron cho trudc. Hay giai bai todn mét cdch gan ding nhd
tam gidc Bing (xem chi dén).

BAI TOAN GIPXIKL (¢ xi Alexandric)

38. Ching minh réing trong mét cip s cong c6 s6 s hang
chén thi hidu ciia téng n¥a cudi cla cdc s6 hang va téng nia dau
cia cdc s6 hang Ia mot s§ ti 1¢ thuan véi binh phuong clia nda
s6 s0 hang cda day sé.

Bai todn Hérdéng (HERON)

39. Xic dinh dién tich tam gidc bift ba canh cla né lan lugt
laa=13 b= 14, c = 15.

40. Hay tim nhing tam gidc cé dién tich nguyen duong (duge
goi la tam gidc Herdng) ma 4% dai cdc canh cia né 1A nhing sb

nguyén lién tiép.

Bai todn NIKOMAKH

41. Chu’ng t6 ring néu chia day s8 1é thanh cdc nhém vdi
s6 s6 hang cta mdi nhém tang dan theo day s6 tu nhién thi t8ng
cia mdi nhém ding bing lap phuong cla sé s6 hang cia nhém.

Bai todn PTOLEMEE

42. Chung to ring trong mot ty gide ndi ti€p dubng tron,
tdng cdc tich cla cdc canh d6i bang tich hai dudng chéo.

NHUNG BAl TOAN CUA DIOPHANTE

(Ti fudn dé “S6 hoc”)

43. Tim ba s6 sao cho s8 16n phit hon s6 1dn thi hai &ing

1 . 1
bang 3 s6 bé nhat, s6 16n thd hai hon s8 bé nhdt diing bing 3 s6

1
16n nhat va s6 bé nhat hon 3 s6 16n thd hai ding bing 10.
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44. Giai hé¢ phudng trinh :

x+y=10
x2 + y2 =68

45. Canh géc vudng cta tam gidc vudng cé sé do la lap phuong
clia mét 50 x ndo d6, canh géc vudng kia la higu cda sé lap phuang
nay vdi s6 x d6, con canh huyén bing tdng cla s& l4p phuong nay
véi 86 x d6. Hay tim cdc canh cia tam gidc vudng.

46. Hiy chia s6 100 ra 2 phan bing 2 lin chia sao cho phan
16n & TAn chia thd nhit gdp d6i phan nhd & IAn chia thd hai va
phan 16n & Ian chia thd 2 gdp 3 [An phan nhd d [An chia thd nhat.

47. Tim hai s6 sao cho téng clia né bing 20 con tich cla né
la 96.

48. Tim hai s8 bist ring ti s6 clia ching bing 3 va ti s& gida
tdng binh phudng va téng cda ching bing 5.

49. Tim ba s6 bi€t riing tich clia tdng clia haj s6 dau tién
vdi s6 thd ba bing 35, con tich cia téng cla s thd nh&t va s&
thit ba vdi s6 thd hai la 27 va tich cia téng cia s6 thit hai va s6
thit ba véi s6 dau tien la 32. '

50. Tim hai s§ bi&t rding tich clia cliinz dem cong vdi mdbi
s6 la lap phuong cia mot s§ nao dé.

51. Tim ba s6 sao cho téng cia ca ba s6 lAn téng cia ting
cap déu la nhing s§ chinh phuong.

NHUNG BAI TOAN CUA PAPPUS O XU ALEXANDRIE

(T ide phdm “Tuyén tdp todn hoc™)

52. Hay dyng mdt dudng thing di qua mét diém D cho tiude
nim trén phan gidc cia mét géc sao cho doan thdng bi chin bdi
hai canh cua géc bing mét doan cho trudc.

53. Ching minh ring trong cic hinh trén thi dién tich cia
cac vién phar dong dang ti 1& v¢i binh phuong cia diay cung ddy.

54. Chung minh riing trong mdi tam gidc thi didu tich cida
hinh binh hanh c6 canh 14 canh cda tam gidc v8i hai dinh nim
ngoai tam gidc thi bing t6ng dién tich cda hai hinh binh hanh 13y
hai canh kia lam canh sao cho cdc canh song song vdi canh cia
tam gidc di qua hai dinh cda hinh binh hanh ban dau.

10
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NHUNG BAI TOAN TU “TUYEN TAP HI LAP”.

55. C6 mot ngudi héi Pitago c6 bao nhiéu hoc trd, Pitago trd
13i : “Mot nita s6 hoc tro cia tb6i hoc todn, mdt phin tu hoc nhac,
mét phan biy dam chidu, ngoai ra cé ba cd gdi". Héi s6 hec tro

cta Pitago l1a bao nhiéu ?

56. Khi thdy Erot (Eros) khéc, Kiprit (Cypris) héi tai sao,
Erot tra 101 : Em c6 14y mot s6 trdi tdo 6 vudn Halicon (Hélicon),
ngay sau d6 bj Eptépa 14y mat 1 phan 12, Kli6 18y mit 1 phan 5,
Talia 15y m&t 1 phan 8, Menpomena liy mit 1 phan 20, lai cdn
bj Terpcikhopa 14y m4t 1 phiin 4, Eratd 14y mét 1 phan 7, Pélimnhia
18y 30 trdi, Uranhi 14y 120 trdi, Kanniopa 18y cda em 300 trdi, vi
viy hién git em chi con cé 5 chyc trai théi.

Héi Er6t da hdi bao nhiéu trii tao ?

57. Ba co gai c6 cing mot sd trai cly, gap 9 chang trai. Ho
ting cho mdi chang trai cing mét s6 trdi cay. Sau dé thi mdi
chang trai va mbi 6 gai c6 ciing mot s§ trdi cAy. Hoi méi o6 gai
lic dau cé bac nhiéu trdi cAy ?

58. Chuyén ké ring Polypheme dugc ddic thanh moéi tugng
dong khéng [6 mot mit. Sau d6 cho nudc chay ra qua 6ng tay,
qua mit va qua midng cia tugng khéng 6 mft mat dé. Biét rang
vdoi nudc chiy ra tit 6ng tay sau 3 ngay thi day bé nudc, voi nude
chdy ra ti mit sau 2 ngay thi day bé nuéc, con voi nude chdy ra

2 .
tit miéng thi chi sau - ngay la day b8 nudc. Héi ca 3 vodi nude

cung chdy mét lic thi bao lau day bé nudc ?

59. Hai con vat La va Lita chd nang di bén nhau. Lira kéu
ca vi phai mang nang. La thdy vay ben néi : “Cau kéu ca ndi gi,
néu té mang hé cau mot bao thi hang cia td nang gip déi cua
cau ddy. Con n&u ciu mang hé té mot bao thi hai dita minh mdi
mang niing bang nhau”.

Ho6i mdi con lita va la chd ning bao nhiéu ?

60. Mot ngusi hoi than thsi gian Khronos ring : Bao nhiéu
gi cla mdt ngay da trbi qua rdi ? Than tra 18 rang . Bay gio
chi con lai 2 fan 3 clia s6 git da troi qua. Vay bao nhiéu git da
troi qua, bi€t ring ngusi Hi Lap o8 tinh mét ngay chi ¢6 12 gio ?

11
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BAI TOAN CUA METRO DO (DOAN TUOI)

61. Diophante 12 nha tosn hoc c6 Hi Lap. Ong sinh nam 325,
chét nam 410 trudc céng nguyén. Trén md 6ng, ngudi ta khic
mdt tm bia dd ghi tom tAt cudc ddi 6ng nhu sau :

“Hai ngudi qua dusng noi diy nha toin hoc Diophante yén
nghi. Nhitng con s6 sau cho bi&t cudc ddi éng :

- mOt phan sdu cudc dai 1a thoi nién thidu

- mdt phian 12 na tréi qua, rdu trén cim di moc

- Diophante 14y vg, mét phan bay cudc doi trong canh hi€m hoi

- nam nim tréi qua : 6ng sung sudng sinh con trai d4u long

- nhung cau con trai chi séng duge mét nia cudc ddi cia cha
cudi cung véi ndi budn thuong sau sic, ong cam chju so
phdn séng thém 4 nim nda sau khi con ong lia dai".

Ban tha tinh xem, Diophante the bao nhiéu tudi ?

NHUNG BAI TOAN CO TRUNG HOA

NHUNG BAI TOAN TU CUON “CUU CHUONG THUAT
TOAN".

62. 5 con bd va 2 con cttu gia 11 lugng, con hai con bo va 8
con cuu gid 8 lugng. Héi mbi con gia bao nhigdu ?

63. Ba thung théc day nhu nhau trong kho bi 3 tén trom idy.
Sau d6, ngudi ta thiy ring thung thd nhdt con lai 1 lugng théc,
thing thd 2 con 1 cin 4 lugng théc, thung thd 3 con 1 lugng
théc. Bon trém bj bét khai ring, tén thd nhit dung xéng xic théc
ti¥ thung thd nhit, tén thy hai dung d4u g8 xdc théc tir thung
thd hai, con tén thd ba ding bat xdc théc tir thung thd ba. Mai
xeng xic duge 1 can 9 lugng, ddu gd xuc duge 1 can 7 lugng, con
bat xiic dugc 1 can 2 lugng.

Hay tinh xem moéi tén trdm iy bac nhiéu théc, bi€t ring 10
lugng bing 1 can, 10 cin bing 1 y&n, 10 y&n bing 1 ta.

NHUNG BAI TOAN TU “NHAP MON THUAT TOAN®”,
64. Hay xdc dinh cdc canh cia tam gidc vuong bigt dién tich

va chu vi cua né.

12
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BAI TOAN DONG DU

65. Tim mot s¢ bigt réng néu chia s6 46 cho 3 thi du 2, chia
cho 5 du 3, chia cho 7 du 2.

NHUNG BAI TOAN TU TAC PHAM “TOAN HQC TRONG CHIN
CUON"

66. Mat vya théc c6 chitu rong 3 trugng, chidu dai 4 trugng.
Khi vya chia day thi dugc 10.000 bach. Héi chitu cao vya la bao
nhidu ? (Bi€t rang 1 bach = 51,775 lit ; 1 trugng = 3,2 mét).

67. Mot cay tre c6 9 dét. Thé tich cda 3 46t dudi la 4 badt,
cia 4 d6t trén cung la 3 bat. Héi thé tich cia mdi d6t & gida la
bao nhi2u, bi&t ring thé tich mbi d6t khdc d6t bén canh mét lugng
bing nhau.

68. Khoi lugng cda mét dong vang cé 9 théi va mét ddng bac
¢6 11 thoi 1a bing nhau, n&u chuyén 1 thoi vang sang d6ng bac
va 1 thdi bac sang d6ng vang thi d6ng vang nhe di 13 lugng. Hoi
kh6i lugng mdi théi vang, mdi thoi bac la bao nhitu ?

69. Hai con ngua cing chay tt A d&n B, cdch nhau 3000
dam. Ngay du ngya thd nhét chay dugec 193 didm va mbi ngay
ti€p sau chay thém dugc 13 dim nda. Ngua thd hai, ngay dau
chay dugc 97 dam, nhing ngay sau chay chdm lai nda dim. Ngua
thd nhit d&n B rbi quay trd lai A, gip ngua thd hai d gida dutng.
Hoi sau bao ngay thi ching gap nhau va khi d6 mdi con da chay
dugc bao nhidu dam ?

70. 5 con trau va 2 con ctu gid 10 lugng vang ; 2 con triu
va 5 con ciu gid 8 lugng vang. Hoi méi con gid bao nhitu ?

71. Tit 3 bé lia nang suét cao, 2 bé lia ning sudt trung binh
va 1 b6 lia nang suft thip thu dudc 39 héc théc. T 2 bé lia
nang suft cao, 3 bé lia néng sufit trung binh va 1 bé lda ning
suft thip thu dugc 34 héc théc, con 1 bé lia nang sufit cao, 2 bo
nang suit trung binh va 3 bé lda ning suit thap thu duge 26 hoc
théc. Hoi mbi bé lia cia mbi loai thu duge bao nhiéu héc théc ?

72. Hai b6 lia nang suit cao, 3 b6 nang suit trung binh va
4 b6 ning suit thidp ddu thu dudc chua day 1 hoc théc. D& duge
dd 1 hoc théc thi cAn thém vao & hai bé hia ning sufit cao 1 b6

13
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lia ning sudt trung binh ; thém vio & 3 bé lia n#ing suit trung
binh 1 b6 lia nang sult thdp va thém vao & 4 bé lia nang suft
thdp 1 bé hia ning sudt cac. H6i mbdi bé ciia mdi loai thu dugc
bao nhiéu ?

73. Hai b6 lia loai A, 3 b6 loai B va 4 b6 loai C deu thu duge
hon 1 y&n théc. 86 théc thu duge tit 2 b6 loai A hon 1 y&n ding
biing s6 théc thu duge tit 1 b6 loai B ; s6 théc thu duge tir 3 b6
loai B nhidu hon 1 ta ding biing s§ théc thu duge ti 1 bé loai C
va s6 théc thu duge ti 4 b6 loai C nhizgu hon 1 ta ding bang s6
théc thu duge ta 1 b6 loai A. Héi méi bé cia mébi loai A, B, C
thu dugc bao nhi¢u ?

74. Ngudi ta ban 2 con trau, 5 con citu d&€ mua 13 con lgn
thi con thira 1000 “dong”. Pem bdn 3 con trau, 3 con lgn réi mua
9 con ciru thi vita di ; con n&€u bdn 8 con citu, 8 con lgn d€ mua
5 con trdu thi thidu 600 “dong”.

Ho6i mbi con trau, citu, lgn gid bao nhitu ?

75. 5 nha diung chung 1 giéng nudc. D& ghu miic cham d&n
duge mat nudc thi véi 2 diy thing clia nha A thi®u ding bhng 1
day thing cia nha B, vdi 3 day thung ciia nha B thi€u ding 1
day cia nha C, 4 ddy thing clia nha C thiéu ding 1 diay cdia nha
D, vdi 5 day cia nha D thi cAn thém 1 day cia nha E, con vdi 6
diy cua nha E thi thi€u 1 diy cia nha A nia.

Hoi gi€ng siu bao nhiéu va dp dai cia mébi loai day thing ?

76. Mot bé nudc cé canh 1 trugng. Giga b€ c6 moc 1 ciy sdy

1
nhé cao E trudng. Néu kéo cly sfly vao bd thi ngon cay vita cham

bis. Héi bé nudc siu bao nhidu va cay sdy cao bao nhidu ?

77. Hai ngudi di b A va B cing xuit phidt t& mot di€m, bi€t
van téc cliia A 1d 7 cdbn cia B 12 3. B di vé hudng déng ; con A
di vé phia nam, sau khi dugc 10 dam thi d6i hudng chéo (dong -
bic) va gip B. Héi mbi ngudi A va B di duge bao nhidu dam duimg ?

78. Mot cdnh cita ¢6 chidu cao hdan chi2gu rong 6 tdc 8 phan,
dudng chéo cia cita s§ dai ding 1 trugng. Héi kich thuée cia cia
s ?

(L ¥ : 10 phan = 1 tdc ; 1 phén = 32mm ; 1 trugng =
3,2 met)
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79. Mot tdoa thanh hinh vuéng, chua biét d9 dai canh. Tai
trung diém méi canh la cia thanh. Cdch cia Bic 20 b) cé 1 cft
cd. N&u di doc tit cita phia Nam 14 bd roi chuyén sang hudng tay,
di them 1775 bé nda thi c¢6 thd nhin thdy c6t cd. Hbi canh cia
tda thanh dai bao nhidu bd ?

80. Dudng kinh cia mdt cdi giéng la 5 tde, chieu siu chua
r6. Tit midng giéng dat mot cay sdo 5 tdc dp sit thanh gidng thi
dau kia cham mat nudc. T dinh sao nhin chidu thing xuéng ddy
gi€ng theo mat kinh (theo dudng chdm chdm trén hinh 2) thi diém
“cham” mat nudc céach thanh gi€ng 4 phan. Hoi giéng sau bao
nhidu ? (1 tdc = 10 phan).

81. Hay tinh thé tich mét hinh

nén bi€t rAng chu vi ddy la 3 trugng . \\
5 téc, chidu cao la 5 trugng 1 tdc. \
82. Tinh th& tich hinh nén cut ﬂ\— —
"\

c6 chu vi ddy dudi la 3 trugng, chu vi

dsy trén 1a 2 trugng va chidu cao bang \
1 trugng. ‘ \\‘
83. Hay tinh canh cdia mét hinh 5
vubng néi tiép
M trong mét tam gidc Hinh 2
\ . vubng vdi hai canh
\ géc vudng c6 s6 do la 12 bd va 5 bj (1 b =
\ 1,6 met).
\ 84. D& tinh khodng cdch d&n mét céi cft
\ & xa ngudi ta lam nhu sau : tréng thém 3 cht
\ nita, mdi cdt cdch nhau 1 trugng sao cho cing
1 véi cot cé sfin tao thanh mot hinh vudéng nim
—= 2 vé phia bén trdi ngudi quan sit (hinh 3). Bi&t

\ ! ring khoang cdch tit ct thu hai dén diém I
|
|

\ |1 1a 3 téc. T d6 & tim ra dugc khodng cdch tu

: \ M d&n N. Gidi thich tai sao ?
&____H 85. Dinh ndi (A) & phia tay ciia cdy cpt
NN gt 3 (B) (hinh 4). Cot cao 9 trugng 5 tdc va cach
- nii v& phia tdy 53 dam. Mét ngudi ding cdch
Hiih cdt 3 dam v phia dong nhin thdy dinh cft va
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dinh ndi trang nhau. Bi&t mic nhin cda ngusi dé & chidu cao 7
tdc, héi nii cao bao nhidu ?

Hinh 4
BAI TOAN CUA LUU HOA (LIUHUE)

86. DE xdc dinh chidu cac clia mét cAy thong moc trén dinh
dbi, ngusdi ta lam nhu sau : Dt hai cAy sio mdi cAy dai 20 trugng
trén canh dong cdch nhau 50 trugng, sac cho hai ciy sao fy va
cay thong thing hang. Duing cdch sao thd nhat 7 trugng 4 thudc
thi thy ngon sio thd nhét va
dinh cAy thong trung nhau. Ding
cdch sao thi hai 8 trugng 5 thudce
cing thiy ngon sao thd hai va
dinh cay théng tring nhau
(hinh 5).

T 46 tinh ra duge chidu cao
cia ciy théng va khoang cach
Hinh § t cAy sao thd nhit dén ngon

dsi ? Tai sao ?

NHUNG BAI TOAN €O AN DO

NHUNG BAI TOAN TU BAN THAO BAKHOSALI
87. C6 4 ngudi di chua cing 1&. Ngudi thd hai cing 18 gdp
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d6i ngudi dau tién, ngudi thd ba cing 1& gdp 3 fn ngudi thd hai,
cdbn ngudi thi tu lai cing 18 gp 4 fAn ngudi thy ba. Biét ring ci
bsn ngudi cing 123 nén vang. Hoi ngudi thi nhdt cing 1& bao
nhigu ?

88. Hay tim mdt s sao cho n&€u thém vao 5 hay bét di 11
thi deéu duge s6 chinh phuong.

BAl TOAN CUA SRITDOKHARA

89. Mot phan naAm dan ong dau trén hoa TAO, mot phhn ba
dau trén hoa CUC, s§ ong d4u trén hoa HONG bang hiéu cia s8
ong dau trén hoa TAQ va hoa CUC ; con lai 1 con ong diu trén
hoa MAI. Héi dan ong cé bao nhidu con ?

NHUNG BAI TOAN CUA ARJAPKHATA

90. Hai thien thach cdch nhau m$t khoing d cing bay lai
phia nhau v8i van téc V, va V, Hay tinh diém ching gap uhau.

91. Hay tinh tdng cdc sd hang cla ddy sd tam gidc (chd
thich : day s6 tam gigc 13 ddy s8 ma s6 hang téng quat cia né
n(n + 1)

2

92. Hai ngudi c6 mdt s6 vén nhu nhau bao gobm mot s6 48
vt cé gid trj bing nhau va mot s6 tién nao d6, nhung biét ring
s6 lugng d6 vat cda hai ngudi khdc nhau. Héi mdi d6 vat c6 gia
tri bao nhiéu ?

93. DE tinh dién tich hinh tron, ngudi An D§ c6 dua ra mot
quy téc : chia dudng kinh hinh tron thanh 15 phan bang nhau,
14y 13 phaAn cda né lam canh mdt hinh vudng thi dién tich cia
hinh tron sé bing (x4p xi) dién tich cia hinh vuéng. Hay xdc dinh
gan ding s6 x trong trudng hgp nay va dénh gié sai s6 d&n mit
phan nghin.

NHUNG BAI TOAN CUA BRAMAGUPTA.

94. Xac dinh chigu cao cia ngon Bach Lap biét d¢ dai cia
bong cua mét cAy giy dat & hai vi tri khdc nhau (thing hang véi
cdy dén) va bi&t khodng cdch gida hai vi tri cia cay gdy dd.

95. Chung minh rang dudng kinh cda vdong tron ngoai tiép

c6 dang
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mft tam gidc bing tich cia hai canh chia cho dudng cao ha xuéng
canh thud ba.

96. Ching td rang binh phuong cia mét day cung vuéng
g6c véi dudng kinh cda hinh tron, chia cho b&n [4n mét trong hai
doan cla dudng kinh da dwgc chia r6i cdng vdi chinh doan A6 thi
bing dudng kinh hinh tron.

97. Cang tu bai toan 96, ching té ring doan nhé bj chia ra
trén dudng kinh bdi mft day cung vubng géc vdi dudng kinh bing
mét nda higu giva dudng kinh va ciin bic hai cda hiéu binh phuong
gita dudng kinh va 46 dai day cung.

NHUNG BAI TOAN CUA BKHASCARA

1
98. Dem nhan mot s vdi 5 réi trir di 3 s§ 46, dugc bao nhitu

chia cho 10 roi céng thém va %,% va i 86 d6 thi ta c6 k&t qua
la 68. Héi s6 46 la sé naoc ?

99. Ching td rhng :

\/10+ V21 + V40 7 V60 = v + V3 + VB

100. Hay xdc dinh mét tam gidc vuéng néu biét rang do dai
canh huyén va di¢n tich tam gidc dugc biéu thi bdi cung mét s6.

101. Biét hai cay tre trong thing xubng d4t c6 do dai 1a m
va n, cich nhau mét khoing bang d. Hay tinh d9 dai dudng vubng
géc ha tir giao di€ém clia hai dudng thing néi dinh cay tre nay vdi
gbc cay tre kia xubng mit d4t va tinh cdc khodng cdch ti chan
dudng vudng goéc 4y dén hai chan ciy tre.

102. Mot ngudi néi vai ban “Néu anh cho téi 100 rupi thi tbi
sé giau gdp 46i anh !”. Ngudi kia tra 18i : “N&u anh dua cho téi
chi 10 rupi thoéi thi tdi sé giau gdp 6 [an anh”. Héi mdi ngudi cs
bao nhiéu tigén ?

103, Giai phuong trinh bac hai téng quit :

- ax? + bx = ¢ :

104. Can bic hai mia dan ong bay téi bui hoa nhai, tdm phéan
chin dan ong vAn con trong t8, mot d6i ong duc cdi bj mdc trong
béng sen. V4y hoi ring dan ong cé bao nhiéu con ?
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105. Tim mét s8 bi€t néu nhan s8 46 véi 12 rbi thém vao
1ap phuong cia s6 d6 thi két qua bing 6 Mn binh phuong sf d¢
chng voi 36,

106. Gidi phudng trinh

x4 — 2x2 — 400z = 9999,

107. Tim chiéu cao cia mdt hinh vién phan n&u biét dudng
kinh ciia cung tron va day cung ddy.

108. Tim nghiém haQu ti cia phuong trinh :

ax + by + ¢ = xy
109. Hay cho bift s6 nao ma khi dem nhan véi 3 rdi cing

3
thém vao Z tich vira tim duge, duge bao nhidu dem chia cho 7,

1
T0i lai gidm di 3 g8 tim duge, duge bao nhidu dem nhdn véi chinh

n6é 10i giam di 52, sau d6 ldy cin béc hai, them vao 8 rdi chia
cho 10 thi sé duge 2 7
110. M6t bay khi chia lam hai nhém.

1
N&u nhém dau cé s6 khi bing s binh phuong cua P st khi

thi nhém sau cé 12 chi khi.
Héi bay khi c6 bao nhiéu con ?

1.
111. Bay khi cé bao nhiéu con néu ldy P bay khi bét di 3 con

rdi binh phuong 18n thi con du 1 7

112. Con trai cia Prikhi mang mét bé tén di gi€t giac. Nia
sd tén anh dung d€ bio vé minh, 4 [An cin bac hai s6 tén dung
dé bin ngua, 6 mii tén ban tning ngudi danh xe cia gijc, 3 mii
tén phd héng rdo che cia giac va chi cdn 1 mii tén cudi cing
xuyén qua dau giadc. Hoéi con trai cda Prikhi c6 bao nhidu mdai
tén ?

113. Mudi [4n can bac hai s§ séu cia mot dan s&u bay vé
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. 1 .
phia hé ; E dan trén vao byi cay, con lai 6 con bay loan xa trén

ho. Hoi dan s&u c6 bao nhiéu con ?

114. Trén mit hé cé mét bong sen nhd cao lén nira “thudc”,
bdng c6 mot ngon gié théi lam bdng sen ngd vé mot phia, cham
mit nudc, cdch za chd ci 2 “thudc”. Héi b6 sAu bao nhidu ?

115. C6 mét cay duong moc dan dpc gita déong, bdng nhién
gié th8i manh 1Am né gy gip xudng, ngen cy cham dat céch géc
4 “thuéc”, tir gfc lén dén ché gy 3 “thuéc”. Hdi cay duong cao
bao nhiéu ? ‘

NHUNG BAI TOAN CUA PARAMADISVARA

116. Tim mét s, bi€t ring n&u nhan né vdi 3 réi dem chia 21
cho 5 i ting 12n 6 don vi, dugc bao nhitu 18y cin héc hai rbi
bdt di 1, binh phuong k&t qua lén thi duge 4.

117. Giai phuong trinh .

yi=ax? +1

(sau nay ¢ chau Au ngudi ta goi 1a phuong trinh Pell).

118. Ching minh riing trong tud gidc cé hai dudng chéo vuéng
géc thi cin bic hai cia t6ng binh phuong clia hai canh d&i bing
duang kinh dudng tron ngoai ti€p tu gidc 46,

VNMATH.CO
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PHAN II

NHUNG CUQC THAM QUAN LICH sU,
LO1 GIAI VA CHI DAN

BABILON

Dugdi thdi c6 dai ¢ Babilon, todn hoc da ndy sinh tit nhitu the
ki trudc cong nguyén. Nhing cb vat Babilon dudi dang cdc phigu
dat sét vdi cdc chd tugng hinh duge cét gid 6 nhiéu vién bao tang
trén thé& gidi, trong d6 c¢6 vién bao ting Ermitage d Saint -
Pétersbourg (Nga), vién bao tang nghé thuat tao hinh & Moskva
(Nga). Ngudi ta da tim thiy 44 phidu d4t sét, la mot kidu bdch
khoa toan thu dic biét cda ngudi Babilon c& dai. Nhdng phifu d4t
sét nay da ghi lai nh@ng phuong phdp khd thuln tién d€ gidi hang
loat cdc bai todn thuc t€ vé chia d4t, xAy dyng va thuong mai.

Thanh tyu khoa hoc cda ngudi Babilon ¢8 dai gom :

a. Ho 44 sdng tao ra thién vin hoc va dd c6 nhdng s8 lidu
veé d0 dai chu ki co ban cia hé Mt Trdi vdi d8 chinh xdc khd

cao. Vi dy mét thdng Mat Trang cia Babilon sai khdc vdi thing

dugce thién van higén dai thia nhin chi c6 0,4 giay.

b. Ho d4 hinh thanh h¢ thdng dém vdi cd s§ 60, chit khéng
phdi co s& 10, d4 1ap ra cac hé théng thudc do va ciAn ma sé do
sau 18n hon 86 do trude 60 [An. D6 1A co sd chia thudc do thdi
gian cia ching ta thanh gis, phit, gidy..., vong tron thanh 360°.

c. Ho da gidi dugc phuong trinh bac hai va gidi mdt s6 dang
phuong trinh bic ba bling cdc bang d#c biét.

C6 can cd d€ khing dinh ring, todn hgc cf Babilon da dnh
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hudng d&n n&¢n todn hgc cda cdc din thc ngoai CAPCADO. Dic
biét 8 Acméni né giip thic ddy sdm sy phdt trin cda todn hoc.

1. Canh cia lyc gidc déu ndi ti€p trong hinh tron ding bang
bdn kinh, do dé 2r7R = 6R.

6R
Tt 46 suy mn=—— = 3.
2R

2. Ngusi Babilon cf bift cich
dyng tam gide déu, nhd @6 biét cach

chia mot géc vudng thinh 3 phan bing c
nhau, (hinh 6). E
3. Theo didu kién cia bai todn,
&htﬁ1ﬁ%ﬁcms=a+b.c+{
2 2
trong d6 a, b va ¢, d 13 nhing cip B D A

canh d8i dién. Cong thic nay sé chinh
xdc khi td gidc la hinh chd nhat. Lic
d:a=hb;c=d;8 = ac.

3

Hinh 6

AI CAP

VNMATH.COM

Sau Babilon, Ai CAp 1A trung tAm vin hda thd haj cda thai
cf dai. O dat nude “Kim ty thap” nay, trudc cong nguyén hang
ngan nam 4di c6 cdc cong trinh vi dai dudi dang dén dai va kim
ty thap, cdc cong trinh xay dung khdc nhau ma trong 46 o6 mét
sd cong trinh con ton tai d€n ngay nay, sy phdat trién néng nghiép
dya trén su tudi tiéu nhin tao 44 sém tao ra nhu cAu vé tri thite
todn hoe, nhit la hinh hoc. '

Cdac quy tic toan hgc can cho trong trot, thidn vin hoc va
x4y dung dugc ghi trén cdc budc tudng cdc dén dai hay trong cic
cufn gidy bhng thao moe.

J vién bao tang Anh quéc con luu tri cdc ban viét c6 tan la
phién ban Rainda, mad gido su AAyzenlor da gidi ma nam 1877
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Ban vigt thuéc nhdng nam 2000 - 1700 trude cong nguyén, chafa
84 bai todn, phan l6n mang mau séc s6 hoc.

Bin thio Moskva thudc ndm 1850 trude CN, dugc nha suu
tam Nga Golennhisep tim ra nam 1893, tt nam 1912 né la sd hitu
clia vidn bdo ting nghé thuit tao hinh Moskva. Day 1a mét di vat
higm, vo gid di duge cdc vién si V.ATuraiep vad Stdrup nghién
ctu. Trong ban thdo nay c6 13i gidi bai todn tinh th& tich kim ty
thap hinh chop cut véi cac ddy la hinh vubéng.

Viéc gidi md cdc ban viét ndy cho thily ngudi Ai Clp céch
day hon 4000 nam da biét giai hang loat bai todn thyc t& vé s6
hoe, dai s6 va hinh hoc, trong d6 phép tinh s6 hoc 44 si dung
khong chi s nguyén ma cdn ca phin sb.

4. Lui giai cia bai toan dan dén viéc giai phudng trinh sau :

2 1, 2
x+5x-3 (x+gx) = 10.

Tia 36 suy ra x = 9.

5. Day la mo6t cdp s6 nhan cé 5 s hang vdi cong byi bang
7:7 ;49 ; 343 ; 4021 ; 16807 ; tdng cﬁa ching la :

a5 —a;  16807.7- 7
Sg=— = ——— = 19607,
q-1 7-1

6. Theo didu kien cua dau bai thi :

8 r 1d2

~a
9 4

sl 4 64d i 16
dovly #="0 2 T 81 +16.
7. Theo phudng phap Ai Cap thi :

a.b
5= "2* , trome A5 o - ddy 3 b : canh bén. Ta ki hiéu dudng

. o uT a.2
cao clia tam gidc can Ja h, thé thi h = b? — ‘4—= b,1- (5)

Dién tich ding ciia tam gidc biéu thi qua cong thdc :
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ﬁJ (i)z 1= ()
do d6 / (2410)

tie 12 sai sd’ khéng 1dn hon 2%.

8. Theo phudng phdp Ai Cap :

s ~a+b

17 2

trong d6 a va b tudng ung la ddy dugdi vd ddy trén cda hinh
thang, c la canh bén. Goi h la dudng cao hinh thang, thé thi :

h=cy/1- (a;cb)z.

Dién tich ding cia hinh thang la :

s=si/i- (5"

Do vay ﬁ—\/l—(a_b)z
5, 2c
Thay s8 vao, ta tim dugc sai s8.
9. Ngudi Ai Cap giai bai todn nay theo cédng thic sau :

-]

b
= 0,98,

.c,

VNMATH.COM

vV

LI
chopeut i gidedsu = 5 (a? + ab + b?)

trong d6 h : chidu cao, a v b 14 cdc canh ddy dudi va trén cda
hinh chép cut tu gide deu.
10. Ki higu x, y 1a chidu dai cdc canh phai tim, ta c6 :

H

(1) ; xy = 8 (2). Nhan vé& vdi v&€ cda (1) va (2),

-

S

Suy ra : x2=

2 {8

b
il
W
w
e
il
8 le
&
= [Bi
[4»]
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11. Bai todn ndy cé thé& gidi bang cdch lap phuong trinh.
Ddp s§ : 6630 bdu vat.

HI LAP

Ngudi thay dau tién cia ngudi Hi Lap c6 la ngudi Ai Cap.
Vao th& ki thd VII, trudc CN, du khach nvéc ngoai duge ty do
dén Ai Cap. Do viy nhiing nha khoa hec ¢ Hi Lap c6 thé du
hanh dén “dit nudc Kim tu thap”. Khoing tu thé ki IV trudc CN,
ngudi Hi Lap c6 44 c6 nhdng tim tdi dfc lap v& todn hoc va dat
dugc nhidu thanh tyu ddng k& nhat 1a vé hinh hgc. Vao th& ki
thd ITI trude CN, hinh hoc ¢ Hi Lap dat 4&n dinh cao nhu c¢dc

- cdng trinh cda Oclit, 6ng da vigt 12 cudn sdch hinh hoc dudi dang

tien dé c6 tén la “Nguyén li”.

Trong cac cdng trinh cia Oclit, tinh légic dat d&n trinh 4o
rat cao, ma mai d&n cac th& ki XIX va XX todn hgc mdi vugt qua
dugc vdi cdc cOng trinh clia nha todn hge Dic Hilbert va truting
phdi cia éng. : _

Ngudi Hi Lap c6 kh6éng chi quan tAm d&n hinh hgc so cAp
{khi 46 tbuit ngd nay chua c6) ma cdon dat nén méng viing chic
cho mén hinh hgc cao cdp qua cdc cong trinh cia Apollonius va

‘Acsimet.

Pitago va cdc mdn d2 dat dugc nhiing thanh tyu ddng k& trong
i thuyét s6.

Trong linh vyc dai s, dic bidt trong vidc gidi phudng trinh
vb dinh, thi Diophante, ngudi s6ng ¢ x¢ Alecxandrie vao th& ki II,
I11, da lam dugc nhigu vide va vi th€ ngudi ta gei éng 13 Diophante
& xit Alecxandrie. Ong da hoan thién cdc phudng phép dai 86 bang
cdch dua vao cdc ki hidu dai s6 va mé td phuong trinh dai s6 bang
chd. Tdc phim gia tri nhit cia Diophante la cuén “S8 hoc”, phan

‘4nh trinh d6 dai s6 cla ngudi Hi Lap c6 dai.

12. Baij todn nay dugc bigt dudi tén goi “djnh if Pitago”, duge
dua vdo cdc gido trinh hinh hge so cip nhu mt trong nbidng djnh
li cd bdn. Cé nhidu cich chitng minh dinh 1i nay, t¥ cich “ching
minh suy dién” elia Oclit cuc ki don gidn, dén nhing cdch ching
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minh chit ché sau nay. Sau day 14 cdch chiing minh dinh li Pitago

(giﬁ thuy&t 47 cia Oclit :

trong cufn “Nguyén 1i® theo xdc nbhdn

cia Proclus (nha tri&t hoe theo truiing phdi Platon) (410 - 485)
thi cich ching minh ndy cda chinh Oclit),

“Gia sit tam gidc vudbng ABC, cb géc A vudng, toi khing dinh
dién tich hinh vubng dung trén canh BC béng téng dién tich hai

mm

Hinh 7

hinh vudng dung trén cdc canh BA
via AC* (hinh 7).

Dung AL song song vdi BD va
CE. Noi AD va CF ; vi cdc géc BAC,
BAH vuéng nemC, A, H thing hang.

Tuong ty B, A, G thing hang.
Do @=@— lv (*), nén né&u
cing thém (¥} vao  gbc
ABC thi DBA = FBC, lai o6 BC =
BD va BF = BA nén ABAD = ABFC
(c.g.c). N&u pip doi dién tich tam
gidge BAD thi ta duge dién tich hinh
cht nhat BDLO vi c¢6 chung ddy BD.
Con n&u gip dbi dien tich tam gidc
FBC thi ta dugc didn tich hinh

vuéng BFHA vi cing chung dday FB, nghia 1a dién tich hinh binh
hiénh BDLO bing dién tich hinh vudéng BFHA. Tuong ty nhu vay
khi ndi AE va BK thi dién tich hinh binh hanh CELO s& bing

dién tich hinh vuéng ACKG. Nghia la dién
tich hinh vuéng BDEC bing téng dién tich
clia hai hinh vuéng BFHA va ACKG. D chinh
la didu phai ching minh".

Cach ching minh nay déc bigt ¢ chd nd duge
Oclit dwa ra cich day hon 2000 nim nhung khéng
khic cdch ching minh hién nay bao nhidu.

Trong cic sich gido khoa, phé bi€n la cdc cdch
chung minh dya trén sy bing nhau cia cdc hinh duge
chia, khéc vdi céch chitng minh cua clit 15 ¢6 tinh
minh hoa cao hon nhung lai phic tap hon. Vi dy &
thé ki thyd IX Ana-ri-shi zhitng minh dua trén cd so
hinh vé sau (hinh 8)
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Dinh li Pitago ¢6 mét ljch s\ phong phd. Thyc ra trudc Pitago
rit lau né duge ngudi Ai Cép, Babilon, Trung Hoa va An D¢ bi&t
dén. Cdch 8 thé ki trude CN, dijnh li Pitago dugc ngudi An Do
bi€t dudi tén “quy tdc sgi diy thing” va dudc sy dung dé dyng
cic dén ths theo quy dinh thdnh than phai cé hinh thé hinh hoc
vudng viic quay bdn phia.

Cich ching minh cia Pitago khong ton tai dén ngay nay. Hién
nay c6 hon 100 cdich ching minh khdc nhau. C6 thé mjt trong
nhing cich 46 thudc vé Pitago hoic mén dé cia éng (theo thong
¢ thoi 46, nhing gi hoc sinh tim ra d2u danh cho thay, ngudi
ding dau trudng phai). :

V& Pitago (khoang 580 - 500 trudc CN) la nha toan hoc,
trigt hoc ¢ Hi Lap. Ong sinh ra § dio Samos. Thai tré, éng da
du lich d Ai Cap, sing ¢ Babilon d€ nghién ciu cic nganh khoa
hoc. Ong da & d6 12 nam d€ nghién cidu than hoc va thin van
hoc. Sau khi & Babilon 6ng sang Nam Italia, & Xi xin (Sicile) &
day 6ng thanh lap trugng phédi Pitago, dem lai nhitu cdng hi&n
cho toin hoc va thién vin hgc. Ong da dem lai tinh khoa hoc cho
mé6n hinh hoc. Ngoai dinh li néi tidng vdi t&n tudi cia dng, ngudi
ta cho ring dng cé cach chiing minh djnh li vé téng cdc géc trong
tam gidc ; bai toan phd (tdc 1a chia mat phing thanh nhing da
gisc dau) ; cdc phuong phdap hinh hoc d€ giai phuong trinh bac
hai ; cdch gidi bai todn : cho truéc mot hinh, dyng mét hinh thd
ba bing mot hinh cho trudc va dong dang vdi hinh kia.

Truisng phdi Pitago da phé bién sy than thdnh héa con s6,
coi quan hé sd Iugng 1a bin chat cia mei sy vit, tich risi ching
khéi hién thyc vit chit theo chi nghia duy tam.

Pitago cho ring thudc do tit ci vat chit, khong vat chit la
con s6 va quan hé cia ching. Theo y Pitago, cd nhing khdi ni¢m
xa vdi vdi toan hoc nhu “tinh ban", “chinh nghia”, “vui ming”...
cing tim duge sy i giai v&@ mit quan heé 8. Cédc con s8 dugc gin
cho nhing tinh chit than bi : ¢6 s6 mang lai didu tot lanh, s6
khdc - sy bit hanh, s nda - sy thanh cong... Pitago cho rang linh
hon cing 12 mot con s6, né bat t, truyén tir ngudi nay sang ngudi
khéc. S6 hoc than bi nay gay khé khan cho sy phét trién todn hec.

13. Trudc tién, ta thdy néu bd ba sf x;, y;, z; tao thanh bd
ba s6 Pitago thi x;k, yk, z;k vdi k > 0 bt ki cing tae thanh b}
ba s6 Pitago. That viy :

Tit x§ + y§ = 2§, sau khi nhan hai v& véi k% ta c6 :

(x;k)2 + (y1k)% = (z k)%
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Do vay n&u bigt mét by s6 Pitago thi ta c6 thé, bing cdch
trén, chi ra v6 han cdc by ba s8 Pitago. Nhung didu d6, khéng c6
nghia la tim dudc tit ci cdc bd ba sd Pitago.

Bo ba s6 Pitago x, y, z duge goi Ia bd ba nguyén t6 n&u x, y,
z 46i mdt nguyén td cing nhau. Trudng hgp nguge lai, ta sé goi
13 bo ba dfn xuét. Do vAy d€ bit duge tdt ca cde bé ba 36 Pitago,
chi can biét cdc by ba nguyén t6, tor d6 biing cdch nhan véi 2,
3,... ta tim dugc cdc by ba didn xudt. Hon nda ta nhin thdy, nu
bd ba x, y, z la bd ba s8 Pitago, trong d6 c6 mét cip 1 nguyén
t6 cing nhau thi bd ba do 5é la b ba nguyén t8. Ta chdng minh
didu nay.

Gia su x, y nguyén t§ cing nhau, ta sé ching minh x, y, z
sé ting d6i mit nguyén t§ cung nhau. Bing phudng phdp phan
ching, gia su x, z khong 13 ciip 56 nguyén t6 cung nhau {d8i véi
cap y, z ta lap lugn tuong ty), khi dé :

x = xd ; z=12/d
trong d6 d # 1 va d la USCLN cila x va z, né phai théa
xX2+y2=22 (1)

> (x1d)2 + y2 = (2)d)? > y2 = (2§ — x})d?

= d la udc s6 cia y = (x, y) khéng nguyén t§ cing nhau

+ trdi gia thidt = (x, z) nguyén t6 cung nhau.

Do vay bd ba x, y, z la nguyén td. Vi x, y nguyén t& cung
nhau nén khéng thé cing la s§ chdn, déng thoi cling khéng cang
la 56 lé. That vdy, nfu ching cing 1&, tic la x = 2p + 1
(pEN*)vay = 29 + 1 (qQ €ENY), thay vao phuong trinh (i) ta
co :

@p+ 12+ (2q+ 1)2 =22
2Z2=4p2+p+ q2+q)+2 (%)

= z2 14 56 chAn = z chin = z2 chia hé&t cho 4.

Mat khac theo ddng thdic (*) thi z2 chia cho 4 lai du 2, din
d&€n mAu thuin.

Nhu vdy ta c6 thé gid thi€t x 18, y chdn, vA nhuv th& z Ja
s0 18. Phuong trinh (1) vidt lai 1a -

) 2=z22-y2 = (z +y)(z -y

Gidsi z+y=mvaz —y=mn, .
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Lo m+n m-—n
. T 46 z = Yy =

; X2 =m.n (m > n)

[A~]
[a]

Do x lé va x2 = mn nén m, n sé cang 1¢, ta ching minh
duge (m, n) 1A mdt cap sé nguydn t6 cing nhau. Gii st d la ude
chung cia m va n, d = I, khi 46 :

m = myd ; n=n,d

m+n mtnm m-n My—n

= = = ] - = = 1

T e g YT g 2
Vay y va z khdng nguydn t6 cing nhau. Mau thuidn ! Do 46

(m, n) la cap s6 nguyén t& cing nhau.

Vi x2 = mn va (m, n) nguyén t6 cing nhau nén m =
u?van = v2 v6i (u, v) nguyén t& cing nhau.
u? — 2 u + v2
Viy x = uwv, y = > , 2= 5 (* *)

bDay chinh la cong thic tim bd ba s§ (x, y, z) 14 bd ba s6
Pitago.
Sau day, vai by ba s6 Pitago tinh theo cOng thuic (* *).

u v X ¥

3 1 3 4 5
5 1 5 12 13
5 3 15 8 17
7 1 7 24 25
7 3 21 20 29
7 5 35 12 37
9 1 9 40 41
9 5 45 28 53
9 7 63 16 65

Luu y 1 : B ba s8 Pitage 3, 4, 5 dudc bist d&én & Ai Cap
td lau, trudc Pitago, 12 cdc canh cia tam gidc vudng Ai Cap.

lau ¥ 2 : Nh& cdc b ba s6 Pitago cé théd thu duge vb6 s&
cdc tam gide Hérng. tie 14 cdc tam gidc cé canh va dién tich la

nhing s6 nguygn duong. That vy cd dng vdi mot tam gidc Pitago
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8é c6 cdc canh géc vudng va canh huyén la s3 nguydn dudng. Né&u
lay hai tam gidc Pijago c6 mét canh géc vuéng biing nhau dat
ching lén nhau sao cho hai canh &6 trung nhau con hai canh
géc vudng cia hai tam gidc ndi dai nhau thi ta c6 mét tam gidc
Haréng. Vi du ti hai tam gidc Pitago : 5, 12, 13 va 35, 12, 37
ta sé c6 tam gidc Herong 1a 40, 12, 37 vdi chigu cao 12, dién tich

40.12
S = —2—‘ = 240 (d.v. digén tich).

Lwu § 3: Tap hgp vé han cdc s6 Pitago cho phép lap hang
loat bai todn rdt thd vi, diic biét 13 ba bai todn sau rdt hap din
cdc nha todn hoc.

Bai todn 1. Tim tit ci cdc bd ba s6 Pitago trong d6 hai trong
ba s6 la hai so lidn ti€p (vi du 20, 21, 29).

Bai todn 2. Tim tAt ca cdc bd ba s& Pitago trong dé cé mét
s6 1a s6 chinh phuong (vi dy 3, 4, 5 ; 7, 24, 25).

Bai togn 3. Bai toin Phéc ma (Fermat). Tim cdc bd ba s6

Pitago (x, y, z) sao cho x + y va

z la s8 chinh phuong.
RO Cé mét tdp hgp vo han cdc bd
AINNN\N E\ ba nhitng s6 nhu thé&, nhung tit ca
N ching 14 cdc s6 riit 1dn.

MRENNEN e
x N 14. Bai toan nay dude giai
NN \ \\\\ bing phudng phap hinh hoc. Don
AN \ \\\ :\\\ vj duge biéu dién 1a mét hinh vubng,
\\\ \\ N con nhing s& tiép sau la nhing hinh

N & \\\ & vuéng xép theo hinh thudc thg
‘ .

(hinh 9).
Hinh v
1+3= 4= 22
1 +3+5 g -~ 32
1+3+5+7=186=42vyv..
C6 thé giai bai todn nay m¢t cach ddn giin bing phudng phép
dai s6 : s6 18 dAu tién 13 1, cdon s& 1é thi n bing 2n — 1, xét cip
s6 cong : 1, 3,.., 2n — 1. Tong cla cdc s6 d6 Ia :

H
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~a, b la canh gdc vuéng, c 1a canh

g_(d+20-Dn_
: 2
15. Loi gidi bing phudng phdp hinh hoc céa truing phai Pitago :
Néu 14y di td hinh vuéng (hinh 7) mét hinh thudc thg Jtdc
la trit di mét s8 1é, ta duge mdt hinh vuéng khdc, nhéd -han, tidc
12 dugc mot s6 chinh phuong. Hay Ia (n + 1)2 — (2n + 1) = n2 hay
2n + 1 = (n+ 1)2 - n2
18. Cho tam gidc vuéng ABC ;

n2.

huyén. Dung cdc ni¥a dudng tron
dudng kinh lan lugt 1a a, b, c trén
CB, CA, AB (hinh 10).

Cac hinh ban nguygt L, , Ly va
tam gidc ABC dudc gach chéo. Ta
phdi ching minh :

dién tich L, + diéntich L,

= diéntich AABC.

Ki hi¢u 0}, 0, la dién tich hai
hinh vién phan clGa hinh tréon 16n cé canh ddy 1a a, b

Theo dinh li Pitago thi :

Hinh 10

a + b =c2
1 ;a2 1 ;b2 1 ,c¢\2

- - — —_— [ — = — — Xx

tu dé 215(2) -rzx(z) 211(2) (*)
téc 12 téng dién tich hai niéa hinh tron dung trén hai canh géc
C vudhg bang dién tich mia dudng tron
dung trén canh huyén. Bét di hai
/ vé& cia ding thdc (*) 0} + o) ta suy

B ra diéu phai chdng minh.

17. Dung dudng tron tdm A,
bian kinh bang doan thing AB cho

trudc (hinh 1ia). Lai ldy B lam tAm
Hinin 11 dung dudng tron cung ban kinh. Ki
e hitgu C 12 mot giso diém cia hai
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dudng tron. N&i C vdi A, B. D& dang ching minh ABC la tam
gisgc deu.
B
D 18. Gid si BAC la mét goc
cho trudc. LAy didm D hit ki trén
A H AB (hinh 11b), dyng di€m E trén
AC sao cho AE = AD. N6i DE. Liy
DE lam canh, dyng tam gidc déu
DEH (bai 17). N&6i AH. Thé thi
E dudng thdng AH sé chia d6i gbc BAC
vi
Hinh 11b AADH = AAEH
19. Gid sit ABC la tam gide A £ "
cho truéc, a 1a goc cho trude. Chia E
dsi canh BC biing didm D va tai O
D dyng géc CDE = o (hinh 12). 0
% .
D - C
DEHC chinh ia hinh binh hanh Hinh 12
phai dung.
20. Léy diém A; tdy y trén dudng tron da cho, tai dé dyng —
ti6p tuyén DE véi duting tron (hinh 13). Dung géc EA, C, bing 2

Sau d6 dung CH/DE (hra y
AH//BC). Nhu vay hinh binh hanh B

f va goc m bing y. Th#& thi tam gidc A;B,C; chinh la tam >
gidgc phai dyng.

ATH
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21. Lap !uén cda Oclit : | R

“Cho trudc doan thing AB (hinh 14), V
can chia AB thanh hai phén bdi diém G, sao /
cho dién tich hinh cht nhat GBDK bing di¢n //
"tich hinh vuéng AJHG, (BD = AB). 4
Trudc tién, dung hinh vudng ABDC, 14y
trung diém E cia AC , kéo dai EA dén J /
sao cho EJ = BE, rdi dyng hinh vuéng AJHG.
HG kéo dai cit CD tai K. Diém G chinh la
di€m chia AB phai dung". C
LAp luan trén nim trong cuén “Nguyén
1i” cia Oclit. Bai todn cia Oclit vé “diém Hinh 14
chia vang” trong cic sich gido khoa ngay
nay dugc phat bi€u nhu sau : “Hiy chia mét doan thing thanh
hai phéin sao che doan Idn la trung binh nhin gita doan nhd va
doan thing di cho”.
Ta ki hidu 46 dai doan thidng dd cho ia a ; &) dai doan lén
la x, doan nhd sé la a - x. Khi 46 x sé la nghi¢m cdia phuong
trinh :

xZ =a(a —x)
hay x2 + ax —a? = 0.

v6 -1 Ve + 1

9 .8, X9 = — 2

Duong nhién chi ldy nghiém x,.

Gidi ra ta cd x; = .a<

Vi = 0,61804.. la s thap phan vo han khéng tuin hoan,

nén x = 0,62a

NhiBu tugng dai, cong trinh kién tnic di dp dyng c6 y thie
bai toan “di€m chia vang”, nhft A trong cdc ki€n tric vi dai cda
ngusi Hi Lap c8.

22. Trudc tidn ta ching minh ménh de : “M8i s6 nguyén duong
béit ki thi hotc blng 1, hodc la mot s6 nguyén 6, hotc co thé bidu
dién duwdi dang tich cia céc s6 nguyén t6”.

That vAy, vdi s§ 1, khing dinh 1a ding. Gia si khing djnh
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ding v8i nh@ng s§ nguyén duong dAu tién nhé hon n, ta ching
minh khing djnh cing ding v6in + 1 : nfun + 1 la s§ nguyén
t6 thi khédng djnh la ding. Con n€u n + 1 khéng phai la s6 nguyén
t6 thi n6 s& la hgp 86, ttc la n + 1 = n;.ny, (hién nhitn cdc s

n;, iy nhé hon n + 1). Hon nia dé& thay n;,ny déu nhé hon n,

nén theo gia thit quy nap chding c6 thé phan tich thanh tich cdc
s6 nguyén t6 va do viy n + 1 ciing phén tich dugc thanh tich cia
cdc s6 nguyén t6. Ménh dé da dugc ching minh.

Bay git ta chdng minh sy v6 han cia tdp hgp cdc s6 nguyén
t6. Gid si t4p hgp cdc s6 nguyén t§ 1a h@u han, ching han chi
c6 n 88 : Py, P, Pp- X6t 86 pypg...py + 1, 06 16n hon P, (i = 1,...,

n) va phdi la hgp 6. Theo ménh d@ trén thi s§ nay sé duge phan
tich thanh tich cdc s§ nguyén t& :

PP Pt 1=ay. qy..qy (*)

Véi q1,95,...qy la cdc s6 nguyén t6 va khéng ¢ thua sd
g; (i = 1,...m)nao 6 thé tring véi cdc 86 P; (i = i,...,n), vi gid sd
q; = p, ching han thi ti¥ (*) ta suy ra : ) _

PPz Pn—dd2 G =1 (**) ma v& trdi ciéia (**) chia h&t
cho gq; do vdy 1 chia hét cho q;. V6 li !

Nhu vay cdc s6 nguyén tf q;,qy,... g, khéng thé tring vdi
cdc s§ nguyén t6 pj, py... P, nghia la ngodi cdc s6 nguyén t&
P1s P2»-»Py cOn c6 cdc 86 nguyén t§ khdc la q;, qq,...q,. Hay
néi cdch khdc, tdp hgp cdc s§ nguyén t6 1a vé6 han.

Ole (Euler) cing dua ra mét 18i gidi doc ddo bai todn nay cia
Oclit. Ong ding phuong phap phén ching. _

Gid sd tdp hgp cdc 88 nguyén t& la hdu han, chdng han la
cdc 86 py,Pg,...,Py LAp tdng cla cdp s§ nhan :

1 1 1 1
1+—+—+. . +—+..=
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1 1 1 1
l1+—+—+ .. +—+..=

Pn P2 3 -1
Pn
Rbi nhan cdc chudi 88 46 vdi nhau ta duge :
1 1 1 1
1’ 1 1 =2 ) o an
l=— }—— — P11 P32... Py
p1 - Pe Pa
1 1
T¥désuyyTa 2———— = X —
Pl ... P4n m
1 1 P P2 Pn
hay 1+ -+—-+...= . e T
2 3 pp—1 pp—-1 p,—-1

Tich & v& phai 12 hdu han, do 45 chudi § v& trdi la hoi ty. E
Didu nay la mau thuln vi chudi § v& trdi nhu da bi&t 1A mat chudi O
dieu hoa, né phan ki. Do d6, tip hgp cdc s8 nguyén t6 13 vd han.

23. Tdc gia cda bai todn la nha todn hgc ¢ Hi Lap ndi ti€ng
Apollonius thé& ki thid ba, trudc céong nguyén. DE gidi bai todn trong —
truing hgp t8ng qudt, dng xét nhing trudng hgp riéng va trudng <
hgp gidi han sau :

1) Dyng mét dudng tron qua ba di€ém cho trude. 2

2) Dung mot dudng tron ti€p xdc v6i ba dudng thing cho Z
truéc.

3) Dung mot dudng tron qua mot diém va ti€p xic vdi hai
dudng thdng song song cho truéc. '

4) Dyng mét duiing trdn qua mét diém va ti€p xdc véi hai
dudng thidng cidt nhau cho trude.

5) Dung mdt dudng tron qua hai di€m va ti&p xic véi mét
"dutng thdng cho trude.

6) Dyng dudng tron ti€p xuic véi mdt dudng tron 44 cho va
qua hai diém cho trudc.

7) Dyng mét duong tron ti€p xdc vdi ba dudng tron cing d&i
qua mét di€m cho trude.

Ditu nay ciing ching t6 néu bai todn Apollonjus cé s8 nghigm
hdu han thi ching khéng l6n hon 8.
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24. Sngogi tifp = nRE, Sn@i tidp = e,
a ave
r= E ;R = , trong d6 a l& canh hinh vuéng.
o a? na?
Khi d6 Sngogi tisp = ? ; Sn@i tigp = T,
Do vay : Sngogi tigp ™ 2Sn¢»i ti€p
1 i
25. 1) = 2nprr = nr
r2 11,
2) —=—
41‘2 14
Do d6 x 11 44 22
o T = = — _; JE = =
T a1 T 1 7
. , 22
Nhu vay dién tich hinh trén, theo Acsimet, la ';T‘Z

26. Sv dung hinh vé 1, ta tim duge :
1 ,AC,2 1 ,AD.2. 1 ,DC.2
dt AFDHCB = 2:1:( 2) —2;:( 2) mzn( 2) =
%(Acz—ADf!—DC%=£[(AD+CD)2—AD2—DCZ] =

;|

1F

BD, :
% 2ADDC——BD3—:r( ; )z.

27. Dién tich be mit chdém cAu duge tinh theo cong thdc .

S = 2aRh, trong 46 R la ban kinh hinh cu, h 1a chi2u cao
cia chém ciu.

Néu ! 12 dudng thing n61 td dinh ¢hdm cau véi dudng tron
ddy, thi 2 = 2Rh. Khi 46 :
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4 . {3
Do d6 Vi, = #r’h ; E”R3=”r2h .R=3 Zrzh'

29. Theo ditu kidn cda bai todn ta nhén

duge thé tich cda hinh tru (hinh 15) la :

Vi = 7R2 . 2R = 22R3

= g (§WR3) =—2—v@u.

Cing tu chinh digu kién bai todn ta cé

dién tich toan phin cia hinh try .
S,,, = 27R . 2R + 27R2 = 6zR?

tru

;':’3*4JIR2 __:is

e

Hinh 15

30. Bai toan dugc thi&t lap téng quat nhu sau : Tim tdng
cia mot cAp s6 nhan lui vé6 hana + b + ¢ + d +..., v8i ebng bdi

1 1
bang ; Theo dinh nghia cia cdp s& nhan thi khi g = Z suy ra :

b
b = C=—,d=
4

a
4 3

hay a=4b, b = 4c, c =

hd
o
4d,...

1
Honnﬂa:b+c+d+...+E(b+c+d+...)=

d

3 3

Dodéb+c+d+... = a

Q=

W |

Suyraa+b+c+d+... =

T d6 tim duge k&t qua phai tim.

a

(b+§) + (c+5) + (d+—) +...=§*b+§c+§d+...
1
3

1
(4b+4c+4d+...)=§(a+b+c+-...)
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31. Loi gidi cia Acsimet duge vigt theo cong thuc todn hoc
ngiy nay nhu sau :
_nn+ 1)@n+ 1)
- 6
Cong thic nay nhin duge t¥ dong nhét thuc :
- (n-1¥=3n2-3n+1
Véi n = 1, 2, 3,..,, n, thay vio cOng thic ta c6 :
13-03=312~31+ 1
23-13=322~ 32 +1
38 -23=332-"33+1

124224324 4+ n2

n—m-13=3n2-3n + 1
Cong titng v& ta duge :
n3=312+22+ .. +0%)-3(1 +2+..+n +n;
(n+1n
.*“"“2 + n;
3(n+ n
. -
f n(2n?+ 3n+ 1)
12422+ . +n2= p
n{n + 1}(2n + 1)
= 6
32. Loi gidi cua Acsimet (t6m tit)
Gia sit ring nhing hat cdt nhé d&n midc 10000 hat mdi ldp
diy mot hat anh tdc (hinh ciu). (Puiing kinh mét hat anh tic

nd=3(12+22+ .. +n2) -3

312+ 22+ ... +n?)=nd +

124+ 22+ . +n2

1 . , .
bang 0 tée). O Hi Lgp chi c6 s6 d€m d€n van (1 van = 10%),va

1 van van, tdc la 104,104 = 108
Vi . n d;

v (=&

T d6 suy ra qua ciu cé6 dudng kinh 1 tdc chda 64000 hat
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anh tdc hay 64.000 van hat cét, hay 64.107 hat cit, hay vao khodng
10.10° hat cdt (lam tron vi : 10 > 6,4). Qua chu dudng kinh 100
tic chia khéng nhigu hon 106.10.10% hat cit. Qua cAu dudng
kinh 10000 tiic chia khong nhizu hon 102! = 10.10¢ . 1018 hat cat.
Vi 1 d4dm nho hon 10000 tic nén ré rang la qui. ciu dudng kinh
1 dam chua it han 1021 hat cat,

Lap luan tudng ty nhu vy ta tinh dude qua ciu :

dutmg kinh 102 dam chda it hon 1000.10%-3 hat cdt

dung kinh 10* dam chita it hon 10.10%4 hat cat

dudng kinh 106 dam chda it hon 10°.10.10%4 hat cat

duong kinh 108 dam chida it hon 10.108.1085 hat cdt

dudng kinh 1010 dam chua it hon 1000.1*6 hat cait

Luu y rang 101" dam la 10000 triéu dam. Dudng kinh cia
Théi Ducng Ha nhé hon 10000 tri¢u dim, do vy qua cau That
Dudng He chia it hon 1000.10%% hat cat. Con dubng kinh cia Trai
Dat khoang 1 tridu dam (10 dam), theo két quéd trén thi qua cau
o6 duong kinh bang Trai DAt chia 106.10.1084 hat cdt hay 1039
hat cat. i

33. Bai toin dung da gisc déu 7 canh nay cda Acsimet dugc
goi 1h bai toan cf ndi tigng thu 4. Ngoai né ra ba bai todn cb nbi
ti¥ng khdc la gip dbi hinh lap phudng (35), chia ba mdt géc (36)
va ciau phuong dudng tron (37).

Acsimet da biét ring bai toin nay khéng thé gidi dugc bang
thudc va compa vi s& do canh cia da gidc nay 14 nghiém cta mdi
phudng trinh bic ba, khong thé bifu dién dudi dang ciin bac hai.

Bang tiéu chudn Gausa, ta cing cd thé khing dinh dugc khong
thé dyng dugc da gidc déu 7 canh bing thudc va compa. Tiéu chuin
Gausd noi tang : Néu n 1o mbt s8 nguyén t8 thi diéu kién can va
dii dé dung dwoc mét da gide déu n canh bing thudc va compa la
n c6 dang 22k + 1, '

Tuy vay c6 thé dyng dugc da giac dau 7 canh gan chinh xdc
nhd phudng phéap bac thang, bang thudc va compa, hozc dung duge
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hoan toan chinh xdc néu ngoai vige ding thude va compa con ding
thém nhiing dung cu khac (chdng han hai EKE).
Cdch dyng gAn ding, dya vao nhdn xét sau : Né&u goi a 1a

s0 do ciia canh da gidc déu n canh ndi ti€p dudng tron ban kinh
don vi thi :

360
a7 = 2sin = 0,868
14
ay V3
con — = = = (,867
2 2
a.

3
Nén néu 18y a; = ry thi sai s khéng vugt qua 0,3%.

Trong cich dyng ding, bai todn dua vé& viéc giai phuong trinh
x7 ~ 1 =0, nghiém cia né khong thé bidu dién duge dudi dang
cin bac hai.

Nghiém khdc 1 cda can bic 7 cida don vi thoa phuong trinh :

Sttt a2l yr=0 ()
Zn
trong dé & = cos - + isin FE luu y e7 k= ¢~k nap phuong trinh

(1) dugc viét lai 1a :

e+elt 2+ e 24 (2)
Dat e+el=y (3)
Din t6i e2+e2=y2-2 )
va el g3 = y:i - 3y (5)
Dovay y3+y2-2y—1=0 (6)

Bai todn din tdi giagi moét phuong trinh bac ba, nhu da bigt,
khéng thé c6 nghiém bidu dién qua cdc cian bac hai. Do vdy ma
khong thé dyng duge da gidc déu 7 canh bing thude va compa.
Tuy nhién, nh hai &ke thi phuong trinh (6) giai duge, c6 nghia
la dyng dugc da gidc déu 7 canh. Ta nhén thdy ring :

2n 2n
( )+

=¢c+e = [ cos— + isin—
y 7 7
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2n 27 27
+ (cos— - isin—) = 2cos—
1 7 7
Do viy néu néi hai dinh cich nhau mét dinh baing mot day
y

cung thi khoang cdach tir diy cung dén tam la cos ?— = E

Trudc hét dung dudng gip khic
ABCDE <(hinh 16) trong d6 AB_IL BC, I
BC1 CD va CD1DE va AB = 1, BC = f “B .Dﬂ'-
1,CD =2 DE =1,trongdé 1;1;2 X T 1(,3
: 1 la gid tri tuy2t d46i cua cdc hé s6 cua ™
phusng trinh (6). Dat hai éke nhu hinh v |2
vé, dyng dudng gap khic AXYE. Qua tinh ot <
todn ta khing dinh dugc XB = y (la g,
nghiém phai tim). Ta kiém tra diéu nay :
ki hiéu géc XAB la «, suy ra XB = tga. Y
CY = XCtga = (XB + ltga Hinh 16
= (tga + tga = tg¢a + tge.

1 2tgr + 1
CY=2+DY =2+ cotga= 2+ — ="
tgo tgn
2tgx + 1
do vay L=tg%t+tga
tge

tgda +tgla — 2tgr — 1 =0
Tu d6 thay réng tga = XB théa phuong trinh (6) va do vay

. .y XB .
cG the 1dy y = XB. Luwu y ring E = **2“ la khodng cach tit tim B

dén day cung nhu di néi d trén, qua H la trung diém cia XB,
dung duding vudng géc vdi doan thidng nay cidt dudng tron tai céc
diém II va VII, ching chinh la cdc dinh cia da gidc déu 7 canh,
tit d6 ta suy ra cdc dinh khic mét cach dé dang.

34. Ki hieu X, Y, Z, T lan lugt A 36 bd dyc mAu tring, xam,
niu, dém, con x, y, z, t 12 s6 bd cdi tuong wng. Theo bai ra ta cd
hé phuong trinh :

41

VNMATH.COM



1 1
X=("2*+§)Y+Z
1 1
Y=(Z+E)T+Z
1 1
T=(5+5)X+Z
!
{ x—(3+4)(Y+y)
1 1
y=(4+5)(T+t)
1 1
t=(5+6)(Z+z)
: 1 1
z=(6+7)(X+x) .
vai X + Y la 86 chinh phuong (téc 1a X + Y = p2)
+1
T+Zl.ﬁsdtamgi:ic(tti‘cl%1T+Z=%12——))

Acsimet da dua ra Wi gidi cy thé bai todn nay vdi k6t qua sé
bo duc tring X la :
X = 1598.10206541
va tdng sO bo la 7766.10206541 con.
Ciang nén bigt ring d€ vist tron ven l¥i giai bai toan nay can
660 trang gidy, ngay ca khi mai trang gidy giam &i 2500 chd sé.
35. Trude tién, xét bai toin gdp d6i hinh vudng, c6 nghia la

a dung mét hinh vuadng cé dién tich gip déi
N hinh vuéng da cho. Ngusi Hi Lap c6 dai
a 0@’ N d4i giai duge bai todn nay mét cich dé dang.
N Chi can dung thudc va compa dyng doan
““} V2 (hinh 17).

|
™~
NS Canh ciia hinh vudng cho trudc la a,
NS cbn canh cua hinh vudng phai dung la
AN Vg R
v - av2 (hinh 17).
Hinh 17
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Bay gits ta xét bai todn téng qudt hon la bai todn gip d6i kh6i
lap phuong. Ngudi Hi Lap cd cing da xem xét tdi bai todn nay
va -c0 ging giai né bing thudc vaA compa. N&u s§ do cia canh cia
khéi lap phuong da cho la a, ta goi x la 8§ do canh khéi lap phudng
phai dung thi x sé la nghiém cda phudng trinh :

x3 = 9253
dén tdi x = a V2

hay dan tdi dyng doan V2 bang thudc va compa. Mgi cf ging
ciia ngudi Hi Lap o8 dé dung doan V2 biing thudc va compa la
vd ich va khé c¢6 thé néi cac ¢ ghng nay kéo dai bao 14u nda n&u
nhu vao nia dau th€ ki XIX ngudi ta chua ching minh duge ring
khéng thé dung dugc doan V2 bing thudc va compa.

Dé cé khai niém vé kha ning giai dugc hoic khong gidi duge
ctia bai todn dung hinh, ta luu y nhidng diém dudi day. V6i thudce
va compa o6 thé dé& dang dyng dugc cdc bifu thic :

3

ab =
a+b;a-b;—;Vab;VaZ+b2;Vaz_p
c

trong dé a, b, ¢ }a nh@ng sd cho trudc hay nhing doan thing cho
trude. N8u nhu loi gidi cia mot bai toin dan dén viéc dp dung
lién ti€p mdt s& lan hdu han cdc phép dung hinh trén thi nd giai
duge biing thudc va compa. Con n&u khéng thi coi la khéng giai
duge bing thudc va compa. Bai todn gip d6i khéi lap phuong la
moét vi du vé sy khong giai dudc cia mot bai todn bing thudc va
compa.

trinh bac ba vdi he s6 hdu ti néu khdng cé nghidm hdu ti thi
khong thé giai dudc bing ciin bac hai, tdc la khéong nghiém nao
cia phuong trinh cé thé dung dugdc bing thudc va compa.

Nhu trén da noi, bai todn gdp déi khéi lap phuong din tdi
giai phudng trinh béc ba :

x? — 2a% = 0

vdi a la canh cua khéi lap phuong cho trudc.

Con x la canh cua khéi lAp phuong gdp déi phii tim. D€ don
gian. ta cho a = 1, khi d6 x% — 2 = 0. Day la phuong trinh vdi hé¢
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s6 hdu ti va dé thdy né khong cé nghiém hiu ti, do vAy ma theo
dinh i trén, bai todn gdp déi khdi l4p phuung nay khong thé giai
duge bang thude va compa.

Décac (René Descartes) la nha toan hoc dau tién céng khai
néu y kidn vé vidc khéng thé dung dugc bing thude va compa |

doan thing V2. Nam 1637 ¢éng da dua ra ménh d& : cin bac ba
cla mét s hdu ti khéng phai s§ iap phuong, néi chung la mot s§
v ti khéng thé dua dugc v& mot sd hitu han phép tinh 14y can
bac hai. Nam 1837, nhi toan hoc Phdp Bessel 44 ching minh chat
ché vé tinh khang gidi duge bing thudc va compa bai todn gip
dsi khéi lap phuong. ,

Mot trong nhing nha hinh hoc c6 dai Hi Lap dau tién tién |
tdi viéc giai bai todn gip doi khdi lap phuong baing thude va compa 2 |
vdi sy hd trg cia cong cu khac d6 la Hippocrate (th& ki thd V ‘
trude CNi. Hippocrate dd chuyén viéc giai bai todn khéng gian ‘
gip doi khdi lap phuong vé bai todn phing bac gdom vide tim hai |
30 %, y naAm gida a va 2a, sao cho a, x, y, 2a hgp thanh mot cdp I
s6 nhan, tdc la :

CO

Y

X
y 2a
Tt d6 x2=ay vi y2= 2ax, do vay x?=a?y? = 2a3, hay la
x3 = 2a% Tic la x sé 14 canh caa kh&i lap phudng gip déi khéi
lap phugng canh a phai tim.
Ré rang vdi thudc va compa thi cic “doan dat” x, y khbng
thé dung dudc vi ndu dugce sé dua tdi mau thudn véi vide khong

a
X

- VNMAT

dung duge cdaa doan x = V2 bing thudc va compa. Tuy vay cdc
“doan dit” nay lai cé thd dyng dugc nhd cdc cong cy phu trg
khdc. Platon va Uratésten (Eratosthéne) da dua ra hai cong cu dac

biét dé tim hai “doan dat” x, y ndm gida hai doan a va 2a cho
trudc. Cong cy cuia Platon gom hai thudc thg vudng géc thong
thudng, con phép dyng dya vio b8 d& : Trong mdi hink thang
vuong thinh 18) cé hai dudng chéo vudng géc thi cdac doan thing 1
do cdac dudng chéo cdt nhau teo thanh lp nén modt clp sé nhén |
{Cdc ban thu ching minh).
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Hinh 18 Hink 19

Hinh vé 19 néi 1&n cdch dung hai thude thg vudng géc dé
dyng hai “doan dat” x, y : Lély hai dudng thdng m va n vuéng
géc véi nhau tai O. Ldy OC = a, |6y OD = 2a, bay git 1y hai
thude vudng géc (trén hinh vé gach chéo) dat ching sao cho mét
canh clia thude thg thd nhit di qua C, cdbn dinh thudc ndm trdn
dudng thdng n, canh cla thudc thg thd hai di qua D va dinh thudc
nim trén dudng thdng m, cdc canh con lai cia hai thude tring nhau.

V@i cach dat nhu vay thi OB = x vd OA = y. Theo b8 d&
trén thi x = OB la canh cia khdi lap phudng phai dyng.

Cong cy cia Oratdsten mang tén “Mézdliabi”, c6 nghia la “thudc
bét”, nghia la “bdt” ra hai “doan dat”, trong d6 méot doan 14 canh
ctia khéi lap phudng phai tim. Céng cu nay gém hai thanh gé dat
song song cich nhau mét khodng bing 2a. Trén hai thanh gb 46
dat ba tam gidc vudéng bing nhau trong 46 tam gidc dau tién cf
dinh & bén trai, cdon hai tam gidc kia chuy&n dich dugc doc theo
cdc thanh gd sao cho cdc canh géc vudng béing nhau nim & thanh
phia trén cdn cdc dinh clia ching nim

& thanh dudi (hinh 20). MoN

Trén canh HD cia tam g’igc bén £ £/G/H N
phdi cudi cling ta ldy DQ = a. Sau 46 r——
chuyén djch cic tam gidc sao cho di€m 54 N
ciit cia canh géc vudng cia tam gisc A B COD
trudc vdi canh huyén cilia tam gidc sau
(trén hinh v& 20 la hai diém M va N) Hinh 20
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nim trén cing mot dudng thing véi E, Q. Khi d6 ti céc tam gidc
dong dang, ta cb :

a NC MB
~——=——=—"NC =x, MB =y
NC ME 2
a x y
=» —=—=-, Nhut viy NC = x chinh la 4 dai canh hinh
x y 2a

vudng phai tim.

36. Nhitng nha béc hoc cf Hi Lap da khéng khé khin gi ldm
46 chia ba mot géc bdt ki thanh ba phaAn biing nhau nhd nhing
dung cu c6 tinh cd khi. Nhung véi ho vAn ludn tbn tai m¢t chu
héi la lidu chi ding thuéc va compa théi thi c6 th€ chia ba mot
goc bt ki thanh ba phan béng nhau dugc khéng ?

DE tra 13i cau hoi nay, ta 14p luan nhu sau : Gid s géc phai
chia thanh ba phan bikng nhau 1a 3a. D& thdy ring
cos3x = 4cos’a ~ Scomx

do vy 2cos3r = 8cos’a — Gcosx

Bay git gid st 2cosdx = a va 2cosx = x, khi 46

a=x3-38x
hay la x3-3x—-a=0 (n
D& ching minh riing bai todn “chia ba m¢t géc” khong thé

“chia ba” dugc bing thudc va compa. Ching hgn géc 3a = 60, ta
1
c6 cosda = > phuong trinh (1) s& trd thanh x3 - 3x—1=0 (2)

Ta bi6t réing nghiém hitu ti cia phudng trinh (2) chi c6 thé
la = 1, nhung khéng 88 ndo trong hai s§ * 1 théa man phuong
trinh (2). Do vy ma phuong trinh (2) khéng c6 nghiém hdu ti,
vi th& khéng nghidém nao cia né c6 thé dyng dugc bing thudc va
compa. Litu ¥ riing do géc 60° khong thé chia ba dugc biing thudce
va compa nén géc 20° va 40P cing khéng thé dyng dugc bhng
thuéc va compa. Td d6 mit ra 1a cdc da gidc dBu 9 canh, 18 canh...
khéng thé dyng dugc béng thudc va compa. '

Hon nda, ta ¢6 thé chi ra mot tap hgp vo6 han céc gid trj cia
géc a ma nghiém cia (1) khéng thé dua vé cin bAc hai, tdc 1a cb
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mbt tp hgp vb han cdc géc khong thé “chia ba” duge bing thusc
va compa. Do vAy ma bai todn chia mdt géc thanh ba phan bang
nhau bing thudc va compa néi chung la khong giai dugc. Nhung
néu 3a = 9(r, thay vao phuong trinh (1) ta sé c6 x3 - 3x = 0 (3).

Phuong trinh (3) nay sé c6 nghiém 0 ; * V3 bidu difn duge
dudi dang can bac hai, do d6 géc 90° c6 thé dugc chia thanh ba
pban bing nhau chi bing thudc v compa. Suy lugn tuong ty thi
géc 45° c6 thé “chia ba” duge bing thudc va compa... v nhu vay
c6 mét tdp hgp vd han cdc goc cé thé “chla ba” dugc bAng thudc

va compa, ching han nhing géc cé dang "2:, n nguyén duong (ban

nén ty ching minh didu nay)
Acsimet da c6 mot cdch
gidi dic biét va rdt don gian
bai todn chia ba mdt géc vdi
mét cdi “thude” rat dac biét,
goi la “thude ddnh diu hai
diém”. Cy thé la, giad st can
chia géc nhon ABC thanh ba \
phin biang nhau (hinh 21), 14y
B lam tdm, dyng dudng tron Hinh 31
bén kinh R, cdt cic canh cia
goc tai DD va E. Bay giy dang
“thudc ddnh ddu” cia Acsimet, ddnh d4u hai diém 14 F va G sao
cho FG =
D&t canh “thudc” tai di€m E sao cho F thi nim trén dudng
tron con G thi nim trén canh AB kéo o dai. Khi d6 géc EGD s& la
géc c6 s6 do bing mét phan ba géc ABC. That vay, theo hinh vé
21, ta ki higu cdc géc 12 1, 2, 3, 4, 5, cAn ching minh géc 5 bing
mét phan ba géc 1, rd rang la :

~ A

=5+2;4=8wi=
4+5 - 3= 25
dods i=5+3=5+28= 3.5, Bai todn duge ching minh.

Vige tim ki€ém nhding phuong phdp mdi gidi bai todn chia ba

mot géc cho thly bai todn nay lién quan tdi cdc bii todn dai s6

~

oy l—')

)ll
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va lugng gide. Chdng han vao thé ki XV, nha bdc hoc Alcashi da
dp dung phép chia ba mét goc d& lap cic bang 86 lugng gidc rit
chinh xdc, ¢An cho thidn van va tinh todn. Cy thé sau khi dp dung
cdc phuong phap tinh gn ding nghiém cia phuong trinh béc ba,
ong da tinh ra duge sin 1° nhg gia tri da biét cda sin 3°. Sau do,
vao the ki XVI, nha toin hoc Phdp, Viet trén co s bai todn chia
ba mét géc da tim duge cach gidi lugng gide phuong trinh béc ba
trong truéng hgp duge goi la “kbong bién d8i d€ ha béc duge”.
Cdc nha todn hge khdc nhu Pécac, Niuton, Clerd {Clairaut)... cing
da dua ra nhing i giai rdt hay, nhung khd phdc tap bai todn
chia ba mét géc. Dén nay ngudi ta cing vn dang tim nhdng 15i
giai mdi cua bai todn nay.

37. Bai toan cau phuong dudng tron dd dudc cdc nha bac
hoc 6 Hi Lap cf ging gidi, nhung khong thanh cong. Vin dé la
d ché bai toan cau phuong duong tron cing nhu bai todn gip d6i
khéi lap phuong va bai todn chia ba mét géc khong thé giai duge
bang thudc va compa.

Sau nhing ci gng bit thanh cia cdc nha todn hoc, ké ca
nhing nha todn hoc “nghiép du” dé giai bai toAn ciu phuong dudng
tron, t& nim 1755, Vién han lam Pari d4 quyét dinh khéng xem
xét cdc cong trinh cé lién quan d€n cde bai todn cau phudng duing
tron, chia ba mot géc va gip doi khéi lap phuong nda. Ditu nay
it nhidu da lam “ngudi lanh” nhiét tinh cla cdc “nha cau phudng”.

Chi mai d&n n¥a sau thé ki XIX, nha todn hoc Duc F.Lindoman
d4 ching minh duge bai todn trén khong thé gidi dugc nho thude
vi compa. Cdch ching minh cia F.Lindoman rat khé va nim ngoai
gidi han cua gido trinh todn so cap. Xin tém tit ¥ tudng nhu sau :

Gia st cho trudc duvng tron bin kinh R. Yéu cau dyng mét
hinh vuéng c6 dién tich bing dién tich hinh tron nay. Ta ki hi¢u
canh hinh vudng la x, khi 6 x2 = aR? suy ra x = R V.

Nhy vay din dén viéc dyng tich doan R cho trude véi Vi,
vdi yéu cau la chi ding thudc va compa.

Bang thudc vh compa luén dyng dugc tich cia doan R véi
mot 86 hidu ti nhung khﬁng phai hic nao ciing c6 th€ dyng duge
tich cia doan R véi mdt s§ vo ti. Diéu nay c6 thé {am dugc trong
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mdt vai truang hgp, vi dy d8i véi s§ vé ti V2 hodc V2 — V3 khi
d6 RV2 ] canh ciia hinh vudng ndi tifp dudng tron ban kinh R,
con RV2 - V3 L canh clia da gidc d8u 12 canh ndi ti€p dudng
trdn bdn kinh R, ma da gidc ddu 12 canh rit dé& dyng, sau khi
dyng duge luc gide deu. .

Li thuy&t dung hinh da xdc dinh riing chi c6 thé dyng dugc
tich cia doan R cho trudc véi mét s6 thyc biing thuée va compa
trong trudng hgp s§ thuc 46 14 nghidm cda phudng trinh dai sd
v6i cdc hé s§ nguyén c6 nghiém duge bi€u dién biang cin bdc hai.
Mot s6 khong thé 1a nghiém cia mét phudng trinh dai s8. Vdi cac
hé s6 nguyén dugc goi 13 s& siéu vigt. Vay thi d€ ching minh sy
v6 nghiém cla bai toan chu phuong Adudng trdon bing thudc va
compa chi chn ndu r5 & holic vz la s6 sidu viét 1a di.

Céng lao clia F.Lindoman chinh 1a & ché Ian dau tidn trong
khoa hoc 44 ching minh chit ché dugec = & s6 sidu viét. Do vy
da hoan thanh viéc xdc dinh tinh khong giai duge cia bai todn
cAu phuong dudng tron. Vi the ngudi ta goi F.Lindoman 13 “ngudi
d4nh bai s6 = .

Tuy vAy bai todn nay c6 thé gidi dugc néu ngedi thuée va
compa cdon diing thém dyng cy khéc, hay vai dusng cong dic bidt
(nhu dudng cong béc hai). Bing thuéc va compa chi cho 1¥i gidi
gin ddng ma thoi.

Dudi day 1a mot trong nhidng 13i gidi gan ding bing cdch sd
dyng tam gidc Bing. Loi giai nay do ki su ngudi Nga Bing dua ra
nam 1836, rdt thuén tidn cho cdc muc
tiéu dng dung, c

Xét tam gidc ABC nai tiép dudng tron
(hinh 22) sao cho canh 14n nhét la dudng

kﬁx__l‘x dudng tron. Ta ki hidu géc ol
CAB la «, day cung AC 1a x. Can chon A 0 B

cho @ mft gid trj d4é x la canh cia hinh
vuéng chu phuong. Do dién tich hinh
vudng canh x phai bing dién tich hinh
trén nén : Hinh 22
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x2 = 7R% hay 4R%os%a = n1R2
n 1 :
tr 46 costa = Z,cosa = Eff = 0,886. Tra bing s6 ta nhan

dugc a = 2736°. Nhu vay sau khi dyng mét day cung chda géc
2736’ trong dudng tron thi ta cé ngay canh hinh vuéng cé dign
tich bing dién tich hinh tron. D& dodn ra ring tam gisc ABC dugc
xét d€n chinh la tam gidc Bing.

Mét cfip 56 chng v8i s6 s6 hang chin cé th€ vidt :
¥ 85,8y, ...,8y,8; 47, .., 8
Goi S, va S, [an lugt 13 téng nda dau va téng nda cufi cia
cip 86 cong 46 thi :

8 +a, . a4+ 1+ ag,
Sl=——2—n va Sz=“—2—‘"—n

Gia si d la cOng sai cda cip s8 cOng, ta c6 :

ap=aj+m-1)d ;a,,,=a,+nd; ay, =a;+(2n- 1)d

do d6 S; — 8, =d.n?2. Pay chinh 1a dieu phii ching minh.

Bai todan nay cia nha bdc hoc o8 Hi Lap Gipsic séng vao khodng
the ki 11, trudc CN. Ong cing la tic gid cda nhitu bai todn thd
vj khidc.

39. Heréng gxal bai todn nay theo cong thitc do Ong tim ra :
= Vp(p — a)(p — b)(p — ©)
a+ b + C . 5
trong dé p = —"'2—"‘-; a, b, c 14 s8 do cia cdc canh cda tam

gidc. Vi th& cong thic nay cdn duge goi la cbng thic Hérdng. Dap
88 : S, = 84 (don vi dién tich).

Nha bdc hoc of Hi Lap Hérdong séng vao th€ ki the I. Ong
dugc xem nhu la nha bdc hec thi naAng nghién cdu vé tric dja.
Trong tic phAm “Do”, 6ng dd dua ra cdc quy tic giai phudng trinh
bac hai, cich tinh gan dung cin bic hai, cin odc ba, cdng thic
tinh gan ding dién tich, thé€ tich vAt thé hinh hoc, trong d6 néi
ti€ng nhat 1a cong thic tmh dién tich tam gidc theo ba canh cia né.

40. Ki higu x — 1, x, x + 1 [An lugt 1& cdc canh cia tam gige
phai tim. Khi d6, theo cong thiic Héréng, dién tich tam gidc la :
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3 x
s=\3 (G156
Dodézs;g\ﬁ (x:—l);trongdé’;“:mlésﬁnguyén.

Khi 46 thi S = mV3mZ - 1), vi S nguyén nén m? - 1 = 3n2

hay 8 = 3mn.
Tit diéu kien m2 - 1 =3n2 suy ra m2 — 3n2=1
hay (m + n\@)(m - n\/ﬁ) =1 (1)

(1) ddng véim = 2 van=1:
2+ V3)2-V3) =1
Suy ta 2+ V32 - V3P =1véip =1, 2 3. (2

T (1) va (2) rit ra :
n1p+np\/_=(2+\/§)P
my, — n V3 =(2-V3)°P
Két qui cho theo bang dudi day :
j X S W
1 4 6
2 14 84
3 52 1170
4 194 16296

_L

41. Theo didu kign dau bai, chia ddy sd 18 thanh cdc nhém,
tice 1a -

L+ @ +5) +((7T+9+ 1D+ (13 + 15+ 17 + 19) +...
Ta thdy truc tiép : S, =1=13
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S,=3+5 =8=2%
Sy=T+9+11 =27=2°
S =13+ 15+ 17+ 19=64=43 vv..

Nhan thdy nhém thi n c6 n s§ hang, do viy s6 sd hang cua
. n(n - 1)
n— lnhémdaula 1l + 2 +.. + (n - 1) =—2—‘Tﬁ‘d6r\it
’ . . .o b(n-1)
ra s8 hang cufi cing cia nhém thd n ~ 1 la 2, -“‘—2"'__ -1 =
= n(n — 1) — 1, suy ra s6 hang tiép theo cla diy sf lé, tdc li
36 hang dau tién cia nhém thd n 1a : n(n— 1) — 1 + 2 = n?-
n+ 1 vi & hang cudi cang cta nhém thd nla n2~ n + 1 + 2

(n — )= =n2 + n — 1. Tt day suy ra téng cda nhém thd n :
n2-n+]1+ni+n-1 .
S, = 2 .n=n3

D6 chinh ia didu phai chdng minh.

Tdc gia cia bai todn nay la nha bdc hoc c6 Hi Lap Nicomeéde
vao thé ki thd I. Cuén “Nhép mén s6 hec” cua éng da dugc dung
lam sdch gidgo khoa v8 todn hoc so cdp trong mot thai gian dai.

42. Can phai ching minh :

AB.CD + AD.BC = AC.BD.
C Ta dyng géc KBC bing géc ABD
(hinh 23). Khi d6 AABK OO ABCD vi
", o
ABK = DBC va BAC = BDC . T d6 suy

AB _AK ey AB.CD = AKBD (I
™ ep = cp BD (1)

_..Dé__thay AABD (\J  AKBCvi
ABD KBC va ADB = BCK Td dé
° ;AQ——BBh ADBC = KC.BD (2)
A KC BC Y '
Hinh 23
Cong (1) véi (2) : AB.CD + AD.BC = (AK + KC)BD

hay AB.CD + AD.BC = ACBD.
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Pay chinh la diéu phiai ching minh.

Ptolémée la nha biac hoc cf Hi Lap, chét vio khodng nim
168. Nhing céng trinh clia 6ng cé y nghia ldn d6i vdi sy phat
trién cia todn hoc, vat ly, dia li va nhAt 1a d6i vdi thien vin hec,
Ong dd cd ging xAy dung ludn chdng todn hoc cho thuydt “Dia
tam” cia minh. H2 thong nay (dia tam) cda Ptolémée théng tri
subt 14 th& ki cho d&n khi nha thién vAn hoc Ba Lan Nicolas
Copernic {1473 - 1543} dua ra thuy&t “Nhit tAm”, phan dnh ding
thuc chdt cua thé gidi.

43. Tu digu kién dau bai, ta c6 h¢ phuong trinh :

1
x -y =3z
1
y - z=gx
1
z - 10=§y
h 1 i
Sau khi gidi he nay nhan duge x = 45, y = 37 5,z=225

(tat ca cic bai todn cia Diophante duge giai véi ki higu cda todan
hoc ngay nay).
x+y

44. TY phuong trinh x + y = 10 ta cé 9 = 5.

X—y
2

Khi d6 x2+y2=(5+ z)2 + (b — z)2

hay x2 + y2 = 50 + 222

T phugng trinh thd hai cia hé nit ra 68 = 50 + 222 Tu
dé 22 = 9.

45. Theo gia thiét thi canh huyén bling x3 + x cdn canh géc
vudng la x3 — x, theo dinh li Pitago thl canh géc vudng kia 1a
f(xa +x)2 - (x3 - x)2 = %5,

Dat =ztaritrax =5+ z, y =56 — z

VNMATH.COM



Tit 46 c6 phuong trinh 2x2 = x3, suy ra x = 2. Vay canh huyén
bang 10, eanh géc vuéng thi nhat fa 6, canh géc vubng thd hai
bang 8.

46. Ki hiéu x la phan nho cia Tan chia thy hai. Khi 46 phan
idn cda [An chia thd nhdt la 2x, suy ra phdan nhé cda fﬁn chia dau
la 100 - 2x ; do vay phan 1dn cia Ian chia thd hai 12 300 ~ 6x.

Tu dé ta c6 phuong trinh :
X + (300 - 6x) = 100
Riit ra x = 40.
Tra l&i : Lan chia dau : phan nho 20, ph#an 16n 80
Lan chia sau : phan nhé 40, phan lon 60.
47. Ki hidu 2x 14 hidu cia hai s can tim. Khi d6 s6 ldn sé
la 10 + x, con s6 nhd la 10 - x.
Theo gia thigét : (10 + x) (10 -~ %) =
hay 100 ~ x2 = 96, tir dé x2 = 4,
Vay cdc s6 phai tim la 12 va 8.
48. Bai todn dAn dén giai he phuong trinh :

X x2 + y2
T-og, Ty _
y x+ty
<2 ) X2 + y2
T phuong trinh dau suy ra —, =9, roi suy ta ; =10,
Y Y
Oy * ‘ |
thay vao phuong trinh thd hai : o= 5, hay 10y% = 5(x + y), chd
x+ry

y ting x = 3y, nénrit ra 10y2 =20y, viy y = 2, x = 6.
49, Bai toan din dén giai hé phuong trinh :
(x +y)z=35 (1)
y+2y=27 (2)
{y +z)x = 32 (3
(1) trit (2) » x2 — xy = 8 rdi cong vdi (3} nit ra :
=20 ;xy = 12 ; yz = 15.
Dip s6:z=5;x=4;y =3
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50. Bai todn nay c6 vb .88 10i gidi.

Ta cé thé bifu thj s§ d4u 1a tich cda x vdi lap phudng cida
mot s6, ching han 23 =8, tdc la c6 dang 8x ; s§ thd hai la
x2 — 1, Néu vy thi mot trong cdc diéu kién cia dau bai duge’thda
mén : Tich hai s6 cong vdi s6 dau ding bling lap phuong cia mot
s
' Bx(x2 - 1) + 8x = (2x)3 (1)

Theo diéu kién thi hai thi 8x(x2 — 1) + x2 — 1 cing phéi la
lap phucng ciia mt =8 ndo 49, chédng han (2x — 1)3.
Tir d6 ta c6 phuong trinh 4€ tinh x nhu sau :
Bx(x2 - 1) + (x2 - 1) = (2x - 1)3 (2)
14

' 112
rit ra x = —, s6 dau la ——, 86 thd hai la ——.
13 13 169

Ta nhdn thdy rang tinh v6 dinh cia nghi¢m th& hién & chd
trong (2) ta chi cAn chon v& phéi sao cho cd dang (ax + b)? véi a,
b 1a cdc s6 thyc bdt ki. § cdch giai nay Diophante chen a = 2,
b = — 1 dé cho phudng trinh tré thanh bic nhdt d& gidi.

51. Dit téng cia ba s8 I, I, III la :

I+ 11+ I =(x+1)2=x2+2x+1

Hon nta, theo gia thiét thi I + II = x2, khi d6 IIT = 2x + 1.

Bay gio gia st II + III = (x — 1)

Ty dé ta nhan duge [ = 4x, II = x% — 4x, hon paa I + III =
6x + 1 cAn phii la mot 6 chinh phuong, ching han 112 = 121.

Ta nhan dugc phuong trinh :

6x + 1 = 121

Ta 46 x = 20.

Do vay cic s6 sé la : [ = 80 ; II = 320 ; IIT = 4L

52. Theo didu kién dau bai, cho truéc mét géc a, dudng phan
gidc ciia né va mdt diém nAm trén phan giic. Can phai dyng doan
BC (hinh 24a) sao cho c6 40 dai da cho.

Trudc -tién dyng mot tam gidc ABC (hinh 24b) & vi tri tdy
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Q) A

flinh 24

y. Trong trutng hgp nay, phai dyng
mdt tam gidc vdi ddy da cho ddi dién
vdi géc « va phan gidc di cho. Gia st
B,C; bing BC. Dyng cung chia géc
a qua ByCy. Td trung diém E, cda day
cung B,C; dyng dudng wvuéng géc
KE, vdi B,C,.

Nhu vay bai todn dua dén viac
dyng day cung K,A; sao cho DA, =
DA cho trude.

Xét tam gisc E\K\D, va AKH,

Dé dang thay riing ching la nhdng
tam gidc dong dang, do d6 :

hay la K,D, . K|A, = E/K; . H/K,

Luwu y ring K|A; = K|D, + DA, ;
ta nhan duge :

(KD + K Dy.DjA,

la canh coa tam gide vubng

HICIKI nén : HIKI‘EIK] = {ClKl)z’
suy ra (K1D1)2 + KIDI‘DIAI = (CIK1)2
Ky higu KDy =x; AD, = p va C,K, = q thi ta cé :

x? + px = g2

Vi thé, sau khi nhan dugc x tif phuong trinh trén ta sé dung
dugc tam gidc A;B,C; vdi dudng phan gidc AD,.

That vay, md compa, khdu 49 x = K;D;, tim duge D;. N6i
DK, kéo dai cit cung chia géc tai A;. Do vay ta dyng dugc
AAB|C,. Sau d6 dat A\B, = AB va dyng BD.

56

VNMATH.COM



53. Ki hitu dié¢n tich cdc hinh vién phén 1A o7 o3, dién tich
cdc hinh quat tuong dng la  S,, cdn dién tich cdc tam gidc tuong
ung la X, X, (hinh 25). Gia s a, a, var, ry tudng dng 1A cdc ddy
va bdn kinh cia cdc vién phan. Khi 46 :

FxS—-%;01=8-%
Do céc tam gidc dong dang nén :

2= (3)*= ()" va hon nita

.2—1_ ay r
S T2
o) : 4
Sl n S et e
s s S/
Suy ra T " S, n
hav I r I s 5
a L m=— s m =
y 5 85 L Hinh 25
. 8-z Si°h 9 A 3 o3
Cufi cd o 2
ufi cing suy Yva 5 = 7.
g suy o a3
54. Gia sd‘ cho AABC bdt ki va trén canh AB cua né dyng
¢’ hinh binh hanh ABB’A’ va ddng thdi dyng
cdc hinh binh hanh ACED va BCHF tuong
£ M dng trén AC va BC sao cho DE di qua A’

va HF 4di qua B’ (hinh 26).

Ta phai chdng minh di¢n tich hinh binh

/ , hanh ABB’A’ bing t8ng dién tich cdc hinh

A B binh hanh ACED va BCHF. Kéo dai DE va
FH cit nhau tai C’. Néi C vdi C".

D F Trudc h&t db thdy AABC = AA’B'C’

(g.c.g). Dién tich hinh binh hanh ACED va
ACC’A’ bing nhau ; dién tich hinh binh hanh
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BB’C’C bling dign tich hinh binh hanh BFHC vi cing d4y va ciing
chiéu cao.

Bay gid tr hinh ABB’C'A’A &y di AA’B'C’ thl s6 con hinh
binh hanh ABB’A’. Néu nhu cing t¥ hinh ABB’C’A’A 46 &y di
AABC thi cdn lgi hai hinh binh hanh ma téng dién tich cia ching
bang tdng dién tich cia hai hinh binh hanh ACED va BCHF.

Nhén xét thdy ring bai todn nay 12 tdng quit héa ciéa dinh
li Pitago. Néu AABC la tam gidc vuéng thi ta s& c6 djnh If Pitago.

55. Bai todn dén tdi viéc gidi phuong trinh :

1 1 1
Ex+4x+;x+3 =X

Giai phudng trinh nay ta ¢6 x = 28. Nhu vay hoc trd cia
Pitago c6 28 ngudi.

59. Goi x la sic chd cia Lira

y la sic chd cla La.

Theo dau bai ta ¢6 hé phuong trinh :
y+1=2x-1)
y-1=x+1

Ti 46 d@ dang rit rax = 5 ; 5y = 7.

60. Bai toan din tdi gidi phudng trinh :

=12
3)( X =

1
Suyra x =05 7 (cia ngay)

61. T didu kign bai todn, dén tdi gidi phuong trinh :

1 1 1 1
—xt+t_x+-x+5+"x+4=x
6 12 7 2

Giai ra ¢6 x = 84. Do vAy Diophante s6ng duge 84 tufi.

V& cufc doi cia Metrodo (ngudi vift bai todn pay) khong ai
bidt r6, ci thai gian sinh va mat. Trong lich s, 6ng la tdc gid
cdc bai toan hay dudi dang tho. Nhitng bai todn — tho nay dugc
phé bi€n rong rdi hic duong thoi.
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TRUNG HOA

Nén van héa Trung Hoa, trong d6 c6 todn hoc, c6 ngudn gfc
tir thdi c6 dai. Nhidu phdt minh quan trong trong khoa hoc va ki
thult cia cdc nha bdc hgc Trung Hoa la ddng lyc cho nhitng ph4t
minh khéc trén thé gidi.

Ch2ng han, ho da phat minh ra la ban (vao th& ki thd III
truéc CN), mdy ghi dja chén (th€ ki II) may do t6c d¢ (t8c k&).
Ho bi&t ch& tao thubc sing ti lwu huynh trude ngudsi chau Au rét
lau (th€ ki X) ; ngudi Trung Qufc dd nim dugc bi quyét sdn xuAt
d6 sanh s tu thé ki thd VII, truée CN. Trung Hoa con 1a ddt
nudc cia lya, son mai va vécni. Vao th& ki XI, ngudi Trung Hoa
dd ch& tao chd in rdi, thyc chdt khéng khdc gi vdi hién dai.

O Trung Hoa d4 xufit hién mén thién van mé ta, tic 13 khoa
hoc v& cdc thién thé€ va lich. Tw thd¥i of dai, cic nha bic hoc
Trung Hoa da biét quan sdt h® mat trdi, sy chuyén ddng cia cdc
vi sa0. Vao th€ ki IV truée CN, nha thién van Trung Hoa SHI-SHEN
da lap dugc bang so d6 cdc vi sao, trong 46 mé tad téi 800 ngdi
sao ma mdt bang nhu vay & chau Au (goi 13 ban dd) vao th& ki
thi II mdi duge 14p. Dai thién van ¢§ Trung Hoa 1 dai thitn van
Béc Kinh, dugc xdy d ngogi 6 Béc Kinh vio nam 1279,

T4t cd chi d&n va 18i gidi bai tAp trong phan nay d2u nit ra
td cdc tai lidu Trung Quéc dugc trinh bay véi ki hidu toan hoc
ngay nay.

62. Bai toan dAn téi viéc giai hé phuong trinh :

x + 2y =11
2x + 8By = 8
1

Dédé\ngrﬁtrax=2,y=§.

1
Nhu viy 1 con bd gid 2 lugng, 1 con clru gid :‘E lugng. Nhan

day, xin néi d&n tdc phdm todn hoc c6 Trung Hoa : “Cdu chuong
thuit todn” (Ciu chuong). Cudn sdch nay da dua ra cdc quy téc
va nhidng bai todn dp dung cdc quy tdc nay, trong dé cé cdc bai
todn cé tinh dng dung nhu do d4t, tinh thé& tich.

*  63. Bai todn nay din d€n giai mt phudng trinh vé6 dinh, nghidm
nguyén : gia sd x la sf Ian xuc théc béing xéng, y la 86 [an xic
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théc biing déu gd va z 1a sf [An xic théc bing bidt, khi d6 ta c§
; h¢ phudng trinh :
! 19x + 1 =17y + 14 = 122 + 1
Tu &6 nhidn dugc phuong trinh vé djnh :
_}2
19°
Vi x, y, z nguyén duong nén cé th€ dat z = 19t
Khi d6 : 1Ty + 13 = 228t,
Sau khi chon gid tri nhé nhft cia s6 nguyén dudng t sao cho
¥ nguyén, tic la t = 14, ta nhan duge :
x = 168 ; y = 187 ; z = 266.
Tu d6 tinh ra s6 théc mdi tén trom ldy :
Tén trom dau tién 14y 3 ta 1 y&n 9 cAn 2 lugng ;
Tén trdm thd hai ldy 3 ta 1 yén 7 cAn 9 lugng ;
Tén trdm thd ba 14y 3 ta 1 y&n 9 cAn 2 lugng.
64. Bai todn dfn dén gidi h¢ phuong trinh ba &n :
a+b+c=p (1)
a2+ =c2 (2)
ab = 28 &)
Trong d6 a, b, ¢ 14 canh ; p la chu vi ; S la dién tich cia
tam gisc da cho.
Tw (2) va (3) suy ra (a+b)2=4S+c2”
do (1) suy ra (p —¢)2 = ds + 2

19x = 12z ; x =

p? — 48
b d6 eidi -
6 giai ra c 2
+ 48
a+ b= p2
2p

d¢€ y t6i phuong trinh (3) thi a, b dugc xem nhu 13 nghiém cda
phuong trinh béc 2 :
| 2 + 48
X2 - R X+28=0
2p
Nhan day xin néi d&n tic phm “Nhap mén thuit todn” dugc
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in nim 1593, Trong tdc phim nay chia nhdng quy tdc tinh todn
quan trgng, d& nhé dudi dang nhing bai the. Puong thdi, né duge
xem nhit 1a “gido khoa thu” tosn hoc so cdp, dong thdi ndi dung
cudn sdch chda dyng nhieu théng tin vé todn hoc Trung Hoa cho
d&n cudi th& ki thdt XVI.

65. Loi giai cda bai todn, nhu sau : “khi chia cho 3 du 2, vay
18y 140, khi chia cho & du 3, vay ta ldy 63, khi chia cho 7 du 2,
vay ta 18y 30. Cong ching lai vdi nhau, nhin duge 233, ti dé tru
di 210, ta c6 két qua”.

Bai todn nay c6 thé gidi mot cich don gidn nhu sau, né din
téi gidi hé phuong trinh :

x=3y+2

x=56z+3

X="Tu+2

hay 3y + 2 = 6z + 3 = Tu + 2.

Tu

T\‘Idér\itra3y=7u;y=?.
Do y nguyén, dat u = 3t, t nguyén, khi dé6 nhan duge :

y=Tt

tr d6 x = 21t + 2

Do vay 21t + 2 = 52 + 3 hay 21t — 5z = 1. _

Tit day ta chon cip nghiém t = 1, z = 4, cong thie nghidém
téng qudt cia phuong trinh nay la :

t=1+5q;z =4+ 2lq,

trong 46 q = 0, 1, 2,...

Vi x = 21t + 2, nén x = 23 + 106q, q = 0, 1, 2... khi
q = 0 thi x s& nhé nhét, tuc la x =23, con khiq =1, x =
128 ,q=2,x =233 ;9 =3, = 338, v.v...

66. Chi din : chi can xdc dinh xem 1 béch chda bao nkiéu
mét khdi, 1 trugng vubng bing bao nhiéu mét vuéng la di. T ds
ta tinh ra chidu cao bling mét.

67. Trong “Ciu chudng thugt toan” duva ra quy tic sau : "Ly
4 {bat), chia cho 3 (46t dudi), goi 1a hd¢ g6 duwdi, ldy 3 (bat), chia
cho 4 (d6t trén), goi 12 he s6 trén. L&y hé s§ dudi (Ién) tru he -s6
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trén (nhd) ta dugc s6 bj chia. RKbi 14y 9 try di nita téng 3 va 4
ta dugc s8 chia. Ldy s6 bj chia chia cho s6 chia ta dvge s6 bat chi

. Lo L 4 1
chénh lgch thé tich cia 2 46t k& nhau. H2 s8 dudi 5 = 15 chinh

1a th€ tich cda 46t thy hai ti dudi lén. T d6 dé dang tinh ra thé
tich cdc dét edn lai".

Theo quy tic d6, c6 thé didn giai nhu sau :

4 3 7
l)g—z="1"§lé higu 30 gida hai hé s6 dudi va trén
2)9 2.3 El‘ s6 ch
g g =g !&s6chia
3)11—1‘ z d & s6 chénh lgch 2 d6t k& nh
12° 2 ~ 66" H chénh lgc nhau

4 1 - "
4) E = 15 (bdt) la thé tich d6t thd 2 t¥ dudi lan.

Céch gidi bai todn nay dugc “hign dai héa” nhu sau : Trudc
hét luu y 1 can bing 16 lang, 1 lang bing 24 phan. Gei x 13 khéi
lugng mdi théi vang, z la khdi lugng mébi thdi bac, ta c6 h@ phuong
trinh : ‘

9x =11z (1)
13+8x+z=10z+x (2)
Bai todn dugc gidi theo phuong phédp “gia thiét tam” (hai fan).

9x1 5

Dhu titn £, = 3, khi d6 z; = — = 3—

u tién x; 6 2 =77 B
“Goi y; la “phan thidu & v& phai”, ta (2) ta 6

v = (£+8.3+2%) - (10.2%+3)

47 5798 49
1116 1116 T 1116

= 27

7
Sau dé x; = 2, khi d6 2z, = 11—l va néu goi y, la “phAn thaa

6 v& trai” ta o6 :
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i3 7 7 15
Vg = (TEJ’ 1ﬁ+8.2) - (10.1H+2) SETRY:
Lap bang theo kifu Trung Hoa :
X2 X
Y2 N
trong 46 cft trdi la “v& trdi” cdn cft phai la “v& phai”.
49 15 ‘
2.——+3.—

116 " "116 _ 15

Taecs: x = 49 +__l5_ -—264
11.6 11.6
Nhu vy x = 2 can 3 lang 6 phan
w5 e X5
- Khi 46 z=£=164

9

Nhu vy z = 1 caAn 13 lang 6 phén.

69. Theo phuong phép gid thiét tam (hai [4n), tdc gid dua
ra quy tic gidi bai todn nay nhu sau : “Gid si sau 15 ngay thi
hai con ngya gip nhau, khi dé phan thi€u la 337,5 dam. Néu sau
16 ngdy mdi ghp nhau thi phin thia l& 140 dim. Liy phan thia
va thifu nhan chéo vdi 88 lugng ngay gid dinh réi chng lai, duge
bac phiéu chia cho téng ciia phan thita vad phan thifu ta xdc djnh
dugc s6 ngay phai tim. N&u phép chia c6 du, k&t quéa 1A mt hén s6”

Sau n ngiy ngya thd nhdt chay dugc :

193+(193 + 13)+ (193 + 2.13) +... +[193 + (n = 1), 13] =

* n(n — 1)
=190 + 13— —— (dam)
Cldng vdi s 'ngay trén ngya thd hai chay duge :
1 1 1
97 + (07- E) + (07 - 2.2) + ...[97 —(n- 1).2] =

_o7n 1 ﬂ;}l(d )
= n—-2. 2 aAm
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Vi viy sau n ngdy t6ng quiang dudng cd hai con ngya chay

dugc 1a

n{n ~ 1) 1 nn-1)
93n + 13. —mm+ 9 - -  ——m =
193n 2 BT g

1
= 290n + Gz(nz - n) (dgm), cing chinh bling bai f4n quing

duding, tuic la 6000 dim. Tu day tim ra duge n.

Bay git ta dién gidi quy tdc 43 néu trén.
: ! L,
Néu n = 15, phan thidu la 6000 — 56625 = 3375 {dam)

Néu n = 16, phan thya 1a 6140 — 6000 = 140 (dam)
Goi x 14 s6 ngay s& gip nhau, thé& thj :

1
15.140+ 16.337
2 5“§§ ( )
*= 1 191 "8
140 + 3375
T day dé dang tinh ra quang dudng mAi con ngya chay dudgc.
70. Bai todn dén d€n giai hé¢ phuong trinh
5x + 2y = 10
2x + 5y = 8
. 13
Pdp 6 : x = gia mbi con trau = 1 21 (lugng)
20
y = gid mdi con ciu = =51 (lugng)

71. Goi x Ia s hodc thée thu duge tr 1 bé lia ning sudt cao
Goi y 14 s6 hoc théc thu dugce tit 1 bé hia nang suéit trung binh
Goi z la s8 hdc théc thu duge t¥ 1 bé lda niAng sufit thdp
Bai todn din d€n gidi h¢ phuong trinh :

3x + 2y +z =39

2x +3Jy+2=134

x+ 2y + 3z =26
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Giai ra ta cé x-

It

9 1 (hoo)
g (e

41 (hoo)
g (e

-
i

z

i

22
4 (hoe)

O day khéng trinh bay 18i giai “gdc”. Song cing can néi thém
la nguoi Trung Hoa trong khi giai bai todn nay bing phudng phap
“Fan-chen” (tam dich la “phan b8”) da bi€t d&n ma trdn va phép
bitn d6i ma tran cda dai &6 tuyén tinh ngiy nay, ching khac gi
quy tic Cramer trong gidi hé phuong trinh tuy&n tinh.

72. Goi x 1a 86 lia thu duge tit 1 b6 lia ning sufit cao

Goi y la s8 ldia thu duge tit 1 bé lda néng sudt trung binh

Goi z la sf lia thu dugc tir 1 bé hia n&ng sufit thdp

2x=1-y
Theo bai ra, c6 h¢ phuong trinh : {3y =1-1z
4z =1-x

Hay dua vé dang chinh téc :
2x+y=1 (1)
y+z=1 (2
x+4z=1 (3)
s
25
7
25
4
. 25 .
73. Tudng ty nhu cdc bai todn trén, dén d&n gidi hé phuong

it

- Dép 58 : x

2x=1+y
y=1+z
4z=1+x
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2x —y=1
Dang chinh téc 1a Jy—~z=1
-x+4z=1

Ddp s¢ Eé‘)
dp s .x—za(yn

1w
y~23(yn

10
Z = (yé'n)

74. Goix, y, z tt.rdng dng la gid cda 1 con triu, 1 con citu,
1 con lgn, ta c6 h¢ phuong trinh :

2x+ 5y =13z + 1000;

Ix + 3z = 9y;
6y + 8z = 5x — 600,
Ddp 56 : x = 1200 (d6ng)
y = 500 (dong)
z = 300 (ddng)
75. Bai todn din dén gidi h¢ gbm 5 phuong trinh tuy&n tinh
v6i 6 d4n s6 nhu sau :
2x+y=m
dy+z=m
j4dz+u=m
Su+v=m
6v+x=m

trong d6 cdc n s6 la x, y, z, u, v, m, thém vao dé, theo yéu clu
cia dau bai thi m dudc chon sao cho cdc s6 nguyén duong x, y,
z, u, v la bé nhat.

Gidi hé¢ nay ta mit ra :

265 191 148 129 _ 16
X ™ YT ™ 2T g™ Y T ™ VT g™

Do d6 cin chen m = 721.
76. Ngudi Trung Hoa c6 d4 bi&t d&€n dinh li Pitago tr rit
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lAu, ma ho goi 1a “dinh If v& canh vuéng va cgnh huyén”. Nhing
ghi chép vd tam giéc c6 cdc canh 3, 4 va 5 cé tx ghn 2200 nAm
trude cong nguyén & Trung Hoa di chung minh didu nay.

Trong cutn “Citu chuong thuét toin”
di dua ra quy tdc @8 giai bai todn nay

nhu sau : “L&y nda canh b8 nudc nhan c-b {—""‘--\ B

vdi chinh né goi I phan dau ; ldy phan R

nhé 1an trén mat nude 1 trugng nhan véi b c

chinh né, dugc bao nhidu 18y phan dau A

tri di né dugc mot s8 du ; roi dem phén . v ,
2a

du nay chia cho hai [an phin nhé 1én mat
nudc, ta cé6 49 shu cla bf nudc ; thém
vao phan nhd lén mat nudc ta cé dp dai Hinh 27

cia cdy say"...

" Theo quy tic trén thi néu ta goi df dai cda canh bé 1a 2a,
chidu dai cay say la ¢ (hinh 27), 4§ sdu cia b€ 1a b thi b va ¢
dugc xdc dinh nhu sau :

2
p s (c — b)?
2(c—b)
a2 + (c — b)?

c=b+ (c - b)= 2 b

1
Thay b—c=1—0;2a‘=lvéotaséc6:

o
]

1
1 5 (trugng)

‘3
c=1 10 {trugng)

Nhung v&n d@ la & chd lam th€ nao ma ngudi Trung Hoa da
¢6 duge quy thc néu trén ? Trong 18i binh ludn vé cudn sdch “Todn
hoc trong chin cuén”, tic gid Luu Hoa da giai thich mét cach
thuy8t phyc vé sy hinh thanh cda quy téc tren. Ong cho réing cic
cOng thic bing 18i trén c6 duge dya vao tri tudng tugng phong
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phi cia ngudi Trung Hoa cf. C6 16

A—————— 3 hp di s dung hinh vé sau day (hinh
N 28).
b2 Theo quy tdc goi 1a “tung - hoanh” _
b{ c-b) b thi ta c6 a2 =c? — b2 T hinh vé ta
lai c6 :
| o a2=c2-b2=(c-b)2+ 2b(c—bh)
(c-b)| blc-b) tir dé
'D' c b=32_(9_b)2
2(c - b)
Hinkh 28

77. Ta giai bai todn nay theo quy

€8

tdc c§ cia ngudi Trung Hoa dva ra, theo M X
ngdn ngd hién dai : I -

Goi x la quang dudng ma B di vé Y z
hudng déng, con y la quang dudng ma f/
‘A di v@ hudng nam (theo dau bai thi
y = 10 (dam)) va z l4 quing dudng ma
A di theo hudng chéo (d6ng - bic) d€ gup
B, titc la theo canh huyén cia tam gidc fink 29
vudéng (hinh 29). '

Khi 46 x2 + 102 = 22 (1)

va Tx = 3z + 10)

tt 46 nit ra z = gx— 10 (2),

thay vao (1) : x2 + 102 = (Zx - 10)2

3
1
hay 2x2-21x=0; x = 10*2" (dam)
7 21 1
theo (2) thi z = g“z—— 10= 145 (dam),
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1 ‘1
Tré loi : A &i duge 145 +10= 245 (dgm)

1
B d4i duge 105 (dam).

78. Ca bai toAn ndy cdng c6 quy thc gidi, duge goi 1a quy thc
“chufin bj sin”. Hifu theo ngén ngd nghy nay nhu sau :

N&u ki hidu x 1a chieu rong cdnh cda, y 13 chitu cao cAnh
cita, d 14 dudng chéo cia cdnh cia thi ta ¢6 he phuong trinh :

42 =x2 +y2
m-=Yy — k
(m & day la chénh lgch gida chidu cao va chidu rong). T diy ta

‘nhap_duqc mdt phuong trinh béc hai :

2x2 + 2mx + m2 - d2=0

" GiAi phudng trinh nay ta c6 .
. m Pf_ m2 — g2

2 4 2
: m,2
£-2(3)

2

+

Xj2 7

m
hay X) 9=~ —2‘ *

Vi x phai 12 s§ dudng nén :
m, 2
2 _o (2
-2 (3)

2

| \/Ez_z(g‘-)z i
Conyseeld:y = 7 . +"2—.

Quy tdc “chufin bj sdn” nay néi lén mot didu thi vi la : dudng
nhu ngusi Trung Hoa cf da bist giai cd phuong trinh bic hai !

_ _m
x= 2

79. Quy téc o8 Trung Hoa gidi nhu -
sau : “s6 bd do duge ti cfng phia bic nhan
vdi hai Tan s8 by di vé huéng tay - 46 la X
6 bj chia. Cong thém s8 bg do tit cng L
phia béc vdi & bp di ra tu cfng phia nam, L 1

ta c6 86 chia. L&y can bc hai ta c6 88 do

cia canh cda tda thanh”. Hinh 30
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Bai todn nay dugc mé6 td trén hinh vé 30.
Theo cdc ki hiéu trén hinh vé, bai todn didn ti gidi phuong
trinh x2 + (k + /) x — 2ki, = 0
80. D€ gidi bai todn, chéc 14 cdc nhi tosn hoc ¢d Trung Hoa
da biet dén sy ddng dang cia cic tam gisc vubng

(hinh 31) :
5 \F c AABF(uAFCD,

AB x
suyra‘ﬁ=‘F—C;x=FC.E
AB (BC - BF)
hay x =T.
E D

Vi the I8 gidi “c6” 1a : “Idy 5 tAc - dudng kinh

Hinh 31 giéng, tri di 4 phan (1 tdc bling 10 phan) dudc bao

nhiéu nhan véi 5 tdc - chidu cao cia cAy sao. Pem

s6 nay chia cho 4 phan thi c6 k&t qud phai tim.

81. Sdch “c6” dwa ra ldi giai sau day :

“Chu vi ddy nbhAn vdi nd, rdi nhan véi chidu cao, chia 1am 36
phén, 14y 1 phan”.

Nhu vAy thé tich hinh nén theo ngusi Trung Hoa cf dugc
tinh theo cong thic :

h ¢2
V=— —
3 4x
d5 gia thi€t = = 3
82. Ngudi Trung Hoa c8 gidi bai todn ndy theo quy tAc sau :
“Nhan chu vi trén vdi chu vi dudi, mdi chu vi nhan vdi nhau,
cong tit ca lai, dugc bao nhidu nhan vdi chidu cap, chia lam 36
phan, 1y 1 phan”.
Nhu vdy, thé tich hinh nén cyt & Trung Hoa cf duge tinh
theo cong thic :

(Cc+ C2 + c)h
N 36
N6 gan ding véi cong thuc hign nay, khi coi x = 3.
h Cc+C2+ 2

V=—,
3 4

v
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83. Quy téc “cf” A8 gidi bai todn 13 : “ldy téng hai canh géc
vuéng chia cho tich hai canh dy, ta ¢ cgnh cija hinh vubng ni
ti€p tinh bing bH”. : o

84. Bai todin c6 thé dugc.mé td nhu hinh vé 32. R6 ring
céc nha bdc hoc Trung Hoa da xét tdi cAc tam giéc
ddong dang : '

ASAD ev AECD, tit d6 rit ra :
As _AD |
CD EC
‘ AD.CD B EC
hay la x = AS = 5C
Thay s§ vao cong thic trém, ta 6 qui tAc bing A D
o1 1a : Hinh 32
1 trugng X 1 trugng

X =

3 téc

“nhan 1 trugng véi né, chia tich dé cho 3 tic thi c6 két qua”
— d6 1a quy tic ngudi Trung Hoa cf dva ra.

85. Xét cdc tam gidc dong dang AAKN va ANLF (hinh 33).

A AR . NL
, Ta d6 ¢6 : —— = ——
oK N KN LF
N, i ~-ND ND-FE
AN I~ hay la = =
B D F C BD DE
Hink 33
(ND — FE)BD

Do d6 x = ND +
o d6 x DE

Coéng thic nay la co s& hinh thanh quy tdc cf dudc ngudi
Trung Hoa dua ra trong tai libu “géc” 13 : “L&y chitu cao cft tru
di 7 tdc tAm nhin, dugc bao nhidu nhén v6i 53 dim roi dem chia
cho khoang cdch t¥ chd ding d&n cbt 1a 3 dim. Sau 46 thém vae
thuong nay chidu cao cia cft dudc k&t qua la chidu cao cla ngon ndi”.

86. Nha toin hoc ldn ciia Trung Hoa vao th€ ki thd III la
Luu Hoa 13 tdc gia cia nhidu tdc phdm todn hec c6 gid tri, clng
la ngudi déng gép nhitu cho hinh hec dng dyng. Ong r&t ndi ti€ng

ra
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trong vigc gidi nhing bai todn x4c djnh khoAing céch, ho#ie xsc
dinh kich thuéc nhitng vAt khong tiép c4n dugc, ma ngiy nay nhang
bai todn 4y dugc x&p vao mén tréc dja hec.

Dégi voi bai todn ndy, Luu Hoa d& gidi né theo quy tdc duge
biu didn biing hai cdng thuc sau :

be be
= + e sy =

d+c d-ec

trong @6 x 1a chi®u cao cAy thong, y 1a khoéng cdch tir cly sdo
ddng trudc dén dBi, a la chidu cao cia mébi cly sdo, b 1a khodng
cdch gida hai cAy sdo, c 12 khodng cdch ti difm nim sau sto thd
nhdt d6n sdo sac cho diém 46 thing hang véi dinh clly sho va
ngon cdy, cdn d la khodng cdch td difm nAm sau sao thi hai dén
sdo thtt hai sao cho di€m d6 thdng bang vdi dinh sio th¢ haj va

ngon ciy (hinh vé 34).
Cing nén biét réing, nhitu bai todn

{[\ khic cia Luu Hoa rét phdc tap. Ong
cho 13i gidi cdc bai todn nay dudi dang
%l&" :’I\ cdc quy téc, chi y&u dya vao visc zét
= cdc tam gisc ddng dang. Do gid trj ¢ng

L b [ d :J dyng cao, cdc bai todn nay duge phé

bién rong rai, khéng chi & Trung Hoa.

X

Hinkh 34

AN PO

An P9 1a nuéc c6 nén vén mink 16n, rdt da dang. Hang ngan
nim trudc cdng nguyén, § An b§, ngudi ta da bist xay dyng hé
thong tudi tiéu, cung cdp nudc cho thanh phé, xay nha ting bing
gach nung. Npusi ‘in b) ti rdt xa xva dd ndm duge nghé thuat
lam 46 g6m, phat trién ngh® kim hoan. R&t nhitu tri thde trong
cdc linh vye ngbn ngd, thién van va cic mén khoa hge khéc ds
dugc tich liy ta thai An Do cb xua.

Céc nha béc hoc An Do 44 dat dugc nhfdu thanh tyu to i6n
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nhét trong Hnh vigc tosn hoc. Ho chinh la ngudi sdng lap ra mdn
86 hoc vh dai s ma sau nay ngudi Hi Lap 44 k& thira va phét
trién. Déng k& nhdt 14 viec ph4t minh ra h¢ d6m thap phén gdm
10 chid s An Do, c6 ci s6 0 — theo tifng An D6 14 “Xunhi”, c6
nghia 13 “khong gl cd”. £6 khong dau tién dugc ki hidu ia ddu
chfm, sau nhitu th€ ki né bi€n thainh mHt vdng tron nbd, nhu
ngdy nay. Khéng ré trong cdc nha khoa hoc An Do ai 1a ngudi
dau tien sd dyng h¢ thp phan. Nhung c6 nhitu cin cd d€ cho
ring h¢ thap phan dugc phét minh vao dau thd ki I, méi dén thd
ki thd II thi s ¢ mdi duge sd dyng.

Nhing nha todn hoc An Do néi tidng nhdt 13 Ariapkhata (cu6i
th& ki I) ; Bramagupta (th& ki thd VII) vd Bkhacara (th& ki XID).

Luu y : nhdng chi din va 1i gidi cdc bai todn cf An DO dau
ding cdc ki hiéu ngay nay.

87, Bai todn nay iy ra t¥ cdo ban Bakhosali, tim dugc vao

. nam 1881 khi khai quat & ving Bakhosali, thugc midn béc An D9.

N6 dugc vi6t trén vo cAy bach dudng vio khodng th& ki II ho@c
III sau CN.
Bai todn dugc gidi bAng quy tdc “gid djnh”, l4p lun nhu sau :
Gid str n s6 bling 1, khi 46 ngudi ddu cing 1 (nén vang) ; ngudi
tht 2 cing 2 ; ngudi thit 3 cing 6 ; ngudi tht 4 cing 24. Téng
o8 phan cing 18 s& 12 33. Bay gis chia 123 cho 33 ta 88 c6 s§ phai
tim — tdc 1a s nén vang ngudi tht nhét di cdng.
88. Theo didu kién bai todn thi :
n+5=
‘n-11= y-'2
Tadﬁmtmxﬂ y-‘i 16 hay 16 = (x + y) (x — ¥)
i+y=8 holic [x+y=16

v_ay x—y='2 ) x—y=1 (I
Vdi h¢ (I)tacé6x =5,y = 3, suy ran = 20

. 17 15 ) 1
Véi hg (II) ta 6 x = ":2—, y=‘?, do don-=67;'.
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89. Bai todn dAn t3i phuong trinh :
1 1 1 1
FEAFLAA C LA
Giai ra x = 15. Viy dan ong c6 15 con ong |

Bai todn nay cia nha toAn hec Sritdokhara s6ng vao khodng
th& ki VI -~ X. Ong Ia tdc gid ciia nhidu bai todn ma sau ndy dugc
phé bién rOng rii.

80. Goi x 12 quing dusng cia mdt thién thach da di dugc
cho d&n khi hai thién thach gip nhau, thé€ thi thdi gian di hét

b
quiing dudng 46 la —. Khi d6 thidn thach kia di dugc mot quing

¥
d—-x
dudng 1a d — x va di hét thdti gian. Ta c6 phudng trinh : S
V2 -
X d—x O
vi B Va O
dvy .
ta dé x = v —
V1T Vg <E

Bai todn ndy Iy t¥ mot cubn sdch cia nha todn hoc An BOE |
n8i ti€ng Ariapkhata. Ong chuyén viét sich v& todn hoc va, thién
vin hoc. Ong 44 dua ra nhitu quy téc v& s§ hoc, dai s6, hinh ho
va lugng gidc rdt cAn thi€t cho nganh thién viin ma trudc hét la
bing s6 thién van. Ong cdn la tic gid cia nhitu bai todn hay,
trong 46 c6 bai todn ndy va bai 91 sau day. |

91. N&u cho n cdc gif trj 1, 2, 8... thi ta c6 diy s6 tam gifc
tuong ung : 1, 3, 6,... chi ¥ ring téng clia 2 s§ hang k& nhau cia
diy s8 tam gidc bao gid cing la moét s§ chinh phuong :

VN

Tn+Tn—l = n?
Ty 1+ Ty g = (n— 1)
Ty + Ty = 32
T, + T, = 22
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Cong nhidng déng thdc nay lai voi nhau ta c6 :
Ty+ 2Ty 1+ Tyt ...+ TP +Ty=02+(n-1)2
+..+932+22 >
> T, 42Ty + T gt . +TY+ Ty =
(n+1)2n+1)
n. 6 -
> 2T, +Ty_1+..+Te+T)=T;+T, +
(n+ 1)2n + 1)
n. o -
n(n + 1)

ViT,=1 vﬂTn=“‘“—2“'— nén

1 +1)@n+ 1) + 3n(n +
Tl + T2 + ...+ Tn= "2_.n(n )( 1 6) n(n 1)
n(n + 1)(n + 2)
. .

92. Gia st ngudi tht nhét c6 s6 46 vat 1a a va cb 8§ tidn
la m, con ngudi thd hai cé g8 d6 vAt 1a b va 88 tidn 1a p. Khi d6
néu ta goi x 12 gid trj cia mot db vét thi ta sé c6 phuong trinh :

ax + m = bx + p,

Hay T+ To+ ...+ T, =

—m
tr 46 rit ra x = .

a-—b
93. Ki hidu d la dudng kinh dudng tron, ta c6 :
B2 s 278 e 3.00(4). Sai s6
4—( ) suy ra it = 295 y & = 3,00(4). Sai

4 day gan 4,3%.

Bai todn nay ldy ra t¥ modt tdc phm todn hoc — hinh hgc
c8 Kn Do “Sulva - Sutra” (tdc 13 “quy téc sgi day thung”). Cufn
sédch 1 ban chi din dac bist V& xAy dyng cdc ban th¥ cing, § d6

"6 nhidu tu litu hinh hoc dng dyng quy gid. Ngudi ta thiy ring
it nh&t vao th& ki thi VIII trudc cbng nguydn, cdc nha bdc hoc
Kn Do da bist dén dinh 1§ binh phuang canh huygn (dinh lf Pitago),
tdc Ja trudc Pitago khd lau. Trong “Sulva - Sutra” dinh i ndy da
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dugc ndu ra. Chinh cufn sdch ndy 44 dua ra qui thc “Katiaina”
(tam djch 14 qui vubng) : “Chia dudng kinh dudng trdn thanh 15
phin bling nhau, 14y 13 phaAn, thi 46 chinh 1A canh hinh vudng c6
di¢n tich bhng di¢n tich hinh trdén”, c6 nghia la d& cap t6i bai
todn ngugc vdi bai todn “cAu phudng dudng tron” cia cdc nha béc
hoc o8 Hi Lap. Quy thc “ Katiaina” la n¢i dung cia bai todn wira
xét & trén.

84. Goi x 12 chi®u cao cia cAy ddn bach lap, h 1a chidu cao
cia cy gly, cobn a va b la 4 dai béng clia né va
hai phia, d l4 khodng céich gitta hai vj tri cia cAy
gy 46 (hinh 35).

h | x T¥ sy ddng dang cla céc tam gidc ta c6 :

e e X a+b+d
8 d b | =

. Hmh 35 x-h d
h(a + b + d) (1

a+b

H

suy ra x =
95. Can chdng minh ring :
ac

-];- = BE, trong d6 BE 1a du¥ng

kinh dudng tréon ngoai tifp

{hinh 36).
ThAy ngay AADB @0 ABCE
nénc:h =BE :a A

bl

ty 46 i BE

. h - *
94. Goi D la dudng kinh dudng A
' trdm, ta cin phdi chdng minh

3: 3

Thit vdy : ACZ=ab (1) \L—/
AB .
AC = = @) 5

2
b=D-a (3
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AB2 AB?
Ti (1), (2), (3) mit raT=a(D - a) hay e +a? = Da (4).

Chia cA 2 v& cila (4) che a, ta 6 diéu An ching minh.
97. Cing voi gié thi€t va hinh vé cia bai todn 96, ta can
phai ching minh : .

1
a=7 (D— VD2 - AB?) ; AB? = 4aD — 4a?

That vAy : d& théy D2 — 4aD + 4aZ = DZ — AB? ;
(D — 2a)2 = D2 — AR2

Td day suy ra ditu phai ching minh. .
, 98. Bkhascara - Acaria 12 nha todn hgc 16i lac An Do vao
th€ ki XII. Ong sinh nim 1114. Acaria c6 nghia 1A ngudi théng
thdi. Bai iodn nay la mdt trong nhidng bai todn cia éng. Ong 44 2
giai n6 bAng phuong phdp gid dinh.

Gia s s6 phdi tim la 3. Khi d6 theo diéu kién dau bai thi O

3x5 = 15, mdt phn 3 cda 1512 5. Do 15 — § = 10 nén dem I
11 1
chia cho 10 ta duge 1, thdm vao —, — va — clia 3 ta nhin duge : =
3'2 4 <L
3 3 17
1+1+“+—""— 2
274" 4 =

S6 nay nhdé hon 68 dding 16 [An. -
Do 46 s6 phii tim 1a 3.16 =
99. Y10 + V24 + V40 + V60 =
=V2+3+5+2V2.3+2V25 +2V35 =
=V(V2+V3+ V52 =V2+Va +V5
Bai todn nay &y ra tit mdt cudn sdch vé& todn hoc clia Bkhascara
~ Acaria, :
100. ‘Ta vist ddng nhét thdc :
[(m2 + n2)x]2 = [fmZ — n?)x]2 + (2mnx)2
va ldy (m? + n%)x 1a 46 di cgnh huydn, cdn (m2 - n?)x va 2mnx
14 46 dai nhing canh géc vubng




Tu dieu kién dAu bai ta cd : .
(m?2 + n2)x = mnxé(m? — n2)
hay m? + n? = mn(m? — n?)x
. m2 + n?
tir do X = ———mn(mz _ )
T day dé dang tinh ra cdc canh clia tam gidc phai tim.
101. Goi h la dudng cao phai tinh, d
la khodng cach gida 2 cAy tre, cbn x va y

la cdc doan & trén d (hinh 38). Quy thc ciia n
Bkhascara ¢6 thé dugc mbé ta nhu sau : x Ihy
d
mn dm dn Hinh 38
h = ; X = ;Y=
m+n m+n m+n

Ditu nay rit ra mét cdch dd dang ti nhdng ddng thic hin
nhién sau :
m_
‘h y h
102. Gia s ngudi thd nhét c6 2x — 100 (rupi) (tien c§ An
D9), con ngudi thd hai c6 x + 100 (rupi). Khi d6 ditu kién cia
bai todn sé duge thdéa mén.
Tu diéu kign thi hai cia bai todn ta ¢ :
62x — 110) = x + 110
Giai phudug trinh nay, rmit ra x = 70.
Vay ngudi thi nhit c6 40 (rupi),
ngudi thd hai c¢6 170 (rupi).
103. Nhan hai v& cia phuong trinh vdi 4a (a = 0) ta c6 :
4a2x2 4 4abx = 4ac
Sau d6 thém b2 vio hai v& cia ddng thuc :
4a%z2 + 4gbx + b2 = b2 + 4ac
Suyra 2ax + b = Vb2 + 4ac
- b+ Vb2 + 4ac

2a

n d
—==:x+y=d
X

Ta day tacd x =

78

VNMATH.COM



Con d6i véi gid tri Am cia nghiém thl Bkhascara nhin xét
ring “con ngudi khéng thich thi gl cdc 6 Am triu tuqng” !

104. Gid s® dan ong c6 2x2 con, ta c6 phuong trinh :
16
2x% =x + ?2 +2

hay 2x2 — 9x = (8,

tr 46 x = 6 va 2z2 = 72.

105. Goi 38 phai tim la x, ta c6 phuong trinh sau :

x3+ 12x = 6x2 + 35 (*)
hay x3+ 12x—6x2 = 35, trit 8 vao 2 vé& :
x3+12x-6x2-8=27; (x—2)% = 27

Dodéx — 2 =3; Vayx = 5.

Thyc ra phudng trinh (*) con cho hai nghi¢m 4o nita, nhung
Bkhascara khong xét d&n.

Ngoai ra phuong trlnh (*) c6 th8 duge bién Aa6i £ tré thanh
x-5)(x2-x+7 =

T A4y cdng rit ra du!qc X = 5, nghiém ac¢ mit ra tif phuong

trinh x2 - x+7 = 0.

106. x% — 2x% - 400x = 9999
o x1 - 1123 + 1153 — 121x% + 119x% — 1309x + 909x— 9999 = 0
ox3x - 11) + 11x%(x — 11) + 119x (x—-11) + 909 (x — 11) = 0

o (x—1D)E3+ 11x2 + 119x + 909) =
Ta day nhan dugc 2 phudng trinh :
x—-11=0 va x3+ 11x% + 119z + 909 = 0
Gidi phudng trinh dAu, ta ¢6 x = 11, 1a nghiém ma Bkhascara
da chi ra. Nhitng nghidm cda phuong trinh thd hai 1A phuong trinh
bic ba, Bkhaseara khéng xét dén. Bay gity ta tim nghiém cia phuong
trinh thid hai nay : '

x3+ 11x2 + 119x + 909 = 0
o x3+9x2 +2x2 + 18x + 101x + 909 = 0
o x2(x+9) +2x(x+ 9 +101 (x+9) =
o (x+ 9x2 + 2x + 101) =
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Tua day ta nhdn dugec x = — 9 va hai nghiém do nita.

107. Gei d 1a 4 dai dudng kinh CD, a la diy cung d4y AB

‘cia vién phAn, x 1A chitdu cac CE phai tim
2

a
(hinh 39) thi : ';"=x(d-x) =xd - x2
X B 32
hay x2—xd+z =0
_dt\/dg—aE
x——2 ;
d + Va2 - a2
Hinh 39 = 2 ’
d~ Vd2 - a2
x2='—2—‘.

108. Phuong trinh di cho tudng dudng véi phuong trinh :
x—-b)(y —a) =ab + ¢
PE€ x, y httu ti, cAn 4t x = b + n khi 46 :
ab+ ¢

n
109. Céc nha toén hoc An D da sk dyng phuong phép suy
lun dbc ddo, duge dp dyng rdng rai goi 1a “quy téc dio” hay “quy
tic ngugc”. Thyc cht cla suy ludn nay 1a nfu cAn tim moét s6
méa sau khi thyc hién mot loat cdc phép tinh s& din t8i mot sd
da biét thl ti s6 46 thye hién theo trinh ty ngugc lai véi phép
tinh ngude.
Chéng han v6i bai todn nay, b4t dAu tX 86 2, thyc hign céc
phép todn ngugc theo the ty nguge lai :
(2.10-8)2 + 52 = 196 ;

y=a+

84 ;84 :3 =28

]

_ 3 4
v196 = 14; 14.—2—.7.—

7
Véy s6 phdi tim la 28. _
110. Ki hitu s khi 1a x, (x > 0), bAi todn din Ad6n gidi

phuong trinh :

x2
—+0x+12=0x2 +x + 0
64
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Rit gon ta c6 x2~ 64x = — 768

them bdt 322 . ‘
x2 - 64x + 322 = — 768 + 1024

hay (x-32)2=<162
x—32==x16

Vay x = 48 va x = 16 ddu 1a nghi¢m.
111. Bai todn dfin d&n gidi phuong trinh :

X 2
(———3) +1=x
b
Gidi ra cé nghiém la x; =50 va x5 = 5.

1
Bkhascara nban xét riing 3.5 — 314 86 Am nén ta chi Iy nghiém
x = B0,
112. Theo dau baij, néu goi x 14 88 mii tén thi ta o6 :

§+4\/;+6+3+1=x

dén d€n phuong trinh x2 — 104x + 400 = 0,

tr 46 x = 52 = V522 — 200

hay x = 52 + 48

Nhu vy c6 hai nghigm la : x)=100; x5 = 4.

Nhung theo ditu kign cia bai todn chi o6 nghigm x; la chdp
nhin duge. ' '

113. Bai todn dAn tdi giai phuang trinh :
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1
X = 10\/;+—8x+6

trong 46 x 1a s§ s8u cia dan s&y.

Dat u = Vx sé c6 mot phuong trinh bac haj :
Tu? — 80u—48 = 0

S# dung cong thdc eda Bkhascara, tim dugc

80 + V6400 + 1344
u=

14
X 80 +88 168 9
v T e T

81



Do 46 x; =u? = 144.
Con nghiém thit hal, Bkbascara khong 4y vi ding véi gid tri

am cda u, hon nda x khong nguydn, khong phd hgp véi thyc t&.

114. Bai todn cé thé duge méb ta bing hinh vé 40 :
1
BC = E (thudée) ; BD = 2

(thudc). Ta pbai xdc dinh AB, goi
14 x. Tu 46 din d&n phuong trinh :

1,2
T = 2 2
(x+2) x4+ 2
1
Tl‘l’dﬁydéntﬂix+;=4

3
dodéox =3 Z {(thudc)

Hinh 40

3
Tra 15i : ho sdu 3 Z thudc.

115. Bai todn dugc mé té bing hinh vé 41 : ciy dudng bj
giy 0 didm C véi AC = 3 (thudc), AD = 4 (thudc).

AB = AC + CD
= AC + VACE + AD? e
-3+V8+16=3+5 Y,
= 8 (thudc) 4 >4’4,
Vay ciy duong cao 8 thudc. o4 L ..‘.'f
116. Theo “quy tdc ddo”, bt %Nl 4
dau tir s6 4, ta cd : 1\\3
Vi=2;2+1=3;3=09 .
g -6=25;35=15
15:3 =25 _%Q;__

Vay s5 phai tim 1a 5.
Quy tic nay dugc s dung rong
rai, khong chi & An D ma con duge
dang & vuong quéc A Rép va sau .
d6 & chau Au. Hinh 41

- 82
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117. Hay ding ki higu ngay nay d€ xem ngudi An.Do of gidi

phudng trinh Pell nhu th& nao. Trude tidn ding cdc s6 b&t ki

X1,Y¥1,Xg,yy 48 xdc dinh cdc s8 by, by sao cho cic ddng thic sau
dugce théa man

ax} + by = yi ;

axf + by = y3.
hay ﬁ—ax¥=bl;'

¥5 — ax§ = by,

Rbi nhan hai phuodng trinh nay vdéi nhau :
(®x%y + y1y2)? — a(x;¥3 + x9y7)2 = byb,.
Sau khi datxy = x, ; Y2 =y; thi by = by, diAn d&n phuong trinh :
a(2x;y1)% + b? = (ax? + y})2
Chia 2 v& cho bf :

9
(2313’1 2 axy + y7, o
a 1 n
by b,
231Y1 ax% + y%

Ti d6 X =
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Nht vy cic nha bdc hoc An D9 thu duge nghism hitu & thea
mén phuong trinh Pell. Bing cdch cho X1, ¥, nhing gid tri tay v,
d6i khi hg cding thu duge nghi¢m nguyén dudng.

118. Can chung minh : a2+ b2 = D2 va o2 + d2 = 2
d6 D la dugng kinh dutng tron ngoai tiép
t¢ gidc (hinh 42). T4 xua, theo Acsimet
thi m2 + n2 + p2 + g2 = D2,

theo dinh Ii Pitago thi :

m2+p2=a2; n2+q2=b2

t d6 suy ra a + b2 = D2,

Tudng ty suy ra 2+ d2= D2,

trong
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