Thang 08 — 2007...Pham Kim Chung

Hé phuong trinh

I. Hé phuong trinh dang hodn vi vong quanh.
& Bail. ( Déthi HSG quoc gia nam 1994)
x3+3x—3+1n(x2—x+1):y
Giai hé phuong trinh : y3+3y—3+1n(y2—_y+1):z
Z’+3Z—3+ln(22—z+l): X

Gidi :
Xét ham s0 : f(t)=t3+3t—3+ln(t2—t+1)
Taco: f()=30+1+ 20 - >0, VxeR
£—t+1

Vay ham s6 f(¢r) dong bién trén R. Ta viét lai h¢ phuong trinh nhu sau :

f(x)=y

f(y):z

f(z =X

Khong mit tinh téng quat, gid st: x=min{x y 2. Lic d6 :
f

t
XS<y= ( )< f(y):>_y<z:> f(y)S f(z):>z£ x.Hay : x<y<z<x=x=y=2z
V6i: x=y=z,xét phuong trinh : )9+2X—3+1n(x2—x+1):0
Do ham 6 : ¢(x)=x +2x-3+In(x*—x+1) déng bién trén R nén pt c6 nghiém duy nhat :

x=1.
Vay hé phuong trinh ¢6 nghiém duy nhat: x=y=z=1.

& Bai todn tdng quat 1 . Xét hé phuong trinh c6 dang

f(x,)=e(x)

Néu hai ham s6 £ va g cing tang trén tip A va (x,x,....x,) 1a nghiém cua hé phuong

trinh , trong do xe€A Vi=12,..n thi X=X =..=X,.
Chitng minh :
Khong mdt tinh téng qudt gid sit: x =min{x, x,..., x,} .

Licdétacod: x <x,=f(x)< f(x)=>g(x)<g(x)=>x<x.=x<x.
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Vay: x <x <..<x, <x
T dosuyra: x=x=..=x,.
= Bai2.
( 1 25+
— — y
4
1 2y 4y
< — =Z
4
Giai hé phuong trinh :
22+7
|
— =X
(4
Giai:

Vi v€trdi cua cac phuong trinh trong hé déu duong nén hé chi c6 nghiém :

x,¥,z>0.
) B 1 2847
Xét ham so : (t)_ Z ,taco:

20 +7
f'(r)=—(2In4)(37 +t).G) <0, Vt>0

Vay ham s6 f(r) nghich bién trén khoang (0; +oo).
Khong mit tinh téng quat, gid st : x=min{x,y,7. Lic d6:

XS<y= f(x)z f(y):>_y22:> f(y)S f(z):>z£x:>x=z:> f(x): f(z):>_y:X.

Vay hé phuong trinh c¢6 nghiém duy nhat: x=y=z= %
« Bai todn tng quat 2 . Xér hé phuong trinh c6 dang (voi n 1é):

Néuham so f gidm tréntip A , gtang trén A va (x, x,.... x,) la nghiém cua hé phuong
trinh , trong do x.e A Vi=12,..n thi x=x,=..=x VOi n Ié.
Chitng minh :



Khong mit tinh téng qudt gia st : x, =min{x, x,..., x,} .

Lic dotaco:
X, SX2:>f(Xl)Z f(xz):>g(xz)2g(x3):>X22X3...:> X, <X, = f(Xn)Z f(Xl):>Xl 2 X, .
= X =%

Tx dosuyra: x=x=..=x,.
= Bai3.
(X—l)2 =2y
(y—l)2 =2z
Giai hé phuong trinh : ( 7-1Y =2¢
(t-1) =2x
Giai :

Vi V€ trdi cta cdc phuong trinh trong hé khong am nén phuong chi cé nghiém :
X, Y,zt>0.
Xéthams6: f(s)=(s—1),tacé: f(s)=2(s—1). Do d6 ham s6 tang trén khoang
(1; +o0) va giam trén [0; 1] ( Do f(s) lién tuc trén R ).
Khong mat tinh téng qudt, gid st : x=min{x yz¢.
+ Néu xe(l;+o)= xy,zte(l; +»), do d6 theo bai todn tong quat 1, h¢ c6
nghiém duy nhit:  x=y=z=r=2+3.
+Néu xe[0;1] =0< f(x)<1=0<2y<I,hay ye[0;1], twong tw = zre[0; 1].
Vay X,y,z,te[O; 1].D0 détaco:
XS<y= f(x)z f(y):>_y22:> f(y)S f(z):>z£x:>X:Z.
V6i x=z =>f(x)=f(z)= y=t.
2 x—1) =2
(x=1f =2y _ ( X:)y y@x=y=2_ﬁ
jud
Vay hé phuong trinh di cho c¢6 2 nghiém : x=y=z=r=2+/3 vd x=y=2-43.

Lic d6 hé phuong trinh tr¢ thanh : ,
( y— 1) =2x

« Bai todn t6ng quat 3 . Xér hé phuong trinh c6 dang (voi n chin):




Néuhamso f gidm tréntip A , gting trén A va (x, x,.... x,) la nghiém cua hé phuong
X =X,=..=X,_,

X2:X4 :...=Xn

trinh , trong do x.e A Vi=1,2,..,n thi { voi n chdn .

Chitng minh :
Khong mit tinh téng qudt gid st : x, =min{x, x,..., x,} .
Lic dotacod:.

X <X = f(xl)z f(xS):g(xz)Zg(x4)

=X 22X,

= f(XZ)S f(x4):>g(x3)£g(xs)

()= e(n)2e(u)= x> &
Vay @ x<x<..<x, Sx=2X=X=.=X,, 5 L2X2..2X2X =X =X =..=X,

Phan bai tap iing dung phuong phap

2X —7xX +8x-2=y
& 1. Giai hé phuong trinh : 2y -7y +8y-2=2z
27 -1Z7+8z-2=x
@ 2. Ching minh v6i mdi ae R, hé phuong trinh :
X=y +y+a
Y =7Z+z+a ¢6mot nghiém duy nhat .
Z=X+x+a
X =y+a
@ 3. Cho hé phuong trinh : Y =z+a
7 =x+a
Tim a dé hé phuong trinh chi c6 nghiém vdi dang x=y=z.
& 4. Giai h¢ phuong trinh :
X, =3x +2=2x,
)(32—3)(2 +2=2x,

@ 5.Cho n lasonguyénlénhon 1. Tim a dé€ hé phuong trinh :



Giai.

X, =x,—4x, +ax,
X, =X, —4x, + ax,
c¢6 moOt nghiém duy nhat .

X, =x, —4x +ax,

X, =x,—4x +ax

6.Cho n lasonguyénlénhon 1 va a=0.Ching minh hé phuong trinh :

X, =x,—4x, +ax,

X, = x33 —4x, + ax,
......... c6 nghiém duy nhat .

=x, —4x +ax,
X, =x,—4x +ax

7. Chtng minh v6i méi ae R, hé¢ phuong trinh :
X=y+y +yta
Y=72+7Z+z+a c6 mot nghiém duy nhat .
Z=xX+X+x+a

i. Hé phuong trinh gidi dugc bang phuong phdp lugng gidc hoa.

1. Giai hé phuong trinh : %¢—fﬁwhf:1 (1)

(l—x)(l+y)=2 (2

pK: [ 7¥ 20 [l
-y 20 []y=1

Dat x=cosa; y=cosp V6i a.B€[0; x|, khi d6 h¢ phuong trinh :

cosa.sinf +cosf.sina=1 a+pf= r
= 2

=
(l—cosa)(1+005ﬁ)=2 sina —cosa —sina.cosa —1=0

1-7

bat r=sina —cosa, |t| < \/5 = sin¢.cosa :T

Khi détacé: t—%—1=0<:>t2+2t—3:> t=1
x=0

V6i t=1,tacé: Vasin|a-2 |=12a=-2=p-0=
4 2 y:]

Néu : |X|S a(a>0), tadat x=acosa, voi ae|0; r]




\/E(X—y)(l+4xy)=\/§ (1)

# 2. Gidi h¢ phuong trinh : {xz +y =1 (2)

Giai . Do X¥+y=1= x,ye[—l; 1] .Pat x=sina, y=cosa v6i «a e[O; 277].
Khi d6 (1) <:>\/E(sina—cosa)(l+23in2a):\/§

= \/E.x/zsin(a —%j.Z.(sinZ(x +%) = \/§ = 4sin(a —%)(sinZ(x +sin %) = \/g

< 8sin a—z sin a—l cos a—l =\/§ < 4cos a+£ cosz—cos 205—Z =\/§
4 12 12 12 3 6

< 2c0s a—l —4cos a—l cos 205—Z =\/§
12 12 6

< 2c0s a—l —2| cos 305—Z +cos a—l =x/§ < —2c0s Sa—z =\/§
12 4 12 4
_ g0 0
005(305—%):—@@{&_ 357+ K120 (ke R)

2 a =65+ k120°
T d6 suy ra hé¢ c6 6 nghiém (X, y) = {(sin65°, cos65°),(—sin35°, cos35°), (sin85°, 005850),
(—sin5°, —cos5°),(-sin25°,—cos25°), (sin305°, cos305°) }

Néu: ¥ +y =a(a>0), taddt x=+asina, y=+Jacosa, V0 « €[0; 27]
2x+ X y=y

& 3. Giai hé phuong trinh : 2y+Vz=1z

27+ ZX=X

Giai: Tu cac phuong trinh cia hé , suy ra: x,y,z=+1. Do d6 tacé :

2x
y=—s
_ 2y

2z
=1z ¥

it bat x=tga Voi ae(—%;gj (4) vasaocho tea, te2a, tgda =+l (5).

Tuong tu bai 2. Hé phuong trinh c6 7 nghiém
2kr 4k

kr
X=1g—, y=tg—, z=1tg—— |, k=0, t1,...,13
( g7 y=1 7 4 7 ]

Vi moi s6 thuc x co mot s6 o voi a (—g; gj sao cho x=tga




x-32x-3z+2 =0
y-3xXy-3x+x =0

& 4. Giai hé phuong trinh :
z-3yz-3y+y =0

Giai. Viét lai hé phuong trinh du6i dang :

X(1—322)=3Z—23
y(1—3xz)=3x—x3 (D
A1-3y")=3y-»
Tir d6, dé thdy néu (x,y,z) 1a nghiém cua hé da cho thi phai cé x, y, z = J_r—3. Boi theé :
3z-7
= 1
137 @

3x— X
M e {y=225 @ an

Nl A
d ”] (4) vasaocho tga, tg3a, tg9a¢i% (5).

1-3y

biat x=tga V61l ae ;
2 2

Khi dé tr (2),(3),(1)s€cod: y=tg3a, z=tg9a va x=tg27a
Tur day dé dang suy ra (x,y,z) 1a nghiém ctua (II) khi va chi khi y=tg3e, z=tg9a,
x=tga , V61 a duoc xdc dinh bdi (4), (5) va  tga =tg27a (6).
Laicé: (6)< 26a =kr(ke 2)
Vi thé « thoa man dong thoi (4) va (6) khi va chi khi « :1;—7; vGi knguyén thoa man

: —12< k<12 . D& dang ki€ém tra duoc ring, tat ca cdc gid tri o dugc xdc dinh nhu vira

néu déu thoa man (5).
Vay tém lai hé phuong trinh da cho c6 tt ca 25 nghiém, d6 la :

ke 3k 9k
X=tg—, y=tg—, z=tg—— |, k=0, +1,..+12
( 267 7T 86 T8 26]

& 5. Giai hé phuong trinh :

3(X+lj = 4(y+lj = 5(z+lj

X v z
xy+yz+zx=1

Giai. Nhan xét : xyz=0; x,y,z cung dau . Néu (x,y,z) la mot nghiém ctia hé

thi (—x,— y,— z) cling 12 nghiém cta h¢, nén chiing ta s& tim nghiém x, y,z duong .

bat x=tga; y=tgf; z=tgy (0<a,ﬁ,l<90°).



1 1 1
He 3(tga+tg—aJ—4(tgﬁ+@j—5(tg7+aj (1)

tgatgf +tgftgy +tgytga =1 (2)
2 2 2
(1) &3 l+tg o _4 1+tg _s 1+tg7y <:>‘3 :‘4 :‘5
tea tgf tgy sin2a  sin2f8  sin2y
(tga +tgﬁ)

T (2) suyra: tgy(tga+tgB)=1-tgftga = cotgy = =tg(a+p)

1-tgftga
:tg(%—y}=tg(a+ﬁ)<:>a+ﬁ+y=%.

3 4 5
Do sin2a  sin2f3  sin2y

nén 2a,2B,2y la cic géc cua mot tam gidc c6 s6 do 3
O<0¢,[3’,7/<£;0¢+ﬂ+7/:Z

2 2
canh 3,4,5. Do tam gi4c c6 3 canh 3,4,5 1a tam gidc vudng nén
2y=90°=>y=45" = z=tgy =1

tg2a = 2tga _§© 2x —§:>x—l
9T ig%a 4 T 1-x 4 3

2tgp 4 2y 4 1
t2 = = — < = — = = —
9P =TT 3T 1oy 3 Y2

Tuyén tap cac bai todn hay

II . Hé phuong trinh 2 4n.

8
& 1. Gidihe phuong trinh: | ¥ 7Y g1 M

X+ Y +xy-3x—4y+4=0 2)
Giai : Gia str hé phuong trinh c¢6 nghiém . Ta thay (2) twong duong véi :

X +(y—3)x+(y—2)2 =0

Dé phuong trinh nay c6 nghiém d6i v6i x ta phai c6 :
A=(y-3) —4(y-2) 201 SyS% 3)

Mait khdc phuong trinh (2) ciing tuong duong v6i :  y* +(x—4)y+x —3x+4=0

Dé phuong trinh nay c6 nghiém d6i v6i y ta phai c6 :

A=(x—-4) ~4(X -3x+4)20&0< XS% 4)
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T G)vi(@) tac: x'+y s%+%=%<%,kh@ng thoa man (1).

Vay hé phuong trinh da cho vo nghiém .

& 2. ( Dé thi HSG Quoc Gia nam 1995-1996.Bing A )
\/37)((1 +Lj =2

X+ y
i)
X+ y
& 3. (Dé thi HSG Quoc Gia nam 1995-1996.Bing A )
Hay bién luan s6 nghiém thuc cta hé phuong trinh véi 4n x, y :
Xy-y'=a
{)«2)/+2)(y2 +y =b
Giai . Diéu kién c¢6 nghia cia hé : x, y e R.
Viét lai hé duéi dang :

{y(fﬁ)wz (1)

Wxey) =0 (2)

Giai hé phuong trinh :

Xét c4c truong hop sau :
* Truong hop 1 : b=0 .Khido :

y=0
| {y(f—f)wz .
y=—x

y(x3—);):32 (H)

(2)@{)/:0 vadovay: Hé dacho «
y=-x

. =—X
C6 (1) @{_yzx4 s
Tudo: + NEu a=0 thi (I) va (IT) cung vo nghiém, dan dén hé vo nghiém .
+ Néu a=0 thi(I)c6 vo s6 nghiém dang (xeR, y=0), con (II) c6 duy nhat
nghiém (x=0, y=0). Vi thé hé da cho c6 vo s6 nghiém .
* Truong hop 2: b=0 . Khi do, tir (1) va (2) dé thdy , néu (x, y) 1a nghiém cua h¢
da cho thiphai cé x, y>0 . Vithé (2)< X:ﬂ—y (3)-

Jy
Thé& (3) vao (1) ta duoc : y{{%y) y*]:a2
Y

bat \[y=t>0. T (4) ta c6 phuong trinh sau :
3
z{(@f} t6]=32<:>t9(|b|l3)3+32t=0 (5)
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Xéthamso : f(6)="¢ —(|b|—t3)3 +a’t x4c dinh trén [0;+0) ¢6:
£(1)=9¢+9(|ff~£) £ +a* 20, Vre[0; +).

Suy raham s6 f(¢) dong bién trén [0; +), va vi thé phuong trinh (5) c6 t6i da 1

nghiém trong [0; +o0) . M2 £(0)=—|8[ <0 va f({/ﬂ) =|8[ +|#{a* >0, nén phuong

trinh (5) c6 duy nhat nghiém, ki hiéu 1a ¢ trong (0; +o0). Suy ra hé¢ c6 duy nhat

nghiém [x:@—toz, y:ton .
0

Vay témlai: + Néu a=b=0 thihé da cho cé vo so6 nghiém .
: +Néu atuyy, b=0 thihé dacho cé duy nhat nghiém .
+ Néu a=0,b=0 thi hé da cho vo nghiém .

2X +xy—y =1
X +xy+y =m

Gidi. + VGi y=0 hé trd thanh {if =1 . Hé c6 nghiém khi m=%

& 4. Tim tit ca cdc gid tri cha m d€ hé phuong trinh : { (1) c6 nghiém .

=m

+ VG6i yz0,dat Z=r¢, he trd thanh
y
1
20 +t—1=— 1
20 +t-1=—
Y o y )
t2+t+l=§ t2+t+1:m(2t2+t—1)

Vay h¢ PT (1) cé nghiém (x, y) khi va chi khi hé PT (2) c6 nghiém (¢, y).
t<-1

Xéthe (2), tit 27 +1-1=— suyra 2/ +1-1>0<| | .Dodéhe (2) cé nghiem (. y)
t>—

y
m= 3= L c6 nghiém te(‘w’—l)u(l’“oj.Xéthém s6 f(1)= C+i+1 e khodng
20 +1t-1 : > Yo
(_w’—l)U(lﬁoo] .Taco: f‘(t):_tzL”zz’ f‘(t):oc{t:%_‘ﬁ
2 (2t2+t—1) l‘=—3+\/7
Lap bang bién thién :
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o0 N 3-7

1
t o
(1) - 0 +
+
£ \ / / \
1
14+5y7 —~o0 —~o0 2
2841147
Nhin vao bang biéh thién ta thay dé he 6 nghiem : ms 14* N7
28+114/7
(2+3y)=1 1
& 5. Giai hé phuong trinh : X (243y) (1)
x(y¥-2)=3  (2)
Gidi. Ro rang néu y=3/2 hé vo nghiém.
V6i y=32,tir (2) suy ra x=%,thayvéo(1)tacé:
27(2 81(8y° +6y +2
M_l (3) . Xétham so : f(y):M—l,tacé' f(y)=- (y*+ y23+ )
(v -2) (v¥-2) (¥-2)

Suyra: f(y)=0<c y=-1
Ta c6 bang bién thién :

Yy —0 -1 %/E ~+00
() r 0 - :
0 o0
£(y) / \ \

Nhin vao bang bién thién suy ra pt(3) khong c6 nghiém trén cic khoang (-oo;—1) va
(—1; %/5 )
Phuong trinh ¢6 1 nghiém y=-1 va 1 nghiém trong khoang (%/5 +oo)
D& thdy y=2 Ia I nghi¢m thuoc khodng (2, + ).
Vay h¢ phuong trinh da cho ¢6 2 nghiém : (-1;-1) va G 2).
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& 6. ( Dé thi HSG Quoc Gia nam 2004 —Bing B)

X +3xy° =-49

X —8xy+y =8y—17x

& 7. ( Dé thi HSG Quéc Gia nam 1998-1999 —Bing A )

(1 +42x—y).51—2x+y -1 +22x—y+1

Giai hé phuong trinh sau : {

Giai hé phuong trinh :
f+4x+1+1n(y2 +2x):0

Giai . bK: y+2x>0
bat r=2x-y thi phuong trinh thit nhat cua hé tré thanh :
t t+1
(1+47).57 =142 St _I+2°
5° 5

Vé& trai la ham nghich bién, v€ phai 1a ham dong bién trén nén t=1 1a nghiém
duy nhat cua (1).
Vay 2x-y=1= x= YTH th€ vao phuong trinh tha hai cua hé ta dugc :
y +2y+3+1n(y2 +y+1):0 (2)
V& trai 1a ham dong bién do d6 y =-1 la nghiém duy nhét cta (2).
Papso: x=0, y=-1.
& 8. ( Dé thi HSG Quoc Gia nam 2000-2001 —Bdng B)

\/7x+_y+ \/2X+_y: 5

22X+ y+x—y=2
Y Y

Giai hé phuong trinh : {

Giai : DK c¢6 nghia clia hé phuong trinh : min{7x,2x}>-y

Thé vao (3) suy ra nghiém ctia hé 1a: x=10-+/77, y=

bat: (J7x+y=a va 2x+y=b . Tuhé phuong trinh da cho ta c6 hé :

{a+b=5 (1)

b+x—y=2 (2)

Nhan thy : a2’ -5 =5x . Kéthop v6i (1)suyra: b= (S;X) , thé vao (2) ta duoc :

5%X+X—y=2<::>x=2y—l (3)
The (3) vio (2) ta c6 : 53— + y—1=2= y= L=YT7

2

11-77
o

@ 9. Cho hé phuong trinh 2 4n X,y :
k(x2 +3/F+%/?+1):yx
k(%/?+x2 +%/?+1)+(k—1)%/?:2y%/?
1. Xac dinh k dé hé phuong trinh ¢6 nghiém .

12



2. Giai hé phuong trinh v61 k= 16.
& 10. ( Pé thi HSG Quoc Gia nam 1995-1996 —Béng A)
ﬁ.(l o] J= >
X+y

Giai . PKconghiaciahé: x>0, y>0va x+y #0.
Dé thdy , n€u (x,y) 1a nghiém ctia h¢ da cho thi phai c6 x >0, y>0 . Do d6 :
( 1 J 2 1 1 22
1+

X+y -

Giai hé phuong trinh :

P
X+y

= = 1
N Py e oA
=
(1_ 1 J:ﬂ 1:L+& 2)
x+y) Ty NN
Nhan (1) véi (2) theo vé€ ta duoc :

L=L—i<:;>21}(y=(X+y)(7y—3x)<:>(y—6x)(7_y+4x)=0<:>y=6X (vi x>0, y>0)

Hé¢ da cho &

Thay vao (2) va giai ra ta dugc : x
bt.

= 112‘:\/7, y= 22 +78ﬁ Thtr lai ta thady thoa man yéu cau

Iii. HO ph--ng trxnh 3 En.

@ 1. ( Bé thi HSG Tinh Qudng Ngai 1995-1996)
Y —6x +12x-8=0
Giai hé phuong trinh : 7 -6y +12y-8=0
X —67+12z-8=0

12X —48x+64 = y
@ 4. Giai hé phuong trinh : 12y —48y+64 =7
127 —482z+64 = X
X’ +y =1890z+ 7™
& 5. Giai hé phuong trinh : Y+ 7 =1890x+ x*'
22+ X =1890y+ y™
Giai . Ching ta s€ chiing minh hé phuong trinh trén c¢6 nghiém duy nhit x=y=2z=0.
Gid stt (x, y, z) la mot nghiém ctia hé phuong trinh khi d6 (-x,— y, — z) cling la mot
nghiém ctia hé phuong trinh , nén khong mat tinh tdng quat ta c6 thé gia thiét : c6 it

13



nhat hai trong ba s6 x, y, zkhong am. Vidu x>0, y>0. Tu phuong trinh thit nhat ta
suyra z>0 .
Mat khac néu 0<u<1 thi 1890+ >2> v +u'

Néu u>1 thi 1890+ ™ > 1+ > 2™ =24 > u'* + u*
Do d6 1890u+ ™' > u® +u’ v6i moi u>0.
Bo6i vay néu cong tung v€ cia HPT ta suy ra x= y=2z=0.dpcm

% 6. Tim diéu kién can va d cia m dé hé phuong trinh sau c6 nghiém duy nhat :
X :(2+m)y3 -3y +my
v :(2+m)z3 -3z+ mz
7 =(2+m)x’ -3x+mx
& 7. ( Dé thi HSG Quoc Gia nam 2004 —Bang A )
X + X(y— 2)2 =2
Giai hé phuong trinh sau : { ' + y(z- x)’ =30
z +Z(x—_y)2 =16

x+1):2(_y3 X)
« 8. Giai hé phuong trinh : y+1)=2(7-y)+1
+1) 2(}«3 Z)
Gidi.  Viétlai hé da cho duéi dang :
X+xX+2x=2y" +1 f(x)=2(y)
V+y+2y=27+1 hay f(y):g(z)
Z2+7+2z=2x +1 f(z):g(x)

Trong d6 f(f)=£+7 +2¢t va g(¢)=2¢ +1. Nhan xét rang g(f), f(£) la ham
dong bientréen R vi : f(¢)=37+21+2>0, g(¢)=61 20, VreR.
X=

Suy ra hé da cho tuong duong véi hé : {h( < 0 (4)
Trong d6 h(f)=¢-¢-2¢t+1.Nhanxétrang h(¢) lién tyc trén R va :
h(-2)<0, h(0)>0,

h(1)<0, h(2)>0 nén phuong trinh h(r)=0 c6 ca 3 nghiém phan biét déu nam trong

(-2:2)

bat x=2cosu, ue(0; 7). Khidé sinu=0 va (4) c6 dang :

X:y:Z:ZCOSU, UE(O; 7'[) ha X=y=Z=2COSU, UE(O; 7'[)
8cos’u—4cos’u—4cosu+1=0

sinu(8cos3u—4coszu—4cosu+ 1) =0

Hay {X=y= z=72cos, ue(O; 71) (5).

sindu = sin3u
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X=y=z=2cosl, ue(O; 71)
va T 3m Snm
ues—; —; —
77 7

& 9. Tim tat ca cic bo ba s6 duong (x, y, z) thod man hé phuong trinh :

T 3n Srx
7 7

Giai hé phuong trinh (5) ta thu dugc we {7; ==

200 =yt
27 = F ok
270 = ¥4y

Giai :
Gia sir (x, y, z) 1a mot bo ba s6 duong thoa man h¢ PT da cho . Khong mat
tinh téng quét , gia st 0< x< y< z. Nhu vay :
{me‘ =y +22x+x° j{x”o“ > x° j{le
272 =X+ <P+ 7 7™M < S z<1
Ddo lai, dé thdy x=y=2z=1 la moOt bd ba s6 duong thoa man yéu cau bai toan .

=>x=y=z=1

@ 10. Tim diéu kién cia m dé€ h¢ phuong trinh sau c6 nghiém :
X +y -7 +xy—yz—zx=1
V+Z+yz=2
X +7Z+Xxz=m

X -x'+2xy=2

# 11. Giai hé phuong trinh : Y-y +2yz=2

7 -7 +27x=2

X (¥ +3y+3)=3y

@ 12. Giai hé phuong trinh : )/3(22 +32+3)=322

i(f +3x+3):3x2

& 13.Tim tat ca cac so thuc a sao cho hé phuong trinh sau c6 nghiém thuc x, y, z:
{\/X—1+\/y—1+\/z—1 =a-1

\/X+1+\/y+1+\/z+1 =a+l1

Giai. DK: x>1, y>1, z>1
Hé phuong trinh tuwong duong véi hé phuong trinh :

(\/ﬁ+m>+(\/y—l+\/y+1)+(\/z—1+\/z+1):2a
(m—m)+(\/y+l—\/y—1)+(\/z+l—\/z—1):2
Dit u=Vx—1+Vx+1 5 v=Jy—1+y+1 ; s=Jz=1+Jz+1

Do x>1, y>1, z>1 nén u>2, v>2, s>2 . Ngugc lai néu u>2, v>2, s>2, ta
co:
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Vx+l-+x-1= 2 —% = X+1=%(U+E]Z>X=%[u2+i2)21

Jx+1+4Jx-1 u u u
Tuong tu doi véi y, z.
Do d6 bai todn ctia ta dua vé€ bai toan tuong duong : Tim tét ca cac s6 thuc a
sao cho hé phuong trinh sau c¢6 nghiém u>+2, v>+2, s>2 :

u+v+s=2a

111 (1)

—+—+—=1
u v s

+ Diéu kién cdn : Gia sit hé phuong trinh (1) c¢6 nghiém . Theo bat dang thic

Bunhia ta ¢c6 : 23:(u+v+s)(l+l+lj29:>322
u v s 2

+ Diéu kién dir: Gid st a> % . Chiing ta s& chiing minh hé phuong trinh (1)

c6 nghiém
u+v=2a-3
Liay s=3 (thodmin s>+/2).Khidé (1) twong duong véi : 3(2a-3)
uv=——
: : , L . 2a—
< u, v 12 hai nghiém cua tam thitc bac hai : 7 -2(2a-3)r+ 3( Z 3)

2a-3%,/(2a-3)(2a-9)
2
Chi ¥ : Pat h:23—920:>(h+6—2\/§)2>(h+3)2>h(h+6).T1f‘rclé:
(2a-3)-22>/(2a-3)(2a-9) = u>~2, v>+2.
Nhu vay hé phuong trinh (1) ¢6 nghiem u>+2, v=+2, s>2.

= u,v=

Tém lai cac s6 thuc a can tim la tat ca cac s6 thuc a> % :
& 14. Giai h¢ phuong trinh :

20(x+lj =11 (y+lj = 2007[Z+lj
X y z
xy+yz+ zx=1
& 15. ( Dé thi HSG Quoc Gia nam 2005-2006 —Bdng A )
VX' —2x+6.log, (6 y)
Giai h¢ phuong trinh : {[y? ~2y+6.log, (6 2)
VZ —22+6.log, (6 - x)

Gidi. DK xdc dinh x,y,z<6.Hé da cho tuong duong véi :

y
z
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X
N v il

log, (6-7)=——2—  (2)

VY —2y+6
1og3(6_x):ﬁ (3)

X

VX =2x+6

Néu (x, y, z) 1a mot nghiém cua h¢ phuong trinh ta ching minh x=y=zKhong

1)

Nhan thdy f(x)= 12 ham tang, con g(x)=1log,(6-x) la ham gidm véi x<6.

mat tinh t0ng quét gia st x=max{x, y, 2 thicé hai trudng hop :

1) x2y>z.Do g(x)laham giam, suy ra: log,(6-y)=log,(6—2)>log, (6 x)
= x>z>y.Do y>znén z=y.Tu(l)va(2)suyra: x=y=z.

2) x>z>y.
Tuong tu log,(6—y)=log, (6 x) = log, (6 -2
=z>x>y.Do x>znén z=x.Tu(l)va(3)suyra: x=y=z.

Phuong trinh  f(x)=g(x) c6 nghiém duy nhat x=3.

Vay hé da cho c6 nghiém duy nhat : x=y=z=3.

& 16. ( Dé thi HSG Quoc Gia nam 2005-2006 —Bing B)
X +3xX +2x-5=y
Giai hé phuong trinh : < y'+3y +2y-5=2
74327 +2z-5=x
Gidi. Giast x= max{x,y,z}. Xét hai truong hop :
1) x>y>2
X +3X +2x-5<x
Z2+37+2z-52z2

(Xl)[(x+2)2+l}<0:>{x<l
(7=1)[(z+2) +1]20

Tu hé trén ta c6 : {

=

2) x=2z>y
X +3X +2x-5<x
Y43y +2y-5>y

(Xl)[(x+2)2+l}<0:>{x<l

(y=1)|(y+2)"+1]=0

Tu hé trén ta c6 : {

=
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Ca hai truong hop déu cho x=z=y=1. Thir lai ta thdy x=z=y=1 la nghiém ctia hé
phuong trinh . Tom lai hé da cho cé nghiém duy nhat : x=z=y=1.

& 17. Giai hé phuong trinh :

1 1 1 118
X+ y+zt—t—t—=—
Xy z 9

T RO A N B N .

& 18 . Giai hé phuong trinh :
X+y =—y(x+2)
X +x+y=-"2yz
3X +8y +8xy+8yz=2x+4z+2
Giai . Hé da cho tuong duong vdi :
X(X+y)+y(_y+z)=0
X(X+1)+y(22+1)=0
4()(+y)2 +4(y+z)2 :(x+1)2 +(22+1)2

Xét : Ez=(x, ), Z)=(X+y; y+z),2=(x+1; 2z+1) = a.b=0, a.c=0, 4b =¢
+Neéu a=0 thi x:y:O,Z:—%.
+Néu a0 thi bvd ¢ congtuyénnén : c=+2p,trd6 taco:

1
x=0, y=z=—.
Y 2

Tém lai hé c6 hai nghiém : (0; 0; —lj, (o; L. 1] .

iv. HO ph--ng trxnh N En. ( n>3, neN)

# 1. Giai hé phuong trinh :
Xl + X2 — X31996
X2 + X3 — X41996

1996
Xig05 T Xig96 = X
1996
Xigos T X = X
Giai: Goi Xla gia tri 16n nhat cua cdc nghiém x, i=1,..1996 va Y la gia tri bé nhat

cua ching. Thé thi tir phuong trinh diu ta c6 :
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2X > x +x, = x,"°
Tu d6 doi v6i cac phuong trinh ctahé tacé: 2X >x'™ ,Vk=1,2,...,1996
Haylataco: 2X >X" suyra: 2> X" (vi X>0) (1)
Lap luan mot cach tuong tu ta cling di dén : 2< Y™ (2)
Ta () va(2)suyra X" =Y" =2
Nghia latacod : x = x =....= X, = X2

x—-a Xx-—a X —a,

& 2.Giai hé phuong trinh : { 5 b, b,

X+ X +..tX =cC

V6i b,by,...0,#0, D b #0
i=1
Gidi. pat: 24 _ %78 %74,
' b b, b

n n n n n C_iaij
Taco: x,=th+a,= Y x,=» a,+1).b, :>C=Zai+fzb':>f=(+
i=1 i=1 i=1 i=l i=1 Zbl
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