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MON TOAN - KHOI 11
Thoi gian: 180 phat (khong ké thoi gian giao dé)

Bai 1 (5,0 diém)
Cho 0<a<% vahamsé f(x)=ax+In(x+2).

a) Ching minh déy s6 (X, ), xac dinh boi
X >0, X, =f(x,),n=12,..

6 gidi han hiru han.
100

b) Ton tai hay khong cac s6 thuc a,,a,,...,a,, théa D a, =0 dong thoi day sb (y,) , xac dinh boi

nx
i=1

yn=ﬁ[a1fr(1n+l)+a f(n+2) Mj’n_m“_

+2 TR T
c6 gidi han 1a s6 khac 0?
Bai 2 (4,0 diem)
Tim tat ca cac hamsd f :R — R thoa man
f(x)f(y+x)=xf(f(y))+f*(x),vxyeR

Bai 3 (5,0 diém)

Cho tam gidc ABC nhon khong cn, noi tiép duong tron (O) va c6 dudng cao AD. Goi E la diém di
dong trén cung nho AB (E khac A, B). Puong thing qua E va song song voi BC va cit duong tron
(O) tai diém thir hai 1a F. Duong tron duong kinh AB cat AE, AF lan luot tai M,N. Dudng tron
duong kinh AC cit AE, AF lan luot tai N,Q. Chirng minh tiép tuyén chung ngoai caa cac duong tron
ngoai tiép cac tam giac DMQ va DNP luén di qua mot diém ¢ dinh.

Bai 4 (3,0 diém)

Cho day s6 (u,)_, xac dinh bai

_2(2n+3)
’ - n+ 2

a) Chang minh u,, 1a s6 nguyén véi moi s6 nguyén duong n.

u=0,u u,-3(n+1),vn>1

b) Chirng minh ton tai v han s6 nguyénto p sao cho u,_, — p chia hét cho p°.

Bai 5 (3,0 diém)
Cho s6 nguyén té p> 3, c6 bao nhiéu bd (a,b,c) véi a,b,ce{0,1,2,..., p—1} théa min
a’+b’+c*=ab+bc+ca(mod p) ?
--Hét--



HUONG DAN DAP AN

Bai N@i dung Piém
1 . iy . 1 1 L .| 1,0
Xét g(x)=x—f(x) véi x>0. Ta c6 g'(x):(l—a)—m>§—a>0 véi moi
x>0
Do lim g(x)=+ Ilrp g(x)=—In2<0vaglién tyc trén (0;+0) nén phuong trinh
g(x)=0 c6 nghiém X, >0 duy nhat.
Nhan xét x, >0véi moi n va |f '(x)‘=a+ﬁ< a+% V6i moi x>0 nén véi moi 10
+
n>1, ap dung dinh Ii Lagrange cho hams f . Taco
1 n-1
1%, = %] =| f (x,) = F(%)|< (a+ j|xn L= Xl S <(a+2j |%, = X,|
. 1, " .
Vi 0<a+5<1 nén lim a+E =0, do do limx, =X,.
. . 1,0
Bo dé: Cho day so (t,) , xac dinh boi t, _ZT n>1. Khido limt, =+,
Ching minh. Xét ham s h(x)=\/§ véi x>0
Khi do, h'(x) :% lién tuc trén (0;+0) nén véi moi s6 nguyén duong j, 4p dung
X
dinh Iy Lagrange trén cac doan [ j; j+1] thi tontai ce(j; j+1) dé
. . 1 1
h(j+1)-h(j)=h'(c)=——=<——=
(+0)-h(J) =(e) = T <5
banh gia trén dung véi moi j=1,2,...,n nén
h(n+1)—h(1):(h(n+1)—h(n))+(h(n)—h(n—l))+...
+(h(2)-h())< Z_llj
hay t > 2(\/n +1—1), tir d6 bd dé duoc chang minh.
100 ; 1,0
Tré lai bai toan, gia sir vy, =\m[2ai Mj c6 gidi han bang | >0
= n+i+l
W f(n+i)
bat z = ——2n=12,..
& ;a, n+i+1 "
Ton tai s6 nguyén dwong N sao cho y, >l,Vn >N hay z, >L,Vn >N . Vay Voi
2 2Jn
. n l &1
moi n> N thi z.>— —.
297227
Theo bé dé, suy ra IimZzj = 400
j=l
1,0

Mat khac, dat A= max|a | ddng thoi chd y rang

i=1,100

|f |_ X In X+2)<a+1,Vx>0vélgiai:O,
‘x+1 x+1 X+1 i-1

Va&i moi n> N +100 thi
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f(N+3
+(a1+az)ﬁ+...+(a1+..+agg)

o f(Ntitl) 2@ f(n+i)

Zaim+...+2ai

) = " n+i+l

Y 7,
j=N+1

~ f(N+2)
_‘ai N+3

f (N +100)
N +101
f(n+2) f (n+100)

ne3 Tnelol
<2(A+2A+..+99A)(a+1)=99.100A(a+1)
Diéu nay din dén mau thuan.
Trong truong hop limy =1'<0 thi ta ciing tim dugc mau thuan bang cach thay f boi
—f. Vay khong ton tai cac s6 thuc a,,a,,...,a,,, thoa yéu cau bai toan.

+...+a,,

+(a, +...+ayy)

Kyhieu f(x)f(y+x)=xf(f(y))+f3(x),vxyeR (1)

TH1. f Iaham hang thi f(x)=0,vxeR.

TH2. f khéng phai ham hang

Thay x=0 dugc f(0)f(y)=f?(0),vi f khdng phai ham hang nén f (0)=0.
Gid str tontai u dé f(u)=0 thithay x=u vao (1)tadugc u f(f(y))=0

Néu u=0 thi f(f(y))=0 véimoiy. Khids f(x)f(y+x)=f*(x)

Cho y =-x vao phuong trinh trén suy ra f (x)=0, vx : mau thuan

Vay u=0 hay f (x)=0< x=0.

1,0

+Chimng minh f don anh. Gia st ton tai cac s6 thuc a,b sao cho f(a)= f (b)
Néu f(a)=f(b)=0thi a=b=0.
Néu f(a)=f(b)=0 thilanluotthay x=a,y=b va x=b,y=a suyra

af (f(b))+f*(a)=bf (f(a))+f%(b)

Vay a=bhay f don anh.

1,0

+Chiing minh f 1¢. Thay y=—x suyra f2(x)=—xf (f(-x)) hay
f2(—x)=xf (f(x))

Thay y=x thi f(x)f(2x)=xf (f(x))+f2(x)=f2(=x)+f?(x),vx (2
Do d6 f(x).f(2x) laham chdn. Thay y=-2x ta duoc

F() F(-3) = (1(-20)+ 12(x)

Thay x boi 2x va y =-2x dugc 0=2xf ( f(-2x))+ f*(2x)

Hay 12(2x)=2x1 (1 (-28)) =21 ()( 1 (1) (1)

Suyra f%(2x) f2(x)=2f%(x)(f(x)- f(-x))

Vay £2(2x)f2(x)=2f3(-x)(f (-x)-f(x)),suyra f I

1,0

f
2
(%) ,Vx#0, néntu (1) taco

T (2),suyra f(f(x))= ,

f(x+y)=x :’:E))(/))-I-f(X),VX,yiO

Hoan ddi vai trd X,y :

1,0




(0 1(y)
X y
fix):%y):f(x):f(l)x,Vx>0

Vi f lenén f(x)=f(1)x vx.KL f(x)=ax,vx (aeR).

>0 nén

Vivay voi x,y >0 thi

Goi L,U,V theo thir tu 1a trung diém BC, MN, PQ.
Ta c6 céc bo diém (A B,M,P), (AC,N,Q) cing thuoc mot dudng tron va cac tam
gidc ABM, ACQ ddng dang ngugc huéng. Do do

(PM,PQ)=(PM,PA)=(BM,BA)=(CA,CQ)

=(NA,NQ) =(NM,NQ)(mod ).

Vay cac diém M, N, P,Qthudc mot duong tron.
Vi BM //CN va %:_1:% nén theo dinh 1i Thales dao LU //BM //CN. Do
d6 LU vubng goc MN. Vay LU latrung truc MN. 7
Tuong tu LV & trung truc caa PQ. Vay L la tam duong tron qua cic diem
M,N,P,Q.

1,0
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Goi W,W ;R,R" theo thir tu 1a tm va ban kinh cac duong tron (DMQ);(DNP); 1,0
K,K" la cdc giao di€ém OL va (O); H la truc tdm tam gidc ABC; G la giao diém
cia AH va (0);S,S" theo thir tu la giao diém ciia HK,HK' va WW*; Z latam
duong tron (DPQ).
Tacd
(DL,DM )=(DB,DM ) =(AB, AM ) =—(AC, AQ)
=—(DC,DQ)(mod )
nén két hop véi LM =LQ, suy ra L thuc duong tron (DMQ). Vay WW ' la trung
truc DL (1)
Do do S,S' theo thtr ty Ia trung diém HK,HK". Két hop D Ia trung diém HG (két 1,0
qua quen thuoc) suyra DS//GK;DS'//GK".
Két hop GK L GK ' suyra DS L DS".
Goi X,Y theo thu ty Ia trung diém cua AB, AC (2).
Tur (1) va (2) suy ra tim duong tron Euler cua tam giac ABC nam trén WW ' va
WW ' la trung truc XY (3)
1,0

Tacod DP laday cung chung cua cac duong tron (X ) va (Z); DQ la day cung
chung cta cac duong tron (Y) va (Z) nén DP LZX, DQ LZY. Suyra
(zX,zY)=(DP,DQ)=(DP, AP)+(AP,DQ)
=(DB, AB)+(AC,DC)=(AC, AB) =(LX, LY )(mod r)
Vay Z thudc duong tron (DLXYSS') (dudng tron Euler cua tam giac ABC) (4)




Tir (3), (4) suy ra (SS'WW ')=Z (SS'WW ) =Z (SS' XY ) =1

Két hop DS L DS' suyra DS,DS" Ia phan giac cua goc tao boi DW,DW
Theo tinh chat duong phan giac

SW DW R

SW _ DW _5_ DW R
R'

SW' - DW' s'w' DW' R'
Suy ra S,S' theo thir tu la tdm vi tu trong va tdm vi tuy ngoai cia cac duong tron

(DMQ),(DNP) nén cé dinh. NGi riéng tiép tuyén chung ngoai ciia cac dudng tron
(DMQ) va (DNP) ludn di qua diém c6 dinh.

1,0

bat u, =(n+2)-v,,vn=1 thi

2(2n+3) 2(2n+3)
(n+3)—vn+l_W(n+2 v,)-3(n+)=>v,, = -

Khi d6 v, =3 va chitng minh quy nap dugc v, =C;, ., v&i moi n.

n

Vay u, =(n+2)—Cj,., nén u, lasb nguyén véi moi sé nguyén duong n.

1,0

Nhan xét. Véi moi sé nguyénté p>5 thi CJ, , =1(mod p°)
_(p+1)(p+2)..(2p-1)
(p-1)!

Ta ching minh (p+1)(p+2)...(2p-1)—(p-1)t:p’

o501 -

Hé {1,2;...; p—1} thu gon theo modunlo p nén

Chirng minh CJ_, =

)

1,0

Ta cling c6

R R

Nén(p—l)![ 5 ijzo(mod D).

Ki<j<p-1

Do do,

1,0




(p+1)(p+2)..(2p-1)—(p-1)!
= Ap® + pz(p—l)![ > i} p(p—l)![ > Ej
1<i<j<p-1 1<i<j<p-1 1
=0(mod p°)
Vay nhan xét dugc chirng minh
Do do véi moi sé nguyénté p=5 thi u,, - p=1-Cf;} =0(mod p°).

Bién d6i (a—b)” +(b—c)’ +(c—a)’ =0(mod p)
Dit a~b=x vab—c=y thi x*+y*+xy=0(mod p) (1),
TH1. Néu p=2(mod3) thitir (1),taco (2x+ y)2 =-3y?(mod p)

-1 -1
Néu (y, p)=1 thi (-3)z .y"* =(2x+y)"* (mod p) = (-3) z =1(mod p)
Vay K_—;j =1= p=1(mod6), mau thuan vi p =2(mod3)

Do vay y =x=0(mod p). Khid6 a=b=c(mod p), tic cé p bo thoa.

1,0

TH2. Néu p=1(mod3) thi -3 Ia thing du binh phuong modunlo p nén phuong
trinh z*+z+1=0(mod p) c6 hai nghiém z, va z,* theo modunlo p.

Khi d6 (x—2,y)(x~2,"y)=0(mod p), suy ra x=z,y(mod p) hogc
x=z,"y(mod p)

Néu x=z,y(mod p) thi a=(z,+1)b—z,c(mod p), néncd p* bo thoa.

Néu x=z,"y(mod p) thi a=(z,"+1)b-z,"c(mod p), néncé p’ bo thoa

1,0

Gia sir ton tai bo (a,b,c) thoa dong thoi a=(z,+1)b—z,c(mod p) va

a=(z," +1)b-z,'c(mod p) thi (z, - z,")(b—c)=0(mod p)

Do z,' =-1-z,(mod p) nén z," -z, =-1-2z, = 0(mod p), do d6 b=c(mod p),
tac cO p bod nhu thé. Vay trudng hop ndy ¢6 2p? — p bo thoa.

1,0




