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VMO 2009 — Dé thi, I5i giai va binh luan

TRAN NAaM DUNG, TRUGNG DAl HOC KHOA HOC TU NHIEN, DHQG TP HO CHI MINH

K5 thi chon hoc sinh giéi quc gia mon Todn nam 2009 (VMO 2009) dién ra vao ngay 25/2,/2009
véi st tham gia clia gan 360 thi sinh dén tit cac tinh thanh. Két qua 131 thi sinh dugc giai, trong
d6 c6 1 giai nhét, 22 gii nhi, 62 gidi ba va 46 gidi khuyén khich, dat ty 1é 34%. 42 thi sinh c¢6 diém
tir 15 trd len duge trieu tap dé tham du ki thi chon doi tuyén dién ra vao nita cudi thang 4. Dé thi
nam nay duge danh gia 1a dé hon nhung ciing ¢é nhitng bai toan thuc sy khé khin hon.

TU 7 BAI XUONG 5 BAI

Sau 2 nam thi diém dé thi 7 bai lam trong vong 180 phiit, véi két qua tuong ting céc nam 2007,
2008 1a 13% va 8% sb thi sinh doat gidi. Bo gido duc, theo dé nghi ciia cAc chuyen gia da quyét dinh
chon phuong 4n dé thi gdm 5 bai toan lam trong vong 180 phit. Cé thé néi, day 1a mot thay doi
quan trong gitp két qua clia ky thi t6t hon 2 nam truée.

Mot thay d6i khac ciing 4nh hudng khong nhé dén két qua ky thi, d6 1a viec phan bd diém cho
cac phan mon dude an dinh nhw sau: Céc bai toan thude 3 phan mon Giai tich, Dai s6, Hinh hoc 1a
céc phan mon ma da sb céc thi sinh duge chudn bi t6t hon, quen hon sé c6 tong diém 1a 14, diém
vita da dé dat giai 3. Trong khi dé, cac bai toan thuoc phan s6 hoc va t6 hgp thude dang toan la
va khé ddi véi hoc sinh, chi ¢6 6 diém. Cach phan b6 diém nay 16 rang la 6 1gi cho s6 dong cac thi
sinh, khién kha nang dat gidi cfia ho cao hon.

Tuy nhién, ciing can phai néi rang cach phan bé nay ciing gay doi chit bat 1gi cho cac thi sinh
c6 8¢ trusng vé s6 hoc va to hgp, diic biet trong boi canh ki thi VMO nam nay (khi cac bai toan
thuoc phan s6 hoc va td hop khé hon hin so véi ba phan con lai). Co thé sé c6 mot vai thi sinh
lam duge bai s6 hoc nhung lai bd bai hinh hoiic bai dai s6. Hoac ¢6 thi sinh don st cho bai té hop
nhung lai so sudit 6 cic bai d& hon. Két qua la s6 diém dat dudce 6 bai khé khong bt duge véi sb
diém bi mét & bai da.

C6 thé 1a vAn con c6 nhitng van dé can ban cai, tranh luan, lam thé nao dé c6 duge mot deé thi
t6t, phan loai dude thi sinh va khuyén khich duge phong trio nhung nhin chung, dé thi nim nay
da dap tng dudce nhitng yéu cau cd ban nhét: S6 thi sinh dat gidi dong hon; ¢6 dl co ciu gidi nhat,
nhi, ba; dé thi c6 nhitng bai co ban nhung ciing ¢6 nhitng bai khé va hay.

BA BAI ¢O BAN

Ba bai todn dau, gom bai Dai s6, bai Giai tich va bai Hinh hoc 13 ba bai toan rat co ban, ma
theo ngon ngit clia cac thay 1a bai “kinh biéu”. Tuy nhién, theo théng tin tit ban cham thi thi khong
phai thi sinh ndo cfing nhan “qua biéu”. Nhiéu thi sinh “b6 tay” v6i bai 1. Nhidu thi sinh khong lam
duge bai hinh hosic bd cau b) clia bai nay. Tham chi véi bai 2, bai dude coi 1 dé& nhét clia k¥ thi,
cfing c6 thi sinh khong lam dudge hodc lam dude ciing tén kha nhiéu thsi gian. Duéi day, chiing t6i
sé& khong trinh bay 15i giai chi tiét ma chi binh luan mot s6 van dé xung quanh dé bai va 15i giai.

Cau 1. Gidi hé phuong trinh
R S
Vi+2w? 1422 VI+2zy

Va(l —22) +y(1 - 2z) = g
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Binh lugn. RS rang ¥ do ciia cac thay ra dé 1a mudn kiém tra kién thic co ban ciia hoc sinh vé
bat déng thric, cu thé la:
“Chitng minh réng véi o,y € [0, 1] ta c6 bat déng thiic
1 1 2
+ <
V14 22 \/1—|—y2 VI+zy

Déu bing x4y ra khi va chi khi z =y (¥)".

Bai nay kha quen thuoc, xuat hién trong nhiéu dé thi ciing nhw 1a bd dé ciia nhiéu bai toan khac
(ching han dé thi Nga nam 2000), néu ra thing bat ding thiic thi qua 1o nén cac thay da thay doi
di mot chut, dua né vao trong mat hé phuong trinh. Tat nhién & néu da c6 = = y roi thi thay vao
phuong trinh thit hai, moi viéc qua don gian.

Phuong phap chiing minh bat déng thiic (*) ciing kha da dang. Chiing ta diém qua cac phuong
phap do.
1. Binh phuong hai vé ctia bat ding thtc, ta dudc bat ddng thic tuong duong
1 2 1 4
5+ + 5 <
L+2*  V14+22/1+y2 1+y> 7~ l+ay

Theo bat ding thitc CBS, ta c6

2 2
V1I+22/14+y2> 142y = <
Vit /1+y2 ~ 1+wzy

Nhut vay ta chi can chiing minh
1 n 1 < 2
1+22 149>~ 142y

(%)
la xong

Nhung (**) qua cac phép bién ddi dai s6 don gian, tuong duong véi

I—zy)(@—y)?
(1+xy)(1+22) 1 +y2) —

ding do z,y € [0,1].

2. Ta c6 thé lam khac di mot chiit bang cach 4p dung CBS ngay tit dau:

Lo, <2( L1 >< 4
Vita?  J1+y2) ~ \1+22 1+42) 7 1+ay
(theo (**))

Tit d6 suy ra diéu phai ching minh. R rang trong hai cach chiing minh trén, ta chi can diéu
kien -1 < zy < 1.

. . 2 1 1
3. Gitt y co dinh, xét ham s f(x) = — — trén |0, 1].
Yy f@) Vitay Vi+a22 /1442 0. 1]
Ta c6
x y 2?(1+2y)® —y*(1 +22)°

S = (L+22)32  (L+ay)32  (1+22P32(1 + 2y)32(x(1 + 2y)3/ + y(1 + 22)3/2
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Nhu vay dau cia f/(x) 1a dau clia
2?(1+ay)’ —y* (1 +2%)° = (z — y) (e + y + 3%y — 2°y°)

Do z,y thudc [0, 1] nén thita s6 thit hai luon dwong, nhu thé f/(z) déi dau tit am sang duong tai
y, suy ra y la diém cyc tiéu, suy ra f(z) > f(y) = 0. Dau bang x4y ra khi va chi khi 2 = y.

4. Con mot cach khac dé chitng minh bat dang thitc dang nay, do 1a dit 2 = €%,y = e’ véi

u,v € (—00,0] dua bat ding thitc vé dang f(u) + f(v) < 2f(u ;_ U)
1
Trong d6 f(z) = —.
846 I =
. R R ) 62x(€2x _ 2)
Tinh dao ham bac hai, ta duge f(x) = <0 (do z <0).

(1 + e2)5/2

Vay ham f(x) 16m trén (—oo, 0] v ta c¢6 diéu can chitng minh.

Cau 2. Cho day 56 (z,,) zdc dinh bdi

\/ -73%_1 + 4.1'7,,_1 + Tp-1

2

T = 1/2,$n =

vdi moi n > 2.

n
Chatng minh ring day (yn) v0i y, = Z —5 €6 gidi han hiu han khi n — oo va tim gidi han dé.
x
E=1""k
Binh lugn. Day la bai toan dé nhat ctia ky thi. Viec chiing minh day (z,,) ting va khong bi chin
tren (titc 1a c6 gidi han bing +00) 1a qua don gian. Chéing han c6 thé danh gia:

T2 4T+ T y \/xi_l + 25,1+ 1+ Tp 1

2 = 2 ~ ity

Ty =

Viéc tinh gi6i han cta y,, chi c6 thé thuc hién duge néu ta tim dugc cong thic tudng minh cho

n
) 1 R . L aa
tong g pol Ma dieu nay chi c6 thé thyc hién thong qua sai phan. Ta bién doi tuong duong
k=1""k

\/ 13721,1 + 4xn—1 + Xp_1
Ty = & 2Ty — Tpo1 = /T2, +4Tp1

2

1 1 1
& 437% —4dxp,r, 1+ .T,i_l = -7737,—1 +4x,_1 & Ti — TpTp_1 = Tp_1 & - — =

Tp_1 Ty T2

Sai phan da duge tim ra, tit d6 dé dang tim dudc v, = 6 — xi va gidi han can tim bing 6.
n
Qua don gian, khong mot chut 14t 1éo, tit viec nghi ra 15i gidi dén trinh bay 16i giai déu don gian.
Tuy nhién trén thuyc té thi bay nay ciing lam khé cho khong it thi sinh. Khong ké cac ban khong
giai duge, cac ban giai duge ciing hao tén kha nhiéu cong lite & bai nay. Nhiéu ban cit may méc, khi
da tim dugc cong thite cho g, rdi van cit tiép tuc di chitng minh (y,,) ting va bi chin trén. Nhiéu
ban khong biét khai niem gi6i han bing oo!

5 . % NI PN N P . T . o~ FETPR . .,
Bai toan sé trd nén khé hon néu dé bai yeéu cau tinh lim . Khi dé sé phai van dung dinh 1y
n— n

trung binh Cesaro ho#ic duing danh gia chat hon:
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\/J’%—l +4x,_1 + Tp_1

\/363,,_1 + A1 A+ T Tp-1+2+Tp_1

Ty = 5 < 5 = 5 =xp_1+ 1.
\JTE g AT+ B xy 2 — p 2 -t Tn-1 1
Ty = > — =Tp_1+1-
2 2 Tn—1

Dé toan sé hay va thi vi hon nhung déi lai sé khong con dé chiu véi dai da sb céc thi sinh. Trong
bdi canh lam 5 bai toan trong vong 180 phiit, ¢6 18 cic thay da tranh phuong an nay.

Cau 3. Trong mdt phing cho hai diém A, B (A # B). C la mot diém di dong trén mit phing sao
cho ZACB = «, (0° < a < 180°). Dudng tron tam I noi tiép tam gidgc ABC va tiép wic vdi cdc canh
AB,BC,CA lan lugt tai D, E, F. Cac duong thing AI, BI cit duong thing EF lan gt tai M va N.

a) Chiing minh ring doan MN cé do dai khong doi;
b) Chitng minh ring dudng tron ngoai tiép tam giagc DMN luon di qua mot diém co dinh.

Binh lugn. Bai hinh hoc phéng nay kha don gian, 15i giai chi diing kién thiic hinh hoc 16p 9 (ti&
gidc noi tiép) va mot chit lugng gidc. CAu hinh bai toan ciing quen thudc va ¢6 nhidu tinh chat hay
xung quanh. Vi du M va N chinh 13 chan cac dudng cao ha tit B, A xudng AI, BI tuong tng. Ngoai
ra M, N nim trén cac dudng trung binh ciia tam gidc ABC (Tu d6 suy ra /MKN = /MDN,
trong d6 K la trung diém ctia AB, suy ra tit gide AKDN noi tiép, suy ra két luan phan b) ciia
bai toan). Ciing c6 thé nhan thiy ring dudng trong ngoai tiép tam giac DM N chinh 13 dudng tron
Euler cia tam giac TAB va do d6 sé di qua trung diém cia AB. Nhiéu thi sinh da nhan ra diéu
nay va két luan luén. Theo kinh nghiém ctia chting téi thi cic thi sinh nén than trong trong viéc sit
dung cac két qua nhu vay. Tét nhét 13 nén dua vio két qua dé ching minh lai.

Cubi cting, chiing t6i xin dua ra mot s6 dé thi Olympic ctia Nga lién quan dén cau hinh bai toan 3.

1. (Olympic Nga, vong 4, 16p 11, 1994) Dudng tron tam O nodi tiép tam gidc ABC tiép xtc véi
cac canh AB, BC va AC tai cac diém E, F va D tuong ting. Cac dudng thing AO va CO cit duong
thing EF tai N v M. Chiing minh ring tam dudng tron ngoai tiép tam giac OM N, diém O va
diém D cling nim trén mot duong thang.

2. (Olympic Nga, vong 5, 16p 9, 1997) Dudng tron noi tiép tam gidac ABC tiép xiic véi cac canh
AB,BC va CA tai cac diém M, N va K tuong ing. Duong thing di qua dinh A va song song
véi NK cit duong thing MN tai diém D. Puong thing qua A va song song véi MN cit dudng
thing NK & diém F. Ching minh rang dudng thing DF chia dudng trung binh ciia tam giac ABC.

3. (Olympic Nga, vong 5, 16p 10, 1997) Duong tron tam O ndi tiép tam gisc ABC tiép xic véi
cac canh AC, AB v BC tai cac diém K, M va N tuong tng. Trung tuyén BB; clia tam gidc cit
MN tai diém D. Chitng minh ring diém O nam trén duong thing DK.

4. Dudng tron tam I noi tiép tam gidc ABC tiép xiic véi cac canh CA, AB tuong ting tai F, F;
BI cit EF tai M. Chttng minh ring M ndm trén duong trung binh ctia tam giac ABC.

HAI BAI PHAN LOAI THI SINH

Trong khi ba bai dau tién rat co ban va c¢6 phan dé thi hai bai toan con lai kha khé chiu. Dé lam

duge hai bai nay, ngoai viéc hiéu dé bai, tim duge huéng di ding, con can phai cé thoi gian. Vi thé,
hai bai toan nay chi danh cho nhiing thi sinh da “tiéu diét gon” ba bai dau trong vong 1,5-2 tiéng
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dau tien. Hon nita, vé don gidn bé ngoai cé thé lam nhiéu thi sinh sa lay.

Cau 4. Cho ba s6 thuc a,b, c thod man diéu kién: véi méi s6 nguyén duong n, a™ +b" +c™ la s6
nguyén. Chitng minh ring ton tai cdc s6 nguyén p,q,r sao cho a,b,c la 3 nghiém ctia phuong trinh
23 +pa? +qr+r=0.

Binh luan. Day 1a mot bai toan kha la va khé chiu. Dé giai né can dén ca kién thiic vé dai sb
va s6 hoc. Khong c6 gi cao sieu (dinh 1y Viet, cac phép bién ddi dai s trén céc bicu thiic ddi xiing,
tinh chat don gidn 2c € Z va 2¢? € Z suy ra ¢ € Z) nhung lai gay kho khan cho cac thi sinh.

Chiing ta hay bt dau bang truong hop “2 chidu” ciia bai toan: “ Cho hai sé thuc a,b thod man
diéu kién: vdi moi s6 nguyeén duong n, a™ +b" la s6 nguyén. Chiing minh ring ton tai cdc s6 nguyén
p,q sao cho a,b la 2 nghiém cia phuong trinh 22 +px +q¢=0."

Theo dinh 1y Viet, 16 rang diéu phai chitng minh twong duong véi viéc chiing minh a +b va ab la
s6 nguyen. a + b hién nhién nguyén theo diéu kién dé bai. Ngoai ra ta c6 2ab = (a + b)? — (a® + b?)
14 s6 nguyén.
2b2

Ta c6 thé tiép tuc ding hing ding thitc nay dé suy ra 2a?b? ciing la s6 nguyen:

2a2b2 _ (a2 +b2)2 _ (a4 + b4)
Dén day ta diing b dé don gian sau:
B& dé. Néu x la s6 thuc sao cho 2x va 2x2 la cdc s6 nguyén thi x la s6 nguyen.

Chitng minh. Ta chiing minh bing phan chiing. Gia st 22 = k nguyén, nhung = khong nguyeén.
Khi d6 k la s6 nguyen 1&: k = 2m + 1. Suy ra z = m + 1/2. Nhung khi d6 222 = 2(m + 1/2)? =
2m? + 2m + 1/2 khong nguyén. Mau thuan. Vay diéu gia sit 3 sai, titc 13 2 nguyén.

Nhu vay, theo bé dé thi ab nguyén va ta suy ra diéu phai ching minh. Tit phép chitng minh ta
ciing suy ra két qua manh hon: Néu a + b, a? + b2, a* + b* 1 cac s6 nguyen thi a, b 14 2 nghiem ciia
phuong trinh 22 + px + ¢ = 0 v6i p, ¢ 1a cac s6 nguyén nio dé (va do dé a™ + b™ nguyen véi moi n
nguyén duong). Diéu dé ciling ¢6 nghia 13 ta chi can dung gid thiét ciia bai toan dén n = 4. Vi du
a=+/2/2,b=—+/2/2 cho thay k = 4 la gia tri nho nhat thod man diéu kien: Néu a, b 1a céc s6 thuc
thod man dicéu kién a™ + b™ 14 s6 nguyén v6i moi n = 1,2, ..., k thi a™ + b" nguyén véi moi n nguyén
duong.

Quay tré lai v6i 16i gidi cia bai toan VMO 2009. Ta sé thiy ring k§ thuat khong cé gi thay doi,
tuy c6 phitc tap hon doi chit. R6 rang ta chi can chiing minh a + b+ ¢, ab + be + ca va abe nguyén.
Theo dicu kién dé bai thi @ 4+ b + ¢ 1a s6 nguyén. Tiép theo ta co

2(ab+be+ca) = (a +b+c)® — (a® + 0> + 2)

14 s6 nguyen.

Tuong ty nhu 16i gidi trén, ta mudén chitng minh rang 2(ab + be + ca)? ciing 1a sé nguyen. Tir d6
dimng bd dé suy ra ab+ be + ca 1 s6 nguyéen. Diéu nay phitc tap hon dai chit vi déng thiic tuong tur

2(a?b? + b2 + ?a?) = (a®> + 0> + ?)? — (a* + b* + %)
Chua cho ta két qui mong mudn, vi

2(ab + be + ca)? = 2(a®b? 4+ b*c* + c*a®) + dabc(a+b+c) (1)
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Ma ta chua chiing minh dudc abc nguyén. Dé xit 1y didu nay, ta lai st dung mot hing déng thic
quen thuoc
a® +0* + ¢ —3abe = (a+b+c)(a® +b* +c —ab—bc—ca) (2)

Tit day, do a + b+ ¢, a® +b% + 2, a3 + b + ¢® va 2(ab + be + ca) 1a s6 nguyén nén ta suy ra 6abc
la 6 nguyen (ta nhan (2) véi 2!). Tt d6, nhan (2) véi 3 ta thu duge

6(ab + be + ca)2 = 2(a®b? + b*c? + *a?) 4 12abe(a + b+ ¢)

13 s6 nguyén.

Ap dung céch ching minh nhu bd dé neu tren, ta suy ra ab+ be + ca 1a s6 nguyen. T day, thay
vao (2) ta c6 3abe 1a s6 nguyen.

Tiép theo, ta sit dung hiing ding thic tuong tu (2)

a® 4+ 0% 4+ % —3a%0%c? = (a® + % + ) (a* + b 4 ¢* — a®b? — b?? — ?a?)

v6i chi ¥ 2(a?b? + b%c? + c%a?) 1a 86 nguyen ta suy ra 6a2b>c? 1a s6 nguyen. Tt 6abe va 6a2b%c? 1a s
nguyén, bing cich ching minh hoan toan tuong tu ta suy ra abe la sd nguyen. Bai toan dugce giai
quyét hoan toan.

Lai gidi trén cho thiy riing chiing ta chi sit dung gia thiét a™ + " + ¢ cho dén n = 6 (trong d6
khong sit dung gia thiét véi n = 5!). Lién quan dén van dé nay, ching toi dé xuat cdc doc gia suy
nghi dén cic van dé sau:

1. Chitng minh b6 dé téng quat: Cho & > 1 1a mot s6 nguyén phi chinh phuong (khong cé uée
chinh phuong), (m, k) = 1. Khi d6 néu z 14 mot s6 thuc sao cho kx va mkx? 1a s6 nguyén thi z 1a
sO nguyén.

2. Hay tim vi du vé bo ba sb thuc a,b,c thod man diéu kién a™ + b™ + ¢* nguyén véi moi
n=1,2,3,4,5 nhung a’ + b + c® khong nguyen.

3. (Gia thuyét) C6 phai chang néu af + a% + ... + a} 1a s6 nguyén véi moi n nguyen duong thi
ai, as, ..., ax 1a nghiem ciia mot da thitc don khéi bac k véi hé sé6 nguyen? Va céc hing s6 4 (doi vé6i
k =2) va 6 (dbi v6i k = 3) sé bang bao nhiéu trong trudng hop tong quat?

Cau 5. Cho 56 nguyén duong n. Ky hieu T la tap hop gom 2n s6 nguyén duong dau tien. Héi co
bao nhiéu tap con S cia T c6 tinh chat: trong S khong ton tai cdac phan tii a,b ma |a —b| € {1,n}
(Luu y: Tap rong dugc coi la tap con cé tinh chat néu trén).

Binh lugn. Bai toan c6 vé kha quen thuoc. Ching han mot bai toan ndi tiéng «Tim s6 tat cd
cdc zau nhi phan do dai n sao cho khong cé 2 bit 1 diing ké nhauy c6 thé phat biéu mot cach tuong
duong 1a «Tim s6 tdt cd cdc tap con S thuoe {1,2,...,n} sao cho trong S khong ton tai hai phan ti
ma |a — bl = 1.». Ké qua bai todn nay 1a ching ta sé c6 day sé6 Fibonacci.

Tuong tir, mot bai toan khac c6 vé bé ngoai con gibng hon nita, d6 14 dé thi ctia Thuy Si ndm
2006: «Cho s6 nguyén duong n. Tim s6 tit cd cic tiap con A C {1,2,....,2n} sao cho khong ton tai
r,y € Avdix+y=2n+1».

Tuy nhién, dé chi 1a cai giéng bé ngoai. Ban chat bén trong thi bai VMO 2009 khé hon hén.
V6i bai xau nhi phan do dai n, ta c6 thé dé dang lap duge cong thite truy hoi 2, = xp_1 + Tp_o
bing cach 1y luan nhu sau: Xét 1 xau nhi phan do dai n thod méan dé bai. Néu xau nay bit dau
bang 0 thi b6 s6 0 nay di, ta dude 1 xau nhi phan do dai n — 1 thoa dé bai va nguge lai, néu c6



Tap chi Toan hoc MathVn S6 02-2009

1 xau nhi phan do dai n — 1 thoa dé bai thi thém s6 0 vao phia dau, ta dugc 1 xau nhi phan do
dai n thod dé bai bat dau bsi 0. Tt d6 s6 xau loai nay bing x,_;. Néu xau nay bit dau bang 1
thi chit s tiép theo phai 14 0. B6 di hai chit s6 dau tién, ta duge 1 xau nhi phan do dai n — 2 thoa
dé bai. Tit d6 s6 xau nhi phan do dai n thod dé bai bat dau bang 1 bing x,,_». Vay T, = Tp_1 +Tp_o.

Bai Thuy Si 2006 c6 151 gidi tric quan kha don gidn nhu sau: Ta xép cach sb tit 1 dén 2n thanh
2 hang, n cot

1 2 3 n

2n 2n-1 2n-2 cee n—+1

Khi d6 bai toan twong duong véi viéc tim s6 cach chon ra mot sé 6, sao cho hai 6 cting c6t khong
dong thai duge chon. Nhu vay, tai mdi cot ta chi c6 3 lya chon: hoic khong chon ca hai, hodc chon
s6 6 hang trén, hoiic chon s6 ¢ hang dudi. Suy ra dap s6 bai toan 1a 3n.

Tir 16i gii trén, dé dang nhan thiy ring Thuy Si 2006 tucng ducng véi bai «Tim s6 cdc tap con
S thugc T sao cho khong ton tai a,b thuoc S vdi |a — b| = ny. Lic nay ta chi can déi bang thanh

1 2 3 n

n+1 n+2 n+3 cee n

Loi giai cAc bai toan trén tuy kha xa vdi 181 gidi VMO 2009 (tham chi bai Fibonacci ¢6 thé dan
dén sa lay) nhung ggi ¥ cho chiing ta mot s6 ¥ tudng: xay dung cong thitc truy hoi, dua vé mo hinh
tryc quan bang.

Sau day la 1oi gidi chi tiét:

Ta dat cac s6 thuoc {1,2,...,2n} vao bang 2 x n nhu sau

1 2 n-1 n

n+1 n+2 e 2n-1 2n

Bai toan ctia chiing ta tuong duong véi viec dém s6 cach chon mot s6 s6 (c6 thé 14 khong s6 nao)
sao cho:

i. Hai s6 ké nhau trong bang khong dong thsi duge chon
ii. n va n + 1 khong dong thsi duge chon.

Goi S(n) 1a dap s6 ctia bai toan. Ky hieu A(n), B(n), C(n) 1a sb cac cach chon mot s6 s6 (c6 thé
khong sd nao) tir cac bang ¢ hinh bén duéi sao cho khong c¢6 hai s6 nao canh nhau duge chon.

Khi d6 dé thay ring S(n) = A(n) — C(n — 2). Va ta c6 cac hé thitc sau:

A(n)=A(n—-1)+2B(n—1) (1)
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(ta chia cac cach chon ctia A(n) thanh ba truong hop: cd 1 va n + 1 déu khong duge chon; 1 duge
chon; n + 1 duge chon)

B(n)=A(n-1)+Bn-1) (2)

(I luan tuong tiy)

Cn)=Bn—-1)+Bn—-2)+C(n—-2) (3)

(1 khong duge chon; 1 duge chon va n + 2 khong duge chon; 1 duge chon va n + 2 duge chon)

Tit cAc hé thiic niy ta 6 thé tinh duge A(n), B(n), C(n) va S(n). Vi duy, ta c6 thé dé dang suy
ra

A(n) = 2A(n—1) + A(n — 2), A(0) = 1, A(1) =3, A(2) = 7. (4)

va tit do
(14+v2)"+ 4 (1 —v2)n*!

A(’I’L) = 2 ’

C(n) duge tinh tit he thitc
C(n)=C(n—2)+An—1) (5)
(B(n—1)+B(n—2) = A(n —2) + B(n — 2) + B(n — 2) = A(n — 1))
& O(n) = C(n — 2) + A=AC=2)
& O(n) = 42 = C(n —2) - 2052
Ta chi ¥ ring C(1) = 1,C(2) = 4,C(3) = 8. Tt he thiic cubi ciing va
C(1) — A(1)/2 = —1/2,C(2) — A(2)/2 = 1/2,C(3) — A(3)/2 = —1/2

Ta suy ra ring

Nhu thé

Va cuoi ciing

B+Vv2)(1+v2)"+ (B -Vv2)(1 —v2)" —2(-1)"
. .

S(n)=Amn)—C(n—-2)=
Ghi chi

1. Tit (1), (2), (3) c6 thé suy raring S(n) = S(n—1)+3S5(n—2)+S(n—3). Chiing t6i khong 16 1 6
thé tim dudc cach chitng minh truc tiép hé thic nay ma khong thong qua cac day sé phu duge khong.

2. Bai toan sé dé chiu hon néu yéu cau khong ton tai a, b sao cho |a —b| € {1,n} dugc déi thanh
khong ton tai a,b sao cho |a — b| = 1 hodc a + b = 2n + 1. Khi d6 dap s6 sé chinh la A(n).



