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Notation

aEFONZSCO®M;

s
3

Q2
3

xi

is defined as

belongs to (a set)

does not belong to (a set)

intersection of sets

union of sets

empty set

set of natural numbers

set of integers

set of rational numbers

set of real numbers

set of nonnegative real numbers

set of complex numbers

n-dimensional Euclidean space

space of column vectors with n real components
n-dimensional complex linear space
space of column vectors with n complex components
Hilbert space

vas)

real part of the complex number z
imaginary part of the complex number z
modulus of complex number z

[z +iy| = (2* + )%, 2,y eR

subset T of set S

the intersection of the sets S and T

the union of the sets S and T

image of set .S under mapping f
composition of two mappings (f o g)(z) = f(g(z))
column vector in C"

transpose of x (row vector)

zero (column) vector

norm

scalar product (inner product) in C”
vector product in R3

m X n matrices

determinant of a square matrix A

trace of a square matrix A

rank of matrix A

transpose of matrix A



xii

conjugate of matrix A

conjugate transpose of matrix A

Af conjugate transpose of matrix A
(notation used in physics)

AL inverse of square matrix A (if it exists)

I,

1

A
A*

n X n unit matrix
unit operator

0, n X n zero matrix

AB matrix product of m x n matrix A
and n X p matrix B

AeB Hadamard product (entry-wise product)
of m x n matrices A and B

[A,B]:= AB— BA commutator for square matrices A and B

[A,B]; := AB+ BA anticommutator for square matrices A and B

A®B Kronecker product of matrices A and B

A® B Direct sum of matrices A and B

0 Kronecker delta with d;;, =1 for j =k
and 6, =0 for j #k

A eigenvalue

€ real parameter

t time variable

=

Hamilton operator

The Pauli spin matrices are used extensively in the book. They are given

by
(01 (0 —i (1 0
Oy = 1 0 s O'y = Z 0 s O, i — 0 _1 .

In some cases we will also use o1, o2 and o3 to denote o, oy and o, .



Chapter 1

Basic Operations

Problem 1. Let a,b,c € R3. Show that
a-(bxc)=b-(cxa)=c-(axDb)

where - denotes the scalar product and x the vector product.

Problem 2. Consider the three linear independent normalized column
vectors in R?

vl ) e
(1) Find the volume
Va :=al (ap x a3).
(ii) From the three vectors a;, ag, ag we form the matrix
1/vV2 0 1/V2

0 1 0
1/vV2 0 —1/V2

Find the determinant. Discuss.
(iii) Find the vectors

blz—agxag bgz—agxal bgz—alxag
Va ’ Va ’ Va



2 Problems and Solutions
where x denotes the vector product. Are the vectors linearly independent?

Problem 3. Consider the normalized vector vo = (1 0 0)" in R3.
Find three normalized vectors vy, va, v3 such that

> 1
Zvjzo, V?V}C:—g (J#£k).
§=0

Problem 4. Let x € R3.
(i) Find all solutions of

1 I 0
0 X T2 = 0
0 I3 1

(ii) Find all solutions of

0 Iy 1/\/§
0
0 I3 1/\/§

Problem 5. (i) Find four normalized vectors aj, as, a3, a; in R3 such
that

4 1 1 forj=k
T, _*s 1 _ J
A aK = 30k~ 3 {—1/3forj7ék '
(ii) Calculate the vector and the matrix

4 4
3 § T
aj, Z ajaj .
1 j=1

Jj=

Discuss.

Problem 6. Find the set of all four (column) vectors uy, ug, vi, v in
R? such that the following conditions are satisfied

viupg =0, viu; =0, viu =1, viuy=1.

Problem 7. Let e, ey, e3 be the standard basis in R?

1 0 0



Basic Operations 3

(i) Consider the normalized vectors

1
a=—(e; +ey+e3), b=

V3

c:%(7e1+e27e3), d:ﬁ(elfegfeg).
These vectors are the unit vectors giving the direction of the four bonds
of an atom in the diamond lattice. Show that the four vectors are linearly
dependent.
(ii) Find the scalar products a’b, bT¢, c’'d, d”a.

(—e1 — €2 —+ 83),

Problem 8. Let u, v be (column) vectors in R”. What does

A= /l(@lu)(vTv) - (uTv)?|

calculate?

Problem 9. Let

x U1
X = () 5 Y= Y2
T3 Y3

be two normalized vectors in R®. Assume that xTy = 0, i.e. the vectors
are orthogonal. Is the vector x X y a unit vector again? Here x denotes
the vector product.

Problem 10. Consider the 2 x 2 matrices
_ (a1 a2 ({0 1
A(alg au)’ C(l 0>
where a11,a12 € R. Can the expression
A® +3AC(A+C) +C?
be simplified for computation?
Problem 11. Let A, B be 2 x 2 matrices. Let AB = 0, and BA = 0.

Can we conclude that at least one of the two matrices is the 2 x 2 zero
matrix? Prove or disprove.

Problem 12. Let A, C be n x n matrices over R. Let x, y, b, d be
column vectors in R™. Write the system of equations

(A+1iC)(x+iy) = (b+1d)



4 Problems and Solutions

as a 2n x 2n set of real equations.

Problem 13. (i) Consider the Hilbert space M3(R) of the 2 x 2 matrices
over R. Show that the matrices

o) o) o) ()

are linearly independent.
(ii) Use the Gram-Schmidt orthonormalization techngiue to find an or-
thonormal basis for Ma(R).

Problem 14. Let A, B be symmetric matrices over R. What is the
condition on A, B such that AB is symmetric?

Problem 15. Let A, B be positive definite matrices. Is AB also positive
definite? If not, what is the condition on A, B such that AB is positive
definite.

Problem 16. Let m > 1 and N > 2. Assume that N > m. Let X be an
N x m matrix over R such that X*X = I,,,, where [, is the m X m unit
matrix.

(i) We define
P:=XX".

Calculate P2, P* and trP.
(ii) Give an example for such a matrix X, where m =1 and N = 2.

Problem 17. (i) Compute the matrix product

4 -1 2 1
(1 z2 23)| -1 0 1 T2
2 1 0 T3

(ii) Write the quadratic polynomial
33:% — 8r1x9 + 23:% + 6x123 — 33:%

in matrix form.

Problem 18. Consider the 4 x 4 matrix

o O =
[l e M)
—_ o O
o O OO
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Calculate N2, N3, N*. Is the matrix nilpotent?
Problem 19. Is the product of two n x n nilpotent matrices nilpotent?
Problem 20. Given the 2 x 2 matrix A. Find all 2 x 2 matrics X such

that
AX = XA.

Problem 21. Consider the matrix A and the vector b,

—_ o = O

0 1
0 1
1 1
0 1

o O = O
O = O =

Are the vectors b, Ab, A%b, A%b linearly independent?
Problem 22. Let A be an n x n matrix over C and x € C™. Show that

R(x"Ax) = %X*(A + A")x.

Problem 23. Let A be an n X n hermitian matrix and P be an n X n
projection matrix. Then PAP is again a hermitian matrix. Is this still true
if A is a normal matrix, i.e. AA* = A*A?

Problem 24. Let A, B be normal n X n matrices. Assume that AB* =
B*A and BA* = A*B.

(i) Show that their sum A + B is normal.

(ii) Show that their product AB is normal.

Problem 25. An n xn matrix over C is called normal if M M* = M*M.
Let a,b € C. What is the condition on a, b such that the 2 x 2 matrix

o (2 7)

Problem 26. An n x n matrix is called nilpotent if some power of it is
th zero matrix, i.e. there is a postive integer p such that AP = 0,,. Show
that every nonzero nilpotent matrix is nondiagonable.

is normal?
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Problem 27. Let B be an n X n hermitian matrix. Is ¢B skew-hermitian?

Problem 28. Let A be an n x n normal matriz, i.e. AA* = A*A. Show
that kerA = ker A*, where ker denotes the kernel.

Problem 29. Let A be an n X n hermitian matrix. Show that A™ is a
hermitian matrix for all m € N.

Problem 30. Let A be a hermitian n X n matrix and A # 0. Show that
A™ # 0 for all m € N.

Problem 31. Show that if hermitian matrices S and T are positive semi-
definite and commute (ST = T'S), then their product ST is also positive
semi-definite. We have to show that

(STu)*u >0

for all u € C™.

Problem 32. An nxn matrix is called normal if AA* = A*A. Obviously,
a hermitian matrix is normal. Give a 3 x 3 matrix which is normal but not
hermitian.

Problem 33. Let A be an n x n matrix with A2 = 0. Is the matrix
1,, + A invertible?

Problem 34. Let A be an n x n matrix with A% = 0. Show that I,, + A
has an inverse.

Problem 35. Let A, B be n x n matrices and ¢ a constant. Assume that
the inverses of (A — ¢I,,) and (A + B — cl,,) exist. Show that

(A—cl,) 'B(A+B—cl,) '=(A—cl,) ' —(A+B—cl,) " .

Problem 36. Represent the 3 x 3 matrix

1 0 1
A=1 0 2 0 (relative to the natural basis)
-1 0 -1
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Problem 37. Consider the rotation matrix

R(6) = (C.OSH ‘Sifle) .

sinf  cos6

Let n be a positive integer. Calculate R™(0).

Problem 38. An n x n matrix K is called a Cartan matriz if it satisfies
the following properties

(i) Kj;=2forj=1,...,N.

(i) Kji is a nonposmve 1nteger if j # k.

(iii) K, = 0 if and only if K, = 0.

(iv) K is postive definite, i.e. it has rank n.

Find a 2 x 2 Cartan matrix.

Problem 39. Let B, C be n X n matrices and 0,, the n X n zero matrix.
Consider the 2n x 2n matrix

0, B
a=(% )

Problem 40. Find a 2 x 2 matrix which is normal but not hermitian.

Find A2.

Problem 41. Consider the 2 x 2 matrix

=0 5)

where «, 8 € R. Find the condition on «, 3 such that the inverse matrix
exists. Find the inverse in this case.

Problem 42. An n X n matrix over R is orthogonal if and only if the
columns of A form an orthogonal basis in R3. Show that the matrix

V3/3 0 —/6/3
V3/3  V2/2 V6/6
V3/3 —v2/2  6/6

is orthogonal.

Problem 43. Let

0 1 0 O 0o 0 10
-1 0 0 0 0 0 01
A= 0o 0o o 1)’ B = -1 0 0 0
0 0 -1 0 0 -1 0 0
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Can one find a permutation matrix such that A = PBPT?

Problem 44. Let A be an n X n matrix. Then A can be written as
A = HU, where H is an n x n positive semi-definite matrix and U a
unitary matrix. Show that H2U = UH? if A is normal, i.e. A*A = AA*.

Problem 45. Can one find an orthogonal matrix over R such that
(0 1 _ (0 0),
w5 0)e-(10)

Problem 46. Let 0, be the n xn zero matrix and I,, be the n x n identity
matrix. Find an invertible 2n x 2n matrix T such that

2 0n L\, [0 -I,
T(—In()n =\ o)

Problem 47. Find all 2 x 2 matrices g over C such that

detg=1, ng'n=g"

where 7 is the diagonal matrix n = diag(1, —1).

Problem 48. The (n + 1) x (n + 1) Hadamard matriz H(n) of any
dimension is generated recursively as follows

H(n-1 H(n-1
H(n) = <Hgn—1; —fé(n—i))

where n =1,2,... and
Find H(1), H(2), and H(3).

Problem 49. Let a,b € R? and o;, 03, 03 be the Pauli spin matrices.
We define
a-o :=a101 +as09 + asos.

What is the condition on a, b such that
(a-o)(b-o)=(a-b)l+ilaxb) o7

Here x denotes the vector product and I, is the 2 x 2 identity matrix.
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Problem 50. Let M be an 2n x 2n matrix with n > 1. Then M can be

written in block form
A B
v-(2 o)

where A, B, C, D are n x n matrices. Assume that M ! exists and that the
n X n matrix D is also nonsingular. Find M ~! using this condition.

Problem 51. Let A be an m x n matrix with m > n. Assume that
A has rank n. Show that there exists an m x n matrix B such that the

n X n matrix B*A is nonsingular. The matrix B can be chosen such that
B*A=1,.

Problem 52. Let A be an m x n matrix over R. Let

2 mfl)T

x:=(1,z,2%,...,x n=hT

.oy =Lyt oy

Find the extrema of the function

plz,y) =x"Ay.

Problem 53. Let A be an n x n matrix over C. Let u,v € C" considered

as column vectors. Is
viAu=u*A*v?

Problem 54. Two n x n matrices A, B are called similar if there exists
an invertible n x n matrix P such that
A=PBP .

Show that the matrices
0 1 0 0
a=(50) #=(1 o)

Problem 55. Let u, v be normalized (column) vectors in C™. Let A be
an n X n positive semidefinite matrix over C. Show that

(u'v)(u* Av) > 0.

are similar.

Problem 56. Let e € [0,1]. Show that the 2 X 2 matrix
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is a projection matrix.

Problem 57. Let A € R™*" be a nonzero matrix. Let x € R", y € R™

be vectors such that ¢ := y7 Ax # 0. Show that the matrix
B:=A—-ctAxyTA

has rank exactly one less than the rank of A.

Problem 58. Let A be an arbitrary nxn matrix over R. Can we conclude
that A? is positive semi-definite?

Problem 59. Let A, B be n x n idempotent matrices. Show that A+ B
are idempotent if and only if AB = BA = 0.

Problem 60. Let A, B be n x n matrices over C. Assume that A+ B is
invertible. Show that

(A+B)'A=1,—-(A+B)"'B
A(A+B)'=1I,-BA+B)™".

Problem 61. Let u,v € R?. Show that

(uxv)-(uxv)=(u-u)(v-v)—(u-v)?.

Problem 62. Consider the vector space of 2 x 2 matrices over R and the
matrices

11 0 1 0 0 10
w=foo) 2=(1) »=(V 1) 4-(0)

Are these matrices linearly independent? Which of these matrices are nor-
mal matrices?

Problem 63. Let o, € C. What is the condition on «, 3 such that
0 «
aes)= (g o)
is a normal matrix?

Problem 64. Find all invertible 2 x 2 matrices such that

(0 0)s (o) = (5 o)slaa):
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Problem 65. (i) Consider the two-dimensional Euclidean space and let
e1, ey be the standard basis

o-()) ()

1 V3 1 V3

vo =0, V1:§el+72 €2, Vgi—felf—2 es.

Consider the vectors

1 V3 1 V3

Vy=——-€e+ —ey, V4= —-€ ——e€e3, V;=—€], Vg=e].
3 5 5 ©2 4= 58 5 ©2 5 1 6 1
Find the distance between the vectors and select the vectors pairs with the
shortest distance.

Problem 66. Given four points in R? x;, x;, X, X; (pairwise different).
One can define their cross-ratio

Ixi — x| [xk — x4

i — x|k — x5

Tijke
Show that the cross-rations are invariant under conformal transformation.
Problem 67. Consider the vector space M2(R) of 2 x 2 matrices over R.
Can one find a basis of M3(R) such that all four matrices are normal and
invertible?
Problem 68. Find all 2 x 2 matrices A over C such that

A? = 1, A" =—A.
Extend to 3 x 3 matrices.

Problem 69. Let a,b € R and a # 0. Find the inverse of the transfor-
mation

2\ _ [(a b\ [=x

1/ \0 1 1)

Problem 70. Let A be an n x n matrix over C with A% = I,,. Can we
conclude that A is normal?
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Problem 71. Consider the 4 x 4 matrix

cosh « 0 0 sinh o
— sin A sinh a cos 3 0 — sin 3 cosh o
sinycos fsinha sinysinf8 cosvy  sin<ycoscosha
cosycosf@sinha cosysinf@ —siny cos~ycos(cosha

Ao, B,7) =

(i) Is each column a normalized vector in R*?
(ii) Calculate the scalar product between the column vectors. Discuss.

Problem 72. Let a, b, ¢, d be vectors in R3. Show that (Lagrange
identity)

@xb)fexd)=aet (25 P19).

Problem 73. Consider the normalized state u and the permutation ma-
trix P, respectively

0 1
V3 -1 1 0

O = O

Are the vectors u, Pu, P2?u linearly independent?

Problem 74. (i) Consider the 3 x 3 permutation matrix

P =

= o O
O O =
O = O

Find all 3 x 3 matrices A such that PAPT = A.
(ii) Consider the 4 x 4 permutation matrix

_ o o o
= el
o o= O
[l e i)

Find all 4 x 4 matrices A such that PAPT = A.

Problem 75. Let 0 < 6 < m/4. Note that sec(z) := 1/ cos(z). Consider

the matrix
[ sec(20) —itan(20)
A(0) = (itan(w) sec(20) ) '
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Is the matrix hermitian? Is the matrix orthogonal? Is the matrix unitary?
Is the inverse of A(0) given by A(—6)?

Problem 76. Are the 4 x 4 matrices
1 V2 0 —1/V2
1 1/V2 1 1/V2 0 =~

—1/vV2 0 1/V2 1

projection matrices? If so describe the subspaces of R* they project into.

Problem 77. Let A be a positive definite n X n matrix over R. Let
x € R™. Show that A + xx” is positive definite.

Problem 78. Let A be a positive definite n X n matrix over R. Let
x € R™. Show that A + xx” is positive definite.

Problem 79. Let A be an n x n matrix over R. Assume that 42 = 0,,.
Find the inverse of I,, + iA.

Problem 80. Write the matrix
1 1
0 0

as a linear combination of the Pauli spin matrices and the 2 x 2 identity
matrix.

Problem 81. (i) Let z € R. Show that the matrix

coso(x) 0( ) —Si(r)l(:b‘) 'O( |
Alz) = sin(z) 0 cos(x) 0
0 sin(x) 0 cos(x)

is invertible. Find the inverse.
(ii) Let « € R. Show that the matrix

cosh(zx) 0 sinh(z) 0

0 cosh(z) 0 sinh(z)
sinh(z) 0 cosh(z) 0

0 sinh(x) 0 cosh(x)

B(x) =

is invertible. Find the inverse.
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Problem 82. Consider the 2 x 2 matrices

r t 1 1 1
s=(3 1) m=50 4)
Calculate RSRT. Discuss.

Problem 83. The vectors u, v, w point to the vertices of a equilateral
triangle

(). o= (). - ()
Find the area of this triangle.

Problem 84. One can describe a tetrahedron in the vector space R? by
specifying vectors vy, va, v3, v4 normal to its faces with lengths equal to
the faces’ area. Give an example.

Problem 85. Consider the 4 x 4 matrix

1 1 1
1 -1 -1
1 -1 1
1 1 -1

* X X X

Find the 4-th column non-zero vector in the matrix A so that this vector
is orthogonal to each of three other column vectors of the matrix.

Problem 86. Assume that two planes in R? given by
kxq + fxo + mas +n =0, Eri+0xo+mzs+n' =0
be the mirror images with respect to a third plane in R? given by

ary +bro +cxs+d=0.

Show that
K 1 a? —b* -2 2ab 2ac k
| = —Tpia 2ab —a?2 402 -2 2bc Y4
m’ a®+ 0% +c 2ac 2bc —a? — b+ 2 m

Problem 87. (i) Consider a tetrahedron defined by the triple of linearly
independent vectors v; € R3, j = 1,2,3. Show that the normal vectors to
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the faces defined by two of these vectors, normalized to the area of the face,
is given by

(ii) Show that

V] = ——hy X 13 Vo = —1n3 X 11 V3 = —nNj X N2
3V ’ 3V ’ 3V

where V is the volume of the tetrahedron given by

1 2
VZQ(V1XV2)'V3= 6(111)(112)'113.
Problem 88. (i) Find the area of the set
SQ = {((El,.’EQ) 01 le 21'2 20}
(ii) Find the volume of the set
Sz={(z1,22,23) 1 1 221 > 20 >23>0}.

Extend the n-dimensions.

Problem 89. Let A be a hermitian n x n matrix over C with A% = I,,.
Find the matrix
(A7 4,7t



Chapter 2

Linear Equations

Problem 1. (i) Find all 2 x 2 matrices A over R with

det(A) = 11022 — A12021 = 1 (1)

(-5

(ii) Do these matrices form a group under matrix multiplication?

and

Problem 2. Find all solutions of the linear system

T+ 2x9 —4dxz + x4 =3
2x1 — 3x0 + 3+ dbry=—4
7(E1 —101’3+13(E4:0.

Problem 3. Consider the area-preserving map of the two-dimensional

torus (modulo 1)
x’ x 4 15
(7)=2G) =G Y)

where det A = 1 (area-preserving). Consider a rational point on the torus

()=o)

16
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where p is a prime number (except 2, 3, 5) and ny, ng are integers between 0
and p— 1. One finds that the orbit has the following property. It is perdioc
and its period T depends on p alone. Consider p =7, ny = 2, no = 3. Find
the orbit and the period T

Problem 4. Solve the linear equation

(131 T2 l‘g) :(1‘1 xTo .Ig).

— = =
N DN DN
W w w

Problem 5. Gordan’s theorem tells us the following. Let A be an m x n
matrix over R and ¢ be an n-vector in R™. Then exactly one of the follow-
ing systems has a solution:

System 1: Ax <0 for some x € R".
System 2: ATp=0 and p>0 forsome pe€R™.

Let

1 1
A=10 0
1

S = O

1
Find out whether system (1) or system (2) has a solution.

Problem 6. Gordan’s theorem tells us the following: Let A be an m x n
matrix over R. Exactly one of the following systems has a solution:

System 1: Ax < 0 for some x € R"
System 2: A”p =0 and p > 0 for some nonzero p € R”.

Let
2 1 1
A=(1 2 1
1 1 2
Find out whether system (1) or system (2) has a solution.

Problem 7. Farkas’ theorem tells us the following. Let A be an m x n
matrix over R and ¢ be an n-vector in R™. Then exactly one of the follow-
ing systems has a solution:

System 1: Ax < 0 and c¢”x > 0 for some x € R™.
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System 2: ATy = c and y > 0 for some y € R™.

Let
1

101
A={0 1 0], =11
101 1

Find out whether system (1) or system (2) has a solution.

Problem 8. Apply the Gauss-Seidel method to solve the linear system

4 -1 -1 0 B 1
-1 4 0 -1 x| |0
-1 0 4 1] as 0
0 -1 -1 4 T4 0

Problem 9. Let A be an n x n matrix. Consider the linear equation
Ax = 0. If the matrix A has rank r, then there are n—r linearly independent
solutions of Ax = 0. Let n = 3 and

01 1
A=(0 0 1
0 00
Find the rank of A and the linearly independent solutions.

Problem 10. Consider the curve described by the equation
202 + 4oy —y? + 4 — 2y +5=0 (1)

relative to the natural basis (standard basis e; = (1 0)7, ey = (0 1)7).
(i) Write the equation in matrix form.

(ii) Find an orthogonal change of basis so that the equation relative to the
new basis has no crossterms, i.e. no x’y’ term. This change of coordinate
system does not change the origin.

Problem 11. Consider the 2 x 2 matrix
b —a
a b

with a,b € R and positive determinant, i.e. a? + b > 0.
(1) Solve the equation

GG =58)G)
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for the vector (z; y1)? with a given vector (zo o)t .

(i) Let »
v ) (L h)
=0y,

Problem 12. Suppose that V is a vector space over a field F and U C V'
is a subspace. We define an equivalence relation ~ on V by = ~ y iff
x—yeU. Let V/U = V/ ~. Define addition and scalar multiplication on
V/U by [z] + [y] = [x] + [y], ¢[z] = [cx], where ¢ € F and

and

Calculate MT JM.

[z]={yeV :y~a}.

Show that these operations do not depend on which representative x we
choose.

Problem 13. Consider the vector space V = C? and the subspace U =
{(z1,22) : ©1 =222 }. Find V/U.

Problem 14. Find all solutions of the system of linear equations

5 -2 —4 I X1
—2 2 2 T2 = To
—4 2 5 T3 I3

Problem 15. Let b > a. Consider the system of linear equations

11 1 ... 1\ /w b—a

Tog X1 Ta - Ty wy (b? —a?)/2

xg i 3 ap || we | = (0* —a®)/3

xy ozt b zn Wy, (b — @™t /(n 4+ 1)

Let n=2,a=0,b=1,20 =0, 1 =1/2, 22 = 1. Find wy, wy, ws.

Problem 16. Let Y, X, A B,C,E n x n matrices over R. Consider the
system of matrix equations

Y+CE+DX =0,  AE+BX=0,.
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Assume that A has an inverse. Eliminate the matrix F and solve the system
for Y

Problem 17. Let V be a vector space over a field F. Let W be a subspace
of V. We define an equivalence relation ~ on V by stating that vy ~ vy if
vy —vg € W. The quotient space V/W is the set of equivalence classes [v]
where v; — vy € W. Thus we can say that v is equivalent to v modulo W
if v1 = vo + w for some w € W. Let

v { (7))
v=i(5) mem )
@) -6) -C) G)-0)

(ii) Give the quotient space.
Problem 18. For the three-body problem the following linear transfor-
mation plays a role

and

(i) Is

X(z1, 22, 23) = = (z1 + z2 + x3)

Wl =

(21, 22, 23) = —= (21 — 22)

y(l’l,wg,(l?g): ($1 + X2 *2503)

S-Sl

(i) Find the inverse transformation.
(ii) Introduce polar coordinates

. 1
o(r,6) = rsing, y(r6) =reos, = L((m—r2)+(ra-)+ (rs—m)?)
Express (x1 — x2), (x2 — x3), (x5 — 1) using this coordinates.
Problem 19. Let a € [0,27). Find all solutions of the linear equation
cosa sino 1\ _ (b
sina  cosa o) \by /'~

Thus z; and x5 depends on «a.
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Problem 20. Consider the partial differential equation (Laplace equa-
tion)
v 0%u
0x? + Oy?

with the boundary conditions

=0 on [0,1] x[0,1]

u(z,0) =1, wu(z,1)=2, u(0,y)=1, wu(l,y)=2.

Apply the central difference scheme

(62“> ~ Wi-1k — 2Ujk + Uik (8%) ro Yiho1 = 2 Ul
02 i (Az)? ) o2 ik (Ay)?

and then solve the linear equation. Consider the cases Az = Ay = 1/3 and
Ar=Ay=1/4.

Problem 21. Let n and p be vectors in R with n # 0. The set of all
vectors x in R™ which satisfy the equation

n-(x—p)=0

is called a hyperplane through the point p € R. We call n a normal vector
for the hyperplane and call n - (x — p) = 0 a normal equation for the
hyperplane. Find n and p in R?* such that we obtain the hyperplane given
by

m1+x2+x3+x4:§.

Note that any hyperplane of the Euclidean space R™ has exactly two unit
normal vectors.

Problem 22. (i) The equation of a line in the Euclidean space R? passing
through the points (z1,y1) and (22,y2) is given by

(y - yl)(xz - 371) = (y2 - yl)(a? — xl) .
Apply this equation to the points in R? given by (z1,v1) = (1,1/2), (z2,92) =
(1/2,1). Consider the unit square with the corner points (0, 0), (0,1), (1,0),
(1,1) and the map
(0,0) — 0, (0,1) =0, (1,0—0, (1,1) — 1.

We can consider this as a 2 input AND-gate. Show that the line constructed
above classifies this map.
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(ii) The equation of a plane in R? passing through the points (z1,y1, 21),
(22, Y2, 22), (3, ¥3, 23) in R? is given by

r—xr1 Y—-y%y <2—2
det | xo — 1 yo—y1 220—21 | =0.
T3 —%1 Ys—Yr 23— %1

Apply this equations to the points
(1,1,1/2), (1,1/2,1), (1/2,1,1).
Consider the unit cube in R? with the corner points (vertices)
(0,0,0), (0,0,1), (0,1,0), (0,1,1)

(1,0,0), (1,0,1), (1,1,0), (1,1,1)

and the map where all corner points are mapped to 0 except for (1,1,1)
which is mapped to 1. We can consider this as a 3 input AND-gate. Show
that the plane constructed in (i) separates these solutions.



Chapter 3

Traces, Determinants and
Hyperdeterminants

Problem 1. Find all 2 x 2 matrices over C that satify the conditions

trA=0, A=A* A’ =1,.

Problem 2. Find all 2 x 2 matrices A such that
A? = tr(A)A.

Calculate det(A) and det(A?) of such a matrix.

Problem 3. Let 0., 0y, 0. be the Pauli spin matrices. Calculate the
trace of 0y, 0y, 0, 0,0y, 00, 0y0,, 00,0 .

Problem 4. Let A be an n x n matrix with A2 = I,,. Let B be a matrix
with AB = —BA, i.e. [A,B]y =0,.

(i) Show that tr(B) = 0.

(ii) Find tr(A ® B).

Problem 5. (i) Consider the two 2 x 2 matrices

(a1 (a1 O
a=(i o) 2= 1)

23
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The first column of the matrices A and B agree, but the second column of
the two matrices differ. Is

det(A + B) = 2(det(A) + det(B))?

Problem 6. Let A, B be 2 x 2 matrices. Assume that det(A) = 0 and
det(B) = 0. Can we conclude that det(A + B) = 07

Problem 7. The oriented volume of an n-simplex in n-dimensional Eu-
clidean space with vertices vg, v1, ..., v, is given by

1

- det(5)

where S is the n X n matrix
S:=(Vvi—Vg Va— Vg ... V1 — Vg V,, — Vg ).

Thus each column of the n X n matrix is the difference between the vectors
representing two vertices.

(i) Let
v (@) e (D) ()

Find the oriented volume.

(ii) Let
0 1 0 0
Vo = 0 5 Vi1 = 0 5 Vo = 1 5 V3 = 0
0 0 0 1

Find the oriented volume.

Problem 8. The area A of a triangle given by the coordinates of its
vertices

(fo,yo)7 ($17y1)a (anyZ)
is
1 o Yo 1
A= —det 1 Y 1
2
T2 Y2 1

(i) Let (x0,%0) = (0,0), (x1,y1) = (1,0), (z2,y2) = (0,1). Find A.

(ii) A tetrahedron is a polyhedron composed of four triangular faces, three of
which meet at each vertex. A tetrahedron can be defined by the coordinates
of the vertices

(0,90, 20), (1,91,21), (2,92, 22), (3,¥3,23).
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The volume V of the tetrahedron is given by

To Yo 2o 1

1
A
6 To Y2 22 1
x3 Y3 z3 1

Let
(‘r07y0320) = (Oa030>7 (331’111,21) = (03071)7

($27y2722) = (O> 170)7 (-T3>y3723) = (17070) .

Find the volume V.
(iil) Let

(man()vZO) = (+17+17+1)7 (zlaylyzl) = (_17 _1a+1)7

($2>y2’z2) = (_1’+17_1)7 ($37y3’23) = (+1a _17_1) .
Find the volume V.

Problem 9. Let A, B be n xn matrices. Assume that [A, B] = A. What
can be said about the trace of A7

Problem 10. Find all linearly independent diagonal 3 x 3 matrices over
R with trace zero.

Problem 11. Let A be a 2 x 2 matrix over C. Assume that A% = I, and
thus tr(A?) = 2. What can be said about the trace of A?

Problem 12. Let A, B be n X n matrices over C. Assume that
tr(AB) =0.

(i) Can we conclude that tr(AB*) = 07
(ii) Consider the case that B is skew-hermitian.

Problem 13. Let
A:(alana"'van—17u)7 B:(alaa%-"aan—lvv)

be n X n matrices, where the first n — 1 columns ay, ..., a,,_1 are the same
and for the last column u # v. Show that

det(A + B) = 2" (det(A) + det(B)) .
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Problem 14. An n x n tridiagonal matrix (n > 3) has nonzero elements
only in the main diagonal, the first diagonal below this, and the first di-
agonal above the main diagonal. The determiant of an n x n tridiagonal
matrix can be calculated by the recursive formula
det(A) = anndet[Alf1, n—1} = Gnn—10n_1,ndet[Alf  n_2}

where det[A]{;, k) denotes the k-th principal minor, that is, [A]1, .k} is
the submatrix by the first & rows and columns of A. The cost of computing
the determinant of a tridiagonal matrix using this recursion is linear in n,
while the cost is cubic for a general matrix. Apply this recursion relation
to calculate the determinant of the 4 x 4 matrix

01 00
1120
A70223
00 3 3

Problem 15. (i) Let A be a 2 x 2 matrix over R. Assume that
tr(A) = tr(A?) = tr(4%) = tr(4*) = 0.
Can we conclude that A is the 2 x 2 zero matrix?

(ii) Assume that A is a normal matrix and satisfies these conditions. Can
we conclude that A is the 2 x 2 zero matrix?

Problem 16. Consider the symmetric n X n band matrix (n > 3)

1 1 0 ... 00
1 11 ... 00
o1 1 ... 00
My=1|. . . . . .
o0 o0 ... 11
0o 0o o0 ... 11

with the elements in the field Fy. Show that
det(M,,) = det(M,,—1) — det(M,,_2)
with the initial conditions det M3 = det M, = 1. Show that the solution is

det(M,) = ? cos (% - %) (mod 2).
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Problem 17. Let H be the 8 x 8 matrix

1 0 0 0
> 0 01 0 0
H_<0 I4>7 X = 00 -1 0
00 0 -1
Let A, D, X,Y be 4 x 4 matrices over C and
A X
M(Y D).

Find the conditions on the matrix M such that
HM + M*H = 0g
and trA — trD = 0.

Problem 18. Consider the symmetric 3 x 3 matrix

Ala) = , aeR.

=~ 9
— Q
Q =

(i) Find the maxima and minima of the function

fla) = det(A(e)).

(ii) For which values of « is the matrix noninvertible?

Problem 19. Let A, B be n X n hermitian positive definite matrices.
Show that
tr(AB) > 0.

Problem 20. Let A, B be n x n matrices over R. Assume that A is
invertible. Let ¢ be a nonzero real number. Show that

det(A+tB) = t"det(A)det(A™'B +t7'I,).

Problem 21. Let A be an n x n invertible matrix over R. Show that AT
is also invertible. Is (AT)~t = (A=1)T ?

Problem 22. Let A be an 2 x 2 matrix over R. Let I be the 2 x 2 unit
matrix and pu € R. Find the determinant of the 4 X 4 matrix

—/,LIQ A
AT —uly )
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Problem 23. Let A be an 2 x 2 matrix over R. Calculate
r=tr(A%) — (tr(A))?.

What are the conditions on a;, such that r = 07

Problem 24. Let A be a 2 x 2 symmetric matrix
A= (an ai2 )
a1z a2
0] 0 1
— A= .
60,12 < 1 0)
0 0A
A?) =tr (24 :
Oaz ) g ( 36112)

Problem 25. Let A, B be n x n matrices over C. Is

tr(A*B) = tr(AB*)?

over R. We define

Show that

0
A2 =
Dars tr tr (

Problem 26. Let A, B be 2 x 2 matrices. Show that
[A, Bl = AB + BA = (tr(AB) — tr(A)tr(B))I> + tr(A)B + tr(B)A.

Can this identity be extended to 3 x 3 matrices?

Problem 27. Find all nonzero 2 x 2 matrices A and B such that
BA* =tr(AA")A.

Problem 28. Consider the Hilbert space My (C) of all 4 x 4 matrices over
C with the scalar product (A, B) := tr(AB*), where A, B € M,(C). The
~v-matrices are given by

00 0 —i 0 00 —1
oo =i o o 01 o0
M=1o i o o) "o 10 o

i 0 0 0 100 0

0 0 —i 0 10 0 0
(o o o o1 0 o
B=1i 0o o o] T {oo -1 o

0 —i 0 0 00 0 -1
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and
0 0 -1 0
0 0 0 -1
Vs ENRWI= | 0 0
0 -1 0 0
We define the 4 x 4 matrices
) .
Ojk = 5[%7%}, J<k

where j =1,2,3, k =2,3,4 and [, | denotes the commutator.
(i) Calculate J12, 013, 014, 023, 024, 034-
(ii) Do the 16 matrices

Iy, v1, Y25 V35 V4, V55 V51 V5V25 V535 V5V4, 012, 013, 014, 023, 024, 034

form a basis in the Hilbert space M4(C)? If so is the basis orthogonal?
Problem 29. Let n > 2. An invertible integer matrix, A € GL(n,Z),
generates a toral automorphism f : T" — T™ via the formula
fom=moA, 7 : R - T :=R"/Z".
The set of fixed points of f is given by
Fix(f) :=={a*€T" : f(z*)=2"}.

Let #Fix(f) be the number of fixed points of f. Now we have: if det([, —
A) # 0, then
{Fix(f) = | det (L, — A)].

(2

Show that det(lz — A) # 0 and find #Fix(f).

Let n = 2 and

Problem 30. Calculate the determinant of the 4 x 4 matrix

1 0 0 1
01 1 0
A= 01 -1 0
10 0 -1

using the exterior product. This means calculate

1 0 0 1
0 1 1 0
ol MM = [N o
1 0 0 1
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Problem 31. (i) Let o € R. Find the determinant of the matrices

A(Oé)z < COS «x Sané)’ B(Q)Z <COSO¢ ZSIHO&)7

—sina  cosa isina cos

(ii) Let o € R. Find the determinant of the matrices

Ala) = (cosha smha) ’ Ba) = ( cosh « Zsmha> 7

sinha cosha —isinha  cosha

Problem 32. The 3 x 3 diagonal matrices over R with trace equal to 0
form a vector space. Provide a basis for this vector space. Using the scalar
product tr(ABT) for n x n matrices A, B over R the elements of the basis
should be orthogonal to each other.

Problem 33. Let A be a n x n matrix with det A = —1. Find det(4™1).

Problem 34. The Hilbert-Schmidt norm of an n x n matrix over C is

given by
|All2 = v/tr(A*A).

Another norm is the trace norm given by

[A]l1 = try/(A*A) .

Calculate the two norms for the matrix
0 —2¢
(Y.

Problem 35. The nxn permutation matrices form a group under matrix
multiplications. Show that

det(I, — P) =0

for any n x n permutation matrices.

Problem 36. Let A be a 3 x 3 matrix over R. Consider the permutation
matrix

0 0 1
P=10 10
1 00

Assume that AP = A. Is A invertible?
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Problem 37. Let A = (a;;) be a 2n x 2n skew-symmetric matrix. The
Pfaffian is defined as

n

1
P(A) = o Y sen(o) [ aoesvotan

o€San j=1

where Sy, is the symmetric group and sgn(o) is the signature of permuta-
tion o. Consider the case with n = 2, i.e.

0 ai2  a13 a4
A | T2 0 az3  any
—ai3 —azz 0  as

—a1q —azs —azs 0
Calculate Pf(A).
Problem 38. Let A be a skew-symmetric 2n x 2n matrix. For the Pfaffian
we have the properties
(Pf(A))? = det(4),  Pf(BAB") = det(B)Pf(A)
Pf(A\A) = \"Pf(A),  Pf(AT) = (=1)"Pf(A).

where B is an arbitrary 2n x 2n matrix. Let J be a 2n x 2n skew-symmetric
matrix with Pf(J) # 0. Let B be a 2n x 2n matrix such that BT JB = J.
Show that det(B) = 1.

Problem 39. Consider the Legendre polynomials P;, where
1
pO(‘T) = 17 Pl(ﬁ) =, p2(x) = 5(3‘%2 - 1)

1 1
ps(x) = 5(51‘3 —3xz), pa(x) = §(35x4 — 3022 + 3).

Show that
po(z) pi(z) po(x) po(0) 0 p2(0)
det [ pi(z) pa(z) ps(z) | =1 =2 0 p(0) 0O
p2(x) p3(x) palw) p2(0) 0 p4(0)

1 2 3 n—1 n
2 3 4 ... n 1
A=13 4 5 ... 1 2

n 1 2 ... n—2 n-—1
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Show that ,
det(4) = (=1)" "D (n - 1"t

Problem 41. Let n > 2. Consider the n x n matrix

6 r x ... x X
r ¢ T ... T T
A)=|* = & ... z =
r T x T cp
Show that
det(A) = (=1)"(P(n) — zP'(z))
where

Plz)y=(x—c)x—ca) - (x—cpn).

Problem 42. Let Vi be a hermitian n X n matrix. Let V5 be a positive
semidefinite n x n matrix. Let k& be a positive integer. Show that

tr((V211)")

can be written as tr(V*), where V := V21/2V1V21/2.

Problem 43. Consider the 2 x 2 matrix

_ { cosh(r) — sinh(r) cos(26) — sinh(r) sin(26)
M= ( — sinh(r) sin(26) cosh(r) + sinh(r) cos(26) ) ’

Find the determinant of M. Thus show that the inverse of M exists. Find
the inverse of M.

Problem 44. Let A, B be n x n matrices over C. Is tr(AB*) = tr(A*B)?

Problem 45. Let A be an n x n matrix. Assume that the inverse of A
exists, i.e. det(A) # 0. Then the inverse B = A~! can be calculated as

dan In(det(A)) = by; .

Apply this formula to the 2 x 2 matrix A

ai; ai
A= 2
az1 Aa22
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with det(A) — a11Q22 — A120a21 75 0.

Problem 46. Show that the determinant of the matrix

1/vV2 0 1/v2
A=[1/V/2 0 —-1/V2
0 1 0

is nonzero. Find the inverse of the matrix.
Problem 47. Consider the 2 x 2 matrix over C
o (611 Cm) .
C21  C22
Calculate det(CC*) and show that det(CC*) > 0.

Problem 48. Let & : R" x R™ — R be an analytic function, where
(x,y) = (1, Tn, Y1, - - -, Yn) € R™ x R™. The Monge-Ampere determi-
nant M(®) is defined by

¢ 0®/0x, . 0®/0xy,
0®/0y; 9°®/0x10y1 ... 0°®/0x,0y
M(®) := det ) . ) .
0®/0y, 0°®/0x10y, ... 0?®/0x,0yn
Let n =2 and

O(z1, 22, 91,Y2) = SU% + SE% + (»’511/1)2 + (552112)2 + yf + y%

Find the Monge-Ampere determinant and the conditions on x1, xs2, y1, Y2
such that M (®) = 0.

Problem 49. (i) Let z € C. Find the determinant of

Is the matrix )

Py=1 —
2 2 1+ 2z

a projection matrix?
(ii) Let z1, 22 € C. Find the determinant of

1 zZ1 z2
B=\|2zZ1i z1z1 2%
Z2 Z1Z2 2222
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Is the matrix )

Ps=I3— ———
3 3 1+2121+22§2

a projection matrix?

Problem 50. Let T be the 2 x 2 matrix

1/1 1
r=3(1 1)
Calculate In(det(Iz — T')) using the right-hand side of the identity

tr(T").

El i

In(det(I — T)) = — i
k=1

Problem 51. Let A be an n X n matrix. Assume that
tr(A%) =0, for j=1,2,...,n.

Can we conclude that det(A) = 07

Problem 52. Consider the golden mean number 7 = (v/5 —1)/2 and the

matrix
(7 )

Find tr(F) and det(F). Since det(F) # 0 we have an inverse. Find F~1.

Problem 53. Let A be an n x n matrix and B be an invertible n x n
matrix. Show that

det(I, + A) = det(I, + BAB™!).

Problem 54. Let A be an 2 x 2 matrix. Show that
det(lo + A) =1+ tr(A) + det(4).

Can the result extended to det(I5 + A)?

Problem 55. Let A, B be n X n matrices over R. Assume that A =
AT (symmetric) and B = —B7T (skew-symmetric). Show that [A, B] is
symmetric.
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Problem 56. Let A be a 2 x 2 matrix over C. Let
t; = tr(A), to=tr(A%), t3=1tr(A%), t4=1tr(A?).

Can we reconstruct A from ¢y, to, t3, t47

Problem 57. The Lewvi-Civita symbol (also called completely antisym-
metric constant tensor) is defined by

+1 if J15725- -+, Jn 1S an even permutation of 12---n
-1 if 1,925+ -5 Jn 18 an odd permutation of 12---n
0 otherwise

€j1,d25e s T

Let ;1 be the Kronecker delta. Show that

5j1k1 5j27€1 s 6jnkl

5j17€2 5j27€2 s (Sjnkz
€j1,32,50n €k1,k2, ok = det . .

Ojikn  Ojskn -+ Ojuky

Problem 58. Let x,e¢ € R. Find the determinant of the symmetric n x n
matrix

T+ € x T

x xr -+ € x
A= .

x x xr+ €

Problem 59. Let e € R. Let A(e) be an invertible n x n matrix. Assume
that the entries a;; are analytic functions of e. Show that

tr (A_l(e)(iA(e)) = m% det(A(e)) .

Problem 60. Let {e;} be the three orthonormal vectors in Z>

1 0 0
eg=(0], ee=[|1], es=|0
0 0 1

We consider the face-centered cubic lattice as a sublattice of Z? generated
by the three primitive vectors

e; + e, e + eg, ey +e;s.
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Form the 3 x 3 matrix
(e1 +e e +e3 e+ 63) .

Show that this matrix has an inverse and find the inverse.

Problem 61. Let A, B, C be n x n matrices. Show that

tr([A, B]C) = tr(A[B, C]) .

Problem 62. (i) Let M be a 2x2 matrix over R. Assume that tr(M) = 0.
Show that
M? = —det(M)I.

(ii) Show that

sin(y/det(M))

M _ COS
e = cos(VAD + det(M)

M.
If det(M) = 0 then sin(0)/0 = 1. Both cosa) and sin(a)/a are even

functions of « and thus exp(M) is independent of the choice of the square
root of det(M).

Problem 63. Consider the m x m matrix F(x) = (fjx(x)) (j,k =
1,2,...,m), where f;; : R” — R are analytic functions. Assume that F'(x)
is invertible for all x € R™. Then we have the identities (j = 1,2,...,m)

d(det(F(x))) L, OF(x)
e OF () _ s 2P0
8xj - x 633]‘ x)

The differentiation is understood entrywise. Apply the identities to the
matrix (m =2,n=1)

Fla) = ( cos(z) sin(:r)) |

—sin(x) cos(z)

Problem 64. Let fi, fs, f3 : R®> — R be continuously differentiable
functions. Find the determinant of the 3 x 3 matrix A = (a;1)
_Ofi  0fk

Q= 2 — ——.
J a.’Ek 8;10]-
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Problem 65. Consider the 3 x 3 permutation matrix

0 0
P=|0 1
1 0

o O

Can we find a 3 x 3 matrix A such that [P, A] is invertible?

Problem 66. Let n > 2. Consider the n x n symmetric tridiagonal
matrix over R

c 1 0 O 0

1 ¢ 1 0 0

0 1 ¢ 1 0
A, =

0 0 O 1 ¢ 1 0

0 0 0 01 ¢ 1

0 0 0 0 01 ¢

where ¢ € R. Find the determinant of A,,.

Problem 67. An n x n matrix A is called idempotent if A2 = A. Show
that
rank(A) = tr(A).

Problem 68. Let A, B, C' be n x n matrices over C. Let a;, bj, c;
(j =1,2,...,n) be the j-th column of A, B, C, respectively. Show that if
for some k € {1,2,...,n}

cr =ay + b

and
cj:aj:bj, jzl,,k—l,k+1,,n

then
det(C) = det(A) + det(B) .

Problem 69. Let R be an nonsingular n x n matrix over C. Let A be
an n X n matrix over C of rank one.
(i) Show that the matrix R + A is nonsingular if and only if

tr(R7'A) # —1.



38 Problems and Solutions
(i) Show that in this case we have

(R+A) ' =R ' (1+tr(R'A)) 'RAR™'.
(iii) Simplify to the case that R = I,,.

Problem 70. Let A be an n x n diagonal matrix over C. Let B be an
n x n matrix over C with b;; = 0 for all j = 1,...,n. Can we conclude that
all diagonal elements of the commutator [A, B] are 07

Problem 71. (i) Find a nonzero 2 x 2 matrix V such that
VZi=1tr(V)V.
(ii) Can such a matrix be invertible?

Problem 72. Consider the (n + 1) x (n + 1) matrix over C

1 0 0 ... ... 0 =z
0O 1 0 ... ... 0 =2
Ao . . o . . .
0 0 O 1 =z,
Z1 29 23 ... ... zZp 1

Find the determinant. What is the condition on the z;’s such that A is
invertible?

Problem 73. Let ¢ € R. Consider the unitary matrix

e 0 0
U(o) = 0 1 0
0 0 e

Find the minima and maxima of the function tr(U(¢)).

Problem 74. Let A, B be n x n matrices over C. Assume that B is
invertible. Find

det(I, + BAB™').
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Problem 75. Let 2z = x +iyg, where x,yx € Rand k= 1,...,n. Find
the 2n x 2n matrix A such that

21 T
Zn | _ g | %
Z1 Y1
Zn Yn

Find the determinant of the matrix A.

Problem 76. Let A, B be n x n matrices over C. We define the product
1 1
AxB:= i(AB + BA) — —tr(AB)I, .
n

(i) Find the trace of A x B.
(ii) Is the product commutative? Is the product associative?

Problem 77. Let A, B be n x n matrices over R with det(A) = 1 and
det(B) = 1. This means A, B are elements of the Lie group SL(n,R). Can
we conclude that

tr(AB) + tr(AB™!) = tr(A)tr(B).

Problem 78. Let A, B be two 2 X 2 matrices. We define the product

ail 0 0 a1
0 b11 b12 0
0 b21 622 0

a1 0 0 a9

Ax B :=

(i) Find the determinant and trace of Ax B. Express the result using tr(A),
tr(B), det(A), det(B).
(i) Assume that the inverse of A and B exists. Is

(AxB)"'=A"1%B717?

Problem 79. Let A be an n X n invertible matrix over C. Let x,y € C™.
Then we have the identity

det(A + xy*) = det(A)(1 + y* A" x).
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Can we conclude that A + xy™ is also invertible?

Problem 80. Consider a triangle embedded in R3. Let v; = (x;,y;,2;)
(j = 1,2,3) be the coordinates of the vertices. Then the area A of the
triangle is given by

A= 2l = va) x (v = vs)ll = 5 (vs = v1) x (vs — )|

where x denotes the vector product and ||.|| denotes the Euclidean norm.
The area of the triangle can also be found via

2 2

1 1 oy 1 y1 21 1 zZ1 X1
A= 3 det | @2 o 1 4+ [det | yo 20 1 + |det | 20 o
3 yz 1 ys 23 1 z3 X3

Consider
vi =(1,0,0), wv2=(0,1,0), wv3=1(0,0,1).

Find the area of the triangle using both expressions. Discuss. The triangle
could be one of the faces of a tetrahedron.

Problem 81. A tetrahedron has four triangular faces. Given the coordi-
nates of the four vertices

(anyO,ZO)a (xlaylwzl)a (1327?}2’22)7 (353793723)

the volume of the tretrahedron is given by

To Yo 2o 1
1 1 oy oz 1
V = —det
3! T2 Y2 22 1
z3 Y3 z3 1

(i) Given the four vertices (1,0, —v/2), (2,0,0), (0,0,0), (1, —/2,0) find the
volume.

(ii) Derive an equation for surface area of a tretrahedron given by coordi-
nates. Apply it to the vertices given in (i).

Problem 82. Let vy, vo, ..., v, be vectors in R™. Show that the
parallelepiped determined by those vectors has m-dimensional area

det(VTU)

where V is the n x m matrix with vi, vo, ..., v,, as its columns.
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Problem 83. The hyperdeterminant Det(A) of the three-dimensional
array A = (a;;) € R?*2*2 can be calculated as follows

1
Det(A) == | det Q@ooo 4010 4 aipo @110
4 @oo1 @011 aior G111
2
—det @ooo0 @010 \ _ ( @100 @110
apo1  ao11 ajor a1l
—Adet [ @000 @010 ) 4.4 ( @100 G110 )
apo1  Ao11 aipr ai11

Assume that only one of the coefficients a;;; is nonzero. Calculate the
hyperdeterminant.

Problem 84. Let ¢gg = €11 =0, €91 =1, €19 = —1, i.e. we consider the

2 X 2 matrix
(0 1
e={_4 E

Then the determinant of a 2 x 2 matrix Ay = (a;;) with ¢,j = 0,1 can be

defined as L1 g
det Ay := % Z Z Z Z €ij€omAitAjm -

Thus
det A2 = appad11 — Ap1Q10 -

In analogy the hyperdeterminant of the 2 x 2 x 2 array As = (a;;) with
1,7,k = 0,1 is defined as
1 1 1

1 1
E E E E E €ii’ €55/ €kk’ Emm/ Enn’ €Epp’ AijkAi’ j'm Anpk’ An'p'm’ -
i1/ =0

1
DetA3 =
73'=0 kk’=0 mm/'=0 nn’=0 pp’=0

DN | =

Calculate Det As.

Problem 85. Given a 2 x 2 x 2 hypermatriz
A:(ajkl)v jakvgzov]-

and the 2 x 2 matrix

The multiplication AS which is again a 2 x 2 hypermatrix is defined by

1
(AS)ij = Zajkrsré .

r=0
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Assume that det(S) =1, i.e. S € SL(2,C). Show that Det(AS) = Det(A).
This is a typical problem to apply computer algebra. Write a SymbolicC++
program or Maxima program that solves the problem.

Problem 86. Let a; € R with j = 1,2,3. Consider the 4 x 4 matrices

0O ag 0 O 0 ay 0 0

_ 1 ay 0 ag 0 o 1 —Qaq 0 as 0
A= 210 ay 0 a3’ B= 2| 0 —az 0 a3
0 0 a3 O 0 0 —az3 O

Find the spectrum of A and B. Find the spectrum of [A, B].

Problem 87. (i) Let A be a 2 x 2 matrix over C. Given
ty =tr(A), ty=tr(A?), t3=tr(A%), t;=1tr(AY).

Can we reconstruct A from ¢q, t9, t3, t4. Does it depend on whether the
matrix A is normal?
(ii) Let A be a 2 x 2 matrix over C. Given

dy =det(A), dy =det(A?), ds=det(A43), dy=det(A?).

Can we reconstruct A from dq, do, ds3, dg. Does it depend on whether the
matrix A is normal?

Problem 88. Let A = (a;;) be an n x n skew-symmetric matrix over R,
ie. j,k=1,...,n. Let B = (bj;) be an n x n symmetric matrix over R
defined by bji = bjbi, i.e. j,k=1,...,n. Let n be even. Show that

det(A + B) = det(A4).

Problem 89. Consider the 3 x 3 matrix M with entries
(M)je =2, ", jk=1,23

Find the determinant of this matrix.



Chapter 4

Eigenvalues and
Eigenvectors

Problem 1. (i) Let A, B be 2 x 2 matrices over R and vectors x, y in
R? such that

Ax =y, By =x

x'y =0and xTx =1, y’y = 1. Show that AB and BA have an eigenvalue
+1.
(ii) Find all 2 x 2 matrices A, B which satisfy the conditions given in (i).

Use
CcoS & —sina
x={ . , y = . .
sin a Ccos &

Problem 2. Find all the eigenvalues of the 4 x 4 matrix.

_ o oo
_ o O O
_—0 O O
O = =

Problem 3. Let A be an arbitrary 2 x 2 matrix. Show that
A? — AtrA+ I det A=0

43
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and therefore
(trA)?> = trA? +2det A.

Hint. Apply the Cayley-Hamilton theorem.

Problem 4. Let A be an n X n matrix. The matrix A is called nilpotent
if there is a positive integer r such that A”™ = 0,,.

(i) Show that the smallest integer r such that A" = 0,, is smaller or equal

to n.
(ii) Find the characteristic polynomial of A.

Problem 5. Find all 2 x 2 matrices over R that admit only one eigen-
vector.

Problem 6. Let x be a nonzero column vector in R"™ and n > 2. Consider
the n x n matrix xx”. Find one nonzero eigenvalue and the corresponding
eigenvector of this matrix.

Problem 7. Consider the 2 x 2 matrix

A(a):((ll (1)) a€eR.

Can one find a condition on the parameter a so that A has only one eigen-
vector?

Problem 8. If {A;}, is a commuting family of matrices that is to
say AjA, = ApA; for every pair from the set, then there exists a unitary
matrix V' such that for all A; in the set the matrix

A; =V AV

is upper triangular. Apply this to the matrices
1 1 1 -1
a=(i1) a=(4 )
Problem 9. Consider the 2 x 2 matrix
A 1/4 1/2 .
1/2 1/4

p(A) = max ||

Let (spectral radius)
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where A; are the eigenvalues of A.
(i) Check that p(A) < 1.
(ii) If p(A) < 1, then

(Io— A '=L+A+ A%+

Calculate (I — A)71L.
(iii) Calculate
(Io— A) (I, + A+ A% + .. + AF).

Problem 10. Consider a symmetric 2 X 2 matrix A over R with ay; > 0,
azx > 0, a2 < 0 and a;; > |a1a| for j = 1,2. Is the matrix A positive
definite?

Problem 11. Let A be a positive definite n x n matrix. Show that A~!
exists and is also positive definite.

Problem 12. Let c¢; € R. Find the eigenvalues of the matrices

0 1 0 0
0 1 0 10 0 0 1 0
c1 co )’ 0 0 1, 0 0 0 1

1 ’ G 2 G Cl C2 C3 (4

Generalize to the n x n case.

Problem 13. Let n be a positive integer. Consider the 3 x 3 matrix with
rows of elements summing to unity

n—a—=>o a b
M= — a n—2a—c a+c
n
c a n—a-—c

where the values of a, b, ¢ are such that, 0 < a,0<b,a+b <n,2a+c < n.
Thus the matrix is a stochastic matrix. Find the eigenvalues of M.

Problem 14. (i) Find the eigenvalues and normalized eigenvectors of the
3 X 3 matrix

1
M = 0
1

o = O
O = O

(ii) Use the normalized eigenvectors to construct a 3 x 3 matrix R such that
RMR™! is a diagonal matrix.
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(iii) Can M be written as

3
M = Z AjVjV?

Jj=1

where A1, A2, A3 are the eigenvalues and vy, va, v3 are the (column) nor-
malized eigenvectors of M. Prove or disprove.

Problem 15. (i) Find the eigenvalues of the symmetric matrices

01001

01 1 (1)(1)(1)3 10100
Ag=(1 0 1), A=|, 7 4 1] As=[010 10
110 L o1 o 0010 1
10010

(ii) Extend the results from (i) to find the largest eigenvalue of the sym-
metric n X n matrix

010 - 001
101 000
010 000

Ay = : .
000 ...101
100 ..010

Problem 16. Find the eigenvalues of the 4 x 4 symmetric matrix

-1 e 0 0
a =-1/2 o 0
0 a 1/2 «
0 0 a 1

Discuss the eigenvalues \;(a) as functions of a. Can the eigenvalues cross
as function of a?

Problem 17. Consider the n x n cyclic matrix

a11 a2 @13 A4 ... QAip-1 A1n
A1n aix a2 a3 ... QAip-2 Gin-1
A= @n-1 0Aain 0a11 G12 ... Gp-3 Ap-2

ai2 aiz 14 ais .- A1n aii
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where a;;, € R. Show that

2k
etk
1 .
il : = ¢im/n
: , e=e , 1<k<n.
\/ﬁ 62(77.71)]{5
1

is a normalized eigenvector of A. Find the eigenvalues.

Problem 18. Let a,b € R. Find on inspection two eigenvectors and the
corresponding eigenvalues of the 4 x 4 matrix

SO O R
O R O
>~ OO
(IS S

Problem 19. Let a,b € R. Find on inspection two eigenvectors and the
corresponding eigenvalues of the 4 x 4 matrix

a 0 0 b
0 a 0 b
0 0 —a b
b b b 0

Problem 20. Let z € C. Find the eigenvalues and eigenvectors of the
3 X 3 matrix

0 z z
A=z 0 =z
z z 0

Discuss the dependence of the eigenvalues on z.

Problem 21. Find the eigenvalues and normalized eigenvectors of the

matrix (¢ € [0, 2m))
1 et
A(@:ﬁ (1 e—iqb) :

Is the matrix invertible? Make the decision by looking at the eigenvalues.
If so find the inverse matrix.
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Problem 22. Consider the two permutation matrices

S:

O = O O
_ o O O

0 0
0 1
1 0
0 0

o o= O
S o o
oS oo

Show that the two matrices have the same (normalized) eigenvectors. Find
the commutator [S, 7.

Problem 23. Consider the following 3 x 3 matrix A and vector v in R3

010 sin(«)
A=(1 0 1], v = | sin(2a)
010

sin(3«)

where a € R and a # nm with n € Z. Show that using this vector we can
find the eigenvalues and eigenvectors of A.

Problem 24. Consider the symmetric matrix over R

2 1 -1
A= 1 1 0
-1 0 1

Find a invertible matrix B such that B~ AB is a diagonal matrix.

Problem 25. Let 01, 02, 03 be the Pauli spin matrices. Consider the
4 X 4 gamma matrices

_f 02 o1 _( 02 o2 _( 02 o3
71—<_01 02>, 72—(_02 02>7 73—(_03 02)
(I 0
70—(02 —12>'

Find 71727370 and tr(y1y27370)-

and

Problem 26. Let ¢ € R and consider the symmetric 3 x 3 matrix

0
A= 1
c

O = O
s

(i) Show that ¢ is an eigenvalue of A and find the corresponding eigenvector.
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(ii) Find the two other eigenvalues and eigenvectors.

Problem 27. Let ¢ € R. Consider the symmetric 4 x 4 matrix

1 ¢ 0 O
c 2 2c 0
A= 0 2¢ 3 ¢
0 0 ¢ 4

(i) Find the characteristic equation.
(ii) Show that

A+ A+ A3+ =10
M2+ Az + Ay + Aods + Aoy + Aghy =35 — 6¢2
MA2As + At dads + A Asda + Aoy = 50 — 30¢2
M A2 Ashy =24 — 302 + ¢4

where A1, A2, A3, Ay denote the eigenvalues.

Problem 28. Consider the matrix

1 0 0 01
01 1 10
A=10 1 1 1 0
01 110
1 00 0 1

i) Find the rank of the matrix. Explain.

ii) Find the determinant and trace of the matrix.

(
(
(iii) Find all eigenvalues of the matrix.
(iv) Find one eigenvector.

(

v) Is the matrix positive semidefinite?

Problem 29. Find the eigenvalues of the 3 x 3 matrix

2 11
A=11 2 1
1 1 2

49

using the trace and the determinant of the matrix and the information that

two eigenvalues are the same.
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Problem 30. Let B be a 2 x 2 matrix with eigenvalues A\; and \o. Find
the eigenvalues of the 4 x 4 matrix

0 0 1 0

0 0 0 1

X= bir b2 0 O
bay b2 0 O

Let v be an eigenvector of B with eigenvalue A. What can be said about
an eigenvector of the 4 x 4 matrix X given by eigenvector v and eigenvalue
of B.

Problem 31. Consider the 2 x 2 identity matrix I and the 2 x 2 matrix

0 1
(0.
Find the eigenvalues A1, A2 and the corresponding normalized eigenvectors
u; and up of Is. Then find the eigenvalues p1, po and the corresponding

normalized eigenvectors v; and v, of N. Using the normalized eigenvectors
uy, up and vy, vo form the 2 x 2 matrix

_(ujvy ujvp
H = . . .
U.2V1 U2V2
Find the eigenvalues and eigenvectors of H. Discuss.

Problem 32. Let A, B be two n X n matrices over C. The set of all
matrices of the form A — AB with A € C is said to be a pencil. The
eigenvalues of the pencil are elements of the set A(A, B) defined by

MA,B):={z€C :det(A—2B)=0}.

If A € A(A, B) and
Ax=ABx, x#0

then x is referred to as an eigenvector of A — AB. Note that A may be
finite, empty or infinite.

Let
000 1 10 0 1
0010 1 o1 1 o0
A*0100’B*T@01—10
100 0 10 0 -1

Find the eigenvalue of the pencil.
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Problem 33. Let a,b € R. Find the eigenvalues and eigenvectors of the
4 x 4 matrix

SO O R
oo O
O O
QOO o

Problem 34. Let a € R. Find the eigenvalues and eigenvectors of the
matrix

-1 o 0
Al@)= a 0 «
0 o 1

Discuss the dependence of the eigenvalues and eigenvectors of «.

Problem 35. Let u, v be nonzero column vectors in R" and u # v.
Consider the n x n matrix A over R

A=uu? +uv? —vu" —wT.

Find the nonzero eigenvalues of A and the corresponding eigenvector.

Problem 36. Let A be an n X n matrix with eigenvalues Aq,..., A\,. Let
c € C\ {0}. What are the eigenvalues of cA?

Problem 37. Let A be an n X n matrix over R. Let A1, ..., A, be the
eigenvalues. What can be said about the eigenvalues of the 2n x 2n matrix

0, A
AT 0,

where 0,, is the n X n zero matrix?

Problem 38. Let A, B be n x n matrices over C. Let o, 3 € C. Assume
that A2 = I,, and B?2 = I,, and AB + BA = 0. What can be said about the
eigenvalues of aA + GB?

Problem 39. Let A be an n X n normal matrix, i.e. AA* = A*A. Let u
be an eigenvector of A, i.e. Au = Au. Show that u is also an eigenvector
of A* with eigenvalue A, i.e.

A*u = \u.

Problem 40. Show that eigenvectors of a normal matrix A corresponding
to distinct eigenvalues are orthogonal.
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Problem 41. Let A, B be square matrices. Show that AB and BA have
the same eigenvalues.

Problem 42. Show that if A is an n X m matrix and if B is an m x n
matrix, then A # 0 is an eigenvalue of the n x n matrix AB if and only if
A is an eigenvalue of the m x m matrix BA. Show that if m = n then the
conclusion is true even for A = 0.

Problem 43. Let AT = (1/2,1/2)T. Find the eigenvalues of AAT and
AT A.

Problem 44. We know that a hermitian matrix has only real eigenvalues.
Can we conclude that a matrix with only real eigenvalues is hermitian?

Problem 45. Let A be an nxn matrix over C. Show that the eigenvalues
of A*A are nonnegative.

Problem 46. Let 0 <z < 1. Consider the N x N matrix C' (correlation
matrix) with the entries

Cji = :c‘jfkl, 5 k=1,...,N.
Find the eigenvalues of C'. Show that if N — oo the distribution of its
eigenvalues becomes a continuous function of ¢ € [0, 27]
_ 1—2?
1—2xcosp+a?’

A(¢)

Problem 47. Let n be a positive integer. Consider the 2 x 2 matrix
2n  4n? —1
Tn = ( 1 2n ) ‘
Show that the eigenvalues of T}, are real and not of absolute value 1.

Problem 48. Let A be an n x n matrix over C. Show that A is normal
if and only if there exists an n X n unitary matrix U and an n x n diagonal

matrix D such that D = U~1AU. Note that U~! = U*.

Problem 49. Let A be a normal n x n matrix over C.
(i) Show that A has a set of n orthonormal eigenvectors.
(ii) Show that if A has a set of n orthonormal eigenvectors, then A is normal.
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Problem 50. The Leverrier’s method finds the characteristic polynomial
of an n x n matrix. Find the characteristic polynomial for

0 1 1 1
won a-(V0). m(1)

using this method. How are the coefficients ¢; of the polynomial related to
the eigenvalues?

Problem 51. Consider the symmetric matrix

@11 Gl a3
A= Q12 Q22 a23
a13 a23 a33

over R. Write down the characteristic polynomial det(Al3 — A) and express
it using the trace and determinant of A.

Problem 52. Let L, be the n x n matrix

n-1 -1 -1 .- -1
-1 n—-1 -1 - -1
L,= : : T :
-1 -1 -1 . -1
-1 -1 -1 - n-1

Find the eigenvalues.

Problem 53. The Pascal matrixz of order n is defined as

4 92)!
P, = <((Z+{)> ij=1,...,m.

i—DIG—1)!
Thus
1111
111
11 12 3 4
P2_(1 2)’ A - Rl F R I T
14 10 20

(i) Find the determinant of P, P3, P,. Find the inverse of P, P3, P;.
(ii) Find the determinant for P,. Is P, an element of the group SL(n,R)?

Problem 54. Let A be an m x n matrix (m < n) over R.
(i) Show that at least one eigenvalue of the n x n matrix AT A is equal to
0.
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(ii) Show that the eigenvalues of the m x m matrix AA” are also eigenvalues
of ATA.

Problem 55. Find the determinant and eigenvalues of the matrices

00 a 0 0 O a4

0 13 1 00
A2_<1 ZZ)’ As=|1 0 ag |, As= 01 0 Zzi
0 1 ass 00 1 a24

Extend to the n-dimensional case.
Problem 56. Let A be a hermitian n x n matrix. Assume that all the
eigenvalues \1,...,\, are pairwise different. Then the normalized eigen-

vectors u; (j = 1,...,n) satisfy ujuy = 0 for j # k and uju; = 1. We
have (spectral theorem)

n
A= E )\]u]uj.
Jj=1

Let e (k=1,...,n) be the standard basis in C". Calculate U* AU, where

n

*

U= g ugey, .
k=1

Problem 57. Let A be a positive definite n x n matrix. Thus all the
eigenvalues are real and positive. Assume that all the eigenvalues \q,..., A\,
are pairwise different. Then the normalized eigenvectors u; (j =1,...,n)
satisfy ujuy = 0 for j # k and uju; = 1. We have (spectral theorem)

n
—_— . . *
A= E /\Jujuj.
=1

Let e (k=1,...,n) be the standard basis in C". Calculate
In(4).

Note that the unitary matrix
n
U= Z uke;;
k=1

transforms A into a diagonal matrix, i.e. A=U*AU is a diagonal matrix.
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Problem 58. Let j =1/2,1,3/2,2,... and ¢ € R. Consider the (25 +
1) x (2j 4+ 1) matrices

0 1
0 0 1
0 0 0 1
H:
1
e 0 0

D = diag(1, w, w?, ..., w%)
where w := exp(i27/(2j + 1). Is H unitary? Find wDH — HD.

Problem 59. (i) Find the eigenvalues of the 3 x 3 matrix

e* 1 1
Ala) =1 1 e+ 1
1 1 e

For which values of « is the matrix A(«) not invertible.
(ii) Extend (i) to the n x n matrix

e* 1 1
e 1
B(a) = .
1 1 e

This matrix plays a role for the Potts model.

Problem 60. Let A be an 2 x 2 matrix over R. Let
tr(A) = ¢, tr(A?) = cy.

Can det(A) be calculated from ¢y, ¢o?

Problem 61. Let A be an n x n matrix with entries a;; > 0 and with
positive spectral radius p. Then there is a (column) vector x with z; > 0
and a (column) vector y such that the following conditions hold:

Ax=px, y'A=py, y'x=1.

(i)

Consider the 2 x 2 matrix

Sy
I
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Show that B has a positive spectral radius. Find the vectors x and y.

Problem 62. Let A be an n x n matrix over C. If X is not an eigenvalue
of A, then the matrix (A — A\[,,) has an inverse, namely the resolvent

Ry=(A—-\,) .

Let \; be the eigenvalues of A. For |A| > a, where a is any positive constant
greater than all the |\;| the resolvent can be expanded as

1 1 1
Calculate .
_ AT RAdA, m=0,1,2,....
271 A=a

Problem 63. Show that the resolvent satisfies the so-called resolvent
equation
R)\ - RM = ()\ — /J,)RARN.

Problem 64. Let 7 = (1 ++/5)/2 be the golden ratio. Consider the

modular matrix
1 1
M= (1 0) |

Find the eigenvalues A1, Ay and the corresponding normalized eigenvec-
tors uy, us. Find the projection matrices II; and Il; onto the associated
eigendirections.

Problem 65. Let A be an n x n matrix over C. Assume that A2 = —1I,,.
What can be said about the eigenvalues of A?

Problem 66. An n x n unitary matrix U is defined by
UU*=1, or U"=U"".

What can be concluded about the eigenvalues of U if U* = UT?

Problem 67. Let a € R. Consider the symmetric matrix

14+« 0 1—« 0
1 0 1+ a 0 1—«
ﬁ 11—« 0 1+a 0
0 1—« 0 1+«

A:
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Find an inertible matrix B such that
A=B"'DB

where D is a diagonal matrix and thus find the eigenvalues of A.

Problem 68. The additive inverse eigenvalue problem is as follows: Let
A be an n x n symmetric matrix over R with a;; =0 for j =1,2,...,n.
Find a real diagonal n x n matrix D such that the matrix A + D has the
prescribed eigenvalues A1, ..., A,. The number of solutions for the real
matrix D varies from 0 to n!. Consider the 2 x 2 matrix

0 1
(5 5)
and the prescribed eigenvalues A\; = 2, Ay = 3. Can one find a D?

Problem 69. The spectral theorem for n X n normal matrices over C is
as follows: A matrix A is normal if and only if there exists an n X n unitary
matrix U and a diagonal matrix D such that D = U* AU. Use this theorem
to prove that the matrix

b
Il
o O O
O O =
e

is not normal.

Problem 70. Let A be an nxn matrix over A. Assume that A is normal.
Show that A has a set of n orthonormal eigenvectors.

Problem 71. Let ¢ € R. Consider the n x n matrix
0 1

01

0 1

et 0

(i) Show that the matrix is unitary.
(ii) Find the eigenvalues of H.
(iii) Consider the n x n diagonal matrix

G = diag(l, w, w?, -+~ w
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where w := exp(i27/n. Find wGH — HG.

Problem 72. Consider the symmetric 6 X 6 matrix over R

0 1 1 1 1 1
1 0 1 -1 -1 1
1 1 0 1 -1 -1
A= 1 -1 1 0 1 -1
1 -1 -1 1 0 1
1 1 -1 -1 1 0

This matrix plays a role in the construction of the icosahedron which is a
regular polyhedron with 20 identical equilateral triangular faces, 30 edges
and 12 vertices.

(i) Find the eigenvalues of this matrix.

(ii) Consider the matrix A +v/5I. Find the eigenvalues.

(iii) The matrix A + /51 induces an Euclidean structure on the quotient
space RC /ker(A 4+ /5I). Find the dimension of ker(A 4 v/51).

Problem 73. Let a € R. Find the eigenvalues and eigenvectors of

o= (5 a)

For which « is A(«) not invertible?

Problem 74. Let ¢ € R. Find the eigenvalues and eigenvectors of the
matrices
01 0
(1. (o01)
e 00

Extend to the n x n case.

Ao OO
o O o
O O =

o= O O

Problem 75. Let A, B be two n X n matrices over C.
(i) Show that every eigenvalue of AB is also an eigenvalue of BA.

(ii) Can we conclude that every eigenvector of AB is also an eigenvector of
BA?

Problem 76. (i) Find the eigenvalues and eigenvectors of the orthogonal
matrices

1 0 0 cos@ sinf 0
R=|10 cosa sina |, S=| —sinf cosf 0
0 —sina cosa 0 0 1
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(ii) Find the eigenvalues and eigenvectors of RS.

Problem 77. Find the eigenvalues and normalized eigenvectors of the
2 X 2 matrix
cosf  —e?sinf
e~ sin @ cos @ '

Problem 78. Find the eigenvalues and eigenvectors of the matrices

100 O 1
1 0 1 01 0 1 0
01 0 |, 0 01 O 0
1 0 -1 010 -1 0
100 0 -1

Extend to the general case n odd.

Problem 79. (i) Consider the matrices

a @ al O ag
A—(al QQ), B=|(0 0 o
3 4

How are the eigenvalues of A and B related?

(ii) Let
[ P11 P12
P <P21 P22 )

be a density matrix. Is

p1i1 0 p12
o= 0 0 o0
p21 0 paa

a density matrix?

Problem 80. Let a,b,c € R. Find the eigenvalues of the 4 x 4 matrix
0 —a —-b -—c

a 0 —ic b
A= b ic 0 —ia
c —ib ia 0

Problem 81. Find all 2 x 2 matrices over the real numbers with only
one 1-dimensional eigenspace, i.e. all eigenvectors are linearly dependent.
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Problem 82. Let A be an nxn matrix over C". Let A be an eigenvalue of
A. A generalized eigenvector x € C" of A corresponding to the eigenvalue
A is a nontrivial solution of

(A= )\,)Yx=0,

for some j € {1,2,...}, where I, is the n x n identity matrix and 0,, is the
n-dimensional zero vector. For j = 1 we find the eigenvectors. It follows
that x is a generalized eigenvector of A corresponding to A if and only if

(A= A,)"x = 0,.

Find the eigenvectors and generalized eigenvectors of

0 1 0
0 0 O
0 -1 0

Problem 83. Find all 2 x 2 matrices over R which commute with
0 1
0 0/°

What is the relation between the eigenvectors of these matrices?

Problem 84. Let n be odd and n > 3. Consider the matrices

1/v2 0 0 0 1/v2

1/vV2 0 1/V2 0 1/vV2 0 1/V2 0
Az=| 0 1 0 ., As=| o0 0 1 0 0

1/vV2 0 —1/V2 0 1/V2 0 —1/V2 0

1/v2 0 0 0 —1/v2

and generally

/v2 0 ... 0 0 0 0 1/V/2

0o 1/v2 ... 0 0 0 S 1/V2 0

0 0 .. 1/NZ O 1NT ... 0 0
A,=| 0 0o ... 0 1 0 0 0

0 0 ... 1/V2 0 —-1/vV2 ... 0 0

o VI 0 0 o L ovE o

/v2. 0 ... 0 0 0 0 —1/V2
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Find the eigenvalues and eigenvectors of A3, As. The solve the general
case.

Problem 85. Assume we know the eigenvalues A1, Ay of the 2 x 2 matrix
A (an am)
a21 Q22
over C. What can be said about the eigenvalues of the 3 x 3 matrix

a1 0 a2
B = 0 ¢ O
a1 0 az

where ¢ € C.

Problem 86. Let ¢ € R. Find the eigenvalues and eigenvectors of the

matrices
1 €
1 1)’

Extend to n X n matrices.

— =
— = O

€
017,
1

—

0
1
1
1

)
_ o O™

Problem 87. Let A, B,C, D, E, F, G, H be 2 x 2 matrices over C. We
define the product

A O, O, B
(A B>*(E F)._ 0, E F 0y
C D G H) "o ¢ H o0,
C 0, 0, D

Thus the right-hand side is an 8 x8 matrix. Assume we know the eigenvalues
and eigenvectors of the two 4 x 4 matrices on the left-hand side. What can
be said about the eigenvalues and eigenvectors of the 8 x 8 matrix of the
right-hand side.

Problem 88. The symmetric 3 x 3 matrix

A=

== O
—_ O
[

plays a role for the chemical compounds ZnS and NaCl. Find the eigen-
values and eigenvectors of A. Then find the inverse of A. Find all x such
that Ax = x.
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Problem 89. Let
A— ail a2
az1 a2
be a normal matrix over C with eigenvalues A1, A2 and corresponding eigen-

vectors uj, Us, respectively. What can be said about the eigenvalues and
eigenvectors of the 3 x 3 matrices

1 0 O ail 0 ai2 ail a12 O
Bi=10 a1 a|, Be=| 0 1 0 |, Bz=|[a2 axp 0]7?
0 a21 Qa22 a1 0 a22 0 0 1

Problem 90. Let I, be the n x n identity matrix and

— 071 I’ﬂ 2nx2n
J'_(—In On>ER .

A matrix S € R2"*?" ig called a symplectic matriz if
STJS =J.

(i) Show that symplectic matrices are nonsingular.

(ii) Show that the product of two symplectic matrices S; and Sy is also
symplectic.

(iii) Show that if S is symplectic S~* and S7 are also symplectic.

(iv) Let S be a symplectic matrix. Show that if A € o(9), then A™! € o(S),
where o(S) denotes the spectrum of S.

Problem 91. Let A, B be n x n matrices over C and u a nonzero vector
in C". Assume that [A, B] = A and Au = Au. Find (AB)u.

Problem 92. Consider the Hilbert space C". Let A, B, C be n x n
matrices acting in C". We consider the nonlinear eigenvalue problem

Au = ABu + \?Cu

where u € C" and u # 0.
(i) Let o1, 09, o3 be the Pauli spin matrices. Find the solutions of the
nonlinear eigenvalue problem

oijua = )\0211 + )\20'311

where u € C? and u # 0.
(ii) Consider the basis of the simple Lie algebra s(2,R)

i=(15) =0 m=(29)
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Solve the nonlinear eigenvalue problem
Hu = AEu+ \*Fu

where u € C? and u # 0.
(iii) Consider the basis of the simple Lie algebra so(3,R)

0 0 0 0 0 -1 0 1 0
A=10 0 1), B=]0 0 0], C=|-1 0 0
0 -1 0 1 0 O 0 0 0

Solve the nonlinear eigenvalue problem.

Problem 93. (i) Let A, B be n x n matrices over ¢ € C with [A, B] =0,
where [4, B] denotes the commutator of A and B. Calculate [A+ cl,, B+
cl,], where ¢ € C and I, is the n x n identity matrix.
(ii) Let x be an eigenvector of the n x n matrix A with eigenvalue A\. Show
that x is also an eigenvector of A + ¢I,,, where ¢ € C.

Problem 94. Consider the n x n tridiagonal matrix

€1 1 .
1 €2 1 .
A 1 €3 1
H =
1
1 e,

It is used to describe an electron on a linear chain of length n. Find the
eigenvalues. Find the eigenvectors. Make the ansatz

C1
C2

Cn

for the eigenvectors and find a recursion relation for ¢;/c;11.

Problem 95. Find the eigenvalues and eigenvectors of the Hamilton
operator .
H= E()IQ - B10'1 - BQO’Q - B30’3 .

Problem 96. Let ¢ € R. Find the eigenvalues of

Ale) =

o O
o O

€
0
€
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Do the eigenvalues cross as a function of €7

Problem 97. Let € € [0,1]. Consider the 2 x 2 matrix

-t )

For ¢ = 0 we have the Pauli spin matrix ¢, and for ¢ = 1 we have the
Hadamad matrix. Find the eigenvalues and eigenvectors of A(e).

Problem 98. (i) Consider the matrix

0 —i
A= (0 ).
Find the function (characteristic polynomial)
p(A) = det(A — \IL).

Find the eigenvalues of A by solving p(A) = 0. Find the minima of the
function

FA) = Ip(N)]
Discuss.
(ii) Consider the matrix
0 0 1
A=10 1 0
1 00

Find the function (characteristic polynomial)
p(A) =det(A — A3).

Find the eigenvalues of A by solving p(\) = 0. Find the minima of the
function

Discuss.

Problem 99. Let A be an n X n normal matrix with eigenvalues Aq, ...,
An and pairwise orthogonal eigenvectors u; (j = 1,2,...,n). Then

n
— . . *
A= g )\Jujuj.
Jj=1
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Find exp(A) and sin(A).

Problem 100. Consider the normalized vector in C?

sin (@) cos(¢)
n = [ sin(f)sin(¢)
cos(6)

(i) Calculate the 2 x 2 matrix
Uf,¢) =n-o =njo1 +n0z + n3os

where o1, 02, 03 are the Pauli spin matrices.

(ii) Is the matrix U(6, ¢) unitary? Find the trace and the determinant. Is
the matrix U(6, ¢) hermitian?

(iii) Find the eigenvalues and normalized eigenvectors of U(0, ¢).

Problem 101. Consider the normal matrix

01 0
A=(1 0 1
010

Find the eigenvalues and normalized eigenvectors of A and thus the spectral
decomposition. Thus this result to calculate exp(zA), where z € C.

Problem 102. Let A be an n x n normal matrix. Assume that A;
(j =1,...,n) are the eigenvalues of A. Calculate

n
H 1+ Ag)
k=1
without using the eigenvalues.

Problem 103. Let A be an n X n matrix over C. Then any eigenvalue
of A satisfies the inequality

A < max Z lak] -

__k

Write a C++ program that calculates the right-hand side of the inequality
for a given matrix. Apply the complex class of STL. Apply it to the matrix

t 0 0 1
0 2¢ 2¢ 0
A= 0 3% 3 0

4 0 0 4
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Problem 104. (i) Find the eigenvalues of the matrices

1 00 1
1 01
11 0 2 2 0
AQ_(22>’ As = ggg’A“_ 0330
4 0 0 4
Extend to the n x n case.
(ii) Find the eigenvalues of the matrices
1 0 0
1 0 1
(11 B o 12 12
B2_(1/2 1/2)’ Bs = 193 162 193 CBi= 0 as o
1/4 0 0

Extend to the n x n case.

Problem 105. The 2n x 2n symplectic matrix is defined by

0n I
5= (In On)

where I,, is the n x n identity matrix. The matrix S is unitary and skew-
hermitian. Find the eigenvalues of S from this information.

Problem 106. Find the condition on ai1, a2, b11, b1 such that

aiq 0 0 a2 1 1
0 b11 b12 0 1
0 b12 b11 0 1

ai2 0 0 ail 1

i.e. we have an eigenvalue equation.

Problem 107. Find the eigenvalues of the 4 x 4 matrix

O 0 0 a4

o 1 0 0 a24
A= 0 1 0 a34
0 0 1 Q44

Problem 108. Find the eigenvalues and eigenvectors of the 4 x 4 matrix

0 a2 a3 aun
A= | a2 0 a3 ao
ais a3 0 as

algs  azg —azs O

~ O O =
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Problem 109. Find the eigenvalues and eigenvectors of the 4 x 4 matrix

0 a1z G13 Q14
A | T2 0 as3 G214
—a1i3 —azz 0 az

—a14 —agqe —azg O

Problem 110. (i) Find the spectral decomposition of the normal matrix
010
A=(1 0 1
01 0
(ii) Find the spectral decomposition of exp(A).

Problem 111. Find the eigenvalues and eigenvectors of o,0,0..

Problem 112. Find the eigenvalues of the 7 x 7 matrix

ail 0 0 a4 0 0 aiy
0 a2 ax 0 as ax O
0 azx a3 0 azs aze O
A = 41 0 0 Q44 0 0 aqr
0 as2 as3 0 ass ase O
0 ag2 ag3 0 ags ags 0O
arq 0 0 a4 O 0 [0 rdrd

Problem 113. (i) Find the eigenvalues and eigenvectors of

U—Q—ia—li
? *7 A\ -1/

(ii) Is this matrix normal?

Problem 114. Let A be an n x n matrix over C, which satisfies
A2 =AA=cA

where ¢ € C is a constant. Obviously the equation is satisfied by the
zero matrix with ¢ = 0. Assume that A # 0,,. Then we have a “type of
eigenvalue equation”.

(i) Is ¢ an eigenvalue of A.
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(ii) Take the determinant of both sides of the equation. Discuss. Study the
cases that A is invertible and non-invertible.
(iii) Study the case

(iv) Study
(A® A)? = c(A® A).

(v) Let A be a 2 x 2 matrix and

air 0 0 a2
0 a1 a2 O
0 a1 Q22 0
a21 0 0 as9

Ax A=

Study the case (A x A)? = c(Ax A).
(vi) Study the case that A3 = cA.

Problem 115. (i) Consider the Pauli spin matrices for describing a spin—%

system
{01 (0 —i (1 0
=1 0) 27\i o) 7\ \o -1)-

Consider the matrix
o3 + 107 .

Is the matrix normal? Find the eigenvalues and eigenvectors of the matrix.
Discuss. Find the eigenvalues and eigenvectors of o3 ® o3 + 101 ® 07.
(ii) Consider the Pauli spin matrices for describing a spin-1 system

L (0 10 L (0 =i 0 10 0
si=— 110 1|, sa=—1|4i 0 —i|, s35=[0 0 0
V2o 1 o V2\o i o 00 -1

Consider the matrix
S3 + 1571 .
Is the matrix normal? Find the eigenvalues and eigenvectors of the matrix.

Discuss. Find the eigenvalues and eigenvectors of s3 ® s3 + 151 ® s1.

Problem 116. Let s,, sy, s, be the (2s+ 1) x (25 + 1) spin matrices for
spin s=1/2,s=1,s=3/2,s=2,....
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(i) For s = 1/2 we have the 2 x 2 matrices

170 1 10 11 0
=3\t 0) Ta\i o) FT2\0 -1}
Let n € R3 and ||n|| = 1. Calculate the eigenvalues and eigenvectors of

N1Sy + N2Sy + N3S, -

(ii) For s = 1 we have the 3 x 3 matrices

1 0 1 1 1 0 — O 1 1 0 O
1 01 i 0 00 -1

Let n € R3 and ||n|| = 1. Calculate the eigenvalues and eigenvectors of

N1Sy + NasSy +N3s, .

Problem 117. Find the eigenvalues and eigenvectors of the matrices

00 0 ay
(1)821? 1 0 0 as
0125’()1()@34

@33 00 1 agy

Problem 118. Let K be an n x n skew-hermitian matrix with eigenval-
ues fi1, ..., iy (counted according to multiplicty) and the corresponding
normalized eigenvectors uy, ..., u,, where ujuy = 0 for k& # j. Then K
can be written as

n
_ ) ) *
K= E pjuu;
j=1

and ujujuguy =0 for k # j and j,k =1,2,...,n. Note that the matrices
u;uj are projection matrices and

n
* p—
E u;u; = I, .
j=1

(i) Calculate exp(K).

(ii) Every n X n unitary matrix can be written as U = exp(K), where K is
a skew-hermitian matrix. Find U from a given K.

(iii) Use the result from (ii) to find for a given U a possible K.
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(iv) Apply the result from (ii) and (iii) to the unitary 2 x 2 matrix

U(0) = < cos sin9> .

—sinf cos6

(v) Apply the result from (ii) and (iii) to the 2 x 2 unitary matrix
cosd —e'sin 6
vio - ( ).

e~ gsind cos 0

(vi) Every hermitian matrix H can be written as H = iK, where K is a
skew-hermitian matrix. Find H for the examples given above.

Problem 119. Consider a symmetric matrix over R. We impose the
following conditions. The diagonal elements are all zero. The non-diagonal
elements can only be +1 or —1. Show that such a matrix can only have
integer values as eigenvalues. An example would be

0 1 1 -1
1 0 1 -1
1 1 0 -1
-1 -1 -1 0

with eigenvalues 3 and —1 (three times).

Problem 120. Let A be an n X n normal matrix over C. How would one
apply genetic algorithms to find the eigenvalues of A. This means we have
to construct a fitness function f with the minima as the eigenvalues. The
eigenvalue equation is given by Ax = zx (2 € C and x € C" with x # 0).
The characteristic equation is

p(z) =det(A —zI,) =0.
What would be a fitness function? Apply it to the matrices

. . 00 1
B:(Q B’), 0:(9 6) D=0 1 0
! ! 10 0

Problem 121. Let A, B be hermitian matrices over C and eigenvalues
Aty ooy A and g, ..., py, respectively. Assume that tr(AB) = 0 (scalar
product). What can be said about the eigenvalues of A + B?

Problem 122. Consider the skew-symmetric matrix over R
0 —as a9

as 0 —aq

—a9 a1 0

A
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where a1,as,a3 € R. Find the eigenvalues. Let O3 be the 3 x 3 zero
matrix. Let Ay, Aa, A3 be skew-symmetric 3 x 3 matrices over R. Find the
eigenvalues of the 9 x 9 matrix

03 —Az A
B= A3 03 —Al
—A2 A1 03

Problem 123. Consider the 4 x 4 Haar matrix

1 1 1 1
koLt 1 -1 -1
T2l Vv2 V2 0 0
0 0 V2 —2

Find all 4 x 4 hermitian matrices H such that K HKT = H.

Problem 124. Consider the reverse-diagonal n x n matrix

0 0 ... 0 et

0 0 .oe?2

0 €1 .. 0 0
eién 0 ... 0 0

where ¢; € R (j =1,...,n). Find the eigenvalues and eigenvectors. Is the
matrix unitary?

Problem 125. Let ai1,a90 € R and a12 € C. Consider the hermitian

matrix
a a
H= (% 12
a2 Q22

with the real eigenvalues A; and As. What conditions are impost on the
matrix elements of H if \j = \p?

Problem 126. (i) Consider the spin matrices for describing a spin-2

2
system

1(0 1 C1/(0 —i 11 0
1=5\1 0) 273 i o) 73 0 -1/

and the spin matrices for describing a spin-1 system

01 0 L [0 =i 0 10 0
m=—|10 1|, pp=—|i 0 —i|, ps=[0 0 0
V2o 1 0 V2\o i o 00 -1
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Find the spectrum (eigenvalues and eigenvector) of the hermitian matrix

. H
KZ%=81®p1®S1+82®p2®82+83®p3®83-
Thus K is a 12 x 12 matrix with tr(K) = 0.
Problem 127. s{(3,R) is the rank 2 Lie algebra with Cartan matrix
2 -1
-1 %)
Find the eigenvalues and normalized eigenvectors of C.

Problem 128. Find the eigenvalues and normalized eigenvectors of the
4 x 4 matrix

a1 a2 1 0
a2 ax 0 1
A= 1 0 0 O
0 1 0 0

Problem 129. Let ¢ € R. Consider the matrices

Q el 0 0
A(¢1, P2, 3, P4) = elg)z 8 8 61%3 ;

0 0 €% 0

0 0 e 0
Bds.dndnd= | 5 0 0 O

and A(¢1, b2, P3, 04)B(ds, ds, ¢7, ¢s). Find the eigenvalues of these matri-
ces.

Problem 130. Let U be an n X n unitary matrix, i.e. UU* = [,,. Assume
that U = UT. What can be said about the eigenvalues of such a matrix?

Problem 131. Let I, be the n x n identity matrix. Find the eigenvalues

of the 2n x 2n matrix
1 I I
R=— n "
5 1)
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Problem 132. Consider the unitary matrix

0001

00 1 0 0 1) _ [0 1
U=lo 100 _<1 0>®<1 0)'

1000

Find the skew-hermitian matrix K such that U = exp(K).

Problem 133. Given the matrix

1 2 3 4
5 6 7 8
A= 9 10 11 12

13 14 15 16

Prove or disprove that exactly two eigenvalues are 0.

Problem 134. Let A be an n X n matrix over C. Show that the eigen-
vectors corresponding to distinct eigenvalues are linearly independent.

Problem 135. We know that any n X n unitary matrix has only eigenval-
ues A with |A] = 1. Assume that a given n x n matrix has only eigenvalues
with |A] = 1. Can we conclude that the matrix is unitary?

Problem 136. Find the eigenvalues and eigenvectors of

0 a2 a3 au

0 0 0
a3 0 0 0
0 0 0

Problem 137. (i) Let ¢t; € R for j = 1,2,3,4. Find the eigenvalues and
eigenvectors of A
0 tl 0 t4€z¢
o tq 0 to 0
H = 0 ta 0 ts
t4€_i¢ 0 t3 0

(ii) Let t; e R for j = 1,...,5. Find the eigenvalues and eigenvectors of

0 tl 0 0 t5€i¢
t 0 to 0 0
H= 0 ty 0 t3 O
0 0 t3 0 ta
tse™™® 0 0 ty O
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Problem 138. Let v be a nonzero column vector in R™. Matrix multi-
plication is associative. Then we have

(vvhv =v(vTiv).
Discuss.

Problem 139. (i) Find the eigenvalues and eigenvectors of the matrix

ail 0 0 0

a2 ax O 0

A= 0 az2 azz O
0 0 a3 ag

(ii) Find the eigenvalues and eigenvectors of the matrix

b O 0 0 0
ba; bae O 0 0
0 bso b33 0 0

o o oo

b= 0 bsz baa O

0
0 0 0 by bss O
0 0 0 0 bgs bes

These matrices are the so-called staircase matrices. Extend the results to
the n X n case.

Problem 140. (i) Let A be an invertible n x n matrix over C. Assume
we know the eigenvalues and eigenvectors of A. What can be said about
the eigenvalues and eigenvectors of A + A~1?

(ii) Apply the result from (i) to the permutation matrix

0 00 001
10 0 0 0O
01 0 00O
A_OOIOOO
0001 0O
000 01O

Problem 141. (i) Find the eigenvalues and eigenvectors of the 4 x 4

matrix
ail 0 0 aiq

A— 0 a2 0 0
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(i) Find the eigenvalues and eigenvectors of the 6 x 6 matrix

b11 0 0 0 0 a6
0 b O 0 0 0
0 0 b33 O 0 0
0 0 by O 0
0 0 0 0 bss O
0

b61 0 0 0 b66

Problem 142. Find the eigenvalues and eigenvectors of the matrices

1 1/2 1/3
L2y e 13 14
<1/2 1/3) 1/3 1/4 1/5

Extend to the n x n case.

Problem 143. Find the eigenvalues of the 6 x 6 matrix

1 1/2 1/3 1/4 1/5 1/6
12 1/3 1/4 1/5 1/6 1/7
1/3 1/4 1/5 1/6 1/7 1/8
1/4 1/5 1/6 1/7 1/8 1/9
1/5 1/6 1/7 1/8 1/9 1/10
1/6 1/7 1/8 1/9 1/10 1/11

Problem 144. (i) Let o € R. Consider the matrices

A(a):<cosoz —sina>7 B(a):(cosa sina )

sina  cosa sina —cosa

Find the trace and determinant of these matrices. Show that for the matrix
A(a) the eigenvalues depend on « but the eigenvectors do not. Show that
for the matrix B(«) the eigenvalues do not depend on « but the eigenvectors
do.

(ii) Let a € R. Consider the matrices

Cla) = (cosha smha), D(a) = (cosha —51nha> .

sinha  cosha sinha —cosha

Find the trace and determinant of these matrices. Show that for the matrix
C(a) the eigenvalues depend on « but the eigenvectors do not. Show that
for the matrix D(«) the eigenvalues do not depend on « but the eigenvectors
do.
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Problem 145. Find the lowest eigenvalue of the 4 x 4 symmetric matrix

(r eR)
0 -xv5 0 0
—25 4 —2x —2x
0 -2z 4-—2z —x
0 —2x —x 8 — 2x

Problem 146. Let m > 0 and 6 € R. Consider the three 3 x 3 matrices

0 sin 6 0 0 0 sin 6
My =m | sinf 0 cosf |, My=m 0 0 cosf |,
0 cos 0 sinf cos@ 0

0 sinf cos6
Ms=m | sinf 0 0
cosf 0 0
Find the eigenvalues and eigenvectors of the matrices. These matrices play

a role for the Majorana neutrino.

Problem 147. Let A, B be real symmetric and block tridiagonal 4 x 4
matrices

a;pn a2 0 0 biir bz 0 O

A | M2 ax ax 0 B— bia bag baz O
0 a3 aszz azs |’ 0  bo3 b3z bag

0 0 a3s au 0 0 b3 bu

Assume that B is positive definite. Solve the eigenvalue problem

Av = ABv.

Problem 148. (i) Find the eigenvalues, normalized eigenvectors and
spectral decomposition of the permutation matrices

0 1 0 0 01
P=(0 0 1], PBR=11 00
1 00 010

(ii) Use the spectral decomposition to find the matrices A; and As such
that P1 = exp(Al), PQ = exp(Ag).

Problem 149. Let A be an n x n matrix over C. What is the condition
on A such that all eigenvalues are 0 and A admits only one eigenvector.
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Problem 150. Let A be a 2 x 2 matrix. Assume that det(A4) = 0 and
tr(A) = 0. What can be said about the eigenvalues of A. Is such a matrix
normal?



Chapter 5

Commutators and
Anticommutators

Problem 1. Let A, B be 2 x 2 symmetric matrices over R. Assume that
AAT = I, and BBT = I,. Is

[A,B] = 057

Prove or disprove.

Problem 2. Let A, B, X, Y be n x n matrices over C. Assume that
AX -XB=Y.
(i) Let z € C. Show that
(A—2I)X - X(B—zI,) =Y.
(ii) Assume that A — zI,, and B — zI,, are invertible. Show that
X(B—zL,) ' —(A—2L,)" ' X = (A —21,)"'Y(B — 2I,)*.

Problem 3. Let A, B be nxn matrices over C. Assume that [A, B] = 0,,.
Let U be a unitary matrix. Calculate [U*AU, U*BU].

Problem 4. Can we find nonzero symmetric 2 x 2 matrices H and A over
R such that
[H,A] = pA

78



Commutators and Anticommutators 79
where p € R and p # 07
Problem 5. Let A, B be n x n hermitian matrices. Is i[A4, B] hermitian?

Problem 6. A truncated Bose annihilation operator is defined as the
nxn (n > 2) matrix

0 vy1 0 0 0 0
0 0 vV2 0 o0 0
0 0 V3 0 0

- O

o
=

o

o

=

3 ..
I

—

(i) Calculate B} B,,.
(ii) Calculate the commutator [B,,, B}].

Problem 7. Find nonzero 2 x 2 matrices A, B such that [A, B] # 0s, but
[Aa [A’B]] = 02, [Bv [AvB]] =02.

Problem 8. Let A, B be symmetric n X n matrices over R. Show that
[A, B] is skew-symmetric over R.

Problem 9. Let A, B be n X n matrices. Show that

AB = %([A,B] 4 A B)4).

Problem 10. Let A, B be n X n matrices. Suppose that
[A, B] =0y, [A,B]+ =0,

and that A is invertible. Show that B must be the zero matrix.

0 1
(1)
Find all 2 x 2 matrices A such that [4, C] = Oq, where 0z is the 2 x 2 zero
matrix.

Problem 11. Let

Problem 12. Let A, B, C be n x n matrices. Show that
tr([4, B]C) = tr(A[B, C]) .
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Problem 13. Find all nonzero 2 x 2 matrices A, B such that
[A,B]=A+ B.

Problem 14. Find all nonzero 2 x 2 matrices J, J_, J, such that
([ Jy] = Jy, [ J-]=—Jd-, [Jq, J_]=2J,
where (J4)* = J_.

Problem 15. Find all nonzero 2 x 2 matrices Ky, K_, K, such that
K., K:]=K;, [K, K. ]=-K_, [Ki K_]=-2K,
where (K.)* = K_.

Problem 16. Find all nonzero 2 x 2 matrices Ay, Az, A3 such that
[A1,A2] =0, [A1,A3] = Ay, [A2, A3] = Ay

Problem 17. Let H be a nonzero n X n hermitian matrix. Let E be a
nonzero n X n matrix. Assume that

[H,E] = aF

where a € R and a # 0. Show that E cannot be hermitian.

Problem 18. Let A and B be positive semi-definite matrices. Can we
conclude that [A, B]; = AB + BA is positive semi-definite.

Problem 19. Let A, B be n x n matrices. Given the expression

A’B + AB® + B*A+ BA* —2ABA — 2BAB.
Write the expression in a more compact form using commutators.
Problem 20. Let A, B be n x n matrices over C. Assume that A% = I,
and B2 = I,,.

(i) Find the commutators [AB + BA, A], [AB + BA, BJ.
(ii) Give an example of such matrices for n = 2 and A # B.

Problem 21. Consider the 2 x 2 matrices

cosa —sina [ coshf@ sinhg
Ale) = (sina cos « )’ B(B) = (sinhﬂ coshﬁ)
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where «,3 € R. Calculate the commutator [A(«), B(6)]. What is the
condition on «,  such that [A(«), B(8)] = 027

Problem 22. Let Ay, As, A3 be n X n matrices over C. The ternary
commutator [Ay, As, As] (also called the ternutator) is defined as

[A1, Ay, Asz]:= Z sgnAr 1) Ar(2)Ar(3)
TES3
= A1AyAs + Ay A3A] + A3A1 Ay — A1 AsAg — Ay A1 As — A3 Az Ay .

(i) Let n = 2 and consider the Pauli spin matrices o, oy, 0.. Calculate
the ternutator

[02,0y,0.].

(ii) Calculate
A1R@A®A3+A2®@A3RA1 +A30 A1 Q0 A2~ A1 RA3R A3 — A2 A1 ®A3—A30 As®A; .
Problem 23. Let A, B, C' be 2 x 2 matrices. Find the conditions such
that [4, B,C] = 0.
Problem 24. Let A, B, H be n X n matrices such that
[H,A] =0, [H,B]=0.

Show that

where @ denotes the direct sum.

Problem 25. Show that any two 2 x 2 matrices which commute with the
matrix
0 1
(50)

Problem 26. Let Ay, As be m x m matrices over C. Let By, Bs be nxn
matrices over C. Show that

commute with each other.

[A1 @ By, A2 @ Bs] = ([A1, A2]) @ ([B1, Ba])

where @ denotes the direct sum.
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Problem 27. Let A, B be an n xn matrix over C. Let u € C™ considered
as column vector. Is

[u"A9,u”"B8] = u*[A, B]9?

Here [, ] denotes the commutator and
8/8.%‘1
0= :
0/0xy,

Problem 28. Let ¢ € R and A be an 2 x 2 matrix over R. Find the
commutator of the 3 x 3 matrices

c® A, Adc

where @ denotes the direct sum.

Problem 29. Consider the 3 x 3 matrices

al 0 0 0 0 bl
A= 0 as 0 s B= 0 b2 0
0 0 as b3 0 0

Can we find a;, b; (j = 1,2,3) such that the commutator [A, B] is invert-
ible?

Problem 30. Let A, B be n x n matrices over C. Can we conclude that

1A, BIIl < [lAH1BI?

Problem 31. Consider (m + n) x (m + n) matrices of the form
mxm mxn
nxm nxn /)’

Let

and ~
(0 R =_ (0 B
r~(n o) =(& ¢)

Find the commutators [B.B], [B, F] and the anticommutator [F, F],..
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Problem 32. Can one find non-invertible 2 x 2 matrices A and B such
the commutator [A, B] is invertible?

Problem 33. Let A, B be n x n matrices over C. Assume that B is
invertible. Show that

[A,B~Y1=-B7'[A,B]B~!.

Problem 34. Let A, B be n x n matrices. Show that

AB = %[A,B] 4 %[A,B}+.

Problem 35. (i) Let A, B be 2 x 2 skew-symetric matrices over R. Find
the commtutor [A, B].

(ii) Let A, B be 3 x 3 skew-symetric matrices over R. Find the commtutor
4, B].

Problem 36. Find two linearly independent 2 x 2 matrices A, B such
that
—A= [Bv [BvAHa -B = [Aa [AaBH

Problem 37. Let A be an n x n matrix and 0,, be the n X n zero matrix.

Find the commutator
0, A 0, A
A 0,/’\ -4 0,

and the anticommutator

Problem 38. Find all 2 x 2 matrices over C such that the commutator
is an invertible diagonal matrix D, i.e. di; # 0 and dgy # 0.

Problem 39. Let A, B be invertible n x n matrices over C. Assume that
[A, B] = 0,,. Can we conclude that [A=!, B~1] =0,, ?

Problem 40. Consider the 3 x 3 matrices over C

ai;, 0 0 0 b2 bis
A= 0 a2 0 s B = b21 0 b23
0 0 ass b31 b32 0
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(i) Calculate the commutator [A, B] and det([4, B]).
(i) Set a11 = €1, agy = €2, azz3 = ¢'?3. Find the condition on ¢1, ¢o,
(bg, blg, b13, b217 623, b31, b32 such that [A,B] is unitary.

Problem 41. Let A, B be n x n matrices and T a (fixed) invertible n. x n
matrix. We define the bracket

[A, B]r := ATB — BTA.
Let

(V) 2= (00) =T a) (6 5
Find [X,Y]r, [X, H]z, [Y, H7.

Problem 42. Can one find a 2 x 2 matrix A over R such that
T (0 1
(0 1),

Problem 43. Consider the set of 3 x 3 matrices

1 00 0 0 O 0 0 O
Ai=10 0 0], A=[(0 1 0|, A3=1(10 0 O
0 0 0 0 0 O 0 0 1
0 1 0 0 0 O 0 0 1
Aa=11 0 0], Axs=110 0 1], Aiz3=[0 0 O
0 0 O 01 0 1 00
Calculate the anticommutator and thus show that we have a basis of a

Jordan algebra.

Problem 44. Consider the invertible matrices

1 0 0 01 0
A= [0 e¥7/3 0 ., B=10 0 1
0 0 e 23 1 0 0

Is the matrix [A, B] invertible?

Problem 45. A classical 3 x 3 matrix representation of the algebra
iso(1,1) is given by

0 0 0 0

K=|0 0 —2|, P.=[1

0 -2 0 -1

o O O
lﬁ
I
—_ = O
o O O
o O O
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Find the commutators and anticommuators.

Problem 46. Find the conditions on the two 2 x 2 hermitian matrices
A, B such that
[A® B,P] =0

where P is the permutation matrix

SO O
o R OO
o o = O
= O O O

Problem 47. Let A be an arbitrary n x n matrix over C with tr(A4) = 0.
Show that A can be written as commutator, i.e. there are n X n matrices
X and Y such that

A=XY-YX.

Problem 48. Let A be an arbitrary n X n matrix over C with trA = 0.
Show that A can be written as commutator, i.e., there are n X n matrices
X and Y such that A = [X,Y].

Problem 49. Let A be an arbitrary n x n matrix over C with trA = 0.
Show that A can be written as commutator, i.e., there are n X n matrices
X and Y such that A = [X,Y].

Problem 50. Let A, B be hermitian matrices, i.e. A* = A and B* = B.
Then in general A 4 iB is non-normal. What are the conditions on A and
B such that A + B is normal?

Problem 51. Let A, B be n x n matrices over C. Show that if A and B
commute and if A is normal, then A* and B commute.



Chapter 6

Decomposition of
Matrices

Problem 1. We consider 3 x 3 matrices over R. An orthogonal matrix
@ such that det ) = 1 is called a rotation matriz. Let 1 <p <r < 3 and ¢
be a real number. An orthogonal 3 x 3 matrix Qpr(¢) = (¢ij)1<i,j<3 given
by

Gpp = Qrr = COS @
g =1 if i#£pr
Qpr = —Qrp = — sin (25
Qip=Qpi = Qir = qri =0 i #p,7
qi; =0 if ¢ #p,r and j#p,r
will be called a plane rotation through ¢ in the plane span (ep,e,). Let

@ = (¢ij)1<i,j<3 be a rotation matrix. Show that there exist angles ¢ €
[0,7), 8,¢ € (—m, 7] called the Euler angles of @ such that

Q = Q12(9)Q23(0)Q12(¥) - (1)

Problem 2. For any n X n matrix A over C, there exists a positive
semi-definite matrix H and a unitary matrix such that A = HU (polar
decomposition). If A is nonsingular, then H is positive definite and U and

86
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H are unique. Find the polar decomposition for

1 0 —4
A= 0 5 4
-4 4 3

Problem 3. If A € R™*", then there exists an orthogonal Q € R™*™
such that

Rll ng e le
0 R22 e Rgm

QTAQ=| . o ,
0 0 ... Run

where each R;; is either a 1 x 1 matrix or a 2 X 2 matrix having complex
conjugate eigenvalues. Find @ for the matrix

010
A=(2 0 3
04 0
Then calculate QT AQ.

Problem 4. Let n > 2 and n = 2k. Let A be an n X k matrix and
A*A =1,

where [, is the k x k unit matrix. Find the n x n matrix AA* using the
singular value decomposition. Calculate tr(AA*).

Problem 5. Let n > 2 and n = 2k. Let A be an n x k matrix and
A*A =1,

where Iy, is the k X k unit matrix. Let S be a positive definite n x n matrix.
Show that
tr(A*S2%A)
1< —— .
~ tr((A*SA)?)

Problem 6. Consider the symmetric matrix over R

2 -1 0
A= -1 2 -1
0o -1 2
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and the orthogonal matrix

cos¢y —sing 0
O=|sing cos¢p O
0 0 1

Calculate A = O~1AO. Can we find an angle ¢ such that aj2 = as; = 07

Problem 7. Let A be an n X n matrix over R. Assume that A~! exits.
Given the singular value decomposition of A4, i.e. A = UWVT. Find the
singular value decomposition for A1,

Problem 8. Find the cosine-sine decomposition of the 4 x 4 unitary
matrix

10 0 1
L o1 1 o0
v2lo 1 -1 0
10 0 -1

Problem 9. Find a cosine-sine decomposition of the Hadamard matrix
11
V2 \1 —-1/°

Problem 10. (i) Consider the 4 x 4 matrices

0 1 0 0 0 0 10
-1 0 10 S 0 0 01
2= 0o -1 0 1}° 2= -1 0 0 0
0o 0 -1 0 0 -1 0 0

Can one find 4 x 4 permutation matrices P, () such that
Q=ProQ?

(ii) Consider the 2n x 2n matrices

0 1 0 0 0 0

-1 0 1 0 0

0 -1 0 0 0 O
Q:

0 0 O -1 0 1
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= 0, In
2= (—In On)

where 0, is the n X n zero matrix and I, is the n X n identity matrix. Can
one find 2n x 2n permutation matrices P, @) such that Q = PQQ?

and

Problem 11. Let A be an m x m matrix. Let B be an n x n matrix. Let
X be an m X n matrix such that

AX =XB. (1)
We can find non-singular matrices V' and W such that
VYAV = J4, W iBW = Jg

where J 4, Jp are the Jordan canonical form of A and B, respectively. Show
that from (1) it follows that

JaY =Y Jp

where Y := V-1XW.



Chapter 7

Functions of Matrices

Problem 1. Consider the matrix (¢ € R)

cosh ¢ 0 0 sinh ¢

. 0 cosh( sinh( 0

5(0) = 0 sinh¢ cosh( 0
sinh ¢ 0 0 cosh ¢

(i) Show that the matrix is invertible, i.e. find the determinant.
(ii) Calculate the inverse of S(().
(iii) Calculate

and then calculate exp(CA).

Problem 2. Let A be an n x n positive definite matrix over R. Let q
and J be column vectors in R™. Calculate

o0 oo 1
Z(J)=/ / dgy - - - dgp exp (—QqTAq+JTq> :

/ dqe—(aqz+bq+6) = \/Ze(b2_4ac)/(4a) . (1)

90

Note that
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Problem 3. Let A be an n X n positive definite matrix over R, i.e.
xT Ax > 0 for all x € R™. Calculate

/ exp(—xT Ax)dx .

Problem 4. Consider the 2 x 2 matrix
3 -4
(2

Problem 5. Let A be an n x n matrix over C. The n x n matrix B over
C is a square root of A iff B2 = A. The number of square roots of a given
matrix A may be zero, finite or infinite. Does the matrix

()

Problem 6. Let A be an n X n matrix. Let

Calculate A™, where n € N.

admit a square root?

n—1
c(z) :=det(zl, — A) = 2" — Z cp2”
k=0

be the characteristic polynomial of A. Apply the Cayley-Hamilton theorem
¢(A) = 0 to calculate exp(A).

Problem 7. (i) Let A be an n x n matrix with A3 = I,,. Calculate exp(A)
using

exp(4) = S 49/(j1)
=0
(ii) Let

B =

_ O O
o O =
O = O

with B3 = I3. Calculate exp(B) using the result from (i). Calculate exp(B)
applying the Cayley-Hamilton theorem.

Problem 8. Show that for any Pauli spin matriz o1, o2, 03 we have

sin(fo;) = sin(f)o; .
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Problem 9. Let M be an n x n matrix with mj, = 1 for all j, k =
1,2,...,n. Let s € C. Find exp(sM). Then consider the special case
sn =i

Problem 10. Let X, Y be n x n matrices. Show that

o (X%, Y]
[eX,Y]:;T.

Problem 11. Let A, B be n X n matrices. Show that

1
eATB _ A E/ (1A Bt (A+E) gt
0

Problem 12. Let A be an n x n matrix. Then exp(A) can also be

calculated as e
e = lim <In + ) .
m—00 m

Use this definition to show that

det(e?) = ")

Problem 13. Let Ay, As,..., A, be n x n matrices over C. The general-
ized Trotter formula is given by

exp | A | = lim fu({4;}) (1)

where the n-th approximant f,({ A; }) is defined by

iy = (oo (1) enp (22) oo (24,))

Let p =2 and
1 0 0 1
w=(o1) w=(00)

Calculate the left and right-hand side of (1).

Problem 14. Let o, € R. Calculate

exp(g g).



Functions of Matrices 93

Problem 15. Consider the 2 x 2 matrix
1 1
()

Problem 16. Let A, B be n x n matrices over C and o« € C. The
Baker-Campbell-Hausdorff formula states that

Let t € R. Find exp(tA).

2 LAV _
¢4 Be=4 = B4 a[A, Bl + S [A,[A, Bl +--- = Y {4, B} = B(a)
2! = 4!

where [A, B] := AB — BA and
{A7 B} :=[A, {47! B}
is the repeated commutator.
(i) Extend the formula to
eaABke—(xA

where k > 1.

(ii) Extend the formula to
eaAeBe—aA )

Problem 17. Consider the n x n matrix (n > 2)

010 ... 0
0 0 1 0
A= 5 z
0 0 O 1
0 0 O 0

Let f: R — R be an analytic function. Calculate

f0) ,, f"0) s PN
At A R Y

FO) I +
where ’ denotes differentiation. Discuss.
Problem 18. Let A, B be n x n matrices. Show that
cos(A + B) = cos(A) cos(B) — sin(A) sin(B)

if AB = BA.
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Problem 19. Consider the 3 x 3 matrix

0 0 «
Alw) =10 0 0|, aeR.
a 0 0

Find exp(A).

Problem 20. Let A, B be n x n matrices with 42 = I, and B? = I,,.
Assume that the anticommutator of A and B vanishes, i.e.

[A,B]y = AB+ BA=0,.
Let a,b € C. Calculate

eaA+bB )

Problem 21. Let A, B be n x n matrices with A2 = I, and B? = I,,.
Assume that the commutator of A and B vanishes, i.e.

[A,B]= AB— BA=0,.

Let a,b € C. Calculate
c@A+bB

Problem 22. Consider the 2 x 2 matrix
_ (a1 a2
A= < ! ) .

Problem 23. Can one find n X n matrices A such that (e € R)

Find exp(tA).

exp(ieA) = I, + (cos(e) — 1) A% +isin(e)A?

Problem 24. Let a,3 € C. Let
mam=(5 7).

—

(i) Calculate exp(M («, 3)).

(ii) For which values of «, 8 € C is the matrix nonnormal? Simplify the
result for @ = im and § arbitrary. Is the matrix M (« = im, 3) nonnormal?
Is the matrix exp(M (o = im, §) nonnormal?
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Problem 25. Consider the two-dimensional rotation matrix
cosf) —sinf
R= (sin@ cos @ )
with 0 < 6 < 7. Find R'/2.

Problem 26. Let f: R — R be an analytic function. Let # € R, n a
normalized vector in R? and o1, 03, o3 the Pauli spin matrices. We define

n-o:=ny01 +nNg02 +nN303.

Then

1

(f(0) + f(=0) 12+ 5 (f(0) = f(=0))(n- o).

f(bn- o) = 5

DO =

Apply this identity to f(x) = sin(x).

Problem 27. Let a,b € R and
a —b
M_<b a).

Problem 28. Let A be an n x n matrix over C. Assume that all eigen-
values A1, Aa, ..., A, are pairwise distinct. Then et4 can be calculated as
follows (Lagrange interpolation)

Calculate exp(M).

Let

Calculate et/ using this method.

Problem 29. Let A be an n X n matrix over C. Assume that all eigen-
values A\, Mg, ..., A\, are pairwise distinct. Then e*4 can be calculated as
follows (Newton interpolation)

j—1

et =ML+ Y s N [[(A - AT
j=2 k=1
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The divided differences [\, ..., ;] depend on ¢ and are defined recursively
by

6)\1t _ e>\2t
)= =
[)\la-~-a)\k+1] = [)‘17"'7Ak] _ [>\2""7>\/€+1]7 k > 2.
Al = Akt

Let
0 1
Y
Calculate et/ using this method.

Problem 30. Apply the Cayley-Hamilton theorem to the 3 x 3 matrix A
and express the result using the trace and determinant of A.

Problem 31. Let A, B, C be n x n matrices over C such that A% = I,,
B? = I, and C? = I,,. Furthermore assume that

[A,B]; = AB+BA=0,, [B,C]s=BC+CB=0,, [C,A]l,=CA+AC =0,

i.e. the anticommutators vanish. Let o, 3,7 € C. Calculate e*AT8B+7C
using

6&A+,@B+’yC’ _ i (CMA + 6B + /VC)J )

|
j=0 J:

Problem 32. Let A, B be n X n matrices. Then we have the identity
det(e?ePe e~ B) = exp(tr([A, B]))
where [A, B] := AB — BA defines the commutator. Show that

det(e?eBe e B) =1.

Problem 33. Let

=(a) =00 (%)

(i) Show that

e =(y 1), ewen=(14 1)
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(ii) Show that
exp(e)exp(—Nexple) = (3]

Problem 34. Let A be an n x n matrix. The characteristic polynomial
det( M, — A) = \" +a; \" '+ +a, =p(\)
is closely related the the resolvent (A, — A)~! trough the formula

N A N2 4 4 N, N(A)

A, — A
( ) )\n+a1>\n71+,,,+an p()\)

where the adjugate matrix N()) is a polynomial in A of degree n — 1 with
constant n x n coefficient matrices Ny, ..., N,. The Laplace transform of
the matrix exponential is the resolvent

L) = (N, —A)7L.

The N, matrices and ay, coefficients may be computed recursively as follows
1
N1 :In, aq :—Itr(ANl)
1
N2 = AN1 + alfn, ag = —itr(ANz)

1
N, =AN,_1+ apn_11,, an = ——tr(AN,)
n

0=AN, +a,I, .
Let
1 0 0 1
0 -1 1 0
A= 0 1 -1 0
1 0 0 1

Find the IV, matrices and the coefficients a; and thus calculate the resol-
vent.

Problem 35. Let A be an n x n matrix. The characteristic polynomial
det(M,, — A) = A"+ a A"+ +a, =p(\)
is closely related the the resolvent (AI,, — A)~! trough the formula

1 NI AT N A2 4 4N, N(N)

M, — A
( ) AmFaAnTh 4y, p(A)
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where the adjugate matrix N()) is a polynomial in A of degree n — 1 with
constant n x n coefficient matrices Ny,...,N,. The Laplace transform of
the matrix exponential is the resolvent

L) =\, — AL
The N matrices and ay, coefficients may be computed recursively as follows
1
N1:In, aq :—itr(ANl)

1
No= ANy + a1, as = —itr(ANg)

1
N, =AN,_1 + an_11,, an = ——tr(AN,)
n
0=AN, +a,I, .

Show that

where p’'(\) = dp(\)/dA.

Problem 36. Let A be an n x n positive definite matrix over R, i.e.
all the eigenvalues, which are real, are positive. We also have AT = A.
Consider the analytic function f: R™ — R

1
f(x) =exp <2XTA1X> .
Calculate the Fourier transform of f. The Fourier transform is defined by
fk) = [ f(x)e™>dx
R’V‘L

where k- x = kTx = ka1 + -+ - + knx,, and dx = dzy . . . dz,,. The inverse
Fourier transform is given by

x) = L £ e—ik~x
100 = e [ F09

where dk = dky .. .dk,. Note that we have with ¢ > 0

/ ef(aw2+bz+c)dx _ \/?e(b24ac)/(4a) )
R a



Functions of Matrices 99

Problem 37. Let A be an nxn matrix. Suppose f is an analytic function
inside on a closed contour T" which encircles A(A), where A(A) denotes the
eigenvalues of A. We define f(A) to be the n x n matrix

f(A) = 2%” ?g f(2) (=1L, — A)*ldz.

This is a matrix version of the Cauchy integral theorem. The integral is
defined on an element-by-element basis f(A) = (fjx), where

1
fir = o 7{ f(z)e;‘-r(zln —A)lepdz

where e; (j = 1,2,...,n) is the standard basis in C". Let f(z) = z? and
0 1
(1)

Problem 38. Let A, B be n x n matrices over C. Calculate

Calculate f(A).

eABe? .

Set f(e) = e*ABe, where ¢ is a real parameter. Then differentiate with
respect to e. For € = 1 we have e” Be?.

Problem 39. Let A, B be positive definite matrices. Then we have the
integral representation (z > 0)

ln(A+xB)flnAE/ (A+ul,) 'eB(A+ 2B +ul,) 'du.
0

(7). (1)

Calculate the left and right-hand side of the integral representation.

Let

Problem 40. Let € € R. Calculate
fe) = e “vg,e.

Hint. Differentiate the matrix-valued function f with respect to € and solve
the initial value problem of the resulting ordinary differential equation.
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Problem 41. Find the square root of the matrix

01 0
A=(0 0 0
0 0 O
i.e. find the matrices X such that X2 = A.

Problem 42. Let A be an arbitrary n x n matrix. Can we conclude that

exp(A*) = (exp(A))*?

Problem 43. Let A be an invertible n x n matrix over R. Consider the
functions 1
T
E]‘ = i(ACj — ej) (ACj — ej)

where j = 1,...,n, c; is the j-th column of the inverse matrix of A, e; is
the j-th column of the n x n identity matrix. This means ey, ..., e, is
the standard basis (as column vectors) in R™. The c; are determined by
minimizing the F; with respect to the c;. Apply this method to find the

inverse of the 3 x 3 matrix
1 0 1
A=10 1 0
1 0 -1

Problem 44. Let A be an n x n matrix over C. Assume that A is
hermitian, i.e. A* = A. Thus A has only real eigenvalues. Assume that

AP+ A+ A=3I,.
Show that A = I,,.
Problem 45. Let f be a function from U, an open subset of R™, to R™.

Assume that the component function f; (j = 1,...,n) possess first order
partial derivatives. Then we can associate the n X m matrix

(afj )7 j:17...7n kz]-v"'?m
8xkp

where p € U. The matrix is is called the Jacobian matriz of f at the
point p. When m = n the determinant of the square matrix f is called the
Jacobian of f. Let

A={reR:r>0}, B={0ecR:0<60<2r}
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and f : A x B — R? with fi(r,0) = rcosf, fa(r,0) = rsinf. Find the
Jacobian matrix and the Jacobian.

0 1
J— (_1 O) |
Find all nonzero 2 x 2 matrices A such that

AJ =JA.

Problem 46. Let

Problem 47. Let A be an n X n matrix over C. Let T be a nilpotent
matrix over C satisfying
T"A+ AT =0.

Show that
(eT)*AeT = A.

Problem 48. Let A, B be n x n matrices over C. Let 3,¢ € R. Show
that

B
exp(B(A + B)) = exp(fA) <In _|_/0 dee—EABee(A+B)> .

Problem 49. Consider the matrix

0 -1 0
A=1[1 0 1
0O 1 O
Let @ € R. Find exp(aA).
Problem 50. Let e € R. Let
I, — €A

be a positive definite matrix. Calculate
exp(tr(In(I,, — €A))
using the identity dete™ = exp(tr(M)).
Problem 51. Consider the Pauli spin matrices o, o, and o,. Can one
find an o € R such that

exp(iao,)o, exp(—iao,) = o, ?
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Problem 52. (i) Let a,b € R. Let

a b
K = (b a) .
Find exp(iK).

(ii) Use the result to find a, b such that
; 0 1
exp(zK)(l 0) .

Problem 53. Let P be an n X n projection matrix. Let e € R. Calculate

exp(eP).

Problem 54. (i) Let P, P,,..., P, be an n X n projection matrices.
Assume that PjP, =0 (j # k) for all j,k =1,2,...,n. Let ¢; € R with
7 =1,2,...,n. Calculate

exp(e1Pr +eaPy+ -+ €, Py).

(ii) Assume additionally that

P1+P2+"'+Pn:In-
Simplify the result from (i) using this condition.
Problem 55. Let A, B be n x n hermitian matrices. There exists n x n
unitary matrices U and V' (depending on A and B) such that

exp(iA) exp(iB) = exp(iUAU ' +iVBV ™).

Consider n = 2 and

0 1 1 1 1

a=(Ve) el )

Find U and V. Note that A and B are also unitary and represend the
NOT-gate and Hadamard gate, respectively. Furthermore

[A,B]=\/§<(1) _01) .

Problem 56. Let a,b € C and

M(a,b) = (8 Z) .
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Calculate exp(M(a,b)).

Problem 57. Let A, B be n x n matrices over C. Assume that A and B
commute with the commutator [A, B]. Then

exp(A + B) = exp(A) exp(B) exp (—;[A, B]) .

Can this formula be applied to the matrices
10 0 1
(D) (0

Problem 58. Let ¢ € R. Let A, B be n X n matrices over C. Expand

eeAeeBe—eAe—eB
up to second order in e.

Problem 59. Let a, € R. Consider the 2 x 2 matrix

[ =i =
B= ( -8 i« ) ‘
Find exp(tB), where t € R and thus solve the initial value problem of the
matrix differential equation

dA

= BA(®).

Problem 60. Let A be an n X n matrix over C. Assume that for all
eigenvalues A we have R(\) < 0. Let B be an arbitrary n x n matrix over
C. Let

o0
R:= / etA* BetA
0
Show that the matrix R satisfies the matrix equation

RA+A"R=-B.

Problem 61. Let A, B be n X n matrices over C such that [A, B] = A.
What can be said about the commutator

e, e”]
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Problem 62. Consider the positive semidefinite matrix

2 1
A= (1 2) |
Use the right-hand side of the identity

det(A) = exp(tr(In(A)))

to calculate det(A).

Problem 63. Let A, B be n x n matrices over C and A% = I,,, B2 = I,,.
Calculate
exp(z14 + 29 B)

where 21, 29 € C.

Problem 64. The Cayley-Hamilton theorem can also be used to calculate
exp(A) and other entire functions for an n x n matrix. Let A be an n x n
matrix over C. Let f be an entire function, i.e., an analytic function on the
whole complex plane, for example exp(z), sin(z), cos(z). An infinite series
expansion for f(A) is not generally useful for computing f(A). Using the
Cayley-Hamilton theorem we can write

fA) =a, 1AVt an A" P 4 ag AP+ At agl, (1)

where the complex numbers ag, a1, ..., a,_1 are determined as follows:
Let

r(A) = A A" gy o N TR ap At Fag )+ ag
which is the right-hand side of (1) with A7 replaced by A, where j =
0,1,...,n — 1. or each distinct eigenvalue \; of the matrix A, we consider
the equation

) =r(X). (2)
If A; is an eigenvalue of multiplicity &, for k£ > 1, then we consider also the
following equations

f/()‘)|>\:>\j = 7‘/(>‘)|,\:>\j
fﬁo\)b\:)\j = TH()‘)‘A:AJ»

f(’“‘”(A)‘A:A_ ==

(i) Apply this technique to find exp(A) with

A:(E Z), ceR, c#0.
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(ii) Use the method given above to calculate exp(iK ), where the hermitian
2 x 2 matrix K is given by

K(a b), a,ceR, beC.
b ¢

Problem 65. Let z € C. Let A, B be n x n matrices over C. We say
that B is invariant with respect to A if

A Be *4 = B.

Obviously e#4 is the inverse of e*4. Show that, if this condition is satisfied,
one has [A, B] = 0,,, where 0,, is the n x n zero matrix. If e*4 would be

unitary we have UBU* = B.

Problem 66. Let z € C and

. 0 1 - bll b12
(i) Calculate exp(zA), exp(—zA) and exp(zA)B exp(—zA).

(ii) Calculate the commutator [A, B].

Problem 67. Let z € C and

- 0 —2 o b1 bis
A_<i 0)’ B_<512 b11>'
(i) Calculate exp(zA), exp(—zA) and exp(zA)B exp(—zA).

(ii) Calculate the commutator [A, B].

Problem 68. Let z € C and

o 0 1 _ b11 b12
a=(0 o) m= (0 0e)-
(i) Calculate exp(zA), exp(—zA) and exp(zA)Bexp(—zA).
(ii) Calculate the commutator [A, B].
Problem 69. Consider the Pauli spin matrices o, oy, 0,. Find the
skew-hermitian matrices ¥, 3y, ¥, such that
or =exp(X;), oy =exp(Xy), o, =-exp(X,).

Find the commutators [£.,%,], [X,,X;], [£;,X;] and compare with the
commutators [0, 0], [0y, 0], (02, 04].
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Problem 70. Let o € R. Consider the matrix

Ala) = (cosa sin ) .

sina —cosa
(i) Show that the matrix is orthogonal.
(ii) Find the determinant of A(«). Is the matrix an element of SO(2,R)?
(iii) Do these matrices form a group under matrix multiplication?
(iv) Calculate

d

X=—
do

A(a)

Calculate exp(aX) and compare this matrix with A(«a). Discuss.

(v) Let 5 € R and
B(3) = (cosﬁ sin 3 ) .

sinf —cosf3

a=0

Is the matrix A(a) ® B(f) orthogonal? Find the determinant of A(a) ®
B(a). Is this matrix an element of SO(4,R)?

Problem 71. We know that for any n x n matrix A over C the matrix
exp(A) is invertible with the inverse exp(—A). What about cos(A) and
cosh(A)?

Problem 72. (i) Let ¢ € R. Let A be an n x n matrix over C. Find

sinh(2eA)
e—0 sinh(e)

(ii) Assume that A? = I,,. Calculate

sinh(2eA)
sinh(e)

(iii) Assume that A% = 0,,. Calculate

sinh(2eA)
sinh(e)

Problem 73. Let A be an n X n normal matrix over C with eigenvalues
AL, ..., A, and corresponding pairwise orthonormal eigenvectors u; (j =
1 ,m). Then the matrix A can be written as (spectral decomposition)

A= Z )\jlljll;-< = Z )\j|uj><uj| .
Jj=1 J

—
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(i) Let z € C. Use this spectral decomposition to calculate exp(zA).
(ii) Apply it to A = 0.

Problem 74. Consider the matrices
0 1 0 0
=(o0) m=(V0)
Is sin(A) invertible? Is cos(A) invertible? Is sin(B) invertible? Is cos(B)
invertible?

Problem 75. Is cos(A) invertible for all n x n matrices A over C?

Problem 76. Let A be a nilpotent matrix. Is the matrix cos(A4) invert-
ible?

Problem 77. Consider the 2 x 2 matrices
0 1 0 0
A_(O 0)’ B_<1 0)'
Find cosh(A), sinh(A), cosh(B), sinh(B). Which of these matrices are
invertible?

Problem 78. (i) Consider the permutation matrix

Find the eigenvalues and normalized eigenvectors and thus the spectral
decomposition of P.
(ii) Find the matrix X such that exp(X) = P.

Problem 79. (i) Consider the permutation matrix

0 01
P=10 10
1 00

Find the eigenvalues and normalized eigenvectors of P and thus the spectral
decomposition of P.
(ii) Find the matrix X such that exp(X) = P.

Problem 80. Let A be an n x n matrix over C. Find
lim sn.lh(eA) .
e—0 s1nh(€)
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Problem 81. Consider the matrix

A:

=
o = O
—_ o

Write the matrix A in the form

0 0 1
A =13+ B, B=|0 0 0
1 0 0
and calculate e4 using e = elseB,

Problem 82. Consider the 3 x 3 matrix

0 ¢+ O
A=|10 0 —i
0 ¢+ 0

Calculate exp(ipA), where ¢ € R.

Problem 83. Let A be an n x n matrix. The characteristic polynomial
det( M, — A) = \" +a; \" '+ +a, =p\)
is closely related the the resolvent (A, — A)~! trough the formula

NN NoAT 2+ N, N(A)
M ta At ta,  p(A)

(M, — A)~*
where the adjugate matrix N(A) is a polynomial in A of degree n — 1 with

constant n X n matrices Ny,...,N,. The Laplace transform of the matrix
exponential is the resolvent

L) =\, — AL,
The Nj matrices and aj, coefficients may be computed recursively as follows
1
leln, [25] :—Itr(ANl)

1
N2 = ANl + alln, as = —§tI‘(AN2)

1
N, =AN,_1+ apn_11,, ap = —Etr(ANn)
0= AN, +a,1, .
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Let
1 0 0 1
0 -1 1 0
A= 0 1 -1 0
1 0 0 1

Find the IV, matrices and the coefficients a; and thus calculate the resol-
vent.

Problem 84. Let A be a normal matrix with eigenvalues Aq1,..., A, and
corresponding normalized pairwise orthogonal eigenvectors uy, ..., u,. Let
w,v € C" (column vectors). Find

wrelv

by expanding w and v with respect to the basis u; (j =1,...,n).

Problem 85. Consider the matrices

01 0 0
@) )
Find cos(A) and the inverse of this matrix. Find cos(B) and the inverse of
this matrix. Find the commutators [A, B] and [cos(A), cos(B)]. Discuss.

Problem 86. Let V be the 2 x 2 matrix
V =wgly + v101 + v909 + v303
where vg, v1,v2,v3 € R. Consider the equation
exp(ieV) = (Io —iW) (I +iW) "
where € is real. Find W as a function of V.

Problem 87. Consider the rotation matrix

R(t) :( cos(wt) Sin(wt))

—sin(wt) cos(wt)
where w is the fixed frequency. Find the matrix

H(t) = mdlzt) RT(t)

and show it is hermitian.
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Problem 88. (i) Let o1 be the Pauli matrix
(01
g1 = 1 0 .
1.
exp (2271'(01 - Ig)) .

(ii) Find all 2 x 2 matrices A and ¢ € C such that

Calculate

exp(c(A—1p))=A.

Problem 89. Let B be an n x n matrix with B2 = I,,. Show that

exp (—;m(B - In)> =B.

Problem 90. Let A, B be n x n matrices over C and
exp(A) exp(B) = exp(C) .

Then the matrix C' can be given as an infinite series of commutators of A
and B. Let z € C. We write

exp(zA) exp(zB) = exp(C(zA4, zB))
where

C(zA,zB) = ch(A, B)z7 .
j=1

Show that the expansion up to fourth order is given by

C]_(A7B>:A+B

eo(A, B) = %[A,B]
es(A, B) = 4,14, B - S[B,[4, B]
1

cs(A,B) = _ﬂ[A’ [B,[A, B].

Problem 91. The 2 x 2 matrices

=(00) (V)
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are nonnormal, i.e. AA* # A*A and BB* # B*B. Note that A* = B. Are
the matrices
exp(4),  exp(B)

normal? Are the matrices sin(A), sin(B), cos(A), cos(B) normal?

Problem 92. Let a,b € C. Find
. a b
Pl _q) -

Problem 93. Find the unitary matrix
U(t) _ eiqb:sim(o.zzﬁ)mD

with the Pauli spin matrix o,.



Chapter 8

Linear Differential
Equations

Problem 1. Let A be an n x n matrix over R. Consider the initial value
problem of the system of linear differential equations

du(t)
dt

+Au(t) = g(t),  u(0)=ug (1)

where g(t) = (g1(t),92(t),...,gn(t))T. The solution of the initial value
problem is

t
u(t) = e g —|—/ e*(t*T)Ag(T)dT. (2)
0

(i) Discretize the system with the implicit Euler method with step size h.
(ii) Compare the two solutions of the two systems for the matrix

A:

= o O
o = O

1

0],

0

initial values ug = (1,1, 1)T with g(t) = (1, 0, 1)T and the step size
h=0.1.

Problem 2. Let L and K be two n xn matrices. Assume that the entries
depend on a parameter ¢t and are differentiable with repect to t. Assume

112



Linear Differential Equations 113

that K~1(t) exists for all t. Assume that the time-evolution of L is given
by
L(t) = K(t)L(0)K ' (t).

(i) Show that L(¢) satisfies the matrix differential equation

dL
— =L, B|(t
L _ 1By
where [, ] denotes the commutator and
dK
B=——K(t).
)

(ii) Show that if L(t) is hermitian and K (¢) is unitary, then the matrix B(t)
is skew-hermitian.

Problem 3. Consider a system of linear ordinary differential equations
with periodic coefficients

du o . 'U,2
EfA(t)u, u= <u2>

where A(t) is a 2 x 2 matrix of periodic functions with period T. By the
classical Floquet theory, any fundamental matrix ®(¢), which is defined as
a nonsingular matrix satisfying the matrix differential equation

dd
== AWo()

can be expressed as
®(t) = P(t)exp(TR) .

Here P(t) is nonsingular matrix of periodic functions with the same period
T, and R, a constant matrix, whose eigenvalues A\; and A are called the
characteristic exponents of the periodic sytem (1). For a choice of funda-
mental matrix ®(t), we have

exp(TR) = ®(tg)P(to + 1)

which does not depend on the initial time ty. The matrix exp(TR) is called
the monodromy matriz of the periodic system (1). Calculate

trexp(TR).

(0 1)

Problem 4. Let

N
I
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(i) Calculate exp(tA), where t € R.
(ii) Find the solution of the initial value problem of the differential equation

dul/dt —A U1

dUQ/dt o (5
with the initial conditions u; (¢t = 0) = w1, ua(t = 0) = ugg. Use the result
from (i).

Problem 5. Solve the initial value problem for the matrix differential

equation
_dA

T de

where A(e) and B are 2 x 2 matrices with
0 1
po(01).

Problem 6. Consider the initial problem of the matrix differential equa-
tion

[B; Ae)]

% = AWX,  X(0)=1I,

where A(t) is an n x n matrix which depends smoothly on ¢ and I,, is
the n x n identity matrix. It is known that the solution of this matrix
differential equation can locally be written as

X(t) = exp(§2(t))
where €(t) is obtained as an infinite series
Q) =D Qu(t).
k=1

This is the so-called Magnus expansion.
Implement this recursion in SymbolicC++ and apply it to

cos(t) —sin(t)

A(t) = (Sm(t) cos(t) > '

Problem 7. Let a,b € R. Consider the linear matrix differential equation

2X  dX
T2 L fex—o.
az Tt
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Find the solution of the initial value problem.

Problem 8. Let A be an n X n matrix over R. The autonomous system
of first order differential equations du/dt = Au admits the solution of the
initial value problem u(t) = exp(A)u(0). Differentiation of the differential
equations yields the second order system

d*u du
= A— = A
a2 dt "
Thus we can write
du dv 9
E—V—Au, E—Au—Av

or in matrix form

du/dt\ (0, I, u(0)

dv/dt ] — \ A% 0, v(0)
where 0,, is the n X n zero matrix and I, is the n x n identity matrix. Find
the solution of the initial value problem. Assume that A is invertible.



Chapter 9

Norms and Scalar
Products

Problem 1. Let Uy, Us be unitary n x n matrices. Let v be a normalized
vector in C™. Consider the norm of a k x k matrix M

[M][ = max |[Mx]|
Ixll=1

where ||x|| denotes the Euclidean norm. Show that if ||[U; — Us|| < € then

||U1V — U2V|| S €.

Problem 2. Given the 2 x 2 matrix

Ala) = (cosa —sina) .

sina  cos«

Calculate
|A(a)|| = sup [ A(a)x] .

=

Problem 3. Let A be an n x n matrix. Let p(A4) be the spectral radius
of A. Then we have

n n
< min e 3o e 3
p(A) < min{ max llaulvlrgjagn' 1Iam\}
J= i=

116
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Let

A:

DY W O

1
4
7

co Ut N

Calculate p(A) and the right-hand side of the inequality.

Problem 4. Consider the Hilbert space C™. We define a norm of an n xn
matrix A over C
Al = sup. [ Ax]|

lIl1=

where the right-hand side denotes the Euclidean norm. Let U be an n x n
unitary matrix. Show that |U|| = 1.

Problem 5. Let A be an n x n positive semidefinite (and thus hermitian)
matrix. Is

1AY2) = ||A) 22

Problem 6. Let A be an n X n positive semidefinite matrix. Show that
x*Ay| < Vx*Ax\/y* Ay

for all x,y € C.

Problem 7. Let ¢t € R. Consider the symmetric matrix over R
t 10
At)y=11 t 1
0 1 ¢t

Find the condition on ¢ such that p(A(t)) < 1, where p(A(¢)) denotes the
spectral radius of A(t).

Problem 8. (i) Let A be an n X n positive semidefinite matrix. Show
that (I,, + A)~! exists.

(ii) Let B be an arbitrary n x n matrix. Show that the inverse of I, + B*B
exists.

Problem 9. Let A be an n xn matrix. One approach to calculate exp(A)
is to compute an eigenvalue decomposition A = XBX ! and then apply
the formula e? = XeB X~1. We have using the Schur decomposition

U*AU = diag(A1,..., \n) + N
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where U is unitary, the matrix N = (n;x) is a strictly upper triangular
(njr =0,7 > k) and A(A) = { M\1,..., A, } is the spectrum of A. Using the

Padé approzimation to calculate e we have

Rpq = (qu(A))_leq(A)

where
P .
P+a=3)w
Npg(A):=)" : __AJ
= (+a)4p - 5)!
q .
(p+aq—J)q :
Dyy(4)i= 3 PEI I y
=+ a)lta—J)!
Let
0 6 00
0 0 6 0
A= 0 0 0 6
00 00
Calculate || Ry — e?||, where || - || denotes the 2-norm.

Problem 10. Let A be an n x n matrix with ||A|| < 1. Then In(Z,, + A)
exists. Show that

| Al
| In(Z, + A)|| < :
L —[|A]

Problem 11. Let A, B be n x n matrices over C. Show that
I[A, Bl < 2[|All[|B]|

where [, | denotes the commutator.

Problem 12. Let A be an n x n matrix. Let

A I, 0,
B=1|1, A I,
0, I, A

where 0,, is the n x n zero matrix. Calculate B? and B3.

Problem 13. Denote by || - | zs the Hilbert-Schmidt norm and by || - ||o
the operator norm, i.e.

1Al == Vir(A4%),  [[Allo == sup |Ax||= sup VA

[Ix||=1 Aec, [x]|=1
(A* A)x=Ax
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where A is an m x n matrix over C, x € C" and ||x|| is the Euclidean norm.

(i) Calculate
19 1 9
IG5 DL =G o D)

(ii) Let A be an m x n matrix over C. Find the conditions on A such that

N[0 =
N[0 =

.
[Allzs = [Allo-

Problem 14. Let A, B be n x n matrices over C. Then
1A, BIIl < |AB[| + | BA|| < 2| A] | B
where || || denotes the norm. Let
0 1 1 /1 1
a=(1 o) =50 4):

Calculate ||[4, B]|l, |ABIJl, ||BA|l, [|A|l, ||B|| and thus verify the inequality
for these matrices. The norm is given by ||C|| = \/tr(CC*).

Problem 15. Let A be an n x n matrix. The logarithmic norm is defined

by
. I, +hA|| -1
Al =1 _
ulA] = lim, )
Let
| Al == sup | Ax]| .

Let A be the n x n identity matrix I,. Find p[I,].

Problem 16. Find a 2 x 2 unitary matrix U such that
«(0 1 (0 O
(o 0)u=(1 )
Problem 17. Consider the Hilbert space R™. The scalar product (x,y)

x,y € R” is given by

n
(x,y) =x"y =Y wy;.
j=1
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Thus the norm is given by ||x|| = v/(x, x). Show that
X"yl < x|l - llyll-
Problem 18. Let {vy,...,v,, } be a linearly independent set of vectors
in the normed space R™ with m < n.
(i) Show that there is a number ¢ > 0 such that for every choice of real

numbers cq, ..., ¢, we have

lervi+ - 4 emvmll = e(lea] + -+ leml) - (1)

as (D) ()

Find a ¢ for this case.

(ii) Consider R? and

Problem 19. Let A be an n X n hermitian matrix. Let u,v € C™ and
A € C. Consider the equation

Au—lu=v.

(i) Show that for A nonreal (i.e. it has an imaginary part) the vector v
cannot vanish unless u vanishes.
(ii) Show that for A nonreal we have

_ 1
I(A = M) 7l < g vl -

R

Problem 20. (i) Let A and C be invertible n x n matrices over R. Let
B be an n X n matrix over R. Assume that

A< 1IBl < c]-

Is B invertible?
(ii) Let A, B, C be invertible n x n matrices over R with

[Al < 1Bl < lC]-

Is
AT = 1B~ = [C7H)I1?



Norms and Scalar Products 121

Problem 21. Let A be an n X n matrix over R. Assume that ||A]| < 1,
where

1]l := sup [ Ax]|.

Show that the matrix B = I,, + A is invertible, i.e. B € GL(n.R). To show
that the expansion
I, — A+ A% — A3 ...

converges apply

| A™ — A™FE 4 AT — e AR LA AL+ (AL
1— |l Al*
= | A[I™ :
1—[lA]

Then calculate (I, + A)(I, — A+ A% — A3 +...).

Problem 22. Let A be an n X n matrix over C. Let |.|| be a subordinate
matrix norm for which ||7,,]] = 1. Assume that || 4| < 1.
(i) Show that (I, — A) is nonsingular.
(ii) Show that
(L = A7 < @—[1AD~".

Problem 23. Let A be an n x n matrix. Assume that ||A|| < 1. Show

that 1]
In _A -1 _In é .
(0 =47~ Ll < T

Problem 24. Let A be an n X n nonsingular matrix and B an n X n
matrix. Assume that [[A™1B| < 1.

(i) Show that A — B is nonsingular.

(ii) Show that

A~ = (A-B)~Y|| |A~ B
< .
A= — 1= [ATB]

Problem 25. Let M be an m x n matrix over C. The Frobenius norm
of M is given by

| M| := \/tr(M*M) = \/tr(MM*).

Let U,, be m x m unitary matrix and U, be an n X n unitary matrix. Show
that
[UnM|[p = |MU,||p = [[M]|.
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Show that || M || is the square root of the sum of the squares of the singular
values of M.

Problem 26. Let M be an m x n matrix over C. Find the rank-1 m xn
matrix A over C which minimizes

1M = Al[p-

Hint: Find the singular value decomposition of M = UXV* and find A’
with rank 1 which minimizes

1= = A'p.
Apply the method to
0 1
M=11 0
0 1

Problem 27. Let A be an n x n nonsingular matrix and B an n X n
matrix. Assume that [[A™1B| < 1.

(i) Show that A — B is nonsingular.

(ii) Show that

A~ = (A= B)7!| IA~ B
< .
A= — 1= [ATB]

Problem 28. Let A be an n x n matrix over C. The spectral radius of
the matrix A is the non-negative number p(A) defined by

p(A) = max{ |\, (A)] : 1< j<n}

where A\;(A) (j =1,2,...,n) are the eigenvalues of A. We define the norm
of A as

Al == Sup, [ Ax]]
where ||Ax|| denotes the Euclidean norm. Is p(A4) < ||A||? Prove or dis-
prove.



Chapter 10

Graphs and Matrices

Problem 1. A graph G(V,E) is a set of nodes V' (points, vertices) con-
nected by a set of links E' (edges, lines). We assume that there are n nodes.
The adjancy (n x n) matrix A = A(G) takes the form with 1 in row 1,
column j if 7 is connected to j, and 0 otherwise. Thus A is a symmetric
matrix. Associated with A is the degree distribution, a diagonal matrix
with row-sums of A along the diagonal, and 0’s elsewhere. We assume that
di; > 0 for all i =1,2,...,n. We define the Laplacian as L := D — A. Let

0110000
101 1 000
1101 0 10
A=|0 1 1 0 0 1 O
000 0O0T1PO0
001 1101
0 000O0T1FPO0

(i) Give an interpretation of A, A% A3.
(ii) Find D and L.
iii) Show that L admits the eigenvalue Ay = 0 (lowest eigenvalue) with
eigenvector x = (1, 1, 1, 1, 1, 1, 1)T.

Problem 2. A graph G(V, E) is a set of nodes V (points, vertices) con-
nected by a set of links E (edges, lines). We assume that there are n nodes.
The adjacency (n x n) matrix A = A(G) takes the form with 1 in row 4,
column j if ¢ is connected to j, and 0 otherwise. Thus A is a symmetric
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matrix. Associated with A is the degree distribution D, a diagonal matrix
with row-sums of A along the diagonal, and 0’s elsewhere. D describes how
many connections each node has. We define the Laplacian as L := D — A.
Let A = (a;5), i.e. a;; are the entries of adjacency matrix. Find the mimi-
mum of the weighted sum

n

1

2
S = 5 Z (xl 7:L‘j) aij
1,j=1
with the constraint x”x = 1, where x” = (x1,22,...,2,). Use the La-

grange multiplier method. The sum is over all pairs of squared distances
between nodes which are connected, and so the solution should result in
nodes with large numbers of inter-connections being clustered together.
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Hadamard Product

Problem 1. Suppose A = (a;;) and B = (b;;) are two n x m matrices
with entries in some fields. Then the Hadamard product is the entrywise
product of A and B, that is, the m X n matrix A e B whose (4, j) entry is
a;;b;;. We have the properties. Suppose A, B, C are matrices of the same
size and A is a scalar. Then

AeB=BeA
Ae(B+C)=AeB+Ae(C
Ae(AB)=\(AeB).

If A, B be n x n diagonal matrices, then Ae B = AB. If A B are n X n
positive definite matrices and (a,;) are the diagonal entries of A, then
det(A e B) > det B[] a;; (1)

j=1

with equality if and only if A is a diagonal matrix. Let
5 1 13 4
(1) ()

First show that A and B are positive definite and then calculate the left
and right-hand side of (1).
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Problem 2. Consider the matrices

0
0
1

S o o
oo = O
= o O O

0

Calculate the Hadamard product A ¢ B. Show that
[AeB| <[A"A|||[B*B|
where the norm is given by the Hilbert-Schmidt norm.

Problem 3. Let A, B, C and D? be n x n matrices over R. The

Hadamard product is defined by (A e B);; := a;;b;;. Show that

tr((Ae B)(CT e D) =tr((Ae Be(C)D).

Problem 4. If V and W are matrices of the same order, then their Schur
product V e W is defined by (entrywise multiplication)

(V ° W)j,k = V',kW’,k .

If all entries of V' are nonzero, then we say that X is Schur invertible and
define its Schur inverse, V(=) by V(~) ¢ V = J, where J is the matrix with
all 1’s.

The vector space M, (IF) of n x n matrices acts on itself in three distinct
ways: if C € M,,(F) we can define endomorphisms X¢, A¢ and Yo by

XcM :=CM, AcM :=C e M, Yo :=MCT .

Let A, B be n x n matrices. Assume that X, is invertible and Ap is
invertible in the sense of Schur. Note that X 4 is invertible if and only if A
is, and Ap is invertible if and only if the Schur inverse B(~) is defined. We
say that (A, B) is a one-sided Jones pair if

XAApXa=ApXaAp.

We call this the braid relation. Give an example for a one-sided Jones pair.

Problem 5. Let A, B be n x n matrices. Let eq, ..., e, be the standard
basis vectors in C". We form the n? column vectors

(Aej) e (Bey), j,k=1,...,n.
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If A is invertible and B is Schur invertible, then for any j
{(Aey) @ (Bej), (Aez)e (Bej), ... (Ae,) e (Be;j)}
is a basis of the vector space C". Let
1 1 1
A=10 1 1], B=|-1 1 -1
0 0 1
Find these bases for these matrices.

Problem 6. Let U be an n X n unitary matrix. Can we conclude that
U e U* is a unitary matrix?

Problem 7. Let B = (b;;) be a diagonalizable n x n matrix with eigen-

values A1, Ao, ..., A,. Thus, there is nonsingular n x n matrix A such
that
B = A(diag(Ai, Ao,y ..., M)A

Show that

b11 A1

b A

2l aeanyny|

bnn An

where o is the Hadamard product (Schur product, entrywise product). Thus
the vector of eigenvalues of B is transformed to the vector of its diagonal
entries by the ceofficient matrix A e (A71)7.

Problem 8. Let A, B, C, D be n X n matrices over R. Let
si=(1 1 ... 1)
be a row vector in R"™. Show that
sT(Ae B)(CT e D)s = tr(CTD)
where T' = () is a diagonal matrix with v;; = Y1 | a;;b;; with j =

1,2,...,n.

Problem 9. Given two matrices A and B of the same size. We use Ae B
to denote the Schur product. If all entries of A are nonzero, then we say
that A is Schur invertible and define its Schur inverse, A(~) by

1
A’Lj ’

(),
AL =
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Equivalently, we have A(~) @ A = J, where J is the matrix with all ones.
An n x n matrix W is a type-1I matriz if

T
Www) =nI,
where I, is the n X n identity matrix. Find such a matrix for n = 2.

Problem 10. Let A be an invertible n x n matrix. Can we conclude that
Ae Al
is invertible?

Problem 11. The (n + 1) x (n + 1) Hadamard matriz H(n) of any
dimension is generated recursively as follows

H(n—1) H(n-1)
1o = (e 1) S )

where n =1,2,... and
Find H(1), H(2) and H(3).

Problem 12. Show that

tr(A(B e C)) = (vec(AT @ B)) vec(C).

Problem 13. Let o be the Hadamard product. Let A be a positive
semidefinite n x n matrix. Let B be an n x n matrix with ||B|| < 1, where
I || denotes the spectral norm. Show that

max{||Ao B| : [|B|| <1} =maxaj,

where || || denotes the spectral norm.
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Unitary Matrices

Problem 1. (i) Let A, B be n x n matrices over R. Show that one can
find a 2n x 2n unitary matrix U such that

A B\,._ (A+iB 0,
(G A =(1" )

Here 0,, denotes the n x n zero matrix.
(ii) Use the result from (i) to show that

det (_AB ﬁ) _ det(A+iB)det(A+iB) > 0.

Problem 2. Let u be a column vector in C" with u*u = 1, i.e. the vector
is normalized. Consider the matrix

U=1,—2uu*.

(i) Show that U is hermitian.
(ii) Show that U is unitary.

Problem 3. Can one find a 2 X 2 unitary matrix such that

oo V)er=(h W)
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Problem 4. Let 0., 0y, 0, be the Pauli spin matrices and

=zl )

be the Hadamard matrix. Find

UHUQ;U;}, UHCTyU;}, UHUZU;I.

Problem 5. Find all 2 x 2 hermitian and unitary matrices A, B such
that .
AB =¢"BA.

Problem 6. Find all (n+ 1) x (n + 1) matrices A such that

AUA=U
where U is the unitary matrix
0 0 T
U=|0 I,1 O
- 0 0

and det(A) = 1. Consider first the case n = 2.

Problem 7. Consider the 2 x 2 hermitian matrices A and B with A # B
with the eigenvalues A1, A2; p1, po; and the corresponding normalized eigen-
vectors up, Ug; Vi, Vo, respectively. Form from the normalized eigenvectors

the 2 x 2 matrix
ujvy ujve
uyvy uive )

Is this matrix unitary? Find the eigenvalues of this matrix and the corre-
sponding normalized eigenvectors of the 2 x 2 matrix. How are the eigen-
values and eigenvectors are linked to the eigenvalues and eigenvectors of A
and B?

Problem 8. Let 0y, 02, 03 be the Pauli spin matrices. Let a; € R with
7 =0,1,2,3 and
ag+a?+ai+al=1.
Show that _
U= €l¢(a0[2 + aqitoq1 + astos + agiUg)

is a unitary matrix, where ¢ € R.
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Problem 9. Let I,, be the n x n unit matrix. Is the 2n x 2n matrix

0- 1L il
V2 \ I —il,
unitary?

Problem 10. Consider the two 2 x 2 unitary matrices

10 0 1
U1_<0 1)’ UQ‘(l 0)‘

Can one find a unitary 2 x 2 matrix V' such that

Uy =VUV*?

Problem 11. Let U be an n X n unitary matrix.
(i) Is U 4+ U* invertible?

(ii) Is U + U* hermitian?

(iii) Calculate exp(e(U 4+ U*)), where € € R

Problem 12. Let U be an n X n unitary matrix. Then U + U* is a
hermitian matrix. Can any hermitian matrix represented in this form?

Problem 13. (i) Find the condition on the n x n matrix A over C such
that I,, + A is a unitary matrix.
(ii) Let B be an 2 x 2 matrix over C. Find all solutions of the equation

B+ B*+ BB*=0,.

Problem 14. Find all 2 x 2 invertible matrices A such that

A+ A =1,.

Problem 15. Let 21, 22, w;,ws € C. Consider the 2 x 2 matrices

o 0 Z1 o 0 w1
=2 5) v %)
where 2121 = 1, 2925 = 1, wywy; = 1, wowo = 1. This means the matrices

U, V are unitary. Find the condition on zj, 29, wi, wy such that the
commutator [U, V] is again a unitary matrix.
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Problem 16. Let o1, 09, 03 be the Pauli spin matrices. Let oy, as,ag €
C. Find the conditions on «q, as, oz such that

U= o101 +asos + azos

is a unitary matrix.

Problem 17. Consider n X n unitary matrices. A scalar product of two
n X n matrices U, V can be defined as

(U, V) = %tr(UV*).

Find two 2 X 2 unitary matrices U, V such that
1

(v.v)=3.

Problem 18. Let
{|ao), |a1), ... Jan—1) }

be an orthonormal basis in the Hilbert space C". The discrete Fourier
transform

1 n—1 )
b)) = —=>_ w*ar),  j=0,1,....,n
\/Ek:O

where w := exp(27i/n) is the primitive n-th root of unity.
(i) Apply the discrete Fourier transform to the standard basis in C*

1 0 0 0
0 1 0 0
0]’ 0]’ 1] 0
0 0 0 1

(i) Apply the discrete Fourier transform to the Bell basis in C*

1 1 0 0
Ao} o) () o1
VR WU VO VR IRV I N IRVE W

1 -1 0 0

Problem 19. (i) Consider the Pauli spin matrices o9 = I3, 01, 02, 03.
The matrices are unitary and hermitian. Is the 4 x 4 matrix

1 (o0 o
V2 \o2 03
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unitary?
(ii) Is the 4 x 4 matrix

1o o
V2 \ —io2 o3
unitary?

Problem 20. Let U be an 2 x 2 unitary matrix. Is the 4 x 4 matrix

0 0 e 0
v= (8 Yo (4 %o
unitary?

Problem 21. The Pauli spin matrices

(01 (0 —i (10
1=\10) 27\i o) T \o -1

are hermitian and unitary. Together with the 2 x 2 identity matrix g = I
they form an orthogonal basis in Hilbert space of the 2 x 2 matrices over
C with the scalar product tr(AB*). Let X be an n x n hermitian matrix.
Then (X +il,)~" exists and

U= (X —il,)(X +il,)™*
is unitary. This is the so-called Cayley transform of X. Find the Cayley

transform of the Pauli spin matrices and the 2 x 2 identiy matrix. Show
that these matrices also form an orthogonal basis in the Hilbert space.

Problem 22. Consider the unitary matrix with determinant +1

cosh(r e'? sinh(r
Uv(’f‘7 ¢) = ( e_iq5 Su'(lh)(T) COSh(?“() ) )

where r,¢ € R. Find the eigenvalues and normalized eigenvectors. Con-

struct another unitary matrix using these normalized eigenvectors as columns
of this matrix.

Problem 23. Show that the two matrices

e? 0 cosf sinf
A(O ew)’ B(sin@ cos@)

are conjugate in the Lie group SU(2).
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Problem 24. A wave-scattering problem can be described by its scat-
tering matrix U. In a stationary problem, U relates the outgoing-wave to
the ingoing-wave amplitudes. The condition of flux conservation implies
unitary of U, i.e.

uut =1
where I is the identity operator. If, additionally, the scattering problem is
invariant under the operatiom of time reversal, we also have U = U7, i.e.

U is symmetric. Find all 2 x 2 unitary matrices that also satisfy U = U7 .
Do these matrices form a subgroup of the Lie group U(2)?

Problem 25. Let U be an n X n unitary matrix. Let V be an n x n
unitary matrix such that V-1UV = D is a diagonal matrix D. Is V-1U*V
a diagonal matrix?

Problem 26. Let U be an n X n unitary matrix. Is U + U* invertible?

Problem 27. Let U, V be two n x n unitary matrices. Then we can
define a scalar product via

1
(U, V) := Etr(UV*) .
Find 2 x 2 unitary matrices U, V such that (U, V) = 1/2.

Problem 28. Let w := exp(2mi/4). Consider the 3 x 3 unitary matrices

w 0 0 00 1 —i/2  (1+41)/2 1/2
Y=10 w* 0|, C=10 10}, Q=[0+1)/2 0 (1—14)/2
0 0 wd 1 00 1/2 (1-14)/2 i/2

Do the matrices of the set
A= {XCFQ 1 0<j<3,0<k<1,0<0<2}
form a group under matrix multiplication?

Problem 29. Let w := exp(27mi/4). Consider the 4 x 4 unitary matrices

e e R R
oo & o
oo~ O
o~ o O
-0 oo
oo o
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Let ¢ > 0. The four-state Potts quantum chain is defined by the Hamilton
operator

N

: 1

H= BN Z ((0j+ 03 +03) +c(T;T5,, + 307, +T59T,44))
j=1

where N is the number of sites and one imposes cyclic boundary conditions
N +1=1. Let N = 2. Find the eigenvalues and eigenvectors of H.

Problem 30. Let U be an n X n unitary matrix and A an arbitrary n x n
matrix. Then we know that

—1
UeAU—t = UAU T

Calculate UeAU with U # U1,

Problem 31. Consider the Bell matrix
1 0 0 1
B_ i 01 1 0
v2!10 1 -1 0
1 0 0 -1

which is a unitary matrix. Each column vector of the matrix is a fully en-
tangled state. Are the normalized eigenvectors of B are also fully entangled
states?

Problem 32. Consider the unitary matrix

1 eid)n ei¢12
U(¢117 P12, P21, ¢22) = ﬁ <€i¢21 el22 ) :

Calculate the proudct U(¢11, @12, P21, $22)U (P11, P12, P21, 122) and find the
conditions on QSH, ¢12, ¢21, ¢22 and wlla wlg, wm, wzg such that we have
again a matrix of this form.
Problem 33. Consider the Hamilton operator H=Hy+ fIl, where
f[ozhwaz, ﬁlzﬁwaw.

Let U and Uy be the unitary matrices

U = exp(—iHt/h), Uy = exp(—iHot/h).
Let n be a positive integer. The Moller wave operators

Q= lim U"U;".

n—ztoo
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Owing to their intertwining property the Moller wave operators transform
the eigenvectors of the free dynamics Uy = exp(—iHot/h) into eigenvectors
of the interacting dynamics U = exp(—iHt/h). Find Q.

Problem 34. Consider the unitary matrices

eld1 0 0 0 O elba
Ul (¢17 ¢27 ¢3) = 0 67«(152 0 ) U2 (¢4; ¢57 ¢6) = 0 61¢5 0
0 0 '3 e 0 0

What is the condition on ¢, ..., ¢¢ such that [Uy, Us] = 037

Problem 35. Consider the matrices

e“cos®  ePging 0 0 0 1/\/§
U=|—-e#sing e 0|, N=|0 0 1/V2
0 0 et 1 1 0

Find the commutator [U, N].

Problem 36. Let n > 2 and even. Let U be a unitary antisymmetric
n X n matrix. Show that there exists a unitary matrix V' such that

oo (0 1\ (0 1
VUV<1 0)@ @<1 0>

where @ denotes the direct sum.

Problem 37. Let U be a unitary and symmetric matrix. Show that there
exists a unitary and symmetric matrix V' such that U = V2.

Problem 38. Is the matrix

1 1 1 1
U=— |1 exp(i2n/3) exp(idr/3)
VB3 \ 1 explidrn/3) exp(i2n/3)

unitary? Find the eigenvalues and eigenvectors of U.

Problem 39. (i) Let 7 = (v/5 — 1)/2 be the golden mean number.
Consider the 2 x 2 matrices

—i77/10 _—im/10  _:
Blz<e 0 >7 B2:<7‘6 zﬁ)

0 _67i37r/10 —Z\/7>' _7_61'77/10
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The matrices are invertible. Are the matrices unitary? Is B1ByB; =
BB B>?
(ii) Show that using computer algebra

By?BiB;'BiB; ' B1By BBy B By °B By ' ~ (? é)

Problem 40. Let U be an n x n unitary matrix. Show that |det(U)| = 1.

Problem 41. Let A be an n x n matrix over R. Show that if A is an
eigenvalue of A, then A is also an eigenvalue of A. Give an example for a
2 X 2 matrix, where the eigenvalues are complex.

Problem 42. Let V be an n x n normal matrix over C. Assume that all
its eigenvalues have absolute value of 1, i.e. they are of the form e'?. Show
that V' is unitary.

Problem 43. (i) What are the conditions on ¢11, ¢12, P21, 22 € R such
that . .
1 eld11  pidr2
U(¢p11, b12, d21, P22) = 7 <€i¢21 e¢¢22>
is a unitary matrix?
(ii) What are the condition on ¢11, ¢12, 21, P22 € R such that U(p11, P12, d21, P22)
is an element of SU(2)?
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Numerical Methods

Problem 1. Let A be an invertible n x n matrix over R. Consider the
system of linear equation Ax = b or

n
E Clijl‘j:bi, i:1,2,...,n.
J=1

Let A = C — R. This is called a splitting of the matrix A and R is the
defect matrix of the splitting. Consider the iteration

Ox++D) = px(R) 4 b, k=0,1,2,....

Let
4 -1 0 4 0 0
A=|-1 4 1|, c=[0 4 0
0 -2 4 0 0 4
and
3
b=1|2], x® =10
2 0

The iteration converges if p(C~1R) < 1, where p(C~!R) denotes the spec-
tral radius of C~1R. Show that p(C~'R) < 1. Perform the iteration.

Problem 2. Let A be an n X n matrix over R and let b € R™. Consider
the linear equation Ax = b. Assume that a;; # 0 for j = 1,2,...,n. We

138
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define the diagonal matrix D = diag(a;;). Then the linear equation Ax = b
can be written as
x=DBx+c

with B := —D~Y(A — D), ¢ := D~ 'b. The Jacobi method for the solution
of the linear equation Ax = b is given by

xF+D) = Bx(®) 4 c, k=0,1,...
where x(©) is any initial vector in R™. The sequence converges if

p(B):= max |\ (B) <1
Jj= n

goeny

where p(B) is the spectral radius of B. Let

(i) Show that the Jacobi method can applied for this matrix.
(ii) Find the solution of the linear equation with b = (11 1)T.

Problem 3. Let A be an n x n matrix over R. The (p,q) Padé approzi-
mation to exp(A) is defined by
Rye(A) == (qu(A))_leq(A)

where

Npq<A)=i( Wt Wy

=+ a)lilp - )

g ! )
Z p+q ! (A
= P+ )5 g - )

Nonsingularity of D,,(A) is assured if p and ¢ are large enough or if the
eigenvalues of A are negative. Find the Padé approximation for the matrix

0 1
(5 5)
and p = ¢ = 2. Compare with the exact solution.

Problem 4. Let A be an n x n matrix over R. Then we have the Taylor
expansion

oo

n(A) — — (=D)* A2k+1 —
sin( )—I; E 1) , cos(A —Z

0 k=0
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To calculate sin(A) and cos(A) from a truncated Taylor series approxima-
tion is only worthwhile near the origin. We can use the repeated application
of the double angle formula

cos(24) = 2cos*(A) — I, sin(2A) = 2sin(A) cos(A) .

We can find sin(A) and cos(A) of a matrix A from a suitably truncated
Taylor series approximates as follows

Sy = Taylor approximate to sin(A4/2%)

Cy = Taylor approximate to cos(A/2%)

and the recursion
Sj = QSj_le_l, C]‘ - 20]2_1 - In

where j = 1,2,.... Here k is a positive integer chosen so that, say || A/ =~
2% Apply this recursion to calculate sine and cosine of the 2 x 2 matrix

2 1
(1),
Problem 5. Let A be an n x n matrix. We define the j — k approximant

of exp(A) by '
k AN
= (55(2)) ®

£=0

Use k = 2.

We have the inequality

1

WHAHkﬂenAn (2)

le = frx (A <

and f; 1 (A) converges to e/, i.e.

jhl& fin(A) = lim f;,(A) = et

(0.

Find f22(A) and e?. Calculate the right-hand side of the inequality (2).

Let
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Problem 6. The power method is the simplest algorithm for computing
eigenvectors and eigenvalues Consider the vector space R™ with the Eu-
clidean norm ||x|| of a vector x € R. The iteration is as follows: Given a

nonsingular n x n matrix M and a vector x¢ with ||xg|| = 1. One defines
41 = =t t=0,1
x ..
G |Mx.]’ o

This defines a dynamical system on the sphere S”~!. Since M is invertible

we have L
M Xi4+1

= Xl 1.
[ M~ 11|

Xt

(i) Apply the power method to the nonnormal matrix

11 1
A_<0 1) and X0—<0>.

(ii) Apply the power method to the Bell matrix

1 0 1 1

1 01 1 0 0

B = ZAlo1 -1 o and xo = 0
1 0 0 -1 0
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Binary Matrices

Problem 1. For a 2 x 2 binary matrix

A= (““ “12>, aj, €{0,1}

a1 a2
we define the determinant as
detA = (an . (ZQQ) ) (alg . 021)

where - is the AND-operation and @ is the XOR-operation.
(i) Find the determinant for the following 2 x 2 matrices

o) Go) ) (o) GY) (o)

(ii) Find the determinant for the following 2 x 2 matrices

0 0 1 0 0 1 1 0 0 0

0 0/’ 0 0/’ 0 0)’ 0 0)’ 0 1

1 1 1 0 00 0 1 1 1

0 0)’ 1 0)° 1 1)’ 0o 1)’ 1 1)/)°
Problem 2. The determinant of a 3 x 3 matrix

a1 a2 G13
A= axn ax az
a31 az2 ass

142
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is given by

det A = aj1a22a33 + 12023031 + A13021a32
—a13G22031 — 411023032 — 12021033 -

For a binary matrix B we replace this expression by

det B = (bn . 522 . b33) ® (b12 . bgg . b31) S¥ (b13 : b21 : b32)
®(b1g - bag - b31) @ (bi1 - bag - bza) @ (b12 - by - bss) .

(i) Calculate the determinant for the binary matrices

1 00 111
010, [0o11
00 1 00 1

(ii) Calculate the determinant for the binary matrices

110 100 10 1
110, [1too], [o10
000 100 101

143

Problem 3. The finite field GF(2) consists of the elements 0 and 1 (bits)
which satisfies the following addition (XOR-operation) and multiplication

(AND-operation) tables

©(0 1 0 1
00 1 010
111 110 1

Find the determinant of the binary matrices

10 1 11 1
A=(0 1 0|, B=[0 11
10 1 00 1

Problem 4. A boolean function f : {0,1}" — {0,1} can be transformed
from the domain {0, 1} into the spectral domain by a linear transformation

Ty =s

where T is a 2" x 2" orthogonal matrix, y = (yo,¥1,...,y2n_1)", is the
two valued ({+1,—1} with 0 < 1, 1 < —1) truth table vector of the
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boolean function and s; (j = 0,1,...,7) are the spectral coefficients (s =
(50,51, ..,8m_1)T). Since T is invertible we have
T ls=y.

For T we select the Hadamard matrix. The 2" x 2" Hadamard matrix H(n)
is recursively defined as

H(n-1 H(n—-1
H(n) = <Hgn_1§ _f}(n_i)) n=12,...

with H(0) = (1) (1 x 1 matrix). The inverse of H(n) is given by
1
H'(n) = 2—”H(n) .

Now any boolean function can be expanded as the arithmetical polynomial

1 BT
flxe,. .., zn) = il (2" — 50 — 51(—1)%" — s9(—1)%"1 — ... — 327171(_1)&016%269 @ )

where @ denotes the modulo-2 addition.
Consider the boolean function f:{0,1}* — {0,1} given by
f(w1,00,23) = %1 - T - T3+ Ty - 22 - T3 + 1 - T2 - T3

Find the truth table, the vector y and then calculate, using H(3), the
spectral coefficients s;, (j =0,1,...,7).

Problem 5. Consider the binary matrices
0 1 1 1
a=(10) =0 1)
Calculate the Hadamard product A e B.

Problem 6. Consider the two permutation matrices (NOT-gate and
XOR-gate)

0 0 01 1 0 0 0
0 010 01 0 0
N 01 0 0])" X = 0 0 01
10 0 0 0 010

Can we generate all other permutation matrices from these two permutation
matrices?
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Groups, Lie Groups and
Lie Algebras

Problem 1. The Pauli matrix o, is not only hermitian, unitary and his
own inverse, but also a permutation matrix. Find all 2 x 2 matrices A such
that

o, Ao, = A.

Problem 2. Let z € C and z # 0.
(i) Do the 2 x 2 matrices

z 0 0
0 Z—l ) Z—l

form a group under matrix multiplication?
(ii) Do the 3 x 3 matrices

O N
N—

z 0 0 0 0 =z
01 O , 0 1 0
0 0 2zt 210 0

form a group under matrix multiplication?

Problem 3. Find all 3 x 3 permutation matrices P such that

1/vV2 0 1/v2 /2 0 1/v2
p! 0 1 P= 0 0

0 1
V2 0 —1/v2 1VE 0 —1/V2

145
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Show that these matrices form a group, i.e. a subgroup of the 3 x 3 per-
mutation matrices.

Problem 4. The generators of the braid group Bs are given by

10 11
e (A0) )

Thus o1 and o9 are elements of the Lie group SL(2,R).
(i) Find 07" and o5 '. Find 0109 and o7 *oy.
(ii) Is 010901 = 0901097

Problem 5. Let o € R. Consider the hermitian matrix which is an
element of the noncompact Lie group SO(1,1)

o= (Sonle) o))

Find the Cayley transform
B=(A—ilL)(A+ily)™ ",

Note that B is a unitary matrix and therefore an element of the compact
Lie group U(n). Find B(a — o).

Problem 6. Let L be a finite dimensional Lie algebra and Z(L) the
center of L. Show that ad : L — ¢gf(L) is a homomorphisim of the Lie
algebra L with kernel Z(L).

Problem 7. Consider the Lie algebra s£(2,R) with the basis

0 1 0 0 1 0
=(00) =(00) (b))
Show that the Lie algebra s¢(2,R) has no proper nontrivial ideals.

Problem 8. For the vector space of the n x n matrices over R we can
introduce a scalar product via

(A, B) := tr(ABT).

Consider the Lie group SL(2,R) of the 2 x 2 matrices with determinant 1.
Find X,Y € SL(2,R) such that

(X,Y) =0
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where neither X nor Y can be 2 x 2 identity matrix.

Problem 9. The isomorphism of the Lie algebras s¢(2,C) and so(3,C)
has the form

0 b—c —i(b+c)
(“ b ) e e=b 0 2ia
¢ i(b+c) —2ia 0
Let z € C. Find

0 b—c —i(b+c¢)
a b .
exp(z(c —a>)’ exp | 2z c—b 0 2ia
i(b+c) —2ia 0

Problem 10. If A € SL(2,R), then it can be uniquely be written in the

form
cos¢p sing a b
(sinqﬁ cosqb)eXp(b a) ’

Find this decomposition for the matrix
1 1
(3 1)

Problem 11. The unit sphere

4

SS = {($17m23x37x4) €R4 : in = ]‘}
j=1

we identitify with the Lie group SU(2)

(21,29, 25, 24) — 1 +1trxe —T3+ 124
1,42,43,44 1'3+7:I4 Il*iIQ .
(i) Map the standard basis of R? into SU(2) and express these matrices
using the Pauli spin matrices and the 2 x 2 identity matrix.

(ii) Map the Bell basis

1 1 0 0
1 (o 1[0 1|1 1|1
Ve o] ve o)t vail)t o va -l
1 -1 0 0
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into SU(2) and express these matrices using the Pauli spin matrices and
the 2 x 2 identity matrix.

Problem 12. In the decomposition of the simple Lie algebra sf(3,R) one
finds the 3 x 3 matrices

ai1 a2 0 0 0 bis
A= as1 Aa22 0 5 B = 0 0 b23
0 0 —a;1—a2x b31 b3z 0

Find the commutators [A, A'], [B, B’] and [A, B]. Discuss.

Problem 13. Is the 3 x 3 matrix

sinfcos¢ —sing —cosfcosp
0(0,¢) = | sinfsing cos¢ cosfsin ¢
cos 0 sin 0

an element of the compact Lie group SO(3)?
Problem 14. We know that

= 8) m=(5 %) = ()

is an ordered basis of the simple Lie algebra s¢(2,R) with
[X,H]=-2X, [X,Y]=H, [YV,H=2Y.

Consider
0 0 0 1 1 0 0 0 0 0 0 O
= 0 010 ~ 01 0 0 ~ 0 0 0O
X = 0 0 0 0]}’ H= 0 0 -1 0 |’ Y= 01 00
0 0 0O 0 0 0 -1 1 0 0 O

Find the commutators

[X7H}7 [X7Y]7 [Y7 H}

Problem 15. Are the matrices

11 1 11

1 11 11 0 1 1
A=11 0 1|, B=]1]1 00 11
1 10 1 11 0 0
111 01
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elements of SL(3,R) and SL(5,R), respectively? We have to test that
det(A) =1 and det(B) = 1.

Problem 16. (i) Let a € R. Do the matrices

Ala) = ( cos isina)

isina cos«o

form a group under matrix multiplication?
(i) Let a € R. Do the matrices

—isinha  cosha

Ala) = ( cosh « zsmha)

form a group under matrix multiplication?

Problem 17. Do the matrices

ail 0 0 a4
0 a22 Q423 0
0 asz 433 0

a41 0 0 Q44

A:

with det(A) # 0 form a group under matrix multiplication?

Problem 18. Counsider the Lie group SL(n,C), i.e. the n x n matrices
over C with determinant 1. Can we find A, B € SL(n,C) such that [A, B]
is an element of SL(n,C)?

Problem 19. Consider the 2 x 2 matrices

wo=(19) o=(4 1)

Both are elements of the non-compact Lie group SL(2,C). Can one finds
a € C such that the commutator [A(«), B] is again an element of SL(2,C)?

Problem 20. (i) Let A, B be elements of SL(n,R). Is A® B an element
of SL(n? R).

(ii) Let A, B be elements of SL(n,R). Is A @ B an element of SL(2n,R).
(iii) Let A, B be elements of SL(2,R). Is

ail 0 0 a1
0 b1 b2 O
0 bo1  bao 0

a921 0 0 as9

Ax B :=
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an element of SL(4,R)?

Problem 21. The Lie algebra s/(3,R) admits the decomposition

ail  G12 0 0 0 b3
A= a21 Q22 0 5 B = 0 0 b23
0 0 —aj;—ax b1 bz O

where a;x, bj; € R. Find the commutator [A, B].

Problem 22. The simple Lie algebra s/(2,R) has a basis given by the

matrices
1 0 0 1 0 0
=0 &) 2=(50) 7= (7 0)
with the commutation relations

[H,E| =2E, [H,F|=-2F, [E,F]=H.

The universal enveloping algebra U(sf(2,R)) of the Lie algebra sf(2,R) is
the associative algebra with generators H, F/, F' and the relations

HE-FH=2E, HF-FH=-2F, EF-FE=H.

Find a basis of the Lie algebra sf(2,R) so that all matrices are invert-
ible. Find the inverse matrices of these matrices. Give the commutation
relations.

Problem 23. A Chevalley basis for the semisimple Lie algebra sf(3,R)

is given by

0 0 O 01 0 0 0 1
Xi=|10 0 1], Xo={[0 0 0], Xz3=10 0 0
0 0 O 0 0 O 0 0 O
0 0 O 0 0 O 0 0 O
Yi=10 0 0], Yo=(1 0 0}, Ys5=[0 0 O
01 0 0 0 O 1 0 0

0 0 O 1 0 O

H=(01 0], H=(0 -1 0

0 0 -1 0O 0 O

where Y; = X]T for j = 1,2,3. The Lie algebra has rank 2 owing to Hy, Hs
and [Hy, Hz] = 0. Another basis could be formed by looking at the linear
combinations

Up=X;+Y;,  V;=X;-V;.
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(1) Find the table of the commutator.
(ii) Calculate the vectors of commutators

([H17X1]) ([Hth]) ([H17X3])
[Hy, X41] ) [Hy, Xo] )’ [Hy, X3]
and thus find the roots.
Problem 24. Consider the 2 x 2 matrices over R
-1 0 0 1
(0 ()

Calculate the commutator C' = [A, B] and check whether C' can be written
as a linear combination of A and B. If so we have a basis of a Lie algebra.

Problem 25. Do the set of 2 x 2 matrices

e’ @tB cosh(r)  e"@=P) sinh(7)
e~ Ue=B ginh(r) e "*H) cosh(r)

form a group under matrix multiplication, where 7, o, 5 € R?

Problem 26. Let 0 < o < 7/4. Consider the transformation

1 A
X(z,y,a) = m(z cos(@) + iy sin(«))
Y(z,y,a) = coi(%c)(_m sin(a) + y cos(w)) .

(i) Show that X2 4+ Y? = 22 + ¢
(ii) Do the matrices

Lo (i )

form a group under matrix multiplication?

Problem 27. In the Lie group U(N) of the N x N unitary matrices one
can find two IV x N matrices U and V such that

UV =em/NyU .

Any N x N hermitian matrix H can be written in the form

N—-1N-1

H=>" > hjUivk,

=0 k=0
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Using the expansion coefficients hj; one can associate to the hermitian
matrix H the function

N—

2

2711 (3p+kq)

>
Il

7=0 1

where p=0,1,...,N—1and ¢ =0,1,..., N — 1. Consider the case N = 2

and
1 0 0 1
U_<O e”)’ V_<1 0)'

(i) Consider the hermitian and unitary matrix
0 —
i 0 )"
Find h(p, q).
(ii) Consider the hermitian and projection matrix
1/1 1
2\1 1/~

Problem 28. Given the matrices
(0 1 (0 0
“+=\o o) 77\ 10)"
Consider the 4 x 4 matrices
02 o_ 02 02 (o 02 o_ 02
02 02 ’ o4 02 ’ 02 o4 ’ 02 o_ )

Calculate the commutators of these matrices and extend the set so that one
finds a basis of a Lie algebra.

Find h(p, q).

Problem 29. (i) The standard basis for the vector space of the 2 x 2
matrices is given by

1 0 0 1 0 0 0 0
En—(o O>’ E12—(0 O)’ EZl—(l O)’ E22—(0 1>~

We define the star composition of two 2 X 2 matrices as the 4 x 4 matrix

ail 0 0 a1
0 b1 bz O
0 bo1  bao 0

a921 0 0 as9

Ax B :=
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Show that the sixteen 4 x 4 matrices Ej * Epy (4, k,¢,m = 1,2) form a
basis in the vector space of the 4 x 4 matrices.
(ii) The matrices

0 1 0 0 1 0
(o) r=(a) m=G Y
form a basis of the Lie algebra s¢(2,R). Do the nine 4 x 4 matrices

XxX, XY, X+H, Y*X, Y*Y, Y*H, HxX, HxY, HxH

form a basis of a Lie algebra?

Problem 30. Consider the Lie algebra of real-skew symmetric 3 x 3
matrices

0 as —as
A= —as 0 ai
a9 —a1 0

Let R be a real orthogonal 3 x 3 matrix, i.e. RRT = I3. Show that RART
is a real-skew symmetric matrix.

Problem 31. The matrices

=0 5) == 4) 7= (1 o)

form a basis of the simple Lie algebra s¢(2,R). Define the matrices
A(H) = HRL,+1,®H, A(F)=FEQH '+H®E, A(F)=FoH '4+HQF.

Find the commutators

Discuss.

Problem 32. Consider the 3 x 3 permutation matrix

P =

= o O

1
0
0

S = O

(i) Find P?, P3. Do the matrices P, P?, P3 form a group under matrix
multiplication?

(ii) Find the eigenvalues and eigenvectors of P. Do the eigenvalues of P
form a group under multiplication?
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Problem 33. Consider the two 3 X 3 permutation matrices

010 0 0 1
Ci=(10 0 1], A=[0 1 0
1 00 1 00
Can the remaining four 3 x 3 matrices be generated from C; and A using

matrix multiplication?

Problem 34. Consider the two 4 x 4 permutation matrices

0100 00 0 1
0010 001 0
01*0001"4*0100
100 0 1 00 0

Can the remaining twenty-two 4 x 4 matrices be generated from C; and A
using matrix multiplication?

Problem 35. Consider the permutation matrix
0 1 0
cC=(0 01
1 0 0

Find the condition on a 3 x 3 matrix A such that

CACT = A.
Note that CT = C~1.

Problem 36. Consider the permutation matrix

0
0
C_O
1

O O = O
O = O O

1
0
0
0
Find the condition on a 4 x 4 matrix A such that

CACT = A.

Note that CT = C—1.

Problem 37. Let ¢,d € R and ¢,d # 0. Do the matrices

ccosa  d lsina
—dsina ¢ lcosa
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form a group under matrix multiplication?

Problem 38. The Lie group 0(2) is generated by a rotation Ry and a
reflection Rs

cosf —sinf cosf  sin6
Rl_(sin@ cos )’ RQ_(sinG —cos@) ’
Find the trace, determinant and eigenvalues of R; and Rs.

Problem 39. (i) Consider the group G of all 3 x 3 permutation matrices.

Show that )
EP3%

geaG

is a projection matrix. Here |G| denotes the number of elements in the
group.

(ii) Consider the subgroup given by the matrices
100 0 0 1
01 0], 0 10
0 0 1 1 00

Show that

1
T2l
2

is a projection matrix.

Problem 40. Let A be an n x n matrix over C. Show that if AT = —A,
then e € O(n,C).

Problem 41. Let A be the 2 x 2 matrix

- a116i¢11 a12€i¢12
“\a i¢21 i¢22
21€ a22€

where a;, € R, aj, > 0 for 5,k = 1,2 and a;2 = as;. We also have ¢;, € R

for j,k = 1,2 and impose ¢12 = ¢21. What are the conditions on a;;, and
@ik such that I» +4A is a unitary matrix?

Problem 42. Let «,3,¢ € R and «, 8 # 0. Consider the matrices

[ acos¢p  —fBsing
A(a,ﬁ7¢) - (ﬂl sind) a1003¢> .
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Do the matrices form a group under matrix multiplication?
Problem 43. Show that the four 2 x 2 matrices
1 0 -1 0 0 1 0o -1
=00) =0 8) e (a) (5 )
from a group under matrix multiplication. Is the group abelian?

Problem 44. Let x € R. Is the matrix

cos T 0 sin x 0

Alz) = O cos T 0 sinx
—sinx 0 cosT 0

0 —sinx 0 cosx

an orthogonal matrix?

Problem 45. (i) Let
A= @1 012
a2 ap; )’
where a11,a12 € R. Find all invertible 2 x 2 matrices S over R such that
SASTl=A.

Obviously the identity matrix I would be such as matrix.

(ii) Do the matrices S form a group under matrix multiplication? Prove or
disprove.

(iii) Use the result form (i) to calculate

(S®S)(A® A)(S®S)™*.
Discuss.
Problem 46. Let a, 3,7 € R. Do the 3 x 3 matrices
cos(aw)  sin(a) [
M(O[, ﬂv 7) = - Sin(a) COS(CY) Y
0 0 1

form a group under matrix multiplication?

Problem 47. Do the eight 2 x 2 matrices

1) G a) (o) (50)
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A0 a0 ) B0 sl

form a group under matrix multiplication? If not add the matrices so that
one has a group.

Problem 48. The Lie group SU(2) is defined by
SU(2) :={U 2 x 2matrix : UU* =I5, detU =1}.
Let (3-sphere)
S3 = {(x1, 29, 23,24) ER* : 2? + 23 +25+ai=1}.

Show that SU(2) can be identified as a real manifold with the 3-sphere S3.

Problem 49. The Heisenberg group is the set of upper 3 x 3 matrices of
the form

H =

S O =
O = Q
_— S0

where a, b, ¢ can be taken from some (arbitrary) commutative ring.

(i) Find the inverse of H.

(ii) Given two elements z,y of a group G, we define the commutator of x
and y, denoted by [z,9] to be the element =1y~ lzy. If a,b, c are integers
(in the ring Z of the integers) we obtain the discrete Heisenberg group Hs.
It has two generators

Find

z = sr:yaflyfl .
Show that xz = zx and yz = zy.
(iii) The derived subgroup (or commutator subgroup) of a group G is the
subgroup [G, G] generated by the set of commutators of every pair of ele-
ments of G. Find [G, G] for the Heisenberg group.
(iv) Let

0
A=1|0
0

o O Q
o T 0

and a,b,c € R. Find exp(A).
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(v) The Heisenberg group is a simple connected Lie group whose Lie algebra
consists of matrices

0 a c

L=10 0 b

0 0 0

Find the commutators [L, L'] and [L, L], L']], where [L,L’] :== LL' — L'L.

Problem 50. Consider the matrices

1 00
hi={0 0 0], hy=
0 0 1

O OO
o = O
>
w
\
= O O
o O O
S O =

0

0

0
0 0 0
, f=11 01

asis of a Lie algebra.

01 0

e=|(10 0 O

01 0

Show that the matrices form a b

Problem 51. Find all 2 x 2 matrices S over C with determinant 1 (i.e.
they are elements of SL(2,C)) such that

1 (0 1 (0 1
(1 o) (Va)
Obviously, the 2 x 2 identity matrix is such an element.

Problem 52. There are six 3 x 3 permutation matrices which form a
group under matrix multiplication.
(i) Can the six elements be generated from the two permutation matrices

010 0 0 1
A=|(0 0 1], B=|0 1 0
1 00 100
using matrix multiplication?

(i) Does A, A2, A3 provide a subgroup?

Problem 53. There are twenty-four 4 x 4 permutation matrices which
form a group under matrix multiplication.
(i) Can the 24 elements be generated from the two permutation matrices

01 0 0 0 0 01
0 010 0 010
A= 000 1)° B = 01 0 0
10 0 0 1 0 0 0
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using matrix multiplication?
(i) Does A, A2, A3, A* provide a subgroup?

Problem 54. Both
_[cosa —sina ([ coshfB sinhf
Ale) = (sina cos ) ’ B(B) = <sinh/6’ cosh,@’)
are elements of the Lie group SL(2,R). Are

Ala) @ B(B), Ala) ® B(A), Ale)* B(B)

elements of SL(4,R)?

159
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Inequalities

Problem 1. Let A be an n x n positive semidefinite matrix. Let B be
an n X n positive definite matrix. Then we have Klein’s inequality

tr(AlnA —In B)) > tr(A — B).

(12 —1)2 (1/2 0
A_(—1/2 1/2 ) B‘( 0 1/2)"
Calculate the left-hand side and the right-hand side of the inequality.
(ii) When is the inequality an equality?

(i) Let

Problem 2. Let A, B be n x n hermitian matrices. Then (Golden-
Thompson-Symanzik inequality)

treA T8 < tr(ete?).

Let A = 0, and B = o,. Calculate the left and right-hand side of the
inequality.

Problem 3. Let A, B, C be positive definite n x n matrices. Then (Lieb
inequality)

tr(eMA-InBrinCy < tr/ A(B +ul,) 'C(B + ul,) ‘du.
0

160
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(i) Let

2 -1 1 1 4 2
() () -0 7))
Calculate the left-hand side and right-hand side of the inequality.

(ii) Give a sufficient condition such that one has an equality.

Problem 4. Let A be an n X n skew-symmetric matrix over R. Show

that
det(I, + A) > 1

with equality holding if and only if A = 0.
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Braid Group

Let n > 2. The braid group B, of n strings has n—1 generators {o1,09,...,0,-1}
satisfying the relations

004105 =0;41050441 for j:1,2,...,N—2
ojor =0ko; for |j—k[>2

_ -1
00, =0;

n oj=c¢e
where e is the identity element. Thus it is generated by elements o; (o;
interchanges elements j and j + 1). Thus actually one should write 012,
0923, - -, On—1n instead of o1,09,...,0,_1. The braid group B, is a gener-
alization of the permutation group.

The word written in terms of letters, generators from the set

{01, son_1,00 . 00
gives a particular braid. The length of the braid is the total number of
used letters, while the minimal irreducible length (referred sometimes as
the primitive word) is the shortest non-contractible length of a particular
braid which remains after applying all the group relations given above.

162
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Problem 1. Consider the braid group Bs with the generators o1, 03, 03,

o4. Simplify
-1 _—-1_—-1 —1
0y 0y O3 02030203 0407 .

Problem 2. Consider the braid group B3. A faithful representation for
the generators o; and o5 is

10 11
e (A0) )

Both are elements of SL(2,Z). Find the inverse of o1 and o2. Do the
elements o1, 02, 07 L oy ! and the 2 x 2 identity matrix form a group under
matrix multiplication?

Problem 3. Find all invertible 2 x 2 matrices A, B such that (braid-like
relation)
ABA = BAB.

Problem 4. Can one find 2 x 2 matrices A and B with [A, B] # 0 and
satisfying the braid-like relation

ABBA = BAAB.

Problem 5. (i) Do the 2 x 2 unitary matrices

e~im/4 0 1 /1 i
=70 W) =500

satisfy the braid-like relation
ABA = BAB.

(ii) Find the smallest n € N such that A™ = I.
(iii) Find the smallest m € N such that B™ = I,.

Problem 6. Consider the braid group B,,. Let e, es, ..., e, be the
standard basis in R™. Then u € R"™ can be written as

n

u = E Cr€ef .
k=1

Consider the linear operators B; (j = 1,2,...,n —1) in R” (o, §,7,0 €
R, a, v # 0) defined by

Bju:=cie1 + -+ (acjt1 + B)e; + (ve; +0)ejp1 + - - + cnen
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and the corresponding inverse operator B;l

_ 1 1
B; wn=cie; +---+ ;(cﬂ_l —d)e; + E(Cj —B)ejt1+ - +cnen.

Show that the linear operators B; satisfy the braid condition
BjBjt1Bj = Bj+1BjBjn

if
Y8+d=ad+ .

Problem 7. If V and W are matrices of the same order, then their Schur
product V e W is defined by (entrywise multiplication)

(V ° W)ch = ‘/ngWj,k .

If all entries of V' are nonzero, then we say that X is Schur invertible and
define its Schur inverse, V=), by V(-) ¢ V = J, where J is the matrix with
all 1’s.

The vector space M, (F) of n x n matrices acts on itself in three distinct
ways: if C € M, (F) we can define endomorphisms X¢, A¢ and Yo by

XcM :=CM, AcM :=C e M, Yo := MCT.

Let A, B be n x n matrices. Assume that X4 is invertible and Agp is
invertible in the sense of Schur. Note that X 4 is invertible if and only if A
is, and Ap is invertible if and only if the Schur inverse B(~) is defined. We
say that (A, B) is a one-sided Jones pair if

XAApXa=ApXaAp.

We call this the braid relation. Give an example for a one-sided Jones pair.

Problem 8. The braid linking matrix B is a square symmetric k X k
matrix defined by B = (b;;) with b;; the sum of half-twists in the i-th
branch, b;; the sum of the crossings between the i-th and the j-th branches
of the ribbon graph with standard insertion. Thus the i-th diagonal element
of B is the local torsion of the i-th branch. The off-diagonal elements of
B are twice the linking numbers of the ribbon graph for the i-th and j-th
branches. Consider the braid linking matrix

-1 0 -1

B = 0 2 -1
-1 -1 0
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Discuss. Draw a graph.

Problem 9. Consider the five 4 x 4 matrices

i 00 0 10 4 0
0 i 00 1 {010 i
310010’32\/5(1'010’
0001 0 ¢ 0 1
i 00 0 1 i 0 0
0100 1 {i 1 0 o0
33_0010’34_5001—2"
00 0 i 00 —i 1
i 00 0
0100
Bs=10 0 i 0
0001

Is

B\ByBy = BB By, ByB3By = B3ByB3, B3ByBs = ByB3By, ByBsBy= B5B4B5?

Problem 10. Let n > 3 and let o1, ..., 0,—1 be the generators. The
braid group B, on n-strings where n > 3 has a finite presentation of B,
given by

<(71, ey Op—1 : O’l'O'j = O’jO',j, 0;410i0;41 = Uiai+1gi>

where 1 < i,j <n—1,|i—j| >1or j=n—1 Here 0,0, = 00, and
0,0;410; = 0;410;0;4+1 are called the braid relations. The second one is
also called the Yang-Baxter equation.

(i) Consider B3, a = 010201 and b = 0102. Show that a? = b3.

(ii) Consider Bz. The cosets [o1] of o1 and [o2] of o3 map to the 2 x 2

matrices
1 1 _ 1 0

where L, R € SL(2,Z). Thus L', R~ € SL(2,Z). Show that
RL™'R=L"'RL™".

Problem 11. (i) Do the matrices

—t 1 1 0
Sl_(o 1)’ SQ_(t —t)
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satisfy the braid-like relation S75557 = 52.51.55.

(ii) Do the matrices S; ® S1 and Sy ® So satisfy the braid-like relation

(81 ®81)(S2 ® 82)(S1 ® S1) = (S2 ® 52)(S1 ® 51)(S2 ® S2)?

Problem 12. Consider the five 4 x 4 matrices

i 00 0 10 4 0
0 i 00 1 {01 0 i
31_0010732_ﬁ¢010’33
0001 0 i 0 1

1 i 0 0 i 0 0

1 [i1 0 0 010
B4_%001—1’B5_00i
00 —i 1 00 0

Are the matrices unitary? Is (braid-like relation)

Bij+1Bj = Bj+1Bij+1, ] = 1, 2, 3, 4

_ o O O

o O O =

oS o= O

o= OO

= O O O
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vec Operator

Problem 1. Consider the 2 x 3 matrix
A (au arz a13) .
az1 Q22 a23
Let B = AT. Thus B is a 3 x 2 matrix. Find the 6 x 6 permutation matrix

P such that
vec(B) = Pvec(A).

Problem 2. Let A be an m x n matrix over C and B be a s X t matrix
over C. Find the permutation matrix P such that

vec(A ® B) = P(vec(A) ® vec(B)).

Problem 3. Let A be an m x n matrix over C. Using

Vel xn A 1= Z ejn® (Ae;,) =1, A) Z €in®ejn

j=1 j=1

and

m n

-1 * %
VeChxnX = E E ((eja" & eiam) X) €i,m ® ej,n .

i=1 j=1
Show that

Vel sn (V€Cmxn A) = A.

167
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Problem 4. Let A be an m X n matrix over C and B be a s X t matrix
over C. Show that

AR B = Vec;lsxnt (Lasxt (Vecsxt B))

where

Lasxi =, 0L @ A®I,) Zej’n 2L ®ej, oI,

Jj=1

Problem 5. (i) Let
AX+XB=C

where C' is an m X n matrix over R. What are the dimensions of A, B, and
X7
(ii) Solve the equation

1 1 1
0 1) 10 -1
X+X[1 1 1]|= ( )
( 1 0 111 01 0
for the real valued matrix X.
Problem 6. Let A be an m X n matrix over C and B be an s X t matrix

over C. Define
R(A® B) := vecA (vecB)™.

Find an algebraic expression for R. Find
1
R (? (1)) ® | 2

3

R is the reshaping operator.

Problem 7. Show that

tr(ABCD) = (vec(DT))(A® CT)vec(BT).
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Star Product

Problem 1. Consider the 2 x 2 matrices

A:(au C112>’ B:(bu b12>
Go1 929 bar  boo

and the composition (star product)

bir 0 0 D12
L 0 aip  ai2 0
AxB = 0 a1 azxe O

b1 O 0 Do

(i) What can be said about the trace of A x B? What can be said about
the determinant of A x B?

(ii) Let Ay, As, Az, A4 be a basis in the vector space of 2 X 2 matrices over
C. Let By, Bs, B3, By be a basis in the vector space of 2 x 2 matrices over
C. Do the 16 matrices A; * By (j, k = 1,2,3,4) form a basis in the vector
space of 4 x 4 matrices?

(iii) Given the eigenvalues of A and B. What can be said about the eigen-
values of A x B?

(iv) Can one find 4 x 4 permutation matrices P and @ such that

P(AxB)Q=A@& B?

Here @ denotes the direct sum

Problem 2. Consider the 2 x 2 matrices A, B over C
A= a1 a2 B = b1 b2
a1 Q22 ’ b21 b22 ’

169
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We define the following product

ail 0 0 a19
0 b1 b2 O
0 by b O

a1 0 0 ao

A% B :=

(i) Answer the following questions: Let A and B be normal matrices. Is
A x B normal. Let A and B be invertible matrices. Is A x B an invertible
matrix? Let A and B be unitary matrices. Is A x B a unitary matrix? Let
A and B be nilpotent matrices. Is Ax B a nilpotent matrix? Answer these
questions also for A x A.

(ii) What is the conditions on A and B such that

A«xB=AQB?

Problem 3. Let A, B be 2 x 2 matrices. We define

a1 0 0 anp
0 bix b2 O
0 b1 by O

a1 0 0 a2

A% B :=

Can one find a permutation matrix such that

a1; a2 0 0

as1 A22 0 0
0 0 bix b2
0 0 b21 b22

= P(AxB)P".

Problem 4. (i) Let A, B be 2 x 2 matrices. We define

a1 0 O a12
0 b1 b2 O
0 ba1 b2 O

a1 0 0 a9

e(on) =)

form a group under matrix multiplication. Do the four 4 x 4 matrices Ax A,
Ax B, Bx A, Bx B form a group under matrix multiplication?

A% B :=

The 2 x 2 matrices
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(ii) Let G be a finite group represented by 2 x 2 matrices. Let the order be
n with the group elements g1 =€, g2, ..., gn. Do the 4 x 4 matrices g; x g
(j,k=1,...,n) form a group under matrix multiplication.

Problem 5. Let A, B be 2 x 2 matrices. We define

a1 0 0 a2
0 b1 b2 O
0 b21 b22 0

a1 0 0 ang

A% B :=

Show that one can find a 4 x 4 permutation matrix P such that

a1 a2 0 0

T | a1 ax 0 O
P(AxB)P' = 0 0 by b
0 0 bay boo

Problem 6. Let A, B be invertible 2 x 2 matrices. We define

b1y O 0 b2
[ 0 a1 a2 O
AxB = 0 a2 azxp O

bor 0 0 by

Is A % B invertible?

Problem 7. (i) The 2 x 2 matrices

e(o1) ()

form a group under matrix multiplication. Do the four 4 x 4 matrices Ax A,
Ax B, Bx A, Bx B form a group under matrix multiplication?

(i) Let G be a finite group represented by 2 x 2 matrices. Let the order be
n with the group elements g1 = e, ga, ..., gn. Do the 4 x 4 matrices g; x g
(j,k=1,...,n) form a group under matrix multiplication.

Problem 8. Let A, B be 2 x 2 matrices. We define

ail 0 0 a1
0 b1 b2 O
0 bo1  bao 0

a921 0 0 as9

Ax B :=
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Show that one can find a 4 x 4 permutation matrix P such that
a1 a2 0 0
T_ | a1 axz 0 0
P(AxB)PT = [ 0t S E
0 0  bar ba

Problem 9. Among others one can form a 4 x 4 matrix from two 2 x 2
matrices A and B using the direct sum A& B, the Kronecker product AQ B
and the star product

ail 0 0 a1
0 b11 bio 0
0 b21 1)22 0

a21 0 0 as9

Ax B :=

Given the eigenvalues and eigenvectors of A and B. What can be said
about the eigenvalues and eigenvectors of A® B, A® B, A% B?

Problem 10. (i) Let A, B be invertible 2 x 2 matrices. Is A% B invertible?
(ii) Let U and V be elements of SU(2). Is U x V an element of SU(4)?
(iii) Let X and Y be elements of SL(2,R). Is XY an element of SL(4,R)?

Problem 11. Let A, B be normal 2 x 2 matrices with eigenvalues \p,

Ao and pg, pe, respectively. What can be said about the eigenvalues of
A*xB— Bx*A?

Problem 12. (i) Given the eigenvalues of A and B. What can be said
about the eigenvalues of A x B?
(ii) Can one find 4 x 4 permutation matrices P and @ such that

P(AxB)Q=A@& B?

Here & denotes the direct sum
Problem 13. Let
(A As _(B1 B>
A‘(& m)’ B‘(% B,
where A;, B; (j =1,2,3,4) are 2 x 2 matrices. We define the product

A 02 02 A
0 Bi By 09
0 Bz By 0
As 02 0o Ay

Ax B :=
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where 05 is the 2 x 2 zero matrix. Thus A x B is an 8 x 8 matrix.
(i) Assume that A and B are invertible. Is A x B invertible?
(ii) Assume that A, B are unitary. Is A x B unitary?

Problem 14. Let A, B be the 4 x 4 matrices
- A1 A2 o Bl B2
A= <A3 A4)’ B= <133 B,
where A;, B; (j =1,2,3,4) are 2 x 2 matrices. We define the product

Ay 02 02 Ay
0 By By 0
0 Bs By 0
Az 02 02 Ay

where 05 is the 2 x 2 zero matrix. Thus A« B is an 8 X & matrix.
(i) Assume that A and B are invertible. Is A x B invertible?
(ii) Assume that A, B are unitary. Is A x B unitary?

Problem 15. Let A, B be 3 x 3 matrices. We define the composition

a1 0 a1z 0 a3
0 bix b2 bz O

AQB := | az1 ba1 abaz bz a3
0 b3 bz b3z O

azg1r 0 ass 0 as3

Let
1/vV2 0 1/V2
M= 0 1 0

1/vV2 0 —1/V2
Find the eigenvalues of M and MOM.

Problem 16. Let P and @) be 2 x 2 projection matrices. Is the 4 x 4
matrix P * @) a projection matrix? Apply it to P x P where

1/1 1
P_2<1 1)'
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Nonnormal Matrices

Problem 1. A square matrix M over C is called nonnormal if MM* =
M*M. Let s; := 2sin(27j/5) with j = 1,2,...,5. Consider the 5 x 5

matrix
S1 1 0 0 -1

—1 S9 1 0 0

0 -1 S3 1 0

0 0 -1 S4 1

1 0 0 -1 S5
Show that the matrix is nonnormal. Find the eigenvalues and eigenvectors.
Is the matrix diagonalizable?

M

Problem 2. Let € # 0. Show that the matrix

1 €
A =
(b 1)
is nonnormal. Give the eigenvalues and eigenvectors.

Problem 3. Leta>0,b>0and ¢ € [0,7]. What are the conditions a,

b, ¢ such that
0 a
A(a,b, ¢) = <6i¢b 0>

is a normal matrix?

Problem 4. Let A, B be nonnormal matrices. Is A ® B nonnormal? Is
A ® B nonnormal?

174
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Problem 5. Can we conclude that an invertible matrix is normal?

Problem 6. Show that not all nonnormal matrices are non-diagonalizable,
but, vice versa all non-diagonalizable matrices are non-normal.

Problem 7. Find all 2 x 2 matrices over C which are nonnormal but
diagonalizable.
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Miscellaneous

Problem 1. (i) For n = 4 the transform matrix for the Daubechies
wavelet is given by

Co C1 C2 C3 Co 1+ \/§

D, — C3 —C €1 —C C1 o 1 3+ \/g
Tl e e oo | 2 W2 3-V3
c1 —Ccyp C3 —Co c3 1—+3

Is D4 orthogonal? Prove or disprove.
(ii) For n = 8 the transform matrix for the Daubechies wavelet is given by

cp €1 €2 C3 0 0

0 0
C3 —Co C1 —C(C 0 0 0 0
0 0 Co C1 C2 C3 0 0
Do — 0 0 ¢g —co ¢ —cg O 0
8~ 0 0 0 0 Co C1 C2 C3
0 0 0 0 C3 —C €1 —Cp
Co C3 0 0 0 0 Co C1
c1 —Co 0 0 0 0 C3 —C2

Is Dg orthogonal? Prove or disprove.

Problem 2. Consider the 2n x 2n matrix



Miscellaneous 177

We define that the 2n x 2n matrix H over R is Hamiltonian if (JH)T = JH.
We define that the 2n x 2n matrix S over R is symplectic if STJS = J.
Show that if H is Hamiltonian and S is symplectic, then the matrix S~'HS
is Hamiltonian.

Problem 3. Let A be an n x n matrix over R. Consider the 2n x 2n
matrix
I, I,
§= ( A I,+ A) ’

s (A+2I, —I,
5= (4420 <),

Let

Can we find an invertible 2n x 2n matrix T such that

S=T"18T7
Problem 4. Let
0 0 10 1 4 0 0
0 0 01 1[0 o0 —i 1
=121 0 0o P*ﬁ i 1 0 0
0 -1 0 0 00 1 —i

Find P*P. Show that P*JP is a diagonal matrix.

Problem 5. Let J be the 2n x 2n matrix

(0, I,
J.(In 0n>.

We define symplectic G-reflectors to be those 2n x 2n symplectic matrices
that have a (2n — 1)-dimensional fixed-point subspace. It can be shown
that any symplectic G-reflector can be expressed in the form

G = I, + fuu’J (1)
for some 0 # 3 € F, 0 # u € F?" and u is considered as a column vector.

The underlying field is F. Conversely, any G given by (1) is always a
symplectic G-reflector. Show that det G = +1.

Problem 6. Consider the two polynomials

pi(z) =ao+ a1z +---+apz”,  pa(x) =Dbo+ bz + -+ bpa™
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where n = deg(p1) and m = deg(p2). Assume that n > m. Let

We expand r(z) in powers of 1/x, i.e.

C1 C2

From the coefficients cq, ¢, ... ,con_1 We can form an n X n Hankel matriz
Cl 02 ... Cn
C2 C3 ot Cpgd
H, =
Cp, Cn+1 Tt Con—1

The determinant of this matrix is proportional to the resultant of the two
polynomials. If the resultant vanishes, then the two polynomials have a non-
trivial greatest common divisor. Apply this theorem to the polynomials

pi(z) = 2® 4+ 622 + 112 4 6, po(z) = 2% + 42 + 3.

Problem 7. Consider the 3 x 3 matrix

-1/2  —V/3/6 6/3
A= —V3/6 —-5/6 —2/3
V6/3  —V2/3  1/3

Show that AT = A~! by showing that the column of the matrix are nor-
malized and pairwise orthonormal.

Problem 8. Let P; (j =0,1,2,...) be the Legendre polynomials
L, o
Py(z)=1, Pi(z)=z, P(zx)= 5(333 —1),....

Calculate the infinite dimensional matrix A = (A4,i)

+ dPy(x)
Ajp = P d
ik \/;1 J(x) d.’II v

where j,k = 0,1,.... Consider the matrix A as a linear operator in the
Hilbert space ¢3(Np). Is ||A]| < oo?
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Problem 9. Consider the vector space R3 and the vector product x. The
vector product is not associative. The associator of three vectors u, v, w
is defined by

ass(ux (vxw)):=(uxv)xw—-ux(vxw).

The associator measures the failure of associativity.
(i) Consider the unit vectors

1 0 0
u= 0 s VvV = 1 , W = 0
0 0 1

Find the associator.
(ii) Consider the normalized vectors

Find the associator.

Problem 10. Find the Moore-Penrose pseudo inverses of
1 0 1
o 1], ( 0) , (1 1).
-1 0

Problem 11. Let j be a positive integer. Let A, B be n X n matrices
over R. Calculate

lin%) 1((A + eB)j — Aj) .
e—0 €
Calculate

d .
& tr(A + EB)j |E:O .

Problem 12. Let A be an n X n matrix over R. Show that there exists
nonnull vectors x1, Xs in R™ such that

xT Ax, < xT Ax < x1 Axy

xTx; = xTx = x¥x

for every nonnull vector x in R™.



180 Problems and Solutions

Problem 13. A generalized Kronecker delta can be be defined as follows
1 if J=(j1,.-.,7r) is an even permutation of I = (iy,...,14,)
07,7 =4 —1if J is an odd permutation of I

0 if J is not a permutation of

Find 9126621, 0126,651, 0125,512-

Problem 14. Let ¢; >0 for j =1,...,n. Show that the n x n matrices

Cj + Ck CjC

(k=1,...,n) are positive definite.

Problem 15. Let R € C™*™ and S € C™*" be nontrivial involutions.
This means that R= R~ ! # +1,, and S = S~ # I,,. A matrix A € C™*"
is called (R, S)-symmetric if RAS = A. Consider the case m = n = 2 and
the Pauli spin matrices

() s-(07)
Find all 2 x 2 matrices A over C such that RAS = A.
Problem 16. Let X € R"*". Show that X can be written as
X=A+S+¢cl,

where A is antisymmetric (AT = —A), S is symmetric (ST = 9) with
tr(S) =0and c € R.

Problem 17. Find the partial differential equation given by the condition

0 Ou/dxy Ou/0xs
det [ Ou/0z;  0*u/0z3  9%*u/Ox1079
Ou/dxy 0%u/Ox90x;  0%u/0x3

Find a nontrivial solution of the partial differential equation.

Problem 18. Consider the 2 x 2 matrix

a0 - (460 19)
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where f; (j = 1,2,3,4) are smooth functions and det(A(e)) > 0 for all e.
Show that
tr((dA(e))A(e) ") = d(In(det(A(e))))

where d is the exterior derivative.
Problem 19. Consider vectors in the vector space R? and the vector

product. Consider the mapping of the vectors into 3 x 3 skew-symmetric
matrices

a 0 c b
b|—|-c 0 a
b —a O
Calculate
al ag
b1 X bg
C1 C2
and [M;, Ms], where
0 Cc1 —by 0 C2 —bo
M1 = —C1 0 al 5 M2 = —C2 0 as
b1 —aq 0 bg —as 0

Discuss.

Problem 20. Let u;(t),us(t),us(t) € R3. Solve the initial value problem
of the nonlinear autonomous system of first order differential equations

du, duy dug
dt dt

=u; X Uy
where x denotes the vector product.

Problem 21. Let u(t) € R3. Solve the initial value problem for the

differential equation
d*u du

Y

where x denotes the vector product.

Problem 22. Let A,, be the n x n matrices of the form

0 ¢ 0 0 ¢t
A =1, A2:<t r)’ As=|(0 1 0], As=
t 0 r

-+ O O O
O+ O O
O3 + O
S OO <+
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As =

O O OO
-~ O O O
S O O =+

0
t
0
r

SO = OO

t 0 0 r

Thus the even dimensional matrix As, has ¢t along the skew-diagonal and
r along the lower main diagonal. Otherwise the entries are 0. The odd
dimensional matrix As,1 has ¢ along the skew-diagonal except 1 at the
centre and r along the lower main diagonal. Otherwise the entries are 0.
Find the eigenvalues of these matrices.

~(3) ()

be elements of C2. Solve the equation z*w = w*z.

Problem 23. Let

Problem 24. Let A, B be n x n matrices over C. We define the quasi-
multiplication

1
Ae B := §(AB—‘,—BA).
Obviously Ae B = B e A. Show that
(A’eB)e A= A%e(Be A).

This is called the Jordan identity.

Problem 25. Let C™*V be the vector space of all nx [N complex matrices.
Let Z € C™*N. Then Z* = ZT, where T denotes transpose. One defines a
Gaussian measure . on C**N by
1
dp(2) = —= —tr(Z22%))dZ
W(Z) = o exp(~tr(22°))
where dZ denotes the Lebesgue measure on C"*Y . The Fock space F(C"*N)

consists of all entire functions on C"*¥ which are square integrable with
respect to the Gaussian measure du(Z). With the scalar product

o= [ H@aDauz).  f.g e FE)

one has a Hilbert space. Show that this Hilbert space has a reproducing
kernel K. This means a continuous function K(Z, Z’) : C"*N x C"*N — C
such that

12)= [ K@Z)02 )
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for all Z € C"*N and f € F(C™*N).

Problem 26. The vector space of all n x n matrices over C form a Hilbert
space with the scalar product defined by

(A,B) :=tr(AB").
This implies a norm || A[|? = tr(AA*).
(i) Consider the Lie group U(n). Find two unitary 2 x 2 matrices Uy, Uz

such that ||U; — Us|| takes a maximum.
(ii) Are the matrices

0 1 1 /1 1
n=(10) w=y0 )
such a pair?

Problem 27. Let o; (j = 0,1,2,3) be the Pauli spin matrices, where
oo = I>. Does the set of matrices

gj 02 02 agj . o
<02 O—k;)’ (Uk 02>7 ]?k70717273

form a group under matrix multiplication. If not add the elements to find
a group. Here 05 is the 2 X 2 zero matrix.

Problem 28. Let A be a symmetric 2 x 2 matrix over R
A — [ @o aor)
G0 Q11
Thus ag; = a19. Assume that

2
ap0do1 = Ggq, appdil = @p10a11 -

Find all matrices A that satisfy these conditions.

Problem 29. Let A, B be 3 x 3 matrices. We define the composition

air 0 a2 0 a3
0 b1 bz b3 O
AQB := | a21 ba1 agzbaa baz aos

0 b3 b3z b3z O
as1 0 a3z 0 ass
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Let
1/vV2 0 1/v2
M = 0 1 0
1/vV2 0 —1/V2

Find the eigenvalues of M and MOM.

Problem 30. Find a 3 x 3 matrix A over R which satisfies
AZAT 4 AT A% =24, AATA =24, A3 =0

Thus the matrix is nilpotent.

Problem 31. Consider the skew-symmetric matrix over R

0 —as a9
A= as 0 —aq
—as al 0

where a1,as,a3 € R. Find the eigenvalues. Let O3 be the 3 x 3 zero
matrix. Let Ay, Aa, A3 be skew-symmetric 3 x 3 matrices over R. Find the
eigenvalues of the 9 x 9 matrix

03 —Az A
B= A3 03 —Al
—A2 A1 03

Problem 32. Consider the four 2 x 2 matrices

1 /11 1 /0 0 1 /1 -1 170
P= ) = ) R=— ) S=—

70 0) e=5 (0 5) 700 ) =50
(i) Show that they form an orthonormal basis in the Hilbert space of the

2 x 2 matrices with the scalar product (X,Y) = tr(XY™).
(ii) Find the multiplication table.

Problem 33. Find the Cayley transform of the Hermitian matrix

H= My Iz , hii,hoo €R, hip€C.
hiz  hao

Problem 34. Let S be an invertible n x n matrix. Find the inverse of

the 2n x 2n matrix
0, S~!
S 0,
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where 0,, is the n X n zero matrix.

Problem 35. Consider the n x n matrices

01 0 ... 0
001 ... 0
A= , B=diag(lww? ... w" )
00 o0 ... 1
100 ... 0

where w is the n-th primitive root of unity. We have A™ = B™ = [,, and
w™ = 1. We have
AB =wBA.

Let R= A®I, and S = B®1,. Find RS. Let X = A® Aand Y = B® B.
Find XY. Find the commutator [X,Y].

Problem 36. Find all 2 x 2 matrices C over R such that

cTc+cct = I, C%=0,.

Problem 37. Let d;,7; € Rwith j =1,2,3. Any 3 x3 unitary symmetric
matrix U can be written in the product form

e’ 0 0 m o Y2 713 et 0 0
U=[ 0 €% 0 Tz M2 Vo3 0 €% 0
0 0 e Y13 Y23 M3 0 0 e

where v, = Nji exp(if;i) with N, B € R. It follows that
Ujj = mjexp(2id;),  Ujk = Njk exp(i(d; + 0k + Bjk)) -
The unitary condition UU* = I3 provides

3
STINZ 4mi=1, j=1,23
k#j

and

Nia(m exp(ifr2) + n2 exp(—ifi2)) = NigNog exp(i(m + B2z — f13))

and cyclic (1 — 2 — 3 — 1). Write the unitary symmetric matrix

W:

. OO
O = O
O O =
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in this form.

Problem 38. Consider the map f : C2 — R3

sin(20) cos(¢)
-COS(Q) — | sin sin
( e'? sin(9) ) (c?)es)(%)(@

Consider the map for the special cases § =0, ¢ =0 and § = 7 /4, ¢ = 7 /4.

Problem 39. (i) Consider the hermitian 3 x 3 matrices to describe a
particle with spin-1

B 01 0 B 0 — 0 1 0 0
Sl = —= 1 0 1 s 2= —= 7 0 —1 ,5312 0 0 0
V2 0 1 0 V2 0 2+ 0 0 0 -1
WlthS+ =51 +1i5, S_ := 51 —iSy we find
01 0 0 0 O
S.=v2n[o0o 0 1], S_=v2n|{1 0 0]. (3)
0 0 O 0 1 0

An example of a spin-1 particle is the photon. Let m, n be normalized
vectors in R? which are orthogonal, i.e. m”n = 0. Find the eigenvalues of
the 3 x 3 matrix

K=(m-8)?—(n-8)?

where m - S = m1S57 + maSs + m3Ss.
(ii) Show that
Pm = I3 — (m - S)?

is a projection operator.
Problem 40. Let A, B be 2 x 2 matrices over R. Find A, B such that
min|[4, B] - L

where [, ] denotes the commutator and for the norm || || consider the Frobe-
nius norm and max-norm.

Problem 41. Let A be an n x n matrix over R. Assume that A~! exists.
Let u,v € R, where u, v are considered as column vectors. (i) Show that
if

viA=lu=-1
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then A 4+ uv” is not invertible.
(ii) Assume that v A~lu # —1. Show that

A luvT A1

A Tl — =
(A+uv) 1+vTA-1u

Problem 42. Can we find an invertible 2 x 2 matrix S over the real

numbers such that
0 1 (1 0Y,
s(10)57=(0 &)

Problem 43. Let A and B be n x n matrices over R. Assume that
A# B, A> = B? and A2B = B?A. Is A? + B? invertible?

3 2
=(13)
and I be the 2 x 2 identity matrix. For j > 1, let d; be the greatest
common divisor of the entries of A7 — I,. Show that

Problem 44. Let

lim d; = o0.
j—o0

Problem 45. Let a,d € R and b € C. Consider the hermitian matrix

a b
e=(2 ).

Show that the matrix can be written as linear combination of the 2 x 2
identity matrix and the Pauli spin matrices.

Problem 46. (i) Consider the polynomial

2

plx) =2°—szx+d, s,deC.

Find a 2 x 2 matrix A such that its characteristic polynomial is p.
(ii) Consider the polynomial

q(z) = -2 +s2* —qz +d, s,q,deC.

Find a 3 x 3 matrix B such that its characteristic polynomial is g.
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Problem 47. Let A be an n x n positive definite matrix over R, i.e.
xT Ax > 0 for all x € R™. Calculate

/ exp(—xT Ax)dx .

Problem 48. Let A, B be n x n matrices over C. The matrix A is called
stmilar to the matrix B if there is a n X n invertible matrix S such that

A=8"'BS.

If A is similar to B, then B is also similar to A, since B = SAS™!.
(i) Consider the two matrices

() ()

Are the matrices similar?
(ii) Consider the two matrices

(0 ()

Are the matrices similar?
(iii) Consider the two matrices

() ()

Are the two matrices normal? Are the matrices similar? Are the matrices
X®Y and Y ® X similar?

Problem 49. (i) Consider the matrix

1/2 1/2 1/v2
R=1[ 1/2 /2 —1/V2
1/vV2 —1/V2 0

Show that R~! = R* = R. Use these properties and tr(R) to find all the
eigenvalues of R. Find the eigenvectors.

(ii) Let
01 0 0 0 1
Ai=[1 00, A=[00 1
0 01 1 10

Calculate RA; R~ and RAsR~1. Discuss.
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Problem 50. (i) Are the matrices

(10 ()

similar? Prove or disprove.
(ii) Are the matrices A ® B and B ® A similar? Prove or disprove.

Problem 51. (i) Find the conditions on the 2 x 2 matrices over C such
that
ABA = BAB.

Find solutions where AB # BA, i.e. [A, B] # 0.
(ii) Find the conditions on the 2 x 2 matrices A and B such that

ARB®A=B®A®B.
Find solutions where AB # BA, i.e. [A, B] # 0.

Problem 52. Is every invertible matrix normal? Prove or disprove.

Problem 53. Consider the Hilbert space My(C) of d x d matrices with
scalar product (4, B) := tr(AB*), A, B € My(C). Consider an orthogonal
basis of d? d x d hermitian matrices By, Bo, ..., By, i.e.

<Bj, Bk> = tr(BjBk) = déjk

since B}, = By, for a hermitian matrix. Let M be a d x d hermitian matrix.
Let
m; =tr(B;M) j=1,...,d*.

Given m; and B; (j =1,...,d?). Find M.

Problem 54. Let A be an n x n matrix over R. Assume that A~ exists.
Let u,v € R", where u, v are considered as column vectors. (i) Show that
if

viA7lu= -1
then A +uv? is not invertible.
(ii) Assume that v A~lu # —1. Show that

A tuvT A1
Ty\-1 _ 4-1_
(A4uv' )" =4 e

Problem 55. Let 01, 02, 03 be the Pauli spin matrices. Let

U(Oz, ﬂa 7) = 67ia03/267i502/26*i703/2
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where «, 3, v are the three Fuler angles with the range 0 < o < 2w,
0< B <mwand 0 <~ <27 Show that

(e 2 cos(B/2)e” /2 —emi/25in(3/2)e/?
U(aaﬂv 'Y) - <eia/2 Sin(ﬁ/2)€7i7/2 eia/2 COS(ﬂ/Z)ei”f/Q > . (1)

Problem 56. Consider the Hilbert space H of the 2 x 2 matrices over
the complex numbers with the scalar product

(A,B) :=tr(AB*), ABeH.

Show that the rescaled Pauli matrices p; = %aj, =123

w5 ) () s )

plus the rescaled 2 x 2 identity matrix
(10
Mo = 2 0 1
form an orthonormal basis in the Hilbert space H.

Problem 57. Can we find an invertible 2 x 2 matrix S over the real
numbers such that
01 (1 0Y,
s(10)57=(0 )

Problem 58. Let A and B be n x n matrices over R. Assume that
A# B, A® = B3 and A?B = B?A. Is A% 4 B? invertible?

Problem 59. Let A, B be n x n matrices over C. Assume that A and
A+ B are invertible. Show that

(A+B)'=A"1'-A"'BA+B) .

Apply the identity to A =o0,, B =0,.

Problem 60. Let A be an n x n matrix over R and let u be an n-vector
in R™ (column vector) with u # u. In numerical linear algebra we often

have to compute
2uu”
I, — 1
(1~ 270 )
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where [,, is the n x n identity matrix. Naively we would form the matrix
(I, — 2uu’? /uTu) from the vector u and then form the matrix product
explicitly with A. This would require O(m?3) flops. Provide a faster com-
putation for expression (1).

Problem 61. Let z € C. Construct all 2 x 2 matrices A and B over C
such that
exp(zA)Bexp(—zA) = e *B.

Problem 62. Let f;; : R — R be analytic functions, where j,k = 1,2.
Find the differential equations for f;; such that

(i) ) e (g 129) = (& (f9) 7209)) (futg
Problem 63. Consider the matrices

[ cos(t) —sin(t) [
A(t) = (sin(t) cos(t) ) B(t) = ; A(s)ds.
Find the commutator [A(t), B(t)]. Discuss. What is the condition such
that [A(t), B(t)] = 0.

Problem 64. Find all 2 x 2 matrices A;, Ao, A3z such that
AjAy = AsAs, AsA; = As A5

Problem 65. Let A be an n X n normal matrix with pairwise different
eigenvalues. Are the matrices

n

A= eI,
P = S
i H X — An
k=1,j#k

projection matrices?

Problem 66. Let n > 2 and w = exp(2mi/n). Consider the diagonal and
permutation matrices, respectively

1 0 0 ... 0 010 ...0

0 w .0 0 0 1 0
D=]10 0 w? ... 0 , P= :

SRR 00 0 1

o
o
o
S

|

A

—_
o
o
o

fia(e
f22(e

~— —

).
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(i) Show that D" = P" = I,.
(ii) Show that the set of matrices

{D'P* : jk=0,1,2,...,n—1}

form a basis of the vector space of n X n matrices.
(iii) Show that

PD = wDP, PIDF = wkDFpI |
(iv) Find the matrix
X=CP+( ‘P 4+yD+n D!

and calculate the eigenvalues.

Problem 67. Let z € C. Consider the 2 x 2 matrices

1 =z 1 =z z 1 z 1
=) o= a) (i) (5
Find the condition on z such that A, B, C', D are invertible.

Problem 68. Let ¢ : R — R be an analytic functions. Consider the
matrices

Gt 1 1 i)
A(t):( 1 eide)/dt | B(t) = ido(H)/dt :

(i) Find the differential equation for ¢ from the condition
tr(AB) =0.
(ii) Find the differential equation for ¢ from the condition

det(AB) =0.

Problem 69. How many 3x 3 binary matrices can one form which contain
three 1’s? Write down these matrices. Which of them are invertible?

Problem 70. Let s =1/2,1,3/2,2,... be the spin. Let n = 2s+ 1, i.e.
for s = 1/2 we have n = 2, for s = 1 we have n = 3 etc. Consider the n xn
matrix Vs = (V) with

Vi = exple(s — j +1)(s — k + 1))
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where j,k=1,2,...,n and c is a positive constant.
(i) Let s =1/2,i.e. n=2. Let

1 /1 1
w71 )
Find R;/12V1/2R1/2
(ii) Let s be positive integer with n = 2s + 1 and the n x n matrix
1 1

0
V2 0
0 -1

—_ O =
[\

Find RV R;.
(iii) Let s be 1/2,3/2,... with n = 2s + 1 and the n x n matrix

1 1

Find R,VsR;.

Problem 71. Let A be an n x n matrix over C. Consider the Taylor
series

1 1 1-3
L+ A)Y2 =1, +-A— —A? A3 — ..
(In+4) Tt o
and 1. 1-3 1-3-5
L+ A) V=1, - A4+ 42— 2 =43
(In +4) 24ty 246"

What is the condition (the norm) on A such that the Taylor series exist?
Can it be applied to the matrix

11
= ?
a=(73)

Note that for n = 1 we have the condition —1 < 4 < +1.
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Problem 72. Let A be a normal matrix with eigenvalues A1, ..., A\, and
pairwise orthonormal eigenvectors a; (column vectors), i.e. aja, = 0.
Then we can write A as (spectral decomposition)

n
. ) . *
A= E )\]ajaj.
=1

Analogously for a normal matrix B we have

B = ubibj.
k=1

(i) Find the condition on A;, a; and py, by such that tr(AB*) =0, i.e. the
two matrices are orthogonal to each other.

(ii) Find the condition on \A;, a; and puy, by, such that [A, B] = 0,, i.e. the
the commutator of the matrices vanishes.

Problem 73. Let A be a normal matrix with eigenvalues Ay, ..., A, and
pairwise orthonormal eigenvectors a; (column vectors), i.e. aja, = 0.
Then we can write A as (spectral decomposition)

n
— . . *
A= E Ajajag .
j=1

Analogously for a normal matrix B we have
n
B = Z ,uk.bkb,’; .
k=1
Let z € C. Use the spectral decomposition to calculate

€ZAB€_ZA )

Problem 74. Let U be an n X n unitary matrix. Let H = U + U*.
Calculate
exp(zH).

Problem 75. Consider the Bell matrix

10 0 1
1L (o1 1 0
3_501—10
10 0 -1
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(i) Find all matrices A such that BAB* = A.
(ii) Find all matrices A such that BAB* is a diagonal matrix.

Problem 76. Consider the invertible 2 x 2 matrix

A0) = ( cos(z) sin(ac)) .

—sin(z) cos(x)

Show that
d(In(det(A))) = tr(A~1dA)

where d denotes the exterior derivative.

Problem 77. Let n > 2. An invertible integer matrix, A € GL,(Z),
generates a toral automorphism f : T" — T" via the formula

fom=moA, m:R" - T :=R"/Z".
The set of fixed points of f is given by
4Fix(f) = {a" € T" : fa*) = a" }
Now we have: if det(I,, — A) # 0, then

HFix(f) = | det(L, — 4)].

(2

Show that det(lz — A) # 0 and find #Fix(f).

Let n =2 and

Problem 78. Consider the Hamilton operator
H = hwoy - 0 =hw(o, ®0y +0y @0y +0,R0,).
Find the eigenvalues and normalized eigenvectors of H.

Problem 79. Consider the symmetric matrix over R

2 1 -1
A= 1 1 0
-1 0 1

Find a invertible matrix B such that B~1AB is a diagonal matrix.
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Problem 80. Let Vi be a hermitian n X n matrix. Let V5 be a positive
semidefinite n x n matrix. Let k be a positive integer. Show that

tr((V211)")

can be written as tr(V*), where V := V21/2V1V21/2.

Problem 81. Can one find a 2 X 2 unitary matrix such that
-1 0 1 (0 -1
o =)

Problem 82. Let o1, 02, 03 be the Pauli spin matrices. Consider the
4 x 4 gamma matrices

_ 02 g1 _ 02 g2 o 02 g3
’Yl—(_al 02>, 72—(_02 02>7 73—(_03 02)

(12 0
70* 02 71'2 .

Find 71727370 and tr(y192737%0)-

and

Problem 83. Let j be a positive integer. Let A, B be n X n matrices
over R. Calculate

lim 1((A +eB)! — A,

e—0 €

Calculate

d .
o tr(A + eB)’ ’e:O .

Problem 84. Let 01, 09, 03 be the Pauli spin matrices. Let A, B be two
arbitrary 2 x 2 matrices. Is

Problem 85. In the following we count from (0,0) to (n — 1,n — 1) for
n X n matrices. Let w := exp(2mi/n). Consider the n X n matrices

o1 0 ... 0 1
0O0 1 ... 0
w
H: . . : 5 G:
0 1 n—1

—
(==
(e
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Then H" = G" = I,,, HH* = GG* = I,,, HG = wGH. Let U be the

unitary matrix
1 .
U= —"=(wk
T2
where j,k =0,1,...,n — 1. Show that

UHU'=@G.

Problem 86. The standard simplex A, is defined by the set in R"
Ay ={ (21, x0T xzj; >0, ij =1}
j=1

Consider n affinely independent points By, ..., B, € A,. They span an
(n — 1)-simplex denoted by A = Con(By,..., B,), that is

A=Con(By,...,B,) = {MBi+-+ABp : Y Aj=1, Ai,..., A, >0}

j=1

The set corresponds to an invertible n xn matrix whose columns are By, .. .,

B,,. Conversely, consider the matrix C' = (b;x), where C = (b, ..., b))t
(k=1,...,n). If det(C) # 0 and the sum of the entries in each column is
1, then the matrix C' corresponds to an (n— 1)-simplex Con(By,..., B,) in

A,. Let C7 and C5 be n x n matrices with nonegative entries and all the
columns of each matrix add up to 1. Show that C;Cy and CyC; are also
such matrices. Are the n? x n? matrices C; ® Cs, Cy ® C} such matrices?

Problem 87. (i) Consider the analytic function f : R? — R?

Ji(x1, ) = sinh(xz),  fo(z1,22) = sinh(zy).

Show that this function admits the (only) fixed point (0,0). Find the
functional matrix at the fixed point

<8f1/8$1 8f1/(9$2)
Ofa/0x1 Ofa)0x

(0,0) .
(ii) Consider the analytic function g : R? — R?
g1(w1, w2) =sinh(z1), g2(w1,22) = —sinh(zz).

Show that this function admits the (only) fixed point (0,0). Find the
functional matrix at the fixed point

(891/3$1 391/5502 >
892/8351 392/8152

(0,0) '
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(iii) Multiply the two matrices found in (i) and (ii).
(iv) Find the composite function h : R? — R?

h(x) = (f o g)(x) = f(g(x))-

Show that this function also admits the fixed point (0,0). Find the func-
tional matrix at this fixed point

3h1/8l‘1 8h1/8x2
8h2/8.’1’51 ahg/axg

(0,0) .

Compare this matrix with the matrix found in (iii).

Problem 88. Is the matrix

1
U:ﬁ(12®12®12+i0'1®01®0'1+i03®03®0'3

unitary?

Problem 89. Consider the matrices

0 1 0 1
=(h0) me(0)
Let n =10,1,2,.... Study the sequence of matrices
An+1 = Aan7 Bn+1 =A,.

Discuss. Is the sequence of matrices periodic?

Problem 90. Let S, T be n x n matrices over C with
S% =1,, (TS)?*=1,.
Show that
STSt=1"'  ST'S=T.

Problem 91. Consider the alphabet ¥ = {U,V, W}, axiom: w = U and
the set of production rules

U—UVW, VUV, W—U.

(i) Apply it to U = g1, V = 03, W = o3 and matrix multiplication. Is the
sequence periodic?
(ii) Apply it to U = 01, V = 09, W = o3 and the Kronecker product.
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Problem 92. (i) Consider the 2 x 2 matrix

V() = ( cos(wt) sin(wt)) .

—sin(wt)  cos(wt)

Calculate dV (t)/dt and then find the commutator [dV (t)/dt, V (t)].

(ii) Let V(¢) be a 2 x 2 matrix where all the entries are smooth functions
of t. Calculate dV (t)/dt and then find the conditions on the entries such
that [dV (t)/dt, V(t)] = 0s.

Problem 93. Let f;(z1,22) (j = 1,2, 3) be realvalued smooth functions.
Consider the matrix

I3 —if2+f1)
ifo+ f1 Sk ’

Find dN, N*. Then calculate d(N*dN). Find the conditions of f1, fa, f3
such that

N(z1,22) = fio1 + fao2 + 03 = (

d(N*dN) = 0,

where 05 is the 2 x 2 zero matrix.
Problem 94. (i) Find all invertible 2 x 2 matrices over R such that
0 1\,..1_ (0 0
(o o)r=( o)
(ii) Do these matrices form a group?

Problem 95. (i) Let A, B be n x n matrices over C. Assume that the
inverse of A and A + B exists. Show that

(A+B)t'=A"1'-A"'BA+B).

Apply the identity to

500 50
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