Bai 1 dé 1. Giai phuong trinh

V1—x=2x2 =1+ 2xy1—-x2

Loi giai. Diéu kién dé phuong trinh ¢6 nghia 12 x| < 1. Dat x = cost, t € [0, ©t] thi
phuong trinh tré thanh

\/5. sin( ! j =cos(2t) +sin(2?) < \/_ s1n( j \/_ 2.sin(2f + )

t/2 =2t+ /4 +2knt At/2=m-2t-7/4+2kn

t=-1/6 — 4kn/3 A t=3n/10 + 4km/5
Do t thudc [0, 7] nén c6 1 gid tri t thod man 1a t = 3w/10. Vay nghiém cta phuong
trinh 1a x = cos(37/10).

Bai 2 dé 1. Cho diy {x,} xdc dinh bi (1+lj = ¢. Chirng minh rang day {x,}
n
¢6 gidi han hitu han va tim gi6i han doé.

Piap s6: 1/2. Hwéng dén: Chimg minh bét déng thirc x — x/2 < In(1+4x) < x — x7/2
+ x°/3 16i ding giéi han kep. C6 thé chuyén sang ham sé rdi ding quy tic
L’Hopitale.

Bai 4 dé 1. Tim tat ca céc da thirc f(x) voi hé s6 nguyén sao cho v6i moi n nguyén
duong ta c6 f(n) 1a wéc cua 2" — 1.

Huwéng dan Néu f(x) 1a da thirc khong héng thi ton tai n sao cho If(n)l > 1. Goi p
12 u6c s6 nguyén t6 cua f(n). Ta ¢6 p | f(n) | 2"-1. Mat khdc p | f(n+p) | 2"*P-1. Suy
ra p | 2"P-2" = 2"(2P-1). Do (2"-1, 2") = 1 nén tir diy suy ra p | 2°-1. Nhung theo
dinh 1y Fermat thi p | 2° — 2. Nhu vay tir ddy suy ra p | 1. Mau thuan. Vay f(x) phai
1a da thire hang. Pap s6 f(x) =1, f(x) =-

Bai 5 dé 1. Tim tt ca cdc cap sb nguyén duong (a, b) sao cho 2* + 3° 1a binh
phuong cua mot sO6 nguyén.

Loi gidi. Gia sot 2" +3" =¢? thi a 12 s6 1& va a® =2" +3" =(-1)"(mod3), do
a*=0,1(mod3) nén suy ra m phai 1a sé chin. Tiép theo, do
(-1)"=2"+3" =q* =1(mod4), nén n ciing phai 1a sb 1¢, dit n=2k, k>1 thi
2" =(a+3")(a-3"), do vay

a+38=2" a-3=2" (r>520,r+s=m)
Thi 2.3* =2" -2 = s=1, dovay 2" ' +1=3". Vi r+1=m suyra r 16. Nén:



r—1 -1
[2 2 —1]{2 2 +1J =3%. Do hiéu ciia hai nhén tr bing 2 va ca hai s6 déu khong

r—1
chia hét cho 3 nén 22 —1=1=r=3 nén k=1. Vay cap (m,n)=(4,2) la
nghiém cua phuong trinh.
D@ thay rang cic so niy théa min yéu cau bai todn.

Bai 7 dé 1. Tai mot hoi nghi c¢6 100 dai biéu. Trong sd d6 c¢6 15 nguoi Phap, moi
ngudi quen véi it nhat 70 dai biéu va 85 ngudi Pic, mdi ngudi quen véi khong
qué 10 dai biéu. Ho duoc phan vao 21 phong. Ching minh rang c6 mot phong nio
do6 khong chira mot cap nao quen nhau.

Loi giai. Mdi mot ngudi Phép phai quen véi it nhat 70 — 14 = 56 nguoi Puc. Suy
ra s6 cap (Phdp, Pirc) quen nhau it nhat 1a 15 x 56 = 840.

Goi n 1a s6 ngudi Puc quen < 9 dai biéu ngudi Phap (goi 1a D)) thi ta c6:
840 < (85 n).10 + n.9. Suy ra n < 10. Nhitng nguoi Buc con lai (D) déu quen 10
dai biéu ngudi Phép, do d6 khong thé quen véi ngudi Pirc nita.

Vi ¢6 21 phong va chi ¢6 15 ngudi Phap nén c6 it nhat 6 phong chi ¢6 toan
ngudi Puc. Vi chi cé nhiéu nhat 10 nguoi D ¢6 thé quen nhau nén theo nguyén
ly Dirichlet, trong 6 phong nay s& c6 it nhat mot phong chi ¢6 nhiéu nhét 1 ngudi
Drtc thude D,. Phong nay chinh 13 phong can tim.

Bai 1 dé 2. Cho 0 < X, X1, ..., Xeeo < 1 12 céc s6 thuc d6i mot khac nhau. Ching
minh rang ton tai mot cap (x;, X;) sao cho
O0<x.x. X;
v ( x) < 2007

Hwéng din. Sip xép céc s thuc theo thtr tu ting dan, sau d6 4p dung bt ding
thire 3ab(b-a) <b’ —a’ véi b > a.

Bai 2 deé 2. Cho day so {a,} xac dinh bdi a; =1, a, =2 vaa,,, =2a,, —a, + 2 vdi
moi n = 1. Chiing minh rang v&i moi m, apa,,,; cling 1a mot s6 hang cua day so.

Loi giai. Ta c6
an-tZ =2ap, —a,+2
Thay n bang n-1, ta dugc
an+1 —zan_anl +2
Trir hai dang thtc vé theo vé, ta duoc
Any2 — 3an+1 + 3an dp) = 0
Phuong trinh dic trung x° — 3x” + 3x — 1 = 0 ¢6 nghiém bdi 3 x;,,,; = | nén ta cé
nghiém téng quét a, c6 dang a, = an” + bn + c. Thay n=1, 2, 3 ta dugc
a+b+c=1



4da+2b+c=2

9a+3b+c=5
Tir d6 gidgiradugca=1,b=-2, c=2. Viy a, =n° — 2n + 2 = (n-1)*+1. Do d6
Amdme = (M-1)*+D(m*+1) = (m* - m + 1)* + 1 =a_{m*m+2}.

Bai 4 dé 2. Tim tit ca céc hoan vi (a;, a,, ..., a,) cua (1, 2, ..., n) sao cho
2(a;+...+ay) chia hét cho k+1 voi moi k=1, 2, ..., n.

Hwéng din. Chirg minh bang quy nap rang chi ¢6 2 hodn vi thoa man diéu kién
la(1,2,3...,n)va(2,1,3,...,n).

Bai 5. Chimg minh ring da thitc P(x) = x" + 29x™" + 2009 v6i n 1a s nguyén
duong 16n hon hay bang 2 khong thé phan tich thanh tich cua 2 da thirc voi hé s6
nguyén c6 bac 16n hon hay bang 1.

Hwéng din. Sir dung tiéu chuin Eisenstein mé rong nhu sau
Cho da thirc P(x) = a,x" + a,1X"" + ... + ;X + a9 € Z[x]. Gia sir ton tai sé nguyén
t6 p va sé nguyén duong k thoa min dong thoi cic diéu kién sau

1) a, khong chia hét cho p

2) ag chia hét cho p nhung khéng chia hét cho p2

3) ay, a, ..., a,, chia hét cho p
Khi d6, néu P(x) = Q(x).S(x) voi Q(x), S(x) 1a cac da thirc vdi hé sb nguyén thi
mot trong hai da thuc Q(x), S(x) ¢6 bac nho hon k.

Bai 6 dé 2. Cho tam gidc ABC véi O, I theo thir ty 1 tAm ciia duong tron ngoai,
noi tiép tam gidc. Ching minh rang A/0 < 90° khi va chi khi AB+AC >2BC

Kéo dai Al cat duong tron (O) tai D.

Ta cé DB=DC, ngoai ra:

DBI = DBC +§ = BAD +§ = DIB nén tam giac DBI can tai D, nén DB = DI .

Ap dung dinh 1y Ptoleme cho t&r gidc ABDC ta duoc:
AD.BC=AB.DC+BD.AC < AD.BC =BD(AB+ AC)

& AD.BC = DI(AB+ AC)
Viy AI0<90° < DI < % tuong duong voi AB+AC >2BC.




Bai 7 dé 2. Hinh vudng duoc chia thanh 16 hinh vudng con bang nhau, thu dugc
tap hop gdm 25 dinh. Hoi cin phai bo di it nhat bao nhiéu dinh cta tap hop nay dé
khong c6 4 dinh nao cua tap hop con lai 1a dinh ciia mot hinh vudng vdi cac canh
song song voi canh cta hinh vudng ban dau?

Hwéng din. Chirg minh bang phan chimg.
x(y+2z)= x2+2

Bai 1 dé 3. Giai hé phuong trinh { y(z+x) = y* +3

z(x+y)=z2+4

x(y+z—x)=2
Tacé: { y(z+x—y)=3, dit

2(x+y—-2)=4
a:—x+y+z;b:x—y+z;c=x+y—z:>z=a;b,y=azc,x:b+c

alb+c)=4 ab=1
Thay vao nhan dugc: {b(c+a)=6 <= ac=3<= b=
(a+b)c=8 bc=5

Tu day ta c6 tap nghiém la:

x.y Z):(NE W15 4@}2(_2\5 ENE ‘MEJ

b

3 5 15

b

3 5 15

Bai2dé3.Hamsd f:; —; thoa man diéu kién f(cotx)=sin2x+cos2x Vi
moi x thudc (0, 7). Tim gid tri 10n nhét va gid tri nho nhét cia ham s6
g:H-Lll—=j , g =/ (x).fA-x).

2
, cot“x+2cotx—1
Tacd f(cotx)=

5 vOo1 mo1 xe (0;m), dat r=cotx thi ta duoc
cot” x+1
2
" +2t-1
f)=—5——vie
" +1



Khi d6 g0 =f(x).fl-x)=2> Ao #8102 e e -11], dat
X (1—x) —2x(1—x)+2

t=x(1- x):te{ } khi d6 ham sb g(x) thanh h(t)—M Khao sat ham
4 2 -2+2

A s ~ 1
sO nay trén re [—2,2} , ta duoc:

max_h(t)=4-+/34 vd min h(t)—i
_zﬂ [—21} 25

Vay max g(x)= 4—+/34 vi min glx)= 1
[-L1] [-L1] 25

Bai 5 dé 3. Tim tt ca céc da thic P(x) thoa man diéu kién P*(x) — P(x*) = 2x*.

Loi giai vin tat. Dit P(x) = a,x" + R(x) véi R(x) 12 da thirc bac r < n. Khi d6
P*(x) - P(x®) = (a," — a)x™" + 2a,x"R(x) + R*(x) — R(x?). Tur ddy suy ra P*(x) —
P(Xz) cé bacla 2n néu a, # 1 va cé bac n+r néu a, = 1. T d6 suyra2<n<4. Hon
nita, néu

n=4thia,=1var=0

n=3thia,=1var=1
Tir day, dung phuong phép hé sé bat dinh, d& dang tim dwgc cdc nghiém 1a: x*+1,
X3+X, 2x% va —x°.
Ghi chia: Hiy mo rong bai todn!

Bai 6 dé 3. Cho tam gidc can ABC v6i AB = AC. P 1a mot diém bét ky nam trong
hay nam trén céc canh ciia tam gidc ABC. Chiing minh ring PA” + PB.PC < AB”,

Hwéng din. V& dudng tron (C) tAm A ban kinh AB. Nbi BP cit (C) tai C’. Khi
d6 BP.PC’ = AB* — PA” do d6 ta chi can ching minh PC < PC’ 1a xong.

Bai 7 dé 3. Cho A 12 mt tp hop gdm 8 phén tir. Tim s6 16n nhét cdc tap con gom
3 phan tur cua A sao cho giao cua 2 tap bat ki trong cac tap con nay khong phai la
mot tap hop gém 2 phan tur.

Loi giai. Gia sir ta tim dugc n tp hop con thoa min yéu cau dé bai. Ta ching
minh rang mot phan tir a bat ky thudc A thudc khoéng qud 3 tip hop trong s n tap
hop con noi trén. That vay, gla su co 4 tap hop Chua ala{a, aj, a,}, {a, a3, a4}, {a,
as, ag}, {a a;, ag} thi do a déu khdc a nén phai ton tai i # j sao cho a; = a;. Khong
mat tinh tong quat c6 thé gla siti=1. Néuj=2thi{a, a, a,} chi c6 2 phan tu.
May thuan. Neuj > 2, chang han j = 3 thi {a, a;, a,} N {a, a3, a4} = {a, a;}, mau
thuan!



Nhu vady mdi mot phan tir thuoc khong qué 3 tdp hop. Suy ra sb 1an xuat hién caa
tat ca cic phan tir cua A trong céc tap con dugc chon khong qua 3 x 8 = 24 lan. Vi
moi mot tip con ¢ 3 phan tir nén so6 tap con khong qua 24/3 = 8. Suyran < 8.

Ta chirng minh 8 12 s 16n nhat bang cdch chi ra 8 tip con nhu vay. Piéu nay c6
thé lam duoc kha dé dang thong qua bang sau

1 2 3 4 5 6 7 8
1 X X X
2 X X X
3 X X X
4 X X X
5 X X X
6 X X X
7 X X X
8 X X X

Bai 1 dé 4. Cho céc sd thuc x, y, Z thoa man diéu kién :

x2y=2z21
2y+3z26
11x+27z 254
Tim gid tri I6n nhat cia P = Lz+ 20(2)8 &?9
x y 4

Hwéng din. Dung cong thirc khai trién Abel.

Bai 2 dé 4. Cho ddy s6 thuc {x,} xdc dinh boi x, =1, x,., =2+,/x, —2,/1+/x,

v6i moi n € N. Ta xédc dinh day {y,} bdi cong thuc y, = inzi, Vne N'. Tim
i=1

cong thirc tong quat cua day {y,}.

Loi giai. Ta c6

Ko =24 4%, — 214 4fx, = (144, —1)?

Tir d6 tinh duoc
X, = (\5—1)2, X, = (\/ﬁ—ljz,..., x, = (2“2" —1)2

Ta viét




x =1+2-242,
x, =1+2-22"
x, =142 2218

x, =142 —22
Nhan dang thire ddu véi 2, ddng thirc thir hai voi 27, dang thuc the ba voi 2° ...
dang thire thir n voi 2" r6i cong vé theo v€, chd y dén nhitng sy gian udc, ta dugc.
y, =244+ 42" +4-2"21 =2 (1-2"") 12,

Bai 4 dé 4. Tim tat ca cac sO nguyén duong 1€ n sao cho ton tai cic sO nguyén 1¢&
X1, X2, ..., X, thoa man diéu kién X12 + x22 + ...+ xn2 =n*,

Loi giai tém tit. Néu x 1a s nguyén 1é thi x> = 1 mod 8. Tir d6, néu n 1a sd
nguyén duong thod méin yéu cau thi xét hai vé theo mo-dun 8, ta suy ra n dong du
1 mo-dun 8, tirc la n = 8k + 1. Vo1 n = 8k+1, ta chon x; = n’— 2, X, =2n-1, con
trong 8k-1 sb con lai c¢6 3k s6 bang 3 va 5k-1 sb bang 1 thi tong binh phuong cic
X; & bang

(n>-2)* + (2n-1)* + 27k + 5k-1 = n*.

Bai 5 dé 4. Tim tit cd cdc ham s6 f: R R thoa man diéu kién
ff(x) +y)) = f(f(x) — y) + 4f(x)y
vO1 moi X, y thudc R.

Loi gidi. Thay y = f(x) ta duoc f(2f(x)) = f(0) + 4f2(x). Thay y boi 2f(y) — f(x) ta
duoc
f(2f(x) — 2f(y)) = f(2f(y)) — 4£(x)(2f(y)-f(x)) = £(0) + 4£3(y) + 4f(x)(2f(y)-f(x)) =
£(0) + (2f(x)-2f(y))*.
Néu ton tai xo v6i f(x0) # 0 thi v6i moi x thude R ta cé

x = 2f(f(xo) + x/8f(x0)) — 2f(f(x0)-x/8f(x0)),
nén f(x) = x* + £(0).

Bai 6 dé 4. Cho tam giac ABC c6 BC > AB > AC va cosA + cosB + cosC = 11/8.
Xét cac diem X thugc BC va Y thuoc AC kéo dai vé phia C sao cho BX = AY =
AB.

a) Chimg minh rang XY = AB/2. ,

b) Goi Z 1a diém nam trén cung AB cua duong tron ngoai tiép tam giac
khong chtra C sao cho ZC = ZA + ZB. Hay tinh ty s60 ZC/(XC+YC).

Huoéng dén. Dung dinh 1y Ptolemy.



Bai 7 dé 4. Cho n 1a s6 nguyén duong 16n hon hay béng 2. Kihiéu A ={L, 2, .

n}. Tap con B cua tap A dugc goi la 1 tap "tdt" néu B khac rong va trung bmh
cOng cua cac phan to cua B 1a 1 s6 nguyén. Goi T, 1a sb cdc tap tot cua tap A.
Chting minh rang T, — n 1a 1 sb chan.

Hwéng din. C6 n tap tt c¢6 1 phan tir. Vi céc tap tot con lai, ta bét cip ching
nhu sau. Cdc tip tot 2 phan tir {a, b} duwoc cho twong tng véi cdc tap tot 3 phan tir
{a, (a+b)/2, b)}. S& c6 céc tap tét 3 phan tir khong dugc “sinh ra” bang cich néu
trén, tirc 1a khong c6 dang {a, b, ¢} voi b = (a+c)/2. Céc tap nay lai duoc cho
turong Ung véi cac tip tot 4 phan tir {a, b, ¢, (a+b+c)/3} ..

Bai 1 dé 5. Giai h¢ phuong trinh
18

8 2
Xy 4+ =y t—=2xz——=3xy+—

X y Z
Bai 2 dé 5. Cho s thuc a va ddy so thuc {x,} xdc dinh boi:

X) = a va Xy = In(3+cosx, + sinx,) — 2008 voimoin=1,2, 3, ...

Chung minh rang day s6 {x,} c6 gidi han hitu han khi n tién dén duong vo cling.

Loai gidi. bat f(x) = In(3+sinx+cosx) — 2008 thi
, COS X —sin x
[ = ;
3+sinx+cosx
Tu do, st dung didnh gia | cos x —sin x I< V2, Isinx+cosxI<+/2 ta suy ra

| f(x) 1< 3:/_35 =g<l.

Ap dung dinh 1y Lagrange cho x, y thudc R, ta c6
f(x) - f(y) = £ (z)(x-y)
Tu do suy ra If(x) — f(y)l < glx — yl v61 moi x, y thugc R.

Ap dung tinh chét nay véi m>n >N, ta c6

X — Xnl = F(Xm-1) = F&n)! < @it -Xot ! < o< @ Kinnet = X1 < @ Xpene 1 —
X1|.
Do diy {x,} bi chin va q < 1 nén v&i moi € > 0 tdn tai N du 16n dé g™ 'Xpnset — X
< &. Nhu vay day {x,} thoa man diéu kién Cauchy do do6 hoi tu.

2 2
Bai 4 ad 5 vy &Hl ot _a'+b ;“”’ [ s6 nguyén, suy ra (a®+b*+a+b)
a a

chia hét cho ab (1).
Dit d =(a,b), khi d6 ab:d?(2) va a*>+b*:d>(2).



Tu (1) va (2) suy ra a”> +b*+a+b:d* (3).
Tu (2) va 3) suyra a+b'd” nén d* <a+b=d <~Ja+b (dpcm).

Bai 5 dé 5. Cho a, b, ¢ > 0, a + b + ¢ = 3. Ching minh rang
—+—+—2a +b +c".
a> b* ¢’
11 11 1 1 4 . A . .
Do —+—+—>—+—+— nén ta chi can chirng minh:

at b 2 ab be ca

1 1 1
—+—+—2ad>+b*+ P @ abe(@® +b* +cH <3
ab bc ca
2

bat x=ab+bc+ca thi tr (ab+bc+ca)® > 3abc(a+b+c) suy ra abcs%. Mat khac:

a’+b* +c* = (cz+b+c)2 —2(ab+bc+ca)=9-2x

2 C(y_7)\2
Do dé abc(a2+b2+c2)—3ﬁ%(9—2x)—3=wso

Bai 7 dé 5. Trén ban cd vua kich thudc 8x8 duge chia thanh 64 6 vuong don vi,
nguoi ta bd di mdt 6 vudng don vi nao dé ¢ vi tri hang tht m va cot thir n. Goi
S(m;n) la s6 hinh chit nhat dugc tao bo1 mot hay nhiéu 6 vudng don vi ctia ban co
sao cho khong ¢6 6 ndo tring voi vi tri ciia 6 bi x6a bo ban diu. Tim gid tri nho
nhét va gid tri 1on nhét cia S(m;n).

Loi giai vin tat. Danh s6 cdc dudng doc tir trdi sang phai tir 1-9, ddnh s céc
duong ngang tir trén xudng dudi tir 1 dén 9. Mot hinh chit nhat s& duoc xdc dinh
mot cach duy nhét béi hai cap $6 (s, t), (u, v), trong d6 s < t la s6 cua céc duong
doc twong (mg vé&i bién trai va bién phai, u < v 1a sb cua céc dudng ngang twong
ung voi bién trén va bién dudi. Tu do s6 cdc hinh chit nhat 1a duoc tao béi cdc 6
vuong donvila C;.C;.

Bay gid gia st ta b di 6 (m, n). Ta s& dém sb hinh chit nhat trong s cdc hinh chir
nhat noéi trén chira 6 nay. RO rang lic nay u s€ ¢é n cidch chon va v s€ c6 9-n cich
chon. Tuong ty, s c6 m cich chon va t ¢6 9-m cach chon. Suy ra s6 hinh chir nhat
chtra 6 (m, n) 1a n(9-n)m(9-m).

T day suyra S(m,n)=C;.C; —m(9—m)n(9 —n).
Diap s6: S(M,n) i = S(4, 4) = S(4, 5) = S(5, 4) = S(5, 5). S(M,N)mex = S(1,1) = S(1,
8) = S(8, 1) = S(8.8).

Bai 2 dé 6. Cho diy sb {a,} xdc dinh bdi cong thic truy hdi a, = 1/2,
2
a

a, B =——-.
n+l 2
a,—a,+1

Chirng minh rang a; + a, + ... + a, < 1 v1 moi s6 nguyén duong n.



Hwéng din. Dit b, = 1/a, thi ta dugc b,,; = by(b,-1) + 1. Tr d6
1 1 1 1 1 1 1

1 bk -1 b1 b b b-10b

n n n n+l

b
Suy ra

L 1 1 1
ta,+..ta, =y —=y|——- =1- <l
v eta, =33 e

i=1 i+l -1 n+l

n+l

Bai 4 dé 6. (a) Cho trude sd nguyén duong n. Chimg minh rang ton tai cic sb
nguyén duong phan biét x, y sao cho x + kchiahétchoy+kvéimoi k=1, 2, ...,
n.

(b) Chirng minh ’re‘“mg néu voi cic sb nguyén duong x va y ta c6 x + k chia
hét cho y + k v61 moi s6 nguyén duong k thi x =Y.

Bai 5 dé 6. Tim tét ca cdc da thitc P(x) v6i hé s6 thuc thoa man diéu kién PA(x) =
P(x%) — 2P(x).

Huwéng dan. bt Q(X) =P(x) + 1 thi Qz(x) = Q(xz). Ching minh Q(x) = x" 1a da
thirc bac n duy nhat thod man phuong trinh nay. Ttr d6 suy ra nghiém cua bai toan
la x"-1 cung céc da thirc d@)ng nhét héng 6 P(x)=0vaP(x)=-1.

Bai 6 dé 6. Luc gidc 16i ABCDEF c6 ABF la tam gidc vudng cin tai A, BCEF Ia
hinh binh hanh. AD = 3, BC = 1, CD + DE = 2+/2. Tinh dién tich luc giéc.

Huwéng din. Xét phép tinh tién bién B thanh C, F thanh E va A thanh A’. Sau d6
ap dung bat dang thuc Ptolemy cho tir gidc A’CDE.

Bai 7 dé 6. Cho X = {1, 2, ..., n}. Tim sé tat ca cdc cip sap tht tu (A, B) véi A,
B 1a cac tip con cua X sao cho A khong phai 1a tap con cua B va B cling khong
phai la tap con cua A.

Loi gidi. C6 2" tap con cua E. Tur d6 sb céc tap sép thtr ty (A, B) céc tap con cua E
122" x 2" = 4", Ta dém s6 cdc bd (A, B) ma A < B hodc B < A. Ta cé

I{(A, B)IAc BhoacBc A}l
={(A,BIAcCB}I+I(A,B)IBcA}-l{(A,BYAcBvaBcAl}l
RO rang

{(A,B)IAcBvaBcA}l=I{(A, B A=B}I=2"
Pé tinh I{ (A, B)l A c B}l ta 1y luan nhu sau: Néu IBl =k (k=0, 1, ..., n) thi c6 (ol
cach chon B. Sau khi B duoc chon, s€ c6 2X céch chon A. Tur d6

{(A,B)|Ac B} =) C;2" =3".
k=0
Tir d6 ddp s6 cua bai todn 1a 4" —2.3" + 2",



Bai 1 dé 7. Cho 3 s6 thuc duong ab.c théa man didu kién: a+b+c>L+t4l,

a b c
, . N 3 2
Chirng minh rdng a+b+c 2 + .
a+b+c abc
, 1 1 1 9 A1 1A, 22 ,
Tacd a+b+tc2—+—+—2 = a+b+c23 . Ta viét lai bat dang thirc nhu sau:

a b ¢ a+b+c

(a+b+c)? 23+2(i+i+ij
ab bc ca
Theo bat dang thirc Cauchy — Schwarz:
2
of Lyt )2 1.t Sz(a+b+c)2,
ab bc ca a b c 3
Do d6 ta chi con can phai chirng minh:

(a+b+c)? 23+§(a+b+c)2 S (a+b+0)’ 29 a+b+c>3
Bai 2 dé 7. Tim tit cd cdc ham s6 f: R R théa man diéu kién:
fGa—fmM=ffOMN+xf(»+fx)-LVx,ye; (1).
Loi gidi:
Tu (1) thay x= f(y) taduoc: f(0)=fF(fON+F)-FON+F(fF()-1, Vye| nén:
1 1
FF) =—5<f<x)>2+%, Vxei (%)
Tu (1) thay x= f(x) ta duoc: f(f(x)=f(Y)=FSON+f)fM+f(f(x)-1

:f(f(x)—f(y)):_(f(zy)) +a;1+f(x)f(y)—(f(;)) +a;—1_1

:>f(f(x)—f(y)):—((f(x)_zf(y)) +a . Nhan xét f(x)=0 khong théa (1) nén

Fyy 1 F(3) #0. T (1), ta c6 flx—F(y)—F) = F(F () +f(y,)—1. V& trdi 1a
mot ham bic nhit theo x nén c6 tAp gid tri 12 ; . Suy ra vé phai ciing c6 tap gid tri
la ;.

Ve, Juvix= f)— f0) = f() = FOFu)— F(r) = —%(f(u) _ )+
Hay
£ () = —%(f(x))z a,Vx.(5),

T (*) vi (*%), ta ¢6 a ="T+1:> a=1 viy f(x) =—%x2+l;Vxe . Thir lai thiy
thoa diéu kién.

Vay ham théa mén didu kién 1 £ (x)= —%xz FlVre ;.



Bai 3. Cdc duong chéo cua hinh thang ABCD cit nhau tai diém P. Piém Q nim
gitta hai ddy BC va AD duoc chon sao cho ZAQD = ZCQB. Diém P va Q nam
khéc phia nhau ddi v6i canh CD. Chirng minh ring Z/BQP = ZDAQ.

Hudéng din. Xét phép vi tu tim P bién A thanh C, D thanh B, Q thanh Q’. Khi dé
/ZBQ’C = ZAQD = ZCQB suy ra tir giac BCQQ’ noi tiép. Suy ra ZQ’QB =
ZQ’CB = ZQAD.

Bai 4. Tim tat ca cic s6 nguyén duong n c6 thé biéu dién dugc dudi dang

n=[a, b] +[b, c] + [c, a]
trong d6 a, b, ¢ 12 cic s6 nguyén duong. ([a, b] ky hiéu boi s6 chung nho nhat cua
cdc s6 nguyén duong a, b).

Loi giai. Goi X 12 tap hop cdc s6 n biéu dién dugc dudi dang trén. Véia=b=1,c
=k, ta dugc n = 2k + 1. Suy ra moi $6 1& 16n hon 1 thudc x. Vi [2a, 2b] = 2[a, b]
nén néu n thudc X thi 2n thuoc X. Suy ra tat ca cdc s ¢6 dang 2".(2k+1) déu thudc
X. Chi con lai cdc s6 ¢6 dang 2*. Ta chirmg minh cic s6 dang nay khong thudc X.

That vay, gia sit n = 2° 12 s6 nho nhat biéu dién dugc dudi dang n = [a, b] + [b, c]
+ [c, a]. Khi d6 a, b, ¢ khong thé dong thoi chin (khi d6 n/2 ciing biéu dién duoc)
va khong thé dong thoi 1& (khi d6 n 1¢). Truong hop s6 hai 1¢, 1 s6 chin ciing
khong thé xay ra vi khi d6 n 1¢. Cudi cuing, truong hop a 1€, b, ¢ chin, ta c6

n=[a, b] + [b, c] + [c, a] =[2a, b] + [b, c] + [c, 2a]
suy ra n/2 = [a, b/2] + [b/2, c/2] + [c/2, a].

Bai 5. Tim tit ca cdc da thic hai bién P(x, y) sao cho P(ab).P(c,d) =
P(ac+bd,ad+bc) vo1 moi a, b, ¢, d thudc R.

Bai 6. Hay xdc dinh dang cua tr gidc ABCD dién tich S, biét rang trong S ton tai
mot diém O sao cho 2S = OA” + OB + OC? + OD>.

Bai 7. Vai sd nguyén duongn>1xétS={1,2,3,...,n}. To cic 5O cua S bang 2
mau, u s& mau d6 va v sé mau xanh. Hay tim sb cic bo (X, y, z) thudc S? sao cho
a) X, y, z dugc td cung mau;
b) X + y + z chia hét cho n.

Cich 1. Goi R 1a tap cdc s6 duoc t6 mau do va B 1a tap cdc sd duoc t6 mau xanh.
Néu x, y, dd duoc chon th1 ¢6 duy nhat mot céch chon z = ZxySa0 chox +y + 2
chia hét cho n. Suy ra c6 n” bo (X, y,2) VOi X + y + z chia het cho n. Ta di dém céc
bo (X, y, z) vOi X +y + z chia hét cho n nhung trong 3 sb X, Y,z xudt hién ca hai
mau. Néu (X, y, z) 1a mOt bo hai mau thi s€ c6 hoac hai s6 mau do, mot s6 mau
xanh hodc ngugc lai. Trong ca hai truong hop, s€ c6 ding mot trong cac cap (x, y),
(y, z) va (z, x) thudc tap hgp R x B. Ta cho twong trng cap nay vaoi bo (X, y, z).



Nguoc lai, v6i bd (x, y) bat ky thuoc R x B va ky hiéu z = z, y- Vix #y nén cac bd
(x,y, 2), (y, z, X) va (z, X, y) khac nhau va déu tuong trng vo1 (X, y). Mat khéac, néu
(X, y) dugc cho twong rng véi 1 bo ba nao do thi bd ba nay chinh 1a mot trong céc
bo ba ndi trén. Nhu vay moi mot cap thudc R x B dugc cho tuong rng ding 3 lan.
Tir d6 suy ra sb bd hai mau bang 3.u.v va dép sb ctia bai todn 12 n2 — 3uv = (u+v)’
—3uv=u’—uv+ v

Cach 2. Gia st R = {aj, a5, ..., a,}, B = {by, by, ..., by} twong tng 1a tap hop cac
s6 dugc to mau d6 va mau xanh thi R U B = S.

bat P(x) =) x*, 0(x) = Zx va xét da thic H(x) = P’(x) + Q*(x). Pé y rang

acR

P (X) — Zx¢l+b+c , Q (X) — Zx¢l+b+c ,

(a,b,x)eR? (a,b,x)eB®
Neén s6 cdc bo (X, y, z) thude S’ sao cho X, ¥, Z cung mau va X + y + z chia hét cho
n chinh 12 téng céc hé sb cua x", x> trong H(x).

Mit khéc, H(x) = P’(x) + Q’(x) = (P*(x) - P(x)Q(x) + Q*(x))(P(x) + Q(x))
= (PX(x) - P(X)Q(x) + Q’C))(X + X* + ...+ X")

Gia su

G(X) =P’ (x) — P(X)Q(X) + Q (X) =a+aX+...+ ApX
Chu y rang voi moi sO tu nhién k, ton tai suy nhat 1 thuoc (1,2, ..., n) sao cho k+i
chia het cho n. Do d6 téng céc hé sb cua X x2" trong H(x) dung bang téng céc
hé sb cua G(x) va nhu vay bang G(I)=u"—uv + V2,

A as A ot L 1o D 2
Vay dép s6 cua bai todn l[a u” —uv + v°.



