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CAU CHUYEN TOAN HOC

-7 5\ [
Gia Thuyet Riemann
Dua theo J. Brian Conrey, American Institute of Mathematics

PHAN THANH NaM, KHOA TOAN - DAl HOC COPENHAGEN, DAN MACH

LO1 GIOI THIEU. Bai viét nay ctia J. Brian Conrey, Director of the American Institute of Mathe-
matics, ding trén Notices of the AMS (Match 2003). Bai bdo vira dugc nhén gidi thudng 2008 AMS
Levi L. Conant cho cac bai viét hay nhit trén cic td Notices of the AMS va Bulletin of the AMS
(http://www.ams.org/ams/press/conant-conrey-2008.html). Bai viét cho mét cai nhin téng quan
vé gid thuyét Riemann, tir lich sir bai todn dén nhiing budc tién gan day. Ching t6i xin lugc trich nira
diu cla bai bdo, va ban doc quan tim dudc khuyén khich doc nguyén ban bai bio ndy tai dia chi
http://www.ams.org/notices/200303/fea-conrey-web.pdf.

Hilbert, tai dai hoi Toan hoc Thé gisi nam 1990 & Paris, da dua Gia Thuyét Riemann vio danh
sach 23 bai todn danh cho nhitng nha Toan hoc clia thé ky 20. Bay gi thi n6é dang tiép tuc thach
thitc nhitng nha Todn hoc & thé ky 21. Gia thuyét Riemann (RH—Riemann Hypothesis) da ton tai
hon 140 nadm, v hién tai ciing chua hén 13 thoi ky hap dan nhat trong lich si bai toan. Tuy nhién
nhitng nam gan day da ching kién mot sy biing nd trong nghién citu bit nguon tit sy két hop giita
mot s6 linh viyce trong Toan hoc v Vat 1.

Trong 6 nam qua, Vién Toan hoc My (AIM—American Institute of Mathematics) da tai trg
cho 3 dé an tap trung vho RH. Noi dau tien (RHI) la & Seattle vao thing 8 nam 1996 tai dai hoc
Washington (University of Washington). Noi thit hai (RHII) 1a & Vienna vao thang 10 nam 1998 tai
Vién Schrodinger (Erwin Schrodinger Institute), va noi thi ba (RHIII) 1a 6 New York vao thang 5
nidm 2002 tai Vien Toan Courant (Courant Institute of Mathematical Sciences). Muc tiéu ctia 3 dé
an nay 1a dé khich 1é nghién citu vi thao luan vé mot trong nhiing thach thic 16n nhat cia Toan
hoc v& dé xem xét nhitng hudéng tiép can khac nhau. Liéu ching ta c6 tién gan hon téi 161 giai cho
Gia thuyét Riemann sau cic nd lyc d6? Liéu c6 phai ching ta da hoc dugc nhicu didu vé ham zeta
(zeta-function) tir cdc dé an d6? Diéu do 1a chiac chan! Mot s6 thanh vien trong céc dé an nay dang
tiép tuc cong tac vdéi nhau trén trang web (http://www.aimath.org/WWN/rh/), noi cung cip mot
cai nhin téng quan cho chii dé nay.

O day toi hi vong phac thdo mot s6 huéng tiép can t6i RH va ké nhing didu thd vi khi lam viec
trong linh vitc nay tai thoi diém hién tai. Toi bit dau véi ban than Gia thuyét Riemann. Nam 1859
trong mot bdo cao seminar "Ueber die Anzahl der Primzahlen unter eine gegebener Grosse", G. B.
F. Riemann da chi ra mot s6 tinh chat gidi tich cin ban clia ham zeta

o0

1 1 1
n=1
Chudi nay hoi tu néu phan thyec ciia s 16n hon 1. Riemann chiing minh ring ¢(s) ¢6 thé mé rong
béi sy lién tuc thanh mdt ham giai tich trén cad mat phéng phiic ngoai trur tai didm s = 1 (simple
pole). Hon nita dong chiing minh ring ¢(s) thda man mot phuong trinh ham tha vi ma dang déi xiing
cua noé la

§(s) = s(s = Va0 (5) () = €(1 = 9)

trong d6 I'(s) 1a ham Gamma (Gamma-function).
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Hinh 1: C( +4t) v6i 0 < t < 50

That ra ham zeta da dude nghién citu truée dé bsi Euler v mot sd ngudi khéac, nhung chi nhu
mot ham véi bién s6 thyc. Noi rieng, Euler chi ra ring

1+1+i+1+ 1+i+1+ (il
25 45 " 8s 35 98 5

me-5) -

p

¢(s)

trong d6 tich vo han (goi la tich Euler) lay trén tat ca cac s6 nguyen t6. Tich nay hoi tu khi phan
thie ctia s 16n hon 1. Day 13 mot phién ban giai tich cho dinh 1y cd ban ctia s6 hoc, ring méi sd
nguyén c6 thé phan tich mot cach duy nhat thanh cac thita s6 nguyén t6. Euler da dimng tich nay dé
chiing minh rang téng nghich dao ciia cac s6 nguyéen t6 1a khong bi chan. Chinh tich Euler da thu
hiit sy quan tam clia Riemann t6i ham zeta: khi d6 ong dang ¢ ging ching minh mot gid thuyét
ciia Legendre, va trong mot dang chinh xéc hon phat biéu béi Gauss:

x

d
log(t)

7(z) := (s6 cac s6 nguyen t6 nho hon ) ~ /
2

Riemann da tao ra mot budc tién 16n t6i gia thuyét ciia Gauss. Ong nhan ra ring sé phan b céc
s6 nguyén t6 phu thudc vao sy phan bé cac khong diém ctia ham zeta. Tich Euler chiing té khong
c6 khong diém nao ciia ¢(s) c6 phan thyc 16n hon 1; va phuong trinh ham chi ra khong c6 khong
diém nao c6 phan thyc nhd hon 0 [Ngudi dich: do sy dbi xing] ngoai cac khong diém tam thuong
tai s = —2,—4, —6, ... Do d6 moi khong diém phiic phéi nim trong dai 0 < Re(z) < 1. Riemann dua
ra mot cong thitc tudng minh cho 7(z) phu thude vio cic khong diém phitc p = 3 + iy clia ((s).
Mot dang don gian ciia cong thifc néi ring

p
x) :ZA(n):x—Zi)—10g27r—;10g<1—x12)

n<lx 14

dtng néu = khong phai 13 lily thita cia mot s6 nguyén t6, trong dé6 ham von Mangoldt A(n) = logp

néu n = p¥ véi mot s6 nguyeén k nao dé va A(n) = log 0 néu nguge lai. Chi ¥ ring téng nay khong

hoi tu tuyet doi (néu vay thi > A(n) phai lien tuc theo x nhung diéu nay r6 rang khong ding).
n<x

Do d6 phai ¢6 nhiéu vo han cac khong diém p. O day tdng tinh trén p véi sé boi va duge hiéu 1a

lim Y . Chd y ring |2°| = |z|%; do d6 can chi ra 8 < 1 dé chiitng minh ring > A(n) ~ z, mot

T=eeppi<r nsw
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cach phét biéu khéc ctia gid thuyét Gauss.
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Hinh 3: Biéu dd 3D ctia |Re(¢(s))], dutsng Im(((s)) (dudsng cham)

Phuong trinh ham ta néi ban dau chi ra ring cac khong diém phiic phai déi xting véi duong
thang Re(s) = 1. Riemann da tinh mot s6 khong diém phitc dau tien: 3 +i14.134..., & +i21.022...
va chiing t6 rang N(T'), s6 cac khong diém véi phan 4o nim gitta 0 va T, 1a

T 7

N(T) = % log 5+ £ +S(T) + O(1/T)

trong d6 S(T) = L arg((1/2 + ¢T) dugc tinh bdi bién phan lien tuc bat dau tir arg((2) = 0 doc
theo céc dudng thing téi arg ¢(2+iT) = 0 rdi arg ((1/2 4 4T) = 0. Riemann ciing chiing minh ring
S(T) = O(log T). Cht y: ta sé thiy sau niy ring budc nhay gitta cac khong diém 1a ~ 27/ log T.
Riemann ciing dy doan ring s6 No(7T) cac khong diém ciia ¢(1/2 +it) véi 0 < t < T la khodng
T T L < . R

or log Ime va sau d6 néu ra gid thuyét rang moéi khong diem cua ¢ thyc sy déu nam trén dudng
thang Im(z) = 1/2; d6 chinh la gid thuyét Riemann.
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Cac nd lyc ciia Riemann da tién gan dén viéc chiing minh gia thuyét ctia Gauss. Budc cudi cling
dugc hoan tat bdi Hadamard va de la Vallée Poussin, hai ngudi da ching minh doc lap nhau trong
nam 1896 ring ((s) khac khong khi phan thyc ctia s bang 1, va tit dé dan téi két luan khéng dinh
cho gia thuyét ctia Gauss, bay gio duge goi la dinh 1y s6 nguyén t6 (Prime Number Theorem).
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Hinh 4: Bién d6i Fourier ctia phan sai s6 trong Dinh 1y s6 nguyen t6 va — >_ 2” véi |p| < 100

Cac y tuéng dau tién
Khong may kho khan dé chiing t6 RH (Riemann Hypothesis) tuong duong véi khang dinh ring
v6i moi € > 0
/ + O 1/2+s).
logt
Tuy nhién kh6 khin ndm & chd tim ra mot cach tiép can khac véi m(z) va thu cac thong tin veé
cac khong diém.

Mot tuong duong dé thiy khac ctia RH la khing dinh M (z) = O(z'/?*) véi moi € > 0, trong

d6
M(z) = p(n)

n<zx

va pu(n) 1a ham Mobius duge dinh nghia tit chudi Dirichlet sinh 1/¢

1 ) 1
=i =T ()
= (=1)%; v& u(n) = 0 néu n chia

Vay néu p1, ..., pr 1 céc sd nguyén t6 phan biet thi u(p;...px) =
hét cho p? v6i mot sé nguyen t6 p nao d6. Chudi nay hoi tu tuyet déi khi Re(s) > 1. Néu wdc lugng
M(x) = O(x'/?+) dtung v6i moi € > 0 thi biing cach ldy cac téng rieng phan ta thay chudi hoi tu
v6i moi s ¢6 phan thye 16n hon 1/2; néi rieng khong c6 khong diém nio ctia ((s) nim trén nita mat
phéng md nay, bdi vi khong diém ciia ((s) 1a diém ky di (poles) ctia 1/((s) [Ngu’éi dich: va do tinh
déi xtrng nén ciing dan dén khong c6 khong diém nao nim trén nita mit phing md Re(s) < 1/2, va
do dé mdi khong diém déu chi ndm trén duong thing Re(s) = 1/2]. Ngugce lai, RH suy ra udc lugng

nay cho M(z), diéu nay cling khong khé dé chiing minh.

Thay vi phan tich tryc tiép m(s), c6 vé s& dé dang hon khi lam viéc v6i M (z) vA ching minh
u6c lugng & trén. That ra, Stieltjes da thong bao ring 6ng c6 mot chiing minh nhu vay. Hadamard,

trong chitng minh ndi tiéng nam 1896 vé Prime Number Theorem, da dan ra tuyén bo ciia Stieltjes.
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Hinh 5: 1/|¢(z + iy) v6i 0 < z < 1 va 16502.4 < y < 16505

Hadarmard néi ring dinh Iy ctia 6ng yéu hon nhiéu, va chi chitng minh ¢(s) khac 0 trén duong thang
Re(s) = 1, nhung hi vong tinh don gidn clia ching minh sé c6 ich. Stieltjes, tuy nhién, sau dé khong
bao gi cong bd chitng minh ciia minh.

Mertens dy doan mot gid thuyét manh hon ring
M(z) < V/x,

Diéu r6 rang dan dén RH. Tuy nhién gia thuyét ciia Mertens da bi ching minh 13 sai bdi Odlyzko
va te Riele nam 1985. U6c lugng M (z) = O(y/x) tham chi da dung RH nhu mot 14 chin: ong ting gii
buu thiép t6i ddong nghiép Harald Bohr trudc khi qua English Channel trong mét dém bao t6, tuyén
bd 1a 6ng da chitng minh xong RH. Tham chi Hardy 14 mot ngudi vo than, ong ciing tin mot cach
tuong déi vé Chia, ring néu Chia ton tai, ciing ching dé thanh tyu t6i trong mot hoan canh nhu vay!

Hilbert ¢6 vé hoi mau thuin khi nhin nhan vé do khé ctia RH. Mot lan ong so sanh ba bai toan
ma: tinh siéu viét cua 2\/5, dinh 1y 16n Fermat, va gia thuyét Riemann. Theo quan diém ctia 6ng,
RH c6 thé sé dugc giai trong vai nam, dinh 1y 16n Fermat c6 thé dugc giai khi éng con séng, va cau
hoi vé su siéu viet c6 thé sé khong bao gio duge tra 16i. Dang ngac nhién 1a cau héi vé sy siéu viet
dudc giai trong vai nam sau d6 bdi Gelfond va Schneider, va, di nhién, Andrew Wiles gan day da
chitng minh dinh 1y 16n Fermat [Ngudi dich: vay néu dao nguge du doan ctia Hilbert thi ¢6 thé RH
sé& khong bao gid dugce giai]. Tuy nhién trong mot dip khac Hilbert lai néi riing néu o6ng ta song lai
sau mot gidc ng 500 nam thi cau héi dau tien sé 1a: RH c6 dude giai hay chua.

Khi gan két thic sy nghieép, Hans Rademacher, ngudi dude biét bdi cong thite chinh xac cho s6
cac cach phan hoach mot sé nguyén, nghi ring 6ng da c6 mot phan ching minh cho RH. Siegel
da kiém tra két qua nay, cong viec dya trén két luan ring mot ham nhat dinh sé c6 mot néi rong
giai tich bai lien tuc néu RH ding. Cong dong Toan hoc da ¢ ging lam cho Tap chi Time (Time
magazine) quan tam cau chuyén. Time da thich tha va dang mot bai bao sau khi ngusi ta tim ra
16i sai trong chitng minh ctia Rademacher.
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Cac chiing cit ctia gia thuyét Riemann
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Hinh 6: Cong thitc chinh xac ctia ¥(x) st dung 100 cip khong diém dau tien

Sau day 14 mot s6 1y do dé tin vao RH.

e Hang ti khong diém khong thé sai. Gan day, van de Lune da chi ra 10 ti khong diém dau
tien nam trén dudng thing Re(s) = 1/2. Ngoai ra, mot dy an v6i sy chung stic nhiéu may tinh
t6 chiic bdi Sebastian Wedeniwski, chuong trinh da duge nhiéu ngudi huéng ting, da khang dinh
rang ho da kiém tra 100 ti khong diém dau tién nim trén duong thang dé. Andrew Odlyzko da tinh
hang tri¢u khong diém gan cic khong diém thit 1020, 10%! va 10?2 (c6 thé xem trén website ciia ong).

e Hau hét tat cd cdc khong diém déu ndam rat gan duong thang Re(s) = 1/2. That sy ngudi ta da
chitng minh ring c6 hon 99 phan tram céac khong diém p = 38 + iy théa man |3 — 1/2| < 8/ log(y).

e Ngudi ta da chimg minh cé rat nhiéu khong diém nam trén duong thing Re(s) = 1/2. Selberg
dat duge mot ti 1¢ duong, va N. Levinson chi ra it nhat 1a 1/3; ti lé nay sau d6 dugc cai thign len
40 phan tram. Ngoai ra RH ciing ngu ¥ ring mdi khong diém ciia moi dao ham ctia ((s) nim trén
dudng thang Re(s) = 1/2. Ngudi ta da chitng minh dugc ring c6 nhidéu hon 99 phan tram cac khong
diém ctia dao ham bac ba ¢"(s) nim trén dudng thing Re(s) = 1/2. Liic gan cudi doi Levinson
nghi ring 6ng c6 mot phuong phap cho phép ddo ngude dinh 1y Rolle trong trudng hop nay, tic 1a
néu ¢’(s) c6 it nhat mot ti lé duong cac khong diém ndm trén dudng thing do thi didu nay ciing
diing véi ((s), va tuong tu v6i ¢ (s), ¢'(s) ... Tuy nhién chua ai c6 thé hién thiyc héa ¥ tuéng clia ong.

e Phuong phdp thong ké. V6i it hau hét cac day ngdu nhién gom —1 va +1, ham tdng tuong ting
ctia 2 bi chan béi z1/21¢. Day Mobius ¢6 vé kha ngéu nhién.

o Sy doi zitng cla cdc s6 nguyén t6. RH noéi rang cac s6 nguyén td phan bd theo cach dep nhat
c6 thé. Néu RH sai thi sé ¢6 nhitng diéu bat thuong trong su phan b cac s6 nguyeén t6; khong diém
dau tién c6 phan thyc khac 1/2 chic chan sé 13 mot hiing sd toan hoc rat quan trong. Tuy nhién,
c6 vé tu nhién khong khic nghiét t6i nhu vay!
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Vé dep ctia phan sb Farey

NGUYEN MANH DONG, Hoc SINH LGP 12A2 ToAN, TRUONG DHKHTN-DHQG HA No1

A - MS pAU

Trong lich sit ciia todn hoc, nhiéu khi nhing 13i gidi, nhitng dinh 1{f méi duge tim ra béi nhing
ngudi nghiép du, nhitng ngudi & linh vic khac. Chinh diéu ndy da gép phan lam cho cac khia canh
clia toan hoc da dang hon, thd vi hon. Trong bai viét nay, t6i xin dugc trao ddi véi cac ban vé phan
s6 Farey, gan lién v6i tén tudi clia nha dia 1f hoc John Farey (1766-1826) khi ong cong bd nhiing
tinh chat tha vi cia phan s6 Farey trén mot tap chi Triét hoc dusi dang phéng doan.

Dinh nghia. Tap hop F, cic phan sé Farey bac n, goi 13 chudi Farey bac n, 13 tap hop clia cac
phan sb tdi gidn thugc khodng [0, 1] v6i mau s6 khong vugt qua n va duge sip xép theo thit tu ting
dan. Do dé % thuoc F,, néu

0<h<k<n,(hk) =1

Céc s6 0, 1 goi la cac phan tit co s§ ciia moi tap hop phan s6 Farey vi viét duge dudi dang 2 va 1.

Ta c6 thé biéu dién phan s6 Farey nhu sau:

72 1
1 1
Fg:E l 1
1 2 1
0 1 1 2 1
JoRE - - z =
1 3 2 3 1
0 1 1 1 2 3 1
Foo= Z Z - z z -
1 4 3 2 3 4 1
7. 9 11 1 2 1 E 2 34 1
T 5 4 3 5 2 5 3 4 5 1
s 0 1 1 1 1 2 1 3 2 3 4 5 1
1 6 5 4 3 5 2 5 3 4 5 6 1
7. 0 111 21 2 3 1.4 3 2 3 3 4 3 6 1
T 7 6 5 4 7 3 5 7 2 7 5 37 4 5 6 7 1
0011111 213231435 25345671
®18 7 6 5 4 7 38 5 7 2 7 58 3 7 45 6 7 81

Ho#c dudi dang cay Stern:

3 3 2 1
Ny N, Y EK\E
4 5 5 3 k) 2 1
R A A S N A A Y AN A
123 345 54 571871813
5 T 8 T 7 8 T & 4 5 54 3 3 2 1
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B - TiNH CHAT
Chiing ta hay cling xét cac tinh chat thd vi ctia phan s6 Farey
Dinh li 1. Néu 2 va ! 13 hai phan tit lien tiép ctia F, thi

(k+kK)>n
Chiing minh

. ' . h W
Xét phan s % (phan s nay duge goi 1a trung binh cia P va —). Khi d6

h+h" h kb —hK

o DM S
Ktk k Rkt R)
Va
Wb R
W E+k Bkt )
Do do

htt (bW
Kk S\
h_,_h/ !

Nén néu k + k' < n thi Py € F,. Diéu nay 1a vo i vi Z VA o 13 hai phan t lién tiép. Dinh

li dugc chitng minh. Ching ta sé quay lai tinh chit ndy & phan sau. 7
Dinh 1i 2. Khong c6 hai phan t1t lién tiép nao cta F,, c¢6 mau sd gidng nhau.

Chatng minh

/

Neu k > 1 va A l& hai phan tif lién tiép trong F,, khi d6 h + 1 < h’ < k. Mat khac

h - h - h+1 < h7’
k k-1 k k
P h N ~ X 2, > .~ X 2, PN s X h h/ ~ P P X 2. .
Do do6 = la mot phan tt nam gitta 2 phan ti lién tiep PR vo 1i. Ta c6 diéu phai ching
minh. 7

. h h N .
Dinh 1i 3. Néu T va W la hai phan t lién tiép cta Fj, thi
hh! —kk' =1

Ching minh
Dau tién ta can chiing minh mot bd dé

B6 dé 1. Néu (h, k) la cic s6 nguyén duong nguyén to ciing nhau thi khi dé ton tai cdc s6 nguyén
duong (x,y) sao cho

kx—hy=1
Chatng minh.

Xét cac s6 nguyén
K, 2k, 3k, -, (h — 1)k
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va, 56 du ciia ching khi chia cho h. Céac s6 du nay déu khac nhau. That vay, néu

klk = qlh+7",k'2]€ = QQh+T’

v6i ki, ko € {1,2,~-~ ,(h— 1)} thi

(k1 — ka)k = (1 — g2)h =0 (mod h)
Makl,k26{1,27~-~ ,(h—l)} nén k1 — ko < h. Do d6 k1 — ko = 0.

Dé thay ring kk’ # 0 (mod h) v6i moi k € {1,2,---

,(h—1)}. Do d6 it nhat mot s6 trong céc s6

1.k,2.k,-+ ,(h — 1)k c¢6 s6 du 1a 1 khi chia cho h, suy ra ton tai x € {1,2,--- ,(h—1)} vay € Z,.

Quay lai dinh li can ching minh, néu (:Eo,yo) la mot nghiém cia phuong trinh trén, khi doé
(o + rh,yo + rh) ciing 13 mot nghiém véi moi s6 nguyen r. Chiing ta c6 thé chon r sao cho

n—k<yo+rk<n

bat © = xg + rk,y = yo + rk, khi d6 (z,y) 1a mot nghiém ctia phuong trinh trén va théa man

(r,y)=1,0<n—-k<y<n

T 2. ., N SO/ N N X 2 g ~ .
Do d6 — toi gidan va y < n nén — 1a mot phan ti cia F,. Ta ciing c6
Y Y

r_h L _h
y k ky k
h ! h
Suy ra 2 nd¥m sau — trong F,,. Néu E;«é thi £ cling ndm sau -, khi d6
Y k k' Y k’
x Q’_k'xfh'y> 1
y k’_ k’y’ _k’y’
ma
hf’ihikh hk’ 1
Kk kK kk
Vi vay
LV _hkr—hy z n_1 1 _kty n 1
ky ky y k Ky kE kk'y kk'y — ky

(theo Dinh 1i 1)

!

h
Vo li, vay © = = do d6 kh' — hik/ = 1.
Yy

k/
" !/
Dinh 1i 4. Néu — R va, W 13 ba phan t lién tiép ctia F}, thi
K h+ N
K k4K
Ching minh.

Tu Pinh 1i 3 ta thu duge

KR —hk' =1, KW —h'K =1 (3.1)
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Giai he phuong trinh trén theo an b va k' ta c6

. h+hn o k+E
kh! — hk'’ kh' — hk'
Hay
K h+ N
k' k+k

bay chinh la Dinh 1i 4.

Nhan xét. Chi y ring Dinh 1i 3 va Dinh 1i 4 14 tuong duong, ta c6 thé suy ra Dinh Ii 3 tit
Dinh 1i 4 bing phép quy nap nhu sau:

Gia st ring Dinh 1i 4 ding véi moi F), v Dinh 1i 3 ding t6i Fj,_1, ta sé chitng minh né ciing
dﬁng Vdi F,. Hién nhién ring né twong duong véi vigc chiing minh phuong trinh (3.1) théa méan
khi L W thudc F nhu’ng khong thuoc F,,_1, do d6 k¥ = n. Trong trudng hop nay, theo Dinh 1i 4,

kK <K'va k, k, la hai phan tit lien tiép trong F,,_;. Tit Dinh 1i 4 va gia thiét 2 ~ t6i gidn, ta dit

k?”

h+h =X 0" k+k = k"

véi A 1 mot sé nguyén. Do k, k” < k”, nén A = 1. Do d6
W =h+W, k' =k+KEh —hk" =kh' —hk' =1

Tuong tu
k,lhl _ h/lkl — 1

Phép ching minh nay goi y cho ta mot 16i giai khac cho Pinh 1i 3:
Dinh 1i ding vé6i n = 1, gia st né ding t6i F,,_1 ta can chiing minh minh né ciing ding véi F,,.

Gia sit % va k, * 1a hai phan ti lien tiép trong F,_; nhung bi chia ra trong F,, bdi & 7 -, Dat
kh" —hk" =7 >0,K"'W —h'K =5>0
Giai hé phuong trinh nay theo an h”, k" vé6i diéu kien kh/ — hk’ = 1 ta thu duge
h' =sh+rh' k' =sk+rk
T d6 két hop v6i (A", k") = 1 nén (r,s) = 1. Xét tap hop S bao gom téat ca cac phan s6 c6 dang
p_ vh + AR
q vk+ MK
véi 7, A 1a cac sb nguyén duong ¢6 (v, A) = 1. Do d6 Z—:; € 9, Moi phan tit cia tap hop S déu nam
gitta 2 va Z—: do moi wéc chung ciia p va ¢ déu chia hét cho

E(yh + AR') — h(vk + AK') = A, B (yh + AR) — K (vk + \k') =

Do dé moi phan t clia S déu 1 phan t clia mot s6 chudi Farey nao do, kh1 dé phan s6 dau
tién xuét hién phai c6 ¢ nhé nhét. Suy ra v = A\ = 1, Vay phan s6 nay phai la & w7 Nén

hl/:h+h/7k//:k+k/

Dinh 1i dugc ching minh.
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Hai phép ching minh trén cho Pinh 1i 3 khong phai 1a duy nhét, céc ban cé thé tham khao
cach ching minh béng hinh hoc kha hay ctia G.H.Hardy hosic diing dinh 1f Pick, chi tiét cac ban c6
thé tham khao [1]. 7

Dinh Ii 5. Téng ciia cac tit s6 bing mot nita tong cac mau s6 trong chudi Farey bac n.

Ching minh

Dau tién ta chitng minh mot bd dé.

R . h . - N ~
Bo6 dé 2. Néu T la mot phan tit ciia chuoi F), thi ciing 14 mot phan ti ctia chudi.
Chiing minh

h
Do (h,k)=1va0< Slnén(k:—h,k‘)zlv?a()g1—E§1.Tacédpcm.

=al I

Quay lai bai toan, ki hisu Y I tong clia tat cd cAc phan tit clia chudi F,.

Ap dung B6 dé 2, tac6 S.h =3 (k—h) nén 25 h =3 k. Day la chinh 1a két qué ctia Dinh
li5 v

Dinh 1i 6. Tong ctia cac phan ti ctia chudi Farey F,, béng 2
Chaitng minh

Theo B6 dé 2, tacé 3% =3 (1—2) nen

Day 13 diéu phai chitng minh. 7

. . x. < 2 £ 7ex s 1
Dinh 1i 7. Trong chudi Farey bac n F,,, mau so ctia phan so lien trudc va lién sau phan so 3
bang s6 nguyén 1é 16n nhat khong vugt qua n.

Ching minh

h PR 1
Goi T la phan so lien trudc 3 trong F,,, khi d6 kK — 2h = 1 nén k 1é. Theo Pinh i 3, ta c6
k+2>mnnénk>n—1,mdk <nneén k la s6 nguyén 18 lon nhat khong vugt qua n. v

C - M6 RONG
Phan sb Farey va Phi ham Euler

Trong phan trudc, ta da lam quen v6i mot sd tinh chit co ban ctia phan s6 Farey, van dé dit ra
& day 1a c6 bao nhiéu phan s6 Farey trong mot chudi Farey bac n? Chtng ta xuét phat tit mot nhan
xét don gidn: Do tat ci cic phan sb Farey déu & dang t6i gidn, nén v6i mot mau s6 b cho trude, sd
tlt 86 nho hon b va nguyén t6 ciing nhau véi b 1a ¢(b), goi 1a Phi-ham Euler. (Chi tiét vé cdc tinh
chit ciing nhu céc phép chitng minh ctia Phi-ham Euler, céc ban c6 thé tham khao [3].) Ta c6 thé
stt dung tinh chit nay cho moi nguyen tit 2 dén n. Do d6 ta c6 thé tinh dugce sé phan sb c6 trong
F,, (ké c& hai phan s6 cosd  va 1) 1a

N =24 9(2) +6(3) + -+ 6(n)
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Ta c6 thé tinh dude ¢(n) véi n > 1 qua cong thiic

Viduy khin=7taco
N=2+¢2)+¢(B)+ - +&(7)=2+1+2+2+44+2+6=19
Diing véi két qua trong bang & phan Dinh nghia. Vi du ta c6 thé tinh khi n = 100 thi N = 3045.
Do ¢(z) luon la s6 chin ngoai trit trusng hgp z = 1,2 nén ta c6
N=2+6¢(2)+¢(3)+ -+ ¢(n)
luon la mot s6 18. Do d6 sb phan sb cach déu 1 luon béng nhau. Day 1a mot cach ching minh khac
cho B6 dé 2.

Véi n rat 16n thi viec tinh N tré nén khé khan hon rat nhi¢u. Nhung nhd mét tinh chét ctia Phi
ham Euler ta c6 thé tinh toan dé& dang hon:

3n?

B(1) +6(2) + -+ 0(n) ~ Ty
Do do )
Nz1+3i2
T

Gia tri xap xi nay sé ngdy cang chinh x4c hon khi gia tri ctia n ting. Vi du véi n = 100, theo
cong thic trén ta tinh duge N =1+ 3';7%02 ~ 3040, 635... trong khi gia tri chinh xac cia N 1a 3045.
Ta c6 thé lap bang tinh nhu sau:

SO PHAN TU CUA CHUOI FAREY

n | on) | N=1+>6(n) | 1+ 3n?/7>

1 1 2 1,30

2 1 3 2,22

3 2 ) 3,74

1 D 7 5,86

5 4 11 8,60

6 2 13 11,94

7 6 19 15,90

8 4 23 20.46

9 6 29 25,62
10 4 33 30,40
15 8 73 69,39
25 20 201 190,98
50 20 775 760,91
100 | 40 3045 3040,63
200 | 80 12233 12159,54
300 | 80 27399 27357,72
400 | 160 48679 48635,17
500 | 200 76115 75991,89
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Phan sb Farey va dudng tron Ford
Mot trong nhitng mé rong lien quan dén hinh hoc ciia phan sé Farey 1a dudng tron Ford.

Dinh nghia. Xét hé truc toa dé6 Oxy. Véi mdi phan s6 tdi gidn L nim trén truc Ox, ta dung
cac duong tron tiép xtc véi Oz tai diém do, tam c6 toa do la (%, #), dugc goi 1a dudng tron Ford,
ki hieu C(p, q).

_‘|Q_
rofen -
Sl
|
W~
o
[SI)
gl(ﬁA

1
1
f

N =
[ehN
[CTES

1
3

Mot s6 hinh anh dep ctia duong tron Ford sau khi dude cach dieu
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Ta c6 mot rat co ban sau cia dudng tron Ford:

Tinh chét 1. Hai duong tron Ford C(h, k) va C(Rh', k') hoiic tiép xtc v6i nhau, hodc nim ngoai
nhau. Diéu kien dé hai dudng tron nay tiép xtc la |k’ — Wk| = 1.

Chitng minh

Goi D la khodng cach gitta tam cua 2 duong tron. r, R tuong tng la ban kinh cta duong tron
C(h,k),C(W, K.

Khi do ta co

1 1\?
(T+R)2 = (2]{;2 + 2]{}/2)

Xét higu s6 D? — (r + R)?:

ho W 1 1\’ 1 1 \> (WK —WEk)? -1
2 2
DP =+ R :(k_k’) +(2k2_2k’2> _(2k2+2k’2> = e 20

DAu dang thitc xay ra khi va chi khi |hk’ — h'k| = 1.

T tinh chit nay ta dé& dang thay ducc bat cit hai phan sé Farey lién tiép nao dudc biéu dién
trén hé truc toa do ciing c6 hai dusng tron Ford tiép xic véi nhau. Ta c6 mot vi dy minh hoa sau
v6i chudi Farey bac 7.

~ s E
~|&

I
32
&

[CTIVE

el
5

NP
~1|n
R[]
[UIES

1
s
1

Tinh chédt 2. Gia sit & < 27 < 213 ba phan tit lien tiép ca F,. Khi d6 C(h, k) va C(h", k")
tiép xtc v6i nhau tai diém

h" k 1
A= s K (k2 + k//2)7 k2 + k2
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va C(R" k") va C(W', k') tiép xtic v6i nhau tai diém

h" k' 1
Ay = <k” + k”(k’2 + k//z)’ k2 + k‘”2>

Ching minh

2k 2
h h'
K K
Ki hiéu do dai cac duong nhu trong hinh vé.
Ap dung dinh 1i Thales ta c6
1
a o %2 o b
h_nr— _1 1 — 1 1
k k' 2k’72 2k2 2k’"2 2k2
Do do
k k/2 _ k//2
a= k,//(kz + k//2)7b = 2k”2(k2 + k//2)
Toa do diém A; = (x1,%1), trong dé
h" R k h' 1 1 1

xr1 =

Tuong ty ta cang tinh duge toa do cia As.

Két thic bai viét, t6i xin néu ra mot sb6 bai tap dé cac ban luyén tap them.

a

T R (o) T I SR C Iy v

Bai tap 1. Hai phan s6 ¢ va § dugc goi la dong bac néu (¢ — a)(d — b) > 0. Chiing minh rang

bét ki hai phan ti lién tiép nao clia chudi Farey bac n ciing dong bac.

Bai tap 2. Cho a,b, ¢, d la cac s6 nguyén duong théa man ¢ < § va X, v la cac s6 nguyén duong.

Chitng minh ring
Aa + e
= N+ Ad

nam gitta hai phan s6 ¢, < va (¢ — df)(0b — a) = % Khi X\ = v, 6 chinh la trung binh ctia ¢, <.

Bai tap 3. (Hurwitz) Cho mot s6 vo ti 6, khi d6 ton tai vo s6 phan so hitu ti ¢ sao cho

(0-5) < 5z

Hon nita ta khong thé thay thé % bing mot sé nhoé hon.
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BAI VIET CHUYEN DE MATHVN

C4u chuyén nhé vé mét dinh ly 16n

HoANG Qubéc KHANH - Lop 12A10 THPT CHUYEN VINH PHUC, TiNH VINH PHUC

A - SO LUJGC VE DINH LI PASCAL VA PHEP CHUNG MINH

Mot dinh 1i duge Descartes khang dinh 1a bao ham duge ci bén cudn sach dau ciia Apolonius,
tat nhién 14 mot dinh 1i 16n, d6 chinh 1a dinh li Pascal. Dinh li Pascal chic khong con qua xa la véi
nhitng ban yéu toan va dic biét 1a yéu thich hinh hoc va bai viét nay chi & mot tim toi nhé ciia
tac gid dé cap dén nhimg ting dung ctia dinh 1 tuyét mi Ay trong toan phé thong. Dinh 1i Pascal
téng quat duge phat biéu cho cac dudng conic trong mat phing xa a4nh nhung & day ching ta sé
chi dé cap dén mot truong hop diic biet ciia né, dé6 1a véi dusng tron trong mit phang, cu thé nhu sau:

Dinh li. Cho sdu diém bat ki A, B,C, A', B',C" cing thuoc mot duong tron (O). Khi dé giao
diém néu cé ciia ting cap duong thang (AB', A'B), (BC', B'C),(CA’,C"'A) sé thing hang.

Chatng minh (Jan van Yzeren)

Day 1a mot dinh 1i dep vA ciing c¢6 rat nhiéu chiing minh dep cho né (Cac ban c¢6 thé xem thém &
(1], 2], [3], [4])6 day tac gid sé chi trinh bay mot chiing minh kha thu vi va it quen biét, chiing minh
nay cé st dung mot bé dé sau:

B& dé. Cho hai dudng tron phan biét cit nhau ¢ A va B. Hai diém C, E thuoc duong tron thit
nhét, hai diém D, F thuoc dudng tron thit hai sao cho C, A, D thing hang; E, B, I’ thing hang. Thé
thi: CE//DF.

Chiing minh bo dé

Nhan thay: (CE,CA) = (BE,BA) = (BF,BA) = (DF, DA) (modr)
Suy ra CE//DF.

Tré lai chitng minh dinh 1i:
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Goi giao diém ctia titng cip duong thing (AB’, A’B), (BC', B'C), (CA’,C'A) lan lugt 1a M, N, P.
Goi (0') 1a duong tron di qua C, P,C’. B'C va BC' cit lai (O') tuong tng 6 Q,T.

Stt dung b6 dé trén ta c6: AB’//QP nen MB'//QP (1); BB'//TQ (2); BA'//PT néen BM//PT
(3)-

Tu (1), (2) va (3) suy ra ton tai mot phép vi ty bién tam gidc BM B’ thanh tam giac TPQ

Do dé: BT, M P, B'Q) dong quy tai tam vi ty iy. N6i cach khac BC', B'C va M P dong quy. Tit
day suy ra dicéu can chimg minh.

B - MOT s6 UNG DUNG CUA DINH LI PASCAL TRONG HINH HOC SO CAP

I. Ung dung ciia dinh 1i Pascal v6i sau diém phan biét

Chiing ta ciing bit dau v6i mot bai toan kha quen thudc:

Bai toan 1. Cho tam gidgc ABC ngi tiép duong tron (O). Goi A', B',C" lan lugt la cic diém
chinh gita cia cic cung BC,CA, AB khong chita A, B,C ciia (O). Cdc canh BC,CA, AB cdt cdc
cap doan thing C'A’ va A'B’'; A'B" va B'C'; B'C' va C'A’ lan higt ¢ cic cap diem M va N; P va
Q; R va S. Chitng minh ring MQ, NR, PS dong quy.

Loi gidi
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Goi I 1a tam dudng tron nai tiép clia tam gidc ABC.

St dung dinh 1i Pascal cho sau diém A, B, C, A’, B',C' ta thu dugc S, I, P thing hang (1)

Hoan toan tuong tu: M, I, Q thing hang (2); N, I, R thing hang (3)

T (1), (2) va (3) suy ra MQ, NR, PS dong quy 6 1.

Bai toan 2. Cho tam gidac ABC noi tiép duong tron tam O. Goi M la diém nao dé trén canh
AC (M khdc A,C). Duong thing BM cdt dudng tron lan nita tai N. Pudong thing qua A vuong goc
vdi AB wa duong thing qua N vuong goc vdi NC cit nhau tai diém Q. Ching minh rang QM luon
di qua mot diém co dinh khi M di chuyén trén canh AC. (Bai T4/294 Tap chi Toan hoc va Tudi tré)

Loi gidi

Ké cac dudng kinh BD,CFE cta (O).
Theo gia thiét bai toan ta thay ngay: £, N, Q thing hang; A, D, @Q thing hang.

Bay gio ap dung dinh 1i Pascal cho sau diém A, B,C, N, D, E ta suy ra O, M, Q thing hang, do
d6 QM luon di quan mot diém cb dinh chinh 1a O.

Tiép dén 1a mot dinh 1i rat dep va ndi tiéng ctia hinh hoc - dinh Ii Lyness ciing cach chiing minh
rat thi vi bing dinh 1y Pascal:

Bai toan 3. Cho tam gidac ABC ndi tiép (O), ngoai tiép (I). Mot dudng tron (O') tiép xic trong
v6i (O) va tiép xic véi hai canh AB, AC lan lugt tai S, M, N. Chting minh rang I thugoc M N.

Loi gidi
Truée tien can ching minh mot bd dé:

B6 dé. Cho duong tron (0) vdi day cung AB. Mot dudng tron (I) tiép xic trong vdi (O) va tiép
zic vdi AB lan lugt tai M,N. Thé thi MN di qua diém chinh gitta cung AB khong chita M cia (O).
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Chiing minh bo dé

MN cit lai (O) 6 P.

Dé y ring: (MN, MI) = (MP, MO) (modr)

Cha y tam giac IMN va OMP can & 1,0 ta sé suy ra: (IM,IN) = (OM,OP) (modr)

Suy ra OP//IN, ma IN vuodng géc véi AB nén OP ciing vudng géc véi AB, suy ra diéu can

chiing minh.

Trd lai bai toan:

St dung b6 dé ta dé thay: SM,CI va (O) dong quy tai mot diém F; SN, BI, (O) dong quy tai
mot diém E.

Bay gio stt dung dinh 1f Pascal cho sau diém A, B, C, S, E, F ta suy ra M, I, N thing hang.

Bai toan 4. Cho tam gidc ABC ngi tiép duong tron (O) va mot diém S trong mdt phdng.
AS,BS,CS cit lai (O) twong ing ¢ D, E, F. Mot duong thang d qua S cit BC,CA, AB lan lugt tai
M, N, P. Chiing minh ring: DM, EN, FP va dudong tron (O) dong quy.

Loi gidi
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Goi giao diém thtt hai cia DM va (O) 1a V, VE cit AC & N'.

Sit dung dinh 1i Pascal cho bo sau diém V, A, E,C, D, B ta suy ra M, S va N’ thing hang.
Tit d6 ta khing dinh duge N’ chinh 1a N nén DM, EN va (O) dong quy (1).

Tuong tu ¢6 DM, FP,(O) dong quy (2). Tt (1) va (2) suy ra diéu can chiing minh.

Day 1a bai toan kha dic trung trong viéc van dung dinh i Pascal, sy don gian ctia 16i giai trinh
bay & tren khé c6 thé gip dugc trong mot phuong an khéc.

Bay gio chiing ta sé dén véi mot bai toan dong quy thd vi da ting gép mat trong ki thi Olympic
toan Qudc té nam 1996, véi bai toan ndy c6 kha nhicu 1i gidi dep cho né vi 15i gidi st dung dinh
li Pascal ciing 1a mot trong s6 do:

Bai toan 5. Cho P la mot diém ndm trong tam gidc ABC sao cho ZAPB—/C = ZAPC — /B.

Liy D, E tuong vng la tam dudng tron noi tiép cia cdc tam giagc APB va APC. Chitng minh ring
AP,BD va CE dong quy.

Loi gidi
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Goi (O) la dudng tron ngoai tiép tam giac ABC; AP, BP,CP cat dudng tron (O) lan thi hai ¢
S, M, N tuong ting; BD,CE cat nhau § I va cit duong tron (O) lan thi hai tuong tng 6 T, V.

Thé thi MV, MT chinh 13 cdc dudng phan giac ciia tam gidc AMN (1)

Ta thiy: ZSAM = /APB = /PBS = /APB — Z/ASB = Z/APB - /C

=/APC — /B = /ZAPC — LZASC = /NCS = LSAN

Do vay AS la dudng phan gidc clia tam giac AMN (2)

Tit (1) va (2) suy ra AS, NT, MV dong quy tai mot diém Q.

Sit dung dinh 1i Pascal cho sau diém B, N,V,T, M, C ta suy ra @, I, P thing hang.
Tit day dé thiy diéu can ching minh.

Bai toan sau 13 mot két qua dong quy rat dep ctia Darij Grinberg, thoat nhin bai toan c6 vé
rac réi nhung néu phan tich nguge bang dinh 1i Pascal thi moi thit lai tré nén that ré6 rang va don gian.

Bai toan 6. Cho tam giic ABC noi tiép duong tron (O) va ba diem M, N, P ciung thuoc dudng
thang d. AM, BM,CM cat lai (O) twong ing ¢ Ay, By,C1; AiN, B N,C1N cit lgi (O) tuong ting tai
Ag, Bs, CQ,' AQP, By P, CyP cdt lai (O) lan luot tai Ag,Bg7 Cs. Chd’ng minh r[ing AAg, BBs, 003, d
dong quy.

Loi gidi

Gia stt AAs, BB3 cit nhau tai S, giao diém ctia By As, B3A; 1a V.
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Stt dung dinh 1f Pascal cho sdu diém By, As, Bs, A1, Ag, By ta suy ra N, P,V thing hang hay V
nam trén d (1)

Lai ap dung dinh li Pascal cho sau diém By, A, B, Ay, A3, B3 suy ra M, S,V thing hang, két hgp
véi (1) ta duge S thuoc d (2)

Tuong tu trén, néu goi giao diém ciia 1a S’ thi S’ nam trén d (3)
Tu (2) va (3) ta sé c6 diéu can ching minh.

Bai toan 7 dudi day 1a mot két qua rat dep vé hai diém déng giac va di kém né chinh 1a mot 16
giai ciing rat dep va khéo léo bing dinh 1i Pascal, mdi cac ban cuing "thudng thiic":

Bai toan 7. Cho P va Q la hai diém lién hop ding gidc doi vdi tam gigc ABC.Tw P ké
PP, L BC,PP, L CA,PP; L AB. Tt Q ké QQ: L BC,QQs L CA,QQs L AB. Goi giao diém

cua cdc cap du’dng thcfng (PQQg,PgQQ), (Png,Png), (P1Q27P2Q1) lan lugt la Xl,XQ,Xg. Chz’mg
minh ring X1, X2, X3, P,Q thdng hang.

Loi gidi
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Goi O la trung diém ctia PQ, ta biét ring cac diém Pi, Py, Q1, @2, @3 ciing thudc mot dudng
tron tam O.

Bay gio, ké cac duong kinh Q17T,Q3V cta (O).

Ta thay ngay: T, P, P, thing hang, va V, P, P; thing hang.
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Do vay, st dung dinh 1i Pascal cho bo sau diém Ps, Q3,T, Py, @1,V ta thu dugc O, P, X, thing
hang hay X5 thuoc PQ.

Hoan toan tuong tu ta ciing c6é X1, X5 ciing thuéec PQ.

Két thiic muc mot nay sé 1a mot bai toan don gian ma téc gid tin tudng ring ai dang doc bai
viét nay cling gidi duge né, tuy nhién 1di giai sau day bang dinh 1i Pascal ctia Greg that sy tha vi...

Bai toan 8. Cho hai diém C, D nam trén dudong tron (O) duing kinh AB. AD cit BC ¢ 1. Ké
IH vuong géc véi AB. Chitng minh ring ZIHC = ZIHD.

Loi gidi

Lay P,Q dbi xing véi C, D qua AB. Ta dé thay P,Q thuoc (O).

Goi giao diém ctia BP va AQ la J, ctia PD va CQ la H'.

T tinh chat ctia phép ddi xiing truc ta ¢6 H' ndm trén AB, IJ vuong géc v6i AB

St dung dinh 1i Pascal cho sau diém A, B,C, D, P,Q ta dugc I, H',J thang hang, két hop véi

trén ta ¢6 H' chinh 14 H.
Nhu vay LZIHC = /PHJ = ZIHD.

II. Ap dung dinh li Pascal cho sau diém khong phan biét

Nhu cac ban thay ¢ phan trude, dinh 1i Pascal luon dugce sit dung véi sau diém hoan toan phan
biét, tuy nhién dinh 1i Pascal vAn ding néu nhu sdu diém ay c6 thé khong phan biét (Cac ban c6
thé chiing minh twong tit nhu khi chitng minh vé6i sau diém phan biét), d6 1a mot diéu thi vi va &
muc nay chiung ta sé nghién cttu tng dung cia dinh 1i Pascal trong nhitng trudng hgp dé. Ta c6 bai
toan mé dau:

Bai toan 9. Cho hinh chi nhat ABCD noi tiép (O). Tiép tuyén cia (O) tai A cit CD ¢ S.
BS cit lai duong tron 6 T. Chitng minh ring CT, SO va AD dong quy.

Loi gidi
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Goi giao diém ctia CT va AD la I. St dung dinh li Pascal cho sau diém A B,C,D,T,A ta suy ra
S,I,O thang hang. Do d6 nhan dugc diéu can chitng minh.

Tiép theo chiing ta sé cling xem xét mot bai toan chitng minh dudng thing di qua diém cb dinh
clia tac gid bai viét nay, né da c6 mit trong [6a] nhung ¢ day ching ta sé khong trinh bay phuong
an cyc va ddi cie cho né ma sé trinh bay mot 101 giai rat ngin gon st dung dinh 1i Pascal.

Bai toan 10. Cho tam gidc can ABC (AB = AC) noi tiép duong tron (O). Ké duong kinh AD
ctia duong tron. S la mot diém di dong tréen duong tron. SB cit AC ¢ M, SD cit BC ¢ N. Ching

minh rang M N luén di qua mot diém cb dinh.

Loi gidi
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Gia stt BM, AN cat lai (O) tuong tng & S, I; tiép tuyén cia (O) tai C cat ST 6 T

Chi y rang SN, IN tuong tng la phan giac cia £BSC, ZBIC.
SB NB IB
sC  NC IC
Vi vay BSCI la tit giac didu hoa; nén ST, tiép tuyén tai B v tiép tuyén tai C ciia (O) dong
quy, néi cach khac T chinh la giao diém ctia hai tiép tuyén tai B, C ctia (O) nén T ¢6 dinh.

Do do

Cudi ciing st dung dinh 1i Pascal cho sau diém A, B,C,C,S,I suy ra M, N,T thing hang va
nhan dude diéu can ching minh.

Bai toan 11. Cho tam gidgc ABC va diém S thudc canh BC. Trén cic tia AB, AC' ldy tuong
ting cdc diém M, N sao cho ZAMC = %AASC, /ANB = %LASB. Goi I la tam duong tron ngoai
tiép tam giagc AMN. Chitng minh rang IS 1| BC.

Loi gidi

Gia stt NB, MC cat lai (I) tuong ting 6 H, K; HK cat tiép tuyén tai A cia (I) & V.

St dung dinh i Pascal cho sdu diém A, A, H, K, M, N ta thu dugc V, B, C thing hang.

Bay gio bai toan da kha don gian. Dé y rang ZHIA = 2/HNA = ZASV suy ra tit giac AISV
noi tiép.

Do d6 £ZISV = 180° — LI AV = 90°.

Ké dén 1a mot bai toan thd vi ciia Tran Quang Hung, dugc giéi thieu trén dién dan Math-
Scope.org (Xem [6b])

Bai toan 12. Cho tam gigc ABC truc tam H goi H,, Hy, H, la diém doi xing cia H qua
BC,CA, AB; goi d, la duong thing Simson cia A tuong tng véi H,BC, tuong tu vdi dy,d. thi
da,dy, d. tao thanh tam gidc thiu za voi A'B'C’, trong dé A', B',C" la cde chan dudng cao ké tic
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A,B,C. (Ghi chii: Hai tam gidc dugc goi la thau za néu ba duong thang néi cic dinh tuong ing ciia
hai tam gidc dong quy)

Loi gidi
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St dung dinh 1i Desagues chiing ta sé chi can chitng minh céc giao diém A”, B”,C" ctia céc cip
(B'C’,d,),(C'A",dy), (A'B’,d.) thing hang.

Chu ¥ rang theo két qua da biét thi H,, Hy, H, nam trén dudng tron (O) ngoai tiép tam giac ABC.

Goi M, S, T tuong ting la cac trung diém ctia BC,OH, AH thé thi A, B',C’, M, T cing thuoc
duong tron Euler tam S cta tam gidc ABC.

Bay gio goi D 1a hinh chiéu cia A trén H,C. Ta c6 thé thay:
(A'D,A'C) = (AD, AC) = (AH, AO) = (TA',TM) (modm)

Suy ra DA’ 1a tiép tuyén ctia (S), dé thay DA’ chinh la d, nén st dung dinh 1f Pascal cho sau
diém A’, A’, B’ B',C’,C" ta sé thu dugc A”, B”,C” thing hang, tic la c6 diéu can chitng minh.

III. BiNH Li PASCAL VOI cucC VA bOI CUC

Dinh 1i Pascal rat thi vi, cyc va ddi cuc cling rat thi vi v con mot didu ciing rat thu vi nita 1
khong it truong hop chiing ta can két hgp hai cong cu tha vi y dé giai quyét cac bai toan, mot vi
du kinh dién ctia phan nay chinh 14 phép chitng minh cho mot dinh 1f rat néi tiéng ctia hinh hoc -
dinh 1i Brianchon:

Bai toan 13. Chiing minh ring ba dudng chéo chinh ciia mot luc gidc ngoai tiép dong quy.

Loi gidi
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Ta ki hisu ABCDEF 1aluc giac ngoai tiép (O). Tiép diém ctia (O) trén AB, BC,CD, DE,EF, FA
lan lugt 1a M, N, P,Q, R, S.

Xét cyc va doi cue dbi véi (O)
Goi I, J, K 1an lugt 1 giao diém clia cac cip duong thing (SM, PQ), (MN,QR),(NP, RS)

Dung dinh 1 Pascal cho luc giac noi tiép M NPQRS ta c6 I,.J, K thing hang, thé thi cic duong
déi cyc cia I,J, K dong quy.

Dé thiy cac dudng dbi cyc ctia I, J, K lan lugt 14 AD, BE, CF nén ta c6 AD, BE, CF dong quy.

Nhu vay ta c6 didu can chitng minh!

Tiép dén 13 hai bai toan kha thi vi vé quan hé song song:

Bai toan 14. Cho hinh vuong ABCD ngoai tiép (O). Tiép diém cia (O) tréen AB, BC,CD, DA
lan legt la M, N, P,Q. Mot diém S nam trén cung nhé PN cia (O). Tiép tuyén cia (O) tai S cit
BC,CD lan lugt tai H, K. Chitng minh raing MH//AK

Loi gidi
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Xét cyce va doi cye doi véi (O).
Gid st SN cat AB & I,SP cit MQ & J.
Ap dung dinh 1i Pascal cho sau diém M, M, Q, P, S, N ta thu duge I, O, J thing hang.

Mat khéc ta thay rang I, J lan lugt 1a cac cyc cia M H, AK nén MH//AK (vi cing vuong goc
véi 1J)

Bai toan cubi ciing clia phan nay 1a do téc gid dé xuit, vé tu tudng ciing tuong tir bai toan 14
nhung n6é con mang mot ¥ nghia khac...

Bai toan 15. Cho sau diém A, B, C, D, E, F ciing thuoc mot dusng tron (O) sao cho ABCD la
hinh chit nhat. Gid sit EF cit AB,CD lan lugt & P,Q; BE cit AF & H; CE c&t DF & K. Chiing
minh ring PH//QK.

Loi gidi

Xét cyce va doi cue doi véi (O).
Gia stt AE cit BF 8 I, DE cat CF & J.
Theo dinh li Pascal cho sau diém A, B,C, F, E, F ta c6 I,0,J thing hang.

Ta nhan thay I, J chinh la céc cye ctia HP, QK nén PH//QK.
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Bay gio gia st cho F trung vao B, ta sé thu dugc ngay mot két qua rat quen biét do la ba dusng
cao trong mot tam gidc dong quy. Néi cach khac bai toan 15 chinh 13 moét mé rong cho két qua ay.

IV. Dinh 1li Pascal va bai toan con buém déi véi dudng tron

Ching ta chic hidn da rat quen biét véi két qua rat dep sau ,chinh I bai toan con buém déi véi
duong tron.

Bai toan 16. Cho duong tron (O) va day cung AB. Goi I la trung diém cia AB. Qua I vé hai
day cung tiy y MN va PQ sao cho MP va NQ cit AB tai E,F. Chiing minh rang I la trung diém
cia EF.

Loi gidi

Chiing ta c¢6 kha nhiéu chitng minh cho két qua nay, & day vé6i dinh li Pascal sé dan ra mot cach
tiép can khong ngin nhung rit thd vi cho né va ching minh nay can st dung mot bé dé nhu sau:

B& dé. Cho bén diém phan biét A, B,C, D trong mdit phing. Gid st AC cit BD ¢ S. Mot duong
thing qua S cit AB, BC,CD, DA lan ligt ¢ M,N, P,Q. Thé thi IM = IP khi va chi khi IN = I1Q.

B& dé nay thuc ra chinh 1a noi dung ctia bai toan con buém déi véi cap dudng thing va cac ban
c6 thé tim thay mot chitng minh cho né tai muc 1.39 ctia [6c].

Tré lai bai toan ban dau:

Giad st AP cit MN & S; QP cit MB & V (Trudng hgp S,V khong ton tai kha don gidn, xin
danh ban doc).

Ap dung dinh 1i Pascal cho sau diém A, B, M, N, P,Q ta thu dugc S, V, F thing hang.

Tiép tuc st dung bd dé cho bén diém S, V, M, P va duong thing AB vé6i chi ¥ TA = IB thi sé
nhan dugde két qua bai toan.

Trén day 1a mot 161 giadi kha méi mé véi bai toan con buém quen biét dude tac gid tinh cd kham
ph4 trong khi dinh két hop hai bai toan con buém (tuy nhién két qua thu dugc lai chi 14 mot truong
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hop ctia dinh 1i Pascal). Manh dan hon, tac gid da thit tim céch st dung ¥ tudng trén vao bai toan
con buém md rong ctia Klamkin:

Bai toan 17. Cho duong tron (O) vdi day cung AB nhan I lam trung diém. Hai dieém H, K
thuge AB va doi ming vdi nhau qua I. Goi MN, PQ lan lugt la hai day cung cia (O) di qua H, K.
Gid st QN, MP cit AB tai E, F tuong ing. Chitng minh ring IE = IF.

Loi gidi

V6i bai toan nay bo dé trong bai toan 16 t6 ra khong cé hieéu luc, ching ta can dén mot bo dé
mad rong hon nhu sau:

B6 dé. Cho bon diém phan biet A,B,C,D. Mot duong thiang d bat ki trong mdat phing cdt
AB,BC,CD, DA lan lugt 6 M, N, P,Q. Thé thi diém I la trung diém MP khi va chi khi I la trung
diém ciia NQ.

B dé nay co thé suy ra tryc tiép v don gian tit dinh 1i Blaikie, ban doc ¢6 thé xem muc 1.40
trong [6¢].

Tré lai véi bai toan 17.

Gia st MN cat AQ 6 V; QP cat NP ¢ T. (Truong hop V,T khong ton tai kha don gidn xin
danh ban doc)

St dung dinh li Pascal cho sau diém A, B, M, N, P, ta thu dugc F,T,V thing hang.
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Dén day sit dung bd dé cho bén diém V, T, Q, N va dudng thing AB ta thu dugc két qua bai toan.

Trong [7] ciing ¢6 mot chitng minh rat dep méat cho bai toan nay bang dinh 1i Pascal, cac ban c¢6
thé tim hiéu them.

Bai toan 17 sé gitip ching ta c6 mot cach tiép can khac rat thi vi v6i bai toan thach diu trén
Tap chi toan tudi tho II s6 25. Xin duge trich din lai bai toan dé ban doc tién theo doi.

Bai toan 18. Cho duong tron (O); A va B la hai diém thuoc (O); H la trung diém cia AB.
Hai diém K, L thuoc dogn AB sao cho HK = HL. Diém M thuoc (O); MH, MK, ML lan lugt cdt
(O) tai D,E,F. Goi S la giao diém ciia AB va EF. Chitng minh ring SD tiép xic vdi (O).

Loi gidi

Stt dung bai toan s6 17 trong trudsng hgp hai diém trén dudng tron trimg nhau véi chi y HK = HL
ta nhan dugc két qua la...

Néu goi V la giao diém ctia tiép tuyén tai M ctia (O) véi AB thi HV = HS (V luon ton tai)
Do d6 OV = 08 (1)

Dé thiy OM = OD (2)

Ta lai ¢6: (VH,VO) = (MH, MO) (modr)

Két hop vdi (1) va (2) suy ra rang (OM,0D) = (OV,08) (modr)

Vivay (OM,0V) = (0OD,0S) (modr) (3)

T (1), (2) va (3) suy ra hai tam giac OMV va ODS béang nhau nén ZODS = ZOMV = 90°

Bai toan cudi cling 14 mot bai toan kha dep da dude diang trén Tap chi Toan hoc va Tudi tré
(Bai T5/297):

Bai toan 19. Cho duong tron tam O duong kinh EF. Lay hai diém N, P trén duong thing EF
sao cho ON = OP. T diém M nao dé nam bén trong duong tron ma khong thuoc EF, ké duong
thing MN cdt duong tron tai A va C, duong thing MP cdt duong tron tai B va D sao cho B va
O nam khdc phia doi vdi AC. Goi K la giao diém ciia OB va AC, Q la giao diém cia EF va CD.
Chitng minh riang cic duong thing KQ, BD va AO dong quy.

Loi gidi
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Gia stt AO cat BD & I va cat lai (O) 6 S; BO cét lai (O) 6 T; AB cat EF 6 V.

Theo bai toan 17 sé c6 OV = 0Q.

Mzt khac AT'SB 1a hinh chit nhat nén dé thay Q thuoc T'S.

Dén day st dung dinh i Pascal cho sau diém A, T, D, S,C, B ta thu dugc K, I,Q thing hang.
Céc ban hay thit mé rong bai toan nay nhé!

Qua 19 bai toan vira rdi, tac giad hi vong rang dinh 1i Pascal da phan nao gan giii hon véi ban
doc, cubi bai viét 1a mot s6 bai tap hay khéc lien quan danh cho cac ban ty luyén tap.

BAI TAP DE NGHI

Bai 1. Cho tam gidc ABC ndi tiép duong tron (O). Mot duong thing di qua O cat hai canh
AB, AC lan lugt tai M, N. Goi I, J, K lan lyot la trung diém ctia CM, BN, M N. Chting minh bén
diém I, J, K, O nim trén mot duong tron.

Bai 2. Cho ngii giac 16i ABCDE ¢6 DC = DE va /ZBCD = Z/DEA = . Goi F 1a mot diém ném
. AF AE N
trén doan thang AB sao cho BF - BO Ching minh rang /FCE = ZADFE va /FEC = Z/BDC
(Thi vo dich qubc gia Ba Lan 1997)

Bai 3. (Virgil Nicula) Cho tam gidc ABC. Dudng tron noi tiép (I) cia né tiép xic véi cac canh
AB, AC tai E, F tuong tng. Dudng thing EF cit duong tron w dudng kinh BC tai X,Y sao cho
X, F nam vé hai phia ctia AI.Dudng tron w cit AB, AC tuong tng tai M, N. Gid st M X cit NY
tai K; NX cit MY & L. Chitng minh ring K thuoc AI va L thuoc HI, trong d6 H 1a tryc tam cla
tam gidc ABC.

Bai 4. Mot duong tron cit cac canh BC, C A, AB ctia tam giac ABC lan lugt tai D1, Dy; Eq, Eo; Fy, Fs.
DlEl Cét D2F2 6] L, ElFl Cét E2D2 6] M, F1D1 Cét F2E2 dN. Chﬁ’ng minh ring AL,BM va CN
dong quy. (Chinese Math Olympiad 2005)

Bai 5. Cho tam giac ABC khong can nai tiép duong tron tam O. Goi M, N, P lan luct 13 trung
diém ctia BC,C A, AB. Chiing minh ring cac dudng tron (AOM), (BON), (COP) c6 hai diém chung.
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Bai 6. Hay st dung dinh 1i Pascal v6i sdu diém khong phan biét dé chimg minh cho dinh i
Brianchon.

Bai 7. Cho tt gidc PQRS ngoai tiép dudng tron tam O; PR cit QS 8 T. Ha, Hg, Ho, Hp tuong
ung la tryc tam cia cac tam giac POQ, QOR, ROS, SOP. Ching minh rang T, H4, Hg, Hc, Hp
thang hang.

Bai 8. Cho tit gidc ABC D ngoai tiép mot dudng tron (O). Tiép diém ctia (O) tréen AB, BC,CD, DA
lan lugt 1a M, N, P,Q; BP, BQ cit lai (O) tuong tng tai F, E. Chitng minh réing ME, NF va BD
dong quy. (MOP 1995)

Bai 9. Goi O la tam cta dudng tron c6 cac duong kinh BB, CCy, M;N; va cac day cung
BA,,CA,. Gia stt ring BA,, CA. cit M;N, tuong tng tai M, N. Goi K, K, 1a giao diém thit hai
ctia N By, NC; v6i duong tron. Chitng minh ring Ay, A, trung nhau khi va chi khi Kj,, K, tring nhau.

Bai 10. Xét mot luc giac 16i noi tiép ABCDEF. Dudng chéo BF cat AE, AC lan lugt tai M, N.
Dudng chéo BD cit CA, CE lan lugt tai P, Q. Dudng chéo DF cit EC, EA lan lugt tai R, S. Chitng
minh ring MQ, NR va PS dong quy. (Bai T12/344 Tap chi Toan hoc va Tudi tré).
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B4t dang thdc Turkevici va mét s6 dang md rong

Vo Quoc BA CAN - SINH VIEN Dar HOc Y Dugc CAN THO, THANH PHO CAN THO

A- M3 DAU

Trong bai nay, ching ta sé cting ban vé bat ding thitc ndi tiéng sau:
Bai toan 1. Ching minh ring néu a,b,c,d la cdc sé thuc khong am tha
at + b + ¢+ d* + 2abed > a?V? + a? P + d?d? + V2P + b2 + PP

Bét déing thitc nay c6 téen la bat déng thitc Turkevici do né duge nha toan hoc Turkevici dé nghi
dau tién tren tap chi Kvant ctia Nga vao nam 1979. Day la mot bat dang thitc dep va khong hé dé
dé ta gidi n6. Khong nhing thé, né con an chia nhiéu két qua md rong manh va tha vi khién ta
khong thé nao thoat khéi sy cudn hit, kéo ta vao vong xody dao sau vé né. Bai viét nay, ching toi
sé gi6i thieu dén cac ban mot sé chitng minh ctia ching t6i cho bt ding thitc ndi tiéng nay cling
v6i mot s6 md rong clia no.

B - MOT s6 CHUNG MINH
Cach chiing minh thi& nhat
Khong mét tinh téng quat, ta gia st 0 < a < b < ¢ < d, khi d6 xét ham s6 sau
f(d) =a* + b* + * + d* + 2abed — a®b? — a®c? — a?d® — b2 — b2d® — Ad2.
Ta c6
f/(d) = 4d® + 2abc — 2d(a® + b + %), va  f'(d) = 12d* — 2(a* + b* + c*) > 0,
nén f'(d) la ham dong bién va ta suy ra dugdc
f(d) > f'(c) = 4¢® + 2abe — 2c(a® + b* + ¢*) = 2¢ [(¢®* = b*) + a(b—a)] > 0.
Vay f(d) 1a ham doéng bién, suy ra

fd) > fc)=a*+b*+c* +2abc® — a®b® — 2(a® + b?)c?

= (=) +a@2c? —ab—a*)(b—a) >0,

nén bat déng thic ctia ta duge ching minh xong. D& thay ding thiic xay ra khi va chi khi a = b =
¢ =d hodc a =0,b = c = d va cac hoan vi tuong tng.

Nhan zét. Cach giai ndy dya trén ting dung ctia phuong phap kho sat ham sé vio chiing minh
bat ding thitc. Day 14 mot phuong phap hay va duge tng dung kha nhiéu dé giai toan bat déng
thitc. Mot diéu luu ¥ khi ta lya chon ham sé dé khio sat 1a hay chd y dén déng thic ctia bai
toan, ching han ¢ bai toan nay, véi gid thiét a < b < ¢ < d thi ngoai bo (a,b,c,d) ~ (1,1,1,1) ra,
déng thitc con x4y ratai a = 0,b = ¢ = d nén ta nén chon ham f(d) nhu trén dé tién cho viéc khéo sat!

Cach ching minh tha hai

V6i gia thiét ring 0 < a < b < ¢ < d, ta thiy ring két qua cilia bai toan la hién nhién duya trén
déng thiic sau
a* + 0 4+t + d* + 2abed — a?b? — a? — a?d® — VP —b3d? — PdP =
= (c—d)?(@+c+d)(c+d—a)+ (d* —b*)(c* —b*) +a(b—a)(2cd — ab — a?).
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Cach ching minh thi ba

Day 14 mot 1i giai bing phuong phap don bién ctia Gabriel Dospinescu & [1]. Dat z = a?, y = b?,
z =%, t =d?, khi d6 bat ding thiic ciia ta duge viét lai 1a
flx,y,z,t) = 2® +y? + 22 + 12 + 2V/ayzt —ay — a2 — at —yz — yt — 2t > 0.

Do tinh déi xting nén ta c6 thé gid sit mot cach khong mét téng quat ring ¢t = min {z,y, z,t} . V6i
gid thiét nay, ta sé ching minh f(x,y, z,t) > f(u,u,u,t) > 0, v6i u = Fzyz. That vay, ta thay ring
béat ding thic nay tuong duong véi

m2+y2+z2—xy—yz—zxzt(x—i-y—i—z—Su),

hay la
P+ —ay—yr— e >t(xy+ 2 — 3YTyz2).

Do t < &zyz nén ta chi can ching minh duge
x2+y2—|—z2 —xy —yz —zx > Jryz (x +y+ 2 — 3Yxyz),

tuong duong
2?4y + 22 322222 > YryR(v +y + 2) +ay +yz + 2

Ap dung bt déng thiic Schur dang bac 3 cho bo (x2/3,y2/3, 22/3), ta dugc

22 +y? + 22+ 3/ a2y222 > Zm2/3y2/3(w2/3 + y?/3).

cyc

Mat khéc, theo bat ding thitc AM — GM thi ta c6

Zx2/3y2/3(x2/3 +y2/3) > 2(xy +yz+ zm%

cyc

va
Z$2/3y2/3(£2/3+y2/3) _ Zm4/3(y2/3+z2/3)
cyc cyc
> 23y 1/3 13 | oyA/3 1/3,1/3 L 9 4/3,1/3,1/3
= 2¥xyz(z+y+2).

Cong tuong tng 2 bat dang thitc nay rdi chia ca 2 vé cho 2, ta thu dugc

Zx2/3y2/3(x2/3 + y2/3) > Yryz(z +y+2) + vy +yz + z2x.

cyc
Tt d6 két hgp véi bat ding thitc Schur & trén, ta c6 thé dé dang thu duge

2+ + 2%+ 302222 > Yryz(x +y+ 2) +ay +yz + 2w,

hay néi cach khéc, bat dang thic f(x,vy, z,t) > f(u,u,u,t) duge chitng minh. Vi v6i bat dang thiic
nay, ta thay ring dé chitng minh bat ding thitc da cho, ta chi can chitng minh duge f(u,u,u,t) > 0,
tiic 1a 2 + 2u\/ut > 3ut, day 1a mot két qua hién nhién ding theo AM — GM. Phép chiing minh ciia
ta dugc hoan tat.

Nhan zét. Day 1a mot cach don bién rat dic sic, thay vi nhu cac phép don bién thong thusng
dua vé 2 bién bang nhau trudc roi tiép tuc lap luan thi tac gid 16i gidi da don mot cach tryuc tiép
dua vé ba bién bang nhau dé giai. Cach don bién nay kha manh va st dung né, ta c6 giai duge mot
s6 két qua tuong tu nhu sau
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1. Néu a, b, c,d 1a cac s6 khong am c6 téng bing 4 thi
3(a® + b + 2 + d?) + 4abed > 16.

(Nguyén Anh Cuong)

2. Néu a,b, c,d 1a cac s6 khong am c6 téng bang 1 thi

1 176
< — —_— .
abc + bed + eda + dab < > + o abed

(Nguyén Minh Dite, IMO Shortlist 1996)

Cach chimg minh thi tu

Tuong tit v6i 16 giai 3, ta cling sé chitng minh bat dang thitc sau véi z, 3, 2, t 1a cac s6 khong am
x2+y2+22 +t2+2\/:£yzt >ay+yz+zx+xt+ yt + 2t,

tuong duong

24+ 22242yt > (o + 2)(y + ) + 22 + yt,
hay la
1 1 2
i(y—t)2+§(:c+z—y—t)2 > (Vrz —yt)~ .
Bay gio, tagidsto > z>y>t, vadita=t+m,y=t+n,z=t+p, véim > p >n > 0, thi bat
déng thic trén c6 thé duge viét lai thanh

1
5(96 —2)% +

Sm =)+ gn+ Smtp )’ > [T mIEp) Vi)

Néun+p > mthitacé 0 < /(t+m)(t+p) —t{t+n) < /mp. That vay, bat ding thitc ben
trai 13 hién nhién nén ta sé ching minh bat diing thic beén phai, ta viét lai né nhu sau

V(t+m)(t+p) < V/t(t +n) + /mp.
Binh phuong 2 vé va thu gon, ta thiy bat didng thiic nay tuong duong véi timg bat déng thiic trong
day sau
(t+m)(t+p) <tt+n)+mp+2y/tmp(t +n),

t(m —n+p) < 2y/tmp(t +n),
t(m —n+p)> < dmp(t +n),

t(m? +n? + p* — 2mn — 2mp — 2np) < 4mnp.
Bat dang thitc nay hién nhién ding bai vi
m? +n? 4+ p? — 2mn — 2mp — 2np = m(m —n —p) + n(n —m) + p(p —m) — 2np < 0.
Do d6, khéng dinh ctia ta & trén la ding, va si dung né, ta c6 thé dua bat déng thic vé chiing minh

1 1, 1
g(m=p)?+ o0+ S(mtp—n)® = mp, hay m?+n?+p’ >mn+np+pm.

Bét dang thitc nay hién nhién ding theo AM — GM.

Néum > n+p thitaco 0 < \/(t+m)(t+p) — /t{t+n) < L\/’g". That vay, bat ding thiic
nay tuong duong vé6i

(E+m)(t+p) < Lf{” +VHE+ ),
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hay la
(t+m)(t+9) < TEEZD ) + (et p— )BT ),

2

t(m—l—p—n)—l—mpgw—l—(m—FP—n)\/?t(t"‘”)-

Ta c6 (m +p —n)y/2t{t +n) > (m+p—n)tv/2 > (m+p—n)t, va
2

— 1 1
W—mp:§m(m—2n)+§(n—p)220(d0m2n+p22n)7

nén bat déng thic trén la ding, tit d6 ta suy ra duge

1 1
(m—p)*+=n*+ =(m+p—n)

2
<

N |
N |

[VETmE e - Ve m) <
Bét déng thiic clia ta duge chitng minh xong.
Cach ching minh thi nam
Khong mét tinh téng quat, ta gia st a > b > ¢ > d, khi d6 v6i chii § ring

Za4 — dabed = (a® — b%)? + (* — d*)? + 2(ab — cd)?,

cyc

32@4 - 22:a2b2 = z:(a2 —b?)?%

cyc sym sym

ta c6 thé viét lai bat ding thitc can ching minh nhu sau
(a? — A)? + (b — ) + (a* — d*)* + (* — d?)* > 2(ab — cd)>.
Bay gio, 4p dung cac bat ding thic Cauchy Schwarz va AM — GM, ta c6
(a® —d*)? + (0> = d?)® > %(az +0% —2d%)% > %(mb —2d%)?
= 2(ab— d*)* > 2(ab — cd)?,
nén bat déng thic trén la hién nhién, va phép chitng minh ciia ta duge hoan tét.
Cach chimg minh tha sau
Ta sé gid sit a > b > ¢ > d va viét lai bat dng thitc can chiing minh nhu sau
a' +b' 4+ ¢t — a0 — v’ — ?a® > d [d(a® + b* + & — d°) — 2abc] ,

hay
(a® = %)% + (b — ¢®)* + (¢ — a®)?® > 2d [d(a® + b* + ¢® — d*) — 2abc] .

Do (a? — )2 > 2d(a + b)(a — b)%, (b*> — c)? > 2d(b+c)(b—¢)?, (¢* — a®)? > 2d(c + a)(c — a)? nén
(@®> =)+ (> =)+ (—a®)*>2d[(a+b)(a—b)>+ (b+c)(b—c)* + (c+a)(c—a)?].
Tt d6 ta c6 thé dua bai toan vé chitng minh

(a+b)(a—b)*+b+c)(b—c)* + (c+a)(c—a)* > d(a® + b* + 2 — d*) — 2abc,
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tuong duong
2(a® + % + & + abe) — ab(a + b) — be(b + ¢) — ca(c+ a) > d(a® + b* + 2 — d?).

Bay giv, 4p dung bat dang thitc Schur bac 3, ta c6 ab(a+b)+be(b+c)+ca(c+a) < a®+b3+c3 +3abe,
nén dé ching minh bat ding thic nay, ta chi can ching minh

2(a® + b* + ¢ + abe) — (a® + b + ¢ + 3abe) > d(a® + b? + 2 — d?),

tuong duong ‘
a® 4+ b + ¢ — abe > d(a? + b + 2 — d?).

Ap dung bat ding thic Chebyshev, ta dudc

(a+b+c)(a® +b* + ).

Wl =

a® + b+ >
Do dé, ta can ching minh
1
g(a +b4c)(a® 4+ b% 4 ) — abe > d(a® + b + 2) — &5,

hay la
(a®> + % 4+ c*)(a+ b+ c — 3d) > 3(abc — d®).

Ap dung bét déng thic AM — GM, ta c6
3(abc —d®) = 3 (\/3 abc — d) (\/3 a2b2c? + dVabe + d2) < 9Va2b2c2 (\/3 abc — d)

3(a® +b* + ?) (\/3 abe — d) < 3(a? +b* + %) (a—|—b+c — d)

IN

3
(a® + 0%+ c*)(a+b+c—3d),

nén bat déng thic trén 1a hién nhien ding. Phép chiing minh cfia ta duge hoan tat.
Cach ching minh tha bay

Khong mét tinh tdng quat, gid si rdng a > b > ¢ > d > 0. Khi dé, dit

A = a4+ 4t —d?? - VPP - Pa® = z:(a2 —v*)(a® — ¢?),
a,b,c
B = d*ab+bc+ca) —d*(a® +b* +P) = —d2Z(a —b)(a—c),
a,b,c

C = d* 4 2abed — d*(ab + be + ca),
ta thu dugce
a* + b+ + d* 4 2abed — a*b? — a*c? — a?d* — b c? — b2d* - Ad* =
= A+B+C=> (a*-1)(a*—*)—d®> (a—b)(a—c)+C

a,b,c a,b,c
= Z((f —d*)(a—b)(a — c) + (ab+ bc + ca)Z(a —b)(a—c)+C.
a,b,c a,b,c

Via? —d?2>b>—d?>c%2—d?>0nén

Y@= a=b)a—c) = (=) (a-b)a—c)+ (" —d*)(b—c)(b-a)
a,b,c

(b —d*)(a—b)(a—c)+ (b*—d*)(b—c)(b—a)
(b —d*)(a—b)2>0.
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Ngoai ra, ta d& dang kiém tra dugc

> (a=b)(a—c)>0.

a,b,c

Do vay, dé chiing minh bat dang thitc Turkevici, ta thay ring chi can ching minh C' > 0 la du, tic
la
d® 4 2abc — d(ab + be + ca) > 0.

Ta c6
d® 4 2abc — d(ab+bc+ca) = d® — dab + ¢(2ab — ad — bd)

> d® — dab + d(2ab — ad — bd)
d(d —a)(d —b) > 0.

Neén bat déng thic C > 0 1a hién nhién, va vi thé, phép chitng minh ciia ta duge hoan tét.

Nhan zét. Theo chiing t6i, hai 10i gidi 5 va 6 1a hai 161 gidi dep vA dic sdc nhit cho bai toan
nay, bdi 1é ching chi hoan toan st dung nhitng bat ding thic kinh dién nhu AM — GM, Cauchy
Schwarz va Schur. Ching cho ta thay ring dit hién nay c6 nhiéu phuong phap manh dé giai bat
déng thic dén dau di nita thi cac 16 gidi st dung bat dang thic kinh dién van 1a nhing 1i gidi dep
va sau sic nhat. Day chinh 1a vé dep ciia sy "thé so" ma hiéu qui. Ngoai 7 cich chitng minh nay,
con ¢6 mot s6 cach chitng minh khac nhu cach chiing minh diing phuong phap don bién manh SMV
cia Pham Kim Hung, dung phuong phap phan tich binh phuong ctia Michael Rozenberg hay dung
phuong phap EV ciia Vasile Cirtoaje, ... Nhung chiing toi cho ring nhitng 13i gidi nay déu phai
dung dén nhitng cong cu qua manh, vi ching khién bai toan mét di vé dep clia né. Vi thé ching toi
sé khong gidi thiéu ching & day, néu cac ban c6 hitng thit muén tham khao thém nhing 18i giai nay
thi c6 thé lien heé tryc tiép véi chiing t6i. Bay gio chiing ta sé dén véi nhitng md rong ciia bai toan nay

C- MOT s6 MO RONG
Dé ¥ rang bat ding thic Turkevici tuong duong véi

32(14 + 4abed > (Za2> . (1)

cyc cyc

V6i nhitng dang phét biéu nhu thé nay, ta thuong nghi dén lieu bat ding thiic clia ta co thé tong
quat cho n bién dugc khong? May man thay, diéu dé 1a dude trong trudng hop nay. Va ta cé két
qué sau

Bai toan 2. Cho x1,a,...,2, (n>2) la cdc so thuc khong am. Khi dé ta cé

n n 2
(n— 1)2%2 +ni/zia- a2 > (Z:Q) :
i=1 =1

Chitng minh ctia két qua nay, cdc ban ¢6 thé tham khéo them & [1].

Bay giv, néu ta ap dung bat dang thitc Cauchy Schwarz

(29) = () ().
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dé dua bét ding thic vé ching minh
3Za4 + 4dabed > (Za) (Za3> .
cyc cyc cyc

Rat may mén 1a két qui nay lai mot lan nita ding, v né chinh 13 mot trudng hop riéng cia bai
toan sau (dugce Suranyi dé nghi trong cudc thi Miklos Schweitzer Competition)

Bai toan 3. Ching minh rang néu x1, s, ..., T, la cic s6 khong am thi
(n—1)f +25 +-+a)+newg-xn > (1 + 2o+ )@ 42 4 ).
(Suranyi)
Céc ban ciing c6 thé tham khao thém chiing minh ctia Gabriel Dospinescu & [1].

Bay gio, chiing ta sé di dén két qud md rong chinh ma chting t6i muén gi6i thiéu dén cac ban &
phan nay

Bai toan 4. Cho 1,22, ...,7, (n > 2) la cdc 6 thuc khong am. Chitng minh ring vdi moi s6 thuc

k, ta luon co
n

n n n
(n— 1)Zx?+k T+ iz - xnzxf > (ZI’> <Zx?+k—1> '
i=1 i=1 i=1

i=1

Ta thiy ring két qua ma Suranyi dé nghi thyc chit chinh 14 mot trudng hop riéng ctia két qua
nay (ting véi k = 0). Dé chitng minh no, ta sé thyc hién phép quy nap trén n tuong tu nhu Gabriel
Dospinescu da thic hién & [1] dé chitng minh bat ding thic Suranyi.

V6i n = 2 thi bat dang thitc trén tré thanh ding thitc, con v6i n = 3 thi sau mot vai bién ddi,
ta thiy ring n6 tuong duong véi bat ding thic Schur dang bac 3

i (2 — 20)(xy — 23) + 25T (@9 — 23) (w2 — 1) + 25T (23 — 1) (23 — 22) >0,
nén né hién nhien dang. Bay gid, gia st riing bat ding thic trén ding véi n bién, ta sé ching minh

ring né ciing dang véi n + 1 bién. That vay, do tinh thuan nhét nén khong mét tinh téng quéat, ta
c6 thé gid st 1 4+ 29 + - - - + 2, = n, khi d6 ta can ching minh

n n n
n (Zx?-i-k—i-l + 932?{“) + Tpa1 <sz> <fo + foH) (n+ xpt1) <an+k + T/Zﬂ) .
i=1 i=1 i=1
Ap dung gia thiét quy nap, ta c6

n n
=3 (Tl (300t ) 2030
P — ;

nén ta chi can chitng minh duge

n n n n
+k+1 +k+1 +k—1 k k+1
n (E L gt ) tnzn Yy g = (0= Daga» 2Pt 4 (I |ﬂ7z> A
i=1 =1

=1 i=1

n
> (n+ Tn1) <Zw§‘+’“ + wZI’f) :

i=1
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tuong duong

n n n n
+Ek+1 k k +k-1
DDA DA B DDA B A B
i=1

1=1 =1 =1
k
nj_-]i lH‘rl (n - 1) n+1‘| > 0.

+ Néun +k — 1> 0 thi theo bat déng thiic Chebyshev, ta c6

n n n 1 n n
2 $?+k _ § :x;H—k—l _ 2 :x;L—i-k = E :xi § :JJ:»H_k_l > 0.
n
i=1 =1 i=1

i=1 i=1

Gia stz > 29 > - >, > 2,41 (ta c6 thé gia sit didu nay vi bat déng thitc can chiing minh
la ddi xtng), suy ra 0 < z,, 41 < 1. Khi do

n
n (Z‘T n+k+1 an+k> — Ty (an-i-k an-&-k 1> >
=1 =
n
n (Zx n+k+1 mek) n <Z$?+k _ Zx;wrkl)
i=1 =1 i=1 i=1

n
— nZ(x?+k+l _ 2x;’b+k + x?fﬁ’k*l) — nzx?+k71($i _ 1)2 2 0
3 i=1

v

Mt khac, ap dung bat ding thiic Bernoulli (chi ¥ ring %;72”1“ >0Vi=1,2,...,n), ta dugc

—x Ti— _
Hx’ - anH (1 + "H) > Ty (1 + ZLW> = ”3724& —(n =1z,

anrl
nén hién nhién
Hxi —nali i+ (n—1)al 4 > 0.
Do dé, bat ding thitc da cho ciing ding véi n + 1 bién. Theo nguyén 1y quy nap, ta suy ra
dugce n6 dang véi moi n > 2.
+ Néun +k — 1 <0 thi theo bat déng thiic Chebyshev, ta cé
n n n 1 n n
k k—1 k k-1
1= 1= 1= 1= 1=

Gidstt o) <@g < -+ <2 < Tpy (ta co thé gid sit didu nay vi bat déng thiic can chitng minh
la ddi xtng), suy ra z,+1 > 1. Khi d6

(2 xn-{-k—i—l E xn-i—k) — NZpg1 <§ xn—i—k 2 :xn+k 1> >
=1 =1
n (E x;”rkﬂ — E x;”rk) -n (E x;”k — E ac;”kl)

=1 =1 =1 =1

n
= nz(zy+k+1 = 227F 4 PR = 0y St (2 - 1) > 0.
. =1

3

Y
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Va theo bat dang thiic Bernoulli (v6i chi § ring 0 > Z-n+L > 1) ta c6

Tn+1 -

anrl Z; anrl
H:ﬂz—anH(l—«— >>xn+1<1+z>—nm - =1y,

T
“+1 i—1 n+1

. + 2 . a
nén hién nhién

[[z: —naiii + (= Dagiyy > 0.
=1

Do dé, bat ding thitc da cho ciing ding v6i n + 1 bién. Theo nguyén 1y quy nap, ta suy ra
dugc n6 dang véi moi n > 2.

Phép chiing minh ctia ta dudc hoan tat.
Véi 16i gidi ctia két qua md rong trén, ching t6i xin duge két thic bai viét cia minh & day. Rat

mong nhan duge nhing ¥ kién déng gép quy bau ciia ban doc cho bai viét nay. Xin chan thanh cam
on!
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Cac phuong phap tinh tich phan

NGUYEN VAN VINH, SINH VIEN CHUYEN NGANH TOAN Ly, DAI HOC TONG HOP QUOC GIA BELARUS

N6i dén van dé vé tich phan thi ngudi hoc toan déu va cham it nhiéu, tuy nhién c6 nhitng ngusi
chi ¢ mitc do so cap v6i mitc do tinh toan thong thudng c6 nhiéu ngudi lai sit dung né nhw 14 cong cu
dé giai quyét cac van dé phic tap hon, nhung & géc do tng dung nao ciing can c6 nhing ki ning va
st hiéu biét nhat dinh. Bai viét nhd nay néu ra mot sé6 phuong phap ma nhiéu ngudi lam toan cao
cap hay sit dung, c6 thé néi chi 1a nhiing chia sé mang tinh c& nhan trong qua trinh hoc tap da thu
nhan duge. Cac phuong phap tinh tich phan théng thuong xin khong néu lai, chi dé cap cac phuong
phap nhu st dung phép bién ddi Laplace, Fourier, ham sinh cfia cac ham dic biét, tich phan tham
s6, ham Gamma, Beta, Gauss, Dirac, Iy thuyét thing du, tich phan kép, chudi Taylor... Lugng kién
thitc dude sit dung trong bai nay kha nhiéu khong thé trinh bay tat c, nén chi c6 thé diém qua doi
nét kién thitc can thiét truée mdi phuong phap, cé thé c6 nhiéu khai niem dinh nghia duge bd qua.
Vi khéi lugng bai viét kha dai nén cac vi du dua ra chi mang tinh dinh hinh phuong phap c6 cac
bai tap ap dung kem theo.

1. Phép bién ddi Laplace, va bién d6i Fourier

Nhu ching ta da biét L[f(t),p] = /f(t)e*ptdt 14 anh ctia ham f(t) qua phép bién ddi Laplace
0

vai dbi sd p. Trong d6 f(t) dude goi 1a ham gde v cho bdi cong thitc

c+ioco
O =L 00 = 5 [ LU@semap

Déi v6i phép bién ddi Fourier thi ¢6 nhiéu dang khac nhau nhung c6 hai dang ma ching ta hay
gip va st dung dé 13 dang dbi xing

oo

F[f(t),p]z\/% / F(Be- it

Va khong dbi xtng

FLf(t),p] = / f(He=dt

Tuong ting v6i hai ham gbe dude cho bdi cong thite

+oo
f(t) = FH[f(t).0] = \%27 / FL(8),p] P dp

—+o0

. 1 . )
£ = (700 = o [ FLAO.6)e7dp

Céc tinh chét ctia hai phép bién déi nay kha nhiéu moi ngusi c6 thé xem thém cudn “The Trans-
forms and Applications Handbook” cuia Alexander D. Poularikas.
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D& don gian ta ki higu cdc ham anh khong c6 dbi s6 L [f(¢)], F [f(¢)], F [f(t)]

Chiing ta bt dau bing mot vi du don gian.
o0
Vi du 1. Tinh I(z / L= cosat
0
Loi giai
N6i chung, cach ap dung ciia ca hai phép bién déi nay la thay vi ta tinh truc tiép cac tich phan

can tinh thi ta c6 thé tac dong vao ca hai vé mot phép bién ddi Laplace hay Fourier va sau do6 ta
tim ham gbc clia tich phan vita tim duge thi sé thu duge két qua nhu mong mudn.

Ta co

S 001 B . [e%) 1 %)
L{I(z)] = / / Ly ) e = / - / 77 (1 — cosat) da | dt
0 0 0 0
[1 [ 1 t]>
—L[1—cosxt]d /— - — dt = ~arctg- -
2 12 p +t2 P Pli—g 2p2
0 0

Ta dé dang nhan thay L~ [27r2] = Ex

Vay ta c6 I(x) = gas

Ta &p dung tuong tu cho phép bién déi Fourier va thu dugc két qui tuong tu.
Bai tap ap dung

oo

1. Tinh I(z / ‘;Obxt
+t2
0

2. Tinh I = Mdm
1+ 22
0

oo

3. Tinh[:/wdt

0
Bén canh d6 ta c6 thé sit dung cac tinh chat cia phép bién ddi Laplace, Fourier dé thu dugc cac
két qua nhanh va hiéu qui. Cé ba tinh chit don gidn ma ching ta da biét khi lam quen v6i phép
bién déi Laplace
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Ta thit xem thém mot vai vi du tng dung ba tich chit nay

int
Vi du 2. Tinh 1:/%(1
0
Loi gidi

Tich phan ndy kha 13 phic tap khi ta st dung cac kién thitc thong thudng ngay ci sit dung tich
phan tham sb ciing kha dai nhung néu 4p dung tinh chét trén ta thiy ngay két qua

(o) o0 oo d
sint . p T
I:/Tdtz/L[51nt]dp:/1+p2 = arctgp|8°=§
0 0 0
T2
-1
Vi du 3. TinhI:/pide
(»?+1)

x

Loi gidi

Dua vao tinh chat thit hai dé dang thu duge két qua clia bai trén:

I = Ljcost,x] = 1 —f:ﬂ
t

Vidu 4. Tinh I = /e” sin z cos(t — x)dx

0
Loi gidi
Ap dung tinh chét thd ba & trén ta c6

t
@ g @ g 1 p
L e’sinz cos(t — x)dx| = L[e”sinx] Lcosz] = 3
) p—1)"+1p°+1

1 P p—1 1 43 1
S5\ HL (p-12+1 TP+l T(p-1)2+1

Tit d6 ta c6 1y nghich 4nh clia ham thu dude vi thu duge két qua can tim kha dé dang vi cac
ham anh c6 dang quen thudc

1
I= 5 (cost —e'cost — 2sint + 3e' sint)
Bai tap ap dung
t
1. Tinh I = /et*Tch(aT)dT, trong dé a 1a hing sb.
0

oo

7at . t
2. Tinh I = / %dttrong d6 a > 0.
0

[ Bw-a
3. Tlnh[—z/ [(p;2+ﬂ2rdp
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Phép bién ddi Laplace con c6 cac tinh chat khac ma méi tinh chat déu cé thé ap dung xii 1j linh
hoat cic tich phan nhu tinh chat vé dich 4nh, cong thitic Duhamel,... (ban doc c6 thé tham khio
them & [2],[5]). Véi phép bién ddi Fourier, ngoai ki thuat da néu & trén dbi véi phép bién déi Laplace
ta con c¢6 nhing cach ap dung khac.

Vi du 5. Tinh

Loi gidi

Dé cho thuan tién khi céc ban doc céc sach tham khao thém va dé ding ta sé sit dung phép bién
d6i Fourier khong d6i xting c¢6 dang

+oo
Flsol= [ e

Nhan théy

Flemoe®] = F[er(vava)’] = \/Z/

Tit d6 dé dang thu dugc tich phan can tinh

+o0
I(a) = / e=a0’ g=2milz g, I [0] = Teo— /T
V o V o

Day chinh 1a tich phan Euler Poisson ma ching ta da biét.

Viéc ap dung cong thiic trén dé tinh tich phan hét sic don gian va thuan tién tuy nhién trong
mot s6 truong hop ¢6 nhiéu ham thi viéc liga chon ham gbc cho phép bién ddi Fourier ciing hét stic
quan trong, hau hét cac ham lién quan dén tich phan nay 1a tich phan c6 chita ham lugng gidc, ham
mi, ham luy thira,...

Vidu 6. Tinh

+o0o
I(a) = / sin (wz) cos (2rax) dr. 00 < a <
T
Loi gidi
Ta cé
R 1, Ip| <1/2
Fsinc(z)] =< 1/2, |p|=1/2
0, lpl>1/2
Trong désin ¢ (E> _ ST
™ x
Khi dé ta c6 tich phan can tinh la
+oosin(7rx) ' R 1, ‘Oél < 1/2
I(a) = / ety = Flal == ¢ 1/2, |a|=1/2
R 0, la|>1/2
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Déi v6i phép bién déi Fourier bén canh céc tinh chat co ban gan giéng véi phép bién déi Laplace
thi con c6 mot sd cac tinh chat dic biét khac. Mot vai tinh chat thudng hay sit dung:

+ Déng thiic Plancherel
+oo +oo 9
[1s@ra= [ || d

+ Déng thitc Parseval

400 “+ o0
| t@ig@iiz = [ Flo)Clidp
Vidu 7. Tinh
—+oo
. / dx
o+ a?)?
Loi gidi
Ta co

511 —2rp|
F[l—kxz} =me

Ap dung ding thic Plancherel, thé thi

+oo 1
I= | |——
/’1+:c2

Ta thu dudgc két qué rat nhanh va nhe nhang.

2 oo
dx = 27 / e P dp = g

Vi du 8. Tinh
+oo

- ()

— 00

Loi gidi

Ap dung déng thiic Parseval dbi v6i hai ham

F) = B2 () = (””)

T x

Ta thu dugc tich phan can tim

400 +oo

r= [ () we [ RG]0l C)w=rg (145) =

— 00 — 00

sinx

x
Trong do6 sinc (7) =
T T
Phép bién ddi Fourier ciing c6 tinh chat ciia tich chap giéng v6i phép bién déi Laplace (tinh chat
s0 3).



Tap chi Toan hoc MathVn S6 02-2009

Stt dung tinh chat nay ta ciing dé dang tinh dugc tich phan sau

400

[ sinmusinz (z — u) uw = sinc(x
9(1‘)_/ Tu  w(z—u) ’ v

Bai tap ap dung
+oo
1. Tinh I = / cos (72) ;.
1+ 24
+oo . 3
2. Tinh I = / (Sm‘“) dz
X
too 4
3. Tinh I = / (Sm‘”> d
X
+o0o . b
4 Tinh I — / sin (az) cos (bx) ,
X
0
+oo .
5. Tinh I = / sin(maz)
x (22 + b?)

Phép bién déi Laplace v Fourier con chita kha nhiéu céc tinh chat hitu ich cho viéc tinh tich
phan. Ngay ca dbi véi cac tich phan boi khi stt dung phuong phap nay ciing hét stc higu qua. Phép
bién déi Laplace va Fourier ciing c6 cac dang suy rong cho nhiéu bién khac nhau ma v6i mbi dang
diéu c6 nhitng tng dung hét stc tht vi. Vi bai viét chi mang tinh giéi thiéu cAc phuong phép nén
hi vong sé tré lai chii dé nay trong mat bai viét khac.

2. Khai trién tich phan thanh chudi

Day 13 mot ki thuat kha so cip nhung rat thi vi vi thudng gip trong cac bai toan tinh tich phan
phtic tap. Van dé Iya chon ham dé khai trién sé quyét dinh bai gidi c6 dep va t6i wu hay khong. Khi
khai trién va hoan vi tich phan clia tong va téng ciia tich phan ta can cht § dén cac déi tugng thu
dugc ¢6 quen va dam bao tinh hoi tu clia tich phan hay khong.

oo xr ¢
1
Vi du 9. TinhI:/e_” /e —dt | nada

0 0

Loi gidi

Day 13 mot bai toan khé kho clia tap chi Crux. Tuy nhién néu 4p dung ki thuat khai trién chudi
Taylor thi ta ciing thu dugc két qua khong miy 1& khé khan. Duéi day 1a 15i giai khi ap dung ki
thuat trén

0 t n
e’} x 4 oo z Z (_n') -1

I:/e*“C /e t_ldt lnzdx:/efz /%dt In zdx

0 0 0 0
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D
Sy

nln

/t” Ldt lnmdx— -1 /e 2™ In xdx
0 0

n= 1

) (n+1) i (—1)"W(n+1)

Trong d6 I'(x), ¥(z) 1a cac ham Gamma va PolyGamma.

Nhu ta thay & trén, ta da sit dung ki thuat khai trién ham e~* duéi dang chudi Taylor va chuyén
tich phan can tinh thanh tdng ctia chudi.

Van dé tinh téng ciia chudi chiing ta khong ban & day nhung ta ciing dé dang nhan duge két qua
clia chudi nay 1a

oo n 1
Z (=1)"¥(n+1) :71n2+/—1n2+1n(1+t)dt 1
n

- 12( 7 +12yIn2 +61n°2)
0

Trong d6 7 1a hing s6 Euler-Mascheroni.
Chiing ta c6 mot bai bién ddi tich phan thanh chudi kha thi vi 6 tap chi La Gaceta.

Vi du 10. Ching minh
1
1 = 1
1=-

erm
T e = -
W/\/l—xQ v Zon!(n+1)!
—1 n=

Loi gidi
Ta c6
1 L In+2
zzl/x(e%—e—%) A :l/z 22) d
7T0 V11— 22 7T0 "0 (2n+1)!\/1—1’2
> otz o 2n+2 /2
_ l 2 /z2n+2 — l 27 / Sin2n+2 9d9
(2n+1)! 22 (2n+1)!
0 0 n=0Q 0
Ll 222 (2n+2)lr i 1
= (2n + 1) 22n+3 ((TL + 1)')2 - s nl (n + )

Nhin vio dang biéu dién ctia chudi, ta nhan thay ngay do 1a ham I;(2) (Ham modified Bessel
bac nhat).

Phuong phap trén cho phép ta tiép can nhiéu tich phan phan khé va gitp ich kha nhiéu cho cong
tac nghién ctu. Mot trong nhitng tng dung manh va hét stc hiéu qua dé 1a “Dinh li cong”, nhing
ngudi lam todn cao cAp va lien quan dén cac van dé vé phuong trinh vi tich phan han sé thay day
13 mot cong cu hieu qua va thi vi. Cac ban c6 thé xem them vé van dé nay & [7].

Stt dung ki thuat nay ta tinh dugc kha nhiéu tich phan hay ma nhiéu phuong phap khac khong
lam dugc hosic qua cong kénh, thi du nhu mot bai clia tap chi PIMU

1

1
1 1 e n—1 o -1 n—1 2
/n +-T :2 'n, 1/ dx—i ( n)z :%
0 n=1

0 n=1
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Bén canh dé mot phép chuyén tich phan vé chudi rat thuong gap khi gidi cac bai toan tich phan
lien quan dén phan 18 va phan nguyeén. Xin dua ra mot vi du vé van dé nay dé ching ta thiy 16 su
tha vi clia phuong phép chuyén tich phan thanh chudi.

Chiing ta bat dau bing mot vi du nhé v6i ham phan nguyén

EREIE

Day 1a bai toan co ban ap dung ki thuat da néi 6 trén. St dung ki thuat khai tich phan thanh
dang chudi ta co:

Vi du 11. Tinh

Loi gidi

[E-ED=-% [ (L)

ii(ma/z) _kz—lkl>

Van dé tinh téng chudi trén khong kho khin, két qué cudi ciing ta thu dugc

i L Lyt L L e 1~0386
Z\k+(1/2) k+1) "\3 4 5 6 7) o

Bai toan kha don gidn nhung phan nao néi 1én dugde ki thuat ta da mo t4 va c6 ¥ nghia kha thi
vi, gia tri tich phan ta vita tinh duge chinh 1a xéc sudt dé sé du khong bé hon mot nita ciia sd bi
chia, néi r6 hon ta xét phuong trinh dong du n = n,, (modv),0 < n, < v, thi gid tri tich phan thu
dugce 1a x4c suat dé xay ra truong hgp n, > 3

Ta xem tiép mot vi du hay vé phan 18

1
1
Vidu 12. Tinh 1 :/{}lnmdm
x
0
Loi giai
Day 13 mot bai toan rat hay & tap chi MJMS va duéi day 13 18i gidi ctia Ovidiu Furdui.

Ta dé& dang bién ddi tich phan vé dang sau

1 . - k+11
nt
1= (=4 - 2 -
/{:p} nzdx Z/ e (t—Fk)dt
0 k=1%

Tich phan timg phan céac tich phan thu duge, ta c6

2 (I (k+1)—In*k In(k 4 1) 1
I__kz—l< 5 (k1) —Ink - === =

n n
Chi y rang v = lim > + —Inn la hing s6 Euler-Mascheroni, va v, = lim (Z nk _ In? ")

2
n—00 | n—00 \ k=1

14 hiing sb Stieltjes.
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Ta thu dugc téng ctia chudi trén 1a
I=v+vm-—-1

Cac cong doan bién déi dé thu dugc két qua kha don gidn ban doc c¢6 thé lam nhu 1d bai tap.

Stt dung ki thuat nhu trén ta thu duge nhidu két qua dep clia cac tich phan cé gia tri dic bigt
13 cac tham s6 nhu Stieltjes, Euler-Mascheroni, Gold ratio...

Ciing diing phuong phap trén, Ngo Phudc Nguyén Ngoc da tinh dude tich phan sau rat dep va
thu duge mot biéu dién kha tha vi ctia hing s6 Euler-Mascheroni

I/l{slc}l—xdx

0

Ching ta da nhan thiy & trén viéc chuyén cac tich phan can tinh dén cac chudi tuong duong
gitp ta thu dugc nhiéu déng thic dep. Bang phuong phap nay ching ta ciing cé thé ching minh
hai dang biéu dién ciia ham hypergeometric function la tuong duong nhau

F(a,b,c,z) =

1
0 k
F /tbl1—th*1(1_tZ)*adt:ZMi
C— !
0

Ching minh xin danh cho ban doc.

Bai tap ap dung

1

/{lnx} x"dx,m > —1.

0

1.1

Inzn?(1 — z)
x

1 T
{x} 1imdm—7.

1
/a: { } }dacdy, t>—1.
0

3. Tich phan phu thudc tham sb

dx.

N

~

|
O\H

S

~

|| I
O\H O\»—A

C6 thé néi day la mot chit dé rat 16n vé6i tinh ng dung rat cao. C6 kha nhiéu ki thuat déi véi
phép tinh tich phan nhung phuong phéap tich phan tham s6 1a mot van dé hét stc tha vi. Déu khé
khan nhét khi 4p dung phuong phap nay ban phai nghi ra tham s6 can thém la gi, ching ta di theo
chiéu thuan hay ngugc ctia phép bién déi. Viec ap dung phuong phap nay cho phép ta thu duge
nhidu két qua rat 1a tha vi lien quan dén chudi, ham dic biét. Vi chit dé nay kha dai vA c6 nhiéu
ting dung phtic tap nén sé duge dé cap chi tiét trong bai viét & s6 tap chi tiép theo.
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Ly thuyét cac quan xe

NGUYEN TUAN MINH, L6P CU NHAN CHAT LUGNG CAO, KHOA III - DAT HOC HUE

A - MO pAU

Hoéan vi véi cac vi tri cAm

Ta ¢6 mot mo hinh cho mot bai toan téng quéat nhu sau:

Xét cac tap khac rong X1, Xo, ..., X,, C {1,2,..,n} va ki hi¢u S,, tap céc hoan vi v6i do dai bang n

Diat P(X1, X2, ... Xp) ={0c€ S, | o(i) ¢ X;, i =1,2,....,n }, tap X; dudc goi 1a vi tri cAm
clia (i), cac hoan vi thuoc P(Xy, Xa, ..., X,,) goi 1a hodn vi véi cac vi tri cAm (permutation with
forbidden positions) tuong ting véi he (X1, Xa, ..., Xy)

Mot hoan vi o € S,, tuong duong véi mot cich sip dit n con xe trén ban c¢d vua n X n & cac toa
do (i,0(i)) (O day ta danh sb cdc cot va cac dong bing céc sb 1,2, ..., n tit trai sang sang phéi va tit
trén xuodng dudi, (z,y) 1a toa do cia 6 ndm & cot thit z va hang thi y), di nhién la o(i) # o(j) nén
khong c6 2 con nao an nhau.

Néu o € P(Xy, X3, ..., X;,) thi hoan vi ndy tuong ting véi mot cach sip dit n con xe lén ban cd
n X n sao cho khong c6 hai con nao &n nhau v con xe nam & cot th ¢ thi khong duge phép dit vio
cac 6 vuong c6 toa do thuoc tap M; = {(i,z) | € X}, cac vi tri nay goi 1a vi trf cAm (di nhien
M; N M; = 0 v6i i # j).

Goi A; 1a tap cac cach sip xép ma con xe § cot thit ¢ duge dat vao vi tri cAm. Theo nguyén ly
bao ham-loai trit ta c6 két qua téng quat

|P(X1, Xa, s Xo)| = S| — [A1 U Ay U ..U Ay

=nl =Y |Al+ D JANA]— 4 (m1)"[A1 N A2 NN Ay

i=1 1<i<j<n
Goi 7y, 1a s6 sdp dat k con xe lén ban ¢ n X n sao cho mdi con xe déu & vi tri cAm, quy udc
ro = 1. Thé thi
> |A;, N Ay, NN A | =ri(n—E)!
1<i1<i2<...<ix<n

Do do
P(X1, Xoy oo X)) = S (=)Fr(n — B!

So6 cach sap dat cac quan xe

Goi 7(C) 1a 86 cach sap dit k con xe (rook number) 1én mién 6 vuong C (mién & day khong
nhat thiét 1a phai lién thong) trén ban ¢d sao cho khong ¢6 2 con ndo &n nhau.

Ham sinh Reo(z) = Y pe, re(C)z* goi la da thic xe (rook polynomial) ctia mién C, quy udc
TQ(C) =1.
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Mot mién céc 6 vuong C trén ban c¢d m x n cé thé duge dic trung béi mot tran (Cij)mxn trén
truong Fy = {0, 1} véi ¢;; bang 1 néu 6 (4,7) € C va ¢;; = 0néu o (4,5) ¢ C.

Mot s6 tinh chat quan trong:

1. Re(x) = Reva(w) + Ro—a(x) trong d6 A la mot 6 vuong trong C', C'\ A la mién 6 vuong
nhan duge tit C khi bé di A v C — A 13 mién 6 vuéng nhan dude tit C khi bo di tat ca cac 6 ¢
cuing hang va cuing cot véi A.

That vay, khi sip xép k quan xe l1én mién C, trong d6 6 A ¢b dinh, thi ¢6 hai trudng hop xay ra:
- O A dugc sip mot quan xe, khi d6 d6i v6i k — 1 quan xe con lai thi khong thé sip ciing hang
ho#ic ciing cot v6i A. Sb cach sip trong truong hgp nay la Ry_1(C — A).

- O A khong duge sdp quan xe nao, khi d6 dbi véi k quan xe c6 thé sdp trén mién CA. S6 cach
sap x¢p trong truong hop nay la Rx(C'\ A). Vi vay:

Ri(C) = Rip(C\ A) + Re—1(C — A)
Tit day dé suy ra két qud v6i dang ham sinh.
Mién cac 6 vuong S goi 1 mot block clia mién cac 6 vudng C néu théa man:
i. V6i bat ki cac dong 7,4’ ¢6 chita 0 clia S va cot j khong chita 6 ndo ctia S thi 6 ¢;; = ¢/;.
ii. V6i bat ki dong i khong chita ndo ctia S, va cac cot j, j' chita 6 ctia S thi ¢;; = ¢;jr.
Ta c6 mot md rong (xem thém & [1]) ctia tinh chat 1 nhu sau:

2. V6i C' 1a mién 6 vuong trén ban c¢d va S 13 mot block nim trén s hang va ¢ cot thé thi

min(s,t)

Re(z) = Z 75(9)2? Res ) ()
=0

Trong d6 C(S,5) v6i 0 < j < min(s,t) 13 mién nhan duge bing cach bd cac 6 ciia C sao cho:
i. B6 di tat ca cac 6 clia S

ii. B6 di tat ca cac 6 thuoc j dong trong s6 s dong chita cac 6 ciia S

iii. Bo di tat ca cic 6 thudc j cot trong s6 t cot chita cac 6 clia S

Ching minh nay ciing khong khé khan, chi tiét xin danh cho ban doc.

3. Reyuc, (z) = Rey (x)Re, (x) véi Cy va Co 1a hai mién khong ¢6 hang nao chung va cot nao
chung, C; U Cs 13 mién 6 vudng bao gom tat ci cac 6 vudng cia C; va Co

That vay, vi C1, Co 12 hai mién khong c6 hang ndo chung v cot ndo chung nén mdi cich sip dit

i quan xe lén C; va j quan xe len Oy sé tng véi mdi cach sip dat ¢ + j quan xe lén mién C; U Oy,

v6ii,j > 0. Vivay rp,(CLUCy) = Z 7;(C1)r;(C2). Tt day nhan duge két qua dudi dang ham sinh.
i+j=k

Gia st B 1a mot mién 6 vuong trén ban cd va B 1a mién bii cia n6 trén ban cd m x n, thé thi sé

céch dit k quan xe lén B sé bang s cach sdp dit k& quan xe lén ban ¢d va coi cac 6 thuoc B nhu la

cac vi tri cam. Tuong tu nhu phan dau, ki hieu A; v6i i = 1,2, ...,k 13 s6 cip sdp dit ma quan xe
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thit ¢ n¥m vao mién cam 1a B.
Bing quy tic nhan ta tinh dugc

(m — s)l(n —s)!

E A, NA,N...NA; | =rs(B).

o , i 0 Az, io] =7l )(n—k)!(nfk)!(k—s)!
1<i1<i2<...<is<k

8 . B , N lq! . .

O day ta chil ¥ réng s6 cach sip t quan xe 1én ban cd px ¢ bing m,véltgmm(m,n)

(chitng minh diéu nay xem nhu bai tap), va ta da 4p dung chot =k —s,p=m — s, =n — s.
Theo nguyén 1y bao ham-loai triu, ta co

k
— s (m — s)l(n —s)!
re(B) _ZO(_I) = B = B =B

s=

Tit day ta c6 mot lien hé dep git da thitc xe clia hai mién 6 vuéng b nhau:

4.

Re() — Gy Y (m —s)l(n—s)! B 2
50 =2 | L i — o=y P) ) #

k=0 \s=0 '
Bai tap.
1. Ki hieu R,, ,(z) la da thiic xe ctia bang chit nhat m x n 6. Ching t6 réng
Rm,n - Rmfl,n(x) + anmfl,nfl(x)

va dang tuong tu
Rm,n - Rm,n—l(x) + mem—l,n—l(x)

T d6 suy ra

min(n,m)
mln!
R = k
(@) kZ:O (m —k)l(n — k)&
i et d" (ante ] PPN
2. Ki hiéu LY = — | —— ] (Da thic Laguerre). Ching t6 rang
nlz® dz \ e
1
Ry nta(z) =nlz" LY (—)
x
3. Chitng minh ring
= 2 n t
> Rn(@)— = (1+at)"e
m=0

oo 00 {Mn
E E _ t+utzxtu
B () minl €

m=0n=0

4. Véi C' 1a mot bang vuong bat ki, ta viét ry thay vi 7,(C). Gia st n 1a bac ciia da thic Re(z),
chitng céc bat déng thitc sau

k
a. ( _]:m>rk+m < TmTE



Tap chi Toan hoc MathVn S6 02-2009

b. kK %r, < (kr2 1) vl 1 <k <n.

2
C. Thp—1Tk+1 < T

1 1
d. TE_1Tk41 (1 + > <1+ — k) < 7",%

1/k 1/m
Tk T'm Lt
oy S ny V010§m<k§n.
((Q) ((m)>

foorg<np,v6i0<k< 3

o

®

n—=k

T < Th_k_1 voi0< k<ol
k+1k_nk1 >~ = "9

g.

Ly thuyét cdc quan xe (Rook Theory) ma do6i tugng ctia n6 la da thiic xe duge nghién citu
dau tién béi Kaplansky and Riordan vio nim 1946, vi sau dé 1a cac md rong ctia Goldman vé6i sy
ting dung ciia nhidéu phuong phap t6 hgp hien dai tit nhitng nam 1970. Trong nhitng nam gan day
Haglund dat dugc nhidu thanh cong trong viéc gan két da thitc xe v6i nhiéu linh vite khic nhu chudi
sieu hinh hoc, bai toan dém ma tran trén trudng hitu han, 1§ thuyét biéu dién nhém. L thuyét céc
quan xe c6 quan hé gan giii v6i nhiéu ing dung trong ly thuyét do thi, ngusi ta ciing di van dung
da thiic xe cling v6i co hoc luong tit va dai s6 Weyl. Con trong T6 hgp dém néi rieng, da thitc xe
lien quan dén hang loat cac bai toan dém vé hoan vi, phan hoach, hinh vuéng Latin...

Trong phan mdé dau ching ta da lam quen véi cach tinh toan ma thitc xe véi sy dé quy cila cac
mién 6 vudng. Phan tng dung méy tinh trong tinh toan da thitc xe s& duge dé cap & cubi bai viét,
xem nhu 1a phu luc.

B - M3 RONG VA UNG DUNG

1. Bai toan dém hoan vi bat hoa

Bai toan 1. (Derangement problem!) Tim s6 cAc hoan vi o € S,, sao cho o (i) # i.

Loi gidi

Bai toan tuong duong véi viéc tim sb cac cach sip xép cac quan xe lén ban cd n x n 6 véi va
mién cac vi tri cAm chinh 1 dudng chéo chinh ciia ban cd:

C=1{(1,1),(2,2),....(n,n)}

R6 rang mién nay c6 thé dudce xem 1a phan hoach thanh n 6 vuong doi mot khong cing hang va
cuing cot. Da thic xe clia mdi 6 nhu vay 1a Ro(z) =1+ x.

Ap dung tinh chat 3, ta c6 Re(z) = [Ro(z)]" = (1 + ). Suy ra r,(C) = (}).

Ap dung bai toan hoan vi v6i cac vi tri cim, ta thu dude cong thitc tinh s6 céc hoan vi o € S,
théa man diéu kién bai toan:

n "L (—1)k
D, = Z(_nk(k)(n_ k)l = n'kz_%(kl')

k=0

1Bai toan dugc nghién cttu dau tién bdi Pierre Raymond de Montmort vao nam 1713
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Mot hodn vi nhu vay goi la vo trat tu (derangement permutation).
PP . Dn 1
Chuylakh1n—>ooth1—'—>e .
n!
Bai toan 2. (Ménage problem?) Tim s6 cach sip xép n cap c¢o dau, chi ré vao mot ban tron 2n
chd (n > 3) sao cho céc c¢o dau, chi ré ngdi luan phién nhau, nhung khong xay ra truong hgp chi
ré ngdi bén canh c¢o dau ctia minh.

Loi gidi

Dau tien, ta sdp n co6 dau vao ban, sao cho giita hai c6 dau dé tréng mot ghé danh cho mot chi
ré nao do. S6 cach sip xép nhu vay bing 2.n!

Trong mdi cach sip xép cac co dau, danh s6 ho theo chiéu kim dong ho lan lugt 14 1,2, ..., n. Ghé
tréng bén phai c6 dau thi i ta danh sb 13 i.

Bay gio ta xép cac cht ré vao n ghé tréng nay sao cho théa man yéu cau bai toan.
Gia stt chii 1é ctia ¢6 dau thit i duge sdp vao ghé s6 o(i) € {1,2,...,n}.
Thé thi o(i) #4,i+ 1 (mod n)

Ta c6 thé cho tuong ttng mot hoan vi o € S,, (n > 2) nhu vay bing v6i mot cach sdp cac quan
xe 1én ban cd n x n & véi mién cac vi tri cAm la:

Cn ={(1,1),(2,2), .., (n,n),(1,2),(2,3), .., (n, 1)}

2Bai toan dugc nghien citu dau tien béi Edouard Lucas vao nam 1891
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Ap dung tinh chat 1, déi v6i mién 6 vuong C,, khi bd di 6 (n,1) ta duge mién S, néu xoéa di
dong v& cot chita 6 nay ta dugc mién S, _;. Ta co:

Rc,(v) = Rs, (z) + 2Rs, ,(z)

V6i mién S, ta loai di 6 (1,1) dugc mién Tj,, loai di hang va cot chita 6 nay thu duge S, _1,
tuong ty ta nhan duge
Rs, (z) = Rr,(z) + 2Rs, _, (2)

n

V6i mién T),, ta loai di 6 (1,2) thu dugc mién S,,_1, loai di hang va cot chita 6 nay thu duge
T, .. Thé thi
Rr, () = Rs,_, () + xRy, ()

Tt cac quan hé dé quy trén, ta rat ra dugc:
Re, .. (z) — (2z + 1)Re, (z) + 2*°Re,_,(z), n=2,3, ...
Va véi cac trudng hgp dau tieén, ta tinh duge Re, (x) = 1+4x+ 222, Re,(z) = 1+ 62+ 922 4 223,

Két qua cudi ciing, tinh dugc (c6 thé sit dung ham sinh hodc da thic dic trung):

~ 2n 2n —k
Be, (@) :Z2nk( k )xk

k=0

Ap dung bai toan hoan vi véi cac vi tri cAm, ta c6 s6 cac hoan vi o € S,, thda min didu kién la

n

e R !

k=0

Day 1la s6 céch sip xép n chi ré vao n vi trf tréng nhu da danh s6. Cong thiic ctia s6 cach sip
xép céc ¢o dau chd ré théa man didu kien bai toan la:

2.1 2(71)’6237 - <2"k k> (n— k)!
k=0

Truong hop tong quat ciia Bai toan 1 va Bai toan 2, ta goi hodn vi ¢ € S, sao cho
o(i) # i,i+ 1,...,i +k —1 (mod n) la k-bat hoa (k-discordant). Cho dén nay ngudi ta da co6
céac két qua cho bai toan nay cho k = 1,2, 3,4,5. Truong hop k = 3,4,5 c6 thé tiép can mot cach so
cap dé tim quan hé dé quy va ham sinh, trong bai viét khong dé cap dén do khé phiic tap, ban doc
c6 thé tham khéo & [2], [3], [4]. Trong trudng hgp tong quat, van dé tim mot cong thitc chinh xac dé
tinh s6 hoan vi k-bat hoa vAn 1a bai toan mé.

Bai tap.

1. Mot hoan vi o € S,, dugc goi 1a khong lién tiép (nonconsecutive) néu nhu théa man o (i) # i+1
véii = 1,2,...,n — 1. Tim céng thiic Q,, tinh s6 ciac hoan vi do dai n khong lién tiép va ching to6
Qn = Dn + anl

2. Chitng minh rang:

a. D, =(n—-1)Dyp-1+Dp_2), n>1

b. D, =nDp1+ (=1)", n>2
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1
c. D, = {n—k], n>1
e 2

n! n+2
Dy, 3| =2
[e+(n+1)2] b
e. Dy =[(e+e M)nl] —[enl], n>2

£ Dn = K[e((:—:_r;n—_;))!!] (n+m _”1;:1 m —1)! * el) n!} = [en]

d.

e(n + 2m)! o +2—1 3

3. Tim cong thic tinh s6 cic cach sip xép 2n quan xe lén ban c¢d 2n x 2n sao cho khéng c6 hai
con ndo nam trén hai dudng chéo 16n ctia ban cd.

n

2 2n —k N
4. V6i U, = kz_o(—l)an ﬁ p ( nk )(n — k)! (ménage number), ching minh réng:
4(—1 n—1
a. U, =nU,_1 + LUn72 + ¥7 n>2
n—2 n—2

b. U, =nU,_1 +2U,,_o — (n - 4)Un_3 —Up_g, n>4

2. Bang Ferrers
Véil<c <cp <...< ¢, thi mién cic 6 vudng duge xac dinh béi
F={(i,j)|1<i<nl<j<c}

goi 1a bang mot bang Ferrers. Nhu vay bang Ferrers dugc tao thanh tit day cac cot 6 vudng véi
chiéu cao khong gidm.

Ta c6 cac dinh nghia:
1. h(F) = (c1,¢2, ..., ¢y) goi la vector chiéu cao ctia F.

2. hp(B) = (cgm),cém), ...,c%n)) (s > n) voi cz(-m) =0,i=1,2,..,m—nva cgm) = Ci—min VO
i=m—mn-+1,..,n goi la m-vector chiéu cao ctia F.

Chi y rang h, (F) = h(F). C6 thé hiéu mot cach don gian rang h,,(F) l1a vector tao ra tit h(F)
bing cach thém cac gia tri 0 vao m — n vi tri dau tien .

3. s (F) = (sgm), sém), o SSZL)) v6i ng) = cv(;m) — i+ 1 goi 1a vector m-cau tric cta F.
Dé& dang kiém chitng céc tinh chét sau:

LS s

i 5™ > 6™ 1 veii=2,3,...,m
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iii. s;(m) = s{™) — 1 khi vi chi khi ™ = ¢{™)

Nguoc lai, néu mot vector gom n s6 nguyén théa man (i) va (ii) thi né 1a mot vector n-ciu tric
ctia mot bang Ferrers xac dinh duy nhéat.

4. Pp(Fox) =30 o ri(F).[2])m—k (m > s) goi la da thiic m-giai thita clia bang Ferrers F.

Dinh 1y 1. (Factorization theorem) Xét bang Ferrers F v6i n cot, v6i m > n c¢6 vector m-cau

triic sp, = (s\™, s, si™) va da thite m-giai thita P, (F, ) thé thi

P (F,z) = H(x +5™)
i=1
O day [z]; = 2(z — 1)(z — 2)...(x —i + 1) néu 0 < i < z vd bing 0 néu i > x.
Chatng minh
Gia stt F c6 vector chiéu cao 1a h(F) = (c1,ca, ..., ¢,) va m-vector chiéu cao
ho(F) = (c(lm),cgn), ...,c,(fl”)), m>n

V6i z € N, xét bang F, ,, v6i vector chiéu cao

h(Fy,) = (¢}, ¢y sch) = (T, .y, @ + €1, T + Coy ooy @ + Cpy)

Dé théy, vé phai ciia ding thitc can ching minh ding bang 7., (Fy.m)-

Ta s tinh 7, (Fy,m) theo mot cach khac. Coi F, ,,, = F UC, C la bang hinh chit nhat x x m 6
nim bén dusi F (hinh vé)

i

Trong mdi trudng hop sdp xép m quan xe len F ,,,, gid st trén F ¢6 k quan xe, thi s6 cach sép
xép céc quan xe trén F bang 71 (F), khi d6 con lai m — k quan xe sip xép trén C. Sau loai di k cot
da bi chiém béi k quan xe da sap trén F thi chi con m — k cot c6 thé sip xe lén dugc tréen C. Nén
d6i v6i m — k quan xe con lai ta xem nhu sap xép chiing 1én mot mién chi nhat z x (m — k), ¢6 tat
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& [x]m_ cach sip xép.

m

Vi vay 7o (Fam) = Po(Fy2) =Y ri(F).[2]m -k
k=0

Déang thitc can chiing minh duge kiém ching v6i vo han diém 1a céc s6 ty nhién, hon nita do
dang da thitc nén ta thu dugc két qua cho moi z € R.

Heé qua 1. Xét bang Ferrers F v6i h(F) = (s +1,2(s + 1), ..., (n — 1)(s + 1)) thé thi
P, (Fyz) = z(x + s)(z + 29)...(x + (n — 1)s)

Heé qué nay suy ra tit dinh 1y 1 v6i h,(F) = (0,s +1,2(s + 1),...,(n — 1)(s + 1)), vA tuong ting
sn(F) =(0,s,2s,...,(n—1)s).

Truong hop dac biet, déi véi bang F = (1,2,...,n — 1) thé thi ri(F) = S(n,n — k), 6 day S(s,r)
1 s Stirling loai II.

That vay, ap dung hé qua trén ta c6

Zrk[:c}n_k ="

k=1

day 1a phuong trinh quen thudc clia s6 Stirling loai hai.

Ngoai ra chiing ta c6 thé gidi quyét bing mot phuong an thuan tty hon. S(n,n—k) la s6 cac phan
hoach tap {1,2,...,n} thanh n — k khéi khac rong khong giao nhau. Xét mdi cach sip xép k quan xe
len bang F = {(3, ]) |1<i<n,1<j<i}. Quan xe dugc sdp & vi tri (4,7) thi ta cho tuong tng hai
s6 i, j nam cting mot khéi trong phan hoach. Viéc kiém tra day 1a mot song anh xin danh cho ban doc.

Ta dinh nghia rang hai mién 6 vuong la tuong duong (rook equivalence) néu chiing c6 ciing da
thitc xe. Theo dinh 1y 1 ta suy ra dugc ring:

i. Hai bang Ferrers F; va I, tuong duong néu va chi néu v6i m nao doé thi da thic m-giai thira
ctia chiing dong nhét nhau.

ii. Hai bang Ferrers Fy va F, tuong duong néu va chi néu véi m nao d6 thi Sy, (Fy) = Sy (Fy). O
day ki hieu S, (F) 1a tap c6 lip gom céac thanh phan cta vector s, (F).

Dinh 1y 2. Méi bang Ferrers tuong duong véi duy nhat mot bang Ferrers v6i day chiéu cao cac
cot 1a tang ngat.

Ching minh

Trude hét, xét bang Ferrer Fy véi cac cot ¢ chidu cao ting ngit 1 < a1 < a2 < ... < ap.
Thé thi h,,(Fy) = (0,0,...,0,a1,...,a,), trong d6 m — n vi tri dau tien bang 0. Khi d6 s,,(Fy) =
(0,—1,=2, ..., —(m —n —1),u1,ug, ..., uy) v6i —(m —n —1) <uy < ... <u,. Mot vector m-cau triic
nhu vay xac dinh duy nhat mot bang Ferrers, va bang nay cé cac cot ¢ chidu cao ting ngat.

Vé6i F 1a mot bang Ferrers bat ki, theo nhan xét trén ta sé xay dung mot bang Ferrers F” tuong
duong véi F, nghia la ¢6 m dé S,,(F) = Sy (F'), v cAc thanh phan s, (F') duge sip tuong tu nhu
dang cta s, (Fp).

Ta ¢6 r1(F) = |F| nén cac bang tuong duong thi c6 ctng s6 6. Xét m = |F|+1, thé thi s(m) =0.
Gia st —t 1a thanh phan c6 gia tri nhé nhat trong s, (F). Theo tinh chat clia clia vector m-cau tric
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thi —1,—2,...,—(t — 1) cling xuat hién trong s,,(F). Xét vector:
q= (07 717 727 aS) 7(t - 1)7 7ta q1,92; -+ Qm—t—l)

O day ¢; 1a céc phan ti clia tap c6 1ap S, (F) loai di cac phan ti 0, —1, -2, ..., —¢ va s&p thit tu
khong gidm ¢ < qo < ... < @m—t—1. Nhu vay ¢ 13 mot vector m-cau triic clia mot bang Ferrers F’ véi
céc cot ¢ chieu cao tang ngit. Hon nita do —t 1a phan t1t nhé nhat trong tap c6 1ap S, (F) = S, (F')
nén I’ 1a bang Ferrers vé6i cac cot c¢6 chiéu cao tang ngat duy nhat tuong duong véi F.

Mot bai toan nay sinh 1a c¢6 bao nhiéu bang Ferrers tuong duong v6i mot bang Ferrers cho trude?
Ta thay ring s, (F) vd s, (F’) déu 1a cac hodn vi clia tap c¢6 1ip Sy, (F). Nhu vay bai toan duge
giai quyét khi ta dém duge s6 hoan vi ctia tap c6 lap S, (F).

Dinh 1y 3. S6 bang Ferrers tuong duong v6i bang Ferrers F' cho trude bang:

<j0 +J1— 1) (jl +J2 — 1> <jt—1 +Jt — 1>
J J2 Jt
O day —t 1a thanh phan c6 gid tri bé nhéat trong vector sip|+1(F), va j; 1a s6 lan xuat hién cta
phan tit —i trong tap c6 lap S|pj41(F).
Chitng minh cong thitc nay c6 thé xem trong [8], [9].
Bai tap.
1. Cho (c,) la day tang bao gdm céc s6 nguyéen duong, va bang Ferrers F, v6i hr = (c1, ¢, ..., Cy).
Diat
1
gn(z) = 2"t e Ry, ()
x
Chitng t6 ring
an(z) = xcn+1—cn%qn_l(m>
2. C6 bao nhiéu bang Ferrers tuong duong véi bang Ferrers F, trong d6:

a. h(F)=(1,2,....,n—1).
b. h(F) = (2,4, ...,2(n — 1)).

c. h(F) = (k,2k, ..., (n — 1)k) véi k > 2.

C - LAP TRINH TINH TOAN
1. S& dung Mathematica
Bai toan ciia chiing ta 1a tim da thiic xe trén mot mién 6 vudng cho trude.

Lap ham RookPolynomial nhut sau dé sinh da thiic xe

RookPolynomial [n_List] :=
Module[{stacklist, top, SameColumnValues, SameRowValues,
EntriesToEliminate, InclusionlList, ExclusionList},
stacklist = {Union[n]};
While[Union[Flatten[stacklist]] =!= {1, x}, top = First[stacklist];
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SameColumnValues = Position[top, {_, top[[1, 2]11}];
SameRowValues = Position[top, {top[[1, 111, _3}1;
EntriesToEliminate = Union[SameColumnValues, SameRowValues];
InclusionList = Append[Delete[top, EntriesToEliminate], {x}];
ExclusionlList = Delete[top, 1];
If [Length[ExclusionList] == 0, ExclusionList = {{1}}];
stacklist = Delete[Append[Append[stacklist, ExclusionList], InclusionList], 1];
While[Union[Flatten[First[stacklist]]] == {x},
stacklist = RotateLeft[stacklist]]];
Total[Apply[Times, stacklist, 2]]]

Input cia ham nay 13 mot danh sach, bao gom toa do cic 6 clia mién 6 vudng can tinh toan da
thic xe.

Thi du. Tinh R¢(z) véi mién 6 vuong C = {(1,1),(2,2), (3,3), (4,4), (5,5)}.
Ta st dung ham trén nhu sau:

RookPolynomial [{{1, 1}, {2, 2}, {3, 3}, {4, 4}, {5, 5}}]
Nhép Shift+Enter, két qui sé 1a

Qut[1]=1 +5 x + 10 x°2 + 10 x°3 + 5 x°4 + x°5

2. S dung Maple

Nhu phan dau, ta ciing cé thé lap mot gidi thuat tuong tu bing Maple. Nhung dé tranh su lip
lai, ta xét bai toan tim da thiic xe trén ban c¢d n X n v6i mién cac vi trf cAm cho trude.

Dau tién ta st dung ham complement board dé tinh mién cho phép diit caAc quan xe trén ban
0, gia tri tra vé 13 mot danh sach.

> with(combinat);

> complement_board := proc (F, n)
local i, j, x, L;
L := [1;

for i to n do
for j to n do
if ‘not‘(member([i, jl, F)) then L := [op(L), [i, jl] end if
end do
end do;
RETURN (L)
end proc;

Ham non attacking rooks pos tim tat ci cic cdch sip dat k quan xe trén ban cd n x n, véi
mién cic vi tri cAm cho du6i dang mot danh sach F.

>non_attacking_rooks_pos := proc (F, k, n)
local i, j, ams, cols, R, pos, FO, F1, F2, m, P, x, stop0, is;
P := permute(n, n);

FO := F; pos := [];
if k = 1 then RETURN(complement_board(FO, n)) end if;
for x in P do

stop0 := 0;

R := choose(n, k);
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for is in R do
stop0 := 0;
for i in is do
if member([i, x[i]], FO) then stop0 := 1 end if

end do;
if stopO = O then pos := [op(pos), [seq([i, x[i]], i = is)]] end if
end do
end do;
RETURN (convert (convert (pos, set), list))

end proc

Cubi cling, ham rook polynomial dé tinh da thiic xe theo bién x ctia bai toan sip xép cac quan
xe trén ban ¢ n X n v6i mién cac vi tri cAm 14 danh sach F.

>rook_polynomial := proc (F, n, x)
local i, a, p;
p := l+add(nops(non_attacking rooks_pos(F, i, n))*x"i, i =1 .. n);
RETURN (p)

end proc

Thi du. Sip xép cic quan xe lén ban ¢d 5 X 5 vdi mién cac vi trf cam 1a
F={(1,1),(2,2), (3.3), (4,4), (5.5))
Ta lam nhu sau:
> rook_polynomial([[1, 11, [2, 21, [3, 31, [4, 41, [5, 511, 5, x);
Nhip Enter két qua sé 1a
1+ 20 x + 130 x°2 + 320 x~3 + 265 x74 + 44 x °5

Chu y 1a 6 day ham non attacking rooks pos cho gia tri trd vé la mot danh sach cac cach
SAp xép.

Ta c6 thé xuit ra tat cd cac cach sip xép trong titng truong hop cta n, k va F.

> array_rooks := proc (L, n)
local i, j, A;
A := array(1 .. n, 1 .. n);
for i to n do
for j to n do
Ali, j] := 0;
if member([i, jl, L) then A[i, j]l := R end if
end do
end do;
print (A)
end proc

Thi du.

L:=non_attacking_rooks_pos([[1,2],[1,3],[2,1],[2,3],
(3,21,[3,41,[3,5],[5,411,5,5) :nops(L);
for i from 1 to 4 do array_rooks(L[i],5); end do;
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Khi d6 két qua trén man hinh sé 1a s6 cac cach sip xép 5 quan xe lén ban c¢d 5 x 5 véi mién cac

vi trf cAm nhu trén 13 bing 18, va 4 cach sip xép dau tién:

FOoooan
0 &£000
0oo0&RDO0D
oo0oof&aD
oo0oonoei

Di nhién dé ligt két hét ta thay 4 trong vong for bing nops (L).

Giai thuat ciing 4p dung duge ddi véi cac sy sdp xép cac quan xe lén cic bang vuodng khong co

vi tri cAm.

FERRRE

oo0ooanok

oo0ooRaD
0oo0&RDOD
0o&000

Thi du. Da thitc xe clia cac bang 4 x 4,5 x 5

Ta lam nhu sau:

rook_polynomial([],4,x);
rook_polynomial([],5,x);

Két qua la:

1+ 16 x + 72 x°2

+ 96 x°3 + 24 x74

1+ 256 x + 200 x”2 + 600 x"3 + 600 x"4

FEEREE
000RD
00RDOD
0000R

(0RD OO

+ 120 x75

(Ro0o00

ooo0onai
0o0o&DD
0oo0no0&DM
0&00Da0
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CuOC THI GIAI TOAN MATHVN

Phan A - Dé toan danh cho Hoc sinh

A13. Cho n s6 ty nhién lién tiép dugc xép trén mot vong tron. Bit dau danh diu cac sé co
dang @ +1, k=0,1,2,... theo chiéu kim dong ho. Ki hieu f(n) 1a s6 dau tiéen duge ddnh dau
lan tht hai.

a. Chiing t6 rang ton tai vo han s6 n sao cho f(n) = 500501
b. Tim cong thitc tudng minh ctia f(3%).

c. Mo ta tat ci cac sd n sao cho f(n) duge xac dinh sau n + 1 1an ddnh diu. Tim cong thic
tuong minh f(n) déi vé6i cdc sd n nhu vay.

d. Chitng t6 thu hep ctia ham s6 f lén tap cic s6 nguyen t6 18, tic 1a f(p) # f(q) néu p,q 1a hai
s6 nguyén t6 18 khac nhau.

PGS VLADIMIR LESKO, KHOA DAr s6, HiNH HOC VA TIN HOC, DAI HOC SU PHAM VOLGOGRAD, LB Nca

A14. Cho hinh lap phuong ABCDA;B;C1D; dugc ghép tit cic hinh lap phuong don vi, hai thiét
dien EKLMN,OPRST song song véi BD c6 dién tich 1an lugt 14 50 va 100. Tinh thé tich hinh lap
phuong nay.

PGS Viapimmir LEsko, Knoa Dar s6, HiNng HOC VA TIN HOC, DAI HOC SU PHAM VOLGOGRAD, LB Ncga

A15. Cho tam gidc ABC véi dudng cao AH. Goi M, N lan lugt 13 hinh chiéu cta B,C trén
phan giac trong tai dinh A. Goi P, Q 1an lugt 14 hinh chiéu ctia B, C trén phan gidc ngoai tai dinh A
clia tam gidc. Chiing minh rang hai duong tron (HPQ) va (HMN) tryc giao v6i nhau. (Hai dudng
tron goi la tryc giao v6i nhau néu géc gitt hai tiép tuyén ctia hai duong tron tai mot diém chung ciia
chiing vuong géc véi nhau)

HoANG Quoc KuANH, Hoc siNH L6P 12A10 THPT CHUYEN ViNH PHUC, TiNH VINH PHUC

A16. Cho tam giac ABC can tai A. Duong tron (O) noi tiép tam gisac ABC tiép xic BC,CA, AB

lan luot tai K, L, M. Goi N la giao diém ctia OL va KM , Q la giao diém ctia BN vad CA. P la
. AB

hinh chiéu ctia A 1én BN. Gid st BP = AP + 2PQ), hay xac dinh gié tri ctia B

NGUYEN TRAN THI, THI TRAN CUNG SON, HUYEN SON HOA, TiNH PHU YEN

A17. Cho tam giac ABC dién tich S va P la diém bat ki; goi A’, B’,C’ la trung diém cac canh
BC,CA, AB; hg, hy, he 13 cac dudng cao tuong tng. Chitng minh ring

4
PA?> + PB? + PC? > 55. max {

PA+ PA" PB+ PB' PC+ PC’
ha ’ hy ’ he

TRAN QUANG HUNG, DAT HOCc KHOA HOC TU NHIEN - DHQG HA NoOI
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A18. Cho hai day vo han (ay,), (b,) théa man a; = by va véin =0,1,2,... thi
bot1 = bn(l = ant1) + (1 = bp)ans1
Chiing minh rang 3 1a mot phan tit ctia (a,,) khi va chi khi né la phan tit ctia (by,)
LE NGUYEN, SINH VIEN Lop TC0662A1, Dar noc CAN THO

A19. Cho f(z) : R — R 1a ham lién tuc, tuan hoan véi chu ki 7. Goi F 1a mot nguyén ham
clia f, chitng minh ring véi sé thuc a bat ki thi

7TF(ac)da: - /T F(z)dz = a /T F(t)dt
a 0 0

NGUYEN VAN VINH, SINH VIEN KHOA TOAN Ly, DAl HOc THQG BELARUS

A20. Cho cac s6 thyc khong am a, b, ¢ théoa man a + b+ ¢ = 6. Chitng minh ring
—4 < a®b + b%c + 4ca® — Sabe < 128

Vo6 Qubc BA CAN - SINH VIEN L6P YY0647A1, DA1 Hoc CAN THO

A21. Cho a,b,c 1a cac s6 thyc duong, chiing minh ring

b b— _

a. a+b+c+a . C.C a > 3vabe
14+ab 14+bc 1+ ca

1 1 1 a—b b—c c—a 5/ 1

b. -+ -+ = . . >34/ —

a+b+c+1+ab 1+bc 1+ca— abe

NGUYEN DiNa THI, Hoc siNH TRUONG THPT CHUYEN LUONG VAN CHANH, TiNH PHU YEN

A22. Tim gia tri 16n nhat clia tam thiic bac hai f(z) = az? + bx + ¢ tai gia tri z = 2009. Biét ring
ham s6 nhan gi4 tri thuoc doan [0, 1] véi x 1an lugt bing 0,1, —1.

TRAN THANH NAM, SINH VIEN DAI HOC BACH KHOA Towmsk, LB Naca

A23. Cho bang 0 vudong n X n. Nguoi ta to dé n 6 vudng ctia bang sao cho khong c¢6 hai 6 vuong
mau dé ndo nim trén ciing mot hang hodc ciing mot cot. Héi c6 thé t6 xanh t6i da bao nhiéu 6
vudng con trong sd cic 6 vudng con lai sao cho khéng c6 2 6 xanh va hai 6 do nao tao thanh 4 dinh
ctia mot hinh chit nhat.

LE HONG QUY - DARMSTADT, CHLB DUC

A24. Tim cong thitc tinh s6 cac song anh o tir tap {1,2,...,2n} vho chinh né sao cho
lo(@) —i| <mn, i=12,..,2n

NGUYEN TUAN MINH, SINH VIEN LGP CU NHAN CHAT LUONG CcAO K3, DAI HOC HUE
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Phan B - Dé toan danh cho Sinh vién

B 0
tai nghich d4o suy rong néu va chi néu rank(A) = rank(B) = rank(AB) = rank(BA)

B4. Xét A,B € M,(R) va M = (A A) v6i rank(B) > rank(A). Ching minh rang M ton
Ghi chi: Ma tran X goi la nghich ddo suy réng clia ma tran A néu théa méan:

AXA=A, XAX = X, AX = XA

B5. Chiing minh v6i moi ham s6 lien tuc f : [0,1] — R thao man bat déng thiic sau

/lf(a;)dx./llzlef(x)d ;(M )/ﬂ ) +< 4’24;12> /f

0 0
Trong d6 n 14 mot s6 nguyén ducng
NGO PHUGC NGUYEN NGoc, SINH VIEN KHoA XAC SUAT THONG KE, DA1 HOC THQG BELARUS

B6. Tinh tich phan
“+ o0

sinz) 2"t
/( ) de, neN
T

— 00

NGUYEN VAN VINH, SINH VIEN KHOA TOAN Ly, DAI HOc THQG BELARUS

Phan C - Cac van dé md!

C1. Xét B 1a ma tran vuodng cap n véi rank(B) = m < n. Dat A = diag(\, A2, ..., Ap). Chitng t6
ham C(A) = trace((B*AB)~2) 1a 161 véi A = (A1, A, ..., An) € (RT)™.

Theo PROBLEMS AND SOLUTIONS, STAM

C2. Xét phuong trinh vi phan v”(z) + u(x)(a(z) —u(z)) =0, -1 <z < 1; vd u(-1) = u(1) = 0.
Trong d6 a(z) 1a ham chén lién tuc trén [—1,1]. Gi& si phuong trinh ¢6 nghiém u(x) > 0 véi moi
€ (—1,1), ching t6 ring nghiém nay 1a ham chin.

Theo KHOA TOAN, TRUONG DAl HOC KHOA HOC VA NGHE THUAT MCMICKEN, DH CINCINNATI, HoA KY

C3. Phai chéng xac suat dé s s6 nguyen duong duge chon ngdu nhién (s > 2) c6 wdc chung 1a h

oo

1 1
RO O day ((s) = E —, 8> 11a ki hiéu ctia ham zeta.
i
i=1

Theo MEHDI HassaNI, KHOA TOAN, Hoc VIEN KHOA HOC CO BAN, IRAN

bang

1Cac bai toan ctia phan nay dugce chiing t6i chon ra tit nhitng van dé ciia cac khoa Toéan, cac trudng Dai hoc tren
Thé Giéi va tit cac tap chi Toan hoc. Nhitng bai todn nhu thé nay mang tinh chat sinh vién nén ching téi hi vong
céc ban c6 thé cting nhau tham gia gidi quyét.
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OrLyMPIC HOC SINH - SINH VIEN

Olympic Sinh Vién Toan Belarus 2009

Bai 1. Cho Aj, Ay, ..., Ajgee 12 cac tap hop con clia tap X hitu han. | X| > 10 va |4;] > | X]|
véi moi ¢ = 1,1066. Chiing minh ring trong tap X ton tai 10 phan t sao cho mdi tap A; chia it
nhét mot phan t& trong s6 10 phan tit trén.

Bai 2. Ching ta xem xét mot toan tit hai ngdi trén mit phang. C6 dinh tam giac XY Z trong
d6 bo ba diém X,Y, Z duge danh dau theo chiéu nguge chiéu kim dong ho. Déi véi bat ki hai diém
phan biet A, B cia mat phing ta xét toan tit A B = C, trong d6 C 1a dinh clia tam gidc ABC sao
cho bo ba cac diém A, B,C va X,Y, Z c6 ciing chiéu dinh huéng va AABC dong dang véi AXY Z
(Khi A= B thi A% A= A). Chitng minh v6i bat ki bén diém A, B, C, D ctia mit phing thi ding
thitc sau dang

(AxB)* (C* D)= (AxC)*(Bx*D)
Bai 3. Cho f € C* ([a,}],), 0 € [a,b], dong thai f(™(0) = 0 va sup | f™)(z)| < nIM",Vn € N,
[a,b]
trong d6 M 1a hing s6. Ching minh f = 0.

Bai 4. Tién hanh tung nhiéu lan mot dong xu véi xac suét roi vao mit huy higu (1) va mit sd
(0) 1a nhuw nhau (1/2). Day bao gom tit cic s6 0 va 1 duge goi 1a day s6 “thua thét” néu trong do
khong c6 hai s6 1 ndo nam canh nhau.

a) Tim xac suat thu duge “day thua thét” sau n lan tung dong xu.

b) Gia sit xAc suat roi vao mat ¢6 huy higu 1a p. Ki higu &, 1a s6 cac s6 1 ¢6 trong mot “ddy thua
thét” ngdu nhién c¢6 do dai n. Tinh ME,].

Bai 5. Cho E 1a khong gian vécto hitu han chiéu trén trudng s6 thuc, u, v 13 hai anh xa tuyén
tinh tit £ vao chinh né. Gia st Ker(u) D Ker(v). Ching minh ring ton tai mot anh xa tuyén tinh

w: FE — E sao cho u =wow.

Bai 6. V6i s6 tu nhién ¢é dinh m > 2 xét anh xa

(oo}
1 1 1 r
fm(x)_g_%(kmﬂ L R T T (k+1)m>

Xac dinh mién xac dinh v mién gia tri clia ham f,,.
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Olympic Khoa Toan Dai hoc Téng hdp Sofia 2009

DANH CHO SINH VIEN NAM [ VA II
Bai 1. Tap {1, 2, ...,3n} dugc phan hoach thanh 3 tap con khong giao nhau, mdi tap n phan ti.
Chitng t6 ring v6i 3 tap con nhu vay c6 thé chon tit méi tap mot phan tit sao cho 1 phan tit chon

ra bing téng ciia 2 phan ti con lai.

Bai 2. a. Chiing minh phuong trinh z# 4 223 — 422 — 22 + 1 = 0 ¢6 4 nghiém thyc phan biét

1+ 1 1 1
) 1 14 29 1 1 p . .
b. Tinh det 1 1 1+ 2 1 , 1 < T9 < x3 < x4 - cAc nghiém clia phuong
1 1 1 1+ x4

trinh da cho.
Bai 3. Cho da thiic P(z) biét rang P(2) =6, P(1)+ P(2)+...+ P(2n—1) = 2nP(2n), Yn € R.
Tinh P(2009).
Bai 4. Tinh lim Y
n— oo pat (k)
Bai 5. Chiing minh {M} chia hét cho n

e

Bai 6. Tim tat ca cac ham s6 f: (0,1) — Rsaocho 0 < f(x) <z va f(z) < 2f(x/2)— (f(x/2))?
v6i moi = € (0,1)

Bai 7. V6i mdi p > 0, ligu ¢6 ton tai ham f : (0,1) — R sao cho 0 < f(z) < z va
flz) <2f(x/2) — (f(x/2))? v6i moi = € (0,1) hay khong?

DANH CHO SINH VIEN NAM IIT vA IV

Bai 1. tuong tu bai 1, Bai 2. tuong tir bai 6 6 phan trén.

Bai 3. Cho hai ham cong tinh f,g: R — R va théa man f~1((0,+00)) = g7 1((0, +0)). Chitng
minh ring ton tai ¢ > 0 dé f(x) = cg(z) véi moi s6 thuc =

Bai 4. Cho f: R — R ¢6 dao ham dén cap 3, dat Ly (f,z) = f(z + 2h) — 2hf (x + h) — f(z) —
%3]””(1‘ + h). Ching minh L (f,xz) = 0 v6i moi x,h € R khi va chi khi f(z) la da thic véi bac
khong vugt qua 4.

Bai 5. Cho nhém hitu han G.

a. Chitng minh ring G khong thé biéu dién thanh hgp ciia 2 nhém con khong tam thudng ciia no.

b. Gia stt G biéu dién thanh hgp ctia 3 nhém con khong tam thudng ciia né. Ching té ring bac
ctia G chia hét cho 4

1
Bai 6. Vdi s6 tu nhién n va ham s6 lien tuc f : [0,1] — R théa méan / 2 f(x)dz = 1 véi
0

1
k=1,2,...,n— 1. Ching t6 / (f(x))?dx > n?
0
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VMO 2009 — Dé thi, I6i giai va binh luan

TRAN NAaM DUNG, TRUONG DAl HOC KHOA HOC TU NHIEN, DHQG TP HO CHi MINH

Ky thi chon hoc sinh gi6i quoc gia mon Toan nam 2009 (VMO 2009) dién ra vao ngay 25/2/2009
véi st tham gia clia gan 360 thi sinh dén tit cAc tinh thanh. Két qua 131 thi sinh dugc gidi, trong
d6 c6 1 giai nhat, 22 gidi nhi, 62 gidi ba vA 46 gidi khuyén khich, dat ty 1é 34%. 42 thi sinh c6 diém
tir 15 trd len dugce trieu tap dé tham du ky thi chon doi tuyén dién ra vao nita cudi thang 4. Dé thi
nam nay dugce danh gia 14 dé hon nhung cling ¢6 nhitng bai toan thyc sy khé khan hon.

TU 7 BAI XUONG 5 BAI

Sau 2 nam thi diém dé thi 7 bai lam trong vong 180 phiit, véi két qua tuong tng cac nam 2007,
2008 13 13% va 8% sb thi sinh doat giai. Bo gido duc, theo dé nghi ciia cdc chuyén gia da quyét dinh
chon phuong 4n dé thi gdbm 5 bai toan lam trong vong 180 phit. C6 thé ndi, day la mot thay doi
quan trong gitp két qua clia ky thi t6t hon 2 nam trude.

Mot thay déi khac ciing dnh hudng khong nhé dén két qua ki thi, dé 1a viec phan bd diém cho
cac phan mon duge an dinh nhu sau: Cac bai toan thudc 3 phan mon Giai tich, Dai s6, Hinh hoc 1
céc phan mon ma da sé cac thi sinh duge chuan bi tét hon, quen hon sé c6 tong diém 1a 14, diém
vita da dé dat giadi 3. Trong khi d6, céc bai toan thudc phan sé hoc va té hop thudc dang toan la
va khé dbi véi hoc sinh, chi ¢6 6 diém. Cach phan b6 diém nay 16 rang 1 6 1¢i cho s6 dong cac thi
sinh, khién kha ning dat gidi ctia ho cao hon.

Tuy nhién, ciing can phai néi rang cach phan bd nay ciing gay doi chut bat 1gi cho cac thi sinh
6 s6 truong vé s6 hoc va t6 hop, dic biet trong bdi canh ky thi VMO nam nay (khi cac bai toan
thuoc phan s6 hoc va t6 hgp khé hon hén so v6i ba phan con lai). Cé thé sé c6 mot vai thi sinh
lam dugc bai s6 hoc nhung lai bé bai hinh hodc bai dai s6. Hodc ¢ thi sinh don stic cho bai t& hgp
nhung lai so sudt § cac bai dé& hon. Két qua 1a sé diém dat dugc & bai khé khong bu duge véi sé
diém bi mét & bai daé.

C6 thé 14 vAn con c6 nhitng van dé can ban cai, tranh luan, lam thé nao dé c6 duge mot dé thi
tot, phan loai duge thi sinh vA khuyén khich duge phong trao nhung nhin chung, dé thi nam nay
da dap tng dugc nhitng yéu cau co ban nhat: S6 thi sinh dat gidi dong hon; c¢6 di co cau giai nhat,
nhi, ba; dé thi c6 nhitng bai co ban nhung ciing ¢6 nhitng bai khé va hay.

BA BAI €O BAN

Ba bai toan dau, gom bai Dai s6, bai Giai tich va bai Hinh hoc 1a ba bai toan rat co ban, ma
theo ngén ngit clia cac thay 1a bai “kinh biéu”. Tuy nhién, theo théng tin tit ban cham thi thi khong
phai thi sinh ndo cling nhan “qua biéu”. Nhidu thi sinh “b6 tay” v6i bai 1. Nhiéu thi sinh khong lam
duge bai hinh hosic bd cau b) clia bai nay. Tham chi v6i bai 2, bai duge coi 14 dé nhat ciia k¥ thi,
ciing ¢6 thi sinh khong lam dugce ho#ic lam dudge ciing tén kha nhiéu thai gian. Duéi day, ching toi
s& khong trinh bay 15i gidi chi tiét ma chi binh luan mot s6 vin dé xung quanh dé bai va 15i giai.

Cau 1. Gidi hé phuong trinh
[ S
Vi+222  1+2y2 VIt 2wy

Va(l —22) +/y(1 - 2z) = g
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Binh lugn. R6 rang ¥ dd ciia céc thay ra dé 1a mubn kiém tra kién thic co ban clia hoc sinh vé
bat déng thiic, cu thé la:
“Chitng minh réng véi 2,y € [0, 1] ta c6 bat déng thiic
1 1 2
+ <
Vita?  J1+y2 " VItay

Déu bing x4y ra khi va chi khi z =y (*)”.

Bai nay kha quen thuoc, xuit hién trong nhiéu dé thi cling nhut 1a bd dé ctia nhiéu bai toan khac
(chéng han dé thi Nga nam 2000), néu ra thing bat ding thic thi qua 16 nén céc thay da thay doi
di mot chit, dua né vao trong mot hé phuong trinh. TAt nhién 14 néu da c6 = = y 1di thi thay vao
phuong trinh thi hai, moi viéc qua don gian.

Phuong phap chiing minh bat déng thiic (*) ciing kha da dang. Chiing ta diém qua céc phuong
phap do.
1. Binh phuong hai vé ctia bat diing thic, ta dudge bat ding thic tuong duong
1 2 1 4
5+ + 5 <
Y e e R B ey

Theo bat ding thitc CBS, ta c6

2 2
V1I+22\/14+y2> 142y = <
Vitaz2/1+92  l1+uay

Nhu vay ta chi can chiing minh
1 n 1 < 2
1+22  14y2~ 1+ay

(%)
la xong

Nhung (**) qua cac phép bién déi dai s6 don gian, tuong duong véi

I—zy)(@—y)?*
(1+zy)(1+22)(1+y?) —

ding do z,y € [0,1].

2. Ta c6 thé lam khac di mot chiit bing cach 4p dung CBS ngay tit dau:

Lo, <2( L1 )< 4
Vita? J1+y2) ~ \1+22 1+3y2) ~ l+ay
(theo (**))

Tit d6 suy ra diéu phai ching minh. R6 rang trong hai cach ching minh trén, ta chi can diéu
kien —1 < zy < 1.

P ) 2 1 1
3. Gitt y c0 dinh, xét ham s6 f(z) = — — trén [0, 1].
ses f@) Vitay V1422 /T+y2 0.1
Ta co
x y 2?(1+2y)® —y*(1 +2%)°

PO = e~ G~ G200 a2t + ap)7 + y(1 1 2257
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Nhu vay dau ctia f/(z) 1a dau cta
2?(1+ay)’ —y*(1+2%)° = (¢ —y) (e + y + 3%y — 2°y°)

Do z,y thude [0, 1] nén thita s6 thit hai luon duong, nhu thé f/(z) déi dau tit am sang duong tai
y, suy ra y la diém cyc tiéu, suy ra f(z) > f(y) = 0. Dau bang xay ra khi va chi khi z = y.

4. Con mot cach khac dé chitng minh bat ding thitc dang nay, dé la dat z = €%,y = e’ véi

u,v € (—00,0] dua bat ding thic vé dang f(u) + f(v) < 2f(u ; U)
1
Trong d6 f(z) = ———.
846 1(0) = e
) R R ) 621(629: _ 2)
Tinh dao ham bac hai, ta dugc f(x) = <0 (do z <0).

(1 + e2)5/2

Vay ham f(z) 1om trén (—oo,0] va ta ¢6 diéu can ching minh.

Cau 2. Cho day 56 (z,,) zdc dinh bdi

N A C A

2

T = 1/273771 =

vl moi n > 2.

Chatng minh ring day (yn) v0i yn, = Z —5 €6 gidi han haw han khi n — oo va tim gidi han do.
x
E=1""k
Binh lugn. Day 1a bai toan dé nhat ctia k¥ thi. Vige chiing minh day (x,,) tang va khong bi chin
trén (tic 1a c6 gidi han bing +00) 14 qua don gidn. Ching han c6 thé danh gia:

1/1‘%71 + 4$n_1 +Th_1 o \/%72171 + 2l’n_1 +1+ Tp—1 1

2 = 2 ~ ity

Ty =

Viéc tinh gi6i han clia y,, chi ¢é thé thuc hién dugc néu ta tim dugc cong thic tuong minh cho
n
. 1 N ) . ,
tong E —5 . Ma diéu nay chi c6 the thyc hién thong qua sai phan. Ta bien doi tuong duong
T
k=1"F

N o I
Ty = & 22, — Ty =22+ Az,

2

1 1 1
& 433% —Adr,x,_1 + xi_l = xfl_l +4x,_1 & xi — TpTp_1 = Tp_1 & - =—

Tpo1 Ty T2

Sai phan da dugc tim ra, tit d6 dé dang tim dugc y,, = 6 — xi va gi6i han can tim bing 6.
n
Qua don gian, khéng mot chit 14t 1éo, tit viec nghi ra 1i giai dén trinh bay 18i giadi déu don gian.
Tuy nhién trén thuyc té thi bay nay cling lam khé cho khong it thi sinh. Khong ké céc ban khong
giai dugc, cac ban giai duge ciing hao tén kha nhiéu cong litc & bai nay. Nhiéu ban ctt may méc, khi
da tim dugc cong thiic cho y, rdi van cit tiép tuc di chitng minh (y,,) ting vA bi chin trén. Nhidu
ban khong biét khai niém gi6i han bing oo!

2 N . N . . Z coas o~ FERN . P
Bai toan sé tré nén khé hon néu dé bai yéu cau tinh lim —~. Khi dé sé phai van dung dinh 1§
n— n

trung binh Cesaro hodc dung danh gia chat hon:
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\/fU%—l +4r,_ 1 + Tp_1 \/33721_1 +4x,_ 1 +4+ 301 Tp 1 +24 2, 1

n = = = n— ]..
v 2 < 2 2 Tnot
B \/3’3,21_1 +4T, 1+ Tp N Tp—1+2— mil + Tp_1 B i 1
Ty = 2 2 = Tn-1 Tt

Dé toan sé hay va thi vi hon nhung déi lai sé khong con dé chiu véi dai da sb céc thi sinh. Trong
bdi canh lam 5 bai toan trong vong 180 phiit, c¢6 1& cAc thay da tranh phuong an nay.

Cau 3. Trong mdt phdng cho hai diém A, B (A # B). C la mot diém di dong trén mdt phing sao
cho ZACB = a, (0° < a < 180°). Duong tron tam I noi tiép tam giagc ABC wva tiép ziic vdi cdc canh
AB,BC,CA lan lugt tai D, E, F. Cac duong thing AI, BI cit duong thing EF lan ot tai M va N.

a) Chimg minh ring doan MN c6 do dai khong doi;
b) Chiing minh ring dudng tron ngogi tiép tam gidc DMN luon di qua mot diém co dinh.

Binh lugn. Bai hinh hoc phéng nay kha don gian, 16i giai chi dimg kién thitc hinh hoc 16p 9 (t
gidc noi tiép) va mot chit lugng gidc. Cau hinh bai toan cling quen thudc va ¢6 nhiéu tinh chit hay
xung quanh. Vi du M va N chinh la chan cdc dudng cao ha tit B, A xubng Al, BI tuong ting. Ngoai
ra M, N ndm trén cac dudng trung binh ciia tam giac ABC (Tu d6 suy ra /MKN = /MDN,
trong d6 K la trung diém ctia AB, suy ra ti gidc AKDN noi tiép, suy ra két luan phan b) ciia
bai toan). Ciing c6 thé nhan thay ring dudng trong ngoai tiép tam gidc DM N chinh la dugng tron
Euler ctia tam giac TAB va do d6 sé di qua trung diém ciia AB. Nhiéu thi sinh da nhan ra diéu
nay va két luan luon. Theo kinh nghiém ciia chiing t6i thi cAc thi sinh nén than trong trong viéc sit
dung cac két qua nhu vay. Tét nhét 13 nén dua vao két qui dé ching minh lai.

Cubi ciing, chiing t6i xin dua ra mot s6 dé thi Olympic cia Nga lién quan dén cau hinh bai toan 3.

1. (Olympic Nga, vong 4, 16p 11, 1994) Dudng tron tam O noi tiép tam gidc ABC tiép xtc véi
cac canh AB, BC va AC tai cac diem E, F va D tuong tng. Céc dudng thang AO va CO cit duong
thing EF tai N v M. Chiing minh ring tam dudng tron ngoai tiép tam gidc OM N, diém O va
diém D cling nim trén mot duong thing.

2. (Olympic Nga, vong 5, 16p 9, 1997) Dudng tron noi tiép tam gisac ABC tiép xiic véi cac canh
AB,BC va CA tai cac diém M, N va K tuong tng. Duong thing di qua dinh A va song song
v6i NK cét duong thing MN tai diém D. Puong thing qua A va song song véi MN cit dudng
thing NK & diém E. Chitng minh ring dudong thing DE chita duong trung binh ctia tam gidc ABC.

3. (Olympic Nga, vong 5, 16p 10, 1997) Dudng tron tam O noi tiép tam giac ABC tiép xtc v6i
cac canh AC, AB va BC tai cac diém K, M va N tuong tng. Trung tuyén BB; cla tam gidc cit
MN tai diém D. Chitng minh ring diém O nam trén dudng thing DK.

4. Dudng tron tam I noi tiép tam gidc ABC tiép xtc véi cac canh C A, AB tuong tng tai B, F;
BI cit EF tai M. Chttng minh ring M n3m trén dudng trung binh ctia tam gidgc ABC.

HAI1 BAI PHAN LOAI THI SINH

Trong khi ba bai dau tién rat co ban va c6 phan dé thi hai bai toan con lai kha kho chiu. Dé lam

duge hai bai nay, ngoai viec hiéu dé bai, tim duge huéng di ding, con can phai c6 thoi gian. Vi thé,
hai bai todn nay chi danh cho nhitng thi sinh da “tieu diet gon” ba bai dau trong vong 1,5-2 tiéng
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dau tien. Hon nita, vé don gidn bé ngoai c6 thé lam nhiéu thi sinh sa lay.

Cau 4. Cho ba s6 thuc a,b, c thod man diéu kién: véi mdi s6 nguyén duong n, a™ +b" +c™ la s6
nguyén. Ching minh ring ton tai cdc s6 nguyén p,q,r sao cho a,b,c la 8 nghiém cia phuong trinh
22 +px? 4+ qr+r=0.

Binh luan. Day 1a mot bai toan khé la va khé chiu. Dé giadi n6 can dén ca kién thic vé dai s6
va 56 hoc. Khong c6 gi cao siéu (dinh 1y Viet, cdc phép bién ddi dai s6 trén cac biéu thitc déi xting,
tinh chat don gidn 2c € Z va 2¢? € Z suy ra ¢ € Z) nhung lai gay khé khan cho cac thi sinh.

Chiing ta hay bit dau bing trudng hop “2 chidu” ctia bai toan: “Cho hai s6 thuc a,b thod man
diéu kién: vdi moi s6 nguyeén duong n, a™ +b" la s6 nguyén. Chitng minh ring ton tai cdc s6 nguyén
p,q sao cho a,b la 2 nghiém cia phuong trinh 2 +px +q¢ =0."

Theo dinh 1y Viet, 6 rang diéu phai chiing minh tuong duong véi viéc chitng minh a + b va ab 1
s6 nguyén. a + b hién nhién nguyén theo didu kién dé bai. Ngoai ra ta c6 2ab = (a + b)? — (a® + b?)
1 s6 nguyén.
2b2

Ta c6 thé tiép tuc diing hing ding thitc nay dé suy ra 2a%b? ciing la sé nguyeén:

2a2b2 _ (G/Q +b2)2 _ (a4 + b4)
Dén day ta diing bd dé don gian sau:
B& dé. Néu x la s6 thuc sao cho 2x va 2z la cdc s6 nguyén thi x la s6 nguyen.

Chitng minh. Ta chiing minh bing phan chiing. Gia sit 22 = k nguyén, nhung = khong nguyeén.
Khi d6 k 1a s6 nguyén 16: k = 2m + 1. Suy ra z = m + 1/2. Nhung khi d6 222 = 2(m + 1/2)? =
2m? + 2m + 1/2 khong nguyén. Mau thuan. Vay didu gia sit 1a sai, tiic 1a 2 nguyén.

Nhu vay, theo bé dé thi ab nguyén va ta suy ra diéu phai ching minh. Tit phép chitng minh ta
ciing suy ra két qua manh hon: Néu a + b, a® + b, a* + b* 14 céc s6 nguyén thi a, b 14 2 nghiém ctia
phuong trinh 22 + px + ¢ = 0 v6i p, ¢ 1a céc s6 nguyén nao dé (va do d6 a™ + b™ nguyéen véi moi n
nguyén duong). Diéu dé ciing c6 nghia 1a ta chi can dung gia thiét ctia bai toan dén n = 4. Vi du
a=+/2/2,b=—/2/2 cho thay k = 4 la gia tri nhd nhit thod man diéu kieén: Néu a, b 1a céc s6 thuc
thod man dicéu kién a™ + b™ 14 s6 nguyén v6i moi n = 1,2, ..., k thi ™ + b" nguyén véi moi n nguyén
duong.

Quay trd lai véi 16i giai clia bai toan VMO 2009. Ta sé thay ring ky thuat khong c6 gi thay doi,
tuy c6 phitc tap hon doi chit. R6 rang ta chi can chiing minh a + b+ ¢, ab + be + ca va abc nguyén.
Theo diéu kién dé bai thi a + b + ¢ 1a sd nguyén. Tiép theo ta c6

2(ab+be+ca) = (a+b+c)® — (a® + 0> +2)

13 s6 nguyeén.

Tuong ty nhu 16i gidi trén, ta mudn ching minh ring 2(ab + be + ca)? cling 1a sé nguyen. Tir d6
diing bd dé suy ra ab+ be + ca 1a s6 nguyen. Diéu nay phitc tap hon doi chit vi ddng thitc tuong tu

2(a*b? + b2 + ?a?) = (&> + 0> + ?)? — (a* + b* + %)
Chua cho ta két qui mong mudn, vi

2(ab + be + ca)? = 2(a®b* 4+ b*c* + c*a®) + dabc(a +b+c) (1)
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Ma ta chua chitng minh dudc abc nguyén. Dé xtt 1y didu nay, ta lai st dung mot hing déng thitc
quen thudc
a® + b+ —3abc = (a+b+c)(a® +b*+c* —ab—bc—ca) (2)

Tit day, do a + b+ ¢, a® + b% + %, a3 + b + ¢® va 2(ab + be + ca) 1a s6 nguyén nén ta suy ra 6abc
la 6 nguyen (ta nhan (2) véi 2!). Tt d6, nhan (2) véi 3 ta thu duge

6(ab + be + ca)2 = 2(a®b? + b*c? + c*a?) + 12abc(a + b+ ¢)

13 s6 nguyén.

Ap dung céch ching minh nhu bd dé néu trén, ta suy ra ab+ be + ca 1a s6 nguyen. Tt day, thay
vao (2) ta c6 3abe 1a s6 nguyen.

Tiép theo, ta sit dung hing déng thitc tuong tu (2)

a® 4+ 0% 4+ % — 3ab*c? = (a® + b* + ) (a* + b 4 ¢* — a®b? — b?? — *a?)

v6i cht ¥ 2(a?b? + b%c? + c?a?) 1a 86 nguyén ta suy ra 6a2b>c? 1a s6 nguyen. Tit 6abe va 6a2b%c? 1a s
nguyén, bing cich ching minh hoan toan tuong tu ta suy ra abc 1 sd nguyén. Bai toan dudc giai
quyét hoan toan.

Loi gidi trén cho thiy ring ching ta chi sit dung gid thiét a™ + " + ¢ cho dén n = 6 (trong d6
khong st dung gid thiét véi n = 5!). Lien quan dén van dé nay, ching toi dé xuat cac doc gia suy
nghi dén cac van dé sau:

1. Chitng minh b6 dé tdng quat: Cho k£ > 1 1a mot s6 nguyén phi chinh phuong (khong c6 wde
chinh phuong), (m, k) = 1. Khi d6 néu z 1a mot s6 thuc sao cho kz va mkx? 1a s6 nguyén thi z 1a
sb nguyén.

2. Hay tim vi du vé bo ba sd thyc a,b,c thod man didu kién a™ + b™ + ¢” nguyén v6i moi
n=1,2,3,4,5 nhung a% + 0% + c® khong nguyen.

3. (Gia thuyét) C6 phai chang néu a + af + ... + a} la s6 nguyén véi moi n nguyén duong thi
ai,as, ..., ax la nghiem ctia mot da thitc don khdéi bac k véi hé sé nguyén? Va céc hing sb 4 (d6i véi
k =2) va 6 (d6i véi k = 3) sé bang bao nhiéu trong trusng hop téng quat?

Cau 5. Cho 56 nguyén duong n. Kij hiéu T la tap hop gom 2n s6 nguyén duong dau tien. Héi cé
bao nhiéu tap con S cia T c6 tinh chat: trong S khong ton tai cac phan ti a,b ma |a —b| € {1,n}
(Lvu y: Tap rong dugc coi la tap con cé tinh chat néu trén).

Binh lugn. Bai toan c6 vé kha quen thudc. Chang han mot bai toan ndi tiéng «Tim s6 tat cd
cdc zaw nhi phan do dain sao cho khong cé 2 bit 1 ding ké nhauy c6 thé phat biéu mot cach tuong
duong 1a «Tim so tdt cd cdc tap con S thuoe {1,2,...,n} sao cho trong S khong ton tai hai phan ti
ma |a — bl = 1.». K& qua bai todn nay 1a chiing ta sé c¢6 day s6 Fibonacci.

Tuong tir, mot bai toan khac c6 vé bé ngoai con gidng hon nita, dé 1a dé thi cia Thuy Si nam
2006: «Cho s6 nguyén duong n. Tim s6 tit cd cdc tip con A C {1,2,....,2n} sao cho khong ton tai
T,y € Avdix+y=2n+1».

Tuy nhién, dé chi 1 cai giébng bé ngoai. Ban chat bén trong thi bai VMO 2009 khé hon hin.
V6i bai xau nhi phan do dai n, ta c6 thé dé dang lap dugc cong thiic truy hoi , = @p_1 + Tn_o
bing cach 1y luan nhu sau: Xét 1 xau nhi phan d6 dai n thod man dé bai. Néu xau nay bit dau
bang 0 thi bé s6 0 nay di, ta dugc 1 xau nhi phan do dai n — 1 thod dé bai va ngudc lai, néu c6
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1 xau nhi phan d6 dai n — 1 thod dé bai thi thém s6 0 vao phia dau, ta duge 1 xau nhi phan do
dai n thod dé bai bat dau bdi 0. T d6 s6 xau loai nay bing x,_;. Néu xau ndy bat dau bang 1
thi chit s tiép theo phai 1a 0. B6 di hai chit s6 dau tién, ta duge 1 xau nhi phan dé dai n — 2 thod
dé bai. Tt d6 s6 xau nhi phan do dai n thod dé bai bit dau bang 1 bang z,_o. Vay T, = Tp_1+Tp_2.

Bai Thuy S 2006 c6 15i gidi tric quan kha don gidn nhu sau: Ta xép cich s tit 1 dén 2n thanh
2 hang, n cot

1 2 3 n

2n 2n-1 2n-2 e n—+1

Khi d6 bai toin tuong duong véi viéc tim s6 cach chon ra mot sd 6, sao cho hai 6 cling cot khong
dong thdi dude chon. Nhu vay, tai méi cot ta chi ¢6 3 lya chon: hodc khong chon ca hai, hodic chon
s6 & hang trén, hoic chon s6 & hang dudi. Suy ra dap s6 bai toan 1a 3n.

T 16i gii trén, dé dang nhan thiy ring Thuy Si 2006 tuong duong vé6i bai «Tim sb cdc tdp con
S thugc T sao cho khong ton tai a,b thuoc S vdi |a — b| = ny. Lic ndy ta chi can ddi bang thanh

1 2 3 n

n+1 n+2 n+38 .. m

Loi giai cac bai toan trén tuy kha xa vai 16i gidi VMO 2009 (tham chi bai Fibonacci c6 thé dan
dén sa lay) nhung ggi ¥ cho chting ta mot sb ¥ tudng: xay dung cong thitc truy hoi, dua vé mo hinh
trie quan bang.

Sau day 1a 10i gii chi tiét:

Ta dat cac s6 thuoce {1,2,...,2n} vao bang 2 x n nhu sau

1 2 n-1 n

n+1 n+2 2n-1 2n

Bai toan clia chiing ta tuong duong véi viec dém s6 cach chon mot s6 s6 (c6 thé 1a khong s6 nao)
sao cho:

i. Hai s6 ké nhau trong bang khéng dong thsi dude chon
ii. n va n + 1 khong dong thsi duge chon.

Goi S(n) la dap s6 ctia bai toan. Ky hieu A(n), B(n), C(n) 14 s6 cac cach chon mot s6 s6 (c6 thé
khong s6 nao) tir cac bang ¢ hinh bén duéi sao cho khong c6 hai s6 nao canh nhau duge chon.

ntl!
/§ 2 3 n-I "
2n-1 2n

Khi d6 dé thay rang S(n) = A(n) — C(n — 2). Va ta c6 cac he thic sau:

An)=An—-1)+2B(n—1) (1)
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(ta chia cac cach chon ctia A(n) thanh ba truong hop: cd 1 va n + 1 déu khong duge chon; 1 duge
chon; n + 1 duge chon)

B(n)=A(n-1)+Bn-1) (2)

(Iy luan tuong ty)

Cn)=B(n—1)+Bn—-2)+C(n—-2) (3)

(1 khong dugce chon; 1 duge chon va n + 2 khéong duge chon; 1 duge chon va n + 2 duge chon)

Tit cac hé thiic nay ta co thé tinh duge A(n), B(n),C(n) va S(n). Vi dy, ta c6 thé dé dang suy
ra

A(n) = 2A(n— 1) + A(n — 2), A(0) = 1, A(1) =3, A(2) = 7. (4)

va tit d6
1+ V2" + (1 —v2)H!

A(n) = 2 ’

C(n) dugde tinh t hé thitc
C(n)=Cn—2)+An-1) (5)
(B(n—1)+ B(n—2) = A(n —2) + B(n — 2) + B(n — 2) = A(n — 1))
& C(n) = C(n — 2) + A==z
& Cn) — 2 = ¢(n — 2) - A2
Ta cha § ring C(1) = 1,C(2) = 4,C(3) = 8. Tit h¢ thic cudi cing va
C(1) - A(1)/2=—-1/2,C(2) — A(2)/2 =1/2,C(3) — A(3)/2 = —1/2

Ta suy ra riang

Nhu thé

Va cudi cling

(34 VI(L+ V)" + (8- V21— v2)" — 2(-1)"
- |

S(n)=AMn)—-C(n—-2)=
Ghi chi

1. Tit (1), (2), (3) c6 thé suy raring S(n) = S(n—1)+3S5(n—2)+S(n—3). Ching t6i khong 6 1a c6
thé tim dudc cach chitng minh truc tiép hé thic nay ma khong thong qua cac day sbé phu dude khong.

2. Bai toan sé dé chiu hon néu yéu cau khong ton tai a, b sao cho |a —b| € {1,n} dugc déi thanh
khong ton tai a,b sao cho |a —b| = 1 hodc a + b = 2n + 1. Khi d6 dap s6 s& chinh 13 A(n).
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GOC LAP TRINH TINH TOAN

D6 thi trong Mathematica

D6 thi 1& mot phan quan trong trong cic chuong trinh toan. Mathematica 14 phan mém hd trg
kha t6t vé mat nay. Mathematica c6 tap hop cac cau lénh cho phép ching ta xay dyng phan lén do
thi cia cac ham toan hoc. C6 thé sit dung Mathematica dé vé do thi ciia ham mot bién, vé mot lic
nhiéu do thi, vé nhitng mat phitc tap trong khong gian ba chiéu. Trong do thi, ching ta cé thé kem
theo van ban, am thanh, va c6 thé tao ra mot loat hinh &nh (ké cd hinh anh dong). Ngoai ra, khi
thay déi tham sb trong nhing cau lenh, ta c6 thé thay déi mau nén, khung.

Dau tién ching ta xét kha ning ciia hé théng Mathematica dé xay dyng do thi ctia ham mot
bién. Dé vé do thi ham mot bién ching ta st dung ham Plot, ham nay c6 thé duge sit dung nhu
sau:

- Plot[f, {x, xmin, xmax}] - diing dé xay dung do thi ham trong khoang tit xmin dén xmax.

- Plot[{f1,£2,...}, {x, xmin, xmax}] - ding dé xay dung day do thi ctia cac ham £1, £2,... trong
khodng tit xmin dén xmax.

- Plot[Evaluate[f], {x, xmin, xmax}] - dau tién n6é chuyén f sang dang s, va sau d6 tit n6 vé dd
thi trong khoang da cho.

- Plot|Evaluate|y[x]/.solution], {x, xmin, xmax}]- né xay dung do thi ctia nghiém s6 phuong
trinh vi phan nhan duge khi st dung lénh NDSolve.

- Plot[Evaluate[Tablel[f, ...]|, {x, xmin, xmax}] — tao ra danh sdch ham sb, sau d6 xay dung do
thi ctia ching trong khoang da cho.

Ta dua ra mot vai vi du minh hoa:
1. Xay dyng do thi ham Sin[x] trong khoang (—m,7)

Plot[Sin[x], {x, —m, 7}]

T =sint

Y = cost trong dé

2. Bay gig, yeéu cau vé dd thi dudng tron dude cho dusi dang tham sb {

te (—m,m).
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Néu ching ta dung lenh Plot[{Sin[t],Cos[t]}, {t, —m, m}] ta sé nhan dugc do thi nhu trén

Diéu nay khong ding yéu cAu clia ching ta. O day ta phai ding mot cau lenh khac dé la
ParametricPlot:

- ParametricPlot[{x,y}, {t, tmin, tmax}] - xay dyng do thi ctia ham theo tham s6 t, trong d6 t
nhan gia tri ti tmin dén tmax.

- ParametricPlot[{{x1,y1}, {x2,y2},...},{t, tmin, tmax}| — xay dung dong thoi dd thi clia nhiéu
ham cho bdi tham sb.
Déi véi thi du trén
ParametricPlot[{Sin[t], Cos[t]}, {t, —m, 7}]

Ngoai céc déi s6 bat bude, ham xay dung do thi cé mot s6 lugng 16n céc tiy chon, ding dé lam
cho d6 thi ndi bat hon, d& nhin hon. Nhitng lua chon dugce cho véi cau tric chung name — value. Gia
tri clia ching c6 thé 1 s6, danh séch, gia tri logic True hoiic False, va nhiing tit dic biét: Automatic
(st dung tu dong tiy chon), None (cac tuy chon khong duge sit dung), A1l (tiy chon duge st dung
trong moi truong hgp). Bay gio ching ta lam quen véi mot vai tity chon (d6i véi nhitng tiy chon c6
dau sao trén dau c6 thé sit dung cho do thi 3 chiéu):

- AspectRatio* - dua ra ti 1¢ ctia chiéu cao ddi v6i chiéu rong (méc dinh 1 1/GoldenRatio);
- Axes* - xac dinh can c6 vé truc toa do hay khong (méc dinh — Automatic);
- AxesLabel* - can dua vao chi § ddi véi cac truc toa do hay khong (mic dinh — None);

- AxesOrigin - chi ra noi dit goc toa do (mic dinh — Automatic);
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- AxesStile* - chi ra loai (style) nao dé xay dung truc ctia do thi (mic dinh — Automatic);

- Background* - chi ra mau nén ctia do thi (méc dinh — Automatic);

- ColorQutput* - chi ra mau sic ctia do thi (mic dinh — Automatic);

- DefaultFont* - chi ra font dé viét lén do thi (mic dinh — $DefaultFont);

- Frame — chi ra can c¢6 vé khung quanh do thi hay khong (mic dinh — False);

- FrameLabel — chi ra c6 dit trén bién ciia khung cac ghi chi hay nhan hiéu (mic dinh — None);

- FrameTicks — chi ra mat do phan b6 clia cac nhan hi¢u trén bién ctia khung (mac dinh —
Automatic);

- GridLines — chi ra c¢6 can xay dung cdc dudng ludi trén do thi hay khong (m#c dinh — None);
- MaxBend — dua ra gié tri 16n nhéat ctia dudng cong khi vé do thi ham s6 (mac dinh 10);

- PlotDivision — chi ra sd doan 16n nhat khi vé d6 thi ctia dudng cong tron (mic dinh 20);

- PlotLabel* cho biét c6 dua vao nhéan clia do thi hay khong (méc dinh - None);

- PlotRange* chi ra cic loai diém nim trong do thi (mic dinh - Automatic);

- Ticks* chi ra ¢c6 danh diu céc gid tri trén cac truc hay khong (mic dinh - Automatic).

Dé xac dinh gia tri cac tity chon ta c6 thé diing ham sau Options [Name].

Khi xay dung cac mit 3 chiéu ta st dung cdc ham cd ban sau:

- Plot3D[f, {x, xmin, xmax}, {y, ymin, ymax}] — xay dung dd thi 3 chiéu clia ham s6 £ (x, y), trong
mién xéc dinh da cho;

- ParametricPlot[{x,y,z}, {t, tmin, tmax}] — xay dung do thi dugc cho dudi dang tham s
x = x(t)
y =y(t)
z = 2(t)
trong d6 t nhan gia tri ti tmin dén tmax;
- ParametricPlot[{x,y,z}, {t, tmin, tmax}, {u, umin, umax}] — xay dung do thi 3 chi¢u dugc cho
du6i dang tham s6 (2 tham s6), trong d6 t va u dugdc cho trong cac khodng tuong ting (tmin,tmax)

va (umin, umax).

- Thong thuong, theo mic dinh khi vé cAc mit 3 chiéu thi do thi chita dyng trong mot “hop”,
néu chung ta khong mudn tity chon nay ching ta c6 thé viét Boxed — False.

- Khi xay dung do thi, thinh thodng, xay ra sy bién ddi dang, tham sb vi cac tity chon. Trong
truong hop nay, dé tot hon chiing ta c¢6 thé sit dung cac ham sau:

- Show|[plot, option — value| — xay dung do thi vé6i tuy chon cho trudc;

- Show[plotl, plot2,...] — xay dung mot s6 dd thi va két hgp chiing lai véi nhau.
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Chung ta xét thém mot vi du:

g = ParametricPlot3D[{uSin[t],uCos[t],t/3},{t,0, 27}, {u, —1.3,1.3},
AxesLabel — {X,Y,Z},PlotLabel — "Vidu”|

Trong céc phién ban Mathematica gan day, kha nang xit 1y d6 thi la rat rong. Trong bai viét nay
chi diém qua so lugc cac ham ciing nhu nhiing tity chon.
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TIN TUC TOAN HOC

A - Tin Thé Giéi

Giai thudng Abel 2009

Giéi thuong Abel 2009 duge trao cho Mikhail Leonidovich Gromov, gido su thudng tryc, Vien
Hautes Etudes Scientifiques (Phéap) va giao su Vién Toin Courant, DH New York, ong duge vinh
danh vi nhitng déng gép mang tinh cach mang cho hinh hoc. Giai thudng nay tri gia 6 triéu Kroner
Thuy Dién (twong duong véi gan 950.000 USD).

Leonidovich Mikhail Gromov sinh ngay 23-12-1943 tai Boksitogorsk, Lién X6 cii. Ong da nhan
bang Thac sy nam 1965, bdo vé Tién si ndm 1969 va Tién si Khoa hoc niam 1973 tai Dai hoc
Leningrad, noi ong da lam trg giang tit 1967 dén 1974. Ké tir 1982, Gromov duge bd nhiem vao vi
tri Gido su thudng tryc tai Vien Hautes Etudes Scientifiques, Bures-sur-Yvette, Phap. IHES 1 mot
vién nghién citu chuyén sau vé toan hoc, vat 1y 1y thuyét va cac linh vic lien quan dén khoa hoc.
Ong nhap quéc tich Phap tit nam 1992. Mikhail Gromov L. v& hién nay ciing la ciing la gido su tai
Vién Toén Courant, Dai hoc New York, Hoa K3.

Tén tudi ctia Gromov mai mai gin lién véi nhitng két qua sau sic va nhing khai niém quan
trong d6i vai hinh hoc Riemann, Symplectic Geometry, String Theory va ly thuyét nhém. Hoi dong
clia gidi thudng da nhan xét riing: "Mikhail Gromov luon luon theo dudi cac van dé méi va khong
ngiing suy nghi vé nhitng § tudng mdi cho céc 13i giai clia nhing van dé cii. Ong da cho ching ta
thay nhiing 6ng trinh sau sic trong subt sy nghiép clia minh va nhing sy sang tao dang chi y. Cac



Tap chi Toan hoc MathVn S6 02-2009

cong trinh ctia Gromov sé tiép tuc la ngudn cadm hitng cho nhidu khdm phé toan hoc trong tuong
lai". Mikhail L. Gromov d& nhan dugc nhiéu gidi thudng qubc té khac nhu Kyoto Prize in Basic
Sciences (2002), Balzan Prize (1999), Leroy P. Steele Prize for Seminal Contribution to Research
(1997), Lobatchewski Medal (1997) va Wolf Prize (1993). Ong la thanh vién ctia Vien Han lam khoa
hoc quéc gia Hoa Ky, Vien Han Lam Khoa hoc va Nghé Thuat Hoa Ky va Vién han lam khoa hoc
Phap. Ong la thanh vién tha 3 ctia Vién Todn Courant nhan duge gidi Abel (Peter Lax, nam 2005
va Srinivasa S.R. Varadhan nam 2007).

"Céc cong trinh ciia Leonidovich Mikhail Gromov dnh huéng to 16n dén nganh hinh hoc va ti
d6 c6 nhidu tng dung rong rai trong giai tich va dai s6. Hoi Toan hoc Hoa ky nhiét thanh guti 15
chiic mimg dén gido su Mikhail Gromov nhan dip éng duge nhan gidi thudng Abel 2009. Khong ai
c6 thé tudng duge duge diéu gi con xiing dang hon" - George Andrews, Chii tich AMS.

GS Gromov dugc nha vua Thuy Dién Harald trao gidi thudng Abel vao ngay 19, thang 5, 2009
tai Oslo.

Thong tin ¢6 thé xem thém tai: http://www.abelprisen.no/no/nyheter/nyhet.htm1?id=180

Hoi nghi cia SIAM vé Diéu khién va Ung dung 2009

Nam nay Cong dong Toan Ung dung va Cong nghiép thé gisi (STAM) sé t6 chitc hoi nghi vé Diéu
khién v Ung dung (STAM Conference on Control and Its Applications) tit ngay 06 dén 08 thang
07, 2009 tai khach san Sheraton Denver Downtown, Denver, bang Colorado, Hoa K3.

=2

5 _. July 6-8, 2009

o Sheraton Denver Downtown Hotel
2 Denver, Colorado

Linh vuc ctia 1§ thuyét diéu khién lien quan dén hang loat cac van dé vé hang khong dan dung,
hang khong vii truy, cac hé théng ti dong héa va ki thudt cao va duge xem nhu 14 nén tang cho nhing
cong nghé tién tién dang phat trién manh hién nay tit cong nghé nano dén cong nghé diéu chinh
té bao. Ly thuyét nay ting dung rong rai cho cic nganh vat 1y, sinh hoc, may tinh va khoa hoc x& hoi.

Hoi nghi sé trinh bay hang loat cic van dé vé 1y diéu khién va he théng va nhing tng dung
lien quan dén real-time optimization, data assimilation, cellular va diéu tiét sinh hoc, ki thuat diéu
khién va toan tai chinh, diéu khién y-sinh, diéu khién hé théng thong minh, diéu khién dong chay
va diéu khién lugng tii... Hoi nghi nam 2009 1a sy tiép ndi loat hoi nghi bat dau tir to chiic dau tien
tal San Francisco nam 1989.

Thong tin thém c6 thé xem tai: http://www.siam.org/meetings/ct09/
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Chi tich ciia cac hiép hai Toan hoc Chau Au nhém hop tai Warsaw

Trong hai ngay 09 — 10 thang 05, 2009 tai Banach Centre, Thii d6 Warsaw, Ba Lan, da dién cuoc
gap g gitta chi tich cac hieép hoi Toan hoc céc qubc gia trén toan Chau Au do Hiép hoi Toan hoc
Chau Au chi tri (EMS).

Dugc biét day la lan gap gd thi 2 ma EMS da t6 chic thanh cong. Lan thit nhat dién ra tai
Luminy, Phap thang 04 nam ngoai. EMS dy dinh sé t6 chtic thuong nién si kien nay dé tang cuong
su hitu nghi hop tac clia toan thé cac nha Toan hoc trén toan chau Au

Tin titc vé hoi nghi nay c6 thé xem thém tai: http://www.euro-math-soc.eu/node/263

Cudc thi Olympic Toan hoc sinh vién Thé gigi 1an th 16

Nam nay cuoc thi Olympic Todn hoc sinh vien Thé gisi (IMC) dugc td chitc tai thia do Bu-
dapest, Hungary titr ngay 25-30 thang 07 dudi sy phdi hgp gitta Dai hoc London (Anh Qudc) va
Dai hoc Eotvos Lorand, Dai hoc Cong nghé va Kinh té Budapest. Cudc thi ¢6 sy tham gia ctia cac
sinh vién tit nam 1 dén nam 4 cac trudng dai hoc trén toan thé gidi, duge chia lam hai vong, mdi
vong c6 thai gian lam bai 13 5 tiéng dong hd. Cac bai toan dude dé nghi thudc linh vie Dai s6, Giai
tich (thuc va phitc), Hinh hoc vi T6 hgp. Cac thi sinh phai sit dung tiéng anh trong bai thi ctia minh.

International Mathematics Competition

Dugc biét trong sudt cac ky thi IMC duge t6 chitc tit nam 1994 da thu hit sinh vién ctia hon
150 truong dai hoc tit 40 qubc gia trén toan thé gisi tham du.

Thong tin dugc cap nhat ti: http://www.imc-math.org/
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B - Tin trong nudc

Trudng heé “Toan hoc cho sinh vién”

Nam nay vién toan tiép tuc md trudng he tao diéu kién cho nhiéu ban sinh vién khoa Toan trén
toan qudc tham gia trao déi va giao luu. Trudng he 1a hoat dong chinh ctia D& an “Nang cao ning
lite nghién citu Toan hoc” duge Quy Phat trién Khoa hoc va Cong nghé qudc gia phé duyét va tai
trg kinh phi. Muc dich ctia Dé an 13 hé trg sinh vién gidi ciia cac trudng dai hoc phéat huy duge kha
nang hoc tap ctia minh, tap dugt nghién citu trong qué trinh hoc dai hoc. Qua dé sé tang s6 sinh
vién t&t nghiép dai hoc c6 kha niang nghién ctu Toan.

Truong he “Toan hoc cho sinh vién” nam 2009 sé dugc t8 chiic tai Vien Toan hoc, 1a bude tiép
néi ctia Trudsng he 2008. Noi dung ctia Trudng he bao gom 6 loat bai gidng vé cac huéng khac nhau
vao cac budi sang vi cac bao cdo, thao luan vao cac budi chiéu. Vien Toan hoc c6 thé tai trg cho
mot s6 sinh vién xuét sic tham dy Trudng he, bao gom chi phi di lai bing tau (vé nim ciing), & tai
Ha Noi (ki tic x4 cia Truong DHSP Ha Noi) va hé trg mot phan sinh hoat phi.

Thong tin tham khéo tit Vién Toan hoc Viét Nam: http://www.math.ac.vn/

Do6i tuyén Viét Nam tham dy IMO 2009 tai DPic

Két thiic hai dgt thi qudc gia v TST cudi cting chiing ta ciing da c6 6 dai dién thudc nhicu tinh
thanh khéc nhau ¢6 mit tai BREMEN, Dic vao hé nay:

1) Ha Khuong Duy (DHKHTN - DHQG HN)
2) Nguyén Xuan Cuong (Hai Duong)

3) Pham Hy Hiéu (PTNK - DHQG Tp HCM)
4) Ta Dic Thanh (Pha Tho)

5) Nguyén Hoang Hai (Vinh Phuc)

6) Pham Dic Hung (HAi Phong)

Thi giai Toan cip qubc gia qua Internet

Ngay 12/5 vita qua, doi tuyén Toan 16p 5 va 16p 9 clia 63 tinh, thanh phé da tham du cuoc thi
"Giai Toan qua Internet" (ViOlympic Toan hoc) danh cho hoc sinh phd thong do Bo Gido duc &
Dao tao vd Tap doan FPT lan dau to chiec.

Mbi Sé Gido duc & Dao tao thanh lap 2 doi tuyén (I6p 5 va 16p 9), mdi doi it nhat 10 thi sinh.
Nhitng em nay phai dugce tuyén chon trong sb cac thi sinh tham dy day di cac ky thi cip truong,
Phong Gido duc va Sé Gido duc & Dao tao.

bay dang 1a mot hoat dong thu hut duge sy chi ¥ cia dong dédo hoc sinh tham gia.

Xem thém tai: http://www.violympic.vn/
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Chi tich va Téong Thu ky Lién doan Toan hoc Thé gisi thuyét trinh tai DHQGHN

Ngay 4/3/2009 GS. Laszlo Lovasz - Chii tich va GS. Martin Groetschel - Téng Thu ky Lién doan
Toan hoc Thé gidi da c6 budi gip g8, thuyét trinh v6i cdn bo, gidng vien cling sinh vién nganh toén
hoc ctia mot s6 trudng dai hoc déng trén dia ban Ha Noi.

Budi gip g6 do Truong DPHKHTN — DHQGHN phdi hgp ciing véi Hoi Toan hoc Viet Nam,
Truong DH Su pham Ha Noi va Vien Toan hoc Viét Nam t6 chiic.

GS.TS Nguyén Hitu Ditc — Phé Giam déc DHQGHN da t6i dy va chiic mimng sy hién dién ciia
hai gido su tai DHQGHN.

Tai budi giao luu, ngai Chii tich Laszlo Lovasz da trinh bay bao cdo chuyén dé lam thé nao dé
hoan thien mot do thi (“How to draw graphs?”); GS. Martin Groetschel trinh bay bdo cdo vé nhiing
ing dung ctia toan hoc trong cudc séng hién dai hién nay ("Mathematics in everyday life"). Ciing
trong khon khé clia budi gap gd, hai ong da c¢6 nhitng trao déi truc tiép véi sinh vien vé mot sé van
dé thai sit va vai tro clia toan hoc ngay nay. Day thyc sy 14 nhitng thong tin hitu ich va hip dan véi
nhitng ngudi yéu toan hoc.

Thong tin dugc cap nhat tu: http://www.hus.edu.vn/News
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Olympic Toan Sinh vién 2009

Nhim gép phan nang cao chat lugng day va hoc toan, thic day phong trao hoc tap ctia sinh
vién, dong thoi gép phan phat hién, bdi dudng cac sinh vién giéi todn céc truong dai hoc va cao
déng, ky thi Olympic Toan Sinh Vien da dudc t6 chitc tai Quang Binh tit ngay 15 dén 20 thang 04
nam 2009 dudi sy phdi hop gitta Hoi Toan hoc Viet Nam, Bo Gido duc va Dao tao, Dai hoc Quang
Binh, Lién hiép cac hoi khoa hoc va ki ki thuat Viét Nam, Hoi Sinh vién Viét Nam.

Nam nay da c6 sy tham gia clia gan 650 sinh vién ctia 69 trudng Dai va Cao déng trong ci nudc
du thi 6 hai mon 1a Giai tich va Dai s6. Két qua c6 hai ban Nguyén Trong Nghia, Trudng Dai hoc
Bach khoa Thanh phé Hd Chi Minh v& ban Nguyén Tran Thuan, Trudng Dai hoc Vinh cling dat
téng s6 diém tuyet déi 1a 30.

Dé thi va danh séch sinh vién dat giai c6 thé xem &: http://www.vms.org.vn/

Hoi nghi Dai s6 - Hinh hoc - Té p6, Hué 2009

Hoi nghi Dai s6-Hinh hoc-Topo dude t6 chitc hai ndam mot lan. Muc dich ctia Hoi nghi 13 tao
diéu kién cho cac nha nghién ctu, gidng vién dang cong tac tai cac vién nghién ctu, cac trudng dai
hoc va cao déng trong ca nudc trao ddi cac két qua nghién ctu dat dugc trong thoi gian gan day vé
cac linh vic Dai s6, Hinh hoc va Topé.

Xem thém tai: https://sites.google.com/site/hoitoanhochue/dahito
Musi suat hoc bong du hoc toan phan tai Lién bang Nga

Vao ngay 10-5, tai hai dia diém 14 Trusng THPT Nguyén Binh Khiem (Ha Noi) va hoi trudng
Lé Van Thiém ctia DH Qudc gia Ha Noi tai 19 Leé Thanh Tong da dién cudc thi danh hoc béng du
hoc tai Nga.

Mudi suét hoc béng toan phan du hoc tai Lién bang Nga dudc trao cho mudi thi sinh dat két
qué cao nhat trong cugce thi Olympic toan hoc danh cho hoc sinh 16p 12 do Khoa Quéc té (DH Qubc
gia Ha Noi) phdi hgp véi Hiep hoi céc truong Dai hoc tai Lién bang Nga t6 chic.

MBbi sudt hoc béng toan phan du hoc tai Lién bang Nga bao gdm hoc phi cac giai doan hoc di
bi tiéng, chuong trinh dao tao DH, nha & va sinh hoat phi tai mot trong sé 22 trusng DH thuoc.
Hiép hoi cac truosng DH Lién bang Nga.
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