SO GIAODUC & PAOTAO  PE PE XUAT KY THI HQC SINH GIOI KHU

TINH BINH DUONG VUC DUYEN HAI VA PONG BANG BAC BO
Truwong THPT chuyén NAM 2023
Hung Vwong Mon: TOAN - KHOI 11

o ' Thoi gian: 180 phiit, khong ké thoi gian phdt dé
DE DE XUAT

Céu 1: (4 diém). V6i mdi sb thuc z € [%;1] , cac s6 nguyén duong n sao cho [nz] 13 s6 chin

duoc viét thanh mot day ting a, <a, <a, <--.
a) Hoi c6 ton tai hay khong s nguyén duong m dé ba sé [ma],[(m + 1)z],[(m + 2)z] déu
khong thudc day?
b) Chirng minh rang c6 vo sé nguyén duong n sao cho Z%
=1 G —a

> 72023

Cau 2: (4 diém).
Tim tat ca ham s6 f: R\ {0} — R thoa man :

£(2023) =1 va f(z).f(y) + f[%]f %] =2f(ay),Vz,y € R\ {0}
Cau 3: (4 diém).

Cho tam giac ABC nhon ndi tiép duong tron (0) c¢6 B, C' ¢b dinh va A thay d6i trén

(0). D latrung diém BC . BE, CF la cac dudng cao cua tam giac ABC . Hai dudng tron (DBF)

va (DCE) cit nhau tai diém thir hai 13 K .
a) Chirng minh ring K ludn thudc duong tron c¢b dinh.
b) Ldy T trén (0) sao cho KT L BC va A, T khéac phia véi BC. Cac duong thang

AB, BT cit lai duong tron (AKT) lan lugt tai M, N.Goi I 1a trung diém MN . Chung minh
rang dudng tron (ATI) ludn di qua diém cb dinh.
Cau 4: (4 diém). Cho diy f(l),f(?),f(?)),... duogc dinh nghia
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¢ do [:1:] 1a s6 nguyén 16n nhat khong vuot qua z.

a) Chting minh rang f (n + 1) <f (n) X4y ra v6i vo han sé nguyén duong n.

b) Chung minh rang f (n + 1) > f (n) xay ra v6i vo han s6 nguyén duong n.
Cau 5: (4 diém). Tim sb cac bo sb nguyén (al,%,...,an),n > 1 théa man ‘“i‘ <LVi=12,...,n
vila, —a, [<1LVi=12..n.

HET




DAP AN VA THANG PIEM CHAM — TOAN — KHOI 11
Céu 1: (4 diém). (Ngwdi ra dé: Nguyén Vin Phi)

Véi mdi so thuc = € , cac s0 nguyén duong n sao cho [nz] 1a s6 chan dugc viét

2

thanh mot day tang a, <a, <a, <---.

a) Hoi c6 ton tai hay khong s nguyén duong m dé ba s6 [ma],[(m + 1)z],[(m + 2)z] déu khong
thude day?

b) Chirng minh rang c6 vo sd nguyén duong n sao cho Z% > 7%,

i=1 Oy — 0y

THANG DPIEM CAU 1
a) Cau tra 10i 1a phu dinh.

That vay, gia sit c6 s6 m dé [mz],[(m + 1)z],[(m + 2)z] déu 1a s6 1. Khi d6, ta c6 hai trudng
hop sau:

+ Néu {m:c} > %thi [(m+1)z]= [mx + {mx} + x} = [mzx] + Hma:} + x}

Do nén 1 < {ma}+z <2 suyra [(m+1)z] = [ma] +1

f} >
1
T >—
2
Suy ra [(m + 1)z] 1a s6 chin, mau thufn. (1 diém)
+ Néu {m:c} < %thi
Do [ma], [(m + 1)2] cing 1¢ suy ra [{ma} + 2] = 0.
Do [(m + 2):5] 1¢ va [(m + 2)3:] = [(m + 1):16] + H(m 1 1)x} + :1:}
Suy ra [mx] = [(m + 2)x] = [mx] + [{mx} + 23:}.
suy ra [{mx} + Zx} =0 volivi2z>1va {mz} >0.

Vi vay khong ton tai s6 m (1 diém)

b) Theo céu a, trong 6 s6 bat ky lién tiép, ludn co hai sb thudc diy (an) .

Ta co [(m + 5)m] — [mx] = me} + 5x] < [1 + 5] =6.Suyraa,  —a <6YncZ" (0,5 diém)



Dé thdy a, = Onéntacd a <6-+a _, < -<6n—1)+a =6(n—1)

n—1

Dodé o, —a’ =(a,, —a,)(a,, +a)<6.|6i+6(i—1)|=36i — 6 < 36i (0,5 diém)
15 151 1 1 1
swym Y23 %[I TR *5]
Chung minh hmz = 400, suyra Z > Zln 1+- L =In <n + 1>—> +00 (0,5 diém)
i=1 i=1 i=1 i
o 15 15
Suy ra llm; afH ~ af = lim ;1_82 = +00.
Theo dinh nghia giéi han c6 vo sé nguyén duong n di 16n dé i - 1o —> T (0,5 diém)
=1 G — a4
Céu 2: (4 diém). (Ngudi ra dé: Tran Vin Tri).
Tim tit cd ham s6 f: R\ {0} — R thoa man :
f(2023)=1 va f(z).f(y)+ f 2023]f @] =2f (ay),Vz,y € R\ {0}
THANG PIEM CAU 2
Cho z =1,y = 2023 vao (1) ta dugc : 2f(1).f(2023) = 2f(2023) = f(1) =1 (0,5 diém)
Cho y =1 vao (1) ta duogc :
Fla)f(1)+ £ 2023]f<2023): 2 (2),vo € R\ {0} = f[%]: M=) @ (05diém)
Két hop (1) va (3) ta dugc f(z).f(y) = f(ay),vz,y e R\ {0} (3) (0,5 diém)
Khi d6 theo (3) ta c6
Do dé f*(z) = f(z).f [%] = f[g;@] = f(2023) = 1,¥z = 0 (0,5 diém)
T T
Suy ra ‘f(x)‘ =1LVx=0.
Cho z =y vao (2) tasuy ra f(xQ) = f? (:r) =1= f(a:) =1,Vz >0 (0,5 diém)
Gia st ton tai a,b < O;a = b:f(a) = 1,f<b): —1.
Khidé f 2023] _ 1 f[2023] 1,f(ab) =1 (0,5 diém)
a
Cho o =a;y =b vao (1) taduge : 1.(—1)+1.(-1) = 2f(ab) =2 vo li

1 khi >0

1khiz <0 (0,5 diem)

Do d6 f(x)zl,V:z;:cO hoac f(x):{



1 khi >0

khiz <0 thoa yéu cau (0,5 diem)

Thir lai f(z)=1,¥z =0 hodc f(z)=
Cau 3: (4 diém). (Nguoi ra dé: Nguyén Thi Kim Ngén)

Cho tam gidc ABC nhon ngi ti€ép duong tron (O) c6 B, C' co dinh va A thay do1 trén
(0). D latrung diém BC. BE, CF la cac dudng cao cua tam giac ABC . Hai dudng tron (DBF)
va (DCE) cat nhau tai diém thir hai [a K .
a) Ching minh ring K lu6n thudc duong tron c¢b dinh.
b) Liy T trén (O) sao cho KT | BC va A, T khéac phia v6i BC'. Cac duong thang AB, BT
cét lai duong tron (AKT) 1an lugt tai M, N . Goi I 13 trung diém MN . Chirng minh rang duong
tron (ATI) ludn di qua diém cd dinh.

THANG DIEM CAU 3

—

a) Goi H 1 tryc tim AABC . Khi d6 BHC = EHF = 180° — BAC (vi AEHF ni tiép) (1)

T giac BCEF nodi tiép dudng tron dudng kinh BC nén DB = DF = DC = DE |

—_— e e

Suyra BFD = FBD = ABC, CED = ECD = ACB. (0,5 diém)

— e e e

Do d6 BKC = BKD + CKD = BFD + CED = ABC + ACB = 180° — BAC(2) (0,5 diém)



T (1) va (2) suy ra EIR’ = E]R‘ . Vay K thudc duodng tron (BHC).

Hon nita (BHC) d6i xtmg véi (0) qua BC nén (BHC) c¢b dinh. (0,5 diém)
b) Tacd AE.AC = AF.AB (do BCEF ndi tiép) hay P wsr) = Lajoos) o
Suyra A€ KD. (0,5 diém)

—_—

Goi L dbi xtng v6i K qua D thi BKCL 13 hinh binh hanh nén BLC = BKC = 180° — BAC.
Do d6 L € (0). (0,5 diém)
Vi KT L BC, K € (BHC), T € (0) nén K va T d6i xting nhau qua BC'. AKTL c6 dudng

trung tuyén TD = KD = %KL nén KT 1 TL,
dan dén TL//BC hay AT la dudong ddi trung cia AABC. (0,5 diém)

Goi tiép tuyén tai A va T cua (O) catnhau tai I' thi I' € BC,
khido I'A=I1'T=1'K nén I'latam (AKT). (0,5 diém)

Laico

MBT + BMT — ACT+1m A/C\T+2(180° AOT) ACT+900—Azﬂ—900

Do d6 TB L TM , suy ra tim (AKT) 14 trung diém MN , hay I'=1.

Hon nita (ATI) c6 dudng kinh 1a OT, ma ODI = 90° nén (ATI) di qua D cb dinh.
(0,5 diém).

Céu 4: (4 diém). (Nguwoira dé: Nguyén Thanh Nhan)
Cho day f(l),f(Z),f(?)),... dugc dinh nghia

¢ d6 |z 1a s6 nguyén 16n nhat khong vuot qué .
a) Chung minh rang f (n + 1) <f <n) xay ra voi vo han s6 nguyén duong n.
b) Ching minh rang f (n + 1) > f <n) xay ra voi vo han s6 nguyén duong n.
THANG DIEM CAU 4

bat g(n):nf(n) voin >1 va g(O)zO.



a) Dat d(n) 1a s6 u6c duwong cia n voi n >1. Tacod

g(n):ﬁ-l—z—i-...-i-2
1 12 1” 1 (0,5 diém)
n — n — n —
;L J+ 2 '+...+ L dfn) = (1) - dfn).
Tir do
g(n)=g(n-1)+d(n)=g(n—2)+d(n—1)+d(n) (0,5 diém)

=..=d(1)+d(2)+...+d(n),

d(1)+d(2)+..+d(n)

n

c6 nghia rang f <n) = , noi cach khac f (n) la trung binh cdng cua cac
s0 d(1),d(2),...,d(n).
bé chirng minh céc khéng dinh, s& 1a di néu chirng minh dugc d (n + 1) > f (n) va
d (n + 1) <f (n) déu xay ra v6i vo han s6 nguyén duong n. (1 diém)
Ta cht ¥ rang d(l) =1.Véin>1 d (n) > 2, ddu bang xay ra néu va chi néu n 13 s6 nguyén
to.

7

Tu f(6) =3 > 2, tr do f(n) > 2 v6imoi n > 6. Tur viée c6 vo han sd nguyén td, ta co

d(n +1> —2,vavéimodi n >6 tacod d(n +1> =2< f(n) DPpcem. (1 diém)
b) Chuy rﬁng day d(l),d(?),d(3),... la vo han, vi chéng han d(2’“) =k+1VkeN.

Tu dé d(n + 1) > max {d(l),d(Q),...,d(n)} dung v6i vo han sé nguyén duong n. Déi véi cac
sd nguyén duong n nhu vay ta ciing ¢6 d (n + 1) > f (n) Phép chimg minh hoan tat. (1 diém)

Céu 5: (4 diém). (Ngwdi ra dé: Tran Vin Tri)
Tim s6 cac bo sb nguyén (al,aQ,‘..,an),n > 1 théa man ‘ai‘ <1LVi=12,...,n va

2, —a,,|<L¥i=12...n.
THANG PIEM CAU 5
Goi S 1a s6 bo s6 thoa man diéu kién bai toan.

Goi A ,B ,C latap hop cac bo n s ma a, tuong Ung bang —1,0,1. (1 diém)



Ta co: ‘Sn‘ = ‘An‘ + ‘Bn‘ + ‘C’n‘ Mit khéc tr mbi bo sb thude A hodc B taco thé bd sung thém

phﬁn tra,  =-1 dé duoc mot bd sb thude A . nén AM‘ = ‘An‘ + ‘B"‘. (1 diém)
Tuong twtaco |, | =|C,|+|B[|B,..|= |4 |+[B|+|c,|=]s.| (1 diém)

Do d6 ta co:|S

n+1‘ _

Al 1Bl +[Cl = (Al + B[ +[C.)) +[B...| + |B.| = 218, ] +]5...|

n

1+\/§)n+1+(1_\/§)n+1'

1 diém
5 ( )

Chu }'Iréng ‘SQ‘ = 7;‘5’3‘ =17 tathu du(_)’c:‘Sn‘ = (
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