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Céu 1. (3,0 diém)

vm++vn
2

1) Cho m, n 13 cac s6 tu nhién thoa min V2+3+y3—5= . Tinh

téng m+n
2) Chirng minh rang v&i moi s6 duong a va b thay doi thoa man

141, 1
ab 1000

ta luén c¢6 va—1000+vb—1000=+a+b

CAu 2. (5,0 diém)
1) Cho phuong trinh:
|m+2 x>+ 4 x+3)[x*+2 x+m|(|x+1|—-m—1]=0, v6i m la tham sb.
a. Giai phuong trinh véim = —1
b. Tim tit ca cac gia tri ctia tham s6 m dé phuong trinh d3 cho c6 dang ba

nghiém phan biét

VO(x—=1)y=y|2+|

yi+xy—5x+7=0

A . 24, —2
2) Giai hé phuong trinh:

Céu 3. (3,0 diém)
1) Cho da thic P(x) = x*+6x*+ax++b v6i a, b 1a cac sb hiru ty va thoa
man P(1—+/2]=0. Tinh gi4 tri cta biéu thirc
Q=18P(3)+3P(2)+(a—b+3**
2) Tim tat ca cac cdp sb tu nhién (m,n) thoa man
(2m+5n+1)[2"+n+m*+m|=105
Céu 4.(7,0 diém)

Cho tam giac ABC vudng tai A (AB < AC) c6 AH 1a dudng cao. Lay D 1a
mot diém thudc mién trong ciia tam giac AHC sao cho AH di qua trung diém
cua BD. Goi E, F theo thur ty 1a giao diém cua AH véi duong théng CD va BD.
Qua E ké duong thing tiép xuc voi dudng tron dudng kinh CD tai diém M (A
va M thugc cung mdt nira mat phéng c6 bo 1a CD). Goi N 1a giao diém thur hai

ctia dudng thang BD véi dudng tron dudng kinh CD. Ching minh rang:



1) Tt giac ABCN nbi tiép mot dudng tron va ANB+CAH =90°

. p . . MD. AB
2) Tam giac EMD dong dang véi tam gidc ECM va M
ED.BF.BN
EC
3) Ba diém A, M, N thang hang
Céiu 5. (2,0 diém)

1) Trén mdt mat ban phang c6 2021 dong xu kich thudc bang nhau, mdi
déng xu ¢6 hai mat trong d6 c6 mot mat mau xanh va mdt mat mau do, déng
thoi tat ca céac déng xu déu nglra mat mau xanh lén trén mat ban. Thyuc hién tro
choi sau day: mdi luot choi phai d6i mat 10 dong xu nao d6 trén mat ban. Hoi
sau 2022 luot choi ¢ thé nhan duge tat ca 2021 déng xu trén mat ban déu ngura
mat mau do 1€n trén hay khong? Hay giai thich vi sao?

2) Xét tam gidc ABC c6 dd dai cac canh 1a a, b, ¢ thay ddi va thoa man
c=2b=abc. Tim gié tri nho nhét ciia biéu thirc

_ 3 +5 + 4
b+c—a a+c—b a+b—c




HUONG DAN GIAI
Céu 1. (3,0 diém)

1.1 Cho m, n 1a céc s6 tw nhién théa méin

V2+4/3+43—V5= \/E;- T Tinh tong m + n

Taco

23315 2

V2+v3+3—+/5)
. .

L¢8+4\F3+¢12—4£
2

V[V6+v2+y[VI0—v2]
2

V6+2]+(V10—+2]
2

V6+1/10
2

6

|

&

Gia thiéttacom=6,n=10hodcm=10,n=6nénm+n= 16

* Chii thich thém: Xét Vm+Vn=16+110 binh phuong hai vé dugc:

Vmn—60=¢ 16_% - @W—ﬂ:m_% (*) v6i mn = k.60, k €

Q.

. 16—m— 5
H)Néuvk=a€Q,a#l(¥) - @zz(a—_l)” € Q didu nay vo 1y do 160
1a 56 vo ty.

1 16—m—n _ .
+) Néu vk € Q, (*) = Vk—1==——= binh phuong duge Vk=b€Q vo
2+/60
ly.
Vayk=1; (*)= m+n= 16, mn = 60 nén (m,n) = (6,10) va (m,n) = (10,6)
1.2) Chirng minh rang véi mei s6 dwong a va b thay doi théa man

141, 1
ab 1000

ta luén c6 Va—1000+vVb—1000=+va+b



Gid thiét ta co 1000 = ~22

a+b

= Ja—looowb—looo:\/a—ﬂ +\/b—ﬂ
a+b a+b
2 2
_ | a +/ b
a+b a+b
a+b +a+b

_atb

va+b

LAa+b

Céu 2. (5,0 diém)
2.1) Cho phwong trinh:
(m+¢E;?:Z;:§Mx2+2x+nﬁHx+1}—m—4j=&0,Véimléthanlsﬁ
a. Giai phuwong trinh véi m= -1
Diéu kién: 2x°+4 x+3>0  2(x+1+120 théa min véi moi x

Khi d6, vd1 m = —1 thay vao phuong trinh ta dugc:

[~ 1+V2x7+ 4 x+3)(x2+2x—1)(|x+1])=20
V2x°+4x+3-1=0

= X’+2x—1=0
|x+1]|=0
Vi V2x°+4x+43—1=0 = V2x*+4x+3=1 < x*+2x+1=0

e x=—1

Vi X’ +2x—1=0 = x=—1%/2

Véi [x+1|=0 = x=-1

Viy tit ca cic nghiém cia phuong trinh dd cho 1a x=—1, x=—1+2,
x=—1-+2

b. Tim tét ca cac gia tri cia tham s6 m dé phwong trinh di cho c6
ding ba nghiém phan biét

Ta c6 phuong trinh

@[m+v2M+1f+1mx+1f+m—1Mx+ﬂ—nr—HZO

Patt=[x+1],t20 = (m+V22+1)[+m—1)[t—m—1)=0 (*)



Gia st {,>0 la mot nghiém cua phuong trinh (¥*) khi d6 phuong trinh
|x+1|=t, c6 hai nghiém phan biét 1a x = —1+t,, x = —1—t,

Con t,=0 la mdt nghiém cuta phuong trinh (*) khi c6 phuong trinh
|x+1|=0 c6 nghiém duy nhat x = —1

Tir @6 néu (*) c6 k nghiém t > 0 phan biét thi phuong trinh di cho ¢6 2k
nghi¢m phan biét

Do vay phuong trinh da cho c¢6 ba nghi¢m phan bié¢t thi phuong trinh (*)
c6 nghiém t = 0, thay vao tadugc m=—-1,m=1

Thir lai: cc truong hop déu thoa man

Vay tat ca cac gia tri cua tham s0 m thoa man bai toanlam= -1, m=1

J9(x—1)v= Y
2) Giai hé phuong trinh: Slx=T)y=y|2+ x—1 (1)
~f+xy—5x+7:0(2)
9(x—1)y=0
biéu kién Y <o
x—1"

Khi do tir phuong trinh (1) ta c6 y=>0, x>1

: 7
THI1: Néu y=0 thi ng thdéa man hé

<

2+

TH2: Néu y>0 thi (1) = 3Vx—1=vy

x—1
= 3(x=1)=Vyl2Vx=1+Vy|

= 4(x—1)=[x—1)+2Vx=1Vy+[Vy[
= [2Vx=1/=[Vx=1+y[
2Vx—1=Vx=1+y

T 2Vx—1=—Vx—1-Vy
. Vx—lzJ;
3vVx—1+Vy=0
VéiVx—1=Vy = x=y+1 thay vao (2) ta duoc y°—2 y+1=0

= y:1=>x:2
Véi3vVx—1+Vy=0 = x=1,y=0khong thoa min diéu kién

7. 1|
g,ﬂ,u,u

Viay tat ca cac nghiém cua h¢ da cho 1a



Ciu 3. (3,0 diém)
3.1) Cho da thirc P(x) = x*+6 x*+ax+b véi a, b 12 cac s6 hiru ty va théa
mén P(1—+2/=0. Tinh gia tri ciia bicu thirc
Q=18P(3)+3P(2)+(la—b+3/"
Gia thiét ta co: (1—v3+6(1—v3+al1—3)+b=0
o (a+18)V3=a+b+34

a+b+34

Néu a+18#0=+3 ¢ 118

X i A . . atb+34 o : ‘- \ A
Vi a, b 1a cac so hitu ty nén —— o= 1a s6 hitu ty mau thun véi '3 1a mot
sO vo ty

a+18=0

Do d6 a+b+34=0

a=-—18
“lb=-16 D
Vay P(x) = x*+6x’—18x—16 = P(2)=-20,P(3)=11 (2)
Tu (1) va (2) suy ra

Q=18.11 +3.(—20)+(—18+16+3/**=198—60+1=139

3.2) Tim tit ca cac cip s tw nhién (m,n) théa mén
(2m+5n+1)[2"+n+m*+m|=105
Ta c6 105 1a s6 1é nén tir phuong trinh suy ra 2m+5n+1 1¢ = 5n chin tic
13 n cling chan.
Tuong tu 2"+n+m*+m = 2"+n+m(m+1)1¢, nhung do n,m(m+1)déu chin

nén2" g ticla2"=1 < m=0
Khi m = 0 thay vao phuong trinh ta dugc | _ —26

Vay cip sb tu nhién duy nhét thoa man bai toan 13 (m;n) = (0;4)
CAu 4.(7,0 diém)

Cho tam giac ABC vudng tai 4 (AB < AC) ¢é6 AH l1a dwong cao. Lay D
12 mdt diém thudc mién trong ciia tam giac AHC sao cho AH di qua trung
diém cia BD. Goi E, F theo thit tw 1 giao diém cia AH véi dwong thing
CD va BD. Qua E ké dwong thang tiép xuc véi dwong tron dwong kinh CD
tai diém M (4 va M thudc ciing mdt nira mit phiang cé bo 1a CD). Goi N 1a



giao diém thi hai ciia dwong thing BD véi dwong tron dwong kinh CD.

Chirng minh ring:

A

4.1) T giac ABCN ndi tiép mot dwdng tron va ANB+CAH=90°

Theo gia thiét ta c6 BAC = BNC $90°

Suy ra A va N cung nhin BC dudi mot géc vuong nén A, B, C, N cung
thudc dudng tron dudng kinh BC hay tir gidc ABCN ndi tiép mot dudng tron.

Do ACB, ANB la hai goc ndi tiép cing chin cung AB cia duong tron
duong kinh BC nén ACH = ACB = ANB (1)

Trong tam giac vudng AHC (vudng tai H) c6 ACH +CAH=90°

Nén tir (1) ta dwoc ANB+CAH=90° A NB+CAH =90°

4.2) Tam giac EMD ddng dang v6i tam giac ECM va

MD.AB , |ED.BF.BN
MC EC

Xét hai tam giac EMD va ECM ¢6 goc CEM chung (2)
— — N ]_ —_—
Hon nitta EMB = ECM (vi cung bang 5 sd MD cua duong tron duong kinh

CD) (3)

EM _ ED _ MD :MDZZED 4
EC EM CM  MC* EC()

Do do



Xét hai tam giac BHF va BNC c¢6 CBNchung va BHF=BNC=90° nén A
BHF ABNC

Tu d6 suy ra BH.BC = BF.BN cung vdi tam giac ABC vuong tai A co
duong cao AH = AB°’=BH.BC=BF.BN

Ak . MD’.AB* . ED.BF.BN  ED.BF.BN
6 P
Nhan vé (4) va (5) ta dugc N EC EC

4.3) Ba diém A, M, N thang hang
Trong tam giac ABC vudng tai A c6 duong cao AH = AC’=CH.BCnén

AB’ (JBH BC . HB 6
AC* CH.BC HC()

két hop vai (5) ta dugc

Goi K 1a giao diém thtr hai cia BC va duong tron duong kinh CD =
AH//DK (cung vuong goc voi BO)
Két hop voi gia thiét FB = FD suy ra HB = HK (7)

2

AB
Tu (6) va
u (6) va (7) suy ra A

K
HC cung voi — ~ e EC (Do AH//DK)

2

Ta duoc A EC (8)

. . AB’ . MD’ AB . MD
Tur (4) va (8) ta dugc A 18 e~ AC b ye

Két hop voi BAC=DMC=90°= A ACB AMCD
=BCA=DCM =ECM
Hay ECM =BNA (do (1)) (9)

< T \ s 1 — \ \ \
Mat khac ECM =BNM (do cung bang 5 sd MD cua dudng tron duong

kinh CD) nén tir (9) ta dugc BNA = BNM hay ba diém A, M, N thing hang.
Cau 5. (2,0 diém)

5.1) Trén mot mit ban phang c6 2021 dong xu kich thuéc bing nhau,
mdi dong xu cé hai mit trong d6 c6 mdét mit mau xanh va mét mit mau
dé, dong thoi tit ca cac dong xu déu ngira mit mau xanh 1&n trén mit ban.
Thue hién tro choi sau diy: mdi lwot choi phai ddi méit 10 dong xu nao d6

trén méit ban. Hoi sau 2022 lwot choi c6 thé nhin dwoc tit ca 2021 dong xu



trén mit ban déu ngira mit mau doé 1én trén hay khong? Hay giai thich vi
sa0?

Luot choi thtt nhit ¢6 10 déng xu mat xanh dugc ngua thanh mat do. Do
d6 sau luot choi tha nhit co 2011 déng xu mat xanh va 10 déng xu mat do
dugc ngua 1én phia trén.

Gia su trong luot choi thir hai c6 x d@)ng xu mat xanh duoc 1at thanh mau
d6, nhu vay s& c6 (10— x) déng xu mau d6 thanh mau xanh (véi x 14 s6 tw nhién
théa man 0<x<10)

Khi d6 sé dong xu mau xanh ngira 1én phia trén sé& 1a

12011—x)+(10—x)=2021—-2x

Cu nhu vay sau bao nhiéu lan di nita thi trén mat ban sb déng Xu cO mat
mau xanh ngira 1én phia trén ludn ludn 1a sé 1&. Vay sau 2022 luot choi khong
thé nhan dugc 2021 déng xu ¢6 mat mau do dugc ngtra 1én phia trén.

5.2) Xét tam giac ABC c6 do dai cac canh la a, b, ¢ thay doi va théa
mén c=2b=abc. Tim gi4 tri nhé nhit ciia biéu thirc

3 +5 4

P= +
b+c—a a+c—b a+b—c

Sk . 1
Véi hai s6 x,y > 0 ta duge [Vx—y[">0 = x+y>2v/xy>0 va tuong tw "

oo Lo
y Xy

1 1 1 4
Tirdosuyra[x+y||=+=|24 « =+=2>

X X y x+y
Vay véi moi x, y > 0 ta duoc —+— >—— . Déu biing xdy ra khi x =
ay vO1 mo1 X, y a u’(jcx v Xty au bang xay rakhi x =y

3 +5 4
AP = +
TacoP b+c—a a+c—b a+b-—c
1 1 1 1 1 4
= P= + + +
b+c—a a+b-c b+c—a a+c—-b a+tc—b a+b-c

V&1 moi tam giac ABC ta luén c6 b+c—a>0,a+c—b>0,
a+b—c>0 nén ap dung két qua trén vao ta duoc:

4 +8 +12 .2 +4 +6 .
_—— 62

> é
P_2b2c 2a b ¢ a




o q A 2 1.
Theo gia thiét 2b+c=abc = otp casuyra

b
3.
>2.24a.= 643
a a

P>2 a+§
Vay GTNN cua P 1 4v3 khi

a=b=c

%+%:a = a=b=c=+/3hay tam gidc ABC latam gidc déu canh bing '3




