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Ngueoi trinh bay: Lé Phiic Lir
Noi dung chi dé
CAC BAI TOAN VE NGHIEM CUA PA THUC

R R R O

DPa thirc 1a mdt ndi dung rat quen thudc cua dai s6 va giai tich. Phuong trinh da thuc, dinh i
Viete, cac bat dang thuc lién quan dén hé s cua da thic, ... duoc quan tdm kha nhiéu va ciing c6
mot s lugng dang ké nhimg 16p bai toan lién quan dén linh vuc nay. Trong ndi dung da thirc kha
rong va phong pht nhu thé, ta s& di vao tim hiéu mot phan hep hon nhung ciing khong kém phan
hap dan, d6 chinh 1a cac bai toan vé nghiém cia da thic.

N6i dén nghiém ciia da thirc, ta nhd dén cac cong thirc Cardano ndi tiéng dé giai phuong trinh
béc ba, dén cac két qua vé da thirc c6 nghiém phurc trong viéc don gian héa cac biéu thie, ... Tim
hiéu vé nghiém ciia da thirc, ta khong chi dimg lai & cac bai toan ddc thi ma con s& di khai thac
mot s6 tmg dung ddc biét ctia nd vao gidi cac bai toan hé phuong trinh, phwong trinh nghiém
nguyén, tinh gia tri biéu thirc, giai mot sd bai toan s hoc, ...

Céc bai toan vé da thirc trong cac ki thi HSG cac cip ciing dugc phat biéu dudi nhidu hinh thirc
bai mot da thirc 1a hé thire truy hdi cho mot day sd, 1a mot phwong trinh dong du trong cac bai
toan s hoc, 1a cac quan h¢ gitra cac h¢ sb cuia mot bat d'fmg thirc va cling vi thé ma ta hoan toan
c6 thé cong nhan rang da thirc 1a mot ndi dung kha quan trong, can thiét trong cac ki thi. Ngoai
ra, viéc danh gid nghiém ctia cac phuong trinh da thirc bac ba, bac bon cling 1a mat van dé vo
cung quen thudc, khong thé nao thiéu duoc & cac ki thi tuyén sinh PH — CP.

Do diéu kién thoi gian han ché nén chua duoc day du cac dang lién quan dén nghiém cua da thic
nhu cac cong thirc ndi suy trong da thic, quy tic dau Descarte, img dung nghiém boi vao bai
toan tiép tuyén,... Mong rang mot sé noi dung nho dudi ddy s& dem lai cho moi ngudi mot cai
nhin m&i mé vé cic bai toan dang nay va cung cap thém nhiing ¥ tudng thu vi dé giai quyét cac
van d& quen thudc.



A.Xét vé mat dai so.

1. Cac kién thirc can nhé.

1. Pinh li Bezout:

Cho da thirc P(x) € R[x] va s6 thuc « , khi d6: « 1a nghiém cua P(x) khi va chi khi
P(x):(x—a) . Diéu nay c6 nghia 1a ton tai da thire O(x) € R[x] sao cho P(x)=(x—a).0(x).
Tu day ta cling suy ra: néu P(x) 1a da thic monic ¢6 bac n va cd n nghiém thue ¢, a,,...,a, thi
P(x)=(x—-a)(x—a)(x—a,))..(x—a,).

2. Pinh 1j vé nghiém cua da thuc:

Neéu mot da thirc bac n va c¢6 hé so cua so hang c6 bac cao nhat khac 0 thi né c6 khong qua n
nghiém. Tl day suy ra néu mot da thirc bac n c6 it nhat 7 +1 nghiém thi n6 dong nhat véi 0.

3. Nghiém boi.

Sé thuc a goi la nghiém bdi k cua da thue P(x) € R[x] néu P(x)chia hét cho (x—a) nhung

k+1

khong chia hét cho (x—a)*"'.

Diéu nay c6 nghia 1 ton tai da thirc O(x) € R[x] sao cho:

P(x)=(x—a)".0(x),Vx e R; O(a)#0.

4. Nghiém nguyén, nghiém htru ti.

Cho da thic P(x) € Z[x] c6 baclan: P(x)=) ax'. Néu ton tai sb

i=0

a=L.p.gel.q#0.(p.q)=11anghiém cua da thirc P(x) thi pla,.qla, .
q

Tir d6 suy ra: néu a, =1 thi cac nghiém hiru ti clia da thirc nay déu phai 1a s nguyén.

5.Dinh 1i Viete.

Xét da thirc P(x) = z ax' c6nnghiém la x,,x,,...,x, . Khi do, ta co:
i=0

4 —-a a 1 a
x =—21L XX, = n-2 ,...,Hxl. =(-1)".-2.

i=0 a, osi<j<n a i=0 a,



II.Cac vi du minh hoa.

Bai 1.1. Xét da thuc P(x) € Z[x] thoéa man P(0), P(1) déu la cac sb nguyén 1¢. Ching minh ring

da thuc nay khong c6 nghiém nguyén.

Loi gidi. Gia st nguoc lai, tdn tai s6 a 1a nghiém nguyén cua da thirc da cho, tc la tdn tai da
thirc Q(x) € Z[x] sao cho P(x)=(x—a).0Q(x). Ta co:

P(0)=(0-a).000), P(1) =(1-a).0().
Tt gia thiét suy ra: P(0), P(1) 1a cac sb 1é.

Do do: —a, 1—a cling déu la céac s6 1é. Tuy nhién day lai la céc s lién tiép nén dicu nay khong
thé x4y ra. Tu mau thuan nay suy ra di€u gia st ban dau la sai.

Vay da thtrc nay khong c6 nghiém nguyén.

Nhin xét. Day 1a bai toan quen thudc vé nghiém nguyén cia da thirc. Ta nhan thay cac s6 0, 1
trong d¢ bai khong anh huong dén két qua ciia bai toan ma diém quan trong & day chinh 1a tinh
chit ciia chiing, ta thay rang hai s6 d6 chi can khéc tinh chén 1¢ 1a da du dé dam bao két qua cua
bai toan. Tur d0, ta xét mot vai trudng hop dic biét dé che gidu di ban chit cua van dé nay. Ta c6
cac bai toan sau.

Bai 1.2. Cho da thirc P(x) € Z[x] thdéa man: tdn tai k nguyén sao cho P(2009*).P(2010°) =2011* .

Chtrng minh ring da thirc nay khong c6 nghiém nguyén.

Bai 1.3. Cho da thirc P(x) € Z[x] théa man: ton tai cic s6 nguyén dwong phén biét a,b,c,d
khong dong thoi chia hét cho 4 va P(a).P(b).P(c).P(d) =2010"" +1.

Chtrng minh ring da thirc nay khong c6 nghiém nguyén.

Bai 2.1. Tim tét ca cac nghiém cua da thire sau voi a(a—1)#0.

P(x)=(a’—a)’(x* —x+1)’ —(a* —a+1)’(x* —x)’
Loi giai. Ta thiy rang day 1a da thirc bac 6 nén né c6 khong qua 6 nghiém.

Tacd P(a)=(a’—a)’(a’ —a+1) —(a* —a+1)(a® —a)* =0 nén x =a 1a mdt nghiém cua da

thirc da cho. Hon nira, ta s€ chirng minh rang néu phuong trinh c¢6 nghiém x, thi n6 ciing co

nghiém 1- xo,xi . That vay:
0



Néu x, la nghiém cua phuong trinh da cho thi (a’ - a)z(xg —Xx,+ 1Y =(a’—a+ 1)3(x§ —X, ).
Ta co:

P(l—xo):(a2 —a)z[(l—)co)2 —(1—)c0)+1]3 —(a’ —a+1)3[(1—x0)2 —(l—xo)]2

=(a’—a)’ (x; —x,+1) =(a’ —a+1)’(x] —x,)* =0

1 11 11 x2—x,+1 1-x
P(—)=(@* —a) (5 ——+1)’ = (@ —a+ 1) (5 ——) = (& —a) (L2 ) —(@® —a+1) (—2)
XO )CO xo XO xo XO XO
=ié[(a2—a)2(x§—x0+1)3—(az—a+1)3(x§—x0)2]=0

Xo

. . A , A D | TSR
Do do, véi x =a 1a nghiém cua da thuc, ta con ¢6 thém hai nghiém nira 1a 1—a,— ; dén day, ta
a

‘

lai c6 thém ba nghiém nira la l—l,L,
al-a -

Q |=

a-1 1 a

Tom lai, da thirc da cho ¢6 6 nghiém la: a,l,l —a, , , .
a a l-a a-1

Nhan xét. Y tudng trén 1a vét can cac nghiém cua da thirc v6i mot kién thirc quen thudc: phuong

trinh da thirc bac n c6 khong qua n nghiém. D& thay rang noi chung thi cac nghiém nay phan biét,

néu véi mot vai gia tri a 1am cho chung tring nhau thi gia trj a d6 ciing lam da thtc da cho ¢

nghiém boi; do d6, diéu nay khéng anh hudng dén su day du cia cac nghiém cua da thire nhu da

néu. Ta xét mot bai toan twong tu ciing giai bang cach vét can cac nghiém dudi day.

Bai 2.2. Giai phuong trinh sau.

1 0.

_f_,_ x(x=1) 3 x(x=1D(x-2) N x(x=D(x—-2)...(x—n) _
1 1.2 1.2.3 1.2.3...n

Bai 3. Gia st da thire P(x) = x™'° + x2 +x* + _ + x+1 khong c6 nghiém thyc. Tim s6 16n

nhat cac hé so 1a -1 cua da thuc nay.

Loi giai. Goi y 14 s6 cac hé s6 1a -1 ¢6 trong da thirc nay dé no khong cé nghiém thuc. Ta thdy

rang 7 <1005 vi néu nguogc lai thi y >1006, xét P(1)=(1+1+...+1)—(1+1+...+1)<0; dong

2010-4 A

thoi lim P(x) = +oonén d& thdy rang P(x)c6 nghiém thuc, mau thun. Ta s& chi ra mot da thic

X—>+0

c6 ¥ =1005 thoa mén dé bai.



Xét P(x)=x"" —x® 4+ x5 _x27 4+ x* —x+1 c6 cac hé s6 cna hang tir bac 1¢ 1a -1. Ta c6:
Néu x<0 thi P(x)>0.

Néu xe (0,1) thi P(x)=x" """ +x" "1 -x)+x*"1—=x)...+x(1-x)+(1-x)>0.

Néu x>1 thi P(x) = (" = x™ )+ (X = x4+ +(x*—x)+1>0.

Da thirc nay ludn duong nén né thoa man bai toan. Vay y_ =1005.

Bai 4.1. Chtrng minh cac déng nhat thirc sau:
Ax+y+z)(xy+yz+zx)—(x+y+2)° —8xyz=(x+y—z)(y+z-x)(z+x-).

Loi giai. Trén thyc té, bai nay hoan toan c6 thé dung khai trién tryc tiép va nhom céc sb hang lai
dé dugc tich bén vé phai; thé nhung, bang cach dé, bai toan giai kha cong kénh va khéng mang
lai dwoc nhiéu hé qua.

Ta xét cach dung dinh 1i Bezout vé phén tich cac nghiém ctia da thirc nhu sau:

P@0) =4+ y+2)(ty+yz+20)=(t+y+2) =81z =4+ y+ )iy +2)+ yz]=(t+y+2)" =8z
12 mot da thie bac 3 theo bién t.

Dé chimg minh dong nhit thirc trén, ta s& ching minh rang y—z,z -y, y +z 1 ba nghiém cua da
thirc nay. That vay:

P(y+z)=d(y+2)+y+zl[(y+2)(y+2)+yzl=(y+z+y+2) =8(y+2)yz

=8(y+2)(y+2)" +yz]-8(y+2)’ —8(y+2)yz

=[8(y+2)" +8(y+2)yz]-[8(y+2) +8(y+2)yz] =0
P(y—z)=4y-z+y+2)(y-2)(y+2)+yz]-(y—z+y+2z) -8(y—2)yz

=8y[(y* —2z%)+ yz] -8y —8(y—2)yz

=8y +8(y—2)yz]-[8y’ +8(y —2)yz] =0
P(z=y)=4z—-y+y+)z-y)(y+2)+yz]l-(z=y+y+z)’ —8(z—y)yz

=8z[(z° - y*)+ yz]-82° —8(z - y)yz

=[82° +8(z— y)yz]-[82° +8(z—»)yz] =0

Vay, da thirc da cho c6 thé biéu dién dudi dang: P(1) = A(t— y—z)(t—y+2)(t+ y—z), tiép tuc
cho y=2z=0, biéu thirc ban dau can phan tich nhan gia tri 14 —> trong khi biéu thirc sau khi

phan tich nhan gié tri 1 A’ ; ddng thirc phai xay ra véi moi y, znén A = —1 hay

Pt)y=(y+z-t)t—y+z)t+y—2z). D'fmg thirc nay dting véi moi t nén ta c6 dugc dpem.



Nhan xét. C6 nhiéu bai toan vé dung tinh chit nghiém cua da thirc dé giai quyét twong tu nhu
trén, nhiéu khi thay vi ching minh mot déng nhét thirc, van dé dit ra c6 thé 1a rat gon biéu thirc
hodc gidi mot phuong trinh. Ta xét hai bai toan sau.

a* b* c*

Bai 4.2. Cho biéu thuc: S, = + - JkeN
(a-b)a-c) (b-c)b-a) (c—a)c—b)

Ching minh rang S,=8,=5,=0,8,=a+b+c.
Bai 4.3. Giai phuong trinh sau véi a, b, ¢ 1a cac $6 thuc phan biét.

(x=b)(x—c) N (x—c)(x—a) N (x-a)x-b) 1
a(a-b)a-c) bb-c)b—a) c(c—a)c—b) x

Bai 5. Cho da thitc P(x) = x’ +ax” + bx+ ¢ c6 ba nghiém phan biét.

Chung minh rang: O(x) = x° + ax® + (4b—a*)x + (4ab—a* —8c¢) ciing c6 ba nghiém phan biét.
Loi gidi. Goi x,x,,x, 1a cdc nghiém phén biét cua da thirc da cho. Theo dinh li Viete thi:

X +x,+x, =—a, xx,+x,x,+xx =b, xx,x,=—c.

Ta s& chimg minh rang da thirc O(x) dd néu c¢6 cac nghiém la

V=X X, =X, Y, =X, F X, =X, Yy =X, X X,

That vay: y, +y,+y,=x,+x,+x,=—a.

IO 0 O N o U A :z(xl+x2—x3)(x2+x3—xl)=4(x1x2+x2x3+x3xl)—(xl+x2+x3)2 =4b—a’.
Y,y = +x, = x)(x, +x, —x)(x, +x, —x,) = A(—a)b—(-a)’ —8(—c)=a’ +8c—4ab.

(theo két qua cta bai 2.1)

Tir cac tinh todn trén, theo dinh 1i Viete dao, ta thiy (*) dung. D& thdy cac sb ¥,»¥,,y, phan biét

vi x,,x,,x, phan biét nén ta c6 dpcm.

Nhan xét. Cac dang toan ndy ciing thuong gip va cach giai nay c6 18 1a tét nhét, cac phuong
phap quen thudc cua giai tich hiu nhu khong kha thi trong tredng hop nay.



B.Xét vé miit giai tich.

1.Cac kién thirc can nhd.

1. Dinh li Lagrange va dinh li Rolle.

Pa thirc 1a mot 16p ham lién tuc tiéu biéu nén né cd day di cc tinh chit quen thudc ciia mot ham
lién tuc nhu d biét.
*Pinh 1i Lagrange: V&i moi s6 thue a <b va mot da thire P(x) € R[x] nao do, ta ludn co:

P(b)— P(a)

dce(a,b):P'(c)=
*Pinh 1i Rolle: Néu da thitc P(x) € R[x] c6 hai nghiém phan biét 1a @ < b thi t6n tai 3¢ € (a,b)
thoa man P'(c¢)=0.

Ttr day suy ra, néu dao ham cép k cta da thirc ndy vo nghiém thi da thtrc c6 khong qua k nghiém.

2. Quy tic ddu Decarste:

Cho da thirc P(x) = Zal_xi . GoiDlasd nghi¢m duong cua da thtc, L 1a s6 1an d6i cua cac hé sb
i=0

ciia da thic tr @, — a,, bo qua cac hé s6 bang 0. Khi d6: D<L va L—D lasd chén,
C6 thé phat biéu cy thé 1a:

+ 86 nghiém duong cia ham da thirc P(x) bé“lng s6 14n ddi dau cua cac hé sb hodc nho hon mot
don vi chan.
+86 nghiém am cua da thic P(x) béng s6 1an ddi dau cua cac hé sb trong P(—x) hodc nho hon

mdt don vi chan.
3.Dinh li vé s6 nghiém cua da thirc.
Cho da thirc P(x) € R[x].

-Néu véi hai s6 thuc a <b ma P(a).P(b) <0 thi da thitc c6 mot sb 16 nghiém trén khoang (a,b),

ké ca boi.

-Néu véi hai s6 thuc a <b ma P(a).P(b)> 0 thi da thirc c6 mot sd chin nghi¢m trén khoang
(a,b), ké ca boi.



II.Céac vi du minh hoa.

Bai 1.1. Cho da thirc P(x)bac bdn c6 bén nghiém dwong phén biét. Chimg minh rang phuong
trinh sau ciing c6 bén nghiém dwong phan biét:

=3 by +(1 - 1_f’cjp'(x) ~P'(x)=0
X X

Loi giai. Ta co:

S P(x)+(1— 1_?xJP'(x)—P”(x) 0
X

xfx [P(x)~ P'(0)]+[P'(x)~ P"(x)] = 0.

X

bat O(x) = P(x)— P'(x) = Q'(x) = P'(x)— P"(x) nén suy ra: 1= ;lx 0(x)+0'(x)=0.
X

Ta s& chirng minh nhén xét néu da thirc P(x) bac bdn c6 bén nghiém duwong phan biét thi da thirc

O(x) = P(x)— P'(x) ciing c6 bon nghiém duong phan biét. That vay:
Khoéng mét tinh téng quat, gia su hé¢ s6 bac cao nhét cua P(x) 1a 1 va ta c6 phan tich:

P(x)=x*—axX’ +bx* —cx+d =(x—x)(x—x)(x—x)(x—x,) v0i x, <x, <x, <x, 1a cac nghi¢ém

duong cua da thue nay. Theo dinh 1i Viete thi: a,b,c,d >0 va ta cling c6:

P'(x)= Z(x—xl)(x—xz)(x—x3) )

Gia sir Q(x) =x"— a1x3 + bl)c2 —cx+c+d thi Q(x)=P(x,)—P'(x,) =—(x, — x,)(x, —x,)(x, = X,)
O(x,) = P(x,)—P'(x,)) = —(x, —x,)(x, = x,)(x, —x,) , suy ra:

O(x)0(x,) = —(x, —x, )? (x, —x,)(x, —x,)(x, —x,)(x, —x,) <0, tuc la tdn tai ¥, €lx,x,] 1a
nghiém dwong ctia O(x) . Tuong tu, ta ciing thdy ring O(x) c6 thém hai nghiém duong nira la
y, €lx,,x,1,y, €[x;,x,]. Goi nghi€ém duong thir tw la y, thi y,y,y,y, =c+d >0, do tada co

Y»Y,,¥; >0 néncing co y, >0.

Nhan xét trén dugc chiing minh.

bat R(r) = t‘@Gj ciing 14 mot da thirc bac bon va ciing ¢6 bén nghiém dwong phan biét nhu

Q(x) ; theo nhan xét trén thi da thuc sau cling c6 bon nghiém duong phan biét:



R(t)—R'(t) = t“QGj - 4@6) - z“.;—zl QGJ =(t" -4 )QG) - tZQGj , tirc 1a phuong trinh sau

¢6 bon nghiém duong phan biét: (+* —41°)Q Gj -0 @ =0.

bat % = x thi phuong trinh sau ciing c6 bon nghiém duong phan biét: iQ(x) +0'(x)=0.
X
bay chinh 1a dpcm.

Nhin xét. Ngoai cac xét cac da thirc di néu, ta ciing c6 thé xét ham sb sau f(x) = e *.P(x) ciing
dem lai két qua twong tw. Véan dung ¥ tudng xét thém cac da thice roi sir dung dao ham tich cua
chung, ta c6 thé dua ra nhitng bai toan kha tha vi twong ty nhu trén. Ta c6 bai toan sau.

Bai 1.2. Cho da thirc P(x) béac 2011 ¢6 2011 nghiém duong. Chirng minh rang da thiic sau ciing
c6 dung 2011 nghi¢m duong.

(1-2011x)P(x)+(x* +2011x -1 P'(x) - x*P(x) =0

1992

Bai 2. Cho da thic P(x) =1+x" +x" +x" +x™ +...+x" +x"°” v6i n,n,,...,n_la cac sd tu nhién

cho trudc thdamin 9 <n <n, <...<n <1992 . Ching minh rang nghiém cua da thirc (néu c)

Vs

2

khong thé 16n hon

Loi gidi. Do cac h¢ s6 cua da thirc da cho déu duong nén néu né c¢6 nghi€m thi nghi¢m dé phai

1-5
2

am. Ta s€ chirng minh réng P(x)>0,Vxe ( ;OJ c (—1,0). That vay:

V61 moi x trén khoang nay thi

P =1+ +x" +x" +x" 44 x" +x" 2 4 x+ X + X +x +..+x" =
1992 1993

. I+ +x +..+x7A-x) iy l—x7" (I+x-x>)—x

2

=1+

Vi xe(l_

thirc nay c6 nghiém d6 khong duoc 16n hon

1+
1-x2 1-x

2 1-x

> ;OJ:ler—xz >0,—x""" >0,1-x2 >O:>P(x)>0,Vxe(1_ > ;OJ nén néu da

. Ta c6 dpcm.



Nhan xét. Viéc danh gia cac khoang cua nghiém thé nay ciing thudng duoc dé cap dén trong céac
bai toan vé gi6i han day sb 13 nghiém ctia mot da thirc. Dudi day 1a mot sé bai toan twong tu.

Bai 2.1. Cho da thic P(x)=x"" —10x’ +39x* +a7)c7 +616X6 +..+ax+a,,véi aa,,...,a, lacic

gia tri nhit dinh. Biét ring da thirc ndy c6 10 nghiém thuec.
Ching minh ring tt ca cic nghiém cta nd déu nam trong khoang tir -2,5 dén 4,5.
Bai 2.2. Chimg minh ring v6i mdi s6 nguyén duong n thi phuwong trinh sau ¢6 nghiém duy nhat.

X+ X+ 4" +2010x°" =2011.

Bai 3.1. Xét hai phuong trinh sau x* +2x* +3x+4=0, x’ —5x” +10x—-10=0.

1.Chimg minh rang mdi phuong trinh déu c6 dung mot nghiém.

2.Tim tong hai nghiém do.

Loi giai.

1.Ta thay ca hai ham s6 P(x) = x> +2x* +3x+4,0(x) = x’ =5x* +10x—10 c6 dao ham lan lugt
1a P'(x)=3x*+4x+3>0,0(x)=3 x> —10x+10 > 0, Vx nén déu l1a cac ham ddng bién.

Tur d6 suy ra chiing c6 ding mot nghiém.

2.Goi a, B lan luot 1a cac nghiém cua ham P(x),0(x). Giastt a + =k < B =k—a, diéu nay

c6 nghia 1a néu « 1a nghiém cua P(x) thi k—«a 14 nghiém cua QO(x) hay:

O(k—a)=(k—a) =5(k—a)* +10(k —a)—10 =
=(—a’ +3a’k -3ak® +k*)— (5k* =10k +5a*) + 10k —10a) —10 =
=—a’ +a* 3k —5)+a(=3k* +10k —10) + (K’ = 5k* + 10k —10)

v, =1 3k=5 =3k*+10k—-10 k*—=5k*+10k—-10
Tacancd — = = =
1 2 3 4

va dé& thiy rang gia tri duy nhat
thbamanla k£ =1.
Vay tong hai nghiém ciia hai phuong trinh nay bang 1.

Nhin xét. Khong dimg lai ¢ d6, ta dd biét cac bai toan tim mot da thirc c6 cac nghiém bang hai
1an, bang binh phuong hay bang téng d6i mot cua cac nghiém ciia mot da thirc cho trude. Dé
tang do phirc tap cua bai todn trén. Ta s€ tim hai da thire méi la R(x),S(x) sao cho cac nghiém
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cua R(x) b?mg binh phuong cac nghiém ctia P(x)va cac nghi¢m cua S(x) br:ing hai 14n binh

phuong cac nghiém cua Q(x).
Gia st R(x)=x’+ax’ +bx+c. Goi x,,x,,x; 1a cdc nghiém thyc va phirc ctia da thirc P(x).
Taco: x +x,+x, =-2, xx, +x,x, +xx =3, xx,x,=-4.
Theo dinh li Viete, ta tinh duoc:
—a=x'+x,+x;=2"-23=-2b=x'x] +x.x; +x;x. =3’ =2.(-2).(-4) =-T,c=x'xx] =16.
Suy ra: R(x)=x’ +2x*>—7x—16. Tuong tu, ta tinh dugc: S(x)=x’ —10x> —800.
Ta ciing dé théy réng nghiém cua P(x) la am, nghiém cia Q(x) duong nén tir cac biéu thire trén,
ta c bai todn mai sau.
Bai 3.2. Cho hai da thic R(x)=x* +2x* —=7x—16, S(x)=x’ —10x> —800.

1. Ching minh rang R(x),S(x) c6 diing mot nghiém, gia st ching lan lugt 13 u,v.

2. Ching minh rang u,v>0.

3. Chimg minh rang: \/g = \/;+1.

Viéc giai bai toan nay tién hanh nguoc lai theo hudng phan tich trén. Véi y tudng nay, ta ¢ thé
tu sang tao ra nhiéu bai toan tinh gia tri biéu thirc lién quan dén nghi¢ém cua da thirc kha tha vi.

Ta ciing c6 thé dung cach d6 dé giai bai toan sau ma khong can phai théng qua qué trinh bién d6i
phtc tap dén bac 6 cling nhu c6 thé nhan ra dugc rd hon ban chat cua van dé.
Bai 3.3. Cho hai da thirc P(x) =4x" —2x” —15x+9,0(x) =12x> + 6x* = 7x+1.
1) Ching minh rang mdi da thirc c6 ba nghiém phan biét.
2) Kihiéu a, B tuong ng 13 hai nghiém 16n nhat cta hai da thirc nay. Chting minh ring ta
c6 dang thuc o® +38* =4.
Bai 4.1. Cho da thirc monic P(x) bac n>1 ¢6 n nghiém thuc x,x,,x,,...,x, phan bi¢t. Chimg

s 1 1 1 1
minh rang: ———+— et =
P(x) Pl(x,) Pl(x) P'(x))

0.
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Loi gidi. Xét phan tich P(x) = (x—x )(x—x,)..(x—x )= H(x—xl_) .

i=1

bat: P(x)= ﬁ (x—xj) ,dé théy P'(x)= ZH:B(X).

j=lj#i i=1
Ta ciing thiy ring P(x)=0,Vj#i; P(x,)#0,Vi :L_n = P'(x)=PB(x,),Vi :L_n .

Xét da thuc Q(x) = Zn:ﬂ

0 —1 c6 bac khong vugt qua n—1. Tacé: Vi=1n=>0(x)=0.
i=1 X

Tu do6 suy ra da thirc ndy c6 n nghi€m thyc phan biét, tic 1a Q(x) =0 va h¢ s6 bac cao nhét cia
S| 1 1 1 1

1n6 cling phai bing 0. Do d6: = + + N =0
& PR bans ;P%x,.) P() Py Py " Plx)

Ta c6 dpcm.

Nhan xét. Ngoai viéc xét hé s6 bac cao nht, ta cling c6 thé quan tam dén céac hé s khac va co
nhiéu bai toan phtc tap hon. Ta c6 mét sb bai tuong tu.

Bai 4.2. Cho da thirc monic P(x) bac n>1 c¢6 nnghiém thuc x,x,,x,,...,x phan biét. Chung

1 1 1 1 (-
— et —————— A —————— = :
xP(x) x,P(x,) x,P(x;) x P(x) xx,x..x

minh rang:

Bai 4.3. Gid s x,,x,,x,,...,x, 1a n nghiém phan biét cua da thirc

P(x)=x"+x""+x" +...+ x+1. Chinmg minh rang: 1 L, + +ot =

Bai 5. Cho da thitc P(x)=x"—-3(a> +b*)x+2(a’ +b*) =0 v&i ab=0.

1.Ching minh rang da thirc trén c6 ba nghiém phan biét, gia sir 1 X, Xy, X, .

, 3 (1+x%)?
2.V6i a=2,b=1, tinh gia tri ctia biéu thic S:Z(l )
i=1 _xl‘

3.Goi Q(x)=x"—3. Tinh gid tri cta biéu thirc 4 = HQ(X,-) .

i=1
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C.Mit s6 irng dung ciia nghiém da thirc.

Céc bai toan vé nghiém cua da thirc rit phong pht va khong chi ¢o thé, cac tmg dung cua da thic
trong viéc giai toan ciing kha rong. Chung ta hiy cung xét cac vi du sau dé thay rd diéu do.

I.Chtrng minh bt ding thic.

Bai 1.1. Cho bdn s6 thuc khong 4m a,b,¢,d thoa man diéu kién

2(ab+bc+cd +da+ac+bd)+abc+bed +cda+dab=16

Chtrng minh rang a+b+c+d2§(ab+bc+cd+da+ac+bd).

Déu bang xay ra khi nao?

Loi gidi. Trude hét, ta co bat déng thirc quen thudc sau:

Cho x,y,z 1a cac s6 thuc khong am thoa man xy + yz + zx + xyz = 4 . Ching minh rang:
X+y+z2xy+yz+zx. Béng thirc xay ra khi (x,y,z)=(1,1,1),(2,2,0) va cac hoan vi. *)

bat p=a+b+c+d,q=ab+bc+cd+da+ac+bd,r =abc+bcd +cda+dab,s =abcd .

Theo gia thiét thi 2g+r» =16, can ching minh p > gq ; theo dinh 1i Viete ddo, cac s6 a,b,c,d
chinh 1 nghiém cua da thtrc bién t
P(t)y=t'—pt’ +qt’ —rt+s= P'(t)=4r -3pt> +2qt —r.

Khong mat tinh tong quét, ta gia st a <b<c<d.Do P(a)= P(b)= P(c) = P(d) nén theo dinh li
Rolle, ta thiy ton tai cac nghiém thuc ctia P'(t) =41 —3pt* +2qt —r 13 x, y,z thoa min
a<x<bLy<c<Lz<d.

Lai ap dung dinh li Viete cho da thuc P'(¢), ta co:

x+y+z=%,xy+yz+zx=%,xyz=£. Tu 2g+r=16=>xy+yz+zx+xyz=4.

Theo bét dang thirc (*) thi 3Tp > % S p2 %q . Pay chinh 1a dpcm.

Ding thirc xay rakhi a=b=c=d =1.
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Nhan xét. Cach dung da thic va nghiém cua dao ham dé chia khoang cac nghiém ra thé nay kha
phong phu. Pay 1a mot tng dung truc tiép va thé hién rd tinh hitu hiéu cua phuong phap nay
trong viéc chimg minh bat dang thiec.

Bai 1.2. Cho a, b, ¢ 12 céc sb thuc thoa man: a+b+c=2,ab+bc+ca=1.
, . N 4
a. Chung minh rang: a,b,c e {O,E} )
b. Tim gié tri 16n nhét va nho nhat cia P =(a—1)(b-1)(c-1).

c. Néu a<b<c thiching minhring: 0<a<—<b<l<c<

U | —
W |

Bai 2. Cho a,b,c,d 1a cac s6 thyc théaman » a >0, ab>0,> abc>0,abcd >0. Ching

minh rz‘“mg a,b,c,d déula cac sb duong.

Loi giai. Xét da thue P(x)=x*— px’ +gx* —rx+t ¢6 a,b,c,d 1a cac nghiém thuc phan biét.
Theo dinh li Viete thi p = Za >0,9 = Zab >0,r= Zabc >0, =abcd >0.Taco:

X =P g —rx+t=0 x(px* +r)=x* +gx* +1>0= x>0, tirc 1a néu x 1 nghiém cua da
thirc nay thi x phai duong, tir d6 suy ra dpcm.

Nhan xét. Ta hoan toan c6 thé téng quat bai toan 1én v6i n s6 thuc va bai toan ciing dugc giai
quyét bang cach tuong tu.

Bai 3. Bét dang thirc Maclaurin .

Cho n s6 thuc dwong batki la x,x,,x,,...,x, vé1 n>2.

bat §, = z ﬁxl.v va dk:(S
.=1 J

—*&
Ck
1<y <iy <..<iy <n j n

x _
J ,k=1,n.Khi @0, ta co bAt déng thire:

d>d>d>..>d .

n

Loi gidi. Ta s& ching minh bai toan bang quy nap.

XY

C2

2

. L 1AL 32 L X tX > X +Xx £, al L ,
-Véi n =2, ta co bat dang thirc: lCl 2 2[ ] < - 5 > [xx, , bat dang thirc nay ding.
2
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-Gia str bat dang thirc di cho dung dén n=m > 2, ta s& ching minh rang bat dang thirc nay ciing

ding v6i n=m+1.Xét m+1 s6 thuc duong x,x,,x,,...,x_,x

m?  m+l*

m+1

Gia sit P(x) = 2 a . x=x""—ax"+ax""—. +(=D"a x+(-1)""a  ladathicbic m+1

(m+1)—, 1

nhan m+1 sb thuc nay lam nghi€m, trong d6 o, =1,a__.a,,...,a,,a,20.

m+1°

S * k
Theo dinh i Viete thi: dk:{ck" J :(Cik ] ,k=1,m+1<:>ak=d:.Ci+l,k=1,m+1.
m+1 m+1

Tacod: P(x)=(m+Dx"" - ma,x" +(m— l)azx'”_l — (=D a x+(=)"a .

Theo tinh lién tuc ctia ham da thirc thi dao ham nay ciing ¢ twong Gtng m nghiém nim giita cac
nghi¢m cua da thirc da xét, tuc 1a m nghiém khong am.

1
S +1-kya, ¢ — —
bat d] = —r u k=lmsa, = m+1 dlik Ck=1m.
c* (m+1)C" ml—k F

m+1 ch = (m+1Dm! _ (m+D)! _
m+l—k " (m+l-kk!m-k) klm+1-k)! ™"

Hon nira, ta co:

Do d6: a, =d’*.C* k=1m.Suyra: d*.C* =d*C" <d =d . k=Lm.

m+1°
Theo gia thiét quy nap thi d/>d, >d.>...>d’  >d’ nén taciing co:

d>d >d>.>d >d .

3 m—1 m

bén day, ta chi con can chirng minh:

| | m+1 m
S ; S ﬁ m+1 H xi m+1 m+1 m+ 1
> m > m+1 i=l > 1 i
dm - dm+1 A m m+l A Z " Hx = Z
Cmerl Cm+1 J=1 mxj i=1 x

m+] X

Bét dang thtrc nay dung theo bat dang thite AM — GM.
Do d6 bat dang thirc di cho dung v&i n=m+1.

Vay theo nguyén li quy nap, ta c6 dpcm.
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I1.C4c chitng minh sb hoc.

Bai 1.1. Cho a, b 1a cac s ty nhién khong phai 1a mét binh phuong dang. Chimg minh rang néu
phuong trinh x> —ay® —bz* + abw® = 0 c6 nghiém khong tam thuong thi phuong trinh

x* —ay® —bz* =0 ciing c6 nghiém khéng tim thuong.

Loi giai. Khong mat tinh tong quat, gia st @ > 0 (vi a, b khong thé cung am; dong thoi ca hai déu
phai khac 0 vi néu nguoc lai thi suy ra trong hai s6 a, b c6 mot sé bang 0, mau thuin véi gia

thiét). Goi (x, y,z,w) = (XysYy5Z>W,) #(0,0,0,0) 1a mot nghiém cua x* —ay” —bz* + abw” =0.
Khi d6 x —ay? =b(z; —aw.) . Nhan hai vé cho z, —aw., ta cé:
(xg - ayé)(zé - awj) —b(zé - awg Y =0 (x,z, — ayowo)2 —a(y,z,— xowo)2 —b(zg - awg)2 =0

X — _ _ _ _ 2 2 LW 2 g2 A \
bat x, = x,z, —ay,w,, ¥, = ¥,2, — X,W,>2, = 2, —aw, ,suy ra: x; —ay, —bz; =0 nén (x,y,,z) la

mot nghiém ctia x> —ay’ —bz> =0.
Hon nita, d& thiy néu day la nghiém tdm thuong thi z, =0 =z, —aw] =0=>z, =w, =0 va

twong tu cling ¢6 x, = y, =0, mau thuan. Ta c6 dpem.

Nhan xét. Ta thdy rang tuy bai toan nay khong c6 lién quan nhiéu dén da thirc nhung viéc phan
tich cac nghiém nhu trén dé chi ra mot b nghiém tuong tng ctia phuong trinh khéc rat gan véi
tur tuong ding trong cac bai toan vé nghiém cia da thirc nhidu bién. Ta xét thém cac bai toan
twong tu nhu sau.

Bai 1.2. Chimg minh ring néu phuong trinh x* —3xy® — y* = ¢6 mot nghiém nguyén thi n6 cé

it nhat ba nghiém nguyén phén biét.

N e . N A , A A R « X e 2 2 7, \ J A
Bai 1.3. Goi S, la tap hop céc s6 nguyén biéu dién dugc dudi dang x° +ky~, voi x, y la cac so

nguyén nao d6. Chimg minh rang néu 4,B € S, thi ABeS,.

Bai 2. Cho 5 s nguyén a,b,c,d,e thbamin a+b+c+d+e,a> +b> +c* +d* +e* chia hét cho

s6 ty nhién 1é n ndo d6. Chung minh ring: @’ +b° + ¢’ +d° + e’ —5abede ciing chia hét cho n.
Loi giai. Xét da thire P(x)=x" + px* +gx’ +rx” +sx+t c6 5 nghiém 13 a,b,c,d,e.
Theo dinh li Viete thi cac hé s6 cua da thirc nay déu nguyén va p,g chia hét cho n.

Ta co: P(a)=P(b)=P(c)=P(d)=P(e)=0= P(a)+ P(b)+ P(c)+ P(d)+ P(e) =0 hay
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A +b++d’ e+ pat +bt+ctvdt ve )+ qad + b+ v d )+
+r(@* +b*+c* +d*+e*)+s(a+b+c+d+e)—5abede =0

Tiur day suy ra a’ +b° +¢” +d’ + ¢’ —5Sabcde ciing chia hét cho n.

Bai 3. Goi x,,x,,x, la ba nghiém cta phuong trinh x* + ax’ +bx+c¢ =0, trong d6 a,b,c 1a cac

s6 nguyén. Chimg minh rang biéu thtc: S =x+x, +x; nhén gia tri nguyén véi moi n.
Loi giai. Ta s& chimg minh rang S +aS  +bS  +¢S =0,Vn.
n+3 n+2 n+l n

That vay: Vi x, 1a nghiém ctua x’ +ax” +bx+c =0, nhan vio hai vé cua ding thirc nay voi x',

ta co: xf + a)cl2 +bx, +c=0= xl”+3 +axl”+2 +bxl”+l +ex! =0.
. N3 n+2 n+l n __ n+3 n+2 n+l no__
Tuong tu: x]7° +ax;”" +bx]" +cx) =0,x]" +ax;" +bx]" +cx; =0.

Cong tuong Ung ting vé cac déng thire, ta duge: S, +aS, ,+bS  +cS =0,Vn.
Ta s& chimg minh S =x +x} +x! € Z,Vn=1,2,3,...bang quy nap. (*)
Theo dinh 1i Viete thi x, +x, +x, =—a, x,x, + x,x, + x,x, =b, x x,x, = —c.
-V6i n=1 thi §, =x +x, +x, =—a €Z (theo dinh li Viete) nén (*) dung.

o Co 2,2, 2 2
-V6in=2thi §,=x +x,+x; =a" -2bel.
-V6i n=3 thi §, =xl3 +x; +x33 =a(a* -3b)+3ceZ.
-Gia str (*) dung dén n =k >3, ta s& ching minh rang S ., € Z . Nhung diéu nay 1a dang do
S.., =—(aS, +bS, +cS, _,)eZ.Theo nguyén li quy nap, ta c6 dpcm.
Nhan xét. Day 1a mot bai toan quen thudc, 1ap luan cua nd cling khong co6 gi phuc tap. Bai toan
nay van dung trong trudng hop da thirc bac n va mot bai toan ngugc vé mat dai sd quen thudce
ctia nd lién quan dén cac cong thirc ctia dy so sai phan tuyén tinh. Nhung ta thir xét mot bai toan
nguoc xét vé mat s6 hoc cua bai nay.

Bai 3.2. Cho cac sb thuc a,b,c thoa man: véi moi sd nguyén duong n, cac s6 a” +b" +c" déu la
cac s6 nguyén. Chimg minh rang: ton tai cic s6 nguyén p,q,r sao cho a,b,c 1a cac nghiém cua
phuong trinh x* + px* +gx+7r=0.
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Loi giai. Gia st a, b, ¢ 1a cac nghiém ctia phuong trinh: x° + px* +gx +7 =0 (¥)
Theo dinh li Viéte, taco: a+b+c=—-p,ab+bc+ca=q,abc=-r.

Do do, dé chting minh p,q,r la cac s6 nguyén, ta s€ chung minh rang:

a+b+c,ab+bc+ ca,abc 13 cac sb nguyeén.

That vay: dat S, =a" +b" +c¢", ne N. Tur gid thiét suyra: S, €Z, Vn.

Taco: S, +pS ,+qS .  +rS =0,Vn. (*)
- Chimg minh p 13 s6 nguyén: diéu nay d& dang c6 duoc do p = =S, la sd nguyén.

- Chimg minh q 14 s6 nguyén: ta c6:

2q=2(ab+bc+ca)=(a+b+c)’ —(a’+b*+c*)=8'-S,=q"'1a sd nguyén.

-Chtng minh r 13 s6 nguyén: Ta co:

@’ +b+¢ =3abc=(a+b+c)a’+b>+c* —ab—bc—ca)

& =3abc=(a+b+c)a’>+b*+c* —ab—bc—ca)—(a’ +b’ +¢)

< 3r=-3abc=S5,(S,-q)-S, :SI(SZ—%)—S3 =6r=35028,-9q")-28,=r'eZ

Thay ¢ :%,r :% vao (*), ta duogc:

S ,+pS +%Sﬂ+l +%Sﬂ —0< 65 +6pS _+3¢S _ +r'S =0.

n+2
Tu day suyra: 'S =3(2S ,+2pS ,+q'S  ):3,Vn.

Gia str 7' khong chia hét cho 3, suy ra S :3,vn.Goi y, la s6 mii cao nhét cua 3 trong phan tich

tiéu chuan cua S . Tu dang thirc trén, ta thay riang v, 2V

n+l

+LVa=y 2y  +n,Vn.Giasu
7, =k >0 thi ta phai c6 diédu kién sau ludn dugc thoa: k > 7, tnvn. Diéu vo li nay dan dén

diéu gid sir ¢ trén la sai, tac 1a 7':3, dat r'=3s, s € Z, thay lai vao déng thue (*), ta co:
6S .+6pS . +3q'S  +3sS =028 +2pS  +q'S  +sS =0.
Dén day, ta xét cac truong hop:

18



-Néu s la s6 chan thi ¢' cling phai chan vi néu nguoc lai thi S :2,Vn va cling dan dén mau

thuin twong tu trén. Khi s,¢' cing chin thi ta thdy ngay rang ¢, 1a cac s nguyén.
-Néu s 1asb1éthi ¢' ciing phai 1¢, dong thoi tong ¢ 'S, tsS la s6 chin v6i moi n.
Dén day ta ciing nhan duoc diéu vo li twong tu.

Vay ton tai cac s6 nguyén p, ¢, r thdéa man a, b, ¢ 1a cac nghi€ém cia phuong trinh

x’ + px’ +gx+r=0.Day chinh la dpcm.

1I1.Giai hé phuong trinh.

Bai 1.1. Giai hé phuong trinh sau.

a+b=>5
ab+c+d=5
ad +bc=-5
bd =6

Loi giai. Gia st (a,b,c,d) 1a mdt nghi¢ém cua hé. Xét khai trién sau:

(X +ax+b) (x> +cx+d)=x"+(a+b)x’ +(ab+c+d)x* +(ad +bc)x +bd .
Tu hé da cho, ta suy ra:

(* +ax+b)(x* +ex+d)=x" +5x +5x* =5x—6.

Mit khac, phuong trinh bac 4 niy ¢ cic nghiém nguyén ma ta dé dang nham dugc 1a
x=—lx=1,x=2,x=3. Tadé dang phan tich dugc da thic bac 4 trén thanh nhan tu 1a:

x+5x0° +5x7 = 5x—6=(x—D(x +D)(x+2)(x +3).
D@ thiy da thirc nay co thé phan tich thanh hai tam thirc bac hai nhu sau:

(x=Dx+D(x+2)(x+3)=(x" —=D(x* +5x+6)
=(xX* +x-2)(x* +4x+3)
=(x* +2x-3)(x*+3x+2)

Vi céac phan tich nay, ta dugc cac nghiém cua h¢ da cho la:
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(a,b,c,d)=(0,1,5,6),(1,-2,4,3),(2,-3,3,2) va cac hoan vi cua cac nghiém trong mdi bo.

Nhan xét. Trén thyc té, bai nay c6 thé giai truc tiép bang cach ding phuong phap thé rdi giai
phuong trinh bac bén, tuy nhién, véi ¥ tuong nay, ta ¢ thé sang tao ra thém nhiéu bai hé tuong
tur v6i hinh thtee tht vi va cach giai bat ngd hon.

Bai 1.2. Tim cac s thuc a,b,c,d,e thoa man cac déng thac sau:

a+b=—4,c+ab=9,d +ac=-9,e+ad =2,ae =-8.

Bai 2.1. Cho a, b, ¢ 1 céc sb thuc phan biét, giai h¢ phuong trinh sau.
x+ay+a’z=0

x+by+b°z=0

x+cy+ciz=0

Loi gidi. Ta thdy hé nay c6 nghiém (x, y,z) = (0,0,0). Xét truong hop (x, y,z) # (0,0,0) , gia st
hé da cho ¢6 nghiém 1a (x,y,z)=(x,,y,,z,) nao do thi da thic: P(k)=x, + yk+ Zok2 s€ khong

dong nhat voi 0 va do nd ¢ bac khong vuot qua 2 nén né ¢6 khong qua hai nghiém phan biét.

Theo diéu kién ciia hé da cho thi: P(a) = P(b) = P(c) =0 nén da thirc ndy c6 ba nghiém thuc

phan biét, mau thuan.
Vay hé phuong trinh da cho chi c6 nghiém (x, y,z)=(0,0,0).

Nhan xét. Day chinh 1 hé phuong trinh Vandermonde, bang ¥ tudng xét quan hé giita bac va
nghiém ctia mot da thirc ma ta c6 thé xay dung nhiéu bai toan twong tu khac ¢ ndéi dung kha tha
vi va mdi mé.

Bai todn 2.2. Cho hai b6 s6 (a,,4,,a;,....a ),(b,,b,,b,,....b ) d6i mot khac nhau.

Giai hé phuong trinh sau:

xl xZ x3 xn
+ + + =1
a, _bl a, _bz a, _b3 a, _bn
X X X X
L2 43 +—2 =]
a, _bl a, _bz a, _b3 a, _bn
X X X X
Ly —2 43 +—r =]
a—-b a -b a -b, a —b
n n n
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IV.Tinh gi4 tri biéu thirc.

Bai 1. Cho a, b, ¢ 1a cac s6 thue khac 0 va ¢ téng khac 0 théa man:

1 1 1 1 .
—t—+—=————meN.
a” b" " a"+b"+c"

Y SR T | | A Y
Tinh gia tri cia biéu thirc S, =(a" +b" +c")(— +E +—) v0in la s6 nguyén duong I¢€ nao do.
a c

Loi giai. Trudc hét, ta thdy m phai 13 sb 16 vi néu nguoc lai thi a”,b",c" > 0 ; theo bat dang thirc

AM — GM thi (a" +b" +c”’)(im+ !
a

m

+%) > 9, tic 1a dang thirc da cho khong thé xay ra.
c

Goi P(X)= X"+ pX*+qX +r cobanghiém la a”,b",c" . Theo dinh li Viete, ta c6:

a"+b" +c" =—p, a"b" +b"c" +c"a" =¢q, a"b"c" =-r.

Tir dang thirc di cho, ta co:

(am +bm +cm)(ambm +bmcm +cmam) — ambmcm @ _pq — _r @ pq — ]/' .
Pa thirc P(X) da cho c6 thé viét lai 1a: P(X)= X+ pX* +qX + pg=(X + p)(X* +¢).

Tur day suy ra trong ba nghiém cua P(X), c6 mot nghiém la —p , ta gid stir d6 1a a; suy ra:

a"=-p=a"+b"+c" =>b"+c"=0=>b+c=0.
Do do: S, z(a"+b”+c”)(L+i+L)=(a"+b”+(—b)")( LR ! )=a". ! =1.
a}'l b?‘l c}'l a}'l b?‘l (_b)?‘l a}'l

Vay gi4 tri clia biéu thirc can tinh 1a S, =1L,neN'.

Bai 2.1. Chirng minh déang thirc sau

i/ 27 \/ Ax \/ 6r _|5-337
cos— +3/cos— +3/cos— = ————
7 7 7 2

Loi giai. Ta biét ring cac nghiém cua nhitng phuong trinh bac ba, bac bon thudng cé mang cac
yéu t6 lugng gidc. RS rang bai toan trén khong thé dung cac bién doi luong gidc truc tiép duoc,
ta s& van dung cic cong thirc dai sb quen thudc va su trong (mg giira cac hé sb cia mot da thirc
v6i nghiém luong giac ciia nd dé giai quyét bai toan.

Xét phuong trinh lugng gidc cos4x =cos3x. Ta co:
21



cosdx =cos3x <> 8cos’ x—8cos’ x+1=4cos’ x—3cosx
< (cosx—1)(8cos’ x+4cos’* x—4cosx—1)=0

cosx =1
< 3 2
8cos’ x+4cos" x—4cosx—1=0 (%)

Néu dit £ =2cosx thitir (¥), ta co: £ +1> =2t —1=0 va dé thay 1a

2 4 6 : .
t=2 cos—ﬂ,t2 =2 cos—ﬂ,t3 =2c0s-Z 1a chc nghiém phan biét cua chiing.
7 7

Theo dinh li Viete, ta co: ¢, +¢, +1, =101, +1,t, +1,t, ==2,tt,t, =1

bat A:{/Z+{/E+{/E,B:{/E+§/E+§/E.Tacé:
A :({/ZJr{/ng{/g)} =t ”z+t3)+3(3/2+3/g+3/2)(%+3/a+%)_33 ttt, =34AB—4

= (1, + )+ 33t Qlut, + 3t + 3ot Gl + 3, + i) -3 =348-5

Do d6: A’°B* =(34B-4)(34B-5)=9A4’B>*-274AB+20 < (AB-3)’ =-7 < AB =3 7.

Tir do ta tinh duoc: 4° =34B—4=33-7)-4=5-337 <= 4=35-337 .

3
Vay i/Cosz—ﬂ+i/cos4—ﬂ +i/cos6—ﬂ :i/g i 347 . Ta c6 dpem.
7 7 7 2\ 2
3
Bai 2.2. Ching minh rang i/cos%z +i/cos4§ +i/cos8§ _ 3/3.\/3 6

<. , . N o . \ A ‘n v A n 7t n 27T
Bai 2.3. Chirng minh rang v6i moi n 1a s6 tu nhién thi tong 4 = tan’ El +tan’ - + tan

w47
7
cling 1a mdt s6 tu nhién.
S 6 1-x? 1+x’
Bai 2.4. Ching minh rang Z % =7- voimoi x € (—1,1).
k=0 1—2x.cos7ﬂ+x2
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V.Xéac dinh da thic.

Bai 1.1. Tim tt cd cdc da thirc thoa man didu kién: P(x) =+ P(x* +1)=7 +6,Vx > 0,P(0)=6.
Loi gidi. Tu gia thiét, ta co P(x* +1)=(P(x)—6)*+7,Vx. Ta co:

P0)=6= P(0*+1)=(6-6)*+7=17.

bat u,=0,u_, :uj +1,n=0,1,2,3,... thi P(u)=u+6.

Tiép theo P(u’ +1)=(P(u,)—6) +7 < P(u,)=u' +7=u, +6.

Bing quy nap, ta chimg minh duoc rang P(u,)=u, +6,Vk € N. Khi d6, da thirc

O(x) = P(x)—(x+6) c6 vd han nghiém nén né ddng nhét véi 0, tirc 13 P(x) = x+6,Vx .

Thir lai ta thiy thoa. Vay da thirc can im 1a P(x)=x+6,Vx .

Nhin xét. Viéc ing dung tinh hitu han cia da thirc dé chimg minh khong ton tai da thirc hodc
chimg minh da thirc 1a hang s6 thuong dugc sir dung dé xem xét cac bai toan vé da thirc. Dudi

day la mdt bai tuong tu.

Bai 1.2. Chimg minh rang da thirc P(x) théa min hé thic sau:

P(x).P(2x*) = P(x’ +2011x° +2010x),Vx € R s& khong c6 nghiém thuc.

Bai 2. Tim tat ca cac da thirc khong hiang sb P(x) sao cho
P(x)P(x+1)=P(x* +x+1).

Loi giai: Gia st a la mot nghiém cta P(x), khi 36 a” + a +1 ciing 12 nghiém.

Trong déng thirc da cho, thay x bﬁng x—1,tacéd P(x)P(x—1)=P(x*—x+1).

Vi P(a)=0 néntaciingsuyra a’ —a+1 ciing la nghiém cua P(x).
Gia st a 1a nghiém c6 modulo 16n nhét cia P(x). Tir cach chon ta suy ra ‘az +a+ 1‘ < ‘a‘ va
‘az —a+1‘£‘a‘. Ta co: ‘Za‘ﬁ‘az +a+1‘+‘—a2 +a—1‘ S2‘a‘ 2‘2a‘.

Diang phai xay ra, tic 1a (a® +a+1) va (—a* +a—1) phai cing dau. (1)
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Néu ‘az +a+1‘<‘—a2+a—l‘ thi 2‘(12 —a+1‘>‘a2 —a+1‘+‘a2 +a+1‘=‘2a‘:>‘a2 —a+1‘ >‘a

b

méu thuén véi cach chon a. Tuong tu néu ‘az +a+ 1‘ > ‘—az +a-— 1‘ cling c6 mau thun.
Do dé: ‘a2+a+1‘=‘a2—a+l‘. )

Te(l)vaR)suyra a’+a+l=—a’+a-1oada +1=0a=14i.
Nhu thé x* +1 12 mot thira s cua P(x). Pat P(x) = (x* + D".0(x), trong d6 O(x) la da thirc nao

d6 khong chia hét cho x* +1.

Thay dang thirc nay vao gia thiét da cho, ta ciing thay rang Q(x) ciing thoa man. Lap luén twong
ti ciing c6 dugc nghiém c6 modulo 16n nhét ciia O(x) 1a +i, nhung diéu nay khong thé xay ra

do x* +1 khong chia hét O(x). Suy ra O(x) 1a hing sb.
Thay tryc tiép vao gia thiét, ta théy Ox)=1.

Viy tat ca cac da thic can tim 1a P(x)=(x*+1)",meZ".

VI1.Céc bai toan khéc.

Bai 1. Cho S 1a tap hop céc s6 nguyén x biéu thi duoc dudi dang x = a’ +b* +¢* —3abc véi a, b,
¢ 1a cac sb6 nguyén nao d6. Chirng minh rang: néu x,ye S =xyeS.

Loi giai. Trudc hét, ta c6 phan tich sau:

1-i3

@’ +b’+c =3abc=(a+b+c)a+bo+cw’)a+bw’ +cw) trong d6 v = 5

Xét da thic sau: P(X)=a+bX +cX*,suyra: a’ +b’ +c’ —3abc = P(1).P(w).P(»*) 1a mot da
thirc ¢6 bac khong vuot qua 2.

Tir d6 ta thdy x € S khi va chi khi ton tai da thirc P ¢6 bac khong qua 2 théa man
x=P(1).P(w).P(&) .

Taxét x,y €S, khi do, ton tai hai da thirc P, Q thoa man:
x = P(1).P(w).P(@*), y = 0(1).0(0).0(0*) . Pt R(X)=P(X).0(X) thi: xy = R(1).R(®).R(&)

1a mot da thirc c6 bac khong vuot qua 4. Xét phép chia da thitc R nay cho X° —1, gia sir duoc
thuong 1a S(X), dula R (X), trong d6 R (X) 1a da thic c6 bac khong vuot qua 2, ta ¢d déng
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thire sau: R(X) = (X" -1).5(X)+ R (X).Rorang 1, o, o" 1a cac nghiém ciia X’ —1 nén
R()=R (1),R(®w) =R (w),R(&") = R (). T day ta c6 duge: xy =R (1).R (®).R (») nén theo

diéu gia sir ¢ trén, ta thdy xy e S.
Day chinh la dpem.

Bai 2. Cho da thic P(x) = x* +14x* +1. Ching minh ring c6 thé chia 8 nghiém phtrc cta da
thirc nay thanh hai bd ro1 nhau sao cho véi mdi bo do, gia st la a,b,c,d thi cac gia tri
a+b+c+d,ab+bc+cd+da+ac+bd,abc+bed +cda +bed,abed déu 1a cac sb thyc.

Loi giai. Ta co phan tich sau:

X +14xt +1=(xt 1) +12x0 =

=(x* +1)7 +4x° (P + D+ 4x +8x -4’ (x + 1) =

=(x* +1+2x°) —4x (x* +1-2x) =

=(x*+14+2x7) —4x°(x* -1)* =

=(x* =27 427 +2x + D)(x* +2x° +2x7 = 2x +1)

Dén déy ta thdy rang mdi da thirc bac bdn trong phan tich trén c6 4 nghiém phtic a,b,c,d thi

theo dinh li Viete a+b+c+d,ab+bc+cd +da+ac+bd,abc+bed + cda+ bed,abed déu 1a céc
s6 thyc. Ta c¢6 dpem.

Nhin xét. Thyc ra diéu duy nhat can 1am ¢ bai nay 14 phan tich da thirc d& néu thanh nhan tu,
tuy nhién véi phat biéu khac la mot chut, bai toan c6 vé thu vi hon nhiéu. Cau héi van ding voi
da thitc sau P(x) = x* +98x* +1.

Bai 3.1. Cho phuong trinh bac ba: x* —=3x+1=0.
1. Chung minh rang phuong trinh c6 3 nghiém phan biét1a a <b<c.
2. Ching minhring: ¢’ —c=c*—b=b*—a=2.

Loi giai. Xét ham sé: f(x)=x* —3x+1. Ta co:

f(=2)=-1<0, f(0)=1>0, f(1)=-1<0, (2) =1> 0; dong thoi ham nay lién tuc nén phuong
trinh x* —3x+1=0 co6 ba nghiém phan biét thuc cic khoang (-2,0),(0,1),(1,2).

Dén déy ta con can chimg minh: a> —c =c¢*> —b=b*—a =2 . Trén thyc té, cach giai quen thudc

cua bai toan nay la dung lugng giac, dua theo cong thirc Cardono, tim chinh xac ba nghiém cta
phuong trinh 1di thay vao biéu thirc. Cu thé 1a:
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bat x =2cost,t €[0, 7], thay vao phuong trinh da cho:

8cos’t—6cost+1 :O<:>cos3t:_71<:>t:2§+k.27ﬁ,kez . Ta tim duoc cac nghiém la:

87 47 27
a=t =2cos—,b=t,=2cos—,c=1, =2cos—.

Viéc con lai 1a 4p dung cong thirc nhan doi 1a hoan tat.

Tuy nhién, d6i v6i cac bai toan khong thé tim dugc cac nghiém thi 10i giai trén khong con gia tri
nita. Ta s& xem xét mot 10i giai khac dwa trén cac bién doi dai s6 truc tiép tir phuong trinh ban
dau nhu sau.

R rang, ta can ching minh: a =b> —2,b=c*> —2,c =a”> —2; thic lanéu a <b < ¢ 1a nghiém cta
phuong trinh x* —3x+1=0 thi »* -2 <c¢*~2<a” -2 ciing 1a nghiém ctia phuong trinh

¥ =3x+1=0.

Tacod: X’ -3x+1=0=x3-x)=1=x"O-6x"+x") =1 x*—6x* +9x* —1=0, tirc 1a néu
x, la nghiém ctia x’ —3x+1=0 thi y, =x, la nghiém cua y’ —6y” +9y—1=0. Dat

— _ 2 _ sy 1A 2. .
z,=y,—2=x,—2<z,+2=y,. Talai co bién doi sau:

(z,+2)' —6(z,+2)* +9(z, +2)~1=0 & 22 =3z, +1=0, tirc 1a z, = x> —2 1a nghiém cia

phuong trinh z° —3z+1=0. Dén day, ta da c6 dpcm.

Nhan xét. Lo1 giadi vira néu thyc ra cling tuong ty nhu v tuéng dung dinh li Viete thuan va dao &
trén nhung trong phan nay, ta da cai tién mot chut 1a sir dung cac bién ddi hing dang thic, dung
cac tinh toan don gian hon. Tir bai toan nay, ta cling c6 thé néu ra mot sd bai twong tu nhu sau.

Bai 3.2. Giai hé phuong trinh sau véi a,b,c phan biét.

a=b>-2
b=c*-2
c=a’-2

Bai 3.3. Tim cac s6 thuc p,q sao cho phwong trinh bac ba x* + px+¢ =0 c6 ba nghiém phan

biétla a<b<c théamin: a’> —c=c*—-b=b*-a=2.
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D.Cac bai toan rén luyén.
Bai 1. Cho da thuc P(x) bac 6 thoa man P(1) = P(-1),P(2) = P(-2),P(3) = P(-3).
Chirng minh rﬁng P(x) 1a mot ham s chén.

Bai 2. Cho da thirc P(x)=ax’ +bx* +cx+d cb a,b,c,d € R va cé ba nghiém thuc (phan biét

hodc tring nhau). Biét ring P(0) < 0, chirng minh bat ding thirc 2b° +9a’d —Tabc < 0.

Bai 3. Cho da thic P(x) = x* +ax? + bx +c¢ ¢6 ba nghiém phan biét. Chirng minh rang phuong

trinh sau ciing c6 ba nghiém phan biét
AX* +ax® +bx+¢)(3x+a) = (3x* + 2ax + b)*.

Bai 4. Cho da thirc P(x)=x"+a,x’ +a,x" +a,x+k*,k >0 c6 bén nghiém 4m. Ching minh ring

véimoi p >0, taludn co bat dang thirc P(p) > (p+k)*.

Bai 5. Cho da thic P(x) = x* + ax® +bx> +cx+d khong c6 nghiém thyc. Chirng minh rang:
P(x)+P'(x)+P"(x)+ P"(x)+ P (x)>0,VxeR.

Bai 6. Gia sur hai s6 a,b 13 hai trong bdn nghiém (thuc hoic phirc) cta da thirc P(x)=x*+x’ —1.
Chtrng minh rang tich ab 13 nghiém cta da thirc O(x) = x° +x* +x° —x? 1.

Bai 7. Cho céc s6 thuc x,x,,x,,...,x théamin 0<x <x, <x, <..<x <l,dat x,=0,x  =1.

B s n+l1 1
Gia st cac sO nay thoa man dang thuc: z
j=0izj X; T X,

=0,Vi=1,2,3,....,n.

Chirng minh rﬁng X :xf,Vj =1,23,...,n.

1-

Bai 8. Cho da thuc P(x) = Z ax' théa man dang thic P(x).P(2x°) = P(2x’ +x),VxeR.

i=0
1. Chung minh ring da thirc ndy khong c6 nghiém thuc.

2. Chung minh rang P(x) = (x> +1)*,k € Z" 1a tit ca cic da thirc thoa mén dé bai.
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