Olympic- 1993

1993.1.1. Tim gi4 tri 16n nhit ciia ham s6 sau:
f=]XX; + XX, + XX — X, X,
trong hinh lap phuong don vi {x € R“ka| <1,1<k <4}.

1993.1.2. Tim nghiém phuong trinh vi phan ma tran c:j_>t(= AX + XB, véi AB la cac hang sé
cta ma tran bac n, thoa man diéu kien X (0)=E .

1993.2. Trong ma tran vudng A bac 2n cac phan tir cia dudng chéo chinh biang 0, con cac phan tir
con lai bang + 1. Ching minh rang: det A=0.

1993.3. C4c hat chuyén dong theo duong thiang tir diém A dén diém B khong thay ddi hudng.
Khoang cach AB=1, thoi gian chuyén dong bang 1, tai thoi diém dau va thoi diém cubi van téc chuyén
dong bang 0. Chiing minh rang tai thoi diém nao do do 1on gia tdc tuyét ddi cua hat bang 4.

1993.4.1. Ton tai hay khong ham lién tuc f: R — R, nhan gia tri hitu ty tai nhitng diém vo ty va
gi tri v ty tai cAc diém hiru ty?

1993.4.2. Ching minh rang ham sé

T(x)=%+cosx+2ak coskx,
k=2

véi |a,| <1, nhan cac gia tri duong ciing nhur cac gié trj am.

1993.5.1. Cho A va B la céc tap 16i dong trong mat phiang. Tir d6 ¢6 suy ra duoc rang tong cua
ching

A+B={xeR’|x=a+bacAbeB},
ciing Ia tap dong hay khéng?
1993.5.2. Biét rang tat ca cac nghiém cua da thirc

P(z)=z"+cz2" +..+C,.

Vai cac hé sb phuc 1a cac nghiém ao . Ching minh rang véi gid tri thyc bat ky ding thirc sau thoa mén

2xP'(x)
P(x)

<n.

n

1993.6.1. C6 thé dat s6 7 nhu

lim(k, —/m, ).

n—oo



véi {k.} va {m_} la cac ddy sé ty nhién hay khong?
Olympic- 1994,

1994.1. 1994 dudng tron chia mat phing ra thanh cac mién, bién caa ching 1a cac cung cua cac
dudng tron. Can bao nhiéu mau dé to biic tranh hinh hoc nay?

1994.2. Mot hinh chir nhat don vi bi bo di mét tap dém duoc cac diém cd phai ludn ludn 1a tap
lién thdng hay khéng?

1994.3. Tim tat ca nhitng ham lién tuc f: R — R, thoa méan phuong trinh

3f(2x+1) = f(x)+5x.

1994.4. Trong mat phang cho cac diém A, A,, A, A,, khdng cd bat ky 3 diém nao trong ching
nam trén clng mot dudng thang. V& hai duong tron dong tam: mot qua cac diém A, A, A,, mot qua
dim A,. Ky hieu k(A,A,, A, A,)la tich cac di¢n tich ctia tam giac AA A, va vong tron nhan dugc.
Ching minh rang do lon k khéng phu thugc vao viéc danh sé cac diém:

K(AL Ay Ay A) = K(A, Ay, Ay A) =K (AL AL ALA) =K(ALALALA,)

1994.5.1. Cho C(c) - h¢ sb cuia x™* trong khai trién theo cong thiac Maclaurin ham (1+ x)* .
Tinh

1
C 1 dy.
J. y- )[y+l +y+1994j d

1994.5.2. Cho rang ¢,(X),..., @, (X) 1a h¢ truc chuan cac ham lién tuc trong doan [0,1]. Chung

minh rang ton tai it nhat mot ham ¢, (i =1,...,n) dé bt dang thtc sau dung:

2

n Jn. - (X)dx <—

1994.6.1. Trong mat phang cho parabol. Lam cach nao dung truc cua nd bing thudc thing va
compac?

1994.6.2. Ching minh rang phuong trinh vi phan sau:
C K [ k-1, )\
e x (X y) T =0
k=0

chuyén dén dugc phuong trinh vi phan tuyén tinh nho phép dat t = x " va chi ra phuong trinh nay.
Olympic- 1995.

1995.1.1. C6 thé hay khong dd thi ham lién tuc f: R — R cét vo sb 1an mdi duong xién?



1995.1.2. Tén tai hay khong ham f lién tuc véi x>1 thoa man phuong trinh:
(X =x)(F () + F (%)) =12
1995.2. Tén tai hay khong ham vi phan lién tuc f thoa man diéu kién:
[f()|<2, f(x)f'(x)=sinx, ¥YxeR?
1995.3. Cho rang f,,..., f. 1a hé doc lap tuyén tinh cac ham vi phan lién tuc trong doan [0,1].
Chung minh rang trong sb cac dao ham f/)..., f' tim duoc n-1 cac ham dgc lap tuyén tinh.
1995.4. Tim gigi han
(&Y

1995.5. Chiing minh rang khi x> + y* + z> =1 thi bat dang thic sau dung:

1 1 1
X 'y z|<1l.
XZ y2 Z2

1995.6.1. Xac dinh téng cAc tap hop trong mit phiang Eclic:
A+B={xeR’|x=a+bacAbeB}.
Chorang A=B, (a)nB, (-a) vsi B, (a) = {x € RZ‘ |x—a < r} 1a cung ban kinh r>0 c6 tam tai diém
a, [a]|<r.Ching minh ring tim duoc cac diém b;va b, sao cho:

A+(B,(b,) "B, (b,)) =B, (0)

1995.6.2. Bdi véi tap hop cac phép todn cong va nhan trong mit phing phirc xac dinh

A+B={zeC|z=a+h,acAbeB|,

A.B={2eC|z=ab,aeA,beB}.

. 1 . )
chorang A= {z| |z| =@} Tim it nhat mot nghiém phuong trinh A+X=A.X, thoa mén dién
kicn 0 g X.
Olympic- 1996

1996.1. Cho ring a,b,c 1a cac khoang cach giira 3 diém cia mang sé nguyén niam trong duong
tron ban kinh R. Chuing minh rang abc > 2R.



1996.2. Ching minh rang di voi s6 ty nhién bt ky n bat ding thirc sau ding

Lk

1
2ny/2'
voi {x} 1a phan thap phan cua sb x.

1996.3.1. Cho f e C"*(R) va

o[ SO+ F®)+..+ {7 ()
f(a)+ f'@)+...+ f™(a)

voi a<h. Chimg minh rang tim duoc ¢ € (a,b) sao cho
f(c) = f(c).

n-1
N . £ 2 ‘i
1996.3.2. Tim Lmﬂ/an ,neua =a>0,a,=a",a,= ;:1 aa,; voi n>3.

1996.4.1. Ching minh rang véi n > 2 tit ca cac nghiém duong cua da thirc

n-1

P(x)=x"-> x

. 1 1
nam trong khoang | 2———,2——|.
a g a g ( 2n—1 2nj

1996.4.2. Cho X, @,,...,, la cac phan t cia khong gian eclic, c,,...,c, 1a cac s thuc tuy .
Chirng minh bét dang thic

n 2 n 2 n
{Zq(x,qpi)} S{Zcfj (x,x)[rQE%(Z‘(q)i,q)j)U.
i1 i-1 S
1996.5.1. Cho A=(a;) la ma tran khong suy bién bac n, a; >0Vi, j. Chiang minh ring
z, <n*-2n, véi z, 1as6 cac phan tir khac 0 trong ma tran A™.

1996.5.2. Cho riang phd ma tran bac n
A(x) = B(x) +E
X

bi gioi han trong khoang X € (0,1), ma tran C la ma tran hang, con c4c phan tir ciia ma tran B(x) bi gidi

han trong doan [0,1]. Chiang minh ring ma tran C tich Iug linh (tac 12 3k € N :C* =0).

1996.6. Cho a,b,c la céc sb nguyén khdng am va ab > c?. Chuing minh rang ton tai s6 ty nhién n
va cac s6 nguyén X,,..., X, Y;,..., Y, saocho



Olympic-1997

1997.1.1. Cho a,,...,a, la cac s6 duong. Ching minh rang da thirc
X"—ax""-..-a

C6 chinh xac 1 nghiém duong.

1997.1.2. Ching minh rang :

< l
xa+ le 2

(n? +x)
1997.2. Tim thé tich tiét dién hinh lap phuong bdn chiéu

{Xe R4‘ 0<x, Sl,keﬂ}
bai mat phang hyperbol X, + X, + X, + X, = 2.

1997.3.1. Chiing minh rang V& >0 tim duoc s6 t nhién nva cac s a,,...,a, sao cho

max (X
XE 0 1

za 2k+1
k

1997.3.2. C6 phai tap hop lién théng gisi han trong mat phing luén luén 1 tap do dugc?
1997.4. Cac duong tiép tuyén vai parabol y* =2px tai cac diém A, B va C tao thanh tam giac

KLM. Chiing minh rang S, ,, =%SABC.

1997.5. Cho f e C*([0,1]) . Chuing minh bét ding thic

i6

1997.6. Cho A(x) 1a ma tran vudng bac 2n+1, x4c dinh trong khoang (0,1). Biét rang detA(x)=1

1 11 '
§£|f(x)|dx+5£|f (x)| dx.

ddi véi tat ca cac s6 x va ddi véi ma tran hang bat ky B ton tai gisi han lim A(x)BA™(x). Ching minh
x—+0
rang ton tai cac giGi han

lim A(x) va_lim A(x).

Olympic 1998



1998.1. Cho &nh xa song &nh f: N — N. Chung minh rang tim dugc s ty nhién a,b va ¢ sao cho
a<b<c va f(a)+f(b)=2f(h).

1998.2. Cho céc s6 phuc ab va ¢ sao cho tit ca cac nghiém cua phuong trinh
z°+az’ +bz+c=0 nidm trong dudng tron |z|=1. Ching minh rang tit ca cac nghiém cua phuong

trinh z° +|a|z? +|b|z+¢ =0 ciing ndm trong dusng tron |z|=1.
1998.3.1. Ton tai hay khong bién ddi truc chudn mat phdng R? va tap gi¢i han S < R? sao cho

f(S)c S,nhung f(S)=#S?

1998.3.2. Cho A la ma tran 2x2thuc khong suy bién, trong né cé cac gia tri dac biét
A, = A, = A . Chiing minh rang déi véi bit ky & >0 tim dwgc matran S 2x2 vasd & €[0,&] sao cho

A 0
S*AS = .
0 4
1998.4. (i) Ching minh rang ton tai da thirc P(x) sao cho ddi véi sé tu nhién bat ky n

Jn. P(x)dx=n*

n-1

(ii) Timténg > _k* .

k=1

1998.5. Ddy {x,} cho mot cach truy toan: x,1a s6 nao do trong khoang (0,1), con

X,.; = IN(L+X,) . Tim gigi han limnx, .

n—oo

1998.6. Cho e,,...,e, la co so truc chuén trong R", con a,,...,a, la cac vector do dai don vi.
Chirng minh rang néu

(a,e)+...+(a,,e,)>/n(n-1),

thi cac vector a,,...,a, doc lap tuyén tinh.
Olympic- 1999

1999.1. Chimng minh ring tit ca anh xa lién tuc bién dwong tron thanh duong thing sé bién cap
diém nao dé cua cac diém ddi xung xuyén tam thanh mot diém.

1999.2.1. Cho

M =[f eC([O,n])| T f(x)sin xdx:j f(x)cosxdx:lj.

0



N - T 2
Tim rfnelh?!f (X)dx.

1999.2.2. Cho phuong trinh y'=xy + f(x) , véi f. R — R 1a ham lién tuc gisi han. Tim diéu
kién can va da thoa méan phuong trinh ¢é phuong trinh ¢6 nghiém y(x) — 0 khi X — .

1999.3. Cho a,,...,a, 1a cac s6 dwong va thoa man bat dang thirc a, +...+a, <1. Ching minh

rang :
(& +..+a)1-a)l-a)..0A-a) A
aa,.a,(1-a-..-a,)
1999.4. Chiing minh rang véi s6 tu nhién n bt ky ton tai tiét dién caa hinh lap phuong n chiéu
{x eR"| x|<1k=1,.., n} v&i mat phing hai chiéu 1a tam giac 2n chiéu.

1999.5. Tén tai hay khong ham f(x), lién tuc trong ban truc (1,00) sao cho

XZ

j f)dt=1, Vxe(lon)?

X

1999.6. Tim ma tran bac ba

T(x)=T, +ET1 +...+inTn
X X

(T, la ma tran khong i) sao cho voi x 0 thoa man dang thirc detT(x)=1, con ma tran

sin x x sin x
e 2
X X
A =T().| ¥ In(x+1) coszx
X X
0 0 e”

c6 thé xac dinh dén 0 sao cho sau d6 né tré thanh ma tran khong suy bién lién tuc trong 1an can nao do
cua diém 0.

Olympic-2000

2000.1. Cho ho F ={Ac N||A|<o} sao cho ANB = ddi véi bit ky A BeF . Co thé

ludn ludn tim dugc tap hop hituhan X < N, saocho ANB N X =& dbi vai batky A, BeF ?

2000.2. Cho f eC([0,1]) va ddi voi bat ky X,ye[0,1] thoa médn bat dang thuc
xf (x) + yf (X) <1. Chang minh rang:



1

(OIS

5 4
2000.3. Ton tai hay khong ham 7:N — N , sao cho

Z“’:ﬂ(n)

= n

2000.4. Cho ma tran khéng suy bién M bac 2n va ma tran nghich dao M 1 duoc chia thanh cac

khéi vubng
A B L. (EF
M = , M= :
C D G H

Chirng minh ring detM.detH=detA.

2000.5. Cho L Ia khdng gian thuc tuyén tinh, dimL=10, L va L, la c4c khong gian con cua L,
L <L, dimL =3, dimL, =6. Gia st E la khong gian tat ca cac bién ddi tuyén tinh L, ma déi vsi
ching L va L, la cac khdng gian con bat bién. Tim chiéu khong gian E.

2000.6. Cho P(x) la da thuc bac n véi cac hé s6 thyc chi ¢6 cac nghiém thuc. Ching minh ring:

(n-1)(P'(x))* = nP(x)P"(x)

ddi voi batky x e R.
Olympic- 2001

2001.1. Cho ham tang f: [0,1] —[0,1]. Chang minh ring tim dugc diém xe[0,1], sao cho
f(x)=x.

2001.2. Cho {x.}", la day cac sé duong giam hiru han. Chiing minh rang:

1
X,
Ee) <2
2001.3. Cho ham f e C(R), ham f khdng ting trong bat ky mét khoang nao. Chirng minh ring

trong mot khoang bt ky nao dé cé céc diém cyc tiéu caa ham f.

2001.4. Timtatcacachamf: R, > R, (¢ day R, = (0,+0) ), thoa man phuong trinh

f)f(yf(x)=f(x+y), VxyeR,.

2001.5. Cho P(x) va Q(x) la céc da thirc bac nva G(x,y) = > P (x)Q™(y). Ching minh

k=0

G(x,y)=G(y:x).



2001.6. Chiing minh rang 1 hinh vudng don vi c6 thé chia ra thanh N hinh vuéng kich ¢& nho hon
néu N du lon.

Olympic- 2002
2002.1. Tinh dinh thirc ma trén (&; ) bacn, véi a; =&, +XY; (&; laky hiéu croneker).

1 2 1 3
2002.2. Biét ring jdezﬁ_,t,’nh I'“(l X ax
0 X 12 0 X

2
X X .
2002.3. Déy lién tuc {X } truy hoi: X, =1, X ,; = X, — 20”02 . Chitng minh rang X,y, <%.

2002.4. Cho A va B la cic ma tran bac n. Chiang minh ding thuc P(A+B) = P(A)+P’(A)B
thoa man déi da thirc bat ky khi va chi khi AB—BA=B’.

2002.5. Cho {, } - ddy cAu tao tir 1. C6 thé hay khong sé

la s6 hitu ty?

2002.6. Cho A< R"- compac va

Bz{Xe R"| vxeB JlacA: ||x—a||=sup||x—y||}.
yeA

Chirng minh ring tap dong B tring véi R".
Olympic- 2003

2003.1. Cho a, b, ¢, d la c4c sb phuc, [a| <1, |b|<1, [¢[<1, |d|<1. Timgia tri lon nhét cia biéu

thic |ac+ad +bc —bd|.

2003.2. Chtng minh rang ddi voi cac vector bat ky a,,...,a, trong R® thoa mén bat ding thuc

(a.3))

e >n?,

2003.3. Chang minh ring da thuc dang a,x +a,X'? +...+ 8,,,X®* c6 khong nhidu hon 2002
nghiém duong ( tinh ca nghiém béi).
2003.4. Cho f(x) 12 ham chu ky lién tuc. Chting minh ring d6i voi bt ky a € R phuong trinh

f(x+a)=f(x) co it nhat hai nghiém trong doan thang ma d¢ dai ciia n6 bang chu ky cia ham.

2003.5. Ba duong thing I = r+at (i=1,2,3) cat nhau tirng cap va ching khong song song véi
mot mat phang. Biéu dién thé tich hinh hop, ba canh cua né nam trong céc duong thing da cho qua cac
vector I, va a.



2003.6. Chiing minh bt déng thirc sau:

1 1 .. 1

X, X X 2 n(n4_1)
R g 2+x2+...+x2}
. |:n_1(X1 2 n)

Xin—l X;—l er:—l

Olympic- 2004
2004.1. Céc phan tir ciia ma tran bac 10 la cac s6 nguyén, ngoai ra 6 it nhat 92 phan tir 1a sb 18.
Chirng minh rang dinh thirc cia ma tran nay la s6 chan.
.
2004.2. Cho ham f(x) 1a ham chu ky lién tuc véi chu ky T, I f (x)dx = 0. Ching minh rang tim
0

duoc sb a, sao cho vai s6 b bét ky thoa mén bt dang thic
b
j f (x)dx >0.
a

2004.3. Cho P 1 chu vi tam giac véi cac toa do nguyén ciia dinh nam trong mat phing Oxy, R 1a
ban kinh duong tron md ta gan tam giac. Ching minh rang P® >54R .

2004.4. Tim da thic P(x) bac nho nhét sao cho khi x=0 da thirc P(x) bac 10 c6 gia tri 0, va khi
x=1 da thirc P(x) bac 5 c6 gia tri 0.

2004.5. Trong mat phing cho 3 dudng tron cit nhau timg cap, Qua cAc giao diém cua mdi cap
duong tron ké dwong thiang. Chang minh ring nhitng duong thiang ndy cit nhau tai mot diém hoac song
song véi nhau.

2004.6.1. Mzt phang z=f(x,y), véi f(x,y) 1a da thic bac khéng nhé hon 2 ¢6 tinh chat: qua mot
diém bat ky ciia n6 c6 thé ké hai duong thing hoan toan nam trong mot mat phing. Ching minh riang day
la mat phang paraboloit hyperboloit.

2004.6.2. Cho

B C
A=| = T,
C D
véi B,C,D la cac ma tran thuc bac 1, B khong suy bién, B va D ddi xing. Ky higu n,,n,,n, 1a cac
gia tri riéng duong cta cac ma tran A, B, D—C"B™'C tuong ting. Chang minh rang n, =n, +n,.
Olympic- 2005
2005.1. Cho cic s6 duong X,X,,Y,,Y, thoa médn cic biéu thiac X +X, =Yy, +Y, =1,

X + X <y +yZ. Chang minh rang:

X Inx,+x,Inx, <y, Iny, +y,Iny,.



2005.2. Cho d_ 1a sb hoan vi o: {1,2,....,n} —>{L,2,...,n} sao cho thoa mén bat ding thic
(o(i)—o(i-1)(c(i-1)—o(i+1))>0vsi i=2,3,...,n-1. Ching minh rang 2d,, < ds .

2005.3. @) Cho ham vi phan f: [0,1] — R. Biét rang xsin f (x)+x* = f (x)sin x+2f (x)* voi
bt ky x €[0,1]. Tim |f/(0)| (¢ day f’(0) la dao ham bén phai diém 0).

b) Cho ham lién tuc f: [0,1] = R . Biét rang xsin f (x)+x* = f (x)sin x+ 2 f (x)* voi
bat ky x €[0,1] . Ching minh ring ton tai f/(0).

2005.4. Trong mit phing cho dudng tron timg phan kin G, gi¢i han mién ddi xing tam 16i.
Chirng minh ring trong dudng G ¢6 thé vé noi tiép hinh séu canh déu afin ( tuc 1a hinh su canh déu qua
phép bién ddi afin nao do ).

2005.5. Cho cac ma tran sb nguyén A va B bac 10. Biét ring cac ma tran A, A+B, A+2B,...,
A+25B ¢6 ma tran nghich dao nguyén. Ching minh rang A+2005B ciing la ma tran nghich dao nguyén.

2005.6. Cho hamsé f: R — R lién tyc tai diém x = x, tac la:

Ve>0 36 >0 VxeU,(x)=(X-38,%+8) |[f(x)-f(x)|<e. ()
Chirng minh ring trong diéu kién (*) ddi vai mdi & >0 c6 thé chon dugc & = 5(g) sao cho ham (&)
sé liéntuc voi € >0
Olympic- 2006

2006.1. Cho f € C?([0,1]). Chung minh rang ham f c6 thé dat ¢ dang hiéu cia hai ham 16i dudi.

2006.2.1. Cho X, =§/6+\3/6+...+§/6 . Tim gigi han lim6"(2-x,).

n lan

, R T - s
2006.2.2. Gia sir a € (0,1), chuoi Zk_‘k” hoi tu va X, = X,,, =20 véi moi k. Chirng minh rang
k=1

> 1 ciing hoi tu.

o0
l-a
k=1 X¢

2006.3.1. Cho da thtic P(x) bac n chan sao cho lim P(x) = 4o . Biét rang cac da thirc P(x) va

N—>+o%
P(P(x)) c6 chinh x&c n nghiém thyc. Ching minh rang da thirc P(P(P(x))) ciing ¢6 chinh xac n nghiém
thuc.

2006.3.2. Ching minh riang dbi voi nghiém bt ky cua phuong trinh y”+siny =0 tin tai gigi

han lim M
D
2006.4. Bon phuong trinh binh phuong f,(x,y) =0, f,(x,y)=0, f,(x,y)=0, f,(x,y)=0

dwa dén bén duong tron trong mit phing, khi d6 khong cé bét ky ba diém nao cia duong tron nam trén
cling mét duong thang, cac duong tron khong cit nhau va khdng noi tiép nhau. Ching minh riang cac ham



f., f,, f,, f, doc lap tuyén tinh khi va chi khi ton tai duong tron cat bn duong tron ban dau dusi nhing
géc vudng.
2006.5.1. Gia st Ac R? 1a tap compac 15i va A la lan can cua tap hop nay, tuc la tap

U, .{xe RZ‘ |x —a < &}. Chung minh ring dién tich S(A,)cua tap hop A 1a S(A)=a+be +ce’

va tim cac hé sb a,b,c. Cho ring bién A 1a duong nan thang.

2006.5.2. Compac 15i A trong khong gian eurclic R?c6 dién tich 7.

I exp(—p(x,A))dx =57,

voi ham p(x, A) = min,_, [x—a||Vx e R. Tim ¢ dai bién A cua compact A.

2006.6. Cho B,C la cic ma tran thuc nxn, A=B+iC la ma tran phic nxn, i=+/-1. Ching
minh rang:

B -C
det =|detA|2.
C B
Olympic- 2007
2007.1. Cho CcR" la tap hop gi¢i han va ham sé f C— R thoa man diéu kién
|f(x) - f(x)|<|x,—x,| a6 wvéi tit ca x,x,eC. Chiang minh ring ham s
g(x) =inf (Jx=y]+ f(y)) thoa man diéu kien |g(x,) — g(X,)| <[X, —X,| ddi véi moi x,,x, eR" va
ye
g(x)= f(x) voimoi xeC.

1 1 .
2007.2.1. Cho x, =a, X, =b, con X, =(1——j X, 1 +—X, 5, N=2,3,..., Tim limx,.
n

n n—oo

n
2007.2.2. Cho ddy {a,} sao cho day {EZak} hoi ty. Chung minh riang ddi véi bat ky & >0
n

k=1

% a
chudi Y —"— hoi tu.
n:ln

2007.3.1. Cho B la vat compac 16i déi xiing tam trong R?. Ching minh rang tim duoc hinh binh
hanh chira B ma trung diém céc canh cua n 1a cac diém cua tap B.

2007.3.2. Ching minh ring bai todn Couschy X(t) = x(t/2) + €', x(0)=1 c6 nghiém duy nhat
trén truc. ( Nghiém la ham vi phan lién tuc x(.), thoa mén bai toan Causchy).

2007.4. Cho f(x) la da thircc bac n véi cac hé sb thyc, da thirc cd n nghiém thuc khac nhau
k

n

) . ,. oy n , . X:

X;s X5y X, - Chitng minh rang doi vai s6 tu nhién bat ky k <n—2 thoa mén E f'(l ) =0
i1 X



20075, Cho TeR™ la ma tran hang m, beR™ va tip hop
A:{XGR”

Tx=b;x >0,1<k< n}. Chirng minh riang néu diém x e A Ia dinh cua tap hop A thi ton
tai sy danh s6 {ik}E:l cac thanh phan diém x, sao cho x, =0 ddi véi moi kem+1,n, con cac cot

m , L,
{T. }k:1 doc 1ap tuyen tinh.

Ik

2007.6. Cho A va B la cac compac 15i trong R*véi mién bén trong khong rdng, bién cia né
khong chira cac doan thing. Cho C = A+ B ={a+b| ae A,beB}.Ching minh ring ton tai cac ham
lientuc a: [0,1] > A va b:[0,1] —» B sao cho

{att)+b(®)|te[0,1]}=C .

Gidi bai tap..
Olympic- 1993

1993.1.1.
f= XX XXy + XXy = XXy | S [3-[X5 4 X, [+ X, ][ Xg = X,| < [%; + %, |+]X; = X,| . Khong mét tinh téng
quat c6 thé cho rang X, >x, >0, vi vay f <2x,=2. Pay la gia tri dat dugc vi du tai diém x, =1,
1<k <4.

Nhan xét. Nhan thay rang déi véi mdi toa do X, (khi ¢b dinh cac diém con lai) ham c6 dang

|ax, +b|, vi vy gi4 tri I6n nhat ham nhan duoc khi X, =—1 hay X, =1. Nhu vy gi4 trj cuc dai dat

duoc ¢ dinh caa hinh hop bang 16. Truong hop nay tuong tu truong hop ham lién tuc 16i dat gié tri cuc
dai trong compact & diém nao d6 cua compac nay.

1993.1.2. Trong phuong trinh thay X =e™Y (t):

X = Ae™Y +e”Y = Ae™Y +e”YB,

SuyraY =YB, Y =Ce®, véi C- ma tran hing. Nghiém chung X =e*Ce® , nghiém bai toan Couschy

X — eAleBl .

1993.2. Xét ma tran B = A%. Trong ma tran nay b, 1as6 1§ con by, i# j 1a s chin. Nhu vay

ij !
det A> = (det A)? la s6 khong dém duoc.

1
1993.3. Cho Vv(t) la vén téc hat tai thoi diémt, t €[0,1] . Khi d6 v(0)=v(1)=0, j v(t)dt=1. O cac
0

toa do (t,v) xét tam giadc OMN, véi O(0,0), M (E 2} , N(1,0). Bo thi ham v(t) cat it nhat mét trong céc

canh cua tam giac OMN, vi S, =1. Nhu vay trong d6 thi caa ham v=v(t) tim duoc diém (t,,v(t;)), &

do tiép tuyén song song véi canh bén tam gic, tirc 13 |v'(t,)| = 4.



1993.4.1. Cho rang ham ton tai. Khi d6 tap hop f(Q) 1 anh cua tap dém dugc khong dém dugc
hon f(R\Q) vi theo diéu kién f(R\Q) = Q. Nhu vay tap hop cac gi tri cia ham khong dém dugc hon
va chira it nhit hai diém khac nhau. Day la diéu nguoc véi ly thuyét Bolsman-Causchy vé gia tri trung
gian cta ham lién tyc.

1993.4.2. Xét hai tich phan:

2r 2r
I, = J.T(x)(lJ_r cos x)dx = I (%icosz x}dx =r(a,t1).
0

0

Vi |a0|<1, nén 1, >0, I_<0. Nhung néu cho rang T >0(<0)thi c4 hai tich phan s& >0(<0), vi

14 cos x > 0. Nhu vay ham T(x) nhan nhiing gia tri v&i dau khac nhau.

1993.5.1. Khong. Vi du néu A={(x,y)| y=0} , cdn B={(x,y)|x>0,y>0,xy>1}, thi
A+B={(x,y)| y>0}.

1993.5.2. Gia sir P(x) = (x—a,)"...(x—a,)*", véi Rea, =0 va > _k =n thi

s=1

|x+as
X—a,

2xP'(x)
P(x)

=> k. =n.

S

Sk X+a,

<k,
= X-a,

7SI o

s X_as

1993.6.1. Véi mdi sb tu nhién n

p(W/n+1) —\/ﬁ) = \/pz(n +1) —\/pzn, p=12,... taothanh mot cap sé sb hoc véi sai phan
d. =vn+1-+/n . Nhu vay mot s bt ky trong (0,0) c6 thé xap xi bai ching véi do chinh xac dén d_.

(o).

1993.6.2. Két qua can nhan dugc ngay lap tirc néu tich phan ban dau biéu dién thanh hai tich phan
va sau do tich phan thi hai thyc hién tich phéan timg phan:

Vi d_— 0 khi n— oo, thi sé bit ky trong s6 nay va 7z cd thé dat & dang lim

n—oo

7l2
J. cosax(cos x)* *dx =
0

wl2
= J. (cos(a—1)xcos x—sin(a—1)xsin x)(cos)a'2 dx =
0

7l2

= J. cos(a —1)x(cos x)*"dx +
0

7l2 -
J- Sm(a_l)xd(cosx)a‘l _
0

R /2
_sin(@-1)x (cosx)**| =0.

0
Olympic- 1994

1994.1. Mdi diém nam hoac bén trong sé chin dudng tron hoic bén trong s 1& dudng tron



1994.2. Ludn ludn. Gia sir A va B 1a cac diém cua tap dé cho. Ton tai s6 R, sao cho ddi véi bét
ky R>R, cung nho cua duong tron ban kinh R, ké qua cac diém A va B, nam trong hinh vudng don vi.

Tap hop nhiing cung nhu thé 1a khong dém dugc, vi vay c6 it nhat mot trong ching khdng cé cac diém
cua tap bo di.

1994.3. Bang phuong phap hé sé khong xac dinh tim duoc nghiém trong I6p cac ham tuyén tinh:

f(x)= x—g .Chirarang f, 12 nghiém duy nhat.

Gia st g(x) = f(x)— f,(x), khi d6 g € C(R) va thoa mén phuong trinh 3g(2x+1)=g(x). Nhan

thdy rang trong phuong trinh ndy x nam trong XT_:L: g(x)= % g (XT_:LJ . Trong phuong trinh cubi mot

Ian nira nhan thiy x nam trong XT_:L 'g (XT_:LJ = % g (%ﬂ v.v. Ching ta nhan duoc

1 x—2"+1
——qg| >—="| n=12..
g(x) 3”9[ o j n

Vi tinh khéng lién tuc cua g ddi véi x bét ky

lim g [%j —g(-1)

n—oo

Nén g(x)=0.

1994.4. Cho (X, Y;) la toa d¢ cua diém Atrong hé toa do vudng goc nao do Oxy. Xét dinh thuc

Lox Y, X +y
Al X Y2 %Yy
L % Y5 X+Ys
L oX, Yo X+Yi

Nhan thdy rang khi chuyén géc toa d6 A khong thay di, chuyén géc toa do sang diém la tam cua
céc dudng tron dong tam doi voi sy phan chia (A, A,, A, A, ). Khi d6 trong hé toa do mai

1 r
1 :1 . r2 Lx %
A= T Y2 = (RP=r7)L %, vl
1 X y;, r
2 1 X3 y3
1 x, vy, R

Suyra

2
8] =[R® =1 2, ==k (A, AL ALA).



1994.5.1.

!

1 j{lﬁ
(y+k)J dy =1994 .
19941+

1994.5.2. Ung dung bat ding thuc Berceler ddi véi cac ham dac trung y,(X) cac doan
k-1 k k-1 k k-1 k
{— —} véi x, () =1 khi xe { } va y,(x)=0 khi Xs{— —}
n n 'n n

n n

>

1
Y (200) <o 2)= ~ k=1,
i=1

Nhu vay

»: (Z) = n {kn (xk,coi)zjél,

k=1 i=1 i=1

Vi tim duoc i: Z (£0) <

k=1

3|I—‘

1994.6.1. Nhu d4 biét trung diém cac day cung song song ciia parabol nim trong dudong kinh, vi
vay c6 thé tim dwoc phuong an xay dung sau:

1) v& hai day cung song song, khi d6 duong thing ké qua trung diém ciia ching la duong kinh,
2) xay dung cung vudng goc véi dudng kinh nay, sau d6 qua trung diém cua n6 va dudng thing

song song vaéi duong kinh.

d N ; .
1994.6.2. Cho D = ™ 14 toan tar vi phan. Bong nhat thic sau ding
X

KDy (X D) ™

Chirng minh (*) theo quy nap. Khi n=1 ding thirc dang. Khi chuyén tir n ¢én n+1 ching ta c6
Xn+2Dn+1Xny —
= X"2D" (xx"ty) = X" ((n+1)D"X"ty + XD X"y ),
(xZD)n+1 y = XZD(XZD)n y=xD(X"'D"x"'y)=
=x*((n+Dx"D"X"y + XD X" ),

suy ra (*).

Bay gio ¢6 thé bién dbi phuong trinh ban dau:

ch k+1Dk k- 1yEZn:Ck(X2D)k =
k=0



néu t = x " thi x*D = —Dt va phuong trinh c6 dang

n dky
c () —L=
Z Ty
Olympic- 1995
1995.1.1. Bung. Vidy, f(x)=x’sinx.

1995.1.2. Bing. Khi x>1 ching ta c6

=1
35
k=2

— X

chudi hoi tu tuyst d6i va déu trong compac bat ky tir {x>1}. D& nhan duoc f(x), cdn xay dung su phan
chia

{n € N| n> 2} ={nJ. U{an ke

Cong thure rd rang:

QA S —22"(2k+1)
fO)=>x7"+> > x

n=0 n=0 k=1

1995.2. Khdng ton tai. Chlng ta c6
f2(x) - f 2(0) =J.2f(t)f’(t)dt2 2jsintdt =2(1-cosX),
0 0

nhu vay f?(z)>4.
1995.3. Gia s f/,..., f. doc 1ap tuyén tinh (trong trudng hop nguoc lai khong r rang) vi dy,

¢, f/+..+c f' =f'. Knhi a6 cf +..+c _f  +c=1f, voi c=0 vi he doc lap tuyén tinh

{f )l . Chi ra ring cac ham {f/}' doc Iap tuyén tinh. Néu af/+.+a_f/, =0, thi

af +..+a_f +A=0, A=const. Suy ra (Ac,—ca,)f, +...+(Ac,, —ca,,)f,_, = Af,. Nhu vay
A=0 chi khi a, =0véi 1<k <n-1.

n
1995.4. Gia sir a, =zik. Khi n di I6n
k=1 n



2 2 n-5 2 1995
a, <l+—++——F<l+—+—.
n n

n n n

nhuvay lima" =e*.

n—o

1995.5. Ki hiéu dinh thirc bang W. Céan chirng minh ring W? < 1. Ching ta c6

W2 = (y=x)*(2=%)*(z-y)’ s[(y_x)er(Z;X)z’L(z_y)zJ 3[3(X2+;’2+22)] -1,

ngoai ra bat dang thic thir nhat chuyén thanh ding thie chi khi x=y=z, va khi ¢6 W=0.

1995.6.1. Cho b va -b la nhiing giao diém cua cac dudng tron |x +af =r . Khi dang thac (*)

thoa man d6i véi b, =b,b, =—b. D& dang nhin thay ring néu p e R?1a vector don vi thi

max{(p, X)|x € A}+ max{(p,x)|x € B,(0) "B, (-b)}=r, **)

Nhu vay max{(p, x)|x e C}=max{(p,x)|x € B, (0)}, v¢i C=A+B, (b) "B, (-b). Vi C la compac
16i nén C =B, (0) . Nhu vay nhan thay rang ton tai diém x, € C\B, (0). Gia sir by, la hinh chiéu metric
X, — by
[ =bol|
vi  tinh 15 B(0) d5i woéi bit ky Ae(0,)Ab+(@1-A)b,eB (0) va

||x0—(/1|o+(1—/1)|oo)||2=||x0—b0||2—2/1(x0—bo,b—bo)+/12||b—bo||2<||x0—bo||2 khi >0 nho.

cua diém x, 1én B, (0), p, = Néu cho rang déi véi diém bat ky b e B.(0)(p,,b—b,) >0, thi

Nhu vay (p,,b—b,)<0 ¥beB,(0),con (p,,X,)>(Py.b,). Piéu ndy mau thun véi cong thic (**).
Tuong tw chi ra rang dang thic B (0)\C = @& khong thé xay ra. Nhu vay C =B, (0) .

Nguoi doc tu kiém tra cong thirc (**) véi moi p.

1995.6.2. Vidy X = {z||z| 2—} .
1994

Olympic-1996

1996.1. Gia st S la di¢n tam giac co dinh tai cac nat mang, khi do S 2% (i S =%|x1y2 - x2y1| ,

véi (X, y;) 1a cc toa do cia hai dinh ddi véi dinh thir ba). Trong truong hop nay S = Z—ZC.

1996.2. Chiing ta ¢6 k =[n/2] < nv/2, nhur vay

1<2n® -k® =(n\/§—k)(n\/§+ k)<{n\/§}.2n\/§.



1996.3.1. Cho g(x) =Y f*(x), khi do g(b)=g(a)e”*. Ung dung ly thuyét Rolle déi véi
k=0
ham h(x) =e *g(x) trong doan [a,b]: Ic e (a,b) sao cho h'(c)=—-e“g(c)+e°g’'(c)=0. Nhu vay

g'(c)=g(c).

1996.3.2. Xét chudi luy thira f(z)=>a,z". Khi dé

n=1

f(z)= i{n_l aian_ljz” =az+ f2(2).

n-1\ i-

Suy ra vai tinh toan diéu kién f(0)=0 ching ta tim duoc f(z) = ﬁ. Ban kinh hoi tu cua chudi
N . -2 M 1 N ~ -
Taylor ham f(z) tai diém 0 bang e vivay limy/a, =4a.
a n—co
X" —2x" +1
1996.4.1. Khi x#1 P(x)=—1. Xét da thuc Q(X) = x""—2x"+1 khi x>0. Vi

Q(0)=Q(2)=1, Q(1)=0 va Q'(x) = x"[(n+1)x —2n], nén nghiém dwong thir hai ciia da thirc nam trong

khoang (2—%,2—%},\/‘. Q(z—znl_lJ:—z(l—zinj +1<—2(1—2—nnj+1£—2%+1:0,cc‘)n

1 1
Q(Z—Ej = —(1—§j+1> 0.

1996.4.2. Ching ta cd danh gia

{iznllci(x,coi)jz =[X,iznllci<oj S(X,)-[anlcicoi,jznllcjco,-}
(0T 06,00 < 5 (T 1) 00, <
<[ Be | eS|
1996.5.1. Giast A" = (b, ). Khido
kzn;blkakj —0wsii=j,

vi a, >0, thi giita cac phan tir cia dong thir i ma tran A™ c6 it nhat hai phan tir khac 0. Nhu

vay tat ca cac phan tir khac 0 khong nho hon 2n vasuy ra z, <n’-2n.

1996.5.2. Tir diéu kién suy ra rang cac hé sé g, (x) cua da thic dic trung



P(A) =det(AE—A(X))= A" +0,(X)A" " +...+ ¢, (X)

bi chan trong khoang (0,1). Tir ly thuyét haminton- keli, suy ra rang

c D(X)

P(A(X))=—+—L2"+..+D,(x)=0

thém vao nhirng phan tir cua tat ca cac ma tran D, (x) bi chan trong khoang (0,1). Vi vay
C"= XILrDO(—xDl(x)—...—x”Dn(x)) =

1996.6. Chirng minh khing dinh bang phuong phép quy nap theo a+b. Co s6 khi a+b=0 r8 rang.

Gia sir khi a+b < N khing dinh dung. Cho rang a+b=N+1 va xac dinh a>b. Néu c<b, thi
céc vector x=(1,...,1,1,...,1,0,...,0) va y=(1,...,1,0 ,0,1,.. 1) thoa man diéu kién bai toan.
[ SRR Ry VRS C—_— —

c a-c b-c c a—c b—c
Bay gio cho ring a>c>b ( truong hop c>a khong thé ). Cac s6 a,=a+b-2c, b =b,
c,=C-bla cac sb khong am, vi a+b-2c>2Jab-2c>0, va ahb,>c;. Khi do
a,+h, <a+b=N+1, tac 1a a, +b, <N . Vi theo quy nap nghiém {x,y} ton tai ddi véi b ba (a+b-
2¢,b,c-b). Nhung khi d6 {x+y,y} 1a nghiém déi vai (a,b,c).
Olympic- 1997
1997.1.1. Xét ham sb
a
f(x) =i+a—§+...+—:.
X X X
Trong béan truc ham f(x) giam nghiém ngit tir +oo dén 0. Nhu vay ton tai s6 duong duy nhat X, sao cho

f(x,) =1, tac 12

a a,
i+—§+ 4+ =1
XO XO XO

1997.1.2. Tir chimg minh dau hiéu hoi tu tich phan cua cac chudi suy ra rang:

© +00

tx < X

Z (n’ +x) I(t2+x)2dt‘(1+x2)'

Vi vay

L nx N Tdu 1
Ilmzﬁzllmj—dt—llm I — ==
] (n + X) X—>+0 (t + X) X—>+0 2 u 2



1997.2. C4c giao diém cua mit cit ngang véi CAc truc toa do tao thanh tir dién déu vai cac canh

22 . Cac mit phing X, =1 cat n6 ra 1am 4 t& dién véi cac canh J2 . Vi thé tich ta dién déu véi cac

canh a bing §a3, nén thé thich lat cit bang

‘/5(2\@)2—‘/_

N2 N2
12 12

) -4

1997.3.1. Xét ham'sé f (x) = x(1-x*)". Trong doan [0.1]

2
fmaxzf{ ! j: ! (1— ! j
Ji+2n) 1+2nU 2n+1

khi n—>o f _ —0,vivay véi vai trd da thic can tim cd thé 1ay P(X) = X — x(l— x2)n véi n di 16n.

1997.3.2. Khong. Gia sir {s,}7, 1a tap hop tat ca cac diém cua hinh vudng [0,1]%, chiing c6 hai
toa do hitu ty. Cho & >0 c6 thé boc diém d& cho s, bang hinh tron nho B, (s,) , ma tong dién tich cac
vai dién tich hinh tron lién két Coriélit cua ching (c6 thé vi du ké hai tiép

hinh tron lancan B, va B,

tuyén ngoai ) s& nho hon &/2" d6i voi moi ne N. Cho G la hop tit ca cac 6ng nho. Vi chi s dudi
uG< Z% =&, con G nam hoan toan trong hinh vuéng [0,1]° (va chi sé trén 1,G =1), nén G khong

n=1
do duoc theo Jordan.

2
1997.4.Cac tiép tuyén voi parabol tai cac diém [g—‘,yij(i:l,Z,S) cho bai phuong trinh
p

2
Y, = px+y—i . Céc tiép tuyén cit nhau tai cac diém &u . Nhu vay,
2 op 2
UL
SABC:E y§/2p y, 1.
y;12p y; 1

Ldc nay

. VY. /2p (y,+y,) 1
SKLM :E Y2y3/2p (y2+y3) 1.
Yo¥i/2p (Yo+y,) 1



Suy ra chung ta tim duoc S, =%SABC.

1997.5. Can kiém tra rang bét dang thirc sau dung:

f (%) = j). f (x)dx +1j;2 xf'(x)dx + Jl. (x=1) f(x)dx,

1/2
Con dbi vai n6 thuc hién tich phan ting phan.

1997.6. Cho C = AE; Al voi E; 1 ma tran ma giao diém cot thur i va dong thiri 1a 1, con tit ca

céc phan tir con lai bang 0. Khi do

Cu (X) =3, (X)A; (%), *)

voi A la phan tir dai s6 bo sung a; trong detA. Nhan thay rang biéu thirc (Aj (x))2n+l .det A(x) 1aténg

céc tich dang (*), vi vay né c6 gioi han khi x — +0. Nhung detA(x)=1, nhu vay ton tai gigi han
A (1.1)

Olympic- 1998

1998.1. Ly a=1 va ky hiéu b 1a s nho nhit trong cac s6 ne N sao cho f(n)>f(1). Gia si
c=f"(2f(b)-f(2)). Vi2f(h)-f(1)>f(b)>f(1), nén c>b.

1998.2. Gia st z,,7,,2, la cac nghiém cia phuong trinh z° +az® +bz +c=0. Khi do

1 1 1 ~
b=22,+2,2,+2,2, =2,2,7,| —+—+— |=—Ca.
Zl Z2 23

Vi |c|=|z,z,z,|=1 . nén |a|=|b| , va phuong trinh thir hai nhan dang z° +

az® +|alz+1=0. Mot
trong cac nghiém ciia phuong trinh ndy bang -1, con hai nghiém khéc 1a cac sé phuc lién hop, tich cua
chiing bing 1. Nhur vay ching nam trong dudng tron |z|=1.

1998.3.1. Gia sir f 1a phép quay mat phing xung quanh diém O mét géc 7~/2. Cho ring
A, #0 ladiémtuyy, A = f(A_) khi ne N.Khido A # A, véi n=m visé nv/2—-m+/2 khong
phai 12 s6 nguyén. Cho S ={A,,A ...}, khidé f(S)={A, A,..}<=S,nhung f(S)=S.

1998.3.2. Néu ma tran khong ddi ximng thi khdng mét tinh tong quét xét 6 Jordan véi A #0:

i)

Khi d6 S c6 thé chon



10
S= .
0 ¢
1998.4. (i) Ching ta s& tim da thirc bac 4: P(x) = ax* + bx® +¢cx® + dx +e. Khi tinh tich phan

va can bang cac hé sé bac n & vé trai va vé phai ching ta nhan dugc hé tuyén tinh di véi cac bién a, b, c,
d, e v&i ma tran tam giac:

10000

-2 1000

2 -3/2 100
-11-110

1 1 1

11l 1y
5 4 3 2

o O O o B+

suyratimdugc P(X) = x* +2x° + x° —3—]6. (ii)

n

” n
>k =£P(x)dx =3—0(6n4 +15n° +10n* -1) .

k=1

1998.5. R3 rang rang X_giam don digu va tién téi 0.

1 1 1 1 1
= = =—+=+0(),
1+x, In(1+x,)) X, X
" "X, | 1=+ 0(X,) "
2
o , s 1 1 n
Hayy —=—+—-+y,, voi y,—>0 khi n—>o. Suy ra rang —=—+—+Yy, +..+Y,,
n+1 Xn 2 Xn+l Xl 2
1 1. 1. ntd y, — 0, nén Nt et —)OVIVéyi—)l.
nx,, nx 2 n n X 2

1998.6. Gia st & =(ay,8;,,...,a, ). Cho ring cic vector a,,...,a, doc lap tuyén tinh. Khi do

trong ma tran (&; ) doc lap tuyén tinh khong chi cac dong ma ca cac cot. Vi vay ton tai cac s6 Oy O,

n n
(cothé xemring > o =1)saocho » a;a; =0 khi 1<i<n . Vivay
1 1

ata? =[_za,.aujz 5 [za;j[zagj (1-a?)(-a)

j#i j#i j#i

tic 13 a2 + o <1. Nhu vay



(a,e)+..+(a,,e)= Za”<21/1 al \/ \/ (1-e)=\n(n-1)
i=1
Olympic- 1999
1999.1. Cho f: S — R lién tyc trong duong tron don vi ciia mat phing phuc. Xét trong doan
[0] ham lien  tuc pt)=1f(e")=f(e™). Khi do @(0)="f(-1)-f(),
o) = f @) — f(-1) =—¢(0) va theo ly thuyét Cauchy tim dugc diém t, € [0,1]sao cho @(t,) =0, tac

la f(e”"")z f (—e”“°).
1999.2.1. Cho f,(x)= 3(sin X+cosX). Thinhit f, e M, thi hai, d6i véi ham bitky f e M
T

(f(x)—f, (x) dX>O Vi vy

o'—.hu

T £2(x)dx > 2} £ () £, (X)dx —T f200dx =3~ 22 [ £2(0dx.
0 0 0 T T T

Oy

Nhu vay cuc tiéu dat dugc khi f = f,.

1999.2.2. Chiing ta co y(x)=ex2’2[ j e-‘z’zf(t)dnc}. Néu y(x) = 0 khi X — oo, thi
X

[e 2t (t)dt =—C =— [ e “2F (),

Xo —00

Suy ra nhan dugc diéu kién can

P(z)=2"+c2"" +..+C,

j e /2f (t)dt =0

Chung minh rang khi thoa méan diéu kién nay nghiém

y(x) =eX"? I e 2 f (t)dt = —e 2 I e “2f (t)dt tién t6i 0 khi X —>00. Khi X — —oo theo quy tic

—00

Lopitan

. Jx.e“z’2|f(t)|dt
y(x)| <=

I L) IR

e—x2/2 Xe—lez - X

Khi X — +o0 sir dung phép dat y(x) = —e X2 I e /2 f (t)dt va thyc hién tuong tu.



1999.3. bat a,, =1-a —...—a, . Khidé a_,. >0, va bat dang thic can chiang minh nhan dang

n+1

sau:

(1-a)2-a,)..A-a,)A-a) § s
alaZ"'an (an+1) N l

Ung dung bét ding thuc trung binh nhan dwgc d6i  voi  mdi  i=1.2,...,n+1:

l-a =a+..+a_+a, ,+..+a = nQ/al+...+a1._l+a\1+l+...+an+l

Nhan cac bét dang thirc nay véi nhau
(1_ ai)(l_ 3.2)...(1— an)(l_ an+1) 2 nn+laia2"'anan+1'
1999.4. Ké qua gdc toa do trong mat phang R" sinh ra boi cac vector a va b. N6 cat hinh hop

theo tap hop {aa+ Bb|laa, +Bb, <Lk =1...,n}. Cac vector a va b can chon sao cho thoa man cac

tinh chét sau:

1) Ja] = o] va a)=0

2) trong mat phang hai chiéu véi cac toa do (o, B) bét dang thic |aa, + Bb|<Lk=1..,n,

cho 2n eke chuén.

Ca hai tinh chét thoa man vi du khi a, =sin <", b, =cos*%: (a,b) =~ sin- 2" _,
n n k=1
n 13 2k n n 13 2k n
[EX =———Zcos—”=—, b ==+= cos 8 ==
2 25 n 2 2 24 " n 2

1999.5. Bai toan dua dén nghiém phuong trinh phiém ham 2xf (x*) = f(x). Mot trong céac

nghiém cua ching laham f (x) = A . Sau khi @t trong tich phan ching ta tim dugc A= % :
xInx n

1999.6. Tiép can ma tran

1 1
1o - 1o 0y|t O
T(x)=|0 1 —iz+1=o 1 |0 1 —iz =T,T,.
X" X X X
00 1 00 1/{00 1

Sau khi nhan cho T,va uéc lugng trong mdi dong .v.v. Ma tran T(x) khdng phai 1a ma tran don vi.
Olympic- 2000

2000.1. Khong chac chan. Giast A ={L3,...,2n—3,2n-1,2n},



A ={2.4,...2n-2,2n,2n+1}, F ={A,B, A,,B,,..}.

Khi do

A, - [P Khi m=k
M =
" l2m+1, khi m<k.

2000.2. Nhan thiy rang

1 nl2 7l2
| =If(x)dx= j f (sin @) cos pd ¢ = j f (cosg)sinpde.
0 0 0
Suy ra riang
nl2 nl2 P
21 = J' (f(sinp)cosp+ f(cosg)sing)de < J. d¢:E'
0 0
A A . ) 3 & 71'(”) 1 . .. -~ £
2000.3. Khong ton tai theo Cauchy. Chi ra rang Z —> 9 véi batky N >1. Giira 2N so
n=N+1

(N +1),...,7(3N), c6 it nhat N sb I6n hon N. Nhu vay,

3N 3N
> n(?)> ! - > m(n)> 12.N.N.
n=n+1 N €1\ o 9N

2000.4. Cho | 13 ma tran don vi bac n. Khi d6 ¢ng dung quy tic nhan hai ma tran, ching ta nhan

duoc
A B I F A B)(Il F A0
det M.det H =det .det =det . =det =det A
C D 0 H C D)\l0 H C 1

2000.5. Gia sir {€,,€,,...,€,} lacosotrongL ma {e,e,,e}lacosotrong L, con {e,,...,e} la

cosdtrong L,. Trong co s ndy ma tran bién ddi tir E ¢6 dang

* * k% % * * * X *x *

000 * * * * * * =
000 * * * * * * =
000 * * * * * * =
000000 * * * x
000000 * * * x
000000 * * * x
000000 * * * x

Nhu vay, dimE=3.3+3.6+4.10=67.



2000.6. Can chiing minh bét dang thac khi n>1 va khi X # X, Vi X,,..., X, 1a cac nghiém cua da
thirc P(x), Chung ta c6

P(x) - 1 P"(x) Z 2

P(X) i=1 X_Xi P(X) _Jsi<jsn (X_Xi)(x_xj)l
Nhu vay,
(n—l)[P!(X)J P _
P(x) P(x)
o Y 2 " p-1
:(”_1)[;x—xij A ) B
2 1 1 i
_]sgj;n(x_xi)(x_xj):l<%:<n((x_xi)_(x_xj)j =0
Olympic- 2001

2001.1. Néu 0=f(0), thi bai toan giai xong. Néu 0<f(0), thi tap hop A={xe[0,1] f(x)>x}
khong rdng. Cho riang a=supA, b=f(a). Chi ra rang a=b.

Gia sir nguoc lai: a<b hay a>b.

1) Néuas<b, thi b= f(a) < f(a;bj<a7+b<b.

2) Néu a>b=f(a), thi a¢ A . Theo dinh nghia supA Vc<a 3x e A:a>Xx_ >c. Lay c=b,
nhan dugc b= f(a)> f(x,)>x, >b. Vi trong ci hai truong hop nhan duogc diéu mau

thuan nghia la a=b.

2001.2. C4 danh gia

1 X Xi | < DXL X L
' i >SS X2 .
5] -3% J(ZH J[Zf] 20X
2001.3. Lay khoang tuy y (X, —38,%,+8), & >0. Vi f khong phai la ham tang trong doan
[X, —8,%,], nén tim cac diém p,qe[x,—3J,X,] sao cho p<q va f(p)>f(q). Tuong tw tim dugc cac diém
r,se[X,, X, +5]: r<s, f(r)<f(s) (vi f khong phai 1a ham giam trong doan [X,,X, +35]). Theo ly thuyét

Vayerstrac trong doan [p,s] ham f dat dwoc bién dugi cua minh, va cac diém p, s khong thé 1a diém nay
cua cuc tiéu dia phuong. Nhu vay trong khoang (p,s) < (X, —J, X, +8) o diém cyuc tiéu cua ham f.

2001.4. Nhan thay rang néu 3xe R, : f(x)>1, thi khi y= tir phuong trinh phiém

X
f(x)-1

ham suy ra rang f(x)=1- mau thuan.

Nhuvay, f(x)<1 ddi véi tit moi X € R, . Suy ra thoa mén bat dang thuc



f(x+y)
VX, yeR, BT f(y(f(x)<1,

tirc 1a ham f giam don diéu.

Néu IxeR,: f(x)>1, thi f(y)=f(x+y) ddi véi moi y>0, va vi tinh don diéu suy ra rang f=1
dong nhit. Bay 1a nghiém tim thuong.

Néu fix)<1 ddi véi moi x € R_, thi f Ia ham giam nghiém ngat. Trong trudng hop ndy ching ta
co

FQF(Y(FO))=F(x+y)=F(y (F(x) +x+y(1-£(x))) =F(yF ) F((x+y(1-F(x))) F(Y (X))

Vi tinh giam nghiém ngit cia ham f suy ra rang x=(x+y(1-f(x)))f(yf(x)). Truong hop riéng dat x=1,
z=yf(1), ching ta nhan dugc f(X) :%, V6i a= =1l > 0. Nhan thiy riang khi a=0 nhan dugc
+ax

f(2)

! , a>0 thoa man phuong trinh phiém ham.
X

nghiém tam thuong. Kiém tra chi rarang f (x) =
2001.5. Can kiém tra rang

2 6(,) = 2-6(x,y) = PP (XIQY (1) +..-+ PP (XIQ"(Y).
OX oy

2001.6. Nhan thiy ring hinh vuong c6 thé chia lam k* cac hinh vudng kich c& nho hon, k > 2 .
Sé nay c6 thé tang dén k* + p(m* —1) +q(n*—1), véi m, n, p, g 1a cic s6 tu nhién.

Néu cac sb ty nhién a,b 1a cac sé nguyén t6 vai nhau thi s6 nguyén bt ky ¢ c6 thé dat & dang
c=ax+by (X, Yy € Z). Khi d6 néu sb ty nhién ¢ du Ién thi tim duoc cac nghiém khdng tim thuong. Nhu
vay, {0,a,....(b-1)a} la hé toan bo cac thing du theo do lon b. Nhu vay ax=c(modb) khi do

C—aX

xe{0,1,..b—1}. Néu c>(b-Da,thisd y= la nghiém khong tam thuong.

Lay m=2, n=3 nhan duoc cap c4c sé nguyén t6 cing nhau a=m?*-1=3 va b=n*-1=8. Ton
tai thac trién dang N =k® +3p+8q ddi vai sé N du lon suy ra tir danh gia dwa vao ¢ trén.

Olympic- 2002

2002.1. Cho AJ. la dinh thirc cta ma tradn nhan dugc tir ma tran don vi béng viéc thay coét j cho

04w xnyj)T . Vitinh tuyén tinh cua dinh thirc theo ¢t chdng ta c6
n n
det A=detE+> A =1+) XY, .
i=1 i=1

2002.2. Cho



k
1, =j4dln(l_x ) x=3j—dln(l_y) y.
5 X ke Yy

Khi do
t 1+ X) 1 . 2
I =——1,conly==1, =—— .
) 2 3' 3 18
2002.3. R rang rang 0 < X, <1 véi moi n. Khi d6 I6n da nho hiéu qua khi thay bang cac nghich

dao cua ching, vi vay

101 %=X _ % /2002 X, 1 e( 1 1}

A = -—= :
N+l XX ., 2002 2002—xn 2002 2001

Xn +1 Xn Xn Xn +1 n“n+l

Suyra L_Azoonr AN +ie 1+ 2002 1+ 2002
2002" 2001

X2002 X0

Nhu vay &<x <1
4003 % 27

2002.4. Diéu kién can: dat da thac P(x) = x°.
Tinh can cua diéu kién duoc chi ra bang phuong phép quy nap:

(A+B)"™ =(A+B)"(A+B)=(A"+nA"'B)(A+B) =
=A™+ nA"*(BA+B?*)+A"B=
= A" +nA""AB+ A"B= A" + (n+1)A"B.

2002.5. Khong thé. Néu cho rang Z —.,peZ,qeN thiq! [E Zg—”J = Z én
0 q n=0 ! n:q+ln!
L , 3 & q!8n A
véi keZ . Chiraring 0<| > == <1. Nhu vay,
n=q+1 n:
00 l \
4 ! L ! ! + .=l£1;vésuyraréng

0<|> < + F..< + ..
Saont | g+l @+D@+2) g+l (q+D) q

S Q!é‘n 1 < |8q+1q |
2| g q+1 RCETA

2002.6. Lay mot diém tuyy X € R". Vi tinh khong lién tuc cua chuin va tinh compac cua tap

hop A tim duoc aeA: |x—a|=sup|x—y|. Cho I={x+A(x-a)A>0}. Ki hicu
yeA

|ly—x| < r}. Khi do déi voi moi z e L co

B (x)={yeR"



AS B, () =B, 4(2),

Thém vao do tiét dién cac mat cua hai qua cau lan can 13 tap don {a}. Nhu vay, | = B. Nhung x el ,
nén xeB.

Olympic- 2003

2003.1. |ac+ad +bc—bd|<|a.lc+d|+[o|.Jc—d|<[c+d|+[c-d|<2V2. Gia tri 2v2dat

duoc vi du khi azb=1, ¢ ==+ ¢ =21
V2

V2

2003.2. Vi e* > 1+ x ddi véi moi X € R nén

Zn:e(aj‘aj)z Zn:(lJr(ai,aj )=n’ J{Zn:ai, n aijz n?.
= = i1 i

2003.3. Ly thuyét Decarter khing dinh ring da thuc dang P, (X) =ax“ +..+a x*“
(k, <k, <...<k_) co khdng it hon n-1 nghiém duong, chiang minh bang phuong phap quy nap theo n.
Khi n=2  P,(x)=x" (a1 +a,xe™ ) Chi ra rang tir tinh dung dén khing dinh ddi vai bac n suy ra n6
ding d6i véi n+l. Cho N l1a sb khong duong cua ham tron f(x). Khi d6 theo 1y thuyét Roll
N, >N, —1. Viphan da thic Q(x) = P,,,(x)/x", nhan duoc dénh gia

Np

n+l

=Ng <Ng +1<(n-1)+1=n.

.
2003.4. Xét ham s6 g(x)=f(x+a)-f(x). Cho rang T>0 la chu ky caa ham f. Khi d6 j g(x)dx=0.
0

Nhu véy, hodc g(x)=0, hoic g nhan gia tri c6 diu khac nhau trong doan [0,T]. Gia s & <n, g(&) >0,
con g(n)<0. Khido g(&+n)>0vatheo ly thuyét Cauchy trong mdi tich phan (£,17),va (7,&+T)
ham g c6 gia tri 0.

20035 Tim dwong thaf}ng song song dudng thir ba va ct duong thir nht va dugng thir hai. Doan
thang gigi han boi cac giao diém s& 1a canh caa hinh binh hanh. Béi vai diéu nay can tim y sao cho doi
Véi a va B nao do thoa man dang thic I, +aa, +ya, =1, + a,. S6 a, B va y xac dinh khong duy
nhit, vi cic vector a,a,,a, khong dong phing. Nhan dang thac cho [a,,a,], nhan duoc
y=(a,a,,—1)/(a,a,,8). Nhu viy vector dwa dén mot trong cac canh c6 dang
a,.(a,,a,,1,—1)/(a,,a,,a,) . Cac vector khac nam tuwong tw. Tim tich hdn hop cac vector nay nhan

duoc cau tra loi.

V= (ai'aZ' - rl)(ailaZ’rS _rz)(aiiaZ' h _r3)|.
(@,8,,a)° |




2003.6. Ki higu dinh thac ¢ phan trai 1a W, . Day la dinh thac Vandermon va nd bang
_4 2

n
W, =TI(x —X;). Ching minh ring W,""™* < D xZ. Dé danh gia phan bén tréi trong dang thic
i>]

n-1%3
cudi wng dung bat ding thirc trung binh:

n(nz—l) Z(Xi - Xj)z
O R
2

2
n n
nhung > (x —X;)?<nY_x? vibét dang thirc cudi twong duong voi {z xij >0.
- _

i>] =
Olympic- 2004

2004.1. Tim it nhat hai dong , tit ca céc phan tir caa n6 1a sé 1&. Trir dong nay cho dong kia nhan
duoc dong gom cac sé chan.

2004.2. Xac dinh F(x) =I f (t)dt. Ham F(x) 12 ham lién tuc va c6 chu ky. Gia st a la cuc tiéu
0

dia phuong ciia F(x). Khi d6 ddi véi bitky beR c6
b
j f (x)dx = F(b)—F(a)>0.

2004.3. Cho a, b, c la c&c canh cua tam giac khi d6

3
(a%'”cj >abc=4SR > 2R,

Vi dién tich tam giac véi cac dinh la cac sé khdng nguyén khéng nho hon % .

2004.4. D& dang nhin thiy ring P(x) =1+ (x—1)°Q(x) ngoai ra P(x) =0(x") khi x > 0.
Khi @6

9
Q(X) = ([1-x)° +0(x*) = > CK(-x)* +O(x*) .
k=0
R6 rang rang Q(x) s& c6 bac nho nhat néu
> k k
Q(x) =Y Cl(—x)".
k=0

Nhu vay,



P(x)=1+(x-1)° ZQ:CfS(—x)" .

2004.5. M&i dwang tron phi béi parabol dang z = R* — (x—x;)* — (y —y;)*. Mdi cap parabol cat
nhau tao ra mot parabol ma hinh chiéu cia n6 1én mat phiang Oxy 1a duong thiang. Nhung mdi parabol
nhu thé hoic cit parabol th ba tai mot diém duy nhét hoic khdng cit no.

2004.6.1. Chon gbc toa d6 O 1a mét diém tuy y trong mat phiang. Truc Ox huéng theo mot duong
sinh, truc Oy theo dudng sinh khac con truc Oz khong doi. Trong hé toa &6 mai phuong trinh bé mat ¢6
dang z=g(x,y), voi g la da thuc bac khdng né hon 2, g(0,y)=g(x,0)=0, tac la g(x,y)=xyh(x,y). Con lai
chirng minh rang h(x,y)=const.

Nhan thay rang néu | 1a duong sinh nao do, con 1, 1a hinh chiéu ciia nd trong mat phang Oxy, thi
ham g trén dudng thang |, 1a tuyén tinh. Nhu vay gia sir |, co phuong trinh x = x, +at, y =y, +btkhi

do g(x,+at,y,+bt)=1z,+ct.

Xét diém (0,y,,0) trong mat phang, Y, = 0. Ngoai ra truc Oy qua diém nay con di qua mot
duodng sinh 1. Viét phuong trinh cia né 6 dang y =y, +ax, z = bx. Khi d6 c6 mt cach dong nhét theo
X:

bx = x(y, +ax)h(x, y, + ax) (*)

chi ra rang a=0. Néu diéu nay khong xay ra thi tir (*) suy ra rang h(x, y, +ax) = 0dong nhat theo x, tic
la da thirc g tién dén 0 trong ca ba duong thang : x=0, y=0, y =y, +ax. Chon diém tuy ¥ (X, y,) trong
tam giac, gii han boi cac duong thing nay. Xét mot trong hai duong sinh tao thanh, ké qua diém
(X, Y1, 9(X,, ¥;)). Hinh chiéu cua dudng sinh cit canh cia tam gidc tai hai diém, & nhiing diém nay g
tién dén 0. Vi g trong hinh chiéu cua duong sinh, nén g(x,, y,) = 0bén trong tam giac, con c6 nghia la

khip noi vi g la da thirc. Didu ndy méau thuan véi g #0.

Khi a=0 tir (*) ching ta nhan dugc h(X, y,) = a(y,) . Tuong tu xét diém (x,,0,0), nhan dugc
h(X,, y) = B(X,) . Khi d6 ddi vai bat ky diém (X,, Y,) co h(X,, Y,) = a(Y,) = B(X,) va h=const.

2004.6.2. Chung ta cd

B C E 0\(B 0 E B'C
A: = X .
c" D c'B* E/Jl0 D-C'B'C 0 E
B 0

0 D-C'B'C
khac nhau. Khing dinh cua bai toan suy ra tir dinh luat quan tinh dang vudng.

Nhu vay ma tran A va ma tran A :[ jlé ma tran chi c6 dang vubng trong cac co s&

Olympic- 2005



2005.1. Gia st hX)=xInx+(1-¥)In(1-x), g(x)=x"+(1-x)>.g9'(x) =2(2x-1). Néu
0 <X,y <1/2 thi g(x)<g(y) chay x>y, tir d6 suy ra h(x)<h(y), vi

h'(X)=1+Inx-1-In(l—x) =1In X <0 , Vi X <1 Kkhi 0<x<1/2,
1-x 1-x

2005.2. Chiing ta s& goi phép giao hodn thoa man diéu kién la phép giao hoan hinh ring cua. R®
rang rang sé phép giao hoan hinh ring cua véi diéu kién o (1) < o(2) bang mét nira sé luong chung. Khi
d6 sb phép giao hoan hinh riang cua véi diéu kién o (2006) =2006 bing d,,, /2, va trong mdi phép
giao hoan bét ky nhu thé ¢(2005) < 2005, ndi cach khac o (2004) khdéng xac dinh. So sanh phép giao
hodn o, o(2006)=2006 v&i phép giao hodn o' sao cho o'(i)=oc(i) khi o(i)< 2005,
o'(2006) = 2005, o'(j) =2006, vsi o(j)=2005. Khi d6 o' ciing Ia phép giao hoan hinh rang cua,
thém vao dé nhitng o' khac nhau tuong tng khac nhau véi o . Vi vay d,gs = 20,0, CON lai nhan thiy
rang ton tai it nhit mot phép giao hoan véi o (2005) < o(2006) < 2005.

2005.3. a) Gia sr a=f/(0). Khi d6 f(x)= axtox)) x—>+0,suy ra
x(ax+0(x))+x =(ax+o(x))(x+o(x))+2(ax+o(x))2,

a®=1/2, [a|=1/+2.

hay x’(2a®-1)=o0(x?), tac Ia

b) Nhan thy rang f(x)=0 = x=0, vi vay f(x) c6 dau khong doi. S& xem rang f(x) >0.

Cho ring  F(x,y)=xsiny+x*—ysinx—2y>.  Theo c¢ong thac  Taylor
F(x,y)=x*=2y* +0(x* + y?) khi X,y — 0. Pt y=f(x) nhan dugc x> —2f?(x)= o( f2(x)+ x2) :
Suy ra khi X — +0 nhan duoc

2 _oHg2 2 2 2 2
X : 2f (>§) 0 23x 2, f (x)2+x _)E f (Zx)
f(x)+x fo(X)+x X 2 X

Khi khong déi diu nhan dugc f(x)/x —>1/~/2 .

2005.4. Cho O la tdm déi xung, cac diém AB, eG:AB,=diamG (*). Khi d6 cac duong

w0 ho Ly L AB,) cat G tai mot diém (cat |, tai diém A, cit | tai

thang |, va L, (A el,,B, el
diém B, ), vi n6i cach khac theo Iy thuyét Pitagor nhan duoc diéu mau thudn véi diéu kién (*). Gia su

dudng thang |, // 1, va ke qua diém O, A, va A, Ia cac giao giém cia |, véi G. Cho |, NG ={B,,B,}

va BB, = 2 AA, (ton tai theo ly thuyet vé gia tri trung gian caa ham lien tuc trong doan). Cho rang |,

déi xang 1, déi vsi 1, I,nG={C,,C,}, CC, =%A1A2. Cho phép bién déi Afin T bién hinh binh

hanh B,B,A,0 thanh hinh thoi B,B,AO véi canh bang 1 va goc /B,OA, =2x/3. Khi d6 T bién
B,B,A,C,C,A thanh hinh sdu canh déu, nghia 1a B,B,A,C,C,A lahinh can tim.



2005.5. Vi det(A+tB) "= (det(A+tB))_lIé s& nguyén nén  nhan  duoc

f (t) = det(A+1tB) = +1 khi t=0,1,...,25. Khi d6 f(t)>—1 la da thuc bac khéng I6n hon 20, c6 26
nghiém,vi vay n6 la da thic khdng dong nhat. Suy ra det( A+ 2005B) = +1va theo ky thuyét Camera cac

phan tir cia ma tran (A+2005B)™" 1a céc s6 nguyén.
2005.6. Cho ¢ >0

A(g) =sup{S > 0| Vx e U (%)) |f(x)—f(x,)|<e}.

dé dang nhan thdy ring Ve >0 A(g) € (0, +00], tham chi néu 0 < ¢, < &,, thi A(g,) < A(e,) ( cho rang

+o0 < +00). Néu ddi voi batky £ >0 A(g,) = +oo, thi f(x) = f(x,) vakhang dinh da r5 rang.

Chorang 3¢, : A(g,) < +00. Khi d6 ham s6

lIA(t)dt, O<e<e,,
&
S(e)=1 "

1

=A@, & <e,
€0 %

1a ham sd can tim.

Olympic- 2006

2006.1. Gia sir h,(x) = max{f"(x),0}, g,(x) = max{-f "(x),0}. Cho ring

h(x) = j[tj h, (r)drjdt, g(x) = j[i gz(r)dr}it .

Vi f"(x) =h,(x)—g,(x), thi tim dugc sb a,b sao cho f (x) =h (X) — g(x)+ax+b. Khi d6 f(x)=h(x)-

g(x), v&i h(x) =h,(x)+ax+b, tinh 15 h va g suy ra tir tinh khéng &m caa cac dao ham bac hai.

2006.2.1. Ching ta co x, > 36 >1 va x, <36+...+3/8 =2 dbi voi moi n. Ngoai ra {x_} ting
don diéu nghiém ngat, vi vay theo Iy thuyét Vayerstrass suy ra lim x, = 2. Nhan thay rang

— 8_Xr?+l
" 442x

n

2—X, 2—X
<
7

0<2-X

+X2. 442X .+ X

n+1 n+1 n+1 n+1

chling ta nhan duoc lim6"(2—-x,)=0.



. . : A x X . . : .
2006.2.2. Vi {x,} giam don diéu dén 0, nén day «, zk_‘k’ ciing giam don diéu dén 0. Vi

2k 0
Z a, > o,k va chudi Zak hoi ty, vi tiéu chuan Cauchy tinh hoi tu ciia chudi s6 chlng ta nhan
m=k+1 k=1

dugc 2K.or,, — 0. Suy ra vi tinh don diéu cua {, } chingtaco o, = % & —0.

X & £ = gl
kK _ Sk _ & K
Kk N T

bit dang thirc cudi cuing tin dugc véi moi k du I6n. Nhu vay chudi sb ZXF’ hoi tu theo diu hiéu so
sanh.

2006.3.1. Theo ly thuyét Gaus va Roll da thirc P’ ¢6 n-1 nghiém {ej}?j, thém vao d6 méi trong

n-1

cac diém e; ¢ ham P hoac cuc tiéu dia phuong hoic cuc dai dia phuong. Gia st M = max{ f (&)}

m=min{f (e;,)}}. Gia st z =max{x P(x)=M}, z, =min{x| P(x) =m}. Cho ring {x J;_, Ia
nghiém cta da thic P(x)=0. Néu déi véi k nao d6 thoa man x, e[m,M], thi ton tai khéng it hon hai
nghiém caa P(y) =X, ; vi ddi véi mdi k ton tai mau thuan véi didu kién P(P(x))=0 ¢6 n nghiém. Vi vay

ddi vsi mdi k x, <m hay x, >M .

Gia st P(y,)=x, tac 1a {y,}i_, la nghiém cua P(P(x))=0. Néu vi du ddi véi k d& cho
X, >M , thi y >z >x >M, bt dang thic dau tién vi tinh tang don diéu nghiém ngat cua P trong
khoang [z,,+0) . Tuong ty néu X, <m, thi y, <z, <x_<m.Nhu vay phuong trinh P(x) =y, c6 mot

nghiém di voi moi k eln. Nhu vay phuong trinh P(P(P(x)))=0 c6 n nghiém.

2006.3.2. Viét tich phan thir nhét

O cosy = _cosy0)-c.

Suyra (y')* =2C+2cosy. Néu C <1, thi nghiém y(x) bi gi¢i hanva lim Yy =0. Gia sir C>1. Khi

X—>+00 X

d6 nghiém khong gisi han. Cho y'=,/2C +2cosy . Suy ra

dy t dy
== | ————==X(y)—Xx(Yy(0)).
\J2C+2cosy y!;)«/ZCJchosy ) (y( ))

Tir diéu nay khi y — oo nhan dugc



j‘ dy y- y(O) I _y- Y(O)

02C +2cosy 1/2C+2cos 2r

AZTL,
s v2C+2cosy

lim YX) y(x) 27r

y-y()
Suyra X A va :
y (y) 2 X400 X A

2006.4. C6 thé cho ring & ca 4 ham phan binh phuong bang X + y?. Trong trudng hop nay ddi
vai diém p nam ngoai dwong tron, cho bai phuong trinh f(x)=0, gié tri ham f(p) bang binh phuong do dai
tiép tuyén véi dudng tron.

Chirng minh ring néu ton tai dwuong tron vudng goc, thi cac phwong trinh doc lap tuyén tinh. Cho
rang tdm ciia duong tron ndy nam ¢ gdc toa do. Khi do do 16n céc tiép tuyén tir goc toa do dén tat ca cac
dudng tron bang béan kinh duong tron vudng géc, nghia la tat ca cac phuong trinh cua cac duong tron cé
dang

f(x)=x*+y*+ax+by+C
va biéu dién tuyén tinh qua ba ham x*+y* +C, x, y. Vi 4 phuong trinh nén chiing khong doc lap tuyén
tinh.
Trong trudng hop nguoc lai. Tir tinh chuan hoé phan binh phuong suy ra sy phu thudc

A’lfl(x)"‘)“z f2(X)+ﬂ.3f3(X)+l4 f4(X)=O

tong A, +4,+ A, + 4, =0. Xac dinh A, #0. Tim duoc diém p, tai d6 f,(p) = f,(p) = f,(p). Diém
nhu vay tim dugc vi diéu kién tai diém p dwa dén hé phuong trinh tuyén tinh vai dinh thiee khéc khong (vi
khong cé bat ky hai tm nao nam trén cung mot duong thang); néi cach khéc ¢ thé chi ra ring p la tam
chinh ciia ba dwong tron thir nhat. Khi d6

AR (p)+ 4, f,(p) + A (p)
j’4

f,(p)= = f,(p) = f,(p) = f5(p).
Ngoai ra, tir didu kién suy ra rang p nam ngoai ca 4 duong tron va do dai céc tiép tuyén vai 4 duong tron
Xuat phét tir p déu bang I. Khi d6 dwong tron vai tam p va ban kinh | vudng goc véi 4 duong da cho.

2006.5.1. Ban dau cho A la da giac 16i a,a,...a,. Taphop A =U,_,(a+B,(0)) nhan dugc néu

acA
tai mdi dinh lay qua cau B, (a,) va sau d6 lay 16p vo 16i U,_,_, (a +B,(0)) (tc Ia tap 16i nho nhat
chua lién két n qua cau). Tap hop nhan dugc A khéac véi A béi sy ton tai n goc hinh chit nhat rong ¢,
duoc dung & cac canh caa A, thAm chi n hinh quat cia duong tron ban kinh ¢, thém vao do kich c&
Xuyén tam téng cong cua tit ca cac hinh quat bing 27 , tuc 1 trong téng hinh quat twong ng dudng
tron.

Téng dién tich tit ca cac hinh chit nhat, hinh quat va chinh tap hop A la
S(A,) =S(A)+1(0A)e +me®, véi |(OA) 1a do dai bien A. Nhu vay déi véi hinh chit nhat A nhan dugc



a=S(A), b=1(A), c=x *)

Chirng minh rang cong thic (*) tin dugc ca trong trudng hop compac 16i tuy y A.

Theo diéu kién 6A={r(s)| s €[0,1(6A)]}. s 1a su tham s6 hoa tw nhién cua bién ( thyc té diéu
nay tin dugc ddi véi compac 16i tuy y). Ddi véi n tu nhién xac dinh T, = r(%l(aA)j ,1<k<n; G, la
gap khic véi cac dinh £, k=0,1,...,n. Theo nhing gi da xay dung |G, | = 1(6A) khi n —oo. C4 dinh

h

Se {— [(0A), ﬂ I (8A)} Khoang cach tur r(s) dén G la

p(r(s),G,)<|r(s)-r )< max [r'(s)|.—= (8 ) g,—>0 khi n—oo. Nhu vay néu A Ia hinh chit

s€[0,1(0A)]

nhat gidi han boi G, thi
A cAc U (a+Bg (0)),
ach, "
Nhu vay,
S(A) <S(A)<S(A)+[G,|e, +mel < S(A)+21(8A)e, + s} **)
véi moi ndu I6n. Nhu vay, S(A,) = S(A),|G,| — 1(0A).
Khi dua ra (**) d& dang chi raring Ve >0
(A) cAc . (LAJh) (a+ B, (O))
Va

S((A).)<S(A)<S((A),.)+21(A )z, + =,

dsi  vei n o du lsn (6 day g = max |[r'(s)|. Chuyén ding thic

" se0(oA,)]
S((A),)=S(A))+1(A,)e + m* dén gisi han khi N — oo nhan dugc S(A,) = S(A) +1(0A)e + e”.

1@A)
n
2006.5.2. Chia tich phan thanh hai phan:

Iexp —p(x, A))dx = Ieodx+ I exp(—p(x, A))dx

RA\A

tirc 14 tich phan bang



J. exp(—p(x, A))dx,

R2\A

vai S(A) la dién tich tap hop A. Tap hop cac diém ma khoang cach tir ching dén 0A 1a & >0 day la bién
cuatap hop A =U,_,(a+B,(0)). Biéncia 0A, la duong tron véi do dai 1(0A)+ 27 = 27 . Suy ra
j exp(—p(x, A))dx = j e~ (1(0A) + 27e Y& = 1(0A) + 27 =57 — S(A) = 4r .

RZ\A 0

Nhu vay, 1(6A) =27 (vay tap hop A la duong tron ban kinh bing 1).

- (B -C - ,
2006.6. Cho A:[C 5 j.detA va |det A 1a da thic tr N =2n® bién b, va c,. Cho

rang V 1 1an can diém R", sao cho b, =0 Vj,k,c, =0 khi j=k, ¢, =k, 1<k <n.Matrin tuong
ung A=diag{i,2i,...,ni}.

Néu V dii nho sao cho mdi ma tran A tuong &ng véi diém trong V c6 n gié tri riéng khac nhau.
Cho rang A la ma tran, A 1a mot trong c4c gia tri riéng cua nd, con z 1a vector riéng twong @mng.

Calle s IG5

Nhu vay, A 1a gid tri riéng cua A, convi A thucnén 4 ciing 1a gia tri riéng cua A. Cho A, la

cac gia tri riéng khac nhau cua A. Thi ﬂ'l’ﬂ_'l""')“n')“_n la cac gia tri riéng khac nhau cta A va trong lan
n JR— ~ ~

can V thoa man |det Al* = [T A, .4, =det A. Vi cac da thic |det A" va det A triing véi tap mo V nén
k=1

chiing ddng nhit bang nhau.

Olympic- 2007
2007.1. Cho xeC, khi d6 f(x)<|x—y|+f(y) déi voi bit ky yeC, vi vay
f(x)< |yn(1§(||x—y||+ f(y))=9(x). Vi g(x) <[x=x]+ (%) = f(x), nén g(x)=F(x).

Cho x,x,eR" va g(x)<g(x,). Déi véi bit ky &>0 tim duoc Yy, eC:
9(x,) >||x = yi||+ f (y;)—&. Tirdo va tir bat dang thirc g(x,) <|x, — y,||+ f (y,) suyrarang:

g0x) > X, = ol =[x = ya |+ & < [x =% [ +e.

Vitinhtuyy & >0 nhan duoc g(x)<9(x,) €>0.

2007.2.1. Vi

1 X, — N
Xp =X = _H(Xn—l_xn—z) = zon—|)<1(_1) 1



limx, :X0+Z(Xn_Xn_1)=Xo+(XO—x1)Z(_l)n at(a—b)e-1),

n>1 = n!

. S +..+a
2007.2.2.Cé dinh £ >0. Choring 27 & _ a1 ¢ acRe —>w.
n

Nhé lai diu hi¢u Abel: Cho «, va B, la cac ddy sb, B, = B, +...+ B, {a,B,} va gia st day
{o,B,} hoi tu. Khi dé chudi > e, B, va » (e, —a,.;)B, ddng thsi hoi tuva phan ky.

Ung dung dau  hiéu  Abel doi  voi a,=—-.B,=3,. Khi do
n
a+e, A Xe oan arX n .. . P N ~ x:
B,=na+ng,,a,B, = . — 0. Vi vay chuoi tir diéu kién bai toan c6 tinh hoi tu vay chuoi
1 1 ~n I .« A 7 N A , s A A M
Z ——+——5— |(@+¢&,)n, hoi tu theo dau hi¢u so sanh ( thanh phan tha n tiém can bang
n +& (n+1) +&
l+¢

T(a+8n)).
n

2007.3.1. B4 dé. Cho a,b khong song song véi nhau. Khi d6 3¢ >0:Vz e B_(a),Vy e B, (b)
céc vector x va y khéng song song véi nhau.

Chang minh. Gia st diéu nguoc lai: Vk3x, B, (a) va 3y, € B, (b): x,va y, song song
véi nhau. Vi a,b=#0, nén Xy, #0 (46 véi cac chi sé k du Isn) va A x, +Y, #0 dbi véi
A =£|| V| /[[%|| (@i véi mét trong cac dau). Vi tinh héi tu X, — a,y, — b ching ta nhan duoc gisi

han Aa+b=0,véi A =limA, =+|b|/|a]. Diéu mau thuén.

Cho B, la day cac hinh binh hanh veéi cac dinh {XL}4 sao cho B < P, dbi véi moi k va
limS(R,) =S =inf{S(P)|P —hinhbinhhanh, B = P} *)

Vi { P} bi chan nén cho ring limx, = x', 1<i<4. Vi b dé c4c diém {xi }4 la céc dinh cia hinh binh

i=1
hanh P, & d6 vi tinh lién tuc dién tich dat dwoc gia tri S trong (*). Ching minh ring trung diém céc canh P
la céc diém tir B.

. > i o .. . 1 .
Gia sir diéu nguoc lai. Cho O la tdm d6i xung cua B ( va P), yza(xl+x2). Cho rang

[x',x*]nB=[a,b] (vi tinh I5i caa B) va yeg[a,b]. Khi do J&>0:[a,b]nB,(y)=D. Cho
1 2

£ X —X . ) . »
E—H - 2“ Vi tinh 16i caa B thoa man [y ,x*]NB =, vi vay ( vi tinh
X —X

compac ciia tap hop trong dang thic cudi) 36 >0: & lalan can [y, ,x*] khong cit B.

[a,b]l=[x'y], ¥, =y+



3 2
X —X .
Cho z=x2+gm. Theo xay dung [Yy,,z]"B=&. Cho w la giao diém cua dudng
X —X

thang aff {y_, z} va duong thang aff {x*, x*}. Cho w'va z’ 1a cac diém ddi xang bai cac diém wva z
ddi voi diém O. Vi dign tich tam gidc wx,y, nhé hon han di¢n tich tam giac zx’y, nén hinh binh hanh

wzw'z’ chira B (vi tinh ddi xtng tam) va c6 dién tich nho hon P.

2007.3.2. R& rang rang nghiém ( néu ton tai) duoc vi phan vo han lan trén R va
(1) = 2 XD (t/2) ¢!
XM (t) = ox XU(t/2)+e,
Noi riéng
1
K (0) = X (0) +1
Va theo quy nap 0 < x®(0) <2 ddi voi moi sb tu nhién k.
Cé dinh M>0 va doan [-M,M]. Cho C =e" . Vi x(.) e C*([-M,M]), nén tim duogc L, > 0:

O -x96) < Loft-t], it e[-M,M].

X9 ) —x® ()| < X1 2) - XD (t, 1 2)| +[et et

S%ﬁh—BHCE—BL

. . L 2 . 5
tac la co theé xemrang L, < %-ﬁ-c . Tiép tuc ha xuong theo k, Nhan duoc L, <L, +2C. Tirdo va tir
0<x%(0)<2 suyraring x*(t) bi chan déu trong doan [-M,M]. Vi tinh tuy y M>0 ham s x(t) duoc
dat bai chinh chudi taylor x(t) = Zant” trén truc s6. C6 thé dat chudi trong phuong trinh va tim cac hé

n=0

s6 a, =1=x(0),

1 1
a,, = -a, + :
(n+1).2 (n+1)!

k

2007.4.1. Xét ham so hiru ty r(x) = : va khai trién n6 & dang tong cac phan ti. Khai trién sé
X

c6 dang

r(x) =Zn: Ci

i1 X— Xi

tirchd k <n—2 suy rarang:

limxr(x) =0,



n
tir d6 ching ta nhan duoc Zci =0. Con lai nhan thdy

i=l

k

. X,
c, =lim(x—x)r(x)=———.
i Hxi( Dr(x) 00)
2. Nghiém nay ddi véi tit ca nhiing ai quen voi ly thuyét ham bién sé phic. Ham
9(z) =2"/ f(z) khi k<n-2 bang 0 trir i v han diém, vi g(z) ~—— khi z—> 0.
z

k

Con lai nhan thay rang res,_, 9(z) = . (' 3 con tong tat ca cac thiang du bang 0.
i ! XI

2007.5. Cho x & dinh cia A. Néu x=0 thi chon m cac cot doc lap tuyén tinh cia ma tran T ( hang

caa T bang m) trong vai tro T,,..., T, nhan dwoc diéu kién can.

Cho x € A\{0} Ia dinh. R3 rang rang co thé danh sb cac phan ti x nhu sau X, >0,...,x >0 ,

con X, =0 khi r+1<k<n.

Chi ra rang trong tong

Tx =Zr:Tkxk + Zn: T, X,
k=1

k=r+1
cac cot {T, }_, doc lap tuyén tinh. Diéu nay ching minh duogc.
Gia sir, {T, }i_, doc lap tuyén tinh khi d6 tim dugc vector ae R": a=(a,..,a,,0,...,0) 0
sao cho Zr:Tkxk =0. Chon &>0, sao cho ddi v6i moi k tir 1 dén r thoa man bit ding thuc

k=1

X, tea, =20, Ching ta co
r n r r
T(xtea)=D T (X tea )+ D T X =D T X &> T =b,
k=1 k=r+1 k=1 k=1
Nhu vay, [X—&a, X+ &a] < A va c6 nghia la x khdng phai la dinh. Biéu mau thuan.

2007.6.1. Vi tinh noi tiép cua tit ca cac tap hop khong rdng, nén xem ring
OeintA,0e€intB,0eintC (néu diéu nay khdng nhu vay thi bi léch tap hop ra khoi vector tuong ting).

Do v6i vector don vi p e R® xac dinh diém x7 (duy nhat!) la diém cua tap hop A, trong do dat
cuc dai tich vo huong (p,x) theo moi X € A. Y nghia twong ty s& dua dén cho x> ddi véi tap hop B va

X doi vsi tap hop C.

Cho S 1a dudng tron don vi véi tam tai 0. Chiraring anh xa S> p — xs lién tuc. Gia sir diéu

nguoc lai: 3¢ >0 va p, = p, la cac vector don vi, thém vao do xsk ¢ B, (x,’jo) . Khi d6 vi tinh compac



c6 thé xem rang X, — X, € OA\B,(x;,). Cac diém x, va X, dua dén cac cyc dai cua tich vo huong

(p,.X) theo x € A, vi vay doan [x,, x,’jo] c OA, didu ndy mau thuan & chd bién A khong chira cac doan.

Cho (A(t),¢(t)) la cac thanh phan cia duong Piano, anh xa (lién tyc) [0,1] vao hinh chit nhat
[0,1], x[0,27],. Cho p(t) =(coso(t),sine(t)).

Vi axt+axE=ax$ i moi peS, Ae[0lva C={Ax¢|2¢[01],peS}. nén
a(t) = A(t)X, . b(t) = A(t)X7 -

2. Chitng minh mét céch don gian néu sir dung viéc tit ca cac compac 16i mot chiéu toan hinh,
xem [12] T.1, cau 11.3.1.

Cho K =[0,1]°,¢: K — A la phép dong phéi, bién K thanh A, w : K — B 1a phép ddng phoi

bién K thanh B. Cho (x(z), y(r)) la cac thanh phan ciia duong lién tuc chuan Piano. Khi do r6 rang rang
{p(x(@), y(x)) +y (x(), y(ﬂ))| (r.u)eK}=C.

Bay gios chon 7 = X(t), 1= y(t), khi d6 a(t) = o (x(x(x)), y(¥(r)).b(®) =y (x(x(1)), y(¥(w)))).



