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Chu’dng 1

Bat dang thic Co S6

Dé 1am quen v6i bat ding thitc thi viec ndm vitng céc bt déng thic cg ban 1a
vo ciing quan trong. Trén thé giGi ¢6 rat nhidu c4c bat ding thic, rat nhiéu nhing
dinh 1i lien quan t6i bat déng thitc, rat nhidu cac ki thuat nhé ching minh bat ding
thite nén dé biét hét duoc dlung la diéu khong thé, diéu quan trong nhat 1a chung
ta phai hidu that r6 cac bit ding thic co ban, dé cang 1a yéu té quan trong diu
tién dé ban hoc tét bat d&ng thic. Tac gia sé nhan manh t6i nhitng bat ding thite
hét sitc can thiét sau day : Bat ding thitc lien he gitta trung binh congestrung binh
nhan (AM — GM), bat déng thitc Cauchy — Schwarz va téng quat 1a bat déng thnte
Holder, bt ding thitc Chebyshev va bat ding thic Jensen.

Day 1a 4 bat ding thic quen thudc trong chuong trinh phd théng, nhung dé nim
ving duge ching cling khong phai 1a diéu don gidn, dé dang nhit 1a déi vdi cac ban
wdi bdt ddu lam quen véi bat déng thic. Chuong du ticn ctia cubn séch cung cap
cho cac ban kha day dt nhitng ki ning si dung 4 bat ddng thitc d6, them nia la
mot s6 bai toan lién quan t6i cac bat ding thuc déi xung 3 bién, bat dang thitc hoan’
vi, phuong phap can bing he s6 va ki thuat khai trién Abel. Day la chu'ong c¢ ban
va rat higu qua d6i vai cdc ban hoc sinh THCS, cac ban hoc sinh 16p 10, 11 muén
rén luyén ki ning chiing minh bit ding thitc cia minh.

D6i v6i méi bat ding thic co ban d6, tac gid déu chon mot ki thust ap dung
dac biet nhat dé ban doc thiy ro hieu qua ciia Lhung ‘Chéng han véi bat ding thie
AM - GM ta c6 ki thuat Cési ngudc, vdi bat diing thitc Chebyshev ta c6 ki thuat
phan tdch Chebyshev va véi bat ddng thitc Cauchy — Schwarz ta cé bt ding thitc
Holder. Theo cich nghi ctia hoc sinh Viét Nam thi bat ddng thic Holder ¢6 vé hai
za la va khé ap dung, ngay ca véi cac ban hoc sinh gidi toan, nhung cubn sach sé
gitp cac ban c6 mot cach nhin khac hon déi véi bat ding thitc quan trong nay, binh
thudng nhu chinh bat ddng thic Cauchy — Schwarz vay. Phan sit dung dao ham
cing 1a phan li thuyét quan trong ma cac ban can phai nim ro.




4 Chuong 1. Bat ding thic co s¢

1.1 B4t ding thhic AM-GM
1.1.1 B4t ding thiee AM-GM va ing dung

Dinh Iy 1.1 (Béat déng thic AM-GM). Vdi moi sé thuc duong ai,as, ..., an ta
¢6 bdt ding thic

A}

a+ax+..+a
i > aias...aq.

n

Ding thic zdy ra khi va chi khi a; = ag = ... = an.

CHUNG MINH. RO rang bt ding thic véi n = 2, néu bat dang thic dang véi n s
thi cang ding véi 2n sb vi

a1+ ag + ... + agn > na1ar...0n + NYAns10n42.--02n > 2n ®/a10s...4,,

Do d6 bit ding thic cing dang khi n bing mot luy thita cia 2. Mat khac néu bat
déng thitc diing véi n s6 thi ciing ding véin — 1 s6, that vay ta chi can chon

an=5/(n-1),s=ar+az+...+an1

s a102...0n—18
__.>3+___2nn_l_2.._”1_
n—1 n—1

= s> (n—1)"Vaiaz.-an-1.
Tit 2 nhan xét trén ta c6 didu phai ching minh. Déng thitc xay ra khi va chi khi tat
ca cac bién a1, ag, ..., a, bing nhau. O

Bat.ding thic AM — GM la bt déng thic quen thudce va c6 tng dung rong rai,
1a bat d&ng thitc diu tien ma cac ban can phai ghi nhd rat o v si dung mot cach
thanh thao. Khi sit dung bat déng thic nay ching ta cAn hét sic chi ¥ t6i diéu kién
ciia ding thic khi a; = ag = ... = an va cin téch cac h¢ s& cho phu hgp.

C6 nhitu cach chning minh bat ding tlntc AM — GM, cich ching minh hay nhét
¢6 thé 1a cach chimg minh st dung phuong phap quy nap Cauchy (nhu chitng minh
trén). C6 18 vi vay ma nhiéu ngudi lam lén riing Cauchy phéat hién ra bat ding
thitc nay. Ong chi 1a ngu’(‘)i\ dua ra ching minh rat hay cha minh chi khong phai la
ngudi phat hién ra déu tién, bat d&ng thic ma ching ta quen goi 1a bét ding thic
Bunhiacopzki thyc chit 12 phat minh cla 3 nha toan hoc Schwarz, BunhiaCopzki
va Cauchy. Theo céch goi tén chung ciia thé gidi, bat déng thie BunhiaCopzki ¢6
téen 1a bat ddng thic Cauchy — Schwarz, con bat ding thitc Cési (hay Cauchy) c6
tén 1a bat ding thic AM — GM (Arithmetic Means - Geometric Means). Day la
mot sy nhadm lan kha ki la va dang ngac nhién trong mot thoi gian dai 17

Sau day la mot s6 bai toan dac trung st dung bat déng thac AM — GM.
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Viduy 1.1.1. Ching minh ring vdi moi s6 thuc khong am a, b, ¢ ta c6

1 1 1 9
-
a b ¢ a+b+e

Lor GiAL S dung bat ding thic AM — GM cho 3 s6

1 1 1V 3 3
b -+ -4+ -] 2 3Vabe—— = 9.
(a + +c)(a+b+c)_ \/acm ,9
Bat déing thitc tdng quat hon dugc ching minh hoan toan tueng ty
1 1 1 2
— o —> z .
a1 ag ay ay+az+ ...+ a,

Viduy 1.1.2 (Bat ding thitc Nesbitt). Ching minh rdng vdi moi sé thyc khong
am a,b,c ta cé

a + b N C >3
b+c c+a a+b~ 2

La1 GiA1 Xét cac bidu thitc san

_ a b c
—b+c+c+a+a+b’
b c a
_b+c+c+a+a+b’
_ ¢ a b
—b+c+c+a+a+b'

Tac6 M + N = 3. Mat khéc theo bat ddng thic AM ~ GM thi

a+b b+ec é+a
M+ S = >3,
T b+c+c+a+a+b—
a+c a+bdb b+c
N = > 3.
+§ b+c+c+a+a+b‘

Vay M + N +28 > 3 suy ra 25 > 3. Day 1a didu phai chitng minh. Q

Vidy 1.1.3 (Bat ding thitc Nesbitt 4 bién). Ching mink ring vdi moi s6 thuc
khong aém a, b, c ta cé bit ding thite

a+b+c+d>2
b+c c¢c+d d+a a+b= "
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Lot GiAl. Dat

_a b c d
“bp+ctcrdtdra a+b
b C d a
—b+c+c+d+d+a+a+b’
¢ d a b
_b+c+c+d+d+a+a+b'

N

Tacé M+ N =4. Theo bat déng thitc AM — GM thi

a+b b+c c+d d+a
M+S_b+c+c+d+d+a+a+b24’
a+c b+d a+c b+d
b+c c+d d+a a+b
_a+c at+c b+d b+d
—b+c+a+d c+d a+b
4(a+c) 4b+d)
atbtc+d a+btc+d

N+§=

VayM+N+2S’285uyra.S'22.Déngthfrcxéyrakhia:b::c:d. Q

Vidu 1.1.4. Gid s ay,az,...,0n la cde 86 thuc duong sao cho ap+az+...+an =N
Chitng minh vdi moi sé nguyén dwong k ta cd bét ddng thic

af +ak 4. rab>d T el 4 Al

Lo1 GIAL St dung bat dang thic AM — GM ta co

(k-1Da*+1=a+a*+.. + @k + 1> kVakk=D) = ka* 1.
Thay a béi a1, a2, ..., an rf)i cong cac bat dang thuc lai ta duge

(k=1)(a* +ak+..+ak) +n > k(af ™ +ag7 4.+ ak=1y.
Vay ta chi cAn chimg minh

a'f_l + ag'l + ...+ aﬁ_l > n.
Sit dung bét déng thitc AM ~ GM .
F (k-2 =a 14140+ 1> (k1) Vbl = (k-1

Thay a béi a1, a2, ..., a;t roi coilg chc bat dang thie dang trén lai

ab=l + af7l L+ a4 n(k - 2)> (k—1)(a1+az+..+an) = (k= 1)n
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= a’f—l +a"2°"1 +..t+ad >

Déng thitc xay ra khi va chi khia; =as =...=a, =1. 0O

Nhan xét. Tit cic chitng minh trén ta suy ra

nZ
n

af +ak+ .. +ak (a1+a2+ﬁ..+an)k
n b

V6i moi s6 nguyén duong k. Ngoai ra ca 2 bat ding thitc nay déu ding khi k > 1 1a
mot s6 thye. Néu xét k < 1 ta c6 bat ding thic

,,\l/a1+a2+...+an S wa] + Wag + ...+ Va,

n n

Véi moi s6 thuc duong m > 1. Cac ban hay tu kiém nghicm cac bat ding thic nay
bing phuong phap & trén, thuc chit né chi 1a hé qua tryuc tiép.

Vi du 1.1.5 (Bit dang thitc AM-GM suy rong). Vdi cdc sé thuc duong
ai,a, ..., 0y V& T1,Z2, ..., Ty ld cdc s6 thuc khong am c6 tong bing 1 ta cé

Tn

a1Z1 + a2 + ... + anTy, > alla3?...alr.

L&1 GiAl. Phuong phap chitng minh sit dung quy nap Cauchy hoan toan tuong ty
nhu véi bit ding thitc AM — GM thong thudng. Tuy nhién trong trudng hgp n = 2
ching ta cAn mot 13i gidi chi tiét hon. Ta phai chitng minhnéu z+y =1va a, b, z,y
la cac s6 thyc khong am thi
ax + by > a*“bY. o

Céch lam don gian nhat dbi véi bat ding thitc nay 1a xét véi sb hima ti rdi chuyén
"qua gidi han. Hién nhién néu z, y hitu ti thi bai toan dugce chiing minh theo bat ding
thic AM — GM ¢b dién

ma + nb > (m + n)aﬂl/(1rL+7L)bn/(Trl+ﬂ) = az + by > a"bY,

Trong d6 z = m/(m +n) va y = n/(m + n). Con néu z,y thyc thi s¢ ton tai day
céc sb hitu ti r, — z, 8, — ¥, Tn + 8, = 1 vA nhu vay

arp + bsy, > a™b’" & ar, +b(1 —7y) 2 a™mbtm,

Chuyén qua gidi han khi n — +oo ta dugc az + by > a®b¥. Day chinh 1a dicu phai
ching minh. O

Céch chitng minh nay kha co ban, v néu ban chua duge hoc vé gidi han thi hay
tam chdp nhan bat déng thite vai cac sé z; hita ti. Li do rat don gidn, vi dé dinh
nghia chinh xac cho luy thita véi s6 mil thyc, budc phai cé dinh nghia giéi han. Cac
kién thitc co sd vé gidi han va ham lién tuc sé duge dinh nghia trong chuwong trinh
toan phd thong 16p 11,12.
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Vi du 1.1.6 (IMO Shortlist 1998). Vdi ,y, z la cdc sé thuc dudng c6 tich bing
1, chitng minh bdt ding thic sau

x3 N y3 N z

A+y)(1+2) (Q+2)(0+2)  (Q+z)(l+y)

3

>3
4

L1 GIAL S dung bt ddng thidc AM — GM cho 3 sb

z3 +1+y+1+z>3__
(1+y)(1+2) 8 '8 ~ 4’

Tuong ty ta c6 2 bat ding thitc véi y, z rdi cong lai suy ra
3 3 3

T " Y N z > r+y+z
QI+y)(1+2z)  (Q+201+2) (Q+z)(1+y) 2

Mit khéc z + y + 2 > 3¢/Tyz = 3 nén ta c6 dpcm. O

Vi du 1.1.7 (IMO Shortlist 1990). Gid st a,b,c,d la cic $6 thatc khong am thod
man ab+ be + cd + da = 1. Ching minh
ad b3 e d3
b¥crd crdra atbtd atbre

1
> -
-3

Lo1 GIAL Si dung bt ding thitc AM — GM cho 4 86

ad b+ec+d a 1 _ 2a
+ 2+ >
b+c+d 18 6 12 3

Hoan toan tuong tu ta cé thém 3 bét déng thic v6i b, ¢, d sau d6 cong lai dugc

ad b3 3 d3 a+b+c+d 1
+ + + > -z
b+c+d c¢c+d+a a+b+d a+b+c 3 3

Chi y ring ab + bc+ cd + da = (a + ¢)(b + d) nén
(a+b+c+d)?>4(ab+bct+ed+da)=4=a+btc+d>2

Thay két qua nay vao bat ding thitc & trén ta c6 dpem. Dang thic xay ra khi va chi
khia=b=c=d=1/2. O | |
Vi du 1.1.8 (Komal Magazine). Chitng minh véi moi a, b, ¢ duong

1 + 1 + 1 S 27
ala$b)  bb+c) eclct+a)” 2a+b+c)?
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Lot GiAL St dung tryc tiép bat ddng thidc AM — GM cho vé trai

1 + 1 n 1 S 3
ala+b)  bb+c) clct+a) T Yabela+b)(b+c)(c+a)

Do d6 ta chi cAn chitng minh
3Babc(a+b)(b+c)(c+a) < 8(a+b+c)S.
Theo bat ding thic AM — GM
3Babe < (a+ b+ ¢)?,
Ba+b)(b+c)c+a)<(a+b+b+c+c+a)®=8a+b+c)
Nhan theo vé 2 bat dang thiic trén ta duge didu phai ching minh. Q

Vi du 1.1.9. Cho cdc sé thuc a,b,c thod man a® + b + ¢* = 3. Ching minh bt
ding thitc sau
|a} + |b] + lc| — abe < 4.

Lo1 GIAL Ta ciing 4p dung truc tiép bat ding thitc AM — GM nhu sau

2., 2 2\ 3
a2b2e? < (%) =1= —abc< 1,

(la| + 15} + |c])? < 3(a® + % + c?) =9 = |a| + |b] + || < 3.

Cong vé 2 bat ding thic trén ta c6 didu phai chitng minh. Ding thuc xay ra khi va
chi khi trong 3 s6 a,b,cc6 2 sb bing 1 va 1 s6 bing —1. 0O

Nhan xét. Ban doc thi lam bai todn trén néu ta bd di cac diu gia tri tuyét débi,
tim max clia a + b+ ¢ — abc . Day 13 mot bai toan rat tha vi va khong dé.

Vidu 1.1.10 (Iran MO 1998). Cho cdc s thuc duong a, b, c, d thod méan abed = 1.
Chitng minh ring

1 1 1 1
a3+b3+c3+d32max<a+b+c+d,—+—+—+—).
a b ¢ d
Lo1 GiAL Ta phai ching minh 2 bat ding thitc sau
A+ +E+d>atbte+d 1)

a3 + 6%+ ¢ 4 &3 > abe + bed + cda + dab  (2)
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Bat dang thic (1) dugc ching minh tuong tu nhu trong vi du 1.1.4. Bat ding thuc
(2) ¢6 duge bing tdng cac bat déng thic sau
a® + b3 + ¢ > 3abe b3+ ¢+ d® > 3bed
S +d®+ a® > 3cda d® + a® + b> > 3dab.
Chi ¢6 ddng thitc khia =b=c=d=1. 0O
Vi du 1.1.11 (USA MO 1998). Ching minh vdi moi s6 thuc duong a,b,c

1 1 1 1
c < —.
a3+b3+abc+b3+c3+abc+c3+a3+abc_ abc

L1 GiAl Ta c¢6 nhan xét sau ‘
a +b% > 2ab = a® + b® > ab(a +b)

N abc < abc _ c
B+ +c3 " ablat+b)+abc a+b+c

Xay dyng thém 2 bat dang thic tuong tu roi cong lai suy ra didu phai chiing minh

abc n abc + abe <1
a3 +b+abc B+cB+abc A+ad+abe T
D3ng thitc xay ra chi khia =b=c. O
Vi du 1.1.12 (France Pre - MO 2005). Cdc s6 thuc duong z,y, z thod man diéu
kién z2 + y? + 2?2 = 3. Hay ching minh
L2 L)
z Ty
Lo1 GIAL Binh phuong 2 vé ctia bat déng thic, ta phai chiing minh
oh? 2?22
22 2 42

222 +2+2%) > 3z + 9%+ 2%).
Chu § ring theo bit ddng thic AM — GM ta c6

2,,2 2,2 2.2 2,2 . ,2,2 2,2 2,2 2,2 2.2

x pA Z°T x z z zZ°r T zZ°T

2(§+y2+2)=(3+y2p(y2+2)+<§+ 2)
z x Y z z T Y z Y

> 2(2? + 3 + 2%).
Ding thic xady rachi khiz =y =2=1. U
Nhan xét. Cac ban hay kiém nghiém bat ding thic sau

ab b c
Néu a, b, c duong thod mdna3+b3+c3=3thi—c—+—ag+-b(123?

VAn dé tdng quat sé dugc giai quyét & chuong sau ciia cubn sach.




1.1. Bat ddng thitc AM-GM 11

Vi du 1.1.13 (IMO Shortlist 1996). Cdc sé duong z,y, z c6 tich bing 1. Chiing
minh bat ddng thic

Ty N yz 4 2z <1
oy +yd YPryz+® Atz T

L31 G1AlL. Ta ¢6 nhan xét sau
2+ >y =’ +y° > 22y (z + y)

Ty Ty 1 z

= < = = .
O tay+yd T ry+a?yie+y) ltazylzty) THy+z

Xay dung 2 bat déng thitc tuong tu véi z,y roi cong vé ca 3 bat déng thic ta cb
didu phai ching minh. Dang thic xay ra chi khiz =y =2 =1. a

Vi du 1.1.14 (Viét Nam MO). Céc sé thuc duong 1,22, ..., Tn thod man

SRS SV S
l+z 14z 14z,
Hay chitng minh rdng
T1%9...Ty = (n— 1)™.
Lo1 GIAL Tit gia thiét bai toén ta c6
1 1 1 x
+ + ... =2
1+x 1+x9 14w, 1+,

Sit dung bat déng thite AM — GM véi céc sb hang & vé tréi

Ty n-—1
> .
14z, = » (1 +z1)(1+z2)...(1 + Zp-1)

Ta ¢6 n — 1 bat ding thitc tuong ty véi méi sé 21, T2, ..., Tn-1, sau d6 nhan cac vé
tuong ting ciia n bat dang thic tren lai suy ra dpem. O

Vi du 1.1.15 (APMO 1998). Ching minh vdi moi z,y. 2 duong ta co

(1+§) (H%) (H%)zﬂy—;—%—zﬂ.

LO1 G1Al. D& dang nhan thiy bat ding thic trén 1a he qua tur bat déng thitc sau

T z x + 2z
y 2z Jryz
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Ta nhém va sit dung bat ding thic AM — GM

(3020252 (202 (243) s e e
Yy 2z y oz z

x

-} = + +
T y) — Yryz Yryz Yryz
1}
T
LT Y E Byt
Yy z JTyz

Déng thitc xay ra khi vachikhiz =y=2 O

Vidy 1.1.16 (Canada MO 2002). Vi moi z,y, z duong, hay chitng minh

I3 y3 23

—+—2z+y+=z.
yz rz Y

Lo1 G1AlL St dung bat dang thitc AM — GM cho 3 sb

3 3 3

;z-+y+z23:c , ;:y—z+m+z23y , ;:z-g+m+y23z.
Cong vé 3 bat ding thic trén ta ¢ didu phéi ching minh. O
Vi du 1.1.17 (Macedonia MO 2000). Ching minh vdi moi x,y, z duong
4?4+ 22 > V2ay + z2).

Lot GIAL St dung bat déng thitc AM — GM véi 2 sb

y
z? + 2 + 2* 2x2+_____(y-gz) > V2z(y+2). O

Vi du 1.1.18. Chitng minh vdi moi a,b, ¢, d duong ta luén cé
16(abc + bed + cda + dab) < (a + b+ ¢+ d)*.

Lo1 G1AlL Sit dung bt ding thite AM — GM cho 2 sb

16(abc + bed + cda + dab) = 16ab(c + d) + 16cd(a + b)
<4(a+b)2(c+d) + 4(c+ d)%(a + b)
<4(a+b+c+d)(a+b)(c+d)
<(a+b+c+ad)

Déng thic xay ra khi vachikhia=b=c=d. O

Vi du 1.1.19. Chitng minh rdng vdi cdc s6 duong a, b, c c6 tong bing 3 thi

ala+c—2b) blb+a- 20

c(c+b— 2a)
ab+1 bc+1

ca+1

> 0.
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Lo1 GiAl Bat déng thitc tuong duong véi

a(l -b) b(1 -c¢) e(l—a)

—_+1 1

ab+1 Tt bc+1 + +ca—l—l
a+1 b+1 c+1 >3

ab+1+bc+1 ca+1 "~

+1>3

Sit dung bt déng thitc AM — GM cho 3 s6 hang & vé trai

VT 3§/( (a+1)(b+1)(c+1)

ab+ 1)(be+1)(ca+ 1)

Ta s¢ chitng minh (@ + 1)(b+ 1)(c+ 1) > (ab + 1)(bc + 1){ca + 1).
That vay, bat ding thic trén tuong duong véi

abc+ab+bc+cat+a+b+c+3>a%?? +abc(a+b+c)+ab+be+ca+l
& 3> a®b’c + 2abe.

B4t ding thic trén hién nhién d¥ing vi theo bit ddng thitc AM — GM thi abe < 1.
Déng thic xdy ra khi vichi khia=b=c=1.0

Nhu da néi, cha y quan trong nhét khi sit dung bat ding thic AM — GM la
phai chon diing hg s6 khi ghép cip dé ding thitc c6 thé xay ra d\rdc Chéng han, ¢
vi du 1.1.6 ta khong thé sit dung bat ding thic

3

Theo cam gidc, ddng thitc x4y ra khi z = y = 2 = 1 nén ta chon dugc hé s6 1/8
dé cac sé hang bing nhau
z3 y+1 2+1_ 3z

(1+y)(1+2z) 8 g 21

V6i cac bai toan & dang chudn nhu trén, tic la c6 ddng thitc khi tit ca cac bién
bing nhau thi viéc ghép cip nhu vay tuong dbi dé, nhung véi mot s6 bai toan bat
ding thic khong déi xing thi cong viéc nay sé khé khan hon, ta phai ding phuong
phép Can bldng hé sé va phdi gidi cdc phuong trinh. Ban c6 thé xem trong phan sau,
bai viét v& Phuong phdp cin bing hé sé, trang 75.

1.1.2 K7 thuat Cési ngugc diu

Bay gi¢ ching ta s¢ xem xét bat ddng thitc AM — GM va mot ki that dac bict-
ki thuat Cési nguoe ddu. Day 1a mot trong nhitng ki thuat hay, khéo 1o, méi mé va
&n tugng nbit cia bt déng thitc AM — GM. Hay xem céc vi du cu thé sau
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Vi du 1.1.20. Cédc $6 duong a,b, ¢ thod man diéu kién a + b+ ¢ = 3. Ching minh
bat ding thic
a + b n c
1+b62 1+4+c¢2 1+a

>3
2= 9

Lo1 GI1AL Ta khong thé ding truc tiép bat ding thitc AM — GM vdi méu s6 vi bat
déng thic sau d6 sé ddi chidu

a b c a

21
1+b2+ I8

[\ A )

b
+

< — — >
l+c2+1+a2_2b+2c =

c
2a
Tuy nhién, rat may mdn ta c6 thé dung lai bat déng thitc d6 theo cach khac

a ab? ab? ab

_a _ &b ab® .
T A B R THR

Ta da st dung bat déng thitc AM — GM cho 2 s6 1+ b* > 2b & du6i miu nhung

lai ¢6 duge mot bat ddng thitc thuan chidu? Sy may mdn & day 1a mot cich ding

ngugc bt déng thitc AM — GM, mot ki thuat rt 4n tugng va bét ngd. Néu khong

sit dung phuong phap nay thi bat ding thuc tren sé rat kho va dai.

Tit bat ding thiic tren, xay dung 2 bit ding thite tuong tu vdi b, ¢ rdi cong ca 3 bét
d3ng thic lai suy ra
a b c ab+bc+ca

3
+ >a4+b4+c—- —m———— > =,
14 b2 1+02+1+a2_ ¢ 2 92

vi ta c6 ab + be + ca < 3. Dang thite chi x4y rakhia=b=c=1.0
Véi cach lam trén ¢6 thé xay dyng mot bat dang thic tuong tu voi 4 sb

Vi du 1.1.21. Ching minh rdng vdi a,b,c,d la cdc sd thuc duong c6 téng bing 4
ta cd bat ddng thic

a + b + c + d > 9
1462 1+4¢® 14d2 1+4+a%2~

Va néu khong dung néu khong dung ki thuat Cési nguge déu thi gan nhu bai
toan nay khong thé gidi dugc theo cach thong thudng dugce. Ki thuat nay thuyc sy
hiéu qua v6i cac bai toan bat déng thic hoan vi

Vi du 1.1.22. Ching minh vdi mot s6 duong a, b, c,d thod mdn diéu kien a + b +

c+d=4ta co
a b ¢ d

. _ + > 2.
1+b2c+1 '+1+d2a 1+a%2b ™
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\
Lo1 GiAl Theo bt déng thic AM — GM

a ab’c ab’c aby/c

Y  —a- >q— —q—
T30% ¢ T30 - e 1T 2
>a- by/a.ac Sa- b(a + ac)
2 4
a 1
— >a--= .
= 1+b20—a 4(ab+abc)
Hoan toan tuong ty ta c6 thém 3 bat déng thic sau
b > bc + bed ¢ c_cd+cda d > da + dab
1+c¢%3d ™~ 4 ' 1l+c%d 4  1+4+d%a "~ 4
Cong vé ca 4 bat ding thitc tren
a b c d

>
1+b2c+ 1+c2d+ 1+d2a+ 1+a?b ™~
. A
2a+b+c+d—Z(ab+bc+cd+da+abc+bcd+cda+dab).
Tit bét déng thitc AM — GM dé dang suy ra cac bat déng thic

ab+bc+ecd+da < %(a+b+c+d)2=4,

abc+bcd+cda+dab$liﬁ(a+b+c+d)3=4.
Do d6 ‘
a b c
> b -2=2.
et Tr@d t Tada T Tram 2o tbtetds?
Déng thitc xay ra khi vachi khia=b=c=d=1. U

Vi du 1.1.23. Ching minh vdi moi s6 thuc dwong a,b, ¢, d ta luon cd
ad b3 3 d3 a+b+c+d
T Tt e gt Er g S :
a?+b b +c c?+d d?+a 2

Lo1 GIAL S& dung bét ddng thitc AM — GM v6i 2 b

ad ab? ab? _ b

—a- >a— — _

PRy IS S 20 o273
Xay dyng 3 b4t déng tlitc tudng tu véi b, ¢, d réi cong vé& cic bat ding thitc lai ta
¢6 didu phai ching minh. D&ng thitc x4y ra khi t&t ca cac bién bing nhan. O

Mot bat ding thitc cing dang trén la
at N bt 4 ct N d* a+b+c+d
a3+ 203 B3 +23  S+2d8 d3+2a T 3 '
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Vidu 1.1.24. Cho a,b,c> 0 va a + b+ ¢ = 3. Ching minh

a2 N b2 N C2
a+202  b+2c2 42427

Lo1 GIAlL S dung bién déi va bat ddng thitc AM — GM cho 3 sb

a? 2ab? 2ab? 2(ab)?/3
e = e D = e == (= e
a+ 2b2 a + 2b? 3 abd 3.

Hoan toan tuong tit ta ciing cé 2 bat ding thitc

2
b sp-2

c? 2 9
2 S 2 /3
b+2c2 =" 3 z ¢ 5lca)

2/3
(be)™, ¢+ 2a2 3

Do dé6 ta chi cAn ching minh
2
a+b+c— 3 ((ab)2/3 + (be)?/3 + (ca)2/3) >1

& (ab)?? + (be)*3 + (ca)?® < 3.
Nhung bat ding thitc nay hién nhién ding, vi theo bat ding thic AM - GM

a+‘hb+b > 3(ab)?? . b+bec+c>3(be)??, c+ca+a>3(ca)?’,

ngoai ra dé thiy 3 > ab + bc + ca nén ta cé didu phai chitng minh. DAng thntc xay
rakhivachikhia=b=c=1. 01

Két qua clia bai toan vin ding khi thay gid thiét a+b+c = 3 bdi ab+bc+ca = 3
hosc \/a + vb + /¢ = 3, trudng hgp sau khé hon mot chit. Ta c6 them mot bat
ding thitc khac ciing dang trén
Vidu 1.1.25. Cho a,b,c>0 va a+ b+ c=3. Chitng minh rang

a b2 2

c
> 1.
a+2b3+b+2c3+c+2a3 -

Lo1 GiAL Ching minh tuong tu, dua bit déng thitc vé
bVa2 + c Vb2 +aVe2 < 3.
Sau d6 4p dung bat ding thitc AM — GM
ba?P < b(2a+ 1), P <c(2b+1), ac??<a(2c+1).

Cong vé ca 3 bat déng thitc trén ta c6 didu phai ching minh. O
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Vi du 1.1.26. Ching minh vdi moi s6 duong a, b, ¢ cé tong bing 3 thi

a+1+b+1+c+1>3
b2+1 241 @241~ 7

Lot GIAL Theo bat ding thitc AM — GM dé thiy

a+1 (a+ 1)b? b(a +1) ab+b
——— —_——— > - L @ — .
Fri-otl- g 2et! 5 a+1 5

Tuong tu ta cé 2 bat dang thic nita vdi b, ¢ rdi cong lai

a+1l b+4+1 c¢c+1 ab+b bc+ ¢ " ca+ta
> 1-— b+1-— 51 —
b2+1+c2+1+a2+1"(a+ 2 >+'(+ 2 .)+(c+ 2 )

___3+a+b+c—;b—bc——ca > 3.

Déng thic chi xay ra khi vachikhia=b=c=1. O

Sau day la bai toan tuong ty véi 4 bién sb

Vi du 1.1.27. Ching minh rdng vdi moi a,b, ¢, d duong cé tong bing 4 thi

atl b+ 1 e+l A+l
+1 c2+1 d&+1 a2+1 7~ 7
Ciing bing phuong phap tuong tu ta cé bat ding thic sau day
Vi du 1.1.28. Ching minh rdng vdi moi a,b, c, d duong cé tong bing 4 thi

1 + 1 N 1 N 1 S 9
a?2+1 241 241 d24+177

Lo1 GiAl. That vay, ta ¢6 danh gia sau

a
=1 - —>1 —.
a?+1 a?+1 7~ 2a 2
Sau d6 chi can lam tuong tu véi b, c, d_réi cong lai. O
Ki thuat Cési nguge la mot ki thuat méi giap gidi quyét bai toan theo 16i suy

nghi nhe nhang va trong sang, cac két qua duge lam bing kI thuat nay néi chung
ciing rat khé c6 thé lam duge theo cach khéc, hosc phai lam theo cach kha dai.
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1.2 Bt ding thic Cauchy-Schwarz-Holder

1.2.1 BAt ding thic Cauchy-Schwarz va ing dung

Dinh ly 1.2 (Bat ding thitc Cauchy-Schwarz). Védi 2 day sé thuc tuy g
ai1,as, ..., an va by, by, ..., by, ta ludn cé bét ding thitc

(@2 + a2+ ...+ a2) (b2 4+ b2+ ...+ b2) > (ar1by + aghby + ... + anby)?.

Ddng thitc zdy ra khi va chi khi (ay,ag, ..., an) va (by, by, ..., by) la 2 bo ti lg, tuc la
ton tai sé thuc k dé a; = kb; Vi =1, 7n.
CHUNG MINH. C6 3 cach don gian chitng minh bat ding thitc trén.

Cdch 1. Day la cac chitng minh quen thudc sit dung phuong phap tam thic bac 2.
Xét tam thic sau day

f(x) = (a1 — b))? + (agz — b2)? + ... + (anz — by)2.

Sau khi khai trién ta c6

2

f(z) = (af + a3 + ... + a2)2® — 2(a1by + agbz + ... + anbp)z + (b + b3 + ... + b2).

Mat khac vi f(z) > 0 Vz € R nén theo dinh li vé diu ciia tam thitc bac 2
A <0 (a2 +ad+...+a2)(b? + b3+ ...+ b2) > (a1by + agho + ... + anby)?.

Déng thitc x4y ra khi phuong trinh f(z) = 0 c6 nghiém, néi cdch khac (a1, az, ..., an)
va (b1, b, ..., bp) 12 2 bo ti le.

Cdch 2. Mot cach ching minh khac ciing rat can nhé, vi ta s¢ sit dung lai trong 1
b bai tap, d6 la phuung phap sit dung déng thitc. Ta c¢6 hing dang thiic sau

(@3 +ad+...+a2) (B3 +b3+ ... +b2) — (arb1+agba+ ... +anbn)? = D _ (aib; — a;b)>.
ij=1

Va do dé hién nhién phai c6

(af+ a3+ ... +a2) (b2 + b3+ ... +b2) > (arby + agby + ... + anby)?.

Cdch 3. Ngoai ra bat ding thic Cauchy — Schwarz ciing ¢6 thé chimg minh tryc
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tiép bing bat déng thic AM — GM chi véi 2 sb, day 1a mot ching minh rat hay va
dung d¢ md rong cho bat ddng thiue Holder.

al b
a?+a2+ .. +a2 +b§+b§+...+b’$L
S 2|aib,~l ‘
T V(@i +aZ+ . +a2) (B2 + b3+ ..+ b2)

Cho 7 chay tit 1 dén n roi cong vé ca n bat ding thitc lai ta c6 két qua. Day ciing la
mot chitng minh rat ngan gon. 0

Bat dang thitc Cauchy — Schwarz ciing 1a mot bt ding thic rit quen thusc véi
cac ban hoc sinh pho thong va vige ndmn chic st dung thanh thao bat dang thiic nay
la rat can thiét cho tit ci ban doc, khong chi véi cac ban thi hoc sinh gioi, Olympic
quéc gia, qudc t&é ma ngay ca véi cac ban on thi vao 16p 10 va thi vio dai hoc.

Céac he qud sau day sé cling ¢b them céc Ung dung khéc nhau cta bit ding thic
quan trong nay.

Hé qua 1.1. Vi 2 day s6 (a1, aq, ..., an) va (by, by, ..., by), b; >0 Vi =1,n,

a_%+a_%+_”+iv252 (@1 + a2 + ... + ay)?
by by by bi+ba+ ... + by

Bét dang thnte tren thuong duge goi 1a bat dang thie Schwarz.

Hé qua 1.2. Vg 2 day sé thuc ay,ap, ..., an va by, bs, ..., b, ta c6

\/a’;’ +03+/ad+ b3+ .+ a2+ 02> lar+ ..+ an)? + (b + ... + bn)2.

CHUNG MINH. Ta chi can chimg minh trong trudng hop n = 2. Véi cac gia tri khac,
bat ding thitc dugc suy ra tryc tiép bing phuong phdp quy nap. Tuy nhién vdi
n = 2 thi ta c6 bat ding thitc Cauchy — Schwarz

\/af +03 +1/af + b3 > /(a1 + a2)? + (b1 + by)?
& (af + a3) (b} +b3) > (a1by + azby)?.
Déng thic ciing xay ra khi (a), az, ..., an) va (by, b, ..., by) 12 2 bo file. O
Heé qua 1.3. Vdi moi day sé thuc a1, as, ..., an ta €6

(a1 +ag + ...+ an)? <n(a? +ak + ... + a?).
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CHUNG MINH. Stt dung bat déng thitc Cauchy — Schwarz véi 2 bo sb
(a1,a,...,an) , (1,1,..,1),
Trong d6 bo sb thit 2 gdmnsdé 1. O

Sau day la nhimg ng dung thudng gap va tiéu biéu ctia bat ding thitc Cauchy —
Schwarz. Ta xem xét qua céac vi du tit don gian dén phic tap.

Vi du 1.2.1 (Math Changelles). Cho cdc s thuc duong z1,x9,...,Tpn €6 tong
bing 1. Hay tim gid tri nhé nhdt cia biéu thic

1\? 1\? 12
(CI}1+—) + (.732+—) + ...+ <$n+—-) .
Iy I Tn

Lo1 G1AlL St dung bat ding thic Cauchy — Schwarz ta c6

1)\? 1\? 1\?2
o2 o2 20 o)
I i) In

1 11 1)?
>—{zi+o2t+. Tt -+ -+t
n I

i) Tn
11 1 n?
Sttt —2 =n2.
i) X9 . Ip 1+ T2+ ... +Tn

Tu 2 bat diing tinte trén ta suy ra

1\? 1)° 1\? _ (n?+1)?
zi4+—) +lze+—) +..+lTnt+t—) 2—
I k) Tn n

Déng thitc xay ra khi va chi khi z; = 29 =.=gz,=1/n 0
Vi du 1.2.2. Gid st a,b, c la cdc sé thuc dudng, ching minh ring

a + b + c > 9
(b+c)?  (c+a)?  (a+b)? ™ 4(a+b+c)

LoO1 GIAL S dung bat ding thic Cauchy — Schwarz ta c6

(+b+)a+b+c>(‘l+b+c2
¢ ¢ b+c)?2  (c+a)? (a+b)?) " \b+tc c+a a+bd '

Lai theo bt ding thic Cauchy — Schwarz

a b c a? b? c? (a+b+c)?
+ + = + + >
btc a+c a+tb ab+ac batbc ca+ch ™ 2(ab+bc+ ca)

3
> —.
-2

Tt 2 bt ddng thic trén ta cé dpem. Ding thic xdy rakhia=b=c. U
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Vidu 1.2.3. Cho cdc s6 duong a,b,c c6 tong bing 3. Chiing minh réng

a? N b? 4 c? -
a+2b2  b+22  ¢c+2a2 "7

Lor GiAl Bai toan da dugc gidi ¢ phan trude bing ki thuat Cosi ngugc dau, tuy
nhién lai ¢6 thé giai kha don gidn bing bat ding thitc Cauchy — Schwarz nhu sau
a® + b2 N c? S (a% + b% + ¢?)?
at+202  b+2c®  c+2a% T ad+ b3+ 3+ 2(ah? + b2 + 2a?)’

Do dé6 ta chi cAn chitng minh
(@+02+A?>a®+08+ 2+ 2(a?b? + b2 + ?a?)
sat+bt+ct > a® + b + 3.

B4t ding thic nay kha quen thudc, ta cé thé dung chitng minh hoan toan chi béng
bit dang thic Cauchy Schwarz

32+ 0%+ ) = (@ +P + ) a+b+c) > (a® + b2 + )2
@+ +cH(1+1+1)>(a+b+c)2=09.
Dodéa?+b2+c®2>3,suyraa® + 63 +¢® > a2 + b2 +¢2
(@ +0+ )@@+ + ) > @+ + )2 = at + b0 et > a® + 5%+
Déing thitc chi xdy rakhia=b=c=1. O
Bét déng thic trén duge chitng minh d& dang bing cach sit dung bit ding thic
Cauchy — Schwarz, tuy nhién véi bat déng thic kha tuong tu khéc
a? n b? N c? 3
a+b2 b+ ct+a? T 2

Ta chi c6 thé st dung phuong phap Cési ngugc, khong sit dung dugce triye tiép
dugc bat déng thitc Cauchy — Schwarz.

Vi du 1.2.4 (Viét Namm MO 1991). Gid séz >y > z > 0. Chatng minh

22

2 2
T z
oy Y2 2w
z T Y

T
>a2? 492 + 22

Lo1 GIAL Theo bit déng thitc Cauchy — Schwarz ta c6

2 2
xr z2°r ez x A
( y+L+—>(——+y—+—y)2(x2+‘y2+z2)2.
2 T y T
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Mait khac viz > y > 2z nén

2y
2

+£2_+§_x_3_2_y__{_ﬁ= (ey+yz+2z)z—y)(@-2y -2 4
T Y Y z x xyz

Tit d6 ta c6 didu phai ching minh. Déng thic xay ra khiz =y = 2. a

Vi du 1.2.5 (Iran MO 1998). Gid st z,y,z2 21 va L + 1 + % = 2. Chitng minh
T Yy
T+y+z>Vz-1+y-1+vz-L
1 1 1 -1 -1 -
L(’)IGIAI.W—+-—+—=2=>$ +y +z 1:1.
T Yy =z x Y z

Theo bat déng tinte Cauchy — Schwarz ta c6

-1 y—-1 =z2z-1
z+y+z=(z+y+2) + =+
T Yy 2

> (\/x——_l VY -1+ \/z_——1)2
L VTR VAT Vi T4vE
Déng thitc xay ra khi va chi khiz =y =2 = 3/2. a
Vi du 1.2.6 (Greece MO 2002). Cho cic 6 thuc duong a,b,c cé tong bing 1.
Chitng minh bdt ddng thic

a b c
> b 2,
yTC I YN RV B > (av/a+ bvb+ Vo)

CHUNG MINH. Sit dung tryc tiép bat ding thic Cauchy — Schwarz

a_ . b Lo . a? 4 b3 + 3
+1  2+1 a2+1 4a??+a? 4622+ b2 4c?a’ +
(ava + bVb + cv/e)?

> .
= 4(a?b? + b2c2 + c%a?) + a? + b + 2
Phan con lai ciia bai toan, ta chi can chimg minh
4@+ 022 + P+ E P+ < 1= (a+b+0)’
& ab(1 — 4aby+ be(1 — 4be) + ca(l — 4ca) > 0.
BAt déng thic nay hién nhien ding via+b+c< 1= ab, be, ca < 1/4.

Déng thic xay ra khi trong 3 s6 a,b,c ¢ 1 56 bang 1 va 2 sb bing 0. O
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Vidu 1.2.7 (Crux). Véi moi z,y,2z > 0, ching minh

Ve + 14+ V2 +1+ V22 +1> 6z +y + 2).

Lo1 G1AL Ap dung hé qua (1.2) ta c6

V2 1+ V2 1+ V241> /(g +y+2)° + 32
Theo bat ding thitc AM — GM ta c6
(z+y+2)°+3>6(z+y+2).
. DAng thutc xay ra chi khi z = y =z=110
Vi du 1.2.8. Xdc dinh diéu kién can va di vdi cdc sé thuc r1,79, ..., 7n sao cho
:E% +.:v§ + ...+ x?l > (rizy +71oxs + ... + 1"nzn)2

ding vdi moi day 1, x2, ..., 2y € R.

Lo1 GiAlL. Cho z; = r; ta suy ra day (r;) phai thod mén
rP+ri+ i +ri<l

Day ciing 1a diéu kién da. that vay, néu diy (r;) thod méan diéu kién nay thi theo
bat dang thic Cauchy — Schwarz ta cé

x? +:r§ Fodal > (P 4ri )@ a4 4 2d) > iz Fraca . )t
Khéng dinh dugc chiing minh xong. O
Vi dy 1.2.9 (IMO Shortlist 1993). Ching minh vdi moi sé dwong a,b,c,d

b d 2
S ER. —— > =
b+2c+3d c+2d+3a d+2a+3b a+2b+3c 3
Lo1 GiAL Theo bat déng thite Cauchy — Schwarz ta c6
a2 b2 c2 . d2
VT = + + +
ab+2ac+3ad  be+2bd+ 3ba  cd+2ca+ 3cb  da+ 2db+ 3dc
(a+b+c+d)?

> .
~ 4(ab+ bc+ cd + da + ac + bd)
Mit khac
(a+b+c+d)? =2(ab+bc+cd+ da+ ac+ bd) + a + b + ¢ + d?

> g(ab+bc+cd+da+ac+bd).

Tit d6 ta c6 dpcm. Déng thitc xdy rachikhia=b=c=d. O
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Vi du 1.2.10. Ching minh vdi moi a, b, c duong

a®b + bic + ca abc(a +b+c)
1+ab?  1+bc2  14ca2™~ 1+abe
Lo1 GiAl Véi moi sbé thue duong k. theo bat dang thic Cauchy — Schwarz

a? + b? + c? (a+b+c)2  a+b+c
bt ke ct+ka a+kb" (k+1){a+tb+c)  k+1

k)

Lay k = 1/(abc) ta c6 diéu phai ching minh. Déng thitc x4y rakhia=b=c. QO
Vi du 1.2.11 (B4t ding thic Nesbitt 6 bién). Ching minh rang vdi moi
a,b,c,d,e, f la cdc sb thuc duong

a+b+c+d+e+f>
b+c c+d d+e e+f f+a a+b”

3.

CHUNG MINH. Theo bat ding thic Cauchy — Schwarz

a + b + c + d " e + f
b+c c+d d+e e+f f+a a+d
a2 b2 c2 d2 62 f2

ab+ac+bc+bd+cd+ce+de+df+ef+ea+fa+fb
S (a+b+c+d+e+ f)?
= ab+bctcd+de+ef+ fa+ac+ce+ea+bd+df + fb

Goi S 12 mAu sb cla phan thic néi trén
2§ =(a+b+ct+dte+f)?— (a2 +b%+c?+d>+ e+ f2 + 2ad+ 2bd + 2cf).
Theo bt ding thitc Cauchy — Schwarz ta cé
a® + b2+ 2+ d*+ e + f? + 2ad + 2bd + 2cf
=(@+d?+0+e)?+d+f)?
> %(a+b+c+f+e+f)2.

Do d6 25 < 2/3(a+b+c+d+ e+ f)?, ta c6 dpcm. Dang thitc xay ra chi khi
a=b=c=d=e=f. 0

Vi du 1.2.12 (Korea 2002). Hai ddy s6 thuc a1,az, ..., ay va by, ba, ..., by thod man
a?+ad+..+ad=b+bi+.. +b=1
Chitng minh bit ddng thic

(a1by — aghy)? < 2laby + agby + ... + anbn — 1.
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LO! GIAL Trong bai nay ta phai sit dung déng thic khai trién bat déng thic
Cauchy — Schwarz, d6 la
(@ + ...+ a2) (B + ... + b2) — (a1b1 + ... + anbn)?
i3
= Y (aibj — ajb)? > (a1by — azh)”.
ij=1
Theo gia thiét a2 + a2 + ... + a2 = b3 + b3 + ... + b2 = 1 nén theo bat déng thitc
Cauchy — Schwarz ta c6 1 > aiby + agby + ... + anb, > —1. Do d6
(1 —aiby —aghy — ... — anbn)(l +a1by +agbo+ ...+ anbn) > (a1b2 - a2b1)2.

= 2|a1b1 4+ ashy + ... + anb, — 1| > (a1b2 - a2b1)2. a

Vi duy 1.2.13 (Crux). Tim gid tri nhé nhdt-ciia biéu thic
3a + 4b + 5¢
b+c c+a a+b

Védi a,b, c la cdc s6 thue duong tug .

Lo1 G1AL S dung bat ddng Cauchy — Schwarz

3a 4b 5c . 3 4 5
+(B3+4+5)=(a+b+c) (b+c+c+a+a+b)

b+c+c+a+a+b
1 3 4 5 >>(\/§+\/Z+\/5)2
5 )

=§w+c+c+a+a+m<b+c+c+a parr

. . N 1
Suy ra gié tri nhé nhat clia bicu thitc bang 5(\/5 +vV4+ \/5)2 —12.

” b+c c+a a+bd ’
Pang thitc xay ra khi va chi khi = = . Q
¢ Y V3 2 NG

Vi du 1.2.14. Ching minh ring néu a,b,c> 0 va abc = 1 thi

1+1+1
24+4a 24b 24c¢”

L&1 G1Al. Bét dang thic tuong duong véi _
2 .2 2
1-—+1- 1-—- >1
24a + 2+b + 24c ™~

¢a+b+c
24+4a 24b 24c¢”
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Tén tai cac sb thuc z,y,z sao choa=z/y,b=y/z,c = z/x. Ta phai ching minh

z/y + v/ + 2/ >1
2+zxfy 2+y/z 2+z/x
Yy z

& ——+ > 1.
T+ 2y y+2z+z+2:c—

Theo bat ding thic Cauchy — Schwarz ta c6

T Ly r (x+y+2)>2
T+2y y+2z z+2z " z(z+2y) +yly+2z)+ 2(z + 2x)

Déng thic xay ra khi vachikhiz =y=zhaya=b=c=1 U
Vi du 1.2.15. Chitng minh ring vdi moi a,b, ¢, d duong cé tich bang 1 thi
1 1 1 1

a0+ D) Thito T divd Tdira Sl

Lo1 G1AlL Do abed = 1 nén tdn tai cac sb6 thuc z,y, z,t sao cho
a=y/z,b=z2/y,c=t/z,d=z/t.

Thay a, b, ¢, d bdi ,y, 2, t vao bit dang thic
1 1 1 1
Vel r o T s T e a) ey
o + Yy + i + t > 2.
y+z z+t t+x zxT+y "~

Day la bat déng thic Nesbitt 4 bién da dugc ching minh & trén. O
Vi du 1.2.16. Chitng minh ring néu a,b,c,d la cdc sé thuc duong va r* = abed > 1
bdt ddng thic sau luon ding

ab+1 bc+1+cd+1 da+1>4(1+r2)
a+1 ' b+1  ec+1  d+1 = 14r

Lo1 GlAl Chi ¢ ring tit gia thiét abed = r* > 1 ta suy ra ton tai cac sb thyc dudng
z,, z,t sao cho
T TZ Tt rT
a="2 b= =2 d=—.
T Y z t

Khi d6 bat ding thitc dugc viét lai dudi dang
2 2 .
%’i+1+r—,}+1 %ﬁ+1+r—ﬁ+1>4(r2+1)
TY T t T =
R T !
r2z+x+r2t+y r2x+z+r2y+t>4(r2+1)
ry+zx  rz+y rt+z re+t - r+1
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Xét 2 bidu thic

T+ z y+t T+ =z y+t
A= + + )
ry+x rz+y rt+z rxr4+t

S S SO S
“ry4+x rz4+t rt+z  rr+t

Ta phai chitng minh

2
A+(2-nB> X"+
or+1

Theo bat ding thitc AM — GM dé thiy
dr(zy + yz + 2zt + ta) + 8(xz + yt)
=4(r-1(z+2)(y+t)+4(z+ 2)(y+ t) + 8zz + 8yt
S(r-DE@+y+z+t)+2c+y+z+1)?
S(r+1)(@+y+z+t)2

St dung bat déng thic Cauchy ~ Schwarz, chi § ring r > 1 ta ¢6

4(z + 2) + 4(y +t)
r+z+ry+rt y+t+rr4rz
4z +y+2+t)? 5 _8
(z+2)2+y+t)+2r(z+2)(y+t) " r+1
(x+y+2z+t)?
2ry+z) +trz+y) +z(rt+ 2) + y(rz + t)
(z+y+z+t)? .4
rley+yz+ 2t +te)+2(xz+yt) " r+1

>
Tur 2 bat déng thitc trén ta c6 didu phai chiing minh. Dang thic xdy ra khi va chi
khia=b=c=d=r. Q

Sau day ching ta sé nghién cttu mot dang md rong thudng gip va ¢6 nhidu \ing
dung cta bat ding thitc Cauchy — Schwarz, d6 13 bat ding thic Holder.

1.2.2 B4t dang thitc Holder
Dinh 1y 1.3 (Bat ding thitc Holder). Vdi m day sé duong (@1,1,81,2, .-, Q1 .0),
(a2,1a A2,2y .00y a2,n) e (am,la A 2y ooy am,n) ta cd

m

mn
(> )=

i=1 \j=1




28 Chuong 1. Bat ding thitc co s6

Ddng thic zdy ra khi m day do tuong dng ti lé. Bét ding thic Cauchy — Schwarz
la hé qud truc tiép cia bit ding thic Holder vdi m = 2.

Hé qua 1.4. Véia,b,c,x,y,z,m,n,p la cdc sé thuc duong ta cé
(@®+ 6% + SA)(@® + y® + 23)(m3 + n® + p®) > (axm + byn + czp)®.
CHUNG MINH. Thuyc ra day chi 1a hé qua truc tiép clia bat déng thitc Holder véi

m = n = 3. Cach chitng minh sau c6 thé lam lai hoan toan tuong tu vai dé chitng
minh bit ding thic Holder dang téng quat.

Stt dung bat ding thitc AM — GM ta c6

a3 .\ 23 . m3
a3+ +ed 23493423 mPimd4pd
3azm

> .
T (@@ + 85+ ) (@d + 3 + 23)(m3 + nd +pd)
Xay dung tuong ty 2 bat déng thic nita vdi (b, y,n) va (c, z,p) rdi cong theo timg
vé ta ¢6 diéu phai chimg minh. O
Mot hé qua ciia bat ding thitc Holder thuong duge ap dung la

Hé qua 1.5. Vdi day sb duong ay, ay, ..., apn, chitng minh
(l+a)(1+a2):.(1+ay) > (1+ Yajaz...an)™

CHUNG MINH. St dung bat ding thitc AM — GM ta c6

1 1 1 n

+ ot ,
l4+a;  l+ag l+a, = Y/(1+a1)(1+a2)...(1+a,)

aj as aq, n{/a1ag...an

+ + ...+ > .
l+a;  1+ag 1+an Q/(1+a1)(1+a2)...(1+an)

Cong theo titng vé 2. bat ding thitc trén ta c6 diéu phai chitng minh. O

Bét ding thntc Holder 1a mot bat déng thic manh va ¢6 nhidu tmg dung, nhung
rat tiée n6 khong ditge diing phid bién & phd thong hién nay. Cac hé qud riéng & trén
dé minh hoa cho bat diing thitc Holder ci v& cach chitng minh lan cach st dung.
Viéc lam quen va thudn thuc véi bat dang thic nay ciing rat can thiét, vi tuy ring
c6 mot phat biéu hoi khé nhin, bat ding thic Holder hoan toan dé& hiéu va ing
dung hiéu qua véi nhidu bai toan. Sau day 1a mot sb vi du.

Vi du 1.2.17 (IMO 2001. Pro A2). V& moi a,b, c duong ta cé

. R
Va2 +8bc  VbZ+8ac V2 + 8ab
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L1 GIAL Xét cac bidu thic
a b c
= + + :
Va2 +8bc Vb2+8ac 2+ 8ab
B = a(a® + 8bc) + b(b? + 8ac) + c(c® + 8ab) = a® + b + ¢ + 24abe.

Theo bat déng thie Holder véi 3 day (hé dué 1.4} ta c6
A.AB> (a+b+c)
Ta bay gid ta chi cAn chimg minh (a + b+ ¢)3 > B, hay
(a+b+e)®>a®+ b+ 3+ 24abc & cla—b)2 +a(b—c)? +b(c—a)? >0.

Dang thitc xdy rachi khia =b=¢. O

Vi du 1.2.18. Ching minh réng néu a,b, ¢ la cdc s6 thue dudng cé tich béng 1 thi
ta c6 cdc bdt ddng thic sau day

a b c

+ + >
Vi+b+e VT4+c+a VT+a+b
a b c

+ + >
VT+02+c2 VT+cZ+a? VT+ad2+ 82

Baét ddng thitc sau c6 diing hay khong ¢

a b c
+ + >
VIi+bB+3 Vi+d+a® Vi+ad+8

Lo1 G1AlL Véi bat dang thic dau tien, dit

a b c
+ + ,
Vi+b+c VT+cta VT+a+b
B= a(T+b+c)+b(T+a+c)+c(T+a+b).

Theo bat déng thic Holder ta c6
A’B> (a+b+c)d

Ta phai ching minh (a +b+¢)® > B = T(a+ b+ ¢) + 2(ab+ bc + ca).
Theo bat ding thiic AM — GM, a + b+ ¢ > 3vabc = 3 nén

, 2
(a+b+c)327(a+b+c)+§(a+b+c)227(a+b+c)+2(ab+bc+ca).
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V6i bat déng thic thi 2, ta dat
a b c
+ + ,
VIF2+ 2 Vi+aZ+c  VT+a?+b?
D= a(T+b2+ ) +b(7T+c+a?) +c(T+a*+b?).

Theo bat ding thic Holder thi C2D > (a+ b+ ¢).

D= T(a+b+c)+{(a+b+c)(ab+bc+ ca)— 3,
(a+b+c)’
3
Tit d6 suy ra didu phi chitng minh. B&t ding thitc thi 3 khéng ding. That vay, ta

chi cdn cho a — 0 va b= ¢ — 400, chdng han a = 107%,b=c = 100. A

Vi du 1.2.19 (Junior Banlkan 2000). Ching minh vdi moi a,b, c duong

< Ta+b+co)+ -3< (a+b+e)

3 0B a2 B 2
I S T T
+02+a2" b+c+a

a

b2

Lo1 GIAL S dung bt ding thitc Cauchy — Schwarz ta cé
a2 b2 2

. > 2
(b + A + a)(b+a+c)_(a+b+c),

ad v A3 2 B 2\?
— 4 =+ = >S{—+—+=) .
<b2+02+a2)(.a+b+c)_ (b +o+ a)

Tt 2 bat diing thitc trén ta c6 didu phai clntng minh. 4

Ta c6 bai toan téng quat sau
Vidu 1.2.20. Vdia,b,c la cic sé thuc, k > 1,k € N thi
k+1 bk+l ck+1 ak bk ck

a
bk + ck + ak 2 k-1 +ck—1 +ak—1’

Lot GlAlL Sit dung bat ding thitc Holder

ak bk ck - .
(bk’—l +Ck—1 + ak—l) (b+a+c) " 2(a+b+c)

ak bk ck
2 S Ry

gkt pktl okl kol ak bk & \F
Tk Tk (a+bto)2 | gy + o+ 1) -
Tit 2 bat déng thic trén ta rat ra didu phai chitng minh. K&t qua nay vin dihg néu

k hitu ti (ching minh tuong ty), vd do d6 sé dung véi moi sb thuc k£ > 1, khong
nhét thiét k 1a s6 nguyen. O

=

>a+b+ec,
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Vi du 1.2.21 (Singapore MO 2002). Ching minh vdi moi s6 duong a,b,c
3(a® + b2 + )2 > (a® + b% + ¢?)>.
LoO1 GIAL St dung trye tiép bat dang thae Holder
@B+ +3) @+ +S)(1+1+1) > (a?+ b2 +%)°% O

Vi du 1.2.22 (Crux). Vdi cdc sé thuc duong a1, az, ..., Gn €6 tong biang 1, hdy tim
gid tri nhé nhdt cud biéu thic

S A"
Si—a  Via Ve
La1 G1Al. Xét cac biéu thite
ai az an
A= + o
Vi—a1 V1-ao v1-a,

B= ai(1-a))+as(l-a)+..+an(l-an).
Theo bat déng thic Holder ta ¢
A B> (a'+as+ ..+ an)® = 1.
Ngoai ra d& thay

(a1+a2+...+an)2 _n-1
n n

[ n ,
Do d6 A > —7 Dang thite xay ra khi va chi khi a; =
n—

B=1-(a®+ai+..+a2)<1-

| =

. Vi=1,n 0O

3

Vi du 1.2.23. Cho cdc sé thuc khong am a,b,c c6 téng bing 1. Chitng minh rdng

a b c
: + = + = >1
Ya+¥20 Vb+2c Ve+2a~

Lot GIAL Xét tac bidu thic
a b c
= 3 + 3 + 3 ?
Yat2b Ib+2c Vc+2a
P =a(a+ 2b) +b(b+ 2¢) +c{c+2a) = (a+b+c)?=1
Theo bat ding thic Holder '

S3.P2(a+b+c)4=>532(a+b+c)2=l=>82 L.

Déing thitc x&y ra khi va chi khia=b=c¢=1/3. O
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Vi du 1.2.24. Ching minh bdt ding thic

a b c
+ + > \/5,
V22 4+2¢2 -~ a2 V2c2+2a2 =02 V2a2 262 -2 T

Trong dé a,b,c la cdc sé thuc duong sao cho cdc can thic ton tai.

Lot G1Al Goi bidu thite vé trai 1a P. Dat
S = a(2b® +2¢% - a?) + b(2c® + 2a% — b?) + ¢(2a® + 262 - P)
2ab(a + b) + 2bc(b+ ¢) + 2ca(c + a) — a® — b3 — &,

Theo bat déng thitc Holder ta c6
PPS > (a+b+c)
Do d6 ta chi can chitng minh
(a+b+c)>38.
Bat ding thic trén tuong duong véi
4(a® + b3 4 ¢) + 6abe > 4 (ab(a + b) + be(b + ¢) + calc + a)).
Dé c6 bat ddng thic tren, ta chi cin cong vé 2 bat ding thie quen thuoe sau
3(a® + b% + ¢3 + 3abe) > 3 (ab(a + b) + be(b + ¢) + calc + a)),
a® +b® + & > 3abe.
Déng thitc xay ra khi vi chi khia=b=c. O
Vidu 1.2.25. Chitng minh rdng néup > 2 va a;b,c> 0 thi

3 b b3 b e b
i,/ap-:‘pfc_i_i./ p++p(11c+\J/cp++ptlcha+b+c.

LO1 GIAL. Goi P 1a biéu thic vé trai, 4p dung bat ddng thic Holder ta c6

(a+b+c) ((a® + pbe) + (6% + pea) + (¢ +pab)) (1 +1+1) > (p+1)P3.
Do d6 ta chi can chitng minh ring
p

+1
(a® + pbe) + (b + pea) + (c + pab) < 3 (a+4b+c)
B4t ding thic nay hién nhién vi

-2
VT=(a+b+c)2+(p—2)(ab+bc+ca)g(a+b+c)2+1’-§—(a+b+c)2=v;>.

Déng thitc xdy rakhia=b=c. 0O
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Viduy 1.2.26 (M3 rong IMO 2001 Pro. A2). Cho cdc sé thuc duong x1, 22, ..., Tn.
Dit y; = 21%9...T;—1Ti41Li42..-Tn. Ching minh bat ding thic
T T
- + z +
"'\l/ R e 0 B Y £ ol (e V7

4.+ In > 1.

n_\ll x;’fl + (! - 1)yn -

Lot GiAlL Dat S la vé trai ciia bat ding thite va

P=g (a0  + (@ = Dy1) + 22 (2f 7 + ("7 = D) +
+ .4z, (zﬁ_l + (n"‘1 - 1)yn)

=2+ 23+ ...+ 2+ (0" = n)zize.. T
Theo bat ding thiic Holder ta c6
SIP > (zy + x4 .+ TR)™
Ta phai chitng minh
(z1+ 2o+ ... + )" z‘x'f +z5+ ...tz +(n" - n)zlxg...xn:

Tuy nhicn bit ding thic trén hién nhién ding vi sau khi tach z7 + 25 + ... + x; ra
khéi (21 + z2 + ... + 7,)™ thi cdc 56 hang con lai ¢6 thé bidu dién déi xing thanh
cac téng 16n hon hoic bing z1z2...z,. O

Néu bét ding thic giai duge bing Holder thi cing sé giai duge bing bat déng
thitc AM — GM, vi thyc té, dé chiing minh bat ding thic Holder ta ciing chi can
dung bat ding thic AM — GM. Ching han véi vi du 1.2.26 ta c6 thé dung tryc tiép
b4t ding thitc AM — GM theo cach sau day

Diat M = aj + az + ... + an, 4p dung bat ding thitc AM — GM cho n s6
(n- 1)z ! (2t + (v - D) _ nmy

2 —_
"+ (! - Dy

M M-

Lam tudng tu cic bat déng thic véi z, 23, .., T, r0i cong lai ta dugc

= (n—-1)x; n a4 (0" - n)T1Te. Zh

Sy e - Dy Mr

>n
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Nhu vay ta chi phai chimg minh
M">al+a + ... +ag+ (0" —n)z129..2,.

Két qui nay da duge chitng minh & trén.
Ngoai ra s6 k = n"~! — 1 ciing 13 hiing s6 duong tét nhat (nhé nhat) dé bat ding
thie sau dung vét moti s6 thyc duong z1, z2, ..., Tn

!

+ 22 ot Zn p—

V6i cac bai toan thong thudng thi bat ding thitc Holder lai diing thuan tién
hon bat déng thitc AM — GM vi khong cin xét cac didu kien ding thite, con trong
trudng hgp téng quat ban chi cAn ghi nhé chitng minh véi m = n = 3 13 di. Xem
thém phan stt dung bat déng thitc Holder dé can bing hé sb, trang 74.

1.3 Bét ding thic Chebyshev

1.3.1 B4t ding thic Chebyshev va ing dung

Dinh 1y 1.4 (B4t ding thic Chebyshev). Vdi 2 dday sé thuc don diéu ting
a1, a2, ...,a, va by, by, ..., b, ta cé

S|

arhy +agbo+ ...+ anby > (a3 +as+ ... +ay){b1+ b+ ... + by).

CHUNG MINH. Bing phan tich tryc tiép, ta c6 ding thitc sau

n(a1by +agby + ... + anby) - (a1 + a2+ ...+ a,) (b1 + ba + ... + by)

n

= 3" (@i~ ay)(bi — b)) 2 0.

ij=1
Vi cac day ai, a2, ..., a, VA by, by, ..., b, don digu nén (a; — a;)(b; — b;) > 0.

Néu 2 day a1, ag, ..., a,, V& b1, by, ..., b, don diéu nguge chiéu thi bat ding thitc trén
ddi chidu. Chitng minh diéu nay hoan toan tuong tuw. O

Thong thudng cac bat dang thite déi xing vdi cac bién, nén viée sip xép lai cac
bién luén cé thé thyc hi¢n duge. Do dé trude khi sit- dung bat ding thitc nay ta phai.
c6 mét budc sip xép lai cac bién ma khong lam mét tinh tdng quat ciia bai toan.
Luu ¥ ring diéu nay chi ding khi va chi khi bat déng thitc cdn ching minh hoan
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toan dbi xing vaGi tit ca cac bién.

B4t dang thitc Chebyshev c6 nhidu ng dung rat hay, va néi chung lam cho bai
toan dudc giai quyét theo cach don gidn hon trong kha nhicu trudong hop. Ching ta
cung xem xét cac vi du sau dé thay ré didu nay.

Hé qua 1.6. Néu ay,aq, ..., an la cdc s6 thuc dudng cé tong bdng n thi

Attt + L+ el > e} +af + .+ al

CHUNG MINH. St dung bat déng thic Chebyshev cho 2 b don diéu ay,as, ..., a,
va af,al, ..., ar ta c6 ngay diéu phai ching minh. O

Vi du 1.3.1 (Balkan MO). Cho cdc sé thuc duong ay,az, ..., an thod man.a; +
as + ...+ an, = 1. Chitng minh

@ @ . 8 7
2—a; 2-ay = 2-a, 2n-1

Lo1 GIAL Vi bat ding thitc dbi xding voi tht ca cac bién nén ta co thé gia si duyc
a; > az > ... 2> a,. Khi dé
1 1 1

> >...> .
2—a1 T 2-as 2—-ay,

Theo bat ding thitc Chebyshev thi

—

VT >

(a1 + a2+ +a)v ! + L +..+ L
pr T A Y Tl T 2—ay | 24,
S n _on
“on-(ai+ar+..+a,) 2n-1

-~

. Déng thic xay ra chi khi a; = as = ... = ap=1/n. 0
Vi du 1.3.2. Cdc sé duong a,b,c,d cé tong binh phuong bing 4. Ching minh

a2, b2 c2 d2
b+c+d+c+d+a+d+a+b+a+b+c

4
> -
-3

Lo1 GIAL Khong mét tinh téng quat ta gid st a > b > ¢ > d, khi d6
226> > d
1 > ! > 1 > ! .
bt+tct+d  ctd+ta d+a+b  a+btc
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Sit dung bt ding thitc Chebyshev ta cb

brcrd ctdia dta+b a+bre
16(a? + b% + ¢? + d?) S 4/4(a? + b2 + 2 +d?)
3(a+b+c+d) 3 '

1
4.VT2(a2+b2+c2+d2)< 41 = = )

Suy ra diéu phai ching minh. Dang thitc xay ra chi khia=b=c=d=1 a

Vi du 1.3.3 (China MO 1996). Cdc s6 thuc duong ay, a2, ..., an €6 tong bing 1.
Chitng minh bit ddng thitc

ay + as - a1 >\/(H+\/a2+...+,/an
Vi—a, Vi—az T VI-a, vn—1 '

Lo1 GIAl. Khong mét tinh tdng quat ta gid sit a; > a2 > ... > a,. Khi d6

1 1 1

> P e —
Vi-ar ~ Vl-a~ T Vl-a

Sit dung bat déng thitc Chebyshev cho 2 by don digu trén

1 + 1
Vi-a1  V1-a

Theo bat ding thitc Cauchy — Schwarz thi
n=n(a; +az+..+an)> (\/a+\/a_2+...+\/@)2
= a1+ V@ + . + an < V.
\/1—a1+\/1—a2+...+'\/1—an§ \/n(n~a1——a2—...——an)
< v/n(n-1).

+ ...+

1
n.VTZ(a1+a2+...+an)( ﬁ)

Do dé

1 1 1 n? n?
+ +ot > 2 :
Vi—a1 V1-a Vi-a,  Vi-a+..+VI-an  /n(n-1)

T 2 bat ding thic trén ta suy ra

VTzl.—i— 2m+\/a—2+...+\/a;
n /n(n-1) vn—1

Déng thic chi xay ra khi tat ca cac bién déu bang nhau. O
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Vi du 1.3.4 (Crux). Gid st cdc sé thuc a,b,c > 1 thod man

R NS W
a?—1 b2 -1 ¢2-1

Chimg minh rdng
1 1 1

<1
a+1+b+1+c+1_

Lo1 GiAl Ta sit dung bat ding thitc Chebyshev két hop vdi phuong phap ching
minh bing phan ching (ban hay xem 8 chuong IV). Néi cach khéc, ta sé chitng minh
ring, néu cac sb thyc a, b, c > 1 thod man

1 1 1

arl britexiC

)

Thi bat ddng thic sau ludn ding
1 1 1
+ > 1.
a? -1 b2—1+c2—1_
That vay, tir gid thiét suy ra
a—2+b—2+c—-2 _
a+l b+1 c+1"

(%)
B4t ding thitc cAn ching minh tuong dudng vdi
4—a2+4—b2+4—c2>0
a?2-1 b2-1 ¢2-17"
@a—2a+2 b—2b+2 c¢c—-2c+2
a+la-1 b+1b-1 c+le-17"

Chi y rEing néutacéa>b>c thi
a~-2 _b-2_c¢c-2
> > ,
a+17b+1 " c+1
a+2 < b+2 < c+2'
a—1"b-17¢c-1-
Do dé ta chi cAn &p dung bat ding thitc Chebyshev cho 2 bd ngude chidu néi trén
va chi y diéu kign (*) ta cé diéu phai chitng minh. Péng thitc x4y ra khi va chi khi
a=b=c=2. 0
Vi du 1.3.5 (CWMO 2005). Cho cdc sé thyc duong a,b,c,d, e thod man
LS U NS N S
4+a 4+b 4d4+c 4+d 4d+e

1.

Chatng minh rdng
a + b | + c + d + e o 1
4+a? 4+b% 4+ 4+d? 4+e?
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L1 GiAl Theo gia thiét ta c6
l-a 1-b 1-¢c 1-d 1-e
. + + =
44a 4+b 4+c 4+d 4d+te
Ta phai chitng minh

1 1 1 1 1
iraTaro T v Tara T 1o e
S a + b " c N d N e
= 4+a2 4+ 4+cr 4+d2 4+é?
l1—-a 1-b 1-¢ 1-d

= + >0
ATod+d)  GroEr e  @rodrd  Grd@rd)
Giésﬁr?xngaZchZdZe, khi d6 dé thay
l-a 1—-b 1—-¢ 1—-d 1-e
< <

44+a " 4+b " 44+c  4+d " 4+e
1 1 1 1 1

< < < < .
d+a2 " 4+b2 "4+~ 44+d? " 4+€?

Do do6 ta chi cdn ap dung bat déng thnic Chebyshev cho 2 bo don di¢u giam trén s¢
¢6 didu phai ching minh. Dng thitc xay ra khi va chikhia =b=c= d=e=1 0
Vi du 1.3.6. Gid s¢ cdc so thuc duong a,b,c thod man e +b+c+d = 4 Chaing
minh bdt ddng thitc

1 1 1 11
11 + a? taret 11+c2 11+d2~ 3

Lo1 GIAL BAt déng thic 6 thé viét lai dusi dang tuong duong
1 1 1 1 11 1 1
u+af'ﬁ+dl+w"i§+UAmf'ﬁ+11+ﬁ‘1§50
a2-1 -1 -1  d?-1

o >0
11+a2+ 11+b2+ 11+c2’“L11+d2 =
: b+1 c+1 d+1
& 1 bo1)om o AL
(a- )2+11 + =1 g e )2+11+M ) EFIL 2

Cha y ring néu a > b > ¢ > d thi ta ludn c6
a+1 b+1 c+1 d+1
a2 +11 7 b2 +11 = c2+11 7 d?+11°
Nén &p dung bit ding thitc Chebyshev cho bo sb trén va bo (a—1,b—-1,c—1,d-1)
ta c6 didu phai ching minh. Dang thtc xéy rakhi va chikhia=b=c= d=10

Téc gia sé khong dé cap nhiéu déu nhmlg bai toan 4p dung tryc tiép bat ddll;_,
thitc Chebyshev ma sé di sdu hon dén mot ki thuat rit hay lién quan dén bat déng
thitc nay, ki thuat phan tach Chebyshev. Céc ban con gip lai nhitng ng dung dic
biét hon cha ki thuat nay trong phan sau ciia tap séch, phan Cdc bai todn sdng tao.
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1.3.2 Ki thuat phan tach Chebyshev

Dé cac ban dé hinh dung vé phuong phap nay, hay xem mot vi du sau day
Vi du 1.3.7. Cho cdc s6 thuc duong a,b,c,d thod man diéu kién
a+b+c+d=1/a+1/b+1/c+1/d.
Chitng minh bdt ddng thic ‘
2a+b+ec+d) > Va2 +3+Vh2+3+Vc2+3+Vd2+3.

LO1 GIAL Néu nhin thodng qua vé dé bai, cac ban sé cam thay kho khan vi gid thiét
ciia bai toan khong that tudng minh. Néu ban-da biét nhiéu ki thuat ching minh
bat ddng thitc thi lai cdng dé bi nham khi di theo nhitng phuong phap manh vi du
nhu ddn bién ching han. That bAt ngd, bai toan trén dugc giai hoan toan don gian
bing bat ding thite Chebyshev, tat nhién v6i mot ki thuat ap dung kha dac bigt...

Ta trit tuong Gng titng sb hang ciia 2 vé va chi y ding thuc

" 3(a® - 1) (%)
2a+va? +3

Khong thé ap dung bét déng thic Chebyshev ngay duge vi ca tit s6 va méu sb clia
bidu thite déu 1 cae ham don dicu ting. Tuy nhién hay chi ¥ gid thiét

-1 1 1 1
St+-t+=-+-=a+b+ctd
a b ¢ d

(D) (o) )

a?~-1 b2-1 -1 d%¢-1
& + + + =0.
a b c d

Tit déng thic nay ban doc ¢6 thé thay mot mdi Licn h¢ véi (), do 1a chung tit s6
a? — 1. Pay chinh la chia khoa d¢ gidi bai toan. Bat ding thitc tuong duong véi

2a — Va2 +3=

3(a? - 1) 3(p2 - 1) + 3(c? - 1) N 3(d? - 1)
2a+vVa2+3 26+ Vb + 2¢ + \/c2+3 2d+\/d2
a2 1 b2 1

2+,/1+—, 2+,/1+—; 2+,/1+7 2+\/1+-p

Luu ¥ bat didng thic da cho hoan toan ddi xing véi 4 bién a, b, c,d va cac ham s6

e
fay ="t mg - 2,

z x
1

9(z) = ——F=——
2441+
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Déu la cac ham tang trén R* nén theo bat ding thic Chebyshev
fla)g(a) + f(b)g(b) + fc)g(c) + f(d)g(d) >

(fa) + f(b) + f(c) + f(d))(g(a) + g(b) + g(c) + g(d)) = 0.

+ f(b) + f(c) + f(d) = 0. Ding thic xd3y rakhia=b=c=d=1. 0O

g

Vitacéd f(a

~—

Didu dac biét nhét & 10i giai nay chinh 1a viéc chia ci tit vi mau mdi phan s
tuong img cac sb a, b, ¢, d tuong mg, sau d6 mdi ding bat dang thic Chebyshev.
Néu ta dung tryc tiép thi khong mang lai hicu qua. C6 thé khai quat phuong phap
trén thanh dang téng quat véi n bién

D& ching minh z1y; + Tay2 + ... + Tnyn > 0 ta c6 thé chithg minh

LA (zy1a1) + L (z2a2) + ... + Yu (znan) >0,
a an a

1 n
t

Trong dé a1, az, ..., a, 14 cac sb thyc ma ta phai tim sao cho

(y;y_z Yn

) PREES) ) (1'1(11,1132(12,...,.’1111&"),
ay as Qp . .

La cac bo don dieu clng chidu dé didu kién bat ding thitc Chebyshev dugc thoa
wan. Khi dé vice chitng minh bat ding thiie ban dau st duge quy vé chimg minh 2
bat ding thitc don gidn hon la

LI B )
a;  ap an

z1a) + T202 + ... + Tpan 2 0.

Mot dang thudng st dung cla ki thuat nay la 4p dung vdi dang phan thic. Gia
st ta phai ching minh bat ding thitc dang

V& 1f thuyét thi ta luon ¢6 thé dua bat ding thic vé dang nay, tham. chi ¢6 thé
chon ¥1,¥2, ..., y2 > 0. Khi d6 ta di tim cac s6 thye ag, ag, ..., an sao cho

(@121, asT2, ...; GnZn) , (@191, Q2Y2, -, GnlYn)

13 cac bo don dieu nguge chidu, khi d6 bat ding thitc sé duge ching minh néu 2
diéu kién sau duge thod man ) :

a1Z1 + asxa + ... + apxy 2 0,
1 1 1

—_—t—+ ...+

a1y a2Y2 anYn

> 0.
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Thong thuong dbi véi cac bat dang thic, trong 2 day sb (z1,72, ..., 2,) VA
(¥1,Y2, -, Yn) € c6 moOt day duong nén khi chon day (a1, as, ..., a,) duong thi chi
can chitng minh mot trong 2 b4t ding thitc cudi. Trong nhiéu trudng hop ta c6 duge
déng thic a;z; + aszs + ... + anTn = 0 nhu trong bai toan trén.

Tuy nhién viéc chon dugc bo s nhan tit (ay, as, ..., an) khong thé may méc va vi
thé, phuong phap nay doi khi can doi hoi sy khéo 160 va tinh ¥. Vi du sau day mioh
hoa kha ro6 ki thuat ching minh nay

Vidu 1.3.8 (Crux). Cho cdc $6 duong a,b,c cé tong bang 3. Ching minh bit ding

thite sau
1 1 1

9—ab+9—bc+9—ca

3
< —.
-8

Lo1 G1AL Dét o = be, y = ca, 2 = ab. Ta phai chitng minh
1 1 1 3

9-z 9-y 9z

@1—x+l—y+l—z

9—-z 9-—-y 9-=z

IA

8
0.

v

Dén day ta phai tim céc sb ay, ay, a, tuong ing dé nhan véi ca ti va mau cac phan
s6 tren. Ta lay a; =6 +z,a, =6+ y,a, = 6+ 2

(1-z)(6+2)  (1-y)(6+y) U-2)6+2)
O-2)6+z) (O-y)6+y) (9-2)6+2) ~
Khéngmétﬁinhténgquéttagiésfrazbzc=>z2y2:v.Via+b+c=3nén
z+y=alb+c)<9/4,2+z <9/4,z+y < 9/4. Ngoai ra, dé thay
(I-2)(6+x) > (1-y)(6+y) > (1~-2)(6+2),
(O-z)6+2) <(1-y)(6+y) < (9-2)(6+2).

Vay theo bat ding tinte Chebyshev ta c6

(1-z)(6+2) (1-y)6+y) (1-2)(6+2)
(O-2)6+z) (9-y)6+y) (9-2)(6+2)

> (Zu - x)(6+$)) (Z m> '

L,\Y,Z Y,z

Cubi ciing, ta chf can chitng minh bat d&ng thic sau

Y (1-2)(6+2) =18-8(z+y+2)— (22 +%+2%) >0

r,Yy,2
& 5(ab+ be + ca) + (a®b? + b2c? + *a?) < 18
< 5(ab+ be + ca) + (ab + be + ca)? < 18 + 6abe.
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Sit dung bat dang thitc quen thudc
(a+b—-c)b+c—a){c+a—b) <abce (3—2a)(3-2b)(3—2¢) < zyz
< 9 + 3abe > 4(ab + be + ca).
Thay 3abc > 4(ab + bc + ca) — 9 vao bAt ding thitc trén, ta phai ching minh
5(ab + bc + ca) + (ab + be + ca)? < 8(ab + be + ca)

< ab+be+ ca < 3.

B4t ding thitc trén hién nhién ding via+b+c = 3 Déng thic xay ra khi va chi
khia=b=c=1 0Q

Vi du 1.3.9. Ching minh bdt ding thic

1 1 1
<
&+a+b+ﬁ+b+c+w+a+c‘

Véi cdc sé thuc khong am a, b, c tuy § c6 tong bing 3.

L&1 Gi1A1l. Hay cha y phéan tich sau
1

1 1 1 c(l-0
A+a+b 3 2—c+3 3 3(ct-c+3)

Bét ding thic cdn ching minh

ala-1) b(b-1) c(e—1)

- >
a?—a+3+b2—b+3+ —c+3_0
a—1 b-1 c—1
3+ 3 320
a-1+- b-1+4+-c—-1+-

a b c
Gidsta>b>c=2>a—-1>b-1>c-1.Via+b+c=3nén ab,bc,ca<3. Do dd
1 S 1 S 1
a-1+> bo143 o143

a b c

Ap dung bét déng thitc Chebyshev cho 2 day trén ta ¢é diéu phai ching minh. Déng
thitc xay ra khi va chi khia=b=c=1 0

Vi duy 1.3.10. Chitng minh bét ding thitc sau vdi a,b, c jc‘z cdc sé thuc khéng am
cho trudc
a? - b b — ca ct —ab

b2+c2+,‘2(12+c2+a2-|-2b2+a?+b2—|-2c2 -
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Lo1 G1AL Ta sé ching minh bat ding thitc tdng quat hon véi moi k < 2

a? — be ‘ b% — ca 2 —ab
2 2 7zt 3 2 3t > 2 7 > 0.
b2+ c? + ka c2+a+kb  a + b2 + ke

That vay, nhan thém cac hé s tuong tng vio mbi phan sb

(a® - be)(b+ ) (b? — ca)(c+a) (c® — ab)(a+b)
B2+ 2+ ka?)(b+c)  (2+a2+kb?)(c+a) (a?+b2+ke?)(a+b) ~

Khong mét tinh tdng quat, gid st @ > b, khi do
(a2 = be)(b+ ¢) — (b® — ca)(c+ a) = (ab + c*)(a — b) + c(a? —b%) >0
%+ + ka®)(b+¢) — (® + a® + kb*)(c+ a)
= (b—a) (a® + b+ c — (k — 1)(ab+ bc + ca)) < 0.
Vay 2 b sau don diéu nguge chidu
(a® = be)(b+c), (b*—ca)(c+a), (c? — ab)(a + b)
(6% + ¢ + ka®)(b+c) , (2 +a®+kb%)(c+a), (a®+b%+ke*)(a+b).
Chi ¥ ring
(a® — be)(b+ c) + (b% — ca)(c + a) + (c* — ab)(a + b) = 0.

Neén tit bat ding thitc Chebyshev ta c6 diéu phéi chiing minh. Ngoai ra k = 2 ciing
13 hiing sb tét nhat dé bat déng thic trén dang. Q

Nhan xét. C6 mot cdch ching minh khac cho bét déng thic trén bing cach su
dung bt ding thntc Cauchy — Schwarz

a? b? (a+b)?
a? + ¢? * b2 4 c2 T a? 4 b2 + 2¢?’
b? c? (b+ c)?
b2 + a2 +c"’+a2 = b2+ c? + 222’
c? a? (c+a)?

+ .
E4+b2 a2+b?2 7 2+ a?+2b?
Chi can cong theo titng vé cac bat ding thic trén ta c6 diéu phai ching minh. O

Day la mot ching minh rat hay va doc déo, tuy nhién chi sit dung dugc trong
trudng hop k = 2. Ta ciing c6 thé dung phuong phap phan tich binh phuong S.0.S.

Vi du 1.3.11. Chitng minh vdi moi a, b, c khong am

Va? + 8bc + /b2 + 8ca + V2 + 8ab < 3(a+ b+ c).
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HUONG DAN. Ta c6 bién ddi sau day

8(a? — be)
3a — Va2 + 8= —————<—
3a + Va2 + 8bc

8(a? — be)(b+ )
" (3a+VaZ +8be)(b+c)

Sau d6 sit dung bét ding thic Chebyshev, chi § ring tdng céc tit s6 bang 0. O

Két thic cho bai viét cac ban hay thit chitng minh mot bat ddng thic manh hon
déng thitc Chebyshev thudng gip. Chimg minh chi tiét sé c6 d bai sau, trong phan
khai trién Abel.

Vi du 1.3.12. Gid s cic s6 thuc a1, aq, ..., a,, thod mdn diéu kién

al+a2> >a1+a2+...+an

ai Z 2 2
2 n
by > b1 + by S>> b1+b2T|—...+bn'
2 n
Chitng minh ring
1
a1by + agby + ... + apby > :r-l-(al +ag+ ...+ an)(bl +by+ ...+ bn)

1.4 B4t ding thic v6i ham 16i

Ham 16i 12 mot khai niém quan trong trong toan hoc. Li thuyét ham 16i d6i vei
cac bat ding thic 1a mot lf thuyét rat sau vd rong, mang ning tinh giai tich, nén
tac gia ciing chi ¢b ging néu ra nhitng van dé can thiét, quan trong nhét déi véi bat
ding thitc. Vdi cac ban THCS, ham 16i van con 14 mot khai niem kha xa la, nhung
¢ée ban s¢ khong phai lo lang vi day 1a gt khai nigi tuong di dé hicu va ban hay
bit diu thit ap dung né tit bay gis. Trong phan nay sé ¢6 2 muc nhd : Bit déng
thic Jensen va bat déng terc ham 18i véi viéc xét cac phan tit & bién.

1.4.1 Ham i véi bat ding thic Jensen

Dinh ly 1.5 (Bat ding thic Jensen). Néu f la ham 167 trén khodng I thi vdi
moi x1, T2, ..., Ty € I ta déu cé

1+ T2+ ... + Ty
- .

F@0) + F(@2) + ook flan) 20 (

D(fng thic zdy ra khi va chi khi T =1%o =..= Ty
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Ching ta vin quen véi vige coi ham 16i f : I — R 1a ham lién tuc, kha vi cip
2 va f"(z) > 0 Vz € [I]. Tuy nhién véi kién thite THCS thi dinh 1i Jensen c6 thé
phat biéu dudi dang don gian va dé dp dung hon.
Hé qua 1.7. Cho f: I C Rt — R thod man f(z) + f(y) = 2f (%) Vz,y € 1.

Khi d6 vdi moi x1, T2, ..., Tn € I ta c6 bit ding thic

f(z) + f(@2) + .o + flzn) 2 nf ("31 txat --~+xn> |

n

CHUNG MINH. Ching minh dinh If trén ta dung phwong phép quy nap Cauchy.
Dinh l{ trén giup cho viée kiém tra bat ding thic Jensen thuan tién hon néu ban
khong biét vé dao ham. Sau day 14 mot ching minh ngén gon cho dinh If .

D& thiy, b4t ding thitc trén hién nhién ding néu n la mot luy thita cla 2 va néu
b4t dng thic ding véin =k + 1, taldy =23 + 22 + ... + Tk VA Tp41 = E thi

e+ fen) + ot S+ £ (5) 2 k407 (k) =G0 (5)

Do d6 ta ¢6 diéu phai ching minh. O
Tty

Hién nhién néu thay diéu kién f(z) + f(y) > 2f( ) bdi f(z) + f(y) <

f (m ; y) thi bat déng thic tdng quat ciing déi chiéu

flz) + flz2) + ..+ flzn) Snf <1’1 + 22 + +mn) '

n

Bt dang thitc Jensen khong phai la mot bat ding thic qua chit, nhung xét
mot cach tdng quat, né 1a cong cu rat can thiét va rat dé ap dung. Day la bat dang
thitc ma khi ban mdi 1am quen vé bat ding thiic thi rat can phai ghi nhé. Téng quat
hon, ta c¢6 bat ding thitc Jensen vdi trong sb

Dinh ly 1.6 (Bat déng thiic Jensen suy rong) Néu ay, ay, ..., ay, la cdc sé thuc
khong am c6 tong bdng 1 va x1,x2, ..., Ty ld cdc $6 thuce tugy § thi vdi moi ham loi f
trén tdp sé thuc ta luén cé

a1 f(z1) + aaf(x2) + .. + anf(zy) = flarzy + ag®2 + ... + anTn).

Va nhu thé bat ddng thitc Jensen duge trinh bay & trén 1a moét trudng hop ucng
véi a; = ag = ... = a, = 1/n. Cing tuong tu nhu trude, néu ban chua biét nhidu vé
cac kién thl’IL ctia ham 161 hay dao ham, thi hay ghi nhd tinh chét sau day
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Heé qua 1.8. Vdi cdc $6 a;, x; (i = 1,n) thod man diéu kién trén, f la mot ham zdc
dinh trén tap sé thuc. Xét bat ding thic

a1 f(z1) + a2 f(@2) + ... + anf(xn) > flarz1 + azz2 + ... + any),

Bat ding thite ding vdi n tuy o, Y, a; khi va chi khi né ding véi n = 2.

Nhu vay dé kiém tra tinh 16i ciia f ta chi cAn kiém tra trong trudng hop n = 2.

Heé qua 1.9. Gid st f : I — R. Xét bat ddng thic

f(z1) + f(z2) + . + f(@0) 2 nf (Y2122 Z0).

Chitng minh ring bat ding. thic trén ding vdi moi n va vdi moi s6 thuc duong
T1,X2, ..., Ty € I kht va chi khi nd ding vdi n = 2 vd vdi moi x1,xz2 € I.

CHUNG MINH. Day c6 thé coi 1a mot dang phat biéu khac cia bat ddng thitc Jensen.
Ta ciing stt dung phuong phap chiing minh tuong ty, d6 la phuong phap quy nap
Cauchy, cach clntng minh sau day ciing hoan toan giéng chiing minh bat ding tinic
AM — GM & phan trudc.

Diéu kién cAn la hién nhien, vi bat ding thdic néu dung véi n tuy §, véi moi
Z1, %2, ..., Ty € I thi cling ding véi n = 2va véi moi 1,22 € I.

Diéu kien du phai chitng minh khé hon, ta sit dung quy nap.

Gia sit bat ding thitc da ding véi n, nhu thé hién nhién né sé dang vdi 2n sb hang,
ta chi cin 4p dung gid thiét quy nap v gia thiét bat ding thitc ding véi n = 2.
Nhu vay bat déng thitc ding véi moi sé n c6 dang 2%, k € N. .

Gia sit bat ding thitc ding véi moi n + 186 1, 3, ..., Tny1, ta co
flz1) + f(z2) + .+ f(Tng1) 2> (n+ 1) f ( "YZ1Z2 Tpt1) -
Ly zny1 = = ¥/T1Z2...2, suy Ta

flx1) + f(@2) + ... + flzn) + f(z) > (n+ 1) f(x)
= f(x1) + f(ze) + ... + f(zn) > nf(x).

Diéu ki¢n di duge ching minh xong theo phuong phap quy nap. Bai toan da duge
hoan thanh. U ‘

Hé qua 1.10.

a. Khdng dinh & he qud 1.7 vin ding néu ta thay Diéu thic trung binh nhan bing
mot biéu thitc trung binh bét ki gitta cdc bién 1, xo, ..., T, chdng han nhy trung binh
cong, trung binh diéu hoa, trung binh nhan...
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b, Néu bt ddng thic vdi 2 s6 doi chiéu thi bt ding thic vdi n s6 déi chiéu.
CHUNG MiINH. Chitng minh hoan toan tuong ty nhu hé qua 1.9. V6i cau (b) thuyc
ra ta da xét véi ham — f(z). O

Hé qua 1.11 (B4t ding thitc AM-GM). Vdi moi s6 thuc duong a3, a, ..., an ta
ludn cé bdt ding thitc

a)+as+ ...+ ap 2 naias...an.

CHUNG MINH. Xét f(z) = x, hién nhién bat ddng thic ding v6i n = 2 nén theo
hé qua 1.9, né ciing ding v6i moi sé ty nhién n vd véi moi day sb thuc duong
a1, ag, ..., n. a

Hé qua 1.12. Ching minh vdi moi sé6 duong x1,x2, ..., T, thi

11 1 n?
—t — 4.+ — 2= .
x b)) Ty 1 +xa+ ...+ 2Ty

CHUNG MINH. Dat f(z) = 1/z, dé thdy ham f(z) thod man

)+ 50 2 21 (252).

Theo hé qua 1.7, bat déng thic ding v6i Vn va moi day sb duong z1, z2, ..., Tn. O

Hé qua 1.13. Ching minh rdng vdi moi day sé duong 1, za, ..., Tn thi

L1+ xe+ ...+, < \/n(x% + 22+ ..+ 2).

CHUNG MINH. St dung h¢ qué 1.10, chi cin xét véi ham f(z) = /z. O
Sau day 1a mot sé vi du don gidn ciia bat ding thitc Jensen. Thong thudng cac
bai toan dang nay khong qua khé, nhung cin thiét cho cac ban cing ¢ 1i thuyét.
* Vidu 1.4.1 (IMO Shortlist). Chiing minh ring véi moi déy sé thuc x1, T2, ..., Tn >
1 ta c6 bét ddng thitc
1 1 1 < n

+ + .+ .
1+2y 14 a9 1+z, = 14 zi20...7T,,

Lo1 GiAL Theo hé qua 1.9, bat ding thite sé diing néu ta.ching minh duge véi 2 sb
1 1 - 2

< Ya,b> 1.
1+a2+1+b2— 1+ab 07 =

Tuy nhién bt ding thitc trén tuong duong véi (a — b)2(1 — ab) < 0, hién nhién
dang. Dang thic x4y ra khi vi chi khia; =as = ... = a,. O
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Vi du 1.4.2. Ching minh ring véi moi a1, as, ..., a, la cdc sé thuc trong khodng
(1/2,1] ta luén cé

a1as...a, S (1-0a1)(1 —az)...(1—an)
(ar+ax+...+a)" ~ (n—a1—ap—..—ap)"™

Lo1 G1AL Xét ham sb sau véi x € (1/2,1].

f(z) =Inz — In(1 — x)

= fl(x):%+lim
iVWZi;W?%FZOMEOM”)

Vay f 13 ham 13i va theo bat ding thitc Jensen ta c6 didu phai ching minh
a; +a2+...+an>. a

fMﬂ+fmﬂ+m+fm02nf< -
Vi du 1.4.3 (India 1995). Gid s cdc s6 thuc duong xi, 3, ..., Tn, ¢6 tong bing 1.
Chitng minh

I + Ty + + Tn > n
Vi-zy V1i-z 7 JT=z,  \Vn-1

Lo1 GiAl. Khong may khé khin ta ching minh duge f(z) 1a ham 16i véi

flz) = —— ze(0,1).

1-2

Va do d6 ap dung bat ding thitc Jensen ta cé didu phai chitng minh. Q

Sau day la mét tinh chét rat dep ciia ham 13i, ban doc hay thit ching minh trude
khi xem tiép phin sau.

Vidu 1.4.4 (B4t diang thiic Popoviciu). Chimg minh ring néu f la ham sé 16i
trén I thi vdi moi a,b,ce I

s+ 10+ 0+ £ () > 3 (1 (57) 1 (55) +1 (52))-

Sau tng dung ctia ham 1i dé ching minh bat ding thic dang chudn (titc 1a ding
thitc x4y ra khi tit c& n bién bing nhau) ta ciing c6 mot tng dung rat quan trong
khac ctia ham 16i. D6 1a viec xt 1f bat déng thitc vdi cdc phan t & bién.
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1.4.2 Ham 16i v8i ki thuat xét phan tit & bién
Hay bit diu bang bai toan sau day
Vi du 1.4.5 (Tap chi Toan hoc va Tudi tré). Cho cdc s6 thuc a,b,c € [1,2].
Chimng minh bit ddng thic
a® + b + ¢ < 5abe.
Lo1 GIAL. Trude khi st dung tinh chit manh ctia ham 131, ta sé di tim mot 13i
gidi that so cdp cho bat ding thic trén. Dau tién ta phai gid st a > b > ¢. Vi
a,b,c € [1,2] nén dé thay
a®+2<5a & (a-2)(a?+2a-1)<0 (1)
5a+b3<Bab+1 & (b-1)(b*+b+1-5a) <0 (2)
Sab+c® < Babc+1 @ (c—1)(c2+c+1~5ab) <0 (3)

Céc khdng dinh trén hién nhién diing vi

B+b+l1<a’?+a+1<2a+a+1<5a,
AZ4+c+1<a®+a+1<5a< 5ab.

Cong vé 3 bét ding thic (1), (2) va (3) ta c6 didu phai chitng minh. Déng thic xay
rakhivachikhia=2,b=c=1. 0

Tiép theo ciing 1a mot vi dy rat thi vi trong vige danh gia trung gian - ki thuat
quen thudc clia cac bat ding thitc sd cip.

Vi du 1.4.6 (Olympiad 30-4). Ching minh ring véi cic so thuc a,b,c € 1,2] ta
6 bét ding thic
: 1 1 1
(a+b+c)|-+++-) <10

a b ¢
LO1 GIAlL Bat déng thic tuong duong vdi

b b
Teleii24l42cn
b ¢ a a b ¢

Khong mét tinh téng quat ta gid st a > b > c. Khi d6

b

(a—b)(b—c)ZO@ab+chb2+ac©%+12% -
b
ab+bczb2+ac©£+lzf+—.

: a b a
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Do d6 a/b+b/é+c/b+b/a§a/c+c/a+2,
b b d
=>9+—+5+—+5+—§2+2(_3+5)
b ¢ a a b c ¢ a

Datz=a/c,tac62>x>1nén(z-2)(z-1)<0=z+1/2<5/2.

Tit d6 ta cé6 dpem. Déng thite x4y ra khi vachikhia=b=2,c=1hoica=2b=
¢ =1 ho#ic cic hoan vi tuong dng cia chang. O

Ca 2 13i giai duge trinh bay ¢ trén déu kha khéo léo trong cac danh gia trung
gian. Chitng minh hoan toan phit hop véi trinh do THCS va hoan toan cé thé téng
quéat duge. Chang han vdi danh gia tuong ty vi du 1.4.6 ta ¢6 thé téng quét thanh

Vi du 1.4.7. Cho cdc sé thuc ay,as, ..., an € [p, q)(p,q > 0). Chitng minh

1 1 - q)?
+—+...+——~)gn2+kn(—’-’——q—)

4pg *

1
(a1+a2+...+an) —
a; . as an

Trong d6 k, = n? néun chdn van? — 1 néun Ié.

Céach danh gia trung gian nhu trén hoan toan ty nhién va don gian, ban hay si
dung cach nay dé ching minh bat ding thic 1.4.7, day la cach so cip va hay nhét.

Nhung lieu phuong phép dé con st dung lai dugc trong bai todn sau hay khong?

Vi du 1.4.8. Gid s 1, x, ..., Zooos l& cdc sé thuc trong [—1,1). Hay tim gid tri
nhé nhit va lon nhét cda biéu thic

\ — p p
P =zz9 + T2T3 + ... + T2004T2005 + T2005T1-

Lo1 G1AL Khi nhin vao bat‘ding thic ndy, ta cling ¢6 "cam giac" 1a bidu thuc sé
dat cye dai khi ¢6 2005 sb bing 1 (d&), biéu thitc sé dat cyc tiéu khi cac sé —1 va 1
xcn ké nhau trong day z1, x2, ..., Tapes VA c6 vé day 1a mot didu kha hién nhién. Tuy
nhién, chitng minh duge nhan xét hién nhién Ay lai khong don gian nhut vé ngoai clia
bai toan. Sé rat khé ching minh néu ban khéng c6 moét dinh hudng tit truge. Hay
cht ¥ cac biu thig bac nhit f(z) = az+b hogic biéu thitc bac hai f(z) = 22 +azx+b
véi z € [p, q] c6 mot tinh chét rat quan trong la

max f(z) =~ma>${f(p),,f(Q)}~

z€|p,q}
Véi ham bac nhét né con c6 thém tinh chat

min f(z) = min{f(p), f(q)}.

z€[p.g]
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St dung tinh chéat trén vao bai toan ban dau, chi cdn mot nhan xét don gian la coi
nhur bai toan da duge giai quyét xong : Néu ta cé dinh tdt cd cdc bién o, zs, eeey 2005
v& cho x1 bién thién trong [—1,1] thi P = P(z1) la mot ham bac nhét déi vdi T nén
max P(z1) = max{P(-1), P(1)}, min P(z;)= min{P(-1), P(1)}.
r1€(-1,1) z1€[-1,1}

Va do d6 P dat max hogic min khi v6i mot s6 x bét ki ta déu ¢6 x4 € {-1,1}. Néi
toém lai, P lay gia tri nhd nhét hoac 16n nhat khi z;, € {-1,1} Vk = 1,2005. O

Tu cach ching minh nay ta c6 thé thay thé bidu thic P bing rat nhidu bidu
thitc tuong tur khac nhu

Vidu 1.4.9. Gid st 21,29, ...,z la cdc s6 thuc trong [—1,1]. Hay tim gid tri nhé
nhdt va lon nhét cia biéu thic

- P =1x129%3 + 227324 + ... + Tp_1T,T) + TnX1T3.

Ta c6 thé khai quat phuung phap vita sit dung thanh mot dinh li téng quat 13

B6 dé 1 (Bai toan v& phin ti¥ cyc bién).

(1). Cho cdc sé thiuc x1,xa,...,xn € I = [a,b] va f : I™ — R la ham thuc thod man vdi
moii = 1,n, néu cé dinh n—1 bién z;(j # i) thi f dat gié tri lon nhét khi z; € {a,b}.
Khi do f(z1, 22, ..., Tn) s€ ldy gid try lon nhét khi va chi khi z; € {a,b} Vi =1, n.

(it). Két qud tuong ty néu ta thay gid tri lon nhét thanh gid tri nhé nhét.

Cau hoi dat ra 1a nhitng ham s6 nao thi ¢6 tinh chét cye bien nhu vay? Tét nhien
1a khong phai moi ham s6, chi ham bac nhit méi c6 ca tinh chit chan trén lan chan
dudi. Diéu diic biét 13 ho4 ra 16p cdc ham nhu vay lai chinh 13 16p cac ham 15i, cy
thé 12 16p cac ham kha vi cAp 2 vi c6 dao ham khéng am

B4 dé 2. Néu f(z) la ham 1éi trén [a,b] (f"(z) > OVz € [a,b]) thi
Vel f(z) <max{f(a), f)).

Néu f(z) la ham lom thi ta thay max bdi min.

TAt nhien phuong phap. trén vin dude sit dung trye tiép nhu bat ding thite
Jensen mé khong can dung t6i dao ham. Si dung dinh 1f v& phin ham 15i va cac
phan tit cuc bién thi cac vi du vita trinh bay & phan trudc trd nén rat don gian.

Chéng han 8 vi du 1.4.7 ta ¢6 biéu thite

1 1 - 1
flar,a2,...,an) = (a1 + a2 + ... + ay,) (— +—+..+ —) .
a) a2 an
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D& thiy v6i mbi a; thi f 12 mot ham 18 nén biéu thic sé dat gia tri 16n nhét
néu va chi néu a; € {p,q} Vi =1, n.

Cong vice cudi cung cin lam la dat r 13 sé cdc sb a; bing p rdi dung tam thitc
bac 2. Diéu nay khong khé nén ban cé thé ty lam. Tat nhién. phuong phap nay sé
giup ta giai nhimg bai toan cong kénh hon, chang han.

Vi du 1.4.10 (Tong quat). Tim gid tri lon nhdt cda biéu thic sau vdi T; €
[a,b] Vi =1,n trong d6 b>a >0

3 g 3
(arxy + oo + ... + apy) (-:;:—1 _2+_“+_LL>’
1

Trong dé a,b, oy, 3; Vi = 1,n la cdc hdng sé duong cho trude.

Vé 1i thuyét, bai toan trén ludn giai duge vi ta chi phai xét trong trudng hop
hitu han 2; € {a, b} (z; chi ly 1 trong 2 gia tri a, b véi moi i = 1,n).

Vidu 1.4.11 (Tap chi Toan hoc va Tudi tré). Cho cdc sé thyc x1,Z2, ..., Ty €
[a,b]. Tim gid tri [dn nhdt cia

2

(z; — ;1:2')2 + (z, — :1:3)2 +- o4 (xy - m")2 +(xo —x3) 4+ -+ (Tp-1 — :En)z.

Trong bai toan trén, vi 22 13 moét ham 13i nén ta chi can tim gia tri 16n nhat cia
biéu thitc khi z; € {a, b}.

Sau day la mot vi du khac dya theo tu tudng ham 161
Vi du 1.4.12. Tim gid tri nhé nhdt cia biéu thic sau véin € N

f@)=1+z|+2+z|+..+n+2z|, z€R

Lol GIAL Dat Iy = [k, -k + 1|Vk > 2,I,,41 = (-, —n], I = [~1,+00). Chi ¥
ring v6i mdi x € Iy ta c6 thé bo di cac ddu gia tri tuyet dbi cua f(z) va f(zx) trd
thanh mot ham bac nhét véi x nén dé thay

min f(a) = min{f(~k), /(=& + 1)}

Véi I va I,,41 6 rang ta khong phéi X6t véi cac can vo ctlng vi hién nhién khi
dé f khong dat gia tri nhé nhat. Vay f chi dat gia tri nhd nhat khi va chi khi
xz € {-1,-2,...,—n}. Phdn con lai clia bai toan la vigc tinh toan véi méi ¢ =
—~k (k =1, 7n) sau d6 so sanh nén sé gianh cho ban doc tu hoan chinh. O
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1.5 Khai trién Abel va bit ding thic hoan vi

1.5.1 Khai trién Abel

Khai trién Abel 13 cong thic khai trién sau day
Dinh 1y 1.7 (Khai trién Abel). Gid st xy, 2, ..., Tn VA Y1, Y2, ..., Yn & cdc $6 thuc
tug y. Dt ck =1 +y2 + ... + yx Yk =1, n. Khi do

T1Y1 + ToYe + o+ Y = (21— T2)er + (@2 — x3)c2 + .. + (Tno1 — Tn)Cno1 + Tncn.

Cong thic trén la kha hién nhién, viée ching minh khong ¢6 gi khé khin vi né
chi don thudn 14 ding thic. That ki la la cong thitc khai trién nay lai r4t thuong
xuyén duge dung trong toan hoc, dae biet la trong dai s6 vA bat ding thiec. Cong
thitc khai trién trén gén lién véi bat déng thitc Abel nhu sau

Vidu 1.5.1. Cho 2 day s6 thuc x1,%2,...,Tn va Y1 2 yp > ... > yn. Ta diit

Sk=x1+x2+...+xk,

M = max Sy , m = min S.
k=1mn k=1,n

Chatng minh bdt ding thuc
my1 < 211 + L2y + .. + Tuyn < My,

Lor1 GiAl Ta s dung khai trién Abel nhu da trinh bay & trén

T1Y1 + Zoy2 + .+ Ty = (Y1 — ¥2)S1 + (Y2 — y3)S2 + ...+

+ (Yn-1 — Yn)Sn—1 + YnSn
(1 —y)m+ (2 — w)m+ ..+

+ (Yn-1 — yn)m +Yynm

v

2 my. .
Chitng minh hodn toan tudng ty dbi véi bat ddng thitc ben phai. O

Sau day 1a mot s6 bt ding thitc tiéu biéu si dung khai trién quan trong nay
Vidu 1.5.2. Cho 2 day s6 duong ay, ay, .., an va by, by, ..., by thod man didu kien
(a1,02,...,,> 0 |
51 > b2 > 2 bn
o > by .
ajaz > bibo

\alaz...an > blbz...bn
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Chatng minh bét ddng thic

a1+a2+...+an2b1+b2+...+bn.

LoO1 GiAl. Sit dung khai trién Abel ta c6

ay +a2+...+an2b1+b2+...+bn

& bl(Z—I—1>+b2(2—2—1>+...+bn(2—”—1>20

& (b —b2) (%—1)+(b2—b3)((;—i+c;—z—2)+...+

ai as QAp-1 a az  Qn
by —bp) | —+ —= - 1 byl —+ =4 — — > 0.
(bp-1 ")(b1+b2+bn_1 n+)+n(b1+b2+bn n>_0

Theo bat dfing thite AM — GM thi

a) ao ak a1ao...4k
L4 >k ————>k.
b Vo, T TN b b

Ngoai ra tit gia thiét by > by > ... > by nén mdi s6 hang & téng trén déu khong am.

Vay bét déng thic duge chitng minh. Dang thitc xay ra chi khi a; =4bi\7’i =1,n. 0O

Vi du 1.5.3 (USA MO 1994). Cho cdc sé thuc duong 1,2, .., Tn thod man
Vk < n,afl 4+ To+...+ Tk 2 Vk.

Chitng minh bdt ddng thic sau

1 1 1 1
2 2 2>__ el - -
:L‘1+£l:2+...+.’1:n_4<1+2+3+...+n>.

Lo1 GIAL Ta c6 thé sép xép lai day véi z1 > x2 > ... > Tp. Dt b = Vk.
Stt dyng phép bién doi Abel
22 + a4 .+ 22 = (21 - z)z + (22— @) (@1 +22) +
+ (Zpo1 — Tn) (@1 + T2+ .. + Tno1) F TafT1 T2+ F Tn)
> (xy - z2) + bo(ze — z3)+ ...+ by(zpn-1 — Tn) + bnie
> by + (bg — b1)xa + (b3 — b2)z3 + ... + (bp — bp—-1)Tn
> (2b1 — ba)z1 + (2b2 — by — b3)(z1 + T2) + -t
4 (2bp_y = bz — ba) (@1 + T2 + i+ Tno1) + (bu-1 — bu) (@1 4 o+ Tn)
> (2b1 — by) + bo(2by — by — b3) + ..+
4 bp-1(2bn_t — bn_2 — bn) + bp(bn-1 — bn).
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Ngoai ra dé thay
vk VE
bk(zbk - bk—l - bk'{'l) - \/m_*_ \/E - \/‘k_j—{- m)
_ VEWE+1 - VE-1)
T (VE+vVE-D(WE+VE+TD)

1 -
Do d6 bk (2bx — bg—1 — brt1) > % Tu d6 dé dang suy ra dpem. O

Vi du 1.5.4 (Lam manh bit ding thic Chebyshev). Gid st cdc sé thuc
a1,as, ..., Gn, by, ba, ..., by thod man diéu kién

a > ay + ap 2...2a1+a2+“'+a",
n

b12¥2m2b1+b2+...+bn.
n

Chitng minh ring

arby + asbs + ... + anby, >

(a1 + a2+ ...+ ap)(by + b2 + ... + by).

S|

Lo1 G1AL Do biéu thic
n(a1b1 + agby + ... + anb") - ((11 +ay+..+ a")(bl +bo+ ...+ bn)

Luon bidu dién duge qua cac s6 hang (a; — a;)(by, — b) nén ta c6 thé cung bot di ¢
day (a;) va (b;) mot lugng tuong ting 1a (a1 +az+...+an)/n va (by+bo+... +b,) /n,
diéu dé c6 nghia 13 ta c6 thé thé gia sit duge
a1 t+ay+..+a,=by+by+..+b,=0.
Dit Sy = a1 + ag + ... + ag, theo cong thic khai trién Abel ta c6
P =aiby +asbs + ... + apb,

= (b1 — b2)S1 + (b2 — b3)S2 + ... + (bn—1 — bn)Sn-1 4 bnSn
' S Sn— Sn
= (by = b2)Sy + 2(bg — b3)—§2- ot (= )bt = ba) 5 11 + nbn ==

Ché ¥ diéu ki¢n gia thiét {Sx/k} 12 day gidm nén ta sit dung tiép khai trién Abel
cho biéu thdc trén

S S
P = (Sl — —2—2) (b1 — ba) + (—2 - —Si> (b1 +ba — 2b3) + ...

2 3
+ (h - &) (b +b24— it by — (n=1)by) +
n-1 n _

+ (%) (b1 4+ b2 + ... + by).
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Theo gia thiét ta co

Zb1-|-b2> >b1+b2+...+bn

b
1 5 22 n )

Ma didu kién trén hoan toan tuong duong véi
by>by , bi+bo+...+bp > kb VE=1,n—1.
Vay P > 0. Ta c¢6 diéu phai chitng minh. O

Vi du 1.5.5 (Romania MO, Singapore MO). Gid st z; > z9 > ... > Tp >
Tny1 =0 la day s6 duwong cho trude. Chitng minh bdt ddng thitc

Ver+z2+ .+ x, < i\/;(\/z_l— VZTit1)
i=1

Lo1 GIAL Dat ¢; = Vi— i — 1 va a; = /z;. Bat déng thitc tuong duong
(a1 +agca + ... + ancn)? > af + a% +..+ad2.
Chon céc sb duong by, b, ..., b, sao cho b2 + b2 + ... + b2 =1 va
| (@ + a3+ ...+ a2)(b? + ég 4 ..+ b2) = (a1by + asby + ... + anby)?.
Ta phai chitng minh

aic1 + agCa + ... + ancy > arby + agbs + ... + apb,

3

aj(er — b)) +az(co —b2) + ...+ an(cn —bn) > 0

& (a1 — a2)(c1 — b1) + (az —ag)(c1 +c2 — by — ba) + ...+
+ (@n-1 —an)(cr+co+ ...+ ooy — by — b2 — ... — by1)+
+ap(cy+ea+..+ep—by—ba—...—by) > 0.

Cha y r3ng a1 > as 2 e >y VA
cl+C2+...+ck-—(b1+b2+...+bk)=\/—k‘:—(b1+b2+...+bk)20,

Bai vi theo bat ding thic Cauchy — Schwarz ta c6

b1+b2+...+bks\/k(b?+b§+...+b2)5\/ﬁ.

Bét ddng thic da dugce ching minh xong. O
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Vi du 1.5.6. Cho 2 diy s6 duong ai,az, ..., an va b1, bs, ..., by, thod mdn

by < bz < ... < b,
Vk=T,nthia?+ad+..+a <b2+b3+..+0bk

Chatng minh ring
a1 +ar+...+a, <by+ba+ ...+ by

L&1 GiAlL Ta sit dung chitng minh bing quy nap, hién nhién bit ddng thic diing
v6in = 1. Gia sit bat ddng thitc da dang véi n, ta ching minh né van ding v6i n + 1
6. That vay, theo bat dang thic Cauchy — Schwarz ta c6é

(@2 + a2+ .. +a2 )BT+ b3+ . +b2,) > (ar1b + azba + ... + Gng1bns1)?
T gia thiét suy ra

b2+ b2+ ...+ b2 > arbr + agby + ... + Gny1bnta
& bi(by —a1) + ba(b2 — a2) + ... + bpy1(bnss — @n41) 20
& (by — bo){b1 = a1) + (ba — b3)(by + ba — a2 — ag) + ...
+(by = bpg1)(by+ b+ ...+ by —a1 —az — ... — ap)+
+bpp1(by + b2+ ...+ bpyr — a1 — a2 — ... — Gpy1) 2 0.

Chu y riing trong tdng trén tit ca cac sb hang trit sb hang cudi cung la khong duong,
do d6 ta phai cé

by+bo+...+byy1—a1—a2— ... —apy1 =20
S bh+bo+...+bpry>artar+ ...+ sl

B4t déng thitc duge ching minh xong. O
Vidu 1.5.7. Gid st 0<z <y <z vaa,b,c>0 thod man hé diéu kién
c/z - <1

a/z+b/y <2
a/t+b/y+c/z <3

Chaing minh ring Va+vVh+ < VT + i+ /7
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Ld1 GiAl. Ta co

Vit VB Vo (VE + T+ V)
Al
;\/'z‘—\/m(\/g—l)uﬂ—ﬁ) <\/§+ ?—2>

" «5(@4\/;\/5_3) <o,

Vi theo bat ding thitc Cauchy — Schwarz ta c6

Déng thitc xay ra khi va chi khia =z,b=y,c=2 0O

il

Il

2

Hi vong qua cac vi du trén cic ban thay ré duge ¥ nghia clia ki thuat dac bigt
nay. Dé két thic, cac ban hay ty ching minh céac bét déng thitc sau

Vi du 1.5.8 (D& thi HSG Téng Hop). Cho cic $6 thue duong a,b,c,x,y,z thod
mén diéu kién
z>y>z2,asx
a2+ 02 <z +4?
B+ +S <’y 428
Chitng minh ring
a® + 68+ 8 <ab+ 98+ 25

HUGNG DAN. Hay chimg minh trudc a® + 0% < 23+ 3% O

Vi du 1.5.9 (Russia 2000). Cho -1 <z <z9<..<Tp, <lwvay <y2<..<
Yn Sao cho

R To 2 M S o

Chang minh bdt ddng thic

iy + Pys + .. + i3y < T1Y1 + T2y2 + ... + Taln.
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1.5.2 Béat dang thic hoan vi

Dinh ly 1.8 (Béat ddng thitc Hoan vi). Cho 2 ddy sé don diéu tang ay, ag, ..., Gn
va by, by, ..., bp. Gid st (i1, 19, ...,1,) la mot hodn vi bdt ki cida (1,2,...,n), ta luon cé

aiby +agby + ... + anby > albi1 + azbiz + ...+ anbin
NquZ ra néu’ 2 ddy a17 a2) RS an Ud bla b27 ey bn ddn dléu ’ﬂg'll,dc C}”éu thi bét ddng
thite trén doi chiéu.
CHUNG MINH. Xét trudng hyp cac day déu la don dieu tang. Bat dang thic tuong
duong vioi
al(b1 — bi1) -+ a2(b2 — b'iz) 4+ ...+ an(bn - bin) >0

P== (al — az)(bl — bil) + (az — a3)(b1 + by — b,’l — big) + ...

+(an_1 — an)(bl +bo+ ...+ by — bi1 - biz - = bin_1)+

tan(by +bo+ ...+ by —by — by — ... — b,,) > 0.
Viby > by >...> b, nén véi moi k=1,n thi i +bo+ ...+ bk > by + by, + ...+ by,
Vay mbi sé hang cha téng trén déu khong am. Ta c¢6 dpem. O

Néu 2 day don dieu ngugce chidu thi bat ddng thic déi dau va ciing chitng minh
hoan toan tuong ty.

Chning minh bt déng thite hoan vi bing khai trién Abel rat ngén gon, c6 nhidu
céch ching minh khéac cho bat ding thitc nay nhung néi chung déu mang nhiéu tinh
s6 hoc hoac dai dong hon nhidu. Bat ding thic hoan vi 1a mot bat déng thic rt
manh, ching han n6 ¢o thé suy ra tryc tiép bat déng thie AM — GM nhu sau
Vi du 1.5.10 (B4t ding thitc AM-GM). Ching minh vdi moi s6 thuc khong
am ai, a3, .., ay, ta cé

a1+ as + ... +an 2 nYar1as...0q.

Lor GIAL RO rang bat dang thite trén hoan toan tuong duong voi
Tn-1 Tn

1 T2
—+ —4+ ..+ +
T2 I3 Tn T

>n

Xét bat ding thac hoan vi véi 2 diy don diéu ngugc chiéu sau

L1,X2y .-y ITpy

1 1 1
Ty T ey T
ry T2 Tn
Khi d6 T T T x T x Ty,
1 2 -1 n 1 2 v
A2 4>+ =0
D) I3 Tn T Il )] T

Bét ding thic duge chitng minh. O
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Vidu 1.5.11. Ching minh vdi moi a,b, c khéng ém ta luén cé
a® + %+ & > a'b + b + cta.

Lo1 GIAL Ta 4p dung bat ding thic hoan vi véi 2 bo don dieu sau day

(a,b,¢) , (a*,b4,c?). O
Vi du 1.5.12 (IMO 1984 Pro. 3). Gid st a,b,c la do dai 3 canh mot tam gidc,
hdy chitng minh

a?b(a — b) + b%c(b — ¢) + c*alc — a) > 0.

Lo1 G1AL Luu ¥ rdng néu a, b, ¢ 1a d6 dai 3 canh mot tam giac thi

a2b®a2+b_c2b2+ca.

Vay 2 bd sb sau day la 2 bo don diéu nguge chiéu

a®+bc, b®+ca, ¢+ ab,
1 1 1
a’ b’ ¢
Theo bat dang thitc hoan vi ta c6

2 2 2 -9 2 2
a+bc b +ca c“+ab _a“+bc b +ca c*+ab
AL L L + + &
a b c c a b

& a?b? + b%c? + c?a? < a3b + B3¢ + Ba.

Day la diéu phai ching minh. Luu y rang néu khong ¢o gia thiét a, b, ¢ 1a do dai 3
canh ctia tam giac thi bit ding tintc khong ding. Q

Vi du 1.5.13 (IMO 1975). Cho 2 day sé thuc x1, %2, ..., Tn V& Y1, Y2, ..., Yn thod
min 1 < 2 < ... < T,y S Yo < oo < Y. Goi 21,29, ..., 2, ld Mt hodn vi cia
Y1, Y2, .-, Yn. Chitng minh ring

(x; — y1)2 + (x2 — y2)2 + ...+ (.’E" - yn)2 < (1‘1 — 21)2 + (Z‘Q - z2)2 + ...+ (:En — zn)2.

Lo GIAL Day thyc chét chi la bat déng thic hoén vi thong thuong. O

Vidu 1.5.14 (IMO 1978). Cho day s6 nquyén duong phan biét ay, s, .., an. Chitng
minh ring
AR S
temtotgzytstot
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Lo1 GiAl. Sip xép day ay, as, ..., a, thanh day don diéu tang 1, T, ..., T,. Theo bat
ding thitc hoan vi ta ¢6
(425 T

ai as >
ﬂ'1‘§+§+...+n—2_ 12

T2

+22

Tn
+ ...+ 2

Vi day ()™, 1a sé day sb6 nguyen duong don diéu tang nén z; > i Vi = 1,n. Vay

zl+$2+ +xn>1+l+ +1
12 792 "7 T 2= 1 02 77 T n’

Ta c6 diéu phai ching minh. O
Vi du 1.5.15. Chitng minh vdi moi sé duong a,b, c thi

a?+bc b 4+ca c2+ab

> b+c.
b+c + ct+a + a+b 2at+ote

Lo1 G1AL Do 2 day a?, b2, ¢? va F-}TE* al;a, ﬁg ludn 14 2 day don diéu cing chiéu nén

theo bat ding thitc hoan vi ta c¢o

a? N b? +c2+ab b2 N c? + a?
b+c c+a a+b “b+c c+a a+b

Do dé

a?+bc b +ca c+ab_ b2+bc +ca a’+ab
> + +
b+ec c+a a+b b+c cta a+b

=a+b+ec

Déing thitc xdy rachi khia=b=¢. O
/

1.6 Béat ding thic dbi ximg 3 bién

B4t ding thic d6i xing 13 mot trong c4c phdn quan trong nhét ctia bét déng
thitc so cip, ciing la dang bai quen thudc trong céc ki thi hoc sinh gidi quée gia va
qubc té. Day la dang bat ding thic rat duge yéu thich khéng chi véi cdc ban da
thanh thao ma con hip din véi nhitng ban méi bat dau. C6 1é 1i do don gian la cac
b4t ding thic dang nay déu rit dep va chudn vé mat hinh thitc. Tuy nhién khong
phai mot bai toan véi hinh thitc phat bidu don gian ciing c6 thé gidi duge theo cach
don gian, tham chi rat nhiéu bai toan nhu viy nhung 18i giai rat lai kho.

N6i chung, cac bat ding thntc déi xing 3 bién & dang tdng quat ludn cé bidu
dién dudi dang sau
fla,b,e)>0
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Lo1 GiAl Sip xép day ay, as, ..., a,, thanh day dun diéu tang z;, xo, ..., Tn. Theo bat
déng thitc hoan vi ta ¢6

Iy T2 Tn

‘—+?+ -+ 2_12+§§+...+-n—2.

Vi day (z;)7; la s6 day s6 nguyén duong don diéu ting nén z; > i Vi = 1,n. Vay

1 1 1
12+§+ .+ 2_T+2+ +—..

Ta cé diéu phai chitng minh. O
Vi du 1.5.15. Chitng minh vdi moi sé6 duong a, b, c thi

a?+bc b+ca c*+adb

> b .
b+c cta a+b ~ atbre
Lo1 GIAL Do 2 day a2, b?%, c? va b-}-c Lia, 2+ ludn la 2 day don diéu cung chiéu nén
theo bat ding thic hoan vi ta ¢
a? b2 c® + ab b? c? a?

b—i—c+c+a+ a+b ~ b+c+c+a+a+b'
Do d6

al+be b +ca c2+ab>b2+bc c2+ca+a2+ab
b+c c+a a+b ~ b+c c+a a+b

=a+b+ec

Déng thitc xay ra chi khia=b=¢c. O
/.

1.6 Bét ding thic déi ximg 3 bién

Bét ding thic dbi xing 13 mot trong c4c phin quan trong nhét ciia bt ding
thitc so cép, cing 13 dang bai quen thude trong cac ki thi hoc sinh gidi qudc gia va
qubc té. Day la dang bat ding thitc rt duge yéu thich khong chi véi cac ban da
thanh thao ma con hap din véi nhitng ban méi bat dau. C6 lé 1i do don gian la cac
b4t dng thic dang nay déu rit dep va chudn vé mat hinh thitc. Tuy nhién khong
phai mot bai toan vdi hinh thite phét bidu don gién ciing c6 thé giai duge theo cach
don gian, tham chi rit nhiéu bai todn nhu vay nhung 18 gidi rat lai kho.

N6i chung, cac bat ding thite déi ximg 3 bién & dang tdng quat ludn cé bidu
dién dudi dang sau
f(a,b,¢) >0
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trong dé f(a, b, c) 1a ham dbi xing ctia 3 bién a, b, ¢, hay néi cach khac

«

fla,b,c) = f(c,b,a) = f(b,a,c).
Chéng han f(a,b,c) = a? + b2 + 2 + 3ab + 3bc + 3ca + 5abe + a2b2c2.
Tinh chét quan trong nhat ctia cac biéu thitc déi xitng 13 vai tro binh déng gitta

cac bién, va do d6 ta c6 thé xdp xép lai theo mot trat tu tiy ¥ gid tri cac bién sb
d6 trong ching minh. Day 12 mot chi y sé duge sit dung rat nhidu.

Cac tinh chat va dinh nghia nay duge mé rong tuong ti véi cac bidu tinie ciia n
bién z1, 2, ..., Z,. Trong phin nay chiing ta sé tim hiéu khai quat vé cac bat ding
thitc déi xing 3 bién va mot s6 ki thuat lien quan. Ta phan chia cc bat ding thic
d6i xing thanh 2 dang chinh 1a cac bat ding thuc 6 didu kien va khong cé diéu
kien. DAu tien ta sé xem xét cac bat déng thie véi cac bién tu do.

1.6.1 B4t dang thic thuin nhit khong c6 didu kién
Trudc hét ta cAn dinh nghia cho mét ham sé thudn nhat. Ham f(a, b, ¢) dugc goi
1 thudn nhat véi cac bién trén mién I néu né théa man didu kién
f(ta, tb, tc) = t* f(a, b, c)

v6i moi t,a,b,c € I va k 12 mot hding sb khong phu thudc vao a,b, ¢, t ma chi phu
thudc vio ban than ham f. Trong pham vi cta da thie thi mot da thic 13 thuin
nhét néu né la tdng cla cic don thic déng bac. Ching han ta c6 da thitc thuin
nhat (khong déi xing) sau day

fla,b,c) = aSbc® + a?b3c* + abSc?.
Vi du m6t ham sb thudn nhit khéng 1a da thic

f(@) = s + —
VeZ+z2 z+c

Dinh nghia trén c6 thé md rong cho ham sé cia n bién z;, T3,y ..., Ty

Ldp cac ham thudn nhét trong bt déng thitc cling la mot phan rat rong ciia bét
ding thuc, va sé duge nhic lai rit nhidu 13n trong cubn sach vi tinh quan trong cua
né. Do d6 ban doc nén xem ki cac tinh chét clia loai ham nay, trong dé tinh chét
dutge sit dung thuong xuyén nhat 1a tinh chit chudn hda dl[(i(‘ Tinh chét nay ciing
sé dugc ban lai ki hon ngay trong phan-sau.

Mé dau vé bat ding thite ddi ximg 3 bién thuan nhat 1a mot bat déng thite eye
ki ndi tiéng va c6 nhiéu dng dung, d6 1a bat déng thic déi xing Schur

a(a~b)(a—c)+bb-a)b-c)+c(c—a)(c—b)>0.
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B4t ding thuc trén thuong duge phat biu dudi dang quen thudc hon nhu sau

Dinh ly 1.9 (Béat déng thitc Schur). Vdi moi sé thuc khong am a,b,c ta luén
6 bét ding thitc

a® + b® + ¢® + 3abe > ab(a + b) + be(b + ¢) + calc + a).

CHUNG MINH. Cé rit nhidu cach chning minh bat dang thiic trén, ¢ day téc gia s¢
gidi thi¢u mot cach chitng minh ma sé con thém nhidu ng dung sau nay. Ngoai ra,
day ciing 13 mot cach chitng minh rét don gién va ngin gon. Do tinh dbi xing cla
bat ding thic ta c6 thé gidsta >b>c Datz=a-by=b-g, bat déng thic
duge viét lai thanh

c(:v+y)y—(c+y)zy+(c+:c+y)x(x+y)20

&o(e® +ry+y?) + 23 (z +2y) > 0.

Bat dang thic trén hién nhien dung vi cic bién ¢, z,y déu khong am. Dang thic
xéyrakhivachikhix:y:Ohoacx=c=0haya:b=choaca=b,c=0. Do
gid st a > b > ¢ & dAu bai toan nén cic trusng hgp z = 0,y = z vay = 0,z =z
ciing c6 ding thitc. V@& sau ta chi néi gon la a = b, ¢ = 0 ho#c cac hoan vi. Bai toan
da duge clntng minh. O

Mot cach ty nhién, ta mudn xem xét mot md rong tudng ty
Vi du 1.6.1. Khdng dinh hodc phi dinh bit ding thic

ab + 18 + 8 + 3a2b%c® > aB(b+ ¢) + b3 (c+ a) + cP(a + b).

Lot GiAL Rt tiée, bat ding thic tren khong phai luon ding. Chob=c =z

ab + 228 + 302z > 30z + 22%(a + )
& a4+ 3d%? > 2a°z + 22%a

& a® + 3azt > 2a%z + 22°.

Tuy nhién bat ding thnte trén khong ding néu ta cho a = 0. Dé r6 hon, ¢6 thé cho
a=1lvab=c=4 U1 '

Mot van dé khic duge dat ra la
Vi du 1.6.2. Ligu c6 ton tei mot héng sé k sao cho bét ddng thic sau luon ding
a8 + b5 + & + ka?b?c® > a®(b+c) + b (c+a) + c®(a +b).

Vi néu cd, hiy tim héng sé t6t nhét (nhé nhét) cd thé duge.
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Lo1 GiAl. Dang tiéc 14 khong ton tai mot hdng s6 &k ndo nhu vay cd, va do d6 ciing
khong c6 hing s6 tot nhat. That khong may mén la 2 két qué thit nghiém méi cla
ching ta déu dan dén moét két qua phu dinh. Nhung cédc ban dung vi thé ma e ngai
viée tut sang tao cac bat ding thitc, vi nhing sy khéng may min nhu vay la didu
khong thé tranh khoi, tham chi 13 rat nhidu. Déi vdi mot bét d&ng thitc, sé khé hon
rat nhiéu néu cau héi dat ra la khdng dinh hodc phii dinh, chit chua phai & ching
minh bit dang thic. Tham chi trong khi chiing minh mét bat déng thitc khong ding
ta hoan toan c¢6 thé lam dung né dé duge mot bat ding thitc tét hon. O

Ching ta hay tiép tuc trd lai qua v6i mot két qua kha hién nhién
2(a® + 6% + %) > a®(b+c) + bP(c+ a) + P(a + b).
Muc dich bay giv 1a ta sé them dai lugng chita a?b%c? vao bidu thuc vé trai, va

gidm he s6 2 dén mitc nho nhét c6 thé duge dé c6 mot bat ding thic ding. Theo
cac suy luan & trén ta khong thé gidm hé sb 2 t6i 1. C6 mot két qua khé dep mit

Vi du 1.6.3. Ching minh vdi moi a,b, c thuc
; - - 2
a8 + 8 4+ ® + a?b%c? > 3 (a®(b+c) +b%(c+ a) + c®(a +b)).
Lot GiAL. Ching minh bat ding thite trén khong qué khé, nhung viéc tim ra né lai
1a mot cong viée kha vat va. Su dung bat dang thie Schur ta c6
a® + 8% + c® + 3202 > a* (B2 + 2) + bY(c? + a?) + cH(a? + b2).

Theo bat ding thitc AM — GM thi

(a® + a*?) + (a® + a*c®) > 245(b+ ),

(6% + b%c?) + (65 + b%a?) > 2b%(c + a),

(® + c*a?) + (P + ¢*b?) > 2¢(a + b).
Cubi cling, cong c& 4 bt déng thic trén lai ta ¢6 didu phéi ching minh. O

M@ rong bat déng thite Schur véi bac nhit & tren ta c6 bt ding thit Schur véi
bac 2 sau day

Vi du 1.6.4. Chitng minh rdng vdi moi sé thuc khong am a,b, ¢ ta c6
at + b+t +abe(a+b+c) > a3(b+c) + b*(c+ a) + c*(a +b).
LO1 G1AL. Céac ban hay xem lai cach cluing ‘minh cho bat ding tintc Schur & dang

cd ban (bac nhat), ca 2 ching minh déu hoan toan giéng nhau. Mot didu déng cha
¥ la bat ding thitc Schur bac 2 ding véi moi a, b, ¢ thye. O

Tu két qua trén ta suy ra
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Bai toan 1.51 (Russia MO, Crux). Cho cdc $6 thuc ay,as, .., an. X6t cdc biéu

thitc sau ’ ot
: ai+ax+..+a

b = — 2k * vk =1,n.

C = (a1 - b1)2 + (ag - b2)2 + ...+ (an - bn)Z,
D = (a1 —bn)?+ (a2 — bp)? + ... +.(an — bn)>.
Chitng minh bdt ddng thic

c<D<2C.

Bai toan 1.52 (Viét Nam MO 2002). Cho cdc sé thuc z,y,z thod mdn diéu
kién 22 + y® + 22 = 9. Chimg minh ring

2z +y+2) —zyz < 10.
Bai toan 1.53. Ching minh rdng vdi cdc sé duong a,b, c,d ta luon cé

B+83+c B+E+d S+dP+ad B +ad+b3

> 2 b2 2 d2.
b+c+d ct+d+a d+a+b a+b+c 2at+o e

Bai toan 1.54 (Indian MO 2003). Ching minh rdng z3y%(z® + y®) < 2 vdi cdc
s6 thyec khong am x,y c6 tong bing 2. -

Bai toan 1.55. Cho z,y, 2 la cdc s6 thuc thod mdn diéu kien z +y + 2 = 5 va
22+ y2+ 22 = 9. Fim gid tri lon nhdt va gid tri nhé nhét cia biéu thic

A=zly +92z + 222

Bai toan 1.56 (Mongolia MO 1991). Cho cdc sé thuc a, b, ¢ c6 tong binh phuong
bdng 2. Chitng minh ring

la3 + b3 + ¢ — abe| < 2V/2.
Bai toan 1.57. Ching minh bt ddng thic sau vdi moi a,b, ¢ khong am

a(b+c) b(c+a) c(a +b)
B2+bc+c2 c2+cat+a? “al+ab+b2

Bai toan 1.58. Cho cdc s thuc duong a1, a, ..., a, c6 fich bang 1. Ching minh

2 2 : 2
a as + ...+ ay > + ...+ .
1+t "2 Tra T 1% e, 1+an

Bai toan 1.59. Gid st a,b,c la d¢ dai 3 canh ciéa mot tam gide. Chidng minh riing

3, 13 3, .3 3, 3
a’+b b° + ¢ ¢’ +a

+ >2(a+b+c).
B2—-bc+c? " 2—ca+a? a?—-ab+b2 " ( +o)
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Bai toan 1.38. Ching minh rdng vdi moi a, b, ¢ khong am te cé bt ddng thic

alb+c) bla+c) cla+bd)
> 2.
i T alt Al

HUONG DAN. Khéng mét tinh tdng quat, gid st a > b > ¢, xét

alb+c) bla+c)
B +c2  a?+c?
_bla-b)+cla-c) alb—a)+clb—rc)

-2

b2 + ac b2 + ¢?
b a (a — b)%(ab— c?)
> - b — = > 0.
>(a=b) (b2+02 a2+c2) (a? + ) (b2 + c2) 20

Dang thntc xAy ra khi va chi khi @ = b, ¢ = 0 hosic cac hoan vi. O
Bai toan 1.39 (Crux). Tim chdn trén ldn nhdt cho biéu thitc sau

I + T2 +o+ In
ZoZ3..Tn+1  Tyx3.Tn+1 T miT9..Tpo1 +1

Trong d6 x1, x2; ..., &y, la cdc sb thyc trong [0, 1].

HUONG DAN. Stt dung phuong phap ham 184, tim dugc chan trénlan -1 véin > 3.
a

Bai toan 1.40 (Crux). Ching minh ring vdi moi a,b,c > 0 thi
(a+b)%(b+c)*(c+a)® > abe(a+ b+ 2¢)(b+ ¢+ 2a)(c+ a+ 2b).

Bai toan 1.41 (Tap chi Toan hoc va Tudi tré). Gid st a,b,c la cdc s6 thuc
khong am c6 tong bdng 1. Chaing minh rdng

ab+be + ca
a?b? + b%c? + c2a?

> 8(a® +b? + ¢?).

Bai toan 1.42. Cho cdc sé thue khong am ay, ay, ..., a, thod man aij+ag+...+a, = 1.
Chitng minh ring

(a1 +a2)(a1 + a2 +a3)...(a1 + ag + ... + an_1) > 4" lajas...a,.

Bai toin 1.43 (Poland 1998). Cho cdc sé thuc khong am a,b,c, d,e, f cé tong
bdng 1 va ace + bdf > 1/108. Chitng minh bdt ding thic

abc + bed + cde + def + efa + fba < 516
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Bai toan 1.29. Gid st a,b,c¢ la cdc s6 thuc duong thod man

l+ 1 +1
1+4a 14b 1+c

=2,

Chitng minh rdng

iy

1 1
-+ -+=2>4(a+b+c).
a c

o~

HUONG DAN. Gi4 thiét cnia bai toan tuong duong véi ton tai z,y, z dé

T N Y . z

a= ,0= ,C .
y+z 2+ T+y

Phan con lai duge chitng minh tuong déi dé dang. O
Bai todn 1.30. Cho cdc sb thyc khong am a,b, ¢ thod man a® + b% + ¢ = 1. Chiing
minh ring :
9
a+b+c<V2+ Zabc.

Bai toan 1.31 (Russia MO). Gid s¢ z,y, z la cdc s6 dudng c6 tong bing 3. Ching
minh réng
VT + Y+ Vz > zy +yz + 2z
Bai toan 1.32 (Romania TST 1993). Tim sé thuc duong a ldn nhdt dé bit ddng
thic sau ding vdi moi z,y,z € R
L E >,
Vii+22  V22+22 \JaP? T

HUONG DAN. Gia trj t6t nhat cla a 1a 2. Sit dung bat ding thic AM — GM. O

Bai todn 1.33 (Crux). Ching minh bit ddng thic sau vdi moi sé thyuc duong
{E, y’ z

z z
<L

)
z+(z+y)(z+2) +y+ Viy+zo)ly+2) +z+\/(z+x)(z+y) -

HUONG DAN. Ta c6 hai cach chitng minh nhu sau
Cdch 1. Theo bat déng thitc Cauchy — Schwarz thi (z + y)(z + 2) > (z + /¥2)?

xr X
z+(z+yz+2) " 22+ /yz

Do d6 ta phéi ching minh néu abc = 1 thi_

1 1 ]
<1
2%a 256 T a5e s
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HUONG DAN. Bét ding thitc tuong duong

b2 b2 b2
a1 +ag+ ... tap,> L+ 244
ai a2 an

Stit dung khai trién Abel ta cé

n n—1

Za-—zn:ﬁ—z<i_ 1 )
i=1 ' i=1 ai~i=1 a; Qi1

Dang thic x4y ra khi vd chi khi a; =b; Vi=T1,n. O

Bai toan 1.19 (Crux). Gid st n>m>1 vax >y > 0 thod man ™! + "+l <
™ — y™. Chitng minh ring 2" + y" < 1.

Bai toan 1.20. Ching minh vdi moi z,y, z € [0, 1] thi

z2y+y22+z2.’£ 2 3/4

Lo1 GIAL S dung bat ddng thic =¥ > x/(z + y — zy), dua bit ding thic vé

T 2 Y 2 z z 3
: >-. 0
<$+y) +<y+ ) +.(Z+»’C) ~ 4

Bai toan 1.21. Ching minh rdng vdi moi a,b,c > 0 ta cé

a? + be + b2 +ca + 2+ ab
(b+¢)?  (c+a)?  (a+b)?

>3
-2

HUGNG DAN. Sit dung bat ding thitc Chebyshev. O

Bai toan 1.22 (Tap chi Toan hoc va Tudi tré). Cho cdc sé thic khong am
z,y, 2 thod man diéu kién x +y + z = 1. Chaing minh réng

22+1 yi+1 z2+1<7
y2+1 2241 22412

Bai toan 1.23 (IMO Shortlist 2004). Gid st a,b, ¢ la cdc s6 thuc duong sao cho
ab + bc + ca = 1. Chitng minh ring

Al 5/ 1 4/ 1 1
'\’/—+6b+‘\i/—-+6c+'\’/~+6a§-——.
a b ) c abc

Bai toan 1.24 (IMO 1995). Cho a,b,c > 0 va abc = 1. Ching minh
' 1.1 .1 3
ad(b+c) b(c+a) c3la+b) ™2
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HUONG DAN. Ta phéi chimg minh véi a, b, ¢ € [0, k] thi
a(k —b) + bk —c) +c(k —a) < k>

Tuy nhién vé trai 1a ham 16i v6i méi bién a, b, c nén ta chi cin xét khi a, b, c€ {0, k}.
Khi dé bat ding thic hién nhién ding.

Ngoai ra ta c6 thé ching minh tryc tiép khéng diing ham 13i nhu sau

(k—a)(k—b)+(k—b)(k—c)+(k—c)(k—a) > 0 = 2k(a+b+c) — (ab+bc+ca) < 3k,

Do d6 néu a + b+ ¢ > k ta c6 ngay dpem. Trudng hgp nguge lai, dé thiy
k(a+b+c)—(ab+bc+ca)<k(a+b+c)<k? O

Bai toan 1.11 (APMO 2001). Cho cdc s thuc duong a, b, c thod man 1/a+1/b+
1/c=1. Chitng minh

Vatbe+ Vb +ea+ Vet ab> Vabe + va+ Vb4 Ve

HUONG DAN. Si dung bét ding thitc
VeTab > ety 2.
[

Chi ¥ riing theo gia thiét ta co

— fab {be ca
abc = ? + ; + \/%,
Sau d6 ap dung bat ding thitc AM — GM cho 2s6. O

Bai toan 1.12 (Math. Chanlleges). Gid st a;, ag', vy O 10 cdc $6 thue thudc doun
[—2,2]. Tum gid tri nhé nhdt cia biéu thic

P=a1a9+ asaz + ... + anai.

HUONG DAN. Sit dung phuong phép ham 16i. O

Bai todn 1.13. Tim hing s6 k = k(n) ldn nhdt sao cho bat ddng thic sau ding vdi
moi diy sé khong am ay,ay, ..., ay,

(ay+as+ ...+ an)2 > k{ayas + agag + ... + anal).
HUOGNG DAN. D@ dang tim dugc k(3) = 3 va k(4) = 4. V6i n > 4 thi k(n) = 4. That

vay, choa; = ap = 1 vd a; = 0Vj # 1,2 tasuy ra k(n) < 4. Dé ching minh k(n) = 4
thod man ta diing ching minh bing quy nap. O
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Bai toan 1.1 (Balkan MO). Cho 3 s6 thuc duong a,b,c co tich bang 1. Ching
minh bat ddng thic

a+b b+c c+a
+ +
c a b

1 1 1
+622(a+b+c+—+—+—).
a b ¢

HUONG DAN. Tdn tai céc sb duong z,y, 2'sao cho a = z/y,b=y/z,c = z/x
Bat ding thitc tré thanh
2 4+ 3 4+ 23 + 3zyz > xy(z +y) +yz(y+ 2) + zz(z + z). O

Bai toan 1.2 (Russia MO 1999). Cho cdc sé thuc duong z,y,z cd tich bing 1.

Chatng minh ring néu
1 1 1
S+ Izztyta
Ty =z

Thi vdi moi s6 nguyén duong k ta cé

Vol ok ko Lk
== >aF 4 yh 4k
gk Tk = y

1
=+
HUONG DAN. Diéu kién ciia bai todn tuong duong véi
(z-Dy-1(z-1)<0
Suy ra véi moi s6 nguyén dudng k thi
(zF - D(F-1)(F-1)<0. O
Bai toan 1.3. Cho cdc s6 thuc z,y, z thudc (—1,1). Ching minh ring

1 1
T o092 T+l nits >

HUGNG DAN. Sit dung triye tiép bat ding tlnte AM — GM cho 2 s6 hang 8 vé trai
ta cq didu phai ching minh, lutu ¥ ring

Q-1 -yI-)0+a)(1+y(l+2)=(1-2°)(1~-y*)(1-2°)<1. O
Bai toan 1.4. Chatng minh rdng vdi moi s6 duong a, b, ¢ ta luén cé

at + b+ ¢ 3abe
ab+bc+ca a+b+c

> %(az +b2+c2).
Bai todn 1.5 (USA MO 2002). Vdia,b,c la cdc s6 thuc duong, ching minh

(a5 — a2 +3)(6° - b2+ 3)(c* ~ 2 +3) > (a +b+)>.
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" yo. Lic d6 g(yo) = g(§) = .

) 15 ., , )
Tt d6 két hyp vai (3) suy ra P(z,y,2) > g(y) = g(y) = = dang thuc xay ra vii
5 2

y=,7 =3,z= 3 hay a =1/3,b=4/5,c=3/2. O

Téng quat clia bai toan ndy da dugc giai bing phuong phap can bing he sé &
muc trudc. Nhung néu xét theo mét cach nao d6, chitng minh sit dung dao ham van
14 don gian nhit vé mat y tudng. N6 ciing 13 mot vi du tiéu biéu cho phuong phéap
gidm bién - mot ki thuat quan trong trong viée ding dao ham dé giai bai toan cyc
tri ham sé nhidu bién. Ta hay xem bt ding thic Schur c6 thé chimg minh bing
phuong phap nay nhu thé nao don gian thé nao?

Vi du 1.9.6 (Bt dang thitc Schur). Ching minh Va,b,c >0 ta ¢6
a® + b3 + ¢3 + 3abc > ab(a + b) + be(b + ¢) + ca(c + a).

Lot GiAl. Khong mét tinh tdng quat, gid sit ring a > b > ¢. X6t ham sb

f(a) = a® + b + ¢ + 3abc — ab(a + b) — be(b+ ¢) — calc + a)
f'(a) = 3a® + 3bc — 2ab — b? — 2ac — 2.

D& thay 3a? > b% + 2ac va 3bc > c? nén f'(a) >0 véia>b>c Vay
fla) > f(b) = & + 3a%c — 2ac(a + ¢) = c(a — ¢)® > 0.

Bat ding thitc duge ching minh xong. Ding thitc x4y ra chi khi a = b = ¢ hoac
a =b,¢c=0 ho%ic cac hoan vi. O

1.9.4 MS3 rong maot bai thi todn qubc té 2004

Mai bai toan cé mot dic thit rieng. Cé nhitng bai todn ma dic thit cia né chinh
13 co s3 dé cac ching minh mang tinh ki thuat (chdng han phuong phép can béng
hé s6) trd nén hitu dung. Thuding la cac chitng minh d6 rat hap dan, ¢6 1€ bdi vi tinh
don gidn clia né. Tuy nhién viéc tim ra cac ching minh dep dé theo nghia nhu vay
trong da sb cac trudng hop 1a rat mo hd. Trai lai phuong phéap sit dung dao ham ¢
vé cdng kénh ning vé tinh todn c6 thé lai la con dudng dé thyc hién nhat. Xin cadm
on ban Nguyén Quéc Khanh da gitp d6 hoan thanh bai viét nay.
Vi du 1.9.7 (IMO 2004 Pro.2). Gid sin la mgt sé tu nhién l6n hon 2 va n s6

thuc duong x1, 2, ..., T, thod man

1 1 1 9
($1+5L'2+-.-+$n) —+ — 4.+ — ) <n“+1
z I2 In

Chitng minh riing moi bg ba trong sé n s6 dé la do dai 3 canh ctia mgt tam gidc.
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Vi du 1.9.8 (Téng quéat). Gid s¢ n va k la hai sé tu nhién thod man n > k > 2.~
Tim s6 thuc lon nhét g(n, k) cd tinh chét : bat ky k trongn sé thuc duong T, x2, ..
sé la do dai k canh cia mot da gidc 10t néu

1 1
(.’E1+.’E2+...+£I;n)< +x_+ +——><g(n,k).
2 Tn

Lo1 GiAL Chuang ta biét ring ax > ag—1 > ........ > a; 1a d6 dai k canh clia mét k
gisc 161 khi va chi khi @) + ag + ... + ak—1 > ax. Do d6 bai toan sau c6 thé dién dat
lai la: v6i didu kién z,, > 71 + T2+ ... + Tk—1 VA Ty > Ty > ... > T, tim gid tri
nhé nhét ctia ham sb

1

1 1
(x1+:c2+...+:z:n)( +—=+..+ )=g(n,k).
1 9

Dé lam diéu d6 ta sé thiét lap hé thic lién he g(n + 1, k) va g(n, k).

Gig st réng gia tri g(n, k) da xac dinh va d8ng thic ¢6 xay ra tai (T1, T3, ..., Tn) VO
Tm > Tpop = ... > T1. Xét diéu kign

O<ry << ... Kxpy1 221 +22+ ... + Tk

Dat .
A=z +22+ ..+ Tp-1t Tn,
1 1 1 1
B=—+4+—+4 ..+ + —.
z T2 Tn-1 Tn

Xét ham sé f(z) = (¢ + A) (% +B) véiz >0

f'(m)=0®x=\/%=xo>0.

Do A £ nxpt1, B > n/Tnt1 = xo < Tpy1. Tai o, ham f dat cye tiéu vi vay

f(x) 2 f(zo) = <\/%+A> <\/§+ B) = (VAB +1)?

Theo gia thiét AB > g(n, k) va ding thic xady ra duge ncn

gln+1,k)> (m-i-l) .
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1.9.3 Khao sat ham nhiéu bién

Céc bai toan mot bién hau nhu ludn c6 thé giai duge bing dao ham theo cach
nay hay cach khac, nhung cong viéc tuong tu dbi v6i cac bai toan nhiéu hién sb
hon thi khong con dé dang nhu trude. Déi véi cac ham nhiéu bién, cach lam thong
thudng 1a thay thé cac bién tit diéu kién bai toan dé c6 mot biéu thidte mdi ma cac
bién khong con diéu kién rang budc v6i nhau sau d6 tim cyc tri theo timg bién. Ban
doc ¢6 thé thay rdé tu tudng nay trong ching minh bai ton sau day.

Vi du 1.9.5 (Viét Nam TST 2001). Xét cic sé thuc duong a, b, ¢ thod man diéu
kién 12 > 21ab + 2bc + 8ca. Tim gid tri nhé nhdt cla biéu thic

1 2 3
P(a,b,c) = E+-b'+z.

Lo1 GIAL Dat z = 1/a,y = 2/b, z = 3/c bai toan chuyén thanh :

Xét cdc sé thuc duong z,y, z thod man 12$yz > 2z + 8y + 21z. Tim gid tri nhé nhdt
ctia biéu thite P(z,y,2) = = + 2y + 3z. ‘

< 2
T gid thiét 2(122y - 21) > 2z + 8y > 0t dé z > 1—2:;;—:8% véi ¢ > Z%(l). Suy ra
2z + 8y
> 2 ’
P(fv,y,z)‘_:v+2y+My_7 (2)

2z + 8y 4:ry 5z + 8y
dry — 7 dzy — 7

Xét ham sb f(z) =

7

véi bién = > T va y 14 tham sb
4y

thuc duong

, 1622y? — 56zy — 32y + 35

7 V322 + 14
’I\r@n(7 __+____L+-____

! — —_ —_
1y +o00) thl fi(z) =0 & x=1x0 = 1 1
d6i dAu tit am sang duong nén f(z) dat cuc tidu tai zo. Suy ra f(z) > f(zo) =
5
220 = 4 = P(z,y,2) 2 f(z) + 2y = f(zo) + 2y = g(y) (3)

va qua zo thi f'(z)

Xét ham sb g(y) = 2y + — + \/32y2 + 14. Sau khi tinh ¢'(y) ta co6

d(y) =0& (8y* = 9)v/32y2 + 14 - 28 = 0.

Dat t = \/32y2 + 14 v6i t > 0 thi phuong trinh trén trd thanh 3 - 50t - 112 = 0.
Phuong trinh nay c6 duy nhit mot nghi¢ém duong t =8 & y =y = 7 Vay g ( )=
0. Véi y > 0 v qua yp thi ¢/(y) ddi déu tit am sang duong nén g(y) dat cuc tleu tai
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Theém chi tiét, cdc ban nén xem trong tai licu sich gido khoa 16p 11 vé gidi han
va 12 v& dao haun. Cac kién thae va dinh Ii co ban licn quan tdi dao ham ham sb
khong chi rét quan trong dbi véi bat dang thic ma hiu nhy luén ¢6 anh udng lén
dén nhiéu nganh khac nhau cia toan hoc. N6 cling quan trong vdi chinh cac ban,
nhéat 13 khi ban phai trai qua céc ki thi todn quan trong.

1.9.2 Khao sat ham s mot bién

Dinh Iy Fermat (hay con goi la nguyén 1y cuc tri) la dieu kién can, thuong duge
ap dung trong céc bai toan tim cuc tri. Ta lam quen véi phuong phap chitng minh
nay qua vi du don gian sau.

Vi du 1.9.1. Tim gid tri ldn nhdt va nhé nhat cia biéu thiic

x? 42
@) = TripeT

Lot GiAlL Ta c6

fla) = 2z ((z + l)2+1)—2(z-|;1)(:c2+2)
(z+1)2+1)
f’(m)=0©x(5r:+1)2+x=2a:+2+:v2(x+1)
& 222 + 2z =24 2z + 17
erl=2sr=V2V-V2

Tit d6 suy ra gi4 tri nhd nhit clia ham s6 1a m‘;?l—l’ cdn gi4 tri 16n nhét cla ham
%15 4

sb la m a

Vi du 1.9.2. Tim gid tri nhd nhdt cia biéu thic z*, véi x la mot $6 thue duong.
Lo1 GiAl. Xét ham

f(:l?) = g% = e:zlnw
fi(z) =" (lnz + 1)
flz)=0ehz=-1ler=1/e

Lap bang bién thién ta suy ra

f(z) 2 f(1/e) =

|-

. Q

[N 1d

€
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' Vi du 1.8.14. Ching minh bét ding thic sau vdi moi diy sé thuc 1, T2, ..., T

2 2
T+ T+ T+ ...tz ,
xf+( 12 2) +...+( : 2n ") <A4(a? 4+ 23+ .. +2).

Lo1 G1AL Véi day sb6 duong oy, ag, ..., a, tuy § ta c6

2} a3 zi 2
A\t =+ + ) (artar+ .. +o) > (z1+ 22+ ... +2,)2
(03] (69)] ‘ (67
Do d¢6
2 .
T+ x4+ ...+ 1) a1 tas+ ...+ ag 9 a1+ as+ ...+ ag 9
< T T
( % ) = 2o Lt *Za 2%+
apt+ax+ ...+ ag 4
+ .
k2ay k

Cho k chay tir 1 t6i n rdi cong vé n bat ding thic dang trén lai ta duoc

2 2
1 +zx rZ1+zo+...+x
x§+( 12 2) +...+( L 2n ") <M+ 1Td + o+ Yzl

Trong d6 cac hé s6 v, duge xac dinh bdi

mtag+. o oo+ Qg a+ar+ ...+ ay
Tk = k2, (k+ 1)2a o n2ay ’
Ta chon )
ak=\/l-c_—\/m=>a1+a2+...+ak=\/E,
Suy ra

11 1 1
R T Gttt )

11 =\/’f+%—\/’f‘%

VE-%  Jr+d (k- Dk +1)

Chu ¥ ring

1
V= ik + D/k-3+/k+1)
1
2 %
1 1 1 1 1

=

- > - ..
Jio3 Jarl PR

2
oy < =2(\/E+\/k—1)<4

2
T gy k-4 JE-1 o




80 Chuong 1. Bat ding thitc co sé

1.8.3 Can bing hé sb vdi bat ding thic Cauchy - Schwarz - Holder
Vidu 1.8.11. Gid st z,y,2 >0 va x +y+ 2z = 3, hdy tim gid tri nhd nhdt cia
2yt + 324
Lo1 GiAl. Chon céac sb a, b, c duong va a + b+ ¢ = 3, theo bat ddng thitc Holder
(x* + 2% + 32%) (a* + 2% + 3¢Y)3 > (a®z + 263y + 3c32)%.
Chon a, b, ¢ sao cho a3 = 2b% = 3¢® = k3, khi d6

E(x+y+2)* (3k3)*
(a®+2b% +3c%)3  (at + 26 + 3ct)3

z? +2y4 + 324 >

Xét diéu kién dang thitc thi

y__f_:c+y+z_
7=

¢ a+b+c

Do vay ta c6
a+b+c=3,a>=20=3c3 =43

. 4 3
Sa=kb=V2kc=Vk=>k=— -
1+v2+ 3

T d6 dé dang suy ra két qua bai toan. O

Vidu 1.8.12. Gid s¢ 1, T3, ..., Ty, ld cdc 6 thuc duong c6 tong bing n. ay, as, ..., an
la cdc hdng s6 duong cho trude. Tim gid tri nhé nhét cia bidu thic

a1z7" + a2xy’ + ... + anxy,
Trong dé m > 1 la mét s6 nguyén duong cho trudc.

Lo1 G1Al. Bai toan téng quat trong trudng hop nay ciing duye chiing minh hoan
toan tuong ti nha bat ding thite Holder. Ta chon

n

RS SR ST N

Vo T Ve Tt e

Khi d6 gié tri nhé nhét ciia bidu thie 12 na™ !, xay ra véi
a a a

m_\l/a_l,:ltg'——— p— a2,...,:cn= m_\l/a_n.

Bay gid ching ta hay xét dén mét vi du khé hon

a

ry =
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L1 G1AlL St dung bat ding thic AM — GM ta c6
z2 4+ a? > 2ax
v’ +a? > 2ay
2+ b + 6% > 3b?2
Déng thitc xay ra khi va chi khi
T=y=a,z2=5b

20 = 3b?
r+y+z2=3

r=y=a,z2=2b
2a =30 2a+b=3

-1
Do dé 3b2—b=3<:>b=——+6—\/37,
Lo3=b_19-V37
o2 T 12

Va z? + 92 4 2% > 2a%2 + b véi q, b duge xéc dinh nhu tren. O

Sau day 1a mot bat dang thite trong dé thi VMEO. 1a bét dfing thite dang tdng
quat cla ki thi chon d6i tuyén to4dn Viét Nam nam 2002.

Vidu 1.8.9. Choa,b,cla cic sb thue duong va z,y, 2 > 0 la cdc bién s6 thod man
ax + by + cz = xyz. Chiing minh rdng ton tai duy nhét sé thuc duong d sao cho

2 1 1 1

d at+d btd ord

Va khi d6 hay ching minh gid tri nhé nhét cia biéu thitc = + y + z bing

Va{d+a)(d+b)(d+c).

Lo1 GIAL Y tudng chinh trong chitng minh bai toan trén 1a dya vao udc lugng

(ax + by + cz)(z +y + z)2
xyz

bing bat ding thic AM — GM, tuy nhién phai la bt ding thuc AM — GM suy
rong v6i s6 mi thye. Khi d6 néu gid tri nhé nhét cfia bidu thitc tren bing C thi gia
tri nho nhit cla z + y + 2 trong mién xac dinh ciia bai toan ciing bing C.
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1.8.3 Can bing hé s6 vdi bat ding thitc Cauchy - Schwarz - Holder
Vidu 1.8.11. Gid sd z,y,z2 > 0 va z +y + 2 = 3, hdy tim gid tri nhd nhét cia
z* + 2y + 324
L1 GI1AlL Chon céc sb a,b, c duong va a + b + ¢ = 3, theo bat ding thic Holder
(z* + 2y* 4 32%)(a + 2b% + 3¢Y)3 > (a®z + 26y + 3c32)%.
Chon a, b, ¢ sao cho a® = 263 = 3¢® = k3, khi d6

K2z +y+2)t (3k3)4

4 4 4
2 > = .
T3 2 (a* 4+ 2b% +3c*)®  (a* + 2b* + 3c4)3

Xét diéu kién dang thic thi

g_f_x+y+z_
;= s 7=

c a+b+ec

xr

a

Do vay ta c6
a+b+c=3,a=20°=3c3 =43

: « 3
sa=kb=V2kc=Vk=>bk= o
1+V2+ V3

T d6 dé dang suy ra két qua bai toan. O

Vidu 1.8.12. Gid s# x1, T3, ..., T, ld cdc 6 thuc duong cd tong bing n. ay, aa, ..., an
la cdc hing 56 duong cho trudc. Tim gid tri nho nhét cia biéu thic

a1y’ + a2xy’ + ... + anx,y,
Trong dé m > 1 la mét s6 nguyén duong cho trudc.

Lo1 GiAl Bai toan téng quat trong trudng hop nay ciing duye chiing minh hoan
toan tuong ty nhd bat ding thnte Holder. Ta chon

n

e S ST S

v T e Tt e

Khi dé gia tri nho nhit cla biéu thie 1a na™1, xay ra véi
a a a

m_\l/a,l?: m“\l/ll_g,m’xn= m_\l/a_n. m}

Bay gid ching ta hay xét dén mot vi du khé hon

ry =
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Lot GiAl. St dung bat ding thitc AM — GM ta c6
D
y? +a? > 2ay
25+ 0%+ 0% > 3b%
Déng thitc xay ra khi va chi khi
rT=y=a,z=2b

2a = 3b?
z+y+z2=3

r=y=a,z=2b
2a = 3b%,2a+b=3

Do dé6 3b2—b=3®b=i%§,
Lo3=b_19-37
o2 T 12

Va 22 + 4% + 2% > 242 + b® v6i a, b dude xac dinh nhu trén. O

Sau day 1a mot bat ding thitc trong dé thi VMEO. 1a bat déng thite dang téng
quét cta ki thi chon d6i tuyén toan Viét Nam nam 2002.

Vidu 1.8.9. Choa,b,cla cdc s6 thuc duong va x,y,z > 0 la cdc bién s6 thod man
azr + by + cz = xyz. Chaing minh rdng ton tai duy nhdt sé thuc duong d sao cho

2 1 1 1

d atd b1dera

Va khi d6 hdy chitng minh gid tri nhé nhdt cia biéu thitc = + y + 2 bing

Vd(d+a)(d + b)(d + c).

Lo1 GIAL Y tudng chinh trong ching minh bai toin trén 1a dya vao udc lugng

(ax+by+c2)(z+y+ z)2
Tyz

bing bt ding thic AM — GM, tuy nhicn phai la bit ding thitc AM — GM suy
rong véi 6 mi thye. Khi d6 néu gia tri nhd nhit cta biéu thic trén bing C thi gia
tri nhd nhat cla z + y + z trong mién x4c dinh ciia bai toan ciing bing C.
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Vidu 1.6.5. Chitng minh ring vdi moi so thuc khong am a, b, c

at +b* + ¢ + abc(a + b+ c) > 2(a?b? + b2c? + c2a?).

Ching ta hay xem xét them mot dang bat déng thic dbi xing 3 bién khac. Bai
toan sau day kha cd dién va cé nhidu tng dung

Vi du 1.6.6. Chitng minh-vdi moi a, b, c khéng am ta luén cé

abc > {a+b-c)b+c—a)(c+a—b).

Lo1 GiAl Day 1a mot bat ding thic rat quen thudc va don gidn vi ching minh chi
cin dia vao bat ding thic AM — GM. Hién nhién bit ding thic ding néu mot
thita 56 nao dé & vé trai am. Ta xét khi cad 3 s6 hang d6 déu duong. Dé thay bat
ding thitc trén duge suy ra bing cach nhan ci 3 bat ding thitc sau theo titng vé

b2

c2

(a+b-c)b+c—a)
(b+c—a)(c+a—l?)
(c+a-b)a+b-c)<a®

<
<

C6 thé néi vi du 1.6.6 kha don gian so véi bat ding thic Schur, nhung that ki la la
2 bat ding thic nay hoéa ra lai 1a mot khi ta chudn hde hodc khai trién ching 7! O

Céc bt ding thitc thudn nhét la déi tugng chii yéu clia bat ddng thntc, hdu hét
cac bai thi toan Olympiad déu xudt hién dud¢i dang nay. Phan con lai 14 cac bat
ding thitc khong thudn nhit (d6i xiing hosic khéng) tuong dbi it va ciing ditge it
chii ¥ hon. Tham chi nhiéu ngudi con tin ring dé mot bat ding thic diang thi ching
bugc phai thudn nhéit (ddng bac). Cac bat ding thitc khong thudn nhit luon rat
dic bigt va dep méit. Hai vi du sau day sé lam ré diéu nay

Vidu 1.6.7. Ching minh vdi moi a, b, ¢ thuc
a? + b2 + c? + 2abc + 1 > 2(ab + be + ca).
Vi du 1.6.8. Ching minh vdi moi a, b, ¢ thuc

(24 )2+ )2+ ) > 9(ab-+ be + ca).

Sau day chiing ta sé xem xét cdc bat ding thic déi xing c6 diéu kién, va mot
ki thuat quan trong dé chitng minh bat déng thic : ki thuat chudn héa.
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1.6.2 Béat ding thic dbi xitng c6é diéu kién

Cac bét déng thic d6i xitng c6 diéu kién va khong cé didu kién 1a 2 déi tugng
riéng ré ton tai doc lap nhung that ra lai ¢c6 mdi quan hé chit ché véi nhau. Chinh
mdbi quan h¢ nay lam ndy sinh mot ki thuat méi chimg minh bat ding thie : do 1a
ki thuat chudn hod véi bat ding thitc thudn nhéat déi xing. Sau day 1a mot sé vi du

Vi du 1.6.9. Ching minh ridng véi moi a,b, c khong am thi

\/ab—i—bc-i—ca < €/(a+b)(b+ c)(c+a)
3 - 8

Lo1 GIAL Vi dy trén la mot bat ding thitc rit ndi tiéng va khong hé d&. Cach thong
thudng 1a luy thita md 6 cd 2 vé réi khai trién, nhung cach nay rat dai vh khong
nhidu ¥ nghia, tham chi rat d&é nhim lan. Ban hay ki xem ching minh sau

Gidstab+bc+ca=3, khidéa+b+c>3vaabc<1.

(a+b)(b+tc)cta)=(a+b+c)ab+bc+ca)—abc=3(a+b+c)—abc>8

ab+bc+ca sf{a+b)(b+c)(c+a)
R EE R e S

BAat ding thite duge chimg minh. Dang thde x4y ra khi va chi khia=b=c. O

‘ Diém dang chu ¥ trong 18i giai trén la viéc gia sit ab+ be+ ca = 3. Ta gia sit dugce
nlut vay vi bat ding thic trén 1 thuan nhdt. That vay, 1y o' = a/t, b’ = b/t,d = ¢/t
rdi chon t dé a'b' + V¢’ + ca’ = 3. Ta tim duge t = \/‘wl’#. Bat ding thitc diing

véi @', b, ¢ nén hién nhién né cling ding vdi a, b, ¢ sau khi nhan o', b, ¢’ vdi t.

C6 thé cach 1i luan trén khong hoan toan dé& hiéu déi véi ban doc chua quen vdi
phuong phép nay, nhung thuc ra day 13 mot vAn dé rat don gidn va cac ban cin
phai ndm r6. Ta hoan toan c6 thé gia sit bat ki mot bidu thic nao khac, ching han
a+b+c=3hoica+b+c = 1hoic abc = 1... Di¢u doc ddo va ciing 12 dicu khé nhét
chia ki thuat nay la viéc chudn hoa biéu thitc ndo cho hop li nhit dé c6 chimg minh
don gian nhit. Ching han trong vi du trén, ta hoan toan c6 thé giaAsita+b+c=3
hodc abe = 1 hoic (a + b)(b+ ¢)(c + a) = 8 nhumg cac cach chudn ho4 nay, hodic
khong thé ra dugce, hodic phai chitng minh rat dai.

Vi du 1.6.10. Chitng minh rdng vdi moi a, b, ¢ khong am ta luén cé

a2(b+ ¢) + b3 (c+a) + A(a+b) > (ab+ be +ca) V(a + D)bF O)(c+a).

Lo1 GIAL Y tudng ty nhién khi giai bai toan nay la tim cach loai b diu cin bac 3
néu c6 thé. Bing cach d6, ta thay ddi bat ding thitc trén thanh mot bat ding thic
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¢6 diéu kien nhu sau :

Gid st (a + b)(b+ c)(c+ a) = 8, hdy ching mink
a?(b+¢) + b (c + a) + c*(a+b) > 2(ab + be + cq).
Céng vi¢e con lai trd nén don gian hon, d6 1a chitng minh 2 b4t &éng thie
ab+bc+ca < 3,

a*(b+c)+ b*(c+a) + c*(a+b) > 6.
That vay, véi bat diing thite th nhét hay cha y ring

8 + abc

8=(a+b+c)(ab+bc+ca)—abc=>“b+bc+c“=a+b+c'

Theo bat dang thie AM — GM thi
8=(a+b)(b+c)(c+a) > 8abe = abc < 1,

8=(a+b)(b+c)(cta)< (?&#

Do d6 ab+bc+ca < (8+abc)/3< 3.

NE]
) =a+b+c>3.

a’(b+c) + b%(c+a) + Ala+b)= (@a+b)(b+c)(c+ a) — 2abc = 8 — 2abe > 6.
Bét ding thic da duge ching minh xong. O

Vidu 1.6.11 (USA MO 2003). Ching minh bét ding thite

(2a+ b+ ¢)? (2b+c+a)? (2¢+ a4+ b)? <8
22+ (b+¢)? " 262+ (c+a)? 22+ (a+b)2 "

Trong dé a,b,c la cdc s6 thyc khéng am.

LO1 GIAL Ta chuan hod a +b + ¢ = 3 dé rit gon céc sb hang vé trai trg thanh cac
biéu thnte don gidn hon déi véi 1 bién ciia a,b, c. Bét ding thic tuong dudng vdi

B+a)? (347 Btra? o
22+ (3-a)? " 202+ (3-b)2 224 (3-c2

Cha § v6i diéu kien a + b+ ¢ = 3, ta s tim mot s6 thyc & sao cho

(3+ a)? 8
27+ (B-ap =3 T He- D
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Khi dé bat déng thitc sé dugc ching minh vi

VT <8+k(a+b+c—3)=38.

Ta c6
33+a)?  a*+6a+9 8a + 6
2a2+ (3-a)2 a?—2a+3 (a—1)2+2
8a+6
<1+ a; = da +4.

Vay k = 4/3 va bat ding thic duge chitng minh. O

Vi du 1.6.12 (Japan MO 2002). Ching minh rdng vdi moi a,b, ¢ khong am ta
¢ bét ddng thite

(b+c—a)? (c+a-b)?  (a+b-¢)?
b+c)2+a? (ct+a)2+b  (a+d)?2+c?

3
> -.
-5

L1 GIAL Ta chudn hoa a + b+ ¢ = 3 va xét riéng tit s6 hang ctia biéu thitc

(b+c-a)?  (3-2a) _ 9-12a+4ad’
(b+c)?+a® (3-a)2+a® 9-6a+2d?
9
=2 —p—————.
202 —6a + 9

Ta phai ching minh

] ! 1
2% —6a 9 22 _6b+9 22 —6c+9

<3
-5

Ta cing lam theo phuong phap tuong tu la tim sb thyc k sao cho

1 1
S S SNSRI
e )

Trong bai nay, sé k khong dé dang tim nhu trudc. Hay dé ¥ cach tinh sau day

5 _1-__2a2—6a+4*2(a—1‘)(a72)
22 —-6a+9 = 2a2-6a+9 2a2-6a+9 "’

Khi a = 1 thi bidu thic (a — 2)/(2a® — 6a + 9) c6 gia tri bling —1/5, vay ta st dy
doéan ring

2(a - 1){a - 2) > -2(a-1)
202 -6a+9 5
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Vay bat ding thic dugc ching minh xong.
Céch 2. Dt k = a + b+ c. Sit dung bét ding thic quen thudc
abc> (a+b—-c)(b+c—a)(ct+a—0b)
= abc > (k — 2a)(k - 2b)(k — 2¢).
Rt gon lai duge

4(ab+ bc+ ca) — k2 < —abe (%)

x| ©

Bat ding thic cta bai toan tuong duong véi
(a4 b+ c)? 4+ 2abc+ 1 > 4(ab + be + ca)
& 4(ab+ be + ca) — k? < 1+ 2abe.

Stt dung () , ta chi cin chitng minh bit ding thic sau

) (%—2)abc§l.

Theo bat déng thntc AM — GM ta cé

9 9 kK (9 - 2k)k?
—_—— < — — _—= <1,
(k Z)abc_ (k 2> 7 7 <1

Vay ta c6 diéu phai ching minh. f)éng thic xady rakhi vi chikhia=b=¢c=1.0
Nhéan xét. Mot bai toan sit dung phuong phap twong tu nhu trén clia céc tac gid
Marian Tctiva, Mircca Lascu, Gabricl Dospinescu
a?+b%+c?+2abc+3> (1+a)(1+b)(1+c).

Bai toan 2.30 (Pham Kim Hung). Vdia,b,c la cdc s6 thuc duong duong tuy g,
chitng minh bit ddng thic

a+2b b+2 c+2a

c+2 a+2 b+2a”

Lo1 GIAL Quy ddng miu sé rdi rit gon cho ta bat ding thic
2(a® + b% + ) + 3abe > 3(a%b + b2c + c2a).
" Khong mét tinh téng quét, gia s ¢ = min(a,b,c). Dit a = c+p,b = c+q(p,q > 0).
Thay vao bt ding thic trén ta duge - o
VT =923 + 9(p + q)2? + (6pi +64¢° + 3pg)z + 2(p° + ¢%),
VP =923+ 9(p+ q)x* + 3(p + ¢)%z + 3p%q,
VT —-VP=(p*+q¢* - pg)z+ (20° +2¢° - 3p’q) 20 vip,¢>0,z>0.
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Néu zy > 0 thi ta c6 ngay didu phai ching minh theo bat déng thic AM - GM
4, .4 3 4 3 1 4,1 4 3 3 . 3 3
iy + 20y 2 ¢ + 207y = Syl + Syl + 20yl 2 %Ixy | 2 2zy°.

Néu xy < 0 ta ciing clutng minh tuong ty, khi dé
o+t + 228y — 228 > 2t + 2zl - 2|x3y|'2 0.
Vay bét ding thic trén da dugce ching minh, tit dé suy ra két qua cta bai toan. O
Nhan xét. Bit ddng thic sau vin ding, véi 16i giai hoan toan tudng tu
a(a+b)° +b(b+c)P+c(c+a)P>>0 Va,b, ceER.
Ngoai ra n = 3,5 12 2 s6 nguyén duy nhét c6 tinh chét
a(a+b)" +bb+c)"+c(c+a)* >0 Va,b,c€R.
Ban doc hay tiy ching minh 2 tinh chét nay. |

Bai toan 2.27 (Mathlinks Contests). Ching minh ring néu a,b, c la cdc so thue
duong c6 tich bing 1 thi

at+b b+ec c+a
> 3.
\/:+1+ b+1+\/6+1—

Lo1 GIAL Sit dung tryc tiép bAt ding thitc AM — GM cho 3 s hang trén, ta sé
ching minh

(a+b){b+c)c+a)>(a+1)(b+1)(c+1).
That vay, cing vdi didu kién abe = 1, b4t ding thic trén tuong duong véi

ab(a+ b) + be(b+c) +calc+a) > a+b+c+ ab+bc+ ca.
Sit dung bat déng thiac AM — GM véi nhém 5 sb

a?b + a®b + a%c + a*c + be > 5a,
b%a + b%a + b2c + b%c + ac > 5b,
c2b+ b+ c?a + c?a + ab > 5c.

Cong 3 bit ding thic trén lai

2.VT >5(a+b+c)— (ab+ bc+ca) (1)
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Stt dung cac két qua trén, ta c6

1 1 1 1 1 1
> . =
Tra T a+0 T Ax2 T 0z > Tsm 1+n

D6 la didu phai chitng minh. Dng thic xay ra khi va chikhia =b=c=d=1. O

Bai toan 2.25 (IMO Shortlist). Vdi a,b, ¢, T,Y, 2 la cdc s6 thuc khong am thoa
man a+b+c =z +y+ z. Ching minh bdt ddng thic

az? + by® + c2? + ryz > 4abe.

Lo1 GiAl Trudc tién ta s¢ ching minh ring
B dd. Néuaz? +by? +c2® + zyz =4dabc thiz +y+2<a+b+ec.
That vay, véi ding thic trén ta cé

2 2 2

X XYz
A G ]

z
4bc  4ca 4ab + Tabe 4abc
Vay tdn tai mot tam gidc ABC thod méan

T Y 2
cos A = ——=,cos B = —==,cosC =

2v/bc’ 2y/ca 2v/ab’
Lay a1 = va, b = vb,c; = /c. Bt déng thie dua vé dang quen thude

a% + b1 + cl > 2(a1b; cos C + bycy cos A + c1a; cos B).

T z z+z
;y,b = y-;— ,C= -; . Bai toan ban dau
1a hé qua tryc tiép cta bat dng thue tren. O

Déng thitc x4y ra khi va chi khi a =

Bai toan 2.26 (L. Panaitopol, Micea Lascu, V. Bandila). Ching minh rdng
vdi moi a,b,c € R ta luén cé )

a(a+b)® +b(b+c)® +clc+a)® >0.
Lo1 GIAL Diat z = a+ b,y = a +¢,2 = b + ¢, ta phai ching minh

3(x+y—-z)+y(y+z—m)+z(z+w— y) >0
=N x+y + 2* +$y+,yz+zx—:vy —yz S-z® >0

Ta tim cAch nhém thanh céc tdng nhd hon ciia 3 s6 hang. Cu thé, ta s& chimg minh
bit ding thiic

oyt + 2z3y — 2zy3 = +yt+ 2.'L'y(x2 - yz) > 0.
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B4t ddng thic trén duge chitng minh nhu sau

(a—1)(5(a—2)+2a*—6a+9) >0
o @-1)(2a%-a-1)>0
& (a-1)2%2a+1)>0 (dung).
T d6 suy ra
1 1 2
<. _Zf(a-1)
57 —6a+9-5 U
Thay a béi b, ¢ 16i cong vé cac bat ding thic ta duge dpem. O
Cac vi du trén 1a cac vi du dién hinh ctia ki thuat chudn hoa gitp ching ta c¢6
duge 16 giai ngin gon va don gian. Trong hau hét cac trudng hop khéc thi cac didu
kién mang tinh hinh thic nhiéu hon, tic 1a dit didu kién trude dé c6 mot bat ding
thic dé nhin hon.
Vidu 1.6.13. Gid st cdc s6 thuc a, b, c thod man a® +b% +c*> = 3. Hay ching minh

a*(b+c) +b3(c+a)+ca+b) <6
Lo1 G1AL Ta dua bat ding thic v& dang thudn nhdt 1a

. 2
adb+e)+b3(c+a)+cE(a+b) < g(a2 + b2 + c2)?
& 2(a* +b* + c) + 4(a®? + b2 + ?a?) > 3ab(a? + b))+
‘ + 3bc(b? + ¢2) + 3ca(c? + a?).
Véi bat dang thitc trén ta chi cn tach ra ching minh don gian theo 2 bién
a* + b* + 4a?b? > 3ab(a? + b?)
& (a - b)*+abla—b)2 > 0.
Bat ding thic da duge chitng minh xong. Dang thitc xay ra chi khia =b=¢. O

Vi du 1.6.14. Ching minh vdi cdc sé thuc duong a, b, c thod mdn ab+ bc+ ca =3
ta co bdt ddng thitc :

a2(b+c) +b¥c+a) +cXa+b) >3 (at b) b+ e+ a).

Lo1 GiAlL Ban doc dé dang nhan ra day chinh 14 1a vi du 1.6.10 va viéc thém diéu
kién ab + bc + ca = 3 chi mang tinh hinh thitc. Riéng véi bat ding thitc trén con c6
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thém mot cach chitng minh ¢ dién nita bing cach st dung bit dang thitc Holder.
Chi y ring 3 biéu thic sau hoan toan nhu nhau

a®(b+c) + b (c +a) + *(a + b),
b%(c +a) + c*(a + b) + a(b + ¢),
ab(a + b) + be(b + ¢) + ca(c + a).
Chi cin 4p di,mg b4t déng thic Holder cho 3 bo sb trén ta c6 dpem. O
Vidu 1.6.15. Ching minh ring néu a,b,c la cdc s8 thuc khong am cé téng bing 2
ta ludn cé
a* +bt 4t +abe>ad + 03+ B
LO1 GiAL Theo bat ding thie Schur bac 2 ta c6
at + v+ ct +abela+b+c) > ad(b+c)+b3(c+a)+c(a+b)
&2t + 04+ ) +abe(a+b+c) > (@3 + b0+ c)a+b+c).

Thay a + b+ ¢ = 2 vio bat ding thite cudi ta suy ra két qua bai toan. Chi ¥ riing
déng thic ¢6 xay ra & bai toan tren khia = b = 1,c = 0 hodc cac hoan vi (ngoai
trudng hop tdm thudng a = b=c=2/3). O

Vidu 1.6.16. Ching minh rang vdi cdc s6 khong am a,b,c cé tong bing 2 thi
ad +v° + A+ 15abe/4 > 2.

L1 GiAL Thyc chét, ta cin phai chitg minh bai toan

15abc _ (a+b+ c)®’

4 - 4 '
Déi v6i bat ddng thic trén, khai trién ca 2 vé rdi riat gon ta duge bt déng thic
Schur quen thuge. Q

a+b3 43+

Tuy nhién déi véi rét nhidu bai toan ban gip trong cudn sach nay thi didu kién
khong chi 1a diéu kién rang budc véi cac bidn, ma viec dua vé dang thudn nhét
khong phai luén gitip bt ddng thitc trd nén don gian hon. Vi du nlut

Vidu 1.6.17. Vdi cdc s6 khong am a,b, c cé téng bing 2, hay ching minh
(a® +ab+ b2 (B + be + (2 + ca + a?®) < 3.

Vidu 1.6.18. Vi cdc sé thuc khong am a,b, c c6 tong bing 2, chitng minh ring
. - 98
(a? — ab + b%)(b® — be + A)(c* —ca+a?) < 3
Trong cd 2 vi dy trén, vi¢c thuan nhét 2 vé khong c6 ¥ nghia, ching ta cin si
dung cic phuong phéap khéc, d6 1a don bién va phuong phap cd dién. Cac phuong
phap nay sé dugc xem xét ki ludng trong chuong IV.
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1.7 Bt ding thitc va cac da thic déi xing sd cip
1.7.1 Li thuyét ve cac da thitc dbi xing sd cap

Khi néi téi nhitng bicu thite déi xitng ngudi ta thudng hay xem xét téi cac da
thite déi xuing so cip. Dé 1a cac da thic clia cac bién 1, 1o, ..., T, ¢6 dang sau

Si=z1+x2+...+x,
Sy =x1Ty + 123+ ... + T1Th + ToTa + ... + ToTp,

Sk = E Ty Ly Tiy,

(41,82,..,3)C{1,2,...,n}

Sn = T1T2...Ty
Noi cach khac, ching 1a hé s6 trong khai trién ciia cac da thic

flz) = (x - z1)(z — x9)...(x - Zn)
=" - S 4 L+ (—DES R 4+ 4 (-1)"8,,.
g(z) = (z+ x1){z+z2)..(T+ zp)

="+ Slxn—l 4.+ Sk.’L’n-k + ... +Sn-

Viéc nghién cttu cac bidu thite ddi xing c6 thé duge quy vé bing viéc nghién citu
cac da thie déi xing duge ching minh qua dinh lf sau day

Dinh ly 1.10 (Dinh li co ban ciia dai sb). Moi da thic dbi zung luon cé thé
biéu dién qua cdc du thic déi zing so cdp.

Dinh Ii trén khong chi ¢6 nhidu ing dung trong bat ding thitc ma né eon cé rit
nhiéu #ng dung trong dai sé néi chung. Tit nhién, dinh 1i ¢6 thé ching minh véi
kién thic so cip nhung khong thuge vé bat dang thie nén tac gid khong néu len ¢
day, coi d6 nhu mét bai tap dai sé cho cac ban. T dinh li nay, ta c6 thé xem viéc
chitng minh mot bat ding thitc déi xtng vé viéc danh gi4 giita cac da thic ddi xing
so cap. Riéng véi cac da thitc nay ta c6 mot s6 chi § quan trong.

Vidu 1.7.1 (B4t ding thic Newtbn). Véi moi ml,mé, weey T khéng dm ta c6
disrdi-r < 3

Trong d6 dy, = Sk/ C,'f , Sk la da thic d6i zing so cdp dude Tdc dinh nhu trén.
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Vi du 1.7.2 (B4t ding thitc Maclaurin). Vdi moi 1,2, ..., Tn khong am ta cé
dy>Vdy> .2 Ydp > ... 2 Vi

CHUNG MINH. Chfmg minh c& 2 bat déng thic trén bang cung mot phuong phap
nhut nhau, d6 1a phuong phap gidm bién dya vao dinh li Roll.

Xét da thic

g(z) = (x + z1)(z + x2)...(T+ Zn)
="+ 82" 4.+ .S'ka:"_'c + ...+ S,
¢(z)=nz" '+ (n- DSz 2+ ..+ (n— k)Sez™ "t 4+ + St
= n(@™ ! + Sz o+ SR 4 L+ S y), Sy = (n— k) Sk.
Theo dinh 1f Roll thi phuong thi g(z) = 0 ¢6 dd n—1 nghi¢m thyc —z}, =, ..., —Tp_1

va do dé
¢(z) = n(z + ) (@ + 23). (T + 7).

Vay BSk Vk =T1,n—1 la cac da thite dbi X\mg so cAp clia xl,xQ, ey Th_1. N6i cach
khac, tdn tai dj sao cho dj = dj,_,. Sau mot sb hitu han lan gidm blcn nhu vay, ta
chi cn xét 2 bit ding thic trén trong trudng hop c6 3 s6. Nhung trudng hgp nay
rit don gian vi ta c6é ngay

3abc(a + b +c) < (ab+bc+ ca)?,

a+§+c2 /ab+b3c+ca > Yabe.

C4 2 bit déng thitc trén da duge ching minh xong. U

Tit phuong phap ching minh bAt déng thitc trén ta rat ra hé qua sau

B d&. Xét bit ding thic f(dy,da, ..., dk) = 0 trong dé n > k va d; la cdc da thic
d6i witng ctia cdc bién s6 duong x1, T2, ..., Tn. Khi d6 néu bét ddng thic ding vdi moi
(1, T2,y -y Tn), Ti = 0 thi cting ding vdi moi (T1, T2, ... , Tnt1), & = 0.

1.7.2 Da thic dbéi xing so cip va cac dng dung trong giai toan bét
ding thic

Chiing ta hay bt dau vdi vi du sau day
Vi du 1.7.3 (Bulgari MO 1998). Cho.a, b,c > 0 va abe = 1. Chitng minh réng

1 4 1 + 1 < 1 N 1 N 1
l+t+a+b 14+4b+c l4+c+ta” 24+a 2+0b 2+c
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Lo1 GiAlL Dé cho gon, ta dat S = a+b+c,P=ab+ bc+ca,Q = abc. Ta c6
1 N 1 n 1 _ o
S+l1-a S+1-b S+1-c¢ an
a= Y (1+a+b)(l+a+c)=5"+45+3+P
sym
az= (S+1-a)(S+1-b)(S+1-c¢)
= S24+28+PS+P
> 1 12+45+P
24+a 9445 +2P

sym

VT =

VP =

Ta phai chitmg minh

S?24+45S+3+ P 12445+ P
S52+25+PS+P~ 9+45+2p
o _P-3 PS—-25-3
9+4S+2P ~ S2+25+PS+ P
& (P-3)(S*+2S+ PS + P) < (PS — 25 - 3)(9+ 45 + 2P)
& (3P - 5)82+ (S —1)P? + 6PS > 245 + 3P + 27.

Viabc=1nén S,P > 3, do d6

VT > 452+ 2P? + 6PS > 125+ 6(P — 1)S + 6S + 2P?
> 245+ 3P + (P2 +6S) > VP.

Déng thitc xdy rachi khi S=P=3haya=b=c=1. O

Vidy 1.7.4 (Viét Nam MO 1996). Gid s¥ a,b,c,d la cdc sb thyc duong thod
man diéu kién

2(ab+ be + ¢d + da + ac + bd) + abe + bed + cda + dab = 16.

Chitmg minh bét ddng thitc

a+b+c+d> —(ab+bc+ cd + da+ ac + bd).

Wil

L1 G1Al Theo dinh li Roll, tdn tai cac sb z,y, z dé

ab+bc+cd+da+-ac,+bd=2(xy+yz+zx)
abc + bed + cda + dab = 4xyz

4
a+b+c+d=§(x+y+z)




74 Chuong 1. Bt ding thitc co s

Bat déng thic trd thanh : Néu zy + yz + 2z + zyz = 4 thi
T+y+z>zy+yz+ zz.

C6 nhiéu cach ching minh bat ddng thic trén. Sau day la mot ching minh ding
cac da thifc ddi xing so cAp.

Véi ki hi¢u dy, d2, ds nhu trude ta c6 3dy + d3 = 4. Theo bat ding thitc Schur dé
thay ring
3d'f +dz > 4d1ds
= 3d3d3 + d3d? > 3d%d3 + d3ds/dy > 4dS
= (dy - d2)® +3(d} — d3) > 0= dy > da.

Bit ding thic duge chuing minh xong. Dang thic xdy rakhia=b=c=d=1. O

Sit dung cac da thitc d6i xing trong ching minh bat ding thic c6 wu diém la
khong tén nhiéu thoi gian dé nghi ot cach ching minh dac biet ndo do, khong doi
héi nhiéu ki nang nhung ciing c6 nhuge diém 1a d& nham lan va néu sb cic bién c6
sb mii cao, tit bac 2 trd lén thi chitng minh sé rdt phitc tap. Tuy nhién, dit sao day
vin 12 mot ki thuat can thiét va d& sit dung. Céac ban hay thuc hanh ki nang cla
minh qua bt ding thntc kha quen thuoe da duge chitng minh ¢ muc trude.

Vi du 1.7.5. Chitng minh vdi cdc sé thuc duong a,b, c ta luén cé

\/ab+bc+ca~ 3 </(a+b)(b+c)(c+a)
3 - 8

1.8 Phuong phap can bing hé s

1.8.1 Bai todn md dau

Trong nhiéu bai toan bat ding thitc va cuc tri, doi khi viéc ghép va sit dung cac
bat ding thitc ¢ dién khong dugce thuan lgi va dé dang. Khi sif dung lién tiép nhiéu
bat d&ng thntc ta luon phai chii ¥ téi didu kien dé bt ddng thite xay ra, dé didu kign
nay luon duge thod maéan subt qua trinh ta st dung céc bat ding thitc trung gian.
Trong nhidu trudng hgp thi hé sb cac bat ding thitc rat léch, khong déi xitng nén
¢ong viéc trén trd nén rat kho khan, Vi thé dé chic chan ¢o mot 1i giai chat che vé
mat toan hoc, chiing ta budc phai dua thém cac bién trung gian réi gidi h¢ phuong
trinh clia céc dang thiec. . '

Vidu 1.8.1. Gid su cdc s6 thuc khong am x,y, z thod man diéu kien ry+yz+z2x = 1,
ching minh bt ddng thitc ‘
10z? +10y° + 22 > 4.
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Lo1 GIAL V@ mat hinh thite, ta c6 thé trinh bay ngin gon 18i gidi cho bai toan trén
bang bat dang thite AM — GM nhu sau

222 + 2y > 4y
822 +1/222 > 4z
8% +1/22%2 > 4yz

Cong vé ca 3 bat dang thie trén lai dan dén
1022 + 1092 + 2% > 4(zy + yz + 2z) = 4.
Déng thitc xay ra khi va chi khi

T =
’ p— :l
dr = 2 & =y /3
z=4/3

Bat dang thitc duge ching minh xong. O

Day 1a mot 10i gidi dep, ngdn gon nhung ¢6 vé hoi thiéu ty nhién. Cac ban sé
thic mic tai sao lai tach 10 = 2+ 8, day 13 mét sy ngdu nhién hay may mén? Va
néu tach theo cach khac, chdng han 10 = 3 + 7 ligu ¢6 gidi duge khong? Tét nhien,
moi cach tach khac déu khong din dén két qua, va tach 10 = 2 + 8 cling khong phai
la sy may mén... . »

Vi du 1.8.2. Gid s cdc sé thuc z,y, z thod man 2xyz = 322 + 4y? + 522. Tim gid
tri nhé nhét cia
P=3z+2y+ =

Lo1 GIAL Day ciing 14 mot bai toan kha ki la, cdc he s6 lech nhau nhung gia tri
nhé nhit lai dat dugc khiz=y=2=6!7 O

Ki thuat can bing hé sb 13 mot ki thuat rat cin thiét, thudng st dung mic du
d6i ldc ta cé cac phuong trinh khéa phite tap. Nhung véi cach bai toan khong & dang
chuén, véi cac bidu thic lgch nhau thi cong vige nay dudng nhu bit bugc. Trong
ki thuat can bing h¢ sb, ta c6 thé phan chia lam 2 nhém trong thyc hanh, dé la
can bing he s6 voi bat ding thite AM — GM va can bing hé s vai bat dang thic
Cauchy — Schwarz.

1.8.2 Can bing hé sb vdi bat dang thitc lién hé trung binh cdng va
trung binh nhan (AM - GM) '

Vi mét sé ban, ki thuat nay con kha xa la nhiung né ciing rat quen thudc véi
nhiéu ban doc khéc. Tuy vay hiu nhu céc bai toan sit dung phuong phap nay déu
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khong don gian vai bat ki ai. Trd lai bai toan 1.8.1, chiing ta sé li gidi cho ching
minh ¢ d6, va hay xét thém ot vi du khéc tuong tu

Vi du 1.8.3. Ching minh ring néu xy + yz + 2z = 5 thi
3z + 3% + 22 > 10.

Lot GIAL Loi giai don gidn va ngén gon cho vi du trén la
42% 4+ 2% > 42z
4y2 + 22 > 4yz
222 + 2y2 > 4xy
Do d6 2(3z2 + 3y? + 22) > 4(zy + yz + 27), ta cd diéu phai chitng minh.
DP3ng thic xdy rakhiz=y=1,2=2. U

Bay gid ta s¢ tim lf do cla vi¢c tach 10 = 2 + 8 & bai toan md diu va 6 =4 + 2
& vi du trén. Ta cAn xem xét bai todn dang téng quét

Vi du 1.8.4. Tim gid tri nhé nhat cia
k(z? + y?) + 2
Trong dé cde s6 thuc x,y, z thod man xy +yz + zz =1 va k la mot hédng s6 duong.
L1 GIAL Ta hay tach k = [+ (k= 1) (v6i 0 < | < k) va ap dung bét dang thic
AM — GM theo phuong phap tuong ty nhu trén
lz? + ly? > 2zy
(k = Dz?+1/222 > /2(k - Dzz
(k— )y? +1/22% > /2(k = Dy=

Do d6 k(z? + y2) + 22 > 2lay + /2(k — [)(zz + y2).
Trong trudng hop nay, ta khong phai can bing diéu kicn déng tintc ma ta phai can
biing didu kién gia thiét, ttc la tim 1 s duong I sao cho 2/ = 1/2(k — {). Khi d6

Ic(av2 + y2) + 22 > 2(zy+yz + zx) =21
86 [ duge chon & trén thod man phuong trinh
M =k-le2?+l=k
=14+ +v1+8k
& | = —
, 4
Va ta suy ra két qua

k(z? + %) + 2% >

-1+ v1+8k 0
— s




1.10. Bai tap 4p dung 101

Bai toan 1.60. Cho cde sé duong a, b, ¢ thod man ab + be + ca = 1 va T,y,z la do
dai 3 canh cda mot tam gige. Tim gid tri nhé nhdt cia bidu thic sau day

H = (a+b)*b+c)¥c+a).
Bai toan 1.61. Ching minh ring vdi moi a, b, khong am thi
ava? + 2bc + b\/b2 + 2ca + Ve + 2ab > V3(ab + be + ca).

Bai toan 1.62. Chatng minh vdi moi sé thuc khong am a, b, ¢ ta ludn cé

. a? b c2

> 2.
1)2—bc+c2+c2—ca-f—a2—'—az—a,b—f-b2 =

Bai todn 1.63 (India 2004). Cdc sé thuc duong Z1,%2, ..., Ty thod man |x; —
Tip| <lvax; > Wi=Tn, zpy = 2. Ching minh bat ding thic
S S . P Y

T2 X3 T
Bai toan 1.64. Cho cdc sé thuc duong a,b,c € [~1,1] thod man ab+ bc + ca = 1.
Chitng minh ring :

a® + b? b2 + c? c? + q?
-a)1-5)  G-)1-&) " T-Du-a

>2
-2

Bai toan 1.65 (Poland 1991). Gid st céc s6 thuc x,y, z thod man 22 +y%+22 = 2.
Chitng minh
r+y+2<2+ayz.

Bai toan 1.66. Ching minh ring néua,b,c> 0 va a4+ b +c=2 thi

a®b? + b2 + c2a® + abe < 2.
Bai toan 1.67 (Poland 1997). Céc s thuc a,b,c¢ thod man a,b,c > ~3/4 va
a+b+c=1. Ching minh ring

a + b + c
1+a2 148  1+¢2

<2
- 10
Bai todn 1.68. Ching mink vdi moi a, b, c khéng am thi

1 1 1_ a+b .bt+ec c+a
T4 )
a+b+c“c2+ab+a2+bc b2+ ac

Bai toan 1.69 (Math. Changelles). Ching minh vdi moi a,b,c > 0

3\/3abc+|a.—b|+lb—c|+|c~a] >a+b+e
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Bai toan 1.70 (IMO 1986). Cho x1,T2 >0 vd y1,¥2, 21,22 € R sao cho x1y1 2
22, zoy2 2 z3. Ching ninh bit ding thic

1 1
R I L
Ty — 25 T2y2 2 = (z+z)y + v) — (71 + 22)?

Bai toan 1.71. Ching minh vdi moi a,b, ¢ khong am th

a_ b c_ 4 abc >5
btc at+c atb 2(a3+b3+c3)‘3'

Bai toan 1.72 (Balkan 2005 Pro. 3). Ching minh b4t ddng thic sau vdi mot
a, b, c duong

a

4(a — b)?
o . c (a—b)

>a+bt+tct .
a+b+c

[}
o |%
[3%]

+ —
a

Bai toan 1.73. Ching minh rdng vdi moia,b,c = 0 thh
4 4 4
(1+ “)(H b)(1+——c—>225.
b+c a+t+c a+b

Bai toan 1.74 (A, IMO Shortlist). Ching minh vdi moi a,b,c>0 thi

1 1 1 3

FoToera  Bleraath) * FEIbro - 4

Bai toan 1.75. Ching minh vdia,b,c>0vaa+ b+c=2 thi

ab + be + ca
c+2 a+2 b+2

<

[ SRR

HUGNG DAN. Quy dong mau sd va bién ddi bat déng thitc tr0 thanh

2(ab+ bc+ ca)? + 14(ab + bc + ca) < 16 + 21abe
& 2(ab+bctca— 1)(ab+bc+ca+ 8) < 2labe.

Sit dung bat déng thitc cd ban
abc> (a+b-c)b+ec— a)(c+a-b)= 8(ab+ bc+ ca — 1) < 9abe.
Thay bt déng thic trén vao (*) vacha ¥ ring ab + bc+ca < 4 ta c6 dpcm. a

Bai toan 1.76 (Math Camp. 2000). Gid sita,b,cla do dai 3 canh cia mgt tam
gidc nhon. Ching minh bét ddng thic sau

(a+b+ o)(a® + b + c2)(oL3 +P+ )= 4(af + 6%+ 5).
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. Bai toan 1.77. Cho a,b,c la cdc s6 thuc duong thod man abc = 1. Ching minh
réing

a(3a+1) + b(3b+1) c¢(3c+1)

=~ (a+1)? (b+1)2  (c+1)?

<a+b+e

Bai toan 1.78. Chitng minh bat ddng thic sau vdi moi a,b,c> 0

O R R [ RIGE

Bai toan 1.79. Cho cdc sé thuc khong am a, b;c, d thod man aA2+b+ct+d?=4.
Chitng minh ring ‘ ‘

a® + 6% + 3 + d® + abe + bed + cda + dab < 8.
Bai toan 1.80. Ching minh rdng vdi moi sé thuc khéng ém a,b, ¢ ta cé

b+c + c+a + a+b 6
202 +bc 22 4+ca  2c2+ab T a+b+c

Bai toan 1.81 (IMO 2005 Pro.2). Chon € N* va z1,23, ..., Tn l& cdc s6 thyuc.
1. Chitng minh rdng

2 .
= S22 -1)
Yolwi—gl ) < (—3-)‘ Y (@i — )™

i,j=1 Lj=1

2. Chang minh rdng ddng thic xdy ra khi va chi khi z1, 29, ..., T, la mot cdp sé cong.

1.11 Mot sb bai toan dang cha y

Trudc khi xem tiép chuong II, cac ban hay thit sitc véi cac bai todn cho sau day.
Ching duge chon ra tit cac bai toan & cac chuong sau va miéu ta kha day di ngi
dung cta cac bat dfing thic ¢ d6. VAn la céc bai toan c6 hinh thic rat don gian®
nhung khéong cé bai ndo don gidn nhu vé ngoai clia nd, mdi bai toén déu dic trung
cho mét phuong phap rieng. C6 mot sb bai con duge ching minh theo rit nhiéu
cach khac nhau. Chic chin chiing sé rit c6 ¥ nghia cho cac ban ndm duge noi dung
ctia cudn cach nay. Nao, bay gio mdi cac ban hay thi sic !!

Problem 1 (Romania TST IMO 1998). Vdi cdc sé thz_)c duong ay,az, ..., an €6
tich biang 1, hay chitng minh

1 1 1
+ i F ——
n—14+a; n-1+az n—1+a,

<1
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Problem 2 (Iran TST 1996). Vdi mot sé thuc a, b, c khong am, chitng minh
1 N 1 n 1 S 9
(a+b)2  (b+c)?  (c+a)? ™ 4(ab+bc+ca) '

Problem 3 (Bét déng thic Tukervici). Ching minh réng néu a, b, c,d la cdc sb
thuc khong am thi

gt 4 b+t + d* + 2abed > a2b? + b2 + Ad? + d2a? + a?c? + bdP.
Problem 4 (Pham Kim Hung). Ching minh réing néu ay, ag, ..., Gy la cdc s6 thyc
duong co tich bir%y 1 thi

1 1 1 3n
—_t— 4.+ —+ >n+3.
a az .an, artazt..+tan

Problem 5 (Mathlinks Contests). Cho cdic s6 thuc duong ay,as, ..., an c6 tich
bing 1. Tim héng s6 thuc k = k(n) lon nhdt sao cho bit ddng thic sau ludn ding

1 1 1
+ 4+t ——2>2n-1
VIi+knar 1+ knao V1+kean

Problem 6 (Pham Kim Hung). Cho cic sé thuc khong ém aq,az, ..., an €0 tong
bing n. Tim gid tri nhé nhdt ctia bieu thic sau day '

a7y + a3+ ... +a; +aiaz...an —_t—+ .. +—].
. al a2 Gn

Problem 7 (Vasile Cirtoaje). Cho cdc s6 thuc khong ém a,b,c,d c6 't6ng bing 4.
Chatng minh ring
1 + 1 + 1 N 1 <1
5_abc  5-bed 5—cda 5—dab”
Problém 8 (Thach Thitc). Gid st a1,a2,...,0n la cdc s6 thuc duong cé tich bing
1. Tim hdng sé thyc k = k(n) nhd nhét sao cho bt ddng thic sau luon ding
1 4 1 - 1
(I+a)*  (L+a)k 7 (L+an)k

2

%=

Problem 9 (Pham Kim Hiing). Véia,b,c la cdc s6 thuc duong, ching minh

b2\ 2 2y 2 N2 19 4B+ 3
a4+ — + b+ a +lc+ a > ___((i_.i-__ji_)
c a b a+b+ec
Problem 10 (Gabriel Dospinesscu). Chiny minh rdng vdi moi a, b, c khong am
ta luon cé bdt ding thic .
1 1 1 1 1 1 3 3 3

wtw et erv T ive Tcra” 3a_+b+3b+c+3c+a'
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Chuong 2

Sang tao bat dang thic

2.1 Cac bai toan chon loc

Bai todn 2.1 (Pham Kim Hung). Ching minh ring néu a,b,c la cdc sé thuc
khong am thod man a + b+ c =3 thi ta ¢6

(a® — ab+ b?)(b® - be + c?)(c? - ca+ a®) < 12.

Lo1 GiAl Khéng mét tinh tdng quét ta c6 thé gid sit ring a > b > ¢. Khi d6
b2 — be+ ? <b?,
a® —ac+c < (a+c)?,
a®—ab+ b2 < (a+c)? - (a+c)b+ b
Ta s& chimg minh
M= (a+c)?*((a+c)® - (a+c)b+b?) <12
That vay, dat N ; b 3
a+c— a c
T 20T =y
Khi dé6 M cé thé viét dudi dang
‘ (82 — 2%)%(s? + 32?).
St dung bit ding thic AM — GM ta c6
3, 3

3 . 4
“(s? — 22) (6% — 1£2) (&2 Y« (Zg2) =
2(3 :c).2(s x).(s‘+3¢)_ (33> 27

' =>§—M527=>M312.

Ding thic xay ra khi va chi khic =0, P?=022sa=2,b=1,c=0. 0O
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Bai toan 2.2 (Walther Janous). Gid st a,b,c la cdc s6 thue duong. Ching minh

bdt ding thic
l+l+1 1 + 1 + 1 S 9
a b ¢ l14a  14b 14c/ ™ 1+abc

LO1 GIAL Theo bat ddng thitc Hodn vi, dé thiy réing

1 1 1 1 1 1
>
ai+a) ThF0 149 S b(ito eita)  al+b)

Va do d6 bat déng thitc trén sé duge ching minh néu ta ching minh duge rang

1 1 1 3
s |
bitc) T elta)  al+b) = 1+abc
1 1 1 3

v > :
a(1+c)+c(1+b)+b(1+a) ~ 1+abc

Chi cin chitng minh 1 trong 2 bét déng thic trén. Ching han véi bat déng thic thi
nhét, dit a = ky/z,b = kz/y,c = kz/z, ta c6 bat déng thic tuong duong la

1 1 1 3

> ;

kz/y+ k*z/y + kx/z+ k*y/z + ky/z + k2z/z = 1+ k3
Ty z T 3k

: > .
z+kx+z+ky+y+kz T 14k

St dung bat déng thitc Cauchy — Schwarz ta c6

(x+y + 2)? 3.
VT > > .
“(k+D(zy+yz+zz) ~ k+1

Vi thé chi cin chting minh thém

3 3k .
> — > 0.
k+1'1+k3®(k (k+1)>0

Ding thic xay rakhi va chikhiz =y=2k=1&a=b=c= 1. 3@

Bai toan 2.3 (Russia MO 2000). Ching minh ring néua,b,c >0 vada+b+c=3
thi ta ¢6 bt ddng thic ’

\/5+\/5+<\/52ab+bc+ca.‘

La1 GiAl Ta cé

2(ab+bc+ca)=(a+b+c)2_a2+b2+02.
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Ta phai chimg minh
a2+ 62 +c2+2(Va+ Vh+/e) =9
Sit dung bat déng thitc AM — GM cho 3 s6 hang

a? ++va++va> 3a,
b2 + Vb + Vb > 3b,
&+ e+ e>3e
Vay a® + b2 + 2+ 2(va+ Vb ++/c) 2 3(a+b+¢) =9
Déng thic xay ra khi vachikhia=b=c=1. 0
Bai toan 2.4 (Pham Kim Hung). Gid sw T1, T2, ..., Tn la cdc s6 thuc khong am

¢6 tich bing 1. Ching minh ring

2
+

T4+ ZTo4 Ty > —— + ot .
LT o2 T Tl 1+,

. 2z,
Lo1 GIAL St dung déng thitc 2 — — —“Ti_ ta phai chimg minh
l+z 14z
2x1 219 2z,
T2+ ... +x — i+ ——— 2 2n.
Tk o2t It T Tz T THa.
Theo bét ding thitc AM — GM dé thay
n n
i+ 1 2x;
Z Zit + Ti > 9 W/T1T2.. Ly = 20,
i=1 2 i=1 1+

SL‘i—-l

> 0.

n
x1+x2+...+z"2n=>2

i=1

Cong vé 2 bat ding tren ta c6 ngay diéu phai ching minh. Ddng thic xay ra khi va
chikhiz;=z9=..=z,=1 0

Bai toan 2.5 (Japan MO 2001). Ching minh bét ddng thitc
(a+b-c)2(b+c—a)(cta— B2 > (a2 + b — A (b* +¢® - a®)(c? + a? - b?),

Trong dé a,b,c la cdc s6 thuc tiy 9.
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Lo1 GI1AL Ta chi cin xét bai toan khi a2, b2, ¢? 13 do dai 3 caph ctia mot tam gic.
B4t dang thute tuong duong véi

(b = (a—c)?)(c? - (a-b)»)(a® - (b-c)?) > (a® - B> +?)(B® — 2 +a?)(c? - a? +b%).
Ta chitng minh ‘
B2 —(a—c)2)2> B2 —a+A)(b? - +a?) (1)
That vay, bat ding thitc tuang duong véi
bt - 2b%(a —¢)® + (a — ¢)* > b* — (a® - ?)?
& (a—c)%(a® = b2+ %) >0 (dang!).
St dung bat ding thitc trén hoan vi véi a, b, ¢ cho ta
(= (a- 022> (F—a? + %) - b2+ a%) (2
(@®> = (b-c)®? > (@ - b+ ) (a® -2 +b%) (3)
Nhan vé cac bat ding thic (1), (2),(3) ta suy ra két qua ctia bai toan. Déng thic
x4y ra khi va chi khi a =b=c hoica =b,c=0 va hoan vi. U

Bai toan 2.6 (Viét Nam TST ‘2006). Chitng minh vdi cdc sé thuc a,b,c € [1,2]
ta c6 bdt ddng thic

(a+b+c) 1+1+1 Y (AL R
¢ b b+c c¢c4+a a+b/’

Lo1 G1AL Thay vi gid thiét a, b, c € [1,2] ta sé ching minh bt ding thic véi diéu
kién a, b, c 13 A6 dai 3 canh cila mot tam gidc. St dung céc déng thic sau

1 — b)? b—c)? c—a)?
(a+b+c) l+1+— —9=(a ) +( ) +(C a)’
a c ab be ca

b

a b c (a — b)? (b—c)? (c—a)?
6 + + = -3= + -
b+c c+a a+bd (a+c)b+c) (b+a)(c+a) (c+b)la+d)
Vay bét ding thic c6 thé viét lai dudi dang
Sa(b—¢)? + Sy(c — a)? + Se(a - b)2 > 0.
Trong d6 cac hé sb Sa, Sy, Sc duge xac dinh béi

S 13
“*Tbe (a+batc)
1 .3
S = ca  (b+c)(b+a)

. 3

ab  (c+a)(c+b)
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Khong mét tinh tdng quét clia bai toan gia st ring a > b > ¢, khidé S, > Sp > S..
Ta sé chimg minh S, + S, > 0, that vay

1/1 1 3 1 1
L i >
S+ Se a(b+c) b+c(a+b+a+c>_0

o1yl 3 2+ 2
b ¢ b+c\a+b a+c)’

Do a < b+ ¢ nén dé thay

3 b+ec b+c 3 3
< = : .
VPs b+-c<2b+c 2c+b) 2b+c+2c+b
Phén con lai ciia bai toan ta chi*cdn chitg minh
1 + 1 S 3 N 3
b ¢ 7 2+c 2+b

Nhung bat d&ng thitc trén hién nhién ding vi

1,2 9
b ¢~ 2c+Vb’
l+2> 9
¢ b7 2+c

Doddé Sp+ S, > 0= S, > 0. Vay
Sa(b— )2+ Sy(c — a)® + Sc(a — b)2 > (Sy + Se)(a— b)% > 0.
Déng thic x4y ra khi a =b=c hodca=2,b=c=1 hoac cac hoan vi. O
Bai toan 2.7 (Pham Duy Hiép). Ching minh ring néu a,b,c> 0 thi
1 1 1 S 9

b(b+ a) +c(c+b) * ala+c) ~ 2(ab+be+ca)’

Lot GiAl. Bét ding thitc twong duong véi

cla+b)+ab a(b+c)+be b(c+a)+ca>g
b(b+ a) c(c+b) ala+e) 2

efpbya, e 0 € 52

b a ¢ a+b b+c c+a 2

®c+b+b+a+a+c a b + c 21

b a c a+b+b+c c+a” 2’
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Theo bat ding thitc AM — GM ta c6

a+b a

>1
4a +a+b_ ’
b+c b

>1
4b +b+c_ !
c+a c 1
4c c+a T

Do d6

a+b a b+c b c+a c
>
4q +a+b+ 4b b+c 4c +c+a‘3

Mit khéc cling theo bt déng thitc AM — GM thi

§ a+b+b+c+c+a _§ 3+9+g+g >g
4 a b ¢ ! a b ¢ T2

Cong 2 bat ding thitc trén ta c6 dpcm. Ding thic xay rachi khia=b=c. O

Bai toan 2.8 (Gabriel Dospinescu). Ching minh ring néu ai,as, ..., an la cdc
86 thate duong vdi tich bing 1 thi ta cé bdt ddng thic sau

\/1+a§+\/1+a§+...+ 14 a2 <V2a1+ag+ ...+ an).

Lo1 GiAl Ta sé ching minh véi moi z > 0 thi

3
\/1_;m +vr<l+a.

That vay, chuyén vé va binh phuong

1+ z?
2

<(z-VE+1)?
& (Vz-1D*>0 (dung!)

Stt dung bt déng thic trén cho n sé aq, ay, ..., a, rdi cong lai

\/1+a§+\/1+a§+...+ 1+a2 < V26a +az+ ...+ ay)
+V2n - ay - az - ... — \Jan).
Theo bat ding thic AM — GM ta cb
Va1 + Vaz + ...+ Van 2 n%¥/ataz..a, = n.

Bét déng thite duge chitng minh xong. Déng thic xay ra khi v& chi khi a; = ag =
..=a, =10
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Bai toan 2.9 (Pham Kim Hung). Ching minh rdng néu a,b,c la cdc sé duong
va abe > 1 thi
14a 14+b 1+c¢

b .
atbrez YTt 1T,

L3t GIAl. Xét trudng hop abe = 1. Bat déng thitc tuong duong véi

oo a b b te c > 1 N 1 + 1
1+5b 1+¢ 1+a_1+a 1+b 1+4c¢
ab be ca 1 1 1

> .
1+b+l+c+l+a_ 1+a+1+b+1+c

Vi abc = 1 nén tdn tai cic sb thyc duong z,y, z sao cho a = x/y,b =y/z,¢c= z/z.
Thay vao bat ding thic trén ta dugc

Y Yz z 1 1 1
Yy z z'x Ty

+ > =+ +
144 1+— 1+2 7142 1+%  1+2
T Y z >.y z T

& + + 2 + +
y+2z z4+zxz z+y Tty yt+tz z+=z
r—z - zZ-
v I 2 Y50

y+z z+xT Tty

Khong mét tinh téng quat, gia si z = max(z,y, 2).

Bét dang thite viét duge dudi dang sau

: 1 1 1 1
(x—z) (y+z_z+z)+(z_y) (a:+y_z+m> 20
G ) (z—y)?

(z+2)(y+2)  (z+y)ly+z)

Bat ding thic nay hién nhién ding vi © = max(z,y, 2). Déng thitc xay ra khi
z=y=zhaya=b=c=1

Néu abc > 1 thi tdn tai cac sb duong k,a, b, ¢’ sao cho a = ka',b = kb/,c = kc'. Ta
18y k = ¥/abc > 1 khi d6 dé thay a't'c’ = 1. Ta phai chimg minh -
1+Ica'+1+kb' 1+kd
T 14kb 14kd 1+kd
1/k+d 1/k+b  1/k+¢
! b/ / >

SEFVFCZ T T v ke 14 ka

Nhung bat ddng thitc nay ding, va khong c6 ding thitc vi theo chiing minh trén

Jl+d 14V k‘l+c’>1/k+a’ 1/k+b 1/k+¢
1+b’ 1+¢ 1+d 1+ kY 1+ ke 1+ka' "’

ka' + kb’ + kc’

a+b+

BAt ddng thitc duge ching minh xong, dang thifc xdy rakhia=b=c=1. 0
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Bai toan 2.10 (Mathlinks Contests). Ching minh bt ddng thic sau vdi cdc sé
thuc duong a, b, c

a+b a+c b+c<a Q
c

c
a+c b+c a+b™ b +E'

Lo1 GiAlL Ta c6 thé chimg minh bai toan theo hai cach.

Cdch 1. Bit ddng thic tuong duong véi

a a +9_ b Le__¢ e ,_¢ . b
b b+c ¢ a+c a a+b " a+c b+c a+bd

ac ab cb a c b
= + +

> .
b(b+¢) clc+a) ala+bd) ™ a+c+b+c+a+b

Xét cac bidu thie

P ac + ab + ch
T b(b+c) clcta)  ala+b)
be ac ab

=679 et Tearn)

Theo bat ding thic Cauchy — Schwarz ta c6

a c b \?
PQ > - .
@2 (a+c+b+c+a+b)
Mzt khac theo bat ding thitc hodn vi thi

1 [a%? a2 b2c? B2c? a?c? o202
P-Q=— g2 e e g > 0.
b+¢c a+c a+b b4+c a+c a+bd

abe

T d6 suy ra
5 G + c 4 b
Ta+c b+ec a+d

B4t ding thic duge chitng minh. Déng thitc x3y ra khi va chi khi o = b = c.

‘Cdch 2. V6i moi a, b, ¢ > 0 ta ludn cé

(a - b)? 4 (a—c)(b—c).

ab . ac

a c
S 4+-4Z_3=
b+c+a

Do d6 bat ding tlutc c6 thé viét lai dusi dang

1 1 1 1
- @TanTa) @ [ e @969 z0

Chi can gid sit ring ¢ = min(a, b, ¢) ta c6 ngay dpcm. O
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Nhan xét. Ban Nguyén Viét Anh da phat hién ra mot bai toan téng quat tha vi
Bai toan. Cho cdc s6 thuc duong a,b, c, k. Ching minh ring
a+kb b+kc ct+ka <@ b ¢

atke bika xS ot

L1 GiAL Dat
b
_ 1+ k% 1+ k2 1+ kS
1+k° 1+k 1+k°
D& thay zyz > 1. Bit ding thic tuong véi

a c+ka c(a —b)
—_—e—_— | > — >
Z(b c+kb)“0®§b(c+kb)‘0

cyc

g (F+1)(X -1)

b > AV B
7B 200 Ly 20
SX, Y, Z 1 1 1

Y 'Z X XY Z

Theo bat ding thic AM — GM thi

X+X+Z>33XZ 33XYZ>
.Y 'Y X Y? Y ~©

Cong hai bat déng thic tuong ty véi Y, Z ta c6 dpem. O

Bai toan 2.11 (Moldova TST 2006). Cho a,b,c la d¢ dai 3 canh cia mét tam
gidc. Ching minh bét ddng thitc

a2 <2—1> +b2<2—1)+c2(%—1) > 0.
Lo1 GiAL Bat ding thite tuong diong véi
| a®b? + b3c? + 2a? > abc(a2 +b%+ c2).
Ta st dung ding thitc sau
a?(b® — ) + b2(c® — a®) + *(a® - b%) = a2(b - ¢)3 + b*(c - a)® + c2(a - b)°.
Do d6 ‘
2(a3b® + b3c? + c2a?) — 2abe(a® + b° + ?)
= a®(® - 2bc + ¢2) + b3(c? - 2ca + a?) + c3(a? - 2ab + b?)
_ 2(b3 _ 3) ~ b2 - a's) —‘c2(a3 — b%)
- =a*b-c)? +83(c-a)? +Ba-b)? -a?(b-c)? - b2(c - a)® - *(a - b)®
="a’(b-c)%(a~b+c)+ b*(c—a)?(b—c+ a) +c*(a - b)%(c—a+b)>0.
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B4t ding thic hién nhién ding vi a,b, ¢ 13 3 canh cia tam giac. Déng thitc xay ra
khi va chikhia=b=c. O

Bai toan 2.12 (Pham Kim Hung). Cho cdc sé thuc khong am a,b, c thod man
a? + b% + ¢? = 3. Chitng minh ring

a b c
a2+2b+3+b2+2c+,3+c2+2a+3

1
< —.
=2
Lo1 GIAL D& thiy a2+ 1> 2a, b>4+1>2b, 2 +1 > 2¢, suy ra

a b c a b c
a1+%+3+W+Qc+3+8+2a+3"2w+b+n+2w+c+n+2@+a+1y

Ta sé& chimg minh ring

a + b + c <1
a+b+1 b4c+l c+a+1~ "7

That vay, bat ding thitc trén tuung duong vdi

b+1 c+1 a+1
>2
arbritbreriterariot
Ap dung bt ding thitc Cauchy = Schwarz ta c6
b+1 c+1 a+1
a+b+1 b+c+l cH+a+l
(b+1)2 (c+1)? (a+1)2

Thr)(a+rb+l)  (c+Dbtc+l)  (a+Dlcta+l)
S “(a+b+c+3)?
S+ a+b+D)+(c+)btc+l)+(a+1)(cta+1)

Nhung vi a? + b% + ¢ = 3 nén ta c6
b+ 1(a+b+1)(c+1)(b+c+1)+(a+1)(ct+a+])
(a+b+c+3)%

DN =

=3(a+b+c)+ab+bc+ca+a2+b2+c2+3=
Vay (*) dugc chimg minh, va do d6 bét ding thic ban diu duge ching minh. Déng
thic x4y rakhi va chi khia=b=c=1. O '
Bai toan 2.13 (Phan Thanh Nam). Cho a; € [0,i] Vi = I,n. Chung minh ring

n+1 :
ai(a; +ag)...(a1+az + ...+ ap) > Ta%a%...a%.
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Lo1 G1AL Ap dung bét ding thic AM — GM ta c6

a1+a2+...+ak=1.(%)4_2.(%)_{_‘_._,_,6_ (gkﬁ)
>M(2)F@%¥, (gg)ﬂfm'(a_k)m%—g
- 2 1 2 1 .

Cho k£ = 1,2, ...,n rdi nhan céc bt ding thic lai ta duge

n

? e k . 2i
kI:Il(al +az+ .. +ag) > g(ﬂ;_l)yl (%)m)
n

- n!(n2: 1)! H (%)Ci ’

=1

Trong d6 céc s6 mi ¢; duge xac dinh bai

(1 1 L .
a= (i(i+1) ) +”'+"("+1))

=2z-(1._ L )52.
i n+1

Do a; < i nén tit cac bat ding thic trén ta suy ra

Mﬁ(ﬁ)? ntl, s

ai{a1 +az)...(a1 + a2 + ... + ay) > o i) =

= on 0102...0".
, . i=1 '
Bat ding thic duge chimg winh. Déng thitc x4y ra chi khi a;=1Vi=1,n 0O
Bai toin 2.14 (Pham Kim Hung). Gid s a,b,c la do dai 3 canh cia mdt tam
gidc ¢6 chu vi la 3. Chatng minh

1 4 1 + 1 S . 9
va+b-c Vb+c—a Ve+a—-b " ab+bctca

Lo1 GIAL Ditz=vbtc-ay=veta-bz=vatboc=a2+y>+22=3,
B4t ding thic tré thanh '

1 36

1 1
- > .
+y z = 9+:E2y2+y222+z2x2

T

Dat m = xy,ﬁ = yz,p = 2, ta ¢6 bat ding thuc tuong duong
(m +n + p)(m? + n + p? +9) > 36,/mnp.
Sit dung bat dfm‘g thic AM — GM ta cé ‘
m+n+p>3Ymnp, m?+n? +p2+92”12\‘7?)75—;5’;“j
Nhan theo vé hai bat dér;g thic trén ta ¢6 dpcm. O :
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Bai toan 2.15 (Iran TST 2006). Ching minh vdi moi day $6 thuc a1, a,...,Gn

ta luon cd
Z la; + aj| 2 "Z |az|

ij=1

Lo1 GiAlL Phan chia day a), a2, .., G thanh c;ic day sb6 am va khéng am
{ay,a2, ..., an} = {by, by, ..., by} U {—c1, —¢c2, ..., —Cs},

Trong d6 n=r+s, b; ZOVi;W, ¢ >0Vj=1,s

Dat R=3Y7_, b;va § =3 ;_, c;. Bét ding thic tuong dudng véi

222]1; —cj|+2r2b +232c, (Zb +ZcJ

i=1l j=1
@2221@—@ > (s—r)(R-S).
i=1 j=1

Khong mét tinh téng quat gid sit s > r. Véy ta chi cin chimg minh bai toén trong
trudng hgp R > S. D& thay

ZZVJ ——c]I >Z(sb - §)=sR-rS.
i=1 j=1
Ta sé ching minh
2(sR—rS)z(s—r)(R—S)@S(s—r)+r(R—S) +sR-rS520,
Nhung bét d&ng thic trén hién nhién ding vis > rvar > S.

Ding thitc xay ra khi va chi khi trong day a1, ag, ..., @n, 86 chc s khong am bing sb
céc s6 Am va gié tri tuyet ddi ciia tat ca cac sb do b¥ng nhau. O

Bai toan 2,16 (Pham Kim Hung). Ching minh bét ddng thic sau vdi moi sé
thyc a,b, c khong ém

3(a+b+c)22(\/a2+bc'+ ViZtea+ V@ +ab).

. L1 G1Al. Khong mét tinh tdng quét gid sit a > b > c. D& thiy

VB +eca+ Ve +ab< V2E + 2) + 2ab+ ©).
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Ta phéi chitng minh
2v/2(b% + ) + 2a(b + c) + 2Va? + be < 3(a+ b+ ¢).
Dat s = &<, binh phuong 2 vé ta c6 bét ding thic tuong duong
. 8(b% + c + 2as) < 9a + 25)% + 2(a? + bc) — 12(a + 2s)\/¢m
& (a - 25)% + 20bc > 12(a + 25) (m - a) .

D& thay .
——— be be
a2+bc-a=—-—_< —_

| a+VaZ+bc” 2a

Viy ta phai ching minh

(a — 25)? + 20bc > &fa?L_)bc

& (a—25)% + 2bc +

12(a - s)bc >0.
a

Nhung bt ddng thic trén hién nhién ding vi a > s. Ding thitc xiy ra khi va chi
khi @ = b, ¢ = 0 ho#ic cac hoan vi. O

Bai toén 2.17 (Phan Thanh Nam). Choz,y,2 € [-1,1] va z+y+2 = 0. Ching
minh bdt ddng thuc

Vitz+2+Vi+y+2+V1+z+22> 3.

Ld1 GiAL Truéc hét ta sé ching minh ring ndu ab > 0; a,b,a+b > —1 thi
Vita+Vitb214+VIFa+s.
That vay, binh phuong 2 vé bt ding thitc trén.
2+a+b+2/(1+a)A+b)22+a+b+2vVT+a+b
& (1+a)(1+d)>1+a+beab>0.

Trong 3 s6 = + %,y + 2%, z + 2 phdi tdn tai ft nh&t hai sé hang cing dAu, khong
mét tinh tdng quat ta gid sit (x + y2)(y + 22) > 0. Khi d6, theo nhan xét trén thi

Vitz+y?2+/1+y+22+V1+z+22
21+Vitz+p?+y+22+V1+z+22

=14/ (ViTar ) 4 [(Tr ) 4 22
> 14 /(VIm2 7 2+ VIF3) + (o 4y
=1+\/(m+m)2+z2.
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Cubi ciing ta chi cAn ching minh ring
2
(\/1—z+z2+\/1+z) +22>4

e22+2/1-B>261-221-22+2 e 222 -1)>0

Bét ding thic trén hién nhién dung vi -1 < 2 < 1, ta c6 dpcm. Ding thitc xay ra
khivachikhiz=y=2=0. O

Nhan xét. Bai toan md rong cho 4 sb c6 thé duyce ching minh theo cach tuong tu

Bai toan 1. Cho cic sé thuc z,y, z,t € [-1,1] thod mdn z +y + z+t=0. Ching
minh

Vitor @2+ VIt 2+V1itz+2+V1+t+a2 >4
Ngoai ra ta ciing c6 thém mot s6 két qua cung dang
Bai toan 2. Cho cdc sé thuc z,y, z € [-1,1] thod mén z+ y + z = 0. Ching minh

: 2 2 2
\/1+x+'%+\/1+y+f6—+\/1+z+%53.

Bai toan 3. Cho cdc sé thuc z,y,z € [-1,1] va z +y + z > 0. Chung minh

Ty? 722 7x?
\/1+x+_g+@y+g_+\ﬂ+z+%z3.

Bai toan 4. Cho cdc sé thuc z, vy, z, t thod man max(zy, yz, 2t, tz) < 1. Chitng minh

\F—zy+y2+\/l—yz+z2+\/1—zt+t2+ﬁ—tm+x2>4

Bai toan 2.18 (Pham Kim Hung). Ching minh rdng vdi mot so thiuc khong am
a,b,c,d cé tich bing 1 thi

(1+a)(1+8) 1+ A1+ > (a+b+c+d)

L1 GiAlL Do abed = 1 nén trong cac sb a, b, c,d ton tai 2 sb eung khong 16n hon 1
ho#ic cling khong nhé hon 1. Gid sit 2 s6 d6 1a b va d.

Ap bét ding thitlc Cauchy — Schwarz ta c6

(1+a)1+ )1+ A)(1+d)=(1+a®+b"+ a2b?)(c® + 1 + d? + c*d?)
>(c+a+bd+ 1)2

Vay ta chi cAn chimg minh

cta+tbd+1>a+b+c+de (b-1)(d-1)=>0.
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Nhung bat déng thic ding theo gia thiét ¢ trén. Ta ¢6 dpem. O
Nhan xét. Bat ding thic trén khong phai qua khé, nhung ta cé thé 1am manh
thanh nhimg bit ding thic khé hon rit nhidu sau day
Bai toan. Ching minh ring néu cdc sé duong a,b,c,d c6 tich bing 1 thi

1 1 1 1
(). A+a)Q+)1+AA+d)>(a+b+c+d)?+4 <E+Z+ St+o- 4) .
(i) (1+a®)Q+)(1+A)(1+d?) > (a+b+c+d)>+6(a+b+c+d—4).
Dé chitng minh hai bit ding thic trén, ban doc xem thém chuong IV vé phuong
phéap don bién va dinh 1f .M.V - mot dinh If rat hiu qua véi cac bai toan 4 bién.

Bai toan 2.19 (APMO 2005). Ching minh rdng vdi cic sé duong a, b, c va abc = 8
ta cé bét ddng thic

a? 4 b? N c? 54
VI+a)A+6%) /A +)1+3) I+ (1 +dd) ~ 3
Lo1 GiAr D@ théy ring véi Vz > 0 thi 4(1 + 2°) < (22 + 2)2.
That vay, bit ddng thitc trén tuong dwong véi z2(z — 2)2 > 0.
St dyng tinh chat trén ta suy ra -
a? b? c?
+ +
VI+a)T+8) O+ +3) O+ +d)
4a? 4b? 4c?
2 2 n T 2 5 T 2 2y
(2+a?)(24+06%) " (2+0%)(2+¢2) (24 c?)(2+a?)
a? b? c? ‘
Dit z = V=TT khi d6 zyz = 1. Ta phai chimg minh

T + y + z S 1
(1+2z)(1+2y)  (1+2y)(1+22)  (1+22)(1+2z) = 3

That vay, sau khi quy déng méu s6, bat ddng thic trén tuong duong véi
20zy+yz+z2z)+z+y+2>09.

Bt déng thic nay hién nhién ding vi zyz = 1. Ding thic xdy ra khi vi chi khi
r=y=z=lhaya=b=c=2 0 '
Bai todn 2.20. Gid si a,b,c la cdc s6 thuc khong am. Ching minh bt ding thic
L S 1 . 10
a2+ b2+ c2+a? T (a+b+c)?
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L1 GiAl Gi s ¢ = min(a, b, ¢). D& thdy ring
¥+ < (b +

a2+ < (a+

a2 +b2 < (a+

Vay ta cé
L SN 1
2 c\ 2 c\2 c)2
(@+5)” (+8)" (e+5) +(+3)
6 1 1
> + =+
(@+b+c)? " 2(a+5)b+5) (a+§)2+(b+§.)2
10
>
~ (a+b+c)?

VT >

Déing thic xay ra khi va chi khi @ = b, ¢ = 0 ho#ic cic hoén vj.

Bai toan 2.21 (Pham Kim Hiung). Ching minh rdng véi cdc s6 thyc khong am
a,b,e,d tuy §

a b c d 4
> .
b2+c"’+d7-’+a2+c2-+~d"’+a"’+b2+d2+az+b"’+c2 “a+b+c+d

L1 GiAl Sit dung bat ding thic Cauchy — Schwarz ta ¢

2 + b + - + d (@a+b+c+d)
B+c2+d? a?+c2+d? a?+ 0 +d? e+ b2+

a? b? c? d?
> A
2\Woererat\arere  arrre " are+a

Phan cdn lai ta chi cin ching minh

2

\/ a? \/ c? d? 9

>
Prer@  Vararaet ZrerE Varp+ras
Sit dung bit ding thitc AM — GM

/b2+c2+d2 1 (b2 +c+ 2 a + b? + ¢ + d?
—_— —_ _——_+1 =
-2 202

2q?
=>Z b'~’+c2-+-d2 a"’+b2 c2+d2_2'

ab,cd
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Bét déng thic duge ching minh. Dang thic xay ra khi va chi khi trong 4 s6 a,b, ¢, d
¢6 2 sb bing 0, 2 s6 con lai bang nhau. O

Nhan xét. Bai toan tdng quat duge chitng minh hoan toan tuong tu
Bai toan. Vdi moi sé thuc khéong ém ay,a, ..., an va Vn € N thi

a; > - 4
+a +..+al "~ aj+ag+...+a,’

n
Z 2 2
py ai+ .. +a;_,

Bai toan 2.22 (Japan TST 2004). Ching minh vdi a,b,c la cdc s6 thue duong
thod méan a + b+ c =1 thi ta c6 bt ding thic

l14a ‘1+b 1+c<2a 2b 2c

1’——a+1—-b+1—c“b c a’

Lo1 GiAl Bét déng thic tuong diong v6i

L3 a b e
b+c a+c a+bdb 27b c a
e_a b b e ¢ 3
b b+c ¢ a+c a a+b ™2

ac .+ ab 4 be >§
b+c) clc+a) ala+b) ™ 2

éb(

Sit dung bAt ding thitc Cauchy — Schwarz ta c6

b(b+c)+ c(c+a) +a(‘a+b) = abe b+c+c+a+a+b
(ab + bc + ca)? >§
= 2abc(a+b+c) ~ 2

ac ab be 1 (azc2 a?b? b2c? )

Ding thic xay ra khi va chikhia=b=c¢. O

Bai toan 2.23 (Berkeley Math. Circle). Ching minh riing vdi moi s6 thuc khong
am a, b, ¢ thod man ab+ bc+ ca = 1 ta c6 bét ding thic
1 P S
atb b+c c+a

>2
-2

L1 GiAL Dau tién ta sé ching iinh tinh chét sau

B d&. a + b+ ¢+ 5/3abc > 2 vdi cdc sé a, b, ¢ thod man diéu kién trén.
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That vay, ta gid st ¢ > b > a. Thay c= 1—ab
a+b

, ta phai ching minh

1—ab 5
1+ = >2—qa—
a+b<+3ab)‘ a—2>

& ab(2 — 5ab) + 3(a +b - 1)2 > 0.

B4t ding thic nay hién nhién dang vi ab < 1/3.
Vao bai todn. Bat ddng thic da cho tuung duong véi

2(a+b)(b+c)+2(b+c)(ct+a)+2(c+a)(a+b) >5(a+b)(b+ c)c+a)
& 2a+b+c)?45abc+2>5(a+b+c)

Theo chimg minh trén ta c6 5abc > 6 — 3(a + b+ ¢), do d6
2a+b+c)2+5abc+2—5a+b+c)=2a+b+c)?+8-8a+b+c)
=2 a+b+c—2)%>0.
Déng thic xay ra khi va chi khi b=c = 1,a = 0 hodc cac hoan vi. O

Bai toan 2.24 (China TST 2004). Ching minh réing néu a,b,c,d la cdc sé thuc
duong vdi tich bing 1 thi

1 + 1 + 1 4 1 51
(1+a)2 (1+b)? (1+4¢)? (1+d)2 ="

Lo1 GIAlL D& thiy véi z,y 13 2 sb thyc duong tuy ¥ ta ludn c6

1 1 1
+ > .
(1+z)2 (1+y)?  1l+azy

That vay, khai trién va bién ddi tuong duong

(2422 + 2y + 22 +1?) (1 +2y) 2 (L+ 22+ 2%)(1+ 2y +9°)
&2+ 2z +y) + 22 + 2+20y + 2zy(z + ) + 2y(z +°)
2 1+2y+y2+2z+4xy+x2+2xy(z+y)+m2y2
& 1+ zy(z? + %) > 22y + z%y?
& (zy+1)(@-y)? >0

Dit m = ab,n =cd = mn = 1. Do d6

L 1 m+n+2
1+m 1+n (m+1)(n+1)
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Déng thic xdy ra khi vachikhip=¢=0&a=b=c¢. 0
Nhan xét. Bai toan tdng quat van 13 mot bai toan md :
Bai toan. Tim gid tri nhé nhdt cia biéu thic

a+kb+b+kc c+ ka
c+kb a+kc b+ka

Véi k la mot hidng sé duong, k > 2 va a,b,¢c > 0.

Bai toan 2.31 (Darij Grinberg). Ching minh ring vdi moi sé thuc duong a,b,c

\/a+b+\/b+c+ﬁ+a> 4(a+b+c)
c a b T Jla+b)b+c)cta)

Lo1 GIAL Dat z = Vb + ¢,y = V¢ + a, z = Va + b. Bat déng thitc tuong duong véi

T + (] n z S z? + y2 + 22
Prai-z2 242l 22+y?-2 T ayr
Nhan xét ring néu z > y thi z(y? + 22 — z%) < y(z? + 2% — y?). (B4t déng thitc trén

tuong duong véi (z —y)(2zy+ 22 +y? — 2%) > 0). Vay theo bat déng thiic Chebyshev
ta co

xr + Yy + z
y2+22_£2 z2+:c2—y2 x2+y2—z2
2, .2, ,2 ’
¢+ Yy + 2z 1 1 1
2 y 2 2 2 + 2 2 2 + 2 2 2 :
3 a(y?+ 22 —x?)  y(a?+22-y?)  2(z? +y? - 2?)

Theo l/)ét ding thic AM — GM taco

1 1 1
TP A Y@ o) AP - D)
3
> .
T Yryz(a? + y? - 22)(y? + 22 — x?) (22 + 2% - y?) T TY?

Bit ding thntc duge chimg minh xong. Ding thitc xAy rakhia=b=c. Q

Bai toan 2.32 (IMO Shortlist 2001). Cho a1, a2, ..., an l& cdc sb thuc duong.
Chitng minh ring '

ai a2 Qn
. < vn.
1+a§+1+a?+r2+ T1+a§+a§+...+a;ﬁ“/—
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Lot GIAL. Dat g = 1, z; = 1-+-a‘f+..+a,2 Vi<i<n=a; =ZT; — ;..
Bat dang thitc tuong duong véi

) — T T3 — X VT — Ty
\/1 0+\/2 1_*_'”+ n nls\/ﬁ.

I T2 Tn

Sit dung bat déng thitc Cauchy — Schwarz ta chi cin ching minh bt ding thitc

T — I T — Tp — Tpe
e IR S S i P S
. T — I T2 — Tn — Tp- 1
Nhung dé thdy VI < =0 4 22771, In"%at o 2 o) Q0
I Z1T2 Tp-1Tn : Tn

Bai toén 2.33 (Asian Pacific Math. 2004). Gid st a,b,c la cic s6 duong tiy
y. Ching minh bdt ddng thic

(a® +2)(b + 2)(c? + 2) > 9(ab + bc + ca).

Lo1 G1AL Dat t = %< Theo bét ding thitc AM — GM dé théy
(B +2)(2+2)>3+2bc+2(b%+c®) >3+62 va 2> be.
Vay ta chi cn chimg minh
(a? +2)(3 +6t%) > 9(2at +£2).

Bét diéing thic nay tuong duong vdi (a — )2 + 2(at — 1)2 > 0, hién nhién ding.
D4u déing thitc xay ra khi va chikhia=b=c=1. O

Bai todn 2.34 (Vasile Cirtoaje). Ching minh bit ddng thic seu vdia,b,c,d la
cdc s6 thyc duong

20 ) 2b 2 2d
—_— _ > 9.
(1+ b+c> (l+ c+d) (1+ d+a)_(1+ a+b) 29
Lot GiAl B4t ding thic trén tuong duong véi

a+c a+c “b+d b+d
- —_— > 9.
(1+a+b) (1+c+d> (1+b+c>‘(l+a+‘d> 29

Cha ¥ réing véi moi s6 thyc duong z, y thi

() (e3)2 (0 5)
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Tt d6 suy ra

v

2
1+ 2(a +¢) ’
a+b+c+d

2
1+ 2(b+d) ‘
at+b+c+d

1+a+c 1+a+c
at+b c+d

b+d b+d
(1+b+c)(1+a+d)

Xét cac bidu thite

v

a+c b+d

T=axbrc+d Y " avbretd.
Ta phai chimg minh (1 + 2z)(1 + 2y) > 3 néu z +y = 1. Nhung 6 rang bét ding
thitc nay hién nhién ding. Ding thic xay ra khi va chi khi @ = ¢ ='0,b = d holic
a=c¢,b=d=0. O

Nhan xét. Bit ding thitc tdng quat khi thay s6 2 bdi & 1a
Bai toan. Ching minh ring vdi moi a,b,c,d, k khong am ta luén cé

ka kb ke kd 2
—_— —_— —_— 2 .
(1\+b+c) (l+c+d) '(1+d+a) (l+a+b) 2 (k+1)

That b&t ngd vi bt ding thic trén dugc suy ra tryc tiép tit hai bt déng thic sau

a+b+c+d>2
b+c c¢c+d d+a a+b™ "

ab + be + cd +
(b+c)c+d) (c+d){d+a) (d+a)(a+td)
+ da + ac + bd -1
(a+b)(b+c) (b+c)at+d)  (c+d)ia+b) ™
Bt déng thic diu tien thyc ra Ia bit ding thitc Nesbitt suy rong cho 4 sb da dugc
ching minh trong chuong trudc, can chimg minh bét ding thitc sau ta st dung
phuong phép nhém va khai trién. Chd § réng bt déng thute da cho tuong duung véi

(a+c)(b+d)+ ac + bd 51
b+c d+a/\c+d a+bd (b+c)(d+a) {(c+d)(@+b) ~

@(az+c2+ad+bc)(b2+d2+ab+c4)+ac(a+b5(c+:d)+bd(b+c)(a+d)
> (a+b)(b+ c)(c+d)(d +a). '

& Za2b2 + Zasi) + Zabcé > Za2bc.
cye cyc e - ' cye . .
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Nhung bat déng thic trén hién nhieén dang vi
' Z a3b + Z abe? > 2 Z a’be.
cyc cyc cyc
Déng thitc xay ra khi va chi khi a=c,b=d=0hoica=c=0,b=d.

Bai toan 2.35 (Pham Kim Hung). Cho k la mét sé thuc duong. Céc sé thauc
dwong a,b,c,d thod man a + b+ c+ d = ab+ be + cd + da. Chitng minh ring

Ya+ Yo+ Yo+ Wzmin(zx’ﬁA).

- LO1 GIAL Theo bét ding thitc AM — GM, dé thay
(a+b+c+d?>4(a+c)b+d)=4(a+b+c+d) =at+btc+d>4
Vivaynfuk <1thi ¥a+ Vb+ ¥e+ ¥d>a+b+ce+d=4.
X¢ét trudng hop k > 1. Ta sé ching minh bai toan tuong duong 1a
B dé. Néu z,y, 2,t la cdc sé thic khong am thod man x + y+z+t=2thi
o+ yF 2k tF > 202k 4 gk Rk 4 thgk),
That vay, chuyén bt déng thic vé dang
(2% + 2% - 1)(2y* + 2t% - 1)<l

RO rang ta chi cin x6t bai todn trong trudng hgp 2 thita sé trén ciing déu. Néu
chiing ciing am thi bai toan dugc hoan thanh vi hién nhién

(1-2zF - 251 -2/4 - 2t%) < 1.

Vay ta chi can xét trudng hgp cd 2 thita sé-déu khong am. Viz+y+2+¢ < 2 nén
theo bt ding thitc AM —~ GM thi (z + z)(y+t) < 1, do dé /

(@+2)f+ @+t 22[(@+2)w+1) ] 22 + 2)k(y + 2)f
(2m’°+2z’°—1)(2y’°+2t'°'—1)5(2(x+z)’“—1)(2(y+t)’=—1)
<L4+4(z+ 25y + ) - 2z +2)% - 2(y + ) < 1.

Vay bt dng tinte da duge cluing minh xong.

Néu k > 1 thi dng thic xay ra khi va chi khi (a, b, ¢, d) = (2,0,0,2) hoiic (2,0,2,0)
ho#c cac hoan vi. Néu k < 1 thi ding thuc xay ra khi (a,b,¢,d)=(1,1,1,1). O

Nhan xét. Bit ding thitc vin hoan toan ding khi k£ < 0 va do d6 né luén ding véi
moi k € R. Ban doc hay ty kiém ching két qué nay.
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Bai toan 2.36 (Gabriel Dospinescu). Cho a,b, ¢ la cdc sé thue duong thod man
A+ +2=6via+b+ec 2> 2+ max(a,b,c). Tim gid tri nhé nhét cia bidy thic

\/4—a2+\/4—,b2+\/4~c2.

Lo1 GiAL Day la mot phuong phap rét hay dng dung hinh hoc.
Gia st E la bicu thic cia bai toan. Ta c¢6 cong thic

V3E =202+ ) - a? + \2(Z + a?) — B2 + /2(@ T ) — &2

Tur gid thiét suy ra tdn tai mot tam gic véi 3 canh a, b, c. Goi mg, my, m 14 3 dudng
trung tuyén ctia né. Theo ot két qua ¢d dién trong hinh hoc thi Mg, My, M, CUNE
12 d6 dai 3 canh cla mét tam gisc. Vi m2 + m2 + m2 = 9/2 nén
2(memy + mym, + MeMg) > mz + mﬁ + mf
= (Ma +my +me)? > 2(m2 +m? +m2) =9
= VBE =2(mg +my+ me) > 6
= E > 2V3.

Gi4 tri nhé nhit cha E 1a 2v/3, dat duge khi @ = 2,b = ¢ = 1 hodc cac hoan vi. O
Bai toan 2.37 (Pham Kim Hung, Vasile Cirtoaje). Ching minh ring vdi moi
a, b, c duong va vdi moi s6 thuc k > % ta cé
ak . bk s ok N ab=1 4 ph=1 4 k-1
a+b b+c e+a” 2

Lo1 GIAL Ta c6 2 cach ching minh cho b4t ding thic trén.
Cdch 1. Bién déi bat dfing thitc thanh

‘ k ] k * k-1 k-1 k-1
ak_l——(—l—+bk‘l——+ck‘l—- c Sa +b ¢
a+b b+ec c+a 2
ak—lb bk—lc ck-1a ak—l +bk—l _+_ck—1
+ + <
a+b b+c c+a 2

Theo bat ding thite AM — GM ta c6
a+b>2vabb+c>2vbe,c+a > 2yea.

Thay vao bét ding thic trén, ta phai ching minh
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Bat ding thic ndy duge suy tryc tiép ti bat déng thic AM - GM
(2K — 3)a*~1 4 bE1 > (2k — 2)ahEb3.

(Tuong tyt ta c6 2 bat déng thic vdi a,b, ¢ rdi cong lai).

Cdch 2. Bat ding thic tuong duong véi

aka-b) bUb-0) ck”l(c»a)>0
a+b b+c c+a

St dung bat déng thic sau véi a, b, ¢ ta c6 ngay két qua bai toan

ak'l(a _ b) ak—l _ bk—l
a+b T 2k-1)

D& thay bat ding thitc trén duge suy tryc tidp theo AM — GM
(2k — 3)ak + b* +ab*"! > (2k — 1)a* b,
Déng thite xay ra khi v chi khi a = b=c Q

Bai toan 2.38 (Moldova TST 2005). Ching minh réng néu a,b, c la cdc sb thuc
duong va a* + b + ct =3 thi
1 1 1

<1
4—ab+4——bc+4—ca—

L1 GIAL Quy ddng méu sb rdi khai trién ta duge

48 — 82ab+abc2a < 64 - 162ab+4abc2a— a?b?c?

sym sym sym sym

o 16 + 3abe(a + b+ ¢) > a®b?c? + 8(ab + be + ca)  (¥)
Theo bat ding thic Schur ta co
(a®+b° + ¢ + 3abe)(a+ b+ c) > (ab(a +b) + be(b+¢) + ca(c+a))(a+b+ c).
Khai trién rdi rat gon cho ta
3+ 3abc(a+ b +c) > (ab+ ac)? + (ac+ be)® + (be + ab)2.
(St dung a? + b* + ¢* = 3). Theo bét'déng thitc AM — GM d& thay
(ab + ac)? + (ac+ be)? + (bé+ ab)? + 12 > 8(ab+ bc + ca).

Vay 15 + abc(a+ b+ c) > 8(ab + bc + ca). Chi y thém ring 1 > a?b?c?, ta dé dang
suy ra két qua can ching minh. Déng thitc xay ra khi va chi khi a = b=c=1 0
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Néu a < 2 ta c6 ngay diéu phai chitng minh. Trudng hgp ngude lai, ta cd

. 2
20— 12+ 2L > 38 @+ 1) 5 4
a—1 2

Vay bai toan dugc ching minh xong. Déng thitc khong xay ra. O

Bai toan 2.40 (USA MO 2001). Gid st a,b,cla cdc s6 thuc khong am thod mdn
ddng thitc .
a2+ b2 +c+abc=4
Chitng minh ring abc +2 > ab+ bc+ca 2 abe.

Lot GlAL Dé chitng minh bét déng thic ben phai, chi can chi ¥ ring c6 it nhét 1
trong ba sb a, b, c khong 16n hon 1. Do d6 ab + be + ca > abe. Ding thite xay ra khi
(a,b,c=2,0,0) hoic cac hoén vi.

Ching minh bt déng thitc vé trai co nhidu cach khac nhau, trong dé cach quen
thuoc nhét 13 sit dung phuong phap luyng gidc. Lui giai thudn tuy dai s6 sau day la
mot 101 gidi rdt dep mét.

Trong 3 sb a, b, c ton tai 2 s6 hodc cing l6n hon hodic bing 1 hodc cung nhé hon
ho#ic bing 1. Gid s 2 6 d6 14 a, ¢ thi

(a—-1)(c—1)20®ac+12a+c<:>abc+b2ab+bc.
Phin con lai cia bai toan, ta chi cin chimg minh 2 > ac + b. Theo gia thiét thi
a? +c® +blac+b) = 4 => 2ac+ blac+b) <4 = (b+2)(ac+b-2) <0,

Do d6 ta phai ¢6 ac + b < 2, bai todn duge chimg minh. Dng thic xay ra khi va
chikhia=b=c=1. 0

Bai toan 2.41 (Pham Kim Hung). Tim hing sé duong k tét nhit dé bat ddng
thitc sau luon duing

’

(a+b)(b+c)(c+a)  k{ab+bc+ ca)
+ >
abc a2+ +c2 7

8+ k,
& day a, b, c la cde s6 thyc khong am tug §.

L1 G1AL Ta st dung cac bién déi san

(a+b)(b+c)(c+a) 8o c(a - b)2 +a(b — ¢)? + b(c — a)?
abe abc ’
ab+bc+ca (a—-b)2+ (b-c)? + (c— a)?
T +b2 e 2(a2 + b2 + c2) '
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Vay ta phai tim & thod man bat ding thic

Z(ar_ b)2 (M - k:> >0

ab
sym
&) (a-0)28.20 (%
sym

Trong d6 cac hé s6 S,, S, S. duge xac dinh bai

Sy = 2a(a’ + b + ¢?) — kabe,

Sy = 2b(a® + b + ¢?) — kabc,

S. = 2¢(a® + b* + ¢*) ~ kabe.
(i). Diéu kién cdn :
Liy b=c, ta c6 S = S.. Dé () ding thi phai c6

Sy > 0 & 2(a? + 2b) > kab.
Theo bt ding thitc AM — GM ta tim dugce ngay gia tri tét nhét ctia k 1a 4v/2.
(4). Diéu kién di :
V6i k < 4v/2, ta chitng minh bit ding thitc ciia dé bai luon ding. That vay, khong
‘méAt tinh téng quat, tagid sta>b>e= S, > S, > S..

S = 2a(a® + b® + ¢*) — kabe > 0 1a hién nhién.
Sy + Se = 2(b+ ¢)(a® + b% + ¢2) — 2kabe > 4x(a? + 222) ~ 2kax? > 0:

B4t ding thic trén hién nhién ding theo su xac dinh cta s k, & day z = Vbe.
Két luan : Bat ddng thie dung véi moi a, b, ¢ > 0 khi va chi khi k < 4v/2.

Néu k = 4v/2 thi dang thic xay ra khi a = b = ¢ hosic a = v2b = v/2c. Ngoai gia
tri 46 chi ¢6 mot trudng hop xay ra ding thitc laa =b=c. O

Bai toan 2.42 (Titu Andresscu, Gabriel Dospinescu). Gid s a,b,c,d la cdc
6 thuc thod man diéu kien (14 a®)(1+ b*)(1 + c*)(1 + d?) = 16, ching minh bat
ddng thic sau diy

—3<ab+bc+ca+da+ac+ bd—abed < 5.

Lot GIAL Dat § = ab+ be + cd + da + ac + bd — abed.
Ta ¢6 S—1=(1-ab)(cd— 1)+ (a+Db)(c+d).
Theo bat ding thnte Cauchy — Schwarz ta ¢6
(S —1)2< (1 - ab)? + (a+b)?) ((1 - cd)? + (c+ d)?)
=1+a)A+)Q+cH(1+d*) =16
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Nhevay -3<5<5 5ng thuc ¢6 thé xay ra, chdng han vdi cac bo sb (a,b,¢,d) =
(1,-1,1,-1)va (1,1,1,1).

Bai toan 2.43 (Pham Kim Hung). Cho a,b,c la cdc s6 thic khong am cd tong
la 1. Tim gid tri nhé nhét cia

a b c
TR+ &E 112+ 1+a@+6

L&1 G1AL S& dung bat ding thic Cauchy — Schwarz

P=a(l+b+ ) +b(1+a?+c?) +c(l+a®+b7)

a b c
P> b+c)?
(1+b2+c2+1+a2+c2+1+a2+b2> 2 (@tbto)

Xét bidu thie
' Sape = abla+b) + be(b+ c) + ca(c + a),

Ta s& chitng minh S < % That vay, khong mét tinh téng quat gid sitc > b > a.
Xét bidu thic
Sapc = Satben = a2b+c)+b*a+c)+ *(a+b) — (a+b)’c— cX(a+b)
=abla+b-2c) <0.

Mat khac Syt = (a+b)e(a+b+c) = (a+b)e < %(a +b+c)?= i—,
Nhuviy P=a+b+c+ Sapc < % Suy ra

a + b + c
14b02+¢2 14a2+c2 1+a?+b?

v

4
=
Déng thic x4y ra khi va chi khi b= ¢ = 3,a = 0 ho#ic cac hodn vi. O

Bai toan 2.44 (Cezar Lupu). Gid st a,b,c la cdc s6 thuc duong thod man

a b ¢
at+b+cz2++-+-,
b ¢ a
Chitng minh bdt ddng thic sau
a b c

+ + >E
a+1 b+1 c+1 72
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Lo1 GiAl. B4t ding thic tuong duong véi

1 + 1 + 1 <§
a+1 b+1 c¢c+1 7~ 2

& 3abc+ab+bec+ca>3+a+b+ec.

Tuy nhién bat ding thic trén chi la tdng tuong ing ciia céc bt ding thitc sau day
.abc>1 (1) ab+bct+ca>a+b+c (2)
Chitng minh (1) : Theo bat déng thitc AM — GM ta c6
a b ¢ 1f({.a b 1/ b ¢ l/.¢c a a+b+c
bte=cd-+-=c(2242) 42 (2248 —(2— dyyar07e
Grire=ytety 3(b+c)+3<c+a>+3 a+b)_ Vabe

Chatng minh (2) : Sit dung bat déng thitc Cauchy — Schwarz ta cb

a b c¢_ (a+b+c)?
>S4 2y 25 T2TCY (9,
atbte b+c+a_ab+bc+ca=>( )

Déng thic xay ra khi vachi khia=b=c=1. O
Bai toan 2.45. Chitng minh rdng vdi moi s6 duong a, b, ¢

a3 B 3 .
- . > 1.
a3+(b+c)3+ I?3+(c+a)3+ A+ (a+b)3~

Lo1 GiAl. Ta sé chimg minh véi moi a, b, ¢ > 0 thi

a3 a?

- >
ad+(b+c)® = a2 +b2+ 2

(%)

Khi do, véi bat dang thic trén cong thém 2 bat ding thic tuong ty cta b, ¢ ta cb
diéu phai chitng minh.
a

- >
(x) & B+ b+op = (@rtap
& a® (0t + 24207+ ) + (B2 + D)) > a” + at(b+c)?
& 28°(0% + )+ B2+ *)? > a(b+c)d.

a3 4

Theo bat ding thic Cauchy — Schwarz ta c6
202+ c?) > (b+¢)? = 8(b% + 2)® > (b+c)S.
Theo bat ding thitc AM — GM thi
2(12(‘b2 +¢%) + (0% + ¢2)? > 24/2a2(82 + )3 > a(b+ ).

Vay () duge ching minh vd do d6 bai to4n duge ching minh xong. O
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Bai toan 2.46 (Phan Thanh Nam, Lé Hong Quy). Tim tdt cd cic sé thuc k
sao cho bat ddng thitc sau ding vdi moi sé thuc a,b,c va ab+ be+ ca > 3

(a® + k)(B2 + k)(2 + k) > (k+ 1)°.
Lot GiAL Ro rang bat ding thic khong thé ding v6i k < 0 vi khi d6 ta chi can
chon ¢ =0 con a va b d 16n. Ta chi cdn xét trong trudng hgp k& > 0.
Trudce hét ta ching minh ring néu bat déng thitc ding véi k > 0 nao dé thi né ciing
diing vdi moi k' > k vi
(@2 +K)OE+ KNP+ k)= (a®+k+ (K —k) (b +k+ (K k) (Z+k+ (K -k))
> (Y/(a? + k) (b2+k)(c2+k)+k’ )3 (14 k)3

Sit dung ding thic sau
(@2 + k)b + k) (P + k) = (k(a + b+ ¢) — abc))® + k(ab + be + ca — k)2,
Néu k = 1/3 thi
(a®+ k) (6% + k) + k) > k(ab+ be+ca — k)2 > k(3 - k)? = (k+ 1)
Do d6 bat déng thitc ding véi moi k > 1/3.
Coén néu 1/3 < k, chon a, b, c thoa man h¢ diéu kien
ab+bc+ca=3, k(a+b+c)—abc=0

Talby a=1,b+c=3- 2k be= 2%, khi d6

(a® + k)8 + k) (S + k) = (k(a + b+ c) — abc)® + k(ab + be + ca — k)?
=0+k(B3-Kk2=k(B-k2=(1+k3-(3Bk-1)2<(k+1)3

Va do d6, ciing tuong ty nhu trén ta suy ra bat ding thic khong thé diing néu
k<1/3.k>1/3la tht c cac s6 can tim. O

Nhan xét. Day 1a mot bai c6 dang kha gan véi bai toan 2.33 (APMO 2004). Bai
toan nay con cac dang md rong sau day, cidc ban hay tu chitng minh

Bai toan 1. Tim tdt cd cdc sé thuc k d€ bit ding thic sau luon ding vdi moi $6
thuc a,b,cvaa+b+c>3

(a2 + k) (b2 + k) (2 + k) > (k+ 1)°.

Bai toan 2. Tim tét cd cdc sé thuc k sao cho ton tai hing sé Cy > 0 sao cho bit
ddng thic sau diing vdi cdc sé thuc a,b, ¢ tug §

(a® + 1) (B +1)(c? + 1) > Ci(ab + be + ca)®.
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Bai toan 3. Tim tdt cd cdc sé thuc k sao cho ton tai hing sé Cy > 0 sao cho bét
ddng thic sau ding vdi cic sé thuc a,b, c tuy 4

(@®+ )2+ 1)(2+ 1) > Ce(a + b+ o).

Bai toan 2.47 (Cezar Lupu). Cdc sé thuc duong a, b, ¢ thod man a+b+c+abc = 4.
Chatng minh ring

a n b + c >a+b+c
Vb+c Veta Va+bT V2

Lo1 GiAr Ta st dung bd dé sau day, da timg 1a dé thi Viet Nam MO 96.
Bédé. Néua+b+ctabc=4 va a,b,c>0thia+b+c>ab+ bc+ ca.
That vay, khong méat tinh tdng quat gia st ¢ > b > a. Ta phai chitng minh

4—-a->
T (a+b-1)

& (a+b-2)2>abla—-1)(b-1).

a+b—ab>

Theo bat déng thidc AM — GM ta c6 ngay didu phai ching minh
(a+b—2)? > 4|(a~1)(b-1)| > abl(a— 1)(b— 1)].

T bo dé trén, ta suy ra két qua bai toan nhu sau :

Theo bat dang thitc Cauchy — Schwarz thi

a_ b N (a+b+c)?
Vb+c Veta Va+d T oatb+avb+c+b/eta
cva+b+avb+c+b/eta< /2(a+ b+ c)lab+ be + ca).

Do d6

a + b + c > (a+b+0) a+b+c >a+b+c
vVb+c Vet+a Va+b 2(ab+bc+ca) = V2

Diéng thitc xay ra khi v chikhia=b=c=1. O

Bai toan 2.48 (Phan Thanh Nam).ﬂ Cho z,y,2 >0 viz+y+2z=1. Ching
minh ring
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Lo1 GiAL Trude hét ta s¢ chimg minh véi u =y — 2,0 =1z — 2,k = 1/12 thi

Vi +ku? + Vy+ kv? < 2(z + y) + k(u +v)2

That vay, bét déng thite trén tuong duong véi

2/(z + ku?)(y + kv?) < x +y + 2kwv
& 4z + ku?)(y + kv?) < (z + )2 + 4k%u0? + dkuv(z + y)
& (x —y)2 + dzkv(u — v) + dyku(v —u) = 0
< (- y)? + 4k(u — v)(zv — yu) > 0
o (z-y)? (1 —-4k(z+y-2) >0 (dung).
Tit bat ding thitc trén suy ra

: (x+y—22)° \/7 (z—y)?
< AR A NI
VT_\/Z(:B+y)+ 15 +1/z+ B

=\/2(1_z)+(1_‘£i)3+\/z+ (fczzy)"’

5\/2(1—z)+(1—}232—)2+\/z+(i—1§’—z)2
= 3. :

B4t ding thitc duge chitng minh. Ding thic xay chi khiz =y =2=1/3. O

Nhan xét. Theo két qué md rong ciia ban Phan Thanh Viét, hing sb k t6t nhit
dé bat ding thic sau dung véi moi z,y, z khong am c6 téng bing 1

Ve+k(y—22+ Vy+k(z-2)2+ Vz+klz-y)?< V3,
13 ke = 1 = v/3/2. Chitng minh khang dinh nay bang phuong phéap dén bién.

Ngoai ra ta ciing ¢6 them mot bat ding thitc rdt thi vi khac véi cling gia thiét trén

VI+@-22+Vy+(z-a)?+Vz+(2-y)?> V3

Bai toan 2.49. Gid st a, b, ¢ khong am thod man ab+bc+ ca = 3. Tim gid tri nhé
nhét cia S = a + b+ ¢+ kabe vdi k la mot hing sé6 duong cho trudc.

Lo1 GIAl Ta sé chimg minh két qua séu.

a+b+c+kabc2min(3+k,2\/§).

That vay, dit o’ = a/V3,b =b/V3,¢ = ¢/V3 tacé a'V/ + b +cda =1.
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Trong bd dé bai toan 2.23 ta da chitng minh o’ + ¥ + ¢/ + 5/3a'b'¢’ > 2.
Do d6 a+b+c+5/9abc > 2v/3. Vay v6i moi k > 5/9 thi

a+b+c+kabec > a+b+ c+ 5/9abe > 2v/3.

Xét truong hgp con lai, ta xét téng quat véi k < 1. Gid st a >b>ec.

V6i t 1a s6 thyc duong thod man 2tc + 2 = 3 = ab + bc + ca. Ta sé chitng minh
S =S(a,b,c) > S(t,t,c), hay tuong duong véi

a+b—2t>ke(t? —ab) (x)
Theo cich xac dinh sé t ta c6
Lt —ab=cla+b-2t),
(t+c)?=(a+c)(b+c)< @%ﬂ
suyra2t+2c<a+b+2c=a+b>2t
(x) e a+b—2t>k(a+b-2t),
Hién nhicn dang vi kc? < 1 (k,e<1)vaa+b-2t>0. Mt khac, X6t

: —t2 —t2
S(t,t,c)=2t+c+kct2=2t+32t + ket 5

= 25(t,t,c) = f(t) = 3t + % + kt(3 — t2),

1 — kt?
flt)=3- t% +kt(3 - 3t%) = 3(1 — ¢2) 3

= f(t)=0st=1t=1/Vk

Chu ¥ réing ta c6 them diéu kien 2 < 3 nen
£(8) 2 min (£(1). 7(1/VE), £(v3)) = min (3 + k,2V3) .

Dé la diéu phdi ching minh. O

Nhén xét. Cho mot sé trudng hop dic bist ta c6 cac bat ding thic sau day, da
xuét hign trong 1 sé ki thi :

® Néu zy +yz + zz = 1 thi /(1 + 22)(1 +y3) (1 + 22) + 22yz > 2.

® Néu ab+bc+ca =3 thi 3(a+ b+ c) + abe > 10.
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Bai toan 2.50 (Lé Trung Kién). Cho x,y,2 ld cdc sb thuc duong thod man
xy + yz + zx = 1. Chitng minh
1 + 1 N 1
Vity Vytz Vztzx

2

1
2+ —.
V2

Lo1 GiAl Gid st z = max(z,y,2z) vadit a =y + 2 > 0.
Hién nhién ar = 1 — z < 1. Xét ham sb sau

1 1 1

z) = + +
/() vty Vytz Vz+tzx
I S 2:c+y+z+2\/x2+l_i+ 2z +a+2vVz? +1
Sy tz 2 +1 T Va z2+1 '
Mit khac

yz - 22— zvz? + 1 <0
\/(a:2 + 132 +a+2vz2 +1) -

nén f(z) nghich bién. T do ta 6

fi(z) =

bl

)
a?+1

_ vy (Va+ 1) 1
=(va-1) (ﬁ 2\/m+\/5(a2+1)>+2+\/§'

f(z) > f(é) =Va+ —lﬁ +

Ta dé dang ching minh duge

1 (vVa+1)?

Vi aa@rDeva@sn
Nén dé théy f(z) 2 f(3) 22+ J5.

Déng thitc xay ra khi va chi khi z = y = 1, z = 0 ho#ic cac hoan vi. O

Bai toan 2.51 (Pham Kim Hung). Cho cdc s6 thuc khong ém a, b, c cé tong binh
phuong bing 3. Chitng minh
1 1 1 1 1 1

> 3.
3—ab+3—bc+3—ca+3—a2+3—b2+'3—c2_

Lot GiAl BAat déang thitc tuong duong véi

3 3 3
(3—ab‘1>+(3—bc_1>+(3—ca_l>+
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1 1 1
1 1 1) >
() () () 2
ab+bc+ca+a2+b2+02>3()
ES
3_ab 3-bc 3-ca 3-a2 3-b2 3-c2°
Sit dung bat dang thitc Cauchy — Schwarz dé thay

&

(ab+ b+ ca + a? + b2 + ?)?
(ab + bo+ ca + a2 + b2 + c2) + (a?b? + b2c2 + c2a?) + (at + bt + )

vT®™ >
=3

Ta sé ching minh

(ab+ be + ca + 3)% > 3(3(ab+be + ca +3) — (a®b? + b2c% + 2a?) + (a* + b1+ )
& (ab + be + ca)® + 6(ab + be + ca) +9 > 9(ab + be + ca) + 3(a?b? + b%c? + c?a?)
& (a2 +b% + c?)(a® +b® + ¢® — ab— bc — ca) > a?(b - ¢)2 4 b*(c a)? + c*(a - b)?
& (a®+ b2 - H)(a-b)?+ M+ -a®)b-c)? +(*+ a® - b)c-a)?>0.

BAt dang thie trén hién nhién dang theo dinh 1f $.0.5, ¢6 thé ching minh don gidn
didn nay nhu sau. Gia sita > b > ¢, khi d6 (a — 0)2> (a-b)2+ (b—c)? vay

(a2 + b* = ct)(a - b2+ B2+ - a?)(b- )2+ (2 +d® - b?)(c— a)?
> (a2 + b2 — A)(a— b2+ (b* + 2 —a®)(b— )+

+(+a?-b?) ((a-b2+(b—c)?)
> 2a%(a — b)2 +2cX(b~¢)? > 0.

B4t dang thic duge ching minh. Déng thitc xay ra khi vd chi khia =b=c=1
hoic a = b = \/3/2,c = 0 ho#ic cac hoan vi. U

Bai toan 2.52. Gié stta,b,c la cdc sb thuc duong va a® + b + ¢® = 1. Ching minh
rdng :
a + b + c >3
a3+bc btac S+ab

Lot GIAL Néu tat ca céc s6 hang ¢ vé trai déu 1on hon 1 thi bat déng thitc hién
nhicn ding. Trong trudng hop ngugc lai, ta ¢ thé gia sit rang

__ ¢ 3
m_‘a3+bcgl=>a2a +bc..

Theo bét ding thitc Cauchy — Schwarz dé théy

b c 4 4
>

Prac O+ab-Ri+E+2 1+y




144 Chuong 2. Séng tao bat ding thuc

Trong dé y = % + “7" — a?. Ta sé ching minh z > y, that vay

a ac ab 3 b +c?
—_— > - —a) <
a3+bc_b+c a‘ & (a +bc)( o a) <1

& (a® + be)(1 — a® — abe) < be & a®(1 — a? - abe) < be(a® + abe)
& a?(1 - a?) < be(a® + a + be).
Nhung bt ding thic trén hién nhién ding vi a(1 — a?) < be. Do d6

4 b >3+ 2 —(a:+1)+i 1>3
ad+bc bd3+ac S+ab” l+z z+1 =7

Déng thitc xay ra khi a = 1,b = ¢ = 0 ho3ic cic hoan vi. O

Nhan xét. Loi giai duge trinh bay ¢ tréu 1a mot 10i giai kha la mat, nhung bai toan
ciing c6 thé duge chitng minh ty nhién hon bing phuong phap khai trién. That vay,

be ac

b .
dit z = Y= i C—LC——. Ta phéi chitng minh néu zy + yz + zx = 1 thi

1 1 1
+ + >3
r+yz y+zz z+zy

R6 rang bat ding thitc hién nhién ding trong truong hop z +y + z < 2. Trong
trudng hgp x + y + 2z > 2, khai trién hai vé bat ding thic trd thanh

(x+y + z) + Toyz(z +y + 2) > 322922 + 2 + 3xyz(z + y + 2)°.
Viz4+y+2z2>2nén (z+y+2z-2) ((zy+yz+22)? - zyz(z +y + 2)) > 0, suy ra
(x+y+2)+6zyz(z+y+2) > 2 + 3zyz(z +y + 2)%

Mit khéc, dé thay ring zyz(z + y + 2) > 3223?22, nén ta c6 dpem.

Bai toan 2.53 (Phan Thanh Nam, VMEO 2005). Ching minh ring vdi moi
§6 thuc duong a, b, c

1 1 1 3
+ + > .
ava+b b/b+c cvet+a T V2abe

' = Y2 _ . _ _yZa _ ,_ _y2db_
Lo1 GiAlL Dat z \/M’y ook z o)
Ta phai chitng minh z + y + 2 > 3. )
Nhung ta sé ching minh bat ding thice manh hon 1a

2c + 2a + 2
Vie+bb+e) b+o)lcta) lct+a)a+bd)

3<zy+yztzz=
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Patu=+vVb+¢, v=+vec+a, w=+va+b, khido

w? + 0% — u? u? + w? - v? v? 4+ u? — w?
yz = — , = gy = —
) vw wu

Bat ding thitc tuong duung vai
v(v? +u? — w?) + ww? + v — u?) + u? + w? - v?) > 3wvw
& (W + 03+ w?) + (WP + 0% + wlu) > (Vi + v + wdw) + Suvw.
Tuy nhién, d& thdy bat ding thitc cudi ciing ding, vi
uwd + 03 + w4 u?o + v + wiu > 2(v%u + v + vPw),
v2u+ w?v + vPw > 3uvw.
Déng thitc xay ra khi va chi khia=b=c. O

Bai toan 2.54 (Pham Kim Hung)..Ching minh rdng vdi moi sé a, b, c,d khéng
dam ta luén cé

a* + b + ¢ + d* — dabed > 2(a — b)(b - ¢)(c — d)(d — a).
Va néu a, b, ¢, d thod man diéu kién (a — b)(c—d) < 0 thi ta ¢6 két qud manh hon la

at + b+ ¢* + d* — dabed > 17(a — b)(b — ¢)(c — d)(d — a).

LoO1 GiAL. Khong mét tinh tdng quét ta gid st d = min(a, b, c,d). Tit chitng minh

sau day troug trudng hgp (a — b)(c — d) < 0, ban doc hay chimg minh c& bai toan
theo cach tuong ty. Xét trudng hop d =0, tacé b > a.
at + b + ¢t > 17ac(b — a)(b - c).

Néu (b - a)(b - ¢) < 0 thi bai toan dugce chntng minh.
Néu khong, b > a, c. Theo bt ddng thitc AM — GM thi

ac(b~a)(b~c) < ac(b—t)2 < t*(b— t)?,
Trong d6 t = (a + ¢)/2 < b. Ngoai ra a* + c¢* > 2t nén ta chi cin chitng minh
2tt + b > 1762(b - t)2.

Datz=b/t—1>0, taco
2+ (z+1)* > 1722
Srt+4r® - 1122 +42+3>0
e+ (z-1)4z? -T2 -3)>
e l+yl-y)Ea-Ty-32)>
& 1> y(1-y)(3y* + Ty - 4).

0
0 (y=1/z)
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Chi ¥ rdng néu y > 1 ta ¢6 diéu phai ching minh. Xét y < 1.

+, Néu 3y +7y<8thi VP <4y(l-y) < 1.

+. Néu 3y + 7y > 8thiy > 0.8, do dé

y(1-y) <0.8(1-0.8) <1/6 = y(1 —y)(3y* + Ty —4) < 1/6(3y% + Ty —4) < 1.

Vay bat ding thue da duge chitng minh xong trong trudng hop d = 0.
X¢ét khi a,b,¢,d > 0,d = min(a, b, ¢,d). Ta ¢6 bat dang thitc tuong duong

VT =a* +b* + ¢* + d* — dabed = (a2 —c? + (b® - d®)% + 2(ac — bd)?
= (a—c)2(a+c)2+(b—d)2(b+d)2+% [(a=b)(c+d)+ (a+b)(c—d)]?
= (@— )2 (a+ )+ (b-d)2(b+d)+ %(a )2+ d)2+

1(c - d)*(a+b)? + (a® - b?)(2 - d?)

+_
2
— 5(a—cPat o+ 36~ b+ )+ L(a- b e+ dP+
+ %(c —d)*(a+b)?+ ;( ~d)*(a+d)?+ %(b ~¢)?(b+c)?

Tt khai trién trén ta suy ra néu thay (a, b, ¢, d) bdi (a—d,b—d, c—d, 0) thi vé trai sé
gidm di con vé phai khong thay ddi. Vay bai toan chi phai chitng minh trong trudng
hop d = 0 nhu da néi 6 trén. Do d6-viéc ching minh da hoan tit. Déng thuc xay ra
chikhia=b=c=d 0O

Bai toan 2.55 (Pham Kim Hung). Cho a,b,c la cic s6 thuc dwong thod man
a+b+c=3. Chitng minh ring

(a+ %) (b+ P)(c+ a?) < 13 + abe.

Lo1 GIAL B dé. Vdia > b > c thi
(a+ %) (b+ c?)(c+a?) > (a® + b) (6% + ¢)(c? +a).
That vay, ta sit dung 2 ding thic sau
a®b+ b + c%a — (ab® + be® + ca®) = (a+ b+ ¢)(a — b)(b - ¢)(a ~ ¢,
a?b® + b2c® + c2a® — (a3 + B3 + c*a®) = (ab+ bc + ca)(a — b)(b— c)(c - a).
Via+b+c=3néntacd

(a+b+c)? - 3(ab+ bc+ ca)
3

((a=b)2+(b=-c)*+(c- a)?) > 0.

a+b+c—(ab+ be+ca) =

(=2
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Suy ra ¢
a3b + b3c + cPa — (ab® + bc® + ca®) > a3 + b2c3 + 2a® — (a3b? + b3 + Pa?)
= (a+b%)(b+ *)(c+a?) > (a®+ b)(6% + ¢)(c2 + a) (dpem!).

T nhan xét trén, ta chi can ching minh bai toan trong trudng hop a > b > c. Goi
fla,b,c) 1a biéu thic vé trai cha bat ding thitc, ta c6

fla,b,e)=(a+ ) (b+c?)(c+ a?) — abe-.
= a%b + bPc + o + a2b® +b%c® + ?a® + a2b2c2,
fla,b,¢c) = fla+¢,b,0) = a®b+ b3c + Ba + a2b3 + b2c3+
+c%ad + o’ — (a + e)3b ~ (a+ )23
= ble+ a + b2 + 2a® + a2 -
— 3a%bc — 3ac®b — 2ach® ~ 23,
Do a > b > ¢ nén b%c < ach®, cda < ac?b, b%c® < 23,
Vi thé dé chitng minh f(a,b,c) > f(a +c, b, 0) ta chi can chimg minh tiép
2a® + a?b?c? < 3a%be.
Nhung diéu nay hién nhién ding vi dé thay
3a®be — ?a® — a?b?c? > bcd2(3‘— a—be) = bea(b+c— be) > 0.
Vay fla,b,c) < f(a+¢,b,0) = (a+ c)?b(a+ c+ b?).
Cong viéc con lai clia ching ta la ching minh bt dng thic 2 bién
Xy(z + %) < 13 Vz,y> 0,z +y=3.

Thay vé trai bing biéu thic cia z, ta c6

[y

f(x) = (9+ 2% - 52)(322 - %) < Z(_zB + 42 - 5z + 9)?

~z® + 422 ~ 52+ 9 = (z-1)22-z)+7< 7+24—7.
Tt d6 suy ra f(z) < 13, dpem. O
Nhan xét. Hing s6 k t6t nhit trong bat ding thite
(a+b?)(b+c?)(c+a?) < k+abe, Va,b,e>0,a+b+c =3 1
La max f(z) = (9 + 22 — 52)(322 — z3),z € (1, 3.

Ciing bing cach chimg minh tuong ty ta suy ra 2 bét déng sau vin dang (chi mét
. vai budc can thém danh gi4 manh hon)
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e (a+b%)(b+ ) (c+a?) <13+ abe(l — 2abe).
o (a+b%)(b+c?)(c+a?) <13
Bai toan 2.56. Ching minh vdi moi a, b, c duong thi

a_ . b P >\/E+\/E+\/E
Va+b Vb+c VetaT . V2 '
Lo1 GiAL Dat ¢ = a?,y = b%, z = ¢? rdi binh phuong 2 vé
2 2 2
T Z r+y+=z
SR S >I18
\/5:2+y2 Vyi+22 V224l V2
22y
& > (z+y+2)>
2
%C:x +y2 ?Ly’t\/(x”yz)(v 2+ 2%)
Luu y ring )
4 _ 4 A L4 _ .4
oy Yo o
$2+y2 y2+z2 Z2+ZL'2
Do dé
214 2yt 224 syt oyttt A+t

x2+y2+y2+z2+z2+x2 T2t yiaz2 ! 2tal
Mit khac 2 bo sb sau day

mzyz ’ yzzz 2222
Vi + 2 2+ 22 V22t
1 1 1

Vi + 2 Ve 2 V2 +r?
12 2 b 56 don digu nguyge chidu, nén theo bt V‘ding thic hodn vi ta ¢
o2

4z%y
> .
Z\/x2+y (1/2+22) _Z.’L‘2+y2

sym

Vay ta chi can ching minh bit ding thic sau

4 4 2,2
zt+y 4x°y 9
Zz2+y2 Zx2+y22(x+y+z)
sym sym
2x2y2
@Zx2+2w2+ 5 2> 2(zy + yz + 2z)
sym sym y
x? 4 42
o !
sym .

Ta c¢6 dpcm. Déng thitc xay rakhi va chikhiz=y=2&a=b=c 0O
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Bai toan 2.57 (Vasile Cirtoaje). Ching minh rdng vdi cdc sé thuc a,b,c bt ki
ta ¢d bit ding thic

(a® + b2+ c¥)? > 3(ab + bPc + ca).

Lot GIAL Day la mot bat ding thic hay, khé va kha quan trong nén téc gid sé néu
ra 3 phuong phap thong thudng co ban nhat d¢ ching minh.

" Cdch 1. Ta c6
4(a® +b? + ¢ — ab — bc — ca) ((a2 + b2 + )% - 3(adb + b3c + c3a))
= ((a3 + b3+ %) — 5(a®b + bPc + c?a) + 4(ab® + bc® + caz))2
+ 3((@3 + 6% + %) — (a®b + bPc + c?a) — 2(ab® + be? + ca®) + 6abc>2 > 0.

Céch 2. Khong mét tinh tdng quat gid si ¢ = min(a,b,c). Dit b = a + z,c =
a + y(z,y > 0). Bing khai trién tryc tiép ta c6

VT - VP = f(a,z,y) = (a® + b2 + ¢®)? - 3(a®b + b3c + Pa)
= (2% + 32 — zy)a® + (2% + o* + 4zy? — 52%y)a+
+at+ y4 + 2$2y2 - 3m3y.

Coi day 1a 1 tam thic bac 2 véi a. Khi d6

A =(z® + ° + 4zy? - 5z%y) — 4(? +y* — ay)(=* + ¢ + 22%y? — 3z%y)
= -3(z® — 2%y - 222 - )2 <0

Cdch 3. St dung phan tich sau day
2(a? + b% + 2)? — 6(a% + b’c + ca)

= (a®— 2ab + bc — & + ca)? + (b — 2bc + ca — a® + ab)®+
+ (c? — 2ca +ab — b% + bc)? > 0.

Déng thitc xay ra khi a = b = ¢ hodc (a,b,c) = (ksin? (4F) , ksin® (%), ksin® (Z))
ho#c cdc hodn vi véi k € R tuy 3. O

Bai toan 2.58 (Mathlinks Contests). Gid st a,b,c,x,y, 2 la cdc s6 thyc tuj
thod mdn )

(a+b+c)z+y+2) =3, +2+ )@ +y? +2%) =4

Chitng minh rdng ar+by+cz>0.
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2 p2 4 2 ,
Lot GIAL Dit a = 5724 g =26 =
2 +y? + 22 a

ya, z; = za. Ta c6 cac déng thic sau

c
,€1 = —, T = T, =
«

clo

(g +b1+a)(@zi+ym+21) = (a+b+c)(z+y+2)=3,
@+ +) @+l +2)=(®+b° + AW+t + 22 =4
Ngoai ra dé thay

2 2 2
a*+b +c
d+8+cd =T = V(@ P+ AP+t + ) =2,

2yt d=@+¥+D)a =V (@ + 2+ )+’ +2%) =2
a1z, + biyr + 121 = ax + by + cz.

Ta chi can chimg minh
(a1 +21)2 + (b1 +31)° + (a + 21)? >4
Nhung didu nay hién nhién vi

b - 2
(@1 +22)? + (b +31)% + (a1 + 21) 2 (@tbh+a 4;1 +y +21)

S 4(a; + b1 + )@+ +21)
- 3

=4

BAt ding thic duge chimg minh xong. O

Bai toan 2.59 (Pham Kim Hung). Gid s a,b,c,d la cdc sé thuc dwong thod
man (a + ¢)(b+ d) > 4abed. Chimg minh bit ding thic

1 + 1 + 1 + 1 S 32
ab(1+¢c)  be(l+d) cd(l+a) da(1+b)"(1+a)(1+b)(1+c)(1+d)'

Lo1 GiALn
S=(1+a)(1+b)(1+e)(1+ d) — (a + c)(b+ d) + 4abed
= 1+a+b+c+d+ac+ bd+ abe + bed + cda + dab + 5abed.
Ta ching minh rdng 3° .. %‘(1—?%%2 > 36. That vay

S +ab(1+¢) =(1 +b) + a(1+b) +c(1+a) +d(1 +b)+
+ 2abe(1 + d) + bed(1 + a) + cda(1 + b) + dab(1 + ¢).
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Tu dang thic trén suy ra
D T I e RO D R B K
+ Z aib((lﬁ% + ZC C(l—ljci) + :;c C(TI:Td)Jr
ch((lli-: Zc;i(ll—:-b) Zd

Do tinh hoén vi vong quanh nén sau khi sit dung bat déng thitc AM — GM trén tht
ca cac bo sb trén ta co :

S+ ab(1l +c) S
7> _— > .
Z ab(l +c) _36®§ab(l+c)_32_

cyc

Chi ¥ ring tir gid thiét ta c6 S < (1 +a)(1+b)(1+c)(1+ d) nén

1 1 1 1 > 2 S 32
ab(1+c) bc(1+d) cd(1+ a) da(l-i—'b) T8 T (1+a)1+b0)Q+c)(1+d)

Déng thuc xdy ra khi vi chikhia=b=c=d=1. O
Bai toan 2.60 (Virgil Nicula). Gid sia,b,c la cdc s6 thuc thod man a2 +b2+c2 =
9. Chitng minh ring

3min(a,b,c) < 1+ abe.
Lor GiAr Ta gi sit réing ¢ > b > a. Xét 2 trudng hop.
(). Ntua <0,dat d= —a va e = |b| . Ta sé ching minh

-3d <1 -dce

That vay, bat déng thie trén tuong duong vai d(ce — 3) < 1.
Néu ce < 3 thi ta c6 ngay dpem, con néu ce > 3 thi

2 A\ 3 2, 2., .2

3
=1

Vay truong hcp nay bat ding thitc da duQc chitng minh xong. Déng thic xay ra khi
vachikhia=-1b=¢c=2,

(i). Néu a > 0. Ta phai chimg minh

a(a® + b% + ¢?) < 3 + 3abe.
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Do 2abc > a® + ab? nén ta chi cAn ching minh

3+ abc > ac® © 3> ac(c—b).

V‘lagbnénch/9—2a§,suyra )
ac(c — b) < ac(c — a) < aV/9 — 2a2(1/9 - 242 — a).

Ta sé chimg minh a(9-2a%) +a?/9-2a<3
& f(a) =205 — 9a* — (3a - 1)2 < 0.

+,Néu1/3<3<1th
f(a) =2a*(a—1)+7a* — (3a—1)2 < 0.
+,Néul <a<4/3/2thi
’ 11
fla) = (a* + g)(m2 - 3) - 6a’(a” - 1) — Ba(a ~ 75) < 0.

+, Néu 1/3/2 < a < V3 thi
f(a) = a®(a® - 3)(2a® - 3) + (1 - 6a) < 0.
Bai toan duge ching minh xong. Chi ¢o 1 trudng hgp cta déng thuae nhu tren. O

Bai toan 2.61 (Téng quat RMO 2000). Tim hdng s6 k tot nhdt (nhé nhadt)
trong bt ddng thic sau

o + b* + ¢k > (ab+ be + ca),

g ddy a,b,c la cic s6 thuc khéong am va a+b+c = 3.

Lo1 GIAL Theo bai 2.3 ta da ching minh bt ding thic trén vdi k = 1/2, do d6 né
van dang voi moi k > 1/2. Bay gid ta xét bat dang thitc khi k < 1/2.

B6 dé. Gid sta+b=2t>1, khi do
a* 4+ b* — ab > min ((2t)k, 2tk — t2) .
That vay, gia st a > b. Ton tai 1 sé khong amz véia =t +z,b=1¢ - z.
Xét ham sb .
fla)=(t+a)f+(t-a)k-+2°
fl@)=k(t+z)* ! -kt -2)* ' +22
F'(z) = k(k — 1)(t + 2)F% + k(k - 1)(t —2)F "% + 2
7(@) = k(k - Dk - 2) (¢ +2)2 = (¢ - 2)2).
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Nhu vay f"(z) c6 duy nhat nghiém z = 0, do d6 f”(z) 14 ham don digu va cé khéng
qué 1 ngiém, suy ra f'(z) c6 khong qua 2 nghiém (¢t > z > 0). Vi f1(0)=0va

F'(0)=2k(k - 1)t*24+2=2-2k(1— k) >0,
Do d6 gid tri nh6 nhat ctia fséldy taiz =0 hosicz =t . D6 1a dpcm.
V6i bd dé tren, bai toan duge chitng minh nhr sau.
Khong mét tinh téng quat ta gidsita >b>c. Dt a+ b = 2¢ > 1, khi d6
aF +bF + cF - (ab+ bc + ca) > min ((2t)k, 2tk — t2) ~ 2ct + c*.
(1). Néu (2t)* < 2t — 2, 4p dung b dé véi 2t va ¢
akF+bF+c*—(ab+bc+ca) > (2t)*+c*F—c.2t > min ((2t + )%, 2(t + g)k - (t+ 5)2)) .

Vi2t+c=3nén

k
ak + bF 4k - (ab+ be + ca) > min (3’“,2%;— g)

(i3). Néu (2t)F > 2t* — 2. Ta c6 thé coi trudng hgp nay gibng nhw a = b = z >
1,¢=3- 2z Xét ham

g(z) =22+ (3- 2z)’f —22(3 — 22) + 22
= 22F + (3 - 22)F — 62 + 322
9'(2) = 2k2F7! - 2k(3 - 22)F"1 — 6+ 62
g"(2) = 2k(k - 1) (zH -2(3-22)%2) +6

9" (2) = 2k(k — 1)(k - 2) (ZH _ 43— 2Z)k—3)) ‘

D& thay ¢"(2) vo nghigm véi z > 1, suy ra 9'(2) c6 khong qué 2 nghiém.

Vi limzﬂ% 9(z) = —o0, nén gid tri nhé nhét cia g(2) véi 2>2>114y62dau

. 3k 9
9(2) > min (0, 22—Ic - Z) :

Két hop c3 2 truong hop ta tim dude

k
ak+bk+ck~(ab+bc+ca)2min(0,2%—g).
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Dé ¢6 a* + b* + c* > ab + be + ca ta phai ¢6

3k 9 2In3 — 3In2
2——-=-2>20 & k> ———— x0.2005.
2k 4 ~ In3-1In2 02905
Khi d6 sé ¢6 2 truong hop x4y ra ding thitc laa=b=c=1hodica=b= %,C:O

ho#c cac hoan vi tuong ing. O

Bai toan 2.62 (Pham Kim Hung). Ching minh mng vdi moi 86 thuc khong am
a,b,c ta cé bdt ddng thic sau

ab + be + ca <3
a2+ b24+3c¢2  b2+c2+43a2 2+4+a2+302 5

Ngoai ra hay chimg minh k = 3 la hing s6 duong tét nhdt (Ion nhdt) dé bat dding
thitc san diing vdi mo1 a, b, ¢ khong am
ab be ca 3
2 112 2t 22 7t a3 7 < ‘
a? +b%+ ke b2+ct+ka? c2+a?+kb k+2

Lo1 G1Al. Khong mét tinh tdng quat gidsta > b>cva a2+ b2 +c2 = 1.
Dat s = k — 1. Si dung bién d6i sau

2(a? +b% + kc?) — 2(k + 2)ab = (k + 2)(a — b)2 + k(c? — a® + % — b?).
Do dé6
ab be ca 3
APk BTk Er T E? kr2-
_ 1 Z(k+2)(a—b)2+k(c2—a2+c2—b2)
T 2k+3) 1 + sc? '

sym

Nhu vay bt ddng thitc tuong duong véi

- b 2 b 2
22 (fi Sal)((cll : slz) &) Sc(a=b7?20.
sym oy

sym
Trong dé cac hé sb xac dinh bai
S, = (54 3)(1 + sa?)(1 + sb%) — s(s + 1)(a + b)2(1 + sc?),
Sy = (s +3)(1 +sa®)(1 + sc?) — s(s + 1)(a + ¢)2(1 + sb?),
So = (5+3)(1 + sb?)(1 4 sc?) — s(s + 1)(b + ¢)%(1 + sa?).

Dit z = /224, d8 thay S, > 0 va

(a+¢)%(1 + sb%) + (b+¢)%(1 + sa?) < 2(z + ¢)*(1 + sz?).
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Ta s& chimg minh S, + S, > 0, that vay
Sa+ Sp > 2(s+ 3)(1 +5c®)(1 +s2%) — s(s + 1)(x + )} (1 +s2%) >0
& (s+3) (222 + (s + 1)) > s(s + 1)(z+¢)?
& (6+5—s%)x? —2s(s+ zc+3(s+1)c2 > 0.
Kiém tra 2 didu kién
6+s—s220®s§3,
A= (s+1)2-3(s+1)(6+s—s%) >0
P (s+1)>36+s-) e (s-2)(s+3)?>0&s<2

Xét véi y = /<, chiing minh hoan toan tuong ty S, + S, > 0.
Phén con lai, ta sé chiing minh S, > 0, khi d6
Sa(b—¢)? + Sy(a — )24 Se(a—b)2 > (Sp+ So)(b— )2 + (Sp + Se)(a — b)?2 > 0.
That vay,
Sy = (s+ 3)(1 + sa®)(1 + sc?) - s(s + 1)(a+ c)*(1 + sb*) > 0
& (k+2)(ka? + b + ) (ke + a® + b%) > k(k — 1)(a + ¢)?(kb® + a® + ¢?).
D@ thay ring

k(k —1)(a+c)? = (k + 2)(kc? + a® + b?)
(k + 2)(kc? + a® + b?)

k —~ 1)(0’2 - b2)1

< (
> kb% +a% + %

Vay
ka? + b* + c? s k(k — 1)(a+ c)? 3
kb2 + a2 + ¢? = (k+ 2)(kc? + a? + b?)
Ta c6 dpem. Dang thitc xay ra vdi a = b = ¢, va chi trong trudng hop k = 3 thi ta

¢6 thém 1 trudng hgp khi b=c= %a. a

Bai toan 2.63 (Vasile Cirtoaje). z,y,z la cdc sd thuc dudng cé tong bing 3.
Chitng minh ring
T LYy Lz
zy+1 yz+1 zrx+1

>3
-2

Lor G1ArL Ta sit dung ki thuat Cosi ngugc
2
T Ty 1 3/2
=z >r— =
zy+1 T zy+1 =7 2:1:
>3- %(xs/zym + 32102 4 325102,
z

" /2

x Y
=
zy+1 yz+1

+
z
r+1
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Theo bat dang thitc bai 2.57 ta cé

—

23212 4 432,172 4 A2 2 < 2 (g 4y +2)% = 3.

w

B4t ding thic da dugc ching minh. Déng thitc xay ra chi khi z =y=z= 1. d

Bai toan 2.64 (Pham Kim Hung). Gid st a,b,c,d la cdc s6 thuc khéng am va
a? + b% + ¢* + d? = 4. Chang minh ring

1 " 1 N 1 n 1 <9
3—abc 3-bed 3—-cda 3—dab~ "

Lo1 G1AlL Dat x = abe,y = abd, z = acd, t = bed. Ta phai chiing minh

LS SRR SUSE S
3—x 3-y 3-z 3—t_
l-z 1-y 1—-2z 1-
= >0
3—x+3~y+3—-z+3——t_ ()

Ta c6 cac ding thitc sau

(1-z)(dz+3) - (1 - y)(dy +3) = (z - y)(1 - 4z - &),
(3-z)(dz +3) — 3 - y)(dy +3) = (z — y)(9 — 4z — 4y).

Theo bat ding thae AM — GM

2 2
t+y=ablctd) < Y @) < (4/3)¥2 < %

Goi A 1a vé trai cha (x). Néu 2 s6 phan bigt trong 4 s6 z, v, z, t déu ¢6 téng 16n hon
1/4, theo bt dang thitc Chebyshev ta c6

(1—% Y4z + 3) 1
A= Z 2)(4z +3) = 4 (Z (1“x)(4‘”+3)) (Z (3—m)(4z+3)>’

x,Y,2, t T,Y,2,t T,Y,2,t
S = Z (1-z)4zx+3)= Z (B+z—42%) =12+ Z x—4 Z z2.
T,y,2,t T,y.2.t r,y.2.t €,Y,2,¢

Theo gia thiét Y-, , . ;¢ = 4 non theo bat ding tlntc AM — GM thi

l+l+l+124 , abed <1
a b ¢ d ]
1 1 1 1
Sr+y+ztt=abed|—+-+-+5
a b ¢ d

> dabed > da?b*c*d2.
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Dat m = a%,n = b%,p = %, q = d?, dé ching minh S > 0 ta chi can ching minh véi
m+n+p+qg=4thi
3 + mnpg > mnp + npg + pgm + gmn.

Khong mét tinh tong quéat gid st m > n > p > ¢. Dat r = 24342,

S’ =3 - g(mn+ np+pm) — mnp(l — q) > 3 — q.3r% — rq.
(Vi theo bat dang thite AM — GM thi mn +np +pm < 3r? va ¢ < 1).
Thay ¢ =4 —3r vachi y ring r < 4/3 tacé

§$>3-34-3r)r?—r33r-3)=3(r-1)*(-r*+2r+1)>0.

Néu c6 2 sb, ching hanz+y<1/4thia<1/2.

Theo bat ddng thitc AM — GM thit = bed < (4/3)% 2 vaed < 2. Suyraz<1
Vi (3~ z)7! 1a ham 13i ting nén
1 1

1+1+1+1<1+++ <2
3-2z 3-y 3-2 3-t~8-1/4 3 3-1 3-(4/3)32 7

[y

Bat dang tlite da duge cintng minh xong. Déng thite x4y ra khi va chi khia =b =
c=d=1 0

Bai todn 2.65 (Titu Andresscu; Gabriel Dospinesscu). Gid s cic sé thuc
duong x1, xs, ..., T, thod man
1 1 1

+— 4.+
141 14+ 2o 14z,

Tim gid tri nhé nhdt cia biéu thic

Lo1 GIAL Dat a; = L% o Th
1 T; .

Khi d6 dé thay a; + a2 + ... + a, = 0 v a; € [—1, 1]. Xét biéu thic sau day

(1+a)(1+ay)
:}2 -——-———-—J,
S = Z l—alaj
ihy=1

S =

Ngoai ra

P = Z (I +a)(1+aj)(1 - ajay) = n? — Z afa? < n

i,j=1 i,j=1
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Theo bat ding thitc Cauchy — Schwarz ta cé

2

2S.P > Z (l;l-ai)(l-}-aj) =nt

,j=1n

n2

3 >
Vay § > 5

va ding thic x3y ra khi vachikhiz; =z =...=z, =1. O
Bai toan 2.66 (Vasile Cirtoaje). Ching minh ring néu cdc sé khong am a,b,c
thod man a® + b% + c® = 3 thi

a+b+c 1
b+2 c¢+2 a+2 "7

Lo1 'GIAL Bién déi bat ding thic trd thanh
ab? + be? + ca? < 2+ abe.

Khong mét tinh tdng quat clia bai toan, ta gia sit b la sé & giita s6 nhé nhit va sb
16n nhit trong 3 s6 a, b, c. Khi do

ab—a)b-c)<0& a®b + abc > ab? + ca®.
Phén con lai ta chi cAn chimg minh
2>a%b+ bl e bd®+A)<2ebB3-)<2s (b-1)2(b+2)>0.

Déng thitc x4y ra khi va chi khia =b=c=1hodca=0,b=1,c = /2 hojc cac
hoan vi tuong tmg. O

Bai toan 2.67 (Pham Kim Hung). Ching minh vdi cdc sé thuc a, b, c,d c6 tong

bing 4 thi
e+ 1 b+ 1 ¥ 1 d+1
> 4.
\/ab+1+\/bc+1+\/cd+1+\/da+1 24

La1.GIAL St dung tryc tiép bat ding thic AM — GM cho 4 sb hang & vé trai

(@+1)(b+1)(c+1)(b+1)

VT 2 4§ (ab + 1)(bc.+ 1)(cd+ 1)(da+1)

Ta sé& chitng minh

(a+1)(b+ V)(c+ 1)(d+1) > (ab+ 1)(bc+ 1)(cd + 1)(da + 1).
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That vay, khai trién 2 vé bat ding thic trén

abcd+Zabc+Zab+Za+1

sym sym sym
> (abed)? + abchab + Z ab’c + z ab+ 1 + 2abcd
cyc cye cyc
@ac+bd+4+ Y abe> (abed)® + abed + abed Y ab+ ) ab’c.
sym cye cyc

Cht § ring theo gid thiét a + b+ c + d = 4 nén abed < 1.
ac + bd > 2Vabed > 2abed > 2(abed)? = ac + bd > abed + (abed)? (1)

Sit dung bat ding thic (z +y + 2z + t)2 > 4(xy + y2 + 2t + tz) ta cd

(abe + bed + cda + dab)? > 4abed(ab + be + cd + da)

= abc + cda + cda + dab > abed(ab + be + cd + da) (2)

(a+b+c+d)?>4(ab+ bc+cd+da) = ab+bc+ cd + da < 4
= 16 > (ab + be + cd + da)? > 4(ab?c + bc?d + cd®a + da’b)
= 4 > ab’c + bc’d + cd?a + da®b  (3)

Tit cac bat déng thic (1), (2), (3) cong lai ta c6 diéu phai ching minh. Déng thic
xdy rakhivichi khia=b=c=d=1. 0
Bai toan 2.68 (UK TST 2005). Cho a),as,...,an la cde sé6 thuc duong cd tich
bing 1. Chitng minh rdng

a; +3 n as + 3 - an +3 >3
(a1 +1)2  (a2+1)? 7 (ap+1)2 77

Vdi n la 36 nguyén duong cho trude lon hon 2.

Lo1 GIAL Thye ra ban chit ctia bai toan ﬁéy 1a chitng minh trong trudng hgp n = 3.
Véi n 16n hon, chi cin chon a1, as, az 13 3 sé nhé-nhat thi ayasaz < 1 va do do
i a;+3 > a;+3 + ax+3 a3+ 3

(@i +1)2 = (@1 +1)2 " (ag+1)2 (ag +1)%

i=1

Chon cac sé thyc duong a, b, ¢ sao cho a/a1 =b/by = c/c1 =k>1vaabc=1.
Khi d6 ta dé dang nhan thiy
a1 +3 as+3 - a3+ 3 a+3 b+ 3 c+3

mr 2 T s e 2 ar 2 T or 2 T e 7
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bat a; =2/(1+a),b1 =2/(1 +b),¢1 =2/(1 + ¢). Ta phii ching minh
ay + by + ¢ +al+ 02+ >6.
Chu y rang diéu kién abc = 1 cho ta
L L) (L_Ly(L_1)_abk _1
aa 2/\b 2/\es 2/ 8 8
~ (2 - al)(2 — bl)(2 - Cl) = a1byc;.
Ditz =a;—1,y=b; — 1,z = c¢; — 1 thi hién nhién z,y,2 > —1. Vay
. ,
(+Dy+)z+)=Q-z2)(1-y)(l-2)=z+y+2+zyz =0.

Do -1 > z,y,2> 1 nén z2 + y? + 2% > 3(zyz)?/® > 3zyz. Vay

Zx(z+3)=2(a1—1)(a1+2)=a1+b1+c1+af+bf+cf—620.

T,Y,2 sym

Déng thic xay ra khi va chi khi a; = 0,42 = a3 = ... = a, = +00 hoic céc hoan vi.
0 .

Bai toan 2.69. Ching minh ring vdi moi a, b, ¢ duong

ol
b

[ ]
+
o%
+
o]
[\
w
S
-9
+
@l X
ol
o
‘nb

Lo1 G1AL Sk dung bat déng thic Holder

2 2 72 2 2 2 .
a; + 2_ + c__ a_. + b_. + .c_ (a2b2 + b2c2 +62a2) 2 (CL2 + b‘2 + C2)3.
b ¢ a b c  a

Dat z = a2,y = b%, 2 = ¢, ta s& ching minh

(r+y+ 2‘)3 > 3(zy + yz + 2z)/3(2? + y? + 22).

Ta chitng minh bing phuong phap khai trién binh phuong

(z+y+2)? _ 3v3(z?+12 +2%)

Ty +yz+z2x c+y+z
@+ -2 +-2?  3(@-9’+E-2)+(z-2))
2wy +yz + 22) T @y+ o) sty + B D)

& 6lay+yz+z2z)<(z+y+2) (x+y+z+\/3(:v2+y2+z2))
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B4t ding thic trén hién nhien ding. Déng thic xay ra khi va chi khix =y =2z &
a=b=c 0O

Nhan xét. Bit ddng thic voi 4 sb vAn cdn ding, ban doc hay tu ching minh
Bai toan. Chung minh vdi cdc s6 thuc duong a,b, c,d ta luén cé

0,2 b2 c2 d2
—I;‘+—E‘+E‘+—a—22\/5\4/a4+b4+c4+d2.

Bai toan 2.70. Cho cdc sé duong a, b, c tugj §. Ching minh rdng

a2+ 16bc b2+ 16ca  c*+ 16ab
+ > 10.
b2 + ¢2 ¢+ a? a? + b |

Lo1 GIAL Ta sit dung phuong phap bién ddi tuong duong. Khong mét tinh téng
quat gid st ring a > b > c. Khi d6, dé thay

a2 +16bc b2+ 16ca c®+ 16ab _
+ + > 10
b2 + 2 c2 + a2 a? 4+ b2

1 1 16bc — ¢2  16ac — c? c? 8(a — b)?
2 _p2 _ - >
e b)(b2+c2 a2+b2> b2 + 2 2+a? a?+b?  a?+b? 20
2 _ 2 _ 2 2
o (a—b)? (a+) _ 8 16bc — ¢* 16ac—c ¢ 5o
(a® +c2) (b2 +c?) a?+b? b% + c? 2+a?2 " a®+b?

a + b)2(a® + b?) — 8a2b? — 8c%(a? + b2 + c?)
2 +

@ (a-b) (a? + b2)(b% + c?)(c? + a?)
16bc — 2 16ac — c? c? >0
b2 + c? 2+a? " a?+b2 7

Vi (a + b)%(a® + b?) > 84?b% nén ta c6 thé ching minh bat ddng thic manh hon la

15b + 15a 8c(a — b)%(a® + b2 + ¢?)
2+ a2+ c2 = (a2 +b2)(b? + ) (2 +a?)

b 15a

). Né <
(é). New b2 +c2 ~ a?+c?

thi 2b(a? + c2)(a? + b?) > b(a? + b% + c?)(a - b)?

16b 8c(a — b)2(a? + b + c?)
= > > .
VT 2 b2+ c? = (a? + b2 (0% + c?)(c? + a?)

(i1). Trong trudng hgp nguge lai ta ¢6

b S 15a
b2+c? T a2+ e?
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= ba® > 15ab% = a > 15b.
Khi do6 ta sé ching minh

15b S 8c(a — b)%(a? + b% + c?)
b2 + 2 = (a2 + b2)(b2 + 62)(62 + (12)

< 15b(a® + c2)(a? + b%) > 8¢c(a — b)%(a® + b% + ¢2).
Bét déng thic hién nhién ding vi a® 4+ ¢ > (a — b)? va
15b(a” + b?) > 8b(a? + b? + c?) > 8c(a® + b2 + 2).

Bai toan duge ching minh xong. Déng thitc x4y ra khi va chi khi @ = b, ¢ = 0 holic
cac hoan vi tuong img. O

Bai toan 2.71 (Faruk Zejnulahi). Cho a,b,c > 0 thod man a®? + b2 + ¢ = 1.
Chitng minh ring

1<% 4.0 ¢ »n

T 14bc l4ca 14+ab™ "7
Ld1 GiAL Trudc hét, ta sé chimg minh ring
(a+b+e)2<21+bc)? (1)
That vay, sit dung diéu kién a? + % + ¢? = 1, (1) tuong duong véi
2(ab + be + ea) < 1+ 4be + 20%c? & 2a(b + ¢) < a® + (b+ ¢)? + 2b2¢?
& (b+c—a)? +2b%c2 > 0 (dung!).
T d6 suy ra

b 2
24 bt Y VB Ve g
1+bc 1l4ca 14+ab " a+b+c a+b+c a+b+c

Déng thic xay ra khi va chi khia =b =1 /V2, ¢ = 0 hodc cac hoan vi tuong tng.
Dé chimg minh bAt ding thitc vé trai, hay luu y riing

a(b? + c? =a+a(1—a2) -1 (a-1)2a+2)

be <
a+abec<a-+ 5 2

<1

do dé

a b c 7 a2 b2 c?

1+bc+ l+ca+1+ab=a+abc+b‘+bca+c+abc
>a?+ b+ =1

Déng thic xay ra khi va chi khi ¢ = 1,b = ¢ = 0 hodic cac hoan vi. O
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Bai toan 2.72 (Pham Kim Hung). Cdc sé thuc duong ay, as, ..., a, ¢6 to“ng bing
n. Chidng minh bat ddng thic-

1 3.9 o 2
— +.+—-n>—(aj+a .t a, —nj,
a1+a2 . n_n(1 9+ ... +ay, )

Véin la 1 s6 nguyén duong lon hon 3.
LO1r GiAL Ta chitng minh bai toan bing phuong phap quy nap. Cu thé la, ta sé
ching minh véi k = k,, = 4—(%}11 thi

1 1 1
—+— 4.+ —-n>ka®+di+..+a).
a1+a2+ +an > k(a7 +a3+ ...+ a;)

Véi n = 2, ta phai ching minh bit ding thic

1
L 9> g2 —a)? _
a+2—a 22a°+(2-a) -2
2(a - 1) 2 4
2(a — -1)*>
W@ 2 (a-1) = ((@-17>0

Hién nhien ddng va déng thice chi xdy ra khi a = 1.

Gia sit ta da c6 bat ding thite véi n sb. Ta cluitng minh bat déng thitc con ding véi
n + 1 s6. Khong mét tinh tdng quat gid st any1 > ap > ... > a2 > a;.

a; _
Dats=m%“—"Sl,Datmi=—’Vi:l,n=>22;1x,-=n.
s

Theo gia thiét quy nap véi n sb ta c6

1 1 1
;—+m—+...+:—E—-—nzkn(z%-i-mg-i-...-f-xfl—n)
1 2 n
2 2 2
S S S a a a
& —+——+...+———n2kn(—%+-—;+...+—;'—n>
aji a ay 85«. ] S
1 1 1 n_ k
N a—1+a—2+...+(—l:—;23—3—(a%+a§+...+a,21—n32)
1 1 1 n
a—+;+...+a——; k
1 2 n n s ‘
= >——>k vis<1
a}+ad+..+a—ns2 = 8 = Ms<l)
11 1 2, 2 IR 2
= —+—+..+—2ky(ef+a3+...+a;) > — - kyp18° (%)
a; a9 Qpn S

Ta phai ching niinh bat ding thyc

1 1 1 1
—t+ =4t —F——-n-1>ky1(@?+ad+ . +a+an —n-1).

a_l - ag Qap An4-1
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Thay (%) vdo bat ding thitc trén, suy ra ta chi cAn ching minh v4i s < 1 thi

n 1
;+m—n—12kn+1 (ns* +(n+1-ns)® —n-1)
n(n + 1)(s — 1)?
s(n+1—ns) Faean(n + 1)(s — 1)°

<k > ! = n > An
"= sn+1-ns) ns(n+tl—ns)~ (n+1)%

., . A A - ~ 4n z

Va gia tri t6t nhat cho k,4; chinh la m Ta ¢6 dpem.
Déng thitc xay ra, ngoai trudng hgp tdm thudng a; = a2 = ... = an41 = 1 thi vdi
(va chi véi) k = kny1 = 4n/(n + 1)2 con 6 thém 1 trudng hop nita 1a a1 = ag =

n+1 n+1 ) .
= Oy = Q] = hoac cac hoan vi.

2n
. P A .. + o N ’ 3 4(” - 1) ~ 2

Trong bai toan ban dau, gia tri cia k la k,, = - < o =k, Vn > 4 nén bat

ding thic d6 hién nhién dang. O
Bai toan 2.73 (Vasile Cirtoaje). Choa,b, ¢ >0 va a2 +b2+c% = 3. Chatng minh
bdt ddng thitc

(2—-ab){(2-bc)(2—ca) 21

Lo1 GIAL. Datx =2 - aby=2 - bc,z: 2 —cas
Ta phai chimg minh zyz > 1 néu cic sb thyc z,y, z thod man diéu kign

2-2)2-y)  (2-y)2-2) 2-2)2-2) _

3.
2—-2z 2—-z 2—y

Didu kicn trén cé thé viét dugi dang gon hon nhit sau

2-2)2-y+2-y2-2)+(2-2)2-7)=3(2-2)(2-y)(2-2)
& 8(x+ y+ 2) + 3zyz = 12+ 5(zy + yz + 2x).

Phén chitng, gid s ring zyz < 1. Ta sé ching minh
8(x+y+2) + 3zyz < 12 + 5(xy + yz + 2x).
Khong mét tinh tdng quét, gid st 2> x>y > 2 Ditt= /zy=1t<2. Taco

(8 = 52)(z +y) + 3zyz + 82 =12 + Bay > (8 — 52)2t + 32t + 82
& 12 + 5t2 — 16t > z(3t2 — 10t + 8)
& (t—2)(5t - 6) > 2(t ~ 2)(3t — 4)
&5t —6<2(3t-4) < 6—4z>t(5—3z2).
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DotzzglnéntSVI;.Vizglnéndéthéy

(6 —42)\/z>5-32
& 0> (Vz - 1)%(4yz +5).
Diéu vo If nay dan téi két qua bai toan. Déng thic xdy rakhia=b=c=1. O

Bai toan 2.74 (Darij Grinberg). Cho a, b, c la ¢cdc s6 thuc khong am tugy y. Chaing
minh bét ddng thic

(a+b)2  (b+¢)? (c+ a)?
2+ab  a2+bc | B2+ac &

LoI GIAL Vi (a+b)% - 2(c? + ab) = (a2 — %) + (b2 — c?) nén ta c6
(a+b)?  (b+¢)? (c+a)?

c2+ab ' a2+ be b2+ac—6
- Z (a - b2 + (a ) 4

powe a? + be

Z 1
. powed a2 +bc b2 +ac

_ (a=b(a+b)a+b-c)
B Z (a2 +bc)( +ac)

sym
Xét cac biéu thic
Sa=(b+c)(b+c— a)(a®+be),
Sy = (c+a)(c+a— b)(b? + ac),
Se=(a+0b)(a+b-c)(c?+ab).
Ta phai chitng minh S, (b~ ¢)2 + S;,(a'— )2+ Sc(a~b)2 > 0.
Khong mét tinh téng quét, gid st a > b > ¢. D& thdy S, > 0 va

(a-c)? _ a?
(b-1c)? 2 b2
* (@it (s = - (L4 5.)
(C ) ( ZS +b2 a)

Mat khac ‘
S+ 6250 = a*(a + ¢)(a+c - b)(b2+ac) + b2 (b + ) (b + ¢ a)(a* "+ be)

> afa - b) ( (b2+ac) b? b2+ac) )2 0.
Ta c6 dpcm. Déng thiic xdy ra khia = b= ¢ hodc a = b,c = 0 hosic hoan vi. O
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Bai toan 2.75 (Lé Hdng Quy). Tim s6 thuc k = k(n) lon nhat dé bdt ddng thic
sau ddang vd1 moi day $6 £1,%2,....n € R ‘
224 (2 + 222+ o+ (@ T2+ T0) 2 R(@ t a2t z.)2.

Lot GIAL Si dung bét ding thite AM — GM cho 2 sb

1
a1yt + a_lyg +2y192 2 0

1
an—ly%—l + (—l_yi + 2Yp—1Yn = 0
n .

Trong d6 a1, az, ..., an 12 cac s6 thuc duong ma ta s¢ chon sau.
Cong vé cac bat déng tinic trén lai ta duge

2 1 2 1 2 1 2
ayi+\{\—ta2 )y + ...+ +an-1}y,1+ Ynt
ay an-2 Ayp—1

20102 + 20213 + o 4 2o 1¥n 2 0 (%)
-Chon céc sb thyc duong a;, i = 1,n dé

1. 1
ag=—+a2=..= - 1.
ay ap-1
Ta tim duge
sin(k + 1)a 2%
g = ————, @ = =——.
sin{ku) 2n +1

T () ta c6
9cosaly? + 43 + ..+ ¥2) + 212 + 12ys + - + Yn19n) + ¥

& 200sa(y2 442+ +12) 2 203+ o H9E) 210 +YaYst Y 1Un) ~ U~ Yn
& 2(1+cosa)(yl+ys+ ... + ) >yl 4y - 1)+ o+ (Y1 — Yu)?
Thay céc sb ¥, y = 1,n bdi 3 = 21 + 2 + ... + 2 ta duge

a
4 cos? E:Er‘{ + (@ +z)?+ .+ (@ Tt t N L I S x2,

N 1 a2 . .
S6 k = k(n) tét nhat bing ———5— , déng thic xdy ra khi
4 cos I+l

i = (—1)* (sin ke + sin(k = 1)a). O
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Nhan xét. Bit ding thitc sau da c6 trén tap chi Todn hoc va Tudi tré

Bai toan. Tim k = k(n) nhd nhdt dé bdt ding thic sau ding vdi moi ddy sé thuc
L1, X2, .5 T

2P+ (@1 + 22’ + A (@ T4+ 20)? < k(2P 4 2R 4+ 22).

LO1 GIAL Sit dung bat ding thie Cauchy. — Schwarz

n

k n k 2
PIOBEIED DB
k=1 i=1 *

k=1 i=1

k
Sk = Zci, ¢ > 0.
i=1

Chon cac sb ¢;, ¢ = 1, n sao cho

Sl+52+...+Sn=SQ+53+...+Sn=__.=_S_n=t
C1 C2 Cn
. . | s
= ¢; =sinia —sin(i — 1), a = 1
Tu do suy ra L
k= kln) fsin? gt

Diéu ki la 13 mot bai toan véi chin trén, mot bai toan véi chan dudi, mot bai
toan sit dung bat déng thitc AM — GM con mot bai toan sit dung bt ding thic
Cauchy — Schwarz nhung lai di dén 2 két qua rit giéng nhau, mot ham ciia sin con
mot ham cha cos. O

Baj toan 2.76 (Pham Kim Hung). Ching minh ring vdi moi sé thuc khéng am
a, b, c ta luon cé

a + b n c >4 1 " 1 + 1
B2+c? a?+c? a?2+b62 " 5\b+c cta a+b/)’

Lo1 GIAlL St dung bat ddng thitc Cauchy — Schwarz

a b c .
b2 2 2 2 (02 2 > b 2‘
<b2+c2+a2+c2+a2+b2) (a(d” + ¢®) +b(a® + ¢%) + c(a® + b%)) > (a+b+c)
Ta sé ching minh

a? + b2 + % + 3(ab + be + ca)
ab(a +b) + be(b + ¢) + ca(c + a) + 2abc’

(a+ b+ c)?
ab(a + b) + be(b+ ¢) + calc + a)

4
> 2.
)




168 Chuong 2. Sang tao bat ding thic

Dat S = a2 + b2+ %, P = ab+ bc + ca, Q = ab(a + b) + be(b + ¢) + ca(c + a). Bat
déng thic tuong duong vai

5(S+2P) _ 4(S+3P)

Q T Q@+ 2abe
<SQ + 10abeS + 20abeP > 2PQ.

Dé thay

PQ =) a’b*(a+b) + 2abe(S + P),

sym
SQ > abla+b)(a®+b%) > 2 a’*(a+b).
sym sym

Tt d6 ta ¢ ngay didu phai chimg minh. Dang thic xay ra khi va chi khi trong 3 sb
a,b,cc6 2 s6 bing nhau va 1 sb bing 0. O

Bai todn 2.77. Gid s a,b,c la dp dai 3 canh cda mot tam gide. Chitng minh ring

a b c ab+bc+ca 5
< -,
b+c+a+c+a—!-b+a2+b2—l~c2 -2

Lo1 GiAlL Xét 2 hing ding thitc sau

2a N 2b N 2¢ . (a —b)? N (b~ c)? (c— a)?
b+c a+c a+b ~ (a+c)b+c) (b+a)lcta) (b+c)(b+a)’
"~ 2(abt+bctca) _ (@ =02+ (b—c)® +(c—a)?

a? +b2+c2 a? + b2 + c?

Ta.phai ching minh S, (b — c)? + Sy(a - ¢)? + Sc(a — b)? > 0 véi

s _'_1_«‘ a? + b% + c? . d+br 4 L al+br+e
T @At T T Bl T (eta)etd)
Khéng mét tinh tdng quat gidsta>b>c= S, > 0.

Do a,b,c1a 3 canh mot tam gidc nén

S'__a(b+c—a)+c(b—c)> c(b—c)

YT T T @b (bt T (a+b)(b+e)

s za(b+c—a)+b(c—b)> b(c—b)

¢ (a+c)c+d) T (a+c)(etd)
a—c>§>a+b
a—-b " c a+c
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T cac bat déng thitc tren suy ra
Sa(b = €)* + Sy(a — c)?+Sc(a - b)? > Sy(a — ¢) + S.(a ~ b)?
b? (a —b)? b2e(b - ¢) c*b(c - b)
>(a-b)? (= >
>(a=b) (C2S¢,+S¢> - c? ((a+b)(b+c) + (a+c)(c+b))

_(a=b0)?%b-c)b (b a+b
BNCETIY) (Z_a+c>20'

Déng thic xay ra khi v chi khia = b= ¢ hodc a = b, ¢ = 0 hoac cac hoan vi. O

Bai toan 2.78 (Vasile Clrtoa_je, Gabrlel Dospinesscu). Gid st a,b,c,d la cdc
0 thuc duong thod man a2 + b2 + 2 + d2 = 1. Chitng minh bat ddng thic

(1-a)1l~- b)(l —c)(1 - d) > abed.

Lo1 GrAl. Ta ching minh bing phan chitng.

1-a 1-b l—ct 1-d
r = = zZ = =

a 1y b ) } ? d

1 1 1 1

z+1 g1 T a1 T

Ta phéi chiing minh zyzt > 1 néu x,y,2,t thod man

1 1 1 1
+22 " 0rg U+ Txoe

Gia st ngugc lai, zyzt < 1. Toén tai sbé duong k > 1 sao cho k*zyzt = 1.
Mt khéc, theo bai toan 2.24 ta c6

1 1 1 1
(T4 ka2 Tk Oxke)? T k22

Vik>1nén
1 1 1 1

+ + +
1+ (I+y)2 (Q1+2)? (1+1)?
Trdi v6i gia thiét & trén. Vay diéu gia sit 1a sai, ta phai c6 zyzt > 1 (dpem).

> 1.

Dﬁngthuc‘caylakhxvachxkhla.-b—c-— d=1/2hodica=1,b=c=d =0 hoic
céc hoan vi tuong tmg. O

Bai toan 2.79 (Pham Kim Hung). Cho cdc s6 thuc d'ttdnq ai,as, ..., a, cé tong
bdng n. Chitng minh bdt ddng thic

1 1 -1 8(n—1
—(-2—)(1 —a1a2...an).

ar ay T a, T oon
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L31 GiAl Ta st dung phuong phap ching minh quy nap.

Trong trudng hop n = 2 ta c6 bat déng thic

1 1
— 4+ = —-2>2(1-aa2)
ai a2
2(1 —
o 21=®%) S 9 gy

a1a2
& aqap<1le (o — a2)2 > 0.
Gia sit bat ding thic da ding t6i n. Ta xét bai ton véi n + 1 sb.
Khong mét tinh téng quat ta gid st a; > a2 > ... 2 An 2> dntl- Dit

ap+ag+...+ay a; J—

t= , b= — Yi=1n
n t
Ta c¢6 Y, b; = n nén theo gia thiét quy nap thi
1 1 1 »
— = 4. 4+ ——n>c(l—biba...by),

by by b,
PRy ~ ) 2 2 <~ N 8('fl - 1)
Véi ¢ 1a hing s6 bat kivac < — Thay b; = a;/t ta suy ra

t t t a1a2...0n,

— 4+ —+..+—=-n2>c(l-

a; a2 an 2 o tn )
@1+1+ +1+Ca >n+C (%)
St —aqia9...0p >+ 3
a; G an L 2ofn= G Ty

Véi n + 1 s6, ta phai ching minh bt déng thic

1 1 1 8n
—_—+ —+ ... -n—-12>k(1- , (k=—""73
a + as + ...+ Gnit n > k( a1a2...Gn+1) ( (n + 1)2)
1 1 1

&+ — + ...+ — + (kapy1)ara2...0n + >n+1+4+k.
a) as (129 Un+1

/

Dat kay+1 = tTLCJ-T thi ¢ = (k@ns1)t"!. Theo bat déng thic AM — GM ta c6

Qg1 +nt n+1 1
n+1 |

an+1tn < (

8n 8(n—1)
4 S <kt < k= <
Do d6 d<kt<k RS 3

(vit<1).
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8(n-1
Vi (%) dung véi moi ¢ < (—an——) nén khi chon ¢ = ¢’ ta ¢
1 1 1 n
— 4t —+ ...+ — +(ka a102...0n > — + kag1t".
o o +an (kany1)araz...an > ; n+1

Va phan con lai cia bai toan, ta sé ching minh bat déng thic

n
?+kan+1t"+ >n+1+k.

An+1

Thay an+1 = n + 1 — nt, bat ding thic tré thanh

n 1
e _ > n+l _ 1) 1
e (n+1)>k(nt (n+ 1)t" + 1)
n(n+1) n-1
_— " > k(1 +2t+ ... "
tin+1-nt) ~ (1424 o mt")
o k= 8n < n(n + 1) .
(n+1)2 " tin+1-nt)(1+2t+...+nt"1)

e a \ (n+1)?

B4t dang thic nay hién nhién ding vit <1 va t(n+1-nt) < i

Vay bai toan da dugce chiing minh xong bing phuong phap quy nap. Déng thic xay
rakhivachikhia, =ay=..=a,=1 01

Bai toan 2.80 (Phan Thanh Nam). Cho 3 s6 thuc x,y, z khong am cd tong bang
1. Chatng minh rdng

VIt @R +Vy+ 2+ Vz+a2 22

LO1 GIAL Ta sit dung bd dé sau

B d&. Néu a,b,c,d khong am thod man a+b=c+d va la— b < |c — d| thi ta co6
bét ding thic

Va+ Vb > e+ V.

CHUNG MINH. Theo gia thiét suy ra
(@+b)% - (a-b)? > (c+d)? -~ (c—d)> = ab>cd.
Bét ding thic cin ching minh tuong duong véi

a+b+2Vab>c+d+2Ved & ab>cd (dung!).

Ap dung bét ding thitc trén suy ra

VIt +Vy+2>(@+y)+Va+y2




172 Chuong 2. Séng tao bat ding thic

Do vay

Vet P2 +Vy+t2+Vzra2 > (e+y)+ Vet 2 Ve + 22

2w+y+ﬁ/2+\/£)2+(x+y)2

l—z+V4z+(1-2)2=2.

il

B4t ding thic duge ching minh. Déng thic xay ra khi vachi khiz=y=2z=1 /3
hodac z =1,y = z = 0 ho#c cac hoan vi. U

Bai toan 2.81 (Pham Kim Hung). Ching minh bdt ddng thitc sau vdi moi a, b, c
khong am .

a(b+c) blc+a) cla+b)
> 2.
a?+bc  b4+ca c2+ab "~

L&1 G1Al Xét khai trién binh phuong sau

(@=b)*a-c)’(b-0)?®20

= (a®b + b%c + c?a - ab? — bc? —.caz)2 >0
=3 a*(6? + ) + 2abcy | a’(b+c) > 2 >~ %6 + 6a%b?? + 2abcd a®  (x)

sym sym sym sym
B4t ding thic da cho tuong dudng véi

Z a(b + ¢)(b? + ca)(c® + ab) > 2(a? + be)(b% + ca)(c? + ab)

sym

& 2abc(z a’(b+c)) + Z at(b® + ) + abc2b2(a +¢)

sym sym sym
> 4a%b%c? +2 Z a’v® + 2abcz ad.
Sy’ﬂl sym

R& rang bat ding thic trén duge suy ra trye tiép tit (),

VT - VP = (a— b)2(b - ¢)?(c — a)® + 2a%6%c + abe Y _ a’(b+ c).
N sym
Déng thite xay ra khi va chi khi @ = b, ¢ = 0 hodc hoén vi. U
Nhan xét. Mot bai toan giai theo cach tuong tu 13

alb+c—a) blcta-b)  cla+b-c)

> 0.
a? + 2be b2 4 2ca 2+2ab T
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Bai toan 2.82 (Vasile Cirtoaje, Gabriel Dospinesscu). Gid s a®+b%+c* = 3,
chitng minh ring
(ab)® + (bc)® + (ca)® < 3.

LO1 GiAl. Theo bat ding thitc AM — GM thi
a* +b* +2 < 4ab = 4(ab)® = 4a'br.ab < a*b*(at + bt + 2).
Dat x = o,y = b4, 2 = ¢*,t = d*, ta phai ching minh véi z + y + 2 = 3

zy(c+y+2)+yz(y+2+2) +2z(2 + x4+ 2) <12
S (T +y+2)(zy+yz+ 2z) + 2(zy + yz + 2z) < 12 + 3zy2
& 5(xy +yz + 2z) < 124 3zy2.

Theo bat déng thic quen thude
(3—2x)(3 - 2y)(3 — 22) < zyz = 3zyz + 9 > 4(xy + 2z + 2x).

Mt khac, hién nhién zyz < 1, nén tit 2 bat ding thite trén ta c6 dpem.
D?mgthl’rcxéyrachikhim:y=z=1, haya=b=¢=1. 0
Nhan xét. Xét bat ding thic téng quat sau day

Bai toan. Gid s a,b,c la cdc s6 thuc dudng cé tong bing 3, hdy tim sé k ldn nhét
sao cho bat ddng thic sau luon dung

(ab)* + (be)* + (ca)* < 3.

Lot GiAr Dé giai bai toan trén, ta phai dung phuong phép dén bién. Hién nhién véi
moi k < 0 thi bat dang thitc trén khong ding. Ta xét trong trudng hop 1 < & < 2.
Datt=(a+b)/2,u=(a~-b)/2=a=t+ub=t—-u Dit

fuy = (t+w + @t -wh) +( - ud)F,
Flw) = ke® ((t+w)bt = (¢~ k) — 2ku(s? — u?)*!

£ = ket = o (e~ g )

Theo dinh 1f Lagrange véi ham g(z) = x!=%, tén tai tg € [t — u,t + u] sao cho

(t+u)r = (- u) ™ = 2u(1 - k)t
1 1 2u(k — 1)

-~ - =
(t—u)k1  (t+u)k-! tk
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V“ltozt—uzcne‘ntgch,matkhéchkSZnén

1 1 2u(k-1)

2u
(t— wkT (¢ +u)k? th ok

<
_ck

Do dé f'(u) < 0 = f(u) < f(0). V6i két qud nay ta chi can xét bai toan khi
a=>b2>1>c. Xét ham sé mot bién claa

h{a) = 2a*(3 — 2a)* + a?*,

B (a) = 2ka* (3 — 2a)% — 4ka*(3 — 2a)F ! + 2ka? !

k
= 2ka* (3 - 20)*' (3 —da+ —o—t |-
a® (3 - 2a) 3—4a+ G201

Xét phuong trinh
ak

h/(a)=0<=>(3—_—03'm=4a—3.

R6 rang phuong trinh v6 nghiégm khi a < 3/4, ta chi can xét khi a > 3/4, khi dé6
phuong trinh tuong duong vdi

klna — (k — 1) In(3 — 2a) = In(4a - 3).
Xét ham sé sau

g(a) = klna — (k~ 1) In(3 — 2a) — In(4a — 3),

k 2(k-1) 4
! _ = —
q(a)—a+ 3-2a 4a-3
ad(a) = k + (k-1)a da

3—a 4a-3

Chi ¥ ring cac ham s6 a/(3 — a) va —a/(4a — 3) 1a cac ham téng nén phuong
trinh aq’(a) = 0 c6 khong qua 1 nghiém, do d6 phuong trinh g(a) = 0 c6 khong
qué 2 nghiém = phuong trinh A'(a) = 0 c6 khong qua 2 nghi¢m. Do A/(1) = 0 va
¢ (1) =k+2(k— 1) — 4= 3k — 6 < 0 nén ti bang bién thién ta suy ra

h(a) < max (h(l), h (g)) .

Bai todn duge chitng minh khi 2 > k> 1. Néu k£ < 1 thi
3 ((ab)'c + (be)* + (ca)") < (a* + b5 + )2 < 3.
Con néu k > 2, véi gid thiét a > b > c, ta sé ching minh

(ab)* + (be)* + (ca)* < (ab + ac)F, k
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Nhung didu nay hién nhién vi VP > {(ab)* + (be)* + a*~2bc > VT.
Ngoai ra a(b + ¢) = a(3 — a) < 9/4 nén

2k
(ab) + (be)* + (ca)* < (%) .

Tit cac chiing minh trén ta di dén két luan sau

(ab)* + (bc)k + (ca)* < max (3, (g)%) .
Va hiing s6 k t6t nht chn tim 13 ——20
& 2(In3 ~ In2)
Bai toan 2.83. Ching minh ring vdi moi $6 thuc duong a,b,c,d, e ta cé

a+b_b+c c+dd+eeta >a+b+c b+c+dc+d+ed+et+aet+a+b
2 2 2 2 2 - 3 3 3 3 3 '

Lo1 GiAlL Ta sit dung tinh chat sau

B dé. Vdi moi sé thuc khong ém a,b vdia+b <1 thi

(-G

.

CHUNG MINH. Béat ding thiic c6 thé viét lai thanh
1 1 1 . 4 4

ab a b7 (@a+b)? a+b
ot ¢ 1,1 4
ab (a+b?"a b a+bd

(a-b)? _ (a—b)?

ab(a + b)2 ~ abla + b)

& (a—b)2(1-a-b)>0.

Bé dé& da dugce chiing minh xong.

Vao bai toan, khong méat tinh tdng quat gid sit a +b+c+d + e = 1, bat ding thic
tuong duong véi '

d+e e+a a+b b+c Te+d T 2

o () () () () (302 6)

a+b+c b+c+d c+d+e d+e+a e+a+b>(3>5
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St dung tinh chat vit néu, ta c6

( 1 1 2 2
-1 -zl -1
d+e a+b d+e+a+b

:(die‘l)(aib‘l) z (1ic‘1)2'

Hoan toan tuong ty ta cling c6

() ()= ()
() ()= (o)
() ()2 )
() (1) = (-

Budc cudi cing, ta sé ching minh ring

(220 () () () ()2 () o

That vay, x6ét ham sb sau véi z > 0

f(m)=ln<1_m—l>=ln(1+z’)—ln(l—x)
L1 1

= f@)= s+

= )= —1 v 1 s

(I+z)? (1-z)2 7
Theo bat ding thic Jensen ta cé

)+ 8+ 5(0) + £ + $(6) 2 5 (DL _515) = s1niaya),

Vay (1) dugc chiing minh xong, do dé bai toan duge ching ‘minh xong. O
Bai toan 2.84, Ching minh rdng vdi moi a,b,c khong am ta cé bét ddng thic

4 4 4
a b c a+b+c
ER XL S S o mru S :
a?+b b+t S+a 2
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Ldo1 GiAl. Ta ¢6

2a* a(a® - b%)  a(a - b)(a®+ ab+b?)
S+ ‘T TE e ad + b® '
Do dé
2at 3(a—b) a(a® +ab+b?) 3 2b% + ab — b?
dre tT T3 =(“””>(”—amf—*—5) = @)
Vay bt ding thitc duge viét dusi dang tuong duong la
Su(b = ¢)2 + Sy(a — ¢) + Se(a — b)* > 0,
Trong d6 cac hé sé S, Sb,:S'c duge xac dinh badi
Sa=3c2+bc-—b2 Sb___3a2+ca—c2 C,:3b2+ab—a2.
B+ A+ad a® + b3
+, Trudng hop 1. @ > b > c. Khi dé dé thay
S,+25.20 (& 3“2;?@3’ ¢ 2(3b2jf';); ?) 5 0),
v 20 (o OCHEZ ) WP 5 )

Do do

254(b — ¢)2 + 25,(c — a)? + 25.(a — b)?

> (S)-+25(a B+ (b- (25, + 55 > 0.
+, Trudng hgp 2. ¢ > b > a. Hoan toan tuong ty

362+ ab—a?  2(3a%+ca—c?)

> >
Se+25 20 (& ad + b3 3 +ad 20,
3c2+be—b*  2(3a%4ca-c?)
> - s .
Se+25 20 (& s g >0)

Do dé6

254(b — ¢)? + 28,(c — a)? +2S.(a — b)?
> (S, +25,)(b— ) + (25, + S.){a - b)2 > 0.

Bat ding thic duge chimg minh xong. Déng thic xay ra chi khia=b=c¢ O

(a -

ir7

b)2.
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Bai toan 2.85 (Lé Trung Kién). Ching minh ring vdi moi a, b, c duong

= SN
a? + ab+ b? b2 + be + ¢2 2+ca+a? ™ V3 '

Lo1 GIAL Dat 22 = a,y? = b, 22 = ¢. Bt ding thitc tuong duong véi

z® N ¥ N 2 STyt
\/1'4 +.’I72y2 +y4 \/y4 +y2z2 +Z4 \/24 + 2272 +£L‘4 - \/5 :

Binh phuong ca 2 vé ta duge bat ding thite twong duong

6 l'3y3
DI e REDD

cye cyc \/(T4 + "L‘2y2 + y4)(y4 + y2z2 + 24)

> 2 +y? + 22 + 2zy + 2yz + 222
- 3

6y x8 — 48
o .
;\/(ﬂf“+m2y2+y4)(y4+y2z2+z4 225”4*"96““/

1 9 2 3(33 +y)
Z§Z<w +ty +4zy~x4+x2y2+y4

sys

- Z 6z . 62%y° — (z — y)*(z + y)?
\/(.’l)4 + CE2 2 + U4)('l/4 + 1}232 + 34) 4 + $2y2 + y4 '

Mat khac, dé thay

sym

23y’ Y323 233
Vit + 22y + y4’ Vi + 22 + 24 VA 2222 2t
1 1 1

Vot ¥ 22?2+t iyt 22 + 24 Vet + 2227 ot
la 2 bo don diéu nguge chiéu, nén theo bat déng thitc hoan vi ta cé

2 N (4 = 4+ 22y + ot

o V@t 22yt (Rt 42t T

Bat ding thite duge chimg minh xong. Déng tintc xay rachi khia =b=—c. O

Bai toan 2.86 (Pham Kim Hung). Gid st a,b, c khéng am thod man a+b+c =2
Chitng minh ring
ab + be + ca .
14+c¢2 14+a2 14627
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Ld1 GI1A1 Xét cac bidu thic

z= ab+bc+ca,p=abc= 1 <4/3,
A= (a-b)2b~c)c—-a)? =421 - z)+ 4(9z — 8)p — 27p2,
B= Y d*a-b)(a~c)=12p+4(l - z)(4 - x).

sym
Khai trién bat ding thitc trén vé dang
(1-z)(5-2z+2?) + (6x — 2)p— 2p? > 0

<64 + g(l +92)B + (1 — z)2(365 — 147z) > 0.

- Bat déng thic trén hién nhien ding, ta c6 didu phai ching minh. O
Bai toan 2.87 (Pham Kim Hung). Gid s ay,as, ..., a, la cdc s8 thuc khong am

c6 tong bing n. Tim gid tri nhé nhdt cia bidu thic

1 1 1
S=al+ai+..+a?+aas. .0, (—+—+...+ ——~)
a) as Qan

Lo1 G1Al. Bai toan nay da dugc giéi thisu & chuong trudc, day 1a mot bai toan dai
dién cho phuong phap don bién ¢ dién ¢6 nhidu ¥ nghia. Didu dic biet la, trong bai
gidi, ching ta phai két hop duge 2 kidu dén bién thudng diung.

1 1 1
f(a) = fai,az, ..., a) = a? + a3 + ... + a2 + ayay...a, (— +—+..4+ —) .
a, a2 an

Khi dé6 ta c6 2 ding thic rat dic biet

f(ala a2a‘~'1 Cl-n) - f(Oa a) + ag,as, ..., an)

1 1 1Y).
=aqazlazay..0pn | —+—+ ...+ — 1} -2 (*)
az a4 an
a;+az ay+a
f(al,a2,---,an)‘—f ,_1___2,_1_2_’013,_“,0%
2 2
(a) - 0,2)2 1 1 1
= — |2 - —+—+ ..+ —
y a3a4...an P, + ” +...+ o (*x)

Tit 2 ding thic trén ta cé

(f(a) = £(0, a1, az, .., an)) (f(a) ~f (“—lgﬂf‘l—;ﬂagan» <0
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Khong mét tinh tng quat ta gid sit a1 > ag > ... 2 an. Xeét phép bién doi

a; +a; a;+aj
2 2

ai,aj —

i 2. . . < 1
Phép bién d6i nay khong tang gia tri ciia f néu [Tkt j ok (Zk#,j —-—) <2

QK
. 1 1
Néu a;,a4y...04, o | — +— + .. F

iy Qiy Qi

) < 2 sau moi phép bién ddi nhu trén va

v6i moi tap con {41,142, ..., in—2} C {1,2, ...,n}. Thé thi tt ding thic (**) ta suy ra
f dat gia tri nho nhat khi tat ca cac s6 déu bing nhau, lac do ¢6 thé thay n < 4.

. R . a2 1
Néu khong, ton tai 1 day bién doi lam cho [Tiz1n—2 @i (E k=1n_2 ——) > 2.
. n=2 g

Khi d6 tit (x) ta suy ra f dat min néu c6'sd nhd nhét bing 0.
Ta cho a, = 0 vA khi d6

f =g(a) = g(a1,a2, ..., Gn-1) = a2+ d3+.. + a2_, + a1az...an-1.

Hoan toan tuong tu nhu trén, ta cing c6 ding thac

ay+ar ay+a
g(a) "-9(0,‘11 + a2, as, ---,an—l)] [g(a) -9 ( : 2 —1——2703, ---,an—l)] <0.

2 72

Va ciing I luan hoan toan tuong tu véi ham g ta suy ra g(a) dat gia tri nhd nhét
khi va chi khi tit cd n — 1 s6 bing nhau hodc ¢6 1 s6 bang 0 va con lain — 2 s6,
hién nhién sé bing nhau dé g dat min.

Két lugn : Gia tri nhé nhét clia biéu thitc da cho la

min | 2n n’ + n "_"1 i
‘n-1 n—1 ‘n-2/"

Nhan xét. Mot h¢ qua hién nhien cla bai ton nay, ciing 12 1 phin trong ching
minh trén. Ta lay cho 1 sb ax mot gia tri bét ki, suy ra bat déng thic sau

Bai toan. Gid st ay,as, ..., an la cdc so thuc khong am cé tong bing n. Khi do

2
n
af + a% + .. +a,21 + kayas...an = min (n+ k, - 1) .

Bai toan 2.88 (Pham Kim Hung). Gid séx,y,z la cdc s6 thuc duong thod man
hé thitc 2zyz = 322 + 4y? + 52%. Tim gid tri nhd nhét cia biéu thic

P=3z+2y+z
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Lor GiAL Data =3z, b= 2y, z = ¢, khi dé
a+b+c=3x+2y+2z, a®+ 3b% + 15¢2 = abe.

St dung bat ding thac AM — GM ta c6

a+b+c > (2a)%(3b)/3(6c) /6,

a® +3b% + 15¢2 > (4a%)1/4(962)%/9(36c2)15/36 — (4 2)1/4(9p2)1/3(362)5/12
Nhan vé 2 bat dang thic trén cho ta
(a+b+c)(a®+ 3% + 15¢?) > 36abc = a + b+ ¢ > 36.

Gia trj nhé nhat cta 3z + 2y + 2 1a 36, ingvéiz=y=:=6. 0
Nhan xét. Ta c6 bai toan téng quat nhu sau

Bai toan. Gid s a,b,c la cdc so thuc dmmg cho trudc va z,y,z > 0 thod man
az? + by? + c2? = abe.
a, Chitng minh rdng tén tai duy nhét mot sé thue duong k sao cho

1 1 1
= + + :
Wk VE+vk+a VE+vVE+D \/E+\/k+c
b, Chitng minh ring khi d6 ta cé bt déng thic

ctytz> W+ VE+a)(VE+ VEFB)(VE+ VETS)

vk
Ching minh. Cau (a) rit don gidn. Nhan V% vao 2 vé vi xét
k k k 1
fk) = vk + vk + — vk - ==0.

VE+VE+ta VE+vETD VE+tvEre 2

Vi f(k) la ham tang ciia k, f(0) = -1/2,limg o, f(k) = 1. Do tinh lién tyc nén
phuong trinh f(k) = 0 c6 nghiém % duy nhit.

Cau (b) ta sit dung phuong phép can bing hé sé.

Lay m,n,p, m1,ny, p; 12 cac s6 thuc duong thod man
m+n+p=1,am;+bny +cp; = 1.

Theo bt ding thitc AM — GM ta c6 |

m+y+22( ) () )l’
wtvwtrets (2)7 (£)"(2)
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Nhan vé 2 bat ding thiic trén cho ta

xm+2am1 yn+2b'n1 zp+2cp1

mpn amy bni cp1
mmntpPmy i Py

(z+vy+ 2z)(az® + by? + c2?) >

Bay gid ta s€ chon m,n,p, mi,n1,P1 thoa man cac diéu kién sau

e m+2am; =n+2bn; =p+2cp1 =1

3is
Il
S |
I
LR
3

S

2 2 2
UL A )
my ni n
Thay vao phuong trinh (i) suy ra
Im —-—n-—l l—ai—mr"—mi n n—c——2
2=, 2_n’p2—p’4l—_ 2 2’4l 2 2a4l—P2 p2.
11 1 2v1
Khidél=~+—-—4+-= ,
1 m n lp Ea,b,c \/Z1+ /'——l Ta
Suy ra —= = + + _
YT T Sievita Ji+Vitb i+ l+c
Do tinh duy nhét nén | = k. Suy ra
1 8l
z+y+z2> = = 8lmanap2

mmanrpPmi™t n’l’"l i, mnp

WVE+VETa)(VE+ VEFTD)(VE+ VE+0)
~ .

S>z+y+z2

7

Vay min(z +y +2) = (VE + VETa)(WE+ VETB)(VE+ VETS)
T _Yy_Z vk mnp

DPat duge khi m n »p = T bn? + cp?”

Sau day la mot cach phét biéu khac

Gid sit a,b,c la cdc s6 thyc duong cho trude va ,y,z = 0 thod man hé thic
ax? + by? + c2® = abe.
a, Chimg minh rdng ton tei duy nhdt mot sb thyuc duong ¢ sao cho
2,2 2
1+v1+ya 1+4/1+¢9b 14+V1+9c

o
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b, Ching minh rdng khi dé ta cé bit ddng thic

(I+VIT+ap)(1+vV1I+eb)(l+ I+ <pc)_
@

z+y+z2>

Tuy rdng bai toan da dugc chimg minh trong trudng hop téng quat nhung dang
phat biéu ban dau clia bai toan véi cac hé s6 2,3,4,5,3,2,11a rat dac biet, va ki la
hon nita khi biéu thite lai dat gia tri nhé nhat khi cac bién a, b, c déu bing 6. Két
qué dep hon sy mong doi ban dau ciia tac gia.

Bai toan 2.89 (Jack Grafulkel). Ching minh vdi moi sé thuc khong am a,b,c

a b c 5
+ < -va+b .
va+b \/b+c+\/c+a"’4 @ te

Lor GIAL Dau tién ta sé ching minh trong trudng hop 1 trong 3 sé a, b, ¢ bing 0.
That vay, gid st ¢ = 0, bat ding thitc trd thanh

a )
V< ivaTE
\/a+b+ =3V

@i—a+gb2 Vbla+b)

& (a+b)+4b>4v/ba+b).

Hién nhién dtng theo bat ding thitc AM — GM, ding thitc chi xay ra khi a = 3b.

Bay gid ta sé ching minh trong trudng hop tdng quat. Dt

a+ \/a-}-c \/b+c 52
VT2 2 k=

Gid st ¢ = max(z,y, z). Bit déng thie da cho tuong duong véi

2 2 2 2 2 2 2 2 2
+ 2z -z 2é 4z — ¢4ty -z 5v2
Y . + - = Y + ?; ;/_\/z+y+z

¢x+y+z+(x~y)(z—z)(z—y)<1 +i+——> <kVzi+ g2+ 22 (1)

Ty Yz 2z

IA

R& rang chi can (,hutng minh bit ding thuc trong trudng hop z > y. Dau tién ta sé
chimg minh véi moi sé t > 0 thi

EV(x+t)2+(b+t)2+(z+t)2>kvV22 + 42 +22+3t (2)
S ka2 +y2+ 22 +2(z +y+2) + 382 > ky/z2 + 42 + 22 + 3t.
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Lwu § thng k2 > 3vaz+y+z 2 /% +y? + 22 neén bat d&ng thic trén hién
nhien dang. Mat khac vi z = max(z,y, z) va x? < y% + 2% nén ton tai sb duong
t < min(a,b,c) dé& (z — )2 = (y—-t)?+ (2 - t)2, d6 d6 theo ching minh & daun
bai toan (c6 mot trong 3 s6 a,b,c = 0) b4t ding thic (1) dang khi thay z,y, z béi
d=z—ty=y—tz2 =zt Vaytaco

1 1 1
x'+y'+z'+(m’—y')(:c'——z')(z'—y') (____‘__1__7_*_;?) _<_k x’2+y’2+z’2

'y Yz
BAt d&ng thie (1) c6 thé viét dudi dang
1 1 1
-y )z -2 z'—'( + + >+
S -\ G+ WHoE+h @+ +1)

vy 423t < k@ A+ )2+ ()2
Nhung rd rang bt déng thic trén c6 duge truc tiép khi ta cong bat déng thite (3)
va bét ding thic (2) (trong d6 z,y,z thay bdi o'y, 7). Bat déng thic da dugc
chimng minh xong.

Déng thic x4y ra khi z = 3t,y = t, z = 0 ho#ic cac hoan vi tudng tng. O

Nhan xét. Cach ching minh trén dugc suy ra tit nhan xét don gian sau : Néu thay
z,y,zbdix-ty—tz—tthi VP~ VT cha (1) gidm dan, do dé khi ta lay t du lén

dé z,y, 2 suy bién thanh do dai 3 canh ciia mot tam gidc vudng thi bét ding thic
ban dau trd vé trudng hop don gian 1a ¢6 mot trong 3 sb a, b, c biing 0.

Bai toén 2.90 (Pham Kim Hung). Véi a,b,c la cdc s6 thuc tug 9, ching minh
bét ddng thic sau ddy '
1 + 1 n 1 S 11
(2a —b)2 "~ (2b—c)?  (2c— a)2 = 7(a? + b+ c?)

Lo1 GIAlL Dat.’c=2a—b,y=2b—c,z=20—a. khi do

o detyte, dytZetw _dzt2y

== 7 ? ha 7 ) = 7 s
; 2 2 4 42 4424 22

Suy ra ISR S (x+y+2) ;—x +y’+ 2

Ta phai ching minh
1 1 1 1

— b= > .
BT T AT Aaryt R+t Y+

Do tinh déi xitng, c6 thé gia sit rhng ,y.> 0 > z. N6i cach khéc ta phai chitng minh
b4t ddng thic (sau khi da ddi dau cua z)

1 n 1 11 >0

2R ety +attyt4t

1
f(.’E,y,Z)=F+
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(1). Néu z > = + y, ta ching minh f(z,y,2) 2 f(z,y,z+y). That vay

flz,y,2) = f(@, 4, 2+y) _ 113z —z —y)
z—x—y @+ 2+ (@ +y))@*+ 2+ 22 +2(z -z y)?)
r+yt+z
— > i
Parg)?

(Sit dung cdc bat ddng thic san
z—z—yz2zt+ytz
2z +y)? =22+ 9+ (z+y)?
42>+t + 2z - y)?).
Ngoai ra d& thay réng
1 1 1 27
@+ + (@ +9)?) (?2 SRR y)Q) > 5
Do d6 f(z,y,z +y) > 0. D6 la diéu phai ching mi-nh. V

(ii). Néu z +y > z. Khi d6 f(z,y,2) 2 f(t,t,z) véit = E—?—

Ftt2) ==+ = '
T T 2 22+ 22+ (28— 2)%

Ly z = 1, quy ddng méu s rdi dua vé bat déng thitc v6i 1 bién cla t
1
5t — 43 + 62 —8t+3>0 , t> 5

Kiém tra tryc tiép suy ra bat ding thic trén dang. O
Nhan xét. Hang s t6t nhat trong bat dang thitc (Va,b,c € R).
1 + 1 n 1 N k
(2a—b)2  (2b—¢)? ' (2c—a)? ~ 7(a’+b? +c?)

16 1
LAminf(x)=10m2+%———8x+23véix2—.
T T 2

C6 thé tinh gan dung gia tri nay min f(z) = 11.6075.
Hé qua. Gid st a, b, c la cdc s6 thuc tuy g va (a+b+c)(2a - b)(2b - c)(2¢—a) > 0.
Khi dé ta cd bt ddng thic
S SENE S 27
(2a—b)2 ' (2b—¢)2 ' (2c—a)® T 22(a®+ 02 + c?)’
Déng thitc zdy ra khi va chi khi (a,b,c) = (4k, k, —5k) hodc cdc hodn vi (Vk € R).

Thye chét day chinh 1 trudng hgp z >  +y trong ching minh trén.

™~
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Bai toan 2.91 (Pham Kim Hung). 1. Cdc sé thuc duong a, b, ¢ thod man a® +
b3 + 3 = 3. Xét bdt ding thic '

ab be ey
c a b

(i).  Chitng minh bdt ddng thitc khong thé luén ding vdi moi a, b, c.
(i1). Chitng minh riing bt ddng thic sé ding néu a,b, c thod man diéu kién

a®b® + b3 + Bad > abe(a® + b3 + ¢2).

2. Tim héing sé duong k lon nhét sao cho vdi moi s6 thuc duong a,b, c bit ding thic

sau luén ding
[ak + bk + ok
9_12+_I)_C+E1_Z3ka+b +c.
c a b 3

Lo1 GIAL 1.(3). Cho a = b = 0.8,c = ¥/1.976.
(i1). Theo bat ding thic AM — GM ta c6
a?b+ b%a + 1 > 3ab,
b2c + b+ 1 > 3bc,
a +a%c+ 1> 3ca,
= abc (ab(a + b) + be(b + ¢) + ca(c + a)) > abe(ab + be + ca).
Tit d6 két hop véi didu kien a3b® + b33 + c3a® > abe(a® + b3 + ¢*) = 3abe ta suy ra
(ab + be + ca)(a®b? + b%c? + c2a?) > 3abc(ab + be + ca)
b
= a2b? + b2c? + c*a? > 3abe = a?+%c+% > 3.
2. Ta xét bai toan ngudc lai, gid st réing a, b, ¢ 1a cic sb thyc thod mén

ab be ca
—+ =4+ —=3,
c a b

Ta can tim gi4 tri 16n nhit cla
S =ak +bF +cF.
Dit z = ab/c,y = befa,z=ca/b. Khidé z +y + 2z = 3.
S = (zy)*¥/* + (y2)*/? + (2z)*/2.

Theo mét két qua quen biét thi

3k
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Va do dé gi4 tri t&t nhéat dé bat ding thitc con ding 1a
In3

=3/ k=—"" 2 1..<3. 0
3=3"/2" & 3 oo 709511... < 3

Bai toan 2.92 (Vasile Cirtoaje). Cdc a,b,c,d la cic s6 thuc khong am thod man
a+b+c+d=4. Hay ching minh bat ddng thic sau

1 1 1 1

<1.
5—abc+5—bcd+5—cda+5—abc‘1

LO1 GiAL Dat x = abe,y = bed, 2z = cda, t = dab. Ta phai ching minh

1 + 1 + 1 + 1 <1
S—r b5-y 55—z b-t~
l-z 1-y 1—-2 1-t¢
& >0
5—m+5—y+5—z+5—t_
(1-z)(x+2) (L-y)y+2) (1-2)(2+2) (1—t)(t+2)>0

G-z)(z+2)  (G-yy+2) (G-2)(z+2) (G-Ft+2) "~

Déthayntuz >ythi2-r-22<2-y-y2= (1-2)2+2z) < (1-y)(2+7y).
Hon nita theo bit ding thic AM — GM thi

1 .
x+y=bc(a+d)£§(b+c+a+d)3 g—:—<3

néntacé (5-z)(x+2)-G-y)(y+2)=(C-y)5-z—-y)>0.
Ap dung bét ding thitc Chebyshev suy ra
(1-2)(z+ 2)) ( 1
Z > Y -2+ )| Y s |
(z Y, zt . .’E) T+ 2) T,Y,2,t z,y,2,t (5 - 1))(.1) + 2)
Va bay gid ta cAn chimg minh

Z(1~x)(m+2)='8—x—y—z—t—x2—y2—z2—t220
z,y,2,t

f(a,b,¢,d) = abc + bed + cda + dab + a?b?c? + b*c*d? + 2d?a? + d2a®b?.
Khong mét tinh tdng quat ta gidsta>b>c¢ > d.
Patm=(a+c)/2,u=(a—c)/2,t' =m?v=u?va _
g(u?) = (m? — u?)(b + d) + 2bdm + (m® - u?)2(b% + d?) + 20%d*(m? + u?),
gw) = (' —v)(b+d) + (t' — v)2(b? + d?) + 26%°d2(t' + v) + 2V¥'bd,
g (v) = —(b+d) - 2(t' — v)(b% + d?) + 2b%d2.
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Bé&i vi t' — v = ac > bd nén ¢'(v) < 0= f(a,b,c,d) = g(v) < g(0).
Vay ta ching minh bai todn khi @ = b = ¢ = o, d = 4 — 3. Ta phai ching minh
a® +3a%(4 - 3a) +a® +30%(4 - 30)? < 8
E )
a(a - 1) (7o' — 40° - 3% - 40 - 2) < 0.
Bat ding thnie trén ding, vi a < 4/3 nén 7o? - 40 — 302 —4a -2 <0.
Bai toan da dugce chitng minh xong. Ding thic xay rachi khie=b=c=d=1. O
Nhan xét. Tt bat ding thuic trén ta c6 thé suy ra két qua tdng quat 1a
Bai toan. Ching minh vdi moi day sé thuc khong am ay,aq, ..., an c6 tong bing

n,n >4 thi
1 1 1

+ <1,
n+l-0b n+1-2b n+1-b, ~

Trong d6 by, = ajas...ax—10k+1...0n, Yk = 1,n.

Ching minh bAt ding thitc bing phuong phap quy nap, luu ¥ rng trong 13i giai dé
thi xét v6i n = 4 lai 14 phan khé nhét, nhung da duge ching minh & trén.

Bai toan 2.93 (Pham Kim Hung). Ching minh vdi moi s6 thuc a, b, c khong am
ta luon cé bat dding thic

1 1 1 4
+ + > -
Vda? +bc VA2 +ca VA2 +ab T a+b+tc

LO1 GIAL. Gidstta> b > ¢ Datt = “T“Lb >e¢, taco
(4a? + bc)(4b% + ca) < (4t + tc)?
. . : 1
& 16a%? + 4(a® + b¥)c+ abc® < (a+b)* + (a + b)*c + Z(a +b)2c?

& (a-b)? (ic2+a2+b2+6ab—3ca—3cb) > 0.

Nhung bét ding thitc trén hién nhién ding, vi @ > b > ¢. Vay

1 1 1 2 1
+ + > +
Vda2 +bc VA2 +ca VA2 +ab T VA2 +te V4c2 + 12

= f(t, ¢).

Ta phai ching minh

4. 4
> =
f(t’c)_a+b+c 2t + ¢

2 1 1 1 4 2
Sl——me——- |t |- =
<\/4t2 + te t) <\/4c2+t2 t) 2+c
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- —c N ~4c? S _ "2
VAt +te(2t + V202 + te) VA2 1 2(t + VA + 2) T 2t + )
- 2 B 1 _ 4c > 0.
t2t+¢) VAT Fic(2t+ V22 1) VAR + E2(t+ VAR 1 £2)

Cubi ciing ta chi cdn ching minh hai bét déng thic sau

(7). Ching minh
1 1

3t(2t +¢) = VA2 + te(2t + V212 + tc)
& 9t%(2t + )2 < (412 + te) (2t + V/4L2 + te)?
& 12+ 6tc + 2¢2 < 26\/482 + tc + V42 + te.
Bét ding thic trén hién nhien ding vi ¢t > c.

(#7). Ching minh :
5 4c

>
3t(2t+¢) T VAT T 2(t + VA 1 £2)
© 5V 4c? + t2(t + V4t2 + ¢2) > 12¢(2t + ).
Chi ¥ réng /5(4c2 + t2) > 4c+ ¢ nén ta c6
VT > (de + t)(4c+ (V5 + 1)t) > 12¢(2t + c)

& (V5 + 1)t + (16 — 4v5)tc + 4¢2 > 0.
Bét déng thic trén ding, vi A < 0.
Déng thic xay ra khi va chi khi ¢ = b,c¢ =0 hodc hodn vi. O
Nhan xét. Xét bai todn mé rong
Bai toan. Tim hdng s6 duong k t6t nhét dé bit ding thic sau luon ding vdi cdc bo
6 thue khong am a, b, ¢ tuy y

1 N 1 N 1 44 2k
Vk2a? +bc  VEI2+ca VE2Z+ab  kla+b+c)

Biing cdch tudng ty, ta tim duge k 1a nghiém ditong clia phitong trinh dai sé

3 _4+2k
vkZ+1 3k
Bai todn 2.94. Ching minh vdi moi a, b, c khong am thi
al + b3 n 3 a+b+e
2a2+b2 2242 2242 T 3
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Ldo1 GiAl. Ta cé

3a3 Ca= a(a+b)(a—b)
2a2+b2  2a2+02
3a3 2(a — b) ala+b) 2 s 2b-ua
22 +b2  ° 3 (a—b) (2a2 T 3) " @Y spa
Vay bt déng thitc da cho c6 thé viét dudsi dang
2b—a 2c—-b 2a —-c
208 b2 o0 b2 22T (g2 >0
2a2+b2(a )yt 2b2+c2( ¢+ 2¢2 + a? (c=a)20

Xét cac truong hgp sau day.

+, Truong hgp 1 . a > b > ¢. Khi d6
4b B c >0 —2a + 2a >0
202+ b2 2e2+a?2 T 22402 22442 T
4b —- 2a + 2a - ¢ >0
202 + b2 202 +a? T

4b — 2a 2a — ¢
o a—-b2+ " (c-a)?>0 (1
2a2+b2(a ) +2c2+a2(c a)"20 (1)
(4c - 2b)b*  (2a — c)a? >0
2b2 + 2 2¢2+a?2 ~

(b-c)2+

N 4c - 2b 2a — ¢
2b2 + ¢? 2¢2 + a?

Cong vé (1) va (2) ta c6 diéu phai ching minh.

(c-a)?20 (2)

+, Truong hop 2 . ¢ > b > a. Xét thém 2 trudong hgp nhd
(i). Néu 2b > a + c. Ta sé chimg minh 2 bat déng thic sau

2b—a +42a—c >0
2a? + b? 22 +a2 =

That vay, dé thiy vé trai 12 ham ting ciia ¢ nén chi cin chimg minh khi ¢ = b, hay

2b—~a + 8a — 4b
202 +b2 22442 T

B4t déng thic trén twong duong vdi »
4b® + 2ba® — 2ab® — a® + 16a® — 8a%b + 8ab? — 4b® > 0

& 1503 — 6a%b + 6ab® > 0 & 5a% — 2ab+2b° > 0  (ding!).
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Do dé
2b—a 2c-b 2a — ¢
s s __b2 o (p- 2 et _ 2
2a2+b2(a ) +2b2+c2( ) +2c2+a2(c @)
2b-a 9, 2a-—c 2
> _ 2T (c—a)?>0.
= 4(2a2+b2)(c )+ gz alemd 20
(#). Néu 2b < a + ¢, ta sé ching minh
2b—a 6a—30>0 3)

202+ b2 2c2+a?
That vay, vi VT 1a ham tang cla ¢ nén chi cin chitng minh khi ¢ = 2b—a. Bét déng
thitc (3) trd thanh
2b—-a + 9a — 6b >0
2a2 + b2 ' 8b2+3a% —8ab ~
& 10b° — 15b%a + 2a%b + 15a° 2 0.

Nhung bét ding thic trén hién nhién ding theo bét ding thitc AM — GM

105% + 153 > 3V/563.5b3.15a3 > 15b%a
2c—b 3 2a-c
202 + 2 + 222 +a2 = 0 (4)
That vay, vi bidu thic vé trai la ham gidm ctia a nén ta chi cin chimg minh khi
a = b, bit ding thyc trd thanh
4c— 2b 6b — 3¢
>
TR e
& 5c3 4+ 2c%h — 2b%c + 1063 >0 (dning!).

Tit 2 bat ding thitc trén, véi chi ¥ rang (¢ — a)2 <3(b-a)?+3(c- b)? ta c6

2b_a 2 2C_b 2 2a_c 2
2a2+b2(a b) +2b2+cz(b ) +202+a2(c 2)

2b—-a 2a—-c 9 2c-b 3 2a-c 2
2 - ——tse—— | (b— )" 20.
- (2a2+b2+3262+02) (a b) + (2b2+C2+2 2c2+a2> (b C) —0

Bat ding thie duge chimg minh. Déng thic xay ra khi va chi khia=b=¢c. O

Bai toan 2.95 (IMO Shortlist 2063). Cho n la mét s6 nguyén duong va hai ddy
sé thie duong (21, T2, Tn); (Y1, Y2y s Yn)- Gid st ring (22, 23, ..., 22n) 1 mot day
sé dudng thod man diéu kién

22 > ay; V1<, < n.

&
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Dt M = max{zs, ..., zon}. Chiing minh ring

(M+z2+...+'zzn)2 . (1‘1 +:v2+...+xn) (xl +:c2+...+xnh>
2n - ’ n '

n

Lor GiAl Dat X = max{zy, z2, ..., xn} va 'Y = max{yi, y2, ..., Yn}. Khong méat tinh
tdng quat, ta c6 thé gid st X = Y = 1 (néu khong thay thé x; bdi z,;/X,y; bdi
yi/Y, 2 bdi zi/\/XY).

Bing bit ding thitc Cauchy — Schwarz, ta sé chitng minh bit ddng thitc manh hon

M+zn+. . +zp2zta+ . Fon+yi+ye+ .. +yn (¥)

Dé chitng minh bat ding thic trén, trudc hét ta sé chitng minh ring véi moi r > 0,
sb cac sb hang 16n hon r trong vé phai khong vugt qua sb cac s hang 16n hon 7
trong vé trai. That vay, ro rang khing dinh ding néu 7 > 1 (vi khong c6 s6 hang
ndo & vé phai 16n hon r). Ta xét véi r < 1. Dat

A={ieN, 1§i§nixi>r}, a = |A],

B={ieN,1<i<n|y>r}, b=|B|
Ta 6 a,b > 1. Gid sit A = {i1,i2,...,ia} V& B = {j1, 2, .r jo} VOi i1 < i3 < ... <
ia, j1 < j2 < ... < jp. Khi d6 c6 it nhit a + b — 1 s6 hang clia day 29, 23, ..., 220 160
hon r 1a ’

Zip+irr Birtias oo Bty Figtipy -0 Zatie ,

Mit khéc, vi a + b — 1 > 1 nén it nhit c6 mot sb z; ndo d6 16n hon r, vay M > r.
Do d6 c6 it nhat a + b sb hang & vé trai clia (x) 16n hon 7 (dpem).
T tinh chét trén suy ra, véi moi k,1 < k < 2n, s6 16n thtt k trong cac sb hang &
vé trai khong nho hon s6 16n thit k trong cac s6 hang ¢ vé phai. Do d6 duong nhién
tdng cac sb hang ¢ vé trai 10n hon tdng cac s6 hang & vé phai. Bat ding thic duye
chimg minh. O
Bai toan 2.96 (Vasile Cirtoaje, Pham Kim Hung). (i). Ching minh ring vdi
a,b,c la cdc sé thuc tug ¥ ta luén cé

a® + b + ¢t + ab® + be3 + ca® > 2(a3b + b3+ cPa).

(ii). Gid st a,b,c la cdc s6 thuc duong thod man a® + b% + c® + ab+ bc + ca = 6.
Chitng minh ring ‘
a3b + b%c + c3a + abe(a + b+ c) < 6.

(iii). Tim hdng s6 k t6t nhét (I0n nhdt) sao cho bét ding thic sau
at + b + c* + k(ab + be + ca)? > (1 + 3k)(a%b + b3c + c2a)

luén ding vdi moei a,b,c € R.
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Lot GIAL Xét khai tridn sau
(2? — kzy + kzz — 22)° + (4% — kyz + kyx — 22)? + (22 — kzz + kzy — y*)* > 0.
Tir khai trién trén ta suy ra

x4+y4+z4+(k2——1)(x2y2+y222+z2x2)+k(zy3+yz3+zz3)
> 2k(z3y +ydz+ 2%z) + (k2 — k)xyz(z +y + 2).

(7). Cho k =1 ta dugc
eyt 2ty 4o > 2Azdy +v3z + 2.
(i1). Cho k£ = 2 ta duge .

(22 + 12 + 2°)° + (2%? + 222 + 2%2?) + (ay® + y2° + 22°)
> 4(Py + 3z + 2z) + 2xy2(z +y + 2)
& (2 + 2+ 22+ oy +yz+ 22)’ > 6(z3y + y3z + 25z) + 6ay2(z + y + 2).

Vay néu a® + b2 + ¢ + ab+ bc + ca = 6 thi
adb+bic+ca+abela+b+c) <6
(441). Xét khai trién sau
((a = b)% +2c(a — c))2 + ((b~¢)* + 2a(b - a))2 + ((c = a)® + 2b(c - b))2 >0
& 6+t +chH+ 4abé(a + b+ )+ 2(a?b? + b2e? + ?d?) > 12(a3b + b3c + c2a)
& at+bt+ct+ %(ab+bc+ca)2 > 2(a®b + b3c + ca).

Vay hiing s k t6t nhit (16n nhét) cho bit ding thicla k=1/3. O

Nhan xét. Chi y ring trong cac bat ding thuc trén, ludn c6 dng thitc khi cac
bién a, b, ¢ bing nhau nhung mdi bat ding thitc luon 6 mot trudng hyp déng thic
didc bict khdc, ching han & cau (i) c6 ding thite khi

a=2c0s20+1~2.88,b=2c0os40 = 1.532,c= —1.

Bai toan 2.97 (Pham Kim Huing). ‘Cho cdc s6 thuc duong a,b,c,d thod man
a+b+c+d=4. Ching minh ring vdi moi hldng sé duong k,n > 2 thi

(k + a™)(k + ") (k + c)(k + d") > (k+ 1)
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Lot G1AL. Déi voi bai toan nay, cAn c6 mot nhan xét quan trong gitp cho viéc giai
bai toan tré nén don gidn hon, do 13 bat dang thic s¢ diung véi mei k,n > 2 khi va
chi khi bat déng thuc ding véi k,n = 2. That vay, véi moi n > 2 thi

k+a™\? S (k+a\"
k+1) “\k+1/) °
Két qua nay c6 thé ching minh diing bat ding thic AM — GM nén sé danh cho

ban doc. Day chi la mot udc lugng cin ban giita 2 dang trung binh bac 2 va bac n.
Gia stt bat déng thuc ding khi k = n = 2. Thé thi

n/2

) 2
II kk+ T2 I l;cﬂi ’
ab,c,d + a,b,c,d +

4
(T‘ + 0,1)(7‘ + b1)(7‘+ Cl)(T + d1) > (’I‘ + 4 alblcldl) vr, ai, b1, e1,dy > 0.

Ldyr=k—-2vaa; =2+0a%b =2+12¢, = 24+ c%d; =24+ d? viaybieid; > 1
theo gid thiét & trén nén ta c6

(k+a®)(k+ %)k + ) (k+d) > (k+1)%
Phén cdn lai ta s¢ ching minh khi k = n = 2. Ta phéi chimg minh
(2+a®)(2+ b2 (2 + ) (2 + d?) > 81.
Cach lam ngén gon va don gian nhit 1a sit dwg dinh 1f dé)u bién manh S.M.V. Dé

thdy ring nfu a + b < 2 thi

2
(2+a%)(2+b?) > (2 + (iZL)?)

That vay, bt déng thitc trén tuong duong véi

4
2(a® +b%) - (a+b)?2 > @TTI)) ~ a?p?

& 16 > (a + b)% + 4ab.
Hién nhien ding vi @ + b < 2. Khong mét tinh tdng quat ta gid st d > ¢ >b>a.
Vi c+a < 2 nén ti ching minh trén, kit hgp véi dinh 1f S.M.V ta chi phai chimg
minh bai toan khi a = b= ¢ = z < d = 4 — 3z. B4t ding thic trd thanh

(2+2%)% (2+ (4 - 32)?) > 81.
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Dat f(z) = 3In(2+ #%) + In (2 + (4 — 3z)?). Ta phai ching minh f(z) > 41n3.

oy 6z 6(4-3z)
@) =512 2+ (4- 37)2
f’(m)=0®x+z=4—3x+ 2
z 4 -3z

o (@-1) (4—'36(%3—2:)) —o.

Néu z # 1 thi (4~ 3z) = 2. Nhung theo b4t ding thitc AM — GM thi 3z(4—3z) <
4= 1z(4-32) <4/3 <2 Vay fl(z) = 0 & z = 1 va tir d6 dé dang suy ra
max,¢(p,1] f(z) = 4In2. Day l1a diéu phai ching minh. O

Nhan xét. Ta c6 thé lam téng quat hon bai toan da cho. Chi.y ring véi moi k > 1
va a+b<2tadéu o

2
(k+a®)(k+b%) > <k+ (“—Zﬂ?) :

Nén v6i moi k£ > 1 thi biéu thitc (k + a2)(k + b2)(k + c2)(k + d?) sé nhan gia tri nhd
nhat khi @ = b = ¢ = z < 1. Bling tinh toan don gian ta c6 két qua sau

(k + a®)(k + b2)(k + c?)(k + d?) 2.x.nin ((k + 1% (k+a®)? (k + (4 - 30)?) )

Trong d6 a < 1 1a nghi¢m nho clia phuong trinh z(4 — 3z) = k. Ta ¢6 thé tinh truc
tiép gia tri cha o vdi diéu kién k < 4/3 1a

2 -4 -3k
o= —0
3
Ching han ta c6 thé rat ra cac truong hop riéng rat tha vi sau day
Néu k = 1 thi

1

i 3
(1+a®)(1+ )1+ B (1 +d%) > 10 (1 + —) _

9 93’

Néu k = 5/4 thi

5. 0\ (5, 2\ (5 o\[5 5 5 1\° 405
bl bt = z > = 42} ===
<4+a><4+b°>(4+c)(4+d > (24254) (341) =%

= (5 + 4a%)(5 + 46%)(5 + 4¢%)(5 + 4d?) > 6480.
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Con néu k = 4/3 thi

(+6) (3+9) (3+) (o) 2o (5) - G+ G 3))

16
= (4 + 3a2)(4 + 36%)(4 + 3c%)(4 + 3d*) > min (74, %3_) = 7% = 2401.

Day ciing la cac bai toan 14t kho. Céc ban c6 thé ty kiém nghiém cac két qué nay.

Bai toan 2.98 (Pham Kim Hung). Choa,b,cla cic s6 thuc duong. Ching minh
bét ddng thic

B2\ ° 2\? a2\ _ 12(a® + 0% + )
a+ =) +(b+=) +le+—) 22—
c a b a+b+ec

Lo GIAL Chuyén bat déng thic vé dang

a2+b2+cz+2ab2 +2bc2+2ca2+gf+gi+gj 12(a® + b® + )
2 a2 b a+b+c

c a b

St dung cac dang thitc sau

DL I —zw—c (1+2),

cye sym cyc
ab? - c)
LA PR B
c
cyc sym cyc

3(ad + b3 + ) _Zaz _ Zsyrn(b+c)(b_c)2
a+b+c - atb+ec '

sym
Bét déng thitc da cho tuong duong véi
b2 c\?2 ' a\?
2 e _ )2 z BAY” Z
(b-c) <1+c) +(c-a) (1+a) +(a—b) (1+ b)
N 2a(b — c)? N 2b(c — a)? N 2c¢(a—b
c a b
12(a3 + b + ¢)
a+b+c

b\ 2 b+c  2a
Z 2

4a 2(a +b)
E — - > 0.
e (b °) ( a*l—b—kc+ c 4>_0

2
L 2(ab + be + ca) — 2(a® + b* + )

—4(a® + b? + )
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Dat
b2 da 2(a -+ b)
a = & "4,
5 c2+a+b+c c
2
¢ 4b 2(b+c¢)
Sb“ﬁ+a+b+c+ a 4
2
'S“:Z_?+a+4bc+c 2((1:0)—4'
Xét 2 truong hop
(1). ¢ > b > a. D& thay S, > 0.
2 2
¢ b 4d(a+b)  20b+c) 2(a+b)
== 4 — —-8>
Sat S a2+c2 a+b+c+ a + c 820,
2
Vi °—2+—239>23‘:’ 25425,
a a a c a
2 2
c a 4b+c) 2(b+c) 2a+c)
c =5 19 - >0,
Se+ Sp a2+b2 a+b+ec a b 82
Wi c2+a2>2c> 2b+2a>42c>2
' 2T R 7 b

= Su(b—¢)* + Sp(a — ¢)2 + Se(a— 1) > (Su + S) (b -

(i4). a2 b>c D& théy S, >1,5,> — 1+a+b+c

202 b2 8b+4a  4(b+c) +

S, + 28, = 5+ 5+

)2+ (S +8c)(a-b)* > 0.

2 a+b+ec a
b 2 2
Vi —&t£242+~>4f+ﬁ>4
a+b+c

Néu 2b > a + ¢ thi

4c® b 16b+4a + 4c 8(b+c) , 2a+b)

SatdSy+ 8.2 =+ %5+

2(ac+b) _12>0,

c? a+b+c

2
S 4i+§_+8(b+c)+2(a+b)

~ a? e a. c
4c® 16¢ 2a

-21
a C .

- 13

z 5+ —+ ?—1o>2\/—2—10>0.

a2
Cé 2 kha ning x3y ra
(1). Néua+c<2b,khid62(b—c)>a—c
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Néu S, > 0 ta c6 dpem. Néu S, < 0 ta vAn ¢c6
Sa(b— )%+ Sp(a— )2 + Se(a—b)2 > (S, + 4S5 + So)(b— )2 > 0.
(2). Néu a + ¢ > 2b, khi d6 ta sé chitng minh S; + 25, > 0. ‘

2¢2 a®  8b+4c  4(b+ec) 4 2(a+c)

S.+28, = == + = —~19.
+25 = 9(c) 2 e a+b+e a b 12
Vi g(c) 12 ham tang (¢ > 0) nén g(c) > min{g(0), g(2b—a)}.
+, Néua>2bthi
a® 8  4b  2a
> — —— J— —_ >
9)29(0) = 5+ —5 + ~+ 5 1220
bing cach cong cac bat ding thic sau
a 9 at+b 9 a 4b a> a b 1
= >5 56, S+ =>4, == >6,— > -
btars ( b +a+b—6)’b+a— A T
+, Néu 2b> a thi
82 a2 4b 4a 14
> — = —_— —_ e ——— — >
g(c) > g(2b—a) a2+b2+a %3 >0

= Su(b— )2+ Sy(a— )% + Se(a - b) > (Su+250)(b— ¢)* + (S. +28)(a — b)? > 0.

B4t ding thic duge ¢ching minh hoan toan. Ding thic xay ra khi va chi khi a =
b=c O :

Bai toan 2.99 (Gabriel Dospinesscu). Cho n > 2 la mot sé nguyén duong va
ai1,a, ..., G la cde s6 thuc. Chitng minh ring vdi mot tap con khdc réng S bat ki cia
{1,2,...,n} bdt ddng thic sau day luon ding

2 .
(Za,) < Z (ai+...+aj)2.

€S 1<i<j<n

L1 GiAlL Ta st dung bé dé sau
B6 dé.
2
Z ai4+1 < . Z (a; + ...+‘aj)2.
0<i<k 1<i<j<2k+1

CHUNG MINH. Dt s; = 21 + 22 + ... + 4, khi d6

Z agi41 = 81 +83 — 82+ 85 — S84+ ... + S2k+1 — S2k-
0<i<k
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Vay vé trai bat ddng thitc c6 thé khai trién thanh

2k+1
> st-2 Z $2i82j+1 + 2 2321'323‘ +2 Z $2i+152j+1 + 2,
=1 & i<j i<j
Va vé phai bat ddng thitc c6 thé khai trién thanh
2%+1
Z(si - sj)2 == (2k7+ 1) z S? — 228.’;8]‘.
i<j i=1 i<j

Do d6 sau khi tach bdt cac sb hang giéng nhau ¢ 2 vé ta duge bat ding thitc tuong
duong la

2k+1
2
2k E s; >4 E $2i89; +4 E $2i+152j+1-
=1 i<y i<j

Tuy nhién bét déng thic trén hién nhién ding, ta chi cin cong theo vé cac bat ding
thitc sau day

2 2
So; + S2j Z 2S2i$2]’,
2 2
$2i+1 T 8241 = 252i+182j+1-
B4 dé duge chitng minh xong.

Vao bai toan, ta phai xét véi tap S C {1,2,...,n}. Hién nhién néu S khong c6 cac
phén t roi nhau (S = {i,i+ 1,...,j}) thi ta ¢6 diéu phai chiing minh, vi trong céc
sb hang ciia vé phai c6 chita cd vé trai. Néu S gom céac doan rdi nhau, gid sit

S = {jlajl + 1a '-'»jZ,jS,j:} + 1"'1j4v "'aj2m+17j2m+l + 15 ---aj2m+2}-
Khi dé6 ta dat

b, = aj, +aj 41+ ...+ ay
by = Qjot+1 + ... + Qs

bo2k+1 = jyniy + Cjpmnia+1 T oo T @y
k
= Zai = Zb2j+1 < VP
i€S j=0
Ngoai ra theo bd dé thi

k
> bajt
i=1

2

IA

Z (bi + ... +bj)2 <VP.

1<i<j<n
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(vi méi s6 (b; + ... + b;)? da xuat hién & trong biéu thuc vé phai). Bat ding thitc
duge ching minh xong. O
Bai toan 2.100 (Pham Kim Hung). Ching minh ring vdi a,b,c la cdc sé thyc
khong am ty 1 ta cd bdt ddng thic
a® b3 I 5abe
3+ 3+ 3t 21
(a+b) (b+¢) (c+a) (a+b)(b+c)(c+a)

LOr G1AL R rang bét dang thic c6 thé chuyén vé dang tuong duong la
1 + 1 " 1 n 5 > 1
14z " (1+y)P  (1+2)8 (Q+z2)Q+y)(l+2) =7

Véix =b/a,y=c/b,z=a/cva zyz = 1. Dat

-2 -2 -2 € [~1,1]
m = - T =l-7—p=1l-7-1,mn, -1, 1]
1+ 1+y'? 1+z p

Ta c6 -
(1+m)(1+n)(1+p) = (1— )(1—n)(1—p)=>m+n+p+mnp 0.
Bat ding thic trd thanh
(1-mP+(1-nP+1-p°+5(1-m)(1-—n)(1-p)>8
@3(m2+n2+p2)+5(mnfnp+pm) >3(m+n+p)+md+nd+p3
& 3(m? + n? + p?) + 5(mn + np + pm) > m3 + n® + p® - 3mnp.
Cha y réng néu mn + np + pm > 0 thi VT > 0, cdn néu mn + np + mp < 0 thi ta
cling c6 VT = (m+n + p)2 — (mn + np + pm) > 0. Vay chi cn ching mjnh pét
déng thic khi m+n+p>0. Dat t =m+n+ p vd u = mn + np + pm, bat dang

thitc tré thanh
3(t? — 2u) + 5u > t(t2 — 3u)
e t2(3-t)+uB3t-1)>0 (1)
Theo bat ddng thic AM ~ GM thi
m? 4+ n? +;)2 > 3]mnp|2/3
=12 -2u>3t=>2u<t(t—3) (2)
Bét ding thic sé duge dé dang ching minh néu u > 0, ta chi can xét khi v < 0 va
3t — 12> 0, thay (2) vao (1) ta chi can chimg minh

22(3—t) + t(t - 3)(3t— 1) > 0 43— t)(1 —t) > 0 & £(3 — £)(1 + mnp) > 0.

> -3mnp=3(a+b+c)

Nhung bit ding thic trén hién nhién ding vi m,n,p € [~1, 1]. Ding thitc xay ra
khim=n=p=0hoicm=n=1,p= -1, hay a=b=c hodic b/a = ¢/b = +0
hoac cac hodn vi. Bat déng thitc dugce chitng minh. O
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2.2 Ban vé sang tao bat ding thic

Thé gidi toan hoc con vo6 van rhitng cau héi khong 6 16 giai dap, nhitng gia thiét
ma bé ngoai tudng chitng don glan lai thach thic céc nha toan hoc hang tram nim.
Hay nhé dén bai toan Fecma néi tiéng : "Ching minh phuong trinh z™ + y™ = 2"
khong c6 nghiém nguyén duong trong tap sé tu nhién khi n > 3" chi c6 15 giai sau
hon 300 nam, da t6n khong biét bao nhieu thei gian va tri tué ciia hang tram nha
toan hoc ln khdp thé gisi. Ching ta, véi kién thitc phé théng, khong nén chi biét
glal cac bai todn do ngudi khac dat ra ma sé tét hon néu c6 thé tu phat trién cac
vén dé clt hoic dit ra cac bai todn méi trong tam kién thic ctia minh. Day 13 mot
viéc rat ¥ nghia, bd ich va tha vi.

Trd lai véi bat ding thie, day 14 mot déi tmmg can ban va quen thudce véi hau
hét cac ban hoc sinh phd thong. Bat ding thic xuat hicn trong c4c ki thi tuyén sinh
dai hoc, cac ki thi chon hoc sinh gidi quéc gia vd qudc té thudng duge rat nhidu
ngudi quan tam. T4t nhién, viéc sang tao ra cac bat dng thuc cing la mot viec
dang quam tam va nhiéu ¥y nghia.

2.2.1 B4t ding thic ci va méi

Do sy toun tai tit rat lau ctia bat déng thie ma h¢ théng bat déng thic ngay
cang phong phi, da dang. Tuy nhién, khong phai moi bai toan dit ra déu cé ¥ nghia
thye sy, ta chi quan tam nhiéu hon dén céc bat ding thic sé dé lai cho nhimg §
nghia nhat dinh. Ching ta hay xem xét mot sé bat ding thitc dugc tao ra bing céc
phuong phép cii, ma thong thudng la suy ra tit nhitng két qua biét trudc.

Sau day 13 mot vai vi du

Vidu 2.2.1. Ching minh rdng vdi a,b,c,d la cic sé thue duong tug 7 thi ta c6 bat
ding thic

2a? 3b2 2¢2 d? 6a+3b+2c+d
+ + + > -
2a+b 6b+c 6¢c+3d 6d+a- 12

Lo1 G1A1. Tuy rang cach phat biéu ca bai toan hon lon zén va ric rbi, nhung ban
chét thi rat don gian. Bat ding thic tren duogc suy ra truc tiép tiur két qua sau

2 2 2 2
a n b‘ + c N d 2a+b+c+d‘
a+b b+ec c+d d+a 2
Sau d6 ta thay a,b,c,d bdi a,b/2,¢/3,d/6. O

Viéc thay déi cac bién sb bing cac ham s6 don gidn da lam ba1 toan khé hon vi
da che gidu di ban chat that cia bai toan.
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Vi du 2.2.2. Ching minh bt ddng thic sau vdi a,b,c >0
' aAAdt + bActdB + B+ dt > atbe® + b3 + Pd® + cTad.
Lo1 GIAIL Bai toan gbc clia noé 1a
a* + b4t rdt 2 dPb+ b+ Pd+ dPa
Sau do ta thay a, b, c,d bdi a,bc, 1/c,c/d. O ,
Tit mot bat ding thitc tuy ¥, ta co khé nhidu bién ddi dé tao ra mot bat dang
thite méi ma ki thuat ddi bién cang khé thi vin dé cang khé dugc tim ra. Tuy nhién

trong ci quyén sach, ching ta sé khong dung céch thic nay dé sang tao hoic mdi
hoa mot bat ding thite cil, tit ca cac bai todn déu duge dita vé dang chudn tic nhat.

Bing phuong phap st dung (Ia.ng thite, Dao Hai Loug (hoc sinh khéi chuyén todn
Téng hop, HEV Olympic Toan quéc té) c6 mot nhém cac bat ding thic kha thua vi.

Vi du 2.2.3. Chitng minh réng vdi moi x,y, z € R phan bigt thi

2 2 2
X z
L > 2.

TED AT

L1 GIAL BAt déng thite trén nhin kha ki quéc vi lai ¢6 hiéu binh phuong & dudi
mau. Loi gidi clia tac gid bai toan trén 12 nhu sau.
Gid stz = &,y = =%,z = 3%, khi d0 ta ¢d

(1+z)1+y)(1+2)= -1 -z)(1-y)(Q-2)=>zy+yztex=-1,

Do d6 hién nhién
ac2+y2+z2 > —2(xy +yz+ z2x) = 2.

B4t dfing thic duge ching minh. O
Vi du 2.2.4. Ching minh ring vdi moi a,b, ¢ thuc ta luon co bét ddng thitc

(a+b)?% (b+ c)?  (c+ a)?
@—b2 -0  (c—ap

> 2.

Lo1 G1Al. Bat ding thic nay ching minh giéng hét nhu trén, cha y rang

a+bb+c b+cc+a ct+aa+d

. . . = —1.
a—bb—c b-cc-a c—aa-b

Déng thic xay ra khi (a + b)(b+ ¢)(c + a) = 8abe, chéng han ¢ =0,a=-b. O

Bét di 1 vao mbi hang ti vé trai ta dugc bt déng thitc mdi
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Vi du 2.2.5. Ching minh véi moi a, b, c thuc

ab + be + ca >—1
(@a-b)2 (b-¢c)2 (c-a)2~ 4°

Thém vao 1 & méi hang ti& vé trai ta duge
Vi du 2.2.6. Ching minh vdi moi a,b, c thuc

a? + b2 b2 + ¢? 2+ a? 5

> -,
(a — b)? * (b~ c)? + (c-a)? ™ 4
Két hop bat ding thitc & vi du 2.2.3 ta dugc
Vi du 2.2.7. Ching minh vdi moi a, b, c thuc
1 1 1 9

(a—b)2+(b—c)2+(c—_a)2 = 2(a? + b2+ c?)’

Cong 2 két qua 2.2.5 va 2.2.6 ta suy ra
Vi du 2.2.8. Chitng minh vdi moi a, b, ¢ thuc

a2+ab+b2+b2+bc+c2 2 + ca + a2
(a - b)? (b—c)? (c—a)?

>
4

Do dé6 ta ¢6 két qua dep mét hon nhung tuong duong la
Vi du 2.2.9. Ching minh vdi moi a,b, c thuc

a3_b3 b3__c3 CS“aB
@-08 " b-cp " c-ap

> —.
— 4

Viéc sit dung lién tiép cac hing ding thitc va thém bét cac biéu thic mot cach
hogp 1f da gitp ching ta tao ra nhimg bat déng thitc méi kha dep mét. Ching ding
thanh mét nhom trong hé théng xay dung chung vi néu thidu di khau trung gian
thi sé rat kho dé nghi ra duge mot 18i giai tuong ty. Vi thé nén ta cin phai xem xét
vin dé theo cach khac.

2.2.2 Mot cach xay dung bat ding thic méi

Dé cac ban dé theo dai, hay cting xem lai mét vi dy phin truse
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Vi du 2.2.7. Ching minh vdi moi a, b, c thuc ta cé bdt d(ing thic

1 + 1 " 1 > 9
(a—b)2 (b-¢c)? (c—a)? ™ 2@®+b+c?)

Thuec ra, néu khong biét trudc con dudng ma tac gid bii toan da di thi rat kho
xat dung lan lugt céc bat ddng thitc khac dé c6 dugc bat déng thic nay. Xét theo
ot nghia nao do6 thi cac giai ¢6 phan hoi chit quan va thiéu ty nhién. Nhung chiang
ta hay nhin nhan vAn dé theo cach khac, mang tinh bat dfing thiic hon
Vi du 2.2.10. Tim hdng s6 k tét nhit cho bat ding thic sau

1 N 1 n 1 S k
(a=b2 (b-c)2 (c—a)2 ™~ a2+b2+c?

Lo1 GiAl. Néu gat bd suy nghi cho riing bit ding thitc khong thé lam binh thudng
hon thi ban sé rdt kho nghi ra cach lam don gian. Trén thyce té thi bat déng thic
trén lai rit don gian. Hay chi ¥ nhan xét nhé sau : C6 dinh |al, |b], |c} thi bidu thic
nhé nhét khi abe < 0, néi cach khac ta cé thé gid sit a > ¢ > 0 > b. Didu nay tuong
duong véi viéc ta ching minh bat déng thitc sau (sau khi da déi ddu cia b) la

1 n 1 + 1= S k
(a+b)?2 (b+c)? (a—c)? " a?2+b2+2

(a,b,c>0),

Trong d6 k vén 13 mot he s6 ma ta chua biét. Viéc ddu tién la ta loai bo ¢ khéi bidu
thitc vé trai nhg bat ding thic don gidn sau
1 + 1 S 8
(b+¢c)2 (a-¢)? ™ (a+b)?

Do d6 hién nhién ta cé
9 9 9
> > .
(a+b)2 = 2(a?+b2) = 2(a? + b2 + ¢?)

VT >

Ta tim duge k tot nhat 1a 9/2, bt dang thitc duyce chitng minh. Déng thic xay ra
khi @ = —b, ¢ = 0 ho#c céac hodn vi tuong dng. U

Bay gio chiing ta sé xem xét mot cach xay dyng khac cho bat déng thic phu
hop véi hién nay. N6 khéac véi phuong phap cit v& co ban, d6 la bat déng thitc c6
trude con 19i giai cho bat dang thitc sé duge tim ra sau.

Chinh vi bat ding thitc duge tao ra truéc ma phuong phap chitng minh s& tiy
nhién hon, ban dau ching ta khong biét phai 1am thé nao ca (khac véi phuong phap
cit 1a 15 giai bai toan ¢6 trude so véi bat ding thic). Nhung ciing vi thé ma ching
ta s¢ gap nhiéu khé khin hon. :

Vi du sau day thé hién 16 qua trinh nay
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Vi du 2.2.11. Chimng minh hodc phdn bién

1

1 2a 2b 2c
rte

> 7+ .
P R B R

_
a?

Lo1 GiAL Ta coi nhu bat déng thitc sau 13 ding va thit di tim cach ching minh cho
né. Dang ciia bat ding thic ggi ¥ cho chiing ta nghi dén phuong phap phan tich
binh phuong S.0.S. Dé xem va hidu ré phuong phap quan trong nay, cac ban phai
doc trong chuong III. Ta c6 ding thitc sau

2a 1 2% -b-¢
b3 + C3 a2 - a2(b3 + CS) :

Tt d6 suy ra

1 1
VP-VT =3 (a’ =) (a2(b3 +33) b3+ c3)>

a,b,c

(@ ~ %) (a — b) (a?b? - 3(a + b))
- Z a2b2 CL"; + C3)(b.3 + C'j)

a,b,c
Z( (3(a +b) — a®b?) (a® + ab + b?)
P “ a2b2c2(a3 03B + ) + a?)

Khi cho b = ¢, ta phai c6
b(a +b) > a®b? © b(a+ b) > a?

Tuy nhién bat ding thic nay khong thé ding néu ta 1y a kha 16n so véi b, chéng
han a = 4,b = 1. Vay néu cho a = 4,b = ¢ = 1 thi bat ding thitc ban din khéng
ding. U

Viéc tao ra bat ddng thic & vi du trén da khong thanh cong? I\hong hin nhu
thé, bang mot thay ddi nhd ta cé két qua sau day

Vi du 2.2.12. Chitng minh bdt ding thitc sau néu a,b,c la d¢ dai 3 canh cia mot
tam gidc nhon
1 4 1 + 1 S 2a 4 2b + 2c
b2 2 T+ B4ad ad+ b

a?
Lo1 GiAl. Ta ctang dung ching minh hoan tean tuong tut.

(c3(a +b) — a?b?) (a® + ab + b?)
a?b?c?(a® + b3) (b3 + 3)(c3 + a?)

VI -VP == (a—b)?

a,b,c
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Giasita > b > ¢, dat S,, Sy, Se 1a he sb6 tuong tng véi (b — 0)2, (c— a)?, (a - b)?
trong khai trién ¢ trén. Khi d6 b2 + ¢ > o? nén

b (a+c) > ac® < (b% + P)E
Vi a, b, cla do dai 3 canh clla mot tam gidc nén

a— b
Z

c’

o

a —

Vay ta chi cAn ching minh
b2Sy + %S, > 0

Trudc hét, ta sé& ching minh ring
b (6%(a+c) — a’c?) + ¢ (*(a + b) - a®b?) 2 0.
That vay, bat cifmg thitc tuong duong véi
ba+c)+ct(a+b)> a®be(b + c),

Nhung vi a2, b%, ¢? 14 3 canh tam gidc nén

VT > 2be(b® + ¢3) > be(b + ¢)(b? + %) > a’be(b + ¢).
Do dé dé ¢6 b2S;, + ¢2S, > 0 ta chi can ching minh

b3 (a3 + ) (a® + ac+ ) > A(a® + b%)(a® + ab + b).
B4t ding thic trén tuong duong véi

(0363 + b3c%) (a® + ac + ¢) > (a3 + b°cP)(a? + ab + b7)
& a®(b® = ) + abe(d® - ) + abPP(b—¢) > ab®c3(b — ¢) + b33 (b% — ).

Diéu ndy hién nhién ding vi a > b > c. Bét déng thitc da dyoc chitng minh xong. O

Ca qué trinh x8y dung bét déng thic nhu trén 18 mot qué trinh rét tu nhien
va hop li, di tit cai khong dung dén cai dang, hop li. Bat déng, thic c6 trude va loi
giai theo sau bat ding thiic Ay. Bing cach nay ta co thé tao ra rat nhidu nhitmg bt
déng thitc hay va thd vi, v tt nhién quan trong la ta sé gidl né nhu thé nao.

2.2.3 Tit ching minh - phan bién dén két luan

Cau héi diu tién cho chiing ta khi dat ra bat ki mot bt ding thite nao 1a li¢u né
¢6 dang hay khong? D6 khong phai 1 viéc sé ching minh nhu thé nao ma la viec
xem xét bat dang thitc da ding trong nhing trudng hop cu thé hay chua? Néi nhu
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thé thi that dun gian, nhung day lai 14 mot cong viec khoé khan khong kém gi vige
ching minh. Li do 1a ching ta chua ¢6 ddu hieu gi chic chdn bat déng thic da dung
va néu ngay lap tuc di theo mét con dudng nao dé 16 rang 13 mot viéc lam khéng
hay.

Niém tin trong quéa trinh gidi bai toan 13 rit quan trong, chinh vi thé ma vicc
giai mot bat ding thitc da duge khing dinh 1a diing sé dé dang hon nhiéu so véi vice
ching ta phai 1am lai tit ddu, nhét la trong nhitng thdi diém ma ta khong biét lieu
bai toan c6 thé giai duge hay khong. Thyc té thi rat nhiéu bai toan c6 hinh thic
don gidn nhung lai 14 nhitng bai toan md.

Cac ban hay thu xay dyng bat déilg thite mdi dya vao cdc ¥ tudng néu trén nhu
trong vi du sau
Vi du 2.2.13. Ching minh hodic phdn bign bét ding thic sau vdi a,b,c >0
1 1 1 2a 2b 2c

- — - >
a+b+c_b2+c2+c2+a2+a2+b2’

Néu bét ddng thite sai, liu c6 thé cho thém diéu kign nao cia a,b,c dé bdt ding
thite trén ding.

Khong phai viéc dét ra mot bat ddng thitc bi phi dinh 14 mot vigc 1am vo nghia.
Vi doi khi viec dat ra mot bai toan khong thé gidi duge lai rat ¢6 y nghia, tham
chi gitip ching ta tao ra cidc phuong phap ching minh mdi. Ban hay xem ki lai cac
.bai toan cudi chuong I va khao sat ching mot cach that cAn than. That kho dé giai
dugc ching bing cac phuong phap thong thudng va d6 ciing 1a ngudn gbc cac phép
chitng minh bat ding thic ¢ chuung sau.

Viée tao ra mot bét déng thic ding da khé, nhung dé tao ra mot bat déng thie
hay va dep thi con khé hon nhidu. Trén thyc té mot bai toan bat ding thitc qua
dé khong thé goi 1a mot bai toan hay duge. Va dé cac bat ddng thitc d6 c¢6 sitc hp
din nhét dinti thi binh thie phat biéu cang don gidn bao nhiéu cang tét. Ching ta
sé rat ngai khi phai xem xét mot bt d&ng thitc véi mot he diéu kién qua dai dong,
thit cong va phitc tap. Quan trong hon, ngay ca trong cac bét déng thic véi dang
phat bidu cuc ki don gian ciing c6 rat, nhidu bai toan khé va d6 mdi chinh 1a méanh
dat dep d¢ nhat cila bat ding thnte so cip. Cliing ta hay them mot 1an nhin lai cac
bat ding thitc hét sitc don gidn sau day

Vi du 2.2.14. Néua,b,c> 0 va a+ b+ c =3, ching minh
(a+ )b+ P)(c+a?) < 13.
Vi du 2.2.15. Ching minh vdi moi a,b,c € R ta cé

1 + 1 + 1 > 11
(2a-b)2 " (2b—c)2 " (2c—a)? T T(a®+ b2 +c?)
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Vidu 2.2.16. Ching minh vdi a,b,c>0vaa+b+c=3 th
(a® — ab+ b%)(b% — be + A)e? — ca+a?) < 12.
Vidu 2.2.17. Ching minh néua,b,c,d>0via+b+c+d=4 thi
2 2 2 2 104
(I1+a*)1+0)1+c*)(1+d?) > FER
Trudc khi tim hiéu ki v& ching, cac bat déng thitc trén sé duge coi chiing 1a céc
bai todn don gian? Sy phét biéu don gian ctia né 13 diém tha vi va hap din nhét,
mac dit ban dau ta chua biét sé chitng minh thé nao va khong chic cé thé khing
dinh dugc né hay khéng. Chinh vi dit viéc tao ra bat déng thic 14 viéc lam trudc
tién va khdo sat cach ching minh sau, chiing. ta c6 thé ta ra rit nhidu bai toan tha
vi. Nhung... dé kh&ng dinh dugc ching thi lai Ia mot viec hodn toan khac, ching ta
c6 thé phai mat hang gio, hang ngdy, tham chi hang thang dé cé ging chitng minh
mot bat ding thitc ndo d6. Va that khé chiu khi phai chdp nhan thua cudc mot bat
déng thic kidu qud don gign nhu vay !7 Cac ban hay doc t6i chuong sau Cic phmmg
phdp ching minh bdt ddng thic. Day 1a chuong rat quan tlong, gidi thigu day da vé
nam phuong phap quan trong va can thiét nhit déi véi bat ding thnte dai sé so chp
ndi chung. Mot s6 van dé khéc sé duge ban them trong chuong IV.

2.2.4 Séang tao bAt ding thic

Tat nhién, néu ban khong phai 12 ngudi sing tao ra cdc bst ding thic ma la
ngudi gidi cdc bai toan Ay thi cong vige clia ban sé nhe nhang hon kha nhidu. Néu
ban phai sing tao ra cac bai toan, ban chua biét né ding hay sai thi sé ¢ nhiing
lic ban di dén chan tuong, titc 1a khong thé khing dinh hay phii dinh mét ménh dé
nao dé. Con néu ban la ngusi gidi toan? Khi da chic chén bai toan ding, trong qua
trinh ching minh, mdi ménh dé rit ra ban déu chic chin ring né phai ding, con
cdng vi¢e chi 1a 4p dung mot phuong phap chitng minh hop If ma théi. Liy mot vi
du don gian, khi ban giip mot bat ding thitc 3 bién va bing mot cach nao do, ban
da dua dugc bat ding thic vé trudng hop hai trong ba bién bing nhau. Néi chung,
day luén la mot budce tién rat lon dé c6 két qua cudi clng. Nhung roi... ban phat
hién ra ring trong truung hup nay bat ding thic sai!? Thye té thi moi suy ludn
clia ban da hoan toan dé va, va tit nhién ban sé cAm thiy mot chut khong hai long.
Nhlmg tit cd nhimg didu d6 la nhitng didu ban phai vuot qua dugc néu nhu ban
mubn c6 nhitng bat dang thic dep clia rieng minh.

Con néu ban la ngudi gidi toan? Néu mot bai toan 3 bién ma ban da dua duge
ve trudng hop hai bién bng nhau thi néi chung, ban da giai xong dugc bai toan do.
Céac ching minh con lai chi mang tinh logic va bat buoc vi 1& don gian... bat dang
thue khi d6 phai ding. Viéc giai duge mot bai toan hay va khé la didu thu vi, nhung
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chic chin 1ang néu ban c6 thé ty minh séng tao ra cac bat ding thic nhu vay thi
niém vui con ting lén rat nhidu lan.

Khuyén khich cho sy sdng tao cac bat ding thuc ciing la mot trong nhitng muyc
tiéu ctia cubn sach, c¢6 1& d6 ciing 13 cach dé chiing ta hoc t6t moén toan néi chung.
Bay gig, tac gid sé néu ra mot sb phuong phap thudng ding dé qua trinh séng tao
bat ding thitc hicu qui hon.

Phuong phap thtt nhit la téng qudt hod ti cdc bai todn cu thé. Tren thuc
té, ¢6 rat nhidu cdc bai toan ma ngttcn ta nhdc dén qua nhiéu cic trudng hgp rieng
ma khong thé néu lén bai toan téng quat duvc. Hay xem vi du sau.

Vi du 2.2.18. Chitng mink’ néu a,b,c khong am véi a +b+c = 3 thi
Va + Vb + /¢ > ab+ be + ca.

Va & mot thai didm khac, ban lai gip phai mot bai toan nita
Vi du 2.2.19. Ching minh néu a,b,c khong am vaa +b+c =3 thi
Ya+ Vb+ Y > ab+ be + ca. _ )

Ro rang, tit hai trudng hgp cu the ndy budc ching ta phai néu ra va giai bai
toan téng quat

Vi du 2.2.20. Cho cdc s6 thuc khong am a,b,c thod méan a + b+c 3. Tim sb
duong k tot nhét sao cho bét ddng thic sou luon dung

¥a+ Vb + ¥e > ab + be + ca.

Bit dang thitc Nesbitt suy rang cing 13 mot vi du.

Vi du 2.2.21. Chitng minh rdng vdi moi a, b, c, k khong am

k k k
@ V() (- ) > min 23)
b+ec c+a a+b) — LY

Ngudi ta thudng chi dua ra va gidi bat ding thitc trong rit nhiéu gia tri cu thé
clia k, ching han k=1/2,k=1/3k = 2/ 3... va do d6 viéc tong quat bai toan la
. viéc lam rat cin thiét. ‘

Nhung khong phai lic nao thi téng quat cac bai toan cing la viée nén lam, trit
khi ¢6 nhiéu trudng hop riéng buge ta phai lam viec dé.

Phuong phap thit hai 1a thay d&i hinh thic ti mot bai todn biét trude. Tac
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gi4 sé khong trinh bay nhiéu vé phuong phap nay, ban doc ¢6 thé xem thém trong
bai viét Suy ludn va phdt trién (chuong IV). Dac diém ctia phuong phap la dé dang
tao ra duge cac bai toin hinh thitc phat biéu dep, don gian nhung khé khan chung
van la rat dé dan dén cac bat ding thic sai. N goal ra, ban hoan toan cé thé sang
tao mot bai toan thco cAm hing, ma khong can dya trén hinh thic clia mot bai
toan nao ca. Tit nhién, nhu thé s& khé hon rat nhiéu.

Ngoai ra, s dung cdc cdp bit ddng thic thudn nghich ciing 13 mot cach
rét t6t dé ban tao ra dugc cac bat ding thitc méi, wu diém cla phuong phap nay
1a bat ding thitc ctia ban chic chin s& ding! Céc cap bat ding thic thuan nghich
1a : bat ding thic thong thudng vh dang phéan ching, bat déng thic thuan va dang
nghich vdi ki thuat 1y dao ham, bat déng thitc v6i da thiic va bit ddng thic nghich
bac nhat véi gia tri tuyét di. Ban can xem thém vé phuong phap phan ching, cac
cap thuan nghich va bat ding thitc Karamata dé hiéu r6 vén dé nay.

St@ dung phwong phdp phan tich binh phuong S.0.S dé udc lugng cac biéu
thitc 3 bién ciing 1& mot cach lam hay dé ¢6 mot bat ding thitc mdi, chudn va dep.
Nhung phuong phap nay cd nhugc diém 13 sé khong thé lam khé duge nhung nguoi
da st dung S.0.S chuyén nghiép! Ngoai ra, sit dung phudng phap quy nap téng quat
ban ciing tao ra dugc cac bai todn n bién rat hay.

Tht nhién, sé con thém nhidu cach khéc nita dé ban ¢6 thé sang tao dugc mot
bai toan bat ding thitc dang quan tam va diéu dé hoan toan chi phu thugc vao cac
ban. Trén day chi la nhitng kinh nghiém ban than ma tac gia muén chia sé ciing cac
ban va hi vong ring, dit ban da timg lam bat ding thic rat nhiéu hay day la lan
dau tien ban doc mot cubn siach bat déng thitc thi, it nhit sau khi ban da doc xong
toan bo cubn sach nay, ban sé c6 thém nhidu nidm vui véi nhimg bai todn do chinh
cac ban tao ra. Chic chin ban sé thay cac bat ddng thite dep dé hon rat nhiéu. -

Chuong tiép theo sé néi vé cac phuong phép ching minh bét déng thic. N6
khong chi gitp ban c¢6 thém nhiéu phuong phéap khi gidi cdc bai todn, ma né con
mang lai nhiéu § tudng hon cho viéc sang tao cac bat ddng thitc mdi clia cac ban.
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Chuong 3

Cac phu’dng phap chiing minh
bit dang thiic

Trong chuong nay tac gid s& gidi thi¢u véi cac ban nam phuong phép quan trong
va doc ddo nhat clia bat ding thic dai s6. D6 1a phuong phdp dén bién va dinh i
ddn bién manh S.M.V, phuong phap phan tich binh phuong S.0.S, phuong phép
phan Lhtmg, phuong phap quy nap tong quat va phuong phap sit dung bat dang
thitc ¢ dién. Céc phuong phap dugc trinh bay giip hoan thién ki ning chitng minh
b4t dng thitc cta cac ban, khong phai 13 nhitng bat ding thuc trong mot dang nhit
dinh, ma con bao quat gan nhu toan b cac bat ding thic dai sé so cép hién nay.

Nam phuong phip ma chiing ta néi dén sé phat trlén tir cac ki thuat cd dién
dén cac ki thuat mang nhidu tinh sang tao. V6i cac bét ding thic 3 bién thi du’dng
nhu 5.0.5 la ki thuat quan trong va tng dung nhiéu nhét, nhung véi cac bat ding
thic 4 bién thi phuong phap nay sé khoé sit dung hon nhiéu. Phuong phap dén bién
manh S.M.V lai 14 syt lya chon théng minh va hau nhu luén ¢6 hiéu quéa. Sau dé, véi
cac bt dang thitc n bién ta sé diing t6i mot phuong phép khae, phuong phap quy
nap téng quat vai dinh 1 1L.G.I va cudi cling la hai phuong phap khong méi, nhung
s¢ duge trinh bay véi cach nhin nhan khac di, d6 la phuong phap phan chitng va
phuong phap st dung bat ding thie cd dién. Nhu vay, d6i véi méi dang bai toan,
ta da c6 mot cach ching minh hiéu qua.

Céc phuong phap S.0.S, quy nap tdng quat va dén bién manh téc gid lay v
tudng trong qua trinh gidi cac bai toan bat ding thic. Day sé 1a 1an déu tien ching
duge duta ra va néu 1én nhu 1a cac phuong phap chudn tic nhit dé giai cac bai toan
bét d’ing thic hi¢n nay. Ngay ca véi cac ban THCS thi S.0.S 15 mot phuong phap
rit can phai biét. Chéc chdn ban doc sé tim dugc nhidu didu thu vi va mdi la sau
khi doc xong nam phuong phap quan trong nay.
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3.1 Phuong phap don bién va dinh li don bién manh
3.1.1 Bai toan mé dau

Céac ban hoc sinh khi hoc vé b4t dang thic da tim hiéu, va it nhidu ciing biét
s0 qua vé phuong phap nay. Day 1a mot trong nhiing phuong phap quan trong va
co ban nhét ciia bat dang thic dai s. Muc dich ctia phuong phap nay la tim cach
chi ra ding thic sé x4y ra néu hai hay mét s cac bién bing nhau. R4t nhiéu nhimg
bat ding thitc déi xung c6 thé giai dugc bing phuong phap dén bién, khong chi 1a
mot phuung phap rat hiéu qua ma con dem lai cho cdc ban mgt cai nhin téng hop
vé bat ddng thite déi xitng. Day ciing 13 phuong phép xuAt hién rat nhidu trong cac
bai toan bat déing thitc cla cac ki thi hoc sinh gidi trén kh&p thé gisi.

Béat déng tlutc mé dAu cho phuong phap nay 13 hai trong sé cac bai toan chon
loc & cubi chuong 1.

Problem 1 (Bét ding thic Tukervici). V& moi sé thuc duong a,b,c,d thi

a* + b + ¢t + d* + 2abed > 0 + B2 + AAd® + d%a® + a2c? + b2d2.
Problem 2. Cdc sé thuc khong dm a1, ay,...,a, thod mdn ajas...a, = 1. Ching
minh bdt ddng thic

1 1 1 3n
—+—+ ...+ —+ >n+3
ay as Ay ay+az+..+ay

Véi moi s6 nguyén duong n > 4.

Néu da xem va gidi cac bai toan & phan bai toan sang tao, cac ban da bit gap
mot s6 bai todn phai st dung phuong phap dén bién. Chiing ta sé cung tim hidu vé
sy phd bién rong rai clia phwong phap ndy qua mot sé vi du ¢u thé, tit d6 cac ban
hay rat ra nhitng kinh nghiém cho ban than minh. Xin dugc nhin manh thém mot
1an nira, day 1a phuong phap quan trong va ttng dung nhiéu vao bac nhAt trong bt
ding thitc phd thong hién nay.

No6i dung chinh ctGa phuong phap nay nhu sau

Dinh ly 3.1 (Dinh li vé dén bién). Gid st f(x1, 2, ..., x,) la mot ham sb lien
tuc va doi zdng vdi tat cd n bién 1, z9,..., T, Tde dinh trén mot mién lién thong
thod man diéu kién sau

1+ %y T1+ T2

f(xlax% res xn) > f ( 2 2 2 y T3, ,l'n) (1)

Khi dé bdt ding thitc sau sé thod mdn

fx1, 22, . ) > fla, 0, ..., ),
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_nta+ ...+,
- .

Trong do

Digu kién (1) c6 thé bién déi thanh mot s dang khac, ching han

f(.rl,l‘z, ,:En) > f(\/.’ltll‘z,\/:E1Z2,.’L‘3,...,.’L'n),
. 2 2 2 2
i+ x|+ x
f(xl,x2a--~7xn)2f<\/ 12 27\/ 12 2ax3v"-axn>7

Va con rét nhiéu dang khac nita tuy theo yéu cau cha bai toan. (Tir bay gids ta
sC goi (1) la bat ding thite diéu kien).

Khai ni¢ém mién lién thong cac ban cing khong can hiéu qua khit khe, vi hiu
hét trong céc bai toan thi didu kien nay luon thod man. Néu chi xét trong R, mién
lien thong cac doan ho#ic khoang ([a, 8], [a,b), (a,b], (b, +00), (—o0,a)...).

Chiing ta s¢ mé dau vice sit dung dink i nay qua mét s6 vi du ban dau san day.
Céc bat ddng thuc khong qua phic tap nhung € gilp cdc ban c6 mot cai nhin téng
quan va dé hidu.

Viduy 3.1.1 (B4t ding thic AM-GM). Chitng minh réng vdi moi sé thuc duong
a1,0az, ...,a, ta luon cé

ar+ax+...+a, > ni/aias...an,.

LO1 GIAL Néu dat f(aq, as, v Qp) = ag + a2 + ...+ ap —nYaias...a, thi cé thd dé
dang chiing minh duge

f(a'la as, ..., an) 2 f(\/ala2a yamaz,as,..., an)
(Bét ding thuc tren tuong duong véi a; + ag > 2yaiay & (/ay - \/a_z)2 > 0).
Va do 46 f(ay, az, ..., an) > flryr, ) =0véir= Yajasz..ay). O

Vi du 3.1.2 (B4t ding thic Nesbitt). Ching minh réng véi moi a,b, c duong
ta co ’

a + b + c >3
b+c a4c a+b= 2

Lot GIAL Dat f(a,be) = —2— 4 0 4 €, _a+b

b+c+a+c a+b
Khi d6 dé thay

2, 32 2
a’+ b2+ cla+b) € 5 2t% + 2tc +—c—=f(t,t,c).
ab+c2+cla+b)  a+b” 2 +c2+2¢ 2

f(aa b, C) =
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Va do d6 f(a,b,c) > g(t' ', t') = g véi t = 2%—5 (dpecm). O

Qua 2 vi du don gian nhét ciia phuong phip don bién & trén, tiép theo ching
ta s& cung tim hiéu v8 mot sb bat ddng thitc ma phép ching minh thyc su doi hoi
thém sy tinh té.

Vi du 3.1.3. Gid stta,b,c,d,e>0via+bt+tc+d+e=3. Chatng minh ring
abc + bed + cde + dea + eab < 5.
Lo1 GiAl. Cha ¥ ring

P(a,b,c,d,e) = abc + bed + cde + dea + eab = ab(c+ €) + d(bc + ce + ea),

Neén rd rang

Pla,b,c,dye) < P (a,b, 2%, a,55%).

2 2
Tit dinh 1f dén bién suy ra bicu thic s¢ day gia trilén nhdtkhia=c=e=b=d=1.
Day chinh 1a két qua bai toan. O
Vi du 3.1.4. Gid st a1,a2,...,an(n > 4) la cdc s6 thuc khong am thod mdn af +
a% + ... + a = n. Hay ching minh réng

(alag...an_l)"'H + (azag...an)""'1 4+ ...+ (analag...an_g)"+1 < n.

Lot Gril Trude khi sit dung phuong phap ddn bién, ta cdn bién doi dé dua bat
ding thite vé dang don gian hon. Diéu kién gia thiét ggi y cho ta dat z; = af'. Khi
d6 1+ T2 + ... + Tp = n va ta phai chimg minh ‘

ntl

n

Sn_: H:zj < n.

i=1 \j#i

St dung bat déng thac AM — GM dé loai can thitc

H.’Ej < 1+Z:L‘j

J#i j#i

S|

Phan cdn lai, ta sé ching minh f(z1, 22, ..., Tn) < 7, V6i

n

f(xl,m%"'amn):%z: H(L'] 1+Zx]

i=1 \j#i i

= %1'1.1:2....1‘" ((n;‘i-l) (; %) - n) ‘
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Ta chitng minh bat déng thitc didu kien sau day

x1+x2 14+
f(zl,.TQ,.--,mn) Sf( ! 2 21 12 2,-'53,---,1'11) .

Tuy khong qua don gian, nhumg cac ban 6 thé bién ddi bat déng thitc trén thanh

(21— 22)% (n+1)(_1_+i_ 4 )
4z 1) _(n+1)( 4 +i+...+i)_nj

Loai bé nhan ti (z; - +f)2, ta c6

4 1 1
T1+x2 zI3 Ip

(z1 + x2) ((n+ 1) (

1 1 1
&(n+1) —$—+x—+...+;—- > n.
3 4 n

B4t ding thic trén hién nhien ding vitacé 3+ 24 + ...+, < n.

Va do d6 bat déng thic ban diu da dugc ching minh xong. Déng thitc x4y ra khi
vachikhiz)=zo=..=2,=1. 0O

Vi du tiép theo cling 1a mot bai toan khd khé, mang dam ban sic ciia phuong
phép nay. Cac ban hay ty chiing minh vi xem nhu mot bai tap cin thiét.

Vidu 3.1.5. Chitng minh vdi moi s6 thuc duong ., xs, ..., T, thod man Yo r=1
ta luon cé

X, n
Y Aoyl moT

1<i<j<n

Con dé hiéu them y nghia clia bai to4n trén, ban hay xem trong mot sb trudng
hop cu thé clia n, ching han don gian nhét véi n = 3 ta c6 bit déng thic

ab be ca
(@a+c)(b+c) + (a+b)(a+c) + (b+c)(b+a)

>3,
4

Ban thit ngdm nghi lai nhitng g} vita doc!? Ban ¢6 cam thiy mét chat thiéu sot
nao dé hay khong? Truge khi gidi quyét vin dé hoai nghi dé, ching ta sé xemn xét
t0i dang ing dung co ban nhét clia dinh li vé ddn bidn, d6 1a tng dung dé giai cac
bat déng thitc 3 bién. Va chic chin, trong phin nay sé khong c6 diéu gi dang lo ngai
vi ta hau nhu khong can sit dung dén dinh 1 d6, ma chi st dung tu tudng cla né.
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3.1.2 Phuong phap ddn bién d6i véi cac bat dang thic 3 bién

Khéng phai vdi moi bai toan thi bat ddng thitc didu kién luon dang, tuy ring
déng thic thi vin chi xay ra trong trudng hdp tat c4 cac bién bing nhau. Théng
thudng, bat ding thiic didu kien sé diing néu ta thém cac didu kien khac cho cac
bién. Cach hay lam nhét la sip xép lai thtt tu cho cac bién sé. Day la sy han ché
trong trudng hgp tdng quat, nhung véi cac bai todn 3 bicn thi luon rat higu qua.

_Chiing ta hay xem xét tit bat ding thic sau day

Vi du 3.1.6 (MOSP 2001). Chitng minh ring néu a,b, c la cdc s6 duong cé tich
bang 1 thi ta cé bit ddng thic

(@a+b)(b+c)(ct+a)>4(a+b+c—1).

L01 GiAlL Ta phai chitng minh
fla,b,c) =abla+b)+be(b+c)+calc+a)—4(a+b+c)+ 6> 0.

Ta khong thé ching minh duge f(a,b,c) > f (Viab, Vab, c), nhu thé nén bai toén sé
khong thé gidi duge biing phuong phap don bién? Khéng hén thé, bai toan vin duge
ching minh hoan toan binh thudng theo tu tudng cla phUdng phap don bién, hon
thé nita ta khong cin st dung them bat ki dinh i hay bd dé nao ca.

Khong maét tinh téng quat gia st a > b > c. Xét
f(a, b, C) - f(a, \/b_C, ‘/E) 'W’;
= (a® +bc)(b+ ¢ — 2vbe) + a(b? + ¢ — 2bc) —4(b+c - 2v/be)
= (Vb= ve)? [a®+bc— 4+ a(Vh+ V)2 ]
=(Vb- Ve [(a+b)(atc)+2/a—4].
Vi(a+b)(a+c)>4VaZbc >4 (a > 1) nén
fla,b,¢) > f(a, Vbe, Voe).
Vay ta chi can ching minh bai todn khi b = ¢, tic 13 v6i b% = 1/a thi
bla+b)% > 2(a+2b-1).
Thay a = 1/b2 vao bét ding thic tren

B+1)2>20+2b* -3 = b — 4+ 463 - 26+ 1>0
& (b-120 +20° -2+ 1) > 0 (b-1)? (B* - 1)+ 203+ 52 )> 0.
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Bat dng thic hién nhién ding va déng thic xdyrakhia=b=c=1. 0O

Ban da thay, chitng minh hoan thanh va ta khéng can st dung mot cong cu
manh nao c, tham chi phit hgp véi trinh do THCS. Y tudng chinh trong phuong
phép chitng minh la thite hién 2 budc sau (d6i vai bat déng thic f(a,b, ¢) >0)

* Chitng minh f(a,b,c) > f(a, Vb, vbe) néua>b> ¢ (hosic a < b < ¢).

e Chitng minh f(a,b,¢) > 0 néu b = c.

Tit 2 budc nay thi hid¥nhien s suy ra két qud bai toan. Ta cht ¥ nhidu dén
ching minh bude th nhat, vi bude thi 2 lusn lusn don gidn hon, va xét vé mat
logic thi n6 phai ding theo cach nay hay cach khac. Bat ding thic dang véi a,b,c
tuy y thi nhat dinh phai ding khi ¢6 mot sé bién bang nhau. Va khi da c6 2 bién

biing nhau thi thyc té 1a ta chi cin chitng minh trong trudng hop 1 bién. Vé ching
minh budc thtt nhit, ching ta hay xem xét tiép 2 vi du sau day

Vidu 3.1.7. Ching minh ring vdi a,b,c duong c6 tong bing 3 thi
2(a®0” + b%c? + c%a®) + 3 < 3(a> + b2 + ).
LoO1 GiAl. Khong mét tinh tdng quét chia bai toan gid st ring @ > b > c¢. Dat

t=(a+b)/2,u=(a—-b)/2,tacéa=t+uvab=t—uw.
Viab=t2—u22c2nén2t2——2c2—u220. Do dé

a?b? + b2 + c?a? = (a2 +b%) + a?? = c2(2? + 2u?) + (2 - u?)?
= —u?(2t2 — 202 - u?)+ 4 + 2622 < 4 + 2¢%2,
Mat khac hién nhién a2 + b2 + ¢2 > 2t2 + 2. Vay ta chi can ching minh
2t* + 4¢%¢® + 3 < 3(26% + ¢2).
Thay ¢ = 3 - 2¢ ta c6 bit ding thitc

2t* + 4%(3 - 2) + 3 < 612 + 3(3 — 2t)2)
&3t -8t* +3t° +6t-4<0
& (t- 1232 -2t -4) <.

Hién nhién diing, vi 2t < 3 nén 32 — 2t — 4 <0.
Déng thite xay rakhi vachikhia =b=c = 1. a

Vidu 3.1.8. Cho a,b, ¢ khéng am thod man a® + b + ¢? = 3, ching minh réng

a+b+c>a%?+ b2 + 2a2.




218 Chuong 3. Céc phuong phap chung minh bét -ding thic

Lot GiaAl. Khong mét tinh téng quat ta gid sit a < b<c khidéa<1,b+ >
2=b+c> 2 Dat

fla,b,c)=a+b+c— a?b? — b%c? — c2a®.

Xét hiéu
#(a,b,0)~f<a,\/b2;cz,\/b2;c2)
.—(b—c)2 (b+c)? 1
- 4 b+c+ 2%+ ¢?)
2__ 1 Np-op2
2<4 2+\/§>(b 20
Vay

f(a,b,C)zf(a,\/bT;cz,\/bz‘;cz)-

Do d6 ta chi cin chimg minh bat ding tiiic ban dau trong trudng hop b = ¢, ta quy
vé chitng minh b4t ding thitc v6i 1 bién cla a la

ot 20B D) > a3 - a?) + 3(3 e

] >0
3—a+2(3-0a?)

& (a—1)? (%(a+ 1)% -

Nhung véi a < 1 thi bat ding thitc trén hién nhién ding vi
3
3—a++/2(3-a?)

Déng thic xay ra khi va chi khi a = b=c=1. 0

3 3 .
< <= )
<3 4(a+1)

Vi du 3.1.9. Ching minh ring néu z,y, z la cdc sé thue khong am théa man diéu
kien 22 + y2 + 22 = 3 thi ta c6 bit ddng thic

T(zy + yz + zz) < 12+ 9zy2.

Lot GiAl. Khong mét tinh tong quat ta-gid stz 2y = 2.
Dat f(x,y,2) = T(zy +yz +zz) — 9zYz = (7 - 92)zy + Tz(zx +y). Ta s& ching minh

f(m,y,z)éf<\/x2;y2,\/}/2;?’2,2).
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That vay, bat ding thic trén tuong duong véi

2.2
(7 —92) (:cy— z ;—y ) +72(z+y - V2(2z2+y?) <0
142(z — y)?

z+y+ 27+ y?)

Do z+y<2(z2+y?) nén tacan phai chimg minh

@ 9z-T(z-y)P*<

92 - T)VAR TP < Tz & (9— %) B2 < 7.

s . 7
Diéu nay hién nhién ding vi 2 < 1 nén 9 - p <2va /2(3-22)< V6.

Cuéi ciing ta chi cAn ching minh bai toan khi z = y, néi cach khac 13 ching minh
x? + 42
2
Thay z = V3 — 2t? ta c6 bat ding thite

9t21/3 — 2¢2 — 742 — 14t/3 - 212 + 12 > 0.

Dat r = 1/t ta phai ching minh -

9\/3-%-7-14\/31‘—2+127">_0.

Cong vige clia chiang ta bay gid 1a khao sat ham s6 tren, diéu nay chi mang tinh bt
bude nén ban doc hay ty kiém chitng. O

Véi t= thi  7(t% + 22t) < 12 + 9t22.

Sau day 14 mot s6 vi du tuong ty.

Vi du 3.1.10. Cho a,b,c > 0 thod man a+ b+ c = 3. Ching minh
(@ +a+1)B2+b+1)(E+c+1) <2
Vi du 3.1.11. Cho a,b,c > 0 thod man ab + bc + ca + 6abc = 9. Ching minh ring
a+b+c+3abc > 6.

Ngoai viéc sit dung ki thuat néu tren dé ching minh céc bai toan bit ding thic
¢6 déng thie troug trudng hgp @ = b = ¢ trong nhidu trudng hgp ching ta chi can
st dyng t6i bude 1. Ching ta khong cAn méy méc cho réng chi dung phuong phap

dén bién dugc khi tit ca cac bién bing nhau. D6i khi, chiing khéng hoan toan bing
nhau, nhung phuong phap dén bién vln thyc hién duge.
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Vi du 3.1.12 (Berkeley Mathematcial Circle). Ching minh ring néu a,b,c
khong am thod man ab + bc + ca = 1 thi ta ¢6 bat ddng thic
1 1 1 5
+ > 2
a+b b+c + c+a 2

Lo1 GiAl. Khong mét tinh tdng quat gid st a > b > ¢. Chon sb ¢ > 0 sao cho
)
t? +2c=ab+bctca=1= (t+c)= (a+c)b+c)=1+c%

Ta sé& ching minh
- + = + = > 2 +—.
a+b b+c c+e t+ec 2t
Dé thay, bit ding thifc trén tuong duong véi
1 1 2>(\/a+c—\/b+c)2
(\/a-i»c B \/b+c) - 2t(a+b)
e (a+c)b+c) < 2t(a+b).

Nhung bat déng thic trén hién nhién ding vi @ >t > b > ¢. Vay ta chi cAn ching
minh bai todn khi @ = b > ¢. Ta c¢6 bat déng thic

2 1 _5
> -
_t+c+2t“2
42
Véi dc+ti=1oc=

2t

Thay ¢ vao bat ding thitc treén rdi quy ddng mén sd, bat dfing thite tré thanh
(1 —¢)(5¢2 — 4t + 1) > 0, hién nhién ding vi ¢t < 1.
Déng thitc xay ra khi va chi khi @ = b= 1, ¢ = 0 ho#c cac hoan vi. O

Vi du 3.1.13. Ching minh rdng vdi cdc sé thuc khong am a,b, ¢ cé tong bing 2 ta
6 bdt ddng thitc
(a® + ab + b?) (b2 + be + ) ( + ca + a?) < 3.

Lo1 GiAl. Khong mét tinh téng quét gid sit ring a > b > ¢.
Datt=(a+b)/2<1l,u=(a~-b)/2.Khid6 a=t+u,b=t—u va ta sé chilmg minh
(a® + ab + b%)(b% + be + c2)(c + ca + a®) < 3t2(t? + te + ¢2)? (%)

That vay, ta cb
a4 ab+ b2 =22+ 2%+ -2 =382 + 2
(@ + ac+ ) (b + be + ¢?)-
=a2b2+abc(a+b+c)+c.4+c2(a2+b2)+c3(a+b) -
= (2 = u?)? + c(2t + ) (£? — u?) + * + 2¢%(¢? + u?) + 2t
=t + 2tc(t® + ) + 3t2c2 + ¢* — u?(2tc — A + 212 — u?).
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Ta phai ching minh

32 > (a% + ac + c2)(b? + be + ¢?) )
a? + ab+ b2 - (t2 + te + c?)?
1 2tc + 2t? — % — u?

< 32 +u? T (12 +te+ c2)?

& (B +te+cB)? < (312 +u?)(2c+ 282 — ¢ — u?)

& t1+ 3127 + ¢ + 2te(t? + ) < 6t + 683 — 3cPt — w2 (t — )2 — ud
& 5t +4tc — 6t2c% — 2tcd ~ ¢t 2u2(t—c)2—+—u4.

Bdi vit > ¢, u nén ta co .

5t + 4t’c — 6t2c2 — 2tc® — ¢t > 5t - 51?20'.2 = 5t2(t — ¢)(t + c)
>5(t~ o)t > 2(t - c) > u?(t — )%+ ul
Va do d6 () dugc ching minh. Cudi cling ta sé& chitng minh néu 2¢ 4+ ¢ = 2 thi
3 +tc+ct) <3 t{t*+te+c?) <1
Thay ¢ = 2 — 2t vao bat déng thitc trén ta c6 didu phai ching minh
(1-8)(1-3t+3t%) > 0.
Déng thitc xay ra khi va chi khi a =Ab =1,¢ =0 ho#c cac hoan vi. O

Trong mot s6 bai toan khé, don bién két hgp dao ham thudng 13 lya chon téi
uu va dé sit dung, nhat 1a cac bai toan téng quat véi sé mi thue. Trong chuong 11
ban da gip 2 bai toan khé dang nay 14 bai 2.61 va bai 2.82, sau day ciing 13 mot bai
todn véi phuong phap nhu vay. Téc gid sé khong dua 131 giai len (néi chung 1a kha
dai) va cac ban hay coi day nhu mot bai toan ty luyén tap.

Vidu 3.1.14. Cho cdc s6 thuc khéng @m a, b, ¢ c6 tong bing 3 va k la mot sé duong
cho trudc. Chitng minh bdt ddng thic sau

k+1
(%) a®(b+c) + b*(c+ a) + F(a + b) < max (6, 22’0_) vdi k < 3.

(i)  ad*(b+c)+bk(c+a)+Fa+b) < e T

vdi k > 3.

Trong d6 « la nghiém duwong ldn hon 1 cda phuong trinh x* — ka*~! + kz — 1 = 0.

Tw d6 hdy suy ra bat ddng thic sau vdi moi a, b, ¢ khong am

at(b+c)+b%(c+a)+cta+b) < -1}2—((1 +b+c)’.
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Cha ¥ ring trong bai toan déi xing trén, he sb 15 xuat hi¢n mot cach kha bAt
ngd va dang thic cing xay ra trong truong hgp c¢ac bién hoan toan khac nbau. Day
12 mot diéu rat tha vi.

Phuong phéap vita trinh bay 13 phuong phép cad ban dé ap dung don bién ching
minh céc bat ding thie 3 bién. Y nghia chinh ctia don bién la tim cach gidm téi
da s6 bién 6 thé dioe, va ro rang véi n = 3 thi chi cn ding mot lan gidm bién
13 dii. Didu cin hoai nghi & day lai chinh la dinh li vé don bién da trinh bay & muc
trudc, ching ta cAn quan tam liéu phai ching minh dinh i nay thé nao day? R4t
tiéc, biing kién thic phd thong thi rat kho lam duge diéu nay, va coi nhu ching ta
chi c6 thé hoe tit dinh i d6 tu tudng ching minh chit khong thé sit dung tryc tiép
dugc. Lam thé nao dé giai quydt van dé nay? Trude khi ban doc mudn tim cau tra
1&i thi hay thit lam bai toan sau day

Vi du 3.1.15 (IMO Shortlist 1997, Viét Nam). Gid si a,b,c,d la cdc s6 thuc
khong am cé tong bing 1. Hay ching minh bdt ddng thic '

1 176
< — + ~—abcd.
abc + bed + cda + dab < 57 + 57 abed

Va bay gid chiing ta sé di t6i noi dung quan trong nhét ctia chuong nay, dé la
dinh 1f ddn bién mwanh (Stronger Mixing Variables).

3.1.3 Dinh li dén bién manh S.M.V

Nhitng didu sé trinh bay tiép theo chi diing hoan toan kién thnic phd.thong. Diéu
quan trong la ban phai hidu § nghia cia dinh li va sit dung, con cach ching minh
ciing khong cin nhd that chi tiét.

B d& 3 (Dén bién tdng quat). Gid st a1, as, ..., an la day $6 thuc tugy §. Ta thuc
hién lién tiép phép bién doi sau :

1. Choni,j € {1,2,...,n} la 2 chi s6 sao cho
a; = min(a1, az, ..., an) , @; = max(ai,az, veey G
2. Thay a; va aj bdi 91?-’- (nhang vén git ding thit ty ciia ching trong ddy $6).

Khi d6 sau v6 han lan thic hién bién ddi néi trén thi méi s6 a; déu _tién‘tdi gidi han

a_a1+a2+...+an
n .
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CHUNG MINH. Phép bién ddi néi trén, tit bay gid trd di ta sé goi la phép bién ddi
A. Ki hiéu dc\y ban dau la al,a}, ..., al. Sau mot phép bién ddi ta thu duge day méi

ki hieu 1a (a?,a % . Lam tuong tu tir day (al,ag, ey ) ta thu duge day mdi ki
hicu 1a (a¥*, “, : ’““) Khi d6 véi moi sb nguyén i = 1,7n ta phai ching minh
ok a1 +as+ .~ +an
lim a; =a, a= .
k—o0 n
Ta dat my = min(a’f,a’f, oy ak) va Mg = max(al,a2, o ab).

D& thay phép bién d6i A khong lam tang gia tri cia My va khéng lam gidm gia tri
ctia my. Vi my va M dén la cic day bi chén nén ton tai

m = lim mg M = lim M.
k—oo

k—o0
Ta phai ching minh m = M. Phan ching, gid st M > m. Dat dy = My — my.
Ta ¢6 ot nhan xét dun gian sau day :

Nhan xét. Gid st sau mot s6 phép bién déi A day (a},ad, ...,al) tré thanh day

& . M + My +m
(al,a’;, ..., ak) sao cho my = ——1—2—— thi ta c6 ma = —l—-2——1
That vay, khong mét tinh tdng quat cla bai todn ta gid st M; = a} > a} 2

L2 a = my. D8 cho gon, ta sé ki.hiéu a; thay cho a
£ ai +an . N s £ Iy 2 2 ~ s L2 . 5y
Néu my = —5 va k 1a chi s nho nhét thod man thi af > mi Vi = 1,n. Dieu

2 . " . vy ” ... s 0O1ta
nay suy ra tryc tiép tit tinh chat khong giam cua m; va chu § ridng ! i

la moé6t
s6 hang nao d6 cha day (a?, a3, .., a2).
Tit nhan x6t trén ta thu duge mot két qua quan trong hon . Dat
S = {k = klmk + Mg = 2m1} = 8= {kImk + M, = 2mk+1},
P= {k: 3l > k:lmk + My = 2Ml} = P = {klmk + My = 2Mk+1}.
Néu S hosc P c6 vo han phén ti, gia sit | S| = oo thi, v6i mbi k €S

mk+Mk<Mk—mk_%
2 - 2 T2

dp+1 = Mit1 — mig1 = Mg —

Vi d, la day gidm nén néu |S| = co thi-lim, o dr = 0 va do d6 M =m.
Néu khong, thi |S],|P] < +00. Ta c6 thé gid st |S| = |P| = 0 ma khong lam &nh
huténg dén két qua bai toan. Khi d6 véi moi k > 1 thi sb d

™ khong thé 1a sb
nhé nhét hay 16n nhat trong day (af,af, ..., ak) va nhu vay ta c6 thé xét bai toan
12 %2 “n
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hep hon v6i n ~ 156 , sau khi da bé di mot sé (a1 + an)/2. Bing phuong phép quy
nap don gidn ta s¢ ¢6 dpern. O
Tu b6 dé trén ta suy ra mot két qua trye tidp
Dinh 1y 3.2 (Stronger Mixing Variable - SMV). Néu f : I C R* = R, I =
[, 3] x [, B] x ... x [, 3], &, B € R la ham lién tuc déi zing va b chan dudi thod
man diéu kién
f(a‘lv az, ..., an) > f(bla b2a (2} bn),

Véi (b1, ba, ..., by) la day thu duge tir day (a1,a2, ..., an) theo phép bién doi A, thi ta
a;+az+...+ay

n

6 f(ay,az,...,an) > f(a,a,...,a) vdia =

Béng dinh I nay, khi sit dung ddn bién ta chi cAn chon ra s6 nhd nhat va sé 16n
nhét. Dinh li vé dén bién da dugc ching minh chiit ché va c6 mot két qud manh
hon hoan toan bing kién thitc so cip, ching ta hoan toan c6 thé 4p dung duge.

Ngoai ra, phép bién ddi A 6 thé khac hon, ching han thay thanh /ab, \/“2 a2+

hodc bat ki mét dang trung binh nao khac. Thy theo gid thiét cta bai toan ma ta
can chon cach ddn bién cho phit hop.

3.1.4 Dinh li S.M.V va mét s6 ing dung

Khi ban chua timg thit bit tdy vao ching minh mot bit ding thic kho ti bdn
bién trd nén, that khé dé nhan ra duge nghia va tdm quan trong ctia dinh i S.M.V.
Vi¢e xét don bién chi véi sé 16n nhét hodic bé nhét 1a mét budce tién rat quan trong
so véi vige x6t 2 sb bat ki, vi néi chung véi 2 sé bat ki thi bat ding thitc didu kien

rat khé thod man. Ung dyng hicu qué nhét cfia dinh If S M.V 14 chiing minh bt
déng thitc 4 bién. Hau nhu c4c bét déng thic 4 bién dyta tren dinh I nay déu cé thé
dugc chitng minh rat nhe nhang v don gian.

Chéng han, véi vi du 3.1.15 ta chi cAn ching minh nhu sau.
Lor GiAL (Vi du 3.1.15)
Khong mét tinh tong quat ctia bai toan ta gid st a < b <.c < d. Xét

fla,b,c,d) = abe + bed + cda + dab ~ %abcd

fla,b,c,d) = ac(b+d) + bd (a{-}— c— 12—77qac) .

Tt gid thiét suyra” a+c¢< %(a+b+c+d) =% , do d6
4 176 ab+dc~b+d
- —_ 4 2 ) k) 2 N

1 1
-
a C
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Ta chi xét cac phép bién déi A véi (b, ¢, d) va theo két qua da chitng minh

b+c+d
f(a,b,c,d)Sf(a,t,t,t) ) f:—L;i_
Cuoi cing ta chi cAn ching minh néu a + 3t = 1 thi
1 176
2+ < 4 208
dat® +t° < 5 + 57 at

Chimg minh diéu nay rét don gian, khi thay a = 1 — 3t ta ¢6 bat ding thitc hién
nhién sau .
(1-3t)(4t - 1)*(11t + 1) > 0.

,d =0 hoac

[N

. 1
Dang thitc xdy ra khi vi chikhia=b=c=d = 1 hoica=b=c=
céc hoan vi tuong tng. O

Chuing ta sé trd lai vai bat ding thie Tukervici da néi & phan trude. Nhu tac
gid dugc biét, cac cach ching minh bat déng thic nay luén rat phitc tap va dai
dong. Sit dung dinh 1i S.M.V, véi cach chitng minh tuong ty nhu vi dy 3.1.14 ta c6
thé chitng minh bai toén rat d& dang.

Vi du 3.1.16 (B4t ddng thuc Tukervici). Ching minh ring vdi moi sé thuc
duong a, b, c, d ta ¢

o'+ b+ c* + d* + 2abed > 0? + B2 + Pd? + d%a? + a?c? + B2d2.
Lor GIAL Gidstta>b> ¢ > d. Xét
fla,b,e,d) = a* + b* + ¢* + d* + 2abed — a2b? — b2c2 — 2d? - d?a? - a%c? — b24?
=a' +b* + ¢* + d* + 2abed - a®c? - B%d% — (a® + c2)(B2 + d?).
Suy ra
fla,b,¢,d) - f(Vac,b, vac,d) = (a® — 1)~ (b® + d®)(a - c)2 > 0.

Do d6 theo dinh If S.M.V, xét véi phép bién ddi A cia (a,b,c), ta chi can chimg
minh b4t ding thic khi a = b=c =t > d. Bét dang thic lic nay tuong duong véi

304 d% 4 2630 > 3t + 36202 & dt + 3d + £3d > 38242,

Hién nhién ding theo bat dang thic AM ~ GM. Déng thic xay ra khi va chi khi
a=b=c=dhodca=>b=c d=0 hoic ciac hoan vi. O

Vi du 3.1.17. Ching minh vdi cdc sé thuc khong am z,vy, 2, t c6 tong bing 4

(1+3z)(1+ 3y)(1 + 32)(1 + 3t) < 125+ 131zyzt.
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Lo1 GiAl. D& thiy ring déng thic xdyrakhizr=y=2z=t=1hodcz=y=2=
4/3,t = 0 nén 131 la hing s6 tét (16n) nbat trong bat déng thie sau

(1+ 32)(1 + 3y)(1 + 32)(1 + 3¢t) < 256 + 131(zyzt — 1).
Xét bidu thitc
flz,y,2,t) = (1 + 3z)}(1 + 3y)(1 + 32)(1 + 3t) — 131zy=zt.

Khong méat tinh tdng quat ta gid st z > y > z > t. Khi do

fawnn- 1 (St
— 9(1 4 3y)(1 + 3t) (zz _= Zz)2> — 131yt (:rz - (—‘”—*%)2> .

Nhan xét réing néu y + ¢ < 2 thi
9(1+ 3y)(1 + 3t) > 131yt & 9 + 27(y + t) > 50yt.
Viy+t<2nényt<l1,dods
9 4+ 27(y + t) > 54/yt > 54yt > 50yt.

Vay ta ¢ f(z,y,2,t) < f (552,555, t). Theo dinh If S M.V thi bét dng thitc sé
duge chitng minh xong néuz =y =z=a> 1>t =4 — 3z. Trong trudng hop nay
ta c6 bat ding thitc

(14 3a)®(1+ 3(4 - 3a)) < 125+ 131a%(4 — 3a).
Sau khi khai trién va rat gon ta c6 bat ding thic
150a* — 41603 + 270a? + 108a — 112 < 0

& (a - 1)%(3a — 4)(50a + 28) < 0.
B4t ding thitc nay hién nhién ding. Ding thic xay ra khi a = ] hodc a = 4/3 tuong
tng véi 2 truong hgp c6 ding thic duge néu § dau bai giai. Q ’
Bai toan sau day thé hién kha day du sy doc ddo cla phuong phap nay
Vi du 3.1.18. Cdc s6 thuc khong ém ay, aa, ..., an thod man ajas...an, = 1. Ching
minh bt ddng thic -
1 1 1 ’ 3n

—+ — 4.+ — >n+3,
a) as an a+ar+...+ay,

Vdi moi s6 nguyén duong n > 4.
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Lo1 GiAl. Khéng mét tinh téng quat c6 thé gidstta; > az > ... > a,. Dit

flay,a ) = + = +...+ ! + 3n
1Ay Q) = — + — 4+ 4 — ,
162 " ay as Ay a1 +azy+...+a,

Ta s€ ching minh
f(a‘la as, ..., aﬂ) 2 f(al) VvV a20n, VvV a2Qn, 43, 44, ..., an—l) (*)
That vay, khfmg dinh trén tuong duong véi

fla, a2, ..., an) — fa1, /a2an, /@20, as, aa, ey Gp_1)

(k! )2_ 3n(v/az - /@)’
 \ Va2 Van (a1+a2+...+an)(a1+2,/a2an+a3+...+an_1)’

Va do d6 ta phai chimg minh

(a1 4 az + ... + an){a1 + 2+/aza, + az+ ...+ a,—1) > 3naza,,.
Via; > a2 > ... > a, nén
(a1 +as+ ...+ an)(al +2/a%a, + a3+ ... + an*l)

2 (202 + (n - 2)a,) (a2 + 2y/a2a, + (n — 3)ay)
>(24+2vn - 3)2‘\/2(71 - 2)agay, > 3nazay,.

Véi moi n > 4. Con véi n = 3 thi bat déng thic trén vin diing (v6i az > a3)
(a2 + 2+/aqsas + a3)(2as + as) > 9asas.
Vay (*) duge chitng minh xong.

Bét dang thitc (*) mang lai cho ching ta mét két qua quan trong hon.
Tu dinh 1i S.M.V suy ra

flai, a2, ...,a,) > flay,b,b,..,b), b= "Yazaz...a,.

Va phén con lai (thay n bdi n + 1 cho gon ) ta phai ching minh g(b) > n +4 .

o, N 3(71 + l) _ '" n 3(n + l)b"
g(b?_b +3 +“nb+1/b" —ﬂb +3 -|—.nbn+—1+T
’ ‘_ n-1_ N 3(n+ l)(nbn—l(nbn+1 +1)-(n+ 1)nb2")
g1(b) =nb b2 + (nb+1 + 1)2
n 3n(n+1)

/ — opn—1 __ "¢ n—-1 __j2n
g (li) =nb 2 + “_(nb"“ n 1‘)2(b b*™).
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Do dé
g'(b) =0 & (B"! - 1) (b1 +1)2 - 3(n + 1)p"F!) =0.

Theo b4t déng thitc AM — GM thi (nb™*! +1)? > 4nb™+1 > 3(n + 1™
Vay ¢'(b) <0 Vb <1 va g'(1) =0, suy ra g(b) > g(1) = n + 4 (dpcm).
Déng thitc xay ra khi v chi khi a; = a2 =...=a, =1. O

Chu ¥ riing @ bai toan trén, hiing s6 t6t nhat dé thay cho 3n 1a 4(n — 1), vi thé )
ta phai cAn thém diéu kién n > 4. Tuy nhién 2 phép chitng minh hoan toan tuong
tu.

Vi du 3.1.19. Cho cdc s6 thuc khéong am a,b,c,d c6 téng bing 4. Vdi k la mot sé
thue duong cho trude, hiy tim gid tri lon nhét cta biéu thic

(abc)® + (bed)® + (cda)® + (dab)F.

Lo1 GiAl. Khong mét tinh tdng quat gid st rdnga > b > c > d.
Giast1<k<3. Dutt=2vau=%suyraa=t+uc=t-u

(abe)k + (bed)* + (cda)* + (dab)* = (b* + d¥)(ac)® + bkd* (ak + ck).
Dat s =b"F+d~* Xét hams6
f(u) = s(ac)® + a¥ +c* = s(t* —u?)* + (t+u)F + (t - )k
Ta sé chitng minh f(u) < f(0). That vay

Flw) = —2kus(t® — u?)F ! 4 k(t +u)*! - k(t —u)*!
—u)7RH - (t+ u)‘k+1)

_ 2 ovk—1 ([ _ (t
= ku(t* — u*) (23+ 7u

Via>b>c>dnénd<t—u Matkhic k <3 va ham d(x) = z~**+1 3 ham giam
nén theo dinh li Lagrange ta c6

(W™ = W™ sy s (k4 1) w7

2u
R TS —k+1
:>(t w) - (t+u) < (k= 1)t —u)~*
u
(t—u)* —(t+u)y -2 k-1
— - < —4+ —7<0.
= —-2s+ ou ‘ _dk+(t—u)’°_0

Vay f(u) < £(0). Theo dinh li S.M.V'ta chi cin ching minh bai toén trong trudng
hgpa =b=c=1t>d. Xé ham :

g(t) = t3% + 3t (4 - 3t)F,
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Ta s& chitng minh ¢(t) < max (g(l),g(%))l That vay
g'(t) = 3kt>* "1 + 6kt 71 (4 - 3¢)k _ k(4 — 3t)k-1

9'(t) =0 & t* +2(4 - 3t)% = 3¢(4 — 3¢)*

& t k+2— 3
4 - 3t T 43t

t
Datr=r(t) = ypmrving 7(t) 1a ham don diéu tang. Ti phuong trinh trén suy ra

Jt)=0erk+2=23r

Dé thiy phuong trinh trén c6 khong qué 2 nghiém thyc duong phan biet, g(1)=0

ot (010 () o (1. (3)).

T két qua trén ta ciing suy ra (liy k = 1)
abc + bed + cda + dab < 4,
Do d6 v6i moi k < 1 thi
(abe)k + (bed)® + (cda)* + (dab)F = 4.

Xét trudng hop k£ > 3. Ta c6

(abe)* + (bed)* + (cda)* + (dab)* < (ab)*(c+ dj*

& (ab)* ((c +d)F — ok - dk) > (a* + b%)cka*
Bét ding thic tren dung vi (c +d)* — ¢k — dF > fek-1 > gk,

Mit khac theo bat ding thite AM — GM ta c6

3k 3k
(ab)*(c + d)* < (L“’%i) = (%)

Vay bat déng thitc da duoc chitng minh xong trong moi truong hop -
3k
(abe)® + (bed)k + (cda)* + (dab)* < max (4, (%) ) . a
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3.1.5 Phuong phap dén bién toan mién

Trong mot s& bai toan, cong viée chitng minh bat ddng thic didu kien dé don 2
bién sé bing nhau trd nén rat khé khan, tham chi khong thé thuc hién dugc. Digu
nay thudng xay ra trong ot <6 bai toan hoan vi, khi déng thuc 1éch hoan toan véi
cac bién chéng han. C6 mot phuong phap rit hay dugc sit dung, dé la phuong phéap
ddn bién toan mién. Phuong phap nay nhdm lam tri¢t titu mot bién vé 0, hay néi
cach khac 13 ta cung trit di mot lugng nao d6 cho tat ca cac bién s6. Phuong phap
thuong duge sit dung khi ¢6 sut chénh lach bac ctia cac dai lugng xap xi 0 (ma ta c6
thé hidu don gian la cac dai lugng (a = b), (b—¢), (¢~ a) néu c6 3 bién).

Céc ban hay xem céac vi du sau day
Vi du 3.1.20. Ching minh vdi moi s6 thuc khéong dm a, b, c ta luon co

a® + b3 + @ — 3abe > 4(a ~ b)(b—c)(c—a).

Lo1 G1AL Bét déng thic tuong dudng véi
(a+b+c)((a- b2+ (b—-c)2+(c— a)?) > 8(a - b)(b—c)(c—a) (1)

Khéng mét tinh téng quéat clia bai todn gié‘sfx ¢ = min(a, b,c). C6 dinh cac hi¢u
a—b,b—c, c—ava gidm a, b, ccung di mot lugng ¢ (tdc la thay a, b, cbdia—c, b—c,0)
thi r6 rang a — b,a — ¢, b — c khong thay ddi con a + b + ¢ giam di. Vay vé trai cta
(1) thi gidm di cdn vé phai clia (1) thi khong ddi. Do d6 ta chi can ching minh bai
toan trong trudng hgp a,b = ¢ = 0. Khi do bat déng thic tuong duong voi

a® + b® > 4ab(b — a),
Nhung bt déng thie trén hién nhién ding vi
4a(b—a) < b? = 4ab(b—a) < B < a®+ b
Déng thic xay ra khi v chi khia=b=c O

Bai toan trén kha don gidn nhung thé hien dugc rat rd tu tudng ciia phép ching
minh. Didm can chi ¢ nhét ciia 16i giai nay la nhan xét, néu giam cac bién a, b, c di
ciing mot lugng nhé hon min(a, b, c) thi mot vé khong ddi, con mot vé thi gidm di.
Nhan xét dude ching minh rat dé, vi bac (x4p xi 0) clia (@ —b)(b—c)(c—a)1a3
con bac (xép xi 0) cta (a +b+c) ((a—b)2+(b- ¢)? + (c — a)?) bang 2. Ta cing
c6 mot bai toan tuong tu véi 4 bién 1a :

Vi du 3.1.21. Ching minh vdi moi a,b,c, d khong am
at + b4 + ¢t +d* — dabed > 2(a —b)(b— c)(c— d)(d — a).

Va trong truong hgp (a — b)(c —d) <0, ta cd thé thay 2 blng 17.
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Lo1 GiAl. Dé giai bai toan trén, ta chi cAn phan tich
a* + b* + ¢t +d* — dabed = Z s(z,y)(z —y)?,
" {zy}c{ab.ed}

Trong dé6 s(x, y) 1a cac da thifc bac 2 cla z, y c6 tt ca cac he s6 déu duong. Tt phan
tich d6, ta thiy dé chitng minh bAt ding thic, chi cAn ching minh trong trudng hop
¢6 mot trong cac sé a, b, ¢, d bing 0. Nhu vay ta da vuot qua phin khé khan nhét
cua bai toan. O

Trong mot sé trudng hop, khi gidm déng thoi cac bién di mot dai lugng, thi cd
2 vé clia bat dang thitc ciing dong thai thay déi, tang hoac giam. Xét vi dy sau day

Vi du 3.1.22. Cho cic s6 thuc a, b, c cd tong bing 3. Tim tdt cd cdc gid tri thuc
ctia k dé bt ding thitc sau luon ding

a* +b* + c* — 3abe > k(a - b)(b - c)(c — a).

LO1 GIAL Xét véi ¢ = 0 thi ta c6 —6v2 < k < 6v/2.
That vay, v6i ¢ = 0,a + b = 3, theo bt ding thic AM — GM

VT = a* 4+ b* = (a? - b?)? + 2a2b? > 2v/2]ab(b? — a®)| = 6V2|ab(b - a)|.
Déng thic xdy ra khi 0% — a?| = |ab| va a + b =3,c = 0.

Do bét dang thitc ¢6 ddu bing véi a, b, ¢ phan biét nén gié tri 16n nhit va nhd nhét
clia k dé bAt ddng thic trén lusn ding phai 1a —6v/2 va 6v/2.

Bay gid ta sé ching minh véi moi a, b, ¢ c6 téng biing 3 thi
a +b* + ¢* — 3abe > 6v2(a — b) (b — ¢)(c - a).

Dé thuc hién y tudng dén bién toan mién, viéc diu tién cin lam la ddng bac hoa 2
vé cfia bat ding thite

at + bt + ¢t —abc(a+b+c) > 2vV2(a - b)(b—c)(c—a)a+b+c).

Néu chi don gian 1 cung gidm di c4c bién a, b, c mot lugng ¢ < min(a, b, c) ta thiy
cd 2 vé déu thay ddi? Nhung diéu dic biet 3 day la ta c6 thé so sanh nhitng sy thay
déi d6. That vay, xét ham sb
fO)= (@+t)* +(b+t)* + (c+t)!-
—(a+t)b+t)(e+t)a+b+c+3t)
—2V2(a - b)(b—c)(c— a)(a+b+c+ 3t)
= f(t)= A+ Bt+Ct.
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Trong d6 cac hé s6 cia f(t) 1a

A=a*+b '+t —abe(a+b+c) — 2V2(a+ b+ c)(a—b)(b—c)(c— a),

B =4(a®+ b+ c®) — (a+ b+ c)(ab+ bc+ ca) — 3abc — k(a — b)(b — c)(c — a),

C=6(a®+b+c?) - (a+b+c)*—3(ab+ bc+ ca).
D& thidy C > 0 vi

6(a+b%+c?) >2@+b+c)?> (a+ b+ c)? + 3(ab+ be + ca).
Gia sit ¢ = min(a, b, ¢). Ta sé ching minh
4(a® + b3+ %) — (@ + b+ c)(ab + be + ca) — 3abe > 6v2(a — b)(b — c)(c — a).

C6 thé phan tich vé trai dudi dang tdng cac binh phuong nhu sau

VT =(a—-b*a+b)+ (b—c)?(b+c)+ (c— a)(c+ a) + 2(a® + b + ¢* — 3abc)

=(a—-b)2(2a +2b+c) + (b— ¢)2(2b+ 2¢ + a) + (¢ — a)*(2c + 2u + b).

Tit cach phan tich nay, ta chi cAn xét bai todn khi ¢ = 0 (dya theo ¥ tudng ban dau
clia phép don bién toan mién). Véi ¢ = 0 ta phai ching minh

4(a® + b%) — ab(a + b) > 6v2ab(b — a)

& a® + 4b> + (6v2 - 1)a%b > (6V2 + 1)ab’.

Nhung bét ddng thuc trén hién nhien dung theo bat déng thic AM — GM

458 + (6v2 — 1)a?b > 4/6v2 — 1ab® > (6V2 + 1)ab®.
Vay trong khai trién ctia f(t), céc hé sb cia ¢, ¢* déu duong, suy ra f(t) 14 ham téng
trén mién t > 0. Véi ¢ = min(a, b, ¢) ta c6 '
ad+bt+ct —abe(a+b+c)—k(a—b)(b—c)c—a)la+b+c)
>at b+t =V + b + ) - k(d V) - ) - d).
_Trongdéa’ =a—c, b =b—cc =c—c=0,néi cich khac ta chi can chimg minh
bai toan ban dau néu ¢ = 0. Nhung trudng hgp nay da duge xét § trén, vay bai toan

dugc ching minh hoan chinh. Ta ¢6 ddng thic khi a = b = ¢ hodc trong trudng hop
sau va cic hoan vi tuong Ung

c=0,b= —1—?@a®a= 3(3;\/5),b= 3(\/g—l),c=0. a

Day ro rang 13 ot ching minh kh& cong phu va phic tap, nhung noi dung cu
bén chi xoay quanh § tudng chia phép ddn bién toan midn. Cach sit dung ham sb
nhu trén luon t6 ra rit hitu ich véi cac bai dang nay, chdng han véi bat déng thic
Jack Grafukel da duge chiing minh & phan truge
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Vi du 3.1.23. Vdi moi a,b, c khéng am thi

SZ\/a+b+c.

a + b N c
Va+b Vb+c +Veta

N6i them réng bat ding thic trén clia Jack Grafukel 1a mot bat ding thic rat
khé va chic chidn phuong phap ddn bién toan mién 13 mét trong nhitng chimmg minh
don gidn, doc dao va so cAp nhit. Sé con c6 thém nhiéu diéu tha vi khac déi vai
phuong phap ki la nay cin duge kham pha va giai quyét. Két thac cho bai viét 13
mot bat déng thdc kha tha vi va rdt dang suy nghi.

Vidu 3.1.24. Cho ay,ay, ..., a, la edc sé thuc khong am. Tim cdc s6 thuc k dé bdt
ding thitc sau luon ding

al + a3 + ...+ aj — najag...an, > k(a; — az){az — az)...(as-1 — a)(an — a1).

Tuy réng viéc tim duge s6 k t6t nhat 13 rit khé, nhung trong mot s6 trudng hop
cu thé clia n ta ciing c6 dugc nhitng bai toan kha thi vi. Mot s6 két qua riéng 1a

o ab+ b5 + 8 — 3a%b%c? > 4(a - b)2(b - ¢)%(c - a)2.
o a +b* + c* + d* — dabed > 2(a - b)%(c — d)2.

o a® + 0%+ 8+ d® - 4a®V2Pd? > 2(a - b)%(b - ¢)*(c — d)*(d - a)%.

Céc ban hay ty chitng minh cac bai tap nhé nay. Viéc tim mot wéc hugng du tbt
cho s6 k = k(n) trong bit déng thic trén vin 13 mot cau héi mé danh cho ban doc
(ta c6 thé dua vé trudng hgp cé 1 trong n bién bling 0 theo ¥ tudng ddn bién toan
mién, nhung dé tinh chinh x4c hay tim mot khoang du tét lai 1a ot van dé khac).
Nhitng két qué dugc trinh bay & day mdi la nhitng két qua budc diu trong mot thoi
gian ngin va chin chin ring chinh cdc ban sé con lam duge nhidu hon thé nita.

3.2 Phuodng phap phan tich binh phuong S.0.S
3.2.1 Bai toan md dau

Thong thudng khi ditng trudc mot bai toan bat ding thitc quen biét, cach ma
chiing ta bat dau dé giai chiing khong phai 1 thit mo mam ti cac bt déng thic da
biét, khong phai 1a tim ngay 1ot phuong phap dén bién nao dé ma thudng gap nhat
1a dua vé& cac dang tdng binh phuong. Ditu nay dya trén tinh chit ¢d ban nhéit cta
sé thyc: 2 > 0 Vz € R. C6 rt nhidu bai toan, cho dit ban chii dong hay v6 tinh,
déu da sit dung phuong phép nay trong chitng minh. Tuy nhién, rit ¢6 thé nhimng
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diéu ban sip doc duve trong muyc nay sé lam ban thyc sy ngac nhién...

Ching ta s&¢ md dau véi bat ding thic AM — GM, day c6 thé coi 14 bat ding
thitc co ban nhét trong nhitng bat ding thitc co ban. Nhung chiing ta chi can tim
hiéu bat d&ng thite nay troug trudng hop cac sé n rat nhd. Véin = 2 ching han, ta
¢6 bat déng thic

Viduy 3.2.1. Vdi moi a,b> 0 ta cé bt ding thic a2 + b2 > 2ab.

Sé khong ¢6 nhiéu diéu can phai ban t6i ¢ bat déng thic trén, ngay khi cac ban
hoc vé& s6 thye thi vice clutng minh bét déng thitc 46 da 1a qua dé. Bat ding thie
tuong duong véi (a — b)2 > 0, mot didu qué hién nhien. Bay gig, chung ta xét tiép
khi n = 3 va bat déng thitc sau day '

Vidu 3.2.2. Vdi moi a,b,c> 0 ta cd bt ding thic a® + b3 + ¢ > 3abe.

Khi héi vé mot chitng minh that cu thé cho bét dang thic nay, ching ta sé cam
thay mot chit béi réi. TAt nhien, bat déng thic tren khong kho, 191 giai chi trong
duy nhit mot dong ...

VT—VP:%(a-f—b-i—c)((a—b)2+(b-c)2+(c—a)2),

Va chdc chdn day 1a cdch lam théng minh nhat, vi chiing ta khong phai qua
mot budc trung gian nao ci. C& 2 vi du trén déu dugc ching minh bing phuong
phap phén tich binh phuong, nhung theo mot nghia tuong déi hep. Thuan lgi rat
16n trong 13i gidi bai toan bing cach nay la viéc sit dung rét it kién thic cao cap,
tham chf ban khong cin biét bat ki mot dinh 17 vé bat d&ng thitc ndo ci. Ngoai ra,
né con la mot phuong phép rit ty nhién theo suy nghi cta chiing ta.

Néu doc ki cac bai toan & chuong trudc, cac ban da gap khong it nhitng bai toan
st dung phuong phap nay trong ching minh. Con bay gig, ching ta sé khai quéat
cach sit dung va di tim ban chét ctia mot phudng phép ching minh cyc ki higu qua
- phudng phdp phan tich binh phuong S.0.S. :

Bai to4dn quan trong ma ching ta phai xem xét dén trong muc nay la mot bat
ding thite néi tiéng da duge gidi thieu o chuong trude, bat dang thic Iran 96.
Problem 3 (Iran 96). Vdi moi s6 thuc khong @m a,b, ¢ ta cé

1 + 1 + 1 > 9
(a+b)2  (b+c)? (c+a)? = 4(ab+bc+ca)’

Day ciing la bai toan ¢6 hinh thac phat bidu rat don gidn va dep mit. Ngoai ra,
no6 con la mot bat ddng thite rat khé khi ban chua dugce tiép can trudc d6. Nhung
trudc tien, ching ta hay xem lai bt ding thic trong ki thi IMO 2005 va tim mot
ching minh that ty nhién cho né.




3.2. Phuong phap phan tich binh phuong S.0.8 235

Vidu 3.2.3 (IMO 2005 Pro. A3). Gid st x,y, z la cdc 50 thuc duong va zyz > 1.
Hay chatng minh ring
25— 22 . W — 42 .\ 5 52
b4yt +22 P22+ D4y T

Lot GIAL Viéc diu tien, ta cAn dua bat déng thic vé dang chudn hod- dong bac.

x5 — 22 S 2o —x?zyz a2t —ziyz
S +y2+22 T 2S5+ (P + ey zt+yz(y? + 2?)
z* — 2yz 224 — 22(y% + 2%)

zh 4+ yz(y? + 22) T 2z + (y? + 22)?
Néu dit a = 22,b = 3%, ¢ = 22 thi ta chi cAn ching minh

2a? — a(b+ )
>
Z:2a2+(b+c)2 20

b
Y (a=b) (2a2+(b+c)2 - 2b2+(a+c)2) ="

ab,c
@Z b)? 2 +cla+b)+a?—ab+b? .
“ (202 + (b + ¢)2)(2b% + (a +¢)?)

BAt déng thic trén hién nhién ding. Déng thic xay ra khi va chi khia=b=c &
r=y=2=1 0

Chitng minh trén khong phéi 1a ching minh duy nhét, va ¢6 thé con c6 nhicu
chitng minh doc d4o hon. Nhung néu xem x¢ét khach quan thi ching minh trén hoan
toan rit tu nhién va co ban. Né6i khai quat, khi dung trude mot bat ddng thite bt
ki cia 3 bién a,b,c, ta sé tim cach dua chung vé dang tong cia cac binh phuong
(a—b)2, (b— c)z (c — a)? ki higu

Se(a — b)% + Sy(a— )% + Sa(b— )2 2 0.

Phan dua vé dang chinh téc trén 1a budc déu tién trong cach sit dung phuong
phap S.0.S. Néu ban da kha quen véi bat dang thite thi viéc 1ap cong thic trén la
tmmg déi don gian, chi cin biét qua mot sé phép bién dbi va hiing dang thie, con
néu ban chua quen, thi cac thic mic sé duge giai quyét trong muc "Biéu dién co sd
ctia phuong phap S.0.S va mét sb ki thuat phan tich".

TAt nhién, néu trong bidu dién co s6 d6 cac h¢ s6 Sa, Sp, Se déu khong am thi bai
toan dugde ching minh. Tit trude tdi nay, day vin la cdch ma cich ban thuong lam
nhung day chi la trugng hop don gian nhét trong ki thuat ching minh cia phuong
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phap S.0.S. Diéu quan trong hon. 5.0.5 gidp ching ta gidi quyét trong cac truong
hgp ma theo quan ni¢m ¢t 1a khong thé 4p dung duge : C6 mot sb hé s6 trong
Sa, Sp, Se 13 khong duong.

Thoéng thudng, trong cac bai toan déi xiing ta c6 thé gid sita > b > c. Vi cac bai

toan hoan vi thi phai xét thém trudng hop ¢ 2 b > a. Trong truong hgpa > b > ¢
ta ¢6 cidc nhan xét sau

e Néu S, > 0:Do(a—c)?> (a—b)%+(b—c)®nén
Se(a = b)% + Sp(a —¢)? + Sa(b - e)2 > (Sc+ Sp)(a— b)2 + (Sp+ Sa)(b— )2
Va phan con lai ciia bai toan 1a chimg minh S, + Sy >0, S.+ Sy > 0. Thong
thudng hai bat ding thic nay ludn cé thé chitng minh kha don gian, vi ching
khong con phai nhan thém véi cac binh phudng (a — b)2, (b—c)? (c— a)? nita.
e Néu S, <0:Do(a—c)><2(a—b?+2(b~ ¢)? nén
Sc(a—b)% + Sy(a — )2+ Su(b—c)? = (Sc+28)(a - b)2 + (28, + Sa)(b - )%

Ciing vay, viéc chitng minh con lai S+ 25, > 0 va 25, + S, > 0 sé don gian
hon rét nhiéu.

Ngoai ra néu S, + Sp + Se = 0, 5.5 + SpS. + ScS, > 0 thi theo dinh If vé ddu
clia tam thitc bac 2 ciing dé dang suy ra dugc

Sa(b = ¢)? + Sy(a — )* + Sela — b2 > 0.

Trong nhidu trudng hop, ta can theém mot s6 wéc lugng manh hon, chéng han
wéc luong hay dung dén 13

=]

a—=c
> —(a>b>c).
b 252029

o

Ch3ng han khi ta c6 Sp, Sc > 0 thi

Sy(a ~ ¢)2 + Sa(b— ¢)2 = (b - ¢)? (sb (Z — 2)2 + sa) > (b~ c)? (“zf" + sa) .

Va nhu vay bai toan sé duge ching minh néu a2S; + %28, > 0.
Ta ¢6 thé tom tit cdc két qua trén ﬁh?mh mot dinh If chung nhu sau
Dinh ly 3.3 (Dinh i 5.0.8). Xét biéu thic

S = f(a,b,c) = Sa(b— ©)? + Sp(a — ¢)* + Scla - b)?,
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Trong d6 Sy, Sy, S. la cdc ham s6 cia a, b, c.

1. Néu S,,8,,5.>0 thi §>0.

2.Néua>b>c wa Sp, Sp+ 86, Sp+ S, >0 thh §>0.

3 Néua>b>c wva SasSes Sa+ 28,8 +25, >0 thh S>0.
4. Néua>b>c va Sy, S.>0,a2S, +b2S, >0 thi S>0.

5 NéuS,+S,+S5S.>0 wva SaSp+ SpS. + 5.5, >0 thi S >0.

Ngoaira d¢ S > 0 véi moi a, b, ¢ > 0 thi ta phai ¢6 Sa+ Spla=p > 0, Sp+ Se|p=c >
0, 8¢ + Sule=¢ > 0. Trong d6 S, + Spla=b €6 nghia la ta xét bidu thic S. + Sy khi
a = b. V6i cac bai toan déi xing ta c6 ngay S, = S) néu a = b. Nhan xét nay rat
quan trong trong cic cic bai toan tim hing sé tét nhat. ’

Duéng nhu dinh 1 nay con c6 vé qua don gidn va néu néi réng né ¢ ung dung
véi hau hét cac bat ding thic 3 bién thi that khé ma tudng tugng duge. Nhung
thyc té thi S.0.S da lam duge didu nay va day 1a mot diéu rit ngac nhien.

Mot cau héi nita dit ta 14 véi nhitng bidu thic nao thi ta cé thé chuyén vé dang
chinh tdc 5.0.S nhu vay? Cau tra 1&i 13 moi ham sé déi xitng f(a,b,c) thod man
f(a,a,a) =0 va f c6 thé chia cin thitc, phan thic ciia a, b, ¢ ludn ludn cé bidu didn
ay. Chitng minh didu nay ban xem trong phan tiép theo. "

Bay gio 1a mot s6 vi du cu thé dé chitng minh tinh hiéu qua cta phuong phap
nay, va néu c6 thé thi trudce tién ban hay thir chimg minh chiing theo cach khac.

Vidu 3.2.4. Ching minh ring vdi moi sé thuc khong am a, b, ¢ ta luon c6

a? + b% + ¢? 8abc > 9
ab+bctca  (a+b)(b+c)c+a) ="

LO1 GIAL Ta chi y dén 2 déng thitc sau day

a2+b2+c2—ab—bc~ca:%((a—b)2+(b—c)2+(c—a)2),
(a+b)(b+c)(c+a) — 8abe = a(b - ¢)® + b(c — a)? + ¢(a — b)2.

Nhu thé sau khi thém b6t 1 ¢ mdi s6 hang vé trai, ta c6 Lit déng thitc tuung duong

(a—b)%+(b—c)®+ (c—a)? S 2¢c(a - b)? + 2b(a — ¢)? + 2a(b - )2
ab+ bc + ca - (a+b)(b+ c){c+ a)
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Ta tim dugce

Suz(a+b)(b+c)(c+a)—2a=b+c—a— abc ’

ab+ bc+ ca ab 4+ bc+ ca

(a+b)(b+c)(c+a) abe

= — 2% = e —

St ab + be + ca b=atec ab +bec+ ca’
SC:(a+b)(b+c)(c+a)_2C:a+b_c_ abc .

ab+ bc+ ca ab+ bc+ ca

Do tinh d6i xtmg nén co thé gid sit rang a > b > ¢, khi d6 dé thay S, > 0,5 > 0.
Dua vao ticu chudn thit nhét, ta chi can ching minh ring S, + Sp > 0 la xong.
Nhung didu nay rét hién nhién vi

2abe _ 2c%(a+b)

Sat Sp = 2¢- ab+bc+ca ab+bc+ea ~

Vay bét ddng thic da duge ching minh. Déng thitc xay ra khi va chi khia=b=c
hosic a = b, ¢ = 0 ho#c cac hoén vi tuong ing. O

Chiing ta hay trd lai véi bat déng thic Iran 1996.

Vi du 3.2.5 (Iran TST 1996). Ching minh réng vdi cdc s6 thuc khong dm z,y, z
ta cé bit ddng thic
1 N 1 - + 1 S 9
(z+y)? (+z)? (2+z)? " Alzy+yz+ 2z)’

LoI GIAL Dit a = z + y, b=y + 2,¢ = z + x. Ta phai ching minh

1 1 1 9
2 32 2
(2ab + 2bc+ 2ca — a - b _C)(ﬁ+ﬁ+§) ZZ.

Biing bién ddi don gian, ta c6 thé chuyén bat ding thic trén vé dang

(%_é)@—W+(é—%)m—&+(%—§)w—W20
1

1 2 1 2
- Si=— g Se=

= Sa= ca b2’

be ab %

Gia st ring a > b > ¢ thi S, > 0. Si dung ticu chuan 4 ta chi can chitng minh
b2S, + %S, > 0 & b% + ¢® > abe, nhung bat déng thic nay hién nhién ding vi

a<b+c=b>+c>be(b+c) > abe.

Déng thitc xay ra khi va chi khi @ = b = ¢ hoiic a = b, ¢ = 0 ho#ic cac hoan vi. a
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C6 mot vai cach ching minh khac cho bét ddng thuc Iran 96, cach thong thudng
chung ta biét 1a khai trién va sit dung bat déng thic Schur, hodc dung cach da thic
d6i xitng. Tuy nhién ban doc sé ddng y véi tac gia, ring cac phuong phap dé chi ¢6
¥ nghia la ching minh bat d4ng thic ding vé mat toan hoc, chid khong dé lai nhiéu
4n tugng hay md rong. Viec biét sit dung phuong phap S.0.S da lam bai toan trd
nén don gian hon rat nhicu, day thue sy la mot 161 giai dep va ngdn gon, thod méan
duge my quan toan hoc cta nhidu ngusi.

Phuong phap phan tich binh phuong da timg xuét hicn theo cach nay hay cach
khéc trong mot s6 bai toan bat déng thic, vi né la mot hudng suy nghi rat ty nhién
d6i véi bat ding thic. Nhumg chic chdn day sé la lan dAu tien ma phuong phap nay
ditge hée théng va duge coi 1a phuong phap chinh théng cho ching ta. N6 dem lai
cho chiing ta mo6t cach nhin chi dong va vo ciing hiéu qué déi véi cdc bai toan, ma
chi mot thoi gian ngin trude con la nhimg bai todn vo cung khé khan. Bat ding
thitc Iran 96 dugc coi 13 bai toan co ban tng dung phuong phap nady (méac du téc
gia nghi dén S.0.S tit mot bét ding thic cit hon). S.0.S 12 tén 14y tir chit cai dau
tién cha cum tit Sum of Square trong tiéng Anh.

3.2.2 Dinh i v& biéu dién cd s§ cia phudng phap S.0.5 va mot sb
ki thuat phéan tich

Dé khing dinh niém tin cia ching ta vé sy tdn tai mot bidu dién co sd cho
phuong phap S.O.S ta cin mot ching minh cu thé cho 16p céc ham da thitc, phan
thitc cho phép chita cac luy thita hitu ti (ndi céch khac, c6 thé chita can thitc). Ngoai
ra, néu khong c¢6 gi thay ddi, chang ra chi xét bai toan trong truong hop cac bién
sb khong am (vi mot bidu dién cla da thitc ding trong tap R™T thi ciing ding trong
R). Ta c6 céc dinh nghia va dinh lf sau day

Dinh nghia 3. Mgt ham phan thic ba bién F(a,b,c) duge goi la déi zing néu va
chi néu dong nhét thic seu F(a, b, ¢) = F(z,y, 2) ddng vdi mor hodn vi (z,y, z) cla
(a,b,c). Hon nita néu vdi moi s6 thyc duong T ma F(x,z,z) =0 thi F(a,b,c) duge
goi la ham dbi zing ba bién chudn.

Dinh nghia 4. Ham nia déi zing ba bién Mot ham phdn thitc ba bién G(a,b,c)
duge goi 16 nita déi wing néu va chi néu dong nhét thic sau G(a,b,c) = G(a,c,b)
diing vdi moi bo ba sé thuc duong (a,b,c). Hon nita néu vdi moi cdp hai sé thuc
dwong z,y ma G(z,y,y) = 0 thi G(a,b, ¢) dugc goi la ham nida déi zitng ba bién
chudn.

Dinh 1y 3.4 (Biéu dién cd sd déi véi 16p ham da thic). Gid si F(a,b,c) la
mot da thic déi ming ba bién chudn thi ton tai mot da thic nia déi Ting b bién
G(a,b,c) sao cho dong nhit thic sau la ding

F(a,b,c) = G(a,b,c)(b— ) + G(b,c,a)(c— a)? + G(c, a,b)(a - b)2.
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CHUNG MINH. Dau tién, ta sé chitng minh dinh li trén cin dua vao mot sb hidu biét
cd ban vé khong gian véctd. Cach chitng minh rit ngin gon va hay nhumg cin sit
dung mot sb cong cy cao cip.

Bdi vi dinh 1y chi han ché trong 16p cac da thitc ba bién nén cé c6 thé néi té6i
bac clia da thitc. Trong da thic ba bién a, b, ¢ s& chita (va chi chita !) cac hang tit
dang tm npa™b™cP trong d6 m,n, p la cac s6 nguyén khong am. Néu tmmyp 7 0 thi
m + n + p duge goi la bac cia hang tit nay. Trong trudng hop nguge lai ta quy udc
bac cta hang tit nay bing 0. S6 m + n + p 16n nhit duge goi 1a bac ciia da thic dé.
R6 rang, ta chi can ching minh dinh 1y cho 16p cac da thic bac n.

Ky hiéu S(F) 1a tap hgp tt ca cac da thic ba bién F(a,b,c) déi xing chuin
bac n, S(Q) la tap hgp tat ca cac da thic Q(a,b,c) dbi xiing ba bién chudn bac n
¢6 dang Q(a,b,c) = G(a,b,c)(b— c)? + G(b,c,a)(c — a)? + G(c,a,b)(a - b)?, & day
G(a,b,c) 1a da thitc nita dbi xing ba bién bac n — 2 (ta xét n > 2 vi véi n=1 thi
dinh 1y hién nhién ding). R6 rang S(Q) U {0} 1a khong gian vécto con clia khong
gian vécto F(a, b, c). Va do d6 s6 chiéu ctia khong gian S(Q) U {0} khong vugt qua
s6 chiéu clia khong gian S(F) U {0}. (%)

Véi cac o, 8,7 € N, ki higu A = (o, 3,v) va xét cac da thitc dic biet sau

(©). Fala,b,¢) = 32, a®'b”' ¢ trong d6 téng duge ldy trén tat ca cac bd hoan vi
(o, 3,7') cta (a, 8.7).

(i3). Ga(a, b, ¢) = a®bPcY + a®b7cP.

(

ii1). @Qa(a, b, c) = Ga(a, b, c) (b~ c)? + Gi(b, ¢, a)(c— a)? + Gx(c, a, b)(a — b)2.

Ky higu £, 12 tap hop tat ca cac bd sb A(a, 3, v) thod man cac didu kién a+8+y =
n,a > 3 > v. Ro rang tap hop tét ca cac da thic Fi(a,b,c) ¥6i Aa. 8,7) € fn 1a
hé sinh doc 1ap tuyén tinh ctia S(F)U {0} do dé s6 chidu ctia S(F) U {0} bing sé
phén tit cla f,,. (1) ‘

Ky higu g, 12 tap hgp tat ca cac bd sb A(a, 3, v) thod man cac didu kien a+8+y =
n—2,a+2 > B > v. Ro rang tap hop tét ca cac da thic Qa(a, b, ¢) v6i AMa, 3,7) € qn
12 ke vecto doc lap tuyén tinh ciia S(Q)U {0} do d6 sb chidu ciia S(Q) U {0} khong
nhé hon sé phan ti cla g,. (2) :

TU cac két qua (1),(2) véi chﬁ.y 1a f, vA g, c6 cung sb phan t ta suy ra sb
chidu ctia S(Q) U {0} khong nho hon sb chidu clia S(F) U {0} (xx).

Vay tit cac két qua (), (¥*) suy ra sé chidu ctia hai khong gian S(Q)U{0}, S(F)u
{0} 13 bing nhau, tit d6 suy ra moi phan tit ciia khong gian S(F) déu c6 thé biéu
dién qua c4c phan ti ca khéng gian S(Q). Day 14 két qua cin phai ching minh. O

Hé qua 3.1 (Biéu dién cd sd véi phan thitc). Gid st rdng M(a,b,c), N(a,b,c)
la hai da thite nida dbi miing ba bién, hon nita vdi moi s6 thuc duong = thi phan sé
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M(z,z,z)/N(z, @, ) la mot hing sé t. Khi d6 ton tai ham s6 nda doi zing ba bién
G(a,b,c) sao cho dong nhdt thic sau la ding

M(a,b,c) Mi(b,c,a) Mlc,a,b)
N(a,b,c) N(b,¢c,a) N(c,a,b)
"= G(a, b, c)(b—c)? + G(b,c,a)(c— a)? + G(c, a,b)(a— b)%

F(a,b,c) = — 3t.

CHUNG MINH. Xét da thic sau day

H(a,b,c) =M(a,b,c)N(b,c,a)N(c,a,b) + M(b,c,a)N(c,a,b)N(a,b,c)
' +M(c,a,b)N(a,b,c)N(b,c,c) — 3tN(a,b,c)N(b,c,a)N(c,a, b).
Cha § riing H(a,b, c) 1a mot da thic déi xting chuén, nén theo dinh 1f trén thi ton
tai biéu dién co 50 cho da thic nay va do hé qua dugc ching minh. O
B& dé 4 (Bidu dién chinh tic). Gid st a, 8,7 la hitu ti 6 tong bing 3k, khi dé

ton tai bidu dién co sé cho biéu thic

fk(aa b’ C) = Z aa’bﬁ’c’y’ _ Gakbkck,

sym

Trong dé téng ldy trén tat cd cdc hodn vi (&, 3,7) cia (o, 8,7).

CHUNG MINH. R6 rang day chi 1a he qua tryc tiép tit dinh li vé bidu dién co sd d6i
véi ham da thie. Tuy nhién, ta sé ching minh hé qua nay ma khong dung dén két
qua cta dinh . Ngoal ra, ta ciing ching minh hé qua véi 1p cac ham da thitc md
rong, theo nghia hé s cac bién khong nhét thiét nguyen ma c6 thé 1a s6 hitu ti. Luu
¥ dén céc tinh chat sau day

Tinh chéit. Vi moi k hitu t thi cdc da thuc
fi = (a* - b*)(a - b) fo = a +bF + & — 3Vakbkck

luon ¢ bidu dién co s¢ S.0.S, tic la ton tei cic du thic (md rong) nia doi ving
G(a,b,c) sao cho néu f la mot trong 2 da thic trén thi

£ =Gla,b,c)(b— c)® + G(b, ¢c,a)(c— a)? + G(c, a,b)(a— b)*.

Chitng minh 2 véi da thic trén trén hoan toan bing quy nap va tuong d6i don gian.

Ngoai ra vdi 16p haun da thie (hay k nguyén) thi bd dé nay 13 kha hién nhien. Sit

dung chiing, bai toan ciia ching ta dugc chitng minh nhu sau

fola by ¢) = — a®(b® — F) (b7 — &) - b%(@® - )@ - &) — (@’ ~ ) (0" - )+
+ a®(b® + c®) + b*(c® + a¥) + c*(a¥ +b¥) - 6akbrck,
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Trong d6 ¢ = B + 7. Biéu thitc 3 dong trén ludn c6 bidu dién co s8. Biéu thic dong
dudi c6 thé viét lai thanh ‘
—(a® = b¥)(a® — b?) — (b* — *)(B¥ — c¥) — (c* - a®)(c? — a?¥)

+ a®F + b3 + 3F — akbck.
Bai toan cuia ching ta da duge ching minh. Day la cach chuing minh so cap cho
dinh )i v& biu dién co sd cta phuong phap 5.0.5 hoan toan bang so cAp, V1 tu két

qua ndy ta cang suy ra luon két qua dinh 1i trén. Ngoai ra, day cing la cach téng
quat cho phan tich co s6. O

Con bay gid 1a mot sb déng thitc thuong duge sit dung trong phan tich

e a2 +b? —2ab= (a —b)?

_(a- b)?
T ab

o a®+ b3 —ab(a+b) = (a+b)(a-0b)?

+29
a

°
o &

e a?+b+c?—ab—bc—ca= (a—b)2+(b—c)2+(c—a)2)

DO =

. a2+b2+c2—%(a+b+c)2¥%((a—b)2+(b—c)2+(c—a)2)
o (a+b)(b+c)(c+a) — 8abc = a(b - ¢)? + b(c ~ a)? + c(a — b)?
. a3+b3+c3—3abc=%(a+b+c) ((a—b)2+(b—c)2+(c—a)2)

(a—b)?

o /2(a2+b%) —(a+b)=

( )=t ) a+b+ 200+ b?)

a b c 3 (a — b)?
'b+c+a+c+a+b_E‘Zsymz(a+c)(b+c)

Trong céc bidu thitc 3 bién ban hoc nén chi ¥ téi cac dai lugng a—b, b—c, c—a. Viéc
nhém céc dai lugng nay mot cach hop 1f sé rat ra duge hang ti (a—b)?, (b—c)?, (c—a)?.

Ban hiy xem vi du sau day

Vi du 3.2.6. Phan tich cd 56 S.0.5 cho bidu thitc

ab + be + ca 3
P24k B2+cE+ka?  E+a+kb? k+2
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Lo1 GIAL. Dat s =k — 1 va M = a? + b2 + ¢2, Cha ¥ ring

2(a® + b + kc?) — 2(k + 2)ab = (k + 2)(a — b)2 + k(c® — a? + ¢2 — b?).
Ta 6 duge 2 dai lugng 1a ¢ — a2, ¢ — b2 trong s6 hang thit nhat. Cac dai luogng nay
xuét hién lai trong céc sé hang khac nén

ab ' be ca 3
a2+b2+kc2+b2+62+ka2+c2+a2+kb2—k+2
_ 1 (k+2)(a—b)2 +k(c* - a® + % - b?)

72

2(s+3 M + sc?
sym .
1 k + 2)(a — b)? k(c? — v? 1 1
_ Z( )( 2) -3 ( )( - )
2(s+3) pryed M + sc oy 2(s+3) "M+sc®2 M+sb

_ 1 (k +2)(a~b)? ks(b? — c?)2
~"2(s+3)2 M + sc2 +ZQ(k+3)(M+sb2)(M+sc2)

sym sym

Vay biéu thitc duge viét gon lai thanh

k+2 ks(a + b)?
Z (—M + sc? + (M + sa?)(M + sb2)) (a~b)*

sym

Ta tim dugc cac hé s6 tuong ing clia (a — b)2, (b~ ¢)?, (¢ — a)? trong phan tich co
s4 S.0.S 1a -
Se=—(s+ 3)(M + sa®)(M + sb?) + s(s + 1)(a+ b)*(M + sc?)
Sp = —(s+3)(M + sa®)(M + sc?) + s(s + 1)(a + )2 (M + sb?)
Sa = —(s+ 3)(M + sb?)(M + sc?) + s(s + 1)(b+ ¢)2(M + sa?). O
Dé c¢6 ki thuat tét, ban hay xem lai nhltng bt déng thic da biét va thit phan
tich chiing. Luu § rang hau hét cac bat ding thic don gidn dédu c6 thé phan tich rat

dc dang va do 1a mot sy thye hanh tét véi cac ban. Hon uita, cong vi¢e nay cing
rat ¢6 y nghia dé a4p dung S.0.S vao cic bAt déng thitc sau nay thuan lgi hon.

Vi du 3.2.7. Phan tich co sd cho cic da thic sau day

(i) (a+ b+ c)® - 27abe.
(i) at + bt +ct —abe(a+b+c).
(ii3) a® + 6% + ¢® + 3abe — ab(a + b) — bc(b+ c) — ca(c+ a).

Mot can hoi thii vi dit ra la lwu plurdng phap phan tich nhu vay 6 duy nhét
hay khong? Va cau tra 18i, t4t nhién la khéng duy nhét. Lay vi dy, ta c6 d&ng thitc
don gian sau véi moi a, b, ¢ thuc

(a—b%*a—-c)(b—c)+ (b—c)2(b- a)(c—a)+ (c—a)?(c—b)(a—b) =0.
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Nhu vay néu ¢ moi hé 56 trong phan tich cu s ta them bdt tuong tng cac dai
lugng (a — ¢)(b— c), ... thi duge mot bicu dién mdi khac biéu dién ban dau.

3.2.3 Nhitng tng dung quan trong cia phuong phap S.0.S
Sau day la mot s6 bai toan dién hinh dya trén phuong phap nay
Vi du 3.2.8. T¥m hdng s6 duong k lon nhat dé ta cé bit ding thic

a + b + c + ab+bc+ca>k+3
b+c a+c a+b a2 +b2+c% ~ 2’

diing vdi moi a, b, c khéng am.

L1 GIAL Ta sit dung bién ddi

B4t ding thitc duge viét thanh.

(a - b)? (a —b)?
szy":l(a+c)(b+c) sty}—;aerb?ﬁ-cZ
@Z(a—b)2 ((aa:zj'(—b—;a“k) 20

+, Cho b = ¢, khi d6 k phai thod man didu ki¢n sau véi moi a, b khong am

N i a® + 2b°
S{a+c)b+c) 2b(a+b)

C6 thé dé& dang tim dugc véi a,b > 0 thi

a? + 2b° V3-1

min f(a,b) = S =

Ta s& chitng minh day 1 gia tri tot nhat ciia k.

V3-1
2

+, Véi k = . Khéng mét tinh tdng quat ta gid sta > b >c.

a? + b + c? a2+ +2 a? + b + c?

S ACA S —k,S
(a+c)(a+Db) St A

S = GraGia T eraerd
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Kbi d6 dé thay S. > S, > S,. Ngoai ra

(@®+ b2+ c)(a+b+2¢)
(a+b)a+c)(b+c)

Sp+ S, = — 2k.

Dat t = ‘i}’—’, khéng may khé khan ta chitng minh duoc

(2% + c?)(2t + 2c¢) 2t? + ¢?
Sy + S, > — 2%k = —-_——-2k>
bt e T o2 t(t +c) =0

(Theo sit xac dinh cta sé k , ma ta khong cin tinh cu thé tit trudc). Vay gia tri tbt
nhét cta k 1a ‘/_ L Péng thu’c xdy ra khi va chi khi @ = b = ¢ vA ¢6 thém trudng
hopa=b= 3/_—~ (hodc c4c hoan vi) khi k = 32L 0

Vidu 3.2.9. Tim hing sé thuc k tét nhdt cho bit ding thic sau

1+ be + l1+ca + 1+ab 12
ka2 +bc  kb2+ca  kc2+ab T k+1

vdi a,b, c la cdc sb thuc khong am thod man ab+ be +ca = 1.

Lo1 GiA1 Dap s6 cho bai toan nay'la k > 2+ /3. 0

Vidu 3.2.10. Cho a,b,c > 0. Chitng minh rdng

2(a - b)%(b - ¢)%(c — a)?

b b b
e B e

a2+ 2bc 2 +2ab 2+ 2ab

Lo1 GiAL Gidsta>b>c Tacd

alb+c) blc+a) cla+b)

" a?+2c c®+2ab 2+ 2ab

1 2a® + 4bc — 3a(b + c) (a —2c)(a—b)+ (a - 2b)(a—c)
a? + 2bc 32 a2 + 2be

sym sym

1 a-2 b-2c) 1 (a — b)*(4ac + 4bc — 4c* — ab)
- a?+2bc  bZ+2ac) 34 (a? + 2bc)(b? + 2ac)

_ ab(a — b)? (c— a)(c - b)(a - b)?

- wzm (a? + 2bc)(b? + 2ac) 3 Z (a? + 2bc) (b2 + 2ac)
ab(a — b)? 4(c —a)%(c - b)%(a—b)?

Z (a2 + 2bc) (b2 + 2ac) (a2 + 2bc) (62 + 2ac)(c? + 2ab)’

sym
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Vay bét déng thic cin ching minh trd thanh

Z ab(a — b)? 2(a - b)2(b— ¢)*(c — a)?
(a® + 2bc)(b2 + 2ac) = (a? + 2bc)(b? + 2ac)(c? + 2ab)

sym
& (ab(c2 + 2ab) — 2(a - c)?(b - c)?) +be(a®+2bc)(b- c)? +ca(c? +2ab)(c— a)? > 0.
B4t ding thic cudi cling hién nhién dang do ab > (a — ¢)(b—c¢). Ta co dpcm.
Déng thitc xdy ra chi khia=b=c hosc abc =0. O |

Phuong phap S.0.S khong chi tng dung rat t6t dbi voi cac bat déng thuc dbi
xtng ma né con duge s dung hi¢u qua trong cac dang bat ddng thic hodn vi. Sau
day 12 mot vi du md dau c6 nhiéu ¥ nghia.

Vi du 3.2.11. Ching minh ring vdi moi s6 thuc duong a,b,c ta ludon cé

a2 B2 2 _ 3+ +cP)

c
oV A S A Mt
b+c+a_ a2+ b2 +c?

Lo1 GiAL Tit bat dfng thitc co ban a/b+ b > 2a ta suy ra déng thic sau
2 AV
a (a —b)
SL I DCELE
cyce sym cyc
Ngoai ra d& thiy ring

3(ad + b3 + ¢°)
a? + b? + ¢?

(a+b)(a—b)?
a2+ b2+c?’

—(a+b+) =)

sym
Tit d6 ta tim duge cac hé sb trong phan tich co sd 1a

2 2 2 2 2 2 b2 b2 2
sc=“—i—bgic——(a+b)=“ :c _a, s,,=C: _b, S = o

Do tinh hoan vi ciia cac bién nén ta phai xét ca 2 trudng hop
+,a > b>c Khidé dé thdy S, >0,8.>0.

Phan con lai ta sé ching minh S, + 25 > 0 va Sc+25 2 0. Ca 2 bat déng thic
nay rat dé ching minh, xin danh cho ban doc tu hoan chinh.

+,a<b<ckhidé S, >0,5:2 0'va ciing khéng méy kho khén ta chitng minh
duge Sy + Se = 0.

Do d6 bat ding thitc dugc ching minh xong trong moi trudng hop. Day 1a mot bai
toan dién hinh cho viec ap dung éruc tiép truc tilp céc ticu chuéan cua phuong phap
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5.0.S da dugc trinh bay ¢ tren. O

Khéng chi dimg lai trong 18p céc bai toan 3 bién, phuong phap vin dude sit dung
trong cac bai toan bit ding thitc téng quat véi n bién

Vidu 3.2.12. Ching minh rdng néu a1, ay, ..., ar la cdc s6 thye duong c6 tdng béng
n thi ta ¢6 bdt ddng thic \

1 1 1 2v/2n
—+ — .=+ 2\/_ 22n+2\/§-
aq an an ai +a3+ ...+ a3
Lo1 G1AL Ta stt dung bién déi sau
1 4 1 . 1 N 1 1 n?
— 4 —+ .t -n=—F — 4 . — =
ay - az an ay as a, air+ay+..+4+ap
Ly le—o)
n< aa;
1<

n n 1
1- =n -
a?+add+.. +a2 ((m+a2—}-...—i—a”)2 a%+a§+...+aﬁ>
_ Dicy (@i — a;)?
n(a? + a2 + ... + a2)’

1 2+/2

aia; ‘a?+a2+..+a2’

Ta phai chitng minh > icj Sij(ai — a;)® > 0.
Nhém titng nhém 3 sb hang va ta sé chimg minh 1 bat ding thitc manh hon
Sa(b—c)* + Spla— )2+ S.(a—b)2 >0
1 2V2

Rl VA
1 22
Sp= = -

ac  a?+b? 4 2
S(::—l"_ 2\/§

ab  a? + b2+ c?
Khong mét tinh tdng quat, ta gid st a > b > c. D& thdy S, > S} > S.,

1 1 42

Sp+ S =—+— — ——

bt e ab+‘ac a2 + b2 +c2"
1 2 .

Datt:b—+~c,khid6—+12——néntasuyra
2 b ¢~ ¢
2 442 2 4/2
Si+S > 2o A2 2 42,
at a?+2t2 " at  2/2at
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Vay S,.> 0 va ta c6 dpem. Ding thitc xay ra chi khi tit ca cac hién bing nhau véi
n > 4. Khin = 3 con ¢6 thém 1 trudng hop nita laa =b = % hodc cac hoan vi. O

Sau day la ot s6 bai toan hay van dung phuong phap nay
Vi du 3.2.13. Chitng minh rdng vdi moi a, b, c duong ta cé bat ding thic

a N b + c + abc >5
b+c a+c a+b 2ad+3+3) T3

Vi du 3.2.14 (B4t déing thic dang Schur). Ching minh ring vdi moi sé thuc
khong am a, b, c ta lubn cé

a® + 0% + 3 + 3abe > abv/2a2 + 262 + bey/2b2 + 2¢2 + cav/ 2¢2 + 2a2.

Vi du 3.2.15. Chitng minh ring cho moi sé thuc khong am a, b, c ta cé

ad + b3+ c3 54abc S
abc (@+b+¢)d = 7

Vi du 3.2.16. Tim hdng sé thuc duong k nhé nhét cho bit ding thic sau

ab be - ca a2+bv2+c2 3 k

>
@t 02 " BrE TeraE larbror-1’

Véi a,b,c la cdc s6 thuc khong dm.tug) 7.
Vi du 3.2.17. Tim hdng sé thuc duong k nhé nhét cho bit ding thitc sau

8abc a?+ b2 +¢? k
+ Z 1+ )
(a+b)(b+c)(c+a) (a+b+c)? 3

Véia,b,c la cdc so thuc khong am tuy 4.
Vi du 3.2.18. Chitng minh rdng vdi moi a, b, c duong ta cé

abc(a + b+ c) 12(a® + b + ¢%) >
at+bt+ct (at+b+o)(a®+b2+2) T

Vi du 3.2.19. Ching minh rdng vdi moi sé thuc duong a, b, c ta cé

a* + b* + ¢t 3abe 2 5 5 9
' > — b .
ab+ bec+ ca a+b+c“3(a+ + <)

Vidu 3.2.20. Ching minh vdi moi a, b, c khéng am ta cé

7(a® + 63 + %) 4(a%b? + b2c? + c*a?)
a? + b2 4 ¢? ad + b3 +¢3

> —1(a+b+c).

1
3
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Vi du 3.2.21. Tim diéu kién cho cdc s6 duong k,l d€ bit ddng thic sau ding vdi
moi a, b, c khong am

o, b L ab + bc + ca a2+b2+c2>§+k+l

b+c a+c a+b a?2+b2+c2 (a+b+c)2 T2 3
Vidu 3.2.22. Ching minh vdi moi a,b, c khong am

a? b? c? (a® + b% + c?)? (a+b+c)?

> .
b2 + ¢2 Py +c? T2 + b2 T 2(a?b? + b2c2 + c2a?) T 2(ab + bc + ca)

Vi du 3.2.23. Ching minh bdt ddng thic sau vdi moi a, b, c khong am

a® b3 el a+b+ec

"2a2~ab+2b2+262—bc+2c2+2c2—ca+2a2* 3

Néu nhut cac ban da thyc sy hiéu ré vé S.0.S thi chic chin nhitng bit déng thic
nhu trén s¢ khong thé lam khé duge cie ban, va ngay 1ap tite ban ¢6 thé khing dinh
riing ching dugc giai bing S.0.S. Nhung néu khong quen thi nhimg bat ding thuc
rit dep nhu trén qua la mét thit thach khong dé gi vugt qua dudgc.

Hi¢n nay, phuong phap S.0.S khong cdn qua xa la (d méi chi xuét hién trong
khoang 1 ndm gin day) va né da thire syt clntng té higu qua vugt troi ciia minh véi
hiu hét cac bat ding thic 3 bién ma khong c¢é cach nao khéac so sanh duge. Dé két
thic cho phdn nay, xin gidi thi¢u thém véi cdc ban mot ggi md vé phuong phéap
S.0.S d6i v4i mot 10p cac bai toan dic bist.

3.2.4 Suy luan ti¥ mot bai toan
Hay md dau véi bat ding thitc sau day

Vi du 3.2.24. Ching minh rdng vdi moi sé thuc duong a,b, ¢ ta cé bit ddng thitc

a?+bc  b*4ac A+ab _ 3
+ + >
(b+¢)? (a+c)?  (a+b)?2 ™ 2

Lot GIAL. Tat nhien trong bai todn nay ta c6 thé dung S.0.S khong may khé khan,
nhung lai 12 qud manh va con nhiéu cach dé dang hon. C6 mot cach rat don gian,
d6 1a sit dung bat ding thitc Chebyshev. Bat ding thitc da cho tuong duong véi

202 — b2 —c? 22— a?-c?  2¢% - a? - b?
5+ 37— + 7 2 0.
(b+¢) (a+¢) (a+b) .
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Cht ¥ ring néu a > b > c thi

2a2—b2—0222b2—a2a6222c2—a2—b2,
1 S 1 S 1
(b+¢c)2 ™ (c+a)? ™ (a+b)?

Va do d6 ap dung tryc tiép bat ding thic Chebyshev ta s& ¢ dpcrn. O
Vi du 3.2.25. Ching minh rang vdi moi a, b, c dudng

a? +2bc b2+ 2ac N c® + 2ab
(b+c)2  (a+c)?  (a+b)?

9
> —.
— 4

Lo1 GIAL Déi véi bai todn nay ta ciing chua can ding dén S.0.S. Céc ban c6 thé
ty tim 10 gidi bing S.0.S, néu khong muén chy xem § bai téng quat tiép theo. Ta
diing mot bat ding thic sau, ciing rat dang cha y

a?+2bc b+ 2ac *+2ab
+
b+c a+c a+b

> g(a+b+c).

Khai trién vA 1t gon cac thita sé chung, ta dugec mot bat déng thitc rat don gian
2(a* +b* +-c*) +2abc(a+b+c) > aB(b+c)+b3(a+c)+c(a+b) +2(a?b? +b2c? +c%a?).

St dung bat ding thitc Schur va bt ding thic AM — GM ta co

ZaQ(a~b)(a—c) 20<:>Za4+ab02a2 Zas(b—i—c),

sym sym sym sym
ad(b+c)+b3a+c)+ Pla+b) > 2(a%% + b2 + c?a?).
Cong 2 bat ding thitc trén ta c6 diéu phai chiing minh.
Tit d6 d& dang suy ra két qua bai toan ban déu
a® + 2bc 9 2 +2ve\’ 9 2
—_— > —] > - b .
Z(b+c)2 > (a®+2bc) | 2 T > J(a+b+o)
sym sym sym

Ngoai ra, hiy cha 7 ring k = 2 14 hiing s6 thuc 16n nhét dé bat ding thitc sau ding
v6i moi sb thyc a, b, c khong am

a2+ kbe b2+ kac c*+kab S 1+k

b+c a+c + a+b T 2 (a+b+c).
Va hon nita, ‘
a® +kbc b2 +kac c*+kab 1+k 4+k
> mi —_ b . Q
b+ec T are a+b _mn( 2 7 4 >(a+ +e)
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Vidu 3.2.26. Tim hdng sé thuc k ldn nhét cho bét ddng thic sau vdi a,b,c > 0

02+kab+b2+kac+a2+kbc S 30 +k)
(a+b)?  (a+¢c)?2  (b+c)?2 ~ 4

LO1 GIAL Ta sé sit dung phuong phéap S.0.S dé giai bai toin nay.

Choc=0vaa=britrak < 2. Tasé ching minh day chinh la két qua tét nhit
clia k. Ro rang dé ching minh bat déng thic dung véi moi k < 5 ta chi cin chimg
minh bai toan trong trudng hop k = 5/2

2¢2 +5ab  2b% + 5ac 242 + 5be S5 21 21

@r? " are? TToror =1

Va vdi phuong phap S.0.S thi bat dang thitc nay tuong déi don gidn. Ta c6
20 +5bc 7 8a®+6bc—Th? —Tc®  4(2a% - b% — %) — 3(b—¢)?

(b+c)2 4 4(b + ¢)? N 4(b + ¢)?

Ta phai ching minh

6@ ) (rar i) 285 o

sym sym

N 42 (a — b)? a+b)(a+b+2c)23z(a—b)

pow (b+c)2(a+c)? povs (a+b)?
& Y (4a+bP(a+b+2) - 3(a+c)(b+c)?) (a-b)? >0
sym

Lay tuong ung S, S, Sp 12 céc he sb ciia (a — b)2, (b - ¢)?, (c — a)? trong khai trién
o sd trén. Khéng mat tinh tdng quéat ta c6 thé gidsta>b>c.

Dé thay S. > Sj, > S, va nhu vay phin con lai cia bai toan ta chi cdn ching minh
bat ding thite S, + S, > 0, hay

dla+c)b+c) ((at )+ (b+¢)?) +4(a+b) ((a+c)*+ (b+c))
3(a+b)*((b+¢)? + (a+c)?).

C6 thé d& dang nhan thiy ring hé s6 cta ¢ va ¢? & vé phai nhd hon & vé trai. Do dé
ta chi cn ching minh bat ding thice trén khi ¢ = 0, hay

4ab(a® + b%) + 4(a + b)(a® + b%) > 3(a + b)%(a® + b?).
Bit ding thitc nay tuwong duong vdéi

a* + b* + 2ab(a® + b%) > 6a%? & (a — b)?(4ab + a® +b2) > 0.
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Hién nhién ding, dang thitc xay ra trong trudng hop k = 5/2 khi @ = b = ¢ hoac
a = b,c = 0 hodc cic hoan vi. O

Bai toan tong quat thi nhit da duge chimg minh xong. Mot cach tu nhicn, ta
tim udc lugng cho bat ding thitc tuong tu

Vi du 3.2.27. Tim hdng sé thuc k lon nhét dé bdt ddng thic sau

a? + kbe  b% + kac c2+kab>3(l+k)
b2+c2 a2+ a4k T 2 7

Ding vdi moi a,b, c khéng am.

Lo1 GlAL Taldy ¢ = 0,a = b dé suy ra k < 1/2. Ta s& ching minh gi4 tri nay thoa
man, va do dé bat ding thitc sé vAn diing v6i moi k < 1/2.

2% +bc  262+ac 2% +ab _ 9
> —.
b2 + 2 a +c? a2 +b2 ~ 2

Dua vé& cac tdng binh phuong bing khai trién

2(2a% — b* — %) — (b - c)?
2(b2 + ¢?) '

2a2 + be
b2 + 2

3
2
Va do d6 ta cin ching minh bat dang thic

1 1 (a — b)?
2 _ 32 _ SNl 0)”
23 (a b)(b2+c2 a2+cz>—za2+b2

sym

&) (2(a+b)X(a® +b?) - (@®+ )+ H)) (a-)? 2 0.

sym

LAy S., Si, S 12 cac he sb tuong tng cta (b — c)?, (c ~ a)?, (a — b)? trong bat déng
thic trén. Khong mét tinh tdng quat gid st a > b > ¢, khi d6 S, > S > S,. Ta
phai chimg minh thém S, + S, > 0, hay tuong dudng vdi

2a+ )2 (a? +'2) + 2(b + ¢)2(B% + %) = (a® + b?)(a® + b® + 2¢%).

Ciing d& dang nhan thiy hé sb clia ¢? 3 vé phai nhd hon vé trai, va do d6 ta chi cin
ching minh khi ¢ = 0, hay

2a? + 2b* > (a2 + b?)? & (a® - b?)? > 0.

Bt dAng thite da duge chnitng minh xong. Ding thite xdy ra khi a = b = ¢ va néu
k = 1/2 thi c¢6 thém 1 trudng hop a = b, ¢ = 0 hoac cac hoan vi. O

Néu ban la ngudi to md vA thich kham ph4, hay ty minh nghién cttu thém mot
bai toan tuong tit
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Vidu 3.2.28. Tim hdng sé thuc k lon nhit dé bét ding thic

2 2 2
2(1 +lcbc2 2b +lcac2 c* + kab > 3(1+ k),
b2 —bc+c a?—-ac+c a® — ab + b?

Diing voi moi a, b, ¢ khong am.
Va ta ciing ¢6 thé lam manh hon bt déng thitc ban dau bing bat déng thic
Vi du 3.2.29. Ching minh ring vdi moi a,b,c khéng am ta ¢

4(a® + be)  4(b? + ac) 4(c? + ab) (@a+b+c)?
>3+ —
b2 + ¢2 a? + 2 a?+b2 = ab + bc + ca

Sau day 1a mot két qua tdng qudt nhat tit cac bai toan qua da néi ti. Tac gia
sé khong néu 1oi giai cy thé § day, vi 10i gidi cho bai toan téng quat ciing khong
khéc v4i 13i gidi cho 2 bai toan trén nhidu 14m, va quan trong hon Ia ciing st dung
phuong phap S.0.S theo céch tuong tu.

Vi du 3.2.30. Ching minh ring bét dang thic sau ding véi moi a,b, c khéng am
va p, q la cdc hdng 6 thod man p > —2, ¢ < 2p + 1

a? + gbe b2 + qac c? + qab S 3(g+1)
b2+pbc+c2 " a2 +pac+c? ' a? + pab+ b2 = p+2
Cudi ciing, cic ban hay sit dung phuong phéap S.0.S dé gisi cac bai toan sau day

Vi du 3.2.31. Tim hdng s6 k tét nhdt (Ion nhit) dé bét ddng thite sau ding vdi
moi a, b, c khéng am

a3+b3+_c3 ab+bc+ca>§+_k:'
(a+b)(b+ c)(c+ a) (a+b+c)2 =8 3

Vi du 3.2.32. Ching minh réng véi moi a,b, c khong am bit ddng thitc sau day
luon ding ‘
a’ b4 ¢t a+b+c
; =+ + — i .
a4+ B+ B4ad 2

Vi du 3.2.33. Ching minh rdng vdi moi a, b, ¢ khong dm ta co

a’ N b3 + s a+b+c
202 +b2 ' 2024+ ¢2 ' Q242 T 3 )

Day la cac bai toan hay va khé gitap ban tong két lai vé phuong phap nay.
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3.3 Phuong phap phan ching

3.3.1 Bai toan md dau

Chéic nhidu ban sé ngac nhién khi thiy phuong phap phén chitng cing diung
duye trong cac bai todn bat dang thic? Diéu thu vi 1a d6i vdi cac bai toan sit dung
phuong phap nay ta luén c6 mot 13i giai sang stia hoac con dudng chiing minh dé
dang hon. Hay bit diu bing bai toan ndi tiéng sau

Problem 4 (Romania TST). Gid s¢ a1,az, ..., an l& cdc s6 thuc duong sao cho
a1as...a, = 1, hdy ching minh

1 1 1
-+ it ———
n—14+a; n-1+as n—14+a,

CHUNG MINH. Day 13 mot bai toan khong dé, néu ban lan dau tien nhin thay n6
thi né thye sy 14 mot bai toan khé. Trong cac cach chimg minh cho bai toan nay,
st dung phan chimg 13 mét trong nhitng cach ngén chitng minh gon nhat (sau nay
chiing ta sé con ban tiép vé n6 vdi phuong phap quy nap tong qudt).

Dat z; = 1/(n— 1 + a;) va ta phdi chimg minh z; + 22 +... + 2, < 1.

Ching ta hay nhin nhan vin d& nguge lai, néu tang cac sb ; dé cho téng 1 + 2 +
e+ p = 1 thi didu gi s¢ xay ra? Lutu ¥ réng cac sb a;, i = 1, 7n lién hé véi nhau béi
ding thic aay...a, = 1 va do d6

1 1 1
— —-n+1 ——n+l}..|—=n+1}) =
x1 o) Ty

Vay bay gio ta s¢ chimg minh bai todn phan chimg nhu sau :

=

Bo6 dé. Néu:c1+x2+...+:cn:1vd0<:vi_<_4\7’z'=1,_nti

n—1

1
<i—n+1> (—1——n+1>... (——n-l-l) < 1.
I T2 In
That vay, bat ding thic trén tuung duong véi

(1-(n-1Dz))(1-(n-1)z2)...(1 = (n - L)z,) < T172...ZTn.

Theo bét ding thitc AM — GM ta c6

(1= (n— p n—1
H(l—(”—l)l’j)S (Zj;éi(l ( 1)%)) gl

i1 n—1 t
J#

Cho i chay tir 1 dén n vA sau d6 nhan tit ca n bt dang thitc nhu trén ta ¢6 dpem.
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Gia sit S°7-, z; > 1 khi d6 ton tai s6 duong k > 1 dé z; = kr;va y i = 1.

Theo chitng minh @ trén thi

Mau thuén nay suy ra dpem. U

Néu tinh ¥ thi cac ban c6 thé thiy bai toan trén va bai todn quen thudc sau day
13 hoan toan tuwong dudng
B& dé. Néu ay, g, ..., an la cdc sb thuc duong thod man
LN S S
l+a;  14+a 7 l+a,

Khi dé ta cé bit ding thic

mg...ay < (n— D)™

Va cau hoi cin phai dat ra bay gid 13, phuong phap chung giai mot bat dang
thitc bing phan ching sé nhu thé nao?

3.3.2 Nhin nhan mot bit ddng thitc dudi géc d6 phan chiing

Trong rat nhidu bai toén thi y tudng phan chimg dua ching ta dén nhing két
qué rat bit ngd. Tham chi 2 bai toén 14 hoan toan tuong duong nhau vdi phuong
phap nay nhung it khi chang ta lai nhan ra sy tuong duong do. Chéng han, xét bat
déng thic sau day.

Vi du 3.3.1. Véia,b,c,dld cic s6 thue duong thod man a® + b2 + ¢ + d? =1. Hay
chitng minh

( (l-a)(1=b(1-c)(1-d)>1.

Bai toan nay da dude néu lén & chuong trude. That bit ngd 1a né trung véi dé
chon doi tuyén IMO 2005 ctia Trung Qudc (161 giai da duge néu trong chuong trudce)
nhung 15i gidi gbc chia bai toén lai hoan toan khéac va phic tap hon kha nhiéu. Cé
rAt nhidu vi du tuong ty, bing phuong phap phan chiing ta cé duge mot cach clhiing
minh rit doc déo. Chang han, ban hay thi gidi bai toan sau day
Vi du 3.3.2. Tim hing s8 duong k tét nhdt sao cho vdi moi a,b,c khong am thod
min a+ b+ c = 3 thi ta c¢6 bt ding thic

1 + 1 + 1 51
2+¥a 24+ b 2+ Y
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Lo1 G1AL Thuyc ra bat ding thitc nay hoan toan gidng v6i bai toan

Tim hing s duong k tét nhdt cho bat ding thic

2 k; 2b ’“+ 2 ’“>3
b+ c c+a a+b) —

Mic dit, xét vé hinh thic thi 2 bat dng thdc khong cé gi chung nhau. O

Nhu vay, véi mdi bai toan ta déu xay dung dugc mot bat ddng thitc phan ching
tuong tng va tuong duong véi bat déng thic ban dau. Vi du sau day 13 mot bai
todn ma sau khi duge thay thé bing ki thust phan chitng tré thanh mot bai toan
hoan toan méi va khé hon han.

Vi du 3.3.3. Chitng minh ring néu ay,as, ..., an la cdc sé thuec nhé hon n? + 1 va
cd téng bing n® thi

241 241 241
il SN keSS DR Kl R SIS Y
ai ay an

Lo1 GiAl. Cé thé thiy bai toan trén hoan toan tuong duong véi bit ding thic
Chitng minh néu Y ;- ;=1 va z; > 0 thi

1 n 1 b4 1 < nd
l+a?  1+22 7 1422 n2+1

Chitng minh bat ding thiic nay biing ki thuat chudn hoa. O

Nlut d trong vi dy trén thi tde gid bai toan da ¢b tinh gidu vAn dé cii di béi ki
thuat phan chitng dé tao ra bai toan mdi. Cau hoi dat ra 1a : Lam thé nao dé zdy
dung dugc mot bét ddng thitc phdn chigng ding? Ching han, khi cho gia thiét

241 241 241
\/"+ _1+\/n+ PP ot USRS
a) ap an,

Ta lai cin ching minh a; + as + ... +a, < m”% ma diu nhé hon lai khéng thé

‘thay bang d&u 16n hon? Cau trd 13i 13, viéc dat dAu so sanh hoan toan phu thudc
vao bai todn, tuy thco ta sé& ting hay gidm cac bién. Tuy nhién, thong thuong dé
chic chin va dé nhan biét thi ban chi cin thay thé mot sé trudng hop cu thé. Hay
chi ¥ riing, néu dat

n2+1 ° n?+1
; —1=>ai==—2———,
a; :L"L+1

. n 2 PR . .
Ta chiing minh, néu 3~ | ’fﬂ% =ndthi )" | z; < 1. Phanching, néu Y z; =

1, c6 nghia la ta cAn tang gi tri z;, suy ra gi4 tri biéu thic (n? + 1)/(z? + 1) gidm,

Ty =
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vay ta sé phai chitng minh bat ding thitc phan ching sau
B6 dé. Néu cdc s6 duong x1,xa, ..., Tn, théa mén T, + T2 + ... + Tp = 1 thi

1 n 1 T 1 < n3
l+2?  1+22 7 14z " n?2+1

Ta sé dat gitta 2 biéu thitc ddu nhé hon hosc bing (<). Viéc tao ra bai toan
phan ching tuong duong da hoan thanh va day 1a bude dau tién can lan trude khi
¢6 duge mét ching minh ding. .

3.3.3 Cac bai toan ap dung

Y nghia ctia phuong phap phan ching 1a chuyén diéu kien gia thiét trd thanh két
luan va chuyén bét ding thitc cdn ching minh tré thanh ding thic. Vi du sau day
minh hoa cho 7 tudng nay

Vi du 3.3.4. Gid st a,b,c la cdc s6 thuc duong thod man ab + bc + ca = 3. Hay
chitng minh ring

Va+3+vb+3++vc+3>6.

LO1 GiAl Phuong phdp phdn ching dng dung rét 15 vio bai nay. Ta ching minh
mot bai todn khac nhung tuung duong nhu sau

Néva,b,c>0va Va+3+vVb+3++Ve+3=06thiab+bc+ca<3.

(chuyén két lugn v/a + 3+ Vb + 3+ + 3 > 6 thanh ding thic va chuyén gid thiét
thanh két ludn, ddy chinh la y tudng phdn ching).

Bat ding thitc nay ro rang la don gidn hon nhiéu so vdi bt déng thitc ban diu. Ta
¢6 thé loai bd can thitc bing cach dat

t=vVa+3,y=vVb+3,z=vVc+3=>zx+y+z=26.
Va ta phai chitng minh
(@ - 3)(¥* - 3) + (¥ = 3)(* - 3) + (2* - 3)(2® - 3) < 3
& o2y + y?2? + 20?4 24 < 6(a? + 4% + 22) (%)

Va bay gi¢ phép ching minh sé don gidn hon rit nhiéu. Cé nhiéu cach ching minh
bat déng thite (), ban doc cé thé xem trong phuong phap don bién. Sau day ta sé
trinh bay mot 10i giai sit dung S.0.5. Bat 'diug thie da cho tuong duong véi '
3(z2y° + 222 + 222%) —(zy + yz + 22)? < 6(2? + 9% + 2%) — T2+
+12(z% + 4% + 2%) — (zy + yz + 22)%.
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Cha y ring z +y + z = 6 nén zy + yz + zz < 12, va do d6 ta chi can ching minh

3(z?y? + 22 + 2% — (xy +yz + 22)? < 6(z% + y? + 2%) — 72+
+12(z + y? + 22) — 12(zy + yz + 2z)

&> (ay-22)7<2) (29 +6) (z-y)°

TY,2 z,y,‘z T,Y,2

& B-2) -y +B-y)z—2)2+8-2)(y-2)?*>0

T gia thiét suy ra z,y,2z > V3. Dodbz,y,2<6— 2v/3 < 24/2 . Bat ding thic vi
vay duge ching minh xong. Dang thitc xay ra khi va chi khiz =y=2=2. 0O

Vi du 3.3.5. Cho z,y,z < 1 la cdc sé thuc duong thod man x +y+z = 3/2, ching
minh ring
x 4 y z <m(1—y) y(1-2) 2(1-=x)

1-zx 1——y+1—z_y(1—:v) 2(l-y) z(1-2)

Lo1 GiAl. Thyc ra day la mot bai toan da duge ching minh ¢ phén trude. Dat

z_ y_ . z
a = = = .
1-z’ 1-y’ 1-=2

Ta phai chitng minh

a b ¢
at+bt+e< -+-+-,
b ¢ a
Trong dé a, b, ¢ 1a cac s6 duong thod man
1 1 1 3

a+1+b+1+c+l : 2
Phan ching, gia st ring
a
b
Khi d6 theo bai toan 2.44 chuong II ta cé

b ¢
a+b+cz++-+-,
c a

1+ 1 + 1
a+1 b4+1 c+1

<3
-2

Déing thitc xay ra khi v chi khia =b=c =1, bit déng thie duge chimg minh. O

Vidu 3.3.6. Gid st x,y,2 la d6 dai 3 canh mot tam gidcva 1/z+1/y+1/2 =3,
tim gid tri nhé nhét cia

P=yVz+y-z+Vyt+tz-z+Vz+z—y.
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Lo1 GIAL Xét bat dang thic

1 4 1 N L 10
a24+b2 b2+ c2+a? T (a+b+c)?

Choa+b+c=+10, suy ra

1 4 1 N 1
a2 +b2 242 c?4a?2”

Tit bat déng thitc trén ta suy ra bt ding thitc phan ching 1a
Néu cdc sé duong a,b,c thod man diéu kién

1 + 1 n 1
a2+b2 b2+ 2+ a?

=1,

thi ta luén c6 a + b+ c > V10.
That vay, bat dang thitc trén tuong duong véi

Néu ap, by, c1 > 0 thod man 1/a; +1/by +1/c1 =1 thi

\/a1+b1—cl+\/171+cl—a1+\/c1+a1—b122\/5.
Do dé néu l/z+1/y+1/z=3 thi

i : 2v'5
\/5v+y—z+\/y+z—z+\/5+x—y2—\/\/§——. Q

Vi du 3.3.7. Cho cdc sé thyc khong am a,b, c,d thoi man diéu kién
‘ a? + b2 + ¢® + d? + abe + bed + cda + dab = 8,
Chatrlg minh ring atb+et+d<d
LoO1 GIAL Y tudng phan ching giip ta tao dinh hudng cho bai toan nay nlnr sau
Néua,b,c,d>0, a+ b+ c+d =4 thi ta phdi chitng minh
a? +b% + ¢ + d® + abc + bed + cda + dab > 8.
Day chinh la mot két qua riéng cha bai toan 2.87 chuong II. O
Mot vi du tuong ty minh hoa cho phuong phap nay ‘
Vi du 3.3.8. Cho cdc s thyc khong ﬂdm a,b,c,d thod man diéu kiéﬂ
a? +b% + ¢ + d* + 2abcd = 6,

Chitng minh rdnga +b+c+d < 4.
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LO1 GIAL Ta ¢6 thé thdy bat ding thic trén chi la hé qué clia bai toan sau
Néua,b,c,d>0, a+b+c+d=4thi a® + b + ? + d* + 2abed > 6. O

Vi du 3.3.9. Gid st a,b, c la cdc s6 thuc khong am thod man 1/a+1/b+ 1/e=3.
Ching minh bit ddng thic

Va+b+ \/17+c+\/c+a23\/§.

L31 GIAL Néu ching minh tryc tiép bt ding thitc tren thi sé rit khé, nhung khi
ta xét vin d& nguge lai, d6 1a ching minh bat déng thitc

1 N 1 n 1 >3

$2+y2_22 y2+22'—.’E2 22+.'If2—y2_ ’

Véi ,y, 2 1a céc sb duong thod min x +y+2z = 3 thi bai toan sé dé dang hon nhiéu,
vi cac bidu thic khong con chia cin thic nita.
a+b ) a+c b+c

, z2= 5

Sit dung truc tiép bat ding thitc AM — GM, ta chi can ching minh
(@2 +12 - 2 + 22 —2?)(2 +a? —P) < 1,
Nhung bat ding thic nay hién nhién ding vi
VT < :z:2y2z2 <1.
Ding thic xdy ra chikhia=b=c=1. 01

Vi du 3.3.10 (Téng quat IMO 2001 Pro. A2). Gid su a1,2, ..., an la cdc 56
duong cd tich bing 1. Ching minh bit ddng thic
1 1 1

Vi+(m?-—1a 1+ (n?-1)a T /1t (n? - ljay,

1 —

m Vi = l,Tl va P = T1X9...Tp.

Lo1 GiAlL Dat z; =

Ta chitng minh bing phan ching, gia st 21 + 22 + ... + @n < 1, khi d6

(1 ) Lt 1—a?
HE\22 ‘2 -1 (n?-1)z?

7

STla-) = -0 )
i=1
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Vi3~ ", z; <1 nén theo bat déng thitc AM — GM ta c6

i=1
. n
P
L—a;>—a;+ > > (n— 1) " =,
Z; zi+ ) ;> (n-1) z;

i=1

mn

l+z;>x;+ ZT‘ > (n+1)"/z;.P.

=1

Cho j = 1,2, ...,n r6i nhan vé tat ca cac bt ddng thic dang tren ta dugc
n
[[1-23) > @#2-1)"P2
i=1

Di¢u nay mau thun véi (), vay ta c6 dpem. D& thiy ding thitc chi xay ra khi va
chikhia =as=..=a,=1. 0O

Sau day 1a mot vi du dién hinh nhat cho phuong phép nay. Phuong phap phan
ching giup ching ta gidi quyét vin dé mot cach nhe nhang va don gidn hon hiu
nhu tit ci cac cach khac:

Vi du 3.3.11 (MOP). Cho cdc sé thuc duong ai,as, ..., an thod man

: 1 1 1
ay+ar+ .. t+ag=—+—+ ...+ —.
ay az Qn

Chitng minh bét ddng thic

1 1 1

o + ————— < 1.
n—1+a1+n—1+a2+ +n—l+an

Lo1 GiAL Ta chitng minh bai toan hoan toan tuong duong nhu sau :
Néu cdc 6 thue duong a1, as, ..., a, thod man

i 1 1
n‘—1+a1+n~1+a2+"'+n—l+an

Thi ta sé c6 bdt ddng thic

1 1 1

ata+.+a, < —+—+ .. F—.

. a1 ag Qn

- 1 )
That vy, dit z;, = ———tacébzy + 2o+ ... + T = 1,
n—1+4+a;
; , -1
agi= —— =1-—""" 1 (n- 1)z

n—-1+a; —Tl—l-l-(];i
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Doz +x2+ ...+ 2z, =1nén tacd
n
(n - 1)z; =(n—1)(xi+1—in)
o=z =n-1z —1+Z 1— (n— 1)x;)
j=1

& (n- Dz, = ~a;z; + Z a;T;

n

Do dé6

Nhung theo bét diing thitc Cauchy — Schwarz dé thay

1 LA | S (n-1)? _(n-1% =n-1

a;T;

pel LA —aizi+ Yo 0 (n— Lz i

Vay ta cé

1 1 1
& —+—+. +—>a1+a2+ -+ an.
a a2 an

Bat ding thitc cudi ciing nay cho ta dpem. Trong bat déng thic ban dau, déng thic
sé xdy rakhia; =a2=..=a,=1. U
3.4 Phuong phap quy nap tong quét
3.4.1 Bai todn md dau
Céc nha toan hoc thudng hay néi dua.réng "Khi ta khong thé gidi dudc mot bai

todn cu thé thi lai c6 thé gidi dudc nhidng bai todn tdng qudt va khd khdn hon rdt
nhidu”. D6 ¢6 thuc sy 13 mot cau néi dua, hay 1a mot kinh nghiém quy béu trong
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toan hoc? Khi tim hiéu qua phuong phap quy nap téng qudt trong chiing minh bt
déng thic va cac ban s¢ nhan dude cau tra 18i cho riéng minh.

Bat déng thic sau day da dude nhic t6i kha nhidu lan. Nhung ban hay cha y
t6i n6 thém mot 1an nita, vi né 1a khdi ngudn cia phuong phap ching minh nay va
dinh 1f I.G.I tdng quat

Problem 5 (Romania TST) Chitng minh ring vdi moi sé thuc khong am a,, ag, ..., an
cd tich bdng 1 thi bit ddng thic sau luén dude thod man

1 n 1 1
n-14a n-1+4+a ~ n-1+a,

<1. (%)

C6 kha nhiéu 15i gidi cho bai toan nay. Nhu da trinh bay, phuong phap phan
chiing ciing giéi quyét duge bai toan rat dep mét. Tuy nhién, khi giai bing phuong
phap phan chning chiing ta chi nhin thay cai dep nhiéu hon sy mong dyi trong bat
déng thic chit khong thé giai quyét tat cid moi van dé. Viéc khai quat len phuong
phap phan chitng ciing 14 kha méi so véi ban than bai toan trén va trong mot thoi
gian kha lau tac gia khong tim dugc ching minh cho né. Nhung d6 1a 1f do dé mot
- phuong phap clning minh khae duge hoan thien...

Bay git ching ta sé thit nhin lai bat déng thic that cin than va ré rang. Vdi gia
dy ban chua timg bift bai toan treén, ¥ tudng dau ticn cia ban khi bat gap no 1a
gi? Vi y tudng nhu vay ban c6 di téi bude cudi cing hay khong? That 1a tuyet néu
cau trd 10i la c6, vi dit cho bing cach nay hay cach khac, viéc ty minh giai dugce bai
toan cing 1a diéu rit an tugng.

Néu hoi vé § tudng dan tien dbi véi bat ding thite, c6 16 sé khong it cau tra 1o
dong y la quy nap. Phuong phap quy nap rat hay dugc sit dung véi cic bai toan
nhiéu bién s6 va day 1a mot ¥ nghi rt ty nhién. Nao, bay gid cac ban hay thit ding
quy nap dé chitng minh bat déng thic trén, vi day 1a mot y tudng rat thong minh
va s¢ di dén két qua cndi ciing.!

Sau khi thit ching minh b3ng quy nap, tac gid muén hoéi ban thém mot cau héi
nita, khé khan ma ban gap phai 1a gi? Néu nhu khéng nham 18n thi khé khin 16n
nhét 1a ¢ diéu kién rang budc ajas...a, = 1. Tai sao vay? Bai vi tit gia thiét quy
nap tich cia 7 — 1 s6 bing 1 dén diéu kién ching minh khi tich ciia n s6 bing 1 rat
kho lién két duge, dén dén viée ta khong thé ding dugc gia thiét quy nap. Didu nay
ching té ¥ tudng chitng minh bang quy nap da hoan toan thit bai?

Ban thi nhd lai cau néi diia ma nhiéu nha toan hoc thudng néi, né sé giap
ban gidi quyét duge van dé nay. Ching ta dang nghi dén viéc ching minh mot bai
toan téng quat hon, nhung thyuc té lai dé dang hon so véi bai toan ban dau cia noé.
That vay, tdng quat don gidn nhét 1 thay didu kién ajas...a, = 1 bdi didu kien
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a1as...an < 1. Didu kién nay ¢6 ¥ nghia hon hin diéu kién truéc vé hinh thic quy
nap, vi gia thiét quy nap duge sit dung dé dang hon rat nhiéu. That vay, khi ta sip
xép lai céc bién 1 < z2 < ... <z, thi dé dang ¢6 z1Z2...2n-1 < 1, day 14 gid thiét
quy nap va rd rang, diéu kxen v6i bat dang thic thi nhe nhang hon nhiéu sao vdi
diéu kien déng thic. Nhu vay, ta di t6i két qua sau day, vii § tudng chiing minh
nl da trinh bay ¢ trén

Bai toan téng quat. Cho cdc $6 thuc khong am ay, as, ..., an thod mdn aiaz...a, =
1, Vi=1,n va k la mot hdng s6 duong tuj § sao cho k > n—1, ta c6 bét ddng thitc
1 1 1 n

< )
k+a1+k+a2+ +k+an “k+1

LO1 G1AL That bat ngo khi bat ding thnte nay quy nap duge rit dé dang. Ban doc
hay chu § t6i 101 giai that cu thé sau day.

Xét véi n = 2 ta c6 bat ding thic

1 1 2
+ <
k+ay k+ar " k+1
& (k+1)(a1 + az + 2k) < 2(k + a1)(k + a2)
& (k—1)(a1 +a2) > 2(k - 1),

Nhung bt déng thitc nay hién nhién ding vik > 1vaa; +a2 2 1.
Trudng hop n = 2 khong cé nhiéu diéu phai ban tdi.

Ta gis sit bat déng thic da dung t6i n va ta phai ching minh bat déng thic dang
véi n + 1. Khong mét tinh téng quat gid st ring a; < a2 < ... < ap < Apy1. )

*Dit t = ¢/aiasz...a, va voi mbii=1,2,..,n dat b; = a;/t. Khi d6 byba...b, = 1, day

chinh 1a didu kién ctia gia thiét quy nap.
s , 1 1

Chu ¥ riang to +

1 y rdng tong kT o +

.+ ¢6 thé viét lai duge nhu sau
k+ a9 k+an

1+ 1 ++—-1———1(1+1++——1—>
k+1tb,  k+tby T k4th, t\K+b K +by k' +bp )’

Véi k’=£:—.'\/‘1k2nnénhién nhién k' >n/e>n—-1vit <1
Theo gia thiét quy nap thi
1 1 : 1 n
Pl S a S R

Va do d6
1 1 1 1 n n
+ +..+ < -5 = .
k+a k+ae k4+a, "t kK+1 Ek+t
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Phan cubi cling ctia ching minh 13

n 1 n+1
+ <
k+t k+an ~ k+1

(%)

Trong do6 cdc s ay, ag, ..., a, > 0 thod man didu kién t"ant1 = a109...an47 = 1.

C6 thé ching minh (*) bing nhidu cach. Ta sit dung khai trién 14 cach sd cAp nhit.
D@ thay ring
n " n+1
<
k+t+kt"+1 T k+1
= (k(n +1) - (k + 1))t"+1 —k(n+ 1"+ (n+ 1)t — (k—n) >0

(++) &

o (t- 1)(k(n F D~k + D)+ )+ k= n) >0.
s (t - 1)2(k(n + D+ L+t 4 1)

—(k+ 1) 224 4 n)) > 0.

Ditu nay hién nhicén dung vi ta c6 k > n nén méi h¢ s6 cha t* v6imbii=1,2,....n
déu duong trong thita sé thi 2. Vay bai toan da duge chitng minh xong.

Dfmg thitc xay ra khi va chi khi a; = ap = ... = anp = 1, ddc biét c6 thém trudng
hop 1 s6 bing +0o va céc s6 con lai bing Okhik=n—1. O -

R4 rang cach ching minh trén ngoai y tudng quy nap mot bai toan téng quéat hon
thi cdc chi tiét nho hau nhu khong c6 gi dat bict. Didu quan trong va c6 y nghia
nhét 1a viéc dit ra duge bai toan téng quét hop li. D6 sé la noi dung chinh cta toan
b phan nay - trinh bay vé phuong phap quy nap tdng quat.

3.4.2 Phuong phap quy nap tdng quat va dinh li 1.G.I

Mot cau héi sé duge dit ra 1a véi nhitng dang bai todn thé ndo thi phuong phéap
chiing minh tuung tw bat ding thic trén sé cé thé ap dung lai duge? Trong qué
trinh gidi ban doc hay him ¥ dén 3 didm chinh san day.

e Ludn phai ¢6 ditu kien k > ¢, =n — 1.

1 1
k+a = Wk +b)"

e Ta c6 thé tach duge
o Bét déng tintc phai diing khi c6 n —1 bién bing nhau.

Day la 3 diém chi § quan trong dé cho ta khai quat phuong phip ching minh
thanh mot dinh i téng quat
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Dinh 1y 3.5 (Inequality General Induction). Cho cdc $6 thuc duong 1,2, ..., Tn €
I c Rva(c,) € I' ¢ R la mot diy s6 thuc khong gidm cho trude. Vi diéu kien
T1T2... 0y = k™ (k = const). Tét bit ding thic sau

fle,x) + fle,x2) + oo+ fle,zn) 2 nfle k) (x%)

Trong d6 f(c,x): I’ x I — R thod man hai diéu kién

1. f la ham thudn nhét vdi 2 bién c, z, tic la ton tai hdng sé d sao cho
fac,az) = a®f(c,z) Yaecl,cel
2. Bét ding thic (%) ding Ve > ¢, trong truong hop T, = T2 = ... = Tn-1.
Khi dé (*x) luon ding vdi mot ¢ 2 Cn va vdi mot ddy Ty, T2, .., Tn.
CHUNG MINH. Thye ra chimg minh dinh 1f nay hoan toan tuong tu nhu cach ching

minh trong bai toan mé dau.

Vi (+#) diing khi c¢6 n — 1 bién bing nhau va ¢ > ¢, nén ta s¢ khoéng can chitng minh
gl cho trudng hop n = 2, n6 & trong gia thiét ctia bai toan.

Gia sit (%*) da dang v6i n s6 va véi ¢ > ¢n, ta cin ching minh véi bat déng thit
véi n + 1 sb. Khong mét tinh téng quat ta gid st 21 <22 < ... < Tn < Tpyl-

Dit t = {/Tix2...2, tacdt < k. Daty = kxi/t Vi = 1,nvac = kc/t. Khi do
Y12y = k5. Vi > ¢ 2 cny1 2 cp 08D theo gia thiét quy nap ta co

fle, ) + fle,m2) + o+ e, zn) = fle ty) + flesty2) + oo+ f(e tgm)

(s)d (f(CI, )+ f(d y2) + ..+ f(c, yn))

d
t
2n (E) f(c,a k) = nf(c, t)
Vi vay véi moi ¢ > c¢p41, theo gid thiét cia dinh li ta ¢6

f(C, ‘7:1) + f(C, .'L'2) + ...+ f(cv In) + f(c’ mn+1) 2 nf(c, t) + f(C, x?H—l)
> (n+1)f(c, k).
D6 chinh 1a didu phai cining minh. Q -

Dinh 1f Inequality General Induction thudng dudc goi la dinh 1f I.G.T (lay theo
cée chit cai ddu trong tén tiéng Anh cla phudng phap quy nap téng quat). Day la
mot dinh li rdt triu tuong va kho néu ban chua quen ding, vi vay tét hon hét dé
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hiéu va tng dung dugc né ban hay xem lai va doc that ki ching minh bai toan md
dau. Ching ta hay phan tich bai toan nay doi véi diéu kicn dinh 1i. Day s6 va ham
sb trong bai toan la

1

c+x

fle,z) =

, cp=mn-1

Ham sb nay thoa man 2 didu kign cla dinh li. V& mit logic thi didu kién 2 chi
mang tinh kiém tra bdt buodc, vi né phai ding néu mudn bat déng thic ding. Do
d& ¢6 n — 1 bién bing nhau nén vi¢e chitng minh cing tuong ty bai toan chi véi 1
bién va tuong dbi dé dang.

Thoéng thudng véi cac bai toan bat dang thic, dé bai chi rit gon trong mot
trudng hop cu thé ¢ = ¢, (thudng la gia tri t6t nhat)

flcn,z1) + flen, 22) + ... + flCnyTn) 2 nf(cn, k),

Ma khong ddi héi chitng minh d6i véi moi ¢ > ¢, nén trudc khi chimg minh ta
cAn téng qudt bai toan dé ¢6 thé dung dugce dinh i trén. Tit dinh li, ta cing ¢6 thé
suy ra cac he qua san day (thue ra chi la cac phat biéu dang khéc)

Hé qua 3.2. Cho cdc sb thuc duong x1,232,....,3, € I C R va (cp) € I' C R la mgt
day 6 thuc khong ting cho trudc. Véi dieu kwn T1Ty...T, = k™(k = const), zét bdt
ddng thic sau

fle,zy) + fle,2) + .. + fle, zn) = nf(c, k) (%%)
Trong d6 fe,z): I' x [ — R thod man hai diéu kién
1. f la ham thudn nhét vdi 2 bién c, z, tic la ton tai hang sé d sao cho
flac,az) = a’f(c,z) VaeIl,cel
2. Bit ding thitc (x%) diing Ve < ¢, trong truong hop iy =22 =..=Tp_1.

Khi dé (»x) luon ding vdi moi ¢ < ¢cp V@ V0 moi diy 1, T2, .., Tn.

Hé qua 3.3. Cdc két qud cia dinh li 1.G.I va hé qud 3.2 vén hoan toan ding néu
ta thay diéu kién ajaz.. O = k™ bdiay + ag + ... + a, = kn hodc mot so dang trunq
binh khdc. Cdc két qud vdn tuong ty néu ta d6i cic déu > bdi déu < ma c6 thé hiéu
nhu ta dang zét vdi ham —f.

3.4.3 Cac bai toan ap dung

Hay md ddu véi bat dang thite sau day
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va véi moi day (z1, xo, .., Tn) thod man didu kien cila bal toan. Bat ding thic duyce
ching minh xong, gia tri k& dugce chon ciing la gia tri t6t nhat. Q

Bai toan sau day da titng dugc gidi thicu & trang trudce, phan cac bai toan dang
chil y. Day ciing 13 mot bai todn rat hay sit dung phuong phap quy nap téng quat.

Vi du 3.4.2 (Mathlinks Constest). Tim hdng s6 k = k,, tét nhdt dé bat ding
thitc sau ding vdi moi sé x1,T2,...,Tn , T; > 0Vi=1,n vd 2129..2p = 1

1 1 1
+ 4.+ —————<n-1
\ﬁ~ + knxl \/1 + knx2 \Y 1 + knxn
Ld1 GIAl. Chozy =29 = ... =z, = 1 suy ra
2n -1
N cntek e L
kn,+1 (n—-1)
Dé chitng minh digu kién dq, ta sé ching minh bai toan hoan toan tudng duong
1 1 1
+ 4.t —=<V2n-1,
\/Cn +x \/Cn + T2 VEen + z,
- 1 (n-1)?
Véi cp = PR e

Nhung ta sé chimg minh két qua téng quat hon, d6 la

1 N 1 - 1 < n Ve e
vetzr  Jetzy T etz T e+l T "

That vay, dé cho gon ta xét trong trudng hop ¢6 n + 1 s6.

Liy 21 = o = ... = T, = T VA Zp41 = =~ ". Ta phai chitng minh

n 1 n+1
+ < (%)
ve+z etz T Ve+l

Gia st f(z) la vé trai cia bat déng thic. St dung dao ham

n nx~ "1

fia)=- 2(c+x)3/? * 2(c+ x~n)3/2"

Va do dé6

x—n—l

1 _ .
floy=0e Cta)p  (etampz = (" +1)° = 2" (e + ).
Q(T) =.(CII3" + 1)3 _ .’L‘"_2(C+ $)3 .

— C3.’B3" 1 302m27l _ .’E"+1 _ 302$n—1 _ CSzn—Q +1

— (.73"+1 _ 1)(631.271—-1 4+ 3021‘"-1 4+ 03.1'"—2 _ 1) =0.
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Do ham 322"~ 1 +3c%z™ ! + 32" 2 — 1 don diéu tang nén cé duy nhét moét nghiém
trong (0,1). Cht y réng g(1) = 0 nén ta c6

11138()‘(:10) = max [f(O),f(l)]:max( n ntl )

%’ ve+1
2
Tir d6, két hop vdi diéu kién c¢pq1 > 5 n+ T (*) da dugc ching minh xong.
n

Dit f(e,z) = . Hién nhién f(c, ) 12 mot ham thuan nhéat.

1
ve+z

Ta phai ching minh
fle,z1) + fle,x2) + ... + fle,zy) <nf(c,1) Ve=cq.

F 2 S (n - 1)2 N ~ £
D@ thay rang ¢, = o1 13 mot s6 duong tang.
Theo chimg minh & trén thi f(c, z) da thod man diéu kién. (2) cta dinh 1i LG.L. Vay
bat dang thitc da duge chitng minh hoan chinh. Déng thic xay ra khi va chi khi ca
n sé x; bing nhau hogic c6 n — 1 sb bing 0, sb con lai bang +oo0. O
Néu ban thdy con mo hé hay qua bat ngd vi ing dung ciia dinh 1f nay, hay doc

lai mot 13n nita va xem mot bai todn cd 13i giai cu thé tir chuong trudc dé déi chiéu
v4i dinh 1f I.G.I. VAn dé sé dan duge hé mo.
Vi du 3.4.3. Chitng minh ring néu cc s6 thue duong ay,ag, ..., an €6 tong bing n
thi ta cd bit ding thic

11 1 3., )

e — 4. F+——-n=>—(a]ta ot —-n).

a1+a2+ +an —n(l 2+ ap —n)
Lo1 GIAL Vi da trinh bay & chuong trude nén trong bai nay ta chi néi vé ting dung
ciia phuong phap LG.I dé di tim mot 13i gidi nhanh nhét.

Ta 14y ham s f(c, z) nhu sau

™

x

2’

f(C, CE) =

ISR Ks)

Chon day ¢, = </-%' thi ¢, la day tang clia n. Ta phai ching minh véi moi ¢ < ¢,
bét ding thice sau luon dung ) '
fle,m1) + fle, ) + ...+ fle,za) 2 nf(c, 1),

Dau tien ta xét trudng hgp trong n s6 ay, a2,...,an 6 n — 1 sb bing nhau.
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Gidstring a; =ag = ... = Gp-1 = @ Vi ap, = n — (n — 1)a. Khi d6 khong méay kho
khan ta s¢ ching minh duge bat ding thic 3.4.3 dung trong trudng hgp nay. Ban
doc ¢6 thé xem chi tiét ching minh & chuong truéc. Do d6 ham f(c,z) thod méan
diéu kién (2) ctia dinh 1f déi véi day ¢, = ¥/n/3 .

Hién nhién f(c, z) 1a ham thudn nhit nén f thod man diéu kién (1) ciia dinh li. Va
do d6 theo noi dung ctia dinh 1i LG.I thi b4t dang thic da duge ching minh. Q

Khi ban da thue sit hidu ré vé dinh 1i 1.G.I, ban sé thay dinh li c6 tng dung rét
manh déi véi cac bai toan bat ding thic n bién. C6 thé néi y tudng vé dang thuan
nhét dé f(c,z) dua c trd thanh mot bién dung trong hau hét cic cach ching minh

" cac bat ding thitc tdng quat khé. Chéng han, ta c6 bai toan dac trung sau day

Vi du 3.4.4. Ching minh néu a1, ay, ..., a, la cdc s6 thuc khong am cé tong bang n
thi ta cé
(n— 1)(("% + a% +ot ai) + naiay...dy > N2,

Lo1 GiAln Ta phai ching minh

a?+ai+.. +d2-n>c(l-aaz..a,) Ve< e, =n/(n-1).

Nhan xét riing néu bat ding thitc ding véi ¢, thi s& ding véi moi ¢ < ¢, day la mot
nhan xét nhd nhung rit quan trong trong viéc chimg minh téng quat. V6i n = 2 thi
bét ddng thite tuong duong véi

af + a% + 2a1a9 > 4
BAt dfing tlutc trén hién nhién ding vi né ludn 1 déng thute.

Gia st bat ding thic da ding véi n sb, ta phai ching minh bat ding thuc trong

trudng hop c6 n + 1 sb. .

a? + a4 ..+ afH_l —-n-1>c(l-a1a3...an41) Ve < cpp1=1+1/n.

Khong mét tinh tdng quat ca bai toan ta gid si rdng a; > a2 > ... > an41.
Dat ¢t = (ay +ag+ ... +ap)/n > 1 va by = a;/t Vi = T,n. Khi d6 hién nhién
by + by + ... + b, = n. Theo gia thiét quy nap thi

b2+ b3+ ..+ b2 —n> (1= bba.by) V' <cn

Thay a; = tb; vao trong bit ding thic trén ta duge

c/

a?+ai+..+ad2-nt?> o3 (" — a10z...a5) Ve < cp.

Ta phai chitng minh

a% + a% + ...+ a?l —n+c(ans1t" — 1) + (a,%+1 - 1) > cant1(t" — a1a2...ay).
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Viai+ax+...+apt1 =n+1néna,t" <1,dodé

n-2 c Cn
Cant1t™ " < 5 SCS Cnyt S Cn = Cnyr < P

Vay theo ching minh & trén ta co
2 2 2 2 n
ai +ax+ ...+ a, + capny1a10z...a, > nt° + cay 1"
BAt déng thitc con lai ciia ching ta tuong duong vdi
nt2 + Cn+1an+1tn +apy1 2 (TL + 1)2/n

en((nt?+nm+1-nt)?) + (n+1)(n+1-nt)t" > (n+1)2
Ban doc ¢6 thé d& dang ehiing minh bt déng thic mot bién trén bing cach 13y hicu
va rit ra thita sé chung 1a (t — 1)*(n + 1 — nt). Ding thitc xay ra khi t4t ca moi sé
déu bang 1 ho#c c6 mot sb bing 0 va cac sb con lai bing nhau. O

Trong nhiéu trudng hop, khi ta dua tit bat ding thitc véi n bién vé bat ding
thite it bién hon va thay ddi mot s6 diéu kién sé ¢6 nhimg bt ding thie rat kho.
Vi du sau day li gidi cho di¢u dé
Vi du 3.4.5. Cho cdc s6 thuc duong a,b,c,d thod min diéu kién abed = 1. Ching
minh bat ddng thic
1 1 1 1
+ + +
l+a+b+c 14+b+c+d 1+c+d+a 14+d+a+b

< 1 4 1 + 1 + 1
~“34+a 34b 34+c¢c 3+d

Bai toan san day 1a mot vi du rat hay va khé vé ¥ tudng 1.G.I trong cintng minh.
N6 cling da dat cho né mot cai tén rat an tugng, bai toan Thdch Thate.

Vi dy 3.4.6 (Thach Thitc). Cho cdc sé thuc duong ay,as, ..., an thod man diéu
kién aias...a, = 1. Tim gid tri tét nhét cia k dé bt ddng thitc sau luon ding

1 + 1 - 1 >n
(L+ank  (L+a)k ™ (1+ay)k = 2

(*)

Lo1 GIiArL Trude tien tac gia sé gidi thieu mét chit vé ngudn gbe va nhitng didu I
thii xung quanh bat ding thitc dac bict nay.

Trudng hgp n = 4 ta c6 mot bai toan rat ndi tiéng

1 1 1 1
07ar "+t 0+ T ivap

21 (1)
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Day la dé thi chon doi tuyén IMO ctia Trung Quéc nam 2004, ngoai ra né ciing da
dugce giai ¢ chuong trudce clia cudn sach.

Trudng hgp n = 3 hién nay van 13 mot bai toan kha ma. Thong thuong né chi duge
xét trong cic truong hgp nhé va dé hon.

Dé thi chon d6i tuyén IMO ciia Viet Nam 2005 la mot trudng hgp riéng

1 1 1
1af " Ox0e T a7o8

3
z3 (2)

Ta chi can lay d = 1 trong bat déng thic (1) sé c6 ngay két qua cha (2), tham chi
1 két qua manh hon khi thay s6 mii 3 bdi s6 mi 2. Vi sy lien quan dén rét nhidu
bai toan khac nén vin dé tdng quat ciia bai toan () 1a mot két qua rit cin thiét,
nhung cing rat kho khan dé giai quyét triet dé. Day ciing la bai toan rit duge quan
tam cda nhi¢u ban hién nay.

Ta lam diéu kién du trude, tic 1 tim hing sb t6t nhét c6 thé.
Ta cho a; — 0 va ay — +o0  Vk > 2, dé thiy ring

1 1 1
Ora Uxak T Orar

-1,

Va do d6, néu k = k,, 1a hing s6 thod man thi it nhét didu ki¢n sau phai ding
n
1> 2—k®k210g2n.

Tuy nhién néu k = logy n ta sé ching minh () luén ding, va day thyc sy la hing
s6 tot nhat. Bing tryuc gidc, ta cdm thdy ring néu thay didu kién aiag...an = 1 béi
a1ay...ap = a™ > 1 thi bt ding sau van dung

1 1 1 n
> .
Tra)  Oraf T T 07a) 2 TraF

Tu d6 ta di dén ménh dé sau day
Bd dé 1. Gid s x1,T9, ..., Tn > 0 thod man £122..2, = 1 vé a < 1 la mpt hling sé

duong cho trude, k = logon. Khi dé ta cé bat ddng thic

1 1 1 n
+ + ...+ > :
(a+z)*  (a+az)t (a+zn)* ™ (a+ 1)k

(%)

Va rd rang, bai toan gbc chi 13 mot hé qua ciia bai toan trén trong trudng hop a = 1.
Ta ching minh bit ding thic trén dya theo phuong phap quy nap téng quat.

Phan khé khan nhét trong ching minh d6 13 xét trudng hop ¢6 n— 1 56 bing nhau.
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Do y nghia ctia bai toan, tac gia sé dua ra mot ching minh that cu thé trong truong
hop bdt budc nay. Va dé cho gon, ta s¢ ching minh trong trudng hgp ¢d n + 1 s6.

B& d& 2. Vdi k >loga(n+1) va0<a<1 thitaco

n n 1 n+1 Vo> 1
(@a+2)F  (a+z ™)k~ (a+1)F 777
CHUNG MINH. Ta dat
n 1
fl@) = (a+ )k T lata)F
~nk nkx~ "1

reaN
fi@) (@ + z)FH + (@ + )kt
Va do dé

f’((L‘) =0 :B"+1(a + SL‘_")k+1 — (a +:L‘)k+l

@ g@)=m+1)z+(k+Dina+27") - (k+ In(a+z)=0.
Xét ham sb

g(z) = (n+1)Inz+ (k+1)In(a + z™™) — (k+ 1) In(a + )
n+l n(k+ Dz k+1

1o

g (=)= z a+z ™" a+x
_n+l n(k+1) k+1
Tz ezl +zx a+c

Dodo ¢

n(k+1) (k+1)z _o
az" +1 atz
alk+1) nlk+1)
etz az"+1
& (n - k)(az" + 1)(z + a) + (k + Da(az™ +1) — n(k + )(a+2)=0
& h(z) = a(n - k)" + (n+ Da%z" — k(n + 1)z +a — ank = 0.

Jx)=0&n+1-

en—k+ 0

R4 rang phuong trinh A'(x) = 0¢6 khéng qua mot nghiém nén phuong trinh h{z) =0
¢6 khong qué 2 nghiém, do dé phuong trinh ¢’(z) = 0 c¢6 khong qui 2 nghiém, suy
ra phuong trinh g(z) = 0 c6 khong qua 3 nghiém. Ta sé ching minh trong 3 nghié¢m
nay c6 khong qué mot nghi¢m 16n hon 1. That vay, g(1) =0, va

_n(k+1)__k+1_

! 1 — 1 =
gl)=n+ a+1  a+1

(n+1)(1—:—+—-1)<0 (via<1<k)
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lim ¢'(z) = +o0.

z—0
Do d6 néu phuong trinh g(z) = 0 c6 du 3 nghiém thi cac nghiém d6 khéng thé ciing
trong [1, +00). Vay phuong trinh g(x) = 0 c6 khong qua 2 nghiém trong [1, +00).
Cha § réng ¢'(1) < 0 va du cfia g(z) nguoc véi diu cha f'(x) nén tit bang bién
thién ta c6 thé d& dang suy ra '

. . . . n+1 1
min £(z) = min (f(1), lim f(2)) = min (<—+T)'° a—k) .
DoaSlnén“T‘HZQ,suyra '
(¥l 1) _ n+1
(@+ 1)k ak) = (a+ 1)k

Day chinh 1a diéu phai chitng minh.
Tt bo dé trén, bai toan duge ching minh don gian nhu sau.

Gia sit bat déng thic (xx) da ding t6i n, ta phai ching minh né dang véi n + 1,
no6i cach khac ta phéi ching minh v6i moi a < 1,k > cpy1 = logy(n + 1) va
ZT1%9...Tpey = 1 thi '
1, 1 . n+1
(a+z1)f " (a4+x)* " 7 (at+zp4)f T (a+ 1DF

That vay, khong mét tinh téng quét gid sit z; > T2 2> ... 2 Tpyy- Dat z129..2, =
t" > 1 vax, =2/t taco zizh..x! = 1. _

Dita’ =aft,suyraa’ <a<1 Vik>cpy = logy(n + 1) < ¢, = logy n nén, sit
dung gia thiét quy nap véi =4, 5, ..., 2/, d’, k ta c6

1 1 1 n
>
@+a) " @rapr T @ ek S @ IF
- 1 4 1 - 1 S n
e N N C S L (L

1 1 1 n
& + + ..+ > ,
(a+z1)F * (a+z2)k (a+zn)k = (a+1t)*

Va do dé ta chi ¢an chitng minh

n + 1 > n
(a+t)* _ (a+za1)* = (a+ 1)k

Nhung day chinh 14 bd dé ta vita ching minh. Bat déng thic da duge ching minh
xong. Cho a = 1 ta c6 két qua bai toan ban ddu. O
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Chu § réng tu ching minh trén ta con suy ra két qua téng quat hon, d6 la

1 1 n
r 2 smin(1,2)vkeR
Traf T Uxar T T Tranr > min (1, 3¢ ) Vk €

Nhu vay bing phuong phap quy nap téng quat, khi ban da xay dung dugc mot
bat ddng thic téng quat ding thi cong viéc con lai chi 13 chitng minh trong trudng
hop ¢6 n — 1 bién s6 bang nhau. Bay gid ching ta sé noi tiép dén phuong phap xay
dung bai toan tdng quat dung.

3.4.4 Xay dung ham sb va bai toan téng quat

Sau khi doc xong 3 muc trudc ban da thuc sy hiéu dude noéi dung tu tudng cua
phuong phap 1.G.I? Diéu ¢in luu § va ching ta st ban tdi bay gio 1a cach xay dyng
bai toan tdng quat va cach xay dung ham sb thoa man didu kién dinh li. Day chinh
13 tu tudng cla phuong phap, ciing 13 vn dé khong don gién. Viec diu «ién néi
£6i 1a xay dung bai toan téng quat tir bai todn cu thé, né phu thudc nhiéu vao kha
ning téng quat hod vAn d& cha ban, ciing 1a diém tinh £& nhit ciia phuong phap
nay. Chéng han, hdy quay trd vé vdi bat ding thic rat quen thudc sau day

Vi du 3.4.7. Néu ay,az,...,an > 0 vd a1a2...an =1 thi

1 1 1

. vio b —— < 1.
n—1+4+a +n—1'+a2+ +n—1+an -
Ta sé c6 2 cach tdng quat bai toan trén nhu sau
Cdch 1. Néu ajas...a, = 7" < 1 thi
1 1 1 n
<

n—1+a1+n—1+a2+"'+n—1+an—n—l+r"'

Céch 2. Néu a1a9...ap =" =1vik>n—-1thi

SRR SR S
k+ar k+ay T kta, ” k+1

Va trong chimg minh & trén, ta chon céch thi 2 dé dé trinh bay hon- Vé co ban,
2 bai toan tren 1a hoan toan tuong duong. Tuy nhién, sé ¢6 2 cau héi duge dat ra.
Thit nhat, tai sao lai tong quat dé tich nhé hon 1 ma khong cho nguge lai? Thi 2,
tai sao lai tdng quat k > n — 1 ma khéng cho nguge lai?

Thyc ra, dé tra 161 2 cau hdi nay rat khé. Thong thudng, trong qué trinh ching
minh s& ndi ré didu kién téng quat nao la quan trong hon. Ciing c6 mét cach khéc
kha don gian 13 xuit phat ti nhing trudng hop tuong déi nho dé xét. Ching han,
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v6i bai toan trén, chon =2tadasuyrak > 1 va day chinh 1a ¥ tudng cho su téng
quat. Xay dung day s6 1a bude dau tien trong viee tim duge bai toan téng quat.

Ban hay xem lai bai toan Thdch thite. Khi xay dyng bai toan tdng quat, ta dua
thém bién s6 a thay bdi sé 1, nhung cin c6 them didu kién a < 1. Tai sao vay? Vi
khi ching ta ldy ¢ > 1 va cho a, 2o, ..., z, — 0o,z1 — 0 thi bat ddng thuc khéng
ding. Ban hay suy nghi ki vé didu nay.

Sau khi da xay dung bai toan tdng quat thi viec x4y dung dugc ham sé thoa
man dinh 1f 14 kha don gian. Ban chi cin cha y dén didu kién ham thudn nhat, luy
thita hodc khai can bién ¢ hgp 1i theo tung bai toan la duge. Xem lai mét chiit tit
cac vi du trén ban sé thay ré didu nay.

3.5 Phuong phép s dung bit ding thic cé dién

Ban doc sé t0 md khi phuong phép sit dung bat ding thitc cé dién lai duge dat &
sau cung ctia 5 phuong phéap. Khi ban da dugc trang bi ddy dii cac kién thitc manh
va ing dung duge qua nhidu, thi céc bai todn chi sit dung bat ding thitc ¢d didn méi
thuc sy tré thanh céc bai tosn doc ddo nhat. Ban ciing ding ngac nhién vé diéu nay,
va trude tién hay thit sitc minh qua céac vi du sau. Néu ban vin nghi day 1a phuong
phap quéd don gidn, chdc chén ring ban sé phai nghi lai, it nhét sau khi ban doc va
thit 1am hét cac bai toan trong phan nay.

Vidu 3.5.1. Néu a,b,cla cic s8 thuc duong thod man a+b+c = 1 thi ta cd
(@ + 2) (02 + ) (c? + a?) > 8(a?b? + b%c? + c2a?)2.

1 1 1 1
p=-= —4 -+ - =1
c m n p

Lo1 GiAL Dit m =

Q|-
S =

,n =
Ta phai ching minh
(m? + n2)(n.2,.4mp2-)(p2 +m?2) > 8(m? +n? + p?)?

" 11 1\?
& (m® +n?)(n? + p?)(p* + m?) <E ot 5) > 8(m? +n? + p?)%.

Dat m? + n? = 2z,n? 4+ p? = 2y, p? + m? = 2z, bit déng thic tuong duong véi

Tyz TYz TYz :
: > 1
\/x+y—z+\/y+z—m+\/z+x.-y_m+y+z (1)

Theo bat ding thic Schur ta cé

:vyz(a:+y"-{—z)2(:v+y—z)za+(y+z—x):v3+(z+m—y)y3 (2)
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Theo bat dang thuc H older thi

(:r+y—z)z3+(y+z—a:)x3+(z+:n—y)y3

_ 73 N y3 23
(=) (=) (=)

(x+y+2)°

v

(3)

( ST BRI )2
Vzty—z Vytz—z z+T—y
Tir (2) va (3) ta co6 diéu phai ching minh. O

Day 1a mot 13i giai rt khé va doc déo cla Gabriel Dospinescu - tac gid bai toan.
Chitng minh (1) con nhiéu cach khic nhau nhung st dung bat ding thuc ¢ dién
Juon ludn 13 phuong phap &n tuong nhat.
Vidu 3.5.2. Gid st 1,2, ..., Tn la cdc s6 thuc dudng thod man diéu kién

LN S |
1+2?2  1+z} 1+a2

n

Chitng minh bt ddng thic sau

1 1
1+ xo+ ...+ T > (n—1) (;c—l+x2+"'+x—>'
N n

thi z; =

1
Lot GiAL Dit a; = -
3t & 1+ z?

B4t d&ng thitc cin ching minh tuong duong véi

1- 1- 1-
\/7 a1+\f D 4oty /2 > (n-1) I .
ai a9 an l—a 1-—-a,

Trong dé a1, az, ..., an la céc s6 thyc khong am va a; +ag + ...+ an = 1.

That vay, bat déing thite trén c6 thé viét dudi dang
1 1

1
+ .t
ﬁl——al) \[21—0,2 \/an(l—an)

n + PR
l—al 1~a2 l1-a, '

(v~ () s 5
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D6 1a diéu phai chiing minh. QO

Chu y réing tit két qua tren, két hgp vdi phuong phap phan chitng ta suy ra duge
mot bat ding thic rt thi vi
Vi du 3.5.3. Cho cdc sé thuc khéng'"dm a1, as, ..., a, thod man

1 1 1
a1+a2+...+an:a+t_l;+m+a_'.
n

Chitng minh ring

1 1 1
+ F ot
n—1+a! n-1+d} n—-14+a2 ~

Sau day ta sé trd lai v6i mot bat déng thic da rit nhidu 1dn duge nhic téi

Vi du 3.5.4 (Romania TST). Ching minh rdng néu 1, T, ..., T, ld cdc sé thuc
duong cé tich bing 1 thi

1 1 1
n-1+a1+n—1+a2+"‘+n—1+an

<1

Lor G1Al Bai toan da duge giai bing phuong phap phan chitg hodc phuong phap
quy nap téng quat. Vé 2 phuong phap nay, cic ban c6 thé xem 13i giai & cac phan
3,4. Sau day 1a mét chitng minh rat hay chi diing bat dng thic AM — GM.

bt a; = 2. Ta c6, theo bat ding thic AM — GM

n-—1 =1 a;
n—1+ai_ n—1+aq;
=1- z
! + (n — 1)z120...2,
!
<1l- :

I R
Choi=1,2,...,n1di cong cic bat ding thic trén lai ta ¢6 dpem. O

Vi du 3.5.5. Ching minh ring néu k > 1 va a,b,c la cdc s6 thuc duong cé tich

bing 1 thi
1 1 1

+ - + < 1.
a+ bk 4 ¢k b+ak+q’“. c+ak 4+ bk~

Lo1 GiAL Ta chon sb thyc r dé

1 < ar—l
a+bk+ck T ar+br+er’
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B4t ding thic trén tuong duong vdi
ar+br+crsar—la+bk+ck
& (b7 + ) (be) 7 < bF+ CF

Bat d&ng thic nay sé luon ding néu 3r — 2=k hay r = E—-—;—‘? > 1

Phan con lai ta chi cdn chitng minh
A - LR iy
Nhung vi a + b+ ¢ > 3¢abc > 3 nén theo bt déng thitc Chebyshev
3a"+b +) 2 (a+b+e) (@ T ) 2 3@+ .
Déng thitc chi xay ra khi va chi khia=b=c. U
Ban doc hay ty ching minh lai mot bat déng thitc & phan trude

Vi du 3.5.6. Ching minh ring néu a,b,c la cdc s6 thuc khong am thi

a + b + c >é 1 4 1 4 1
Z+c? a2+c2 a?+b2 " 5\a+db b+tc ct+a)

Didu khé khan nhét ciia phuong phap nay la hau nhu khong c6 mot dang thice
chudn ndo cho mot dang bai toan ca. Moi ching minh déu do sy nhanh nhay tu duy
clia cac ban. Trudce kia, phuong phap nay luén duge sit dung va thudng duge coi 1a
sd cép nhat, dé dang nhét, nhung qua cée vi dy vita i chdc cée ban ciing da thay
duge syt da dang muén hinh muén vé clia phuong phap.

Vi du 3.5.7 (Téng quat USA MO 1998). Ching minh réng néu 1, T, ..., Tn ld
cdc s6 thue duong cé tich bing 1 thi

1 1 1
+ +..+ <1.
14z +x22+ ...+ 201 l+xo+z3+ ..+ 29 l4+z, +21+ ...+ T2

Lo1 GIAL Dat x; = a} Vi = T, n. Theo bt ding thitc AM — GM thi
14z + 2o+ .. +Th-1 + Thp1 + .+ T = l+al+ay+...+af_;+agy +..+ap

a;+az+...+an
af

> 14 a1a2...05—18k+1---0n(@1 + a2 + ... + Q-1 + Q41 + ... +ap) =

Va do d6
k=11+$1+$2+---+$k—1+$k+1+---+$n_a1+(12+---+an

Cho k = 1,2, ...,n va cong cic bat déng thic lai ta c6 dpem. O
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Vi du 3.5.8. Gid sv a,b,c,d la cdc sé thuc dvong thod min a +b+c+d =
abe + bed + cda + dab. Chitng minh bét ding thic sau

a?+1 b% +1 c2+1 d?+1
breraz [t JEELy T T
a+b+c+d> 5+ 5+ 5+ —

LO1 G1AL. Cha y réng tit ding thic ban dau ta suy ra 2 déng thitc sau

(a+b)la+c)(a+d)=(a®+1)(a+b+c+d),
Dén téi

a2+1+b2+1 A+1 d?+1

a+b b+c c+d  d+a
Theo bt ddng thitc Cauchy — Schwarz ta suy ra

=a+b+c+d,

2
(\/a2+1+\/b2+1+\/c2+1+\/d2+1>
2a+b+c+d)

a+b+c+d>

Va day chinh la diéu phai ching minh. O
Vi du 3.5.9. Ching minh ring vdi moi a, b, ¢, d duong va abed = 1 ta luon ¢

28(a? + 1)(b% + 1)(c® + (d+1)<(a+b+c+ d)®.

LO1 GIAL Dat 2 = a?,y = b2,z = 2, d=1t% Ta phai chimg minh
@+ D+ D+ 1) +1) < (22 + 12 + 22+ 12)°
Do 28(2® + yzt) (o + z;rt)(z3 +ayt) (B +zyz) < (2 +y? + 22 + ).
Theo bat dang thitc AM — GM ta c6

4% + yzt)(y® + zzt) < (22 + 3 + z2t + yzt)? = (x+y)%(2? — zy + v+ 2t)?,

A+ ayz) (2 + 2yt) < (P + 2 4 ayz+ ayt)? = (2 + )22 — 2t + 42 + zy)?.
Ngoai ra
4(ar2 —zy + > + zt)(z2 — 2t -th_ +zy) < (:::2 +y2+ 22+ t2)2,

(T+y)z+t)=zz+yt+at+yz < 2?4 y? + 22+ 2

Tit 4 bat ding thic tren dé dang suy ra dpcm. Déng thic xay ra khi va chi khi
a=b=v=d=1 0
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Vi du 3.5.10. Ching minh ring néu a, b, c,d duong cé tich bing 1 thi

1 1 1 1\*
44(a4+1)(b4+1)(c4+1)(d4+1)2(a+b+c+d+g+5+z+a) :

"LO1 G1AL Thuyc ra ta chi ciAn ching minh mot b};xt dﬁmg thite don gidn sau
| 1
(a* + 1) + 1)(c* +1)(@* +1) > (a+ 5)4.

Tuy nhién diéu nay hién nhién ding theo bat ding thic Holder
(et + 1)1+ b1+ (1 +d%) > (a +bed)* = (a + %)4-

Do dé6

1
V@ + DA+ D)+ 1)(d + 1) >a+ -
Cong thém 3 bat ding thite tuong tu véi b, ¢, d ta ¢é dpem. O

Ban ¢6 tim duge diém chung gi sau mai 16i giai trén? D6 c6 1€ 1a viéc sit dung
mot lugng kién thic rat nhd va biét khéo léo két hop ching lai theo nhitmg cach
khac nhau? Thong thudng kién thie ta sit dung khong vugt qua cic bat déng thic
trung binh cong - trung binh nhan, bat ding thitc Cauchy — Schwarz hodc cao hon
nita 13 Holder. Vi thé 15i giai rit d& duge chap nhan, tham chi véi trinh dé THCS.
Vi du 3.5.11. Gid st cdc sé thuc duong x1, s, ..., Ty, ¢6 téng binh phuong bing n.
Hay chitng minh bat ddng thic

3 3 3
x T z n.
221 7 -t 3 22'2+"'+2 3 57— 2 :
ot x5+ +xn_, r3t+zTit..+2p i t+ars+ ...+, n—2

Lo1 GiAl Dit S 1a bidu thic ban ddu cia bai toan va
P=xy(zi+a+.  +22 ) +aa(af+ai+... + 22+ a2 i+ 22 y).
Theo bat ding thic Cauchy — Schwarz ta c6

S.P> (x%_+:v%+...+m%)2 ‘ (1)

Ngoai ra c6 thé viét P dudi dang

n n n n
P= (Zmi)(zm?) - fo - ngle-
i=1 1 i=1 i=1

1=
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= :Ef(x;; +as+...+x,) +a:§(.r4 +T5+ ...+, +x1) + .. —+—x3l(x2 +2a+ .+ Tpuo1).
Lai theo bat dz"ing thitc Cauchy — Schwarz thi

PP< (224 a3+ .. 4+ 22) S0 22 (Thya + This + oo + T-1)? (2)
2221 x%(l‘kn + Tk + o+ 2p1)2 < (n - 2) 22:1 $z(m%+2 t...+ xﬁ_l) (3)

Va dac bict

n n n
2 2 2 5
i (Thya + .+ 2hy) = (Z$2)2 - in(ri +a%41)
k=1 . k=1 k=1
(s 22 _lswm a2 9 o _M—2 0 5,
< (k=1 T0)% - 5 k=1(Tk +2319)% < - (X k=17) (4)

Bdi vi
n 4
2, .2 2
d (e +at)? >

E(m% + 22+ ..+ 22)2

n - 2)?
(——)(mf + 23+ ..+ 22)3,

Két hop bat ding thic trén vdi (1) ta c6 didu phai ching minh

s> ™ \/x%+x%+...+x%
“n-2 n '

Dang thite xay ra khi va chi khi z; = ro=..=x,=1. 0

Bat ding tlntc & trén 1a mot bat ding thitc hay vi khé. Truong hop n = 5 da
timg 13 dé bai trén bao Todn hoc va Tudi tré.

Vi du 3.5.12. Ching minh rdng vdi sé thuc duong x,vy, z, ta luén cé

3(z%y + v2z + 22n) (zy? + y2? + 2x?) > zyz(z + y + 2)%

Lo1 G1Al. Theo bat ding thitc AM — GM ta c6

1 2y x2z TYZ
3t 73 2 G L 3 7 =3z 3 ) 2 2 3 2y
3 zéy+ytz+ 22 xy? +y22 42z 3(z2y + y2z + 22z)(zy? + y22 + z22)
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Lam tuong tu 2 bat ding thitc nita véi y, 2 ta suy ra

Yz
3 - <3
(:z+y+z)\/ 3(xy + Y2z + 22x)(xy? + y2? + 222) —

& 3(xy + vtz + 2x)(zy? + y2 + 22y > zyz(z+y + z)3
Diang thic chi xdy rakhiz =y =2 O
Mot didu diic bigt ctia phuong phap nay 1a ban doc s& luon cam thiy dé hidu va

thodi mai vi khong phai dau dau véi nhing tinh toan phic tap phai dao ham dai
dong. Tuy nhién, ban hay tu tra 15i cau héi la, tai sao lai c6 thé lam duge nhu vay?

Vi du 3.5.13 (Russia). Ching minh ring néu a,b,c la cdc sé thac duong thi bét
ddng thic sau luon ding
1 + 1 + 1 S 3
ad(1+63) b1+  A3(1+a3) = abe(l+ abe)

Lo1 GIAL Ta c6
adbicd + 1 1= b3(1+ c%) ad+1
a3(1 + b3) 1+ ad(1+ b3)
Vay theo bat ding thitc AM — GM thi

1 1 1
3;3 3
3+ (@b +1) <a3(l+b3) +b3(1+c3) +c3(1+a3)>

a®+1 ¥(l+cd) _ 3
- > —— + 3abc.
z:a3(1+b3 % 1588 = abe T 0%°

Mzt khac ta luon cé
adb3cd +1 1
abe(1 + abc) = abe

Vay bét ddng tc duge ching minh xong. Déng thitc xay ra khi va chi khia =b =
c=1 0

+ abe —

Vi du 3.5.14 (IMO 2002 Pro. A2). Ching minh ring vdi a,b,c la cdc sé thuc
duong tuy y ta luén cé

a + b + c >1
Va2 +8bc b2+ 8ac V2 + 8ab

L1 GiAl Ta sé chon s6 duong r sao cho

a a27‘

>
Va2 + 8be — a® + 2(be)"’
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B4t ding thic nay tuong duong vdi
a?(a® + 2b"¢")? > a*"(a® + 8bc)
& b 4+ a¥ e > 204 2be.

Theo bat ding thitc AM — GM thi VT > 2a"b37/237/2,
Va ta chi cdn chon r dé

4r-2=7r , 3r/2=1 &r=2/3.
Khi dé theo bat ddng thitc AM — GM thi

a b c a2'r b21' c2r
+ + > + 53 + =
Va2 + 8¢ Vb2+8ac VcZ+8ab  a¥ +2b7c b4 2cTaT 2 4+ 2aTh"

a?r p2r . b2r
22— + + =1.
a" + b2r + c2r a?r + p2r + c2r ar + b2r + c2r )
Déang thitc xay ra khi va chi khia=b=¢c. O

Qua cac vi du trén, hi vong cac ban sé ty rat ra thém nhimg kinh nghiém cho
ban than minh, vd phudng phép cudi cing nay sé thyc sy hoan chinh kh3 ning
ching minh bat ding thdc cia céc ban.

3.6 Nhin lai 5 phudng phap chiing minh b4t ding thiic

Trong chuong III, tac gia da gidi thigu vdi cac ban 5 phuong phap quan trong va
ttng dung nhidu nhét trong bat ding thitc so cAp hién nay, c6 thé néi 5 phuong phép
da bao quat kha diy dii cdc dang bt déng thitc thuong gip, dic biét 1a cac bét
d&ng thic hay va khé thudng xuét hien trong cac ki thi hoc sinh gidi trong nudc,
quéc gia va qubc té. Néu danh gid mot cach khach quan thi cac phuong phap duge
trinh bay 1a nhitng phuung phap rit mdéi va tuong d6i kho, nhét 1a d6i véi cac ban
it c6 didu kign tiép xtic véi Internet hosic chita quen vdi bat ding thite. Vi thé tac
gid da cb géng chon ra nhitng vi du v két qua \ng dung quan trong nhit dé cac
ban hiéu dugc ndi dung chinh ctia méi phuong phap dé6. Bai téng két vé 5 phuong
phap nay sé gitp cac ban c6 dugc nhitng cadm nhan sau sic va thau ddo hon.

3.6.1 Phudng phap don bién

Déi véi cac bat ddng thitc nhidu bién, ngudi ta thudng rat hay dung ki thuat
giam dan s6 bién trong chitmg minh. Dé gidm bién, cach thong thudng 1 chuyén cac
bién vé hiing s6 hay cho mét sb gia tri bing nhau. Tt nhién, trong cac bai toan vdi
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2,3 bién thi ki thuat nay luén duge sit dung rat thuan loi nhung véi 4 bién trd lén
thi moi tha lai kho khan hon rat nhiéu. Dé hiéu duge tu tudng don bién (cd dién)
thi t6t nhat 13 ban nén thit nghigm véi cac bai toan 3 bién. Va khi ban da thuc sy
thudn thuc, ban sé hidu dugc tai sao v6i 4 bién ki thuat nay lai rat khé sit dung
dugc, d6i khi trg thanh vé hiéu. Chinh vi thé ma tir trudc toi gig, cac 101 giai khac
cho céc-bai toan 4 bién (dugc trinh bay trong cudn sach) thudng rat phic tap va dai
dong, quan trong hon la khong c6 mét diém chung nio trong méi 13i giai cho méi
bai toan nhu vay ca. Khi ditng trudc cac bai toan do, ching ta thudng rat ling tung
khong biét phai lam thé nao, day 14 mot thuc té vi phép dén bién thong thudng rat
"tro" véi cac bai toan nhu vay. Ching han, ban hay xem ki cac vi du tir 3.1.14 dén
3.1.18 va thit gidi chang theo cach khac.

N6i thém mot chit v& ¥ tudng dén bién cd dién, dinh 1i 3.1 cho ta mot cd s&
vitng chic dé thuc hién tu tudng phép don bién. Tu tudng ndy khong bit ching
ta budc phai lam véi mot dang trung binh ndo, trung binh cong, trung binh nhan,
trung binh diéu hoa, trung binh binh phuong... tat cd déu duge. Nhung ban cling
nén cha y rang, didu nay van luon phu thude vao gia thiét cla bai toan. Véi cac bai
toan ma céc bién khong bi rang budc gi thi ta cé thé chon moét dang trung binh bat
ki va thit chiing minh véi bat ding thite didu kién, nhung néu cac bién da bi rang
budc bdi mot didu kien nao d6 thi moi chuyén sé khac. Ching han néu céc bién bi
rang budc bdi z1 + 29 + ... + T, = n thi ban khong thé ddh bién véi trung binh nhan
hay trung binh diéu hoa dugc, vi khi d6 céc bién mdi sé khong c6 tong b3ng n nita.
Ta chi c6 thé ddn bién bing trung binh cong duge thoi.

Tu tudng don bién 1a mot tu tudng khé hai tiép nhan déi véi cac ban THCS,
nhat 1a d6i vdi cac ban it ¢6 didu kién tim hiéu vé b4t déng thitc. Nhung céc ban
hay yén tam v ty tin, ring phuong phap nay hoan toan khong cé gi qua khé ca.
Day la ot phuong phap co ban ma thoi. Vi thé cac ban hay chi y nhidu dén muc
3.1.2, & d6 sé cung cAp cho céc ban tu tudng chinh ctia dén bién la gi. Hay thit giai
mot sb bai toan, nhitng khé khan e ngai sé dan duge xoé bd.

Tré lai v6i phuong phap dén bién trong trudng hgp tdng quat, bai toan c6 4 bién
hay n bién. Ro rang viéc kiém tra bt ding thic didu kién dang chi 1a chuyén rat
may m#n, vi ta phai chon vdi 2 bién bat ki. Minh clning ro nhat cho diéu nay 1a véi
cac bat ding thitc 4 bién, va r6 rang dé thao gd duge kho khin nay ta can phai thay
d4i it nhidu trong tu tudng phép dén bién. D6 chinh la c4c phép bién ddi A, trong
phép ddn bién nay ta chi ¢in chon ra sé nho nhit hoic va nhat dé tién hanh kicm
tra bat ding thic diu kién ma thoi. Vdi cic bai todn toan 4 bién, ta sé sip xép cac
bién theo thi ty ting hosic gidm, nhung-chi tién hanh trén 3 bién (thudng 13 3 bién
nhé nhit hozic 16n nhét). Trong vi du 3.1.18, ta chon s6 16n nhat va sb nhé th 2 dé
kiém tra bat déng tlnte didu kicn. Didm dic bigt hon cila vi du nay cac ban ¢6 thé
thiy trong bai toin sau

Vi du 3.6.1. Néua,b,c,d> 0 vaa+b+c+d=4, hiy tim gid tri nhd nhdt cia
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cde biéu thic

(3) (24 a®)(2+ )2+ D)2+ d?).
(i) (1 + a1+ )1+ (14 d?).

Cau (i) ddng thic vAn xay ra khi ¢6 4 bién biing nhau, nhung cau (44) lai khac,
chi ¢6 3 bién bing nhau ma thoi vd nhu vay ching ta sé khong thé 4p dung cach
ddn bién ci dé giai duge, ma chi c6 thé dung dinh i S.M.V.

Nhing diéu vita trinh bay c6 vthé’ coi 1a ndi dung cha toan bo muc 3.1 Phuong
phdp dén bién va dinh li don bién manh. Hi vong ban doc sé thyc sy ndm bit dugc
noi dung nay, nhét 13 hiéu 16 dugce gié tri quan trong cia dinh li S.M.V.

3.6.2 Phuong phap phan tich binh phuong S.0.S

B4t déng thic Iran 96 1a mot trong nhitng b4t ddng thic dep nhét cia bat
ding thitc su cdp. Trude kia, ngudi ta van quen vdi viéc glal cac bat ding thic nhu
vay hoic ciing dang bing phuong phap nhan khai trién rdi si dung bt ding tinte
Muihard. Mdi ngudi ¢6 mot nhan xét khac nhau vé cach gidi nay, nhung riéng déi
véi tac gia thi day 14 mot cach lam hoan toan khong hay. Khéi lugng tinh toan qua
16n, r6 rang da lam mét di phan ndo vé dep cla bai todn. Hon thé nita, nhu cic ban
da thiy vdi cac bai toan hoan v1 thi vice khai trién v sit dung cac dang bit déng
thite Schur, Muihard khong mAy khi ¢6 hiéu qua, hoic vd hi¢u (ban hay xem lai
cac bai toan chudng 1I). Dén bién ciing la mot phuong phép cé thé thyc hién dugc,
nhung ¢6 vé qua cdng kénh va dai dong, nhét 1a ching minh dua vé trudng hop 2
bién bing nhau. That 1a khé chiu khi moi cach chitng minh déu c6é vé kha xAu vé
mat thdm mi nhu vay, nhat 1a déi véi cac bat déng thic dbi xitng dep nhu bét déng
thitc Iran ching han.

Phai lam sao dé khéc phuc nhimg khiém khuyét nay? Hay nh¢ lai bat déng thic
¢o ban nhat ciia dai sé z2 > 0. Viee dua mot bat ding thic trg thanh cac téng binh
phuong khong phai 13 mét y tudng qué mdi, tham chi da tung xuét hién rat nhiéu,
hay trong céc chitng minh ciia ching ta déi véi cac bét ding thdc co ban. Déi v6i
che bat ding thuce d6i ximg 3 bién, ta luon ¢ thé dua mQt bét déng thic tuy ¥ vé
dang sau

Sa(b— ) + Sy(c — a)? + Se(a — b)2 > 0.

Viéc khing dinh sy tén tai biéu dién co s nay da dugc ching minh ¢ muc 3.2.2,
bing chung minh tuong tu ta ciing ¢6 thé chimg minh d6i véi 16p cac bai toan hoan
vi nita. Tt nhién, khi gi&i toén ta khong cdn dua lai ching minh nay ma n6 chi
- gidp cac ban c6 niém tin vu‘ng chic trong khi phan tich, ma theo kinh nghi¢m ban
than, tac gia thdy nidm tin iy rat quan trong. Sau khi dua vé biéu dién kia thi sao,
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cdc biéu thic

() (2+a®)(2+ )2+ D)2+ d?).
(44) (1 +a>)A+ )1+ A+ d?).

Cau (i) déng thitc vin x3y ra khi c6 4 bién biing nhau, nhung cau (42) lai khac,
chi c6 3 bién bing nhau ma thdi va nhu vay ching ta sé khong thé 4p dung cach
dén bién ca dé giai duge, ma chi ¢6 thé dung dinh 1i S.M.V.

Nhitng diéu vita trinh bay c‘_é.thé coi la ndi dung cia toan bo muc 3.1 Phuong
phdp don bién v dinh li don bién manh. Hi vong ban doc sé thyc sy ndm bit dugc
noi dung nay, nhét 1a hiéu 16 dugc gia tri quan trong ciia dinh 1f S.M.V.

3.6.2 Phuong phap phan tich binh phuong S.0.S

B4t ding thic Iran 96 1& mot trong nhing b4t dang thitc dep nhét cia bat
déng thitc so cAp. Trudc kia, ngudi ta van quen vdi vige g1a1 cac bat ddng thic nhu
vay hoiic ciing dang bing phuong phap nhan khai trién rdi sit dung bat ding tinte
Muihard. M&i ngudi ¢6 mot nhan xét khéc nhau vé cach giai nay, nhung riéng déi
véi tac gia thi day 13 mot cdch lam hoan toan khong hay. Khbi lugng tinh toan qua
16n, ro rang da lam mét di phan ndo vé dep clia bai toan. Hon thé nita, nhu cac ban
da thiy vdi cac bai todn hoan v1 thi vice khai trién va st dung cac dang bit ding
thitc Schur, Muihard khong may khi c¢6 hi¢u qud, hoac vo higu (ban hay xcm lai
céc bai todn chuong IT). Dén bién ciing la mot phuong phap c¢6 thé thyce hién dugc,
nhung ¢6 vé qua cong kénh va dai dong, nhéat 1a ching minh dua vé truong hop 2
bién bing nhau. That 14 kh6 chiu khi moei cich chitng minh déu c6 vé kha xdu vé
mat tham mi nhu vay, nhét 13 déi véi cac bat dang thitc d6i xing dep nhu bét ding
thitc Iran ching han.

Phai lam sao dé kh#c phuc nhing khiém khuyét nay? Hay nhd lai bat déng thic
cd ban nhat ciia dai sé z2 > 0. Viec dua mot bat ding thitc trd thanh cac tong binh
phuong khong phai la mét y tudng qué mdi, tham chi da tung xuét hién rat nhiéu,
hay trong cdc ching minh clia chiing ta déi vdi cac bat ding thitc co ban. Déi véi
cac bat ding thitc dbi xdng 3 bién, ta ludn co thé dua mot bat ding thic tuy ¥ vé
dang sau

Sa(b—¢)? + Sy(c — a)2 + Se(a—b)2 > 0.

Viéc khang dinh sy tén tai biéu dién co sd nay da dugc ching minh & muyc 3.2.2,
bing chimg minh tuong tu ta ciing c¢6 thé ching minh ddi véi 16p céc bai toén hodn
vi nita. Tt nhién, khi giai toan ta khong cin dua lai ching minh nay ma né chi
- gidp cac ban c6 niém tin v1mg chic trong khi phan tich, ma theo kinh nghiém béan
than, tac gia thay niém tin iy rat quan trong. Sau khi dua vé biéu dién kia thi sao,
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ching ta thuong nghi ring néu cac hé sé S,, Sp, S. khéng am thi qua tét, con néu
trong ching ¢6 6 am thi coi nhu vige phan tich va ching minh da phd sdn?

Céac h¢ 86 S,, S, Sc 1a cac he sb rat ding yéu. Thyc sy la nhu vay, vi hdu nhu
trong moi bai todn, ching luon ding vé phia ching ta dé di dén két qua cubi ciing.
Diéu quan trong la ching ta sé ap dung dinh li S.0.S (3.3) theo cach nay va cach
khac ma thoi. C6 nhiéu bai toan ta phai 4p dung ciing mot lic kha nhidu tidu chuin
nhung chdc chin rang ban sé di t6i két qua cubi ciing, chi cin két hgp ching lai mot
cach khéo léo. Chi nhitng bai toan rat khé thi ta méi can két hgp nhidu tiéu chuin,
con hau hét ta chi cin diing mot tiéu chudn la di. Cac bai toan 3 bién, khéng phan
bi¢t hoan vi hay d6i xing, déu ¢6 thé ching minh duge bing phuong phap nay. Céc
chitng minh béng S.0.S luén rat ty nhién, don gian va hop 1i dén mitc khong thé
nao khac di dugc.

Bat déng thitc Iran 96 trd thanh bat ding thic tieu biéu cho phuong phéap S.0.S
(mac du y tudng nay xult hi¢n khi tac gid chitng minh vi du 3.2.4). Néu ban muén
nim that chic vé S.0.8, hiy ty ching minh cac bat dAng thic tit 3.2.12 dén 3.2.21.
Day déu la nhing bat ddng thic rat dep mit, ma chic chin trudc kia ngudi ta chi
quen vdéi viée chitng minh ching bing khai trién hodc dén bién ma théi.

3.6.3 Phuong phap phan chiing

Chung ta quen véi viéc dung phan’ching trong toan hoc, nhung dbi vdi bat ding
thitc thi d6 con 14 mét vin dé kha méi la. Néu ban chua titmg biét, thi né dudng nhu
con 1a mét chuyén v6 i nita, nhung day lai 14 mot phuong phap kha 4n tugng. Moi
chuyén sé don giadn thoi, ban chi can 1at nguge lai két luan va suy ra mét két luan
mdi trai véi gid thiét 1a duge. Tuy nhién trong phuong phap nay, ban cin suy luan
rit chit ché va chinh xéc.

"Toan bd céc bai toan trong muc 3.3 déu dugce gidi theo phuong phap nay. Diém
dac bigt 1a mdi bai toan déu ¢6'mot gia thiét déng thic, mot két luan bat ding thuc.
Chiing ta hay xem méi bai toan theo cach ngugc lai, bién két luan lam ding thic
con gia thiét lai trd thanh bat ding thic. Can dac biet luu y viec thay déi didu kien
nhu thé nao, xem xét kI ludng bat déng thitc mdi c6 tuong duong véi bat déng thic
cii hay khong. Viée xdc dinh r6 can chiing minh cai g ré rang 13 quan trong nhét
trudc khi chimg minh.

Phuong phép phan chitng ciing 1& mét phuong phép dé sang tao bat ding thie.
Ta luén c6 thé bién ddi tit mot bat ding thite didu kien dé duge mot bat déng thic
mdi véi hinh thie khac hén va c6 thé ching: minh s khé hon rat nhidu. Tit nhién,
ta cling ¢6 thé lam ngugce lai khi phai gidi mot bai to4n nao dé. Lap bat ding thitc
phan ching va tim 1y mot bat ddng thitc d& hon c6 thé gitp ching ta nghi dugc 15i
gidi nhanh nhét. Thyc té thi, c6 nhidu trudng hgp khi 2 bat déng thitc hoan toan
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tuong duong nhau qua ki thuat phan ching nhung rat lau nguoi ta mdéi nhan ra
duge diéu do. sau khi chimg minh mdi bat dang thitc theo mot cach khac nhau.

3.6.4 Phuong phap quy nap téng quat

Phuong phap S.0.S va SSM.V da giai quyét mét cach tuong dbi diy da cac bat,
dang thuc 3 va 4 bién s6. Nhung khong phai lic nao bai toan clia chiing ta ciing chi
¢6 it bién s6 nhu vay, c6 nhiéu bai toan chita n bién sé va céng viée chitng minh c6
thé sé kho khan hon nhiéu. Nhidu bat ding thitc don gian thi ching ta dé& dang si
dung quy nap dé di dén két qua, nhung véi cac bat déng thic thyc sy hay va khé
thi cAn phai c6 thém nhiéu sy thay déi nita. Hay xem lai cac vi du trong muyc 3.4,
day déu la céc bai toan rat khé chimg minh.

V& 7 tudng rut ngin sbé bién dén mitc cé thé ciing dugc néi lai kha nhiéu trong
tap sach nay. V6i cac bai toan n bién sb thi cong vigc rut ngén sb bién sé c6 rat
nhi¢u phitc tap, tham chi tat cd cac cach ching minh trude déu khong lam duge.
Lam thé nao dé dua vé truong hop cé n — 1 bién bing nhau? Day 13 cong viéc rat
khé khian va néu xong thi coi nhu bai todn da duge hoan thanh (sau dé ta chi can
chitng minh bt déng thitc mot bién ma thoi). Phuong phap quy nap tdng quat ciing
dya trén quy tac nay, nhung né con lam duge nhiéu hon két qua ma bai toan dem
lai vi da chitng minh mot bai toan téng quat hon.

Dinh Ii I.G.I ¢6 hiéu qua rét rong, véi hdu hét cac dang bat ddng thic phan tach

fl@) + fl@2) + .. + flzn) 2

Hon thé nita, tu tudng clia phép quy nap téng quét con duge sit dung nhiéu hon
khi bai toan c6 thém céac bidu thic hgp gitta cac bién nhu z1 + zo + ... + x, hay
T1%2...Zn ching han. Trudc kia, khi gip phai cdc bat ding thic n bién, chiing ta
thuong rat ling ting khi gii cac bai toan kho khong sit dung duge phuong phap cb
dién, ching han cac bai todn thugc dang sau

Vi du 3.6.2. Chitng minh vdi moi sé thuc khong am ay, az, ..., an ¢6 tich bing 1 thi
ta co

a1+a2+ +an2— vn-1(a +az+ ... + a, — n).

Bat d&ng thic trén cé thé coi nhu mot hé qua tryc tiép ti dinh 1i I.G.I. Ban hay
doc that ki vi du mé dau va ndm chic tu tudng ciia né dé cé thé ap dung lai trong
cic bai toan tuong ty. Dinh 1i L.G.I cing gxup ching ta tao dugc cac bai todn mdi
tit cac biéu thitc thudn nhat don gidn, ma coéng viéc chinh clia chiing ta chi la thi
nghiém khi trong n bién c6 n — 1 bién bing nhau.

Chéng han, ta c6 mot s6 vi du sau day
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Vi du 3.6.3. (i). Gié st a1, ag, ..., an la cdc s6 thuc khong am cd tong bing n. Tim
hing sé thuc duong k tét nhat dé bdt ding thic sau ding luon ding
1 1 1 n

> .
k+a%+k+a§+ +k+a%_k+1

(42). Gidi bai todn tuong tu khi thay ddu > bdi ddu <. -

Vidu 3.6.4. Gid st ay,aa, ...,an la cdc s6 thuc khong am c6 tich bang 1. Tim hdng
s6 thuc duong k tét nhdt dé bdt ddang thic sau luon ding

a?+a§+...+ai—n2k(a1+a2+...+an—n).

Néu xét trong 5 phuong phap, phuong phap I.G.I 1a mot phuong phap ching
minh diy nghé thudt. Ngay ca véi tac gid, khi ding phuong phap nay dé ching minh,
vin luén phai bat ngd vi sy doc ddo clia né. Mot 16p rat 16n cac bat ding thic n
bién da c6 mot phuong phap chung vad phuong phép nay con ludn lam duge nhidu
hon két qui ma bai toan yéu cdu. Chic chén khi da hiéu ré vé phuong phap nay,
ban sé thyc syt 4n tugng vi vé dep ciia né.

3.6.5 Phuong phap sit dung bit ding thitc c¢d dién

Déi véi da sb cac ban hoc sinh thi viéc sit dung cac bat ding thitc ¢d dién trong
ching minh 13 mét viéc lam rat quen thudc, tham chi nhidu ngudi con tudng ring
dé gidi mot bat ding thite thi cong viec duy nhét 14 két hgp cac bat ding thitc da
biét trude dé di dén 1&i giai. Nhidu ngudi c6 ki thuat nay rat dien luyen, nhung tat
nhién trong bAt ddng thitc khong phai chi c6 nhitng sy két hgp don thudn nhu vay.

Méi bt ding thic déu cé mot clu tric rieng, ma hdu nhu céc bt ding thite
hay déu c6 ciu trac rat dep. Néu tan dung duge clu tric d6 va tim ra duge mot
chimg wminh don gidn chi cn ding céc bat ding thic quen bidt lai 1a didu tha vi.
Tuy nhién, néu xem ki cac bai tap chuong IT thi hiém khi mot bai toan nao lai duge
chiing minh tryc tiép nhu vay hodic phdi qua mét vai budc nita, nhung diu sao,
phuong phap cé dién vin ludn duge ding rat nhidu theo cich nay hay cach khac
trong mdi bude clia mot 1oi giai hoan chinh. -

Muc 4.5 gidi thién cac bai toan hay sit dung phiong phap chiitng minh ¢ dién.
Nhiéu ngudi nghi réing céc bat ddng thitc nhu vay chic chén sé dé, vi d6 van la cach
hay lam véi bat ding thic dai sb hién nay. Nhung néu thit giai cic bai toan trong
muc nay ban sé cAm thiy né khong don gian nhu vay, mac du ching minh dich
thyc chi ding bit ding thic cd dién. Héjr dst ra cau hoi, tai sao lai ¢6 duge nhitng
chitng minh don gidn va hay nhu viy? Khi ban tim dugc cau trd 10i hosic ty giai
duge chiing ban da hiéu dugc cai dep va noi dung cua bai toan.




291

Chuong 4

Mot s6 vAn dé chon loc vé bt
dang thiic

Sau khi doc xong 3 chuong da trinh bay, chic chin cac ban da c6 them rat nhiéu
¥ tudng va nhan xét méi vé bt déng thitc. Thé gidi ciia csc bét ding thitc that 13
tuyét voi, c6 rat nhidu tha vi va doc dao dé chang ta kham pha. Téi chuong tiép
theo, ching ta sé quan tam dén bat ding thie & g0c do sau sic hon, téng hyp hon
ti nhiing ki thuat va phuong phap ching minh da hoc. C6 thé néi, sau khi da xong
nhing phén kién thitc quan trong vé bat ding thc, bay gid 1a lac dé ching ta cam
nhén vé vé dep tuyét voi ciia cac bat ding thic, :

4.1 BAt ding thic Schur suy rong

B4t dimg thitc Schur da khéng con xa la véi cac ban, né thyc sy 14 mot cong
cu hiéu qud cho cac bai toan déi xing 3 bién. Trong phan nay, ching ta s xcm lai
va md rong bit déng thitc quan trong nay. Kién thic sip trinh bay rit nhe nhang,
khong qua trinh do trung hoc ca sg, nhung dng dung lai rat c6 hieu qua.

Dang phat biéu thong thudng ciia né véi sé mii thyc 1a nhy sau
Dinh 1y 4.1 (B4t déng thitc Schur). Vdi cdc s6 thuc duong a,b,c va k € R* bét
ki ta luon c

a*(a - b)(a~c) + b*(b - a)(b- c)‘+ e - a)(c—b) > 0.

CHUNG MINH. 2 trudng hop quen thude duoe sit dung nhidu la k =1, 2.
a3 + b3 + ¢ + 3abe > ‘ab(a +b) + be(b+ ¢) + ca(c+a)
a4+b4+c4+abc(a+b+c) > a3(6+c)+b3(a+c)+c3(a+b)
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Luu y ring ca 2 bat ding thitc trén déu c6 thé chitng minh dé dang bang phuong
phép S.0.S. Tuy nhién ta sé khong dé cap dén phuong phap nay & day, vi ngay
cd ching minh bat ding thic Schur véi sb mu thyc duge trinh bay & trén cling
rat don gidn. Cac ban hay doc ki ching minh, sau d6 chiing ta sé c6 mot md rong
cuc ki quan trong : Bat ding thic Schur suy rong hay con goi la bat déng thitc
Vornicu — Schur. -

Khong méit tinh téng quat ta gid sita > b > ¢, suy ra

(c—a)c—b)>0=cf(c—a)(c—b)>0
aF(a = c) — b¥(b — ¢) = (a*+! — b¥+1) + c(aF — bF) > 0
= af(a - b)(a—c¢) + b5 (b -a)(b—c) > 0.

Cong 2 bat ding thitc trén ta c6 diéu phai chitng minh.
Diéu diic biét 1a bat ding thitc nay vin con dang khi k& < 0.
That vay, v6i k < 0 tacé (vn gid sirdng a > b > ¢)
(a—b)(a—c)>0=>a*(a—-b)(a-c)>0
cf(a - c) - bF¥(a - b) 2‘ck(a ~b=ba-b)=(F-b5)a-b)=0
= F(c—a)(c - b) + b*(b—a)b—c) > 0.

Ta c6 didu phai ching minh. Ding thic xay ra khi a = b = ¢ va dic biét néu k > 0
thi con mot trudng hyp cia ding thic nia 14 @ = b, ¢ = 0 hosc cac hodn vi. Chinh
didu nay tao ra do manh va sat cho bat dfing thic Schur. O3

Dinh If sau day la md rong quan trong nhit cho bat dang thic Schur

Dinh 1y 4.2 (Bét déng thic Schur suy rong). Cho cic s6 duong a,b,¢,z,y,2
sao cho (a,b,c) va (z,y,z) déu la cdc bs don diu. Khi dé bat ding thic sau ludn
thod mdn

z(a—-b)(a—c)+ylb-a)(b-c)+z(c—a)(c—b) 20.
CHUNG MINH. Khong mét tinh téng quét gid § a > b > ¢. Xét 2 trudng hgp

(i). Néu z > y > 2 thi

(c—a)(c—b) > 0= z(c—a)(c—b) >0 |
zla—c)—yb-c)>ab—c)~ylb-c)=(z~y)(b-¢c) 20
=z(a—-b)(a—c)+yb—a)b—c)>0. ’

Cong vé 2 bat déng thitc trén ta c6 diéu phai chitng minh.
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(i2). Néu z > y > z thi
(@ —b)a-rc) >20=2z(a-b)la-c)>0
2a-c)-yla-b)22(a-b)—yla—b)=(z-y)(a-b) >0
= z(c—a)(c-b)+y(b-a)(b-c) > 0.

Cong vé 2 bat ding thiic trén ta ciing c6 didu phéi ching minh. O

Ban doc ¢6 thé thay cach ching minh bat ding thuc ndy va ching minh bat
ding thic Schur dang chinh tc & trén 1a hoan toan nhu nhau. Tuy nhién cic 4p
dung cla n6 thi da dang va phong phu hon bat ding thitc Schur ban diu rit nhiéu.

Hay cung xem trong cac vi du sau day.

Vi du 4.1.1. Ching minh ring vdi moi sé thue duong a,b, ¢ ta luon cé

a?+bc  b4+ac 2+ab 3
7 T z T 725
(b+¢)2  (a+c)?2 ' (a+b) 2

Lo1 GIAL Ta ¢6 mot bag ding thdc manh hon nhu sau

2 2 2
a+bc+b+ac+c+ab2a+ b+ c.
(0+c)? " (a+c)?  (a+b)2 " b+c atc a+b

That vay, cht ¥ ring

a? + be a (a—bd)(a-c)

(b+c)? b+c  (b+oZ

Véi
1 1 1

r = (b+c)2 , Y= (a+c)2 , R = ——(a+b)2.
Ta phéi chitng minh

z(a—b){a—c)+y(b—a)(b-—c)+ 2(c - a)(c—b) > 0.

Diéu nay hién nhién ding theo bat ding thitc Schur suy rong vi néu ta gia si
a > b > c thi sé c6 didu kien hién nhién 1a z >y > z. Ding thac x4y ra khi va chi
khia=b=¢ 0O

Vidu 4.1.2. Ching minh rdng vdi moi sé duong a, b, ¢ thi

1 b+e c+a a+b

1
b ¢~ aZ+be B+ ac 2 +ab’

1
=+
a .
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Lo1 GiAlL Dé& thay ring
1 b+c (a—b)(a—c)

a a?+bc a3 +abe

Dat
1 1 1

T=——— Y=g s E= -
a3 + abe Y= 3 fabe c3 + abe

Ta phai ching minh
zla-b)a—c)+ylb—a)b—c)+z(c—a)(c—b) 20

D& thay ring néu a > b > ¢ thi £ < y < z vh do d6 theo bat ding thitc Schur suy
rong ta ¢o diéu phai ching minh. O

Béng cach sit dung bat ding thic Schur suy rong, céc bat déng thic trén duge
ching minh mot cach tuong déi dun gian va rat dé hiéu. Ngay c& ¢ac ban hoc sinh
Trung hoc cd sd thi cac ching minh nay ciing khong hé qua sitc. Mot diéu kha thu
vi trong phuong phap nay, n6 dudng nhu la c6 quan hé mat thiét véi phuong phap
S.0.S nhung xét theo cach dun gién hon. Thay vi xét cac bidu thic cta (a - b)2, (b—
¢)?, (c — a)? ta xét v6i cac biéu thitc cha (a - b)(a—c), (b— c)(b- a),(c— a)(c—b)
gi6i han trong trudng hop céc hé sb cia ching don diéu. Cac bét déng thic tao ra
tit bat ddng thitc Schur suy rong thuong khong qué khé nhung lai dep va ciing la
mot sy thu gidn t6t v6i bat ding thic. Ndm bdt duge dinh li Schur suy rong 14 mot
didu rit can thiét. Néu ban khong biét v& dinh If trén, thi chdc chén cac bai toan
vita trinh bay khong d& dang chit nao.

Vi du 4.1.3. Chitng minh rdng vdi moi s6 thuc duong a,b, c cd tich bing 1 thi

a2 + be + b2 + ac + c® +ab
a?(b+c) bXa+c) c2(a+b)

> ab + be + ca.

La1 GIAL Ta sé chimg minh

a? + be N b% +ac N ¢+ ab l+l
a?2(b+¢) b a+c) c*a+b) " a b

-

1
+ =
C

Cht ¥ ring
a? + be (a - b)(a—c)
a?(b+c) a?(b+c) ’

D& dang kiém tra duge néu bo sb (a,b,c) 1a bo don dieu ting thi bo sb

Lo
= =

1 1 1
(a2(b +¢) b2 (a+c) e+ b))

1a bo don digu giam. Vay theo bat déng thitc Schur suy rong ta c6 dpcm. a
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Vi du 4.1.4. Ching minh rdng néu a,b, ¢ cé téng binh phuong bing 3 thi

a®+abc B3+abe SB4abe 3
5 + 2+ 3 > —.
(b+¢) (a+c¢) (c+a) 2

Lar GiAl Bai toan duge chitng minh theo 2 budc.

Budc 1. Ta sé chitng minh

3 3 3 2 2 2
b b b b b
a+a2c+ +a;: c+a§2a n n c (1)
(b+c) (a+c) (c+a) b+c a+c a+bd
Budc 2. Ta ching minh bai toan kha quen thudc

2 b2 2 3(a2 b2 2

a + 4 € > (a® +b% + ¢?) @)
b+c a+c a+b 2

Chatng minh (1).
Ta ¢6 ddng thie sau

a3+abc_ a? _ a
(b+c)2 b+c (b+ec

)2(a ~b)(a - c).

Chi ¥ riing néu a > b > ¢ thi hién nhién

a S b > c
(b+¢)2 " (a+¢c)? = (a+b)2

Theo bét ding thic Schur mé rong ta c6 ngay didu phai ching minh.

Chitng minh (2).
Sit dung bat déng thitc Chebyshev va bt d&ng thitc Cauchy — Schwarz ta c6

a? b? c? 1, o 1 1 1
> - b
b+c+a+c+a+b_3(a+ +c)(a+b+b+c+c+a)

3¢212+b2+c7"> 3@+ +c?) B3+ B2+ )

2a+b+c) ” 2\/3(aZ+ 8% +2) 2
Ta ap dung dwtge bat ding thitc C'hebysﬂey vi néu gid sit a > b > ¢ thi

1 1 1
> > .
b+c " c+a T a+bd

)

Céc bét dang thice (1) va (2) suy ra trye tiép két qua bai tosn. O
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Viduy 4.1.5. Chitng minh réng néu cdc s6 duong a,b,c cé téng bdng 3 thi ta cé bat
ddng thic

1 n 1 + 1 S 3 n 3 + 3

a ' b cT 22Z+bc 2024ac 2c2+ab

L1 Gi1Al. Ta phai chimg minh .
1 1 1 a+4b4+c a+b+c a+b+ec

b+c_2a2+bc 22 +ac = 2c24-ab’

Chu § ring
1 a+b+tc (a = b)(a—c)
a 2a>+bc  2a3+abc
1 1

1
= 2= . Ta phai chimg minh
2a3+abc’y 2b3 + abe =387 abe a phal chung min

z(a—-b)(a—c)+ylb—a)b-c)+z(c—a)(c— b) > 0.

bat x =

D& thiy néu a > b > ¢ thi £ < y < z nén theo bat déng thic Schur suy rong ta cb
didu phai ching minh. O
Bét ding thic sau day vin dang : Néua+b+c =3 vaa,b,c>0 th

LS . BN SN
a b ¢~ a2+2bc b2+2ac c2+2ab

Csch ching minh b4t ding thic nay hoan toan giéng bat ding thitc ban dau.
Mot cach ty nhién, ta mudn so sanh 2 bidu thic

1 1 1 1 1 1
2a2+bc+2b2+ac+2c2+ab k a2+2bc+b2+2ac+c2+2ab'

Tuy nhién, rat tiéc 2 biéu thic trén khong so sanh duge. Cac ban hay tim phan
vi du bac bd nhén xét trén.

Vi du 4.1.6. Ching minh ring vdi moi a,b, c khong am

a? + 2bc N b? + 2ac 4 c® + 2ab
(b+c)?  (a+c)?  (a+ b)2

>2
4

L1 GIAlL Bai toan da duge dé cap mot lan trong cac chuong trude. Bay gid ching
ta dita ra mot chimg minh khac béng cach ap dung bét-ding thic Schur suy rong
va bat ddng thic Iran 98. .

Ta c6 a2 + 2bc = ab + be + ca + (a — b)(a — ¢). Bat ding thitc c6 thé viét dudi dang

(a-b)la-¢) (b—a)b-rc) (c—a)(c—D)
(b+c)? (a+ c)? (a+ b)?
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1 1 1 9
Hab+be + ca) ((a+b)2 Threr” (c+a)2> 7

Bidu thttc & dong trén > 0 theo bat ding thitc Schur md rong con biéu thic 6 dong
dudi > 9/4 theo bat ding thitc Iran. O

Hoan toan tuong tu ta cé bat ding thitc sau day
Vidu 4.1.7. Vdi moi a,b,c khong am

a? + be b2 + ac 2 +ab
b24+bc+c?2  a?+ac+c?  a?+ab+b2 T

Chitng minh bing cach két hop bat ding thitc Schur suy rong va phudng phap
S.0.S.

Viée sit dung bt déng thitc Schur suy rong déi véi cac bai toan dbi xing 3 bién
la dinh huéng dau tién dé dang nhit trudc khi ta phai tim nhitng con dudng phic
tap hon, ching han phuong phap S.0.S hay don bién. Don gian bdi vi ching minh
b4t déng thitc Schur kha dé so vdi viée tim cach dua vé dang chinh téc clia phuong
phap $.0.S va néu ban chua lam quen duge véi S.0.S thi day lai la mot cong vice
kh6 khin. Tuy nhién, S.0.S rit manh vi né ¢6 thé gidi hdu nhu quyét trigt dé moi
bai toan bat ding thitc d6i xing 3 bién dang phan thitc hodc da thie, khong chita
cén thiec. :

Sau day 13 mot md rong tha vi cho bat ding thite dang Schur véi nhidu bién sb
hon.

Vi du 4.1.8 (IMO 1971). Chitng minh rdng véi moi a, b, c,d, e la cdc s6 thuc tuy

9 ta cd bét ddng thic

(a=b)(a-c)a—d)(a—e)+(b—a)(b—c)(b—d)(b—e)+(c—a)(c—b)(c—d){c-e)+
+(d —a)(d - b)(d-c)(d—e) + (e - a)(e —b)(e — c)(e — d) 2 0.

Lo1 G1AL Chitng minh bat déng thitc nay kha gidng v6i chitng minh bit ding thic
Schur suy rong. Khong mét tinh tdng quat gid st ring a > b > ¢ > d > e. Thé thi
(a=b)a-c)la—d)(a—e)+ (b—a)(b—c)(b—-d)(b-e) >0,

_ ~ (c—a)(c~-b)(c—d)(c—e) 20,
(d— a)(d—b)(d—c)(d—e)+ (e —a)(e—b)(e—c)le—d) >0.

Cong vé 3 bat déng thic trén ta c6 ngay diéu phai ching minh. Q
Truong hop dac biét, &y d = e ta c6 két qud sau

(a—-b)a—c)a—e)?+ (b—a)b-c)b—e)? +(c—a)(c—b)(c—e)?>0.




298 Chuong 4. Mot s6 vin dé chon loc vé bat ding thitc

Nhung thyc ra day lai chinh 13 bat ding thitc Schur véi bac 2.

Téng quat hon, trong bat ding thitc ¢ vi du 4.1.8 ta c6 thé dat trudc mdi higu
mot ham sb f: R — R, cu thé 1a

S fla-b)fla-c)f(a-d)fa-e)20,

ab,c,de

Trong d6 ham s6 f thod mén 2 diéu kién sau

e f la ham don diéu tang.

o zf(z) >0Vre€R.
Don gian nhét, lay f(z) = =2 thi

Y (a-b)*a-c)¥(a-d)*(a—e)*>0.

ab,c,de

Sau céc két qua md rong bt déng thitc Schur véi 3 bién hoc 5 bién, sau rat
nhidu cb ging ngudi ta vin chua tim ra dugec mot két qua tuong ty vdi sb bién khac,
ching han véi 4 bién s6. Nhu vay phan dinh 1 ndy van con md va s¢ thit tai cia cac
ban tit bay gi®, néu ban thich tim tdi sing tao.

Phan cudi cla bai viét mot két qua & dang bat ding thitc Schur.
Vi du 4.1.9. Xét bit ding thic sau vdi a,b,c,z,y,2 >0
z(a —b)(a—c)+yb—a)(b—c)+ z{c—a)(c—b) > 0.
Dé bét ddng thic ding vdi moi a, b, c thi cdc s6 z,y, z phdi thod man x? + y® + 2% <

2(xy + yz + zx). Day ciing la diéu kien di.

Vi théng thudng z, y, 2z ludn 1& ham phy thudc vao a, b, c nén didu kien z2 +y? +
22 < 2(zy + yz + zx) khong thé st dung dugc mot cach linh hoat. Day 1a If do ma
bat dang tlnic nay it duge ap dung hon.

4.2 Nhitng bat ding thic ki la !

Céac bt déng thic d6i xing 3 bién da dudc xem xét rat nhidu trong cudn
séch nay va cac kién thic dua ra 1a tuong doi day du cho cdc ban. Bay gio ching
ta 56 quay tré lai mot dang bat ding thitc co ban nhét trong cic bit ding thic
3 bién, d6 la cac bai toan bat ding thitc nhu a? + b% + ¢ > ab + be + ca hay
3(a2 + b2+ c?) > (a + b+ ¢)? > 3(ab+ bc + ca), nhung tAt nhién & dang bidu dién
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khéc di. Chiing ta dang xét trong mot thé gisi khac ciia s6 thue, ma hidu nhu nhitng
bat dang thnte don gian nhat cing tré nén vo cing phic tap, nhung ching lai 1a
nhitng bat ddng thitc dep tuyét vei..

Thé gidi ma chung ta néi tdi, la thé gisi ma cac sb a, b, c khong quyét dinh hoan
toan gi tri ctia biéu thite. Li do rat don gian, ching khong ding déc 1ap ma 1a cac
s6 mil clia mot bidu thitc sb hang khac:

Vin dé mé dan cho chuong nay l1a mot vin dé dudng nht rat don gian, néu
a+b+c =3 thi gia tri 16n nhat cla bidu thitc 20 + 2b¢ 4 264 hay 49b 4 gbe 4 geo
14 bao nhiéu? Ban dung voi két luan ring gia tri d6 1a 6 va 10 tuong dng khi
a="b=c=1 Luy thita da lam d6 v quan hé bat ding thitc tudng nhu hién nhién
va khong thé sai khac duge, d6 1a bat ding thite dang (a + b+ ¢)? > 3(ab + be + ca).

Vidu 4.2.1. Gid st a,b, cla cdc sé thuc khong am thod man diéu kién a+b+c = 3.
Tim gid tri ldn nhdt cda biéu thic

(a) Sp = 2% 4 2% 4 22,

(b) Sy = 49 4 4b¢ 4 4o,

Lor GiArn Trude khi doc 19 giai sau day, ban hay tint suy nghi va phat trién vé bat
déng thic va luy thita? Day 13 vin dé kha mdi va néi chung la rat khé.

Khong mét tinh téng quat, gid st @ > b > c. Gid sit k > 1 12 mot hiing sé duong va
x6t ham sé
fla,b,c) = k® 4 kb 4 gee,

Datt=(a+b)/2,u=(a-b)/2khidéa=t+ub=1t-u.

f(aa b7 C) = g(’u,) = ktz—uz + kC(t—’u) + kc(t+u)
g'(w) = 2uln k.= + In k.ck® (kY — k=),

Ta sé ching minh bat ddng thitc sau

kew _ p—cu < ktz

—u2—ct
2cu

Theo dinh li Lagrange thi tén tai sé thyc r véi u > r > —u sao cho

ke _ f—cu
2u

Vie<ivace(t+u) < (t—u)(t+u)=t?=u? nén dé thiy ¢’(v) < 0. Suy ra

= ck® < ck™.
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Ta s6 ching minh A(t) < max (h(3), (1)) Vk > 1. That vay
K (t) = 2tInk.kt + 2(3 — 4t) In k.32
W(t)=0« -3 = 3tt-1)
t

Xét trong trudng hgp ¢ > 1, ta ¢6 phudng trinh

q(t) =3t(t — 1) Ink — In(4¢t — 3) + Int =0,
4 1

/ = _— — e——————— —

qg(t)=(6t-3)Ink 4t—3+t
5

= (6t—3)lnk - ——0 .

(6t —3)Ink 3 = 3)

Chu ¥ ring khi ¢t > 1 thi ¢/(¢) hién nhién 13 mot ham giam d&i véi t, do d6 phuong
trinh ¢/(t) = 0 c6 khong qua mot nghiém ¢ > 1, theo dinh li Roll thi phuong trinh
h'(t) = 0 c6 khong qua 2 nghi¢m ¢ > 1. Do A/(1) = 0 nén

h(t) < max (h(l), h(%)) .

Bat dang thitc dugce chitng minh hoan chinh. O
Tit d6 ta c6 bai toan tdng quét 1a

Vi du 4.2.2. Néu a,b,c la cdc s6 thic khong am c6 tdng bing 3 thi Vk > 1 ta cé
K4 k%4 k2 < max (3k, K74+ 2)

Va do dé hing sé tét nhdt dé cé bit ding thic k*® + k% + k** < 3k La nghiém ciia
phuong trinh dai s6
3k = k%4 + 2.

Bay gi¢ ta chuyén sang mot udc lugng co ban khac, dé 1a déi véi biéu thite dang
a® + b2 + 2. Ta c6 bai toan sau

Vi du 4.2.3. Gid sit cic s6 thuc khong am a,b,c c6 tong bing 3, hdy tim gid try
nhé nhit cia biéu thic

37 4+37% 43¢,
Lo1 GIAL Ta sé ching minh véi bai toan téng quat hon. Dit #

P=k" + & + k<.

Luwu ¥ r¥ng v6i k > 1 thi hién nhién P > 3k theo bat ding thic Jensen. Ta chi can
x6t khi k < 1. Pay la mot bat dang thic rat kho.
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Khoéng mét tinh téng quat ta gid st a > b > c. Dat t = (a +b)/2,u = (a — b)/2, ta
cba=t+ub=t—u Dat k' =1/k> 1. Xét ham sb
g(u) = k(707 4 k(00?4 e,
g'(u) = 2Ink.(t + vk = 2Ink. (¢t — u)kt—w’?
)

g'(u) =0 & (t + w)ktt™? = (¢ — u)kt-*
t+u

e k74 o In(t +u) — In(t — u) = —4tulnk.

=

Xét ham sb
h(u) =In(t + u) — In(t — u) + 4tulnk
1

1 2t
/ — — - —_— .
h(u)_—t+u+t_u+4lnk.t t2_u2+4tlnk

Vay W (u) =0 < 2(t? ~ u?)Ink = -1 & 2ablnk = —1 & 2ablnk’ = 1.
+, Néu ab, be, ca < 3 thi
k9 4 kY 4k > B4 g okmew = kY4 4 2em1/2,
+, Néu khong, ta phai cé ab > Wlk' va tit chitng minh & trén
W(u) =0 u=0=g'u) =06 u=0= g(u) > g(0) = 2 + k327 = £(¢),
Ta can tim gia tri nhé nhat cia ham s6 f(t) trén mién 3/2 > ¢ > 1.
F(t) = 4tInk.k" — 4(3 - 2t) Ink.kB-20”
t

"4} = (3-2t)2—-¢% _
ft)=0sk 33

& EIE- 5“72—t & (3-3t)(3—t)Ink’ = In(3 — 2t) — Int.

Dat q(t) = (3 -3t)(3—t)Ink’ — In(3 — 2t) — Int. Ta c6

1 3
+ = = (6t - 12)Ink’ +

/ . = / -
g(t) =(6t-12)Ink +3—2t " TEETTE

Cha § ring véi 3/2 >t > 1 thi ham sb #(3 — 2t)(2 — t) = 2t3 — 72 + 6t 1a ham don
diéu gidm, nén phuong trinh ¢'(t) = 0.c6 khong qua mot nhiém, suy ra f/(t) =0 cbd
khéng qué 2 nghiém trén [1,3/2].

Lap bang bién thién ctia cdc ham f(t), q(¢) ta suy ra

[ A I

£(t) > min (f(l), £( )) = min (Bk, 1+ 2/§9/4) .
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T cic chitng minh trén suy ra
B Bk > min (3k, 1+ 26974, 217/2 4 K4
Chi y ring néu k < 1/3 thi
min (3k, 1+ 2k%/4,2¢17/2 1 k%) = 3.

Con néu k > 1/3 thi
1+ 2k%4 < 2e~1/2 4 p9/4

= min (3k, 1 + 2k, 2¢!~/2 + k¥/¢) = min (3k, 1+ 2%°)
Hay néi cach khac
min (3k, 1 + 2k%4,2e! /2 + k%4) = min (3k,1 + 2k%4). O
Ta di dén két luan chung cho bai toan 1a

Vi du 4.2.4. Néu a,b,c la cdc s6 thyuc khong am cé tong bing 3 thiVk € RT ta cé
K+ K 4k > min (3K, 14 26%/4).
Vi do dé hing sé tét nhét dé cd zgéz ding thic
K+ K 4k > 3k

la nghiem cia phuong trinh dai s6 3k = 1 + 2k°/4.

Trudng hgp dac biét, & bai toan ban dau ta c¢6 bat ding thirc
37 437V 437 > 1,
Nhung véi k& = 1/2 thi ta lai ¢c6 mot bat ding thic kha ki la
27" 497V 4 9= > 14 9-8/4,

Ca 2 bai toan tong quat vita trinh bay déu la cac bai todn hay va khé, tuy ring
van dé khdi dau lai vo cing dun gidn. Chinh nhimg didu nay lam ndi bat nét dep
ctia bit ding thite 50 cAp, d6 1a sut phite tap va phong phni &n clnta trong nhitng vin
dé rat tho so va dé hiéu.

Mot phat trién ty nhién, ta mudn danh gia véi bat ddng thic Schur hodic them
mot sb bat ding thitc khac. Ta c6 mot bat ding thitc dang Schur sau day
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Vidu 4.2.5. Gid st a,b,c>0vaa+b+c=3. Tim gid tri lon nhdt cia biéu thic

24ab + 24bc 4+ 24ca _ 23abc.

Lo1 GIAL Thyc ra bai toan dya trén vi du 4.2.1, v6i cht § ring
giab | gibe y gdes — 167 4 16%° + 16 < 167/ + 2
va bAt ding tinte hién nhién 23“"5 >1.0
Vi du 4.2.6. Ching minh hodc phdn bién bt ding thic sau
ghab  jdbe | pdea _ gdabe < 49 L1
Trong dé a, b, c la cdc sé khong am cé tong bing 3.

Mic dit xudt phat § tudng rat don gian, nhung 16p céc bat déng thic dang nay-
rat it va chic chan sé con nhiéu didu bi 4n, tha vi chd cac ban tin ra !

4.3 B4t ding thic Nesbitt vi mot s6 dang md rong

 Céc ban hoc sinh phd théng chic chdn khong con xa la véi bét d&ng thic ndi
tiéng nay. C6 1¢ ciing khong cin néi gi thém vé phuong phap chimg minh vi n6 qua
don gidn. Bay gid chning ta sé ciing xem xét nhitng bai toAn mé rong va cac dang
tdng quat cta né. ‘

Problem 6 (B4t ding thitc Nesbitt). Ching minh rdng vdi moi sé thuc dudng
a,b, ¢ ta luon cé bit ding thite

a + b + c
b+c at+c a-+b

3
> —.
-2

Mot md rong dun gian nhét cho bt déng thuc trén, do 1a
Vidu 4.3.1. Néu k> 1 vaa,b,c la cdc s6 thuc duong thi

ak bk ck ak—l + bk—l + Ck—l
+ + >
b+c a+c a+d 2

Hay c6 thé téng qudt hon cho n s8
n ko n k-1
Z 4 o 2ui=1 %
s—a;  n—-1 "

i=1

Vdis=a;+as+..+an, 01,02, ...,a, > 0 vd k la hdng s6 ldn hon 1.
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Ca 2 bAt dang thitc trén déu rat dé ching minh nén sé khong duge trinh bay &
day. Ta s¢ khéo sat mot md rong that hai, do 1a cac hang 6 duge gén vdéi s6 min. Cu
thé hon, ta c6 bai toan sau

Vi du 4.3.2. Cho a,b,c la cdc s6 thuc duong va k la mot hdng s6 cho trudc. Hay
tim gid tri nhé nhét cho biéu thic sau

s () () e (=)
T \b+c c+a a+b)
LO1 GIAL Véi k = 1 ta c¢6 bat dang thitc Nesbitt. Sé khong may kho khan khi ta

ching minh cho trudng hgp k£ > 1. Con néu k£ < 0 thi bai toan ciing v6 ciing don
gian, ta ap dung tryc tiép bat ding thitc AM — GM

abe k/3 3
SZ3<(a+b)(b+c)(c+a)> 255’

Vik <0va(a+b)(b+c)(c+ a) > 8abe theo bat déng thitc AM — GM.

1
Trong trudng hop k = 3 thi cfing 1& mét bai todn kha quen thude

a+/b+ C 5o
b+c a+c a+b ™"

Ban c6 thé xcm thém trong bai toan 2.21 phén II.

Trudng hgp khé khan duy nhét 13 ching minh bai toan khi 0 < k < 1. Ta sé ching
minh két qua sau bdng phuong phap dén bién

k b \* k . 3
f(a,b,c)——-(bic) +(c+a) +(‘aib) 2m1n(2,—2—k>.

That vay, khong mAt tinh tdng quat ta gid st a > b > c.

D'tha=t+u,b=t—uvéit=“—;‘—b2u=‘—‘5220.

k k
u+t t—u c\k
Dat g(U)—({i”J;;) +(u+t+c> +(§Z)
I( )_k u+t k-1 2t+c t—u k-1 —2t—c¢
TW=8\u—tre) w-trep  "\utt-c) (utt+o?

Va do d6 ¢g'(u) = 0 khi va chi khi ) ‘ .
(utt) Hu +t + ) = (u - )1t — u — ¢)FF?
@ (k-1)In(t+u)+(k+1)In(ut+t+c)
=(k-1)In(t—uw)+(k+1)In(t —u+c).
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Xét ham sb

h(u) = (k~ 1)In(t +u) + (k+ 1) In(u +t +c)—
— (k= D)In(t —u) - (k+ 1) In(t - u+c),
k-1 k+1 k-1 k+1
+ + +
t+u t+u4+c t—u t—u+tc
20k — 1)  2(k+1)(t+¢)

B (u) =

2 - 2 (t+c)2—u?’
Vit>cneént(t+c)(t—c) > (t+2c)u? = 2(t+c)(t? —u?) >t ((t+c)2 —u?) Véi
k>1/3thi k+ 1> 2(1 — k) nén ta c6 h'(u) > 0. Dodoh( ) > h(0) = 0. Suyra

g(u) > 0. Vay g 1a m6t ham don diéu véi u > 0 nén

2tk ck

g(u) 2> Q(O) = m + W

Do g(0) 13 mot ham thudn nhét véi 2 bién ¢, ¢, ta c6-thé gid st t = 1.

Xét ham s6 sau véic < 1

2k+1
p(c) =(1—+c*)‘,; +c,
. —k.2k+1 1
p'(c) “atort ke

p/( )=0<=> (1+C)k+lck-—1 =2k+1
& (k+Dlin(c+1)+(k—1)Inc=(k+1)In2.
Lai xét v&i ham sb
- g(e) = (k+ 1) In(c+ 1)+ (k—1)Inc— (k+1)In2 = ¢(1) = 0.
k+1 4 k-1 (k+Dc+(c+1)(k—-1)
c+1 c c(c+1)

qua mot nghiém, suy ra p'(c) = 0 ¢6 khong qua 1 nghi¢m trong (0,1). Cha ¥ ring
lime_o p(c) = 400 nén ti bang bién thién ta suy ra

Vi ¢'(c) =

nén ham sbé ¢'(c) ¢6 khong

p(c) > min (p(l), }__i_r%p(c)> — min (3, 2k+1)

= a k+ b k-§: ¢ k>min<£2
b+ec a+ec a¥b) ~ k> = |

Bai toan da dude ching minh xong véi k > 1/3. Xét véi k < 1/2.
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Chon cac sb thyc a, 8, v thod man /a = a*, /3 = bk, V7 = c*. Khi d6

ak [0
Gref = VF+n

b 2k c 2k
@(b+c)2kﬁb2k+c2’”@< ) +< ) > 1.
b+c c+b

Hién nhién ding. Ta ¢6 2 bat ding thitc tuong tu, rdi cong lai

ot W & S [e e [,
(b+c)k  (c+a)  (a+bk =\ 3+~ o+ a+p8 -7

Vay bat déng thic da duge ching minh hoan chinh

a k+ b k+ ¢ k>min i2
b+c a+c a+b/ LA A

Hing s6 t6t nhat cho bit ding thuic

2a \* 2% \* 2 \*
> 3.
(b+c) +(a+c> +(a+b> =3
In3

lasd *=3ek=—-1.0
In2

Trong chuong I ta ciing da ching minh bat déng thic Nesbitt véi 4 sé va 6 sb
Vi du 4.3.3. Chitng minh vdi a,b,c,d,e, f > 0 thi

(4) a + b + c + d > 9
b+c c+d d+a a+b~ 7
(i) a b c d e f >3

b+c+c+d+d+e+e+f+f+a+a+b“

Ta da c6 mot két qua dep vé so sanh 2 bat ddng thic dang Nesbitt

Vi du 4.3.4. Vdi moi a,b, c khong am thi

a? b2 c? a b c

l>2+c2+a"’+c"’+a?+b2 = b+c+a+c+a+b'

VA bai toan téng quat véi n bién la _
Vi du 4.3.5. Ching minh ring néu ay, as, ..., a, la cdc s6 thuc duong thi
2 2
aj a, aj an
—_ ...+ > +..4+ ——
a2 +..+a2 ad+..+a_| Tat..+a, a1+ ..+ ap_1
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LO1 G1AL C6 nhiéu cach giai bai toan trén, sau day 1a mot ching minh tryc tiép si
dung dao ham va tinh chat don di¢u. Dat -

¢

a4
t) = ,
f® Zaé—}—aé-{—...—!—aﬁl

i=1,n

S=d\+ah+.. +al.

Ta chitng minh f(t) don digu tang véi ¢ > 0.

£(t) = i: ailnai(ab+af+..+al) —ai(ablnay + aflnas + ... +a! Ina,)
- n (S —at)?
() = i: ajab(lna; —Inay) + afal(lna; — lnay) + ... + alat (Ina; — Ina,)
4 (S —af)? '
Vay ta c6 thé viét f'(t) duéi dang
. ala(Ing; - Ina;)
f/t — t]
(®) MZ:l S —ai
n 1 1
t t
= a;a;(Ina; — Inay) -
g::l j J ((S—af)2 (S—a§)2>
id 28 — at - ot
t t t_ ot i~ Y
=Y alat(lng; ~ Ina;)(a! - o > 0.
g;lalaj(naz na;){(a; af)(S—a§)2(S~aj)2 >0.

Bat déng thic duge ching minh xong. Ding thic x3y ra khi va chi khi méi sé a;
ho#c bang nhau hozc bing 0. Q.

Ta mubn tim mét wdc lugng tuong ty voi bt dang thitc dang Nesbitt clia céc
bidu thitc dang
_a b c d
_a+b+b+c+c+d+d+d

Di dén bai toan sau
Vi du 4.3.6. Ching minh cdc bit ding thic sau vdi a,b,c,d khong am

. a b ‘e d
(2) I<em T rretrit i

(i) _(aib)2+(ﬁ?)2+(cjd)2+<dja)2zl‘

<3
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Lot GiAl. Cau (4) thi rat don gidn con cau (ii) thyc chat la bai toadn quen thude

1 1 1 1
>
T T rR  er? T@rE

Véi cac sb thuc a, b, ¢, d khong am va abed = 1. U
Trong phan cudi ctia bai viét, ban doc hay ty giai bai todn bai toén sau day.

Vi du 4.3.7. Tim udc lugng cho biéu thic sau

_a 2+ _b 2+ _c 2+ _d
at+b+c b+c+d c+d+a d+a+bd/’

Trong dé a,b, c,d la cdc sé thue khong am.

4.4 Suy luan va phat trién

Noi dung sdp trinh bay trong bai viét nay dac trung cho mach phat trién chung
cha cudn sich, d6 la sy tu dat vAn dé, tim toi va tu gidi hodic xay dung nhing bat
déng thic tit mot dang bat déng thitc tuong tu. Viéc khong thé giai quyét mot van
dé nao d6 lai lJam nay sinh duge rat nhién bai toan hay. Md dau, ching ta hay bt
dau vai bai toan tudng chitng rat don gian sau day

Problem 7. Gid stz a,b,c la cdc sé thic khong dm thod man ab+bc+ca = 1. Ching
minh bét ddng thic sau

1 1 1
+ + > 2v/2.
Vaz+be VbB2+ac Ve2+ab

"Ban hay ty minh thit sic véi bai todn trén. RO rang, hinh thic cia né qua don
gian va khong c6 gl méi mé, nhung trén thyc té, bat dang thite lai 1a mot bat ding
thitc qua khé va hién nay, mot 16i giai duge chdp nhan vé mit toan hoc cho né lai
qua phitc tap va dai ddong nén téc gia khong mudn ghi ra ¢ day. Khi ding trude mot
vAn dé dep dé thé nay, nhat dinh ching ta sé khong dimg lai va bo qua. Sé con rat
nhidu didu thu vi xung quanh né ma cac ban sé duge biét ngay duéi day.

Trude hét ta xét mot truong hop bxen d6i don gian nhat bé di cac can thite. Ta
¢6 bat ding thic

Vi du 4.4.1. Ching minh bt déng thitc sau vdi moi a,b, ¢ khong am

1 n 1 n 1 S 3
a2 +bc b +ac c2+ab” ab+bc+ ca
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Lo1 GiAl Chung minh bat ding thic tren khong khé 1dm, phuong phap gin gibng
vl 8.0.8. Ta chuyén vé dang tuong duong nhu sau

alb+c—a) bla+c—1b) c(a+b——c)>0
a? + be b2 + ac 2+ab T

Khong mat tinh tdng quat, gid sit @ > b > ¢. Ta chi cin xét khi > b+ c. Khi dé

b a _(a—b)(ab—ca—cb)>0
b2 +ac a?+bc (B2 +ac)(cZ+ab) T

Vay bat dng thitc duge ching minh. Déng thitc xay ra khi va chi khi a = b,e=0
hodc cac hoan vi. O

Khi thay doi he s6 dudi miu, ta c6 mot bat déng thic khac nhu sau
Vi du 4.4.2. Chitng minh ring véi moi a, b;c khong am ta cé

1 1 1 2
‘ > .
a2+2bc+b2+2ac+02+2ab “ab+bc+ca

Lor GIAL Céac ban hay ty ching minh bt ddng thitc nay. O
Thyc ra bai toan trén chi 14 hé qua clia mot bat ding thic manh hon nhu sau
Vi du 4.4.3. Vi moi s6 thuc khong am a,b, ¢ ta ludn cé

1 1 1 2 1
> .
a2+2bc+b2+2ac+c2+2ab_ab+bc+ca+a2+b?~}-c2

Lor GiAr. Lui giai cho bai toan nay sit dung mot khai trién rét dac bist

1 1 1 2 1
a2+2bc+ b"’+2ac+ c+2ab ab+bc+ca a2+ b2 fc?
_f(a- b)2(b — c)%(c — a)%(ab+ bc + ca + a? + b2 + c2)
(a2 + 2bc)(b? + 2ac)(c? + 2ab)

Dang thic xay ra & bat ding thitc trén khi va chi khi trong 3 sb a,b,cco it nhét 2
s6 bing nhau. Day la mot trudng hop rat dac bigt. O

Ngoai ra, cich phan tich trén dya vao. nhan xét sau : Néu cho 2 bién bat khi
trong 3 bién a, b, ¢ biing nhau thi ta ludn c6 VT = VP. Do dé hiéu gitta chiing phai
c6 thita s6 (a b)2( — ¢)?(c — a)?. Thita sé con lai s& dugc xéc dinh sau.

Mot céach ty nhién, ta mong mudn moét uéc lugng tuong ty vdi bt déng thic
dang tdng quat. Ta c6 bat déng thic sau day
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Vi du 4.4.4. Ching minh rdng vdi moi s6 thuc khong am a,b,c va p 2 3 + VT la
mot hing s6 duong tug g, ta luon cé bit ding thic
1 + 1 " 1 S 9
paZ +bc  pb2+ac  pc2+ab T (p+1)(ab+bc+ca)

Lo1 GiAL Ldi giai quen thudc cho bat déng thic trén 1a sit dung phuong phéap
S.0.S. Giastringa>b>c, tacé
(p+1)(ab+bc+ca) g 3pa(b+c — 2a) + (p — 2)(2bc — a(b + c))
pa? + be B 2(pa? + be)
(3pa + (p — 2)c)(b— a) + (3pa + (p — 2)b)(c — a))
2(pa® + be)
Vay ta phéi chitng minh bat déng thic sau

3pa+ (p—2)c 3pb+ (p—2)c
- - >
Z(b @) ( pa? + bc pb? + ac 20

a,b,c

2p%ab+ p(p — 5)c(a+b) — (p— 2)c?
g Z(a — b’ (pa2 + be)(pb? + ac)

> 0.

a,b.c
Dop>3++v7nenp(p-5) >p-2,2p° >p(p-2)dodd
~2p%ab+ p(p = B)ela+b) = (p—2)c* 2 (p— De(a+ b c).
Phin con lai ta phai ching minh

pab(a — b)? cla+b—c)(a—b)?
(pa? + be)(pb? + ac) Z (pa? + be)(pb? + ac) 20

a.b,c
Chu ¥ ring
Z cla+b—c)(a—b)? a(b—a)(b - c)? b(a — b)(a - ¢)?

2 G Th)(pH 1 a0) = (2 + ac)(pe? +ab)  (pa? + b0)(peF + ab)
a(b — a)(b — c)? b(a — b)(b— c)?a?
= (pb2 + ac)(pc? +ab) ' (pa? + be)(pc? + ab)b?
_afa - b)2(b — ¢)?(pab — ca — cb) > —ab(a — b)*(pab)
= " b(pa? + be)(pb? + ac)(pc? + ab) T (pa®+ be)(pb? + ac)(pc? + ab)
—pab(a — b)?

= (pa? + be)(pb? + ac)’

Bét dfs:ng thie da duge clning minh xong. Luu ¥ ring véi trudng hop p = 3+V7co
them mot trudng hgp x4y ra déng thic 1a a = b, ¢ = 0 ho#ic cdc hoan vi. ]

Bay gid ta sé nhin nhan bit ding thitc theo mot cach kho han, tic 1a van gii
nguyén dau cin thic. C6 mot két qua rat b4t ngo 1a
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Vi du 4.4.5. Chitng minh ring vdi moi s6 a,b, ¢ khong am bat ding thie sau ddy

luon ding
1 1 1 6

+ + > .
vVa?+be Vb2+ac V2+ab atb+tec

Lo1 GiAL Thuyc ra bai toan nay lai c6 mét cach ching minh rat don gian va kha
bat ngs. Ta tryc tiép bat ding thic AM — GM véi cac sb hang & vé trai
1 1 1 3
+ + > :
Va?+be Vb2+ac VcE+ab T §/(a? + bc)(b? + ac)(c? + ab)

Phan con lai ta chi phai chitng minh
(a+b+c)8 > 64(a® + be)(b? + ac)(c? + ab).

& Zas + 6Za5(b +c)+ lE)Za‘l(b2 +c?) + 60acha2(b +c)

sys sys sys sys
> 38a2b2c? + 34abe Za3 +44) " a®b®.
sys sYys

St dung déng thic sau
(a=b)%(b~c)*(c~a)?
= Z a*(b? + ¢?) + 2abe Zab(a +b) -2 Za3b3 — 2abc Z a3 — 6a%b?c?,

SYs sys 8Yys sys
do d6
15 " a*(b® +¢®) + 30abe Y ab(a +b) > 30 Y as® + 30abe D a® + 90a2b?c?.
sYs sYs sys sys

Theo bat ding thiic Schur ta suy ra

Zaﬁ +abc2a3 > Zas(b+c).

sYs sys sys
Va nhu vay, bai toan duge sé suy ra tit két qua cubi cung sau

7Za5(b+ c) + 3abc2ab(a+ b) > 6(;Lbcz:a3 + 14 Zaabs.

sy9 3Ys sys sys
& Y (a—b)’ab(a + b)(Ta+ 7b — 3c) > 0.
sys

Nhung diéu nay hién nhién ding theo dinh 1i S.0.S. Déng thitc xay ra khia = b,c = 0
ho#c cac hoan vi. O
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Néu ap dung mot bat ding thic AM — GM theo mot cach khac cho cho bat
déng thic trén
1 - 1 1 9
+ + > .
va2+bc Vb2+ac Vc2+ab T VaZ+be+ Vb2 +ac+ Ve +ab

Va do d6 ta sé c6 mot bat ding thitc mdi

Vi du 4.4.6. Chitng minh vdi moi sé thuc khéng dm a,b,c ta cé

3(a+b+c)22(\/a2+bc+\/b2+ac+ \/02+ab).

Lo1 GiAl Cha ¥ ring vi du 4.4.5 chi 1a hé qua cta vi du 4.4.6 va ban than bai toan
4.4.6 ciing 12 mot bai todn rat khé. Cac ban hay xem lai bai 2.16 chuong II. O

Mot két qua tuong ty clda vi dy 4.4.5 la
Vi du 4.4.7. Chitng minh rdng vdi moi sé thuc duong a,b,c ta cé

1 1 1 4
+ + > .
V4aZ +be VA2 +ac VA2 +ab  at+b+c

Day la mot bai toan khé. Ban doc hay xem thém trong bai 2.93 chuong II.

Mot tdng quat thco hudng khac cla vi du 4.4.2 1a

Vi du 4.4.8. Tim hdng s6 duong p tét nhat dé bit ding thic sau ding vdi moi
a,b,c khong am sao choa+b+c=3

1 1 1 3
> .
pa2+bc+pb2+ac+pcz+ab_p+l

Chitng minh bai to4n biing dinh 1i 5.0.S.

4.5 BAat ding thic thuan nghich
4.5.1 Phuong phap tich phan déi vdi bat déng thic

Trong nhidu bai toan, cac tinh chat clia tich phan vA nguyén ham gitp ching
ta ¢6 duge nhimg chimg minh rat ngin.gon va‘dep mdt. Vi tich phan, vi phan la
déi tuong nghién citu chinh cla toan hoc cao cp va giai tich hién dai, tac gia cing
khong di qua sau vao cac dinh i mang tinh i thuyét. Trong phén nay, ta chi sit
dung tinh chét co ban nhét, don gian nhét cla tich phan déi véi bat ddng thic la
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1. Néu f(x) > 0 Vz € [a, b] thi f: f(z)dz > 0.

2. Néu f(z) > g(z) Yz € [a, b] th‘li]:’f(x)d:c 2 f:g(z)dz

Trong phan nay, tic gia chi dua ra 2 bai toadn quan trong va tiéu bidu nhat vé
ing dung ctia tich phan déi véi bat ding thic phd thong.

Vidu 4.5.1 (Romanian MO). Ching minh ring vdi moi 6 thuc ay, ay, ..., an tug
¥ ta luon c¢o bat ding thic

n
Z aLaJ > 0.
ij=1 it
LO1 GIAL Véi bai todn nay, cic phuong phap thong thudng khé mang lai higu qua
vi bidu thitc ciia né tuong déi phitc tap. Viéc c6 hé s6 i + j 8 dudi méu gitp ching
ta dinh huéng duge sit dung phuong phap tich phan. Xét ham s6 sau day

2

n n
o 1 ‘
= E a;a;z il = E E azrtl >0 vz>o0.

1,j=1 i,j=1

Do d6 [ f(z)dz >.0 . Nhung ta c6

Nén bat ding thitc duge ching minh xong. O

Vi du sau day kh6 hon mot chit vé cc chi tiét nho trong ching minh, nhung
phuong phap thi tuong ty nhu trén

Vi du 4.5.2. Ching minh bit ddng thic sau vdi cic s6 thuc ay, ag, ..., an tug §

_aia;
> 0.
Z 1+|z—]|_

i,j=1

Nhung chiing ta sé khong ban qu4 ki vé ki thuat dang nay, ma sé chuyén t6i mot
tng dung khac tinh té va dic biet hon, d6 14 phuorig phéap tich phan déi véi cac bat
déng thitc thuan nghich.
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4.5.2 Béat ding thitc thuan nghich
Chung ta hay trd lai véi bat ddng thic sau
Problem 8 (Gabriel Dospinesscu). Ching minh vdi moi a, b, ¢ duong ta cé

1,4 1,1 3 3 3
4  4b  4c a+b b+c c+a  3a+b 3b+c 3c+a

Lot GiAL Day 13 mot bai toan rat khé, hién nay chua c6 mot 181 gidi ndo thuan tuy
dai s6 cho bat ding tnfc nay. Lai giai bing tich phan 1a mot chiing minh rat dep.

Xét bat diing thic quen thudc sau day
(@ + 2+ 222> 3Py + P2 + 23z).
Dit z = t¢,y = t¥, z = t¢, thay vao bit déng thitc tren
(t2a 424 t2c)2 >3 (t3a+b 4 g3bte 4 t3¢+a> _
LAy tich phan c 2 vé ta dugc

1 1
/ % ( 2a + t2b + t2c>2dt > 3/ % (t3a+b + f3bte + t3c+a) dt.
0 0

Va tit d6 ta suy ra

Lytpr, v, 38 3 49
40 4b " 4c  a+b b4+c c+a " 3a+b 3b+c 3cta

Béat ddng thic dugc ching minh. Dang thic x4y ra khi va chi khia =b=c¢ 0O

Viéc dat z = ¢4,y = ¥, z = t¢ rdi lay nguyén ham d6i v6i ¢ khong phai la mot
cong viéc dun gidn va dé dang nghi duge ra. Tham chi day con 12 mot ki thuat rat
mdi va khé. Tuy nhién, ching ta s¢ khong tim hidu tai sao ¢6 thé lam nhu vay, ma
sé n6i nhidu dén viec hoc duge gi tir cdc ching minh dé. Cé mot vi du tuong tu la

Vi du 4.5.3. Ching minh bdt ddng thitc sau vdi cdc sé thuc duong a,b,c

1+1+1+ 3 S 1 " 1 + 1 + 1 n 1 + 1
3¢ 3 3¢ a+btc-2a+b 2W+c 2+a 2b4+a 2c+bdb 2a+c

LO1 GiAlL. Xuét phat tir bt ding thic Schur ta c6

o + % + 2% + 3zyz > ay(e +y) +yz(y + 2) + 22(z + 7).
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bat z = t“,y=tb,z = t¢ ta dudc

1/. 2 1 ) , .
_t_ (t.ia + t3b + t&(. + 3tu+b+c) > z (ta-t—b(ta + tb) + tb_H’(tb + tC) + tc—HL(tc + ta)) )
Ly tich phan 2 vé trong doan [0, 1} ta c6 didu phai ching minh. O

Sau day 1a mot vi du kho hon

Vi du 4.5.4. Ching minh vdi moi a,b,c>0 thi

1 1 1 2 2 2 1 2 1 2 1 2
RIS SO N V2 V2 V2 o V2 1+V2 +V2
40  4b  4c  3a+b 3b+c 3c+a a+3b b+ 3c c+ 3a

Lo1 GIAL Xuét phat tit bat déng thic sau day
syt A e V2(ly P+ ) > (L + V2)(zy® + y2° + zz?).
Do d6 véi z = %,y = t°, z = ¢ thi .
pla=l | 4db=1 4 gde=1 4 /5 (t30,+b—1 e t3c+a—1)

> (1 + \/5) (ta.+3b-—l + tb+3(r—1 + t(:+3u.—1) )

Léy tich phan 2 vé trong [0, 1] ta c6 didu phai ching minh. D3ng thic xay ra khi va
chikhia=b=c O

Vi du 4.5.5. Ching minh Va, b,c>0 ta cé

1 N 1 iy 8 S 17 1 n 1 + 1
32 73 3¢ 3a+b+c)” 9 \2a+b 2b+c 2ta '
L&1 GiAL Dat k = 8/9, ta phai chimg minh

RIS SO S L PNy (S S L
3a 3 3¢ atbt+c” 2a+b 2b+c 2cta)

Xét bat ding thic
23+ ¢ + 2% 4 3kryz > (k+1) (z%y + v+ 2%z) (%)
Dat ¢ = t,y = t¥, z = t¢ vdi chuyéu v bat ding thic tuong duong

3(1-;1 Jb—-1 Je—-1 a+-b+c-1 2a+b-1 2b+c—1 ct+a~1
t +t +1 + 3kt > (k+1)({t +1 +t .
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Lay tich phan 2 vé trong [0, 1] suy ra

1 1
/‘@“*+ﬁ“1+#“P+%ﬁ““”)ﬁz(h+n/'@”W*+ﬁ“*1+ﬁ“*)m
0 0

1 1 1 8 17/ 1 1 1
= ettt inTer s 2 + + :

36" 3¢ 3a+bt+c)” 9 \2a+b 2b+c 2+a
Day la dpcm. Dang thitc xay ra khi va chi khia =b=¢. 0
Chu § ring hing sb k t6t nhat trong bat ding thic (x) 1a

gx“/i — 1~ 0,88988... > -2-: 0, 8888...

Qua cac vi du trén, ta nhan thay déi voi wdi bat déng thite thong thudng dang
da thic hodc phan thitc luon c6 mot bat ding thic tuong ung bang ki thuat tich
phan Jay qua lu¥ thita. Cac bat déng thntc tao thanh nhimg cip thuan nghich véi
nhau va néu c6 mot bat ddng thitc thuan thi sé c6 mot bat ddng thic nghich ding
(nhung khong c¢6 didu ngugde lai). Ching ta thudng nghién cttu nhiéu hon céc bat
déng thic & dang thudn, va thong thudng thi cac bat ding thitc dang nghich lai kho
hou hén. Ki thuat nay rit ¢6 y nghia véi viée sang tao bat ding thic, vi mdi bat
d&ng thitc thuan sé tao ra dugc mdt bat ddng thic nghich. Diéu quan trong la phai
biét nhin nhan dugc bat ding thitc nghich va dua né vé bt ding thic thuan dé
chitng minh hon. .

Co thé tdng quat diéu nay thong qua bd dé sau day

Bb d& 5. Gid st xy, x, ..., T, la cde sb thuc duong thod méan
Z Cay,a,....anLy T2 Ty 2 Z duha%,,a":rl{lxg?...xf{',
(a1,a2,...,an)€S (b1,ba,...,bn)ET
Thi ta c6
Cay,az,...,an > Ay by,... bn '
(01,00 an)eS ai+azx+...+a, (bubrr ) €T by +by+ ...+ by

Nhung bd d& nay chi mang tinh hinh thitc, vi cach phéat bidu qua phic tap dé
nhan biét. Didu quan trong chi cin ching ta hiéu duge tu tudng phép ching minh.

Sau day 1a mot s6 vi du sit dung phuong phap nay.
Vi du 4.5.6. Chitng minh vdi moi a,b,¢ > 0 thi

1+l+ 3 S 4 n 4 N 4 + 4 n 4 n 4
b ¢ a+b+tc " Ba+b Bb+c be+a bb+a Be+b Bat+c

1
-+
a
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Lo1 GiAl. Xay dung tit bit ddng thic thuan sau day

222 > 2 (a3(b + ¢) + (e + a) + Sa + b)).

a+b8+8 +a g

Vi du 4.5.7. Chatng minh vdi cic s6 duong a, b, c, d tuy ¢ thi

3 1
Z(ZE sza—kb) 3a+b

sym

Lo1 G1Al. Xay dung tit bt ding thic thuan sau day -
5 2 2
i (Za2> 2 (Za3(b+c+d)> .
sym sym
Vi du 4.5.8. Ching minh vdi moi a,b,c,d duong va a +b+c+d =4 thi

1+1+1+1+2> 8 + 8 + 8
b ¢ d “(a+b)(c+d)  (b+e)d+a) (c+a)(b+d)

Lo1 GIAL Xay dyng tit bat ding thitc Tukervici
at + b4+ ¢t + d* + 2abed > a®? + b2 + ¢Pd? + dPa® + aPc® + bPdP

Vi du 4.5.9. Ching minh vdi cdc sé thuc duong ay,as, ..., an thi

n n—1 .
+an+ Z Z n—laz+a]

a; + as + .. e

Vi du 4.5.10. Ching minh vdi cdc 86 thuc duong a1, az, ..., ay ta ¢6

(n-1
n(n ) n;al Zs_at.*.aj

ay+az + ... + ay i

Trong d6 S = a1 +az+ ... + an.

4.6 Di tim 10i giai so cip
4.6.1 Trd lai van dé cb dién

Trong phan ndy, chiing ta s& xem xét mot bat ddng thitc dudong nhu khd cd sau
day
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Vi du 4.6.1. Cho cic sé thuc duong a,b, ¢ thod man a® + b2 + ¢? = 3, chung minh
a’b? + 3¢ + 3a? < 3.

La1 GIAL Nhimg bai toan 3 bién dang don gidn nhu trén da rat quen thugce vdi
ching ta, va da c6 rat nhidu cach khac nhau c6 thé ung dung dé giai cac bai toan
nhu vay. Tuy nhién, ban hay xem lai va thi mot 13n suy nghi that nghiém tuc vé
n6, ban sé thiy day 14 mot bai toan rat kho. Loi gidi sau day duge trinh bay dya
vao nhitg kién thic co ban clia phuong phap nhan tit Lagrange va hi vong ban
doc sé tim ra dugc mot phuong phap so cip hon dé ching minh tron ven bai toan
ndy trong thai gian téi. Loi giai sau ddV chi ¢6 ¥ nghia la khang dinh bat dang thuc
trén dang vé mat toan hoc.

Cht y ring bt ding thic hién nhién ding néu abc = 0. Gi st riing a, b, ¢ > 0, xét
ham sb sau
f@,y,2) =2y + 92+ Pz —ple+y+2-3),

of of
8y 8z
Rérangnéux >y > 2z va k =3/2thi ky*=lz 4+ zF > kz*~1lz +y*, va déng thic chi
x4y ra khi v chi khi z = y = 2 (ban doc hay ty kiém tra tinh chat nay), tir do gia
tri 16n nhét ca bidu thic f(z,y,2) véiz >y > z,z+y+2=3 va k=3/2 chico
thé xay ra trong trudng hop ¢ = y = z = 1. N6i cach khac

5f

=kl 44k — 0.
dx

=katly+ ¢ -, =ky* a4+ 2k - o,

flz,y,2) <3V >y>2z>0,z+y+2=3k=3/2
Nhung miat khac ciing dé dang ching minh duge ring néu z > y > z thi
ghy + g%z + 2Kz > ayF + gk + 22t

Vay bat ddng thitc duge ching minh xong, ding thitc xay ra khi va chi khi z =y =
z =1, trong d6 z,y, z tuong tng vdi a2, b2, c? trong bai toan ban ddu. O
Tt két qua bai toan trén ta suy ra
Vi du 4.6.2. Ching minh rdng vdi moi a,b,c>0via+b+c=23 ta cé
a*b + bkc + c*a < 3,

Trong d6 k la s6 thuc duong tuy gy, k < 3/2.

Lot GiAl. Thyec ra bai toan chi 1a hé qua tit nhan xét sau.

Bd d&. Néu a*b + bke + c*a < 3 vdi k = 0 nao dé va a, b, ¢ la cdc s6 duong thod
man diéu kién trén thi vdi moi s6 duong | < k ta cé bdt dang thic

adb+be+ca<s.
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CHUNG MINH. Sit dung bat ding thitc Holder ta c6
km km m
(a*b + b+ cFa)™(b + ¢+ a)" > (amEnb + bminc + cmna) ™,

Do d6 néu [ 13 mot sé hitu ti tuy §, [ < k thi ton tai cac s6 nguyén duong m,n sao

chol = n’an, tir bat déing thic & trén suy ra

a*b +b*c+ cFa < 3.

N6i cach khac, ta da ching minh bat ddng thic ding véi moi ! hitu ti nhé hon k.
Nhung vi ham sb a'b + b'c + cla 1a ham lién tuc v6i 1 > 0 nén b4t ding thic dang
v6i moi 0 > 1 < k (vi tap céac s6 hiru ti tri méat trong R). Khing dinh duge chitng
minh xong. O

Xét bat ddng thitc tong quéat hon sau day
Vi du 4.6.3. Tim hdng s6 duong k tot nhat dé bdt ddng thic
a*b + b¥c + cFa < 3,

Ding vdi moi a,b,¢>0,a+b+c=3.

Chi st dung kién thie todn phd thong thi day 1a mot bai toan rit khé. Xin néu
ra dap sb dé cac ban suy nghi thém

3k+1kk
akb+bkc+cka§max( )

S Ter D

Va néu ta xét bai toan tdng quat hon nita, tim gié tri 16n nhét cla bidu thitc
{

P(r,s) =a"b* +b"c* + c"a’.

Thi dudng nhu 1a mot vige khc‘)ng tudng, vi ngay cd trong chc trudng hop cu thé
bai to4n ciing da rat phitc tap. Chang han don gidn véir =3 /2,5 =1/2 12 mot bat
ding thitc trong chuong 11

(a2 + b2 + )% 2 3(a® + bc + o).

Néu s = 1 thi chua c6 13i gii hoan thi¢n bang phuong phép toén phd thong, chi
riéng trudng hgp r = s bai toan méi dugc giai quyét xong. Day la mot vin dé md
rat khé va tac gia hi vong nhan dugc sy trao ddi them tit ban doc.
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4.6.2 Thém mot bai toan 4 bién

Céc vAn d& cta bat dang thic 4 bién da duge dinh li S.M.V gidi quyét mot cach
kha tron ven, nhung d6i khi van c¢6 nhitng bai toan khéng thudc vao pham vi ay.

Hay bt dau v6i bai toan sau day

Vi du 4.6.4. Cho cdc 56 duong a,b,c,d thod man diéu kiena+b+c+d = a? +
b2 + % + d?, tim gid tri l6n nhét cia bidu thic

L+l

LO1 GiAr. Dé6i v6i bai todn trén, dinh i S.M.V chi chitng minh dugc ring gia tri
16n nhét chi dat duge khi 3 bién nhé nhat bing nhau, tirc 13 da gitp dua bai toan
vé dang dou gian hon rat nhidu 1a : Néu 3a® + d? = 3a + d va a,d > 0, hdy tim gid
tri lon nhét cia 3a3 + d3. Tuy nhién budc cubi cing don gidn nay xem ra rat khé
dé chitng minh hoan toan bing kién thitc toan so cip. V6i dinh lf Lagrange ta c6
thé kiém tra dugc ring gia tri 16n nhat cta biéu thic dat duge khi

14v3 . 1+V3

a=b=c= d

2v3 1 2

Vi thé mot 13 gidi so cAp vAn chd cac ban tim kiém. Thém nita, ta c6 bai toan

a

Vi du 4.6.5. Cho cdc s6 duong a,b,c,d thod min diéu kietna+b+c+d = a® +
b2 + % + d?, chatng minh ring

A+ +E+dB+a+b+e+d<s.

R4t may mién, bai toan niy hoan toan c6é thé ching minh dugc bing phuong
phap S.0.S ! Mat cau hai tiép tuc duge dit ra la

Vi du 4.6.6. Cho cdc s6 duong a,b,c,d thod man diéu kiena+b+c+d = a® +
b2+ c? + d?, tim gid tri tot nhét cia k dé bét ddng thite sau luon ding

S+ +S+dB +k(a+b+c+d) <4(k+1).

Day ciing 1a mét van dé chd cac ban kham ph4 (vdi phuong phap toan phd thong).

4.7 Ly thuyét cic bd troi va bat ding thic Karamata

4.7.1 Cac bd troi va mot sb tinh chit lién quan

Tinh chat bat ding thitc cha cac bo troi va ham 16i 13 mot phan kha quan trong
va sau clia bat ding thic, c6 nhidu ng dung rit manh. Phin chinh dugc dé cap
dén 1a bat ding thic Karamata.
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Dinh nghia 5. Cho 2 b6 s6 a = (a1, a2, ...,a,) va b = (by, by, ....b,). Ta néi b6 a
trov hon b6 b, ki hiéu a > b néu ching thod man cic diéu kién sau ddy

ey 2 az > .2 ay,

by > by > ... > by

a1 +az+ ... +apr>bi+ba+ ..+ Vek=1,2..n-1
alt+ax+ ... +a,=by+by+ ...+,

Véi day (a) = (a1, as, ..., ay) bat ki ta ki hiéu (a*) la day gom cdc phin t cia (a)
sdp zép theo thit ty tang dan. Vi 2 b s6 (a) = (ay, ag, ..., an) va (b) = (by, ba, ..., by)
ta cd dinh nghia (a*) tréi hon (b*) tuong ty.

Sau day 13 mot s6 tinh chat cu ban lien quan dén cac bé troi

Bo dé 1. Vi b6 s6 (a1, as, ...,az) va a1 > ag > ... > a, bat ki ta cé
(a1,a2,...,an) > (a,a,...,a), a = (a1 + a2 + ... + a,)/n.

Bb dé 2. Gid sta; >ap > ... > an V& T = (71, T, ...} ld& mot hodn vi bdt ki cia
(1,2,...,n), khi d6

(al, ag, ..., an) > (a,r(l), Qr(2)y o1 ‘a,,(n)).

z

3. Néu 2 b s6 (a) = (ay, @z, ..., an) va (b) = (by, by, ..., by) thod man

ae)
O
Q
[l

bl 2b2 2 an
ar+ax+ .. taxg>bi+bo+ ...+ VEk=1,2,..,n~1
ai+ar+..+a,=b;+by+..+b,

Thi bg (a*) troi hon b6 (b).

Cac tinh chat trén kha hién nhién va c6 thé chitng minh d& dang theo dinh nghia
ctia bd troi.

B& dé 4. Néu z; 222 ... 2T VA Y1 2Y2> ... 2 Yy sa0ochoxy +x2+ ...+, =

z; - PN
y1+y2+ ...+ yn vd—f—Z&Vz<] thi
Zj Y

(:1:17 T2y eeny -T’n) > (917112, veey yn)
CHUNG MINH. Ta sit dung phudng phéf) ching minh quy nap.
Do zi/x1 < y;/y1 nén khi lay i = 1,7 rdi cong tat ca cac bat ding thuc lai ta sé ¢6

1+ T2+ ...+ Ty < mi+y2t+ ...+ yYn
1 - n

=1 2.
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Lai xét v4i bo méi (zy + 2, 3, ..., Zn) Va {y1 + Y2, Y3, ---, Yn). Theo chitng minh quy
nap thi

(1‘1 + 2,23, ..., .Tn) > (yl + Y2, Y3, - yn)
Két hgp véi chitng minh x; > y; & trén ta c6 dpem. O
San day 1a dinh lf quan trong nhat eila li thuyét nay

Dinh ly 4.3 (Symmetric Majorization Criterion). Cho a = (a1, a2, ...,a,) va
b= (by,ba,....,bn) la 2 diy s6 thuc. Khi d6 ta c6 thé sdp zép lai 2 day d6 thanh 2
day tuong 1ng (a'), (b') va (') > (V') khi va chi khi vdi moi s6 thuc = ta luén cé

lay — x|+ |ag — x|+ ... + |an — x| > |b1 — 2] + |b2 — 2| + ... + |bp — z].
CHUNG MINH. Ta phai chitng minh 2 ménh dé

1. Diéu ki¢n can :
Gia st (a¢*) > (>b"), ta sé chitng minh véi moi z thi
lay — x| +]ag — x|+ ...+ |an —z| 2oy — x| + |ba — x| + ... + |br — x| (1)
That vay, khang dinh trén c6 thé suy ra tryc tiép tit bit ding thic Karamata
v6i ham 16i f(z) = |x — a|, tuy nhién ta sé ching minh tryc tiép khing dinh
trén bing kién thnte thudn tuy dai sb.

Khéng méat tinh tdng quat gid st a; > az > ... > a, va by > by > ... > by,.
Theo gia thiét ta c6 (a) > (b).
Hién nhién (1) sé dang khi z > b; hodic x < by, vi trong 2 trudng hop nay ta
déu c6
VP = |b1 +b+ ...+ b, —nx|
=lay+az+..+a, —nzl < VT.
Xét trudng hgp ton tai sd nguyén k dé by > x > biig, khi d6 ta cé thé bo di
cac dau gia tri tuyéet dbi ciia bidu thic vé phai
|by — x|+ |be — x| + ... + |bk — x| = b1 + bo + ... + by — ku,
|bk+1 = | + |bkt2 — 2| + ... + |bn — 2| = (n — k)T — br+1 — btz — ... — bn.
Xét vai day (a) thi
lay -z} >a; -z

]az—xlzag—x

lax — ] > ax — =
= a1 —z|+|ae—z|+ ... +lak —z| > a1 +az+ ...+ a — kz.




4.7. Li thuyét bo troi va bat c}}ing thitc Karamata 32,

Hoan toan tuong tu
|ak+1 — x| + |k — 2| + ...+ |an — 2| = (n — k)x — (@k+1 + k2 + ... + an).
Tt cac bat ddng thic trén suy ra

VT 2 a1+ a2 + ... + Gk — Q41 — Gk42-- — Gn T (n—2k)x
> 2(a1 +ag + ... + ar) — (a1 + ag... + ar) + (n — 2k)z
>2(by +bo+ ... +bk) — (b1 +ba+ ...+ by) + (n— 2k)z
>VP.

Ta c6 diéu phai ching minh.
2. Diéu kién du :
Gi sit bat ding thic
la; = 2|+ Jag - x|+ ...+ |an — 2| 2 |by — x| + b2 — x| + ... + |by — 2|
thod man v6i moi s6 thye z, ta phai chimg minh (a*) > (b*).

Khong mét tinh tdng quat gidstta; > as > ... > a, va by 2 be > ... 2 b,. Vi
bt ding thitc ding v6i moi x nén khi cho z > maxi=1—5{ai, b;} ta dugc

nz - (ay+ag+...+a,) >2nr—(by+ba+ ...+ by)
Sa4+a3+..+a,<b+by+ ...+ by
Hoan toan tuong ty cho = < min;_j{a;, b;} ta duge
ay+as+..+a,—nz<b+br+..+by—-nzx
> a;+a+...+a, >by+by+ ...+ by

Tir 2 bat ddng thic trén rat ra dude a; +az + ... + an = by + b + ... + by,
L&y = € [ak+1, ak], ta c6 the bo di cac dau tri tuyét ddi & vé trai

lay — x|+ |az — x|+ ...+ |ak — x| = a1 + a2 + ... + ax — kz,
lak+1 — 2| + |aks2 — 2| + ...+ |an — 2| = (n — k)T — Gk41 — Q42 — ... — .
Xét vdi bidu thic vé phai, dé thiy
|by — x|+ |bp — x| + ... + |bk — x| > by + b2 + ... + by — kz,
lbks1 — x| + |br2 ~ x| + .. + by — 2] 2 (2 — k)T ~ bey1 — bry2 — ... — bn.
Tit cac bAt ding thic trén suy ra

a1 +ag+..+ax—kx+(n—k)x—ags1 —akt2 — ... — Qn
>bi+by+ ... +by—krx+(n—k)x—brs1 — b2 — ... — by
©a1+a2+._..+ak2b1+b2-i-...+bk.
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Day 1a dpem. Dinh li duge ching minh xong. O

V6i dinh 1i nay, khi xét tinh troi clia cac bo ta chi can xét mot bat déng thitc
téng quat chita x 1a di. Diéu nay rat quan trong vi néu lam theo cach thong thuong
thi phai xét kha nhiéu trudng hop.

Néu nlnt ban chua quen vdi cac bo trdi, ban sé cam théy cac gia thiét ctia dinh
nghia qué ép buoc va ric réi. Tuy nhién nhimg vuéng mac nay sé dan dan dugc théo
g3 khi ban tiép can véi 2 dinh 1f rAt quan trong lién quan dén cac bo troi, d6 la bat
déng thitc Muihard va bat déng thic Karamata, trong d6 chiing ta sé nghién ciu
sau hon dén bat ding thitic Karamata.

Dinh 1y 4.4 (DPinh 1i Muihard). Néu bj (a) = (a1, a2, ..., as) troi hon b6 b =
(b1, ba, ..., by) thi vdi moi day s6 duong 1, T2, ..., Tp ta luén cé

" s w(n b" b'l\' bW n
Z xﬂll (1):0; mxz ™ > Z z, “)x2 @) )
(m(1),7(2),....m(n)) (m(1),7(2),....m(n))
Téng trén ldy trén tdt cd cdc day hodn vi (w(1),m(2),...,m(n) cda (1,2,...,n).

Ngoai ra néu cho (a), (b) la 2 bo s6 bit ki sao cho bit ding thitc trén dugc thod man
vdi moi day sb duong (xy, T2, ..., Ty) thi ta phdi ¢6 (a) > (b).

Chéng han, h¢ qua tryc tiép la
a?+ b2 +cta? + @bt + 3¢t + c2at > a®b2c+bicta+ ctalb+aPcPb+ blate + Ahla.

(bat ddng thitc dang trén thudng duge viét gon lai thanh [4,2,0] > (3,2,1]).

4.7.2 Bét ding thitc Karamata

V6i cac bo troi, ta c6 mot dinh li rAt quan trong thudng hay st dung, dé6 la bat
ddng thic Karamata

Dinh ly 4.5 (B4t ding thic Karamata). -Néu a > b va f la mot ham 10 khd
vi cdp 2 th

fla1) + flaz) + ...+ f(an) 2 f(b1) + f(b2) + .. + f(bn)-

CHUNG MINH. C6 nhidu cach ching minh bt dng thitc trén nhung c6 1é ngin gon
va d& chip nhan nhat la phuong phap sit dung khai trién Abel.
Vi f 1a mot ham 16i nén

f@)—f) > @ -y)f'y) Y,y
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ﬁ_xl_L)
)
TO=IE) _ piey < stu) voi ¢ € () = dpenm.

Dodo  flai) - f(b:) > (ai — b)f'(b) Vi=Tim
St dung khai trién Abel

That vay, néu z > y thi = f'(c) > f(y) véi c € (z,y).

Néu z < y thi

(al - bl)f/(bl) + ((1,2 - bQ)f/(b2) +...+ (an - bn)f,(bn)
= (a1 = b1)(f'(b1) — f'(b2)) + (a1 + az — by — ba)(f'(ba) — f(b3)) +

+ (a1 +ap+...+a,-1 ~by —by— ... — bn_l)(fl(bn*l) — f’(bn)-f-
+(ar+az+...+apn—by —be— ... — b,) f'(bn)
> 0.

Vi fl(bi) > f/(b,'.H) ya1+az+ ...+ ap >by+by+ ...+ by
Déng thic xay ra khi va chi khia; = b; Vi=T,n. O

Chu y réng ta c6 thé thay diéu kién (a) > (b) béi didu kien (a) > (b*) bat ding
thitc vn diing. Con néu f la ham khéng giam thi hién nhién gia thiét cudi cung c¢6
thé thay bing gia thiét manh hon aj+as+...+a,>by+ba+ ... + b

Két qua tuong tu duge suy ra ddi vai ham 1om
Hé qua 4.1. Néua > b va f la mot ham lom khd vi cdp 2 thi

, fla) + flaz) + ...+ flan) < f(b1) + f(b2) + ... + f(bn)-

CHUNG MINH. Ta chi can xét bat ddng thic véi ham 16i —f(z). O

Ham 15 cha chiing ta ciing ¢6 thé duge hiéu rong hon, dé 1a cdc ham thod man
diéu kien af(a) + Bf(b) > flaa +0b) Va,>0,a+ 3= 1. Khi d6 ching khong
can diéu kien kha vi va bat déng thie Karamata van hoan toan dang (ban doc hay
ty chitng minh).

Néu ban méi lam quen véi bat ding thic Karamata va céc bo troi thi hin day
1a mot dinh 1f rit khé tiép nhan. Phin nhidu 13 do didu kién ciia cac bo troi khong
thé dé dang ap dung. Dé bude dau lam quen vdi bét déng thite tren ta s¢ giai quydt
cdc bai todn don gidn trude, viéc 4p dung dinh If Karamata dugc ap dung tryc tiép.
Dau tién 14 mot ching minh cho bt ding thic Popoviciu da néi & chuong trudce.

Hé qua 4.2 (Bat ding thic Popoviciu). Néu f la mot ham 165 thi

fare s+ @+ () 25 (s (550) 1 (55) +£(552))
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L&1 GiAl. Khong mét tinh tdng quat gia sit a > b > c. Xét cac ho sb sau day

(x)z(a’a7a’b’t’t’t’b7b7c’c7c) ’ (y)=(a7a7aia?ﬁ7}37ﬁ’fg’7’777?7)

. a+b+c a+b a+c b+c
Vé = a= — )
! 3 e 2 8 2 Y

2
Khi d6 dé thay (y) 13 mot bo don diéu. Ngoai ra

a2a,3a+b24a,3a+b+t24a+25,3a+b+3t24a+3ﬁ
3a+2b+3t>4a+46,3a+3b+3t > 4a+48+7
3a+3b+3t+c24a+4[3+2’y,3a+3b+3t+3cz4a+4B+4'y.

Vay (z*) > (y), theo bat ding thitc Karamata ta c6
3(f(z) + Fy) + £(2) + f(1) 2 4 (f(@) + F(B) + F(7))-
Két qua nay cho ta diéu phai ching minh. O .

Chti ¥ riing trong chitng minh trén ta can dat b vao gitta a,t néu dé theo thit tit
binh thudng thi sé khong c6 hi¢u qua. :

Hé qua 4.3 (Bét ding thic Jensen). Néu f la mot ham 161 thi

Far) + £(az) + o+ f(an) 2 nf (“1 tagt .+ an) |

n

L&1 GiAl Dua vdo bd dé 1, gidstta; > a2 > ... > an thi

__a1+a2+...+an
n .

(a1, ag, ..., an) > (0, q, @), Q
Vi du 4.7.1. Cho cdc s6 thuc a,b, ¢, z,y,2 € I thod man
‘a+b+c=2z+y+ z max(a, b, c) > max(z,y, 2), min(a, b, ¢) < min(z,y, 2),
Khi d6 vdi moi ham 161 f trén I ta ludn co

fla)+ F(b) + fle) = f(=) + f(y) + f(2)-

Lo1 G1AL Két qua trén hoan toan suy ra truc tiép tir bt ding thic Karamata.
Gid st ring z >y > z, khi dé
a>z,c<z=(z,9,2)> (abc) O

Khi thay ham f bdi mot s6 ham 16i co ban nhu sinz hay z2... ta déu c6 cac két
qua thudng duge 4p dung. Chéng han véi f = sinz ta c6 bai toan quen thudc sau
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Néu AABC gan déu hun AA'B'C’ thi
sinA+sinB+sinC <sinA’ +sinB +sinC’.
Trong d6 AABC gin dén hon AA’B’C’ ¢6 nghia la
max(A, B, C) < max(A’, B',C’), min(4, B,C) > min(A’, B, C").
Céc bai toan vita trinh bay gidp céc ban c6 dinh huéng t6t khi st dung bat ding
thitc v6i bo trol, phdn nao mang nang tinh If thuyét. Sau day la mot s6 tng dung
mang tinh thyc té hon cla bat ding thic dang nay

Vi du 4.7.2. Cho ay,ay, ..., an ld cdc s6 thuc duong. Chitng minh ring

(I+a1)(1+az)...(14+an) < (1 + Z—%) (1 + Eﬁ) (1 + 9-2’£> .

2 ag

Lo1 GiAl. BAt ding thic trén tudng duong véi

2 2 2
In(1+a;)+In(1+a2)+...+In(1+a,) < In (1 + %) +In (1 + —2—2-)+...+1n (1 + Z—") .
2 3 1

Ta xét bo b = (by, be, ..., by) la bd hodn yi cha day (Inap,lnay,...,lna,) xép theo
thit ty gidm dan. Ta c6 thé coi b; = Inay, v6i (k1, k2, ..., k) 12 hodn vi nao dé ciia
(1,2,..,n).

Khi d6 by ¢ = (2lna; — Inag,21lnay - Inas,...,2Ina, — Ina;) cd thé x3p xép lai
thanh mot day méi la

c* = (2lnak, — Inag, +1,21Inak, ~ Inag,41, ..,,2lnain ~lnag,+1)-
Do b = (a,, Gky, - ak,) 12 MmOt bd don digu gidm, va dé thiy réng c* > b nén
fler) + flea) + ... 4 f(ea) > f(b1) + f(b2) + ... + f(bn),
vOi¢; = 21nag, — Inag,+1 va b = Inay,.
Lay f(z) = In(1 + €%), f hién nhién 13 mot ham 15i va ta c6 dpcrn. O

Vigc chon ham f(z) c6 thé tao ra cic bai todn khac nhau, ching han v6i ham

16i f(z)=V1+e*tacd -

2 : 2
as

2
a a
Vita+V1itar+...+ 1+ang\/1+al+\/1+—+...+ 1+ 2
) :

ag a)
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Vi du 4.7.3. Ching minh rdng néu ay, ay, ..., an la cdc s thye duong thy
a? al a1 an

2————2+...+ 3 % 5 > +.+—
ay + ... +agp ai + ... +a,_4 ay+ ...+ ay a1+ ...+ an-1

La1 G1Al. Dat ‘
a; a2

- , T i Yi=1,n.
a+az+..+ap

vi= T Z¥adl+.. a2

Khidézy+20+ ...+ n=m1+y2+ ...+ Yn ~1. Ta phéai chitng minh
» n n

lei > 1.%'
o T ST

Khong mét tinh tdng quat, gid st a; > a2 > ... 2 ap, khidé 1 2 22 > ... > 7, V2
Y1 > Y2 > ... = Yn. Ngoai ra v8i moi i > j ~

® 2
i a; Yi

_____Z__z

aj Y
Theo bd dé 4 v& cac bod troi thi (z1, T2, ..., Tn) > (Y1, Y2, - Yn)-

Vi ham f(z) = 1—””95- la ham 18i nén ta c6 dpem theo bat déng thitc Karamata. O

Vi duy 4.7.4 (Canada Open Competion). Gid s¥ aj,as, ..., Gn la mot hodn vi
cia by > by > ... > by, > 0. Chitng minh

(14 ara2)(1l + azaq)...(1+ agn-1a2n)
< (14 bybo)(1 + bgby)...(1 + ban—1b2s)-
Lot GIAL Xét f(z) = In(1 + €%) va z; = Ina;, y; = Inb;. Ta phai chimg minh
flxy + z2) + flxs +24) + . + fzon-1 + T2n)

< f(yl + :l/2) + f(yd + y4) +...+ f(y2n~1 + y2n)'

Xét bd x = (x1 + Ta, T3 + T4y ..., Tan-1 + Tap). Ta gid st z* 1a 1 hodn vi ndo d6 cée
phén ti cla z sao cho ching dugc sép xép gidm dén.

Nhung dé& thay ring (y1 + y2,¥3 + Y4, ---rYon—1 + Y2n) > * vi véi moi k thi
Y1+ Y2+ oo F Yk > T] T Ty

Vay theo bét ding thic Karamata ta c6 diéu phai ching minh. O
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Bay gio chung ta sé xem xét cac vAn dé khé hon ciia If thuyét nay, 4p dung dinh
Ii cia cac bo tréi (dinh 1f Symmetric Majorization Criterion). Cac ban sé thay 16
tadm quan trong cta dinh lf va céc ing dung hiéu qua ctia bat ding thic Karamata
qua nhitng bit ding thic sau day

Vi du 4.7.5 (Bat déng thitc Turkevici). Chitng minh vdi moi sé thUC khéng am
a,b, c d ta c6

a* +b* + ¢* + d* + 2abed > a?? + b2¢% + Ad? + d%a® + a2c? +_b2d2.
Lo1 G1AL Ta sit dung bd dé sau
Bé6 dé. Véi moi z,y, 2, ¢ thue thi
2|z +yl+1zl +t) Ha+y+z+t] > |lz+y|+|y+z|+|z+ ]+ |tz |z + 2|+ |y +t].

CHUNG MINH. Ta chi can x¢ét cac trudng hop trong cac sb x,y, 2, t cung dau, ¢6 1
s6 khac dAu, 2 sb khac diu hoic 3 sb khac dau.

Xét chi tiét xin danh cho ban doc, vi né chi mang tinh liet k&. Chitng minh cu thé
cho bat déng thic vdi n s6 duge trinh bay ngay dusi day.

Bay gio ta s¢ chitng minh véi bé dé tréen thi bai toan sé duge chitng minh xong. Dt
a=e4,b=e" c=e%,d=eh, taphii ching minh

e4(“ +e4b1 +e4cl +e4d1 +2eal+b1+cl+d1

> e2a1+2b1 + 62b1+201 + €2Cl+2d1 + 62d1+2a1 + e2b1+2d1 + e2cl+2a1'
Do ham f(z) = € 1a haw 16i nén theo bat déng thitc Karamata ta chi can ching
minh
(4a1, 4by,4c1,4dy, a1 + by + ey +dy, a0 + by o1 + dl)*
>>(2(11 + 2b1,2b1 + 2¢1, 2¢1 + 2d1, 2d1 + 241, 20y + 2¢1,2b1 + 2d1)*.

Trong dé («)* la b cac phan tit cla (a) dugce sip ting dan (ta lam vay dé hgp véi
dinh nghia cac bo trdi). Theo dinh lf vé céc bo trsi, ta phai chimg minh véi moi
x1 € R thi

2|a1 + b1+ 1 +d1.— daq| + Z|4a1 —4xy| > Z|2a1 + 2b; — 4.’L‘1|.

sym sym

Ditr=a1—~z,y=b1~21,2=101 — xl,t =d; — 1, bat déng thic trén chuyén vé
bd dé da noi § phan trude. Ta o didu phai chtng minh. O

Vidu 4.7.6. Ching minh vdi moi a3, aq, ..., a, khong am ta luén cé

(n—1)(a? + a2 + .. +an)+n\/a1a2 a2 > (a1 +ag+ ...+ an)?.
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Lo1 G1Al Bai toan trén thuc chit 1a mot dang md rong cho bat déng thic Turkevici,
véin = 4 ta c6 bat ding thitc Turkevici. Dé ching minh bai toan, ta chi can ching
minh

(2x1, 22y, ..., ZB, 29, 2x2, ..., 22, 2z, 2, ’2j)

S p— R —— —
n—1 n-1 n

> (x) + 21,71 + T2, T1 + T3, .o, T1 + Tn, T2 + T2, T2 + Loy .oy T2+ Ty ooy T+ Tn)-
Trong d6 z = (z1 + T2 + ... + Tp) /N Khing dinh trén tuong duong véi
n n n
(n - 2)2 |1‘,| + |Z$l| > Z |£Ci +.’L‘j‘.
i=1 i=1 i<j

DatAz{ilwiZO},B={i|x,-<0},|A|=m,}B|=k:n—m.NhUVaytaphéi

"

ching minh bat déng thie tiong duong sau véi z; 20 Vi = Tn

(n—Q)Z.’L‘i-l-lz.’ri—ij'Z Z (a:i+xj)+ Z |.’l)i—:l?j|.

i€AB i€A jEB (i,j)€A,B i€A,jEB

Vi k + m = n nén bat ding thic trén tuong duong véi

(k—1)Zmi+(m—l)>::cj+l2zi-—2le2 Z |.’Ei—.’1,‘j.

icA jeB i€A  jeB icA,jeB
Khong mét tinh tdng quat, gid st D e 4 Ti = XjeB Ti-

Véimbdiice A, dat r; = |Ai = {J € Bl:L'i < .'L‘j}.
Vi méi j € B, dit s; = |B; = {i € Alz; < zi}.

Khi d6 bidu thie vé phai duge viét gon thanh

3 (k- 2r)zi+ Y _(m = 25));.

i€A j€B
Do d6 bit ding thic phai ching minh tuong duong vdi

2(27“1- - Dz + Z(2sj - )z; + |Z$i - Z zj| >0

i€A jeB icA jEB
& Zrixi + Z(sj - 1)z; > 0.
=y . jeB :

Dé& thay néu s; > 1Vj = T,n thi ta ¢6 diéu phai ching minh. Trudng hgp ngyoe lad,
gia sit 3s; = 0, khi d6

max ¢; €E B=>r;>1 Vi=1lm.
i€ AUB
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Vay

Zrixi + E(Sj - 1)1‘]' > Z.’L‘z - Za:j > 0.

€A jeB €A jeB
Bat ding thie duge ching minh. Q
Vi du 4.7.7. Cho cdc sé thuc duong ai,as, ..., an, ching minh bdt ddng thite

1 1 1
al+aj+...+ap+n(n—1)aias...an > a1as...an(a1+a2+...+ay) (-—— 4+ —+ ...+ ——) .
al ag (22

Lo1 G1AL. Bat ding thite c6 thé viét dudi dang
n v T n n a:
Z a? + n(n —1) H a; > a1a2...0n Z Z a—;.
i=1 i=1 i=1 j=1
B& dé 6. Cho cdc sé thuc z1,22,...,Tn va4 T = (T1 + T2 + ... + Tpn)/n. Khi d6

& = (xlvl’?v ey Ty Ty Ty ,IL') > /B = (y11y17 v YL Y2, Y2, 0 Y20 oo Yny Yns ~-~7yn)

Trong d6 o chita n(n — 2) phdn td z con B chita n — 1 phdn ti yp Vk = 1,n. Cdc s6
by, dugc xdc dinh bdi
nr —&;

by = .
k n—1

CHUNG MINH. Theo dinh li vé cac bo troi, ta chi can ching minh véi moi z thi

|z1 — 2| + |22 — 2} + ... + |20 — 2] + n(n - 2)|z - 2|

>(n—1)(ly -2+ ly2— 2zl + ..+ |y — 2|

&z — 2|+ g — 2| + oot |Tn — 2|+ (0= 2)|xr + 22+ . + T — N2
>lza+az+ .. +ay—(n—Dzf+|z1+z3+ ..+ 2~ (n— 12|+ ...+
+ 1+ 32+ oo+ Taoy — (n—1)2].

R6 rang trong ching minh trén, ta chi cdn ching minh ring
21| + Jz2] + oo+ 2ol + (0= 2)|S] 2 1S — x1| +[S = T2 + .. + 1S — Zn-

Trong d6 S = Ty + T2 + ... + T,. Cha ¥ riing véi n = 3 thi day 1a mot bat déng thic
quen thudce

l] 4+ yl + 2|+l +y+ 2] > |z+yl +]y+ 2]+ |z +

BAt ding thic trén c6 thé ching minh nhu sau :
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Khéng mét tinh tdng quat gid st z; > z9 > ... > z,. Néu z; > S Vi = 1, n thi

VP = f:(x;— S)= —(n—1)S.
=1

Ro rang lzi| + |z2| + ... +|zp| = |21 + 22 + ... + 24| = |S| nén ta c6 dpem.

Truong hop tuong ty néu z; < -S Vi = 1,n. Ta xét trudng hop con lai, ton tai sb
1<k <n-—1saochoxy >8> k1, khi d6 bidu thic vé trai cé thé viét dudi dang
T+ T2+ ...+ Tk — Tkl — ... — Tn + (n - Zk)S,

Mat khac
|z1] + |$2| +..tlzpl a1+ 20+ o+ Tk~ Thp1 — oo — Ty

Ngoai ra hién nhién (n — 2)|S| > (n — 2k)S nén ta c6 diéu phai ching minh.
T bd dé trén suy ra tryc tiép két qua ciia bai toan. O

Hai chitng minh cta 2 vi dy trén 13 2 chitng minh rat khé, mic dit bat déng thitc
cubi cing ciia ching chi 13 cAc bit ding thitc bac nhat. Sau khi dua vé bit déng
thic véi gia tri tuyst déi, cac udc lugng sé khong mang nhidu mau sic dai sd nita
ma sé mang tinh s6 hoc nhidu hon.

Sau day la mot vi du khéac st dung phuong phap tuong tu

Vidu 4.7.8 (V.Adya Asuren). Cho cdc $6 thuc duong ay, > as > ... > a,. Ching
minh ring

a1+a2>a2+a3.“an+a1 <a1+a2+a3.a2+a3+a4”.an+a1+a2
2 2 2 - 3 3 3 '

HUONG DAN. Hay ching minh ring

($1,.’L'2, ceny 1'”)* < (ylay2a "'7yn)*

Trong d6
. _ar+a z _ax+ag . _anta
1= 2 y L2 = 2 yernybn — 2 y
a1 +az +as ag + a3z + aq a, + a1+ ag
n = 3 Y Y2 = 3 a---aynz—""—'_"3 .

Phuong phap sit dung bat ding thic Karamata cung véi Iy thuyét vé cac bo
trdi nhy trén md mot phuong phap ching minh déc ddo clia bat ding thic dai sb.
Liic ndy, cic bai todn nguyén miu dai sé duge dua vé cac bat déng thitc bac nhat
chita ddu gia tri tuyet déi. Vi thé ma trong cac ching minh, ching mang nhiéu mau
sic t6 hyp va s6 hoc hon, dit rhug cach phat bidu ban dau 1a thuan tuy dai sb, va
thco cach nhin théng thudng cha ching ta thi that khé lai ¢6 mot sy lién quan tuyét
v3i dén vay. Day la mot phuong phap rit méi déi véi bat ding thic va can them
nhiéu sy déng gép hoan thién clia ban doc.
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4.8 Dobn bién khong xac dinh

Trong thdi gian chuin bj hoan thanh cubn sich trudc khi xut ban, tic gid da nhan dugc sy
cbng téc va gilp dd cla r4t nhidu cic ban hoc sinh trén khip dit nudc. M6t sb két qua mdi
da dugc tim ra, mét sb bai todn hay di dugc bd sung, trong d6 tic gia dic biét 4n tuong véi
phuong phap dén bién khéng xac dinh va dinh i UMV cha ban Dinh Ngoc An - hoc sinh chuyén
Toén trudng THPT Luong Vin Tuy- Ninh Binh. Chifng minh ban diu phai sit dung mot sb két
qué todn cao cip, nhung sau dé véi viéc sir dung b3 dé ddn bién manh trong chuong Ili ta c6
thé chirng minh dugc hoan toan véi kién thic toan so cép. Sau khi trac d6i thém véi ban Dinh
Ngoc An va hoan thién mét sb thibu sét nhd, xin giéi thiéu véi cic ban vé két qud nay nhu sau.

4.8.1 a>bhaya<b

Déi véi cac bai toan md diu, ta sit dung mot tinh chat rat hién nhién cla tap sb
thue R 1a
Tinh chét 1. Vi cdc s6 thue a,b tuy § thi it nhdt mot trong hai bdt ddng thic sau
la ding

ea>b

eax<b

C6 thé md rong cho tinh chét nay véi 3 sb
Tinh chét 2. Vdi cdc s6 thuc a,b,c tuj ¥ va b > c thi it nhdt mot trong hai bat
ding thitc sau la ding

e b>a

e a<c

Ching minh didu nay rit don gian, néu ca 2 bat dang thic déu sai thi

>b
{a =c>a>b>c (voli!).
a<c
That dic biet 1a tinh chat rdt don gian va hién nhién nay lai c6 tng dung rat
higu qué trong kha nhidu cac bai toan bt ding thic. Dau tién ching ta sé xem xét
lai gt bai toan da duge noéi tdi ¢ chuong trude véi mot cach nhin khac.
Vi duy 4.8.1. Cho z, 2, ..., xn € [1,2]. Tim gid tri ldn nhét cia bidu thic

1 1 1
flz1, @2y .y xn) = (21 + 22+ ... + Zn) E+x—2+...+a .
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Lo1 GiAl. Ta da giai bai toan véi quan diém ham 16i, ching minh sau day mang
mot tu tudng khac.

Véimbii=1,2,..,n,dat S, = Z#i z;vaTly = E#i ﬁ Ta c6
f(xl)"t?a ,.’L'n) - f(z17‘?2"”a Zi-1, 1axi+17 seey xn) S 0
1
& (x5 + Si) (Ti + ;) <(1+8)(1+Ty)
1

@(xi—1)<ﬂ—i><0®T<§—.
x; T

i
Cing tuong ty nhu vay
f(xl,.'L'Q, cery xn) - f(xlam2a"'7wi—la 271“i+1a seey J;n) S 0
1
< (z:+ Si) (Tl + .TL‘_> <(2+48)2+Ty)
i

Si S;
P = -=t)< >
S (z;—2) (T 2%) 0eT; 22

Va tit 2 két qua trén ta suy ra
f(z1, T2, ..., zn) < max ( f(x, 2, ...i, Ticl, 1, Tit1, ooy Tn)y F(21, T2, oy Tim1, 2, Tik1y ooy Tn) ) -
T d6 Jay, as, ..., a, € {1,2} sao cho

f(z1,22,...,2,) < flay,az, ..., an) VZ1,Z2, ..., Tn € [1,2].

Gia st t < n la sb cac sb 1 trong day a,, aq, ..., Gy, SUYy T2

-,

flar,ug,....,an) = (t+2(n — t)) (t + 22;-t->
= S@n=t)n+) < f(n)

2 o 2
9"8_1 vdin lé. O

Trong d6 f(n) = % véi n chin va

, Vidu 4.8.2. Cho z,,3, ..., , € [1,2]. T¥m gid tri ldn nhédt cia biéu thic

¥+ af + ...+
Ir1x2...Tn '

f(x1,x2, ... Tp) =
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Lot GIAL Vi mbid € {1,2,...,n} dat S; =3, @}

f(xl’ L2y ey :L'n) < f(th% coy Li—1s Lz, .., xn) (1)

™ + 5; w2 1—4
RS . R J— n—1=)
&= <t Sie @15 Jz:%xj >0
n-—2 )
B
—0 A
Tudng tu
f(m171’.2i ceey xn) S f(xla T2y -eey Ti—1, 27 Titly ooy xn) (2)
. 5
z + S; 2"+ S; Ju j.on—-1-j
= 2 < 5 @(1&—2) Si—§2mj >0
n—2 . )
s 5 < 231,‘]"._1_1.
=0

Chii ¥ ring Z;‘;g w}‘—l_j < Z;’;g 27 x;-’—l_j nén it nhat mot trong hai bat ding thite

(1) va (2) phai dung. Lam hoan toan tuong ty bai toan 4.8.1 ta suy ra két qua

2% +n-—1
5 .

max f(z1, L2, ..., Tn) = a

Loi giai hai bai toan vita trinh bay vAn mang mot chit tu tudng ham 16, vi diéu
kien rang budc cac bién kha 1éng (chi don gian 1a cac bién sb thuge mot khoang nao
d6), tuy nhién d6 khong phai la § dinh chinh ma tac gid mubn dé cap dén trong bai
viét nay va ciing khong phai la y tudng dé xay dung 13i gidi & tren. Phén tiép sau
day ciing 12 phin chinh ciia bai viét, trinh bay vé dinh Ii dén bién khong xac dinh
UMV (l4y theo céc chit cai dau tién ctia cum ti Undefined Mixing Variables).

4.8.2 Don bién khéng xac dinh

Dinh ly 4.6 (Dinh 1f dén bién khong xac dinh UMV). Cho f la mot ham
lién tuc ddi zing vdc dinh trén tap U(C R™) — R thod man diéu kién

T+ Y r+y

f(...,x, ..y ¥y, ...) > min (f(...,——}—, T

...),'f(...,O,...,:v+y,...)).
Khi d6 véi moi bo (x1,Z2,...,&n) € U thi

f(z1, 22,y Tn) 2 min{C’t}?___“Ol,
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Trong do Cy la gid tri cia ham f khi c6 t s6 bing 0 va cdc sé con lai bing nhau.

Néi cdch khdc, gid tri nhé nhét cia biéu thic f(z,, xo, ..., xy) s€ dat dugc khi va chi
khi trong cdc s6 x1,za, ..., 6t 6 bing 0, cdc 56 con lai bing nhau. O day t la
mot gid tri nguyén nao dé trong {0,1,..,n— 1}.

Lo1 G1A1. Dé ¢6 mét chitng minh thuc sy so cap cho dinh If trén, ta cin sit dung
dén bd dé don bién téng quat. Xeét phép bién ddi sau

e Chon ra s6 16n nhat va nhé nhét gitta cac s6 1, ..., zn, ki hidu la a va 3. -

o Néu f(..,o, ..., 3,..) > f(..., g;_ﬁ’ ...,5’2%, ...) thi ta thay cic s6 «a, 8 bdi trung
binh cong cla ching, nhung vin giit nguyén tht ty trong day.

e Néu f(...,a,...,8,..) > f(...,0,...,a+ 8,...) thi qua trinh dimg lai.

Néu qua trinh trén khong ding lai, theo bé dé don bién téng quat ta suy ra cac sb
x; déu tién dén gidi han
) +T2+ ...+ T,
n

Do d6 f(x1,x2,...,2n) > Cy, ta c6 didu phai chitng minh.

Néu qué trinh trén dimg lai sau mot s6 hitu han budc, ta cé thé coi trudng hop nay
giéng nhu trong day ban diu cé mot s6 bing 0. Lai xét riéng véi n — 1 bién con lai,
béng phuong phap quy nap don gian ta c6 dpem. QO

Vige don bién cac bidu thitc cla z,y déi véi 2% va 0,z + y khong phai la mot
¥ tudng qué mdi, tham chi ngay trong cudn sach nay phuong phap tuong ty ciing
dugc sit dung tuong déi nhiéu. Didu bat ngd ¢ day la dinh li UMV lai dugc lién heé
v3i hang loat nhiing déng thitc ddn bién ki la va dac bist. N goai ra, thuan lgi khi
st dung dinh lf trén 1a ta hoan toan khong cdn quan tam nhidu dén sb bién, ma chi
can xem x¢t voi 2 bién. Ching han, hay xem lai bai toan sau day, lwu y riing né da
ting duge chitng minh véi dinh 1f IGI trong phuong phap quy nap téng quét. ’

Vi du 4.8.3. Ching minh rdng néu ay,as, ..., ay la cdc s6 thic khong am cé téng
bing n thi
(n—1)(a}+ a3+ ...+ a2) + najay...an > n?.

L1 G1Al. Xét bidu thite

fla1,a2,...,a,) = (n — 1)(a% +a2+..+ a%) + najas...a,.
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Dé dang suy ra hai dang thitc sau

a1 +az ay + as
f(al,ag,...,an)—f<———— 7a3a--~aan)

2 72
n{ay — a2)? (2(n—1)
4 ( n
flai, a2, ...,a,) — £(0,a; + as, as, cory Q)

2(n-1
= —-najasz (ﬂn—) - a3a4...an> .

Ro rang bidu thic ("n Ly ~ a3ay...an da duge 1ap lai khd tinh co trong 2 cach dén
bién trén. T d6 suy ra it nhAt mot trong hai bat ding thic

'{f(alaaQa EEER) an) > f (ﬁl%’:z’ ﬂ%‘iz,ag, .‘.,an)

fla,az,...,a,) > f(0,a1 + ag, a3, ..., a,)

- a3a4...an) y

phai diing. Vay

a;+az a;+as
2 72

f(a17a2a veey an) 2 min (f( s A3y eeny a'n)y f(07 ay + az,as, ..., an)) .

Theo dinh 1f UMV, ta chi cin ching minh bai toan khi c6 it nhat mot trong n sb
ai,ag, ..., a, bing 0 hodc tit ci cac sé déu bing 1. Trong cac trudng hgp nay bat
ding thuc hién nhién ding. Ta ¢6 dpem. O

Va sau day 1a bai toan tong quat cho bai toan tren

Vidu 4.8.4. Cho x1, 23, ..., 2, la cde s6 thuc khong am c6 tong bing n va m la mot
6 nguyén duong cho trude. Tim sé thuc duong k tét nhét (16n nhit) sao cho bt
ding thitc sau day luon ding

o' + o) + . 4 2 4 k(zxg.x, — 1) > 0.

Lo1 GiAL Ta ching minh tuong ty nhu vi du 4.8.3 va tim duge

n m
Iczkm:(n_l) -n. Qd

Sau day 1a mot md rong khac cho bai todn 3.1.17, bai toan da dude nhdc té6i
trong chuong III vé phuong phap dén bién manh déi véi 4 sb.

Vi du 4.8.5. Tim hing s6 duong k = k,, t6t nhét dé bt ding thic sau ding vdi
moi ddy s0 thuc khong am x,, s, ..., Ty, €6 tong bing n

(L+ma1)(1 + mao). A1+ ma,) < (m+ 1) + k(2122...20 — 1).
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L31 GiAl Dat
fm(z1, 22, .., xn) = (1 4+ mz1) (1 + mzo)...(1 + may,) — kpx122...Ty.

Véi méi i # j vai,j € {1,2,...,n} dat

S = H (14 mazy),
11, ,

Tij= H.’L‘l.

154,
Dé cho gon, ta ki hieu S = S; ;,T = T; ;. D& thay ring

T+ ; T, +xj .
2 3y 9 y ey

. . 2 » .-
(555) o] s

kT
(zi —z;)° + TL(%’ ~-z;)° <0

fm(T1y oy Ty ooy Tjy ooy Bn) < fm (xl,...,

2
&8 (1+mmi)(1+mxj)_ <1+m(1?1';33]> )

—Sm?
4

+kn T

& kT < Sm?. (1)
Mit khac, ta cling c6 .
Fnl(z1, ..y Ty ...,‘a:j, 5 Zn) £ flx1, 00,0, + TG, ., Tn)
< S+ mz)(1 +ma;) — (1 +m(z; + x;))] — kmaiz; <0
=14 Sm2mixj - kazixj <0
o knT > Sm2. (2)
Va 16 rang tit cac két qua (1), (2) suy ra

fm(Z1, ooy iy o, Ty ooy Ty) < max{
flz,., 0,2+ 25, ..., Tn)

N

Va do dé biéu thic f,,(z1, ..., Z,) dat gid tri16n nhit khi va chikhiz; =20 = ... = z,
ho#c it nhat c6 1 trong cac sb x1, z3, ..., T, bing 0.

Tit d6 dé dang suy ra két qua la

n-—1

mn n-1
maxfm(:cl,xg, R .’L‘n) = max <(m + l)n - km’ (1+ ) ) .

Vay hiing sb k,, t6t nhit can tim la

mn )n—l_ 0

(m+1)" = (1+ —
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Vi du 4.8.6 (IMO Shortlist). Choa,b,c,d la cdc $6 thuc khéng am cé tong biang
1. Ching minh bat dang thic

1 176
b dab < ——b
abe + bed + cda + dab 7—l— 27a d.

Lo1 GiAl. Xét

1
fla,b,c,d) = abe + bed + cda + dab — —7§abcd

=ab(c+d) +cd(a+b) - iab d.

27
D& thay,
b
flasied < (S50 55 ed)
(a+b)? 176 (a+b)? 176
: - T < ——ed < .
@((‘+d)(ab 2 27 cd , ab) <0& 27cd_c~i—d
fla,b,e,d) < £(0,a+b,c,d)
@ab(c+d—12iabcd) 0®c+d§—12176-cd.

T cac ching minh trén suy ra

fla,b,c,d) < max (f <a+b ath

2 2

,C, d) f(0,a+b, c,d)) .
Theo dinh 1i UMV suy ra max f(a, b, ¢, d) dat duge khi trong céc s6 a, b, ¢, d c6 mot
s6 bing Ohosca =b=c=d = 1. Tu do ta ¢6 dpcm. U

Nhan xét. Phuong phdp tuong tu ¢6 thé duge sit dung dé ching minh bai toin
tdng quat hon sau day

Cho cic sé thuc khong @m xy,x2, ..., Tn €6 tong bing n. Twm hing s6 duong k = ky,
tét nhdt dé bat ddng thidc sau luon diing

1 1 1
129 Tn | — + — 4+ oo+ — ) S0+ ky(T122..20 — 1).
Iy z2 Tn

Phan enbi ciing ciia bai viét cac ban hay chitng minh bat ding thite sau day, né
1a sy tdng quat clia 2 bai toan rat khé clia cic chuong trudc.

Vi du 4.8.7. Cho z1,2,...,xy & cdc $6 thuc khong dm c6 tong bing n va k la sb
thuc duong tuy . Hay tim gid tri lon nhét cia biéu thm sau

() Skn—1 = (fL‘l.TQ....’L‘"_l) + (:zgxg...a:") + ...+ (:cn:clrcg...x"-z)k.
(i) Skp = Z milxﬁ...xfp.

1<i) <ip <. <ip<n
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Két qua cho cau (i7) la

4.9 Bét ding thic va cac vin dé md

Khoéng ¢6 phin nao trong toan hoc ma cic vAn dé khé lai ludn duge thé hien
duéi cac biéu dién cyc ki don gian nhu déi véi bat ding thic. Nhung cing that ki
la 14 trong thé gigi nhitng bat ddng thnic don gian Ay con rit nhidu md, khong thé
giai dugc trong mot thai gian rat dai (dén khi quyén sich nay da duge hoan thanh).
Sau day tac gia sé gisi thieu mét s6 van dé khoé, hieén nay chua cé 10i giai hosc chi
6 10 giai trong mot s6 truong hyp dac bigt. RAt mong sy trao déi déng gop y kién
ciia cac ban vé cac bt ding thitc nay.

4.9.1 Mot 13i giai hoan chinh?

Bai toan md& 1. Vdi nhitng gid tri nao cia k thi bat ddng thitc

ok bk o a1 4 b1 4 k-1
+ + >

a+b b+c c+a 2

luon ding vdi moi a,b,c > 0.

MOT s& KET QUA.

Nhit da dé cap dén & phin trudc, bat ding thnte diing véi moi sé duong k > 3/2,
d bai toan 2.37 chuong II. Tuy nhién k& = 3/2 chua phai la gia tri tot nhit cta k.
Trong bai toan 2.84 chuong II ta da ching minh bat dang thitc

4 4 4
a b c a+b+ec
=+ = + - 2 .
ad+b B4+3 B+ad 2

Diéu nay ciing c6 nghia la bat ding thic da duge chitng minh trong trudng hop
k = 4/3. Ngoai ra cac ban hay ty chimg minh (tuong ty nhu bai 2.84) véi k = 5/4
bat dang thc
a® b5 ® at+b+c
PR R e S e A R
Cau hoi dat ra la, phai chang voi moi n € N thi

an+1 bn+1v cn+1 S a+ b+ c

*
a71+bn+b71+cn+cn+an— 2 ()

+
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Nhung rét tiéc, két qua tren khong chinh x&c. That vay, néu bat ding thuc trén
dang thi
akn pkn ckn akn~1 4 phn—1 4 ckn-1
+ + >
a+b b+c c+a 2
Véi k,, = 14 1/n. RS rang ca 2 biéu thite déu 13 céc ham lien tuc dbi vgi k nén
khi cho n — 400 ta ¢6

a 4 b + c
a+b b4+c c+a

> g Ya,b,c> 0.

Do tinh hoan vi nén bat ding thitc trén phai tré thanh déng tinte

a N b + c
a+b b+c c+a

3
=§ Va,b,cz.O.

Déng thitc trén 15 rang 1a vo i (a = 0, b=1,c = 2). Vay khéng thé c6 (x) dugc.

Trd lai (1), c6 mot két qua kha tha vi 13, néu bAt déng thic (1) ding véi sb
duong £ nao do thi né sé ding vdi moi s6 duung k' > k. That vay, chuyén bt ding
thitc vé dang

ak~la-b) bF-1(b-¢) ct~1(c - a)

>
a+b b+c c+a =0
k=1 _ k—1y(, _ k=1 _ k—1y(p _ _ - -
<i}(a c* ) a b)+(b (b C)+ck‘1 a—b b c+c a >0
a+b b+c a+b b+c c+a
o@D B E -0 @ ba-oe-b)
a+b b+c \ (@a+b)(b+c)(c+a)

Vay ta chi cin xét trong trudng hgp a > ¢ > b. Bét déng thic tuong duong véi

a—-b S b k_lc—b+ (C)k—la—c
a+b ™ \a b+c \a/ a+c

Vib/a < 1,¢/a < 1 nén bét ding thitc trén diing véi k thi ciing ding véi moi
k' > k. Nhu vay dé tim t&t c céc sé k thod man ta chi cin tim s k nho nhét 1a di.

- Dé giai quyét triet dé bai toan tren 13 didu rt khé, tuy nhién ta c6 thé tam hai
long véi bat dang thute (*) d6i vai cée gid tri nguyén duong cia n.

4.9.2 Mot bat ding thic dbi xing tha vi

Bai toan m@ 2. Tim gid tri nhé nhét cda'bié’u,thﬂc sau vdi a,b,c > 0 vd ab+ be+
ca =1, k la mot hing s6 duong cho trude
1 1 1
+ + :
vka®+bc VEBE +ca ke + ab
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MOT sO KET QUA.
Ta ¢6 mot sé két qua kha dep gan tuong tu véi cac bt dang thic trén.
1. Bé déu cdan, chon k = 1.

1 + 1 N 1 > 3
2 1be  bB2tca c+ab” ab+bc+ca

2. Thay doi hé so.

1 1 1 2
> .
2a2+bc+2b2+ca+2c2+ab = ab+bc+ca

Va két qua manh hon la

1 1 1 2 1
. > .
2a2+bc+2b2+ca+2c2+ab = ab+bc+ca+a2+b2+c2

3. Tong qudt.

1 1 1 9
> .
pa2+bc+pb2+ca+pc2+ab = (p+ 1)(ab+ bc+ ca)

Vi moip23+\/'7.
4. Thay déi diéu kién.

i 1 1 6
+ + >
JaZ+be VB +ca VZ+ab atbtc
1 1 1 4

+ + > .
VaaZ +bc  V4ab? +ca 42 +ab oat+btc

Céc bét ding thic trén duge phat trién tit bai toan md ban diu, ching rit gan
nhung khong gitip chung ta giai quyét bai todn ban dau duge. Ngay véi truong hop
tuéng nhu don gian nhat k = 1, bai toan chi duge gidi voi mot 1o gidi qua dai va
phic tap (ma chi ¢o y nghia khéng dinh két qua 24/2 ding vé mat toan hoc). Xem
thém v& 18p céac bai toan nay trong bai viét Suy lugn va phdt trién 8 muc trudc.

493 a/b+blc+c/a>37

Bai toan md 3. Tim gid tri nhé nhdt cia biéu thitc

a+kb+b+kc+c+ka
c+kb a+ke b+ka

Trong dé a,b,c la cdc sd thuc dudng va k la hidng sé duong cho trude.
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MOT $6 KET QUA.
Dau tien khi cho k = 0 ta c6 bat déng thitc rat hién nhien la

b
= > 3.
+ +b_
Ciing hoan toan tuong ty v6i k = 1 vind chinh 1a bt ding thac AM — GM
a+b b+c c+q>3'
c+b a+c b+a”

Trong chuong II ta ciing da giai bai toan véi k = 2. T4t nhién tit 3 két qua dng
véi k = 0,1,2 dé suy ra min = 3 13 chua dd, va thyc té v6i k > 4 gid tri nho nhét
cha bidu thitc khong phai 1a 3 nita, ma nho hon. Cau hoi dat ra la, hay xét bat ding
thitc trong mot sb truong hop riéng, chng han tim mot s6 k nao dé dé c6 thé thay
3 bdi 2 v tim chin duéi nhé nhat cho moi a, b, ¢, k > 0 cla bicu thitc

a+kb+b+kc c+ ka
c+kb a+kec b+ka

4.9.4 B4t ding thic hoan vi tong quat

Van d(‘ san day da duge noi tm ¢ trang trudc, ban hay xem ki lai phan Trd lai
vin dé cé dién.
Bai toan ma 4. Xét cdc sé thic khong am a, b, c cé tong bing 3 va biéu thic
P(r,s) =a"b® +b"c® + c"a’,
Hay khdo sdt gia tri l6n nhét va bé nhdt (néu cé) cia P(r,s) theor,s € R.
MOT sO KET QUA.

T4t nhién, hai trudng hop ta quan tam chinh la r,s > 0 va rs < 0. Cé thé néi
vige giai quyét tron ven bai toan nay dudng nhu 1a mot vige khong tudng, nhung
trong nhitng trudng hgp cu thé ta da c6 nhidu két qua rit An tugng. Chéng han,
ching ta da lam xong trong céc trudng hgp nhé sau day

e r=s52>0.
credash
o r>3/2,s=1(v6ir >0 tuy ¥, can giai bing mot sb kién thic cao chp).

er=1/2,s=-1/4.

Luu ¥ riing méi trudng hop rieng & trén déu la cac bai todn rét hay va kho.
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4.9.5 Chi la cac bat ding thiic bac nhat ?

Bai toan mé 5. Xay dung cic phuong phdp ching minh bt ddng thitc bac nhét cé
chia ddu gid tri tuyét déi, tuong tu nhu doi véi cdc phuong phdp S.0.S, don bién,
quy nap... cta bit ding thitc dai sé thong thuong.

MOT sb KET QUA.
Trude khi doc bai todn md nay, cac ban hay xem thém phan Li thuyét b tri
va bdt ddng thitc Karamata dé hiéu ban chét cia vAn dé. Viec dua tit mot bat dang

thnfc dai s6 trd thanh mot bat ding thitc s6 hoc qua cac bo trdi 1a mot phuong phap
rdt manh cta bat déng thitc, nhung chua duge nghién citu ki.

Vi thé, tuy ring mot bat ding thitc bac cao khi dua vé bat ddng thic chia diu
gi4 tri tuyet dbi tudng ring sé don gian hon nhung thyc chét lai khé hon han, vi
ta chua co mot he théng phuong phap chung dé giai cae bai toan nhu vay. D6 cing
chinh 1a dung ¥ clia tac gia khi n¢éu lén bai todn trén va rat mong nhan duge sy trao
ddi them ciia cac ban dbi véi vin dé nay.

4.9.6 Cac dang téng binh phuong

. Viéc phan tich mot bidu thic thanh téng ciia cic binh phuong duge nhic t6i
rat nhidu trong cudn sach va né ciing gin lién véi mot phuong phap gidi toan rét
quan trong, doé 1a phuong phap phan tich binh phuong 5.0.5. Tuy rang S.0.5 la
mot phuong phéap rat manh déi vdi cac bt ding thitc 3 bién nhung khong phai né
¢6 thé giai dugc moi bai toan nhut vay. Hay xem lai mot bat ding thic noi tiéng sau

Vi du 4.9.1. Ching minh vdi moi a,b, c khong am ta luén cé

a® + b% + ¢ > /3(a3b + b3c + c3a).

Tuy bit ding duge tdn tai dudi dang phét biéu rat don gidn va dep, nhung mot
cach giai dep va ty nhién lai dudng nhu khong ton tai. Ngoai cach lam quen thuge
st dung tam thitc bac hai thi cdch 1am con lai 1a phan tich bidu thic duéi dang tdng
c4c binh phwong. Tét nhién, phan tich dic bigt nay hoan toan d bén ngoai suy nghi
clia tac gid bai toan (Vasile Cirtoaje).

2(a® + b2 + c2)? — 6(a®b + bPc + c*a) ,
= (a® — 2ab+ be — ¢ + ca)? + (b? — 2bc + ca — a? + ab)*+
+ (c® - 2ca + ab — b% 4+ bc)2 > 0.

Va Ii do ma phuong phap S.0.S khong thé sit dung duge & day chinh 1a d4u béng
clia bat d&ng thitc x&y ra qua léch nhau. Ngoai trudng hop @ = b = c thi dang thic
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con xay trong trudng hgp sau hodc cac hoan vi

4 2
(a,b,c)=k (sm Tﬂ sin? —77£ sin? ;) .

Hay xét thém hai bai toan kho sau day

Vi du 4.9.2. (i). Tim hing s6 thuc k tét nhdt sao cho bat ding thic sau ding vdi
moi a, b, ¢ thuc

a* +b* + ¢ + kabe(a+ b+ ¢) > (k+ 1)(a®b + bPc + 2a).

(). Cho a,b,c la cdc s6 thuc khong dong thoi bing 0 thod man a®b+ bic + c3a = 0.
Chitng minh bét ding thic
abc(a + b+ ¢) < 1
(@2 +b2+c?)2 ~ 6

Tac gid sé khong néu ra 16i giai cu thé & day. cac ban c6 thé ty giai dua trén
phan tich sau
Z(a2 — 20% + ¢® + kbc — kca)? > 0.

cyc
Cht ¥ riing néu lay & = 3 ta lai thu duge vi du 4.9.1.

Vi du 4.9.3. Gidi hé phuong trinh sau trén tdp sé thuc

263 — a3 — 3 = 3b% — 3c%a
2¢3 — b% — a® = 3c%a — 3a%b
2a3 — &3 — b3 = 3a?b — 3b%¢

Tuy ring bai todn trén khéng licn quan t6i bt ding thic nhidu 14m nhmlg noé
dya tréen mot phan tich rat dac biet

Z:(a3 —-2b% 4¢3 + 3b%c — 3c%a)? =6 Z a*(a - b)% - 18 Ha(a -b)
cyc

cyc cye

Néu may mén chon dugc nhitmg da thitc hgp 1i dé binh phuong ta c6 thé thu
duge nhitng két qua rit dep. Nhung cau héi nguge lai 1a, khi ¢6 bat déng thuce rdi,
lam sao dé 6 thé tim duge nhitng da thnte dé thi lai 1a vAn dé hoan toan khac. Do
d6 cubn sach nay cing khong hé khuyén khich cac bai toan dang nay, trit khi ¢c6 mot
loi giai ty nhién hon dé giai né. Viéc dua ra cac bai toan nhu vay chi la viéc lam can
thiét, vi c6 thé chinh cac ban sé gap bat ding thiic dang nay trong mot sé ki thi.

Cau hoi duge dat ra la
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Bai toan mé 6. (i). Cho P(z1, 2, ..., Ts) la mdt da thic thudc R"[z] ciia n bién
thuc 1, T2, ..., Tn. CO ton tai hay khong mot thudt todn dé ph(m tich P(xy,za. ... rn)
thanh téng cdc binh phuong cia cdc da thic bac nho hon néu da biét chdc chdn ring
c6 moét phan tich nhu vay. Noi cdch khdc, ton tai hay khong mot thudt todn zdc dinh
da thic P(xy1, 290, ..., &y) €0 hay khong ¢6 mot phan tich thanh tong cde binh phuong
ciia cdc da thie b(),c nhé hon va néu o, hay zdc dinh phan tich dy.

(ii). Gidi bai todn trén trong lép cdc da thic bic nhd 4 hodc 6 déi vdi 3 bién a, b, c.

Chi giai duge cau (1) (mac du (i1) chi 14 h¢ qua cta (i)) cling la mot budc tién
rit quan trong. Trén thyc té, chi vdi cac bidu thitc bac.4 ciia 3 bién ta cing tim
dugce hang loat bat }Iang thitc khé dua trén cach phan tich cac binh phuong. Ban
doc hay xemn lai bai toan 2.96 chuong II dé thay 1o hon vé van dé nay.

Hi vong ciac cau héi md trong cudn sach nay s¢ nhan duge sit cong tac giip da
cia ban doc va 8 din dan duge giai dap trong cdc 1an xuit ban tiép theo.

4.10 Tan man vdi bit ding thic
4.10.1 Cac cap thuan nghich

ft nhét khi doc duge hét cudn sach ban sé tim duge 3 cap bat ding thic thuan
nghich quan trong, dé la bat ding thitc thong thong va dang phan ('lnmg cna no,
bét ding thic thuan va dang nghich véi ki thuat ldy dao ham, bt ding thic véi
da thite va bat ding thic véi cac gid tri tuyét d6i bac nhat. Viec hiéu va nim rd
vé céc cap thuan nghich nay sé giap cac ban c¢é dinh hudng t6t hon khi gap cac bai
toan bat diing thite. hon thé nita né cfing gittp ban rat nhicu trong vite sang tao ra
cdc bai toan. Bat déng thice thuan nghich véi tich phan da dugce trinh bay d muc
trude ciia cubn sach, phuong phap phan ching cing da duge trinh bay kha cu thé
¢ chuwong 11 nhung viee bién doi tir bat déng thic dai s6 thong trudng vé cic hat
dfng tlnfe bac nhit chita ddu gia tri tuydt d6i 13 mot phuong phap mdi rat hicu qua
(tac gia vo tinh doc duge dinh Ii Symmetmc majorization criterion ngay trong thoi
gian viét cubn sach nay). Phai néi riing day la mot phuong phap chuyén déi rat ki
la va tuyct voi dbi véi bat ding tinge. Chiéing han bat ding thic Schur cé thé viét
lai duéi dang gan tuwong duong nhu sau

|a|+|b|+|c|+|a+b+c|2 la + b+ |b+ ¢| + ¢+ al.

Luu y rang bat déng thic trén suy ra bat dang thiae Schur nhung khong co
chidu nguge lai. R6 rang, néu nhin nhan theo moét cach nao dé, thi cac bat ding
thitc dang trén c6 phan dé hon hin cac bat ding thic bac cao thong thudng, nhung
cac phuong phap gml cac bai toan dang nay lai chua duge nghién ciu va he théng




4.10. Tén man véi bat dédng thic 347

mot cach chinh xéc. Day chinh la cau hoi 5 trong phan cic bai toan md va hi vong
cac ban s¢ chinh 1 nguoi tim duge chide chia khod quan trong nay.

4.10.2 Sang tao bat ding thic

Viee sang tao cac bit ding thic da rét nhidu lin duge néi téi trong cudn sach
nay. va d6 cang 14 mot muc tidu ctia cudn sach khi ra mat ban doc. R6 rang viec
tit sang tao ra duge mot bai todn s¢ thi vi hon nhidu vige chi giai cac bai toan do
mot ngudi khae dat ra. Tuy nhién khi cac ban da hiéu véi mot mic do nhét dinh vé
bat dAng thic thi cac ban sé nhan ra dé nghi dugc mot bai todn hay va dep 1a mot
viée rat kho khan. RAt nhidu bai toan ma ngudi ra dé tudng rang sé rét kho nhung
ngudi lam toén chi cin giai trong vai dong.

Didu khé khan nhét khi ching ta tiép can véi bit dang thitc 1a sy khéng dinh né
¢6 ding hay khong. Thye té thi khi gidi mot bai toan mang tinh "gia thuyét" la mot
vide kha mao hidm va mat nhidu thai gian, tham chi sau nhing cb ging nhu vay thi
két qué thu duge chi 1a mot phéan vi du ching minh bét déng thitc sai. Nhung trong
toan hoc thi nhitng didu nhu thé nay hoan toan rét binh thuong va cac ban khong
can phai ¢ ngai khi t¢ phd dinh mat bai toan minh dat ra nhu vay ca, vi d6 sé la
bude dan ticn dé ban sang tao ra duge ot bai todn hay va ¢0 y nghia.

Chinh vi viée dat ra bai toan trude v gidl sau nén cac bai ton trong séch sé
khong mang nhidu mau sic cad nhan hay chit quan ctia mot ai d6 (khi gidi cac bai
toan ciia cac tac gia khéc, 10i gial trong cudn sdch luon duge nghi ra hoan toan déc
lap v6i 1o giai ban dau cia tac gia bai toan d6). Khong ¢6 muc dich gi khi tac gia
néi nhu vay, nhung né sé giup cac ban trong khi doc sach thay duge su ty nhién va
khong thé khdc duge cla cac 161 gidi ciing nhu cdc van dé khac trong cudn sach, va
céc ban ciing ¢6 thé ty tin hon khi chinh ban 1a ngudi giai cac bai toan d6.

4.10.3 Quan diém vé mot bai todn bat ding thic hay

Theo ban, thé nao sé duge coi la mot bat déng thitc hay? Trong khi cang ngay
cang nhiéu len cdc bat dang thic nhu hién nay, chon ra duge mot bai toan hay dé
giai sé 1a hire ich. C6 1& mot bat dang thic hay. didu kién dau tién né phai 1a mot
bat ddng thitc dep, theo nghia hinh thie phat biéu don gian. khong ¢6 nhing dicu
kien ric réi phitc tap v & dang chudn. Dang chudn ¢ day theo nghla la dang déi
xing ho#ic hoan vi, hodc 1a mot bai toan téng quat néu bai todn mang qua nhiéu
mau sic ca thé, chang han ot bat didug thie vai he 6 lech sé duge coi la hay khi
chiing ta cé thé gidi dige bai toan téng quat.

Trude kia, ngudi ta hay dé cap dén cac bat ding thitc "kho" theo nghia diéu
kién qua phic tap hodc cac bién ddi tit mo6t bai toan cu thé, nhung day khong phai
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la cach lam véi bat ding thitc hién nay. RS rang khi con qua nhiéu nhitng bt ding
thitc chuan can ching ta gidi quyét thi giai cic bai toan kiéu trén la mét viéc kha
mét thoi gian va khéng giip ich nhiéu 1dm cho ching ta. vi né ludén cb gidu di mét
cach guong ép ban chit that clia bai toan. Ching han, ban sé nhin nhan thé nao
déi v4i bat ding thitc nhu sau

Vidu 4.10.1. Chitng minh vdi moi a,b,c > 0 ta ¢

ab?(be — 1)  bc*(ca—1)  ca®(ab—1) _ (a+b+ c)(abc— 1)
- >
adc + b? b3u + 2 3b+a?2 ~ abe + 1

Giai bai toan trén khong hé dé, nhung ta chi quan tam dén ban chit cta né, 1a
bat ding thic sau day véi a,b,¢> 0
ad+b63 B+ N A+a® _2a+b+c)
a?+ kb2 b2+ke? 2+ka?T  k+2
Va chi can thay k = 1/(abc) ta sé duge bai toan ban diu, néi theo mot cach
khéc, bai toan trén khong thé coi 1a mot bai todn hay duge.

4.10.4 Hoc toan trén mang

Cong nghé thong tin va truyén thong da anh hudng nhidu tdi mei mat cha doi
séng, ngay cd déi véi toan hoc. Hién nay, dé cing trao déi thong tin va thao luan
mot van dé ndo dé ctia tosn hoc dé& dang hon nhiéu so véi mot vai nam trude kia,
khi mang Internet chua phat trién. Cé kha nhiéu trang web hay vé toan dé cac ban
thao luan trao déi va lay tai licu, vi du nhu

e www.mathlinks.ro
¢ www.diendantoanhoc.net
e www.kalva.demon.co.uk

e www.mathnfriend.net

Vige hoc tap va lay tai ligu trén mang Internet ngay cang trd nén mét vice bit
bude dbi véi ching ta hién nay, né ciing gitip ching ta tiép can véi nhitng cai mdi
nhanh hon va higu qua hon. Ban nén vao trang www.google.com.vn dé seach tim
kiém ngudn tai licu vo han cta ci thé gidi vé& tht cd cac linh viyc. Hai trang wceb
www.mathlinks.ro va www.diendantoanhoc.net ciing la 2 trang thao luan vé toan so
cap, dac biét 1a todn Olympiad rat tét cho cac ban. Cang trong thdi gian cudn sach
duge hoan thanh va ra mit voi ban doc, tac gia da nhan dugce sy cong tac ginp do
ctia rit nhiéu ban trén khdp mién dat nuée qua trang web www. diendantoanhoc.net.
Hi vong riing thé gidi toan hoc trén mang sé ngay cang gin giii va trd thanh mot
cong cu higu qua, bd ich véi tit ca cac ban trong thoi gian khong xa. ‘
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Lé Him Dién Khue [1.18] [1.53] Phan Thanh Vigt (1.42].
Walther Janous [1.39] Virgil Nircula [1.1.9].

Ho Joo Lec, [1.68] Poruh Loh [1.3.4].

Manlio Marrangelli [1.2.10] Darij Grinberg [1.2.2].

— Pham Duy Hi¢p [1.20] Nguyén Quéc Khanh [1.8.9].

— Pinh Quang Huy [1.48] [1.64] {1.77] Nguyén Viét Anh [1.60].

e Chuong III

|

— Titu Andresscu [3.5.1).

— Gabricl Dospincsscu {3.1.4] [3.1.5] [3.3.3] [3.4.2] [3.5.1] [3.5.8] [3.5.10)].
— Vasile Cirtoaje {3.2.30] [3.1.5] [3.1.4] [3.4.4] [4.4.3] [4.4.4] [4.7.7].

— Murray Klamkin {3.1.13].

— Manlio Marrangelli [3.5.12].

— Hyunsoo Kim [3.5.5].

— Pham Kim Hung [2] [3.1.17] [3.1.18] [3.1.19] [3.2.24] [3.3.6] [3.3.9] [3.4.1]
3.4.3) [3.5.6] [3.5.9] [7).

— Lg¢ Trung Kién [3.1.11] [3.2.10].
— Nguy@n Vidt Anh (3.2.23).
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liéu tham khao

www.mathlinks.ro.
www.diendantoanhoc.net.
www.kalva.demon.co.uk.
www.mathnfriend.net.

Old and New Inequality, Gil publishing House.
Tac gid : Titu Andresscu, Vasile Cirtoaje, Gabriel Dospinescu, Mircea Lascu.

Problems and Solutions around the World, 1996 - 2001.
Tac gia : Titu Andresscu, Zuming Feng.

Bai giang Giai tich tap I.
Téc gia : GS-TSKH Nguyén Duy Tién.

Bat ding thic.
Tac gid : GS-TSKH Nguyén Van Mau.

Bai giang vé Bit dang thic Cauchy.
Tac gid : Nguyén Va Luong, Pham Van Hung, Nguyén Ngoc Théng.

B4t ding thuc.
Tac gid : G.H. Hardy, J.E. Littlewood, G. Polya.

Mathematical Olympiad Challenges.
Tic gia : Titu Andresscu, Razvan Gelca.

Crux Mathematicorum and Crux with Mayhem.
Tap chi toan hoc Canada.

Tap chi Toan hoc va tudi tré.
Tap chi American Mathematical Monthly.
IMO Shortlist, 1990-2004.

Seclected Problems from International Mathematical Olympiads,
XXX-XXXVI.

Olympic Toan hoc chau A Thai Binh Duong, 1989-2002.
Cac dé thi Olympic Toan hoc Qubc té, 1965-2005.
Tuyén tap dé thi Olympiad 30-4.
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