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Lo1 no1 dau

Dé thit géi lenh lamdethi.sty toi bién soan mot s6 dé toan thi Olympic, ma
cac hoc tro ciia toi da lam bai tap khi hoc tap IWTEX. Dé phu vu céc ban ham
hoc toan toi thu thap va gom lai thanh cac sach dién tit, cac ban c6 thé tham
khéo. Moi tap toi sé gom khoang 30 bai véi 16i giai. Tap nay cé sy dong gop
ctia Nguyén Van Hau, Lé Thi Thu Hién, Nguyén Trung Hiéu, Nguyén Thi Mai
Hoa, Nguyén Van Huy, Nguyén Thuong Huyen

R4t nhiéu bai toan dich khong dude chuan, nhiéu diém khong hoan toan
chinh xac vay mong ban doc tit ngdm nghi va tim hiéu lay. Nhung day 1a ngudn
tai lieu tiéng Viet vé chu dé nay, toi da c6 xem qua va ngudi dich 13 chuyeén vé
nganh Toan pho thong. Ban c6 thé tham khéo lai trong [1].

Rat nhiéu doan vi mdi hoc TeX nén cau tric va bd tri con xau, toi khong
¢6 thoi gian sita lai, mong cac ban thong cam.
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Chuong 1
Pé thi olympic Hoa K3

>1.1. Mot bo bai c6 R quan do, W quan trang va B quan zanh. Mot ngudi choi
thaic hién viéc rit cac quan bai ra khoi bo bai. Vi moi lugt, anh ta chi
duogc phép rit ding 1 1d bai, va phdi chiu mot so tien phat cho lugt rit
bai dé: - Néu ld bai duge mit c6 mau zanh, tién phat bang so6 quan tring
con lai trong bo bai - Néu la bai dugc rit c6 mau trdang, tien phat bing
hai lan s6 quan dé con lai trong bo bai - Néu ld bai duge rit cé mau do,
tien phat bang ba lan s6 quan zanh con lai trong bo bai Hay xdc dinh
tong so tien phat toi thiéu ma ngudi choi phdi trd (phu thudc vao R, W,
B) va tim tat cd cac cach choi dé cé thé dat duoc so6 tien phat do

L&i giai: Ta sé chitng minh s6 tién phat t6i thiéu phai tra 13 min(BW,2
WR,3RB) Di nhién s6 tién phat nay 1a dat dugc, tuong ting véi 1 trong
3 cach rat bai sau:(bb..bbrr.rr ww.. ww);(rr..rct ww.. wbb...)( ww..
wwbb..rr)V6i méi mot cach rat bai, ta dinh nghia chudi xanh la mot
doan lién tiép cac quan bai mau xanh duge rat ra khoi bo bai (tic trong
mot s6 lugt lien tiép, ta chi rat quan xanh ra). Tuong ty, ta c6 dinh
nghia chudi do, chudi trang.

Bay gio ta sé chiing minh 3 bd dé:

Bé dé 1: Véi mdi cach rat bai cho trude, ta c6 thé thuc hien 1 cach
rat bai khac, trong d6 2 chudi cing mau duge “gop” vao nhau ma khong

lam tang s6 tién phat
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Ta sé ching minh trong truong hgp gop 2 chudi do, cac truong hgp khac
hoan toan tuong ty. Gia si gitta 2 chudi do6 c6 w quan trang va b quan
xanh. Bay git, néu ta chuyén mot quan dé tit chudi thit nhat sang chudi
thit 2, s6 tien phat sé tang them 2w — 3b (do 6 méi lugt rit quan trang
phai ting them tién phat 1a 2 béi sy xuat hién ctia 1 quan dé mdi, va
quan dé dugc chuyén di ndm sau b quan xanh nén khong phai chiu 3b
tién phat).

Néu , ta chi viec chuyén tat ca cac quan do tit chudi 1 sang chudi 2.
Nguoc lai, ta sé chuyén tat cd cac quan do tit chudi 2 sang chudi 1.
Trong ca 2 truong hop, 2 chudi dé da duge gop vao nhau va s6 tien phat
khong bi tang thém.

Bé6 dé 2: Cach choi t6i uu khong ton tai chudi (titc khong xay ra truong
hgp riat 1 quan do ngay sau 1 quan trang)

Diéu nay la hién nhién, vi néu xuat hién lugt rat bai nhu vay ta thay
doi chudi bing chudi , ta thu duge 1 cach choi méi ¢6 s6 tién phat nhd
hon

B6 dé 3: Cach choi t6i wu (it tién phat nhat) sé c6 it hon 5 chudi
Gia sit ton tai 1 cach choi t6i wu ¢6 5 chudi trd len. Gia thiét rang quan
bai dau tien duge riat ¢6 mau do (cac truong hop khéac chiing minh tuong
tw). Bay gio, ta gid su rang cac chudi duge rat co gia tri (theo thi tu,
chiing minh tuong tu trong cac truong hgp khac).

Theo b6 dé 1, ta c6 thé gop 2 chudi db, hodc 2 chudi tring lai véi nhau
ma khong lam tang so tién phat. Nhung cach choi hién tai 1a t6i wu, do
vay ta phai co: (1)

Gop 2 chudi trang lai va ta duge 1 cach rat bai cling c6 s6 tién phat toi
thiéu: . Theo bo dé 1, ta ¢ thé gop 2 chudi dé véi nhau ma sb tién phat
khong ting them. Nhung do cach choi nay 1a t6i wu, nén ta phai co ,
mau thuin véi (1). Vay diéu gia sit 1a sai, bo dé 2 duge chiing minh.
Tic 1a bat ki cach choi t6i wu nao cting chi c6 t6i da 4 chudi. Két hop
v6i bo dé 2, cach choi t6i wu néu phai rat quan dé dau tien 1a

Cach choi nay 1a t6i wu khi va chi khi va |, Tuong ti, ta cling c¢6 cach
choi gidng nhu trén néu quan dau tien duge rat 1a quan trang hodc quan
xanh. /.
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ca céc s6 thuc m dé phuong trinh
(2* = 2mx —4(m* + 1)) (2* — 4z — 2m(m* + 1)) =0

¢6 ding ba nghiém phéan biét.

Loi giai: Dap an: m = 3.

Cho hai thira s6 ¢ vé trai ciia phuong trinh bang 0 ta nhan dugc hai
phuong trinh da thie. It nhat mot trong cic phuong trinh nay phai
nghiem ding véi gia tri x nao dé dé x la nghiém ciia phuong trinh ban
dau. Nhimmg phuong trinh nay c6 thé viét dudi dang (r —m)? = 5m? +4
(L)va (z — 2)% = 2(m> + m + 2) (2). Ta ¢6 ba truong hgp ma phuong
trinh ban dau c6 thé c6 3 nghiém phan biét: Phuong trinh (1) ¢6 nghiém
kép hoac phuong trinh (2) ¢6 nghiém kép hoidc hai phuong trinh c¢6 mot
nghiém chung. Tuy nhién, truéng hgp thit nhat khong xay ra vi hién
nhien 5m? + 4 = 0 khong thé théa man v6i moi gia tri thuc m.

Trong truong hop thit hai, ta phai c6 2(m? +m +2) = 0; m> +m + 2
phan tich thanh (m+1)(m? —m+2) va thita s6 thit hai luon duong véi
moi gia tri thuc m. Vi vay ta phai c6 m=-1 dé trudng hop nay xay ra.
Khi dé6 nghiém duy nhat ctia phuong trinh nay 1a x=2 va phuong trinh
(1) tr6 thanh (x + 1)* = 9, tic la x=2, -4. Nhung diéu nay c6 nghia 1a
phuong trinh ban dau ctia ta chi c6 nghiém 1a 2 va -4, trai véi yéu cau
cua bai toan.

Xét truong hop thi ba, goi r 1a nghiém ctia phuong trinh thi x —r 1a mot
thita s6 ctia c& hai biéu thitc 22 —2max —4(m?*+1) va 22 —4x—2m(m?+1).
Trit hai biéu thitc nay cho nhau ta nhan duge x — r 1a mot thira s6 clia
(2m—4)z—(2m?® —4m?+2m—4), hay 2m—4)r = 2m—4)(m*+1). Vi
vay m = 2 hodc r = m?+1. Tuy nhién, trong truong hgp thit nhat thi ca
hai phuong trinh bac hai ctia ta tré thanh (z —2)? = 24, va vi vay, ta chi
thu dude hai nghiém phan biét. Vay ta phai c6 r = m?+ 1. Khi d6, thay
vao dang thic (r—2)? = 2(m3+m+2), ta duge (m?—1)? = 2(m3+m+2)
hay (m + 1)(m — 3)(m? + 1) = 0. Do d6 m = —1 hoic 3. Trudng hgp
m=-1 da dugc chi ra khong thdéa man. Vi vay, ta chi ¢6 m=3. Khi do
cac phuong trinh ctia ta tré thanh (x —3)% = 49 va (z —2)? = 64, ching

c6 cac nghiem la x=-6, -4, 10, théa man yéu cau ciia bai toan.



8

Nguyén Hiau Dién, DHKHTN Ha Noi

>1.2.

>1.3.

Cho ABC la tam gidc déu cé dién tich bang 7. Goi M, N tuong 1ing la
cac diém trén canh AB, AC sao cho AN=BM. Goi O la giao diém cia
BN va CM. Biét tam giac BOC c6 dién tich bang 2.

(a) Ching minh mng AB hodc bang hodc bing 2 3

(b) Tinh goc AOB.

Lai giai: (a) Lay diém L tren BC sao cho CL=AN va goi P, Q lan luot 13
giao diém ctia CM va AL, AL va BN. Phép quay véi géc quay 120° quanh
tam ctia tam gidc ABC bién A thanh B, B thanh C, C thanh A; phép
quay nay ciing bién M thanh L, L thanh N, N thanh M v& bién O thanh
P, P thanh Q, Q thanh O. Do d6 OPQ va MLN la cac tam giac déu dong
tam véi tam giac ABC. Suy ra B/O\C:W-]VO\C’:%. Vi vay, O nam trén
duong tron déi xting véi duong tron ngoai tiép tam giac ABC qua BC. Co
nhiéu nhat hai diém O trén dudng tron nay va nim trong tam giac ABC
dé ti le khodng cach tit O t6i BC va tit A t6i BC bang 2, ti 1¢ nay ciing
1 ti 1é dien tich ctia cac tam gidac OBC va ABC. Vi vay ta da chi ra rang
MB _1 hozc 2 tuong 1ing véi cac vi tri clia diem O, va khong c6 ti 1& nao

AB 3
khac (tIIC la khong ¢6 hai diém M cho cting mot diém O. Néu ]\Xg = %

thl 2% = 2, ap dung dinh li Menelaus cho tam giac ABN va duong thing

M.t e 201, o 0o 951, Sov 1 29195 vt

c6 dieu phal chiing IIllIlh Terng tu, néu 42 theo dinh i Menelaus

2
oc] [A%C]g
BO _ (B BOC| _6CN __2 MB__1
22=5 do do | e = =zca=73 (b) E 3 thi
3 Do

[ABc] —7ca— 1\
MONA la mot tu glac noi tlep do A= —Z a0 =nm-— POQ
d6 AOB=AOM+MOB= ANM+POQ ANM +3 Nhu’ng :— va
i—g—% nén dé dang thay dugc N 1a hinh chiéu cta M trén AC. Vi vay
ANM =T Z va AOB = s Lap luan tuong tu doi véi trudng hop con lai,

ta dugce ANM T va AOB

QSu ra

ta co

Cho f(x) = 2? —2azx —a® — %. Tym tat cd cac gid tri cia a dé | f(z)] < 1
vdi moi x € [0;1].

Lai giai: Dap an: —1 <a < Y2,

Do thi cia f(x) 1a mQt parabol c6 diem cie ticu (co nghia 1a hé s6 a
am) va dinh 1a (a;f(a)). Tt f(0) = —a® — 2 ta c6 (0) > —1.
Gia st @ < 0 thi parabol cia ta tang nghlem ngat trong khoang tir 0
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>1.4.

>1.5.

dén 1, do d6 f(1) < 1. Nhungtacd 3 <a+1<1, 1< (a+1)?2<1,
T<2—(a+1)*<1.Tu2—(a+1)* = f(1), ta c6 f thoa man diéu kien
cﬁabalrakm —5 <a<0.Véia=>0,fgiamvéi 0 <z < a va tang
voi a < x < 1. Vi vay ta can chi ra gid tri nhd nhat cia f(a) nam trong
pham vi theo yéu cau ctia bai toan, tic 1a f(1) nam trong giéi han nay.
Tu’a<1tacol<(a+1) Tvavivay f(z) = -1<2—(a+1)?

Mt khac, f(a) = —2a® — 2 neén ta phéi ¢ a < % dé f(a) > —1. Ngugc
lai, ddnh gia £(0), f(a), f(1) ta chi ra dugc f théa man diéu kién ciia bai

rakhiO<a< %.
Ki hieu u(k) la wdc 1é 16n nhat cia s6 tu nhién k. Ching minh rang

z u(k)
k
k=1

<

OOII\D

Loi giai: Dat v(k) 1a wée 16n nhat clia k ¢6 dang liy thita ctia 2, nén
uw(k)v(k) = k. Trong {1, 2, ..., 2"} ¢6 2"~"~1 gia tri clia k sao cho v(k) = 2°
véi i < n — 1, va mot gid tri sao cho v(k) = 2". Do d6, vé trai bang
2n n—1
u(k) 1
SR 2D

k=1 =0

2n—i—1

Tt tong ciia chudi hinh hoc ta c6

on

I (e

=1

Wl o

Tim tat cd cdc soé thuc théa man hé

2 = 2y — 1
y3 = 2z—-1
2= 2r—1.

Loi gidi: Trude hét ta chi ra rang x = y = 2. Gid st trai lai rang x # v.

@) o )
2

Néu z >y, thi y = =z, nén y > z, va tuong tuy z > x,
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mau thuan. Tuong tu, néu z < y thi y < 2z va 2 < x, mau thuan. Nen
cac nghiém ctia hé phuong trinh ¢6 dang x = y = z = ¢ véi ¢ la nghiém
clia phuong trinh ¢ = 2¢ — 1. Vay, nghiém ctia hé phuong trinh 1a

—14++v5 —1—-+5
—y=z2=t tecil, , .
T=y=2z { 5 5 }
>1.6. Tim s6 tu nhién a nhé nhat dé phuong trinh sau c¢6 mot nghiém thuc:

3mx T T
2
2 < ) 2
cos*m(a — x) cosm(a — x) + cos 5, 55, + 3 + 0

Loi giai: Loi giai: Gia tri nho nhat clia a 1a 6. Phuong trinh théa man
khi a=6, x=8. Dé chitng minh a & gi4 tri nhé nhat, ta viét phuong trinh
duéi dang

9 3TX ™ B
(cosm(a-x)-1)" + (cos (%) cos <% + §> + 1) =0

Do c& hai s6 hang & vé trai déu khong am nén dé dang thic xay ra
thi ching phai ciing bang 0. T cosm(a-x)-1 = 0 ta ¢6 x phéi la mot
sO6 nguyen dong du vé6i a trong phép chia cho 2. Tu s6 hang thi hai
bing 0, ta thay cic gia tri cosin phai nhan gia tri bang 1 va -1. Néu

cos (= +7%) = 1 thl 2* + I = 2km vdi gid tri k nguyén va nhan hai vé

voi & ta duge 3z = 4a (mod12a). Khi d6 thi néu cos (£ + %) = —1 thi
XX + Z = (2k 4 1)m va nhan hai vé véi & ta duge 3z = 4a (modl12a).
Trong ca hai truong hop ta déu c6 3x chia hét cho 2, vi vay x phai chia
hét cho 2 va a ciing phai thda man diéu d6. Hon nita, & cd hai truong
hop ta ciing déu c6 -2a va 4a cling phai chia hét cho 3, vi thé a phai chia
hét cho 3. Tém lai ta c6 6 phai 1a u6c clia a va a=6 1a gia tri nhdé nhat

can tim.



Chuong 2

Pé thi olympic Viét Nam

>2.7. Trén mdat phang cho hai duong tron wy,wy theo thi tu co tam la Oy va
O,. Cho M{ va Méld hai diém lan lugt nam trén wy,w, sao cho OlMi
vi Oy M, cit nhau. Cho Myva My lan ligt la hai diém trén wi,w; sao
cho khi quay theo chiéu kim dong ho so do cia goc m/h va Mﬁ/[g
la bang nhau.
(a) Xdc dinh qui tich trung diém cia doan thc“zng My My
(b) Goi P la giao diém ciia cic dudong thing O1 M, va OyM,. Duding
tron ngoai tiép AM, P My cdt duong tron ngoai tiep AO, PO, tai P va mot
diém khdc la Q.Ching minh ring Q la diém co dinh khong phu thudc

vao vi tri cua My va M.

Lai giai:
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(a)Chting ta diing cac sd phitc, méi diem c6 ki hiéu 1a chit in hoa ta dt
tuong ng véi mot s6 phitc c6 ki hicu la chit in thuong. Goi M’, M va
O lan lugt 1a trung diém ctia céc doan thang: M{Mé, MMy va O10s.

%:Zi = zz:gz sao cho phép nhan bdi z la phép quay

Ta cling dat z =
quanh 1 diém qua mot s6 goc. Khi do:
mi+m 1 1
= % = §(ol+z(m’1 —01))+§(02+z(m’2—02)) =o0+2(m' —o)
tit d6 suy ra quy tich diém M la duong tron tam O ban kinh OM’.

(b)Chiing ta st dung tryc tiép cac goc c6 modun 7. Chu ¥ rang:
AQMlMQ - AQPMQ == AQPOQ - lQOlOQ

Tuong tu: ZQMyM, = ZQ050;, suy ra tam giac QM M, dong dang

véi tam gidc QO10,. Do do:

g—01 _qg—m
=0y q—my

Hay tuong duong:

=0 _(g=m)—(g—01) o—m _o1—mj
q—02 (g—m2)—(q—02) 02—y 03—

Vi hai duong thing Oy M, vaO, M, cit nhau, o, — m} # 0, — m} v ta

c6 thé giai phuong trinh nay dé tim dugc gia tri duy nhat cia q, suy ra

Q la diém c6 dinh khong phu thuoc vao vi tri ctia M; va M.
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>2.8. Gid su rang tat cd duong tron ngoai tiép ctia bon mdat cia mot ti dién
c6 ban kinh bing nhau. Hay chi ra rang hai canh doéi bat ki ciia mot ti

dién la bang nhau.

L&i giai: Trude hét ta ching minh ring v6i bén diém khong dong phang
bat ki X, Y, Z, W ta co:

LXYZ+LYIZIW + LZWX + ZWXY <27

X

w

A
That vay: Ap dung bat ding thic tam gidc cho cac goc ta thiy ring:
IXYZ+LYIW + ZLZWX + ZWXY
“(LZYWAHLWY X )4+ LY ZW +(LXWY + LYW Z)+ LW XY
= (LZYWALYW Z+LY ZW)+(LXWY +LWY X+ LW XY)
=747 =2T.
Goi R 1a ban kinh chung ctia cdc dudng tron ngoai tiép bén mat tit dién.
Ta dinh nghia rang hai géc cia tit dien ABCD goi 1a d6i dien v6i cuing
mot canh la hai géc vi du nhu LZABCva ZADC, ta co:

sin/ABC = ?—g = sin/ADC

( do dinh 1i ham sin).

Do d6 hai goc bat ki ddi dién véi cing mot canh hoac bing nhau hoac
bu nhau.

Hon nita, dé ¥ ring néu XZ va YW la hai canh déi ctia tt dien XYZW
thi suy ra (LXYZ + ZZWX + (LYZW /AW XY < 2m)) nén khong
thé c6 truong hop hai goc déi dién véi ciing mot canh X Z va v6i canh
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YW déu la bu nhau. N6i cich khac, néu cac goc doi dién ctia canh

X Z 1a bt nhau thi hai géc doi dién v6i ciing mot canh YW 1a bang nhau.

C

Bay gio ta gia sit ngugc lai rang c6 hai goc déi dién véi cing mot canh
vi du nhu ZABCva ZCDA 1a bui nhau con tat ca cac cap goc doi dien

v6i cling mot canh khac 1a bang nhau, ta co:

/BCD+ /DAB = (r— /CDB - /DBC)+ (x — ZADB — /DBA)
= (pi— ZCAB — ZDAC) + (x — ZACB — ZDCA)
= (n— ZCAB— ZACB) + (7 — ZDAC — ZDCA)
= ZABC + ZCDA

= T

Diéu nay trai véi gia stt. Do d6 bén canh cac goc doi dien v6i canh AC
thi con mot s6 cap goc doi dien véi cting mot canh khéac 14 bt nhau. Theo
phan 1i luan trén thi cap goc déi dién v6i canh BD khong thé bt nhau
nén ching phai bang nhau. Do d6 cip goc doéi dién véi cing mot canh
trong s6 cac canh AB, AD, CB va CD la bt nhau. Khong gidm tinh

tong quat, gia st cap goc doi dien véi canh AB 1a b nhau suy ra cip
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géc dbi dien véi canh C'D la bang nhau. Hon nita:

/CDB = 7—/DCB— /DBC
— 7— /DAB - /DAC
— 7—(n— ZABD — ZADB) — (n — ZACD — ZADC)
— /ABD+ /ACD + /ADB + /ADC — 1
= /ABD+ Z/ACD + (r — ZACB) + (7 — ZABC) —
— /ABD + ZACD + (1 — ZACB — ZABC)
— /ABD+ ZACD + /CAB

Suy ra LCDB < ZCAB. Vi cac ZCDB va ZCAB la khoéng
bang nhau nén ching phai bt nhau. Bay gio ta lai c6 cic goc
/ZADB, /BDC va ZCDA la cac goc 6 dinh cia mot ti dién nén
(LADB+ /BDC)+ ZCDA < LZADC + ZCDA < 2. Nhung:

LADB + /BDC + ZCDA = (r— ZACB)+ (r — ZBCA) + (m — ZCBA)
= 3r—n
= 2.

Diéu nay vo li. Do do cac goc dbi dién véi cting mot canh ciia tit dién 13

bang nhau. Nhu chiing ta 1f luan & trén thi trong truong hgp nay ta co:
/BCD+ ZDAB = ZABC + ZCDA

Suy ra 24/DAB = 2/ABC hay Z/DAB = ZABC.
Cho nén, DB = 2Rsin/DAB = 2Rsin/ABC = AC'. Tuong tu ta cling
¢6: DA = BC, DC = BA.
D6 1a diéu phai chitng minh.

>2.9. Cho hai duong tron (Cy), (Co) ciat nhau tai P va Q. Tiép tuyén
chung cia hai duong tron( gan P hon Q) tiép mic vdi (Cy), (Cs) lan
lugt tai A va B. Tiép tuyén cia(Cy) tai P cat (Cy) tai E ( khdc P),
tiép tuyén cia (Cy) tai P cat (Cy) tai F( khac P). Goi H, K lan lugt la
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hai diém ndm trén hai tia AF va BE sao cho AH = AP, BK = BP.
Chitng minh rang nam diéem A, H, Q, K, B nam trén cung mot duong

tron.

L&i giai:

Vi diéu kién c6 tinh chat doi xting nén ta chi can ching minh ABK(Q
1a noi tiép duong tron.

Chiing ta sit dung géc c6 huwéng modulo 7. Goi R 14 giao diém ciia
duong thang AP va tia BE. Duong thing AB va BE cat nhau tai T.

Stt dung tinh chat cia tiép tuyén va ti gidc noi tiép ta co:

JOAR = /QAP = /QPC = /QBC = /QBR
Nen t gidc ABRQ la noi tiép duong tron. Ching ta sé chitng minh
rang K = R. That vay:

St dung goéc ngoai tam giac ABP va CPR; tiép tuyén AB va
PT; t¢ gidc noi tiep duong tron ta co:

/BPR = /BAP+ /PBA= /AQP + /PQB
— /APT + /PEB = /RPE + /PER
— /PRB

Do d6 tam gidc BPR la tam giac can v6i BP = PR suy ra R = K.D¢6
la diéu ching ta can chiing minh.

>2.10.Cho a, b, c la cdc s6 nguyén duong doi mot ngyén to cung nhau. Mot

s6 nguyén n duge goi la 7 stubborn” néu né khong duge biéu dién dudi
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dang:
n = bcx + cay + abz

véi x, y, z la cdc s6 ngyuén duong bat ki. Hay zdc dinh qua ham so cia

a, b va ¢ $6 ligng cac s6 nguyén ” stubborn” .

Lai giai: Ching ta c6 thé khang dinh dugce rang bat ki s6 ngyuén n nao
déu c6 thé biéu dién dusi dang n = bex + cay + abz trong d6 ., y, z 1a
cac s6 nguyen va 0 < y < b; 0 < z < ¢ con z ¢6 thé am. That vay,vi a
va be nguyen t6 cting nhau nén ta c6 thé viét: n = an’ + bexg v6i ', xg
12 cac s6 nguyén. vi b va ¢ 1a nguyén t6 cing nhau nén n’ = cyg + bz v6i
Yo, 2o 1a cac s6 nguyén. Do d6 n = bcxg = cayo + abzy. Chon sd nguyén
B, sao cho 0 < yg+ Bb<bva 0 < z)+ vc < ¢, khi do ta co :

n = be(zg — fa — va) + ca(yo + Bb) + ab(zy + vc)

day chinh la dang biéu dién ctia n ma ta mudn.

Chu y rang bat ki s6 nguyén duong ndo nhoé hon be + ca + ab déu la
" stubborn”. Mit khac ta ciing khang dinh ring moi s6 nguyén n > 2abc
khong 1a 7 stubborn”. Chang han, biéu dién n = bex + cay + abz v6i cac

s6 nguyén va 0 < y < b, 0 < 2z < ¢. Khi do:
2abc < bex + cay + abz < bex + cab + abe = bex + 2abe

Suy ra z > 0 nhu vay n khong 1a ” stubborn” khi n > 2abc.

Tiép theo chiing ta chiing minh rang ding mot nita cac s6 nguyén
duong trong S = [bc + ca + ab; 2abc]. Dé lam duge diéu nay ta di ching
minh n € S 1a " stubborn” khi va chi khi f(n) = (2abc+ bc+ ca+ab) —n
khong la 7 stubborn”.

Diéu kien can: Gia st ring n 14 " stubborn” va biéu dién f(n) =
bex + cay + abz v6i 0 < y < b, 0 < z < c¢. Néu x khong duong thi ching
ta c6 the viét n = be(1 — x) + ca(b+ 1 —y) + ab(c + 1 — 2), véi 1 — o,
b+1—1y va c+1— 2 1 cac s6 nguyen duong, nhung diéu nay 1a khong
thé vi n 1a 7 stubborn”. Do d6, x > 0 va f(n) khong 1a " stubborn”.

Diéu kien di: Gia st nguge lai f(n) khong 1a 7 stubborn” va n

ciing khong 1 " stubborn”. Biéu dién f(n) = bexg + cayo + abzg va n =
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bexy + cay, + abzy V6i x;, y;, 2z 1a cac sd nguyen duong. Khi doé:
2abc = be(xg + a1 — 1) +calyo +y1 — 1) +ab(zg + 21 — 1)

Dat o = xo + x; — 1 va ciing daty,z tuong tu. Tt dang thic trén ching

t6 0 = bex(moda). Vi be nguyen t6 cing nhau véi a nén z phai chia hét

cho a suy ra x > a.

Tuong tu y > b, z > ¢, khi d6 2abc = bex + cay + abz > 3abe ( vo 1y).
Tém lai: ¢6 be+ca+ab—1 cac s6 nguyén duong nhoé hon be+ca+ab

13 7 stubborn” , moi s6 nguyén 1én hon 2abc khong 1a 7 stubborn”, va mot

nita ctia 2abc— (be+ca+ab)+1 cac s6 nguyen duong con lai 1a ” stubborn” .

Két qua ctia bai la tong cua:

2abc — (bc + ca+ab) +1  2abc+bc + ca +ab — 1

2 2

bc+ca+ab—1+

cac sO6 nguyen duong ” stubborn”.

>2.11. Goi RT la tap cdc so thuc duong va a,r > 1 la cdc so thuc. Gid

st rang f : Rt — R la mot ham so sao cho: (f(x))* < ax” f(£) vdi moi
x> 0.
(a) Néu f(z) < 22 v6i moi x < 505, chitng minh rang f(z) <

r l—r

a vd1 moi x > 0.

(b) Xay dung mot ham f : Rt — R ( khong can thod man dicu

kien trong cau (a)) sao chof(z) > z"a'~"vdi moi x > 0.

T

Lai giai: Chi ¥ rang ta c6 thé viét lai bat ding thitc dudi dang:

(L)’ < Sale) .

xral-r x/a)ralfr

Gia sit ngugc lai tiic 1a ton tai xo sao cho f(xo) > z,/a'~". Dit x,, = 24
va A, = 28 y6in < 0, suy ra Ag > 1. Tir (¥) ta co:\,p1 > A2 v6i
n >0, va ﬁing quy nap ta chiing minh duge rang: A\, > \2" véi n > 0.
Chiing ta sé sit dung diéu nay ngay sau day, dé y rang mdi A, > \2" 1a
mot s6 duong va do doé f(x,) cing 1a s6 duong. Ching ta gan z = z,
vao bat déng thitc va sdp xép cac bat dang thic lai ta duge:

f(anrl) > f(xn> _ )\nx:}al_r _ )\n

flz,) — ax) ax’, ar
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V6i moi n > 0.

Ta thay luon ton tai N sao cho 2a” < A\3" < A, v6i moi n > N.
V6i tat ca cac gia tri n nhu vay thi ta co: % > 2 hay tuong duong (
do f(z,) 1a duong) f(zny1) > 2f(2z,). Cho nén f(z) > 2200 ( véi n di
16n), nhung ciing véi n du 16n thi ta lai c6 z, = 75 < 22% Diéu nay trai
véi gid thiét tic dieu gid sit 1a sai. Do d6 f(x) < 2"a'™" véi moi x > 0.

(b) V6i m6i s6 thyc xluon ton tai duy nhat mot gia tri g € (1;d
sao cho 2 = ¢" véi n la sO nguyen. Goi A(x) = z3" va dat f(z) =
A(x)z"a'™". Béng phép co lai, ching ta ciing c¢6 A\(x)? = \(z/a) v6i moi
x, n6i cach khac (*) cing ding v6i moi z. Ta cing ¢6 A\(z) > 1 v6i moi

r1-r

x hay néi cach khéc f(z) > 2"a'~" v6i moi x > 0.

D6 1a diéu can chitng minh.



Chuong 3

Dé thi olympic Chau A Thai
Binh Duong

. 100 ,
>3.12.Tinh tong S = 3. 15ty vdix; = i (i = 1,101)
i=0 e

Loi gidi: Vil —3x+322 =2 — (z — 1) #0 Vx
Ta c6 thé dat f(x) = ’ = 2’ Vo
Cho z =x;, xt =1 — x; = T101_; va thém 2 phuong trinh hé qua ta tim

1—3$+3$2 z3+(1—1)3
ra:f(a:i) = f(xl()l,i) =1.Vi thé

S = Zf(%‘) = Z (f(zi) + f(z101-4)) = 51

>3.13.Cho mot su bo tri vong tron quanh ba canh mot tam gide, mot vong &
moi géc, hai vong & moéi canh, moi so tiw 1 dén 9 duge viét vao mot trong
nhing vong tron nay sao cho
i. Tong clia 4 s6 & mdi canh tam gidc la bing nhau.
. Tong ciia binh phuong cta 4 s6 trén moi canh cia tam gidc la bing
nhau.
Tim tat cd cdc cach thod man yéu cau nay.
Loi giai: Lay bat ki mot sy bo tri cac con s6, goi x,y, 2 14 s6 & trong

goc va Sy, Sy 1an lugt 1 tong clia bén s6, tong ctia binh phuong bon s6
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trén mot canh bat ki. Do diéu kién da cho ta co:

9
3Si=x+y+z+Y k=x+y+z+45
k=1

9
3y =2+ 17+ 22+ ) K =2a"+y’+ 27+ 285
k=1

Tit dang thiic thi hai ta suy ra x,y, 2 hodc tat ca chia hét cho 3 hoic
khong c6 s6 nao chia hét cho 3. Bdi nguyéen ly Pigeouhole c6 hai s6 1a
dong du mod3. Lay phuong trinh tht nhat theo mod3 ta ciing suy ra
3| (x+y+2). Do db z =y = z(mod3)

Néu (z,y,2) = (3,6,9) hay (1,4,7) thi Sy = 137 hodc 17. Néu Sy = 137
thi Sy = 1(mod3) suy ra chi c6 mot sd trén ba canh 1a 18. Diéu nay
khong thé vi 5 > 3 s6 1é dugc viét trong méi khe

Vi thé, (z,y,2) = (2,5,8) va Sy = 126. Vi 9% + 8% > 126 nén 9 khong

thé ndm cling canh vé6i 8, tiic 14 n6 ndm trén canh chia 2 hoac 5. Vi
Min {7+ 9%, 77+ 5 + 8%} > 126

nén s6 7 phai nam trén canh chita s6 2 hoac 8. Nhu vay 4 lan cac s6 trén
3 canh phai 1a (2,4,9,5);(5,1,6,8);(8,7,3,2) dé cho tong binh phuong
céc sO trén mdi canh 1a 126. Cudi cung, ta thay cac bo s6 trén déu thoa

man.

>3.14.Cho tam gidc AABC, trung tuyén AM wva phan gidc AN. Vé duong
vuong goc qua N cit MA, BA tai P,Q. Goi O la diém ma duong vuong
goc qua P vdi BA cit AN. Ching minh QO_LBC

Loi giai: Cach 1. Néu AB = AC thi QO la trung tryc ctia BC va yéu
cau phéai chitng minh dugc thod man. Gia stt AB # AC, st dung toa do
Castesian: A(0; 0), N(1;0). Dat do doc ctia AB 1a m thi ctia AC la —1.
Viét B = (b;mb),C = (¢; —mc), 6 d6 b # ¢ va ca b, ¢ 1a duong. Do doc
cua BC la %

Vi PN LAN va 2-toa do ctia P 1a 1, vi P thuoc dudng thang AB(duong
thang y = mz) nén ta c6 P = (1,m). Do dé phuong trinh ctia OP
lay = —(z — 1)/m + m, suy ra x — interceptO la (m* 4+ 1,0), M la
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((b+c¢)/2;m(b—c)/2) va né la trung diém ctia BC. Do d6 phuong trinh

mc)y. Béi vi Q la giao diém clia AM va
PN, ta o Q (1,22, Vi thé do déc cita PQ 1a TEL e
—1 1a do déc ctia BC nen QO _LBC.

Cach 2. Goi «, 3, 1a s6 do cac goc ZLCAB,Z/ABC,/BCA va y =
/BAM, z = /ZMAC, x = /ZMAN = 22
Néu 3 = v thi QO la trung truc cia BC. Ngudc lai, gid sit 3 # v thi
y # z , v6i cach lam nay, ta bién doi phuong trinh bing cach nhan va
chia v6i biéu thitc lugng giac khac 0 vi 8 # v,y # 2; 8,7, 9, 2 € (0;7)

St dung quan hé lugng giac vao cac AABC, BNO,ONQ ta co

clia dudng thang AM la y =

tan ZOQN. tan ZQAN = (ONjo ) (@N/an) = (ONig) (PN/aw) = tan 20BN

Suy ra rang ZBAN = %y, ZOBN = %y, ZQAN =z
Do d6: tan ZOQN .tanx = tan (%p) tan (%5) ()
Ap dung luat ham sin cho AABC, ACM, ta duge:

siny sinﬂ.BM/AM _ sinf
sinz sin’y.OM/AM ~ sinny

Suy ra: Snudsinz _ simfosiny (v 4 ) trong khoang (0; Tly), cha ¥ rang

sin y—sin z sin S+-sin v

tan(u+v)  sin(u +wv)cos(u —v)  sin(2u) + sin(2v)

tan(u —v)  sin(u — v)cos(u +v)  sin(2u) — sin(2v)

Cho (u,v) = (Y9,%p); (u,v) = <ﬁ/2,7/2> trong dang thiic nay ta tim

ra:

(@) tnh+) 0 (RtR) ot
tan (Y — <) tan (Y2 = k) tan (ﬁ/Q - 7/2> tan (ﬂ/2 - 7/2)

Néu 8 > 7 thi # = y/2 — 2/2 so sanh biéu thitc cudi cing véi
(*), ta co: tan ZOQN = tan <7T/2 - (5/2 - 7/2)>. ta c6: ZOQN, Tjy —

(%= ) € (0:7) va t = tant Ja don énh, Vi thé LOQN —

"2 = (% - 7/2) = OQLAB .
Chitng minh tuong tu néu 3 >
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>3.15.Cho n, k la cdc s6 nguyén duong, n > k. Chiing minh ring:

1 n" n! n"

. < <
n+1kk(n—k)" " kn—=F " gkn—k)""

L&i gidi: St dung khai trién nhi thitc,ta viét: n* = (k+ (n — k))" &
n n -
dang > am, v6i a, = E™(n— k)™ > 0 v6i mdi m
m=0 m

Bét dang thic da cho tuong duong véi:

n

<ap<n"
n+1

n
Bat ding thitc bén phai thod man do n® = 3 a,, > a;. D& chiing minh
m=0
bat ding thiic con lai ta chi can chi ra ai > ag, .....Gpm—1, Qi1

Béi vi

n”:Zam <Zak: (n+1)ay
m=0 k=0

That vay, ta ching minh rang a,, ting véi m < k, gidm véi m > k, cha

. n ) n )
¥ rang = Zlfm . Vi the:
m m—+1
n n—m
E™ (n — k)
Um m ~n—k m+1
Ayl n T n—m  k
ket (n — k)"
m+1

Biéu thitc nay nhé hon 1 khi m < k va 16n hon hay bang 1 khi m > k.
Do d6 ta c6 diéu phai chitng minh.

>3.16.Cho mot hodn vi (ag, ay, .....an) ctia day 0,1, ......n. Mot chuyén vi cia
a;,a; goi la hop phap néva;, = 0,i > 0 va ai_; +1 = a; . Hoan vy
(ag, ay, .....a,) goi la chinh quy néu sau hitu han cic bude chuyén vi hop
phdp né trd thanh (1,2,....,n,0). Vdin nao thi (1,n,n—1,.....3,2,0) la
chinh quy ?.
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Loi giai: V6i n ¢6 dinh, my va 7 14 cai hoan vi (1,n,n —1,.....3,2,0)
va (1,2, .....n,0). Ta néi mp 1a cham dut trong hoan vi m; néu sau mot
s6 chuyén vi hop phap ctia 7 ta thu duge 7} va néu khong mot chuyén
vi hgp phap nao c6 thé ap dung cho chuyén vi 7;. Vi khong c6 chuyén
vi hgp phép nao c6 thé duge ap dung cho 71, néu 7y chinh quy thi né
cham dit trong 7 .Nhu khi 4p dung chuyén vi hgp phap cho 7, 6 nhiéu
nhat mot chuyen vi hop phap cé thé ap dung cho mdi hoan vi thu dugc.
Vi thé my cham dit trong nhiéu nhat mot hoan vi.

Néu n = 1,2, dé dang kiém tra (1,n,n —1,.....3,2,0) la chinh quy. Néu
n > 2, chn, ta doi héi ring 7y khong cham dit trong m; va vi thé khong
chinh quy. Cho k € [O; ”T’Q] ap dung k chuyén vi hop phéap cho m suy
ra hoan vi ma bat dau véi 1,n,n — 1,...2k + 2,0. Do d6 m, cham diit
trong moi hoan vi bat dau béi 1,n,0 thu duge sau ”7_2 chuyén vi hgp
phap.

Bay gio ta gia st ring n > 2, dé xét truong hop nay ta sé dua ra vai ki
hieu. Vé6i moi s6 nguyén s > 0,¢ > 0 sao cho s + ¢ chia hét cho n + 1,
ta xay dung phép hoan vi goi 1a(s,t) _bac thang tai mot thoi diém nhu
sau: Ap dung (1) mot 1an va lap lai (2) va (3) mot cach xen ké:

(1) Cho s s6 dau tien 1,2,....s — 1,0

(2) Cho t s6 tiép theo la t s6 16n nhat trong 1,2, ...,n chua phan dinh
vao muc nao, sap xép theo trat tu tang.

(3) Cho s sb tiép theo 1a s s6 16n nhét trong 1,2, ...,n chua phan dinh
vao muc nao, sap xép theo trat tu tang.

Néu s+ 1|n+1vat >0 thi ap dung n/(s+t) chuyén vi hop phap cho
(s,t) _bac thang, qua trinh ta 4&m chi nhu sy lua chon bac thang

Tiép theo ta gia st rang s|(n + 1). Néu 2s khong chia hét cho n + 1 thi
ap dung n/(s — 2) chuyén vi hgp phap cho (s,0) bac thang suy ra mot
phép chuyén vi khac m; ma khong c6 thém chuyén vi hop phap nao co
thé dugc ap dung. Néu thay vi 2s|(n + 1) thi (s,0) bac thang thyc sy
la (s,5) bac thang cai ma c6 thé chon tit (2s,0) bac thang

Gio ta ching minh rdng néu n > 2 va n 1é thi 7y chinh quy néu va chi
néu n + 1 1a luy thita ctia 2. Vi n+ 1 chén nén ta viét n+ 1 = 2%, 6 do
¢ 12 s6 ty nhien va r 1a s6 ty nhien 16. Ap dung (n —1)/2 chuyén vi hop
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phéap cho 7y dan dén (2,0) bac thang

Néu 27 > 2 thi 2s|(n + 1) véi s = 21, .....297 ta c6 thé lip lai dé dan
dén (24,0) _bac thang

Néu r = 1 suy ra ta thu duge m; va m chinh quy. Nguoc lai, ap dung
r — 2 chuyén vi hop phap dan dén mot hoan vi ¢ d6 0 1a lan can trai
ctia n vi thé khong c6 mot chuyén vi hgp phap nao la c6 thé. Tuy nhién
hoan vi cudi bat dau béi 1,2,....2¢ hon 1, n. Suy ra my khong cham dit
trong m; vi thé my khong chinh quy

Vay mg la chinh quy khi va chi khi n = 2 hoac n + 1 1a luy thiua cua 2.



Chuong 4
Pé thi olympic Ao - Balan

>4.17.Tim tat cd cac s6 nguyén duong N sao cho s6 dé chi chia hét cho 2 va
5 va N + 25 la s6 chinh phuong.

Lai giai: Ta co thé bidu dién N duéi dang 1 2%.5° véi a va b 1a cac
s6 mil nguyén. V6i sd6 nguyén x > 5,ta c6 22 = N + 25,diéu nay tuong
duong v6i (z + 5)(z —5) = N. Vi vay N dugc biéu dién bing tich cia
hai s6 tu nhién hon kém nhau 10. Ta xét hai truong hop:

Truong hop 1: b = 0. Khi d6 v6i 2° = (x+5)(x —5) tacé x+5vax —5
13 w6c ctia 2. Nhung khong c6 hai s6 1a uée ctia 2 ma hai s6 do6 lai hon
kém nhau 10, do d6 khong c6 s6 thod man truong hop nay.

2 chia hét cho 5, vi vay

Truong hop 2: b > 1 .Trong truong hgp nay, x
2? ciing chia hét cho 25. Diéu d6 chiing t6 b > 2. Lay « = 5y, cho
y>1va(y—1)(y+1)=295"2 Tacéy—1vay+1lacacsb chin, va
p=3.(y—1) vag=1.(y+1)la cac s6 nguyén duong ma p.q = 2* 2,572,
Vi vay p va ¢ bang 2™ va 5" v6i m, n 1a cac so6 nguyén. Ta xét hai truong
hop nho nhu sau:

1) 5" — 2™ = 1; vi 5",2™ # 0(mod3),ta c¢6 : 2™ = 1(mod3) va 5" =
2(mod3). Vivay n 13 s6 ty nhien va 5" = 5(mod8). Tac6 2™ = (5™ —1) =
4(mod8),ttt d6 suy ra m = 2. Tt d6 ta c6 N = 2000.

2) 2™ — 5" = 1. Ta c6 2™ = 5" + 1 = 2(mod4) tit d6 suy ra m = 1 va

n=0. Tu do6 ta c6 N = 200. Vi vay, tat ca cac s6 thod man bai toan la
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N = 200 : 2000.

>4.18.Tim cic s6 nguyén n > 5,sa0 cho ta cé thé st dung mau to dinh da gidc

n-dinh bdi 6 mau ma 5 dinh lién tiép nhau cé mauv khdc nhau ?

Loi giai: Ta goi cac mau 1a a, b, ¢, d, e, f. Biéu thi S; béi day a, b, ¢, d, e
va Sy béi day a,b,c,d, e, f. Néu n > 0, ta c6 thé biéu dién duéi dang
5x + 6y véi x;y > 0, khi d6 n thod méan cac dieu kién sau: z lién vdéi
day S; kéo theo y lién véi day S, trén hinh da giac. Ta c6: y c6 thé
biang 0,1,2,3 hodc 4. Khi dé n c¢6 thé bang 1 trong cac sb6 c6 dang 5z ;
5x +6; 5x + 12; 5 + 18 hodic 5z +24. Tat ca cac s6 16n hon 4 khong thoa
man cac dang trén la 7,8,9,13,14,19.

Xét tat ca cac so6 n, trit cac truong hgp bang 7,8,9,13,14,19. Ta c6 ton
tai s6 k sao cho 6k < n < 6(k+ 1). Theo dinh ly Pigeonhole, c6 it nhat
k+1 dinh ctia n canh c6 mau giong nhau. Gitta 2 hodc 3 dinh c¢6 it nhat
4 dinh khac nita, béi vi 5 dinh lién tiép c6 mau khac nhau. Vi vay, c6 it
nhat 5k + 5 dinh, va n > 5k + 5. Do vay, ngoai trit n = 7,8, 9, 13, 14, 19,
cac truong hop con lai déu thod man bai toan.

Vay tat ca cac so n > 5 trit 7,8,9,13,14,19 thod man bai toan.

>4.19.Trong khong gian 3 chiéu, cho hinh lap phuong don vi ciing vdi 6 hinh
lap phuong don vi khac, tao thanh 7 hinh lap phuong don vi vdi cic
trong tam la (0,0,0),(+1,0,0),(0,+£1,0),(0,0,£1). Ching minh hodc
phdn chimg(trong khong gian 8 chiéu) khong gian c¢é thé chia thanh 3
chiéu sao cho khong cé 2 trong ching cé thé chia cic diém nam bén

trong.

Lai giai: Ta c6 thé chia khong gian thanh cac khong gian 3 chiéu, ma
trong tam ctia cac hinh lap phuong don vi tring véi cac ludi diém. Xét
cac diém c6 toa do (x,y, z). Xét x + 2y + 3z. Ta goi 2 ludi diém gan ké
nhau néu va chi néu ching khac nhau duy nhat 1 toa do. Ta xem xét
khong gian 3 chiéu chita 7 hinh lap phuong don vi ma trong tam cta
chiing ding véi cac s6 tit 0 dén 6. Do vay, khong gian c6 thé chia thanh

cac khong gian 3 chiéu thod man bai toan.

>4.20.Trong mat phang, cho tam giic A,B,C,. Xét tit ci cic tam gidgc ABC
thod man cdc diéu kién sau:(i)Cy; AyuB, lan lugt nam trén AB, BC va
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m(zz)/@ = AEO\CO, BCA — BO/CO\AO vi CAB = CO/AO\BO. Tim quy
tich tam duong tron ngoai tiép tam gidc ABC.

Loi gidi: Ta c6 it nhat mot tam giac ABC ton tai, vi du ta xét tam
giac A,B,C, & gitta tam giac ABC.

Goi tam giac A,B,C, c6 dudng tron ngoai tiép w, tam O. Gia sit tam
giac ABC' thod man cac diéu kién clia bai toan. Vi A va A, nam & 2
phia ctia canh BC, va C;lO\BO — CAB. Wi vay, duong tron ngoai tiép
tam O, ctia tam giac B,C,A phai déi xing vé6i O qua B,C,. Tuong tu
ta xét véi duong tron ngoai tiép tam Oy va O3 clia tam gidc A,C,B va
A,B,C'. Ta c¢6 tit giac OB,01C, la hinh thoi sao cho O; = b, + ¢,. Tuong
tu,ta c6:09 = a, + ¢,

Lay M la trung diém ctia O10,. Xét A(a,0), Cy(cy,0), B(b,0). Ta ¢6
hoanh do ciia diem Oy va Oy 1a 3(a + ¢,) va 5(b+ ¢,). Vi vay diem M
6 hoanh do 1(a +b) + ¢,. Vi vay, lay diém H'’ ¢6 hoanh do 1(a + b) thi
c6 H' nam trén AB. Cha y rang b/ = m + (m — ¢,) = a, + b, + ¢,. Ta
c6 H' nam trén OG vé6i G 1a trong tam AA,B,C,, ma OH' = 30G.
Do vay H' 1a tryc tam H cta tam giac A,B,C,. Quy tich can tim 1a duy

nhat mot diém la tryc tam ciia tam giac A,B,C,.

>4.21.Cho 27 diém phan biét trén mat phang khong c¢6 3 diém nao thdng hang.

4 diém trong ching lap thanh cic dinh ciia hinh vuong don vi; 23 dinh
con lai nam trong hinh vuong trén. Ching minh rdng ton tai 3 diém
riéng biet X;Y; Z sao cho [XY Z] < 4.

Lai giai: Ta chiing minh bang quy nap. Lay n > 1 diém nim trong hinh
vuong (khong ké 3 dudng thang), hinh vuong c6 thé chia thanh 2n + 2
tam gidc ma cac dinh ciia cac tam giac ciing 1a 1 trong n diém hodc céc
tam gidc nam bén trong hinh vuong.

V6i n = 1, vi hinh vuong 1a hinh 16i nén ta c6 thé chia hinh vuoéng thanh
4 tam giac bdi cac duong nam trong hinh vuong, do do6 cac tam giac déu
nam trong hinh vuong.

Gia st bai toan dung v6i n = k > 1. Ta sé chitng minh bai toan ding
véin=k+ 1.

That vay, v6i n = k, ta c6 thé chia hinh vuong thanh 2k + 2 tam
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gidc ma cac dinh clia cac tam gidc cling la mot trong k diém hodc
cac tam gidc ndm bén trong hinh vuong. Véi n = k + 1, ta xét them
diém P;. Vi khong c6 3 diém nao thang hang nén P nam trong sb
2n+2 tam giac, vi du AABC. Nhu vay AABC chia thanh cac tam
giac nho 1a APB; BPCvCPA. Nhu vay hinh vuong duge chia thanh
2(n+1)+2 = 2n+4 tam giac.Vay bai toan dugc chiing minh bang quy
nap.

Truong hgp dac biét n = 23, hinh vuéng c6 thé chia thanh 48 tam giac
v6i tong dién tich bing 1. Vay 1 trong cac tam gidc trén c6 dien tich t6i

da 1a 5z thod méan yéu cau bai toan.
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>5.22.Cho n s6 duong ay,as, ..., a, va tap hop {01,049, ...,0,}, vdi méi o; €

{—1,1}. Chiing minh rdng ton tai mot phép hodn vi (by, by, ...,b,) ciia
ay, g, ..., ay va tap hop {B1, B, ..., Bu} véi moi B; € {—1,1} sao cho dau

hiéu cia Z;Zl B;b; bing vdi dau hieu cia 0;,¥1 < i < n.

Lai giai: Ta xay dyng mot day cac so6 khac khong 21, 29, ..., 7, v6i nhitng

thuodc tinh sau day:

1) V6i 1 <i <n, zy,2s, ..., 5, cO gid tri tuyet doi khac nhau

ii) Khi dugc sdp xép theo thi tu gia tri tuyet déi tang dan, dau hieu

cua chung xen ké nhau

iii) V6i 1 <4 < n, dau higu cia céc sO trong a1, T, ..., T, co gia tri tuyet

d6i 16n nhat bang o;.

Dé lam dugc nhu vay, ta chi don gian xay dung z1, 29, ..., T, trong trat

ty, tai moéi bude chon z;, theo quy tac dau hieu ding véi thuoc tinh (ii),

V6i i = iy va dat hoac |z, | > max {|x1], |22l , ..., |T4—1|} hodc

|5, < min {|x1],|z2|, ..., |Ti—1]}. VI vay thuoc tinh (iii) ding véi i = .

Chon b; va 62 sao cho bjl < bj2 = |ZL’j1‘ < |Ij2| va 6jxj > O,Vj,jl,jg. Gia
thiét ring 1 < i < n. S&p xép by, bs, ..., b; theo bac tang dan dé thu dugc

Dy s Dy -, br,. Bang cach xay dung, day cac dau hieu By, , By, ---, Br, Xen

ké nhau, va g, = 0;. Vi vay :
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> Biby = 0 (b, — brey + by — iy + o £y
j=1

Biéu thiic trong ngoic 1a tong ctia |k/2] biéu thiic duong ctia cac hinh
thtc bkj+1

> iy Bjbj c6 ctng dau higu véi o; v6i méi i, dpem.

— b, va ¢6 thé cong them vao mot sO hang by,. Vi vay,

>5.23.Cho ti¢ gidc loi ABCD. Dung ra phia ngodai cdc canh ciia t@ gide cdc
tam gidc deu WAB, XBC,YCD, ZDA v6i Sy, S, Ss, Sy lan lugt la trong
tam. Chiing minh rang S;S51.55Ss < AC = BD.

L&i giai: Chon O la mot diém bat ki. Goi a, b, ¢, d theo tht tu biéu thi
cho céac vecto tit O dén A, B,C, va D. My, My, M3, M, theo thit tu 1
trung diém ctia AB, BC,CD, DA, va 3; biéu thi cho cac vecto tir M; t6i
S, véii=1,2,3,4.

C6 2 vecto x va y, cho Z (x,y) la gbc gitta ching thuan theo chiéu kim

dong hd. (Tat ca cac goc déu mod 27). Khong mat tinh tong quat, gia
stt rang ABCD 1a dinh huéng theo chiéu kim dong ho, va cho ¢ 13 phép
bién d6i ma quay bat k¥ vects nao m/2 ngugc chiéu kim dong hd va
nhan do 16n cta né lén bdi 2—\1/3 Khi do :

() - () =le(@)]le @ L(p (@), ¢ (y))

(5 )

:Ex-y

” — . — N
Tich vo huéng cia vecto S35 v6i vecto S45 bang :

((b—d)ﬂ;(@—c)_i_s’l_sg).((b_d);(&_c)—i—slz—s;),

va bing tong ctia 4 biéu thic sau day :

(‘b_d‘Q ; ‘a_c|2> : <s1 —8%) : <32 —s;)>
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B N R (R R (R B

%[5'1.(c_d)—s;)-(b—a)+(a—d)-s;—(b—6)-8;}-

Biéu thic dau tien béng § (BD? — AC?). Bén s6 hang trong bicu thric
thit 3 déu bing 0: M S, LAB ngu ¢ ring s, (b—a) =0, v. v. ..
Trong biéu thiic thi 2, ta thay :

si=s3=¢((b—a) = (=) =p((c—a)+(b—d))

va

so—s;=¢((c=b) —(a—d) =p((c—a)—(b—d)
Do d6, tich vo huéng ciia chiing bang 1/12 cta :
(c—a)+(0—d)-((c—a) = (b—d) = |e—a]*+ [p—d|*,
hay & (CA? — BD?).

D6i véi biéu thiie thi tu,

st (c—d) = (AB /2V3) (CD)cos (x/2+ £ (a = b,c - d))
trong khi
sy (b—a) = sy(a—b) = (op/wé) (AB)cos (n/2+ Z(c —d,a—b)).
Tong clia cac argument ctia 2 cosin 1a :
T+ (L(a—bec—d)+Z(c—d,a—1))=3m,
Véi ngu y rang gia tri ciia moi cosin la phii dinh ciia cai khéac. Do do, s)
va s;) trong biéu thic 4 triet tieu 1an nhau ¢ bén ngoai. Tuong tu, cling

< ~ se / < /
lam nhu vay v6i s, va s,.

Vi thé, toan bo tich vo huéng bang (1 — L) (BD?—AC?. Vi
5153_]_5254 khi va chi khi tich vo hu’éng Ilély bé”mg 0, 5153_]_5254 =4

BD = AC, dpcm.
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>5.24.P,Q, R, S theo thi tu la trung diém cia cdc canh BC,CD, DA, AB cia
tit gidc loi ABCD. Chiing minh ring :

4 (AP? + BQ® + CR® + DS?) <5 (AB* + BC* + CD? + DA?)

Loi giai: Ta da biét cong thic : XM la trung tuyén cia tam gidc
XYZ, th XM2 = 1XY? 4+ 1X72 — 1Y 72 Ta thay (X,Y, Z, M) biing
(A,B,C,P), (B,C,D,Q), (C,D,A,R) va (D, A, B, S) vao trong cong
thitc nay va cong 4 cong thic lai véi nhau dé thu duge 1 cong thiic thi
5. Nhan ca 2 vé ctia cong thitc thit 5 v6i 4, ta tim thay vé trai clia bat

ding thiic sé bing

AB? + BC? + CD? + DA + 4 (AC? + BD?)
Do d6, ta chi can ching minh AC? 4+ BD? < AB? + BC? +CD? + DA?.
Day la cong thitc “bat ding thiic hinh binh hanh”. Dé chitng minh né,
goi O la mot diém bat ky trong mit phing va véi mdi diém X, goi x
biéu thi vecto tit O t6i X . Ta c6 thé khai trién toan bo cac s6 hang trong
AB? + BC? + CD? + DA% — AC? — BD?, vi du viét AB? = |a — b|* =
la|> = 2a - b+ |b|*, dé thay riing biéu thitc nay bing

la|? + 0)* 4+ |e|* + |d* +2(a-b+b-c+c-d+d-a—a-c—b-d)
—latc—b—d’>0

v6i dau “=" xdy ra khi va chi khi a4 ¢ = b+ d(hay khi va chi khi ABC'D
14 hinh binh hanh). Diéu phai ching minh.
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56.25.Cho AA,, BB,,CCy la duong cao cia tam gidc nhon ABC. Hai diém
Ay va Cy nam trén duong thang A1Cy sao cho duong thing CCy chia
doi doan thdng AsBy va duong thang AA, chia doi doan thing CsB;.
Duong thang Ay By va AA; gdp nhau tai diém K, va duong thang CyBy
va CCYy gap nhau tai diém L. Ching minh rang duong thang KL va AC
song song vdi nhau.
Lai giai: Goi diem K, va L; 1a diém giita ctia Cy B, va Ay B; do do6 K,
nim tren duong AA; va Ly nam trén dudng thing CC;. D& dang chiing
minh duge duong cao AA; cta tam gidc ABC la duong phan giac cta
tam giac A;B,C; tit d6 cho thiy rang A;K; via 1a duong phan giac
vita la duong trung binh cta tam gidc A;Cy By, vi vay A1Cy = A1 By va
A1 Ky cing la duong cao ctua tam giac A;CyB; do d6 A; K, vudng goc
v6i B1Cy tuong tu C1 Ly vudng géc véi AsBy.
Tt d6 suy ra dudng thing K K, va LL; 1a duong cao clia tam giac K LB,
dua dén ching dong quy tai v6i duong cao 1 tit By trong tam gidc nay.
T d6 dudng thang K K; va LL; gap nhau tai truc tam H ctia tam gidc
ABC, 1 phai di qua diém B; va H. Do d6 | vuong goc véi AC. Béi vil la
duong cao trong tam giac K LB; di qua By, n6 ciing vuéng goc véi KL.
Chung ta két luan rang KL//AC, nhu dé bai.

>6.26.Mot tram diém duoc chon trong mat phcfng toa do. Hay chi ra rang toi
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da 2025 = 452 cdc hinh chi nhat vdi cdc dinh trong s6 cic diém nay cé

canh song song vdi cac truc.

Lai giai: Loi giai thi nhat: Goi O 1a mot trong 100 diém, va goi hinh
chi nhat c6 gia tri néu cac dinh ctia n6 14 O va 03 diém khac duge lya
chon. Chiing ta khang dinh rang c6 it nhat 81 hinh chit nhat c6 gia tri.
Vé qua O duong thang I; va I, song song véi truc toa do, tai dé m duge
chon 1a cac diém nam trén I, — {O}. Cho diém c6 dinh bat ky da chon
P khong nam trén I; hodc I», t6i da mot hinh chit nhat c6 gia tri c6 P
nhu 14 mot dinh, hon thé nita, tat ci cac hinh chit nhat c6 gia tri clia
dang nay cho diém P nao dé. Do dé ¢6 99 —m —n nhu diém P, ¢6 t6i da
nhiéu tam giac c6 gia tri kiéu nhu vay. Néu m+n > 17, ching ta da lam
duge. Mt khac, cho mot cap (P, Q) la cac diém da chon, ¢ day P thuoc
I — {0} va Q thuoc I, — {O}, it nhat ¢6 mot hinh chit nhat gia tri ¢6
P va Q nhu 1a cac dinh; hon nita tat ci cac hinh chit nhat c6 gia tri ctia
dang nay ddi véi cap (P, Q) nhu vay. Vi co mn < m(17—m) < 8.9 = 72
cac cap nhu vay, c¢6 it nhat 72 < 8 hinh chit nhat c6 gia tri.

Ching ta két luan rang trong bat ky trudng hop nao, c6 it nhat 81 hinh
chi nhat ma gi tri ctia n6 14 O va c6 03 diém khac duge lia chon. Bién
doi O trén tat ca 100 diém, dém s6 hinh chit nhat cho méi O. Tong cong
s6 diem it nhat 1a 8100, va ching ta tam gidc bat k¥ ma cac dinh cla
n6 duge la chon cic diém la 4 lan. Vi vay, c6 it nhat 8100/4 = 2025
hinh chit nhat, nhu dé bai da yéu cau.

Loi gidi thit hai: Goi mot hinh chit nhat thich hgp néu 4 dinh ctia né
dugce lya chon 1a cac diém. Vé tat ca cac dudng thang ding I....., I, di
qua it nhat mot trong nhitng diém da lya chon. Gia thiet rang I; chia z;
la cdc diém da lya chon, dé s := > | x; = 100. S6 tam giac thich hop
v6i céc canh ben trén duong thang i va j™ 1a t6i da min{C3,, C2 }.
Quan sat thay rang min{C3, C; } < 2U—E=t q6i voi cac s6 nguyen
duong 1a x va y, bdi vi néu x < y thi canh beén tay trai toi da Ia
x(x;l) < 1lz(y — 1) + y(z — 1)]. Do vay so tam giac thich hop t6i da
1a Zlgigjgn 2:621%) - Zlgigjgn xizxj - i(sQ - Z?:l xf) - i(” —1)s =
2525 — (500, 27 +100n)

Ap dung bat ding thitc binh phuong trung binh nghieém va bat dang thiic
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trung binh hinh s6 hoc, ta thay ring biéu thitc dat cubi cting nay tdi da
la biing 2525 — (£ +100n) = 2525 —25(12L +n) > 2525-25.2, /(12Ln) =
2025 Nhu de bai da yéu cau

56.27.a, Tim tat cd cic cap clia cic sé nguyeén khdc biét a, b dé bgi‘z va b® +a

la lug thita ciia mot s6 nguyén to.

N ~ , £ A Z, 2 ~ 2 a— ,
b, Cho a va b la cic so nguyén duong lon hon 1thod man ZQLF%. Chiing

minh rang b*> +a — 1 ¢6 it nhat hai thita s6 nguyén to khdac nhau.

Loi giai:

a, Chung ta ching minh rang chi ¢6 cap nhu vay 1a (a,b) = (5,2). Néu
(b=1), thi Zt% dan dén W&QH) = a — 1. Do vay a=1 khong dua
ra 10i gidi khi a, b duge dua ra yéu cau khac biét. Vi vay tong b>1, va

viét b2 + a = p™ khi d6 p 1a nguyen t6 va m > 1.

Quan sat thay b(b>+1) = (02?2 + b= a® + b = 0(mod(b* + a)), dé b’ +a
chia cho b(b* + 1) nhung ged (b, v* + 1)va b + a 1a luy thita clia mot
nguyén t6, vi vay mot trong sé b hodic b* + 1 ¢6 thé chia hét cho b? + a.
Truong hop dau ro rang la khong thé dudgc, trong truong hop thi 2,
chiing ta c6 (b+1)(2b72b+1) Mbi b+1 va b? — b+ 1 it hon b% + a, vi vay ca
hai déu khong chia hét cho b? + a. Vi 0? + a = p™ la luy thita cia p,
ching ta két luan rang p chia hét cho cd b+1 va b — b+ 1, thi n6 ciing
phéi chia hét cho (b* —b+1) — (b+ 1)(b— 2) dan dén p=3.

Khoéng c6 161 gidi cho m=1. Néu m=2, thi chiing ta c6 b* +a = 9, 15i gia
dé dang la (a,b)=(5,2). Mt khac, gid st rang m > 3, mot trong b+1 va
b> — b+ 1 chia hét cho 3 va chia hét cho 3™~! nhung »* < b* +a = 3™
dan dén ring b+1 nhiéu hon 3™2 +1 < 3™~! va khong thé chia hét cho
3m~1 Chung ta két luan rang 3™ ! chia hét cho b* — b+ 1 va do vay 9
chia hét cho 4.(b> —b+1) = (2b—1).2 + 3. Diéu nay khong thé vi khong
c6 binh phuong dong dang v6i 6 modun 9. Vi vay khong c6 16i gidi ngoai
(52)

b, Gia thiét, vi sy mau thuan, rang b*> — 1 +a 1a luy thita ciia mot nguyén
t6. Vi (b* — 1)* — a? chia hét cho b* — 1 + a, khi a® + b — 1 la gia thiét
tong ctia ching 1a (0> — 1)2+b+1 = b(b — 1)(b*> + b — 1). Quan sét
thay rang b, b-1, va o> +b—1=00b+1) -1 =(b+2)(b—1)+11a
nguyén to cling nhau ting cip. Vi vay, mot trong b, b-1, va b +b — 1
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phai chia hét cho luy thita nguyén t6 b — 1 + a. Vi b va b-1 nhoé hon
b®> + a — 1 ching ta phai c6 rang b* + a — 1 chia cho b* + b — 1 va vi vay
a <bvia+blagii thiét a<b. Mat khac, vi 521 chiing ta phai c6
0<(@®+b—-1)—(B*+a—1)=(a—b)(a+b—1). Vivay a > b nhu la

mot mau thuan .

>6.28.Trong mot dat nudc cé6 2000san bay, ban dau khong cé mot chuyén bay
nao cia hang hang khong. Hai hang hang khong lan lugt gidi thiéu nhing
chuyén bay thang khit hoi mdi (gitta hai thanh phd bat ky, chi c6 mot
chuyén bay thang dugc gidi thiew). Co quan van tdi muon dat duge muc
tiéu la néu san bay nao bi déng cita thi moi nguoi van cé thé du lich gita
hai san bay bt ky khdc, c¢d thé bang chuyén tdi. Hang hang khong tao
ra muc dich dé dat duoc sé bi thua 10. Hang hang khong nao sé chién

thdng cudc choi mot cach hoan hdo?

Loi gidi:

Cong ty hang khong thit hai da chién thing. Xem xét tinh huéng khi
ma muc tiéu khong dat duge, nhung viéc bo sung thém chuyén bay don
bat ky dé dat dugc muc dich néu ra. Do muc tiéu khong dat dudge, co
san bay A bat ky khi déng ctta da chia cic thanh pho ra lam hai nhém
khong lien lac duge 1a G1 va G2. Khi d6 hai thanh phé bat ky nam
trong G1 hodc trong G2 thi phai gia nhap, béi vi néu khong bo sung
chuyén bay gitta hai thanh phé dé thi muc tiéu dua ra khong dat duge.
Tuong tir nhu vay, tat ca cac thanh phd phai gia nhap vao A, nhung
khong c¢6 thanh pho trong G1 ¢6 thé gia nhap véi bat ki thanh phd nao
ctia G2. Do d6 néu he s6 k thanh pho trong G1, thi ¢6 51 chuyén bay
gitta hai thanh pho trong G1, wmuyén bay gitta hai thanh
phd trong G2, va 1999 chuyén bay gitta A va thanh phd khac. Nhu vay
tong s6 chuyén bay 1a k(k-1999)+1999000 1a déu nhau. N6i cu thé, chua
bao git t6i lugt cia hang hang khong thit hai bé sung them mot chuyén
bay mdi. Do vay, cong ty hang khong thi hai luén tranh duge sy thua

16.

>6.29.Chung ta c6 phuong trinh bac hai da thic 101, tat cd cé cung biét so.
Tong ctia hai da thiic bat ki cé nghiém thic riéng biét. Chi ra ring tong
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50 cta tat cd cdac da thic cing déu cé nghiém thuc riéng biét.

Loi gidi:

Biet s6 chung phai 1a duong, béi vi néu khong mdi da thitc chi c6 gia tri
duong, vi vay tong ctia hai da thic bat kky sé khong cé nghiem thue.
Cho biét s6 chung 14 4D, dé mdi da thiic 1a dang (z — ¢)? — D d6i ¢ bat
ky. Dé méi da thiic, dugc xem la khodng cach trong dé da thiic cé chita
gia tri am, khoang céch c6 do dai 1a 2v/D . Néu hai trong s6 khoang
cach nay (c1 — /D, cl ++/D va (¢2 — VD, 2 + /D khong giao nhau,
thi [c2—cl| > VD va %(cl +¢2) khong nam trong mot trong hai khoang
cach. Do vay ca hai da thitc déu khong am tai (¢l + ¢2) nhung diem
nay khi tong s6 da thitc p dat duge gia tri nhé nhat ciia né - mau thuan
v6i gid thiét 14 c6 p nghiem thuc phan biét Do vay, hai khodng cach
giao nhau bat ky. Chon mot khoang cach (¢ — v/D, ¢+ /D dé c la cuc
ticu. Vi tat ca cac khodng cach giao nhau bat ky khac diéu nay, chiing
ta thiy ring tat ca cac khoang cach déu chita (¢ + /D thuoc déi véi
thuoc bat ky. Tai diém nay, tong sb clia tit ca cac da thic chia gia tri

am a, do vay tong nay phai c6 nghiém thuc riéng biét.

>6.30.Trén mot ban co dam vo han dat 111 géc khong chong nhau. Cdc hinh

c6 chit L duoe dat lam 8 don vi hinh vuong. Tap hop cé tinh chat sau:
doi vdi goc bat ki, chita 2.2 hinh vuong bao phi toan bo cdc géc. Chiing
minh ring mot géc ¢é thé dich chuyén gitta mot va 110 clia cic géc dé

tinh chat duoc bdo vé.

Loi giai: Néu 2.3 hinh chit nhat bat ky dude bao pht béi hai goc, thi
chiing ta c6 thé di chuyén tat ca cac goc ngoai trit hai géc do. Do vay,
chiing ta c6 thé tong két rang khong c6 hinh chit nhat nhu vay ton tai.
Ching ta xay dung mot do thi tryce tiép ma cac dinh ctia né 1a cac goc,
nhu sau: déi véi moéi goc, vé 2.2 hinh vuong cé chia goc do, va them
mot duong noi tit goéc nay t6i goc kia bao phii s6 du ctia 2.2 hinh vuong.
Néu mot géc khong c6 diem noi vé phia no, chiing ta c6 thé dich chuyén
goc do, vi vay ching ta c6 thé tong két ring, khong c6 géc nhu vay ton
tai. Do d6, moéi duong ndi ctia do thi ndm trong chu trinh nao dé. Néu

c6 hon mot chu trinh, thi ching ta c6 thé dich chuyén tat cd cac goc
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ngoai trit cac goc nim trong chu trinh ciia chicu dai dai cuc tiéu, va yeu
cau dac tinh dugc ton tai. Vi vay, né thod man dé chi ra rang khong thé
ton tai mot chu trinh don bao gom tat ca 111 dinh.

Theo diém giita ctia mot goc ching ta huéng theo diém tai diém gitta clia
2.3 hinh vuong chita géc d6. Nhé lai ring ching ta da tong két khong
c6 hai goc bao phti 2.3 hinh vuong, mot diéu dé dang kiém tra la néu
c6 mot diem ndi tit mot goéc t6i mot goéc khéc, thi diém gitta ctia nhitng
gbc nay khac 1 trong ca hai toa do ctiia ching la x va y. Do do6, trong
chu trinh bat ky, toa do x clia cac dinh nin trong su bién doi ctia chu
trinh, do d6 s6 clia cac dinh nam trong chu trinh 1a chdn. Do vay, khong
c6 mot chu trinh chita tat cad 111dinh, nhu dé bai da dua ra.



Chuong 7
Pé thi olympic Anh

>7.31.Cho hai duong tron cat nhau (C1) va (Cy)cé mot tiép tuyén chung tiép
ziic (Cy) tai P, tiép xic (Cy) tai Q. hai duong tron nay cat nhau tai M
va N. Ching minh rang tam giagc MNP va tam giac MNQ c6 cung dién
tich.

Lai giadi: Goi X 1a giao diém ctia MN va PQ. Vi MN la truc dang
phuong ctia (C}) va (Cy), X ¢6 cing moi lien quan nay véi hai duong
tron vay XP? = XQ? hay XP = XQ Cing vi PXM + MXQ = =
ta ¢6 sinPX M = sinMXQ cho nén [MNP] = %MN(XPsmm) =
%MN(XQSinJ\m) = ]\m ta c6 diéu phai chitng minh.

>7.32.Cho x, y, z la nhiing so thuc duong thod man zyz = 32. Tim gid tri nhé
nhat cia x% + 4xy + 4y + 222,

Loi giai: Ap dung bat déng thic trung binh hai lan ta co:

o? +Ary +4y? + 222 = (22 +4y°)2 +day + 222 > 24/024y2 +day +22% =
dry + doy + 22% > 33/ Awyday2:? = 33/32(vyz)? = 96.

Dau "=" xdy ra khi va chi khi 22 = 4y? va 4oy = 2%, tic la

(X,y,Z)=(4,2,4)

>7.33.a, Tim mot tap A cia 10 s6 thuc nguyén ma khong cé 6 phan ti phan
biét nao ciia A co tong chia hét cho 6

b, C6 thé tim dudc mot tap néu 10 duoc thay bdi 7 hay khong?
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Loi giai: a, Mot viductiatap Ala A={6j+ k|1 <j <5 1<k <2}
Trong bat ky 6 phan tit trong tap con clia A néu c6 t s6 dong du 1
modun 6 thi ¢ € {1,2,...,5}. nhitng phan t1t khac trong tap con la dong
du 0 modun 6. Vi vay tong ctia nhitng phan ti trong tap con la dong
du t # 0 (modun6)

b, Khong thé cho bat ky tap nao c6 7 s6 thuc nguyeén, ching ta cé 6
phan tit phan biét clia tap nay c6 tong chia hét cho 6. Bsi vi c6 hon 2
s6 nguyeén trong tap nay, ching ta c6 thé chon hon 2 ma la chin. Clng
cach nay lam nhu thé ta c6 thé tim thay 5 tap con c6 2 phan tit 15i rac
cai ma c6 tong 1a dong du ctia 0, 2, 4 modun 6. Néu tat ci tong d6 xuat
hién, 6 phan ti trong tap con tuong tng c6 tong dong du 0 + 2 + 4 =
6 (modun 6). Cach khéc, chi tong xuat hién . Bsi Pizeonhle principle,
3 tap con sé c6 tong nhu nhau. Do d6 nhitng phan ti trong 3 cip sé c6
tong chia hét cho 6.
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