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PE THI CHINH THUC®
MON : TOAN 10
Thoi gian : 180 phit (khong ké thoi gian giao dé)

Cau 1: (Zd)
Giai phuong trinh: (x +1Vx2 - 2x +3=x7 +l
Cau 2: 2d)

Cho tam gidc ABC c6 cac canh BC = a, CA b, AB=c,B=2A,
C = 4A, ban kinh dudng tron ngoai tiép 1a R. Tinh

»f 1 -1 1
T=R (¥+"‘;7+ch
Cau 3: 2d)

Cho tam giac ABC cén tai A. Duémg tron noi tiép tam gidc ABC tiép
xuc canh AB tai T, du'orng thing CT cat dudng tron tai K khac T. Gia st K

1a trung diém CT va CT = 6+2. Hay tinh d6 dai cac canh cia tam giac
ABC.

Ciu 4: (2d)

Chimg minh v&i moi g1a tri nguyen cla m, tbn tai sb nguyen n dé
) n’ -1in* - 87n +m

chia hét cho 191.
Ciu 5: (2d)

Cho a, b, ¢ > 0. Chimg minh:

a4 o b4
: + +
2 + Y@ +60)(@> +¢%)2 bt +Y(b® + )b’ +a’)?

C4

+ <l1.

et + (8 +af)c + b

O Gidm thi khéng gidi thich gi thém




HUONG DAN GIAI

Cau 1: 2d)
Giéi phuong trinh (x +1)y/x2 =2x+3 =x* +1 (1)
Tap xéac dinh R. '

Dat x2-2x+3 =t vdit> V2.

Khi d6 phuong trinh (1) trés thanh (x + 1)t = x> +1 Q).
Q) ©x*-2x+3-(x+Dt+2(x-1) =0
- (x+Di+2x-1)=0

[t=2

= .

t=x-1

Véit=2,taco Jx*-2x+3 =2 x0-2x+3=4
x=1-42
X=]+\/—2—.
Voit=x-1,tacd x> -2x+3 =x-1

x —1 >0 x> 1
@{ @{ s> xed.

x2 —2x+3=(x~1) 3=l
Vay tap hop nghiém ctia phwong trinh 13 { 1-V2: 1442 } )

®x2—2x—-1=0¢:>[

Ciau 2: 2d)

b c
Ta cé = = =2R
aco sinA - sinB sinC
R_T R_1 R_ 1
a 2sinA’b 2sinB’c¢  2sinC
Y AR S S
4 sin? A sin?B  sin?C

= %,,(3 +cotg?A +cotg?B +cotg2C).
Trong AABC : cotgA.cotgB +cotgBC.tgC +cot gC.cof gA=1

cotgza——l

vataco cotga =
, 2cotga

, do do

cotg2oc =]+2cotga.cotg2a

=S= %[3 +3+2(cotgA.cotg2A +cotgB.cot g2B + cot gC.cot g2C)]

0,25d
0,254

0,25d
0,25d

0,54

0,54

0,5d

0,5d

0,5d



= 21{[6 +2(cotgA.cotgB + cot gB.cotgC +cot gC.cqt gA)]

=%(6+2)=2. 0,54

Cau 3: (2d).
_ K la trung diém cia CT va L 14 tiép diém cua dudng tron véi canh
BC. Thé thi: CK = IECT (*). Suy ra L trung diém ctia BC,

CL2 =CK.CT= IECTZ, | 0,5d

hay a’/4 =36, hay a=12(1).
Ap dung dinh li.cosin trong tam giac BCT , ta c6:
CT? =BT’ + BC?-2BT.BC.cosB - 05d

o 72=a%/4 +a? —144. cosB
& cosB = % (2), do (1).

Mt khac, ap dung dinh li cosin trong tam gidc ABC, ta c6:
b2 =c? +a? —2ca.cosB & cosB=a/2b (3). 0,5d

Tir (1), 2) va(3),tacod :
(a,b,c)=(12, & 8). 0,5¢
Cau 4: 24d)
bitP(x) = x*-11x° —87x+m

Tacd: P(x) = (x+a) +b(mod 191)
o X +3ax’ + 32 x+a*+b = x* - 11x* — 87x + m (mod 191) 0,54

(3a=-11(mod191) (1)
& {3a% =-87(mod191) (2)
b=m-a’(mod191) (3)
(1) & 3a=180(mod191) > a = 60 (mod191) = 3a® —-87(mod191)
Vay VmeZ, tdn tai sb nguyén a, b déP(x) = (x + a)’ + b (mod 191).

Nhan xét: 191 lasb nguyén t6 dang 191 = 3k + 2
P(i)=P(j)(mod 191)= (1+a) :(J+a) (mod 191) .

0,5d

Pit u=i+a,v=j+a,thi
u? =v? (mod 191) = v? —v3k(mod191)

32 2 342 2 19 (m0d191) = v(mod191) (dinh 1i Ferma ) (4)

0,5d

uve =




= v2 =u¥*v? =u3**3 (mod 191)
— k2 =u*y k43 _ W3kt 3ke2 3kl 19
=02 =0 =u(mod191).  (5)
Tir (4) va (5) suyra u=v(modi91) = i=j (mod 191).
Vay néu Vi je {1 2,. ,191}‘- i# j(mod191) thi P(i)# P(j) (mod191)
Suyratdntaine {1 2,. ,191} sao cho P(n) = l91(m0d191) hay P(n):191 0 5d .
Vay véi moi gia tri nguyén'ctia m, ludén tn tai sb nguyén n dé P(n):191.

Cﬁu 5: 2d)
%/7216 +b%)a’ +c3)2 =
=3(a® +b°)a® +2a%C + ) = Y(a° +00)a® +2a°c’ +°) '

= u**! u(mod 191)

=€/(a'2 +2a b6c3)+(2a b6c6)+a 6 +a$

> 3a®b® +3a%b%c? + 3a%b2c? + abc® \/(azbz +a%c?)? =a?b? +a%c? 0,75d

Suy ra:
a’ <- at v 0,25d
at+ Q/(aﬁ +b%)@* +¢3)? a' +a’b? +a%c?  a? +b%+c?
Tuong tu
4 2
b - 0,54
b* +3/(b® +cO)(b® +a)? "2 +b e
4 2
< <2 0,54

¢ + 3@ +bO)c +b3)2  al+bl 4t

Cong cac bit dang thirc trén, ta c6:

a® b
+ ~
a*+ %/(a6 +b%)@ +c*)? b+ {Rb6‘+ Ay +a%)?
+ <l1.

o + (e +a%)c? +b°)>
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PE THI DE NGH| ©
MON : TOAN 10
Thoi gian : 180 phit (khong k& thoi gian giao dé)

Giai phuong trinh :

/%_m-xz —1-2x7. 1)

Xét cac sb thuc khong 4m thay ddi : a,,a,,...,a, ¢0 tdng bang 1.

Bai 2.

bat: S, =a, +a,, ta,,,+3,; (k =i-,_8)

Goi M =Max S,.5,,5,,8,,8:,5} .
Hay x4c dinh gi4 tri nho nhat cia M.

Tim tht ca cac ham sb f:R — R thoa man didu kién: -

f(x3-y)+2y(3f2(x)+y2)=f(y+f(x)) vx,yeR. €}
Bai 5.
‘ . . A B 1 . s
Cho tam giac ABC thod mén : tg-—z— tg—z-z-i. Chimng minh rang :

Pidu kién can va du dé tam gidc ABC vudng la : sin—2—sin Esin—cz— = i%

HUONG DAN GIAL
Bai 1. |

- 2
LR =l(\[l—x2 —x)
2 ' 2 ‘

®) Dé thi dé nghi va hedng dan gidi ctia cdc truong tham dy ki thi
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Diéu kién dé phuong trinh (1) x4c dinh : 1-x*20 & |x|<1. Khids
1 ' .
1 <:$—-|\/1—x-2—x|=1—2x2.
(‘) VA |
Phuong trinh c6 nghiém <:1——2x220<:>|x|.<_—\/l__2—.
Tacd:1-2x*20=>1-x2>x do do :
(2)@\/1—x2—x=«/§(\/1-—x2+x)( l—xz—x) _
Vi-x* =x |
- ;
\/E(Vl—x2+x)=l

1
{XZO I
1-x2 =x2 1 x=7
< | |IXL— =
I—x* = _x V2 x=\/§-\[g
V2 2x2—x/2—.x—%=0 . 4

Véy phuong trinh (1) ¢6 2 nghiém : x, =1/5-_%;)‘(2 =-‘lz(s/5-—\/-6_)
Bai 2. '
' M=Max{S,,,Sz,SJ,S4,Ss,SG}
=12M 248, +8, +8, +S, +S, +4S, =

9 .
=4Za‘. +a,+2a;+3a, +3a,+2a, +a, >4
i=1

9 —_—
(do: Za =l;a,20,i=19) :MZ—;.
i=1 )

’ a, =a;=a, =
A 5 .
Dau“="xayrakhi { } ° °°

a,=a;=a,=a,=a,=a,=0

Papsé: M, =%.
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Bai 3.
Thay y=x> vao (1) tacé |
£(0)+2x* (3 (x)+x*) = (x* +£(x)) )
Thay y =—f(x) vao (1), suy ra ’
£(x* +£(x))-2f (x) (367 (x) +£7 (x)) = £(0). 3) .
Tir (2) v 3) = 4f*(x)=3f% (x).x’ =x* = 0 ;Vx..
= (£(x) %) (482 (x)+XF (x)+x°) =059k 4)
Rorang : 47 (x)+x’f(x)+x°>0;Vx = 0. Tir (4) ta dugc .
‘ f(x)=x’;vx.
Thr lai, thoa man didu kién bai toan.
Papsé: f(x)=x".
Baid. .\
, A B
Tacs: S=p(p-a)tg—=Pp(p-b)ig—=P(P-a)p-b)Np—c)

A B S? p-c a+b-c
Stg—tg—=— = =
2 "2 p(p-a)p-b) p a+b+c
A B 1 '
tg—z-tg—2—=§c>2(a+b)—2c=a+b+cc>a+b=3c (D).
Mitkhic : S =pr =22 = pabe— =2 = p(p—a)(p-b)(p-c) (2)
Mat : p iR p: 4R p(p p p .
p=2¢ . r 2
e . Tu (2) suyra ab—=p“—(a+b)p+ab
p—-c=c 4R

= (1- ﬁ)ab =2¢ (3

Gia st : sinésingsingr-—-l— 4 :>L=—l—. Tu (3) tacod ab'=§c2 , cung
' 2 10 4R 100 9

v4i (1) suy ra : a va b 1a cac nghiém cta phuong trinh :

t? —30t+§c2 =0 ;t, =§c;t2 =ic.‘

9 3 3

Coiring a2>b,taco:
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5
a=—c¢

2 2
4 :>b2+c2=(§cj +c? =[§c) =a’ = AABCvudng tai A.
b=—c
3

Nguoc lai, gia sir: AABC vu6ng tai A. Ta cé:

a=2R a=2R a=2R
{a? =b? +¢? M (Bc-b)  =b’+c> ={b=4r .
b=4r(do:p=2c) c=3r

1
S=—bc=pr
P20

Tir (1) ta c6

{a=2R r

=5r=2R = —=zz 4siné‘sinEsinE
R § - 2 2 2

_2
a=>5r 5

. A.B.C 1
= Sin—SIn—Sin— = — .
272772 10 ,
(Piéu khing dinh cta bai toan dugc chimg minh).

2

b

TRUONG QUOC HOC HUE, TP. HUE
Bai 1. ]
Cho bat phuong trinh:

2004 '
a+\/1—x2006+ X +16 S2x/x2004+16.
a+ \/ 1- x2006
Tim s thye a 16n nhét dé bt phuong trinh c6 dung hai nghiém.
Bai 2. ]
Cho m,n 1a hai s6 nguyén duong. Giai phuong trinh:

) 1 1
sin2 x4 —r = cos2h X g
cos X

Sin2m+l X

Bai 3.
Cho I 12 tdm dudmg tron ndi tiép tam gidc khong cdn ABC. M la

trung diém IC, N 14 trung diém ctia AB. J 1a trung diém M N. Goi x, y, z la
ba dudng thiang lan luot di qua A,B,C va moi dudng thang chia chu vi tam
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giac ABC thanh hai phan bang nhau. Ching mmh ring 4 dudng thing x, y,
z va 1J cing di qua mét diém. -

Bai 4.

Chonla sb nguyen duong. Xét bang vudng 2n hang va 2n cét. Mox o
viét vao mot sb trong tap {1,2,3,. . 4n’ }, hai 6 khéc nhau viét hai sb khéc
nhau. Tim s N 16n nhét c6 tinh chat véi moi cach vxet s6 nhu trén ton tai
mot hang hodc mot ¢t ma trén hang hodc cdt d6 ¢6 hai sb p.q thoéa mén :

lp-q/2N.
. AN GIAI
Bail. - |
2
’ (a+\/?_x2006 —\/x2°°4+16) |
Viét lai <0 véi x2<1.

a++/1-x20%
Néu a <0 bét phuong trinh a +v1-x2% <0 v s6 nghiém.
Néu a>0 tacd phuong trinh a = x/16+ X 2004 _ ] 52006
Ham sb vé phai 1a ham s& chin. Ham s tang trén [0;1] do d6 phuong

trinh c6 nghiém khi a thudc [3, V17 1, suy ra gi4 tri 16n nhét cua a 1a V17,
lac d6 hai nghiém lax =-1,x=1.

‘Bai 2.
Pit u = sinx ,v =cosx : u.v £ 0 va w+vi=1.
. ) . ..2n \l o 2n
Ta c6 phuong trinh: u®" + T v ol
Néu uv <0 mdt v& nho hon 1 vé kia 16n hon 1: khong thoa man.
Ham sb y =x* +—— giam trén [-1 ; 0). Vay néuu,v<0;uzv
thi khong thoa mén.

Xétuv >0. u#v.Tacod (2" —v")uv)™ = u2m _y2mH hay
( 2n l+ v2n l+ uv(uZn 3+ V2n 3)+ + (uv)n '(u+v)) (UV) 2m+l1

= VP g ™y
Vé trai nho horn
[1+ 172+ (172024 412" 2122 (1/2™ < 2(1/2)m = (1/2)2"'
Vé phai 16n hon v*™ + v*" >(1/2)m ! Do d6 vé phai nho hon vé trai.

Vay sinx = cosx hay x —Z+ km .
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Bai 3.

B6 dé&: Cho tam gidc ABC, goi A’, B’, C’ l4n luort 1a trung diém cua
cac canh BC, CA, AB. Céc dudng thing di qua mdi dinh cta tam giac
A’B’C’ va chia d01 chu vi cla tam giac A’B’C’ ddng quy tai diém 1a tim
dudng tron ndi tiép tam giac ABC. ‘

That viy: Goi M 1a diém thudc B’C’ sao cho A’M chia dbi chu vi
tam gidc A’B’C’ thi MC =p’-b’ vaMB’= p’— c’véip =(@’ +b +c’)2.

- -
Suy ra: A'M =P ¢)A'C'+(p=b)AB'_ (p-c)A'C'+ (p—b)A'B' _

L]

a a

_(p-c)AC+(p-b)AB
2a '

Mit khéc, ta co:

- - -
- - — - -
2pA'T=aA'A+bA'B+cA'C =~ HABTAC)+(b-¢)BC

2

- -
=-(p-b)AB-(p-c)AC

Viy A’, 1, M thing hang.

Tré lai bai toan: Goi G 1a trong tim
tam gidc ABC. Do J trong tdm hé 4 diém
I, A, B, C nén I, G, J thing hang.

Phép vi tyr tim G ti s§ ~1/2 bién A
thanh A’, B thanh B’, C thanh C’. Bién ba
duong thing X, ¥, z thanh ba dudng thing
(theo bd dé&) ddng quy tai 1. Két hop véi |,
G, J thing hang suy ra x, y, z, 1 J cing di
qua mdt diém.

Bai 4. o
Xét cach x&p x€p nhu sau :
2n°-n+1 |..][..]20? 4n?
2n+1 v
n+1 2n [ 20°+n+1 .. 207 +2n
1 2 |..|n 2n*+ 1 .. |2n*+n

Néu ton tai i, j trén hang sao cho |i—j|2Nthi2n-2+n—12N.

16




Neuotrencotth12n —n>|1— |>N VayN<2n’+n-1.
XétN=2n’+n-1.

GoiA={l1,2,. n—n+1;B {3n 3n® + 1, 4n}V01m911
.thuocAJthuothaco|1— |>3n — (n? —n+1) 2n +n L(**)

Véi hing cé chira phén tir cua A, ta goi 1a hang loai 1, ¢t c6 chira
phén tir cua A duoc goi 12 ¢t loai 1. Véi hang ¢6 chira phin tir cia B, ta goi
14 hang loai 2, véi gt ¢6 chira phén tir cia B, ta goi la cot loai 2.

Goi p, q 1a s6 lugng hang, ¢4t loail thip.q>n’ - n+ 1, do d6

p+q> 2/pq>V4n* —4n+4 >2n-1.
Goir, s lasd lugng hang, c6t loai 2 thir. s>n+1,do d6 :

r+s> 2Jrs >V4n® +4 >2n.

Viyp+q+r+s>4n+1, suy ra tén ta1 hang hodc c6t vira loai 1
loai 2. Tir (**) suy ra gia tri Ién nhat ctaN1a: 2n* +n— 1.

3

TRUONG THPT CHUYEN LE QUY DPON, TP. DA NAN
Bai 1.
Tim tt ca gia tri a; b,c,d,e € [0, 1] sao cho:
a b c d e
= + + + + =
I+bcde 1+cdea 1+deab 1+eabc 1+abed

Bai 2.
Cho f(x)=ax’+bx’+cx+d saocho |[f(x)|<1, Vxe [-L1] @)
Tim hing sb k nho nhit sao cho
~ [3ax*+2bx+c| <k, Vxe[-11], Vf thoa man (1),

Bai 3.

Trong mit phing, cho tam giac déu ABC tim O. DPuédng thing (d)
quay quanh O cét cic dudng thang BC, CA, AB lan luot tai M, N, P.

Chimg minh T = T+ 14+
OM" ON

+ khong dbi.
Bai 4.

Chimg minh véi moi gia tri nguyen clia m, tdn tai sb nguyén n dé
, - 11n? - 87n +m.
chia hét cho 191.

OLYMPIC MON TOAN - 2 . A




HUONG DAN GIAI
Bai 1. S
Khong mat tinh tong quét gia st a<b<c<d<e (*). Khi d¢:
a b c d e
< + + - +
l+abcde 1+abcde 1+abcde 1+abcde 1+abede
_a+b+c+d+e

1+abcde
Do a,b,c,d,e € [0, 1], nén:
(1-abc)(1-de)+(1-ab)(1-c)+(1-d)(1-e)+(1-b)(1-2a)=20 (1)
= a+b+c+d+e<4+abede <4(1 + abede) )

Do d6 A <4 . Néu A = 4 thi ding thirc xay ra & (1) va (2) suy ra

(abcde =0=>a=0do (*)
de=1 ’
a=0
te=1 = .
, {b=c=d=e=1
d=1ve=1
b=1

Thir lai: Khia=0,b=c=d=e =1 thi A =4. Viy céc bd gia trj cAn
tim (a, b, ¢, d,e) lacac hdéanvicua (0,1, 1, 1, 1).
Bai 2.

Pit A = f(-1), B =f(-1/2), C = (1/2), D = f(1) thi

a=_—zA+iB—iC+zD, b=2a-2B-2c+2D

3 3 3 3 3 3 3 3
c=§——iB+iC—P—, d=—é+gB+zC—2
6 3 3 6 6 3 3 6

h(x) =3ax’ +2bx +c = —%(ux2 -8x—1)+f‘13§(3x2 ~x~1)

—%(3x2+x—1)+—]§—(12x2‘+8x—1 .

Tir gia thiét suy ra |A[,|B|,|C],|D|<1, do d6, néu Vx e[-1,1] thi:

|h(x)| < lll2x2 —-8x —1\+i"-‘3x2 —x~-1l+i‘-|3x2 +x—1‘_~l——1—l12x2 +8x —1|
6 3 3 6 |
‘Do |A|+|B|=max(|A -B|,|A+BJ|) nén véi Vx e[-1,1] taco
[12x? + 8x — 1|+ [12x” - 8x — 1| = max((16x|, |[24x* - 2}) < 22
3%+ x— 1] +]3x? = x—1] = max((2x], |6x* ~ 2 <4
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|h( )|<33+156—_9 vxe[- 1,1]
Véi f(x) = 4x> - 3x thi: Vx e[ 1, 1] dit x = cost ta ¢ ]f (x)‘ =|cos 3t

va max |3ax +2bx +c| max \12x —3l
[ ll] [ II]

Suy ra hing sb k nho nhét thoa yéu cau dé bai la 9.
Bai3.

<1

Goi A’, B’, C’ 1an lugt 12 trung diém BC, CA, AB thi
OA’=0B’ =0C’ =R/2. |
Goi i 1a vécto don vi cta (d). Dit
(,0A) =o, x=2n/3 thi .
(i,0B") = (1,0A")+(0A',0B")= o +x+k2m,
(1,0C") = (i,0A")+(0A',0C") =a -x +k2m

1 (OA'T+(OB')4+(OC')4
T (R/2)' | OM ON OP B A C

=—-—[cos a+cos’ (o +x)+cos (a —x)]

= —[(1 +c0s2a)? +(1+c0s(20.+2x))" +(1+cos(2a —2x)) ]
= 1—1-4— [3+2(cos 20 +cos(20 +2x) + cos(2a 2x))]

+ fg—[cos2 200 + cos? (20 +2X) +cos’ (2o ~ 2x)] 6]
2sinx] cos 20, +cos(20t+ 2x) +cos(2a. —2x)]
= [sin(2a +x)—sin(20 —x) +sin(20 +3x) —sin(20.+x) +sin(2a —x) —sin(2o -~ 3x)]
= sin(20t + 3x) —sin(2a —3x) = sin(2o + 21) - sin(2o —27) = 0 (2)
cos® 2a +cos? (2a + 2x) + cos’ (2o —2x)

= %[3 +cos 4o + cos(4a + 4x) +cos(4o —4x)]

2sin2x[cos4a +cos(4a + 4x) +cos(4o —4x)]
=[sin(4a +4m) - sin(4a ~ 4m)]=0. (3)
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4 3, 18 . . ...
1,2, 3)=>T= E’;(3 +—2—) =X khong ddi.
Bai 4. . .
(Pugc chon 1am dé thi - xem ddp 4n dé thi chinh thirc).
4
N CHAU TRINH, TP. DA
Bai 1.

Goi chan céc dudng cao trong tam gidc ABC 1a A", B, C'. Tinh cac
goc cua tam giac A'B'C' theo cac géc A, B, C. Chimg minh ring goc 16n
nhat cua tam gidc A'B'C' it nhét bing goc 16n nhét cua tam gidgc ABC. Khi
ndo thi chiing bang nhau ?

Bai 2. .
Chirng minh rang:
. 2 9xyz
Xy+yz+zx< — + .
yTy ’ 7 7 \
Trong d6, x, y, z 1a cac s6 thyc khéng 4m thoa diéu kién

xty+z=1.

Bai 3. o
Choa, b, c 1a cac sb nguyén duong thoa diéu kién
1 _1_1 |
A o a b c . .
va d la uéc chung 16n nhat cua ching. Ching minh ring abed va d(b - a)
nhimg so chinh phuong .
Bai 4. .
Chirng minh rang hé phuong trinh :
Xy+yz+zx =12
XyZ-X-y—-2z =2
c6 mot nghiém duy nhét trong tap céc sb,thyc duong. Chimg minh ring hé
c6 nghiém vdi x, y, z thuc phéin biét.
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A 'HUONG DAN GIAI

Bai 1.
Tir céc tir gidc ndi tiép, ta c6 cac goc bing
o nhau nhu hinh bén. Lai goi tén cdc goc a, B, y
nhu hinh v&. Thé thi

A’=2a;B =2B,C =2y

VaA= B-l-y B=y+a;C=a+8.
- - Suyradéding: A’=B+C-A;
B A C B=C+A-B;C-= A+B—C.

Bay gid, dé y rang

A'2B<B+C-A2C+A-BoB2>A.
Do d6,néu A 2B 2 Cthi C’>B’ 2 A’. Cho nén

‘ASC©A<A+B-CoB2C:diung.
Déu déng thuc xdy ra khi tam giac ABC déu.

Bai 2.

9xyz

Néux > %,théthils%i suy ra xy <

Honn&a(y+z)s-§—,nénxy+xz<§<g.

_ 7
Nhur thé trong trudng hgp nay ta thu dugc
9xyz

7

Bay gi¢ gia dinh x < —;—,véthélél— %’i >0.Taco

xy+yz+zx<%+

<G+
i 4
véi dang thirc x4y ra khi va chi khiy =z. Taciing c6
(1-x)’
ZS ——,
b A y 4
Tir 46 ta chi can chimg minh rang
9x . (1-x) 2
- — +x(1 -x)< =
( 7 ) 2 (1-x) 5

= (7 9x)(1 - x)* + 28x(1 - x) < 8
< 9%’ + 3% ~-5x+120& x+DBx-1720,
bit ding thic nay hién nhién ding (vi x. khong am ), véi ding thirc xay ra

khi va chi khi x = —
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Viy bét ding thic da dugc chimg minh, véi déu déng thic xay ra

khi va chi khi x = y—-z=%
Bai 3. |
GQiAF%,B=%,C=%,théthiA,B,Ccéuécchunglc’mnhét
lal. Taco l—l=l ,nén AB =C(B - A).
A B C

Ta chimg minh ring (B - A) phai 12 mot sb chinh phuong. Neu trai
lai, thi phai c6 mot sb nguyén t6 p sao cho lu§ thua cao nhét cua p chia hét
(B-A)la p2'+' véir nao do.

Bay gid néu p™ I chia hét A, thi n6 ciing chia hét

B=(B-A)+A.

Suy ra p2'r *2 chia hét AB. Ma p khong thé chia hét C (vi A, B, C khong co
thira s& chung ), suy ra p2r 2 chia hét (B - A). V6 1i ! Do do qua lim 1a p
chla hét A, va ta co két qua tuong tu voi B. Tur d6 qua lém p”* chia hét AB,
r01 thi chia hét (B — A). Vo i ! Diéu d6 di chimg minh ring (B — A) 12 mot
s6 chinh phuong. Ma

ABC(B - A) = ABAB,
nén ABC(B - A) phai 14 s6 chinh phuong, 15i thi

ABCB - A) _ — ABC
B-A
ciing 12 sé chinh phwong. Nhu thé
(b - a)d = (B - A) va abed = d*ABC

déu 1a sb chinh phurong.
Bai 4.

Hién nhién (2, 2, 2) 12 mdt nghiém (trong tap cac s6 thuc duong).
Néu ta coi z nhu 43 biét, thé thi ta co |

‘ 11z -2

2% +1

X+y =

22 +2z+12
2 +1
Vi thé didu kién 4t c6 va da dex Yy z 1a céc sb duorng la:
(11z - 2) > 4(2* +22+12)(z +1) ™

Xy =

(n6 bao dam ring x va y ddu thyc ) vaz > —1—1- (d8 x, y va z déu duong).
(*) tré thanh
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4z* + 82’ - 692" + 52z + 44 <0 & (z- 22z + 11)2z + 1) 0.
Piéu nay dugc thoa min khi — % <z<- % va z = 2. Nén chi ¢6

nghi¢m duong duy nhét 1a z=12 (rdi tir @6 x = 2, y = 2, hon nira ciing vi hé
phuong trinh 14 d6i xtmg do1 véi x, y va z).
Véi cac nghiém thuc khic ta nén xem xét tai cac gia tri thude

khoang tir - 1 dén - l
2 2

Véi z = - 1 ta dugc nghiém khong phéan biét (-1, -1, - %), loai.

Vo’riz=—2thiduqcx=—w—@,

=— ———~———12—§\/ﬁ , chung déu

5
phén biét.
5
—~ TRUONG THPT HOANG HOA THAM, TP. DA NAN
Bai 1

' £ , 1 1 1

Cho 3 s0 duong a, b, c thod: —+—+—=3

a.b ¢
Ching minh : 4/;3_+4/§+4/c_323/;?+3/§+i/§.
Bai 2. ‘ .
Giai hé phuong trinh:
X +Xy—X3—X4<0
(X + X3 ) (X3 +X4)— XXy —X3%4 <0
(X + X3 )X3x4 = (x5 +X4) XXy <0
X;>0,x5>0,x3>0,x4>0
Bai 3. , - :

Tim tat ca cac sO ty nhién gdm 3 chir s6 sao cho mdi sé 1a trung binh
cOng cua cac so suy tir s0 d6 bang phép hoan vi tron céc chit s6 cua s6 do.
Bai 4. ’ . -

Tinh §6 canh cta 1 da giac déu c6 4 dinh lién ti€p A, B, C, D thoa

1 1 . _

= + : ,
AB AC AD

ding thirc :
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HUONG DAN GIAI

Bai 1.
Ap dung bét ding thirc Co-si : tir gia thiét, ta c6 :
3 =l+%+lz 3i/abc <> abe>1.
a c
Pat x=%a, y=9b, z=9c .
Bai toan tr¢ thanh :
] >0,y>0,2>0 .
Véi {x Y , chimg minh x° +y® +2° >x® + y3 +x8.
xyz 21
' Ap dung bt déng thirc Co-si cho 9 sé :
X # o+ X’ +1 29%° (1)
YV Aty +129y8 (2)
2+, +2° +1>97° (3)

Taco: xB+y8+28233x8y828 >3 (4) _
Cong vé theo vé cac bit ding thirc (1), 2), 3), (4) ta co két qua cin
chimg minh : x* +y° +2° >x* +y* +2° .
Bai 2. )
Xét hé bat phuong trinh
A=-X-X,+X,+X,>0
B=xX, = XX; = X,X, = X,X; —X,X, +X;X, >0
C=xX,X; + X/ X,X, =X, X;X, —X,X;X, >0
D=xx,x;x,>0
Dat f(x)=(x-x,)(x—x,)(x+x,)(x +x,). Khai trién ta c6
f(x)=x"+Ax*+Bx>+Cx+D.
Do céc hé s6 A, B, C, D > 0 nén phuong trinh f(x)=0 khong thé
c6 nghiém x duong. Vi thé x,, x, <0, trai gia thiét.
Vay hé di cho la v6 nghiém.
Bai 3. v
) phai tim c6 dang abc, vdi a,b,ce N va 1€a<9, 0<b,c<9.

Theo gia thiét : 565=—1352%°—a?~ &> 189a = 81b+108c
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<> 7a=3b+4c e 7(a-b)=4(c-b) (1)
Suyra:
4(c-b): 7 (2)
=c-b:i7 (3)
Do 0<b,c<9 nén -9<c-b<9 (4)
T (3)va(4)suyra c~b=-7,0, 7. Xét cac truong hop :
THIl : c-b=-7<b=c+7<9
=c¢=0,1,2
=b=7,89
=>a=3,4,5
'=> abc =370, 481, 592.

. TH2: ¢c-b=0&b=c

Bai 4.

. =>a=b=c¢

—abc=111, 222, ....., 999.
TH3: c-b=7c¢c=b+7<9

=b=0,1,2,¢c¢=7,8,9

=a=456

= abc = 470, 581, 692.
Véy c6 tht ca 15 sb cln tim 1a

370, 481, 592

111,222, ......., 999

470, 581, 692.

Gia sir da giac déu ndi tiép trong dudng tron tdm O ban kinh R.
Pit o = AOB (0° <oc<120°).Vé OH L AB, suyra
AB =2HB = 2Rsin% .

Tuong tu : AC=2Rsina, AD=2Rsin37a.

Thay véo gia thiét :
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Do d6: sin'asin-?’g—'sing(sina+sin3—a =0
2 2 2
l cosg—cosig ——l cosg—cosﬁx—‘ —-1-(cosa—cos2a)=0,hay
2 2 2 2 2 2 2
3a 5o
cos—;+cos2a - cosa+cos7 =0,

Toao . o ., o
cos—sin—sin— =0
4 4 2
Vi diéu kién 0<a <120°, tacod

To Ta

0
cos— =0 = — =90° :a:ﬂ
4 4

Vay da giac c¢6 7 canh.

6

*

TRUOQNG THPT THAI PHIEN, TP. DA NANG

Bai 1. . . . o ]

1) Cho 3 s0 duong cé tong bing 4. Chung minh rang tong cua hai so6
bat ki trong 3 sb d6 khong bé hon tich ctia 3 s d6.

2) Tinh S = 5in39° + sin69° + sin183° + sin213°.
Bai 2.

@Giéi phuong trinh : 3\/— -1=0.
4x+~2+x

2) Goi x , y 14n luot Ia s§ do hai gbc trong cua hai da giac déu D, va
P,. Biét ring : 5x - 7y = 0. Tim s6 canh cua Py, D,.

Bai 3. ‘ | |
' Chimg minh ring v&i moi nguyén duong nta cé :
1 + 1 + 1 + + _t _ <3
2 332 a3z T 1+ n).é/'ri
Bai 4.

Cho tam giac ABC cin tai A. Biét rang truc tdm H cua tam gidc nim
trén dudng tron ndi tiép clia tam giac do Tinh cosA.
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Bai 1.

Bai 2.

HUGNG DAN GIAI

l)Glathlétcho3séduonga b,cvaat+b+c=4.
Khong mét t1nh tdng quat, ta chimg mlnh a+b=>abc.
Tu(a+b) >4absuyra(a+b+c) >4 (a+b)c
& 162 4a@+b)ce
& 16(a+b) > 4(a +b)*c > 16abe

i S a+b2>abe
Pang thirc xay rakhia=b=1,c=2.
2)Tacod:
S= 2sm54°cos 15° +251n198 cosls"

=2cos15° (sm 54° +5in198°) = 2 cos 15° (sin54° - sin18°)
=4 cos15° cos 36" sin18°

4cos15° cos36°sin18’ cos18’ _ 2cosl 5° c0s 36° sin 36"

cos18’ " cosl8’
0 3 0
_ cosl._5>su;72 - cos]5°
sin72
N
P
DPK: x20

Phuong trinh cho : 1+3Vx —4x=+/2+x =0
= 3\/;—4_2+x =4x -1
@‘8x-2=(4x—1)[3\/§+\/2+x]

A

4x-1=0

@(4x—1)[3\/;+ 2+x~2]=o@{3\/;+\/2_;;=2

* 4x-l=0<:>x=l.
4

7-35

* Véi 3Wx +v2+x =2 giai ra dugc nghiém : x = .

8
1 7-3J5
—;X = .
4’ 8
2) Goi sb canh cua da giac dub,, D, lan luot 1a : nva k.
PK : n, k 12 s6 nguyén duong va 3<k<n.

Két luan : Phuong trinh c6 2 nghlem la: x=
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(n-2)n
n

Ta c6 56 do mébi géccia Py 1a x =

k-2)n
k

Vaciab,lay=

sy Ty =0 - 5(n-2)xn _ T7(k-2)n
n k
<> 5nk —-10k = 7nk —14n
n
n+5

&S S5k+nk=Tne k=

k= 7——3—5——

Vi k 1a s6 nguyén duong nén 35: (n + 5).
Do d6 (n+5) phai bang : 1, 5, 7 hoic 35.
Nhung vi k23 = (n+5)=35.Vayn=30vak = 6.
Bai 3. '
' Véi moi s6 nguyén duong k, ta c6
1 1 Yk+l -3k
I Y+l ik

—_— 1 v
P AAFLE K+ 1) + Pk +1) +42)
R SN 1 | _ 1
Yo 1 fehr1oi+?) 30k
1 11
gy — <311y pods
Y (1+k).€/i< (é/E \/3k+1) °®
111 1

'2—+T+;\/——+ ........ +m
<3(1—T T—-T ........ \/n_l_ﬁ)<3

Suy ra

Bai 4. ‘
Goi O 1a tdm duong tron ndi tlep tam gidc, c¢6 ban kinh r va K 1a
trung diém cua BC.

Goi x 12 s6 do goc BHK = x=90°——g—.
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Goi y 1a sé do goc BOK, ta c6 :

2y=180°-B=180°-(90°;%)=9o°+%:y=450+%

Tam gidc BHK cho tgx = %I—(- va A BOK cho tgy = BK 2tgx
r ’ r

o tg(45° + i:—) = 2tg(90° —ﬁ;-) = 2cot g-’;i

1+tg— l-tgé cosDisin?  cos? A _gin A
4 4 4 4

<~ = <~ =

I-tg— t —é cosé—siné siné cosé
% 8% 4 Ny 4

. A A A . A, . A A
& sin—.cos— =(cos——sin—)" =1-2sin— .cos—
4 4 4 4

. A A 1 . A
& SIN—.COS—=—S SIn— =—
4 2 .3
A_1 8 1
Tl‘xdétacécosA=1—2sin25‘ _5_5.
7
TRUONG THPT CHUYE YEN BINH KHIEM, TINH QUANG NAM

Bai 1. ’
Giai phuong trinh sau trén tdp so thuc :

x* +2006x° +1006009x% + x —/2x +2007 +1004 = 0.

Bai 2.
Chimg t6 ring néu x,, x; 13 cac nghiém cua phuong trinh :
X —65+1=0
thi véi moin € N, sb X, +x; 1a mét s& nguyén khéng chia hét cho 5.
Xét cac so thuc duong a, b, ¢ thoa dicu kién :
2006ac + ab + bc = 2006. .
' 2 % 3
a’+1 b 42006 c*+1’

Tim gié trj 16n nhét cia biéu thirc P =
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Bai 4. '

Cho hinh thang ABCD c¢6 ddy nho 1a AB. Mt dudng tron qua B va
C tiép xuc v6i canh AD tai E, mot dudng tron qua A va D tiép xvc véi canh
BC tai F. Hai dudng tron nay cét nhau tai 2 diém M va N. Ching minh ring
hai tam giac EMN va FMN c6 dién tich bing nhau.

”

H DAN GIAI
Bai 1.

bK:x2>- 20207 (*). Phuong trinh tuwong duong :

x*(x? +2.x.1003+10032)+%(2x+2007—\/'2x+2007 +1)=0

& x2(x +1003) +%(\/2x +2007 -1)2 =0

x(x+1003)=0 1003
=S O X=-
V2x+2007 -1=0
(thoa (*)). Vay nghiém cua phuong trinh l1a x = -1003.
Bai 2.
+ Trudce hét ta chimg minh :
Véimoin e N, s§ x" +x3 13 s6 nguyén. ™)
Ménh @& dung véin=0,n=1,n=2.Tacé
X! +x; =1+1=2;
x| +x) =6 xF+x} =(x,+x,)" —-2x,x, =6 -2.1=34.
Gia sir ménh dé (*) ding véin=k - 1. Véin=k, taco:
XK+ x5 = (%, + %) x5~ xx, (xF 7 +x577)
=6(xt " +x57 )~ (X +x57)

k-1 | k-1 k-1 |, k-t k=2 , k=2
=5(x7 X3 )+ (X X)) = (X +%,7). (**)

Do d6, néu(x*" +x*) va (x¥ +x%™) 14 cdc sb nguyén thix; +x}
12 mot sb nguyén, tir d6 theo nguyén tic quy nap thi x! +x} 1 mot sb
nguyén véi moi n. .
.+ Bay gid ta chimg minh x" +x? khong chia hét cho 5 bing phan
chimg. Gia sir c6 cac sb tu nhién n sao cho : X; +X; chia hét cho 5.

Goi no 12 s6 tu nhién nho nhit ma x™ +x% chia hét cho 5.




Theo (**) thi hiéu (x™' +x}*™)—(x™ 2 +x%?)ciing phai chia hét
cho 5. ) | |

- Thé k boi n, -1 trong (**) ta duoc : _ ‘

X+ xg“" =5(x 7 + X2 )+ (x]? +xP )~ (x4 x5

T d6 sﬁy ra: ‘

R e s S B (GRS Sl B C R V)
ciing phai chia hét cho 5. Diéu nay trai voi gia thiét n, 1a sé tu nhién nhod
nhit ma x™ +x% chia hét cho 5. Do d6, gia thiét x! +x} chia hét cho 5 1a
khéng ton tai. ‘

Vay x| +x; khong chia hét cho 5 v6i moi n.

Bai 3. .
}Tirgiéthiéttasuyr.a ac+ ab + be =1:ia, b,c>0néht6ntai'
2006 2006 '
A,B,Ce(0,n)saocho A+B+C=m. Vavi
tgétgg+tggtg9—+tggt é—1—ac+ ab + be
7 B TR TGRS 2006 ' 2006
nén néu dit a=tgé;—l—)—-—=tg2;c=tgg thitaco:
2 2006 2 2
P= 2 2 + 3 =2coszé——2sin2§+30052£
2A l 2 2
tg® —+1 +1 tg°—+1
2 tgzg . 2 :

2 g
=cosA+cosI§+3—f3sin2%:—35in2-§+2sin%cos —B+3
s~—“3sin2—(-:-+35in29—+lcos? ~B,+3S—1—+3=1-q.

2 2 3 2 3 3
CcC 1 A-B
‘T d6 : (V3 sin——~—=cos 2>0
( ] 5 ) 20
@25ingcosA_BSBSinZ—C—+lcoszA_B'.
2 2 3 -2
' cosA;B=1 _ A=B
Déu “=" xay ra khi va chi khi <4 C 1
S . A-B sin—=—
' 3sin— = cos 2 3

2
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5

1 2
Suyra: c=—=;a=—;b=10032.
Y 2v2 2

1 2

— a="2.5=1003V2.
22 2

Viy Max P = 1—39 khi c=
Bai 4.
Goi I = EFAMN; K = ADNBC; P = EF(ADF); Q = EFN(BCE)
(ADF) = (0); (BCE) = (0’). |

Taco:
PK/(0)=KF*=KAKD (1);
PK/(O)=KE*=KBKC (2)
KF? KAKD KF? KA? KD KA
Suyra: - = & ——=—= (do = )
KE? KBKC ~ KE?* KB KC KB
KF_KA_KD {KF.KB =KAKE (3)
KE KB KC ~ |KFKC=KEKD (4)
Taco:

EA.ED = (KE - KA)KD - KE)
=KEXKD - KE* -KA KD +KAKE
FB.FC = (KF - KB)(KC - KF)
=KF.KC -KF?-KBXKC +KBKF
Tir (1), (2), (3), (4) suy ra : EA.ED = FB.FC
Talaicod: EA.EED=EPEF =- '/%E/(O)

FB.FC =FQ.EF = - 'OfF/(O’)
Do d6 : EP.EF = FQEF = EP=FQ. (5
Mait khac, MN la truc ding phuong cua (O) va (O’), I € MN nén 8
S0y =Hoy < IFIP =1EIQ =N IF.(IE + EP) = IE.(IF + FQ)
S IFEP=IEFQoIE=IF
Diéu d6 chimg t6 : Semn = Spmn (dpem).

8

TR T NGUYEN DUY HIEU, TINH QUANG NA

Giai phuong trinh sau trén tip sb nguyén:

ls—lx—«/2x+ =3y—/d4y-1+2.




Bai 2.
Tim da thirc P(x) v&i hé s6 thuc théa man ;

P(x)= ,/P(x +1)-7+6,Vx > O
P(2000) = 2006. -
Bai 3.

Trong mit phing cho 6 diém khac nhau sao cho, cic dudng thing
ndi timg cap diém trong 6 diém nay khong ¢6 ¢dp dudng thing trung nhau,
song song hay vudng goc nhau. Qua m3i diém ta ké cac dudng thing vuong
goc VO’l tht ca nhung duorng thing c6 thé dung duoc va khong qua diém do,
tim s6 giao diém nhxeu nhét cua cac dudng thﬁng vudng goc do.

Bai 4.

Cho duong tron (O) dudng kinh AB = 2R, tiép xuc dudng thing (d)
tai A. Diém C bét ki trén (O), tir C dung tia vudng goc va cit AB tai D, trén
tia nay lay diém E sao cho CD,DE cing chiéu va BC =DE. T E dung céac

t1ep tuyén EP, EQ véi duong tron (O) véi P, Q 1a cac tiép diém. Duodng
thang EP, EQ theo thir tu cit duodng thiang (d) tai N, K. Hay tinh d6 dai NK
theo R, khi C di dfng trén (O).

‘ H : r 4 E 4 2

Bai 1.
-V2x+1=3y—-/4y-1+2 (1)

1
X2-—

12 x20
Piéu kién yZZ &y y2l

Xx,yeZ X.yeZ

\

(1)<:>%x—3y—2=\/2x+1'—\/4y—~1 Q)

bat p=1—51—x—3y—2; (2) tré thanh p=J2x+1 4\/4y—1

& p+Ay—1=V2x+1= p+dy-1+2pJdy -1 =2x+1
= p’-2x+4y-2=2pJdy -1 (3)
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Taco 4y -1 khong 1a s6 chinh phuong, that vay glé st
4y-1=n’, neZ,
vé trai 12 s 1é nén n = 2k + 1, khi d6
4k  +4k +1=4y-1= 2K +k-y)+1=0, v li!
Do d6 (3) chi dung khi p = 0, vay ta c6 hé
11 ;
—x-3y-2=0 X = ‘
Sx Y- <:>{ _ (thoaphuongtrmh(l)).'
2x+4y-2=0 V7
Bai2. |
Theo & bai ta c6

P(x) = P> +1)-7 +6,¥x 20 (1)

P(2000) =2006 (2)

Do d6 P(2000* +1) = (P(2000) - 6) +7= 20002 +7(3)
Piat x, =2000% +1 thi tir (3) taco P(x )=X,+6

Piat x, =x,”+1 khi d6 tr (1) ta c6

P(x,}+1) = (P(x,)-6)" +7=x7+7,nén P(x,) =X, +6.

Bing quy nap theo quy trinh d3 chon nhu trén ta tim dugc vo han sb
hang X,,X,,....,X,,.... théa:

} X, <X, <. <X, <.nVOi X, =%,  +1 va P(x,)=x, +6.
Khi d6 da thirc Q(t) = P(t)—(t+6)c6 vo han nghiém x,,X,,....,X,,....suy ra
Q(t)=0,vt

Viy da thic cin tim 12 P(x)=x+6.

Bai 3. . ) i : ]
Theo dé bai ta c6 sd dudng thing xac dinh tir 6 di€ém cho trudc A,
B,C, D, E, Fla C}=15. Qua mdi diém c6 5 dudng thing, do do c6 10
dudng théng khong di qua diém d6. Ta xét hai didm bét ki, gia sa A, B : cac
duong thﬁng vudng goc ha tir A xudng cac dudng thing qua B, ct tat ca cac
dudng thing vudng goc ha tur B.

TRUONG HQP 1. Cé 4 duong qua B ma khong qua A. Vay trA ta
ha dugc 4 dudng théng vudng gdc vdi 4 duong thing d6. Bén duong thing
vudng goc nay cét 10 duong thing vudng goéc ha tir B tai 4.10 = 40 giao
diém.

TRUONG HOP 2. Ha tir A con c6 6 dudng vudng goc nira (c6 10
dudng khong qua A, trir dl 4 dudng qua B khong qua A), moi dudng nay s€
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cit 9 dudomg vudng géc ha tir B (trong d6 colduorng song song dudong con
lai), vay cé them 6.9 =54 glao diém.

Trong sb cac giao diém da xét c6 cac giao diém trung nhau, ctr mdi 3
giao diém tao thanh mot tam giéc ma 3 dudng cao cia nd la 3 ~duong vudng
goc da xét, vay tryc tdm cia cac tam gidc nay dugc ké 3 14n, sb cac tam giac

ndyla C] =20. .
Viy sb giao diém nhleu nhét c6 the 12 15(40 + 54) — 40 = 1370.

Bai 4.
* Tacd

EP’ =EQ’ =EOQ’* -R? =ED’ + OD? —-R?
=BC? - (oc2 OD?)=BC?-CD? =BD?

B
v P Do d6 EP = EQ =BD.
‘ ' -~ *PatAK=KP=x;
‘ NK=’y;EP=EQ=BD=Z.
0e) - Ta ¢6 (0) la dudng tron bang
\ RY E tieép cia tam giac ENK do d6 4

C

Dy\
AK N

sAENK = (p-KE)R = %AD.NK

X+z+y+EN
2
<:>y(2R z) (x+z+y+y+x-2x-2z-2z)R

< y=2R.

<= y(2R—) (— -x-2z)R

TRUONG THPT CHUYEN LE QUY DON, TINH BINH DINH

ki) |
Cho ham f: N> N\ {1 }thoémin'

fin) +f(n+1)+120= f(n + 2) f(n + 3) véi ne N
T1nh f(2006)




Céc so thuc a, b, ¢, d thoa man

0<a<b<c<d

<l+2+g23
a b ¢
3+—422
(b ¢

Chimng minh : a* +b* +¢* -d* <17.

ai 3.
Céc sb thuc a, b, ¢ duong thoa mén a’+b2+c?+2abc=1.
Tinh gia tri nhé nhat cua
: 1 1 1 2,42, 2
T=—s+ + —-{a”+b +c” ).
1-a> 1-b? 1-c2‘( )

Bai 4. ‘

Cho AABC nhon. Goi (Ag), (Bo) va (Co) 1a cac duong tron dudmg
kinh BC, CA, AB. Tir A, B va C ta ké céc tiép tuyén t6i (Ao), (Bo) va (Co).
Cic tiép tuyén nay tiép xiic v6i cac dudng tron trén tai A |, Az; B 1, By va
Ci, C;. Chimg minh r‘éng 6 diém A, A; By, B, va Cy, C; cung nam trén mot
dudmg tron (C). Tinh ban kinh ciia (C) theo céc canh ciia AABC.

HUONG DAN GIAI
Bai 1.
Ta c6 f(2k + 1) — f(2k - 1)
= [k + 1) + f(2k) |-[f2k) + f(2k-1) ]
= f(2k + 2)[f(2k + 3) - f(2k+1) ]
Do d6

£(3)-f (1) = £(4)£(6)..£ (2k)|f (2k +1) - (2k ~1)|

véi keN ,k22. Néu f(3) =f(1)thi f2k + 1) # f(2k - 1). Do d6

[E(3)-f(1)| 22" véi ke N,k >2. (Didu nay khong thé xay ra.)
Viy f(3) = (1), suyra fQk + 1) =f(2k - 1) = a.

Tuong ty f(2k +2) =f(2k) =bvédia, b e N";a,b>2 va Vke N*, va
tir gia thiét ta c6 :
a+b+120=ab < (a-1)(b-1)=121=11?




a-1=b-1=11

b=2
a-1=121
= {b 121 - < b=12
- b=122
a-1=1
| |b-1=121
£ (2006) =2

Vay ta c6 két qua sau: | £(2006)=12 .
£(2006) =122

Bai2. o )
Ap dung bat ddng thirc C6-si cho 4 so ta co
1+3a*>4a®, 2°+3b*>8b%, d*+3c*=4d¢?
Cong 3 bét dang thirc trén ta dugc ' ‘
17 +3@" +b* + ¢y +d* 24a® + 8b° + 4dc® 6}
BMa=l+2+§gB=z+§;y=itm
a b c b ¢ c
4a’ + 8b’ + 4dc’ =4a’ (a —B)+4b* (B—y)+4c’y
=4a‘a+4(b* —a*)B+4(c* -b')y .
>12a* +8(b* —a*)+4(c* -b*)
=4@a* +b* +c!) (2)
Tir (1) va (2) ta duoc didu phai chimg minh.
© Bai3. ,
Tiur gia thiet thi 0 <a, b, c < 1.
Do d6, ddta =cosa, b=cosf,c=cosy vdi 0 < a',‘B, y < g— thi
cos’ o+ cos’ B+cos? y =1-2coso.cosP.cosy
gia thiét tré thanh -
. 0< a, B9‘Y < 5

a+B+y=mn

Suyra { n (1). Khi d6
0 <aaB9y <5
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1 1 1 . . .
T=———+—S—+———+sin*a+sin’f+sin’y-3.
sin“a  sin“f sin‘y

Vi (1) thi ta luén c6 sin® o +sin B+sin’y < —3— va
' _12 + ,12 + .12' >4,
sin“o0  sin“f sin‘y
Ap dung bit déng thirc Cd-si cho 2 sbtacod

)

v

sin’ o + ——
16sin“ o

v
lw W

sin’ B+
P+ T6sntp

v

)
.Sin +
Y l6sinty 2

.7 1 1 1 7
Vi —| —— 5=+t |2~
16\sin“a sin“f siny) 4

Vay T 2143 suy ra minT = % khi

) . ] 3 1
sina =sin=siny=—<¢>a=b=c=—.
B r=- > A 5

Bai 4.
Ké dudng cao AA’. Goi H 14 tryc tim AABC.
Ta c6 BDHA’ ndi tiép nén ta dugc

AH.AA’ = AD.AB = AA,” = AA =k )
Xét phép nghich dao
NAk . A] = A1 :
A Ay )
-A’» H

Ta'c6 5 didm A, Ay, A’, Ao, Az cling nim trén dudng 5
tron (AAo) dudng kinh AA, . (3)

T (2) va (3) thi Na*: Aj1A; > (AAy).
SuyraHe A A

vai HA HA, =HAHA' 4)

Tuong tu goi B’, C’ 1a chén dudng cao ke tir B, C
cua AABC. Ta dugc

HB HB,=HBHB' (5




HC, HC,=HCHC' = (6)
Do H la tryc tim AABC nén HAHA'=HBHB'=HCHC'. Tt @), (5), (6)
ta cod HA,HA, =HB HB, =HC, HC,. (7)
AA,, BBy, CCo 1a cac dudng trung truc cua AiA,, B;B,, C,C,. Két hop vai
(MHthib diém A 1» Az, B 1, B2, Cy, C; cling nim trén dudng tron (C) tdm G

(G la trong tam AABC ).

Goi R 12 ban kinh cia (C). Do G thuoc AAj nén su dung dinh li
Stewart ta duoc ‘

2
GA,Z _a 240 +c?
18
2 2 2
tir d6 R = GA, =§,/a—f—z—i°—.
10

DUY TAN, TINH PHU YEN
ail, , o
Cho ba s6 thyc duong a, b, ¢ thoa dieukién a+b+c=1. Tim gia
tri nho nhat cua biéu thirc
1 1
= + .
1-2(ab+bc+ca) abe

PEPN

Bai 2)
Cho da thirc bac 4:
P(x) = 2006x* + 2004x° + 2007x + 2003x + 2005.
Chimg minh ring: P(x) > 0 Vx € R.

Bai 3. , . v

Cho hinh thang cdn ABCD (AD = BC) ndi ti€p trong dudng tron
tdm O ; mdt dudng thing A song song v&i AB cat dudng tron lan luot tai M,
N. Chung minh ring truc tim cua cic tam gisic AMD, MCB, CAN thing
~hang.

Bai 4. A :
Cho tir gidc ABCD c6 AB cat CD tai E, BC cét AD tai F. Ching
minh ring céc truc tdm cia bdn tam gidc ABF, ADE, BEC, DCF thing
hang.
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Bai 1.

M2

yoNG DAN GIA

Theo gia thiét : 4
atb+c=1< a2+b2+c2+2(ab+bc+cb)=l
& 1-2(ab+bc+ca)=a’+b’ +c%

M duoc viét lai : M= — 12 2+a+b+c
a“+b +c abc
1 1 1.1
I R DN LR A
a"+b”+c” ab bc ca
Taco: (ab+bc + ca)(~1—+i+—1—) > 9 (Theo BDT Cé-si).
ab bc ca v

1 1 1 9
SRR S —
ab bc ca ab+bc+ca
Ta dugc: '
1 9. 1 2 7
TN =5 3. 27 + .
a“+b"+c¢” ab+bc+ca a’+b +c” ab+bc+ca ab+be+ca
Ap dung BDT Cb-si cho ba sb duong, ta c6 :
1 2 | I

+ 3. :
a’+b’+c’ ab+bct+ca i/(a2+b2+c2)(ab+bc+ca)2

va {/(a2 +b’ +cz)(ab+bc+c‘a)2 <

Lal+b +c +2ab+2be+2ca _(a+b+c) 1
— 3 "< b 3 ""3-

2 12 2+ 2
a“+b“+c” ab+bc+ca
a2.+b2+c22ab‘+bc+ca ‘
< a’ + b+ ¢ + 2ab+ 2bc + 2ca > 3(ab + be + ca)

Vi thé

29.Taciling co :

& (a+b+c) 23(ab+be+ca) e 123(ab+be+ca)
1 >3 7

—_— e 308 |
ab+bc+ca ab+bc+ca

Tadwoc M 29+21 =30. Ddu“="xayrakhia=b=c=

1
3



VayminM=30khia=b=c=—;—.

Bai 2.
Trudng hop 1 : Néu x > 0 thi p(x) > 0.
Truong hop 2 : Xétx <0. Taco:
,.x4+x3+x2+x+1=(x4+x3+lx2)+(}-x2+x+l)+—l—x2
4 4 2
= xz(x+—1—)2 +(lx+1)2 x50
2 2 2 _
Ta viét lai P(x) :
P(x) = 2x* +2004(x +x3 +x? +x+1)+3x ~-x+1
=2x* + 3% +(—x)+1+2004(x +x+x2+x+1)>0Vx e R
Viy P(x)>0; Vx e R. |
Bii 3. .

Goi Hy, Hy, Hy lan luot 12 tryc
tim cua cic tam giac AMD, MBC,
CAN. R{ rang ba tam giac nay déu ndi
tiép chung dudng tron ngoai tiép hinh
thang cAn ABCD. Theo tinh chét truc
tdm, ta co :

OH, =0A+OM+0D (1)

OH, =OM +0OC+OB (2)

OH,=0C+0A+ON (3)

Tu(l)va(2)suyra:

—_— —— e

OH OH =0A-0B+0D- OC@HH =BA+CD (4)
Tuong tu, taco : H2H3 =NM+AB (5)
DoAB//DC//MNnénﬁ)‘:aE,W:BTB
Vay tir (4), (5) suy ra

HH =(a- 1)AB HH ([3+1)AB:>HH—tHH

Do d¢6- H,Hz'-// H,H3 , suy ra Hy, H, H; thang hang (d.p.c.m).
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Bai 4.
Trudce hét ta chimg minh bdn dudng tron ngoai tiép bdn tam giac c6
chung nhau m¢t di€ém P. , i

Goi P 1a giao d diém cta (EBC) va (CDF) thé thé thi
CPE =180° — CBE =180° — (BAF + BFA)
= CPE +CPD =180° - EAD

= EPD + EAD =180°.

AL

' Suy ra tir gidc ADPE néi tiep, vy du&ng tron (ADE) qua P.

Tuong tu, ta chimg minh dudng tron (ABF) ciing di qua P. Goi M,
N, R, S 12 chan cic dudng vudng goc ha tir P xudng AB, CD, BC, AD. Suy
raM,N,R, S thang hang (Pudng thing Simson). Goi H,, Hy, H3, Hy 14n tuot
14 truc tAm cac tam gidc ABF, ADF, BEC va DCF. Theo tinh chit duong
' théng SimSon, suy ra trung diém coa PH,, PH,, PH;, PH, niam trén dudng
thing Simson MNRS. Tir d6, H,, H,, Hs, H, thing hang (dpcm).

11

TRUC HUYE AN CHANH, TINH PHU YE

Bai 1. ’ :

Cho x,y,z lacéc s6 thuc thoa mén :
X+y>0x+z>0;,y+z>0;xy+yz+2x>0.

L




Chu'ngmmhrang X.a +yb2+zc 24xy+yz+zx .S
- (ab,c 13 d6 dai 3 canh tam gi4c, S 13 d1en tich tam giac).
Bai 2.
' . . A B C
- Cho tam giac ABC théa cotg3+2cotg—2——23cotg—2— =0.
Tim GTNN cia cosC. ’
Bai 3. :
Cho tam thirc f(x) =x* —2mx + 1, m € (—;— %J Giai phuong trinh
[f(x)]* - 2mf(x) + 1 = 1)
Bai 4.
Cho dufmg tron tAm O ban kinh R va mét diém A trén du'orng tron
d6, trén tiép tuyén véi duorng tron tai A 14y diém M sao cho MA = R.

QuaM du’ng mot cat tuyén thay dbi cit (O) tai Bva C (B ném gitta M va
C). Tim vi tri B, C sao cho Sapc dat gia tri 16n nhét.

HUONG DAN GIAI

Bai 1.
Tacd:x.a +yb2+zc = x(a? - b’ - c)+(x+y)b2+,(x+z)c2
= — 2xbc. cosA + (x + y)b* +(x + z)c?

> ~2bex.cosA +2,/(x +y)(x +2).be (Co-si)

hay x.a% +y.b* + z.c? > 2bc(,/(x +y)(x+2z)- x.cosA)'.

Ta lai co:

(x—,/(x+y)(x+z).cosA)2 >0 | ‘
::>,x2 +(x +y)(x+z)cos’A —2x,/(x+ y)(x+2z).cosA20

Tu doé :

(x+y)(x+z)+ xzcoszA—Zx,/(x+y)(x +2).00sA —(xy +yz+zx)sin2 A>0
o (,[(x +y)(x+2) --x.cosA)2 2 (xy + yz+2x).sin’ A
= J(x+y)(x+2) -x.cosA 2 J(xy +yz+2x).sin A

Do d6 : x.a> + y.b> + z.c? > 2bcy/xy +yz+zx.sinA. Ma 2bc.sinA =48
Vay x.a’>+ yb? +z.c? > 4,/xy +yz+zx.S (dpcm). |




Bai 2.
Tir gia thiét ta c6

A B .. C
cotg—+2cotg——23cotg—=0" 1
83 g‘2 g (@)
Ta dua (1) vé dang
B C C A A C '
tg—+cotg—)+ tg—+cotg—)+ tg—+cotg—)=0.
‘ x(co’g2 cogz) y(cog2 og2) z(cog2 cogz)
Pbng nhét cac hé sétadugex =-11,y=12,z=13. Do d6
B C o A ‘ A B
11} cotg—+cotg—= |+12| cotg—=+cotg— | =13| cotg— +cotg—
(cog2 c gz) (ng,Cng) (gogz cong

. (B C . (C A . (A B
sin 5+E ~ sin —2—+—2— sin —2—+—2—
11 +12 =13

‘sin—sin— sin —sin — sin —sin—
2 2 2 2 2

=

=1 lcosésin'l—x~+12cosgsin-}i = 13cosgsinE
2 2 2 2 2 2

= 11.sinA + 12.sinB = 13. sinC

= 1la+12b=13¢

= (11a + 12b)* = 169¢>

= 121a® + 144b? + 2.132.ab = 169(a’ + b* — 2abcosC)

= 2ab(132 + 169 cosC) = 48a® + 25b% > 2.20+/3 .ab

s cosC > 20¥3-132.
169 |
Déu bing xy ra khi va chi khi 4+/3a = 5b. Vy mincosC = 20\/156 ; 132

Bai 3. :
(1) © (x*-2mx + 1 - 2m(x* - 2mx +1) + 1 —x=0
S A+ M =263+ DRx+ Dm+ (X2 + 1) +1-x=0(2)
Xét vé trai cia (2) 1a tam thirc bac hai theo m, x 1a tham s6, ta c6 :

A'=(x*+1)° (2)(+l)2 —4(x2 +x)|:(x2 +1)2 +1—x]
= x* +4x2 +1+4x° - 2x* - 4x

=(x2 +2x—1)2.

x'—x+1 _  x*+x+2

9m2 -
2% 2(x+1)

Nghiémcua (2)1a: m, = . Ta viét lai :




) X7 =x+1{|  xT+x+2
4(x +x)[m > ]{m ——-———2(x+1):|—0
& [—@m+ Dx+11[x - [x* - @m + Dx +2-2m] =0

- x’—2m+1)x+1=0 (3)
A% -Cm-Dx+2-2m=0 (4)

Taco: A, =(2m+1)2 —4=4(m——12—)(m+%) va

2 -
1+2J§)(m+1 2J§)

A, =(m+1)? -4(2-2m)=4(m + 5

. 1.4 >0 A s : i
Véime | —;— |= , do'd6 (4) vo nghiém va (3) c¢6 2 nghiém
25 2,<0

_2m+1—-./(2m+1)2—4 ) 2m+1+y2m+1) -4
- 2 P 2 '

Vay phuong trinh (1) c6 2 nghi€m x, x,.
Bai 4. ‘
Goi 1 1a trung diém cua BC,
dung AH 1 BC (He BC).
Gia sir gobc HMA = a..
Qua O ké OP L AH, suy ra ZOAP = a..
Ta co: :

Sapc = %AH. BC = AH. IC

X,

B
_RsmoC o
=Rsinam | M A
=Rsinam

Ta c6 HP = AH — AP = R(sina - cosa). Suy ra
Sasc = Rsina \/R2 ~R*(sina - coson)2 =R’ sina+/2sin acosa

-R? J2sin® e.cosa. .

Tacéd:

, 3 .
. 2.2 e
X - sin’ o
sin‘a.cosa = /sin® a.cos’a = \/27( 3 ) cos’or < -
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» 2 2\
< \/27(%——(}?%&] =,[27 F=3—1\é—§~ (Ap dung Co-si cho 4 sb)

'DOdOSABC_Rz\/—\/Sln a.cosa <R*2. i——%
27

Vay Max Sapc = J§ R%. Diu“=" xay ra khi va chi khi

.2 .
sin’ o, ‘
=cos’a & tgla =3 ¢ tga =3

(ot ludn nhon) hay o = 60°.
Vay céc diém B, C cin tim 14 giao diém ciia cat tuyén M, hop MA
mét goc 60° véi (0).

12

) Y ~ LY

I PT

Tim x néu [—3-}+[i}= 5.
X X

Bai 2,
Cho céc sb thue duong a, b ,c. Chimg minh ring :
(2a +b+c)’ L_(2b +c+a)? L (2 +a+b)’
2a’ +(b+c)’  2b’+(c+a)’ 2’ +(a+b)’ "

Bai 1.

Bai 3..
Giai phuong trinh x* -3x =vx+2.
Bai 4.
, Cho tam gidc ABC cén. Duong tron ndi tiép tam giac tlep xuc voi
AB tai T. CT cit dudng tron tai K. Gia sa K la trung diém CT va’

CT=6v2. Hay tinh d$ dai cac canh cta tam giac ABC.

HUGONG DAN GIAI
Bai 1.

Ta xét cac trudng hop:
a) Néu x < 0 thi 3 <0 :‘[i}s
X

2 <0.
X

X




Tuong tu ta co [i] < 0. Vi vay PT vo nghiém.
. X .

b) Néu x > 0 thi 3.4 = {3] < [i] .Tir tinh chét nay va dinh
X X X X

nghia phin nguyén , ta ¢ ba trudmg hop:

HRNEE

Tu [z] =0suyra0 < 3<1suyrax>3
X ' X :

Vi[i] =5suyral < i<6hay1'21—2- <x < i
X X 3 5

- Céc khoang nay khong c6 x nao thoa mén.
* |:__3_:|=1 va [i]: 4.
X X

Tu [i]ﬂ suyral < 2 <2suyraE <x < 3.
X X 2

Vi [i}=4 suy ra g— <x < 1, ciing cho ta diéu v6 li.
x| .

et

Tadugc 1 <x < g
A £ 4
Viy dap so: 1 <x S‘E .

Bai 2. ‘ v
_ Nhén xét ring (1) ding vdia, b, c thi cling dung véi ka , kb , ke. Vi

viytacod quyéngiasi: a+b+c=3.

@+3)’ . (b+3)’ . (c+3)

Tacé (1) < <38
Tacs(D @ S G ay | 208+ (-b) 26 +(-c)
2 2 4 6x+ x+
Taxet O _Lxr6wo 1 86
' 2x°+(3—-x) Ix -2x+3 3 X —2x+3
33

3 T(x-1)2+2

47




Vivay VT < 4+ %(a+b+c)=8.
DAu = xay ra khi va chi khi a=b = c. (BPCM)

Bai 3.
Trudc hét nhan xét réng néu phuong trinh c6 nghiém x thi pha1 co
-2<x<2.
Tird6 ta dit x =2cost voi 0<t<m. Phuong trinh 4 cho tr¢ thanh

8cos't—6cost=+/2cost+2 hay2cos3t = 2cos%.

T d6 ta c6 nghiém t=0,t =i,~;£,t =% Do d6 tdp nghiém cua phuong

trinhdichola T= {2 2cos 45 2cos :4—73}

Bai 4.
Goi K 1a trung diém ctia CT va L 14 tiép diém cuia duong tron véi

canh BC. Thé thi : CK = %CT *
Khong tinh tong quat ta xét hai trudng hop:
* TH1: AB = AC hay b=c. Suy ra L trung diém cia BC
CL? =CK.CT= %CTZ

Tic1a a?/4 =36 haya=12 (1)
Ap dung dinh li c6sin trong tam giac BCT, vai B= ABC :

CT? =BT’ + BC?-2BT.BC.cosp

& 72=2a%/4 +a’ - 144. cosPp < cosP = % 2) (dQ (1))
Mit khéc, 4p dung dinh li cosin trong tam gidc ABC, c6

b2 =c? +a? -2ca.cosp < cosp =a/2b (3)
Tua(1),(2)va(3),tacd: (a, b, c)=(8,8,12).

* TH2: AC = BC hay a = b. Thé thi T 1a trung diém cua AB. Ap
dung dinh li tiép-tuyén :CL?*=CK.CT = lCT2 (do (*)) hay

(a-cl2)? = 36
Suyraa=6+ c/2 (4) Ap dung dinh Ii Py -ta-go cho tam giac BCT :
a’=c/4+72(5)
T (4)va(S):c=6. Vay : (a,b,c) =(9,9,6).
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THPT CHUYEN KON INH KON TUM

Giai phuong trinh

(x+Dyx?=2x+3 =x* + 1. (1)

Bai 2.
Cho f(x) = |ax +bx+c|\/l x’ <1 v01m01xthuoc doan[ 1; 1].
Chimg minh ring :
a)lal <4. :
b)|ax +bx+cl <3
Bai 3. '

Cho tam giac ABC, ¢6 cac canh BC = 2, AC=b, AB = c va m,, my,
m, lan lugt 13 d$ dai cua cac dudng trung tuyen xut phat tir cac dinh A, B,
C. Chung minh ring : Tam gidc ABC d&u khi va chi khi

a+b+c= 2\/m +m +m

ChotaphopD={1,2,3,4,5,6,7,8,9,10, 11,12 }. Tim 58 tap
con D sao cho phuong trinh x + y = 13 v6 nghi€ém trén maéi tap con do.

HUONG DAN GIAI
Bai 1. |

Tap x4c dinh cua phuong trinh 13 & = R.

Dt (x2-2x+3 =t,v6it> 2 .

Khi d6 phuong trinh (1) tré thanh (x + Dt =x>+1 (2).
Q) xP-2x+3-x+Dt+2x-1)=0
t=2

t=x-1
*Véit=2,tacd ,/x2—2x+3 =2 e x*-2x+3=4
x=l—\/§_

x=1+\/—2_.

Bai 4.

<:>t2—(x+1)t+2(x—l)=0<:>[

<::>x2—2x—1=0c>|:

OLYMPIC MON TOAN - 4 ' - 49




Bai 2.

*Véit=x-1,tacd \/x2—2x‘+3 =x-1

{x—l >0 {le ,
= _ SO xed ‘

&
x?=2x+3=(x~1) 3=1

Vay tap hop nghiém cua phuong trinh 1 {1-v2; 1442}

a) Tur gia thiét ta c6 :

. 1 ! ‘
f[——@) ="-3—€i+——\/—§-b+c 51=>"3a+2bs/§+4cl-<—8,
2) 2[4 2 |
| f0)=|c|=1,
1 ' '
f(——?)*g %——?b + cl <l= ISa ~2b3 + 4c| <8.

va - |
(6al = [3a+3a+ 263 ~2b3/3+4c+ 4o 8¢|
< [3a+2bv3 +4c|+[3a-2bv/3 + 4| +[8c| < 8+8+8=24

Suyralal <4.

b)*'Xétx € (l/;’.;]],tacé:

0<23x=3<23-3=!23x-3] <] 243 - 3]
0> 23 —4x> 2J3-4 =] 23x - 4x| <| 24/3 - 4|
va 23 |ax® +bx +cl =] 2¥3ax? + 23 bx + 243 ¢|

=] @a+ 2¥3b +do)x # ax(2V3 x -3) + ¢(24/3 - 4x)

<[3a+ 243 b+ 4c)|x| + [allx] 2v/3 x -3] + [c]| 24/3 —4x|
<8+4 243 331+| 243 -3|= 63

Suy ral aXz +»bx+c| <3
*Xétx e [—l; _.‘/_EJ,tac():
' 2

23 +3<23x+3<0=>]| 243x+3] <|-243 +31,
4+ 243 <dx+ 23 <0 ]4x+ 23| <-4+ 243 |
va 243l ax® +bx + ¢l =] 2J3ax* + 23 bx + 243 ¢|
=|—-2\/§ax2— 2\/§bX—c‘ ' S

=] (3a- 2y3b+4c)x — ax(2V3x + 3) — c(24/3 + 4x)




<|3a-2fb+4cll)d +|al|>d|2J§x+3l +|d | 243 + 44
<8+4-23 +3| +|-4+ 23| =643

Suyralax +bx+c|<3

*Xétx e [.._‘/___ £] tachd:

: 2 2
‘|x|<—\-/§—:> §—=>1—-x2 1
2 27T T

v
W -

Suyralax +bx+cl <= =3

Véy|ax +bx+c| <3,Vxel-L; 11.
Bai 3. _
* AABC déu = a+b+c=21/m2+m2b+mf
Vi AABC ddunéna=b=cvam,= mb~ﬁxc—i£

2
Khidéa+b'+c=3a,vé
2 2 2
2Jm? +m +m? =z\]3a PSS Y
, 4 4 4
Viy a+b+c=2m’ +m! +m? .
* a+b+c=2m’+m!+m’ = AABC déu.

Tacéd:
2, . 2y_ 2 2 2y_ 2 2 2y A2
m;=2(b +c) a,m§=2(c +a,) b ’mz___Z(a +‘b) c
4 4 , 4
Do d6

r

—g-a=\/2(m§+mf)—mi

«-32—b=\/2(mi+mi)—-mf,

%c=\/2(m§+mf,)‘—m’f

suy ra

-—(a+b+c) \/2(mb+m) —m? +J2(m +m})- —m? +,/2(m? + m?)—m?
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Ap dung bét déng thic Bu—nhi—-a—cép——xki, ta duoc:
- 2(m +m?)-m? +y2(m? +m?)-m} +/2(m? +m2)—m’ <V3.3(m? +mi+m?)

hay:
z(a+b+c) < V3.3(m! +m*+m}) & a+b+c=2m?+ml+m? .
Dau dang thirc xay ra khi:

\/2(mb+m) m, —\/Z(m +m2)- mb—\/2(m +mb) m’

< ml =m!=m} = m,=m,=mhay AABC déu.

* Viy AABC déu & a+b+c=2\m’ +m; +m’ .

Taco61+12=2+11=34+10=4+9=5+8=6+7.
bit: A;={AcD|leAval2eA}
A)={AcD|2eAvalleA}
A;={AcD|3eAvalle A}
As={AcD|4eAva9e A}
- As={AcD|5eAva8e A}
A¢={AcD|6eAvaT7e A}
Goi B la tép hop tht ca cac tdp concua D. G01C1a tap hop tht ca cac
tap con ciia D sao cho moi tip con ay khong chira tron bét ki bd nao trong 6
bd s6 (1; 12), (2; 11), (3; 10), (4; 9), (5; 8), (6; 7).
Khi d6:
C=B\ (A)UA2UA3UA4UA5UA6)
=|cCl ~|B|\|A|uA2uA3uA4uA5uA6| (1)

TucachdétcacA,(l—l 2,3,4,5,6)vaC, taco Néu A e C thi
_phuong trinh x +y = 13 v6 nghiém, vi thé | Cl chinh 1a sb cac tap hop con
cua D cin tim. Ta co:

U -

n=|

" Bai4.

|A“|— Y |AnAl+ Y |ANANA |_
n=| 1<i<js6 i<i<j<ks6
A NA NANA| +
1<i<j<k<I<6
+ Y JANANANANA|-ANA NA NANA,|

1Si<j<k<l<ms6

Vi che Ai (i = 1,2, 3,4, 5, 6) c6 vai trd binh ding nhau nén:
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6 ‘
+ZIAn|=6|AI| ’ Z ]AimAJI=C§|A1mA2I=15|A10A2|;

n=| I1<i<j<6
|A; A NA,

Isi<j<ksé

=C}|A, NA,NA|=20(A, N A, A, (3)

[AiNA NA NA|=CHA NA,NA NA=15]A NA,NA NA,|

1si<j<k<l<6

> JANANANA NA,|= 6lA, NA,NA;NA, NA,|

Igi<j<k<l<ms<6

Tacod: _

+| Bl =2" =4096. (4), |

+ Vi AiNAxNA3INA, ﬁAsﬁA6 ={D} nén

AINANAINAL NASNAd =1, (5)

+ Mbi phin tir ctia A ¢6 dang {1; 12} UY), véi Y, 1a mét tép con

bat ki cia D\{I; 12}. Vi thé| A, | chinh bang so tdp con D\{1; 12}, tir d6:
| DV 123 =10 =] Al =2 (6)

+ M&i phan tir ciia | Aj N Aj c6 dang {1;12;2; 11} UY, véi Yo 1a
mét tip con bat ki cia D\{1; 2; 11; 12}. Vi thé | A, | chinh bing sb tap con
D\{1; 2; 11; 12}. Tir dé: \

ID\{1;2; 11; 12} | =8 =] Ain A,] =28 (7)

Tuong tu ta dugc: : '

+| AinAxNA; | =28, (8)

+| AinAINAINALL =24 (9)

+| AinANANAL NAS =22 (10)

Tir (2), (3), (5), (6), (7), (8), (9), (10) ta c6:

| AjUALUAZUAUASUAG]
=6.2'%~ 1528 +20.2° - 15.2* + 6.22 - 1 =3367. (11)
Tir (1) va (11), ta ¢6 s6 tép con ctia D cén tim 14:

4096 — 3367 = 729.
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TRUONG THPT CHUYEN NGUYEN DU, TENH BAC LAC

Bai 1. o |
: Tim da tnrc P(x) thod mén: -

P(P(x)) + 1 = [PA(x) + 2P(x) + (* + 3x + 1)2.
Bai 2. ’ , .
Cho n diém A,, Az, ..., Ay trén mat phing, khong c6 ba diém nao
théng hang, khong c6 4 diém nao tao thanh hinh binh hanh. Goi I}, I, ..., Im
13 tit ca cac trung diém tao thanh tr cac doan thing c6 diu mt 13 hai dlem
A, Ajnao d6 (1<i,j<n). GoiM 12 tdng d6 dai moi thing c6 diu mut 12 hai

diém A, A, batki(1<i,j<n). GoiNla téng do dai moi thing c6 dau muat 1a
hai diém I, I bt ki (1<i,j<m). Chimg minh rang:

2—
Nsn——in—”‘.M.

Bai 3.
Cho tam gi4c ABC nhon néi tiép dudng tron tim O M,N,Pla trung '

diém céc cung nhd BC, CA, AB. Trén canh AB ta lay hai diém A,, B, ; trén

canh BC lay hai didm By, C, ; trén canh CA 14y hai dlem C,, A; sao cho:

AA;=AA;=BB;=BB,=CC, = CCz
Léy Az 13 giao PA; v6i NA;z ; B; la giao MB, v01 PB; ; C; la giao
NC.; vdi MC,. Chirng minh rang AA;, BB3, CC; dong quy.

/ iu
g Cl’,10 a, b, ¢ 1a c4c s thuc khong ﬁm.thoé man:a+b+c=3. Tim gi4
tri 16n nhat cia : A = 9ab + 10ac + 22bc.
HUONG DAN GIAI
Bai 1. :
| P(P(x)) + 1 = [PX(x) + 2P(x) + (& + 3x + 1)’ (1)
Ta ¢6 P(x) = 0 khong thoa man, viy P(x) ¢6 dang :
P(x) a,x" +an lx "t +a,x+a0,(an #=0)
Khi khai trién hai vé cua (1) thi s& hang 16n nhit ciia P(P(x)) +1 1a:
a (ax") = =a"™'x"
Con sb hang 16n nhét ctia [P*(x) + 2P(x) + (x* +3x + 1) 1 1a:
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—((a x“)2 )2 =a’x"; n->2
((‘anxz)2 +x")2 =@ +1)’x*;n=2

x*n<2

Vaynéu n<2 thi x” =x*=>n’ =8 (v4 1i)

Do d6,n>2 va a“”x" =ax" =>n=4a_ =1.
Viay P(x) ¢6 dang : P(x) =x"+a,x’ +a x2+a,x+a0.
bit G(x) = P(x) ~(x* +3x+1) +1,tacd:

(1) <> P(P(x))+1=[P*(x)+ 3P(X)+1-P(x)+(x* +3x +1)’ -1]
& P(P(x)) +1 =’[P2 (x)+3P(x)+1- G(x)]
& P(P(x))~[ P2(x) +3P(x) + 1]2 +1=G(x)[ G(x) - 2(P*(x) +3P(x) + ]
& G(P(x)) = G(x)[ G(x) - 2(P*(x)+3P(x) +1) |
Néu G(x) =0, dat degG(x) =k thi k <3 néntacé:
| deg G(P(x)) =4k
deg G(x)[ G(x)~2(P*(x)+3P(x) +1) | =k +8
—4k=k+8=k =§(v6 I).

Vay G(x) = 0 hay P(X) = (x> +3x+1)? -1 = x(x+D(x +2)(x +3).

Bai 2.
Véi mdi tam gidc ABC c6 trung diém cac canh AB, BC, CA 1a M,
N, P, taco ding thuc

MN+NP+PM—-—(AB+BC+CA) 5 *)
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- V6i méi tir gidc ABCD (c6 thé tu cit hoic khong 1i) c6 trung diém
cac doan AB, CD, BC, DA,BD, AC1aM, N, P, Q, R, S ta cé bat ding thirc

MN+PQ+RSSl(AB+CD+BC+AD+BD+AC). (**)

Tur cac diém A;, A, .. An, ta 1ap moi tam giac, tir gidc co cac dmh
thuoc céc diém nay, réi lap moi dang thirc (*), BDT (**) tuong ung voi mdi
~ tam giac, tir gidc trén va cing vé theo vé tit ca ta duoc mot bit ding thirc
(***) .
Vi mbi doan L chi thudc dung mét tam giac hodc mot tr giac trén

nén n6 c6 mit diing mot 1in bén vé trai ciia BT (***), Vay VT(***) =N.

(n-2)(n-3)

Mdi doan A;A; c6 mit trong diing n-2 tam giac va B tur giac

‘nén hé s6 cua no khi khai trién VP(***) 1a

— — 2 —
_l_(n_2+(n 2)}(n 3))___n 3n+2.
2 2 4
Vay VP(*+) = —% M.

Do do Ns“—'%‘”—z M

Bai 3.

Xét duong tron tdm I ndi tiép tam
gidc ABC vdi cac tiép diém M,, Ny, P,
cia cac canh BC, CA, AB. Goi K 1a
tam vi tu ti s duong cua hai dudong
tron- (I) va (0). Vi 1M, // OM (cung
vudng goc BC) nén ta cd phép vi tu:

R

Vi (D) — (0)

M]"’M
Nr—PN
Pi—P ‘
Vi AA; = AA; va AP; = AN| nén ta c6 phép vi tu:
AAI
VAAP' : Pi—A
N|—>A2

Goi phép vi tu tim H 1a tich hai phép vi tu trén thi H, A, K thang
hang va H, P, A, thing hang, H, N, Aj thing hang. Vay H trung A, hay
AA; diqua K.
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Tuong tu, BB;, CC; di qua K nén AA;, BB;, CC; d6ng quy.
Chu y : Thi sinh c6 thé dung dinh 1i Mé-né-la-yt - Xé-va thay cho
tich hai phép vi tu.

Bai 4.
Tacé:a+tb+c=23,
A =9ab + 10ac + 22bc
= 9ab + 10(a + b)c + 12bc
=9ab + 10(3-(a + b))(a + b) + 12b(3-(a + b))
=-10(a + b)* + 30(a + b) - 12b> + 36b - 3ab

Xetf(t)— ~t?+3tvéi0<t<3tachd: maxf(t)—% dattait =—;—

Véy A = 10f(a + b) + 12f(b) - 3ab < 22max{(t) = 79

Do d6 GTLN cua A 1a %,xéyrakhia=0,b=c= %

15

TRUONG THPT CHUYEN THANG LONG, DA LAT

Bai 1.

Goi K 1a tdm dudng tron ndi tiép tam giac ABC, By, C; theo thir tu la
trung diém cia cac canh AC, AB. Dudng thing C K cit dudng thing AC
tai By, duong thing B|K cét dudng thing AB tai C; sao cho dién tich tam
gidc ABC bang dién tich tam gidc AB,C,. Tinh géc CAB.

Bai 2.
Chimg minh ring trong tam gidc ABC bt ki ta cé :
A . B B.C C. A S5 r
sin —sin — +sin —sin — + sin —sin — < —'+ —,
2 2 2 2 2 2 8 4R
trong d6 R, r theo thir ty 1a ban kinh duorng tron ngoai tiép, noi tiép tam giac
ABC. :
Bai 3.
Cho n sb thue X, X2, X3,..., Xn thoa man diéu kién :
x,2 +x2 +x} +o+x2 =1
Chimg minh :

Xl X2 . ‘ xn n
RPN P A R 7 N5
1+x{ 1+x{+x3 T+ X{ +X5 4+ +X; 2
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@1&1 hé¢ phuong trinh :

x*(y +z)? —(3x +x+1)y z:

y (z+x) =(4y +y+1)z x?
22 (y+x)’ = (522 + z+1)x%y’

N :I DE k]
- Bail. )

bit BC=a,CA=b,AB=c, AB,=x,AC,=y.
Phén giac BK cat canh AC tai D, Taco:

KB ‘¢ a a+c
KD AD CD b

>1.

Suyra: AD= be
a+c

Ap dung dinh li Menelaus vao tam gidac ABD
va dirong thang B, K C; tacé :

va D nam gifra A va Bz'

B,.D CA KB -1
B,A C,B KD
Suyra: “
_—_
atc. a+c =1
X b
sx=—2_ (1)
a+c-b
Tuongtutacd: y= be 2)
a+b-c
Tir gia thiét : dién tlch tam gidc ABC = dlen tich tam giac AB2C2, suy ra :
xy =bc (3)

Tu 1), (2),(3)ta duqc
a’=b’+c2-bc (4)
Theo dinh li cosinta c6 :
a®=b’+c? -2 bc cos A (5)
fo(4),(5)suyfa:cosA=— —;- va CAB = 60°.

Bai 2.

Ta co:-




tg%(sinB+ sinC)=cosB+cosC
B . . |
th(smC+ sinA)=cosC+cosA

tg%(sinA + sinB)=cos A +cosB
Va
4R sin A sin B sin ¢
T 2

- = 2 =cosA+cosB+cosC-1
R R '

Ap dung bét ding thirc Co-si :

A B. ,. A._ B,
tg—sinB +tg—sinA > 2, [tg—sin Btg—sin A
g2 n g2‘s?n | \[gzsm gzsm
@sinésings—l— tgé-sinB+thsinA
. 2 2 4\ "2 2
Tuong tu ta co:

sin-I—B—si‘ngsl tggsinC+-tg~(-:—sinB '
2 2 42 2
’ sin—qsinés-}-(tggsinA+tgésinC)
2 2 42 2
Cong cac bit ding thirc nay lai ta dugc:
.A.B . B.C . C.A
sin —sin— + sin —sin — +sin—sin —
2 2 2 2

< —i—[tg%(sinB +sinC)+ tgg-(sinC +sinA)+ tgg—(sin A +sin B)]

_ cosA+cosB+cosC cosA +cosB+cosC +COSA'+COVSB+COSC—1 +l
2 4 4 ‘

Tacé: cosA+cosB+cosC-S—;-,suy ra:
. A. B . B.C .C.A r
sin—sin— +sin —sin— +sin—sin — < =+ —.
2 2 2 2 2 2 8 4R
Bai 3. '
Bit déng thirc di cho tuong duong véi:
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2
X X X
]2+ 7 7t t T2 7| <3 (D
1+x;  1+x] +x; 1+X] +X5 4+ X, 2

Theo bit déng thirc Bu-nhia-a-cdp-ski ta c6:

. 2 2 2
< X X X
Vé trai (1)< n. L | + -2 +oeet] - — 0 2
M {[fo] [1+x;+x§J (1+xf+x§+~-+xﬁ)}( )

Taco: :
X; X} 1
(1+x7) " 1+x} 1+x}
X3 ‘. 1 1
A+x}+x2) 1+x] 1+x) +x

x2 1 | 1

< - ,
A+x]+x54+x2) T 1xl 4%, X+ X2+ X

Suy ra vé phai cua ( 2) bé hon:

1 (1 i i L
n{l- + - +ot ——
[ 1+x2 [1+x,2 1+xf+x§] (1+x,2+---+xf,_I 1+xf+x§+---+x,21)]

1 n
=p{l-—|=—.
=nfi-3)+3

(da‘iu < nghiém ng3t vi c6 it nhit mot x!>0,i=12,---,n).
B4t déing thirc da cho duoc chimg minh.
Bai 4. i .
I. Trudng hop ¢ mét trong ba an x, y, z bang 0.
1) x =0 : Ta c6 hé phuong trinh :

0=y’z’
y’z’ =0
2’y* =0

suyra:y=0,z=t eRhayz=0,y =t e R, trong trudng nay hé c6 nghiém
(x,y,z) € {(0,0,1),(0,,0),t eR }.
2) y =0 : Tuong tu ta c6 nghiém :
(xy,z) e {(t,0,0),(0,0,t), teR}
3)z=0: Tuong tu ta c6 nghiém :
(x,y,z) € {(t,0, O) (0 t,0),teR}.




II. Truong hop xyz #0.
Chia m&i phuong trinh trong hé cho (xyz)” ta ¢6 :

r

1 1)2 11
—+—| =3+—+—
zy X X
2
< l+l) =4+-1—+—'—1;
X z y vy
(1 1]2 11
—+—| =5+—+—
\y x z z
o A SN U DN
bit an phu x, =—,y, =—,z, =— ta cé h¢ sau:
X y z :

(Zy+Y,) =3+%x,+x2 (1)
2

(Xo+2,) =4+Yy,+y, (2)
(Yo +Xo) =5+2,+7; (3)
Cong 3 phuong trinh ciia hé nay ta co:
(%0 + Yo +ZO)2 =12+(X, + Y, +2,) ()
Giai phuong trinh bac 2 tac6 : xo + yo +2z9o=4(4)hay xo+yo+2zp=-3 (5)

a) Tu(1),(4)taco: x0=§,u‘r(2), (4)tacod: yoz%,u‘r(B), 4)
Y | |
tacd z,=—.
9
b)Tu (1), (5)tacod: x0=:5§,t1‘x(2), (5)taco: y0=_?5,ttr(3), 5)
ta co zo=_?.

Két luén :

(x,y,2) € {(3,3,—9—),(‘5 2 ,‘75],«,0,0),(o,t,0),(o,o,t),teR}.
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~ ” a 2 r'd +

L Y TINH K H

Tirn gia tri 16n nhat cla bleu thic: P =x’ V- +yX,V6ix, y € Rva

X,y thda diéu kién: x* + Xy +y*=1.
Bai 2.

Tim t4t c4 cdc tam gidc ABC c6 d6 da1 3 canh la cdc s6 nguyén duong,
khéng cé u’dc chung va thda min ding thifc :

cotg 2A + 4cotg 2B + 9cotg2 ¢ = (—62)2

2 2 7
V4ip, r ldn lugt 13 nita chu vi va ban kinh dudng tron noi ti€p tam gidc ABC.
Bai 3.

Ldy cdc canh BC, CA, AB ctia tam gidc ABC lam d4y, dyng ra phia
ngodi 3 tam gidc vudéng cin MBC, NCA, PAB . Ching minh ring 3 dudng thing
AM, BN, CP déng quy va hai tam gidc ABC, MNP c6 ciing trong tim.

Bai 1. ,
Goi a 12 mot gié tri ciia biéu thic P, nghia 12 hé sau ¢6 nghiém :
x2+xy+y?=1 (1)
x> y+y x=a (2)
Pit u=x*+y*;v= xy (dleu ki€n : u > 2v). Hé trén twong duong véi
u+v=1
uve=a ,
suy ra u, v 12 nghiém cda phuong trinh : X*> - X + a = 0. Nghiém thda min
>2v e a2
Viy: MaxP =2 khix= y=t
ot A 9 -\/5.‘
Bai 2.

A B C
Ta co: P—=cot ~—cotg—cotg— va
r g2 g2 g2 ,
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A B :C A B - C

cotg—cotg—cotg—= cotg— +cotg—+cotg—. C(*
g2 82 82 0082 ‘0082 0082 *)

Tir gia thiét, ta c6 : , ,

A B C A - B C

49(cotg? 2 + 4cotg? — +9cotg? =) = 36( cotg — + cotg— +cotg— 2
(cotg” g g"2) =36(cotg "+ cotg—+cotg—)" (1)

Ap dung BPT Bun-nhi-a-c8p-ski : , |
36(cotgé+cotgg+cotg—q)2 < 49(cotg2é+4cotg2§+9cotg2—c-) 2)

2 2 2 © 2 2 20

A B C
tg— 2cotg— 3cotg—
cotg 5 cotg co g‘2

D:iu biing xay ra <. = =
g xay 6 3 2

|cotg—=17" sinA:—]—,
‘ 25

K&t hgp véi (*), ta dugc : jcotg—=— <> (sinB= %—6—

Ap dung dinh lf ham sin : 258 _6% 65 <
7 56 63

Tachon :a=13,b=40;c=45.

K&t luan : A ABC c6 3 canh

(a;b; c) = (13k ; 40k ; 45k) véi k e N".

40a =13b
45a=13¢c

Bai 3. ‘
a) Dung ra phia ngoai A ABC, 3 hinh vudng BCC,B,, ACC,A,, ABB,A,
thi M, N, P 14n lugt 1a tim 3 hinh vudng néi trén.
Xétphép quay Q¥ :A>B, \
B, 2 C = AB;=B,C va AB, 1L B,C (1) ,
Goi D 14 trung di€m ciia AC, ta c6 DM, DN 14n luot 13 dudng trung ‘binh
ctia AACB,, AACB, . K&t hdp véi (1), ta c6 : '

DP =DM = —;—AB,: %BZC va DP L DM

Xét phép quay Q% :P > M
N> A = PN=MAvaPNLMA

= MA Ia dudng cao cia A MNP.
Hoin todn tudng t, ta chitng minh dugc BN, CP 1a cdc dudng cao cia.

AMNP.




Do dé6 AM, BN, CP déng quy tai tryc tim cda A MNP. Goi Q, R l4n lugt
1a trung di€m PN, AM, va G = MQ N BD.

Theo chitng minh trén, ng)oo : PN = MA, nén
%" Q>R = DQ=DR va DQ L DR. (2)

Vi DR la dudng trung binh cia A AMC = DR /MC va DR = —;—MC
M : MC = MB va MC L MB nén DR L MB va DR = —;—MB. 3)

Tir (2) va (3), ta cé6 DQ//MB va DQ = —lz—MB.

Theo dinh li Ta-1ét : QD = QG = DG =l va G € BD, G € MQ va BD,
BM GM BG 2
MQ 1a trung tuyén cia AABC, AMNP, suy ra G 1a trong tim AABC va AMNP
(dpcm).

A,

B, D

C
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0 YEN TRAN PAO, TINH BINH THUAN
Giai hé phuong trinh ‘ ‘
6x? = y(1+9x?) (1)
6y =z(1+9y*) - (2)
6z = x(1+92%) 3)
Cho a,b,c >0théoamin a+b+c=1.
ab bc ca

Tim gi4 trj nho nhit cua T =

c(b+c)+a(c+a)+b(a+b) '

Bai 3.
Cho tam giac ABC c6 céc canh a, b, ¢ va céc goc thdéa méan
B= 2A C=4A.
" Tiph S= Rz( " bl c2 —),voiR 1a ban kinh dudng tron ngoai tiép
tam giac ABC.
Bai 4.

Cho tam gidc ABC, dung ra phia ngoai tam giac d6 ba tam giac cin
AACB,aBAC,aCB,A c¢6 céc canh ddy AB, BC,CA va goc & déy 1a a.
Chimg minh ba dudng thing AA,BB,,CC, ddng quy.

H DAN GIA
Bai 1.
Tacé S
6x% =y(1+9x?) & y =3x2(2-3y) (*)

y= % khong la nghi€ém cua h¢ phuong trinh.

2 y

— ot t =—.
y# 3 r (*)tacéd x? 32-3y)

OLYMPIC MON TOAN - 5 65




y

Phuorn’ trinh ndy ¢6 nghiém <& ——
g y g v 3(2-3y)

20<:>0£y<-§—.
2

Tuong tu : 0Sx<%,0$z<§.

Tacd: X ='y = z = 0 1a nghi¢m hé phuong trinh
6x
1+9x?

Véi x,y,z>0, tu (1): pA <ley<x
X

tr(2): z<y
tr(3): x<z

:nySzSy:>'x=y=z=%

* Véy nghiém cta hé phwong trinh 1a (0;0;0), (—;; % %)
Bai 2. :
Taco (\/E—E+JE+ Hy
~b+c+ J—_ \/ +b)
c(b+c a(c a)
ab bc
= b+c+c+a+a+b)=2T
(c(b+c) a(c+a) b(a+b))( ctetatath)=
Ma(a+b+'c)2>3(ab+bc+ca)<::>a2+b2+c22ab+bc'+ca
nén:
(\/a_b \/R ca)2>3(a+b+c) 3.
- ::>2T>3:>GTNNcuaTla—
GTNNnayc'l‘atdu'orckhl\/—gIE \/g ca<::>a b= C—E
Bai 3.
Tacd a__ b =% _-9Rr

sinA sinB sinC :
R 1 R 1 R 1

a 2sinA’b 2sinB’c " 2sinC




:>S—~1- ! + 1 + !
4 sin? A " sin’B  sin?C

= %(3 +cotg’A +cot g?B +cot g’C)

| Trong AABC ¢6 cotgA.cotgB+cotgBC.tgC +cotgC.cotgA =1
2
vatacd: cotglo = cotga-l nén suy ra:
2cotga

cotg’o = 1+2cotga cotg2a

=8= —[3 +3+2(cot gA cotg2A + cot gB.cot g2B + cot gC cot g2C)]

o= 2[6 +2(cot gA.cot gB +cot gB.cot gC + cot gC.cot gA)]

1
Z(6+2) 2.
Bai 4.

Khéng mat tinh tdng quat, gia sir A>B>C.

Truong hop 1: A+a<180°. Goi M. N, P Ian luot 1a giao diém
ciaAA, BB,,CC, vé6i BC, CA, AB. Ke BH, L AA,CH, LAA,. Ta co:

MB_-MB_ BH,

MC MC CH,
Sasa, __ cBA,sin(B+ a)
Saca, b CA ,.sin(C +a)
__csin(B+a)

bsin(C+a)

Tuong tu,
NC __asin(C+a) PA _ _bsin(A+a) -

NA csin(A+a)’PB  asin(B+a)

= —.—.===-1=AA,,BB,,CC, P
MC NA PB P éng qu.

Truong hop 2: A +o =180°. AA, BB,,CC, déng quy tai A.
Trudng hop 3: A+ >180°.
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MB__ MB _ csin(B+a)
MC MC  bsin(C+a)
NC _NC _ asin(C+a)
NA NA —csin(A+o)
PA _PA _ bsin(A+o)
PB: PB  asin(B+a)

— e ———

= AA, BB,,CC, dbng quy.
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TRUONG THPT CHUYEN LUONG THE VINH, TINH DPONG NAI

Bai 1.

Cho tam gidc ABC c6 49 dai 3 canh twong img 1 a, b, c. O 1a tim
dudng tron ngoai tiép ; H 13 tryc tim. R 12 ban kinh dudng tron ngoai tiép.
GiastOH citCBvaCAtaiPvaQ.
Chtmg minh ring diéu kién cin va di dé t&r gisc ABPQ noi tiép la:
a’+b2=6R%.

Bai 2. . '
Cho p 12 s6 nguyén t5. Chimg minh ring s6:

11...122...2........ 99...9-123456789
. P p P
chia hét cho p.
Bai 3. |
Goi s, t,u, v 1a cac s6 nim trong (O;-g) sao cho:

st+t+tut+tv=m,

Chimg minh ring;
«/Esms—l +\/—2-s1nt—1 +\/§smu—l N x/ismv—l 50
COSS cost cosu COSV




HUONG DAN GIAI
Bai 1.
Ta c6 c4c nhén xét sau day :
I) Trong tam gidc ABC, tacé : CH=2R.cosC ; OCH=|B-A|
2) CO L OH < ABPQ ndi tiép.
Chimg minh :
)GoiK 1a trung diém AB ; ta c6:
CH=20K =2R. cos BOK 2R.cosC.

Ta cé OCH=|HCA—OCA|= (90" - A)-(90°-B)|=[B-4].

2) Ké tlep tuyén voi dudng tron (ABC) tai C; cit AB tai T ; Khi d6
tacé TCB = CAB OC L CT nén t& gisc ABPQ nbi tiép, do do

CPQ = CAB=TCB & CT/PQ« CO _LOH.

Ap dung vio baitacé :

Ti gisc ABPQ ndi tiép

< CO LOH & CO=CH cos(HCO) <R = 2RcosC cos(B—-A)

< ‘cos2A+cos2B=—1<> 2sin’A +2sin’ B=3 < a2 + b? = 6R>
Bii 2. '
Xét p = 3 : dé dang chimg minh.
Xét p#3 :Taco:

n=3 10%" +2210’*’+k

'U

=~

il

(=
»
i
(=]

(100 -1)(10 +2.107 +.....+8.10° +9) —c
9
1

= (10" +10% +....+10" -9) ~c
9 .
p 1a w6c cua n khi va chi khi 9p 13 ude ciia 9n (vi ta xét p khac 3).

" Ta s& chimg minh ring:

' 10 +10% +....+10° -9 - 9¢

chia hét cho 9p. ‘
Vi9+9c= L1110 = 10°+10®+....+10 nén ta s& chimg

minh (10% +10% +....+10°)-(10° +10° +.... +10) chia hét cho 9p.
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Bai 3.

cd:

70

Theo dinh li Fermat nho, ta cé:

10™ = (10" ) =10"(modp)

10™ =10"(mod 9)

Mz‘;, (9;p) = 1 nén 10™ =10"(mod9p). Suy ra dpcm.

Pit a = tgs;b = tgt;c=tgu;d = tgv. Khidéa,b;c,d>0.Ta

a+b + c+d
1—-ab 1-cd

s+t+u+v,,=‘n:=‘>tg-(s+-t)+tg(u+v)=0:$ =0

oa+b+c+d= abc+abd+acd+bcd
Suyra

(a+b)(a+c)(a+d) a (a+b+c+d)+abc+abd+acd+bcd
= (a’ +1)(a+b+c+d)
a’+1_(a+c)(a+d)
| a+b (a+b+c+d)’
Ap dung bt dang thirc Bu-nhi-a-kdp-ski:
2(a+b+c+d)2 -

a’+1 b2+l c*+1 d>+1]| -
= d
[(a+b)+(b+c)+(c+ )+(d+a )][a+b b+c+c+d+d+a]

2(\/a-2+1+x/b2 +l+\[c2+14\@+1)

Suy ra:
Ja? +1+\/b2+1+\/c +l+«/&2+1<«/—(a+b+c+d)

" Toe la:

, 1 1 K
LI + + < /2 (tgs +tgt + tgu + tgv)
coss cost cosu cosv

Pay la diéu phai chimg minh.




19

TRUQ YEN LE QUY DON, Ti A RIA - VUNG TA
iy
Giai phuong trinh : /6x+1=8x" -4x ~1.
Bai 2. A
£ A A , n X'y 2z
Cho cac so nguyén x,y,zthdamin: —~=+—=9.
y z X
Chimg minh ring : i/xyz € Z.
Bai 3. |

Cho AABC ¢6 A<C <g va cac sb thuc m, n, p théa mén :° |

m + nB+ P =0.
COsA sin2> cosC

Chimg minh phuong trin
mx’ +nx + p=0

¢6 nghiém x € (0;1).
Bai 4.
Cho AABC théa min : cosA.cosB. cosC = —-—:—

a) *Chimg minh tdn tai mot goc cia AABC c6 s6 do nho nhét 1a 120°.
b) GoiM,N,Pla diém dbi xUng cua A, B, C qua BC, CA, AB.
Chung minh M, N, P thing hang.

HUONG DAN GIAL
Bai 1.
Chch 1: ¥6x+1=8x"—4x -1 6x+1+3/6x+1=(2x)" +2x (1)
Phuong trinh c6 dang : f(3/6x+1)=f(2x) véi f(t)=¢ +tla
ham s6 ddng bién trong R . Vay phuong trinh (1) twong duong voi:
Ybx+1=2x < 8x> —6x =1.
Nhan xét : .
Néu [x|>1=> 4x? -3 > 1=[8x* - 6x] = 2|x|(4x* -3) > 2.
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nén nghiém ciia (1) néu c6 phai thudc [ -1;1].
Pat x =cost,t e[0;n]. (1) tré thanh:

4cos3t—-3cost=—12—c>cos3t=%<:>“t= ; k°EZE JkeZ)

Suy ra (1) c6 tdp nghiém la: S = {cos—;—;cos%jcos —75—} .

Cich 2 : Dit

8y =6x+1
Yox + —2y:>{y X

8x’ = dx +2y+1-

- Trir 2 phuong trinh ta duge : 8(y’ -x*)=2(x-y) = x=y.
Viy (1) © 8x’ -6x=1.
Céac budc tiép theo giai nhu cach 1.
Bai 2.
UCLN(x,y,z)=d = x =dx,;y =dy,;z=dz,, v6i X,,¥,,2, € Z Vi
UCLN(X,,Yo,2,) = 1. Khi dé:

Do Yo,B -9 1y ifxyz =dix,¥,2, € Z < Yx,¥,2, € Z.

Yo Zo Xy

Nhan xét : bd (X,,¥.2,) : XeYeZ, = =1 khong thé thoa man (1) nén

XoYoZo # 1. Goi p [a mdt udc nguyén td bit ki cia x,y,z,.Vi
(1) & x5z, - ygxo +2,Y, = 9X,Y0Z, (2)
va (Xy,¥0,2Z,) =1 nén p chi 14 u6c cua ding hai trong 3 s x,,¥,,2,.

Khéng giam tdng quat, gia sir p 1a udc cla x,, y, va khong la udc
clia z,. Goi m, n 1an luot la sb mii cua p trong phéan tich tiéu chuin cua x, va
Yo (m,neZ’).

Ta xét hai truong hop :

a)Néu n22m+1 : tacé p™ ' 1a udc cia zly,,y2x,,9%,¥,z, nén tir

(2) suy ra p™' 1a uéc cta x2z,, ma x? khong chia hét cho p*™ *' nén nén p

la udc cua Zo (méu thuan)
b)Néu n<2m-1<n+1<2m :tacop" llau()rc ciia

X Zo:Yoxosgxo)’oZo
nén tir (2) suy ra p™ ' 12 wéc ctia zjy,, ma y, khong chia hét cho p™' nén p
- 1a uéc clia z, (mau thudn). Vay n = 2m nén 3m 13 sé mi cua p trong phan
tich tidu chuén cua x,y,z, .
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k )
. 3m, 23 . hY r 7 A A 9
Suy ra x,y,z, = I Ipl. ™ (v6i pi, i=1,k, la cac udc nguyén t6 cia

i=1
XoY0Zo)- V&Y [X,YoZ, €Z.
y

Chu ¥: Ta c6 thé chi ra v6 s bd ba (x, y, z) thoa LD AN =9, vi
y z x.

du: x =t,y=3t, z= 9t v4i t 1a s6 nguyén tity y khac 0, va /xyz =3t.

Bai 3.
Trudce hét, véi AABC. théa A <C <-’2E ta cb:

DcosA.cosC = —;—(cos(A —-C)+cos(A+C)) < —;—(1 ~cos B) = sin’ P;—
T B = n . B
2)0<A<C<—=2A+B<n=>0<—<—-—-A<—=>sin—<cosA
2 2 2 2 2

bat u=cosA;v=sin§-;w==cosC:>O<Y—<l,0><uw<v2 (1)
- u

va f(x) = mx’ +nx+p.

Néu p = 0: gia thiét bai toan tré thanh 2+ 2 -0
u v ‘
Néum =0 thin= 0: f(x) la “da thirc khong” nén cé nghiém
x e (0;1).

Néu m¢0:>—£=—\i:>f(x)=x(mx+n) cénghiémx=—£=ze(0;1).
m u : m u

Néu p = 0. Ta bién ddi gia thiét :
2

2
9—+5+—P—=0©—u—(ml’,—2—+nx+pj—uwz v p=0

u v w vii u u viw

uw — v?

o )= £(0).
u

uw

uw - v’

Viy : f(l).f(O) = [£(O)] <0. (do (1) vaf(0)= p=0)
u .

uw
Suy ra f(x) c6 nghiém x € [O;X] < (0;1) nén f(x) ¢6 nghiém
u

x € (0;1).
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Bai 4.
a) Vai trd A, B, C nhu nhau va tir gia thiét suy ra AABC ti nén
khong giam téng quat, gia sit A >90' >B>C.Ta o :

cosA.cosB.cosC = —% = % =—cos A.(cos(B-C)—cosA)

= % <—cosA.(1-cosA)= coszA——cosA—%ZO = COSA < —%

Véy A 2120 Ding thirc x4y rakhi : B=C =30’
(thoa mén : cos120".cos30°.cos 30 = —-% ).

b) Goi H, K, L l4n luot la hinh chleu cua A B, C trén canh d6i dién
(ta van gia sir A t0). Dat AB = u AC=v, ta cé:

-~ ¢c.cosB — - ccos

AH=AB+BH=u+ BC=u ( —u)

a
a—c.cosB- c.cosB--
= u+ Y
a - a
__b.cosC;l c.cosB -

a
BK = BA + AK = —u+ SS%84 5 CL CA+AL=—"+bCOSAﬁ.
C

M, N, P 1a diém dbi xtimg cua A, B, C qua BC, CA, AB nén ta cé:
—_— 2bcosC - 2ccosB -

v (doa =b.cosC+c.cosB).

AM = v; AN
a a ‘
=E+2§K=—ﬁ+§—'—c£—s—A—;’;
AP = AC + 20T = —v + 225084 1
c
Suy ra: .
I\TN=A—N-m=2c(COSA’—COSBJ\*/-—(I}ZbCOSC)ﬁ
b a : a
W:TP—W:%(COSA—cos_c)ﬁ-—(1+20COSBj\7
c a ) a

Viy: M, N, P thing hang < MN MP cung phuong.
" Pidu ndy tuong duong vai:




2c(cosA cosB) 2b(cosA _ cosC) =(1+ 2bcosC)(1+ 2ccosB)
b a c a a a ,

& 4(acos A—bcosB)(acosA—c.cosC) = (a+2bcosC)(a +2ccos B)
< 4[é cosA —(bcosB +c.cosC)]cos A =a +2(bcosC +c.cos B)
<> 4[acos A—(bcosB+c.cosC)]cos A =3a

_sinB o ’

osB+ s?n ¢ cosC)Jcos A =3
sin A ,

&> 4[-cos(B+C)—cos(B-C)lcosA =3

@cosA.cosB.cossz——z—. / |

Ping thirc cubi dugce cho & gia thiét nén ta c6 di€u can chimg minh.

Tim tét ca cac ham s6 f: R’ — R" (R" chi tdp hop cac s6 thue
duong) thoa min dong thoi 2 dicu kién :
(1) V x,y € R, néu x <y thi f(x) < f(y)

(2) f(x.y). f‘(f—(-y—)) =2006, V X,y € R".
X . ,
Bai 2. ,
Cho m, n 12 hai s0 nguyén duong phén biét ¢6 (m, n) = d.

Tinh (2006™ + 1, 2006" + 1).
. (Ki hi¢u (m, n) chi uérc chung 16n nhit cia m va n).

ai3

Tim gia tri 16n nhat cua biéu thl'rc
X+y +7°

F= " véi x, y, z thudc doan [1003; 2006].
Xyz

Baia, | |
Cho tam giac nhon ABC ndi tiép trong dudng tron tim O. Duong
~ thang AO cat canh BC tai D. Trén hai canh AB va AC lan luot 14y diém M
va diém N sao cho DB = DM va DC = DN:CM va BN cit nhau tai E. Goi H
va K 1a truc tdm céac tam gidc EBM va ECN. Chimg minh HK vudng goc
véi AE.




HUGNG DAN GIAI
Bai 1.
Giasthams6 f: R* 5> R* ddng thoi théa man hai didu kién:
() Vx,yeR", nbux<y thi f(x)<f(y)
@) fix.y). (Y)) 2006, V x,y  R".

Tir (2) ldy x = 1 ta cé:
(())—2?‘(’% VyeR" G
V x,y € R*, néu x>y thi tir (Ntaco f(x) 2 f(y) = f(f(x)) > f(f(y))
2006 2006 -
= 0 2 1) = 21002 0 = 1)
= JaeR'saochof(x)=a,VxeR' (4

Tu:(3)va(4)::>a——2—02é =>a=+2006,V x e R"
a

= f(x) = v2006 ,V x € R".

Ngu'oc la1 néu f: R — R" va f(x) = v/2006 , V x € R thi 15 rang (1)
va (2) déu duoc thoa man.

Bai 2.
« m d
Pitr= —, =—va2006 =b. Ta co:
d d

(r, s) = 1,2006™ = b°, 2006" = b°, b chin. -
Ta tim g = (2006™ + 1, 2006" + 1) = (b'+ 1, b + 1). Ta ¢6 :

b'+1ig  [b"=-1(modg) .

S & (1)
b*+1 : ‘g b* =-1 (modg) :
b+1ig=>b'+1=kgkeZ)=>kg-b=1=(b,g=1 (2)
(r,s)=1= 3uy,ve Zsaochoru—-sv=1. 3)

(r,s) =1 nénr, s cing Ié hoic khéc tinh chin Ié.
Trudng hop r, s déu 1é:
Khi do b’ +1vab*+1céb+ 1 1a mdt udce chung, suy ra
g:i(b+1) “4)
Ty {b =(-D)" (modg)
- bY =(-1)" (modg)
Mar,sdéulé viru—sv=1nén u, v khéc tinh chin 1é. Do d6:

76




Bai 3.

b +b" = (<1)'+ (-1)' = 0O (mod g)
2y -
>V 4V =b"(b+)ig=>b+1ig | %)
Tr@)va(s) =>g=b+1.
Truong hop r, s khac tinh chin lé:
b"® =(-1)° d
(1)3{ (-1)* (modg)

2.b® = (=1) + (=1)°* = 0 (mod :
b 2 e (modg) (~1) + (~1) = 0 (mod g)

b g 2ig ' | (6)
Mabchin=b'+1,b°+ 1 lacacsdlé = g lé. (7
T (6) va (T)taco g=1. '

Vay: ,
(2006™ + 1, 2006" + 1)= 2006 +1 néu ’—;‘-, -3- cing 1é ;

(2006™ + 1, 2006" + 1) = 2006° +1 néu %, khéc tinh chin Ié.

n
d

Vi X, y, z ¢6 vai trd nhu nhau nén ta c6 thé gia st
1003 <x <y <z <2006.

biaty =kx vaz=hx (1 <k <h <2)tadugc:

_ x4+’ 14K +0?

1
x.kx.hx kh M

Ta chimg minh

1+k*+h* <1+k3+23’
hk 2k
Q)2 +2k +2h <h+hk* +h2>
&@2-h)+kK@2-h)+2h(h?-2%<0
& (2-h)[1 -4h+k*-2n"<0. : *)
Vi2—h20,1-4h<0vak®-2h’ <2k’ - 2h* <0 nén (*) dung.
Mait khac ta co:
1+k*+2° 5o k3—10k+9=(k—1)(k2+k—9) <o, 3)
2k 2k 2k
T (1) (2Q)va(3)tacd: A<S. Lai ¢6 khi x =y = 1003, z = 2006 thi

()

V4y gia tri 16n nhét ciia A bing 5.
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Bai 4.
Goi P va T ln lugt 13 trung
_ diém cua BM va AB
= DP L AB (do DM =DB
vaOT L AB. . ,
= OT // DP
o R
AB AB
~,_ AP _, AD.
AT AO
Tuong tu ta cling co:
NC_,_AD
AC AO "
Do do6 —Mli = B_Q
AB AC ‘ ‘
= MN // BC = AE di qua trung diém J cia MN.
Goi (y1) 1a dudng tron tdm I, duong kinh AE va (1;) la dudng tron
tam J, dudng kinh MN.
Goi F, G 14n luot 1a hinh chiéu vudng géc cua E trén AB va AC. Goi
U 12 hinh chiéu vudng géc ciia M trén BN va V 1a hinh chiéu cia N trén
CM. Ta cé:

1-2=

AB

P,/(y,)=HEHF va P, /(y,) = HMHU
-maM, F, U, E cung thugc dudng trdn dudng kinh EM nén
. HEHF = HMHU = P./(v))= Pa/(¥,)
Tuong tir ta c6: P, /(y,)=KGKE = KNKV=P, /(y,). Suy ra KH
la truc ding phuong cta 2 dudng tron’ (1:), (y;).-SuyraHK L IJ = HK L
AE. ‘ : ' :
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TRUONG THPT CHUYEN TRAN DAI NGHIA, TP. HO CHI MINH

Bai 1. A .
Giai phuong trinh: ‘
(%~ x2)(x” +3x +2007) ~ 2005x+/4 ~ 4x = 304/x2 +x ~1+2006.

78




Bai 2.
' a) Cho x,y >0, x+y >1. Tim gia tri nho nh'flt ctia bidu thirc:
| P=Six+ 23y + 248
x Ty
b) Cho a, b, ¢ > 0. Chimg minh bét déng thirc:

(a2 +ab+b’)(b? +bc+c?)(c? +ca+a’) > (ab+be+ca)’.
Bai 3.
Cho a,b,c la do da1 ba canh cia mot tam gléc va R 1a béan kinh
duong tron ngoai tiép cla tam giac d6. Ching minh ring:

a’+b'+c’ +abe
a+b+c

<4RZ.

Bai 4. :
Cho tap hop A ={a,,a,.8;...,a, | .Ta xdy dyng céc tdp hop B, C, D
nhu sau :

B'={by, by, by, bes} V6i b =22t +2 (i=1,2,...,2006), 2,0, =4,
+bi+1

C ={C;,€,,Cy,.,Coppe} VOI €, =~ (i=1,2,...,2006),b,,, = b,

D ={d,.dy,dy,....dy0} VGi ¢, =°—-+5c——' (i =1,2,...,2006),Cpopy =C,

Biét A=D va a, =1.Tim a,,a,,..;,8,0 -
HUONG DAN GIAI

Bai 1. :
Phuong trinh da.cho tvong duong voi:

(x> +x-1) +2005(x+\/1—x)2 +30¥x*+x-1=0

x+x—1—0 _1_J§
X +V1- —O i 2

Bai 2.
a) Ap dung bét dang thuc Co-51 :

P= 2(x+y)+(49x+—)+(21y+—-)>2+42+24 68.
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* Suy ra gié trj nho nhit cua P 12 68, khi x = %;y = f;- .
b) Ap dung bit déng thirc Co-si — Svac:
(ab+be +ca)(ab+b? +a2) 2 (ab+ /b ++/a’c)’ (1)
(b2 + be +c2)(a? +c? +ca) > (ab+/be? ++/ac®)? )
(ab+/bc ++/a’c)(ab+/bc’ ++/ac’) > (ab +be +ca)? (3)
Tir (1), (2), (3) ta suy ra bat déng thirc cin phai chimg minh.
Bai 4. | |
Taco ((a+b)OC +(b+c)OA +(c+2)0B) 20
& [(a+b)? +(b+c) +(c+a)’|R? +2(a +b)(b+c)OC.0A
+2(b+c)(c+a)OA.0B +2(c +a)(a+b)OBOC > 0
o [(@a+b)’ +(b+c) +(c+a)’JR? +(a+b)b+c)(2R* - b?)
+(b+c)c+a)2R? —c?)+(c+a)a+b)2R*—a?) >0
< (a+b+c)’4R? 2a’(a+b)(a+c)+b*(b+c)(b+a)+c*(c+a)c+b)
& (a+b+c)?4R? 2 (a+b+c)@’ +b* +c’ +abc)
- 2’ +b* +¢* +abe
a+b+c

<4RZ.

Bai 4.
Ta co:

a’+a2 a’+a? a2 +a’ (a+a, ) (a,+a,) a,  +a, )
1 2+ 2 3++ 2006 ]2( 1 2) +( 2 3) +.+( 2006 I)

2 2 2 2
= a’+al +..+25, 2 by +bl +...+ b2,

2

Chimng minh tuong tu ta cé:

2 2 2 2 2 2 2 2 2
by +b3 +...+ by = €} +C5 .t Coggq 2 di +d; +...+d5g -
Suy ra a; +a; +..+a5 2d} +d] +...+dg.

Do A = D (gia thiét) nén déng thirc xay ra. Tu do suy ra:

a,=a,=..=8,. =1.
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PT MAC BINH CHI, TP, HO CHI MINH

Bai 1.
Tim nghiém duong cua hé phuong trinh:
[ 2007
X +X,—X;= 0
X)X
2007
x2 + X3 - X4 -
Xy X3
2007
Xa006 T X2007 — Xy =
‘ X2006 X2007
2007
Xyo07 T X=X, =
X2007 X
Bai 2.

Tim gi4 tri ciia m, a, b sao cho phuong trinhx’ — mx — 33 = 0 co
hai nghiém x;, X, v6i X), X; 1a hai nghiém ctia phuong trinh
X +ax+b=0,
trong d6 a va b 1 cic sé nguyén.
Bai 3. ‘
Cho tam giac ABC. Goi m, ; my; mg lan luot 14 d6 dai ba duong
trung tuyén va hy; hy; he 1an luot 1a d6 dai ba dudng cao tir ba dmh A, B,

C ctia tam gidc ABC. Ching minh rang:
1

m, m, m,
—+—=>+— < 1+
h, h, h 4sin sin-B— sin—C—
2 2 2

Bai 4.

Cho tam gidc ABC va O la mét diém nim trong tam giac ABC. Qua
O ké ba duong thang phan bi€t d, ; d; ; d;, chung 14n luot cit hai canh AB,
BC tai M, N ; cét hai canh BC, CA tai P,Qva cit hai canh CA,ABtaiR, T.
Goi S Ss; S3 .S lan ot 1a dién tich cac tam giac OPN ; ORQ OMT va

1 1 1 18
ABC. Chimg minh : ——+ +— .
B S 7s, 'S, 7 s

OLYMPIC MON TOAN - 6 : ' 81 .




HUONG DAN GIAI
Bai 1.

bit y, = s

Tos” k=1;2007. Vi x, >0 nén y, >0. Khi d6 h¢

phuong trinh 43 cho dugc viét lai nhu sau:

Yi+Y,—Y: =
: YiYa

Yo+ Ys—Vs = . '
) Y2-YJ' 1 (*)

Yaos + Y2001 =1 =

2006 *Y 2007
1
Ywor tY:i—Y2 =
L Ya007-Y1
Tathdy y, =Yy, =...= ¥, =1 12 nghiém cua hé phuong trinh (*). Ta chimng
minh hé phuong trinh (*) c6 nghiém duy nhat1a y, =y, =...= ¥y, =1.
, . 1 .
Tacod Y, +Yiu = Yie2 = (1), vk e{l; 2; ...; 2007}.
Yi-Yin

(Quy udc yk;zom ¥, ). Cong tit ca cac phuong trinh cia hé phu(mg trinh
*) vé theo vé ta dugc:

' 1 1 1.
Vi +Yy tet Yoo = + +...+ . (1)
Yi¥a Y2V Ya007-¥4

Tir d6 ta c6 nhéan x€t sau: ‘
Nhén xét 1: Néu ¥, >1thiy, ,<1(véik, e {1 2; ...; 2007})

That vay: vi néu Y, 21 thitasuyra:
1

yk‘_ 'yk(,+l

>1

Yis2 =Yk, TYn ™

1
Tuy, Zlvayk+2>12Yk+3 Y T2~ >1.

kl,+l'yk,,+2
Cir tiép tuc nhu viy, suy ra:
v >1, vk e{l; 2 ..k ; Kk, +2;..5 2007} va y, , 21.
Tir (1) ta suy ra VT > 2007 va VP <2007 (mau thuan ).
Véi lap luan twong tu nhu nhan xét 1 ta c6 nhan xét 2 nhu sau:
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Nhin xét2 : Néu y, <1 thiy, ,>1 (v6i k, e {l; 2; ..; 2007}).
Trd lai bai toan ta ¢6:
Gia st 3k, € {l; 2; ..; 2007} décho y, >1
Theo nhén xét 1 va nhén xét 2 ta suy ra: '
Vi <15 Y > 13 Vi <15 Vi > 15 5 i oo <1
-(mau thufn vi Yi,+2000 = Vi, )-
Hoan toan tuong tu ta suy ra dugce ring khong t(“m tai
k,e{l; 2; ..; 2007} dé cho Y, <1
VAiy ¥, =¥, =...= Y,; =1 12 nghiém duy nhét ctia hé phuong trinh
(*). Tir d6 suy ra X, =X, =...= Xy, =3/2007 12 nghiém duy nhit ciia hé
phuong trinh da cho. ’
Bai 2. ’ |
Vi phuong trinh x’ -mx-3=0 c6 2 nghiém x,, x, 12 nghiém cua
phuong trinh x +ax +b =0 nén da thitc x’ —mx~3 =0 chia hét cho
x+ax+b=0. '
Thuc hién phép chia da thirc x’ ~-mx-3=0 cho x+ax+b =0 ta dugc :
x5—mx—3;(x+ax+b)[x3—-ax2+(a2—b)x+2ab—a3] + |
+(a* ~3a’b+b’ —m)x +a’b-2ab* -3
a'-3a’b+b’-m=0 (1)
=9, .
a’b-2ab-3=0 - (2)
T (2) = ab(a’-2b)=3. (3)
Via,beZ=a’-2beZ.Tu(3) = alaudc sb cia 3.
Co6 4 truong hop: ' ‘
+ Trudng hop 1: a=1. v
(3) © b(1-2b) =3 & 2b> —b+3 =0 phuong trinh v nghiém (loai).
+ Truomg hgp 2: a=-1. .
b=-1
b

it

(3) & -b(1-2b)=02b*-b-3=0c

I
N W

o ddy,taloai b=-1. T (1) >m=5. *
+ Trudng hgp 3: a=3.




(3) & 3b(9—-2b)=3 & 2b* ~9b+1=0> b= 9*;/?5 (loai).
+ Truong hgp 4: a=-3.

(3) & -3b(9-2b) =3¢ 2b? —~9b—1=0 > b= 9i;/§§ (loai).

Thir lai, ta thiy v6i a=—-1,b=—-1, m =5 thi:
x’+ax+b=x'-x-1 ,
va xX*-mx-3=x’-5x-3=(x’-x-1)(x*+x*+2x+3), suy ra phuong
trinh x +ax +b =0 c6 2 nghiém phan biét '
REE
127 4 .

va phuong trinh x° ~mx -3 =0 c6 hai nghiém x,;x, 12 nghiém cua phuong
trinh x +ax +b=0 (thoa min yéu ciu cta d& bai).

Vidy a=-1,b=-1, m=5.

Bai 3.

Taco:
LR LS | = (1)
h, h, ¢ 4 sin— sin— sin—
2 72
oM, M M R wir=dRsin2 sin2 sin &),
h, h, h, r 2 2 2

Nhin 2 vé ciia bit phuong trinh v6i S, ta dugc :
PAR=— —;-a m, +—;—b m, +%c m_ <S,,5c +PR

&2 (m, ~R)+b (m, ~R)+ 26 (m, ~R) <S50 ()

Taco: m,~-R=AM-0A <OM.
Tuong tu : m, -R <ON
m_ —-R <OP.

T (3)taco: :
VTsla OM+—1—bON+lc OP

2 2 -2
& VT <8050 +Soca +S0a8 =Sape = VP
Viy (1) dugc chimg minh.




Bai 4.

P N

bat: S, =S om0+ S5 =Sso1e5 S5 =Suorn

=S5,S5,S =—1~0M.ON.OP.OQ.OR.OT.SinO .sinO,.sin O
5 =3 4 s 6

= %OM.ON.OP.OQ.OR.OT.sinOl.sin 0,.sin0, =S, S, S,

A D B 3 3
Tacdh —+—+—2 =
SI Sz S‘3 %/S|sts {)/SISZSSS4SSS(>

Mit khc: §/S5,5.8,5,5, < 252 ¥5:#S,+8,+8, S

6 6

I 1 1 _18
= —t—t—2—
S, S, S, S

Déu “% ohi Xéy ra khi Sl =82 283 =S4 =Ss =S(, =‘§, hay

d,; d,: d, 1a 3 duong trung tuyén va O 1 trong tAm cia AABC.
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TP. HO CHi MI
Bai 1. .

Cho tam gléc vudng ABC véi canh huyen BC ¢6 46 dai 1a a. Chia
BC thanh 101 phan béng nhau. Khi d6 tam gidc ABC dugc chia thanh 101
tam giac nho va tam giac & chmh giita c6 goc tai dinh A bing « . Goi h la

khoang céch tir A &n BC. Chimg minh ring tga = 215051(1)1

Bai 2.
Tim tat ca cac sb thyc m sao cho hé phuong trinh sau c6 nghi€ém

thuc x,y, z
\/x—1+\/y-—l+«fz-1=m—1
Vx+1+y+1+Vz+1=m+1

- (®)
Bai 3.

Téng ctia m sb duong chin khéc nhau va n sé duong 1¢ khac nhau 1a
2001. Tim gia trj I6n nhét cta biéu thirc A = Sm + 2n. .

Bai 4.
Ching minh ring néu a, b, ¢ 13 d6 dai 3 canh cia mot tam gidc cd

chuvi bing 1 thi —;%Sa2+b2+c2+4abc <%.

HUGONG DAN GIAI
Bai 1. |
Goi AMN 1a tam giac & chinh gifta c6 dién tich 13 S, ta c6
BM=CN=2% MN=-2 vas=imnn-D2
. 101 - 101 2 202
Goi I 1a trung diém BC. Trong tam giéc AMN, tacod:
2 2
AM? + AN? = 247 + MY 6i AT=2 = AM2 + AN? = 21018
2 2 10201
sina _ 2S 2AM.AN _ 101h

Viy tga = = i = )
YT sa AMAN AM’+AN'-MN’ 25502

Bai 2.
Piéu kién : x,y,z>1.




Ta cé: ‘ ,

™ Wx+1+Vx-D+(y+1+y -+ z+1+z-1)=2m
Wx+l=Vx=-1)+(y+1-{y-D+ z+1-Vz-1)=2

PDit u=vx+l+vVx—L;v=y/y+1+y-Lw=vz+1+Jz-1.

Do x,y,z21nén u,v,wzﬁ. Nguoc lai néu u, Vv, w 2\[2— tacod

. ) 2
VX+1-+x-1 =—2-: Xx+1 =%(u+g):>x=-};(u+—2—) -1
u

u u
1 4
:>x=——[u:'+——2 >1.
4 u
Tuong tw y, z >1. Viy bai toan da cho trd thanh : Tim tht ca céac sb
u+v+w=2a

thuc m sao cho hé sau c6 nghiém u, v, w > \/5 1 1 1 . 4))
, —t—t—=
u v ow

Piéu kién cin: }

Gia sir (T) c6 nghiém ( u, v, w). Theo BBT Bu-nhi-a-cSp-ski, ta co:
2m =(u+v+w)(l+l+-l—)29:>m 22.
: u v ow C2

Diéu kién du: ~

Gid str m 2%, ta chimg minh (I) ¢6 nghiém. L4y w = 3( thoa man

w.>.\/§).
u+v=2m-3
D < 3(2m -3) -
I T

Khi d6 u, v 1a nghiém pt X*> ~(2m-3)X +

3(2m-3) -0,
2

_2m-3+J2m-3)2m-9)
Tacé 2m -3)2m - 9)=hh+6)<(h + 3)*< (h+6-22),
h=2m-920=2m=3-22>J2m-3)2m-9)=u,v>2.
Nhu véy (I) c6 nghiém u, v, w >2. |

A=(2m-3)2m-9)20=>u,v
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’ . 9 b 2 ’ ’ 4 b hd A A h
Tém lai m 2 5 14 tAt ca cac gié trj thoa yéu cau bai toan.
Bai3. 5
Téng ctia m s& duong chin khac nhau khong bé hon

244+ . +2m=200+D_ o0

Tdng ciia n sb duong 1¢ khac nhau > l+3+...-§(2n -1)=n?.

+n’ -~

2
Vi vdy tir gia thiét suy ra 2001 > m? +m +n’ =(m +l) 7

. 2
:(m+l) +n2s2001+l. 1)
2 4
TacbA=5m + 2n=

S(m+L)+2n-2 < [(52+2%) (m+l)2+n2 B
2 2° 2 2
Tir(l)va(2)suyra A< /29(2001%)—; = A 238,407 (3)

Vim, n nguyén duong nén A = 5m + 2n la nguyén duong. Vi thé tir
(3)taco A <238.

. {5m+2n=238(5)
- Dau“="xayrakhi { |, \
m° +m+n° =2001 (6)
Giai (5) : (my, ng) = (0, 119) 12 mot nghiém riéng cta (5).

Do d6 (5) c6 vo s nghiém (m, n) xac dinh bai:

m =2t
, (teZ)
n=119-5t

t>0
. , 12t>0 -
Vim,n>0néntacod o 119 <=0<t<23,teZ.
119-5t>0 t<—
Thay vao (6) ta dugc :
o 42 +2t+(119-5t)* =2001 < 29t ~ 1188t +12160 =0

~ 40
& t=20. Khi 46 {m

n=19
' Vay gid tri 16n nhét cia A 12 238 khim = 40, n = 19.




Baid.
Chimg minh: a* +b* + ¢ +4abc < -;— i

Goi S 14 dién tich tam giac, ta co:

11 1 1 ' ) '
S—‘/E(_i-a)(_i——b)(i_c) hay 16S° =(1-2a)(1-2b)(1-2¢) (1)

Vi 16Sz>0néntl‘r(1)suy ra: 4
(1 -2a)(1-2b)(1-2c)>0"
< 1+4(ab+bc+ca)-8abc-2(a+b+c)>0
<> —-1+4(ab+bc+ca)-8abc>0

@—l+2[(a+b+c)2 - +b? +c2)]—8abc>0

<> 1-2(a’ +b* +c*)—8abc >0

o at+bl+¢? +4abc<—;—

Ching minh: T= a® + b’ + ¢’ +4abc > —;3 .

Ta d& dang chimg minh duoc:
abc2(a+b-c)b+c-a)(c+a-b) (2)

Tir (2) ta cé:

<> abc2>(1-2a)(1-2b)(1-2c) _,
< abe2>1-2(a+b+c)+4(ab+bc+ca)—8abc
<> 9abc 2 -1+4(ab+bc+ca)

& abcz—%+g—(ab+bc+ca)

Do d6:

T2(a+b+c) —2(ab+bc+ca)—%+-19£(ab+bc+ca)=—;—-——-2—(ab+bc+ca)

Ma (a+b+c)? 2 3(ab+bc+ca) nén:

T.>_-5—~——2—(a+b+c)2=-1—3.
9 27 27

Dau “="xay rakhia=b=c =1/3.
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Bai 1.
Tim gid tri nhd nhat cda biéu thitc:
a) a; a,
+ A,
2, 2\? 2,2V 2, 52 2
(a +a2) (a2+a3 (al +a;

véi a,a,,..,a, 1a nhiing s0 duong va aa,+aja,+..+aa =K (K 1a

hing s6 ).
Bai 2.
" Tim tat c3 cdc s6 to nhlen nsaocho A =0 + 02 L 12 4 n+2

13 m6t s8 nguyén té.

Bai 3.
1) Chiing minh ring phu’dng trinh sau c6 3 nghlem phan biét:
x -3x+1=0. (*)

2) Goi X; , X2 , X3 12 ba nghiém cia phu’dng trinh (*) va ba di€m
M, M3, Mj ¢ hoanh‘ dd 1an lugt 1a x,, X2, X3 nim trén du’dng cong (C)céd
phuong triinh y = x* — 6x* + 4x + 6. Chiing minh riing géc toa do O 1a trong
~ tdm cla tam gidc M;M,M;.

Bai 4.
Chimg minh:

| 213
3\/c052—n+3\/cosf£+3\/ —6—?—-—» 5-337 .
7 7 7

2

Bai 1. |
Ap dung b4t ddng thitc Bu-nhi-a-c8p-ski:

a
+

: 2 7 - : 2
2 2 2 2 2 2
(a, +a2) (a2+a_,) ‘(an+a,)




2
a8, & ,
sttt \
> a,+a, a,-+a; a +a, B

Ta ciing ¢6 :
, 4 4 4
a} a a
[(af+a§)+(a§+a§)+...+(af‘+af)]. e I
, al+al al+aj al +a

2
Z(af +a) +...+a:)

2. 2 2
a, +a, +..+a,

suyra B 2
Y 2
(a2+a2+ +a2)2 | S
dods: A3 B FBTotE) (aja, +a,a,+...+a,3,) _K
4n 4n ' 4n
- »
Viy MinA:i,'datkhi a,=a,=..=a, = E
4n i n

Bai 2. :
V&in=0thi A=3213 hops6. Khi n=1thi A =421a hgp s0.
Véi n>1tacé:
A=@™ -n)+ @ -0+’ +n+n’+n+2
=n(n®™ - )40’ @™ - D+2> +n+1).
Don™™ - 1= (n3 )66x ~1 chia hétchon® - 1= - 1y (n’ + n + 1) nén
n*** - 1 chia h€t chon” +n + 1. Suy ra A chia hét cho n’+n+1>1.
Vay khong ton tai s& ty nhién n d€ A 12 s6 nguyén t3.
Bai 3. | '
1)Datf(x)=x -3x+ 1.
Tacé:f(-2).f0)<0,f(0).f(1)<0, f(l) f(2)<0nenphtrdng
trinh ¢6 3 nghiém X1, X2, x3va - 2<x; <0<x2<1<x3<2.
2) Goi G (X, Yo) 12 trong tam tam giac M;M;M;.
Theo dinh li Vi-ét: x; + X2 +Xx3=0=>x,=0
X1 X2 + X2 X3+ X X3——3
Véii=1,2,3tacéd:
X -3x,+1=0 = x; ~x(3x —1)=3x} -x,

4 R 2 2
= x!+x3+x} =3(x! +x2+x3)—(x,+x2+x3)=3(x, +X3+X7)
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Tacé:y, +y,+y, = (x + X5 +X] ) 6(xf+x§+x§)+4(x,+x2+x3)+18
= —3(x, +x2+x3)+18=0. |
Suyra:y, =0 ,
Vay G = O nén géc O 1a trong tim tam gidc M, M,M;.

‘Bai 4.
Xét phuong trinh : Cos 4x = Cos 3x

< (cosx — l)(8cos’x +4cos’x —4cosx — l)= 0

cosx = 1
8cos’x + 4cos’x —4cosx—1=0

Nhan thdy : t, =2cos—_27E ,t, =2cos 47n t, —2cos§7E

12 3 nghiém clia PT : t' +t* -2t —1=0.
t+t +t, =1
Theo Viét: {tt, +t,t,+t,t, =-2
et =1

Bét:A=\/—t_l-+3\/;2—+-‘\[t:
| B= 4/ut, +ift,t, + 3y,
Tac6:A'=3AB-4 via B'= 3AB-5 suyra
A'B’ =(3AB-4)(3AB-5)

= (AB-3)'+7=0 = AB=3-17

= A'=5-337 = A={5-3 7.
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PT i ONG THAP

Bai 1.
Pudng phén giac trong va ngoai cua géc C cia tam gidc ABC cat
dudng thing AB & L va M. Chimg minh rang néu CL = CM thi

"AC’ +BC’? =4R’ (R la ban kinh duong tron ngoai tiép tam giac ABC),




Bai 2. , .
Cho a, b, ¢ > 0 . Chimg minh rang
1 1 1 .

SR
a 2006 b 2006 c 2006

2006 1 1 ] 1
> o+ +
(2a+b+c)™  (a+2b+c)™ (a+b+2c)"™
Bai 3. : . ’
Cho tam giac ABC nhon thoa di€u ki¢n:
1+cosAcosB+cosBcosC+cosCcosA—(cos A +cosB+cosC)
‘ =2cosAcosBcosC. ‘

Chimng minh rang tam gidc ABC 14 tam gidc deu.
Bai 4. ' .

Tim tht ca cac nghiém nguyén (x;y) ctia: (x* + y)(x +y’) = (x - y)’.

HUG N GIAI

Bail. |

Neéu CL = CM thi tam gidc CML vudng cén (do CL vudng géc CM,
theo tinh chat hai dudng phan giac cua 1goc). Chon hé truc nhu hinh v& (O
trung diém ML), 0(0;0), A(a ; 0), B(b; 0), C(0 ; c), L(c ; 0), M(-c ; 0).

Ya
C
M O A L B X
, .., AL AC
Theo tinh chat duc han giac: — = —
eo tinh chét dudng phén giac B CB
2 2 oy alic? . 2 2
AL =AC <:>(c za1)2=a2+c2 <:>b=’E~:B —c——;O
LB CB®* (b-c¢)® b’+c a a
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Bai 2.

2ax —2cy =a’ —¢?
) }’2 , a2+cz-
Ao a’+c = »C

4 2, 2)?
AC2+BC2=(a2+c2)+(c2+§7)=(a :c ) (M

Goi I 1a tim dudng tron ngoai tiép tam gidc ABC, ta cé:

{AI—CI {AI’—CI2 (x=a)"+y’ =xT+(y =)’

) o PN : 2 Y
Al=BI |AI’ =BI’ (x-a)l+y*=| x-=—| +y?
( !

X =

2a

2 2

: 2
Tt‘rdé:4R2=4CI,2=(a +e ) Q).
- a

(1) va (2)= dpcm.

Ap dung BDT Cb-si, ta c6:

11 [ 1 1 92007
a2006 + b2006 '>_ 2 a2006 ' b2006 2 2.(a+b)2006 = (a+b)2006 (1)

2
Tuong tu: v
: 1 1 22007
bzoos + 2006 2 (b+c)2006 (2)
1 1 22007
c2006 + a2006 - (c+a)2006 (3)
Cong (1)(2)(3) vé theo vé, ta duoc: ‘
1 1 1 2006 1 1 1 '
+ + 2> + + 4
82006‘ b2006 c2006 [(a +b)2006 (b+c)2006 (C +a)2006] ( ) .
Tuong tu, ap dung (4) cho ta: |
‘ Y - . ‘
A > 22006 . + + 5
(@+b+b+c)**  (b+c+c+a)™ (c+a+a+b)2m]( )
. 1 ' 1 1 |
vél A = + + .
1 | (a+b)2006 (b+c)2006 ‘ (c+a)2006
Tir (4), (5)= dpem.




Bai3.
Pé da cho duoc viét lai:

(1-cos A)(1-cosB)(1-cosC)=cosAcosBcosC.
Ta ching minh:

(1fcosA)[l—cosB)(l'~cos‘C)>1 o
cosA cosB J\ cosC ) .

bit: x =tg—g—,y =tg]—;~,z=tg9— x,y,2z>0).

_ 2 _ ‘ 2
The cosA—1+X cosB-—l———y—— cosC—1 Z_vio (1) ta dugc:
X , _

1+2°
'(2x) 2y(22)>v1'
1-x2 \1-y* \1-2% ) " xyz

<> tgAtgBtgC > cotg —[—\—cot g B cotg <
2 2 2
. > tgA+tgB+tgC2 cotg-';—+(cotg§+cotg9—

¢:>tgA+th+th>th+C+tgA;C+tgA;B )

Tiép theo: 0<x<E,O<y<—2-:tgx+tgy22tgx+y

" Déu = xay rakhix=y. Tacé:

tgA + tgB > 2tg —1—\2—B

tgB +tgC 2> 2tg E—;—C—

+C

tgA +1tgC > 2tg A

Cong vé theo vé ta duoc (2). Pang thuc ¢ (2) xay ra khi A=B=C.
Viy tam giac ABC thoa didu kién d3 cho 13 tam giac déu.

Bai 4.
Pé a3 cho duge viét lai: y[2y? + (x* =3x)y + (x +3x*)] =0 (1)
Néu'y =0 thi x bt ki thudc Z. -
Néuy =0 :(1) = 2y> + (x> =3x)y +(x +3x’) =0
A = x(x* —6x* ~15x - 8) = x(x — B)(x +1)’
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Pé phuong trinh c6 nghiém nguyén thi Aphai 1a s§ chinh phuong,
tuc la : ’

X(x-8) =g’ < (]x-4| ,—I|a|).(|x—4|+'a|) =16
[Px =4+ a2 [x - 4|~[a]
P ﬂx—ﬁﬂﬂ+h—ﬁ—w=2h—ﬂ

D {lx—4[+la|=16

nén ta ¢6 céc trudng hop :

= |x—4|=8,5 (loai)

[x~4|~[a| =1 |
"'4 =8 [ = :
y {Pxdlel = lx—d[=5=|*=7
|x - 4|-|a|]=2 [ x=-1

|x—4|—[a| =4 (x=0
Thay vao phuong trinh, ta c6 cac nghiém nguyén la
(t;0) (teZ),
(9;-6), (9; -21), (-1; - 1), (8; -10).

—'4 =4 i =
3) {Ix I+ o lx—4=d4=|*78

26

T EC, TINH DONG THAP
Bai 1.
Tim nghiém cla hé phuong trinh:
( o]
x> +xy)(y+2z)=—~
(" +xy)(y+22) =
<x2+y'2+3xy+4xz+2yz=—§— (x<0<y,z).

x+y+z=0

;

Bai

Tim nhiing cdp s6 nguyén (x,y) thoa phuong trinh:
x'=3x2 +3(y’ +Dx - (y* +1)* =0.




Bai 3.

Cho tam gidc ABC, goi m,, m,, m_, theo thi ty 13 d dai trung
tuy€n xuat phat tif cdc dinh A, B, Cvar,, r,,r, theo thit tif Ia ban kinh
dudng tron bang ti€p 1’rng véi Céc géc c6 dinh A, B, C. Ching minh rling:

r+ri+rl2m?+ml+ m?,
Déng thitc x4y ra khi nao?
‘Bai 4. | _

Goi I ]1a tdm dudng tron ndi ti€p tam gidc ABC, dudng trdn nay
tiép xdc véi cac canh BC, CA, AB tai K, L, M twong \ing. Qua B ké dudng

thing song song vdi MK, dudng thing nay cit LM, LK tai S va R.
Ching minh géc RIS 14 géc nhon.

Bail.
 Pitu=x, v=x+y, t=y+2z suyrau< v<t.
]
1

= 9 -3 =>u, v, t 13 nghiém phuong trinh:4X *-3X = 1
uv+vt+tu= e , ' 2

(u+v+t=0

biat X =cosa =>cosda = —;— (O<a<m)

. 2kn
Do =—+——viu<vct
9 3

' n by T
= u=cos—9—— V = CO§ — t=cos—9—

( x
X = CO§—
9

) 5% In
y = 0§ — — COS —
= 9 9

T S .In 5n
Z =COS— — COS — — COS — = — COS —
9 9 9 9

.
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n
X = COS—

= cos5—1t —/vcos—7—E
1Y =% 9 1a ba nghiém can tim.

5w
Z=—C0S—

Bai 2. : .
TH1 : N€u y = ~ 1 thi ta dugc phuong trinh:
xX-3x’=0 & x=0 hay x= 3

. x=0 x=3
Vay ;
y=-1 y=-1

TH2 : Néu y #-1 thi nhin 2 v& phuong trinh cho (y* + 1) #0:
G+ D32+ D) +3 + D) - P+ = 0
o Xy + (x—y3—/1)3 =0
& yx= y3 +1-x
3

& X = J +11=y2-y+1

Viy nghiém ciia phudng trinh ban dau Ia :

x=0 [x=y’-y+l
y=—1’ yeZ
Bai 3. ‘
Ta cé:

S=(-ay,=(p-b)r, =(1@—c-.)‘rc = \p(p-2)(p-b)p-c)
Do d6:

S? N s’ N S?
(p-2) (=) (p-c)’
=p (p'b)(P—C)+(p—a)(P-C)+(p—b)(P—a)

p-a p-b p-c

2 2 2 _
I, +r, +r; =

3
m? +m? +m?= =@ +b*+c?).
4 .
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X=p-a X+y=¢
bit{y=p-b,suyra {x+z=b va x+y+z=p.
z=p-C . ly+z=a

Ta cin ching minh: | -
yiz)| B2 N é[ : : :
(X+Y+Z)(x + » = )24 (y+2z) +(x+2) +(x+y)/].

Ta c6: ' , :
xz[z+£)+yz(z+£)+zz(LXJZZ(XZ+yz+zz)
zYy zZ X/ \y X )

(x+y+z)(£+-x—%’+EZ
X Yy z

JZZ[xz+y2+22]+_xy+yz+xz

Theo bt ding thitc Co-si: -

%(xz+y2+zz).>_%(xy+yz+xz)

Do d6: _
'3r2 2, .2 ;3 2 2 2

VTZE[X +y +2z +xy+yz+xz:|—z[(x+‘y)‘+(y+z) +(_x+z)]

Ping thdc xdy ra khi x=y=z=>a=b=c, hay tam gidc ABC

déu. ‘ '

Bai 4.
‘D& thdy BI 12 truc d8i xidng cda MK hay BI L MK = BI.LRS.
Trong ABKR, ta cé:

C.
BK cos—
BRK = %Ji, BKR =90°-C =BR = 2
2 2 COS —
2
BMcosé
Tuong tif nhu vy : BS = — 2
COS —
2

BR.BS = BM.BK=BK?

=IR?+IS2-RS?=2BI* +BR*+BS* —(BR+BS)’
=2(BI’- BR.BS) =2(BI?’-~ BK?) = 2KI*> 0.
Theo dinh 1i cosin, ta suy ra RIS <90°.
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¢ BEN TRE. TINH BE
Bai 1.
Cho tam gidc ABC c6 céc goc nhgn ndi tiép du'ong tron tam O ban

kinh R. Goi Ry, Ry, R; 14n luot 14 ban kinh dudng tron ngoai tlep cac tam
giac OBC, OAC, OAB ; p la nira chu vi cta tam giac ABC Chu'ng minh :

7
RIR,R, 2 729R
16p*
Bai 2. .
Giai hé bat phuong trinh:
x2AX —6x+5 = (x> +2x-6)(x* +4) (1)
x+ 2214 —2; Q2
X X
Bai 3.
G1a1 phuong trinh : 3[1 + cos2x] +4tg°x = 7.
COs' X

/.
/ Bai ‘
L? Tim nghiém nguyén duong ctia phuong trinh :

2x7 +5xy? +7x* — 2%’y - 5y° = Ty = 2006.

' N GIAI
Bai 1. .
PitBC=a,AC=b,AB=c, Sasc =S va p 12 nira chu vi tam giac
A
ABC.
OB.OCBC R’
Ta cod: Sape = =
B0 S0 TR, 4R,
2
=R, = aR
4SOBC
' R? R?
Tuong tw: R, =—I)-B—-'-— s Ry = e
' 4So¢\c 4SpAB
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RS.abc > | Rabc

=>RR,R, = — 3.
: 64805 Soac-Soas p 4(SOBC +Spac +SOAB)
. _7 =
- 27R%abc - 27R’
=RR,R, > =
: I 64S° 168>
s ' —a _ o\ pe
MaS2=p(p-a)(p-b)p-c) Sp(" a+tp-b+p °) i
: \ 3 27
7 .
nén: R,R,R; 2 ;7_2_9_1}4_
16p
Piéng thirc xay ra khi va chi khi tam giac ABC déu.

Bai 2.

.'Tir(2)tasuyra: x+z>1:>x>0:>x3+4>'0.Dod():
' X

‘ -1+7 ‘
x2+2x—v-v6>0<:>|:x> ‘/_=>x>ﬁ-1

x<—1—_ﬁ

Két hop didu kién x° —6x +520 ta duoc:

xziﬁz‘/—z_l-. 3)

Khi d6 ta 1dn lugt c6 cac nhan xét sau:

Jx—6x+5 = J(x-D)(x’ +x-5) s-;—(x-1+x’+x—5)=%(x2 +2x-6)

icd
N

3

3 3 3 - o
x?=3x* =3 1‘2—.3‘2—.4 51[1‘—+1‘—+4}=1(x3 +4),

312 2 3
tir 46 ta suy ra: B
6x2x —6x+5 < (x2 +2x - 6)(x’ +4).
Vay (1) tuong duong véi:
x-1=x*+x-5 |
x_3=4 c>g=2,th6amin(2).
2 .

Vy bét phuong trinh 6 nghiém x=2.
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Bai 3.

cOs2x
bit u=—
cos“X

+1 va v=tgx.

Phuong trinh ¢6 dang: 3u’ +4v’ = 7. Ta cé:

cos2x : cos2x+1  2cos’x
u+v=——+(1+tg’x)= —= =2
- - cos’x cos’x  cos’x

Sir dung bt ding thirc Cé-si ta ¢6:
{u‘ i+l 2 4u {3(11“ +3)>12u

=3u'+4v’ 27
4V’ +2) 2 12v

vV +1+1  23v
ui=1
A A

Déub?mgxéyra@{ - = v=1<:>tgx=i1c>x=i§-+kn,

Viy phuong trinh c6 nghiém: x =i% +kn (keZ).
Bai 4. |

Phuong trinh d3 cho tuong duong:

(x*-y). 5y +2x3+7)=1.2.17.59

Do (x*-y)>0= x22 -

= 5y2+2x3+72 5+16+7=28
=>x4-y)e {1;2;17;34;59}
16—y =1 y =15
>

16—y =2 y=14

Chi c6 ciip (2 ; 14) théa phuong trinh.
Néu x 2> 3:

~ Néu x=2 thi [

59> x4-y) 2 @Bl-y)>y=222
5y2.+ 2x3+7 > 2006 : khong thoa phuong trinh
V4y phuong trinh ¢6 nghiém duy nhét (2; 14).
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TRUQNG THPT LUU VAN KIET, TENH VINH LON
Bai 1.
a) Tim nghiém tu nhién cua phuong trinh:
(X2 +4y* +28)2 =17(x* +y* + 14y* + 49).
~b) Tim cac gia tri nguyén duong khac nhau xi, x, . . . , X, sao cho:

1 1 1
—+—+.+—5=1.
Xy X X,
Bai 2.
a) Gia su phuong trinh x* + bx® + cx? + bx + 1 = 0 ¢6 nghiém.
Chimg minh : b + (¢ -2)*> 3.

b) Giai phuong trinh : x*+3x-3=0.

Bai 3. ’
Tim cac ham s6 f(x) va g(x) xac dinh bi hé sau :
Jf(x-D+g2x+1) = 2x
fOx+2)+2g(@x+T)=x-1
Bai 4.

a) Cho tir gidc ABCD néi t1ep trong (O, R). V& Ax vudng géc AD
cit BC tai E, v& Ay vudng goc AB cat CD tai F. Chimg minh EF qua O.

b) Cho tam giac ABC cb dinh, vé& hinh thoi BCDE. Tur D, E vé&
duong vudng goc AB va AC, ciac dudng nay cit nhau tai M. Tim quy tich
diém M. .

5

HUONG DAN GIAI
Bai 1. |
a) Ap dung BDT Bu-nhi-a-cop-xki :
(127 +4.y" + D] <@+ 4é)|:x4 F(y2 7]
<17(x* +y* +14y? +49).

Dod64x’=y*+7 < (2x+y)(2x-y)=T7.
Vix,ye Nnén2x+y >22x-y 2 0.
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2x+y=7 =2 |
Tacé{ Xy @{x ;- Viys=(@3).

2x-y=1 y=
b) Ta c6 x1, X2, Xn khong bé hon 2 nén |
1 1 1 1 1 1 1 1 1
Sttty Sttt <ot oot
X X X, 20 3 (n+1)” 1.2 2.3 n(n+1)
l—l+~1—%—l-+...+'—1+— ! - =1- 1 <1 | |
2 3 n n+l n+l

Viy — ! +——1-—+ +
' xl : x2 x

Do d6, khong ¢6 chc gi4 tri nguyén duong khac nhau thoéa mén:

1 1
—t—t.F
X2 X, x,’

=1.

n

Bai 2.

a)Tacox* +bx’ +ex* +bx+1=0 ©x2+bx+c+—lz+'—17=0
X X

<:>x2+—li—+b(x+l)+c=0
X X
 Taco tP+bt+c-2=0 véi t=x'+l:>x2+—12—=t2—2' valf=2
X X : :
oth=(2-c)-bt
Ap dyng BDT Bu-nhi- a-cbp-xki:
t'=[@-0)1- bt] <[(@-c) +b2](t +1)
t4
——<(2-c) +b
t? +1 @2-9 .
Ma x? 4+~ 225t 24t 216 nén
X ,
o3+ =t -3t =3216-12-31>0

. t4
t' >3tP+)
( ) t?2 +1

Vay: b2 +(c-2)>3.
b) bat x=y——1—
y

>3

Ta duoc (y—l)3 —3(—y——l-)-—3=0 @y3——17—~3=0.
y y y.
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Patt=y’,tacd t'—%-—3=0

2 -3t-1=0 <:>t=%(3i:\/i—§):y=,3/—;—(3ixfl—3)
Vay x:'i/l(sislﬁ)— il_-zm' |
B 2 3__{,@ . . . ' . )

Pitx-1=2u+2 =>x=2u+3,2x=4u+6
f(x-D)+g2x+1)=2x = fQRu+2)+g(4u+7)=4u+6
= f(2x+2)+g(4x+7)=4x+6

f(2x+2)+g(4x+7)=4x+6ﬁ{f(2x+2)=7x+13

f(2x+2)+2g(4x+7)=x~1 8(4x+7)=-3x-7
-2 ‘

Bai 3.

Khi d6 ta co {

Pitu=2x+2 = x=u

:>f(x)=%x+6

7

bit t=4x+7 = x=-t——-_—Z :g(k)=—§x——
4 4 4

Bai 4.
a) Thuc hiénPDgrr A > M
Chitng minh M € (O).
Ta co: ' '

BCD +BAD =180°
ma EAF +BAD =180° nén
BCD = EAE-

Vi EAF = EMF nén BCD = EMF

Suy ra tir gidc EFCM ndi tiép, suy ra: D
MCE = MFE,
MFE = EFA
EFA =MAB.

Do d6 MCE=MAB =
ABMC ndi tiép, suy ra EF nam
trén dudng kinh hay EF qua O.

b) Goi H 13 tryc tdm cua tam
giac ABC, dat BC = a.
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AHBC = AMED => CH = DM
Tei :P>M,maD e (C,a)nénM e (H, a).

29

TRUONG THPT CHUYEN NGUYEN BINH KHIEM, TINH VINH LONG
ai 1) ~
—" Tim nghiém nguyén ca phuong trinh x* +27xy +2009 = y*.
Bai 2. : « .
Chitng minh riing tdng cic gi4 tri 16n nhat va gi4 tri nhd nhét cda
otg’x ’ ‘
cotg3x

haimsd y = 12 mot sd hitu i, trong d6 0<x < g
Bai 3. ,
Cho ABC tam gi4c nhon. Ching minh ring:
cosBcosC cosCcosA cosAcosB 3

+— + <=,
B-C C-A A-B) 4
COS| —— cosj — cCOoS} ——— :
2 2 2

Cho tam gidc bat ki ABC. Trén ba canh clia né dung ba tam gidc
déu, sao cho mdi tam giic déu d6 nim khic phia vé6i tam gidc ABC véi
canh chung. Goi A 1a tam gidc c6 c4c dinh 13 tim cda cdc tam gidc déu
~ 6. Tuong ty trén ba canh cla tam gidc ABC dung ba tam gidc déu sao
cho mdi tam gidc déu nim clng phia vdi tam gidc ABC d6i vdi canh
chung. Goi A' 1a tam gidc c¢6 céc dinh 1 tim cla cdc tam gidc déu vira
dung. Chitng minh ring S,z =S, -S,..

Bai 4.

Bai S.
Cho a, b, ¢ > 0. Chitng minh b4t ding thic

a4 . b4
+

a4+{/(a6+b°)(a3+c3)2 b“+{/(b_6+c‘5)(b3+a3)2
+ ¢ <1.

ct+ {/(c6 +al )(03 + b’ )2
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:I . EN »
Bai 1. .
Pit y=x+a, a€Z. Phuong trinh trd thanh:
(27-3a)x? +(27a-3a% )x 2’ +2009=0 (*)
Piéu kién d€ (*) c6 nghiém la:
(27a-3a%)" - 4(27-3a) (-2’ +2009) 2 0
hay -3(a—14)(a-9)(a’ +41a+574)20.
- Via’+4la+574>0 véimoianén 9<a<i4.
Vi aeZ nén ae{9,10,11,12,13,14} .
Khi a=9, ta dugc phuong trinh 1280 =0 (v6 nghiém). Tuong ty,
_khi cho a 14n lugt nhan céc gid tri 10, 11, 12, 13, phuong trinh déu vo
nghiém. ‘ '
Khi a =14, ta dugc phuong tiinh:

~15x*-210x-735 = ch—- -7.
Véia=14, x=-7,suyray=7.

Viy phuong trinh di cho c6 nghiém nguyén duy nhit la (-7, 7).

Chu’ng minh ring tong céc ‘gid tri 16n nhat va gid tri nhd nhit cla

hz‘amsc‘;y— otg'x 12 mot s6 hitu t, trong d6 O<x<X.
cotg3x 2
Bai 2.
L A 4g2 .
Tacly= 3tgx — tg’x __3 12g><2 (x;t—q).”
(1 3tg x)tg X (I—Btg x)tg X 6

Pit t = tg’x , ta dudc phudng trinh 3yt —(y +1)t+3=0(1)
._ Phuong trinh (1) c6 nghiém khi:
(y+1) -36y20 e y? —34y+12017-1242 < y<17+1242

Suy ra ymin=17—12\/—kh1t=3—2«/—<:>tgx—\/——1<:3x=%

Yom =17+12¢2 khit=3+2«/§©tgx=ﬁ+1¢§x=%§'_

V3Y Yoin + Yo =34 12 G hiu 8.
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Bai 3. e , ~
V1 ABC la tam gidc nhon nén cosA >0, cosB>0, cosC>0,
Ap dung bit ding thitc C-si, ta dugc

2cosBcosC _ 4cosBeosC . A

: = .sin—
COS(B—Z—CJ cosB+cosC 2

<24 cosBcosC;sin% < (cosBcosC +sin? %)

Chitng minh tuong ty, dudgc
_2_ cosCcosA

(5*)
cos| ——
v 2 . . .

: ——————2CQSACOSBS cosAcosB+sin? < |
‘ (A—B) 2

- cos| —— |

Cdng céc bat ddng thitc trén theo timg v&, ta thu duge bat ding thic-

< (cos Ccos A +sin? %)

cosBcosC  cosCcosA cosAcosB

+ + < sin’é¥sin22+sin2§— +
B-C (C—A (A—B - 2 2 2
cos| ——= | cos cos| ——
2 2 2

2

+(cos Acos B +cosBcosC +cosCcosA) < -_;13-(cosA+cosB+cosC)2 +
+%[3—(cosA+cosB+c_osC)] <

sl.i.(cosA+cosB+cosC)+—1—[3—(cosA+cosB+c0sC)] =’—3—.
32 2 : 2

cosBcosC + cosCcos A +‘cosAcosB <3
B-C C—A) ‘ (A—B)_4'
cos os| —— | cos| ——
2 2 ). 2

Dé dang chitng minh dugc A, A' 13 nhitng tam gi4c déu.
bit AB=c, BC=a, CA=b. Xét tam gidic O,AO, ta cé:
0,0; =0,A* +0,A>-20,A.c0s 0,A0,

Vay

Bai 4.

108




= [c"_/_i]z +[b[—3~]2 —2.c—\/§.bi§-.c6 (a +60°)
3 3 3 3

= %l:c2 +b2 - 2bc.coS(oc + 60° )] )

NP

Viy 8,="-00; =v1—2(c2 +b? = 2be.cos(a +60°)).

Tuong ty, ta chimg minh dugec:

V3

S, = 1—2—( 240 ——2bc.cos(a—-60°')).
Suy ra: '

3

Sy =Sy = Tz—.Zbc.[cth(a —60")—cos(c +60° )]

*|&

bc.2sin60°.sina =S 5.

Bai 5.
Ta co:

\3/(a6 +b°) (@’ +°3-)2 = {/(a6 +‘b.6)(a6 +2a’c’ +¢°) =

= g'/(a'2 + 2a3b6c3)+(2a9c3 +b°c° )+ (a"b6 +a6c°) >

. 3
> Ya’b® +3a°bc? +3a’bc’ +a%® = ,3/(a2b2 + a"‘cz) = (azb2 +a’c? ) )

Suy ra:
at <. at . a
_ 7 ool a2l 02,2 2 2, .2
a“+{/(a"+b°)(a3+c3) a'+a’’ +a’c’ a’+b’+c
Tuong tyr: '
b* b’

b4+{/(b°+cﬁ)(b3+a3)2 Sa2+b2+c2 '

c4 : c2

.

<
' 3\ al+bi+ct
C4+d(c6+aﬁ)(cs+b3) a“+b +c

Cong céac bét ding thirc trén theo timg vé, ta thu dugc bit déng thic:
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a b!
+ — +

D R R R ]
¢! a’+b’ +c’
* < =1.

> T b4
C4+i/(06+a6)(c3+b3) a‘+b +c

30
TRUC YEN LY TU TRONG, TP. CAN T
Bai 1. - )
Gidi phuong trinh 2005 - x| +]2006 - x| =1
Bai 2
Cho tam gidc ABC c6 cac goc théa mén diéu kién max{A,B,C} > Ly

N

A-B B-C C-A
.COS .Cos
2 2 2

. . B . C
sin —.sin—.sin —
o2 2

Ccos

Tim gia tri nho nhét ciia biéu thuc T =

Bai 3.
Cho tip hop A gbm céc sb tur nhlen ¢6 2006 chit sb thoa man ddng
thori hai diéu klen sau:

(G) Méi so ty nhién cia A khong c¢6 sb O trong cic chir s ciia nd,

(/) Néu a =a,a,...a,y thudc A thi b=bb,...b,y , trong d6, b; = 3a;
2006

(mod10) (i = 1,2006 ) ciing thudc A vi Z a, }_j b, .
i=t i=1
1) Cerng minh ring téng cac chit s6 cia m&i sb tu nhién cia A luén
bing mét hing $0.

2) T1m sb tur nhién bé nhét cta tap A.

Cho tir giac 16i ABCD c6 dién tich S khong d6i ndi tiép duong tron
Q)44 sao cho tim O ludn nim trong tir giac iy. Goi I 1a glao diém cua hai
duong chéo AC va BD; M, N, P, Q theo thir tur 1a diém d6i xtmg cua I qua
cac duong thing AB, BC, CD, DA. Xéc dinh gla tri 16n nhét ctia dién tich tr
gidc MNPQ.
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¢ N GIAL
Bai 1. .

Nhin xét ring phuong trinh c6 cdc nghiém la:

x = 2005 va x = 2006.
Néu x > 2006, thi phuong trinh v6 nghiém vi:
) . 2005-x<-1nén VT > 1.
Néu x < 2005, thi phuong trinh v6 nghiém vi:
2006 - x> 1nén VT > 1.

Néu 2005 < x < 2006, thi 0 < |2005 — x| <1,0 < |2006 — x| <1,

do d6 [2005 — x[°% < [2005 - x| = x — 2005, -

12006 - x[°** < |2006 — x| = 2006 - x, suyraVT<1. -
Bai 2. .
' sin A +sinB +sinC

sin A.sin B.sinC

(a+b)(b+c)c+a)

abc
Khdng mét tinh tdng quat, gid s ring ¢ = max{ab,c}

Ta bién ddi biéu thirc T vé dang T =

Ap dung dinh 1i ham s6 sin cho tam giac ABC: T =

Tacod: c2 =a’>+b* - 2abcosC > a® + b > 2ab = \/—b<—g——

T= 2+(: b) (3’—'3 4848 )>2+2\[ bgath
a
‘ 2¢/ab

ab
Vay T,. =4-+342 khi va chi khi AABC vudng cén.

«l

s»lo

L
b

> 443} > 4+32(2,5).

Bai 3. ¢
. 2006

1) Xét cac sb sau day clatip A: a=aga,.. a2006 VOl Y a, =
. i=l

"b=Db,b,...b, » Vi bi = 3a; (mole)
€ = C,Cy.-Copqs » VUi €i = 3¢i(mod10)
d =d,d,...dyq » v6i di = 3ci(mod10) (i= 1,2006)

2006 2006 2006 2006

Theo gia thiéttaco ) a, = Zb Zc:Zd.:s.

i=l

Vil<a<9@=1, 2006) nén bﬁng phuong phap thir truc tiép ta co:
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ai+b;+ci+di=20
Tu d6:
2006 2006
48 = Za +Zb +Zc +Zd
: : i=]

2006

_Z(a +b, +¢, +d.) = 20x2006

Suyra: S = 10.030 (dpcm).
2) Xét s6 tu nhién a = a,a,...a,y, , trong d6:
== = aj003 = 1 va ajgos = alOOS =..= 42006 = 9.
Réranga € A Ta chimg minh a 12 sb tu nhlen bé nhat cla A.
" That vy, gid sir 3c € A théac <ava ¢=¢C,..C

Khido,doc<a,Vc;#0.(1= 1,2006) nénc;=cy=...=cCy3 =1
2006 1003 2006
= Y ¢;=) ¢+ Y. ¢ =10.030 (theo cdu 1)
i=} i=1 i=1004

2006
= Y ¢ =10.030 - 1003 = 1003x9

i=1004

=>ci= 9(1 = 1004, 2006) = ¢ = a (dpcm).

Bai 4.

GQI H], HZ’ H39
H, 14n lugt 12 hinh chiéu
cia I trén cic dudng
théng AB, BC, CD, DA.
Do O n3m trong tir giac
ABCD nén H], Hz, H3,
H, lan luot thuoc céc
doan AB, BC, CD, DA.

Ta c6:
Sam = -12—IM.IN.sinI\//II\N =2IH,IH,sinB | 1)

: 2 2
IH, IH =._4'_SAAIB'SABIC < (Spam +Spmc)” _ Samec _ 1 SAABC sinB (2)

-~ AB.BC AB.BC ~ AB. BC 2
(1) va(2)= SamiN < Saasc.sin ’B < Saanc
Tuong tu: Sanip < Sapcp

Sario < Sacpa
SaqiM < Sapas
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Tieds:
Smneg = Sammv + Sanip + Sapig + Saom
< Saasc + Sapcp + Sacpa + Sapas = 2S.
DAu déng thirc xay ra khi va chi khi:
. Suam = Sasic = Sacw = Saoia
. {sinA =sinB=sinC=sinD =1
Vay maxSynpo = 28, dat dugc khi ABCD 14 hinh chit nhat.

<> ABCD 14 hinh chir nhat.
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H ' INH B
Bai 1

Q

“Tim nghiém nguyen cua phuong trinh :

x(x+1)(x+7)(x+8) y , (D
Bai 2. '
Giai phuong trinh ‘ ‘
(16cos*x + 3 )*=2048cosx —768 ™)
(Bai 2. )
Cho x, ¥, z 12 ba s0 thyc duong thoa x + y + z=1. Tim GTLN cta
p=—X 4 Y NOZ
_ X+yz y+zX Z+Xy
Bai 4.

Cho AABC ngoai tiép duong tron tim I, c6 BC =a ; CA=b ;
Ab = ¢. Chimg minh ring

AIBIC !
aJA2 +bIB? +cIC? ~ 33

6 AN GL
Bai 1.
Pat t=x+4,tac6 () & (-9)t*~16) = y* (2)

‘Lai dat u:= tz__%2_5_, 2l; €Z,(2) = (u + ,2y)(2u-—2y') = 49.

* Trudng hop 1: _
2u+2y =49 2u+2y=1 2u=25 2u=25
v . i = Vv
2u-2y=1 Zu—-2y=49 |y=12 y=-12
OLYMPIC MON TOAN - 8 ‘\ \ , 113
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2u=25=t=+5 = x=lhayx=-9
T do, (x,y)=(; £12), (-9;. F12).

Truong hop 2: . -
2u+2y=-49 [(2u+2y=-1- [2u=-25 (2u=-25
’ : \% = \4
2u-2y=-1 2u-2y=-49 y=-12 y=12
2u=-25=>t=0 =x=-4 (x;y) = (-4; £12).
Truong hop 3: : , ,
2u+2y=7 2u+2y=-7 2u=7 [2u=-7
v , = v
2u-2y=17 2u-2y=-7 y=0 |y=0
2u=7=t =16 =t = 4
=>x = Ohayx =-8
u=-7=>t2=9 =t= +3

=>x = -1 hayx =-7

. = (an) = (090) s (_130) s (_790) » (—8,0)

Tém lai, phuong trinh cé céc nghiém nguyén la: v
0;0), (-1;0), (-7;0), (-8;0), (1;12) , (1; -12),
(-4; -12), (-4;-12), (-9;12) ,(-9; -12).

Bai 2. '

Dit u=2cosx, diéu kién : Ju| < 2. Khi d6:
Mo (vt +3) =4'(4u-3)

out +3 = 4\/“4u-3. vdi uz% ‘

Patv= Y4u—3 véiv20.Khidé tacé hé:
(u*+3=4v (1)
{v4+3=4u (2)

Ly pt (1) trit pt (2) v& theo v&:

vt -vt =4(v-u) e - V[ +v)+4]1=0
| ¢:>u=v(dou2%vév20)_

Khiu=vkhidé (2) & u* ¥3=4u

’ u=1
o @-1Y @ +2u+3)=0] | ,
- v +2u+3=0 (vO nghiém)

- -

,“/
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u=1¢>2cosx =1 cosx = -;— =N x=’i§'+k2n, keZ.

- Bai3.

1 1 Yz _ 2é, z=_ ,B vdi{()<A<1t
y 2

P= Z+ xz+ Dﬁt
AT A 7 X
X

y z
Ta cé:

l—x+y+z—1/xy\/;E \/y‘z’xy
ltgA B ‘
yZ 2 A+B C
= cot =tg—
[\rf} \/_‘['\/_ BTEETTTE
2 : .

tg +tg—

(do A+B<5’ C=n-(A+B)e(0;n))

c - ,
1 1 8 ;A . ,B sinC
=>P= =t 5+ ,C-cosz+cosz 5
1+tg51+tg51+tg2
=1+%(cosA+cosB+sinC).
Mait khic:
’ ' T 4
C+— C——
,cosA+cosB+sinC+sin1t—=2cosA+B.cosA B+2sin 3 cos—3
3 2. 2 2
B c-Z A+B+c-Z -
<2cos +2cos 3 s4cos—-——4—3=4cosg=2\/§
Dodé'P51+—;—(2\/§—£) 1+ 3‘/—— . Dang thirc xay ra khi:
A=B A:B:E
, ==
| C+-’33=n _2n

= ’E= -—zz(—:tg1=2—\/§ ; ..’E.X:tglt_:ﬁ
X y 12 zZ 3
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—=x=y=243-3; z=7-43.

Bai 4. _
Ap-dung dinh Ii sin trong tam giéc BCI, ta c6:
, : a.sin §
c _Bc e _ 2oty
sin— sinBIC g, BT ooq cos —
2 2 2
. C A
b.sin —2— c.sin E
T\Idng ty: IA= B ; IB=-——-——C—.
cos — coSs—
2 2

A B C
Do d6: IA.IB.IC = abc tg > tg—.tg =
© abe 185185187

A B B C C A N
Ma: 1= tg~tg—+tg—tg—+tg—tg— > 33[tg? —t
gzg g g2 8282 \[gzg

2 2
A ,B ,C 1 A B C
:>tg2—2-tg2-2—tg2-:—2—sj27 tg--tg-tg- <3—\/—_=

Theo BDT C6-si cho 3 s6 ta c6:
a]A? + bIB? +cIC? > 33/abc A% IB? IC?
1 1
= <
aJA? + bIB? +cIC? 33abcJAZIB2IC?

3
(e B
aJA? +bIB? +clIC’ 27abc]A’ IB2.IC2

B
28

2 C

e

2

- ( IAIBIC ) JJAIBIC _ abe
alA? +bIB? +cIC?
é - JAIBIC ° 1
alA? +bIB’ +cIC2 3J’
Dﬁng thitc x4y ra khi va chi khi:
A=B=C
{a.IA2 = bIB? = ¢IC’
& A=B=C < AABC déu. -
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