Chuong 05
VECTO

Ly thuyét

1. Goc gitra hai vecto

.. Pinh nghia

"C”ﬁ

7 1 1 1
—="5 Cho hai vecto a va P déu khac vecto 0- A
UL Ll I

.
» Tumodt diém O bat ki ta vé OA =a vy OB=Db. a

£

Géc AOB i s6 do t1r 0" gen 180° duoc goi la goc 0

gilra hai vecto a va b

S
S

rt
o 0 b (ab)
» Ki hiéu géc giita hai vecto @ va D 1a .
rit
. (a,b)=00" : o
& Neéu thz ta noi rang va b vuong goc voi

nhau, ki hiéu la alb hodc bla
fr Uy rl oy

2. Tich vo6 hudng hai vecto

{ °=.» Pinh nghia

1
"5 Cho hai vecto a va b déu khéc vecto 0. Tich vo hlrong cta @ va b1a mot sé.

=
1

avy
_|a| ‘b‘ cos( 5 b)

r 1
» Ki hiéu la ab gGuoc xé4c dinh béi cong thic
s e oo Thare 85 b @&h o AL v co a8 coc cbas Ifl e h o 0 s e i ah =0

I |
Véi a va b khac vecto 0 tacéd aL be ab= 0,

Kh1 b thi aa duwoc ki hiéu la @ va goi la binh phuwong vo huéng ctua vecto
a

\_ w T =
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3. Tinh chat caa tich vé huéng

[ ]
l’% Cac tinh chat:
guoi ta cht'rnrg Im;nh duoc céc tinh chat sau day cua tich vé hudng:
a

:biChat ki va moi s6 thuc K ta cé:

r¢l ry r!orr
o L ) a(b+c):ab+ac , . n ”
(1) ab=b.a ( tinh chét giao hodn). (2) (tinh chat phan phoi)

Véi ba vecto

’ r+ 1 ri r I .
g (kDD =k(ab) =a.(kb) w5205 =00 =0,
I I

ab>0e (a;b) |
5) | | la géc nhon.

ab<oe (@;b) . |
® " la goc tu.

» Nhan xét: Tlr cac tinh chat cua tich vo hudng cua hai vecto ta suy ra:

(E+£): 0 +25,£+£:
> (5-b) =f- 2hbsb?
(r ')( ') r. X

» Chu y:

ABAC=1AB +AC - BC'
/ unung s ., .,
DABC \ BB L ac

uour
CACB =-CA*+CB - AB
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&Céc dang bai tap

0 Dang 1. Tinh tich vo hudng hai vecto

— Ph
i Phuong
(1) Dua vao dinh nghla

Cho hai vecto a va b déu khac vecto 0. Tich vo huo*ng cua a va b la mot so.
ab _|a| |b‘ cos(a; b)

-
» Ki hiéu 1a @b duoc x4c dinh bdi cong thuc

» Trlro'ng hop it nhat mot trong hai vecto a va b bang 0 ta quy wéc ab=0,
(20 Tinh chat:

ror
Véi ba vecto TP Chat ki va moi s6 thuc K ta cé:
r¢d oy rlorr

r.:r L i a(b+c) G,b+a,c: i . R .
1. ab=ba (tinh chéat giao hodn). 2. (tinh chéat phan phoi).

(k)b =k(ib) =4.(kb) rn_.r r!
3. = Bahintd 4, @ 20,d =0= a=0

3 Chuy:

r 1
Véi a va b khéc vecto 0 taco aLbe ab= =0,
r
Khi a= b th1 aa duoc ki hiéu la @ va goi la binh phwong vo huéng cua vecto a
& :Iallalmst} :Ial

oM

{ Vi du 1.1.

] : [ B I rt _
Cho b, b véi ‘a\ =3 |p=2 (a,b)—lzﬁ Tinh
My Iy
(1) crlll) ) (G+b) +(5— b) o (E+"*.Ib)(25— .Ib)
o Loi giai

r
b

> o, oo

) =a’ +b +2ab=3+2"+2.(-3)=7
) = 7+19 =20

r 'y r, 't
a- b) =a +b -2ab=3"+2"-2.(-3) =19

(+2b)(28- b) =207 - Gb+abb- 2b* =23 - (-3)+4.(-3)- 22" =1
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Vi du 1.2.

Cho tam gidc ABC vuéng tai A c6 AB=a, ACB=30"  Tinh céc tich vé huéng

Sau " e ms: s aws s rm:amm
o Loi gidi
tanAcB="2= pc=_ 2B _4f S—
+ Ta cé: BC tan ACB .AC =JAB +BC’ =2a
(1) BABC 5
LLUT L LT
BA.BC =BA.BC.cos(BA, BC) =aa3.c0s30° =2 @
* Fa
(2) CACB
LLEI UL AL LA .
CA.CB =CACB.cos(CA,CB) =2aay3 cos30° =3¢ »
* |
(8 TRV U] : A (ol
(3) ABAC

LLA L LN L
ABAC =ABAC.cos(AB,AC) =a2a c0s90° =0

>

< fvidu1.3.
Cho tam glac ABC @éu canh AB=2a_Tinh c4c tich vo huong sau

(1) ABBC ©) 2MA - 3MB=
o Loi giai
(1) ABBC
LU L LLL L
ABBC =AB.BC.cos(AB,BC) =2a2a.c0s120° =-2a
Lo 'Jtl.l.l L
BA(3AC+2AB)

BA(3AC+2AB) =3BA.AC +2BA AB
*
LD L L. R
=3BA.AC.cos(BA,AC)- 2AB =3.2a2a.c0s120° +2.(2a) =2a
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0 Dang 2. Xac dinh gdéc giltra hai vecto

Ay \
_%Phuong

/
rl
cos(8,b) =25
() Tinh géc: db

(?)  Tinh d6 dai:

rl r I r! r, !
) ab:‘a‘.‘q o) ab =- |a|.‘b‘
r r
.. ab=2{a |t . N 2bf =5; [ = =
o  Loi giai
) ab:|a|.b(
rl
cos( L):T@g _i= (5,b)=0
. orT[a coO |ﬂ|‘ ‘
o) ab =- aHb‘
rl
cos(4,b) =25 = 1= (4,b)=150
+ Ta cé |a|‘b{
hb=L1 b
3 2 ‘ ‘
rro ! E.E
wsG)=Eh 2E 1o
+ Ta co: |ﬂ|'|b‘ |G|H )
I 1
@ ‘E+3E} :J?T; |5| :H =1
‘5+3£ N ‘5+3£: 3 |5|:+45,1r:+4|£r:r 3o 1P +40b+a.1* =3 b -1
L (Bb) =120

LLLI l,_,l,_l,l)
r Cha tam aiie dan ABC. Tinh P:CDS(AB;H:‘

o Loi giai
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AB,BC) =(BE, BC) =CBE =180 - CBA =120'

vé BE=AB, Khi d6
un U _
- — ms(AB,BC) =c0s120° =-

b | =

4 Vi du 2.1.
Cho tam giac ABC ¢ AB=5, BC =7, (A =§
(1) Tinh c0sA,cosB,cosC

LN LR LA LA LA LR

(2) Tinh ABBC+BCCA+CAAB
(3) Tinh d6 dai duwong trung tuyén tng véi canh BC ctia tam gidc ABC .
o Loi gidi

(1) Tinh oosA,ocosB,cosC

i ALI.?,,. dung Lg.i.nh\.}.}./’ Cosin trong tam giac, ta co: !
(2) Tinh ABBC+BCCA+CA.AB

(AB BC) =150° - B= cos(AB,BC) =cos(150° - B) = ;_
1 (Bug‘g) =180"-C= CDS(BUI!_Z]‘ g) cos(180° - €) =- %
(%,Aug):ISW—A:v Cm(&“ﬂ) =cos(180° - A}:-%
OTacé-wm‘ s o =
* Do dé: AB.BC“FH‘:,G%‘FG;LAB
LA, LLLI L
=|AB}|BC]cos ABBC)+ ‘BC‘ ‘m‘cos ,CA ‘m‘ ‘Aﬁ1ms CA,AB)

u +S,S,[— I—
4] |

l +?.8.[ - =-09
7] .

:5.?.[ .

(3) Tinh d6 dai dudong trung tuyén tng véi canh BC cua tam giac ABC,
+ Ap dung cong thic d6 dai duwong trung tuyén, ta co:
_AB +AC* BC' 129 _N129

=T 2 4 4 =T g
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0 Dang 3. Chitng minh dang thuc lién quan tich vé huéng

— P!u,ro'ng

/

(1)

@)

|
Dua vao dinh nghia: Tich vd huéng ctia @ va D 1a mét sé.
T T
ab :|a|,‘b‘,ms(a;b)

» Ki hiéu 13 4D duoc xé4c dinh béi cong thic
Tinh chat:

ror
aGDiChat ki va moi s6 thuc K ta cé:

a(b+&) =ab+ ot

Véi ba vecto

r 1 1 r ;
1. ab=Dba ( tinh chat giao hodn). 2.

(k)b =k(ab) =a.(kb) 0 20,5 =0 =0

3. 4.

& =||6|cos0” =[G

(tinh chat phéan phoi).

<4 Vviduy3.1.

Cho tam giac DABC, Chimg minh rang: véi diém M tuy y ta co:

LLAL Lam LA LA LA LR

MA BC + MBCA + ABMC =0
o Loi giai

LA L LEAN LAmd LR LR

e Ta c6 MABC+MBCA+ABMC
LLLI L

LLLI LLAR ,LLLI LLLI LLAL ALLAR LLLI
=MA.(MC- MB)+MB.(MA- MC)+ MC(MB- MA)

=MA MC- MAMB+MBMA - MBMC + MCMB- MCMA =0

Vi du 3.2.
Cho O 14 trung diém ctia AB va M 13 mét diém tuy y. Ching minh rang:
MAMB=0M" - 04"

o Loi giai
U un ULr  um  um, UL,

LLLT UL LM LU LALl Ll
s MAMB —(0A- OM).(OB- OM)=0A0OB- OM(0OA +OB)+OM
+ Ta co:

U Ud UL, uAr.  ua
=0AOB+OM =OM - OA =OM"- OA® | (doO 1a trung diém cla doan thdng

AB),

¥ 4vidy3.3.

Cho I 1a trung diém cla doan thing AB va M 13 diém tuy ¥. Chttng minh
rang:

o Loi giai
WAr UL W,
Pang thitc can ching minh duoc viét lai la MAMB =IM -
LA LW LI LLLI
, , _ vr=(M+14).(M1+ IB)=(MI + IA).
St dung quy tac ba diém:
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Cho DABC ¢4 3 trung tuyén AD'BE’CF. Chimg minh rang:

LLLE LMD Ll LA LRl

BCAD +CA.BE+ ABCF =0
o Loi gidi
LL)&...DA-?ELSO 3 trung tuyén AD,BE,CF nén ta co: o
BCAD +CA.BE+ ABCF

:_BC‘(AB+AC)+ m(ﬂq+ﬂc)+ AB(G%+CB)

LANT L LD LW LD LN LN L L L U..I]U..r
(BCAB+BCAC+mﬂq+mBC+ABm+ABEB)
|U..I] L ur

—AB(

|U..l] m un UJ]
BC+(B)+BC(AC+CA)+ Gil(ﬂil+AB):

‘4 Viduy 3.5.

Cho ntra duong tron duong kinh AB,

C6 AC va BD 13 hai day thudc nta duong tron cit nhau tai E.
AEAC+BEBD =AF’

o Loi giadi
LA ULl um g (Ulm L
.y VT =AE(AB+BC)+BE(BA+AD)
a co

LA LR LA LR LA LA LA LAAR

=AFEAB+AFEBC+BEBA + BEAD

Vi AB 1a duong kinh nén ADB=90", ACB =90"
Suy ra AEBC =0, BEAD =0

LLED UL UL LN LT L Lr LLI-
VT =AEAB+BEBA =AB(AE+EB) =AB =VP
(dpcm).

Do do
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0 Dang 4. Tap hop diém

Ph uong )

& - /
Mi‘!. "L{fB =k (I ,
O Loai 1: - ( }(A'B c6 dinh)
= Véi K=0. Tap hop cac diém M1a duong tron duong kinh AB
2 Vé6i K#0. Goi I 1a trung diém AB:
un umn, U U ' . _APB
(1) (MI+14)(MI- [A) =k IM? - [A* =kes IMF =k+ A° =22k
£+k>[}m k>- ﬁ
(1) Néu 4 4 . Tap hop céc diém M 1a duomg tron tam I;
R= £+k
4
AB L k=0sIM=0 ’ ’
(@) Néu 4 . Tap hop cac diém M1a mét diém I
E+k<ﬁ
B)Néeu 4 . Tap hop céc diém M1y ©
wan -
AMv =k (2 , !
O Loai 2: (2) (A ¢ dinh, YV c6 huéng, do dai xac dinh)
= véi k=0, Tap hop céc diém M 15 duong thdng qua A, cé gid vudng goc véi gia clia
Y
el
2)e AMV=k VGV . TV, ! .
o véi kK#0, @)= v6i AM 13 hinh chiéu ctia AM trén gid ctia V = M ¢6 dinh
"ll"ép hop céc di€ém M 13 duong thdng qua M ’, c6 gia vudng goc véi gia cua
Y
aMA* + bMB* =k (3 . g
O Loai 3: " (3) (A,B o5 dinh; a'bhéng s, a+b=0)
= Goi I thod A +bIB =0~ I c6 dinh.
(3)= a(MI+1A) +b(MI+IB) =k
5 wu L W 5 o - 5 -
= (a+ b)MI* +2M,(GL51+11[B)+GH' +HE =k = (a+b)MI* =k- dA’ - hIF
k- aldA® - B -0
(1) Néu a+b . Tap hop ciac diém M 13 duong tron tam I;
R Jk- alA’ - bIB
a+b
.
il
>4 Vidu 4.1.
Cho DABC | Tim tap hop céc diém M sao cho
(1) MAAAB=ABCA (9) MAMB+MAMC =0

o Loi giai
LLAD LEAE LEED LAl

(1) MAAAB=ABCA
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LLLD LAL) LRLD LLL L

MAAB=ABCA = AB(MA - CA) =0+ ABMC =0

Ta co:

Do A4.B.C ¢ dinh nén tap hop cac diém M 13 duong thing qua € va vudng géc
_V6i duong thang AB .

2) MJB+MMC 0

Ta cé: MAMB+MAMC =0
LLAD LLLE LLLI
= MA(MB+MC) =
o Lﬁf‘iiﬂ =0 (v6i I 1a trung diém BC)
= MAMI =0 = M€Eguong tron duong kinh Al

“fvidua..

1 |
Cho hai diém A-B ¢6 dinh c6 d6 dai bang 4, vecto @ khac 0 va sé thuc K cho

trude. Tim tap hop diém M sao cho
ITTRTTT

MAMB="L ud au
(1) 4 (o) MA.MB=MA"
o Loi giadi
WLr wr - g7
MAMEB =—"—
(1) 4
Goi I 1a trung diém cua AB
TTTRTTI
MAME =—"—
Ta co: 4
W ur, .
- (M+L4)(M+IB):3TE
oMP-IA =20 w ow e MP =243 o Mr =
4 (Do IB=-1A) 4 4

_Vay tap hop diém M 13 duong tron tam I ban kinh R=a.
() MAMB=MA"

LLLr UAF U, war wa ww
I'LH.MEE' MA® = MAMBE = ﬂﬂﬁm(m ILIB) = MABA =0 MA L BA
Vay tap hop diém M 1a duong thidng vudéng goc véi duong thang AB taiA.
&

I Yviduas.
Cho hinh vudng ABCD tam O.
Tim tAn hon cac diém M thaa man MA® + MB' + MC* =3MD"
o Loi gidi

Ta C(,) Iiﬂ: +I"’B: +MC: :31’1@:

= (ﬁb“ﬁﬂ) +(ﬁufﬂu+(%.é)z +(ﬂ%+t%g‘): 23(%4‘%)2
LN ua uw Ll ul

win L O,
= MO.(0A +OB+0C- 30D)=0 = MO.(DA + DB+ DC) =0
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[EEE PR e P

= MO2DB=0 |MOLBD

Vay tap hop diém M 1a duong thidng AC.
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0 Dang 5. Chirng minh vuéng géc dung tich vé hudéng

B D,

1 1
(1) Duwa vao dinh nghia: Tich v huéng cta @ va D 1a mot s6.

ab :|cr1|,|£‘.ms(a

&)

r 1
» Ki hiéu 1a 4D duoc xé4c dinh béi cong thic
(20 Tinh chat: Cr
@GDiChat ki va moi s6 thuc K ta cé:

a(b+€) =b+ ot

Véi ba vecto

re r
1. ab=ba ( tinh chat giao hodn). 2.
rs ! ri r |
3. (ka)b=k(ab)=a(kb) 4 520 200 e

SR S
a :|ﬂ||ﬂ|l:[)5ﬂ' :|G| _ rr‘-'.l i'lr:r Li'ﬂ—l"l-

A\ i _L 7

(tinh chat phéan phoi).
0

4 Vidus.2.
Cho tt& giac ABCD. Chiing minh ring:
AC LBD = AF +CD* =BC* + AD".
o Loi gidi

AB +CD* =AB* +CD"
LLIF Ly L LMDy
=(AD +DB) +(CB+BD
=AD" +2DFB + BC +25§Auf) +2%EJB

LLIJU..I.I.IU..I)

2 3 L
=BC* +AD* +2DB.(DB+AD- CB

=BC* + A" +23€ﬁ,
Do d6 AC LBD < AB +CD° =BC" + AD".
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/i du 5.3.
Cho tam giac déu ABC canh 34. L&y c4c diém M-N.P 1an luot trén cic canh
BC,CA,AB 550 cho BM =a, CN =2a, AP=x_ 0<x<3a, X4c dinh X dé AM va

PN A 7 7.
viiana coac vai nhan

o Loi gidi
' wroqum U um
BM =a= BM = BC = (AC AB) A
Lr |Luu
{CN =2a= AN =3AC b
wu Xu,[l
AP=x= AP=X AB
+Taco ' 3
LLUT  LL '}U..I] |UJ.|I

UJJ]UJ]UJIUJ]l
AM =AB+BM =AB+— (AC AB) = SAB+-AC

W ur um u,m  u B M
PN =AN- AP = AC— —ARB
+ Do dé 3a

. AM Vé PN Vuéng géc v6i nhau = AMPN =0,
LI
—AB+ AC‘ ['AC- —AB‘ =0

1Lu:|um yuoum 5,
= ABAC‘+ AC‘ - —ABAC— E}LE" =0
1 . 2X -
= 90 - =90+ ,BG,BG,DJSIDD =0

9 9a 9 9{1_

. 1 . - .
= q - 2ax+(2a- X)E.;ZDﬁ T - 4@+ 20 - ax =0 = 40 =5ax = X :Ea

Tai liéu duoc chia sé boi Website VnTeach.Com
https://www.vnteach.com
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