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Phan I

KY THI OLYMPIC TOAN SINH
VIEN VA HOC SINH LAN THU 25






Thong tin vé ky thi

Thoéng tin chung

Ky thi Olympic Toan 1an thit 25 dudc t6 chiic tit 10-16/4/2017 tai Trudng
dai hoc Pht Yén. Nam nay ngoai ky thi danh cho sinh vién, Hoi Toan hoc tiép
tuc phdi hop véi Trusng Dai hoc Phi Yén t6 chite ky thi danh cho hoc sinh
trung hoc phé thong chuyén.

TRUGNG 041 HoG P v

Ong Phan Dinh Phiing, PCT UBND Tinh Pht Yén trao cd luu niém cho cac trudng doan tai

lé khai mac

P4 c6 78 doan tit cac trudng dai hoc, cao dang, hoc vién trong cd nudc tham
du ky thi, c6 608 sinh vién du thi cdc mén Dai sb va Giai tich. Tai ky thi danh
cho hoc sinh trung hoc phé théng chuyén, da c6 10 trudng glti doan tham
du, v6i téng sb6 50 hoc sinh.

Co quan t6 chiic

B0 Giao duc va Dao tao

Lién hiép cac Hoi Khoa hoc va Ky thuat Viét Nam
Trung uong Hoi Sinh vién Viét Nam

Ho6i Toan hoc Viét Nam

Truong dai hoc Phua Yén

Ban t6 chiic
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Pong trudng ban: TS. T\rﬁn Van Chuong - Hiéu trudng truéng Dai hoc Phu
Yén; GS.TSKH Phuing H6 Hai - Phé cht tich kiém Tong thu ky Héi Toan hoc
Viét Nam

Pho ban: Dai dién B6 Giao duc & Dao tao (Lanh dao Vu cong tac Hoc sinh
sinh vién), Pai dién TW Hdi sinh vién Viét Nam; GS.TSKH Pham Thé Long
- Phé cht tich H6i Toan hoc Viét Nam; PGS.TS Nguyén Huy Vi - Phé hiéu
trudng truong Dai hoc Phu Yén.

Uy vién: TS Lé Dic Thoang, Trudng khoa Khoa hoc Tu nhién, Dai hoc Phi
Yén; ThS Lé Thi Kim Loan, Pho trudng phong Dao tao, Dai hoc Phu Yén; TS
Lé Cuong, Dai hoc Bach khoa Ha Noi; TS Doan Trung Cuong, Vién Toan hoc;
TS Nguyén Chu Gia Vugng, Vién Toan hoc; TS Nguyén Duy Thai Son, Dai
hoc Su pham ba Ning; TS Ngb Quéc Anh, PHKHTN-DHQG Ha Noi.

01 Tod Hog g
T N
@

IAI MAC

U thang 4 nam

TS. Tran Vin Chuong, Hiéu trudng Trudng Dai hoc Phii Yén khai mac



Két qua

V6i két qua thi cta thi sinh, H6i déng thi d théng nhit danh sach sinh vién
dugc trao giai. SO lugng giai dudc trao cu thé nhu sau:

Ky thi Olympic sinh vién

BANG A
Moén Dai s6 Moén Giai tich
- Gii nhat: 22 giai. - Giai nhit: 23 giai.
- Giai nhi: 42 giai. - Giai nhi: 38 giai.
- Giai ba: 55 giai. - Giai ba: 37 giai.
- Khuyén khich: 5 giai. - Khuyén khich: 10 giai.
BANG B
Moén Dai s6 Mon Giai tich
- Giai nhét: 7 giai. - Giai nhét: 9 giai.
- Giai nhi: 16 giai. - Giai nhi: 20 giai.
- Giai ba: 32 giai. - Giai ba: 32 giai.
- Khuyén khich: 10 giai. - Khuyén khich: 13 giai.

Giai dac biét: Ban t6 chtic ky thi da trao 11 giai dic biét cho cac sinh vién
hodc dat diém cao nhat cia mot mon hodc dat hai giai nhat ctia ca hai mon.
Ky thi Olympic danh cho hoc sinh THPT

Tai ky thi danh cho hoc sinh THPT Ban t6 chtic di trao: 05 huy chuong Vang,
09 Huy chuong Bac va 12 Huy chuong Dong.
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Le bé mac.
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Phat biéu khai mac Olympic Toan hoc
Sinh vién va Hoc sinh 2017

Phung H6 Hai [}

Thua cac quy vi dai biéu,

Thua céc thy cb gido,

Céc em hoc sinh va sinh vién than mén,

Olympic Toan hoc sinh vién dén nay da trai qua ching dudng mot phﬁn tu
thé ky. Hom nay ching ta cling c6 mit tai diy d€ khai mac ky thi 1an thi 25.
Khéi dau tit mot ky thi v6i su ¢6 mit clia 3 trudng dai hoc tai Ha Noi, ngay
nay ky thi di tré thanh mét ky thi toan qudc, véi su tham gia hang nim clia
sinh vién tit 70-80 trudng dai hoc va cao ding trén ca nudc. Tt hai nim nay
ching ta con c6 ky thi danh cho cac hoc sinh THPT chuyén. Nam nay da c6
90 trudng ding ky véi tdng sb 667 sinh vién va 61 hoc sinh THPT.

Cac ban hoc sinh va sinh vién than mén!

Ky thi Olympic toan hoc sinh vién va hoc sinh dudc t6 chiic v6i muc dich
khuyén khich, dong vién niém say mé, tinh yéu toan hoc trong cac ban sinh
vién va hoc sinh. Pa sb sinh vién tham du Olymp1c toan hoc khong phai la
sinh vién nganh toan, nhung tit ca cac ban déu c6 tinh yéu véi toan hoc.
Céc ban than mén!

Toan hoc khéng chi 14 vé dep hay su thach thiic vé tri tué. Toan hoc con
6 thé rit c6 ich dbi véi cac ban trong mbi cong viée clia cdc ban sau nay.
Toan hoc c6 thé glup cac ban c6 mot phuong phat tu duy logic va mach lac;
toan hoc c6 thé gitp cdc ban tang cu’Ong ky nang phéan tich, giai quyet van
dé; tu duy toan hoc tbt c6 thé gitp cac ban dua ra mot g1a1 phap kinh té-ky
thuét tét hon, mét phuong an nhan su hop 1y hon, ciing c6 thé gitip cac ban
viét mét bai vin khtc chiét, mach lac hon. Giai Nobel vé kinh té cho nhiéu
nha toan hoc, gdn day nhét 13 cho cic GS Roth va Shapley vé bai toan ghép
cip 6n dinh, truée d6 1a GS Nash vé bai toan cin bang véi nhitng ting dung
ngoan muc trong kinh té, 1a minh chitng ré nét cho nhiing nhén dinh trén.
C6 khong it nhitng vi du ctia cac doanh nhan thanh dat, hay cac nha quan ly,
tham chi nha chinh tri vén 13 nhitng sinh vién nganh to4n.

DE c6 thé van dung dudc nhiing ning luc trén mot cach hiéu qua nhit, diéu
quan trong 13 cac ban héy cb ging hiéu dugc ban chit clia nhitng néi dung
kién thic toan hoc ma minh dang dude hoc, ciing nhu nhiing y nghia thuc
tién ctia ching. Co6 thé k€ dén nhiing vi du dién hinh nhu méi lién hé giita

1Phé chii tich kiém Tong thu ky Hoi Toan hoc Viét Nam, Trudng ban t6 chitc Ky thi
Olympic Toan hoc Sinh vién - Hoc sinh Toan quoc 14n thit 25.
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dao ham va van tbc, mbi lién hé gifta dao ham va cuc tri, hay méi lién hé
gitta tich phan va thé tich, gitra tich phan va gia tri trung binh. . .

Ong Phan binh Phiing, Phé chd tich tinh Phii Yén va GS. Phiing H6 Hai, Trudng ban t&
chtec ky thi.

Trong nhitng nim gin déy, Ban t6 chtc cling ddt cho minh nhiém vu xéy
dung nhitng bai thi don gian hon nhung ddng thdi cling ¢ y nghia, hay moi
lién hé t6i thuc tién. Chung t6i hy vong cach ra dé thi sé c6 4nh hudng tich
cuc t6i trinh dd, hiéu biét clia cAc ban vé toan, khién viéc luyén tap, chuin
bi cho ky thi tré nén c6 ich hon.

Thua cac thay cb gido, cic ban hoc sinh sinh vién than mén. Olympic to4n
hoc khong chi 1a moét ky tranh tai vé tri tué. Olymplc con la moét dip gap g6
giao luu cta cac ban hoc sinh, sinh vién tit moi mién dit nudc, ciing 13 mot
dip gip g6 trao d6i clia cac ddng nghiép, 14 gidng vién cac trudng dai hoc va
cao dang tir khip cac tinh thanh ca nuée. Dy 1a mét y nghia vin héa hét sitc
quan trong cta Ky thi. Nam nay chiing ta cdm on don vi cht nha, truéng Dai
hoc Phil Yén d4 c6 nhiéu sang kién, t8 chitc cac hoat dong giao luu thé thao
va ca nhac cho cac doan tham du. Chung t6i hy vong, sau nhitng ngay thi
cing thing va nhu’ng budi chdm thi mét méi, nhitng budi héi thao v6i nhiéu
tranh ludn sdi néi, cac thiy ¢b gido va cac ban hoc sinh sinh vién cfing sé 6
nhiing thoi gian nghi ngoi that thoai mai, nhitng chuyén di tham quan bé ich
va ly tha.

Thua cac quy vi dai bi€u, cac thiy cb gido va cac em hoc sinh than mén.
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Co mot diéu dic biét, ti nhleu nam nay cac ky thi Olymp1c toan thuong
dudc t6 chiic tai cac tinh mién Trung, manh dét nang gié nhiéu gian lao vAt
va nhung lai dudc thién nhién ban cho bs bién trai dai véi khong biét bao
nhiéu danh lam thing canh. Méi 14n t6i mién Trung 14 thém mét 14n ching
ta cdm nhén dugc tinh ngudi mién Trung min ma nhu mudi bién. Phi Yén
13 mot ving dit dic biét, ndm 6 mién cuc Pdng cha td qubc, véi nhiéu danh
lam thing canh ndi tiéng nhu Ghénh da dia, Miii Pai Lanh, cang Viing RS,
c6 nti Nhan, ¢6 séng Da Ring. Vé dep ctia non nuéc Phi Yén khién chiing ta
ngd ngang, khién ching ta tu hao vé dit nuéc minh hon, yéu quy dat nude
minh hon.

Nhu 1a mot su tinh ¢, Olympic toan hoc dudc t6 chtc tai trudng Dai hoc
Pha Yén ludn vao nhiing dip dac biét cta nha trudng, ching kién nhu’ng
budc phat trlen ctia nha trudng. Nam nay ching ta chiing kién ot moc 10
nim phat trién ctia trudng Dai hoc Phii Yén, véi nhitng thanh tuu in tuong
trong céng tac md réng dao tao va phat trién nhan luc. Thay mit BCH Hbi
toan hoc Viét Nam, thay mit Ban t6 chitc Olympic Toan hoc sinh vién va hoc
sinh toan qudc, ching t6i xin chlic ming trudng Pai hoc Phi Yén véi nhiing
buée trudng thanh ctia minh, xin chiic Trudng tiép tuc phat trién tré thanh
mot trudng dai hoc manh cta vung. Nhén dip nay, chung t6i cling xin gui 16i
cam on chan thanh t6i 1anh dao tinh, lanh dao cac sé ban nganh tinh Phu
Yén, da hé trg va tao diéu kién thuan loi cho cac ky thi Olympic dugc t6 chite
tai tinh nha.

Thua cac vi khach quy, thua cac vi 1anh dao, thua cac thiy cb gido, cac em
hoc sinh thdn mén, thay mit BTC ky thi Olympic Toan hoc sinh vién va hoc
sinh toan qudc lan thit 25, t6i xin tuyén bd khai mac ky thi. Xin chic cic em
hoc sinh 1am bai that tbt va tham gia duge nhiéu hoat déng ngoai khoéa bé
ich. Xin chiic cac thay cd, cac vi khach quy doi dao siic khéde va thanh cong
trong cong tac.
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THONG BAO
Ky thi Olympic Toan Sinh vién va Hoc
sinh 1an th& 26
Quang Binh 9-15/4/2018

Thong tin chung

Cd quan td chiic
e B0 Giao duc va Dao tao
e Lién hiép cac hoi khoa hoc va ki thuéat Viét Nam
e Trung uong HOi sinh vién Viét Nam
e Hoi Toan hoc Viét Nam
e Dai hoc Quang Binh
Thoi gian va dia diém
Tir 10-16/4/2016 tai Trudng Pai hoc Quang Binh - Thanh phb Pbng Héi -
Tinh Quang Binh
Ban t6 chitc
Pong trudng ban: PGS.TS. Hoang Duong Hung - Hiéu trudng trudng Dai hoc

Quang Binh; GS.TSKH Phung H6 Hai - Phé cha tich kiém Téng thu ky Hoi
Toan hoc Viét Nam;

Pho ban: Dai dién B6 Giao duc & Dao tao (Lanh dao Vu cong tac Hoc sinh
sinh vién), Dai dién TW Héi sinh vién Viét Nam; GS.TSKH Pham Thé Long
- Phé cht tich Hoi Toan hoc Viét Nam; TS. Bui Khic Son - Phé hiéu trudng
truéng Dai hoc Quang Binh;

Uy vién: TS Lé Cudng, Vién Cong nghé Théng tin — Dai hoc Qubc gia Ha Noi;
TS Doan Trung Cudng, Vién Toan hoc; TS. Nguyén Thanh Chung, Trudng
Pai hoc Quang Binh; PGS.TS. Trin Ngoc, Trudng Pai hoc Quang Binh; TS
Nguyén Duy Thai Son, Dai hoc Su pham — Dai hoc Pa Ning; TS Duong Viét
Thong, Dai hoc Kinh té qubc d4n; TS Nguyén Chu Gia Vugng, Vién Toan hoc.

bang ky

Céc doan ding ky tham du truc tuyén tai trang web ctia Hbi Toan hoc Viét
Nam theo dia chi http://vms.org.vn (chon: Hoat déng/Olympic Toan Sinh
vién/Dang ky tham du).
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Thoi gian ding ky: tit ngay 01/01/2018 dén trude ngay 20/3/2018.
Chuong trinh

e Ngay 9/4/2018: 8h00-16h00: Cac doan déang ky .
e Ngay 10-13/4/2018: Khai mac, t6 chtic thi, chim thi, xét giai

e Ngay 14/4/2018: Tong két va trao giai

e Ngay 15/4/2018: Hdi thao vé céng tac chuén bi ky thi Olympic
sinh vién nam 2018.
Lién hé
Céc van dé cin hd tro tit Trudng Dai hoc Quang Binh (gitp lién hé chd &
hoic gi6i thiéu dia chi khach san/nha khach, dia diém thi, huéng din dudng
di,...):
PGS.TS. Tran Ngoc

daotaogb@gmail.com hoac ngoct@gbu.edu.vn
bién thoai: 0912098584

Cac van dé lién quan t6i t6 chite chung ctia ky thi:
GS. TSKH. Phung Ho6 Hai

Email: olymtoansv@gmail.com
bién thoai: 0904134384

Cac théng tin vé ky thi déu dudc cip nhit trén trang web cta Hoi Toan hoc
Viét Nam tai dia chi httt://vms.org.vn
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Dé cuong cac mén thi

MON DAI SO

Phan I: SO PHUC VA DA THUC

1. Sb phitc, cac tinh chit co ban. Mé ta hinh hoc caa sb phiic.

2. Da thitc mét bién: cac phép toan clia da thiic, sb hoc ctia da thitc (phan
tich thanh nhén t, uéc chung 16n nhat, nguyén to cung nhau).

3. Nghiém ctia da thiic, dinh 1y Bezout, dinh Iy Viete, da thtic d6i xing*.

4. Bai toan x4c dinh da thitc (ndi suy, phuong phap hé sb bat dinh,...)

Phén II: DAI SO TUYEN TINH

1. Hé phuong trinh tuyén tinh.

a.

Hé phuong trinh tuyén tinh. Ma trin.

b. Giai va bién ludn hé phuong trinh tuyén tinh bing phuong phap khit

d.

Gauss-Jordan.

Nghiém riéng va nghiém t6ng quat cta hé phuong trinh tuyén tinh. Hé
phuong trinh tuyén tinh khong suy bien.

Khong gian nghiém ctia hé phuong trinh tuyén tinh thuin nhét.

2. Ma tran va dinh thic

a.

Ma trdn, cac phép toan ctia ma trdn va mot so tinh chat co ban.

b. Hang ctia ma tran, cach tinh.

Ung dung ctia ma trdn vao viéc nghién cttu hé phuong trinh tuyén tinh.
Dinh ly Kronecker-Capelli.

Dinh thic: dinh nghia (quy nap theo cAp va theo phép thé), khai trién
Laplace, tinh chat ctia dinh thic, cac phuong phap tinh dinh thiec.

Ma trén nghich dao, cac phuong phap tim ma trn nghich dao (phan
bu dai s6, bién d6i so cap).

Ung dung ctia dinh thitc vao viéc giai hé phuong trinh tuyén tinh: Binh
ly Cramer.

Ma trin dong dang va tinh chéo héa dudc ctia ma trin*.

Mot so dang ma tran dac biét: ma tran Vandermonde, ma tran doi
xiing, ma trin phan doi xing, ma trin Hermite, ma tran truc giao*.
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Khong gian tuyén tinh va anh xa tuyén tinh.

a. Dinh nghia, khong gian con, cac vi du lién quan t6i Dai so, Giai tich.
b. Co sG va so chiéu.

4 A 7 A R A
Anh xa tuyén tinh, ma tran biéu dién.

e

d. Toan ti tuyén tinh, tri riéng, véc to riéng.

e. Da thitc diic trung, da thic tdi thi€u, Dinh ly Cayley-Hamilton*.

Phan I1I: TO HOP

1.

2
3
4.
5

Chinh hop, t8 hop, tam giac Pascal, hé s nhi thic.

. Cac quy tic dém co ban: quy tic cdng, quy tic nhan, nguyén Iy bu trit.

. Phén hoach clia sb tu nhién.

Nguyén ly quy nap, nguyén ly Dirichlet, nguyén ly cuc han.

. Chudi liiy thtta hinh thitc. Ham sinh. Ung dung ctia ham sinh*.

TAI LIEU

1.

Lé Tuan Hoa: Dai sb tuyén tinh qua cac vi du va bai tdp, NXB PHQG Ha
Nbi, 2006.

. Nguyén Hitu Viét Hung: Dai s tuyén tinh, NXB PHQG Ha Néi, 2000.
. V. Prasolov: Polynomials, Springer, 2004.

. K. H. Rosen, Discrete Mathematics and Its Applications, Ban dich tiéng

Viét: Toan hoc rdi rac va Ung dung trong tin hoc, NXB Gi4o duc, Ha Noi,
2007.

. Ng6 Viét Trung: Dai sb tuyén tinh, NXB DPHQG Ha Noi, 2002.

Ghi cha: Cdc néi dung 6 ddu * danh cho sinh vién du thi bdng A.
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MON GIAI TICH

Phan I: DAY SO VA HAM SO

1. Day hoéi tu, day don diéu, day bi chan, day dan ra vé cuc.
2. Céc tinh chit va phép toan vé day hdi tu.

3. Tim gi6i han ctia ddy sb.
4

. Ham don diéu, ham bi chin, ham tuin hoan, ham chin va ham 1é, ham
ngugoC.

5. Gi6i han ctia ham sb.

6. Tinh lién tuc, cac tinh chit cia ham lién tuc.
7. Ham 16, bat ding thic Jensen*.

Phén II: GIAI TICH TREN HAM MOT BIEN

1. Phép tinh vi phan ham mét bién.

a. binh nghia va cac phép toan vé dao ham.
b. Cac dinh ly cta Fermat, Rolle, Lagrange, Cauchy, THopital.
Cong thic Taylor, cong thitc Maclaurin.

/o

Cuec tri, gia tri 16n nhét va gia tri bé nhit clia ham sb.

e. Ham 16i kha vi*.
2. Phép tinh tich phan ham mét bién.

a. Nguyén ham va tich phén b4t dinh.
b. Cac phuong phap tinh tich phan bt dinh.

e

Tich phin cac ham hitu ty, ham vé ty, ham lugng giac.

Q.

Dinh nghia va cac phuong phap tinh tich phan xac dinh, tinh kha tich.

®

Dinh 1y co ban ctia phép tinh vi tich phin (dao ham cta tich phén xac
dinh theo cin cta tich phan, cong thitc Newton-Leibniz).

Tich phan phu thudc tham sb.
Céc dinh 1y vé trung binh tich phén.

J 0

BAt ding thic tich phén.

Su hoi tu va phan ky cta tich phan suy rong, cac tiéu chuin so sanh
doi véi tich phin ctia ham duong*.

[,
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3. Chuoi s0, day ham va chuoi ham.

a.

Re A N » A geA PN A \ A
Chuoi so, tiéu chuan Cauchy vé diéu kién can va dua cho su hoi tu cia
chuoi*.

. Cac tiéu chuan so sanh, tiéu chuan tich phan (Cauchy), tiéu chuan doi

v6i chudi dan diu (Leibniz), héi tu tuyét dbi va héi tu c6 diéu kién,
tiéu chuan cén thitc (Cauchy), tiéu chuén ti s6 (D’Alembert)*.

Céc tiéu chudn hdi tu Abel, Dirichlet*.

Chubi liiy thira*.

oA ~ A A ~ \ \ A \ A <A 7 7
. Tiéu chuan hoi tu déu cho day ham va chuoi ham mot biéen, cac tinh

chat co ban ctia diy ham va chudi ham hdi tu déu*.

Phén I1I: KHONG GIAN METRIC*

1. Khong gian metric.

2. Top6 trén khong gian metric.

3. Anh xa lién tuc, ding cu, dong phoi.

4. Cic tinh chét diy da, compact, lién thong.

TAI LIEU

1. J. Dieudonné, Co sd gidi tich hién dai (Phan Dtic Chinh dich, tip 1), NXB
PH&THCN, 1978.

2. G.M. Fichtengon, Co sé gidi tich todn hoc, NXB DH&THCN, 1986.

3. WA.J. Kosmala, A friendly introduction to analysis, Pearson Prentice Hall,
2004.

4. Nguyén Xuan Liém, Gidi tich todn hoc, NXB Gido duc, 1997.

5. Nguyén Duy Tién, Bai gidng gidi tich, NXB DPHQG Ha Noi, 2005.

Ghi cha: Cdc néi dung 6 ddu * danh cho sinh vién du thi bdng A.
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Phan II
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24 CHUONG 1. PE THI CHINH THUC

HOI TOAN HOC VIET NAM ~ KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

Q DE THI CHINH THUC
MON: DAI SO
Thoi gian lam bai: 180 phiit. Pé thi gom 2 trang

Bai A.1. Cho déy sb (z,,) dugc xac dinh nhu sau: @; = 3,23 = 7 vi 2, n > 3, 1a dinh thitc cia ma trdn
vudng cap n nhu sau

3 200 0 00O
1320 0 00O
013 2 0 00O
0013 0 00O
S A A A
0 00O 3 200
0 00O 13 20
0 00O 013 2
0 00O 0013

(a) (2 diém) Tinh xs.
(b) (3 diém) Chitng minh ring @, = 3Tn_1 — 2Tn_2 v6i moin > 3.
© (3 difm) Chitng minh ré“mg v6i moi n > 0, x,, + 1 1a mét %) tu nhién va la luy thira cta 2.

Bai A.2. (8 diém) Trong mét thanh phé no c6 mét hé théng dudng mot chiéu nhu trong Hinh 1, trong dé
A,B,C,D, E, F la cac giao 10, A[), By, Co, Dy, Dl, Ey, Fp la cac 16i vao hodc ra khoi hé thong d6, mai
tén chi chidu ctia dudng. Ngudi ta dém sb lugng xe vio va ra khoi hé théng nay trong mdt ngay va thiy:
C6 800 xe vao 16i A(], 400 xe ra khoi hé thong qua 16i By, 600 xe ra 16 C(), 1600 xe vio 16i Dg va 400 xe
ra 16i Dl, 400 xe ra 101 E( va 600 xe ra 16i Fy. Ngerl ta cling quan sat thay s6 lugt xe di tren doan duong
AB nhiéu glp dbi sb luct xe di trén doan EF; s luct xe di trén doan dudng DE nhiéu gip rudi sb luot
xe di trén doan dudng BC. Gia st cac xe vao hé théng déu ra khdi hé théng trong thdi gian d6. Hoi trong
ngay hom d6 da c6 bao nhiéu lugt xe di qua cac doan duéng AB, BC,CD, EB va AF?

400
By
A A C Cy
800 > > > > 600
Ag B
Y A A\
600 < < E < D . 1600
F F Y y Do
E() D1
400 400
Hinh 1

1/2 (Xem trang sau)



Bai A.3. Ong V trdng 30 cdy xoan doc theo ria xung quanh mét manh vudn 20m X 40m (xem Hinh 2,
canh dai AD = BC = 40m), khoang cach giita hai ciy canh nhau 12 4m. Dén khi ciy d d6 tudi khai
théc, 6ng V mubn chit mot s6 ciy dé ban. Hoi 6ng V' ¢6 bao nhiéu phuong an chit ciy néu:

(a) (3 diém) Ong V mubn chit 2 ciy khong canh nhau trong sb 11 cay trén canh BC?

(b) (4 diém) Ong V mubn chit 4 cdy trong sb 30 cAy ma khong cb 3 cdy lién tiép nio bi chit?

(©) (2 diém) Ong V mubn chit 5 cy trong sb 30 cAy ma giita hai cdy bi chit bit ki (tinh ca thun va

ngudc chidu kim déng hd) 1udn 6 it nhat hai ciy khong bi chit?

A e o o o o o o o o D

° °
° °
. °
° °
B e o o o o o o o o c
Hinh 2

Bai A.4. Cho n 1a mét sé tu nhién. Xét da thitc v6i hé s6 thuc P(z) khac hing va théa mén: ton tai cic sb
thucz; < @2 < ... < @y, sao cho P(zy) < 0véi k 1é va P(xk) > 0véi k chan, 1 < k < n. Héi da
thitc P(z) c6 thé c6 bic nho nhat bang bao nhiéu trong céc trudng hgp sau

(@) (2 diém) n = 3.

(b) (3 diém) n = 2017.

Ghi chi: Cdn b coi thi khong gidi thich gi thém.

2/2
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26 CHUONG 1. PE THI CHINH THUC

HOI TOAN HOC VIET NAM ~ KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

Q DE THI CHINH THUC
MON: DAI SO
Thoi gian lam bai: 180 phiit. Pé thi gom 2 trang

Bai B.1. Cho diy sb (z,,) dudc xac dinh nhut sau: @y = 3, @ = 7 Vi z,,, n > 3, 1 dinh thitc ctia ma trdn
vudng cap n nhu sau

3 200 0 00O
1320 0 00O
013 2 0 00O
0013 0 00O
Tn =|0 1 1o D
0 00O 3 200
0 00O 1320
0 00O 013 2
0 00O 0013

(a) (2 diém) Tinh x5.
(b) (3 diém) Chitng minh rang @,, = 3¢n_1 — 2Tn_2 Vi moi n > 3.
(¢) (3 diém) Chitng minh ring v6i moi n > 0, ,, + 1 13 mét sb tw nhién va 13 lu§ thita ctia 2.

Bai B.2. (8 diém) Giai va bién luan hé phuong trinh bién sb thuc x, y, z theo tham sé m € R:

1+m)z — y + 2z = 0

T + v 4+ 1—-m)z = 24 m
2z - my + 3z = 24+m

Bai B.3. Ong V trdng 30 ciy xoan doc theo ria xung quanh mdt manh vudn 20m X 40m (xem Hinh 1
(trang 2), canh dai AD = BC = 40m), khoang cach giita hai cAy canh nhau la 4m. Dén khi cdy du do
tubi khai thac, 6ng V muon chit mét so cAy dé ban. Hoi 6ng V' ¢ bao nhiéu phuong an chit ciy néu:

(a) (3 diém) Ong V mubn chit 2 cay khéng canh nhau trong s6 11 cdy trén canh BC?
(b) (4 diém) Ong V mubn chiit 4 cy trong sb 30 ciy ma khéng c6 3 cdy lién tiép nio bi chit?

(©) (2 diém) Ong V mubn chit 5 ciy trong sb 30 ciy ma giita hai cdy bi chit bat ki (tinh ca thuin va
ngudc chiéu kim dong ho) ludn co it nhat hai cay khéng bi chat?

1/2 (Xem trang sau)
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A oo o o o o o o D
° °
. .
° .
° °
B oo o o o o o o o c
Hinh 1

Bai B.4. (5 diém) Tim tit ca cic da thitc P(x) c6 hé sb thuc va c6 bic 100 sao cho da thitc dao ham P’(x)
la uéc cuia P(z), nghia la c6 mot da thiic v6i hé so thue Q(x) thdéa méan Q(z) P’ (z) = P(x).

Ghi chi: Cdn b coi thi khong gidi thich gi thém.

2/2
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CHUONG 1. PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

I\ DE THI CHINH THUC
Mbén thi: Giai tich
(Pé thi c6 02 trang) Thoi gian lam bai: 180 phut

Bai A.1. (6 diém) Cho (u,,)22_, 1a ddy sb dudc x4c dinh bdi céc diéu kién
1 2
u =1, un+1=§un -1 Vn>1

Chitng minh ring day sb (un)22, hoi tu va tim gi6i han cta no.

Bai A.2. (6 diém) Cho £ : (0,00) — (0, 00) 14 mét ham sé kha vi lién tuc. Chitng minh ring

7(@)
R Gy < °

Két luén trén con ding hay khéng néu ta thay s6 2017 béi s6 1?

Bai A.3. Gid st £ : R — R 13 mot ham sb lién tuc théa mén ddng thoi hai diéu kién

/01 F(z)de = 0, /01 22 f(z)dz = 1.

1. (2 diém) Tim mét vi du vé& ham sb lién tuc f théa mén ca hai diéu kién trén.
2. (4 diém) Chéing minh ring ton tai mot khodng mé (a, b) C (0, 1), khong réng, sao cho

|f(z)] >4 Yz € (a,b).

Bai A.4. Theo cic nha diéu cAm hoc, khi bay ngang qua mét nuéc chim phai tiéu tbn nhiéu ning lugng
hon so véi khi bay ngang qua dt lién v4, theo ban ning, chim luén chon dudng bay it tiéu tén ning
lugng nhAt.

Mot con chim cét canh tit ddo A cach b
bién 4 km. Hiy xem A nhu la mot diém,
b bién 1a mét dudng thing; va goi B 1a
hinh chiéu vuéng géc ctia A 1én bd bién.
Quan sat cho thdy: trudc tién chim bay
dén mét di€m C trén bd bién, sau d6 méi
bay doc theo b3 bién dé€ dén t8 D clia n. i D
Gia st B va D céach nhau 12 km. Dit T

Bd bién @

N

|

T:W/L; '|= 12 km

trong d6, W va L 1an lugt 13 ning lugng tiéu tbn méi kildmét bay khi chim bay ngang qua mit nuéc
va khi chim bay ngang qua dat lién.

1/2 Xem tiép trang sau)
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1. (2 diém) Hay xéc dinh vi tri clla C néu r = /2.
2. (I di#m) Gid st BC = 3 km. Tinh r.
3. (3 diém) Vi tri cia C thay d6i nhu thé nao khi = bién thién trong khodng (1, 00)?

4. (1 diém) V6i nhiing gi tri ndo ctia r thi chim bay thing (tit A) dén t6 D? C6 kha ning nao dé
chim bay dén B truéc rdi méi bay vé t6 D khéng?

Bai A.5. (5 diém) Cho truédc sé thuc a > 1. Chitng minh réing tén tai sb thue C > 0 sao cho v6i moi
cdp so thuc z > 0, y > 0, ta déu co

|(17 + y)a _ Otita_l'y _ mal < Cmmax{O,a—Z}ymin{Z,a} + Cya'

Két luan trén con diing hay khéng néu 0 < o < 1?

HET

Ghi chi: Thi sinh khéng dugc phép stt dung tdi liéu, cdn b coi thi khéng cdn gidi thich gi thém.

2/2
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CHUONG 1. PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

I\ DE THI CHINH THUC
Mbén thi: Giai tich
(Pé thi c6 02 trang) Thoi gian lam bai: 180 phut

Bai B.1. Cho (u,,)22, 1a ddy sb dugc x4c dinh béi cic diéu kién

1. (2 diém) Chiing minh ring
—1<u, <0 Vn>2.

2. (4 diém) Chiing minh ring day sb (un )22 6 gi6i han va giéi han ciand1a 1 — /3.

Bai B.2. Cho f : R — R 12 ham sb dudc x4c dinh theo cong thic

f(:c):{l néu = < 0,

a® 4+ x* néu x > 0,

trong d6 @ > 0 1a mot hing s thuc. Chiing minh ring:

1. (3 diém) f 1a mot ham sb lién tuc trén R.

2. (5 diém) f khong kha vi tai 0.

Bai B.3. (5 diém) Tinh

3
/ V24 vV1+ xzde.
Jo

Bai B.4. Theo céc nha di€u cAm hoc, khi bay ngang qua mét nude chim phai tiéu tén nhiéu ning luong
hon so véi khi bay ngang qua dat lién va, theo ban ning, chim ludén chon dudng bay it tiéu ton nang
lugng nhat.

Mot con chim cét canh tit ddo A cach b
bién 4 km. Hiy xem A nhu la mot diém, DPao
b bién 1a mét dudng thing; va goi B 1a A
hinh chiéu vuéng géc ctia A 1én bd bién.
Quan sat cho thdy: trudc tién chim bay
dén mét di€m C trén bd bién, sau d6 méi
bay doc theo b3 bién dé€ dén t8 D clia n.
Gia st B va D céach nhau 12 km. Dit

€
X
<

By

D
B bién @
r = W/L; '|= 12 km -I

trong d6, W va L 14n lugt 12 ning lugng tiéu tén mdi kildmét bay khi chim bay ngang qua mit nude
va khi chim bay ngang qua dat lién.

1/2 Xem tiép trang sau)



1. (2 diém) Hay xéc dinh vi tri clla C néu r = /2.
2. (1 diém) Gia st BC = 3 km. Tinh r.

3. (3 diém) Vi tri cia C thay d6i nhu thé nao khi = bién thién trong khodng (1, 00)?

Bai B.5. (5 diém) Cho trudc sé thuc o > 1. Chitng minh riing ton tai sb thue C' > 0 sao cho v6i moi
s0 thuc > 0 ta déu co

‘(1 +x)*—1-— am} < Cz™iri2.e} 4 oge,

Két luan trén con diing hay khéng néu 0 < o < 1?

HET

Ghi chi: Thi sinh khéng dugc phép stt dung tdi liéu, cdn b coi thi khéng cdn gidi thich gi thém.

2/2
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32 CHUONG 1. PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2017

I\ PE THI MON: TO HOP
(Vs Thoi gian lam bai: 180 phut

Bang PT

Thi sinh duge st dung két qua clia céc cau trude trong chitng minh clia cau sau. Néu mét cau
dudgc chitng minh khéng dua vao két qua clia cac ciu trude thi 6 thé dung d€ chitng minh cac
céu trudc.

Bai toan lat d6mino
Mot quin ddémind 1a mét bang 6 vudng kich thude 1 x 2 hodc 2 x 1.

Gié stt m, n 12 hai sb nguyén duong. Ta néi mét bang 6 vudng kich thuéc m x n, gdm m hang
va n cdt, 1a ¢6 thé lat dudc bdi cac quan démind néu ta c6 thé xép mot sb quan démind doéi mot
khong chdng 1én nhau sao cho chiing phti kin bang d4 cho va khéng pht bt ki phin ndo khac
clia mit phing. Hai cach 14t 1a khac nhau néu ton tai 2 6 vuéng cta bang dudc pht bdi cling 1
quin doémind trong cach 14t nay nhung khong duge pht béi cing 1 quin démind trong cach lat
kia.

Dé thuan tién, trong mbi bang 6 vudng, ta danh thit tu cc hang tit dudi 1én trén va cac cot tit trai
qua phai. Cac 6 ctia bang dugc ki hiéu mét cach tuong tng: 6 (4, 5) ki hiéu 6 nim trén hang i va
cot 7.

A. Su ton tai cach 14t d6mind

Bai PT.1. Chting minh ring v6i moi m, n nguyén duong bang m X n ¢6 thé lat dude béi cac quin
démind khi va chi khi mn 1a mét s6 chan.

Bai PT.2. V6i céc gié tri ndo ctia m, n thi bang m X n bi khuyét 6 (1,1) ¢ thé 1at dugc bdi cac
quan d6min6?

Bai PT.3. Cuing ciu hdi trén cho bang m x n bi khuyét 2 6 (1,1) va (m, n).
B. S6 cach lat va quan hé truy hdi

Bai PT.4. V6i méi sb nguyén duong n, goi u,, 14 s6 cach lat démind ctia mét bang chit nhat 2 x n.
Chitng minh rang v6i moi n > 3 thi

Up = Up—1 + Up_2.

1 Xem tiép trang sau)
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Tit d6 suy ra u,, = F,, v6i moi n > 1, trong d6 (F,)n>o la ddy Fibonacci dinh nghia béi:
Fob=F, =1,F, 2= F,;; + F,v6imoin > 0.

Bai PT.5. a) V6i n nguyén duong, goi ¢, 1a s6 cach lat démind ciia mot bang 3 X n va s, 13 s6
cach 14t mot bang 3 x m bi khuyét 6 (3,1):

Chitng minh ring v6i moi n > 3 thi

tn =28,_1+th 2
Sp =tn_1+ Sp—2-

b) Xéac dinh céng thic téng quét clia t,,.
Bai PT.6. V&i moi sb nguyén duong n, goi x., 13 sb cich ldt ddmind mot bang 4 x n. Chitng minh
rang v6i moi n > 1 thi

Tpta = Tpt3 + OTpy2 + Trp1 — Tn-

C. Tinh ch&n 18 ctia sb cach lat

Trong cAc bai toan sau, goi f(m, n) 14 sb cach 1at mot bang m X n béi cac quin d6mind.
Bai PT.7. Chitng minh ring v6i moi s6 nguyén ducng n thi f(n,n) 1a mét sb chin.
Bai PT.8. Chitng minh ring vé6i moi s6 nguyén duong k, n thi £(2* — 1,2n) 1a mét sb 18.

Bai PT.9. a) Ta goi mét bang n X n (n > 2) v6i mét s6 6 (c6 thé bing 0) chia hang n va mét
s6 6 (c6 thé bing 0) clia cot n bi khuyét 13 mét bang twa vudng 6 n. Mbt bang twa vudng ¢ n
dugc goi 14 tét néu 6 (n,n) bi khuyét va véimoi 1 < k < n — 1, trong s6 2 6 (n, k) va (k, n)
¢6 diing 1 6 bi khuyét. Chitng minh ring sb cch 14t mot bang tua vudng 1a 1é khi va chi khi bang
d6 13 mot bang tua vudng tdt.

b) Chitng minh ring f(m,n) 1a mot sb 18 khi va chi khi m + 1 va n + 1 nguyén té cling nhau.

Hét

Ghi chti: Cdn b coi thi khéng gidi thich gi thém.



34 CHUONG 1. PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2017

I\ PE THI MON: SO HOC
(Vs Thoi gian lam bai: 180 phut

Bang PT

Thi sinh dugc st dung két qua ctia cc cu trude trong chling minh clia ciu sau. Néu mét ciu
dugc chitng minh khéng dua vao két qua ctia ctia cac cau trude thi c6 thé dung dé ching minh
cac céu trudc.

Phuong trinh Markov
Nhic lai ring phuong trinh nghiém nguyén

z? —+ y2 + 22 = 3xyz
dugc goi 1a phuong trinh Markov. Mbi nghiém nguyén duong (z,y, z) = (a, b, c) ctia né dugce

goi 1a mét bé Markov. Céc sé a, b, ¢ dugc goi 1 cac thanh phan cta bé dé.

A. Phuong trinh nghiém nguyén Markov va cidy Markov

Bai PT.1. Chiing minh ring cic bé Markov c6 hai thanh phin bing nhau chi ¢6 thé 1a (1,1,1),
(2,1,1) va cic hoan vi clia chling.

Bai PT.2. Gia st (a, b, c) la mdt by Markov. Chitng minh ring 3bc — a, 3ac — b, 3ab — ¢ 1a cac
s0 nguyén duong va (3bc — a, b, ¢), (a, 3ac — b, c), (a, b, 3ab — c) cling la cac b Markov.

Bai PT.3. Gia st (a, b, ¢) 1a mét bé Markov ma @ > b > c. Chitng minh ring 3ac — b > a,
3ab — ¢ > a nhung a > 3bc — a.

D€ thuén tién, ta viét cdc b Markov v6i thanh phén 16n nhit ndm & giita va gach chan né dé
nhan manh. Nhu vy, ta sé viét (¢, m, p) cho mét by Markov (¢, m,p) ma m > t,m > p.Ta

x4y dung cay Markov bing truy hdi nhu sau:

o taviét b (1,1,1) & dong dau tién, bd (1,2, 1) & dong thit hai, bb (1,5, 2) 6 dong thit ba;

1 Xem tiép trang sau)



e tudin ty tir trai sang phai, Ging v6i mbi bé ba Markov (¢, m, p) di c6 6 dong thit n (véi
n > 3), ta viét 2 bd ba (¢, 3tm — p, m) va (m,3mp — t,p) theo thi tu dd,  dong thit
n + 1, ngay dudi b ba (t, m, p).

Mot sb dong dau tién ctia ciy Markov 13 nhu sau:

(1,1,1)
(1,2,1)
(1,5,2)
(1,13,5>/ \( 5,29,2)
(1,34, 13/ \(13, 194,5) (5,433, 29) \(29, 169

Bai PT.4. Tim c6ng thtic xac dinh bé Markov nim ngoai cting bén trai ctia dong thit n trén cay
Markov.

Bai PT.5. Ching minh ring mbi b6 Markov c6 diing mét hoan vi xut hién trong ciy Markov.
B. Mbt sb tinh chét clia cac bd Markov

Trong cac bai tap sau day, ta cho truéc mot bé Markov (a, b, c).

Bai PT.6. Chitng minh ring

a) Moi u6c nguyén té 1é clia ¢ déu dong du véi 1 modulo 4.

b) Néu c 14 chén thi ¢ déng du véi 2 modulo 32.

Bai PT.7. Ching minh ring cac sb a, b, ¢ d6i mét nguyén t6 cling nhau.

Bai PT.8. Chitng minh ring tn tai mot b Markov c6 thanh phén 16n nhét bing c.

Bai PT.9. a) Ta gid stt ¢ 1a mot s6 18 va g1a st ton tai mot b Markov (a’, b’, c) sao cho (a’, b’) #
(a,b) va (a’,b") # (b, a) Chung minh ring ton tai cic sb nguyén duong m, n nguyén té cling
nhau sao cho ¢ = mn vaaa’ — bb’ = 0 (mod m?),ab’ — a’b =0 (mod n2)

b) Chting minh ring v6i moi ) nguyén t 18 p va moi sb nguyén duong k ton tai khéng qua mot
b6 Markov c6 thanh phan 16n nhat bang p*.

Hét

Ghi chti: Cdn b coi thi khéng gidi thich gi thém.
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CHUONG 1. PE THI CHINH THUC



Chuong 2

bé dé xuat mon Pai so

1 Ma tran

Bai 1.1 (Hoc vién Buu chinh Vién théng). Cho ma trdn A = [a;;] vuobng cap
n va liiy linh. Chitng minh rdng v6i moi ma trdn B giao hoan véi A, ta c6:
det(A + B) = det(B). (Xem 10i gidi trang[107])

Bai 1.2 (Hoc vién Buu chinh Vién thong). Choma trdn A c6 3 x 2, B ¢ 2 x 3

8 2 =2
va AB = 2 5 4
-2 4 5

a) Tinh ABAB.
b) Chitng minh rang ma trin BA kha nghich.

b) Tim ma tran BA.
(Xem 10i giai trang )
Bai 1.3 (Pai hoc Hang hai Viét Nam). Cho ma trin

1 =21
A=1|-1 1 0
-2 0 1

Tinh A". (Xem 10i giai trang )

Bai 1.4 (Dai hoc Phong chdy va Chita chay). Cho A, B 1a hai ma trdn dbi
xiing cap n. Chling minh rang tr (ABAB) < tr (A?B?). Khi nao nhan dugc
dau” ="? (Xem loi gidi trang(108])

37



38 CHUONG 2. PFE PE XUAT MON PAI SO

Bai 1.5 (Dai hoc Pham Vin Pong). Tim ma trin vudng cip ba c6 cac phan ti
déu khac 0 sao cho dinh thic ctia n6 bang 2020. (Xem 16i giai trang )
Bai 1.6 (Pai hoc An Giang). Chting minh rang c6
n(n—1)
2

-1 (2" =1)---(2°=-1) (2 —-1)

ma tran kha nghich cAp n ma cac phan td ctia né chi gdm 0 hodc 1. (Xem 16i
giai trang )

Bai 1.7 (Dai hoc Giao thong VAn ti). Tim tht ci cac ma trdn thuc X vudng
cap 3 théa man phuong trinh

2017 0 0
X217 1 9016X = 0 —2017 0O
0 0 0

(Xem 161 giai trang )
Bai 1.8 (Pai hoc Su pham Tp H6 Chi Minh). V6i mbi A € M, (R), ta dinh
nghia
C(A)={X e M,(R): AX = XA}.
Dé thiy C/(A) 1a mét khong gian véc td con ctia M, (R).
a) Chiing minh rang néu A 1a ma trin tam giac thi dim C(A) > n.
b) Cho 1vidu A € M,(R) dé& dim C(A) = n.

(Xem 10i giai trang )

Bai 1.9 (Pai hoc Quy Nhon). Cho A va B la hai ma tran thuc cing ¢ m x n.
Goi R 4 (t. u., C4) la khong gian véctd con ciia R™ (t.u., R™) sinh béi cac vécto
dong (t.u., cac vécto cbt) cua A. Goi ¢ = dim(R4 NRp),d = dim(C4 N Cp).
Chting minh

rank(A + B) = rank(A) 4 rank(B)

khi va chi khi ¢ = d = 0. (Xem 16i giai trang )

Bai 1.10 (Pai hoc Tn Trao). Tim ma trn nghich ddo ctia ma trdn vudéng
cap 2n,n € Nyn > 2

0 1 1 1 1
-1 0 1 1 1
-1 -1 0 1 1
A= -1 -1 =1 0 1

|
—_
|
—
[
—_
|
—_
)

(Xem loi gidi trang )



1. MA TRAN 39

A V3 +1 =5
Bai 1.11 (bai hoc Ha Tinh). Cho ma trdn A = 2 /3o .
2

s 11 NES .| 1 -1
a) ChUngmmhrang:A:(O 1)( i \/3_1>.<0 1 >
2 2

b) Tinh A%017..

(Xem 10i giai trang )

Bai 1.12 (Pai hoc Ha Tinh). Cho A = (a;;)nx, 1a ma trdn vuong cép n hé sb
thuc v6i cac ma tran dong 14n luot 1a A, A,, ..., A,,. Xay dung ma trdn B gbm
cac dong 1an luot 1a A,, A, ..., A, 0. Biét A 13 ma tran kha nghich hiy tinh
hang clia A~!B. (Xem 10i gidi trang[112])

Bai 1.13 (Hoc vién Ky thuit Quén su). Cho hai sé nguyén duong &, n. Gid

st day cac ma tran {A;,..., Ay} € R™" théa mén A7 # 0 (1<i<k)va

AiAj =0 (1<4,j <k;i+#j). Chitng minh rang k < n. Cho vi du trudng hop
=n. (Xem 16i giai trang[112])

Bal 1.14 (Hoc vién Ky thuat Quan su). T1m tAt ca cac ma tran thuc A vuoéng

cip n sao cho v6i moi ma trdn B vuong cip n ta déu cé: det(A + 2017.B) =
det(A) 4 2017". det(B). (Xem 10i gidi trang[112])

Bai 1.15 (Hoc vién Ky thuat Quéan su). Co ton tai hay khéng ma tran vuong
cap ba thuc sao cho Trace(A) = 0 va A2 + AT = E? Vi sao? (Xem l0i giai
trang )

Bai 1.16 (Dai hoc Su pham Ha N6i 2). Cho A = (a b

b
thitc khac khéng. Chiing minh ré“l,ng ton tai hai ma tran vudng cip hai P, Q
c6 dinh thic bang khong va hai so thuc «, § khac khong sao cho:

A" = ™. P + ".Q,Yn > 0.

(Xem 10i giai trang )
Bai 1.17 (Pai hoc Su pham Ha Néi 2). Cho ma trin vudng cip hai 4 =

(_11 _43> € Mat(2,R) va da thic f(z) = 2% + 4z € R[z]. Hay tinh ma
trdn f(A). (Xem 16i gidi trang(113])

Bai 1. 18 (Pai hoc Su pham Ha Néi 2). Cho ma trdn A € Mat(n, R), vét clia
A 14 t6ng cac phan ta trén dUOng chéo cia A ma dudc ki hiéu la tr(A) Hay
chting minh rang tip S gdm tit cd cdc ma trin A € Mat (2017, IR{) c6 vét bang
0 14 m6t khong gian véc t6 trén R. Khi dé hiy tinh sb chiéu ctia S. (Xem 10i

giai trang )

> € Mat(2,R) c6 dinh
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Bai 1.19 (Hoc vién An ninh Nhén dén). Cho ma trén dbi xting A € M, (R)
va k la so nguyén duong chan sao cho

[trace( A®)]* = [trace(A"1)]¥

Chitng minh ring A" = trace(A)A™ L. Néu k 1a s6 nguyén duong 1é thi két
luén trén con ding khong? (Xem 16i giai trang )

Bai 1.20 (Hoc vién An ninh Nhan dén). Cho A, B € M,(R) la cac ma trdn
giao hoan. Goi « € C la gia tri r1eng cia A + B. Chlmg minh rang ton tai
phén tich « = X\ + p v6i A € C la gia tri riéng ctia A va p € C la gia tri riéng
ctia B. (Xem 16i giai trang[115])

Bai 1.21 (Hoc vién An ninh Nhan dan). Chomatran A € /\/ln(R) corank(A) =
r > 1. Chl'Ing minh rang A2 = A khi va chi khi tdn tai cac ma tran B €
Mo (R) va C € M,xn(R) deu co hang bang r thod min A = BC va
CB = I,. Hon niia, ching t6 rang néu A? = A thi det(I,, + A) = 2" va
det(21, — A) = 2"". (Xem 10i gidi trang[115])

Bai 1.22 (Hoc vién An ninh Nhéin dan, Co sé 2). Cho cac ma trdn kha nghich
A, B € M,(R) théa man AB + BA = O,. ChLIng minh rang cc ma tran
I,,A, B, AB la doc lap tuyen tinh. (Xem 16i giai trang (1 -)

Bai 1.23 (Hoc vién An ninh Nhin din, Co sé 2). Cho cac ma tran A, B €
M,,(R) théa man A'7 = B = J, va AB = BA. Chling minh rang I, +A+ B
kha nghich. (Xem 16i gidi trang[116])

Bai 1.24 (Hoc vién An ninh Nhén dén, Co s 2). Cho ma trdn A = [a;;] €
M, (R), (n 1a s6 18) thod man:

a) a; = A,
b) Q5 = —Qjj, Vi 7é j

Tim diéu kién ctia A d€ hé phuong trinh Az = b ¢6 nghiém duy nhét, trong
d6 x =[xy, 29, - ,x,]", b=[b1,by,- - ,b,]t. (Xem 10i giai trang[117])

Bai 1.25 (Hoc vién An ninh Nhan din, Co s 2). Cho cdc ma trdn A, B €
M3(Z) thod méan

1 2k Kk(2k+1)
AB=10 1 2k |, keN.
0 0 1

Chiing minh ring ton tai ma trin C € M3(Z) sao cho BA = C*. (Xem 16i

giai trang )
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Bai 1.26 (Pai hoc Ky thut HAu cAn CAND). Cho cac ma trin lién quan dudi
déy kha nghich. Chltng minh rang

(At + (B~ - A = A(l, — BA) = (I, — AB)A.
(Xem 10i giai trang )

Bai 1.27 (Pai hoc Ky thudt Hu cAn CAND). Cho cdc ma trdn A, B € M, (R)
va dat

A B A+B 0,
M= [B A] N= [ O, A—B}

A B A+ZB On 2
P= [B A] ©= { O, A—z’B] (=-1

Chiing minh ring cic ma trdn M, N déng dang va cic ma trdn P,Q dong
dang. (Xem 16i giai trang )

Bai 1.28 (Pai hoc K§ thuit Hiu cAn CAND). Cho 2 ma trdn A, B € M, (R)
thoa man A? = B? = O,,. Biét rang ma trdn A + B kha nghich. Chitng minh
rang n 12 sb chin va rank(AB)* = g,Vk € N. (Xem loi giai trang|118})

Bai 1.29 (Pai hoc Ky thuit Hiu ciAn CAND). Tim tit ci cic ma trin M, €
My (Z),(k = 1,2,...,9) théa man det(M,) = 1,(k = 1,2,...,9) va M} +
My +--+ My = M2+M2+---+M2+1812 (Xem 10i gidi trang[119])

Bai 1. 30 (bH Cong nghé Thong tin TP H6 Chi Minh). Cho A la ma tran
vudng cip n v6i cac phan tit thue va dinh thiic bang mot det(]A[) = 1, goi
P(\) = det |A — \I| véi I 1a ma trdn don vi cAp n. Chitng minh rang ma trin

1
nghich ddo A~! clia A ¢6 tinh chét det |[A~! — \I| = (—1)"A"P (X) (Xem

16i gidi trang )
Bai 1.31 (PH Cong nghé Théng tin TR H6 Chi Minh). Cho ba ma trin

1 1 1 1 5 0 0 0
0 1 1 1
0 0 1 1 0 5 0 0
A= ‘B =
0O 0 0 1 1 8 8 'B’“O—lﬁo
0 0 0 1 n
1 1 0 0
0 1 1 0
0 0 1 0
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Hay tim A% + B* + C"~'. (Xem 15i giai trang[120})

Bai 1.32 (PH Cong nghe thuc ph4m TP H6 Chi Minh). Tinh ma trin nghich
d4o clia ma tran vudéng A cip n sau:

1 1 1 1
0 1 1 1
A= 0 0 1 1
o o o0 --- 1

(Xem 10i giai trang )
Bai 1.33 (PH Cong nghé thuc phdm TP H6 Chi Minh). Cho ma trin

1 00 0
-4 2 3 4
A= -2 01 2
2 001

Pit A7 = (bi;),,; - Chitng minh rang by, < 10.22°17 — 1405, — 12C3,;..
(Xem 10i giai trang )
Ba1 1.34 (bH Ngoal thuong). Cho A, B 1 hai ma trdn vudng cip n. Gia st

ton tai n + 1 sO thuc ty,ts, -+ ,t,41 sao cho C; = A + t;.B lay linh. Chiing
minh A, B lily linh. (Xem 10i giéi trang )

Bai 1.35 (DH Ngoai thuong). Cho A, B la hai ma trdn vubéng théa man
AMT — g va A+ B = AB. Chiing minh B khéng kha nghich. (Xem 16i

giai trang )

2 Dinh thic

Bai 2.1 (Pai hoc Hang hai Viét Nam). a) (1) Choa, b, ¢1a cac sb thuc. Tinh
dinh thtic sau

o o Q
SN

&
a
b

b) Goixy,xs,231a 3 nghlem ctia phuong trinh bac ¥+ 22 +32+¢=0,
q € R. Goi S la tap hgp cac ma tran A vudng cap 3 dugc lap béi x,, zo, 73
sao cho mdi nghiém chi xult hién ding mét 14n é mbi hang va mbi cot.
Chitng minh rang det A chia hét cho 10!l v6i moi A € S.

(Xem 10i giai trang )
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Bai 2.2 (Pai hoc Phong chay va Chita chdy). Cho ma trdn A = [a;;] vuong
cap n c6 vet Tr(A) = ajy + age + -+ + ann, = 2017 va hang r(A) = 1. Tinh
det(A + I). (Xem 10i giai trang )

Bai 2.3 (Pai hoc Pham Vin Ddng). Tinh dinh thitc

a+b ab o --- 0 0
1 a+b ab 0 0
0 0O 1 a+b ab
O e “ e O ]_ a+b

(Xem 10i giai trang )

Bai 2.4 (Dai hoc Xay Dung Ha N6i). Cho A la ma tran vuong cAp 2017. Hay
tim dinh thtic cia A biét

1 0 1 0 0 0 O
0 2 0 1 0 0 O
1 0 2 0 0 0 O
o 0 0 0 .. .. 2 0 1
0o 0 0 0 .. .. 0 2

0o 0 0 0 .. .. 1 0 1

(Xem 10i giai trang )

Bai 2.5 (Trudng S§ quan Khong quan). Dinh thitc cia mot toan ti tuyén tinh
¢ 1a dinh thitc cia mot ma tran biéu dién ctia n6 va dudce ki hiéu béi Det(y).
Ki hiéu M[n, K] 1a tAp hop cic ma trdn vudng cip n trén trudng K. Cho A €
M|n, K] va ¢ 1a toan ti tuyén tinh trén M|[n, K] cho bdi p4(B) = AB — BA
v6i moi ma tran B € M|n, K|. Chitng minh rang Det(p4) = 0. (Xem 15i gidi

trang )

Bai 2.6 (Pai hoc Su pham Tp H6 Chi Minh). Cho A € M,(Z), (A);; bang
tong tat ca cac uéc chung duong ctia i va j. Tinh det A. (Xem 10i gidi trang
125[)

Bai 2.7 (Pai hoc Quy Nhon). Cho dinh thic cip n

1100 --00
111000
X, =01 1100
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a) Tinh X2017.
b) Tinh téng S (—-1)7 X,

7j=1 J:

(Xem 10i giai trang )
Bai 2.8 (Pai hoc Quy Nhon). Giai phuong trinh bién x sau day

31,4

b bt
C4 :0

d4

8

w

1
1
1
1

QO 8
S
w

(Xem 10i giai trang )
Bai 2.9 (Pai hoc Tan Trao). Tinh dinh thiic

a, r x -+ X
y a9 €x e x
D: y y CL3 “ .. T
y vy - Qn

(Xem 161 giai trang )

Bai 2.10 (PH Ngoai thuong). Cho A, B € M;(R) va det (A) = det (B) =
det (A + B) = det (A — B) = 0. Tinh det (20174 + 1995B)? (Xem i giai
trang )

Bai 2.11 (PH Ngoai thuong). Tinh dinh thic

p p+1 p+n
cr Cm+ Lo cm+
P P pTn
Ch., ChtloLocnin
14 p+1 p+n
ch.,, cploocorin

(Xem 10i giai trang )

3 Hé phuong trinh

Bai 3.1 (Hoc vién Ky thuit Quén su). Giai hé phuong trinh
ary + bre +cxs +dry =m
—bxy +axry+drs —cry=n
—cr1 —dry +axs+bry =p

—dxr1 + cxy — bxrs + axry = q

trong d6 a, b, ¢, d khong ddng thoi bang 0. (Xem 16i gii trang )



4. KHONG GIAN VEC TO VA ANH XA TUYEN TINH 45
Bai 3.2 (DH Céng nghé thuc phdm TP H6 Chi Minh). Giai hé phuong trinh

1
5T1 = 1171 + Q12T + * - - + A1pTy
1

5T2 = A21T1 + AT + « -+ + A2p Ty

1 _
§:Cn = Up1T + Ap2T2 + -+ ApnTn

trong d6 a,; 13 cic sb nguyén. (Xem 15i giai trang )

Bai 3.3 (Hoc vién An ninh Nhén din, Co s6 2). Cho N la ma trdn vudng
cAp n ma tit ca cdc phin t déu bang — va ma trdn A € M, (R) sao cho
n

A¥ = N v6i s6 nguyén duong k nao dé. Gia st A = [a;;],. Chling minh rang

Z af; > 1. (Xem 10i gidi trang|129})

ij=1

4 Khong gian véc to va anh xa tuyén tinh

Bai 4.1 (Pai hoc Pham Vin Ddng). Trong khéng gian véc to R* cho 6 véc to:
iy = (2;3;5), Uz = (0;1;2),d3 = (1;0;0), 61 = (L, 1;1), 0 = (1;1;-1), 85 =
(2:1;2). Hiy xac dinh anh xa tuyén tinh f : R® — R3 sao cho f(&;) = 4,
Vi =1;2;3. (Xem 16i giai trang[129])

Bai 4.2 (Dai hoc An Giang). V6i n > 1, ky hiéu R, [z] 1a khong gian véc to
clia cac da thitc bAc nhé hon hodc bang n—1 trén R. Toan ti dao ham D dudc
xac dinh béi D : R, [z] — R, [z] v6i D (p(z)) = p/(z) v6i p(x) € R, [x]. Hay
tim ma tran biéu dién cia D theo c6 s S = {1,1+ 2,14 22,--- 1+ 2" !}
va tim da thtc cuc tiéu clia D. (Xem 10i gidi trang )

Bai 4.3 (Dai hoc Giao thong Van tai). Ton tai hay khong moét anh xa tuyén
tinh F' : My(R) — M,(R) sao cho

F?(A) =4A+ 54T, V A € My(R),
trong d6 F? = F o F. (Xem 10i giai trang )

Bai 4.4 (Pai hoc Giao thong VAn tai ). Cho M, M, ... M, 1a k khong gian
con ctia khéng gian tuyén tinh thuc U (k > 2). Chitng minh rang néu M; U
M, U ...U M, cing la mot khong gian con caa U thi c6 mot trong k khong
gian con d6 chtta (k — 1) khong gian con con lai. (Xem 18i gidi trang[130])

Bai 4.5 (Pai hoc Tan Trao). Cho V' la mot khong gia véc to trén truong K, U
12 mét khong gian con clia V. Gid stt f : V — V 1a mot phép bién déi tuyén
tinh. Chiing minh rang:
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a) dimU — dimker f < dim f(U) < dim U.
b) dimU < dim f~(U) < dim U + dim ker f.

(Xem 10i giai trang )

Bai 4.6 (Dai hoc Ha Tinh). Cho V' la mot k,h(“)ng gian vécto thuc hitu han
chiéu, dat S = End(V) V) la vanh cac tu dong cau cta V. Chu’ng minh rang véi
f €S, ton tai dang cdu g € Ssao cho f = fgf. (Xem 15i giai trang @f)

Bai 4.7 (Hoc vién Ky thuiat Quan sy). Cho V — R la mot khong gian vector
va f, fi, f2, ..., fx la cac anh xa tuyen tinh tu V vao R, Va neu fl( )= .=
fr(z) =0thi f ( ) = 0. Chu’ng minh rang f 1a t6 hop tuyen tinh cta cac anh
xa fi,..., fr. (Xem 16i giai trang[132])

Bai 4.8 (PH Coéng nghé Théng tin TR H6 Chi Minh). Xét khong gian tuyén
tinh cdc ham sb xac dinh béi

n

d
:LATL

a) Hay tim mbi lién hé giita a, (), a,(t) va a,_1(t)

b) Chting minh rang a,(t) ludn biéu dién dugc dudi dang t6 hop tuyén
tinh cda hé {1,¢¢% ---} va thda tinh chat sau ag11(0) = 0;ag.(0) =
( 1)k(2n>!

n!
¢) Chitng minh rang dao ham bic m theo bién ¢ caa a,(t)Vn=0,1,2,---
sé cho ta
2™

man_m(t); (Vm < n)

dm
dx_m(a”(t)) =
(Xem 10i giai trang )
Bai 4.9 (DH Céng nghé thuc phdm TP H) Chi Minh). Cho V' la khéng gian
vector, hé {ay,...,ax} C V doc lap tuyén tinh va moi «; la t6 hop tuyén tinh
cua cac vector cia hé {f,...,3} C V. Chting minh rang k£ < [. (Xem 16i
giai trang )
Bai 4.10 (DH Coéng nghé thuc ph4m TP Hb Chi Minh, PH Ngoai thuong).
Cho V la khéng gian vector, hé x4, ...,z, € V, x; # 0 v6i moi i. Gia st c6 anh
xa tuyen tinh f : V — V sao cho f(xl),: x1, flag) = g + 21, VE > 2.
Chting t6 rang hé {z, ..., z,} doc lap tuyén tinh trong V. (Xem 16i giai trang
134])
Bai 4.11 (Dai hoc Su pham Ha N¢i 2). Cho A € Mat(n,R) 1a ma tran liy
linh cap k. Ching minh rang hé cac ma trdn {I,,,I,, + A, I, + A+ A%, ..., I, +
A+ A% + ...+ A* 1} 1a hé ma trdn doc 14p tuyén tinh. (Xem 10i gidi trang

135)
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5 Gia tri riéng va véc to riéng

Bai 5.1 (Pai hoc Phong chay va Chita chay). Cho ma trin

3 =10 0 O
-2 4 0 0 0
A= T4 3 7 =3
9 -8 0 -2 2
2 5 0 0 1

a) Tim cac gia tri riéng cua A.

b) Chling minh rang moi ma trdn B giao hoan v6i ma trdn A déu co thé
biéu dien theo dang B = f(A), trong d6 f(z) la mot da thitc hé so thuc
bac khoéng qua 4.

(Xem 10i giai trang )

Bai 5.2 (Dai hoc An Giang). Cho A € M, (R) Gia st A c6 n gia tri riéng thuc
A1, A2, ..., A, phan biét. Chitng minh rang ton tai cac ma tran A, A,, ..., A, €
M, (R) sao cho

AR = DAL XA+ MR A,
v6i k =1,2,... (Xem 10i gidi trang|[136.)
Bai 5.3 (Truong Sy quan Khong quan). Cho ma tran

00 ... 01

00 ... 10
A=1. .o

01 00

Lo 0 2nx2n

a) Ching minh rang A chéo héa dudc.
b) Tim mot ma tran P kha nghich 46 P~'AP 1a ma tran dudng chéo.
(Xem 10i giai trang )

Bai 5.4 (Pai hoc Quy Nhon). a) Cho A 1a mét ma trdn vudng dbi xting cip
n v6i hé so thuc. Goi B = [b;;] 1a ma trn vudng cap n véi cac phan tt cho
béi b;; = Trace(A™7~2). Chling minh rang B 14 ntia xac dinh duong.

b) Chu’ng minh rang da thitc u(z) = 2 —3 khong thé 1a da thitc dac tru’ng
clia mot ma trin vudng cip 2, dbi xing v6i cac phan ti 14 cac sb hitu ty.

(Xem 16i gidi trang[137])
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Bai 5.5 (Pai hoc K§ thuit Hau cin CAND). Cho ma trin A € M;(R) thda
man A3 = A + I,.

a) Ching t6 rang A kha nghich, déng thoi A c6 mot gi tri riéng thuec.

b) Tinh gin ding gia tri riéng thuc dé v6i d6 chinh xac 1 chi s6 thap
phén. 2) Chiing td rang det(A) va det(A — I3) c6 cung dau duong.

(Xem 16i gidi trang )

Bai 5.6 (Hoc vién Buu chinh Vién théng). Ki hiéu R[z], 12 khong gian véc to
cac da thuc bac < n.
Cho anh xa tuyén tinh @ : R[z],, — R[z], xac dinh nhu sau

@(xk) _ — gkt nél;l 0<k<n-1,
1 neu k =n.
a) Viét ma trin A cta ® trong co s6 {1, =, ,..., z"} clia R[z],.
b) Tim &t
¢) Tinh det(A + I) va det (1 A+ A4t (—A)”).

(Xem 10i giai trang )

6 Da thuc
Bai 6.1 (Hoc vién Buu chinh Vién théng). Cho da thitc hé sb thuc P(z) =
1’2017 -+ a2016x2016 + -+ a1x + ag Chi co cac nghlém thl_IC la X1, T2,...,T2017-

Chitng minh rang v6i moi s6 thuc a 16n hon tt ca cac nghiém thuc dy thi
2016

ta c6 bit dang thitc: P'(a) — 2017<P(a)) ® > 0. DAu bang x4y ra khi nao?
(Xem 10i giai trang )

Bai 6.2 (Dai hoc Phong chdy va Chita chay). Cho cacda thtic Pi(z), Py(z), ..., Py(x)
c6 bac < n — 1. Ching td rang dinh thttc sau khong phu thudc vao bién z

Pa)  P() - R
Pl(x) Pz(x) Pn(x)
PO @) PP @) - PO ()

(Xem 10i giai trang )
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Bai 6.3 (Dai hoc Pham Vin Dong). Tim tht ca cac da thic ¢ hé sb thuc P(x)
théa man
(x —1)P(x+1) = (z+2)P(x).

(Xem 16i gidi trang )

Bai 6.4 (Dai hoc An Giang). Cho r,s > 1 1a cac sb nguyeén va ag, a, ..., a,_1,
bg, b1, ..., bs_1 1a cac so thuc khong am sao cho

(ao + a1 + asx® + - + apg 2 4+ 27) (bo + b1z 4 b + -+ 4+ by + 27)

I
Chitng minh rang moi a; va b; bang 0 hodic bang 1. (Xem 15i giai trang )
Bai 6.5 (Dai hoc Giao théng Van tai ). Cho da thiic

P(x) = 2*'" — 2017z.
Hay cho biét phuong trinh
P(P(x)) = 2016

c6 bao nhiéu nghiém phiic phan biét. (Xem 15i giai trang[140})

Bai 6.6 (Dai hoc Quy Nhon). Ky hiéu P, () 1a khong gian cac da thiic 1 bién
x v6i bac khong vudt qua n.

a) Tim ma trdn cia anh xa tuyén tinh ¢ : P,(z) — P,(z) xac dinh bdi
o(p(z)) = p(x) + xp'(x) d6i v6i co sb chinh tac 1, z, 2%, ..., 2"

b) Tim cac gia tri riéng va véctd riéng cta o.
(Xem 10i giai trang )

Bai 6.7 (Dai hoc Tin Trdo). Gia st P(z) 1a da thitc bic n v6i hé sb thuc
va chi ¢6 cac nghiém phan biét. Chiing minh rang: v6i moi =z € R ta cb
(n — 1)(P'(2))? < nP(z)P"(x) va liy vi du minh hoa cho trudng hop xay ra
dang thic. (Xem 10i gidi trang )

Bai 6.8 (Pai hoc Ha Tinh). Cho da thttc P(z) = 2™ + 2™ + a, 02" 2 +
Up 32" + ... + a1z + ap € R[z] c6 n nghiém thuc phin biét z, z, ..., T,.
Ching minh rang:

o ap @
Pla)  Plog) 7 Plo)

trong d6 P'(x) 1a ky hiéu dao ham caa P(x). (Xem 10i giai trang )
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Bai 6.9 (Hoc vién Ky thuat Quéan su). Cho P(x) = x* — 2, va cac da thtc
P;(z) xac dinh béi P,y = P,(Pi(x)), i = 1,2, 3, .... Chitng minh phuong trinh
Pogi7(z) = x ¢6 22°17 nghiém thuc phén biét. (Xem 106i gidi trang|[142])

Bai 6.10 (Pai hoc Su pham Ha N6i 2). Xac dinh tt c cac da thic f(z) € R[a]
thda man:
fle+4)=fx+3)+2x+7.

(Xem 10i giai trang )

Bai 6.11 (PH Cong nghé thuc phdm TP H6 Chi Minh). Gia st m,n 14 hai
trong bon nghiém cta da thic z* — 23 + 1. Chiing minh rang mn la nghiém
cua da thttc 2° — 2* — 2% — 2% + 1. (Xem 10i gidi trang )

Bai 6.12 (DH Ngoai thuong). Viét sin hai da thitc 22018 4+ 532017 4 472016 4

--+xx?+x*x+ 1. Hai ban Ngoai va Thuong chdi tro choi nhu sau: Trudc tién,
Ngoai thay bat ki ddu ndo bang mot sb, sau dé, Thuong thay bat ki ddu con
lai nao bang mét s6, roi Ngoai lai tiép tuc thay mot diu bang mét s, Vv. ..
(tAt ca 1an thay nhu vdy). Néu da thitc thu duge khong ¢ nghiém thuc thi
Ngoai thing, néu c6 it nhit mét nghiém thuc thi Thuong thing. V6i moi cach
choi clia Ngoai, héi Thuong c6 thé thang trong tro choi nay dude khong?
(Xem 10i gidi trang [143])

7 To hop

Bai 7.1 (Hoc vién Buu chinh Vién thong). Cho 6 diém trong khong gian
trong do khong c6 ba diém nao 1a thang hang. Vé 15 doan théng nbi gitta
chung va t6 mau xanh hodc mau dé cho nhu’ng doan thang nay Chlﬂ’lg minh
rang tdn tai mot tam glac tao bdi cac doan thang 4 ay c6 tat ca cac canh déu
cling mau. (Xem 18i gidi trang[144])

Bai 7.2 (Pai hoc Hang hai Viét Nam). Nhét 100 con con trung vao 4 phong
co du’bng thong nhau nhu hinh vé dué6i day. Gia st trong moét phut khéng
con cén trﬁng nao co thé ghé tham hon hai phc‘)ng tt phong n6 dang 6 va
6 40% con trung & mbi phong khong di chuyen sang phong khac. Ngoal ra,
s6 con trung di chuyén tir mbi phong sang cac phong lan cin theo ti 1é déu
nhau, chdng han tit phong 3 thi c6 mét nita sang P2 va mot ntia sang P4.

a) Biét rang sau mot phut, §6 cbn trung G P1, P2, P3 va P4 léq luot 1a 12,
25, 26 va 37. Xac dinh s6 con trung 6 moi phong lac ban dau.

b) Biét sb con trung 6 P1, P2, P3 va P4~11'1c ban dau tuong tng la 20, 20,
20 va 40. Xac dinh s6 con trung ¢ moi phong sau mot phtt.
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Pa P2

P1

(Xem 10i gidi trang )

Bai 7.3 (Dai hoc Hang hai Viét Nam). Trong mét thi trAn gdm n ngudi, cé m
ciu lac bd dudc thanh 14p. Biét ring, mdi cAu lac bd déu cb sb 1é thanh vién;
hai ciu lac b bat ki c6 chung nhau sb chin & thanh vién. Chitng minh ring
m < n. (Xem 13i giai trang [144])

Bai 7.4 (Pai hoc Pham Vin Pdng). Xung quanh mét bd hd hinh tron cb 17
cay cau canh. Nguoi ta du dinh chit b6t 4 ciy sao cho khong ¢6 2 cy nao
ké nhau bi chat. HAi c6 bao nhiéu cach thuc hién khac nhau. (Xem 16i giai

trang )

Bai 7.5 (Dai hoc X4y Dung Ha N6i). ( Céc nhdy) C6 mot cai thang vé han
bAc bic 1én troi. Mbi bac thang chi ¢6 thé dit dude tdi da 1 chid coc. Ngudi
ta dit cac bac thang mét s6 chti céc. Mot chi coc bat ki tit bac thit N cb thé
nhay dén bic 2N + 1 hodc 4N + 1 va c6 thé nhay ngudc lai theo quy tic trén.
Vi du: Néu ddt céc & bdc thit 9 thi cdc ¢6 thé nhdy 1én bdc 19 hodc 37, ¢6 thé
nhdy i vé bdc thit 4 hodc 2.

a) Hoi c6 thé dit tbi da bao nhiéu chi céc khi cac chi céc nhdy tuy v theo
quy tic trén ma khong c6 chi cée nio cb thé gip dude nhau?

b) Néu thay quy tic thanh tit bic N c6 thé nhay dén bac 3N + 1 hodc bac ON
+ 1. Thi diit dudc tbi da bao nhiéu cht c6c? (Xem 16i gidi trang )

Bai 7.6 (Dai hoc Giao théng Van tai ). Mot quan ddo c6 9 hon ddo. Tt mbi
dao trong so d6 ta lubén di chuyen dugc t6i 4 ddo khac trong 3 dao con lai
bang dudng hang khong (v6i cac tuyen bay 2 chiéu, truc tiép hodc gian tlep)
Chitng minh ring véi 2 ddo bat ky cua quan dao ta ludn di chuyen dlIOC bang
dudng hang khéng tit mot ddo dén dao con lai. (Xem 15i gidi trang 1 )

Bai 7.7 (Dai hoc Su pham Tp H6 Chi Minh). Mét cude thi game c6 n game
thi phai choi n game. Mbi game ca n ngu01 cung choi, mdi ngudi chi thang
hodc thua. Ta thanh 14p ma trdn A va B vuéng cap n nhu sau: ban diu gan
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A = B = 0; sau mbi game néu game tha thit ¢ va j cung thang hoac cung
thua thi tdng (A);; lén 1 don vi (B guI nguyén), con néu game tha ¢ thang,
thua thi ting (B);; 1én 1 don vi va gidm (B); di 1 don vi. Chitng minh rang
sau khi cudc thi két thiic det(A + iB) (i 13 don vi 40) 13 s6 nguyén khong 4m
va chia hét cho 2"!. (Xem 15i giai trang[145])

Bai 7.8 (Pai hoc Quy Nhon). C6 200 hoc sinh tham du mét ky thi Olympic
Toan hoc. Dé thi gdm 6 bai toan. Biét rang mbi bai toan c6 it nhit 120 hoc
sinh gidi ding. Chitng minh rang c6 it nhat 2 hoc sinh sao cho mé&i bai toan
déu dugc it nhit mot trong hai hoc sinh nay giai ding. (Xem 10i gidi trang

[1461)

Bai 7.9 (Dai hoc ‘Quy Nhon). Trong mét cudc diéu tra su dich chuyen dan sb
guIa n thanh phd Cl, o, Cp,y ngum ta nhan thiy nhu sau: vao diu gio sang
moi ngay, c6 mot ti 1é (khong do6i) a;; € (0;1) cla s6 dén tit thanh phb C;
sang thanh phd C; (i # j) dé 1am viéc. Thoi gian lém viéc trong ngay & tt
ca cac thanh pho la 8 gio sang. Ta ky hiéu p ) 14 sb dan clia thanh phb C;
sau 8 gi0 sang clia ngay m.

a) Viét bi€u thic truy hoi giita sb dan cta n thanh phb trén trong ngay
tht m + 1 qua ngay m.

b) Gla su ta quan tam dén mtc do dich chuyén dén sb gitta hai thanh phé
Biét rang ti 1& dan sé thanh phé 1 chuyen sang thanh phé 2 13 a, va
ngudc laila 8,0 < o, 8 < 1 Cho biét sb dan guIa hai thanh pho tai

ngay hom nay lan luct la p1 va pgf” Bleu dién sb dén cta hai thanh

phé nay 5 ngay sau pg ),pz qua a, § va p; )> pé ),

(Xem 10i giai trang )

Bai 7.10 (Dai hoc Tan Trao). C6 2n sinh vién trong mot truong dai hoc
(n € N,n > 2). Mbi mét tudn sé cé n sinh vién di mot chuyén du lich. Hoi
sau it nhat bao nhiéu chuyén du lich thi hai sinh vién bat ky c6 clng it nhét
mdt chuyén du lich? (Xem 10i gii trang )

Bai 7.11 (Pai hoc Ha Tinh). C6 tit ca bao nhiéu sb nguyén duong n €
{1,2,...,1024} sao cho trong tap hop

Q:{(Z) | k=0,1,..,n}

c6 dting 8 sb tu nhién 1é, § day ( Z 13 ky hiéu sb t8 hop chap k ctia n phin

td. (Xem 16i gidi trang )
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Bai 7.12 (Pai hoc Su pham Ha Noi 2). Chting minh rang moi hé bat ki gébm
2018 da thtic trén trm‘jng s6 thue c6 bac khong qué 2016 ludn ton tai it nht
mot da thitc ma n6 co thé biéu dién nhu 1a tong ctia cac da thitc con lai cling
v6i cac hé sb thue. (Xem 16i gidi trang [149])

Bai 7.13 (Hoc vién An ninh Nhan dan, Co s 2). Cho 4 chit cai A, D, H, N.
Ngudi ta xép tuy y chung thanh cac tit ¢6 8 chir cai (co ldp lai) va sap xep
chiing theo kiéu tir dién. Nhu vay tu diu tién 13 AAAAAAAA va tit cudi cung
la NNNNNNNN.

Hoi tit ding 6 vi tri thit tu 2017 1a tlt nao?

Hoi tt DHANDHAN ding & vi tri thé tu bao nhiéu? (Xem 16i giai trang
[L49)

Bai 7.14 (DH Ngoai thuong). C6 2018 nguoi xép thanh hai hang doc. Héi c6
bao nhiéu cach chon ra mét sb ngum (it nhat 1) t 2018 ngudi nay, sa0 cho
khong co6 hai ngu’01 nao ding ke nhau dudc chon (hai ngu’01 dlmg ke nhau
la hai ngudi c6 so tht tu lién t1ep trong mot hang doc hodc c6 cung s6 tha tu
4 hai hang). (Xem 16i giai trang[149})

Bai 7.15 (DH Ngoai thu0ng) Ban A ¢6 2017 qua tao khbi lugng mdi qua la
cac sd thuc duong. Biét rang néu bo di 1 qua tao bAt ky thi 2016 qua tao con
lai chia dugc thanh 2 phén c6 téng khbi Iu’Ong bang nhau (sb qua tao G 2
nhém khéng cin bang nhau). CMR: 2017 qua téo c6 khéi luong bang nhau.

(Xem 10i giai trang )



54

CHUONG 2. PE DE XUAT MON PAI SO



Chuong 3

o Do

Ppé de xuat mon Giai tich

1 Daysb

Bai 1.1 (Hoc vién Buu chinh Vién théng). Cho a; > 0 va day sb (a,)>>, dudc
xac dinh béi

6a, + 4

an +3°

Ap4+1 =

a) Ching minh ring: Day sb (a,), hoi tu.

b) Tim gi6i han cta day sb lim a,,.

n—oo

(Xem 10i giai trang )
Bai 1.2 (CDSP Nam Dinh). Cho day sb Upy1 = Uy + Ud, Uy = a.
a) Chting minh rang: day {u,} ting ngit < a > 0.

b) Chitng minh rang: day {u,} gidm ngit < a < 0.

3
UTL+ 1 un

¢) Néua 0 tinh lim

n—-+oo Up,

—u2+2

(Xem 10i giai trang )
Bai 1.3 (Pai hoc Phong chay va Chita chay). Cho day s6 (a,)>>, dudc xac

dinh bdi
=(1+ —1 1+ —1 1+ —1
n = 2 4) " on )

a) Chiing minh ring diy sb (an)se, hoi tu.

n=1

55
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b) Chting minh rang lim a, = I € [e%, e}.
n—oo
(Xem 10i giai trang )

Bai 1.4 (Pai hoc Quang Nam). Cho day sb {u,},n > 1 xac dinh bdi

(n+1)!

Uy = 2, Up—1 — Up =

Xac dinh usg;7 va tinh gi6i han cta day sb trén. (Xem 10i gidi trang )
Bai 1.5 (Pai hoc An Giang). Cho day sb {a,} xac dinh béi

2 (2a, + 1)

Vn > 1.
an +3 "=

a; = —4, Aniy1 =

Tim gi6i han caa day {a,}. (Xem 10i gidi trang )
Bai 1.6 (Pai hoc Giao thong VAn tai ). Cho diy sb {u,} xac dinh béi

U():]_,

U, , V6in=1,2,..

- 3 + Up—1

Chitng minh rang day {u,} c6 gi6i han va tim lim u,. (Xem 15i gidi trang
n—oo

155})

Bai 1.7 (PH Ng4n Hang TP H6 Chi Minh). Tim cdng thtc s hang téng quat
cua day so (u,) dugdc xac dinh bdi

u1:0,
3u, + 1

Unp1 = — +3,Véimoin21.
n

(Xem 10i giai trang )

Bai 1.8 (PH Ngan Hang TR H6 Chi Minh). Cho sb thuc a > 0 va day sb (u,)
dudc xac dinh nhu sau

U = a,
Upyr = ul™, véimoin > 1.

Tim cac gia tri ctia a d€ ddy sb trén cé gi6i han hitu han va tinh gi6i han dé.

(Xem 10i giai trang )



1. DAY SO 57
Bai 1.9 (Trudng S§ quan Khéng quén). Cho diy s6 {u,} xac dinh bdi cong

thic sau:
uy =
Un+41
Chitng minh day sb {u,} c6 giéi han va tim gi6i han d6. (Xem 15i gidi trang

157)

Bai 1.10 (Pai hoc Thily Lgi). Cho diy sb {a,} x4c dinh béi

|| W=
vl

-1

a1:1

a2:4

2017a,, 2017
ppy = —2 +<1+n—1)“”“ n=234,..

Hay tim giéi han
I — An+1

n—00 (U,

(Xem 10i gidi trang [157])

Bai 1. 11 (Pai hoc Quy Nh0n) Cho (an)n>1 la mét day cac sb thuc v6i tinh
chit rang v6i moi n > 2, ton tai mot sb nguyén k, n/2 < k < n, sao cho
an, = %. Chitng minh rang

lim a, = 0.
n—oo

(Xem 161 giai trang )
Bai 1.12 (Pai hoc Ha Tinh). Cho day {a,} dudc xac dinh nhu sau:

a; = a,

43a,, — 425
n+l — — = 1,2,...
(nt1 an +1 "

a) Tim a d€ {a,} 1a day hang.

b) Tim a d€ {a,} 12 diy héi tu, tim lim a,, trong trudng hop nay.

n—oo
(Xem 10i giai trang )

Bai 1.13 (Dai hoc Su pham Ha Néi 2). Cho day s6 thuc {u,}°, dugc xac
dinh bdi

2
. —1
up € [0;2) va un:u" ! ,Vn=1,2,3...
n

Tim lim (upy/n) . (Xem 16i giai trang|159|)

n—-+
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Bai 1.14 (Hoc vién An ninh Nhan dan). Cho day {a,}°°, xac dinh bdi a; =

1 . re 1 Ln A
1, Gpy1 = §(an + g), (n > 1). Xac dinh [ag7], v6i ky hiéu [z] 1a phan

nguyén ctia = (1a s6 nguyén 16n nhit khong vuot qua z). Tinh lim a—\/"_?
n—o0o /N

(Xem 10i giai trang )

Bai 1.15 (Hoc vién An ninh Nhén dén, Co sé 2). Cho day {z,}>, xac dinh

béi 1 = 1, 7,41 = In(e™ — z,),(n > 1). Ching t6 rang day da cho hdi tu.

Tinh lim S,, v6i S, = Y. z;. (Xem 16i giai trang|160])
n—00 1

Bai 1.16 (Hoc vién An ninh Nhan dén, Co sé 2). Cho day sb {z,}>°, xac
dinh nhu sau:

1
T = —5 Tp— (24 2p)x01 =0, (n > 1).

Chitng minh rang day {z,}°° héi tu, nhung chudi Z(l + z,,) khong hoi tu

n=1
va téng cta chudi nay bang +oo. (Xem 15i giai trang )
Bai 1.17 (Dai hoc K§ thuat Hiu cin CAND). Cho day {a,}2, xac dinh bdi

ag = 0,a1 = 2, Apyq = /2 — an_l, (n > 1). Tinh lim 2"a,? (Xem l0i giai
an n—oo
trang (161})
N\ o . ~ N N /\\ \ 1
Bai 1.18 (bai hoc Ky thuat Hau can CAND). Cho a; = 1va a,1 = a, + 2
an

v6i n > 1. Chiing minh rang
a) n<a2<n+n,

b) lim (a, —+/n) =0.

n—oo

(Xem 10i giai trang )
Bai 1.19 (PH Céng nghé Théong tin TR H6 Chi Minh). Cho diy sb

2
an (1—cos(—2>>;n:1,2,~~
n

a) Hay tim gi6i han cta diy tong:

Sn:%Zak
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b) Hay tim giéi han cua day tich:

1
Br = (H (lk) .
k=1
(Xem 10i giai trang )

Bai 1.20 (PH Ngoai thuong). Cho day s6 (u,,), (n = 0, 1,2---) dugc xac dinh
nhu sau: ug = 2017, u,,; = sin® (z + 11) — 2000 v6i moi so6 tu nhién n. Chitng
minh rang:

a) Phuong trinh sin® (u, 4+ 11) — z = 2000 c6 nghiém duy nhit. Ki hiéu
nghiém do la b
b) limw, = 0.
(Xem 1oi gidi trang )
Bai 1.21 (PH Ngoai thuong). Cho day sb (z,,) v6in = 1,2, - - dudc xac dinh
béi:
21 = 2017, 29 = 1
Tpio = Ty — Inx, (n € N¥)

n_l N\ S Y 2
bat S, = Y. (n—k)In/zor—1 (n>2). Tim lirf (—”)‘7 (Xem loi giai
trang )

Bai 1.22 (DH Ngoai thuong). 1 Goi {a,}1a day cho béi: a; = 2017, a,,1, =
2 _2v6in € N. Tinh P P
@n vorn n ngl aijas..... Qp
’ S n—1 ]-
2 Tinh ) (—=1)"""In (1 + —).

n=1 n

(Xem 10i giai trang )

2 Chuoi so

Bai 2.1 (Pai hoc An Giang). Gia st rang >°° | ai 14 chudi s6 duong phén ky.
V6i b > 0, tim téng ctia chubi sb

o0
a1a2...an

2 (a2 + 2017) (ag + 2017) - - - (apsq + 2017)°

n=1

(Xem 10i giai trang )
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Bai 2.2 (Pai hoc Thily Loi). Hay tim gi4 tri ctia chudi s6 sau

> 1 1 1
M= In{1l+=)In{1+—]In(1 .
;n( +n>n<+2n)n(+2n+1)

(Xem 16i giai trang )
Bai 2.3 (Pai hoc Quy Nhon). Cho a,, | 0. Chting minh rang

a) Chubi 3°°°  a, < oo khi va chi khi 375° | 2%ay < oo.

b) Néu

o0

qu/p < 00

n=1

véip>1,thi > af < occ.

(Xem 10i giai trang )

Bai 2.4 (bH Cong nghe Thong tin TP H6 Chi Minh). Tit cong thtc tinh tong
cac sb hang cua mot cap so nhan lui v6 han véi cong boi z, (|x| < 1), va cong
thttc khai trién Taylor cia ham In(1 4 z) tai = = 0 hay:

a) Tim ban kinh héi tu ctia chubi ham liy thita:

b) Tim ham f ma chuoi noi trong ciu a) héi tu dén trong mién hoi tu cta
no.

(Xem 10i giai trang )

3 Ham so

Bai 3.1 (Hoc vién Buu chinh Vién théng). Cho ham f(z) kha vi trén [a, 0]
théa man cac diéu kién:

a) Phuong trinh f(z) = 0 c6 nghiém trén [a, b];
b) |f'(z)| < f(x) v6i moi = € b].

Chitng minh rang: f(z) = 0 v6i moi z € [a,b]. (Xem 15i giai trang )
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Bai 3.2 (Pai hoc An Giang). Gia st rang f : [a,b] — R 13 ham s6 lién tuc
thoa

, Va,y € [a,b)].

f(w;y)gf@ﬁ;f@)

Chitng minh rang f 13 ham 16i trén [a,b]. (Xem 16i giai trang )

Bai 3.3 (Dai hoc Giao théng Van tai ). Cho f : R — R la ham lién tuc. Xét

day
To € R
Tpt1 = f(‘rn>

Gia st ton tai lim z, = [ va dao ham f'(I). Chling minh rang |f'(1)] < 1.

n—oo

(Xem 16i gidi trang )

Bai 3.4 (DH Ngan Hang TP H6 Chi Minh). Chung minh rang khong tép tai
ham s6 f : [0,1] — R théa man f dong bién va f khong lién tuc tai bat ki
diém nao. (Xem 106i gidi trang )

Bai 3.5 (DH Ngén Hang TP H6 Chi Minh). Chting minh ring ham sb
f(z) = z*" dbng bién trén (0, +oo) va hm f(x) = 0. (Xem l0i gidi trang

1700)

Bai 3.6 (Trudng S quan Khong quan). Cho ham sb

a) Ching minh réng\ phuong trinh f(z) = = ¢6 nghiém duy nhét trong
[1/2;1] va f'(x) dong bién.

b) Chitng minh rang diy s6 (u,) xac dinh bdi u; = 1 va u,,1 = f(u,) thda
man u, € [1/2,1] v6i moi n.

(Xem 10i giai trang )
Bai 3.7 (Trudng S§ quan Khong quin). Cho ham sb f(z) kha vi lién tuc cp

2 trén R va théa man f(0) = 2, f'(0) = —2 va f(1) = 1. Chiing minh rang,
ton tai ¢ € (0; 1) sao cho

f(©)f'(e) + f"(c) = 0.

(Xem 10i giai trang )
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Bai 3.8 (Trudng Sy quan Khéng quan). Choa,be R, b >0, f la hém s6 lién
tuc trén [0; +o00), f(z) > 0 v6i moi x € [O +o0) va f(z) < a+b [ f(t)dt voi
moi z > 0. Chting minh ring f (7) < a.e’® v6imoi z > 0. (Xem 16i gidi trang

[L71)

Bai 3.9 (Pai hoc Thiy Lgi). Cho f 12 ham duong, kha vi lién tuc dén cip 2
trén R va théa man: f(0) = 1, f/(0) =0, f”(0) = 1. Hay tinh gi6i han:

- ()]

(Xem 13i giai trang [171])

Bai 3.10 (Pai hoc Quy Nhon). Cho ham s f lién tuc trén [0, 1] va kha vi trén
(0,1) théa méan f(1) = 0. Chitng minh ring ton tai ¢ € (0,1) sao cho

(Xem 101 giai trang )
Bai 3.11 (Dai hoc Ha Tinh). Cho a € N*, ham s6 f : R — R dudc cho béi
cong thic
x® néu z¢ Q,
f(z) = { o A
—x neu z ¢ Q.
Tuy theo « xét tinh lién tuc, kha vi cia ham f. (Xem 10i giai trang )

Bai 3.12 (Dai hoc Ha Tinh). Cho p(z) € [ z] la da thitic bacn (n € N*) trén
trudng s6 thuc va f(z) = e + p(z). Tim s6 nghiém tbi da ctia phuong trinh

f(x) =0. (Xem 15i gidi trang[172])
Bai 3.13 (DH Ngoai thuong). Cho ham sb:

1
fz) = 2 — (24—5111 ) x #0,
2;x=0.

Chitng minh rang:
a) f(x) c6 dao ham f' (z) trén toan bd R va dat cuc dai tai z = 0.

b) Khéng ton tai sb thuc e > 0 sao cho f' (z) >0 Vz € (—;0) va f (z) <
0 Vz € (0;¢).

(Xem 10i giai trang )
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4 Phép tinh vi phan

Bai 4.1 (Hoc vién Buu chinh Vién théng). Cho ham f(x) kha vi cip hai trén
[0, 00) théa méan v6i moi z € [0, o)

f(x) > 0;
f'(x) > 0;
f(x). f7(x) < 2f7().

Chting minh rang: klim L@ — 0. (Xem 10i gidi trang [174L)

1 ) =

Bai 4.2 (CDSP Nam Dinh). Cho f : [0; +00) — R xac dinh nhu sau:

ei néux > 0,
-

0, néua # 0.

a) Chitng minh rang: ham sb f(z) lién tuc trén [0; +00) < a < 0.

b) Chting minh rang: ham s6 f(z) kha vi trén [0; +00) < a < 0.

¢) Ching minh ring: ham sb f(x) kha vi v6 han trén [0; +o0) < a < 0.
(Xem 16i gidi trang [174])
Bai 4.3 (CDSP Nam Dinh). Cho f : [0; +0c0) — R thda mén:

a) f(0) <0.

b) 2f(x) + zf'(z) > 673.2°°'7 v6i moi z € [0; +0)

12017

Chting minh rang f(z) > v6i moi z € [0;+00). (Xem 16i gidi trang

176})

Bai 4.4 (CDSP Nam Dinh). Cho f : [0;1] — R khd vi trén [0;1] sao cho
f(0) =0, f(1) = 1. Chtng minh rang ton tai 0 < z; < 7o < 3 < 1 sao cho

1 N 672 n 1344
f'(@) ) f'(ws)
(Xem 16i gidi trang [176])

Bai 4.5 (Dai hoc Phong chay va Chita chay). Cho ham f(z) kha vi trén doan
0, 1] théa mén

= 2017.

£1(0).£'(1) <0,
Chitng minh ring ton tai ¢ € (0,1) sao cho f(¢) = 0. (Xem 13i giai trang

[L76)



64 CHUONG 3. PE DE XUAT MON GIAI TICH

Bai 4.6 (Dai hoc Phong chdy va Chita chdy). Cho ham f(x) lién tuc trén [a, ]
sao cho f(a) = f(b) = 0 va dao ham cap hai f”(z) lién tuc trén (a, b). Ching
minh rang ton tai ¢ € (a,b) sao cho

ro= 5t ()

(Xem 16i gidi trang )

Bléli 4.7 (Dai hoc Quang Nam). Cho ham sb f : R — R khac khong va kha vi
cap 2 théa man

Chitng minh rang phuong trinh f(z).f'(z)+ f”(x) = 0 luén c6 nghiém. (Xem
16i gidi trang )
Bai 4.8 (Dai hoc Quang Nam). Cho a la sb thuc va a > 1. Tinh

2 n

(a—i—%-l—---%—g).

n—oo g+l

(Xem 16i giai trang )

Bai 4.9 (Dai hoc Thiy Lgi). Cho a,b,c € R, a < b < cva ham f € C'[a;c].
Chiing minh rang ton tai ¢, € (a;b), t2 € (a;¢), t1 < t3 sao cho

{ﬂ@—f@%=@—aﬁﬁn
F(6) = fla) = (¢ — a) f'(ts).

(Xem 10i giai trang )

Bai 4.10 (Dai hoc Su pham Ha No6i 2). Cho f (z) 1a da thiic bac ba v6i cac
hé s0 nguyén va hé so cao nhat bang 1. Biéet f (0) + f (1) + f (—1) khong chia
hét cho 3. Tim lim {\3/ f (n)} , khi s6 tu nhién n dan t6i v6 han. Trong d6 ki
hiéu {2} chi phan thip phan duong ctia sb thuc z (0 < {z} <1). (Xem 15i
giai trang )

Bai 4.11 (Hoc vién An ninh Nhin dan). Cho cic ham f, g kha vi trén [a, b].

Gia stt g(z) # 0,Vz € [a,b] va ¢'(z) # 0,Vz € [a,b]. Chling minh rang ton tai
¢ € (a,b) sao cho

det[f<a>f<b>

1
g(b) = g(a)  L9(a) g(b)} IG)

(Xem 10i giai trang )
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Bai 4.12 (Hoc vién An ninh Nhan dan, Co s6 2). Cho cac sb o, 8 € (1, +0).
Xét ham f kha vi trén [0,1], théa man f(0) = 0 va f(z) > 0,Vz € (0,1].
Chting minh rang ton tai ¢ € (0,1) sao cho

NUCIIC
flo = ra=a

=p

(Xem 10i giai trang )

Bai 4.13 (Pai hoc Ky thuit Hiu cAn CAND). Gia st ham f kha vi dén cép

3 trén [0, 1]. Biét rang f(0) = f/(0) = f(0) = f/(1) = f"(1) = 0, f(1) = 1.
Chting minh rang ton tai ¢ € (0,1) sao cho f”(c) > 24. (Xem 16i giai trang

180})
Bai 4.14 (Dai hoc Ky thuét Hau cAn CAND). Cho ham f € C?[a,b] (kha vi
lién tuc t6i cap 2 trén [a, b]. Chting minh rang ton tai ¢ € (a, b) sao cho

fla) + f(b) s b) _(b—a)
2 2 8
(Xem 10i gidi trang [180])
Bai 4.15 (PH Ngoai thuong). Cho ham sb f (z) ¢6 f (z) dong bién trong
[a; 0] v6i: f(a) = ¢ g b; f) = %a. Ching minh ton tai o, 3,y phan biét
sao cho [ (a).f’

(B).f (v) = 1. (Xem 1i gii trang[181})

f"(c).

5 Phép tinh tich phan

Bai 5.1 (Hoc vién Buu chinh Vién thong). Cho ham f(z) lién tuc trén [0, 1]
théa mén
L2017

/fQ(t)dtg SE, Vz € [0,1].
0

Chitng minh ring

1
1
1007 d < )
/x f@)dr < 5o
0

(Xem 10i giai trang )

x? ot

Bai 5.2 (CDSP Nam Dinh). Cho f(z) = [ ;

. v46i moi x > 1. Tim tap gia tri

cua ham f(z) trén (1;+o00). (Xem 16i giai trang [182])
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Bai 5.3 (Dai hoc Phong chay va Chita chay). Cho ham f(z) lién tuc trén [0, 1]

va X X
/xf(x)dx:/f(m)dx

Chitng minh rang ton tai sb ¢ € (0,1) sao cho

2 2017/f

(Xem 10i giai trang )

Bai 5.4 (Pai hoc Quang Nam). Cho ham s6 f(z) = 22(1 — ) véiz € R. Xac
dinh f, = fo f---o f.Tim
—

n lan

1

lim fn(z)dz.

n—o0 0

(Xem 10i giai trang )

Bai 5.5 (Dai hoc Quang Nam). Cho f : R — [0,00) 1a ham kha vi lién tuc.
Chting minh ring

1 1
[ P@ar =20 [ s < o 17N [ )

(Xem 10i giai trang )

Bai 5.6 (Dai hoc Giao thong Vén tai). Chting minh rang

1
lim n? / 2" de = =

3=

(Xem 10i giai trang )

Bai 5.7 (Dai hoc Giao théng VAn tai). Cho f : [0,1] — R 1a ham kha vi thda
mén f(0) = 0va f(1) = 1. Gia stt f" 1a ham lién tuc va khong &m trén [0, 1].
Chting minh rang

V2 < /01 V14 (f'(x))?de < 2.

(Xem 10i giai trang )
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Bai 5.8 (Truong Sy quan Khong quan). Tinh tich phan

]_/1 dx
(2017 + 1)(1 + 22)

(Xem 10i giai trang )
Bai 5.9 (bai hoc Thuy Lgi). Cho f(z) 1a ham duong, lién tuc, don di€u tang
trén [a; b], goi g(x) la ham ngudc cta f(z). Hay chitng minh rang
b f(b)
[ e [ tws = bs0) —osta).
a fla
(Xem 10i giai trang )

Bai 5.10 (Pai hoc Quy Nhon). Cho ham s6 f lién tuc trén [0, o) théa man
f(z) > / [f(H)]*dt, Vx >0.
0

Chitng minh rang f(z) = 0 v6i moi z € [0, 00). (Xem 15i giai trang [185])

Bai 5.11 (Pai hoc Quy Nhon). Cho ham f : [1,2017] — R kha vi cAp hai
thoa mén g(r) = xf’(z) la ham don diéu tang. Chitng minh rang

[0

t

/ (W) = In 2017

(Xem 10i giai trang )
Bai 5.12 (Pai hoc Ha Tinh). Cho f la ham lién tuc trén [0, 1] va

/lf(:v)d:p - /le(x)dx =0

Chitng minh rang f(z) c6 it nhit hai khong diém phan biét trén khoang (0, 1).
(Xem 10i giai trang )

Bai 5.13 (bai hoc Ha Tinh). Tinh

2w

1
—dx.
/Z—i—cosx o

0

(Xem 10i giai trang )
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Bai 5.14 (Dai hoc Su pham Ha N6i 2). Cho ham s6 f : [0; 1] — R lién tuc sao
1
cho [ f(z)dz = 0. Chiing minh rang
0

/lfQ(:E) dx > 12</le(x) dx)Q.

0

(Xem 10i giai trang )

Bai 5.15 (Hoc vién An ninh Nhan dan). Cho ham f(z) kha vi lién tuc trén
[0,1]. Chting minh rang

i< [ (or+ 31
i< [ (150l+ 10w e o1

(Xem 10i giai trang )

Bai 5.16 (Hoc vién An ninh Nhan dan). Cho ham f : [-1,1] — R lién tuc.
Chting minh rang

[ X [ o) 3 [ o)

(Xem 16i gidi trang )

Bai 5.17 (Hoc vién An ninh Nhén dén, Co s6 2). Cho ham f € C?[—1,1] (tic
1a f khd vi lién tuc dén cap 2 trén [—1, 1]) va théa mén f(0) = 0. Chiing minh
rang

/ @) > 10] / F(a)da]

1

(Xem 10i giai trang )

Bai 5.18 (Hoc vién An ninh Nhan dén, Co s6 2). Cho f : [a,b] — R la ham
kha vi dén cap 2 va théa man f'(a) = f'(b) = 0. Chlng minh rang ton tai
¢ € (a,b) sao cho

1) > Gl = S (o)

(Xem loi gidi trang )
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Bai 5.19 (Hoc vién An ninh Nhin dan, Co s6 2). Cho ham f(z) lién tuc trén
[0,1]. Pat m = min f(x), M max} f(z). Chting minh rang
€[0,1

z€[0,1] B z€[0

[ s [ [ ] < B

(Xem loi gidi trang )
Bai 5.20 (Pai hoc Ky thuat Hiu cAn CAND). Cho ham f : [0,1] — R kha vi

NS

voi f(0) = f(1) =0va |f'(x)] < 1,Vx € [0,1]. Chling minh rang

’/Olf(x)dx‘ < i

(Xem 161 giai trang )

Bai 5.21 (Pai hoc K§ thuit Hiu cAn CAND). Tim tit ca cacham f: [1,8] —» R
lién tuc va thoa man

/IQ[f(t3)]2dt+ 2/12f(t3)dt = g/lgf(t)dt - /12(152 ~1)%t.

(Xem 10i giai trang )
Bai 5.22 (DH Céng nghé Théng tin TR H6 Chi Minh). Cho tich phin

I(z) = / e~ ™ [t + cos(bt)] dt, v6iz > 0;a > 0.
0

a) Tim gi6i han; lim I(x).

T—00
b) Hay tinh dao ham cip n (n nguyén, duong) cta I(z).
(Xem 10i giai trang )
Bai 5.23 (DH Ngoai thuong). Chiing minh / f(z)de < / f (x)* dx vé6i
0 0

12 ham s6 kha vi trén [0, 1] thdéa man f (0) = f (1) = 0. (Xem loi giai trang

1931

6 Phuong trinh ham

Bai 6.1 (Hoc vién Buu chinh Vién thong). Cho ham f(z) kha vi cip 2 trén R
thoa man y
foty)— f@) = yf e+ ) vy e R

Tim ham f(z). (Xem 16i gidi trang )
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Bai 6.2 (Dai hoc Phong chay va Chita chay). Tim ham s6 f(z) kha vi cip 2
trén R thoa man phuong trinh

(@ +9)f"(z+y) = flx)+ f(y).
(Xem 15i giai trang [194})

Bai 6.3 (Pai hoc An Giang). Tim tt ci cac ham f : R — R sao cho
af(@)—yfly) =(@—y) fz+y), VeyeR

(Xem 10i giai trang )

Bai 6.4 (Dai hoc Giao thong VAn tai). Tim tat ca cac ham kha vi tai = = 0 va
théa man hé thic

f(2z) = 2f(x)
v6i moi x € R. (Xem 16i giai trang|195])
Bai 6.5 (PH Ngan Hang TP H6 Chi Minh). Tim tit ca cac ham sb lién tuc
f:R* — R théa man f(z) = 2° 1 f(2%) v6i moi z > 0. (Xem 10i giai trang

)
Bai 6.6 (DH Ngan Hang TP H6 Chi Minh). Xét phuong trinh a® = z°.

a) Chitng minh riang phuong trinh c6 téi da hai nghiém duong va tim cac
gia tri cia a dé phuong trinh ¢6 dung mot nghiém duong.

b) Ki hiéu s(a) 13 nghiém duong nhé nhét ctia phuong trinh trén. Tinh

QEI}:IOO S(a/>.

(Xem 10i giai trang )

Bai 6.7 (Dai hoc Thay Loi). V6i a > 1, hiy x4c dinh ham s6 f : R — R théa
man tinh chat sau:

,neN"; z,y e R.

N | —

> a'[f(z+ ky) - flz - ky)]| <

(Xem 10i giai trang )

Bai 6.8 (Dai hoc Su pham Ha Noi 2). Tim tAt cd cac ham sb f : R — R thda
man dieu kién:

fle+y?) > (y+1)f(z), Yo,y eR.
(Xem 10i gidi trang )
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Bai 6.9 (Dai hoc Su pham Ha N¢i 2). Gia st ham s6 f: R — R lién tuc va
théa man diéu kién v6i z € R

f(x)—I—f(x%—g)

1a s6 hitu ti khi va chi khi
fle+11)+ f(x +4) + f (x+2017)
14 s6 v6 ti. Chitng minh ring, ton tai sb thuc z, sao cho
x5t — 4xo + 2017 — f (1) = 0.

(Xem 10i giai trang )

Bai 6.10 (DH Ngoai thuong). Xac dinh tAit cd cicham f: R - Rvag: R —
R thoa man dong thai cac diéu kién:

a) Voimoiz,y € Rthi: 2f (z) —g(x) = f(y) — v
b) V6imoix € Rtacdf (z)g(x) > x+ 1.

(Xem 10i giai trang )
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CHUONG 4. PAP AN PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

A PAP AN

MON: PAI $O
Bang A

Bai A.1. (a) Ta tinh dugc z3 = 15, 4 = 31 va x5 = 63.
(b) Biing cach khai trién Laplace theo hang dau tién ta thu dugc

3 2 0 0000 1200 0 00O
13 2 0000 03 20 0 00O
e ) o132 0000
Tn =3 : =2 e
000 1320 00O0OS...1320
0 0O .01 3 2
00 0 0013 00O0OS...O0132
: 00O0OS...O0OT1S3

Dinh thitc thit nhét bing x,,_; con dinh thitc thit hai bing @, _o. Viy
Ty = 3Tp—1 — 2T 2.
(c) Tt quan hé z,, = 3x,,—1 — 2Tp—2 tasuyra&p, — Tp—1 = 2(Tp—1 — Tn—2). Nhu vay,

Tp — Tp—1 = 2(wn71 - mn72)

= 4(Tn—2 — Tn—3)

= 2"72(m2 — 1:1)

=2""2(7 - 3) = 2™

Suy ra
Ty —B3=0p — 21 = (Tn — Tn_1) +---+ (Ta —@1) = 2" +--- + 2°

vidodbx, =2"+4---+224+2+1 =27t _1 hay
Tp +1 =271

v6i moi n.



HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

A PAP AN

MON: PAI $O
Bang A

Bai A.2. Goi sb lugt xe da qua céc doan dudng AB, BC,CD, DE, EB, EF va AF lan luot 1a «, y, z,
t, u, w, v

Phén tich tai tiing giao 16, ta c6 cac phuong trinh sau

z + v = 800 (giao1d A)
xr + uw = y + 400 (giaolo B)
z + 600 = vy (giao 16 C)
t + 400 = =z + 1600 ( giaold D)
u + w = t — 400 (giaold E)
v + w = 600 (giao 16 F)
Gidi hé phuong trinh nay cho ta

r = w + 200

v = —w + 600

u = z—w + 800

t = z + 1200

y = z + 600

Két hop véi cc quan sat ¢ = 2w va t = 1, 5y ta dugdce

400
1200
600
1800
1200
400
= 200

E e w8y
Il
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HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

(A PAP AN
MON: DAI SO

Bai A.3. a) Co (121) = 55 cach chon ra 2 cy trong sb 11 ciy. D& thiy ¢6 10 cach chit 2 cy lién tiép trong
s6 11 céy d6. Nhu viy, c6 tit ca 55 — 10 = 45 cach chit cdy thod mén yéu cAu.

b) Co (30) cach chit 4 cAy bt ki tit 30 ciy. Ré rang co dung 30 cich chit di 4 ciy sao cho cé 4 ciy 1a canh
nhau. Ta dém s6 cac cach chat di 4 cy sao cho trong s 4 cy bi chit c6 diing 3 ciy ké nhau. C6 ca thay 30
céch chit di 3 cy lién tiép. V6i mbi cach chit di 3 cy nhu vay c6 ding 25 cach chit di ciy thit 4 sao cho
céy nay khong ké véi 3 cay da bi chit. Nhu vay, c6 tdng cong 30 x 25 cach chit di 4 cy trong d6 ¢6 diing 3
cay ké nhau. Suy ra s6 cac cach chat di 4 cdy can tim 1 (%)) — 30— 30 x 25 = 27405 —30—750 = 26625.

¢) Panh d4u 2 cay lién tiép bat ki. C6 2 kha niing:

e Mot trong hai ciy dudc danh du bi chit. Trong trudng hop niy, ta khéng dudc phép chit di ciy
ndo trong 2 cdy bén canh ciy da chit di nay ciing nhu 2 cay ké tiép chiing. Nhu vdy, éng V cin
chat di 4 céy trong sb 25 cay con lai va sao cho gifta 2 ciy bét ki c6 it nhét 2 céy khong bi chat.
Dénh s céc ciy nay tit 1 dén 25. Thé thi sb céc cich cAn tim chinh bing sb cac b sb nguyén
duongl < a <b<c<d<25sa0chob—a > 2,c—a > 2,d —c > 2. 56 cac bd nhu
véy tuong tng 1 — 1 v6i sb cac bd sbnguyén 1 < o/ < b’ < ¢/ < d’ < 19 qua cic song anh
(a,b,c,d) — (a,b—2,c—4,d — 6) va (a/,b,c,d’) — (a b +2,¢ +4,d +6). C6 (] )bo
(a/,b', ¢, d’) nhu viy. Do cac cach chit ciy nay khac nhau, sé cach chit cdy trong truong hgp nay
la2 x ( ) trong d6 2 tuong (ing véi hai cach chit di cAy dAu tién trong sb hai ciy danh dAu.

2 ciy duge danh d4u khong bi chit. Trong trudng hop nay, 6ng V cin chit di 5 cy trong sb 28 cy
cAn chit sao cho & giita 2 cy bi chit bAt ki con it nhit 2 ciy nita. Tuong tu nhu trén, sb cac cach chit
cly nhu vAy béing s6 cacbd sbnguybn1 < a < b<c<d < e < 28saochob—a > 2,c— b >
2,d—1c7> 2,e—d > 2vabingsbcicbdsbnguyén1 < o/ < b < ¢ < d' < e < 17 dodb
bang (17).

Nhut vay, sb cach chit cay can tim bing 2 x (') + (V) = 7752 + 6188 = 13940.



HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

(A PAP AN
MON: DAI SO

Bai A.4. (2) n = 3: Dé tim dudc da thirc béc 2 théa mén diéu kién chia bai toén, vi du —(:c - 1(z—2),
véizy = 1,23 = 2 vi x3 = 3/2. Do d6 néu P(z) 1a da thue ¢6 béc nhé nhit théa mén cac diéu kién thi
deg P(x) < 2. Néu deg P(x) = 1 thi hién nhién khéng ton tai @1, T2, 3 nhu viy. iy deg P(z) = 2.

(b) Dép sb 2016. Ta sé gii bai toan téng quét véi 2017 dudc thay bdi n > 2. Viée tdn tai da thitc bic
n — 1 thda man gia thiét la hién nhién, vi du xét da thic

H(z) = —(x—1)(z —2)...(x — 2017).
Ta sé chi ra riing néu P(z) thod mén diéu kién bai ra thi deg(P) > n — 1.

Céch 1. V6i n = 2 khing dinh 13 hién nhién (P(z) khac hing). Gia dinh n. > 3.

Ta c6 quan sat sau day.

Su kién. Cho da thitc Q(z) # 0 sao cho Q(a) < 0 < Q(b) véi a < bnao dé. Khidé tdntaia < ¢ < b
sao cho Q’(c) > 0.

Thét véy, néu Q (z) < 0 trén khoang (a, b) thi ham Q(z) nghich bién trén khodng nay, do d6 Q(a) >
Q(b). Theo gia thiét ta phai c6 Q(x) déng nhét bang 0 trén [a, b], v ly. Vay tdn tai ¢ sao cho Q’(c) > 0.

Ung dung vao bai todn. Theo gia thiét va quan sat trén, ton tai cac s6 ¢ € (a:l, Tit1),1=1,2,...,n—1
sao cho P’(cl) > 0, P'(c3) < 0,... Tit d6, gitta cac sb ¢; va ¢;41 ton tai sb d; sao cho P’(d;) = 0, véi
i=1,2,...,n — 2. Vay P’/(z) cb it nhét n — 2 nghiém. Tit d6 P(x) ¢6 bac 16n hon hoic bing n — 1.

Cach 2. Chitng minh bing quy nap theo n. Vi n = 2 khing dinh 14 hién nhién. Gi st khing dinh diing
t6i n — 1 > 2. Ta chitng minh khing dinh ding véi n.

Trudong hop 1: P(z1) = 0. Xét da thitc Q(z) = —P(x)/(x — ©1). Khi 46 Q(z) thda man gia thiét quy
nap cho n — 1 (Q(x) khéng thé 1 hing sb vi khi d6 P(x) c6 bac 1 khéng théa mén gia thiét quy nap cho
n > 3). Tt d6 Q(x) cb bac it nht n — 2, ta ¢6 dpcm

Truong hop 2: P(zl) < 0va P(x2) > 0. Khi d6 ton tai ¢ € (@1, x2) sao cho P(c) = 0, vy ta c6 thé
thay x; bdi ¢ va bai todn quy vé trudng hop 1.

Truong hop 3: P(z1) < 0va P(zz2) = 0. Néu ton tai ¢ < 2 d€ P(x) = 0 thitacé the thay 1 bdi c va
quy vé truong hop 1. Néuténtaizy < ¢ < T2 dé P(c) > 0 thi ta thay x5 bdi ¢ vA quy vé trudng hop 2. Viy
ta c6 thé g1a thiét P(w) < O trong 1an can cua z». Tit d6 z2 1a nghiém boi. Xét Q(z) = —P(z)/(z — x2).
Da thitc nay théa man gia thiét quy nap véi cac diém 3, . . . , 2,. Tit d6 ta cé dpem.
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CHUONG 4. PAP AN PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

A PAP AN

MON: PAI SO
Bang B

Bai B.1. (a) Ta tinh dugc z3 = 15, 4 = 31 va x5 = 63.

(b) Bang cach khai trién Laplace theo hang d4u tién ta thu dugc

3 2 0 0000 1200 ..0000

13 2 0000 [©320..0000

013 2 0000

=30 0 Tt o : :

000 ...1320 |00 s 20

000 ..0132

00 0 0013 [0000..0132
0000 ..0013

Dinh thitc thit nhét bing x,,_; con dinh thitc thit hai bing ,,_s. Viy

Tp = 3Tp—1 — 2Tp—_2.

(¢) Tt quan hé z,, = 3x,,—1 — 2Tp—2 tasuyrax, — Tp—1 = 2(Tp—1 — Tp—2). Nhu vay,

Tp — Tp—1 = 2(wn71 - wn72)

= 4(:”"72 - $n73)

=2""?(zy — 1)

=2""2(7 - 3) = 2™,

Suy ra
Ty —B3=ap — 21 = (Tn — Tn_1) +---+ (T2 —@1) = 2" +--- + 2°

vadoddxp, =27+ ---+22 4241 =27t — 1 hay
@ + 1 =27,

v6i moi n.



HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

A PAP AN

MON: PAI SO
Bang B

Bai B.2. Giit nguyén phuong trinh dAu, céng phuong trinh (1) vao pt (2) va m 1an pt (1) vdo pt (3) ta
dudgc hé tuong duong

T + vy + (1—m)z 24+m
+ 2+m
+

24+m)(m+1)

([T

(24+m)x (3—m)z
(2 +m)zx 84+ m —m?)z

Tru pt (3) cho pt (2) ta dugc hé

x + vy + (1—m)z = 24+m
(24+m)x + @B-m)z = 24+m
{ 2m-m?)z = (2+m)m

TH1: Néu m = 0 thi hé phuong trinh ¢6 v6 sb nghiém
T
Yy
z

TH2: Néu m = 2 thi hé phuong trinh dén dén 0z = 8 nén hé khéng 6 nghiém.

njw

z + 1
+ 1

m
%Nt\\;-‘

TH3: Néu m = —2 thi hé ¢6 v6 s6 nghiém

TH4: Xét m # 0,2, —2, hé c6 nghiém duy nhét 13

‘H

_ m
Y = 2o,
2 = mt2
2—m
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CHUONG 4. DAP AN PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

AL DAP AN
MON: DAI SO

Bai B.3. a) C6 (121) = 55 cach chon ra 2 cy trong s 11 cay. D& thiy c6 10 cach chit 2 cy lién tiép trong
s6 11 cay d6. Nhu vay, 6 tAt ca 55 — 10 = 45 cach chit cdy thod mén yéu ciu.

b) Co (340) céch chit 4 ciy bAt ki tir 30 cdy. RS rang c6 ding 30 cach chit di 4 cdy sao cho ca 4 ciy 1a canh
nhau. Ta d¢&m sb céc cach chit di 4 ciy sao cho trong sb 4 cdy bi chit c6 ding 3 ciy ké nhau. 6 ca thay 30
cach chat di 3 cay lién tiép. V6i mbi cach chit di 3 cay nhu vy c¢6 ding 25 cach chat di ciy thit 4 sao cho
cay nay khéng ké v6i 3 cay da bi chat. Nhu vay, 6 téng cong 30 x 25 cach chat di 4 ciy trong d6 c6 ding 3
céy ké nhau. Suy ra sb cac cach chit di 4 cAy can tim 14 ( ) —30—30x%x25 = 27405—30— 750 = 26625.

¢) Panh du 2 cay lién tiép bat ki. C6 2 kha niing:

o Mot trong hai ciy dude danh du bi chit. Trong trudng hop naiy, ta khong dudc phép chit di cay
nao trong 2 ciy bén canh cly da chédt di nay ciing nhu 2 cay ké tlép chung Nhu véy, éng V cin
chat di 4 ciy trong sb 25 cy con lai va sao cho giita 2 cdy bét ki ¢4 it nhat 2 cay khong bi chat.
Dénh sb céc ciy nay tit 1 dén 25. Thé thi sb céc cach cAn tim chinh bing sb cac b sb nguyén
duongl < a <b<c<d<25sa0chob—a > 2,c—a > 2,d —c > 2. 56 cac bd nhu
véy tuong tng 1 — 1 v6i sb cac bd sb nguyén 1 < o/ < b’ < ¢’ < d’ < 19 qua c4c song anh
(a, b, c,d)'—> (a;b—2,c—4,d — 6) va (a’, V', d') — (a’,b' +2,¢ +4,d’ +6).C6 ('}) bd
(a’, ¥, c’,d’) nhu vay. Do cc cach chit ciy nay khac nhau, sé cach chit cdy trong trlfdng hop nay
la2x ( ) trong d6 2 tuong (ing véi hai cach chit di ciy dAu tién trong sb hai ciy danh d4u.

2 cay duodc déanh diu khong bi chit. Trong truang hdp nay, 6ng V can chit di 5 cay trong sb 28 cay
cin chit sao cho & gitta 2 cdy bi chat bét ki con it nhit 2 cy nita. Tuong ty nhu trén, sb cac cch chit
caynhuvaybangsocacbosonguyenl Sa<b<c<d<e< 28 saochob—a > 2,c—b >
2,d—c>2e—d>2vabingsbciacbdsbnguyénl < o/ < b < ' < d < e < 17 do dé
bang ().

Nhut vay, sb cach chit cay cn tim bing 2 x (') + (V) = 7752 + 6188 = 13940.



HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

A PAP AN

MON: PAI SO
Bang B

Bai B.4. Cach 1: Gia st P 1a mét da thitc bic n = 100 thod mén diéu kién bai toan. Bing cach so sanh
béc va so sanh hé so cao nhat, ro rang ta phai ¢6 nP(z) = (z + a)P’(z) véia € R. Dit

P(x) = c(z™ 4+ cn12™ 1 + -+ + o),
trong d6 ¢ # 0,cp,C1y...5¢Cn—1 € R. Tacod

(x+a)P'(z) =c(z+a)(nz" 1+ ch1(n—1)z" 24+ ... 4+ ¢1)
=c[na" + ((n — 1)en—1 + an)z™ ' + ((n — 2)cn—2 + a(n — L)cp_1)z" 2
44+ (c1+a-2-c2)x+ aci)

Tit d4y, biing cich so sanh cac hé s6 ctia 2™, z"~2,...,x°, § hai vé clia ding thic (z + a)P’(z) =
nP(z) talan lugt suy ra

ncp—1 = (n — 1)cp—1 + an, hay c,_1 = na;
n
(n —2)ep—2 +a(n — 1)cp—1 = ncp—2 hay 2c,_2 = a(n — 1)cp—1 hay cp2 = ( )az;

mot cach tdng quat,
n\ k&
Cn—k = & a*,Vk=1,...,n.

Nhu vay,
P(x) = c(z"™ + (?) e (:) akamF 4t <Z> a") =c(x +a)".

Do lai, ta d& dang kiém tra dudc ring mét da thiic c6 dang P(x) = c(x + a)™ thod man yéu ciu ctia bai
todn.

Cach 2: Lap luén tuong tu nhu trén, da thitc P(z) ¢ mét nghiém thuc b € R nao do. bat P(z) =
(z — b)"R(x), v6ir > 0, R(x) la da thiic bdc n — r va b khong 1a nghiém cta R(x). Ta c6

P'(z) =r(z — b)" 'R(z) + (z — b)"R'(z) = (z — b)" ' (rR(z) + (z — b)R/(z)).
Thay vao ding thitc P(z) = (z — b)"R(z) ta suy ra

(1= DYR(z) = (¢ — )R (2).
n
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CHUONG 4. PAP AN PE THI CHINH THUC

Vi b khong la nghiém cta R(x) nénsuy rar = nva R'(z) = 0. Viy
P(z) = A(z —b)",
v6i mét hiing s6 A # 0 € R ndo do.

Cach 3: Gia sit P 1a mét da thiic bdc n = 100 sao cho P’ | P. Do deg P’ = deg P — 1 nén bing cach dé
¥ t6i hé s6 cao nhét clia P’ ta suy ra P(x) = L(z — o) P’(z) v6i o € R no d6. biéu ndy chimng 6

P'(x) n
= S
P(x) T — ap
Béy gi0, néu P(x) = c(x — ay)™ - - (& — ag)™*, trong d6 az, . . ., ay 13 cc nghiém phitc phan biét
clia P véi cac boi tudng ting 1a my, . . ., my, thi
P'(x) Eomy
P(x) ZHz-—oa

Néu k > 2 thi ta c6 ngay diéu v6 Iy vi (%) cho thiy limg—q, (T — az)”'(fﬂ) =

P(x)
limg g, % = 0 = my. VAy a; 12 nghiém duy nhét ctia P va do dé P(z) = c(z — a1)™. Do lai, moi

0 con (xx) lai din dén

da thitc nhu vy thoa mén diéu kién bai toan.



HOI TOAN HOC VIET NAM

N

Moén thi: Giai tich
Thoi gian lam bai: 180 phiit

KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

DAP AN
Loi giai bai 6 diém
Y |Cach|Buéc Noi dung Diém
1 1 | CHUNG MINH TINH CHAT —1 < u,, < OKHIn > 2
Do u; = 1 ta tinh dugc up = —1/2 € (—1,0).
Gia st tadéd ¢c6 —1 < uy, < 0v6in > 2 nao do. Lic nay,
u,? 1 1
—1< 2 —1<Z-1=-2<0
2 2 2
ticla —1 < up41 < 0.
Két luin: —1 < uy, < 0V6imoin > 2 (tit do, néu day (up) c6 giéi han hitu
han thi gi6i han khéng duong).
2 | CHUNG MINH |u,, — (1 — v/3)| < (v/3/2)"2|ug — (1 — v/3)| khin > 2
Ky hiéu @ = 1 — v/3. Khi d6 a 1a nghiém am ctia phuong trinh @ = a?/2 — 1.
Ta co
Uy 2 a? 1
funsa = al = |- = 1= (5 = 1)| = S |un — allun +al
véimoin > 1.
Do —1 < uy, <0v6imoin > 2,tacd
1 3
—\/§=—1+(1—\/§)<un+a<a<0=>Elun-‘ral<§
v6imoin > 2.
Vay ta c6 danh gia
3 3\n—1
|un+1 _al < £|un_a < ee < (i)n |u2_a
2 2
véimoin > 2.
3 | KET LUAN
Do v3/2 < 1 nén
\/§ n—1
(—) -0
2
khi n — oo.
Suy ra: |un4+1 — a| — 0 khin — oo; tic la, ddy (u,) hoi tu véa=1-—+/3.
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86 CHUONG 4. DAP AN PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017
,\ Mon thi: Gléi tich
(Vms) Thoi gian lam bai: 180 phiit

7

DAP AN

Lo gidi bai

Y |[Céach|Budc Noi dung Diém
1 | 1 | CHUNG MINH BAT PANG THUC BANG PHUONG PHAP PHAN CHUNG
Gia stt phan chiing: tdn tai & > 0 va 2o > 0 sao cho
f'(z)
(f(z))2017

>4

v6imoi > xg.

Tich phan hai vé bét ding thitc trén trén doan [0, x| ta dugc

z  fl(s) 1 ( 1 1 )

5(z — x0) < o (F())2007 % T 2016 \ f(20)2016  f(z)2016

v6i moi > xo.
Tu d6 ta thu duge danh gia

———— > 20166 (z — =

£ (0)2016 ( 0)

véi moi & > @o. Cho # — oo ta gip mau thuln; suy ra bt ding thitc cin
chiing minh!

2 | cHI RA PHAN Vi DU KHI THAY 2017 BOI 1

Két lun trén khéng con ding néu thay sb 2017 bdi 1. Ching han c6 thé liy
vi du v6i ham f(z) = exp(x?).

Thét véy trong trudng hgp nay

F'@) _ 2wexp@®) _
F@) ~ exp(a?) ‘

Vay




HOI TOAN HOC VIET NAM

N

Moén thi: Giai tich
Thoi gian lam bai: 180 phiit

KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

DAP AN
e e 2. N o R
Loi giai bai 6 diém
Y |Cach|Buéc Noi dung Diém
1 Tim mét ham lién tuc f théa man ca hai diéu kién tich phan 2,00
1 1 | XAC DINH DANG CUA HAM
Ta sé tim ham f dudi dang f(z) = cz + d.
2 | LAP HE PHUONG TRINH CHO c VA d
Ta c6
1 c
/ f(g)de=0 & —-+d=0
0 2
va
/1 Y@ydr =1 o S4+%-1
T xr)ar = — — = 1.
Jo 4 3
3 | GIAI HE VA KET LUAN
Gii hé (theo ¢ va d) thu dugc ¢ = 12, d = —6. VAy, mét vi du vé ham lién
tuc f théa man cac diéu kién la f(z) = 12z — 6.
2 Chi ra sy tén tai ctia @ # (a,b) C [0, 1] 4,00
1 1 | SUDUNG PHUONG PHAP PHAN CHUNG
Vi f lién tuc nén gia stt phan chiing sé dua dén bét ding thic | f(x)| < 4 véi
moi z € [0, 1]. Khi do
1 1
_ 2 1
1_/0 f(a:)(:c 4)da:
1/2 1 1 1
2 2
= —2)d —2)d
A f(.'v)(m 4) m+/1/2f(a:)<m 4) T
1/2 9 1 1
<4/ (——zz)dm+4/ (azz——)dm
0 4 1/2 4
4.ty
12 6
2 | CHIRA PIEU VO 1Y

Viy, d4u bing trong bét ding thiic trén x4y ra. Do £ lién tuc trén [0, 1], nén

—4 néu0<:n<1
f(z) = £1 2’
4 néugz; <z <1

Tuy nhién trong trudng hgp nay ham f khong lién tuc tai 1/2.
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CHUONG 4. DAP AN PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

,\ Mon thi: Gléi tich
(Vms) Thoi gian lam bai: 180 phiit

7

DAP AN

Li gidi bai[A4]

D
B& bién ®
k 12k -
Y |Cach|Budc Noi dung Piém
1 Xac dinh vi tri clia C néu r = v/2. 2,00

1 | 1 | KHAO SAT NANG LUGNG TIEU TON

Dé tién cho céc tinh toén vé sau, ta gia st BC = = km véi z € [0,12]. Khi
d6 nédng lugng tiéu ton suot hanh trinh bay cta chim (theo quan sat) la

V16 + z2W + (12 — )L = Lf(z),

voi
f(z):=rV16+ 22 +12 -z
kha vi lién tuc trén [0,12] (var = v/2).

Khao sat ham f ta c6:

T

f'(m)=ﬁ—1;
nénf’(w):O@:c:wozz\/L_ﬁ_l=4(vir=\/§).
2 —

2 | CUC TIFU HOA VA KET LUAN

f’ < 0trén (0,4) nén f gidm ngit trén [0, 4];
f’ > 0trén (4,12) nén f tdng ngat trén [4, 12].

Vdy, minge(o,12] f () chi dat tai = 4; tic 13, BC = 4 km.
2 Gia st BC = 3 km. Tinh r. 1,00
1 | 1 |z=3 LAMOTDIEM TOI HAN CUA f

Theo gi thiét & d4u bai, dudng bay chim chon lam cho

£3) = min_f(a)

z€[0,12]

nén f/(3) = 0.
2 | KET LUAN




- . N . : a
Trong 16i gidi Y 1, ta d& thay: diém t6i han duy nhat cta f1a zg := 271;
Tz —
nén
1 3 & 5/3
= r = .
r2 —1

Vi tri ctia C thay d6i nhu thé nao khi r bién thién trong khoang (1, cc)?

3,00

TRUONG HOP x, € (0,12)

DE thiy:
4 V10
rg 1= ———€ (0,12) & r > ——.
0 2 —1 ( El ) 3

. V10 . . . - < a .
V6ir > —— thi f/ < 0 trén (0, zo) nén f gidm ngit trén [0, zo] va f’ > 0
trén (o, 12) nén f tdng ngit trén [xo, 12]; Vay, mingeo,12] f () chi dat tai

4
xo; tic 13, BC = ——— € (0,12).
0 m (7 )

Liic ndy, ta thiy:

4 . . ‘
BC:\/ﬁJ,O(nenC—)B)kheroo,
V10

BCT12nénC—>thir,LT.

TRUGNG HOP z ¢ (0,12)

V10 > < A
V6il < r < —— thi f/ < 0 trén (0,12) nén f gidm ngit trén [0, 12];
vay, mingco,12] f(x) chi dat tai « = 12; titc la, BC = 12 (ndi cach khac,
= D).

V6i nhitng gia tri nio ctia r thi chim bay thing dén t3? C6 kha ning nao
dé chim bay dén B trudc roi mdi bay vé t6 khong?

1,00

CHIM BAY THANG DEN TO

Chim bay thing v& t6 khi va chi khi C = D. Theo khao sét & Y 3, diéu nay
V10

xdy raneuvachinéul < r < =

CHIM BAY DEN B ROI MO VE TO

Luén cé: BC = 9 > 0 = C # B. Vay, chim khéng bao gis bay dén B
trude rdi méi bay vé 6.
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CHUONG 4. DAP AN PE THI CHINH THUC

HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

,\ Moén thi: Giai tich
(Vms) Thoi gian lam bai: 180 phiit

7

DAP AN

Lo gidi bai

Y |[Cach|Budc Noi dung Diém
1 1 | XET TRUONG HOP o > 2
Bt ding thiic ta cin c6 trd thanh

|($ + y)a _ ama—ly _ ma{ < Cwa—zyz + Cya.

Duing cbng thitc khai trién Taylor, ta thdy
1+t)*=1+at+01)t* Vte[0,1]

trong d6 O(1) chi mét dai luong bi chin bdi mot hing sb khéng phu thude
vao ¢ trén [0, 1].

Ghi chii: Cong thifc trén diing cho a bt ky. Ciing ¢d thé thu dugc cong thitc ndy
nho tinh lién tuc ctia [(1 + t)* — 1 — at]/t2 theo t € (0, 1] va su ton tai gidi
han hitu han ctia [(1 + t)* — 1 — «t]/#2 khi t — 0% (quy tdc PHopital).

St dung cdng thic trén ta thu duge

(z+y)* =21+ %)a =%+ ax* 1y 4+ O(l)w"‘(%)2

néuy/z < 1. Vay
[(@+y)* — ax* "'y — 2%| < Ca*%y?

néu y/xz < 1.

Trong trudng hop y/x > 1 ta dé& dang uéc lugng

|(z+y)*—az*ly—z®| < max{2°y®*, ay®+y*} = max{2%, a+1}y".
Thét ra, uéc lugng nay diing khi y/x > 1 v6i a > 1 néi chung. Vy ton tai C
d 16n d€ bat ding thitc cin 6 1a ding véi moi z,y > 0.

2 | XETTRUONGHOP1 < a < 2

Bt ding thitc cin c6 tré thanh

[(x +y)* — az*"ly — x| < Cy™.

Ta vin c6 danh gia
1+H)*=1+at+01)t* Vte0,1]

trong d6 O(1) chi mét dai luong bi chin bdi mot hing sb khéng phu thude
vao t trén [0, 1].




V6i trudng hop y/z < 1 ta tiép tuc sit dung danh gid trén, véi chi y
z(y/z)? = (y/x)2~*y*, d€ c6 danh gia

(z + )* =2° (1 +a? 4 0(1)(g)2)
€T T
=z% + az* 1y + O(l)alc‘)‘(%)2
=z + ax® 1y + 0(1)(2)2_0‘3/“.

Nhung néu y/z < 1 thi (y/x)2~* < 1 nén tit déy ta c6 dpem.

Trong trudng hop y/x > 1 ta d& dang udc lugng

|(x +¥)* — ax® 'y — 2% <max{2°y~, ay* 'y + y°}
=max{2%, a + 1}y*.

Ghi chi: & thu dugc wdc lugng trén thi diéu kién a > 1 la quan trong, do ta
mudn cé ' < y* 1 khiddic60 < x < y.

XET TRUONG HOP 0 < o < 1

Trong trudng hop nay khong thé tdn tai s thue C > 0 d€ bt déng thic

!(m + ) — a1y — m“‘| < Cy®
dtng v6i moi @ > 0, y > 0. That viy bing phan ching gia st tn tai mét
hang s6 C > 0 c6 tinh chat nhu trén. Xét y = kz trong d6 k > 0. Thay vao
bat dang thtc ta thu dugc

|(1 + k)*z* — akz™ — .’1:"“ < Ck%x®.

Chia hai vé cho sb duong k*x® ta di dén
1\ 1o 1
-) - e T g
‘(1 + k) ok kol C

LAy gi6i han khi k& — oo ta ¢6 ngay diéu vé 1y do vé tréi tién ra v6 cling.
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HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017
,\ Mon thi: Gléi tich
(Vms) Thoi gian lam bai: 180 phiit

7

DAP AN

Lo gidi bai

Y |[Céach|Budc Noi dung Diém
1 1 | CHUNG MINH TiNH CHAT —1 < u,, < OKHIn > 2

Do u; = 1 ta tinh dugc up = —1/2 € (—1,0).
Giasttadda cd —1 < u, < 0v6in > 2 nao do. Lic nay,

up? 1

1< 2 —1< 1=-Lco
2 2 T2

ticla —1 < up41 < 0.

Theo nguyén ly quy nap, —1 < up, < 0 v6imoin > 2.
2 | CHUNG MINH |up, — (1 — v/3)| < (v/3/2)"2|uz — (1 — v/3)| khin > 2
Ky hitua =1 — v/3.Taco

2 2
a 1
|unt1 —al = T_l_(?—1)| :§|un—a||un+a|

véimoin > 1.

Do —1 < u, < 0v6i moin > 2, ta cling cd

V3

1
—\/§=—1+(1—\/§)<un+a<a<0:§|un+a|<T

véimoin > 2.

VAy ta c6 danh gia

3 \/§ n—1
T|un—a|<---<(—) lug — a

[uny1 —al <
véimoin > 2.
3 | KET LUAN

Do v/3/2 < 1 nén

khin — oo.

Suy ra |u, — a| — 0 khin — oo; tic 13, ddy (u,) héituvé a = 1 — /3.




HOI TOAN HOC VIET NAM

N

Moén thi: Giai tich
Thoi gian lam bai: 180 phiit

KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

DAP AN
Loi giai bai 8 diém
Y |Cach|Buéc Noi dung Diém
1 f 1a m6t ham lién tuc trén R 3,00
1 1 | XET TINH LIEN TUC TREN MIEN z # 0
Khi 2 < 0 thi f(z) 1a mét ham hing nén né lién tuc; khi > 0 thi f(z) =
a® + % 1a téng clia hai ham lién tuc nén ciing lién tuc.
2 | XET TINH LIEN TUC TAL z = 0
Xét tinh lién tuc trai tai « = 0. RO rang
lim f(z) = lim 1=1= f(0).
x—0~ xz—0~
Xét tinh lién tuc phai tai # = 0. RO rang
lim f(z) = lim a® + lim 2% =a®+0=1 = f(0).
z—0+ f( ) z—0+ + z—0+ + f( )
Vay f(x) lién tuc tai x = 0.
3 | KET LUAN
Vay f lién tuc trén R.
2 f khong kha vi tai 0 5,00
1 1 | DAO HAM BEN TRAI
Theo dinh nghia,
— f(0 1-1
f.(0) = lim f@) = 1O = lim —— =0.
z—0— x—0 z—0— T
2 | PAO HAM BEN PHAI
Ta cling ¢
— f(0 ® 4t —1
£.(0) = lim F@ =50 _ o, a7 F2® o1
z—0+ x—0 z—0+ x
Stt dung quy tic I'Hépital ta dugc
Ina néua> 1,
T a
-1 X
lim G = lim (a®(Ina)+ am“_l) =<1 néua =1,
x—0+ T z—0+t A
oo néua< 1.
3 | KET LUAN
Do f7 (0) = 0 < f/ (0) nén ham f khong kha vi tai 0.

1
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HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

,\ Mon thi: Gléi tich
(Vms) Thoi gian lam bai: 180 phiit

7

DAP AN

Lo gidi bai

Y |[Céach|Budc Noi dung Diém
1 | 1 |pOIBIEN
Ta stt dung phép déi bién
24+V1i4+zxz=y.

Khoang bién thién twong ting clia y 1a
V3<y<e2.

Giai z theo y ta dugc
x=y*—4y? + 3.

2 | XAC DINH VI PHAN dz THEO BIEN MOI
Tit cong thitc x = y* — 4y? + 3tacd

dzx = 4(y® — 2y)dy.

3 | CHUYEN TiCH PHAN TU BIEN CU SANG BIEN MOI

Ta co . )
/ V14+V1+ ade = 4/ (y* — 29y%)dy
Jo JV3
4 | KET LUAN
RO rang

2 5 3

y 23 |2 32-9v3 16 — 63
[t =y = (520 - - .
V3 5 3 /lvs 5 3

Vay
3 64 44/ 3
/ V2 4+ V1T zde = —+i.
0 15 5




HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017
,\ Mon thi: Gléi tich
(Vms] Thoi gian lam bai: 180 phut

7

DAP AN

Loi gidi bai

D
B& bién ®
k 12k -
Y |Céch|Budc Noi dung Piém
1 Xac dinh vi tri ciia C néu r = v/2. 2,00

1 | 1 | KHAO SAT NANG LUGNG TIEU TON

Dé tién cho céc tinh toén vé sau, ta gia st BC = = km véi z € [0,12]. Khi
d6 nédng lugng tiéu ton suot hanh trinh bay cta chim (theo quan sat) la

V16 + z2W + (12 — )L = Lf(z),

voi
f(z):=rV16+ 22 +12 -z
kha vi lién tuc trén [0,12] (var = v/2).

Khao sat ham f ta c:

’ re
F@= s b
nénf’(z):()(:}m:mo;z\/L_ﬁ_l=4(vi'r=\/§).
o

2 | CUC TIFU HOA VA KET LUAN

f’ < 0trén (0,4) nén f gidm ngit trén [0, 4];
f’ > 0trén (4,12) nén f ting ngit trén [4, 12].

Vdy, minge(o,12) f () chi dat tai = 4; tlcla, BC = 4 km.
2 Gid st BC = 3 km. Tinh r. 1,00
1 | 1 |z =3 LAMOTDIEM TOI HAN CUA f

Theo gi thiét & d4u bai, dudng bay chim chon lam cho

£3) = min_f(a)

z€[0,12]

nén f/(3) = 0.
2 | KET LUAN
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- . N . : a
Trong 16i gidi Y 1, ta d& thay: diém t6i han duy nhat cta f1a zg := 271;
Tz —
nén
1 3 & 5/3
= r = .
r2 —1

Vi tri ctia C thay d6i nhu thé nao khi r bién thién trong khoang (1, cc)?

3,00

TRUONG HOP x, € (0,12)

DE thiy:
4 V10
rg 1= ———€ (0,12) & r > ——.
0 2 —1 ( El ) 3

. V10 . . . - < a .
V6ir > —— thi f/ < 0 trén (0, zo) nén f gidm ngit trén [0, zo] va f’ > 0
trén (o, 12) nén f tdng ngit trén [xo, 12]; Vay, mingeo,12] f () chi dat tai

4
xo; tic 13, BC = ——— € (0,12).
0 m (7 )

Liic ndy, ta thiy:

4 . . ‘
BC:\/ﬁJ,O(nenC—)B)kheroo,
V10

BCT12nénC—>thir,LT.

TRUGNG HOP z ¢ (0,12)

V10 > < A
V6il < r < —— thi f/ < 0 trén (0,12) nén f gidm ngit trén [0, 12];
vay, mingco,12] f(x) chi dat tai « = 12; titc la, BC = 12 (ndi cach khac,
= D).




HOI TOAN HOC VIET NAM

N

Moén thi: Giai tich
Thoi gian lam bai: 180 phiit

7

DAP AN

KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

Loi giai bai

Y |[Cach

Budc

NOi dung

. R
biém

1

XET TRUONG HOP a > 2

Bt ding thiic ta cAn c6 trd thanh

|(1+2)* —1— az| < Cz® + Cz.

Dung c6ng thiic khai trién Taylor, ta thiy
1+t)*=1+at+01)t* Vte[0,1]

trong d6 O(1) chi mét dai luong bi chin bdi mot hiing sb khéng phu thude
vao ¢ trén [0, 1].

Ghi chii: Céng thifc trén diing cho o bdt ky. Ciing c6 thé thu dugc cong thitc ndy
nho tink lién tuc ctia [(1 + t)* — 1 — at]/t2 theo t € (0, 1] va su ton tai gidi
han hitu han ctia [(1 + t)* — 1 — at] /t2 khi t — 0% (quy tdc PHopital).

St dung cdng thic trén ta thu duge
|1+ 2)*—1— az| < Ca?

néuz < 1.

Trong trudng hop = > 1 ta dé dang uéc luong
|1+ 2)* —1 — az| < 2%* + ° + oz = (1 + a + 2%)z®.

That ra, uc lugng nay ding khi z > 1 véi > 1 néi chung. Viy ton tai C dit
16n dé bat dang thitc can ¢6 la ding v6i moi = > 0.

XET TRUONGHOP 1 < a < 2

Bét déng thitc cAn ¢6 trd thanh

|14+ 2)* — 1 — az| < Cz®.

Ta van c6 danh gia
14+H)*=14+at+01)t> Vtc[0,1]

trong d6 O(1) chi mét dai lugng bi chin bdi mot hing sb khéng phu thude
vao t trén [0, 1].

Trong trudng hop = < 1 ta tiép tuc st dung cong thitc dénh gia & trén, v6i
chi y 2 < =%, dé thu dugc

14+z)*=14+azx+01)2?=1+azx+ O0(1)z>.

Suy ra dpcm.

97
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Trong trudng hop = > 1 ta dé dang uéc lugng
|(1 +x)*—1-— a.’L'| gmax{Z"‘mo‘,am + 1}

<max{2% a+ 1}z*.

Ghi chi: P& thu durge wdc lugng trén thi diéu kién a > 1 la quan trong, do ta
muoncéd x < x*véix > 1.

XET TRUONG HOPO < o < 1

Trong trudng hop nay khong thé tdn tai s6 thue C > 0 dé bt ding thitc
|(1 +z)*—1-— aw| < Czx®

dtng v6i moi > 0.

Thét vy bing phan chitng gia st ton tai mot hing sé C > 0 c6 tinh chit nhu
trén. Chia hai vé cho s6 duong = ta di dén

)(l—i—i)a———awl_"‘ < C.

xr

LAy gi6i han khi & — oo ta gip phai méu thuln, do vé tréi tién ra v cling!
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I\ DAP AN MON: TO HOP

Bang PT

Bai PT.1. That vay, dé phtt hét mn 6 clia béang m x n ta cin mn /2 quan dommo do dé mn
phal 13 mét s6 chin. Dao lai, g1a stt » chan (m chin hoan toan tudng tw). Thé thi mbi hang co
thé phtt b01 n/2 quan domind nim ngang va mot bang m x n c6 thé pht béi mn /2 cac quin
d6mind nim ngang.

Bai PT.2. VAn véi 1ap lun tuong tw nhu trén, diéu kién cin 13 mmn — 1 chia hét cho 2, néi cach
khac, m, n 14 céc s6 18. Déo lai, néu m, n 13 céc sb 18. Ta d& dang pht cot ddu tién gdbm m — 1 6
béi (m — 1)/2 quin d6 mind nam doc, bang m X (n — 1) con lai dugc lat nhu ciu trén.

Bai PT.3. V4i cac 1ap luén tuong tu, didu kién cAn 14 mn 13 mét sé chin. Tuy nhién, diy khong
phai 13 diéu kién du. That vay, t6 mau bang da cho bdi hai mau den, tring nhu céch té ctia ban cd
thi mbi quan déminé phii mot 6 mau den va mot 6 mau tring. Nhu vay, dé ban ¢5 m x n khuyét
2 6 gbc dbi dién thé 14t dude bdi cac quin démind thi sb 6 den phai bing s6 6 tring. Diéu nay xay
ra khi va chi khi m, n khong dong thdi 14 céc s6 chin.

Déo lai, néu m, n khac tinh chin 18 thi ta d& dang chi ra mét cach phii ban ¢d da cho béi cac
quén d6mino.

Bai PT.4. Ta xét cach pht cac 6 caa cot 1:

o loaiI: 2 6 8 cot du tién duge phi bdi mét quan démind (xép theo chiéu doc).

o loai IT: 4 6 & hai ¢t d4u tién dugce phi bdi 2 quin démind nim ngang.

D& thiy ring cac cach lat loai I tuong tng 1-1 véi sb cac cach 14t bang 2 X (n —1)vash céc cach
lat loai II tuong Ung 1-1 véi s6 céc cach 1at bang 2 x (n — 2). Tt d6 suy ra cong thic truy hdi cin
chttng minh.

Ta cling d€ y ring uy = 1 = Fy,u, = 2 = Fy. Tit day, bdi vi u,, va F, déu thod min cling mot
quan hé truy hoi tuyén tinh cap 2, ta suy ra u,, = F,, v6i moi n.

Bai PT.5. a) D€ lat mét bang 3 X n, cdt ddu tién phai dude pht béi 1 trong 3 cach sau day

1
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I ‘ II ‘ 111
Céc cach l4t dang I, 11 tuong (ing véi cac cach 1at bang 3 x (n — 1) khuyét mét 6 6 1 géc, con céc

céch 1at dang III tuong ting 1 — 1 véi cac cach 1at mot bang 3 x (n — 2). Tt d6 suy ra

tn = 28,1 + th_2-

DE 1at mot bang 3 x n khuyét 6 (3, 1), ta phai bit ddu bdi diing 1 trong 2 cach lat sau:

Céc céch lat loai I tuong (ing 1-1 v6i cdc cach lat clia 1 bang 3 x (n — 1) con céc cich lat loai II
tuong ng 1-1 véi cc cach lat ciia mét bang 3 X (n — 2) bi khuyét 1 6 & gbe. Tit d6 suy ra
Sp = tn—1 + Sp—2.
b) Tit hé thitc thit hai ta suy ra s, = tn_1 + tn_3 + - - -. Tit d6, bing cach lip vao hé thiic thit
nhat ta thu dugc
t, =3tn 2+ 2t g+ -+ .

Thé nhung, ciing tir day,

thno=3t, 4 +2t, 6+---.

Trit hai céng thitc trén ta thu dugc cong thite cAn chitng minh.

Nhén xét ring ¢, = 0 v6i moi n 1&. Vi n = 2m, hé thitc truy hdi trén day dé dang cho ta cong
thitc can tim.

Bai PT.6. Ta quan sat ring cdc cich 14t clia bang 4 X n cho ta cic cich 14t sau ddy cla cot diu
tién:

A B C D E

Goi Yn, 2, tuong ling 1a céc cch lat clia mot bang 4 x n khuyét 2 6 (4, 1)v(1,1) va cia mdt bang
4 x n khuyét 2 6 (4, 1) va (3, 1). The thi, cac quan sat trén day cho thay

Ty = Tp—1+ Tp—2 + Yn-1 + 225_1.

2



Tuong tu, ta co

Zn = Tp-1+ 2Zn-1, Vd Yn = Tp-1+ Yn—2.

Tu d6 suy ra
Zn-1=xp-2+2n-2=Tp-2+Tp-3+2n-3=+""=Tp2+Tp-3+ -
Yn—1=Tpn2+Yn-3 =Tpn2+Tna+tYn-a="""=Tp 2+ Tpg+---.

Lip céc cong thite ndy vao biéu thitc dAu tién ctia z,, ta thu duge

Ty = Tp_1 +4Tn_2+ 2Ty 3+ 3Tp_g4+2Tp_5 +3Tp_e+ - .

St dung chinh c6ng thiic nay cho z,,_» thay vi ,, ta ¢c6

T2 =Tp_3+4Tn_4+2Tp_5+ 3T+ - .
Trit hai céng thitc trén ta ¢6 cong thite cAn chitng minh.

Bai PT.7. V6i mbi cach lat, ta cho tuong (ng véi cdch 1at nhan dugc bing cach 14y dbi xing qua
mot duong chéo co dinh. Xay dung nay cho ta ghép doi clia tdp cac cich lat ctia bang da cho. Tl
dé6 suy ra f(n,n) la moét so chan.

Bai PT.8. Ta lap luan bang qui nap theo k. Trudng hop k = 1 la hién nhién. Gia st f(2* —1, 2n)
12 mét sb 18, ta sé chi ra rang f(2’c+1 -1, 2n) ciing 12 mét sb 1é. Goi £ 13 dudng trung truc clia
cap canh d¢ dai 2¥*! — 1. Tdp céc cach lat cia bang (2" — 1) X 2n dugc chia thanh 2 loai:
cac cach lat khéng dbi xting qua £ va cac céach lat d01 xung qua £. Bang cach ghep mot cach lat
v6i cach 1at dbi xiing qua £, dé thiy tip diu tién gdbm mot sb chin phan ti. D6i véi tip céc cach
14t dbi XLrng qua £, moi cach 1at nhu vy tuong ung 1 — 1 v6i mét cach lat bang (2’c —1) x 2n)
("mét nita clia bang da cho", dai chinh gnIa hién nhién phai dugc lat béi cac quéan démind nam
ngang). Theo gia thiét qui nap, tAp hop nay 1 mét sb 18, do d6 ta c6 diéu cin chiing minh.

Bai PT.9. D€ ngén gon, ta goi cdc 6 nam trén hang n hodc cbt n clia mot bang twa vudng cd n 1a
cac 0 bién.

a) Ta lap ludn bing qui nap theo kich ¢3 clia bang. Khing dinh dé& dang dugc kiém tra véi
n = 1,2, 3. Gia sit khing dinh diing cho moi bang tua vuéng c6 < n. Xét rnét béang tua vudng
tbtcdn + 1. Ta phan hoach cdc cach 14t clia bang nay dua vao vi tri cdc quan démin phi cac
0 bién. Sau khi bé cac quan dé6mind nay ta ¢6 mot bang tua vuong 8 m. Nhén xét riing do bang
ban dau 1a tbt, bang tua vudng nay la tbt khi va chi khi moi quin d6mind bi bo ra ng0a1 phai
chia dung mot 6 bién. Ta ciing ch ¥ ring chi ¢6 duy nhét mét cach 14t cdc quan démind nay. Néi
riéng, xuét phat tit mot cach lat bang tua vudng tbt ¢d n + 1 ta thu dugce moét duy nhit mét cach
lat moét bang tua vuéng tbt ¢d n va hinh dang clia bang tua vudng tbt ¢d n dudce x4c dinh mét
cach duy nhét bdi h1nh dang cla bang twa vuéng tot ban diu. Theo gia thlet qui nap, m&i bang
khéng tua vudng tbt ¢d n c6 mot sb chin cach 1at con bang tya vudng tbt ¢ n duy nhét nhan
duoc c6 mot sb 1é cac cach 1at. VAy moi bang tua vudng tbt ¢d n + 1 déu c6 mét sb 1& cach lat.

3
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By gid, mdt bang tua vudng tét ¢d n + 1. Mot 14n nita, ta phan hoach céc cach 1at bang nay dua
theo céc cach 14t cac cic 6 bién. V6i mbi cach 1at v6i mét cAu hinh céc 6 bién dude pha 13 cho
tritosc, ta bd di cic quan démind nay d€ c6 mét 6 tua vudng cd n dudce lat. Gia s bang nhan
duoc 13 twa vudng tbt. Diéu nay xay ra khi va chi khi bang ban diu va cic quin démind bo di ¢6
dang nhu sau: i) dbi xting v6i mbi 6 bi khuyét (khac 6 (n, n)) phai 13 mot 6 khong bi khuyét va 6
nay bi pht bdi moét quan démind "vudng goc" v6i bién va, ii) cac quan démind con laila " 'phan d01
xung" qua dudng chéo theo nghla sau: chung dugc chia thanh cic cum 3 démind, mbi cum gbm
1 quén démind chita 2 6 bién va 2 6 bién dbi xing v6i chung qua dudng chéo (phai thuQc bang
da cho theo 1)) dugc pht béi 2 quén doémind vuong goc véi cac 6 bién. Nhu véy, theo gid thiét qui
nap thi néu bang tya vubng ban d4u khong c6 tinh cht i) néu trén thi v6i moi cAu hinh cho trude
phti céc 6 bién caa s6 cach lat tuong Gng pha1 14 ch&n. Con néu bang twa vudng c6 tinh chét i) thi
ta chia cac cdch lat thanh 2 loai sau: loai 1 gom cac cach 14t v6i cau hinh céc quin démind pht
cac 6 bién ma c6 1 6 dbi xung v6i mot 6 khuyet nao dé khong dugc pht bdi moét quan démind
"vubng goc ' v6i bién, loai 2 gom céc cach lat con lai. Theo g1a thiét qui nap thi s6 céc cach 14t loai
1 12 mét s6 chin. Dua vao ii), khéng khé d€ chi ra ring cac cach lat loai 2, sau khi bd cac quin
démind ChlIa cac 6 bién sé hoic la cho cdc bang khong tua vuong tbt, hodc la cho ta Cac Cap bang
tua vudng tot dbi xu’ng nhau qua dudng chéo. Mot 14n nita, theo gia thiét qui nap thi s céc cach
14t loai 2 13 s6 chin. Nhu vay, trong moi tinh huong ta ¢6 diéu phai chiing minh.

b) Ta c6 thé gia stt m < m. V6i mot cach l4t bang m x n bat ki, ta bé di cdc quin démind pha it
nhét mét 6 cta cot thit m + 1. Sau khi bo di nhu vy, ta thu duge 2 bang: bang bén trai 1a mét
bang tua Vuong CO m. Theo phan a), sb Cac cach lat bang tua vuong la 1é néu nod la tua Vuong
tbt va 13 chin néu khong. Mat khac dé thay bang tua vuong ¢6 m nhén dugc la tya vudng tht
khi va chi khi trong céch 1at ban déu c6 m quin démind nam ngang pht chinh xac 2 ¢t thd m
va m + 1. Khi b6 di m quan démind nay ta thu duge bang bén trai 1a mot bang m X (m —-1)
(mot béang tua vudng tbt ¢d m) va béng bén phai la mét bdng m X (n — m). piéu nay cho
thdy f(m,n) = f(m,m — 1)f(m,n —m —1) = f(m,n —m —1) (mod 2) (chuyrang
t(m,m — 1) = 1 (mod 2) dom X (m — 1) la mot bang tua vuong tot ¢d m). De y rang
(m+1,n+1)=(m+1,n —m)nén biing qui nap theo n + m ta ¢6 khing dinh cin ching
minh.
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I\ CHU bE: SO HOC
Thoi gian lam bai: 180 phut

Bang PT

A. Phuong trinh nghiém nguyén Markov

Bai PT.1. Nhén xét ring moi hoén vi clia mét bd Markov ciing 13 mot b Markov. Khéng mét tdng
quat, ta gia st (a, b, ¢) 1a mot bd Markov v6i b = c. Nhu vy, a? + 2b% = 3ab?. Tasuy ra b? | a2,
hay b | a. Dit a = kb véi k 13 mot sb nguyén duong va thay vio phucng trinh da cho ta thu
dugc k% + 2 = 3kb. Suyra k | 2 va do d6 k = 1 hodc k = 2. Trong cé hai trudng hop ta thu
dugeh = 1. Tathu dugc @ = 1 néu k = 1via = 2 néu k = 2. Do lai, cac b (1,1,1) va
(2,1,1) rd rang la nghiém ctia phuong trinh dé cho.

Bai PT.2. Do a? + b% + ¢* — 3abc = 0, ta suy ra a la mot nghiém ctia phuong trinh 2 —
3bcx + b% + c* = 0. Theo cong thiic Viete, nghiém con lai 1a 3bc — a va a(3bc — a) =
b2 + ¢2. Do a, b, c 14 cic s6 nguyén 3bc — a ciing 1a mét sb nguyén. Mit khac, do a, b, ¢ 12 cac
s6 nguyén duong, 3bc — a = "2“2 > 0. Chi y ring viéc 3bc — a 1a nghiém nguyén duong cta
z? — 3bcx + b2 + ¢=0 cling cho thay (3bc — a, b, ¢) la mot bo ba Markov. Cac lap luén tuong
tu cling cho thay 3ac — b, 3ab — cla cac so nguyén duong va (a, 3bc — a, ¢), (a, b, 3ab — ¢) 1a
cac bo ba Markov.

Bai PT.3. RO rang 3ac — b = 2ac + ac — b > 2ac > a. TlIdng tr, 3ab — ¢ > a. bat

f(z) = 22 — 3bcx —I— b2 + c2. Thé thi a vi 3bc — a 13 2 nghiém clia f(@). D€y ring f(b) =

b* — 3b%c 4+ b® + ¢ = 2b°(1 — ¢) + ¢(1 — be) < 0. Tit d6 suy ra b nam gitta hai nghiém cta
f(z). Thé nhung ta biét rang b < a.Suyra3bc —a < b < a. Khang dinh dugc chling minh.

Bai PT.4. Ki hiéu (a,,m,, b,) 1a bo ba ngoai cling bén trai ctia dong thit n. Ta ¢ a; = by =
as =by=1,m; =1,my = 2.V6imoin > 3,a, = an_1,M;, = 3ap_1My_1 — by_1,b, =
My,_1. Diéu ndy ching td a; = a = -++ = 1, b, = mu_1 vd m,, dudc cho bdi quan hé truy
héi: my; = 1,my, =2,

My, = 3Myp_1 — Myp_a, Vm > 3.

Tit d4y, ta d& dang chi ra dugc ring m,, = Fy,,, trong d6 (F,) la diy Fibonacci quen thudc:
F[) = 0, F1 = 1, Fn = Fn—l -+ Fn_2 voi m01 n Z 2.
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Bai PT.5. Gid st (@, m, b) la mét bd Markov v6i m la thanh phan 16n nhét. Ta sé chi ra bing
qui nap theo m rang dang 1 trong 2 b6 (a,m,b), (b, m,a) xuat hién, va xuét hién diing 1
14n (néu hai b nay khac nhau), trén ciy Markov. Trudng hop m = 1 14 hién nhién vi khi dé
(a,m,b) = (1,1,1). Ngodira, néu a, b, m khong phan biét thi ta brét ring (a,m,b) = (1,1,1)
hodc (1,2, 1) va khang dinh ciing d& dang dudc klem chiing. Gié st a, m, b doi mot phan biét.
Khong mat tdng quét, gid st @ < b < m. Ta biét rang (a,b,3ab — m) la mot bd Markov véi
m’ = max(a, b,3ab — m) = b. Va m’ < m. Theo gia thiét qui nap, duy nhat mét hoan vi clia
n6 xuét hién trén cdy Markov va xudt hién dang 1 14n. N6i cach khéc, hodc (a, b, 3ab — m) hodc
(3ab — m,b b, a) xuat hién trén ciy Markov. Thé nhung theo xy dung néu (a, b, 3ab — m) xudt
hién thi cdc bd (a, 3ab—(3ab—m) = m, b) va (b, 3b(3ab — m) — a, 3ab—m) dugc viét & dong
ké tiép con néu (3ab m, b, a) xult hién thi cic b6 (3ab — m, 3(3ab — m)b — a, b), (b, m, a)
duoc viét & dong tiép theo. Didu nay chiing t6 mot trong hai bé (a, m, b) hodc (b, m, a) xuét hién
trong cAy Markov. Cudi cling, néu (a,m,b) va (b, m,a) cung xut hién trén cdy Markov & 2 vi
tri ndo d6 thi theo x4y dung, 2 bd tuong iing & trén chiing déu 13 (a, b, 3ab — m), noi cach khac,
bd nay xudt hién 2 14n trén ciy Markov. Ta c6 diéu mau thuln trit phi ca 2 bd (a, m, b), (b, m, a)
chinh 13 2 bd dugc sinh ra tit bd (a, b, 3ab — m). Diéu nay xay ra chi khi (a, m,b) = (1,5, 2).
Thé nhung luu y ring trong trudng hop nay thi trong 2 bd (1,5, 2) va (2,5,1) chi duy nhét bd
dAu tién nam trén ciy Markov. Bai toan dugc chitng minh.

B. Mot s6 tinh chét ctia cac s6 Markov

Bai PT6. a) Tta?+b2+c?= = 3abc ta suy ra moi ude nguyen b cua c phdi la uéc caa a? + b2
Chuy y rang (a,b) = 1. Ta biét rang khi d6 mét uée nguyen t61é clia @2 + b2 luén = 1 (mod 4).
Chuy rang lap luan nay cho thay moi udc nguyén to 1é (do d6 moi udc 1é) cia c lal (mod 4),
ngay ca khi ¢ 1a mét s6 chén.

b) it ¢ = 2¥s v6i k > 1va 2 { s. Theo ching minh trén, s = 1 (mod 4). Nhu véy, ¢ =
2k(4t + 1) (¢ > 0). Mt khéc, do a* + b% + c? = 3abe, tasuyraa = b (mod 2). Thé nhung,
do (a,b) = 1, ta phdi c6 a, b 1a cdc so 1é. Tit day, bang cach ap dung cau trén cho a, b thay vi c,

tasuyraa =b =1 (mod 4). Vdy a = 4u + 1,b = 4v + 1 va do d6 phuong trinh ban diu ¢
thé dudc viét lai thanh

(4u+1)% + (4v + 1) + 2%%(4t + 1)? = 3 - 2%(4u + 1) (4v + 1) (4t + 1).

Trudc hét, bing cach xét modulo 4 ta suy ra k = 1. Nhu vay, ding thitc trén tré thanh

(4u +1)% + (4v + 1)? + 4(4t + 1)® = 6(4u + 1) (4v + 1) (4t + 1).

Hay, mot cach tuong duong, sau khi rat gon,

t(8t+4—34u+1)(4v + 1)) = 2(6uv +u — u® + v — v?).

2



Chii y ring 8t +4 — 3(4,u +~1)(4v +1) la mét 618 con 6uv +u — u? +v—v?% = 6uv+u(l—
u) + v(1 — v) 1a mét s6 chan. Tk d6 suyra 4 | t vavithé ¢ = 2(4t + 1) = 2 (mod 32).

Bai PT.7. That vy, ta biét ring, modulo mét hoan vi, (a, b, c) xuét hién tai mét dong thit n nao
d6 trong cdly Markov. Goi (a’, ¥/, ¢) (theo mot thit tu ndo d6) 1a bd ctia dong thit n — 1 nim trén
(@, b, c). T dinh nghia, 2 b6 (a’, ', ') va (a, b, ¢) trung nhau 2 thanh phan con thanh phin
con lai ctia chiing sai khac nhau béi 3 14n tich ctia 2 thanh phin con lai. Diéu nay cho thiy a, b, ¢
d6i mét nguyén t6 cting nhau khi va chi khi a’, b, ¢’ d6i mdt nguyén tb cing nhau. D€ két thic,
ta chi cin 14p luén bing qui nap theo n (hay theo max(a, b, ¢)) va luu ¥ ring véi n = 1 thi
(a,b,¢) = (1,1,1) va khing dinh 14 tim thudng.

Bai PT.8. Néu 2 trong 3 sb a, b, c béng nhau thi ¢ = 1 hodcc = 2vataco didu phaéi chling minh
vicaebod (1,1,1) va (1,2,1) 6 cac so 16n nhét tuong ung béing 1,2. Gid st a, b, c d6i mét khac
nhau. Neu ¢ > a, b thi khang dinh la tAm thuong Gia st c la so 16n th hai trong bo Markov,
khong mAt téng quat gidsta > ¢ > b. Thé thi bs Markov ndm & trén né, néi cach khac, bd
(8bc — a, ¢, b) c6 ¢ = max(3bc — a, ¢, b).

Cudi cling, ta gia st ¢ 13 s6 nhé nhit va khong gidm tdng quat, gid st @ > b > c. Thé thi, di doc
1én theo ciy Markov, do s6 16n nhit gidm thuc su, dén mét liic ndo dé ¢ sé trd thanh phin t& 16n
thtt 2 ctia mot bd Markov ndo d6 rdi trd thanh phén ti 16n nhét cia bd Markov 6 dong ngay trén
d6. That véy, gia st ngudc lai, ¢ luén 13 phin t& nhd nhét. Thé thi khi t6i dong thit 3 véi bo duy
nhét (1,5, 2) ta suy ra ¢ = 1. Nhung trong trudng hgp ndy ta ciing 6 diéu phai ching minh.

Bai PT.9. a) Ta c6

(aa’ — bb')(ab’ — a’b) = a'b'(a® + b*) — ab(a’? + b'?)
= a'b/(3ab — c®) — ab(3a’b’ — c*) = c*(ab — a'b’).

Trudc hét, gid stt ab — a’b’ = 0. Thé thi hodc aa’ = bb’ hodc ab’ = a’b. Gid st aa’ = bb’. Do
(a,b) = (a b)=1,tasuyraa | b vad | avav1vaya = ¥/, cfing nhut b = @/, méu thuin.
Tuong tu, néu ab’ = a’bthitasuyra a = a’, b = b/, mau thuln.

Viy, ab — a’b’ # 0. Goi d 1a mdt udc cia c. Ta sé chi ra ring d khong thé ddng thdi 1a ude cla
aa’ — bb va ab’ — a’b dugc. Gia st ngugc lai, aa’ = bb’ (mod d) va ab’ = a’b (mod d).
Suy ra a?a’b’ = b%a’b’ (mod d), hay d | (a? — b?)a’b’. Ch ¥ ring (d, a’b’) = 1 do (¢,a’) =
(e,b) = 1. Tt d6 suy ra d | a* — b% Thé nhung, do d | ¢, tacd d | a? + b* = ¢(3ab — c).
Tt d6, d | 2b2. Lai vin do (b,c) = 1,tasuyrad | 2 vavi thé d = 1. Didu ndy ching to
(aa’ — bb’, ab’ — a’b,c) = 1 va ta suy ra diéu cin chitng minh.

b) Gid st p 14 sb nguyén t6 1é k nguyen duong va (a, b, p’“) (a',b,p ) la hai bd Markov khac
nhau (modulo hoan vi) sao cho p’C 13 sb 16n nhét trong moi bo. Dleu nay co nghla la (a,b) #
(a’, ') va (a,b) # (b',a’). Theo chu trén, ta co thé tim dugc m, n nguyén t6 cling nhau mn =

p* d€ m? | (aa’ — bb'),n? | (ab’ — a’b). Do p nguyén té, tacdé m = 1,n = p* hoic
n = 1,m = p*. Vay, hodc p?* | (aa’ — bb’) hodc p* | (ab’ — a’b). Do a,a’, b, b’ < p* ta suy

3
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ra hodc aa’ — bb’ = 0 hoic ab’ — a’b = 0. Diéu nay, nhu chiing minh & bai toan trén cho théy,
hodc (a, b) = (a’, b’) hoac (a, b) = (¥, a’), mau thuan.



Chuong 5

Dap an dé dé xuat mon Dai so

1 Ma tran
Bai Trudng hop ma tran B kha nghich:
det(A + B) = det ((AJ}T1 v I)B) — det B det <AB*1 + 1)

B giao hoan v6i A do d6 B! cling giao hoan véi A.
A liy linh suy ra X = AB™! cling luy linh, do d6 da thiic dac trung

Px(N) = det(X — AT) = (=A)" = det(AB™" + I) = Py(—1) = 1.
Truong hop ma tran B khéng kha nghich, ta ¢6 det(B) = 0.

e . & . , , A 1
VG6i moi s6 tu nhién khac k£ # 0, xét ma tran B, = B — E[’

B, giao hoan v6i A va ton tai N sao cho B, kha nghich v6i moi k > N, do d6
det(A + Bk) = det Bk, vk 2 N.
St dung tinh chét lién tuc ctia dinh thitc ta duge:

det(A+ B) = kh_)m det(A+ By) = kh_}m det By = det B.

Bai[1.2| a) Ta c6 ABAB = 9AB.

b) 2 =r(AB) = r(9AB) = T’(ABAB) <r(BA) <2.

Ma trdn BA vudng cap 2 ¢6 r(BA) = 2, do d6 kha nghich.

c) ABAB = 9AB = B(ABAB)A B(9AB)A = (BA)(BA)(BA) =9(BA)(BA).
St dung tinh kha nghich cia ma tridn BA va ding thitc trén suy ra BA = 91,.
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0 -2 1
Bai(1.3l Taco A =I1+B,v6iB = |-1 0 0| Tinh cu thé ta dugc:
-2 0 0
00 0
B?>= |0 2 —1| vaB"=0v6imoin > 3.Suyra
0 4 —2
1 —2n n
n —1
A= p n2—_nai _nn-1)

—2n 2n(n—1) —-n*+n+1

Ba1 n Dé dang thiy riang néu AB = BA thi bét déng thtic trén c6 diu
=". Goi T la ma trén truc giao sao cho T-'AT = A la ma trdn chéo. Dit
B=T"'BT (khong chic 1a ma tran chéo). Ta c6

tr (JZPEQ) =tr (T 'A2BT) = tr (A%B?);
tr (ABAB> — tr (T"'ABABT) = tr (ABAB);
tr (KBAB) Z Z agbijazibi = Y 2aia,;b7 + Z aZb? (Vi B dbi xting,

i=1j= 1<i<j<n
A la ma tran cheo)

tr (212]352) _y z bisby = 3 2 aiby = Y (a}+al)bE + Z azby;

i=1j= i=1j= 1<i<j<n
= tr <Av2§2> —tr <ABAB> = Z (aii + a?j - 2aiiajj)b?j = Z (aii — ajj)zb?j =
1<i<j<n 1<i<j<n
0. -
Dau " =" & (aii — Cij)zb?j = O,Vl <j & aiibij = b,»jajj;‘v’i <j] & AB =

BA < AB = BA.

Bai Goi A 1a ma tran dudng chéo cé dinh thitc bang 2020.

S O N
o ot O

0
0
202

Xét 3 vector ddc 14p tuyén tinh bit ky
iy = (L 151),tdp = (=25 1;1), i3 = (03 1; —1)
va truc chuén héa ta dudc

1

9 I

3

wy = (

S JE BE S B
)vw2_( ) ’\/6) (O’\/§7 \/i)

5
w
5l
w
D
D
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Dat ma tran P la

IR

3 3 3
BEEE:
|TE A

0o —
VG RNG1

Khi d6

4 —1 —1
205 199
piAP=|"1 — ——
L T o

2 2

thda man yéu cau bai toan.

Bai Cé 2" — 1 cach chon dong thit nhét khac dong 0. C6 2" — 2 cach chon
dong thtt hai trir dong 0 va dong th nhat. Tong quat, ta c6 2" — 21! cach
chon dong th 7 doc 1ap v6i cac dong trude. Do do co

2" —1)@2"—2) (2" —2°)--- (2" =2"1)

ma trin kha nghich cip n ma cac phan ti cia n6 chi gdm 0 hodc 1. Tt d6 suy
ra diéu phai chiing minh.

1 0 0
Bai(l.7, Dat A= |0 —1 0] thi phuong trinh dugc cho la:
0 0 0
X217 4 2016X = 2017A. (1)

Gia st X 12 mot nghiém ctia phuong trinh d4 cho. Chiing ta cin st dung hai
khéng gian con ctia M;(R) sau diy

M = {col + 1A+ 2 A% | co, 1,02 € R},
N = {Col—i—ClX +02X2 ’ Cp,C1,C2 € R}

Chung ta co

1
A2=1{0
0

o = O
o O O

va hé {I, A, A?} 1a hé d6c 14p tuyén tinh. Nhu viy M 13 mot khong gian con
ba chiéu cua M3(R). Da thic déc trung cta X 1a da thitc béc 3 c6 dang

Px(\) = det(X — M) = =X\ + ap\? + ay A + a.
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Do Px(X) = 0 nén ta suy ra X* 1a t6 hop tuyén tinh ctia hé {7, X, X?}. Bing
quy nap ta chi ra duge X* k > 3 déu 1a t6 hop tuyén tinh ctia hé {I, X, X?2}.
Suy ra A = 2017 1(X?07 4+ 2016X), A2 = 20172(X>0'7 4 2016X)? 14 céc t6
hop tuyén tinh ctia hé {I, X, X2}. Nhu viy A, A2 € N va ta suy ra dudc ring
M C N nén dim N > dim M = 3. Vi N la khéng gian con ctia M3(R) c6 hé
sinh 12 {I, X, X2} nén dim N < 3. Két hop cac phén tich di dugc dua ra ta
khang dinh duge dim N = 3va M = N.Do X € N = M nén ta suy ra rang
ton tai cac hé $6 fo, 81, By d€

X = ol + 1A+ A% (2)

Do I, A, A% 1a ba ma trdn duong chéo nén X ciing 1a ma trdn dudng chéo:

T 0 0
X=10 2, 0]. (3)
0 0 T3

Thé (3) vao (1) ta thu dudc dang thic

flz1) 0 0 2017 0 0
0 fl) 0 |=|[ 0 =—2017 0],
0 0 flas) 0 0 0

trong d6 f(z) 1a ham s& f(z) = 27 4 20162. CAn bang cac phan ti trén hai
ma trn 6 hai vé, ta thu dugc hé phuong trinh

7 4+ 20162, = 2017
2307 4+ 20162, = —2017
2207 4+ 201623 = 0

Do f(z) ddng bién nén chiing ta chi ra dudgc x; = 1,25 = —1,23 = 0. Nhu
vay phuong trinh (1) c6 duy nhat mot nghiém

Bai a) Gia stt A la ma trén tam giac trén, xét cac ma trn tam giac
trén X € M,(R). Khi d6 AX = XA & (4X),; = (XA);, v6imoi i < j.
Chuyén vé ta dude hé thudn nhéit co ”2% anla (X); i <j)va ”QZﬂ phuong
trinh. Tuy nhién, c6 n phuong trinh Gng véi vi tri trén dudng chéo luén dung
(QAX )i = (A)u(X)y = (X A);;). VAy nghiém cta hé phu thudc it nhét n tham
so nén dim C(A) > n.
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b) Chon A 1a ma trén chéo A = diag(\, Ao, ..., \p), VO \; # Aj, Vi # j.
Khi do, v6i X € M, (R),

AX = XA & (AX); = (XA)y; & M(X)y = N (X)y; {<X)”' =0 ¥i7s,
(X)u tuyy .
Vay C(A) la tap cac ma tran chéo va dim C'(A) = n. O
Bai Gia st rank(A + B) = rank(A) + rank(B). Do
rank(A+B) < rank([A B]) = dim(Im[A B]) = dim(ImA)+dim(ImB)—dim(ImANImB)

nén rank(A + B) < rank(A) + rank(B) — ¢. Tuong tu

rank(A + B) < rank {A

B} < rank(A) + rank(B) — d.

Tt déc=d=0.
Ngugc lai, gia stt rank(A) = r,rank(B) = s. Khi d6 A = C1R; va B = (4R,
vOi rank(A) = rank(C}) = rank(R;), rank(B) = rank(Cy) = rank(Rs). Suy ra

Co

A+ B =CiR; + CyRy = [C C4] [R2

] = CR.

Do ¢ = 0 nén céc cft cta C' la doc lap tuyén tinh nén C kha nghich trai,

LC = I. Két hgp v6i gia thiét d = 0 ta ¢

rank(A+B) = rank(C'R) > rank(LCR) = rank(R) = rank(A)+rank(B)—d > rank(A+B)—d.
Suy ra két qua.

Bai Xét hé phuong trinh tuyén tinh

(

0y +2o+23+2s+ -+ 2= (1)
—r1+ 0z a3+ 24+ To =12 (2)
—x1 — 2o+ 023+ 24+ + 22, =ys  (3)
—x1 — Ty — 23+ 0zs+ -+ 22, =vys  (4)
|~ — 2o — a3 — x4 — -+ 022y = Yo, (21)
Liy (1) + (2) — (3) + (4) — - - - + (2n) ta dudc phuong trinh

—r1+ T+ a3t T+ T =Y —YsFUs— -+ Yo (%)
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Ta lay (1) — (%), (2n) + (%) va () — (i),i =

7

don gian, ta dugc két qua

p

2,3, ...

,2n— 1. Sau mét sb tinh toan

1 =0y —Yo+Ys—Ys+ - — Yo
To=y1+0y2 —yYs+ys— -+ Yo
r3=y1+ Y2+ 0ys —ys+ -+ — Yon
Ta=Y — Y2+ ys+0ys— -+ yam
( T = — Y2t ys—Yst - — Y21+ 0yon
Do d6 ta ¢6 ma trin nghich d4o cin tim 13
0 -1 1 -1 —1]
1 0 -1 1 1
1 1 0 -1 -1
-1
AT = 1 -1 1 0 1
1 -1 1 -1 0
Bai a) Tinh toan truc tiép.
1 1 V3L
b)DétS:(O 1>VéB: i i1 ,suyra A = SBS~!. Do d6
2 2
A" = SB"S—L.
Mit khac B — ( cost sinie s > Thay n = 2017, ta dudc
SZTLF COS? — smg
A2017 — A
0O 1 0 0 O
0 0 1 0 O
Bai|l.12| Xétmatran J = | ... .. .. e w. |,taco JA = B.Do do
0 0 O 0 1
0O 0 0 ... 0 O
BA'=Jva A"'B = A"'JA. Ay rank(A™'B) = rank(J) =n — 1.
Bai(1.13, V6imoii=1,---,k,do A;A; # 0, nén ton tai v;, (1a véc to cot thu

t; cua A;) sao cho A;vy, # 0va Aju; = 0.

Hon nita, v6i moi j # 4, do A;A; = 0nén A,v,;, = 0. Ta co thé chtng minh hé

véc to {vy,, -

, vy, + doc 1ap tuyén tinh.

Bai[1.14] Chon B=A thi det(2018A4) = (1 + 2017") det(A) = det(A) = 0. Gia
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stt A # O c6 det(A) = 0, khi d6 ton tai c6t 4; # 0, 1 < i < n. Chon B ¢6 cac
cOt (By, Bs, ..., Bi_1, — 555, Bi11, ..., B,) sao cho det(B) # 0. Nhung ta lai ¢6
det(A 4+ 2017B) = 0 = 2017" det(B) nén mau thuin. Vay A = O.

Bai[l1.15] Khong. Gid st A2 + AT = Ftacd A= (E - A)T = FE — (A7) =
2A? — A', tut @6 A' — 2A4% + A = 0. Da thiic h(z) = 2 — 222 + 2 = z(x —
1)(2% 4 2 — 1) (chia hét cho da thitc dic trung) c6 nghiém 13 0, 1, %5, tap
cac nghiém nay chta cac tri riéng ctia A. Vi Trace(A) = 0 nén téng cac tri
riéng bang 0, mat khac Trace(A?) = Trace(E — AT) = Trace(E) = 3. C6 thé
ki€m tra véi cac tri riéng ma tran c6 thé nhan khéng thé théa méin dong thoi
cac diéu kién ctia Trace.

Bai(1.16, Do A = (Z i) € Mat(2,R) 1a ma trin d6i xing, c6 dinh thitc

khac khong nén ma trdn A c6 hai gia tri riéng thuc khac khong la «, 5. Do A
chéo héa dudge nén ton tai ma trdn kha nghich C sao cho

a 0\ . ifa b
(5 5) =" e
Do do6 Vn > 0 ta co:

a b\ (o™ 0N 1 a1 0\ At e [0 O g
(b ) _c(o ﬁn)c _ao(o O)o +BC(0 1)0 |

batP=C (1 8) Cl'vaQ=cC_ (0 0) C~! ta ¢6 diéu phai chiing minh.

0 01

Bai Da thitc dic trung ctia A 1a P4(t) = (¢t — 1)%. Theo dinh ly Cayley -
Hamilton ta c¢6 dang thic (A + I)? = 0. Chia da thtc f(x) = 2%°'" + 4z cho
da thtic (z + 1)? ta dudc f(z) = 227" + 4z = (z + 1)?q(x) — 2021z — 2026. Do

. —4047 —8084
d6 f(A) = —2021A4 — 20251 = ( o021 4037 )

Bai 1) Kiém tra S 1a khong gian véc to con clia Mat(2017,R) do d6 né
la mot khong gian véc to trén R.

2) Xét anh xa f : Mat(2017,R) — R ma glii mbi ma trdn A vubng cip n
thanh ¢r(A) vét ctia né. Khi d6 dé kiém tra dudce f 1a mét toan ciu tuyén tinh
trén R va Ker(f) = S. Ap dung dinh Iy s6 chiéu ctia anh xa tuyén tinh giita
cac khong gian véc té hitu han chiéu ta c6:

dim(S) = dim(Ker(f)) = dim(Mat(2017,R)) — dimR = (2017)* — 1.
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Bai Ta biét rang: V6i ma trin M c6 gid tri riéng 1a A va da thiic ¢(z) thi
ma tran ¢(M) cé gia tri riéng 13 ¢()\). Vét ctia mot ma tran 13 tong tat ca cac
gia tri riéng ctia nd. Ma tran thuc doi x(ng thi tat ca cac gia tri riéng déu la
s0O thuc. Goi A\, \g, - -+ , A\, 1a cac gia tri riéng thuc ctia A (tinh ca bdi), thi cac
gia tri riéng ctia A* va AFt11an lugt 1a AF, A8 - NE va AL BT Lo kL
Ky hidu k — 21,1 € N. Khi dé
trace(A") = trace(A%) = A2 £ N2 ... N2 =g,

trace(AM) = trace(A* ) = AT A2 4 N2 = g,
R6 rang a > 0, nén ta c6 thé dit o = 2. Tit gid thiét [trace(AF)F+! =
[trace(A*1)]* ta suy ra a?*! = b%, nén (a?)?*t' = (¥ = ¥, dd db
b=4a?"" = (£a))? va a = a? = (+a1)*. Nhu thé v6i ¢ := +a, ta dudc

trace(A") = trace(A?) = A + A3 -+ A =2,

trace(Ak—i-l) — trace(AQH—l) — )\%H-l + )\SH_l 44 )\il—i—l — C2l+1.
Pén day c6 2 kha ning: )
+) ¢=0,khidéo \; = Xy =--- = )\, = 0, dan tdi trace(4) = 0 va da thic
déc trung ctaa A la P4(\) = \". Theo dinh ly Cayley-Hamilton ta dugc
O, = A" = trace(A) A" "

A
&

+) ¢#0,khidovéix;, :=—,(i=1,2,..,n) ta dugc

21 21 21
ry +ay 4+ +x, =1,

P g2 g g2

Tit dang thitc thit nhat suy ra |2;| < 1,(i = 1,2,...,n). Cha ¥ rang véi |z < 1
thi 22 > 221, d4u (=) x4y ra khi va chi khi # = 0 hodic z = 1. Két hop véi
dang thitc thi hai ta suy ra phai c6 mot gia tri z; ndo d6 bang 1, con lai cac
gia tri z; khac déu béng O(tacoix; =129 =---=x,=0).

Lucdé A\ = ¢, \y = --- = )\, = 0, nén trace(A) = c va da thic dic trung ctia
Ala Ps(A\) = (A — ¢)A""L. Theo dinh ly Cayley-Hamilton ta dugc

Op = (A—cl,)A"!, dantéi A" = cA™ ! = trace(A)A" .

Néu k 1a sb nguyén duong 18 thi két lusn trén khéng ding nita. C6 thé 14y vi
du sau



1. MA TRAN 115

Bai Goi py, o, ..., i, € C 1a cac gia tri riéng cta B va a € C la gia tri
riéng cia A + B, con v # ¢ 1a vector riéng ctia A + B {ing v6i gid tri riéng a.
Khi d6 (A + B)v = av, nén Bv = (al,, — A)v, dan dén

(B — puply)v = [(a — pg) I, — Ao, (Vb =1,2,...,n)
Chti y AB = BA ta dudc (B — pil,)v = [(a — 1)1, — A], ddn dén
(B = paln)(B = pnln)v = (B — paln)[(o — pa) Iy — Alv

= [(a = )L — A|(B — pa1y)v
[(a - :ul)]n - AH(O‘ - ﬂQ)In - A]U

C tiép tuc 1am nhu thé, cudi cling ta dudc
(B = pindy) -+ (B = paly)(B — i Ip)v = Cv

voi C = [(a — 1), — Al[(a — o)L, — A] -+ - [(a — pn) I, — A]. Nhung (B —
pindn) -+ (B = polp)(B — puly) = Pp(pa)Pp(pe) - - Pe(pn) = On v6i Pp(p)
la da thiic dac trung cua B, nén hé thuan nhat Cz = 0 c6 nghiém khéng
tAm thudng v # 0. Suy ra det(C) = 0. Do d6 ton tai it nhat mot gia tri
ke{1,2,...,n} €0 = det[A — (o — pu)I,] = (=1)"det[(a — )L, — A], ddn
t6i det[A — (a — i) I,] = 0, nén (o — pp) := A\, 1a gia tri riéng cua A. VAy ta
c6 biéu dién a = A\ + px = A + L.

Bai Ta thiy ring ma trin A lay dang (A2 = A) v6irank(4) = r > 1
thi n6 chi c6 gid tri riéng 1a 0 va 1, dong thoi né chéo héa dudgce va ta co bieu
dién

Ifr Orx(n—r)

T
O(n—r) Xr O(n—r) X (n—r)

A =T 'diag{1,1,...,1,0,0,...,0}T = T
N e N\’

T n—r

_ I,
=71 |:O(nr)><7i| |:I7" Orx(nfr)} T := BC

trong d6 B = T} l L
O(n—r)xr
rank(B) = rank(C) = r.
Ngudc lai, gid st ¢6 By, xy, Cpxn, rank(B) = rank(C) = r € A = BC,CB = I,
thi ta thay ngay A2 = (BC)(BC) = B(CB)C = BI,C = BC = A. Sau cling,

] ,C = [I, Ox(n-r)] T,CB = I, va rd rang la
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v6i A% = Atacod

det(I, + A) = det(T'T + T~ 'diag{1, 1, ...,1,0,0,...,0}7T)
N e’ N’

= det[T (I, + diag{1,1,...,1,0,0,...,0})T]
N N——
= det[diag{2,2,...,2,1,1,...,1}] = 2"

det(2l, — A) = det(2T'T — T~ 'diag{1,1,...,1,0,0,...,0}T)
N e N’

= det[T"*(2I, — diag{1,1,...,1,0,0,...,0)T]
e e

= det[diag{1,1,...,1,2,2,....2}] =2"""
N N A A

Bai _ Ta sé chiing t6 rang al, + bA + ¢B + dAB = On () khi va
chikhia = b = ¢ = d = 0. Tru6c tién nhan (x) v6i A vé bén tréi ta c6
aA+bA? + cAB+dAAB = 0O,, vado AB=—-BAnén aA+bA?>—cBA—
dABA = O, hay (al, + bA — c¢B — dAB)A = O,,. bén day do c6 A~! ta suy
ra al, +bA — ¢cB — dAB = O,. Phbi hop véi (%) ta din dén al, 4+ bA = O,
va O, = cB+dAB = (cl, +dA)B = O, = (cI, +dA)BB™! = cI,, + dA. Do
détasuyra a = b= c = d = 0. Thit vy, ching han gia st al, + bA = O,
mab#0thiA=—-%7,. Khid6 O, = AB+BA=—-¢B = 0, =—-4BB™! =
—4I, = a=0,néntadudcbA =0, = O, =>bAA™" =bl, = b=0 (mau
thuin!)

Bai - Ta sé chiing minh h¢ phuong trinh tuyén tinh (I, + A+ B)z = 0
chi c6 nghiém tdm thudng = = 0, do d6 ma trén I, + A + B kha nghich. Goi
x € R™ la vector sao cho (I, + A+ B)x = 0, ticla (A + I,)r = —Bxz. Khi
d6 B(A + I,)x = —B2%z hay (A + I,,)Bx = —B%z (do AB = BA). Din dén
(A+1,)%z = B%z. Bang quy nap ta dé dang c6 (A+1I,)Fz = (—1)*B*z,Vk € N.
Noi riéng, ta ¢6 A7z = I,x hay (A" — )z = 6 va (A + 1)z = B'%z = I,z
hay [(A+] )!0—I]x = 0. Xét cdc da thite p(t) = t'"—1vaq(t) = (t+1)"° - 1.
Tir két qua trén ta din dén p(A)z = 0 va q(A)z = 6. Mit khéc

=1 +t"+- - +t+1)
[(t4+ 1D+ 1][(t+D)* + [t + 12+ 1)t + 2)t

p(t)
q(t)

nén 2 da thtc p(?) va ¢(t) nguyén tb cung nhau (khong c6 nhan tlI chung).
Theo thuét toan Euclide tdn tai 2 da thitc r(¢) va s(¢) khac hing s6 (c6 béc it
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nhét bang 1) sao cho 7(¢)p(t) — s(t)q(t) = 1. Suy ra

I, = r(A)p(A) — s(A)g(4)
2= Lo = r(A)p(A)z — s(A)g(A)z = 0

VAy z = 0 va ta ¢ diéu phai ching minh.

Bai Hé da cho c6 nghiém duy nhét khi va chi khi det(A4) # 0. D4t ma
tran B hoan toan xac dinh nhu sau

0 aig ... Qin
921 0 ... Qop ,

B=|_ . |, tacd B'=-B, A= B+ \,.
Ap1 Ap2 ... 0

Tt dé At = (B+Al,) =B+ A\, = —B+ M, = —(B — \I,). Suy ra
det(A) = det(A") = det|—(B — A\L,)] = (=1)"det(B — \I,,) = —det(B — \I,,), (do n 1&)
= —Pg()\), (v6i Pg()\) la da thiic dic trung cia ma tran B).

VAy det(A) £0 < Pg(\) # 0, hay hé da cho c¢6 nghiém duy nhét khi va chi
khi A khéng phai la nghiém cta da thiic dac trung Pg(\) cia ma trén B (téc
A khong phai la gia tri riéng ctia ma trén B).

Ta chitng t4 ma trdn phan déi xting B néu c6 gia tri riéng thuc thi chi c6 thé
1a gia tri bang 0. That vay, gia st A 1 gia tri riéng thuc cia ma trdn phan
dbi xting B, goi v = [v1, vs, ..., v,]" # 0 12 vector riéng tuong tng v6i A. Ta c6
Bv = \v, do d6

< Bv,v > =< Av,v >= X < 0,0 >= A\v] +v3 + ... +v2) = |||
< Bv,v > =< v,B'v >=< v, —Bv >=< v, - v >= -\ < v,v >= —\||v[|%.

Suy ra 2A[|[v[* =0, tt dé A =0 (vi [[v]|* = v} 4+ v3 + ... +- v} > 0). VAy h¢ da
cho ¢6 nghiém duy nhat khi va chi khi X # 0.

Bai _ Ta thay rang cac ma trin A, B ¢ cac phan ti 1a so nguyen nén
det(A),det(B) va tAt ca cac dinh thitc con ctia A, B 13 nhiing s6 nguyén. Hon
nita
1 2k k(2k+1)
det(A)det(B) = det(AB) =det |0 1 2k =1,
0 0 1

nén det(A) = det(B) = +1. Suy ra ton tai AL, B} € M;(Z).
Bang quy nap ta chting minh dugc
k

1 23 1 2k k(2k+1)
Mf=10 1 2] =0 1 2k =AB, k€N
001 0 0 1
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Do do
BA=(ATA)BA=ATYAB)A=A""M"A=-.. = (AT MA)" =C*.
Bai[1.26] Ta c6

A+ (B AT = [ATN (BT - AB T AT (BT =AY
=[(A'BT —L)(BT — A+ (BT = A) !
=[A'BY(Bt - A

(B~' —A)BA=A— ABA
— A(I, — BA) = (I, — AB)A.

Bai L4y c4c ma trin

g L[l I B 1 I, I,
p_ L[ L L) o 1 i,

Ta dé dang kiém tra duge M = STINSva P =T"'QT. Vay cdc ma trdn M, N
dong dang va cac ma tran P, () dong dang.

Bai _ Tt bat dang thic Sylvester vé hang clia ma trin rank(A) +
rank(B) < rank(AB) +n ta ¢6 2rank(A) < rank(A%) + n. V6i gidi thiét

A% = O, clia dé bai ta suy ra 2rank(A) < n nén rank(A) < g Tuong tu ta
dudc rank(B) < g T day lai theo bt ding thic Sylvester vé hang clia ma
trdn rank(A + B) < rank(A) + rank(B) va do A + B kha nghich ta dugc

n = rank(A 4+ B) < rank(A) + rank(B) < g—i—g = n. Do d6 rank(A) =
rank(B) = g va n phai 12 sb chin. Ta c6 A(AB)* = A2(AB)* 1B =0, va

B%(AB)* = 0O,,. Dan t6i

rank[(AB)*!] = rank[(AB)( B)¥] = rank[(AB)(AB)* + B*(AB)¥|
nk[(A + B)B(AB)"] = rank[B(AB)"]
= rank[A(AB)* + B(AB)*] = rank[(A + B)(AB)*] = rank[(AB)"].

Nhu vdy rank[(AB)*] = rank[(AB)*~!] = .- - = rank[(AB)? = rank(AB).
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Bay gio ta co
rank(AB) = rank(A?) + rank(AB) > rank(A* + AB)
= rank[A(A + B)] = rank(A) = -

rank(AB) < rank(A) = g VAy rank(AB)F = g,Vk eN.

Balu V6i ma tran X € My(Z) c6 det(X) = 1,trace(X) = a € Z ta dé
dang chiing t6 dugc X2—aX+I2 0,,dan dén X*—X2-2], = (a®—3a)X —
a’Is. Suyra trace(X4 X?2-21,) = (a®—3a).trace(X ) —a? trace(ly) = a*—5a>.
Tir diéu kién dé bai ta suy ra

(X} = X2 —20) + (X3 — X2 —2L) + -+ (Xg — X2 — 2I,) = O,
Goi trace(Ay) = ax € Z, (k=1,2,...,9). Khi d6 ta cd

trace(X| — X — 20) + trace(Xy — X5 — 2Iy) + - - - + trace(Xy — Xg — 215) = 0,
9

9 9
> (af—5a3) =0 & Y (daj — 20a; +25) = 225 & Y (2a; — 5)* = 225.

k=1 k=1 k=1

Bay gid ta tim cach viét s6 225 thanh t6ng ctia 9 sb chinh phuong dang
c6 (2a2 — 5)2, V6i ay, 12 s6 nguyén Vi (2¢* — 5) tang theo |a|, nén ta suy ra
v6i |ay| > 4 khéng théa man, bdi vi  (2.0* — 5)? = 25, [2(£1)? — 52 =
9, [2(12) —B)2=09, 2(£3)2 = 5]2 =169, [2(+4)? — 5]> = 729 > 225.
Tru’(‘mg hop a;, = +3 khéng théa mén, vi liic d6 (225-169=>56) khong thé viét
thanh téng ctia 8 s6 dang (2.02—5)2? = 25 hodc [2.(+1)2—5)? = [2.(+2)2—5)% =
9. Nhu thé ta chi c6 thé chon a; = 0, a, = £1, a; = +2 ma thoi.

Néu cb a, = 0, thi (2a} — 5)? = 25. Liic d6 (225-25=200) c6 thé viét thanh
tong ctia 8 s6 dang (2.02 — 5)2 = 25 théa méan yéu ciu clia bai toan.

Néu co ap = +1 hoac a = +2, thi (2a; —5)? = 9. Ltc d6 (225-9=216) khong
thé viét thanh téng cua 8 sb dang (2 0° —5)* = 25 hodc [2.(£1)* - 5)* =
2. (i2) —5)2 =9, vi tdng clia 8 s6 c6 dang nhu vy nhiéu nhét chi 1a 200
ma thoéi. Vay ta dudc a, = 0, (Vk = 1,2,...,9). Dén day ta ky hiéu cac ma

Yk Wk = 1,2,...,9). Lic d6 trace(My) = 0 v

A A \ \ T
tran can tim la M, = Lk
k

det(Mk) — Yk = 1 hay S(Ik, + Y2 + 1=0.

Van dé con lal la ta pha1 g1a1 phuong trinh nghiém nguyén z? +yz +1 = 0.
Phuong trinh nay c6 v6 s6 nghiém, vi v6i yz = —(z? +1) tachonzla sO
nguyén tlty ¥ roi phan tich —(22 + 1) thanh tich ctia 2 s6 nguyén (c6 thé c6
mot sb bang 1) 13 dugc.
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L N 1
Bai(1.30, Tt nhdn xét A (AP —A[) =1 - A= -\ (A - XI>

Ap dung tinh chét, dinh thitc ctia tich cAc ma trin khong suy bién sé béng tich
cta cac dinh thitc d6, tit d6 ta sé thu dugc det [A (A~ — A\I)] = det(A) [det(A™! — \I)] =
det(A~t — \I)

Mt khac ta c6 det {(—A) (A —11)} = (=A)"det (A — 1) = (=1)"A"P ().
Tt d6 suy ra diéu phai chiing minh.

Bai Thuc hién cac phép toan trén cac ma tran da cho ta sé thu dugc:

1 3 6 . TL(TL+1)
2
1 3 ... ”(”2—1)
po| 0 0 1 ... =D
0O 0 0 0 1
0O 0 0 0 1
Bt 0 0 0
0 p5 0 0
Bif=1 ...
0 0 40
o 0 --- 0 3
1 c:, o ... Ccvf
o 1 C, ... Ccn?
1| 00 | O
0 0 0o .- CL,
0 0 0o - 1

Tir d6 ta sé suy ra ma trdn can chting minh theo phuong phap cong cac ma
tran cung cG

Bai Xét hé phuong trinh

Ty 4o+ T, =y, (1)
Top+ -+ Tp =12 (2)
Tp—1 + Ty = Yn—1 (n_ 1)
X1 U1
batX=1|: |;B=

Tn Yn
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Khi d6, hé phuong trinh trén dudc viét lai 12

AX = Bhay X = A™'B.
Tt hé phuong trinh da cho, ta c

(D) =(2) « 1=y -
(2)—=@) @ =y~ ys

(TL - 1) - (n) D Tp—1 = Yn-1— Yn
Do d6, hé phuong trinh da cho tuong duong véi hé

Y1 — Y2 =11
Y2 — Y3 = T2

Yn—1 — Yn = Tp—1

Yn = Tn
hay
Y — Y2 =21
Y2 — Y3z = T2
)
Yn—1 — Yn = Tn-1
Yn = Tn
bat
1 -1 0 0 0 0
0o 1 -1 0 00
c=10 0 1 -1 00
0 0 0 0 01
Hé (*) dugc viét lai 1a
CB=X.
Suy ra
X =A"'B=CB,VB.
Vay

At =C.

Bai|1.33l Taco A = I3 + C v6i
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0 000 0 00 O
(-4 134 , [—213 10
C_—2002’0_4000’

2 000 0O 0 0 O

0 00 O
10 1T 3 10
0 00 O » k23
0 00 O
I va C giao hoan nén
2017 2017
A2017 — Z(I+O 205017Ck]2017 k
k=0 k=0

= 017I + 0210170 + 0301702 (C 2017 T 03017 + ...t C'2281177) C?.

Tinh

4 2017 _ 62017 0 1 2
Coorr + Corr + - + Caopr = 227 — Cp17 — Corr — Caar-
Ta co

b21 = _4021017 - 2022017 + 10 (22017 - 03017 - 021017 - 022017)
= 102207 — 1405, — 1203, — 10 < 10.2%°'7 — 14CY) ., — 12C3) 1.

Bai[1.34l Ta ¢6 (A+ #B)" = A" + 2Dy + 2Dy + -+ + 2" ' Dy y + 2" B"

trong d6 Dy, Dy, --- , D,,_1 la cac ma tran khong phu thuoc vao z. Chu y y rang
C! =0 v6i moi i = 1 -,n + 1 (do chi s0 liy linh khéng vugt qua cap caa
ma tran).

Layi,j=1,2,--- ,ntuyy. Gid sG a,dy,ds, - ,d,_1,b 12 phin t hang i cot j
tuong ing cua cac ma tran A", Dy, Dy,--- ,D,_;, B"

Xét da thic P (z) = a+dyz+dox?+...+d,, 12" +bx™ O it nhatn+1 nghiém
phén biét ¢,,t,, - - , t,,1 (vi bAc cla ma trin luy linh lu6n khong vugt qua n).

Do do6 P (x )—Ohaycachesoa—d1 —...=d,y =b=0.Vicach lay,j

bét ky nén:
Suy ra A" = B™ =0 tic la A, B liiy linh.

Bai[1.35| Ta cé: A2017 = 9 = detA = 0
A4+ B=AB& A= (A—FE)B = detA =det (A — F).detB



2. PINH THUC 123

= detB.det (A — F) = 0.

Ta lai co:
A2017 — 6’@A2017—E2017 = _F & (A—E) (A2016—|—A2015+... —|—A—|—E> - _F.

= det (A — E) .det (A?0 + AP + 4+ A+ FE)=(-1)"=det(A—E) #0.
Tit d6: detB = 0 dan t6i khéng kha nghich

2 Dinh thic

Bai Cong dong thoi cot 2, cdt 3 vao cdt 1 va dit nhén ti chung ra ngoai,
ta dudc dinh thec:

1 b c
(a+b+c)|l ¢ a
1 a b
Lan luot 14y hang 2, hang 3 trit di hang 1, dinh thic thu dudc c6 dang
1 b c
(a+b+¢)|0 ¢c=b a—c
0 a—b b—c

Khai trién dinh thtc theo cot 1:
|A| = (a+b+c)[—(b—c)*—(a—b)(a—c)] = —(a+b+c)[(a+b+c)*—3(ab+ac+be)].

A la ma trin cap 3, dudc l4p tu cac nghiém trén, sao cho moi nghiém chi
xuat hién ding mot 1an trén moi hang va moi cot cua A, vdy A ¢ dang sau:

1 To I3

k
(—1) To T3 T
T3 T1 To

St dung két qua clia phan a), khi dé
|A| = (21 + 22 + 23)[(21 + 32 + 23)° — 3(122 + T223 + T173)]

Giai thiét cho 21, 2o, 73 12 3 nghiém cta phuong trinh 2 + 22 — 3z + ¢ = 0,
theo Viet phuong trinh bac 3, ta co:

T + To + T3 = —]_
T1To + Loy + T1X3 = -3
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Thay vao |A|, ta dugc:
|A| = —(=1)[(=1)%? = 3(=3)] = 10:10 (dpcm).

Bai Pa thifc déc trung ctia ma tran A cé thé biéu dién dusi dang:
Py(N) = det(A — XI) = (=A)" + C1(=A)""" 4+ Co(=A)"2 4+ ... + C,,

trong d6 Cj 1 t8ng tit ca cac dinh thiic con chinh bic k clia A . Dic biét
C, = det(A), C; = Tr(A) = 2017. Vi hang r(A) = 1 do d6 Cy = 0 v4i moi
k > 2. Vay

Pa(\) =det(A— X)) = (=N)"+ 2017(_)\)71—1
= det(A + 1) = Pa(—1) = (1)" +2017(1)"" = 2018

Bai[2.3] Bidu dién

a+b ab 0o --- 0 0 a ab 0o --- 0 0
1 at+b ab 0 0 1 a+b ab 0 0
0 0O 1 a+b ab 0 0O 1 a+b ab
0 cee o 0 1 a+b 0 N 1 a+b
b ab 0o --- 0 0
1 a+b ab 0 0
+... P “ e “ e P
0 0 1 a+b ab
0 -+ -+ 0 1 a+bd

=D+ Dy

Pbi v6i Dy, 14y c6t 1 nhan véi (—b) cdng vao cdt 2, sau d6 14y cot 2 nhan véi
(—b) cong vao cot 3, ..., dén cot cuoi cung. Do do

a ab 0o --- 0 0

1 a+b ab O 0
5 RV -

0 0O 1 a+b ab

o - - 0 1 a+bd

va Dy = bA,_;1. VAy A, = a" + bA,,_;. Bang phuong phap quy nap, ching ta

chttng minh rang
an+1 _ bn—i—l

A p—
" a—>b
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Bai Dé dang ching minh dugdc A = B? trong dé B 1a cip 2017 va

0 1 0 O 0 O
10 1 0 0 0
0 1 0 1 0 0
B=10 0 1 0 0 0
0O 0 0 0 .. 0 1
o 0 0 0 .. 1 0

Goi B, 14 dinh thitc cip n clia ma trin c6 dang nhu trén. Khai trién theo hang
thit nhat ta phan tich ra dudc tong hai dinh thitc ctia 2 ma trin trong dé cé
1 ma tran c6 dinh thitc bang 0, roi khai trién tiép ma tran con lai ta dudgc

B, =—-B,
Co B1 = 0 nén B2017 = (. Do do det A = 0.

Bai[2.5| Ta c6, ¢4 khd nghich (hay déng cAu) khi va chi khi Det(y.4) # 0. Vi
©a(I) =0 = pa(0) nén p4 khong la don cau va do d6 khong dang cau. Tu
do, suy ra Det(pa) = 0.

Bai Goi B,C, D € M,(Z) xac dinh nhu sau:

1 néuj|i,
(B)ij - {0 A ..
neu j 1 i,
(B 1a ma trin tam giac dudi v6i cac phan ti thudc dudng chéo chinh 13 1),
i néui=j,
(C)ij - {0 Ao . .
neu i # j,
(C 1a ma tran dudng chéo véi cac phan ti thude dudng chéo chinh 1a 1, 2,
vy 1),
1 néuilj
(D)ij = {0 Aoy .
neui{ j,

(D 13 ma trin tam gidc trén v6i cac phan ti thudc dudng chéo chinh 1a 1).
Khi do, ta co:

(BCD)i; =Y (B)(Cha(D)y = Y k(B)ix(D)j = Y k = (A)i;.

K, ki k|j
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Do d6 det A = det B.det C.det D = nl. d
Bai a) Nhat xét rﬁng X, =X,_1— X, 2 v6i moin > 2 va ta co6 quy luat
n 1 23 4 5 6 7 8 9 10 11 12 13 14
X, 1 0 -1 -1 011 OS-1 -1 0 1 1 O

(-y»x,;1 01 -1 01 -1 01 -1 0 1 -1 O
Tt d6, do 2017 = 1(mod 6) nén Xo0;7 = 1.
b) Cling theo bang trén, xét tit n = 2 tré di, tai cac cap gia tri (m,m+1), m =
3(mod 6), hoac (m,m+1), m = 0(mod 6), thi (—1)™X,, + (-1)"" X,,,; = 0.
Hon nita, do 2017 = 6.336 + 1 nén tong da cho bang gia tri tai n = 1 va bang
—1.

Bai Tinh toan truc tiép dinh thtic bén trai ta c6

1 = 28 z* 1 x 22 23
1 b6 b b 1 b6 vV B
Lo & A = (xb+ xc+ xd + be + bd + cd) Lo 2 &
1 d & d* 1 d & &

Dinh thitc bén phai la dinh thitc Vandemonde. Tit d6 bién luin suy ra nghiém
cta phuong trinh da cho.

Bai Ky hiéu phan bu dai sb ctia mbi phan t& trong D 1a A
Xét dinh thic

am+z »+z xx+z2z -+ xTH+=Z

y+z ay+z rz4+z2z -+ x+z
Diz)=|y+2z y+z az+z -+ x+2]|.

y+z y+z y+z - ap+z

Khai trién da tuyén tinh dinh thtic D(z), ta c6

D(z)=D+z Y A;=D+zB, B:i= Y A

1<i,5<n 1<i,j<n
Khi do,
D(~2)=D — 2B = (a1 — 2)(as — z) - - (a — )
D(-y) =D —yB = (a1 —y)(az—y) - (an — y)
Suy ra

p - Ha—y)laz —y) - (an —y) —ylas = 2)(ag — ) - (an — 7)
T —y
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Bai Ta sé giai quyét bai toan tdng quat: Cho A, B € Ms (R) va det (A) =
det (B) = det (A + B) = det (A — B) = 0. Chting minh rang det (vA + yB) =
0 v6i moi so thuc z, y.

That vay, xét f (t) = det (A + tB) = det B.t> + at* + bt + det A = at® + bt.

Nhan thay degf(t) < 2 nhung c6 3 nghiém phan biét 0,1, —1 nén f () =
0,vt € R.

e V6i 2 = y = 0 thi hién nhién det (zA + yB) = 0.
o V6iz =0,y #0thidet (A +yB) =y3det B=0.
o V6iz # 0,y =0thidet (xA+yB) =x3det A= 0.

e VGiz,y+#0tacodet(zA+ yB) = 23 det (A+%B> =23f (%) = 0.

Vay det (zA + yB) = 0,Vz,y € R.
Ap dung vao bai toan, v6i 2 = 2017;y = 1995 thi det (2017A + 1995B) = 0.

Bai[2.11, Ap dung cong thitc C* = %C’ﬁj ta cd
Eop—ll m cr m O;D-Hi—l
m—i—lcp_1 m—i—lcp m+1Cp+”_1
Dy = p " p " p+n ™
m+nmp_1 m+nnc;p m~|—nmp+n_1
P m+n—1 p+ 1 m+n—1 p+ n m+n—1

Rut m ttt hang 1, m+ 1 tthang 2 ---, m +n tt hang n + 1.

4 ]' \ N ]' \ N \ N
Rut—tUCQtl,—ltu’cotZ,---, tu cot n + 1.

p p+ p+n
Ta co:
ch,or cr
D m.(n+1)..(m+mn) Ccr-t Ccr Crin—l
n+1 — .
p.(p+1)...(p+n) - o
051+an C’II;’L+H*1 CgHrnfl
ch,ocr crt
Cotn | Co7bcr Cpin-l
“omi|
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Lip lai tién trinh trén p l4n ta cé:

0 1 n
o 1 oL .
Cm-i— C«n—i— n-+ CO Cl n
D _ mtnYm4n—1'Ym4n—p+1 m—p+1 m—p+1 m—p+1
n+l — Cm—l—l Cn—i—l n+1 :
pin-Cpin—1--Cnii 0... 1...
n
Cmfp+n Cmprrn o Cmprrn
Cn+l CnJrl n+1
<A oA / A 2. 7 1 A > _ YmAnYm+4n—1"""Y'm+n—p+1
Tiep tuc thuc hién phép bién doi, ta co ket qua D,, 1 = CrrT ol -

p+n - ~p+n—1-"~n+1

3 Hé phuong trinh

Bai[3.1] Taco AAT = ATA = (a® + 0>+ +d*) I3, a® + b + ¢ + d* # 0, trong
d6 A 1a ma trén hé s6 ctia hé da cho 1a A; nén ta c6 A~ = A tit d6 tim
dudc nghiém.

Bai Hé phuong trinh da cho tuong duong véi

(2a11 — 1) 1 + 2a1929 + - - + 2a1,2, = 0
2@211‘1 + (2&22 — 1) To + -+ 2a2n:€n =0

20,171 + 2ap9we + -+ - + (204, — 1) 2, =0

Goi ma trn con chinh cAp i(i = 1,--- ,n clia ma trin hé s6 da cho 1a A;. Khi
do, ta co
2@11 —1 2@12 cee 2(11n
2@21 2(122 -1 - 2&2
[Aul = 3 '
20,1 209 |

Do a;; la cac s0 nguyén nén céc phan bu dai so cla (A,),; cing 1a cic so
nguyén. Khi dd, néu khai trién dinh thiic trén theo dong cuoi ta c6

det A, =2k + (2ap, — 1)det A,,_1 = 2k + 2a,,, det A,,_; — det A,,_;

Suy ra
det A, =2l —det A,,_1,

hay
det A,, +det A,,_; = 2l
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13 s6 chin
Suy ra det A,,, det A,,_; cling tinh chin 1é véi moi n.

Ma det A; = 2a;; — 1 12 s6 1é nén det A4, 12 s6 1 nén det A4,, # 0. Do d6, hé
trén la hé Gramer va c6 nghiém duy nhat la nghiém tam thuong.

Bai (3.3, VOi X € M,(R), goi X = [x;],, dit m(X) =) a7, Trudc tién ta
ij=1
chitng minh rang véi X, Y € M, (R) thi m(XY) < m(X)m(Y). That vay, coi
XY = Z = [z;j],,. Theo bat dang thtc Cauchy-Schwarz ta c6

zfj = <§Iikykj)2 < (ixfk> (iy%)

Ly téng theo j ta dudc

Sad () ()
j=1 j=1 k=1 k=1
— () (XX w) = (Do) -m()
k=1 =1 k=1 =1

Lai 14y t6ng theo i ta dudc

n n n

iizi < Z <sz2k) -m(Y) = (Ziﬁk) -m(Y) = m(X)m(Y).

i=1 j=1 =1 k=1 =1

Ap dung diéu vita chting minh ta ¢6  [m(A4)]* > m(A*) = m(N) = 1. bén
day do m(A) > 0 ta suy ra m(A) > 1.

4 Khong gian véc to va anh xa tuyén tinh

Bai Dit cac ma trdn

I
I
AU
N = O
oo

va
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Goi F' 1a ma trin cta anh xa tuyén tinh cin tim, khi d6 FA = B hay F =
B.A7'. Ma

0 2 -1
A1t=10 5 3
1 —4 2
én
2 —11 6
F=|1 -7 4
2 —1 0

Bai Ta c6 ma tran biéu dién ctia D theo co s6 S 1a

01 —2 -3 .. —n+1]
00 2 0 - 0
00 0 3 - 0
A=\, . . . )
00 0 0 -+ n—1
00 0 0 -~ 0

Da thttc dac trung fp(z) = fa(z) = (—2)" = (—1) . Pa thifc cuc tiéu clia
D c6 dang mp(x) = 2" v6i1 < k < n. ChuyrangA’“ £0v6i1l<k<n.Do
d6 da thitc cuc tiéu ctia D 1a mp(z) = 2"

Bai u Gid st ton tai anh xa F. Ta lua chon mot co s6 {Al, Ay, Ao, Ay} clia
M,(RR) gbm 3 ma tran dbi xting thuc va mot ma tran phan d6i xdng:

10 0 0 0 1 0 1
v=(oo) 4=) 2=(0) 4= (5 o)

Ta ky hiéu ma trén ctia F' trén co s6 {A;, A, AQ, A4} la U. Khi d6 ma tran
tuong ting clia F2 chinh 13 U2. Tinh ton truc tiép ta c6: F2(A;) = 94,, F2(Ay) =
9A,, F?(A3) = 943, F?(Ay) = —A,. Do dbé ma trdn clia F? trén { A, Ay, Ay, Ay}
la

U? =

o O O ©
o O O O
o © O O

o O O

—1

Tit d6 ta suy ra (det U)* = —9° < 0. Diéu nay 1 v6 1y vi det U 12 mét sb thuc.
Nhu vy khong ton tai anh xa F d€ F2(A) = 44+ 5AT, V A € My(R)

Bai Néu & > 3 thi ta sé chi ra hop thanh M; U M, U ... U M, trung vé6i
hop thanh cta (k — 1) khong gian con. Tit d6 c6 thé chuyén dan bai toan vé
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trudng hop k = 2. Ching ta sé chi ra rang mét trong hai khang dinh sau 1a
khang dinh dung

i) My C My UM3U...U M,.
ii) My Cc MiUM;U...UM,.

That véy, néu ca hai khéng dinh déu sai thi tén tai z € My, v & M, U
M3 UMkvayeMg,y¢M1UM3 .U M,. Gia st X\ # 0 va ta xét
phan thu = x + )\y Néu u € M, thi t M1 la mot khong glan con chung
tasuy ra y = A\~ !(u — z) cling thuéc M;, nhung dleu nay mau thuin véi
y & M UMzU...UM,. Tt do ta khang dinh dudc rang u ¢ M,. Phan tich
tuong tu ta cing cd u ¢ My. Vi My U My U ... U M, 1a mot khong gian con
néntux € M,y € Mytasuyrau € M;UMyU...UM,. Kéth(jpvéiu ¢ M,
u & My tathudUch:x+)\y € My U...UM,; v6i mbi\ # 0. Néiriéngdéy
t+y,x+2y,...,0+(k—1)ynam trong M3 U. ..U M,. Suy ra c6 mot khong
glan con M;,3 < i < k chtta hai phan t phan b1et x +ay, r + Sy cua day nay
va ta thu dugde y € M;. Nhu diéu nay mau thudn véiy & M; UM U ... U M,.
Neu()xayratthluMQUMg UM, = MyU M;U...U M,. Néu (i)
xay ra thi My UM, UMsU.. .UM, = M, UMsU...UM,. Trong ca hai truéng
hop, ta quy duge bai toan vé trudng hop (k — 1) khéng gian con.

Sau (k — 2) bude ta quy vé xét trudng hop k = 2. Trong truong hop néy
néu M, ¢ M, thi ta se ching minh M, C M,. That vay do M, ¢ M, nén
ton tai € M; \ M. Liy y € M, tuy y. Vi M; U M, 1a khong glan con nén
x4y € My UM,. Néu r+y € Mythiz = (z+y)—vyla phan t clia M, va diéu
nay trai véi x € M, \ M. BdivAy r+y € M, vatasuyray = (z+y)—z € M.
Do do My C M.

Béi 5\ a) Xét anh xa tuyén tinh f: U — V, f = f|y, tcla f(u) = f(u) véi
moi u € U. Do d6 f(U) = f(U) = Imf va ker f = ker f N U, va nhu vay

dim f(U) = dimImf, dimker f < dimker f.
Mit khac, ta co
dim Im f + dim ker f = dim U.

Suy ra,
dim f(U) = dim U — dimker f < dim U

va
dim f(U) = dimU — dimker f > dim U — dim ker f.

b) Pit U’ = f~1(U), nén f(U') = U. Theo két qua ctia 1), ta c6

dim U’ — dimker f < dim f(U’) < dimU".
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Suy ra,
dim f~1(U) — dimker f < dimU < dim f~*(U).

Do dé, ta c6 diéu phai chting minh.

Bai Dat dim(V) = nvaB = {e1,es, ..., e, } 12 o 56 chinh tac cia V. Dit
B = {f(e1),.... f(en)} va gid st k = rank(B') 1a hang ctia h¢ vécto B'. Khong
mat tinh tong quat, gia su

C={f(er) =v1,..., fler) = v}

13 hé k vécto dbc lap tuyén tinh tbi dai ctia B’. BS sung thém cac vécto
{Vks1, .-y v} 520 cho C' = {vy,...,v,} la cosb ctia V.

Xét tuong Ung v, — ¢; v6i j = 1,...,n; tuong Gng nay xac dinh mot dang cu
g:V — V thod mén g(v;) = e,. Ta sé chiing minh f = fgf.

That vay, v6i j = 1,....k ta co f(g(f(e;))) = f(g(v;)) = fle;). Voi j = k +

1,...,n, dat
k

flej) = Zﬁjf(ez')
i=1
trong do r;; 1a cac s thucvéimoi j =k +1,..,nvai=1,... k.
Khi d6véij =k +1,....n,

k k k

Flo(f(e)) = FgO ripfe) =D rif(gf(e))) =D risfles) = fley).

=1 i=1 i=1

VAy tinh chit fgf = f dung trén co sé B. Do d6 f(g(f(v))) = f(v) v6i moi
veV,tacla f = fgf v6i g € S la moét dang cau.

Bai Quy nap theo k, khong giam téng quat gia st {f1, ..., fv} doc lap
tuyén tinh.

Chitng minh v6i k = 1. Gid st fi1(2) = 0 thi f(z) = 0. Ldy e ¢ ker f; (luén
c6 vi gid thiét f, dltt, f; khong thé 1a anh xa ) thi v6i moi vector v € V
tacdv = w+ ae vli w € ker fi,a € R. Khi d6 f(v) = af(e), mdt khac
fi(v) = afy(e), tit d6 ta thiy

f(e)
fi(e)

fv) = fi(v).

Gia st ménh dé diing véi k — 1. Ta chitng minh ddng v6i n = k. Vi f,, dltt véi
f1, ..., fr—1 nén theo gt quy nap ton tai a,, € V sao cho

filag) = ... = fr—1(ag—1) =0
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va fi(ar) # 0. Chudn hoa, gia st fi(ax) = 1. Tuong tu ta chon dudc cac
vector ay, ..., a;_; thoa
_ ) Li=y
fi(aj) - { O,Z#j
V6i z bat ky ta c6

file = fix)ar — fa(x)ag — ... — fu (z) ax) = fi (x) — Zk:lfj () fi (a;)
= fi(r) = fi(v) fi(a;) =0

v6imoii = 1,..., k. Tl gia thiét suy ra
k
flx—fi(x)ar— fa(z)az — ... — fr (z) ax) :Ozf(ﬂﬁ)—Zfi(I)f(ai)

hay f biéu dién tuyén tinh qua fi, .., fx.

Bai Tt khai trién Taylor ctia ham exp(2tx) va ham exp(—z2)

1+ 2tx+

22122 233x3 AT L2 zt T
ol + 3 et ;o 4o —x _1_5_...

theo phuong phap nhan da thuic ta sé thu dugc:
ap(t) = 1;a1(t) = 2t; ag(t) = 2t* — 2

as(t) = 8t — 12t; ay(t) = 16t* — 48t +12; - - -
Tir d6 bang phuong phap quy nap ta sé chitng minh dudc hé thtec:

Ap41 (t) — 2tan(t) + 277/0%,1(75) =0
b) St dung két qua ctia ciu a) ta sé thu dudc:

|3

(=1)*n!

o2 2

|
an(t) =

trong do ’g‘ 13 phan nguyén cta g

2n)!
= a9+1(0) = 0; a9 (0) = <_1)k(n—‘)
Ta c6 nhan xét (ching minh nhén xét ndy bang phuong phap quy nap)

(an(t)) = 2na,_(t)



134 CHUONG 5. PAP AN DE PE XUAT MON PAI SO
dm 2™Mn!

Tl do ta sé suy ra: — (a,(t)) =

e Fan—m(t); (Vm < n,m,n € N).

(n—m)!

Bai Ta c6 thé gia th1et {B1,...., 4} C V doc lap tuyén tinh, néu khong
ta sé lay hé con doc lap tuyen tinh dai s6 ctia né gom m vector (m < [) ta sé
chttng minh £ < [.

. A A . 7 A A A /. \ e o R o R
Theo gia thiét, ton tai cac hé so v6 hudng a;; ma moi «; dugc biéu dién

l

Zawﬁj, (1=1,....k).

Xét t6 hop tuyén tinh

k
DTS 91 (5 987 TS of p o2y PR
i=1 =1 %
4 k ~
Do d6 {f,...,4} C V doc lap tuyen tinh nén suy ra > a;;\; = 0 v6i moi
=1
=11

Nhu vy, ta c6 hé phuong trinh thuin nhét gdm & 4n va [ phuong trinh. Gid
stt k > [, khi d6 hé phuong trinh nay c6 an ); nao d6 khac khong, diéu nay
trai voi gia thiét {ay, . .., a3} doc 1ap tuyén tinh.

Bai Chitng minh bang quy nap
+n =1, {z #0}1a dbc lap tuyén tinh

+ Gia st {x1,...,x),} dbc lap tuyén tinh v6i k& < n — 1. Ta ching minh
{z1,...,x,} doc lap tuyén tinh

0 A s n
Xét to hgp tuyén tinh Y ¢;z; = 0.
i=1

Ta co

f <Zcz$z> = flaz)+f (Z Ciiﬂi)
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n—1

3 ¢z = 0. Theo gia thiét quy nap suy ra
i=1

Do il c;r; = 0 nén écixi_l =
co=..=c¢,=0ca=..=¢,=0.
Do d6 ¢;zy =0, suyrac, = 0.
Vay {1, ..., x,} doc lap tuyén tinh.
Bai Gia stt ¢6 phuong trinh
aol, + a1 A+ ...+ a1 AF 1 = 0.

Khi d6, tit tinh chét iy linh ctia ma trdn A nhan ca hai vé trén véi ma trn
A*=1 ta dugc ap = 0. Cho ao = 0 va thuc hién lai qua trinh trén ta dugc cac
hé s6 a; = 0 véi moii = 1,2, ..., k. Do d6 hé cdc ma trin {I,,, A, A2, ..., A*~1}
13 d6c 14p tuyén tinh. Vi vAy hé cdc ma tran {/,,, [, + A, I, + A+ A2, .. I, +
A+ A%+ . 4 A1} 1a mot hé dbc 1ap tuyén tinh.

5 Gia tri riéng va véc to riéng

Baif5.1l a) P4(A\) = (2—N)(5-A)B =N (-2=X)(1 - X) .
b) Ma trdn A c6 5 gia tri riéng phan biét nén chéo hoa dudc, do dé ton tai
ma trin P kha nghich sao cho

200 0 0
050 0 O
C=P'AP=]003 0 0
000 =20
000 0 1

Ma trin B giao hoan v6i ma trdn A khi va chi khi D = P~1BP giao hoan v6i
C. Bang cach thi truc tiép c6 thé chiing minh dudc rang D giao hoan véi C
khi va chi khi ¢6 dang chéo

g 0 0 0 0
0 o 0 0 0
D=P'BP=|0 0 u; 0 0
0 0 0 p O
0 0 0 0 pus

trong d6 p1, pia, s, pa, pi5 12 cac sb thuc ndo dé. Ta chi ra dudce ring ton
tai duy nhat cac so thuc ag, a1, as, as, as sao cho D = agl + a;C + a,C? +
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a3C® + a,C* bang cach giai hé Cramer

ao + 2a1 + 2%as + 23a3 + 2%ay = 1

ap + 5@1 + 52a2 + 536L3 + 54CL4 = U2

ao + 3a; + 3%ay + 33as + 3tay = s

ap + (—2)a; + (=2)%as + (—2)3a3 + (=2)*ay = p4
a0+a1+a2+a3+a4:,u5

v6i dinh thtic ma trAn hé sb 1a dinh thtc Vandermonde. Tit d6 suy ra B =
f(A), trong d6 f(x) = ap + a1z + asx? + azx® + agxt.

Bai DO A1, Az, ..., Ay 13 cac gid tri riéng phén biét cia A nén A chéo
héa dugce. Khi d6 ton tai ma trdn kha nghich P sao cho P7'!AP = D =
diag (A1, Az, ..., A,) 1a ma trdn chéo. Taco A = PDP~! vavéi moi k € N,

A* = PD*P~! = Pdiag (A}, Mk, . AF) P,

bat A; = Pdiag (1,0,...0) P71, Ay = Pdiag (0,1, ...0) P71,..,A,, = Pdiag (0,0,...1) P71,
thi ta c6

AF = NSA + M Ay -+ AFA,, keN.

Bai Pa thiic dic trung cia ma trdn A 1a f4(\) = (A\*> — 1)". Do d6, A c¢6
hai gia tri riéng la A = 1 hodc A = —1.

+ V6i A = 1, ta c6 hé phuong trinh tuong ting la

-1 + Loy = 0

—T9 + Xop_1 = 0

—Tp + Tpy1 = 0.
Ta tim dudc n véc to riéng la v; = (1,0,0,...,0,0,1), v, = (0,1,0,...0,1,0),
v =(0,...,0,1,1,0,...,0).

+ V6i A = —1, tuong tu ta tim dudc n véc to riéng khacla u; = (—1,0,0,...,0,0,1),
up = (0,-1,0,...0,1,0), .., u, = (0,...,0,—1,1,0,...,0). Do d6 A chéo héa
dudc va ma tran P can tim c6 dang

10 ... 0 -1
01 ... -1 0

P = .
01 1 0
1 0

2nXx2n
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Bai a) Do A dbi xiing nén A c6 di n gia tri riéng thuc (k€ ca bdi). Goi

A, ..., \p 12 cac gia tri riéng cua A. Dat

1 1 1

A A An

V _ 1 .2 .
Aot e

Khi d6 ta c6 thé kiém tra dudc B = VV7. Hién nhién B la ntta xac dinh
duong.
b) Gia st

a b

=03
13 ma trdn vudng d6i xing cip 2 thda méin bai toan. Khi d6 da thiic dic
trung cia A c6 dang pa(t) = t* — Trace(A)t + det(A). Theo gidi thiét ta co
Trace(A) = 0 va det(A) =3, hay a = —cva b* — ac = 3. Suy ra v? + a’ = 3.
Do a, b 14 cac sb hitu ty nén sau khi quy ddng miu sb ta dudc u? + v? = 3w?
véi u,v,w € Z.
Mot sb chinh phuong ludn chia hét cho 3 hodc chia 3 du 1. Tit ddng thic trén
suy ra ca u, v déu chia hét cho 3. Tit d6 w ciing vay. Néu u = 3uy, v = 3v; va
w = 3w thi ta dude u? + v = 3w? v6i uy, v, w; € Z. Lap ludn tuong tu ta
nhén dudc 3 ddy sb v6 han gidm nghiém ngit v > u; > ...

Bai[5.5 a) Tathdy A% = A+ I; titc1d A(A2 — I3) = I;. Do d6 A kha nghich
va A~! = A% — 3. Da thitc dic trung P(z) cia A la mot da thic bac 3, nén
c6 1 nghiém thuc, do d6 A c6 mot gia tri riéng thuc. Ma trdn A théa man
A3 — A — I3 = O3, nén A la nghiém cta da thic G( ) = 2 —x — 1. Hai
da thtic P(z) va G(x ) phai ¢6 ubc chung, nén chung c6 nghiém chung. Bang
cach khao sat ham s6 G(z) ta dé dang thiy G(x) chicé 1 ngh1ern thuc va 2
nghlem phlIc lién hop. Ta thiy G (1,3) < 0va G(1, 4) > 0 nén nghlem thuce
do xap X1 bang 1,3 hodc 1,4. VAy gié tri gin ding cta gi tri riéng thuc cta
A la xap xi bang 1,3 hoic 1,4.

b) Biét ring néu ma trn A c6 gia tri riéng A thi véi moi da thitc ¢(z), ma
trén q(A) co gia tri riéng ¢()\), do d6 gia tri riéng cta A — I3 ¢6 gia tri riéng
A — 1. Ta lai biét det(A) = M-+ A\, VGi \; 1a cac gia tri riéng ctia A (tinh ca
béi va tinh ca gia tri riéng phtc).

Truong hop A c6 mét gia tri riéng thuc \; > 1 v6i boi 3 thi det(A) = A3 > 0,
ltc do6 gia tri riéng cta A — I3 1a Ay — 1 > 0 v4i boi 3 va det(A — I3) =
(A1 —1)3>0.
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Truong hop A co6 gia tri riéng thuc A\; > 1 va 2 gia tri riéng phtec lién hgp
A2, Az thi det(A) = MM A3 = MAgdy = M| Ao|? > 0. Lic d6 gid tri riéng cua
A—I3la A\ —1 > 0va2 gia tri riéng phtc lién hop Ay —1, \3—1 vadet(A—1I3) =
M=M= =1) =N —-DN—=1D)N\—=1)= N —-D|X—=1)*>>0.

[0 0O ... 0 17
-1 0 . .00
Bai5.6,a) A=| o -1 *-. 0o °:
: .. .. 0 0

0 ... 0 -1 0]

b) Pa thitc dic trung Pa(\) = det(A — AT) = (—\)"*' + 1. Ap dung dinh Iy
Hamilton — Caley, ta co

(AT T =0= A = (-1)"] = " = (~1)"]d.

¢) det(A+ 1) = Pa(—1) = (1)""t +1=2.
(A+1)<1—A+A2 et (-1)%4%) — [~ (—A)" =2].

det(A+ 1) =2 = det (1 — A+ A2 = 4 (=1)"4") =2

6 bDa thuc
Bai Ta sé chiing minh véi da thtic bAc n : P(z) = 2" + ap_12" ' +

n—1

o4 a4 + ag c6 diy di nghiém thuc thi P'(a) — n(P(a)) n > 0 véi
a > max{ry, To,...,Tn}.
/

2 3 7 P n 1 \ N 7 n . 4
St dung dang thiic () => vaphan tich: P(x) = [[(x—z;). Khi dd
P(x) i=1T — T i=1

thay a vao cac dang thtc trén ta dudc Pla) _ i ! va P(a) = ﬁ( —x;)

ya g ¢ P(a)_izla—xi a—iZIa ;).
Ap dung bAt dElelg thitc Cauchy cho n sO duong pa—— >0(=1,...,n)ta

R Z

co: Y. > 1

i=1 a4 — T n

(/ I1(a— ;)

Hay ]]33((5)) > — ;(a) & (P’(a))n > n”(P(a)>"1.
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Vi P'(a), P(a) >0, thay n = 2017 va ta c6 dpcm.
Dau bang xay ra khi cac nghiém bang nhau.

Bai 6.2l P,(z) cobac < n—1= P" Y(z) = const = P"V(0), trong dé
Pi(k) (z) 13 dao ham cAp k clia da thiic P;(z), trudng hop P;(z) c6 bdc <n —1
thi P"Y(z) = P""Y(0) = 0. Vay hang thi n cé dang: P""V(0) ---  P"(0).
Bang cach lay tich phan ta co

P (@) = BU(0) = P (@) = o PR (0) + BT (0)

(2

Do d6 hang tht n — 1 ¢6 dang:
P (0) + P"(0) -2 PI(0) + P (0)

Tit hang n — 1 dinh thic cin tim ta tach thanh téng hai dinh thic v6i hang
thit n — 1 ¢6 dang: zP""(0) - - 2" (0) va P""2(0) - - - PI"2(0)

Pinh thiic tht nhit bing 0 vi hang tht n — 1 va n ty 16. Tuong tu hang thi
n — 2 ¢6 dang:

$2

2
X n— n— n—
S PO + 2P0+ PV (0) -

. P (0) + 2P (0) + P9(0).

T hang n — 2 dinh thic cAn tim ta tich thanh t6ng ba dinh thiic v6i hang
tht n — 1 c6 dang:

$2

2
P 0) - S PO )2 P T (0) -2 PI(0) va PITO(0)-- PPY(0),
Hai dinh thuc dau b,é“mg 0 vi c6 hang thttn — 2 ty 1é v6i hang thit n — 1 va n.
Tiép tuc tuong tu doi v6i cac hang con lai cudi cung dudc:

Pi(x) Po(x) - Po() P1(0) B(0) - B(0)
P AW o B || A0 RO o EO
P BV B || AT P R

Bai[6.3] Ta c6 P(1) =0, P(0) =0va P(—1) = 0. Do d6 P(z) = x(z — 1)(z +
1)G(x). Thay P(z) vao dang thic cho

zix—1)(z+D(z+2)Gx+1) = (z+2)z(xr — 1)(z + 1)G(z).

Suy ra G(z + 1) = G(z) = C hing sb. Viy P(z) = Cx(x — 1)(x + 1). Thit lai
da thttc nghiém dung
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Bail6.4l V& trai 14 tich cta hai da thitc. Ta ¢6

aobg = 1, a9by + arby =1, ...
Pong nhét cac hé sb ta c6 cac dang thic

ag + arbs_1 + asbs_o +--- =1
bo + biar—1 + by o + -+ = 1.

T cac d:fmg thic nay va véi diéu kién a;,b; > 0,tacod ap < 1vaby < 1. Mat
khéc do aghy = 1 nén ag = by = 1. Cling tlt cac dang thic trén ta ¢6 a; < 1 va
b; < 1. Tl apby + arby = 1, suy ra mot trong ay, by bé“mg 0 va sb con lai bﬁng
1. Bai toan két thiic bang phuong phap quy nap. VAy a;, b; bang 0 hodc 1 véi
moi i, j.

Bai V6i méi sb phtic o, ta xét hé phuong trinh

P(r) =«
{P’(x) =0 @

Phuong trinh th( hai cua hé trén tuong duong véi 22°1¢ — 1 = 0. Cac nghiém
ctia phuong trinh thit hai déu la nghiém don va la cac nghiém cé dang = =

k2 . ; . .
2 = eXp{2017;3i} voi k = 1,2,...,2016,i> = —1. Ung v6i k = 1008 ta co

Z1008 = —1 va ti do6 ta tinh dudc P(z190s) = P(—1) = 2016. Suy ra phuong
trinh

P(y) = 2016

c6 mot nghiém kép la y; = —1, c6 2015 nghiém phiic don va ta ky hiéu la
Y2, Y3, - - - » Y2016- Nhut vay phuong trinh (1) dugc tach thanh 2016 phuong trinh
c6 dang

P(x)=y; v6ij=1,2,...,2016. (3

Tinh toan truc tiép ta c6 P(z),) = z,(22°'6 — 2017) = —20162;, va P(P(z,)) =
—20162(2016%16 —2017) # 2016 v6imoi k = 1,2, ...,2016. Suy ra P(z;,) # y;
v0i moi j, k = 1,2,...,2016 va hé (2) v6 nghiém khi o = y;. Nhu vay cac
phuong trinh trong (3) déu chi ¢6 cac nghiém don. Tit d6 ta xac dinh dudc sb
lugng nghiém phtic phan biét cia phuong trinh (1) 1a 2016.2017.

~—

Bai a) Tinh toan truc tiép, ma tran clia o d6i v6i co sé da cho 1a

0 ... 0
2

0
M =
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b) Suy ra cac gia tri riéng cta .
Bai D& thiy hai vé clia bit phuong trinh

(n—1)(P'(z))* < nP(z)P"(x) (%)
déng thoi bang 0 khiﬂ n = 1. Bay gi0 ta gia st rang, x1, ..., ¥, 1a cic nghiém
cta da thiic P(r). De thay () dung khiz = z;, i € {1,.. n} va dang thic

Xay ra néu P'(z;) = 0, tlic la néu T la mét nghiém boi ctia P. Ta gia st z
khéng 1a nghiém ctia P. St dung déng nhét thic

Plz) — 1 P'(z) 2
P(x) _;x—xi’ P(z) Z (x—a;)(x — ;)

1<i<j<n
ta théy

P(z)\> P'(zx) ~~ n-—1 2

(n—1) < > —-n = —_— —
Po) P & Tmr 2 Gomew)
1 1 \?
-5 ()
1<i<j<n ¢ J

Suy ra diéu phai chitng minh. Dang thiic xay ra v6i moi z khi z; = - - - = z,,.

Mot vi du truc tiép: P(z) = K(z — z1).

Bai Ta cé

va

Xét da thic

Q)= o} [T —+]J@-a)-a"
j=1 =15 I =1
¢d deg(Q) < n—1va Q(x1) = Q(z2) = ... = Q(x,) = 0. Do d6 Q(z) = 0. Piéu

nay suy ra cac hé s6 cha Q(z) déu bang 0 Mit khac hé ) ung véi 2" 1a

ZH S TR T Py

i= 11,753(
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Theo Dinh ly Viete ta c6 > 7 x; = —1, suy ra

O B
P'(x1)  Pl(z2) — Plxy,)

Bai[6.9] Nhan xét. Néu z < —2, Py(z) > 2, Py(x) = P(z) =2 > 2, ..., do d6
Pyo17(x) > 2 > x, phuong trinh v6 nghiém.
Néu z > 2, bing quy nap nhén dugdc P,(z) > 2, v6i moi n. Dan dén Poi(z) =
P2 (x) — 2 > P,(z). Tk d6 Py17(x) > Pyis(x) > ... > Pi(x) = 22 — 2 > x,
phuong trinh v6 nghiém.
+) Dat x = 2cost, v6i han ché —2< 2 <2thi0o<t<r Khidd Pyor7(x) =
2 cos(22°17t). Phuong trinh Pyg7(2) = 2 tuong duong v6i cos(22017t) = cost
nhan nghiém

k2m k2w

b= ot = 92017 4 1

Ket luan
$=2C0$%,0</{§22016—1
:1::200822%711,1 < n L 22016

Phuong trinh c6 22°!7 nghiém phén biét.

Bai Dit y = x + 3 thi phuong trinh f(z +4) = f(z +3) + 22 + 7
tré thanh f(¢t + 1) = f(t) + 2t + 1. Pao ham cip 2 phuong trinh da thic
flt+1) = f(t) + 2t + 1 ta dudc f7 (¢t + 1) = f7(t). Dung phuong phap dong
nhét hé sb ta xac dinh duge f7 (¢) mot hang s6 nao dé. Do dé da thiic f(t) ¢6
dang f(t) = ct® + bt + a 6 ddy a, b, c € R. Tit 46 suy ra rang f(t) = > + c.

Bail6.11] bit f(x) =2 —a3+1; g(x) = 2% -2t — 23 —2® + 1. Gid st m, n, p, ¢
la bon nghiém ctda da thitc * — 23 + 1. Khi d9, ta ¢

7t — 2+ 1= (z—m)(z—n)(z—p)(z—q).

Suy ra
mnpq = 1.

Ta co

gmn) = (mn)® — (mn)* — (mn)? — (mn)? + 1

3 3 1 1
= (mn mn)” —mn—1— —+
(mn)” | (mn) TR

Do

1
mnpqzl#pq:%.
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Do do6
g(mn) = (mn)’ [(mn)’ —mn — 1 —pq + (pq)’] .
Mit khac
f(m) = 0:m4—m3+1:>m3:;.
—-m
f(n) = 0:n4—n3+1:>n3:1_n.

F1) = 1= (1 =m)( =)= p)(1 = 0) & T = (1= )1 —0)
Nén ,
Tuong tu, ta co
3—;: —m)(l—n
(pq) “ =i =9 (I =m)(1—n).
Suy ra
(mn)® —mn—1—=pg+(pg)° = (1—p)(1—q)—mn—1—pg+(1—m)(1—n)

= 1l-m—-—n—-p—q=0.
VAy mn la nghiém cta da thttc 25 — 2* — 2% — 22 + 1.

Bai Ta cAn x4y dung mét chién thuét thing. Ban Thuong, sau 1008

budc ctia minh, c6 thé dat sao cho doi véi budc cudi ciing 1a bude 1009 cta

ngudi thi nhat (do gia thiét chi diing 2017 budc di), dau = con lai 6 liy thira

bac 1é 22+,

Gia st truée bude di cubi cliing 1a bube thd di ctia ngudi thi hai, xuét hién

da thitc P (z) + 2™ + | x 2%*!, trong d6 P () la da théc da biét v6i hé so6

nguyeén.

Chon sb6 a va sb ¢ > 0 sao cho v6i moi gia tri A dbi v6i da thiic F (z) =

P (z) + az™ + Az? T ludn ¢b cF (1) + F (—=2) = 0, khi d6 F (x) s€ c6 nghiém

trén doan [—2; 1].

P (=2) —cP(-1)
c+(=2)"

ta ¢ thé thay thé 1 va —2 bang s6 khac, nhung phai trai dau).

D€ 1am duogc diéu nay, chi can liy ¢ = 22+ o = . (Chting

DAt gi4 tri ndy clia a vio bude di cudi thi ban Thuong ddm bao da thitc cb
nghiém thuc, va gianh chién thang
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2
7 To hgp

Bai n Vi cac diém déu dugc nbi v6i nhau cho nén véi mbi diém ta c6 5
doan thang nbi 5 diém con lai. Do t& hai mau nén theo nguyen ly Dirichlet,
lubn tOn tai 3 doan thing cling mau xuit phat tit mot diém, ta goi d6 1a dinh
A va 3 dinh c6 canh cuing mau ndi véi dinh 4 13 B, C, D.

Khéng mét tinh téng quat, gid st AB, AC, AD c6 mau xanh. Xét cac doan
thing AB, AC, AD, BC, BD, C'D. Néu trong BC, BD, C'D c6 mdt canh
mau xanh thi ta dugc mot tam giac ¢é 3 canh cling mau xanh. Ngudc lai, dé
loai trir trudng hop trén thi 3 canh BC, BD, CD phai t6 mau dé, ta cling
c6 dudc tam giac BC'D c6 3 canh cung mau. Vay bai toan dudc chitng minh
xong.

Bai a) Goi z, 1a s6 c6n trung lic ddu & phong i. Ta ¢6 hé

0,4z + O0xy + Ox3 + 0, 224 =12 z1 =10
O0xq + 0,429 + 0,323 + 0, 224 =25 R To = 20
01’1 +0,3JI2 +0,4$3+0, 2.7}4 =26 T3 = 30

0,61 +0,320+ 0,323+ 0,42, =37 x4y = 40
b) Sb cén tring & P1, P2, P3, P4 1a: 16, 22, 22, 40.

Bai n Gan mdi cau lac b i véi véeto v; € R” x4c dinh bdi: thanh phan thtt
j bang 1 néu ngudi j tham gia ciu lac bo i va bang 0 néu ngudc lai. Khi dé
v; - v; =k véimoi ¢ # j. Néu vy, . .., v, doc lap tuyén tinh thi m < n. Ngudc
lai, ton tai ¢y, . . ., ¢y € R khéng dong thoi bang 0 thda mén
cvr + -+ ey = 0.
Khi do
0 = (o1 +- + CmUm) - (C101 + - + CU)
= ZZ LGP, - U+ 23, Cicv; - vj
Zz 1 G |U7«|2 + 2k Zz<] CiCy 5
= > G (ul? = k) + (Zi:l Cz) :

Tit gia thiét suy ra, m&i cau lac bd déu c6 it nhat k thanh vién va |v;]2 — k > 0
v6i moi <. Khi do, theo (5.1) ta nhin dudc ¢; = ... ¢, = 0. (miu thuan)

(5.1)

Bai Chon mot cay goi A

TH1: Céy A khéng bi chat Sau khi chéat di 4 cdy con lai 13 cay , xen ké giita
13 cay nay c6 13 khoang tréng Bbn cAy bi chit tuong tng v6i 4 trong 13
khoang tréng néi trén. Do dé sb cach thyc hién la Cl; = T15.

TH2: Cay A bi chat Sau khi chat t1ep 3 cdy, con lai 13 cay, xen ke gitta 13 cay



7. TO HOP 145

nay c6 12 khoang tréng khong ké vi tri clia cdy A.Ba cay bi chat tuong Uing
v6i 3 trong 12 khoang trong noi trén . Do d6 so cach thuc hién la C3, = 220.
Vay c6 715 + 220 = 935.

Bai a) Do 1 chti c6c chi c6 thé nhay tit bac N dén 2N + 1 hodc 4N + 1
nén néu chi céc nhay tit bic N dén béc 4N + 1 rdi chi nhay 1ui lai theo quy
tdc 2N + 1 chd sé nhay t6i bic 2. Do d6 néu ta dit chi céc & bac N cha cb
thé nhay 1én bac 2NV hodc 2N + 1 va ¢ thé nhay lui lai. Vi viy néu dit cht

c6c 6 mot bic N bat ki néu N 1é chi sé nhay lui xuong bac con néu

< ;  ~ 2 N e 1A N ~ A N A ~ /, ; ~
N chan cha sé nhay lui t6i bac 5 RO rang sau moét so httu han buéce chu sé

nhay vé diing bac 1. Vi vay néu dit chi céc & bac bat ki chil sé lubn nhay vé
dugc bac 1. Do dé chi c6 thé dit dude duy nhét 1 chi céc 1én thang ma thoi.
b) Tuong tu nhu ¥ a) mot chi céc & bac N bét ki c6 thé nhay 1én bac 3N
hodc 3N + 1 va c6 thé nhay lui lai. Nhu viy néu dit céc 6 mot bac bat ki thi
cht chi ¢6 duy nhat mét cach nhay 1Ui. D6 13 néu N chi hét cho 3 thi chd

A A N \ A . \ A A \ A .
nhay xuong bic 5> con neu chia 3 du 1 thi xuong bac , con neu chia

3 du 2 thi cht ditng im khéng thé nhay lui duge dude nita. Do dé néu ta dit
cac chti coc & cac bac cé dang 3k + 2 thi sé khong c6 chii coc nao c6 thé gip
dugc nhau. Thét vy gia st ¢6 hai chu coc 6 bac 3a + 2 va 3b + 2 trong do
(a # b) c6 thé gdp duge nhau thi sau mot hitu han 14n nhay hai cht céc sé
dén mot bac M nao dé. Do chi cée & bac M chi cé duy nhit mot cach nhay
14, ma lai ¢6 2 chd céc nhdy vé do dé tit bac M sé c6 hai cach nhay lui t6i
3a 4+ 2 va 3b + 2 khac nhau diéu nay v6 1i vi nhay lui 13 duy nhit. Vi véy ta
c6 thé dit duge vo sb cha ce 1én thang bang cach dit cac chi coc 6 vi tri
2,58 11,....3k+2, ...

Bai Gia st trai lai ring ton tai hai ddo A, B sao cho khong thé di tit ddo
nay sang dao kia bang dudng hang khéng. Suy ra tit mbi mot trong 7 dao
con lai hodc c6 thé dén duge A bing dudng hang khéng, hoic c6 thé dén
dudc B bang dudng hang khéng, nhung khong dén dudc ca hai. Néu trai lai,
tdn tai mot ddo C' dén duge cd A va B bang dudng héng khong thi ta c6 thé
di tit A dén B bang dudng hang khéng bang cach vong qua C. Nhu vay tu 7
dao con lai ta tach ra dudc hai tdp con rGi nhau, mot tap gom nhu’ng dao co
thé dén A bang dudng hang khéng va tap con lai gom nhitng ddo c6 thé dén
B bang duong hang khong. Suy ra mét trong hai tp chita khong qua 3 déo.
Diéu nay mau thuin véi gia thiét 1a tt mbi ddo déu di dugc t6i 4 ddo khac
bing dudng hang khéng. Tt dé ta cé diéu phai chiing minh.

Bai n Goi X la vector cot cac phan tit déu bang 1. V6i mbi j, goi Y; la
vector cOt ma phan t thit & 1a 1 néu game tht tht & thing game j, 1a —1
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néu thua.
Khi d6, sau game j thi ma trdn A dugc cong thém ma trén § (X X'+ Y;Y/).
Ma tran B dugc cong thém ma tran ; (Y; X' — XY/). Do do, sau n game, ta
dugc:
1 < 1 <
A=32 (XX'HYY)), B=3) (VX - XY)).
j=1 j=1
Khi do:
R .
A+iB = QZ [(XX'+ YY)+ (VX" — XY])]

J=1

=—Z (X +iV))(X = i¥))' = L(D+iY)(D — i)’

Trong d6 D € M,(Z) 1a ma tran co cac phan ta bang 1,Y € M,(Z) la ma
trdn c6 cot j la Y. Dé thay cac phan ti cia D + 1Y déu c6 dang 1 + i. Bang
cach nhan dong dau voi (—1) rdi cong vao cac dong sau, ta cd

det(D +14Y) = 2" (a + bi),

v6i a, b cling chan hodc cling 18. Suy ra
1
det(A+iB) = 2—n.22("’1)(a +bi)(a — bi) = 2" %(a* + b?).

Do d6 det(A + iB) khéng 4m va chia hét cho 27!, O

Bai n Gia st ngudc lai, nghla 12 v6i mbi cdp hoc sinh déu ton tai it nhat
mot bai toan nao dé ma ca hai hoc sinh nay déu khéng gidi duoc. Danh sb
tht tu cac bai toan 1a 1,2, 3,4,5,6 va s6 thit tu cac hoc sinh la 1,2, ..., 200.
Xay dung bang (a,;) kich thudc 6 x 200, v6i a;; = 1 néu hoc sinh j giai dugc
bai toan i va a;; = 0 néu hoc sinh j khong gidi dugc bai toan .

Goi T 1 tap cac cip sb (0, 0) thudc cing mot dong clia ma tran (a;j). Ta dém
s6 phan td cta T theo hai cach.

e Theo gia thiét, méi cap cot co it nhit mét cap s6 0 thudc cung mot
dong. Do ¢6 tat ca C%, cdp cét nén |T'| > C3,,-

e Do mbi bai toan déu gidi dudc béi it nhit 120 hoc sinh nén médi dong
c6 nhiéu nhat CZ, cdp s6 0. Suy ra |T'| < 6C3,.

Viy C2,, < |T| < 6C2, hay 19000 < |T'| < 18960. Diéu nay vé Ii.
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Bai a) S6 dan ctia thanh phé C; khi gio 1am viéc bat diu trong ngay
m+11a

pgmﬂ) = pfm) p; Z @5 + Z aﬂpyn)’ Vi=1,...,n

J#i J#i
Suy ra
" P
o =A]
glm—l—l) glm)

trong d6 A = [ay;] ¢6 cac phan tit xac dinh béi

@ji neu i 7& j7
Yj =93 1—> ar; néui=j.
k]

b) Goi p™ 1 vécto cdt sb dan ctia n thanh phb trong ngay m. Ap dung cong
thic truy hoi trén day ta co

p m+s As
Bai toan ta dang xét tng véin = 2,s = 5vam = 0.
Trong truéng hop n = 2 ta ¢co

l—a p
A:[ o 1—6]'

Dé thdy A c6 hai gia tri riéng \; = 1 v \, = 1 — a — (3 v6i hai vécto riéng
tuong Ung la v; = (8;a) va v, = (1; —1). Suy ra

A= {g —11] [(1) (1—0?—5)5] {g —11}_1'

Bai Ta chitng té rang v6i bat ky n > 2 thi dap an 14 6. Trude hét, ta chi
ra rang it hon 6 chuyén du lich 13 khong dud. Trong trudng hop dé tdng sb
luong sinh vién trong tit ca cac chuyén du lich sé khéng vuot qué 5n. Mot
sinh vién s€ gap n — 1 sinh vién khac tren mbi chuyén du lich, vi thé, nguoi
sinh vién do6 phai tham gia it nhét 3 chuyen du lich dé€ gip tAt ca 2n — 1 ban
hoc chung trudéng véi minh. Nhu vay, tong s6 sinh vién trong subt cac chuyén
di khong nhé hon 6n, diéu nay 13 ko thé xay ra.

Bay gi0 ta xdy dung mét vi du cho trudng hop 6 chuyén du lich. Néu n 13
chan, thi ta ¢6 thé chia 2n sinh vién thanh cic nhém bang nhau, ching han
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A, B,C, D. Khi dé ta cé thé t§ chiic cac chuyén du lich vé6i cac nhém tuong
ung: (A4, B), (A C), (A, D), (B,C), (B D)va (C, D).

Néu n 13 18 va chia hét cho 3, thi ta c6 thé chia tht ca cac sinh vién thanh cac
nhém bang nhau, ching han: E, G, H, I, K, L. Khi d6 c4c thanh vién cta cac
chuyén du lich c6 thé dudc sap Xép nhu sau:
(E,G,H),(E,G.,I),(H,1,K),(H,1,L),(E,K,L),(H, K, L).

Trong trudng hop con lai, dit n = 2z + 3y, trong dé =,y 1a cac sb nguyén
duong. Ta hay thanh 14p cac nhém A, B, C, D cta 2z sinh vién, va cac nhém
E,G,H,I,K,L cla 3y sinh vién. Sau d6 ta ap dung cac trudng hop 4 trén dé
t8 chitc cac chuyén du lich sau: A, B, E,G,H, C,D,E,E,G,1, A,C,H,I, K,
B,D,H,I,L,A D, EK,L,B,CG,K,L.

Bai B6 dé:Néu n! = 2°.8véi 8 la sb nguyén duong 1é thi

oo
n
o= [5h

k=1

N | -

trong dé [z] la ky hiéu phdn nguyen clia so thuc .

Trudc hét ching ta chiing minh rang néun = 27 + 202 4 4 2P vGi 0 <
p1 < p2 < ... < p, thi trong tap hop Q c6 dung 2™ ) tu nhién 1é. Thét véy,
v6i sb tu nhién p, ta c6

2P—1

(X +1)% X2”+1+Z< )

1a khai trién nhi thitc Newton cta (X + 1)¥. V6i k € {1,..,27 — 1}, dat
(2°)1 = 201 8;, (27 — k) = 2928, k! = 2943, trong d6 S, s, B3 1 cac sb
nguyén duong lé.

Ta co

e =3 D - S )

j=1 J=1

2 < Y=Y

bS]

=1

.

P
Do d6 ( 2}{ ) la béi cta 2 v6i moi k € {1,...,2F — 1}, tltc 1a

(X +1)% = X% +1+2P(X),
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trong d6 P(X) € Z[X]. Tt 46 ta c9,

m

(X +1)" = (X 17t S TT(X 4 1)
i=1

(X*" +1+2R(X)) = [[(X*" +1) +20(X),

i=1

—.

Il
—

)

Vi Pi(X), ..., Pa(X), Q(X) € Z[X].
Nhan xét rang

m

[ +1)

=1

6 dling 2™ sb hang v6i hé sb bing 1. Suy ra

(X+1)":2n:(2)x’f

k=0

¢ 2™ s6 hang c6 hé sb 18. VAy Q c6 ding 2™ sb tu nhién 1é.

Tiép theo, vi 2° = 8, nén chiing ta tim cac sb tu nhién n € {1,...,1024 = 210}
sao cho n = 2P 4 2P2 4 2P VGi p; < py < ps. Bai toan nay tu’dng du0ng vOi
bai toan cho mét day gom 10 6 vudng va ta dién céc chit s6 0 va 1 vao cac
0 do sao cho c6 dang ba 6 dudc dién s6 1 (di nhién 1024 biéu dién hé nhi
phén c6 11 chit s6 nhung s6 nay khéng thod man nén chi xét véi 10 chit sb).

Vay co ( 130 ) = 120 sb tu nhién n thod man yéu ciu bai toan.

Bai Xét Ryg16[2] 12 khong gian cac da thic hé s6 thuc ¢ bac khong qua
2016. Khi d6 dé dang tinh dudc dimRog6[z] = 2017. Vi vy, hé gom 2018 da
thtic trén trudng sb thuc c6 bac khong qua 2016 ludn 13 hé cac da thitc phu
thudc tuyén tinh. VAy ludn ton tai it nhit mot da thic ma né ¢ thé biéu dién
nhu 13 t8ng clia cic da thite con lai cling véi cac hé sb thuc.

Bai n Ta sé st dung hé dém co s6 4. Ta danh s6 cac chit cai A, D, H, N
tuong tng v6i cac chit so 0, 1, 2 3. Nhu vay AAAAAAAA= 00000000(4 = 0
dlng 6 vi tri dau tién (danh sb 0), ..., NNNNNNNN= 333333334y = 65535
ding & vi tri thd ty 65536 (ddnh s6 65535). Lic d6 tit dting & vi tri thit tu
ty 2017 (danh s6 2016) véi 2016 = 00133200(4), nén tit ding & vi tri thi tu
2017 la AADNNHAA. Tt DHANDHAN tuong Ung véi 120312034y = 25443
(danh sb 25443), nén tit d6 ding 6 vi tri thit tu 25444.

Bai Chiing ta xét bai toan téng quat: Cé 2n ngudi xép thanh 2 hang
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n+1 n+1
(1+v2)" +(1-v2)" =2
2
1) tir 2n ngusi nay, sao cho khong c6 hai ngudsi nao ding ké nhau duge chon
(hai ngudi diing ké nhau la hai nguéi c6 so thi tu lién tiép trong mot hang
doc hoéc ¢6 cung so6 thit tu 6 hai hang)?

doc thi co cach chon ra mot s6 ngudi (it nhat

That vay, g01 S, la so cach chon ra mot sb ngudi tit 2n ngusi xep thanh 2
hang doc va T, 14 sb cach chon ra mot so ngu01 tit 2n — 1 ngudi xép thanh 2
hang doc, trong do khuyet mét chd & diu clia mot hang.

Ta co: Sl = 2,T1 =1.

Xét 2n ngudi xép thanh 2 hang doc. Ta xét cac cach chon thod man diéu kién
dau bai. Xay ra cac kha nang sau:

1) Ngudi 6 vi tri s6 1 dugde chon. Khi dé ngudi 6 vi tri s6 2 va sb 3 khéng
dudc chon, ¢6 T,,_; + 1 cach chon ( +1 la do b6 sung cach chon " khong chon
gica").

Ngudi 6 vi tri s6 2 duoe chon, tuong tu, ¢b T,,_; + 1 cach chon
C4 hai ngudi 6 vi tri s6 1 va sb 2 déu khong dudce chon, ¢ S,_; cach chon.
Vaytaco S, =S, 1+2T, 1 +2 (1).

Xét 2n — 1 ngudi xép thanh 2 hang doc. Ta xét cac cach chon thod méan diéu
kién dau bai. Xay ra cac kha nang sau:

1) Ngudi 6 vi tri s6 1 dude chon: Khi d6 ngudi 6 vi tri s6 2 khéng dugde chon
la c6 T,,_; + 1 cach chon

Ngudi 6 vi tri s6 1 khéng duge chon, ¢6 S,,_; cach chon.
Vaytaco: T, = S,_1+T,_1+1 (2)
To (1) tasuyra: 27,1 = S, — S,,_1 — 2; 2T}, = Spy1 — Sp — 2.

Thay vao (2) ta dlIQC: Sn+1 — Sn —2 = QSn_l + Sn — Sn—l — 24+ 2; Sn+1 =
25, + Sp_1 + 2.

Tit day dé dang tim dudc:

¢ (v V)" 2

Ap dung vao bai toan, ta c6 so cach chon bang:

5 :(1+\/§)1010+(1_\/§>1010_2
1009 92 .
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Bai Goi khbi luong 2017 qua tio d6 13 @1, 2o, - - - , 29017. Theo gia thiét
ta c6 hé phuong trinh 2017 4n, 2017 phuong trinh:

a1,101 + 1272 + ... + a1,2017T2017 = 0
A21T1 + A22%T2 + ... + a22017T2017 = 0

a2017,171 + A2017,2T2 + . .. + 2017,2017T2017 = 0

trong d6 a; = 0Vi = 1,2017, va a;; = 1; —1; Vi # j.

P& chitng minh 2017 qua téo c6 khéi luong béng nhau thi ta cin chting minh
r (A) = 2016 v6i

1,1 ce 71,2017 a1 . 71,2016
A= o : S| # 0.
a2017,1 - 42017,2017 @2016,1 --- 2016,2016

Ta chiing minh

a11 ce. 41,2016 (1) (1) 1
= 1(mod2) < ) = 1 (mod2)
a016,1 --- (@2016,2016 1 1 .
2016x2016
1 1 1
1 0 . 0
= D2016 = 0 1 c 0 =1 (TTLOdQ)
0 0 T —1 2016x2016
That vay, do quy nap
D2016 — (—1>2015—D2015 _ _ (_1)2015_(_1)2014_’_(_1)2013_. . —<—1)2+(—1)1—D1 — —92015
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Chuong 6
Pap an dé dé xuit mon Giai tich

1 Daysb

Bai a) Chting minh ring: D3y s6 (a,)°, héi tu. Ta c6 a,, > 0 v6i moi
n > 1. Xét ham so

6x + 4 oy 14

x+3
—a2 + 3a, + 4 (an —4)(1 + ayp)
py1 — Ap = — = - .
an + 3 a, + 3

>0 V& > 0 = f(z) dong bién trén (0, c0).

Truong hgp 1: ay > 4. Suy ra
as < a; = az = f(ag) < as = f(a1),...,= ap1 < a, Yn > 1.

Vay, day (a,)°, giam va bi chan dudi béi 0, nén hoi tu.
Truong hgp 2: ay < 4. Suy ra

as > a; = az = f(az) > f(ay) = ag, ...,= aps1 > a, Yn > 1.

VAy, day (a, )%, tdng va bi chdn trén béi lim f(x) = 6, nén hdi tu.

n—o0

b) LAy gi6i han hai vé, ta c6

61 +4
I = i

=] =4
I+3

Bai

a) =: Gid st {u,} tang. Khi d6 u®> = v, — u, > 0 v6i moi n € N*. Do d6
uy =a > 0.
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«: Gid st u; = a > 0. Ta chiing minh u,, >0 (1) v6i moi n € N* bang
quy nap. That vay, v6in = 1, u; = a > 0 thoa man. Gia st (1) dung véi
n =k taclau, > 0. = upy1 = uy, +ui > 0 théa man véin = k + 1. VAy
U, > 0 v6i moi n. u, 11 — u, = u3 > 0 véi moi n € N*. Do d6 day {u,}
tang.

b) =: Gia st {u,} gidm. Khi d6 v = u,,; — u,, < 0 v6i moi n € N*. Do d6
u; = a < 0. .
«: Gid st u; = a < 0. Ta chttng minh w,, < 0 (1) v6i moi n € N* bang
quy nap. That vay, v6in = 1, u; = a < 0 thda man. Gia st (1) dung véi
n=ktaclau, <0.= upy =y, +u) <0théa man véin =k + 1. VAy
U, < 0 v6i moin. u,1 —u, = u3 < 0véi moin € N*. Do d6 day {u,}
giam.
¢) Néu a < 0: day {u,} giém Gia stt day {u,} bi chin dudi, khi dé tén
tai hlf u, = [. Day giam nén u, < u; = a v6i moi n € N*. Do d6
n—-+0o0
Il <agmaa<0=1<0. Do w41 = u, +u2. Chon — +co ta
duge: | = [+ 15 = [ = 0. (Mau thudn véi | < 0) Vay diy {u,} khong
. o 7, . . Unp41 — u731
bi chan dudi, lim u, = —oco. L = lim — w2 42| =
n—-+oo n—-+oo Unp,
—u?+1 3
lim <\/ufl—u%—|—1—ui>—l—2: lim ( +2) ==
n—+00 n—r+o00 \/T—F u2 2
(Do lim w2 = +00)
n—-+o0o
. 3
Néu a > 0: Chttng minh tuong tu ta cling dudc L = 3
Bai(1.3| a) Tacd L =1+ Lt > 1. Do d6, (a,)2, ting. Tit bat ding thitc
In(1+2z) <z Vz>0,suyra
1 1 1 1 1 1
Ina,=n(1+=)+n(1+-)+..+In(l+—=)<=+-4+...+ =< 1.
na, = In( +2)+ n( +4)+ + In( +2n) sta Tt
Vay, day (an);2, ting va bi chan trén, nen hoi tu.

b) Theo bat ding thic In(1 + z) > = — 2% v6i moi z > 0, ta c6

1 1
Ina, = ln(1+§)+ln(1+1)+...+ln(1+

1. 1 1.1, ,
27) > [5—5(5) [+ 4[5, =557

Do do,

| 11, 11,1, 5
ity > i {13 - 557+ + 3 - 3G | - 2
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Suy ra diéu phai chitng minh.

Bai[1.4 Tacé

ko (B+1)!—F!
(k+1)!  Ek(k+1)!
Suy ra
1 +1
Ug—1] — U = — 7 + —
PR T T ) R
Ly t6ng hai vé ta dugc uo—unzl—ﬁnén
1
n — —1
tn = 1o +(n—|—1)!

VAY Us017 = 1 + 555 VA gi6i han ctia ddy bang 1.

‘. . . 229 _, , .
Bai [1.5[ Ta ¢ ay = 14 va a3 = ST Bang quy nap ta chiitng minh dudc
a, > 2 v6i moi n > 2. Mat khac ta ¢

2(2a, + 1) Cap+2—al  (a,+1)(2-ay)

o1 = Gn = an + 3 i a, +3 an + 3

Suy ra {a,} la day giam va bi chidn dudi nén ton tai gi6i han hitu han. Goi
! = lim a,, tadudc! > 2va

n—oo

5—2(2l+1)
143

Giai tim dugc lim a, = 2.

n—o0

Bai Ta ¢

u? + 3u, + 1 _ (mﬁ—%)(un—i—%g)
3+ u, 3+ u, '

Up — Upy1 =

Ta chitng minh

-3 5
_ 3V

5 (6.1)

Unp

v6i moi n = 0, 1,2, ... bang quy nap nhu sau: véin = 0 thiug = 1; véin =1
thi u; = —1. T d6 (6.1) ding v6i n = 0 va n = 1. Gia st (6.1) dung véi
=k, ticlau, > =Y Khido 3 +w, > 58 va L < 2 = 355 vay

34+5
1 >—3+\/5
3—|—uk 2 '

Up+1 = —
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Vay (6.1) dang v6i moi n = 0,1,2,.... Tt d6 w,, > w,,; v6i moi n, nghia
la {u,} la day don diéu gidam va bi chan dudi bdi % Suy ra ton tai

lim u, = a > #5, chuyén qua giéi han trong u, = ta dudc
n—00 34+ Up_1
o’ +3a+1=0.Gidiratacd lim u, = a = #

n— oo

Bai Dit v, = u, + 3. V6i moi n > 1, tit cong thitc truy hoi ta 6 v, =
Q n

6Un—

. Suy ra v, 110, = 6v, — 8. bat wy = 1 va w, = [] v, thi cong thic
Un k=1

trén tré thanh w,,; = 6w, — 8w,_; v6i moi n > 1. Suy ra w,+, — 2w, =
4(w,, — 2w, _1). Ap dung hé thiic nay lién ti€ép n lan ta co

Wpy1 — 2w, = 4wy — 2Wn_1) = 43 (Wn_1 — 2Wp_g) = - - - = 4"(wy — 2wy) = 4™.

n+1 4” , 7 \
Suy ra w1 — = (wn - ?). Ap dung hé thiic nay lién tiép n lan ta

2

co

nt1— =9 n — — :22 ] — —...=9n — ) =9
Wp41 5 (U) 5 > (w 1 5 ) (wl 2)

R 2n+1 + 4n+1 wy, 2n + 4n
Vay wy1 = o SWrau, —v, —3 = i = = _3—
2 -1 v6éimoin > 1
T — n .

Be‘li Diy sb dudc cho béi céng thiic truy hdi u,,; = f(u,) trong d6 f(z) =
2% Xét f(z) —x = x(z* ' —1).Néuz >1thiz —1>0nénaz" ! > 20 = 1.
NéuO <z <1thiz—1<0néna""' > 2 =1.Dodétaludn ¢ f(z) > x véi
0<az#1vaf(1) =1 Suyrau,, = f(u,) > u, nén (u,) 1 day sb6 khong
gidm. Néu day s6 (u,) héi tu ¢én ! € R thi ta phai c6 | = f(I), do d6 | = 1.
Mat khac f/(z) = (e*"*) = 2%(Inz + 1). Do d6 f'(z) = 0 < = = e L. Ta cling

c6 lim 2% = eMeno+*% — 1y lim xlnz = lim nz _ lim Lz =
20+ 20+ et 1/ zm0t —1 /22
Bang bién thién cta f:
T 0 e ! 1 +00
f(x) — 0 + +
+00
/
flx) |1 1
N\ /!
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Ta xét 2 trudng hop sau:

e Trudng hop a > 1: (u,,) 12 diy sb khong gidm va u; > 1 nén (u,) khong
thé hoi tu dén 1, do d6 lim u, = +oo.
n—oo
e Trudng hop 0 < a < 1: Tit bang bién thién ta ¢6 0 < uy = f(uy) < 1.
Bang qui nap ta ¢6 0 < u,, < 1 v6i moin > 2. Do (u,,) la day so khong
giam va bi chan trén bdi 1 nén hoi tu va lim u, = 1.

n—oo

Két luan: 0 < a < 1, khi d6 lim u, = 1.

n—o0
Bai Taco —1 < u, < 0v6imoin > 2. Do do, néu lim,, ,., u, = a thi a
1a nghiém 4m ctia phuong trinh z = 22/2 — 1. Giai ta dugc = = 1 — /3. Ta sé
chitng minh @ = 1 — /3 14 gi6i han cta day so. That vy

1
|1 —a] = |ui/2 —1- (a2/2 -1 = §|un — allu, + al.

Viu, € (=1,0) nén |u, +a| < |—1+1—+3| = |V3]. Ay |ups1 — a| <
\/_/2]un — af v6i moi n > 2. Do d6, theo quy nap, ta thu dugc |un1 — af <
(v3/2)" Yuy — a| < (v/3/2)"*. Chuyén qua giéi han ta thu dugc diéu phai
chitng minh.

Bai Ta c6

Gt = 2017 (2 + B22) 0,y = 2007 (2 + 224) + 2017 (253 + 253 + 0y =

n

. =2017 (Z %) +a;; VYn>2,
i=1

va 2017
Apyo = # + api1, n=2,3,...
Tu do
ansy = 20172 4 a, = ay, (@ n 1) . n=234, ..
n n

Do do

iy 2007 o5 ys

a, n
Tu do

. (n+1
lim /&&= =1.

n—-+4oo (0%

Bai RO rang, bdi quy nap, ta ¢6 |a,| < |a;| v6i moi n > 1, va vi vy
0<L:= lim |a,| < oco. (6.2)
n—oo
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V6i moi n > 2, béi gia thiét, ta co

1
la,| < 3 sup |ag.
k>n/2

Do dd, béi day {supys,, s [ax|}n>1 12 day giam,

— 1 — 1
L= lim |a,| < = lim sup |ax] = = inf sup |ay]
n—00 2 n—oo k>n/2 neN k>n/2

1 1 1 — 1
- nlél2fN ks;% s 2 %Iéjfwig s 2 nh—g)lo [ 2L

Piéu nay, két hop véi (6.2)), din dén rang L = 0, va do d6

lim a, = 0.
n—oo
.. A N , 43a — 425
Bai|l.12| (a) Neu {a,} la day hang, ta c6 a; = a hay a—+1 =a=a=
a

17 hoac a = 25.
Ngudc lai, néu @ = 17 thi a, = 17 v6i moi n € N*. Neéu a = 25 thi a,, = 25
vG6i moi n € N*,

/ 43 n— —425 18 e _25
(b) Ta co: an—25:“1—_25:(a—1)
tn-1 + 1 n1+1
an—17:M_17:M
Ap—1 + 1 Ap—1 + 1
(+) Néua =17 thia, = 17 v6i moi n nén lim a, = 17.
n—oo

(+) Néua # 17 thi a, # 17 v6i moi n. Khi d6 ta cé:

an—25 18(a,—1—25) 18"7'(ay —25) 18"7'(a — 25)
an — 17 26(a,_1 —17) 7 26 L(a; —17) 267 1(a —17)°

25(a — 17) — 17(Z)"}(a — 25)

a—17 — (%) (a — 25)
Ch ¥ ring, trong trudng hop nay ta phai cé thém diéu kién d€ day sb xac
17.26™ — 25.18"

dinh 1z —1, tc la =1,2,..
inhlaa, # —1, tcla a # 56 — 18" , Vn , 2,

Tk day ta thu dude a,, =

Két luan:
+) a = 17 thi day da cho héi tu va lim a, = 17.
n—oo
17.26™ — 25.18™

+) a#17vaa# , Vn=1,2, ... thi day hoi tu va lim a, =
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17.26™ — 25.18™ . . 4 n AL 1a v qs oan
+) a = 56n —1an v6i mot so tu nhién bat ki n € N* thi day da cho

khong xac dinh.

Bai Ta chi ra réng, luén tim dugde sb hang thit k ndo dé cta diy 1a
uy, € [—=1;1]. That vay, Néeu a € [0;1) thia € [0;1) C [-1;1]. Xét trudng hgp
a € (1;2), tc 1a uy € (1;2). Néu xdy ra moi trudng hop u,, ¢ [—1;1] thi tu
2 - N A
hé thtc u, = u”;, suy ra u, > 1 v6i moi n € N*. bé y rang
n
n+2—u, n+l+4u, - n+1

n+1—u,_1 n n

)

tuce la

> Vk=1,2,...,n.
k+1—Uk_1 k ) ) ) 7n

Nhan theo vé ctia n bat ding thic véi k = 1,2, ..., n ta thu dugc

n+2—u, (n+1)(n+2)

n+1)(n+2)
2 — ug - 2

2 Y

= Uy, <n+2—(2—1up)

1 2—U0
= u, < 1 2 — .

Piéu nay 13 khong thé vi khi n dd 16n (n >3 o ) thi vé tréi 1 s6 duong

con vé phai la s6 &m. VAy lu6n ton tai s k£ € N sao cho uy, € [—1;1].
2
s A v U, 1 —1 1 Lo .
Khi d6 theo hé thiic u, = 11— suyra —— < u,, < — v6i moi n > k. Do
n n n

. Lo . .
do |u,\/n| < NG v6i moi n > k. Suy ra nl_l}gloo (uny/n) = 0.

Bai R6 rang day {a,}>°, gbm toan sb duong va ta c6

1 n
Qn41 = §<Gn+a—> > /n.
Do do
<3(mt 72=)
pi1 < = a, + —).
1S3 —

Bang quy nap ta suy ra véi n > 2 thi

n

Vn—1

2"y < ay +2" by + oo+ 203 + by, by, =
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Pong thoita cé b,y > b, < n2>n+1,nén {b,} 1 diy ting. Khi d6

14+ (2 -+ 1)b, 14 (2=1)b, 1
+ ; + Db _ (Qn ) < ot

Nhu vay ta dudc

1 n a
Vi< ap < — + ——, 1< 2

1
; + :
2” \/n—]_ = \/ﬁ \ZR\/E /1_1

Tu déy [CL2017] =44 va nh_{I;o T =1.
Bai Ta dé& dang ching té duge bt ding thic ¢* > z + 1, v6i moi
(x>1), hay e* —2x > 1,v6imoi (z > 1). Tt d6 ta co

r1=1, pyy =In(e"™ —x,) >2Inl=0,(n

> 1)
Tpi1 = In(e™ —x,) < In(e™) = z,, (n > 1).
Nhu véy day {z,};, 1a diy duong va don di¢u gidm, nén n6 héi tu. Tt quan
hé z,.1 =In(e* —x,),(n > 1) tadan t6i z, = e™ — ™+ (n > 1). Goi gi6i
han ctia day {z,,}°°, la [ ta dugc [ = €' — ¢! = 0. Xét tong riéng

Sp=r1+x2+ -+ 1,
:(exl_€x2>+(em_emg)+,__+(emn_€xn+1)
=" —e¢tl=e—e™ s e—1(n— 00).

Vay lim S, =¢— 1.

n—oo

Bai[1.16| Tathiyz,., = . Bing cach khao sat ham sb f(z) =

i Ty + 2 T + 2 (7 =2)
ta thay ham nay don diéu tdng v6i = > —2, nén ta suy ra day {z,}>°, don
diéu ting. Bang quy nap ching té dudc —3 <z, < 0,Vn € N. That vay, 16
réng—§ =1 < O.Giésﬁ’—% <, < 0 tacé— <z, +2 < 2, din dén
2 > xl+2 > %Védodé an < Tpy1 = n s < xn < 0. Matkhac—— <z,
nen 2 (—3) < 2-z,hay -1 < =3 < 22, <@g VAy ta cd —5 < @y < 0.
Day {xn};’f’:l tang va bi che_ln (bdi 0), nén hoi tu. Goi a = nh_)nolo Ty, ta théy

a \ A 2. 7 . 14
a:a+2va—%gago,nenphalcoa:O.KhldO%<1+:cn<1

va lim (1 + x,) = 1 # 0, nén chudi ) (1+ x,) khong hoi tu va ta duge
n—o0
n=1

Z(l + x,) = +o0.

n=1
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Bai|1.17| Ta sé chitng minh bang quy nap rang a, = 2sin ;—n

That vay 2sin% — 2500 =0 = ap, QSin% :2Sing — 9 = a,. Khi dé

iy = (2 — 2L = Jo o 2T o 9cos
an, 2sin o5 2m

=, /4sin®> — =2
2 +1 2n+1
Do do
. . LT ) sin =~ . sin &
lim 2"a, = lim 2""'sin — = lim <27r 2l> =27 - lim ﬂzn = 27.

Bai a) Hién nhién a,, > 0,Vn > 1vataco
1
aiﬂ—a +1+4—2 = aiﬂ > a2 + 1.
Tu day bang quy nap dé dang ¢6 a% > n. VAn bang quy nap, ta ching td vé
con lai ctia bat ddng thiic. RS rang bit dang thic ding véi n = 1. Gia st bt

1
déng thiic ding véi n, tic1a a2 < n + ¢/n. Khidéa,, <n+/n+1+ —,

4dn
\ A 2 A s 2 1 \ A A
vi thé chi can chiing té {”/ﬁ+4— < /n +11a dugc. That vay
n
1 1
\3/5+4—<3n+1 & 4—<W—€/ﬁ
n n
& Yn+12+ Y (n+1n+Vn? < 4n
1 f 1 r
& §/(1+—)2+\3/1+—+1<4%.

n n
Bétdealngthﬁ’csaucfmgsuyratl‘l’viéc1+%<2Vé€’/Z+\3/§+1:%171<4.
b) Ta co

3 3 1
—Vn</n+n—+vn= vn <‘/ﬁ: N\, 0.

St vnivn Vi o

Vay ta dudc lim (a, —+/n) = 0.

n—oo

Bai a) Tt nhan xét:

2 1\\* sinl
lim a, = lim n* | 1 — cos = lim 2n* ( sin = lim 2 ”12 =2
n—o00 n—o00 n2 n—o00 n2 n—00 s
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~ 14 \ 7 /I\ 2 ~ ;\ N e ~ I\" 1 N ~ /4 \ o« /.
Mat khac tu tinh chat cua day so thuc hdi, day tong: — > a; s€ c6 cung gidi
k=1

han véi a,, (ta ¢ thé chitng minh tinh chit nay bang dinh nghia vé gi6i han
cta day s0), nghia la trong truong hop nay ta sé cé giéi han:

lim a, = 2
n—o0

+b) Trude hét ta bién d6i:

n

Tn = ln(ﬁn) =In (ﬁ Clk) = l H(lk = l (i In ak>
k=1 n k=1 n k=1

Ap dung tinh chét d4 néu trong cdu a) ta thay ring:
1

n n
lim Ina, .
Bn = <H ak> =M entee M =eM2 =9 5 lim 3, = 2.
k=1

n—o0

Bai a) Tit gia thiét ta thy ngay u,, > —2000¥n € N*.

Xét ham sb f (z) = sin® (z + 11) — 2000, z € R.

Ta thay: f' (x) = 2sin (x 4 11) cos (z + 11) = sin (2 + 22) va upy1 = f (uy).
Ham s6 g(z) = f(x) —x ¢6 ¢ (z) = sin2(z+11) — 1 < 0, g(—2000) =

20 \ . _ . _
sin” (—1999) > 0 va xl_lgloog (x) 00, $1_1>Izloog () = +o0.

VAy ham sb ¢ () nghich bién va c6 nghiém duy nhét trong [—2000; +00) goi
nghiém d6 la b thi phuong trinh sin? (z + 11) — 2 = 2000 c6 nghiém duy nhat
la b.

b) Ki hiéu a = max |f (t)]. Khi d6 a € [0;1]. Ta thAy —2000 < u, <
[—2000;—1999]
—1999.

Phuong trinh [sin 2 (z + 11)| = 1 v6 nghiém trén [—2000; —1999] nén 0 < o <
1.
Theo dinh 1y Lagrange, ing v6i mdi n € N*, ton tai ¢, € (—2000; —1999) sao

cho:

lu, — 0] < alu, —b|.

ttnsr = bl = 1 () = £ (8)] = | (cn)

Tu day theo phuong phap quy nap ta dudc |u,1 — b| < o™ |u; — b|.

Suyra lim |u,y; —b| =0 tacla lim u, = 0.
n—oo

n—o0
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Bai Chung ta xét bai toan téng quat:
Cho déy sb (z,,) v6in = 1,2, - -- dudc xac dinh bai:

rr=a(a>1), z9=1
Tpio = Ty — Inx, (n € N¥)

n—1
bat S, = Z (n - k?) In \/ZTor_1 (n > 2). Tim lim (&>7
k=1

n—-+oo n

Nhén xét rang 5, = 1,n =1,2,...doIn1 =0 suy ra lirf Ton = 1.
n——+0oo

Tiép theo ta chitng minh day (zs,,1) ciing ¢ gi6i han 13 1.
Xét ham s f (z) = = — Ina lién tuc va dong bién trong (1;+o00) vi f () =
1——>0vVe > 1.
x
Bi chan:

Chitng minh bang phuong phap quy nap, diy (xs,41) bi chin duéi béi 1.
Theo glé thiét thi r1=a > 1, glé st Tok41 > 1 thi f ($2k+1) > f (1) > 1 nén
hién nhién zo;,3 > 1 tlc day (z2,41) bi chdn dudi béi 1.

Giam:
Ta chiing minh day (z,,,) la day giam.

Thét Vé\ly, do Topt1 > 1 nén In Topt1 > 0vi thé Ton4+3 — Toptl = —lnx2n+1 <0,
tic day (z9,41) 1a day giam.

Tu d6 suy ra (x9,.1) c6 gidi han: ¢ = lim 9,,1.

n—-+00
Chuyén qua gi6i han déy sb ta dugc: ¢ = ¢ — Inc < ¢ = 1.
Viy day sb (z,,) c6 gi6i han 1a 1.

Theo dinh ly Cessaro, ta c6: lim (Il R xQ”) — 1.

n——+oo 2n
Hay:
lim ([El +J}3—|—...—|—3172n+1) + ($2+I4+—|—[L’2n)) 1
n——+oo 2n
i (L (n—1)lnz — (n—2)lnx3—--~—lnx2n3+n) .
n—-+00 2n
i (& S 1>f o (Sn) el
dm (5% 2 = hay i () =5

‘ R . Sn 2017 -1
Ap dung vao bai toan, ta cé: lim (—) = —— = 1008.
z—+oco \ T 2
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Bai 1) Tl dinh nghia, suy ra {a,} la ddy don diéu tang téi v6 cung.

2 2 (

Hon nifa, ching ta c6 thé chiing minh dudc: a2 — 4 = a2a2---a2_,
bang quy nap.
Do do6:
. an >
lim ——— =/ay — 4
n=o0 A1d2 * * - Ap—1

Mait khac, v6i n > 1 thi:

1+1a2 1 2 4_a1—\/a%—4 2017 — /4068285
= 5 )

ar 2a; 2 L 2
2) Ta co:
2 4 5 2n 2n+1
a=In=—In2+In-—In-+---+1 —1
So n1 n2+n3 n4+ +n2n_1 n o
2.4...2n 35--(2n+1)
=In —1In
1.3....(2n—1) 2.4 2n

=In <2n1—|— 1 ((21(122)!1!)!!)3 '

ai —4)

(1)

Ki hiéu (2n)!! chi tich cac s6 tu nhién chén lién tiép, (2n — 1)!! chi tich cac sb

ty nhién 18 lién tiép.

N , T _ 1 2n)! \° _ T
Tu cong thuc: — = 1 suy ra: lim Sy, = In —.
& 2 T S on 1 ((2n— 1)!!) yras P = g

2 Chuoi so
Bai Goi A, 1 s6 hang thtt n ctia chudi trén. Khi d6 ta c6

An+1 _ Apy1
An Ap+42 + 2017

L4y t6ng hay vé tit 1 dén n — 1, ta dugc

2017(Sn — Al) = a2A1 - anJrlAna

=4 2017An+1 = an+1An - an+2An+1, n = 17 2,
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trong d6 S, 1a tong riéng thtt n clia diy. Mit khac ta co
ag - Qplpyi

0<aniid, =
1 En = 10, 2017) (ag + 2017) -~ (aner + 2017)
ai

= <
2017 2017 2017 n+l
() (o) (2 ¥
k=2

ai

az

Ta suy ra lim a,,;A, = 0. Vi vay, ta dudc
n—oo
_a
2017 lim S,, = 2017) A, = l Sy, .
im S, = (az + VAL =a1 = im Sn =55

n—oo

‘s (o1 1 AN NN .
Bai 2.2l Xét ham f(z) = In (1 - —) , © > 1, dé thay: day la ham nghich
x

bién va

f@n)+ f(2n+1) = Zf f@n+1)

+)MatadacéVe >0:In(l+ ) <z nén
1\ 1 .
f(n)=ln(1+—> < —, VneN".
n n

2n—1

bt g(n) = >° f°(k) khi d6
k=n

o) = 3 P <nfn) <

k=n

Ta thiy:
g(n) —g(n+1) = f*(n) — f>(2n) — f*(2n + 1)
=[f(2n) + f2n+ 1)]> = f3(2n) — f3(2n +1) .
=3[f(2n) + f2n+ 1) f(2n)f(2n + 1) = 3f(n)f(2n) f(2n + 1)

Tu do:
N

S F(n)f(2n) f(2n +1) =

n=1

Pé y rang: g(N + 1) — 0 khi N — +o0. Tt d6, bang cach cho N — +oco ta
nhan dudc :

lg(1) = g(N +1)].

Wl

M = %g(l) = éln?’(Q).
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Bai[2.3] a) Via, | 0 nén
00 oo 2k+1_1 00
E a, = E a; < E 2%aqk
n=2 k=1 =2k k=1
va
00 oo 2kt1_q 00 00
E Ap = E E a; Z E 2 Aok+1 = — E 2 Aok
n=2 k=1 =2k k=1 k=2

Do d6 Y77 | a, < oo khi va chi khi Y77 | 2Fa, < oo.
b) Via, | 0 nén

ab- 1 oo 2k+1_1 p 1 oo 2k+1_1

OO>Z /P Z Z 11/p = Z Z 2k-2-]1+11/p
—

k=1 =9k =

(o)
_ 2 : 2k+1 p (»-1)/p
- 5 2k+1 .
=1

| —

[2kab, ] P=D/P . vawi vay

biéu nay dan dén rang ) -,
[o.¢]
E 2k e < 00

k=1

bbi 0 < (p — 1)/p < 1. Do d6, viéc ap dung Cau (a), ta dugc

oo
p

E a, < Q.

n=1

Bai n Theo c6ng thtic tinh téng cta cAp sé nhan ti vo han véi céng bdi
bang =, véi |z| < 1

1
R R SR - __E:_

n=0

Mit khac theo khai trién Taylor tai z = 0 ta c6:

2 o0 xn
In(1 =r——+ = - g —
n(l+z)==x 5 + 2 -
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Hai chubi sb trén déu héi tu tuyét dbi trong mlen lr| <1 vay tich cta ching
cling héi tu tuyét d6i trong mién d6 va sb hang téng quat cta tich sé c6 dang:

n

@) = 30 () (= ()t (Z %)

Nghia 1a, néu |z| < 1 ta s€ co:

lnl—i—x Z(n "1x”>

n=1 k=1

A 7 A A s \ 7. A PN A
Dé xét mién hoi tu cia chudi ham ndi trén ta st dung tiéu chuan D’Alambert:

N —11- " In(l+z) = Z (Z %(_1)n1x")

n=1 k=1

no1
Ta biét rang chudi s6 diéu hoa 13 chubi phan ky, nén: lim D +00
Va li = 0 suy ra:
n1—>nc}o n+1 Y
n+1
1
an+1(.f(7) ‘ ’ k=1 K
an(x) -
> 1
=1
n+1
1
k 1
lim kzl lim |1+2L | =1
n—o0 n—oo
L 1
el el
VAy: lim i) | ||
oo | an ()

Tt d6 ta rit ra cac két luan sau

a) Ban kinh hdi tu ctia chudi lity thita di cho bing 1. (Mién héi tu ctia chudi:
-l<z<l1

b) Trong mién hdi tu, chudi di cho héi tu vé ham sb: f () =

1
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3 Ham so

Bai Gia stt f(xo) = 0 v6i 20 € [a, b]. Khai trién Taylor tai diém z,, ton tai
¢, nam gitta = va x, sao cho

f(@) = f(ca) (@ = o).

Do | f(z)]| lién tuc trén [a, b], 14y doan G C [a, b], nén ton tai z; € G sao cho

|f (1) = max{[f(z)| : z € G}
=max{|f'(c;)||z — xo| : © € G}
<max{|f'(z)||x — zo| : x € G}
<max{|f(x)||x — x| : x € G}

Chon G =[xy — L, 2o + 1] N [a, b]. Khi d6,
F)l < gmax{| (o) : 7 € G} = gl f(@)] = fle) = 0= flz) =0 Vo € G.

Tinh tién z, trén [a, b], ta c6 f(z) = 0 v6i moi z € [a, b].
Bai[3.2] V6in=0,1,2, ..., dit
i n \ =
Tn:{Q—n:z:o,L...,Q} va T:nLZJOTn.

Chii y rang 7' trit mat trong [0, 1] nén d€ chitng minh f 14 ham 16i trén [a, 8]
ta chting minh rang v6i x,y € [a,b] va s € T,, thi

flsz+ (1 =s)y) <sf(x)+(1-s)f(y), (6.3)

v6i mbin = 0,1, ... That vay, v6in = 0, ta cé T, = {0,1} va do d6 (6.3) thoa.
Gia st (6.3) dung v6in =0,1,..., k, ta chtng minh rang (6.3) ding véi &+ 1.
Liy s € Tj.41, néu s € T thi 16 rang (6.3) dung béi gia thuyét quy nap. Néu
s ¢ T, thi tdn tai o, 8 € T}, sao cho s = *12 va do d6

L e

o flaz+ (A —a)y) + f(Br+ (1= Py)
= 2

< s+ (1-250) 1)

2 2
=sf(@) + (1= 5)f(y)-
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Vi vay (6.3) ding véi s € T. Do tinh chét lién tuc clia f va tinh tri mét cla
T trong [0, 1] ta suy ra

f(sz+(1—=s)y) <sf(x)+(1—s)f(y), Vs €[0,1].
VAy f 13 ham 16i.

Bai[3.3] Gia st tréilai [f/(1)| > 1. Vi f lién tuc Vé l‘n+1 f(z,) v6imoin > 1

nén chuyén qua giéi han ta c6 f(I) = I. Vi hm = f'(I) nén
N f@) O]
oy | === | =V OI> L

Léye:%>0,khidét6ntai5>Osaochovéimoix6 (l—46,1+6)ta

co @) F0)
I \—e<]

<Dl +e

do do

fOI+1 | fl@) = f{)
2 <‘ x—1 ‘

Vi |f'(l)] > 1 nén
WAUIES!
2

lz —1| < |z —

< [f(z) = F()]

v6i moi z € (I — 6, + 6). Vi lim z, = | nén ton tai N > 1 sao cho véi moi

n—oo

n>N,tacéx, € (Il—9,1+0). Vay
o — 1] < |f(zn) = F(D] = |zns —
vG6i moi n > N. Dac biét ta co
leny =1 < |zngr — 1| < |xn — |
v6i moin > N + 1. Cho n — oo ta dudc
ey — 1] < |zng — 1] <0,
dén day ta gip mau thuln. Do d6 ta phai c¢6 | f/(1)| < 1.

Ba1 4| Gia sit ton tai ham sb f théa man bai toan. V8i moi x € [0,1], do f
dong blen nén hm f(t) va lim f(t) ton tai. it r(z) = lim f(t) — lim f(t).
t—x t—x— t—x

Do f dong blen va khong lién tuc tai bt ki difém nao nén r(z) > 0 v6i moi
z € [0,1].
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T N < 1 MRS
V6i moi so nguyén duong n, dat A, = {x €[0,1] : r(z) > —} thi J A, =
n

n=1

[0,1]. Néu tit ca cac tip hop A, déu hitu han thi |J A, 1a mét tip hop vo

n=1

han dem dude, mau thuln vi [0, 1] 13 mot tap hop v6 han khong dém dugc.

Do dé tn tai ng sao cho tap h0p A, ¢6vo han phin t.

Chon ra mét day (a,,) cac phan t phan biét trong A,,. Tt tinh dong bién ctia

f va dinh nghia cta A,, ta c¢6 f(1) — ()22 r(a )>—V01m01n€N
k=1 o

Cho n — oo, ta nhan duge diéu vo Iy: f(1) — f(0) > +oo. VAy khéng ton tai

ham so f thda bai toan.

BE‘ll Ta co f’((L‘) = (eaczlnx)/ = ;L‘zm (Ig; lnx)’ _ l,xm ((Bxlnz)llnit%—{)jx*l) _
€T n " 1
2" (z*(Inz + 1) Inx + 2 Y). VAy f/(z) = 2% 2 <(lnx +1)Inz + —) .
x

e Néuz > 1thilnz > 0nén f/(z) > 0.

, . 1\? 1 1 1 .
oNéu0<a:<1th1(lnx—|—1)lnx:(lnx—|—§) —Zz—zva—>1nen
xZ
ta cling c6 f'(z) > 0.

lim

Véy f dong bién trén (0, +00). Tacd lim 27 = e™emot 707 — | vj lim zlnz =

/ z—0* z—0t
. Inz ) 1/x o
zlir(l;1+ m N xli%{r —1/&32 = 0. Do dO xli%{r f( ) =0

Bai[3.6] a. Xét ham sb g(z) = f(z) — z. D& thiy ¢ (x ) < 0véimoix e [1/21].
Do d6 g(x) don diéu trén doan [1/2; 1]. Mat khac, ta cling c6 g(1/2) g9(1) <0
va g lién tuc trén [1/2;1]. Suy ra g(z) = 0 hay 2 = f(z) c6 duy nhit mét
nghiém trong doan [1/2; 1]. Hon ntia,

(22 — 22 + 3)e”

G 0, Vz € [1/2;1].

fr(@) =

Do d6 f'(z) d6ng bién trén [1/2;1].

b. Ta sé chitng minh u, € [1/2;1] v6i moi n > 1 theo quy nap- That vay,
v6i n = 1 thi u; € [1/2;1]. Gia s@, u, € [1/2; 1} v6i n > 1 nao do. Vi f(z)
don diéu gidm trén [1/2;1] nén f(1) < wn_y = f(u,) < f(1/2). D& thiy,
uns1 € [f(1); £(1/2)] € [1/2;1] va do d6 ta ¢6 diéu phai chting minh.

Ba1 Xét ham s6 g(z) = f2(x)/2 + f'(z), = € R. Ta co, g(0) = 0 va
J(x) = f (z)f'(x) + f”(z). Theo dinh 1y Rolle, ta chi can chitng minh ton tai
p € (0;1) sao cho g(u) = 0. Ta xét hai truong hgp sau:
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TH1: f(x) # 0 v6imoi z € [0;1). Pat h(x) = x/2—1/f(x) v6ix € [0;1]. Ta cd,
h(z) xac dinh trén [0; 1] va b'(z) = 1/2 = f'(z)/f*(z), h(0) = h(1/2) = —1/2.
Ap dung dinh Iy Rolle suy ra ton tai ; € (0,1) sao cho 7'(y) = 0 hay g(u) = 0.
Theo dinh ly Rolle cho ham g(z), suy ra ton tai ¢ € (0,4) C (0;1) sao cho
g'(c) = 0. Tt do, ta co diéu phai chting minh.

TH2: Ton tai z € [0; 1] sao cho f(z) = 0. Khi d6 ta dit

zy =inf{zx € [0;1] : f(x) =0},

zg =sup{x € [0;1] : f(x) =0}.

Tit tinh lién tuc ctia ham f va tinh chit inf va sup ta ¢6 f(z1) = f(2) = 0. Do
d6, 0 < 2, < 2z, < 1. Ngodi ra, dé& dang thiy ring f(z) > 0 véi moi z € [0; z;)
hodc x € (2;1]. Do dd, g(z1) = f/(z1) < 0va g(z) = f'(z2) > 0. Do d6, ton
tai ¢ € [21; 2] C (0;1) sao cho g(c) = 0. Tit d6, ta c6 diéu phai chitng minh.

Bai Néu b = 0 thi ta thu dugc ngay két qua. Gia st b > 0. Xét h(z) =
e b (fo t)dt + ¢). Taco

W () =e ™ (f(x) —a— b/ox f(t)dt) <0, Vo > 0.

Do d6 h la ham giam trén [0; +o00) va h(z) < h(0) v6i moi x € [0; +00). Suy

ra
(/f dt+> %v > 0.

a+ b/ f(t)dt < ae®, Yz > 0.
0

Do doé

Két hop diéu nay véi gia thiét ta c6 diéu phai chitng minh.

Bai Ta cé

Xét

we i [ (e (2))] - UG 1

Dung Lo pi tan:
=0+ VEf(2V/1)
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Lai dung L6 pi tan:

A= lim 2/"(2v1) =2

=0t f(2v/1) + 2V f'(2V/1)

VAy: L = e
Bai Xét ham sb
gx) =zf(x)e”™, x€]0,1].
Khi d6 ¢(0) = ¢(1) = 0, va vi vy, béi Dinh ly Rolle, tdn tai ¢ € (0,1) sao cho
0=g'(c) =e“(cf'(c) + f(c) = cf(c)).

Diéu nay dan den

Bai[3.11] Xét x, € R

Thop 1: xy # 0, do tinh trit mét cia Q va R\Q trong R nén ton tai cac diy

{z,} c Qva {x,,} C R\Q sao cho z,, — z¢ va z,, = .

Mat khac f(z,) = 2% — 2§, f(xm) = —a2 — —z§ # x§.

Piéu nay suy ra khéng ton tai li_>m f(z), tic 1a f(x) khong lién tuc va khong
T—x0

kha vi tai . .
Thop 2: zy = 0, khi d6 moi day {z,,} ma z, — 0, ta c6 x;; va — x5, déu hdi tu
ve f(0) =0 nén f(x) lién tuc tai z = 0 v6i moi o € N*,
fx) = f(0) | 1néuzeQ
-0 | —1néuzecR\Q
Bang cach chon day nhu trén ta suy ra f (x) khéng kha vi tai 0.
f(z) — £(0) > néuzeQ

+)Néua > 1tacoh: —L 2 — o
r—0 —z*" ! neu x € R\Q

+) Néu o = 1 ta ¢6:

Suy ra: lim Lg(o) = 0 hay f(x) kha vi tai 0.

z—0 xTr —
Két luan:
+) Ham sb khéng lién tuc va khong kha vi tai moi z € R* v6i moi o € N*,
+) Néu o = 1 thi f(z) chi lién tuc tai 0 nhung khong kha vi tai diém nay.
+) Néu o > 1 thi f(x) lién tuc va kha vi tai 0.

Bai +) Trude hét ta chitng minh rang néu g(z) 1a ham c6 dao ham dén
cap n (n € N*) trén R va g™ (z) > 0 (hodc ¢ (x) < 0) v6i moi # € R thi
phuong trinh g(x) = 0 co toi da n nghiém thuec.
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That v4y, gid st phuong trinh g(z) = 0 ¢6 dén n + 1 nghiém z; < z, < ... <
Tp+1-

Khi d6 ton tai 2} € [;, 2:41], i = 1, ...,n sao cho ¢'(z}) = 0.

Tuong tu ton tai 2/ € [z, z;.), i=1,...,n —1sao cho ¢"(z]) = 0.

Cubi cting, tdn tai 2\ € [2{"™, z{" V] sao cho ¢™ (z{") = 0. Diéu nay mau
thudn véi gia thiét.

Viy phuong trinh g(z) = 0 c6 khong qua n nghiém thuc. Chang han véi da
thiic g(z) = (z — 1)(x — 2)...(x — n), dé thiy ¢ (z) = n! > 0 véi moi z € R
va phuong trinh g(x) = 0 c6 n nghiém thuc.

4 A 2 A \ N . 7 , (TL—I—I)
+) Ap dung keét qua trén vao bai todn, ta c6 f"FV(z) = (e‘” + p(x)) =
¢® > 0 v6i moi z € R. VAy phuong trinh f(z) = 0 c6 tbi da n+ 1 nghiém thuec.

\. fs Lo 1 1
Bai[3.13| a) V6i z # 0, ta co: f (x) = —4x — 2z sin — + cos —.
x x

V6i x = 0 thi f' (0) = limM = lim {—h <2+sin%)} = 0.

h—0 h h—0
VAy f(x) c6 dao ham f'(x) trén toan bo R.
Tacéd: f(z) <2= f(0) Vz € Rnén f(r) dat cuc dai tai z = 0 va f (0) = 0.

b) Gid st ton tai ¢ > 0 thoa man bai toan.

\ . ]- . n sy . 2 2 N\
Do —4x — 0 va —2zsin — — 0 khi z — 0 nén véi |z| du nho thi:

X
o1
’—4x —2xsin —| < 1.
Xz
T d6, v6i sb nguyén duong k da 16n, ta cé: = = —%11 € (—&0) va

1 2 s
T=5— € (0;¢) (|z| da nho).

L 1 \
TaCO.f ( m) < 0va

(1

M4u thuln nay chitng t6 khéng tdn tai ¢ > 0 nhu di gia thiét.

Viy khong ton tai sb thuc ¢ > 0 sao cho f/ (z) > 0 Vz € (—&;0) va f' (z) <
0 Vz € (0;¢).
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4 Phép tinh vi phan

Be‘li bat g(x) = ﬁ Khi do

f'(=)

L 2/%(e) — f(2).£ ()
90 =55~ EO

g’ (x)

Theo gia thiét, ta c6
g(xr) >0,4(x) <0,9"(x) >0 Vo € [0,00).
Do ¢/(z) < 0 va ham sb ¢/(z) dng bién trén [0, c0), nén ton tai hitu han

C = lim ¢'(z) <0.

T—00

Néu C' < 0, thi ¢'(z) < C. Suy ra g(z) < Cz + 9(0) v6i moi = € [0,00).
Ma gi6i han lim, ,..(Cz + ¢g(0)) = —oo. Do d6, ton tai z, da 16n sao cho
Cxo+ g(0) < 0va g(xg) < 0, trai véi gia thiét g(x) > 0 v6i moi x € [0, c0).

Bail4.2]
a) Trén khoang (0; +o00): f(z) = e+ lién tuc. Tai z = 0.

1 Néuz>0

e Néua = 0: f(z) = {0 Néux:O.Dod(')mlir&f(x) =1+#0=

£(0). Ham sb gian doan tai z = 0.

e Néu a > 0: mli%h f(z) = +o00 # 0 = f(0). Ham sb gian doan tai
x = 0.

e Néua < 0: lim f(x)=0= f(0). Him sb lién tuc tai z = 0.

z—0t

Vay ham s6 lién tuc trén doan [0; +00) < f(z) lién tuc phdi tai z = 0 <
a < 0.

b) ¥ =: 7. Gi4 st ham s c6 dao ham trén doan [0; +o0). Do dé ham sb lién
tuc trén doan [0; +00). Theo cau trén a < 0.
7 &7 Gid st a < 0.

e Trén khoéang (0; +00) : f(r) = ex f'(x) = —%.ef. Viy ham sb c6
Xz

dao ham trén (0; +00).
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)

e Taiz =0:
. fe) =) o es
") =1 — =1 —
FOn=tm =5 0w 2
1 t
bat — = ¢. Khi z — 0" thi ¢t —» +oco. f/(07) = lim . =
z t—+oo 7@

lim = 0. Viy ham s6 ¢6 dao ham tai z = 0.

t—+oco —qe—at

Vay ham s6 kha vi trén [0; +00) < a < 0.
” =: 7. Gi4 st ham sb c6 dao ham moi cip trén doan [0; +o0). Do d6
ham s6 lién tuc trén doan [0; +00). Theo cau trén a < 0.

” «:7 Gia st a < 0. Ta chléing minh bang quy nap

N .
P,| —]ez Neuzxz >0
0 Néu z = 0

V6i P,(z) la da thtc c¢6 deg P, = 2n v6i moi n. (1) That vay, véi

a a A
n=1.TheocAubtacéd f'(z) = 2 N(,eu v >0 P(z) = —az?va
0 Néuz =0
1\ . 2
2 2 7 7, ’ N P - z Néu > O
deg P, = 2.1. Gid stt (1) diing véin = k: Tirc1a f® () = " <x> ‘ ol

0 Néu z = 0
V6i Py(z) la da thtc c6 deg P, = 2k. Ta ching minh (1) dang véi
n==k+ 1.

e Trén khoang (0; +00).

f(k-i-l)(x) — p}; (%) _<_ %) e + P (%) . — (%) es.

Suy ra Py, (z) = — P/ (z) .2* — By (x) .az?, t d6

deg(Pyi1) = max {deg P, — 1 + 2;deg Py, + 2} = deg P,+2 = 2k+2 = 2(k+1).

®) () = & (0 P. (1) ex
o Taiz =0, fE(0) = lim LD =IO Be(z) et Pt
z—07F z—0 z—07F X
1 P(t).t
—=t.Khiz — 0% thit — +oo. f**1)(0) = lim kEa)t . St dung

&
8
4
o
+
o

C

2—0t (—a)?ktle—at -

0.
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Vay (1) diing v6i n = k + 1. Vi n tly y nén ta c6 ham s6 f(x) kha vi vo
han lan trén [0; +00).

Bai[4.3] Choz =0.Tacd: 2f(0) > 0= f(0) > 0.Ma f(0) < 0= f(0)=0.
2019
bat g(z) = 2*f(x) = ——=9(0) = 0. ¢'() = 22f(x) + 2*f'(x) — 673" =

2(2f(x) + f(z) — 6732217) > 0 v6i moi z € [0; +00) = g(z) dong bién trén
2017

(0; +00). Do d6 g(x) > ¢(0) = 0 v6i moi = € (0; +00) = f(z) — > 0 v6i

2017

moi z € (0;+o00) Ma f(0) =0 = f(z) — > 0 v6i moi z € [0; +00).

1
Bai4.4. Vi0 = f(0) < —— < f(1) =, ham f(z) lién tuc trén [0, 1] (ham

2017
kha vi thi lién tuc) ton tai a € (0,1) sao cho f(a) = 0T Vi f(a) = 2017 <
673 R
007 < 1 = f(1), ham f(z) lién tuc trén doan [a,1] (C [0,1]) nén ton tai
673
1 ho: = —.
b € (a,1) sao cho: f(b) 5017

1 673

Véytac60<a<b<1véf(a):%,f():m_

Ap dung dinh ly Lagrange trén [0, a] ta c6: Ton tai 1 € (0,a) sao cho f/(z;) =

fla)—f(0) 1 , 1
a—0 20174 PP

=2017a. (1)

Ap dung dinh ly Lagrange trén [a, b] ta c6: Ton tai 25 € (a, b) sao cho f/(zs) =

b) — f(a
f( 2_ Z:( ) _ 20176(762_ +Dods % = 2017(b—a). (2)

Ap dung dinh ly Lagrange trén [b, 1] ta co: Ton tai 5 € (b,1) sao cho f'(x3) =

f)—f) 1344 344
Ty~ A Do dé ) 2017(1 —b). (3).
) . . o1 672 1344
Cong 2 ve cua (1), (2),(3) ta co: e + e + Fls) = 2017.
Bai[4.5] Dt

flz) = max f(@), f(x2) = ﬁéﬁ} f(x).
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Truong hop 1: f'(1) > 0, f/(0) < 0. Theo dinh nghia ctia dao ham, ta co6

f(1)=7(17) = lim f@Z - {(1) 0
va
[10) = f(0%) = lim () - 1) _,

Khi d6, ton tai a,b € (0,1) sao cho 0 < a < b < 1 théa man f(a) < f(0)
va f(b) < f(1). Suy ra z, € (0,1). VAy, 5 1a diém cuc ti€u. Theo Fermat,
f'(z2) = 0 va chon ¢ := x,.

Truong hop 1: f'(1) < 0, f/(0) > 0. Tuong tu nhu Truong hdp 1, chon ¢ := ;.

Bai[4.6 V6i moi x € (a,b), dat

f (=)
(z —a)(z—b)

9(t) = ft) =t —a)(t = b)

Khi dé
g(a) = g(b) = g(x) = 0 Va € [a,b].
Ap dung dinh 1y Rolle cho ham g(z) trén [a, 2], tn tai y, € (a,z) sao cho

9 We) =0=9'(4a) = ['(y2) = (24 —a —b) @ _‘252 ="
Ap dung dinh Iy Rolle cho ham g(z) trén [z, b, ton tai 2z, € (z,b) sao cho

9(2) =0 () = /() = (25 —a =B _{Lg‘g —5 =
Ap dung dinh 1y Rolle cho ham

(o f(z)
h(t) := f'(t) — (2t —a — b) CEIEED)
trén [y,, 2./, tdn tai ¢, € (s, 2,) sao cho
/ o / Y/ i f(l’) .
h'(c;) = 0= h'(c,) = f"(ca) Q(x—a)(x—b) = 0.

Thay = = %4%, ta c6 diéu phai chiing minh.

Bai Vi f khac 0 nén dat h(z) = § — 7 1a ham lién tuc, kha vi va
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h(0) = —1,h(1) = —L. Theo Rolle ton tai a € (0,1) sao cho '(a) = 0. Nghia
13} + 4 = 0.

bat g(z) = 3 /() + f/(x) 1a ham lién tuc, kha vi va ¢(0) = 0, g(a) = 0. Theo
Rolle ton tai z € (0, a) sao cho ¢'(x,) = 0. Hay

g (z0) = f(z).f'(zo) + f"(z0) = 0.

Bai4.8l Ditv, = “ 13 ddy ting va lim v, = +oc.
n—o0o

n

Ditu, =a+ % + -+ <. Ta tinh dudc

. Up+1 — Un 1
lim —* =
n—00 Upt1 — Up a—1

Theo Dinh ly Stolz

2

n a a”
Jim (ot S+t ) =

a—1"

Bai Theo Lagrange

3ty € (a;0) - f(b) = f(a) = (b—a)f'(tr)
3t* € (bic) : fc) = f(b) = (¢ = b)f'(t")

Khi do6 ta co

c—a c—b c¢c—a b—a c¢c—a

Vik= cb € (0,1), nén kf'(t*) + (1 — k) f/(t;) nam gitta hai gia tri f'(t*) va
cC—a
f'(t1). Va theo gid thiét f/ 1a ham lién tuc, nén theo binh Iy gia tri trung gian

d6i v6i ham f’ thi sé ton tai gia tri ¢, € (t1:¢*) C (a;c) sao cho

fle) = f(a)

c—a

flt) =kf(t") + (1= k) f'(t) =
Tt d6 ta nhdn dudc diéu cin ching minh.

Bai Gid st f(v) = 2° 4+ ax® + br + ¢ v6i a,b,c € Z. Ta c6 f(0) +
f (1) + f(—1) = 2a + 3 khong chia het cho 3 nén a khong chia hét cho 3. bat
a=3k+r (re{l, 2}). Taco

fn)=n+k)’ +rn®+ (b—3k*n+c— k>
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Khi n d16n thi rn? + (b — 3k*)n + ¢ — k* > 0 do d6 f(n) > (n + k)® khi n dd
16n. Lai c6

f)=m+k+1)°+(r=3)n+ (b-3(k+1*)n+c—(k+1)°
Khi n dt 16n thi
(r=3)n"+ (b=3(k+1)*)n+c—(k+1)° <0,
do d6 f(n) < (n + k + 1) khi n dt 16n. Nhu vAy néu n dt 16n thi
(n+k)* < f(n) < (n+k+1)>
T day ta suy ra [ / f (n)} — n+ k, khi n d@ 16n, trong d6 ki hiéu [z] 13 phin

nguyén cua s6 x. Viy

lim { f(n)}: lim ( f(n)—(n+k))

. f ()~ (n+ B’

" (YF@) YT k) + (0 k)
Thay f(n) = n® + (3k + ) n? + bn + ¢ vio (1) ta théy lim { i (n)} -
{5h

Bai Ta thiy ngay ¢(a) # g(b), vi néu ngudc lai thi theo dinh Iy Rolle

~

Jc € (a,b) @€ ¢’(¢) = 0 mau thuan véi ¢'(z) # 0,Vz € [a,b]. Xét cAdc ham

r
3

u(z) = L8 vav(e) = ——L5. Ta théy u(z), v(x) kha vi trén [a, b] v6i
: [)g(@) —g' @) flx) ., g
v (o) v = e
Theo dinh ly Cauchy 3¢ € (a,b) sao cho
u'(€) _ u(b) —u(a)
7O o) — @) "
F(O0O) — g OO _ 50~ 4@ 1,
g'(€) ool
11O @] L@ )
q' (&) det [f’(é) g’(é)] ~g(b) —g(a) det {9(@) (b)}
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Bai[4.12] Xétham g(z) = [f(z)]*[f(1 — x))%,2 € [0,1]. Ta ¢b g(0) = g(1) = 0
va g(z) > 0,Vz € (0,1), ddng thoi

J(2) = alf@F P @0 — ) — BLFA - )P (1 — 2)[f ()"
@) )
=9) oy ~ |

Theo dinh ly Rolle ton tai ¢ € (0,1) sao cho ¢'(c) = 0. Nhung g(c) # 0, nén ta
suy ra diéu phai chiing minh.

Bai Xét khai trién Taylor ctia f(z) taiz = 0va z =1

0) | f(E)

Ut

()
2

fx) = f(0) + f'(0)x +
fl@)=f)+ (W)@ -1)+

(:L‘ _ 1)2 + f’"éﬁm) (.1' _ 1)3’

vei0 <& <avar <n, <1.Tugia thiét ta dan dén

() L 0w

5 5 (z —1)%

fz) = 2*, flz) =

1 2 2 4
Ly 2z = - th1 ton tai & € [0,1],n € [L,1] && f(¢) + f(n) = 48. Téng 2 s6
bang 48 nén phai c6 1 s6 > 24. Suy ra diéu phai chting minh.

(b_ga)2 f(a);f(b) —f(a;b) va xét ham

Bail4.14] Goi h =

Ta c6 g(a) = g(b) = 0, theo dinh 1y Rolle ton tai d € (a,b) sao cho ¢'(d) = 0,
tlc la
1 a+d d—a a+d d—a

U@~ PG5 = = 5h=0 hay J(d) - f(*50) = 5 h.

Béy gi0 4p dung dinh ly Lagrange cho ham f’ trén doan [%}¢, d] ta thay tdn
tai c € (4%, d) C (a,b) sao cho

prog= TOTED

2

Suy ra diéu phai chitng minh.
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Bai Ham sb f (z) ¢6 f' (z) dong bién trong [a; b] nén né lién tuc trén
dé. Hon nita:

Va,y € a0 x £y f (2) # [ (y) (1)
Ap dung dinh li Lagrange, ta c6:

He@h: s (=0T, )

bitg(z) = f(z) + 2 — GTM, ham nay lién tuc trén [a,b] va g (a).g (b) =
—(a—1)* <0.
a-+b

2

Lic nay, lai 4p dung dinh 1i Lagrange, ton tai a € (a; ) va 8 € (z0;b) sao

cho: )
Fe)f (= L= 0 = T

Ttt (1), (2), (3) ta suy ra o, 3 phan biét trong (a,b) va f (o) .f (B).f (y) = 1.

Suy ra ton tai zg € [a,b] g (x0) =0, hay: f (zg) = — Zo.

=1 (3)

5 Phép tinh tich phan

Bai Ap dung bat ddng thitc Cosi, ta cb

) =) )

Suy ra

T x x

/thOSf(t)dt < /tmlﬁdt = F(z) = /[752016 — "% f(t)]dt >0 Vx € [0,1].
0 0 0

Khi do, ta co

X

/ 2015 1007f )] T = /1[1’2016 —;Eloosf(l’)]dT
0 0

2
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1 1 1
1 1 1
fr— —F/ = —_ fry —_ > .
/x (x)dx /xdF({E) F(l)—l—/xZF(a:)dx_O
0 0 0
Cht ¥ rang
. Fx) roN T 2016 1008 —
lim —= = lim F'(z) = lim[™ — 275 f(2)] = 0.
Khi do,
1 1
1
/[x2015 — 7 f ()] dr > 0 = /I1oo7f($)dx <
2016
0 0
& e’ 2r.e” — (x4 1).e"
N e /4 _ 2 _ * * A\
Bai |5.20 Ta co f'(z) = (x )’.962 — (:v)’.x — = 1 Vi
2xe® — (x4 1)e” er .. .
r>1=12>r=e" >e = fl(z) > ( ) = > 0 vOi moi
x?—1 r+1
. N e [ dt
x > 1. Do d6 ham f(z) dong bién trén (1;+o00) Ta co . S flz) >
I2 ’
dt 2 z? x? 2
e"”./.t_—1<:> e nlt||l > f(x) > e"nft]|] & e Infz+1] > f(z) >

xT

e’ In|z+1| véimoiz > 1. lim, o (eﬂﬁ ln|x+1|> =400 = lim f(x)= +oc.

T—r+00

lim (e$2.ln]$ + 1]) = lim (e*.In|z +1]|) =e.lIn2= lim f(x)=e.ln2. Vay
z—1t z—1t

r—1t

f(z) € (e.In2; +00).
Bai[5.3] Dt
gla) =™ [ fityae.
0

1
Khi do, ta c6 g(0) = 0va g(1) = e 27 [ f(z)dx. Dat
0

F(z) = /f(t)dt = g(x) = e " F(2?).
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Suy ra
1
/ Fz)dr =0 = tntaide (0,1] saocho F(d) = 0 = g(d) = 0.
0

Ap dung dinh 1y Rolle cho g(z) trén [0, d], tn tai ¢ € (0,d) sao cho ¢/(c) = 0.
Ma

g (z) = e 217" [2017/f(t)dt + 2xf(x2)] ,¢'(¢) = 0= dpcm.
0

Bai[5.4l C6 dinh z, € (0,1), gid st © = xo. Dt 2, = fu(zo),n = 1,2, ... Suy
raz, = fof---of(xo).

-

n lan
Ta c6 21 = f(z0) = 220(1 — x0) € (0, 5]. Dung quy nap chting minh dugc
1
2
N A am oy s 1
va day tang nén day x,, co giéi han bang 7
Vay
1 1
lim fo(x)dr = lim [ z,dx = Y
0

n—o0 0

theo Dinh ly hoi tu don diéu ctia Beppo-Levi.
Bai[5.5] bat M = maxo<,<1|f/(z)]. Suyra —M < f'(z) < M,Vzx € [0, 1].

Suy ra — M f(z) < f(2)f'(x) < M (x) hay —M / " pndt < / SO/ (t)dt <

M / F(t)dt
Hay —M/f(t)dt < %fz(w) - %fQ(O) < M/Oxf(t)dt
Khi ds ~M f(a) [ S0yt < 37(0) ~ 5 PO () < MSG) [ Fieyi

A

ne

1 M_ [

n
S < 5@ - 3P0 < S o
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Voix € [0,1] ta co
—M</f(fv)dl‘> < /f?’(x)dx—fQ(O)/f(fE)dfv < M(/f(fﬂl‘)

VAy ta c6 diéu cin chiing minh.

Bai 5.6 St dung quy tic PHospital ta dé& thdy lim 2 = 1. Do dé véi e > 0

z—0t

cho trudc, tén tai § > 0 sao cho véi moi z € (0,0) ta cb |z — 1| < e. Vi thé
v6in > $ tasuyra

n’ /n(ycg”rl — x)dz| < n? /n |zt — x|dx (6.4)
0 0

=

1

:nQ/na:\:cm—1|dx<en2/nmdac:s (6.5)
0 0 2

Vay

hay

1 1
n n

. . 1

lim n? 2"Hdr = lim n? xdr = —.

n—00 0 n—soo 0 2

Bai Ta sé 4p dung hai bt ddng thitc hién nhién sau day:
V2

2

(a+b) <VaZ+bv><a+b

v6i moi a,b > 0. bat
1
L= / V14 (f(x))%dx.
0

Vi f'(z) > 0 nén
V2 = @ /1(1 + f(z))dx < L < /1(1 + f'(x))dz = 2.
2 Jo o

Dod6+v2< L <2 NéuL =2thitacé

L+ (f'(x))? =1+ f'(z)
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v6i moi z € [0, 1]; diéu nay dan dép f/(x) = 0 véimoi z € [0,1]; vithé f1a
ham hang. Diéu nay trai v6i gia thiet f(0) = 0; f(1) = 1.

Bai

;o /0 dz +/1 dzx
017+ D)(1T+2?)  Jy (20177 4 1)(1 + 22)

B 1 dx 1 dx
N /0 (2017 + 1)(1 + (—x)?) + /0 (2017 4+ 1)(1 + 22)

B /1 2017%dx N /1 dz
Sy (2017T + 1)1 4+22) Sy (2017F + 1)(1 + 22)

B /1 dv  w
o Jy 1422 47

Bai[5.9] Xét ham sb F(z) = zf(z), khi d6 F'(z) = f(z) + «f'(x) tai hiu hét
x € [a,b]. Khi do

b b b
/F’(J;)dx = F(2)]° = bf(b) — af(a) = /f(x)dx + /xf’(x)dx.
Ta sé chiing minh :
b f(b)
/mf’(x)dx: /g(a:)dx
a f(a)
f(b)
Xét [ = / g(z)dz, dat t = g(z) — z = f(t) — dv = f'(¢)dt tai hau hét
f(a)

b b
€ [a,b). Twdo I = /tf’(t)dt = /wf’(:z:)dx, va ta nhan dugc DPCM.

Bai[5.10] Dit g(x) := [;'[f(t)|2dt, = > 0. Khi d6, bdi gia thiét, ta cb
g'(x) > [g(=)]?, Vx>0 (6.6)

Gid st ton tai o > 0 sao cho g(zy) > 0. Khi d6 g(z) > g(xe) > 0 v6i moi
x> x0. Do d6, béi (6.6), ham sb sau
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don diéu giam vi ¢'(z) = [_gf;()fg +1 < 0v6i moi € [z, 00). Tuy nhién, diéu
nay din dén mau thuln vi lim,_, ¢(z) = oo. VAy gia st ton tai 2, > 0 sao

cho g(zo) > 0 la sai, tic la

v6i moi 2 > 0. biéu nay din dén rang f(z) = 0 v6i moi z > 0.

Bai V6i moi 2z > 1, ta co

flx) = f(Vz) = f\ff/ t)dt = fftf’

> sz@ﬁaﬁ%%ﬁ (Vi 2f(z) 12 ham ting)

vaf (Vr)nz
: .

Chia hai vé cho z, ta thu duagc

), £/ | J/5)

LAy tich phan hai vé, ta dudc

/12017 @dw § /12017 (f’(;/\a_;)glnx N f(;/f)) dv — f (W) In (2017) .

Bai +) Trudc hét ta chiing minh ton tai z, € (0,1) sao cho f(xo) = 0.
That vay, gia st ngudc lai, do tinh lién tuc ctia ham f ta suy ra f(z) > 0
v6i moi z € (0,1) (hodc f(z) < 0 v6i moi z € (0,1)). Khéng mat tinh tong

quat ta xét truong hop f(z) > 0 v6i moi z € (0,1). Khi do, f(z) > 0 v6i moi

1
xe[44}9mﬂz min{f(z)|z € [£, 2]} > 0.
Ta co

1 1
1 &) .2 Ol,\
/f(a:)da: > /f([E)d{E > gm > 0 (trai gia thiet)
0 1
4
+) Gia st 2, 1a nghiém duy nhét ctia phuong trinh f(z) = 0. Khi d6 két

1
hop v6i tinh lién tuc cta f va [ f(z)dx =0, ta co J(w) <0, Va € (0,20)
0 f(QT) > 07 Vr € (an 1)
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(hoac ngudc lai)
1

Do d96, (z — zo)f(z) > 0, Vz € (0,z0) U (z0,1). Tt d6 0 = [ f(z)dx —
0

1 1 1
vo [ f@)de = [( = a0)f(x)de = [(z — zo)f(@)de + [(z = zo) fla)de > O
0 0 0 0
(m‘éu thuén) . )
Piéu nay chting té rang f(z) c6 it nhat hai khong diém phan biét trén khodng
(0,1).

Be‘li Ta co: 2 + cosx = 30052”2—”+Sin2§
1

1
= Ve € [0,7) U

Suy ra

2+ cosz 3C082§+sin2§ cos2§(3—i—tan2 %)’
(m, 2m].
27 g 2
1 1 1
Vi vay: —dx = dx +/ dx
1y O/2—|—cosx O/cos2§(3+tan2 %) J 00525(3+tan2 %)
+00 0 400 0
dt dt arctant arctant 2
=2 +2 = 2( ) _ T <t _
3+t 3+ 12 V3 . V3 V3
0 o .
x
tan —)
2

Bai|5.14. bat F (z) = [ f (¢) dt. Tich phan tling phan ra, ta dugc:
0

1 1

/F(x) dm:—/xf(x)dx.

0

Theo bét ding thic Cauchy-Schwarz, ta cb
2

1/, 1/, 1/, 1/,
/acf (x)de | < /x2d$ /f2 (x)dx | = 2—14/]”2 (x) dx
0 0 0 0
1 . ? 1 . 2 1 . 1
/(x—ﬁ)f(x) de | < /(m—§) dx /fz(x) dx :ﬂ/fz(x) dzx.
1/, L/ Ly 1/,
Do dé:
1 2 /2 2 1
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Mit khac y y y
t/ﬂ@Mhz%/f@Mx—/F@M@
va 10 0 1 0 1
/(x—%)ﬂ@dwz%/f@ﬂx—/F@Mx
Do dé ’ ’ ’
%Lfﬁmmx>(;7ﬂ@dx1]Zwmm)+(;/ﬂ@dx-jiwmm)
0 0 0 /2 1/2
s ( [roat [remsd [ re et [re dx)
0 0 /2 /2

::%(iﬁ%xymDQ::%(focmdx)%

Bai Ta dé dang kiém tra dudc

1 x 1
= d "(t)d — "(t)dt.
/Of(t>t+/0 L) “/x“ 1 f (t)dt
Tt d6 suy ra

y_y/f ﬁ+/tfmﬁ+/@—1 ﬂ
‘/ F(t dt‘+‘/ Lt
< / £l + / 17 ()]t + / =1Lt

/|f )|dt + = /|f |dt+ f(t)|dt

1
2

_ / ()it + / 7 (0)de = / <t>\+§rf'<t>|)dt.

t—l ﬁ‘
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1
1 x ¢ 1
< / @)+ / 1)t + / £ — 1|8t
1 x 1
< d "()|d "(t)|d
</0 (1) t+/0 20! ”/x ()t
1 1 1
_ d "(8)|dt = ") )dt, Y € [0,1].
[ i [Ciroie= [ (o)1) o

ri=| [ swas [Cirwas [o- oo

Bai [5.16. Xét fi.fo : [-L1] — R véi filr) — %[f(x) + f(=a)],
fola) = 51f(x) — f(~)] thi f; 1& ham chéin, f, 1 ham 18, f,f, 1A ham 1@

va chung déu lién tuc. Khi do ta c6

([ #rwae)’ = ([ ethior+ swias)’ =a( [ a2 pis

)
(/_zxf(x)dxy: (/_llx[fl(x)—l—fg(ac)]dx)Q:4(/0le2($)61$>2
)

2

1

g(/_lgf (x)dx>2+g</_lle(a:)da:)2:10(/01x2f1(x)dx)2+6(/01$f2(x)d$

/ll[f(a:)de = /ll[f1(:r) + folz)]?d = 2/01[f1(x)]2d:c n Q/OI[fQ(l,)]de

2

Ap dung bit ding thiic Caychy-Schwarz v6i h : [0,1] — R lién tuc ta c6
1

/0 [h(a)de. /0 Ctdn > ( /0 1 Phir)dr) = /0 (a2 > 5 /0 ' ho) o)
/Ol[h(x)]de. /011:2dx > (/01 xh(m)dx)z = /Ol[h(x)]zdx > 3(/01

Lay h(z) = fi(z) va h(z) = fo(z) ta cb

2/ [fl(x)]2dx+2/01[f2(x)]2d:c > 10(/01 :czfl(:c)d:c>2+6(/Ola:fg(:c)d:c>

1
0

2*h(x) dx) i

2

VAy ta dudc bit dang thitc cAn phai chiing minh.
Nhdn xét. Bang cach tuong tu cé thé chiing minh bat dang thic tong quat

hon
[ s> 2 [ epwaw) + 2 [ )
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v6i p 14 sb nguyén duong 1é.

1

Bai[5.17, Ta chiing t6 /

-1

1
(1= |22 f" (2)dz = 2 / F(x)dz. That vay, ta ¢
1

J =l @ = [ (=@ + el

1

= (=Pl @) = fal| +2 [ (=)l @) = f(—olds

1+;LU<> M—2/!f

Pén d4y 4p dung bit ding thiic Cauchy-Schwarz vé tich phén ta cb

4[/_11f<x)dxr < /_11(1— yx\)4dx/_11[f"(x)]2dx

1 1
va dé dang théy/ (1—|z|)de = 2/ (1—x)*dz = =, nén ta suy ra bat dang
—1 0

=201 — 2)[f(z) + f(—=)]

(SR )

thitc cn phai chitng minh.

Bai n Néu f(z) 1a ham hing sb thi bai toan trd thanh tim thudng. Néu
f(z) la ham tuyen t1nh (f(z) = ax + B, # 0) thi mau thuin véi gia thiét
f'(a) = f'(b) = 0. Ap dung dinh ly Cauchy cho f(z) va ¢(z) = $(z —a)? trén
doan [a, 3(a + b)] ta co

S/ — fl@)] (&) ath

a<é& <

(b ) _fl—a’ 2

Ap dung dinh ly Cauchy cho f(x) va i (z) = 5(z — b)? trén doan [3(a + b), ]
ta co

8[f(b) = f(22)]  f(&) a+b
(b—a)? -0 2

< & < b.

)

b—a?  G—a G-V
SU/0) — fla)] _ (&) = Fl@) | f1(&) = )
(b—ap & —a &b

8[f(%Lt) — f(a)]  8If(b) — fF(&D)]  f(&)  f1(&)
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Ap dung dinh 1y Lagrange cho f'(z) ta dudc

w = f"(m), a <m <&,
f/(gz : gl(b) = f"(m), & < m2 <D.
Do do
8[f(b) — f(a)] g "
b—ap S (m) + £ (n2),
ﬁlf(b) = f@)| = 1£"(m) + )] < 1)l + 1" (1)

< 2. max{|f”(771)‘a |f”(772)|}'

Nhu véy ton tai ¢ = 1, hodc ¢ = 1, va a < ¢ < b thda méan yéu cau.
Bai[5.19] Tacé

0<| /f dx—m+M /f dx (m—I—M)/Olf(x)dx—i—(m;M)Q
M —m\2
)

= m—i—]\/[/ofxd:c'—m]\/[g(/olf(x)dx>2+<

Mait khac
0> [f(z) —m][f(z) = M] = [f(2)]* = (m + M) f(2) + mM,Vz € [0,1]

1 1
= (m+ M)/ f(x)dx —mM > / [f (x)]*dw.
0 0
Suy ra bit dang thic cin phai chting minh.

Bai |5 - V6i méi = € [0, 1], dung khai trién Taylor ta dugc

f(@) = F0) + flla)t = f'(an)t,
f(&) = FQ) + f(B2)(t — 1) = f'(Bo)(t = 1),

véi o, € (0,2) va B, € (z,1). Tt &6 v6i mbi z € [0,1] ta cb
/f dt‘

’/f dx ‘/f dt+/f dt‘ ‘/f dt‘
< [ 1+ / (1) dt = / 0 () dt + / (1= )1/ (B)ldt

/tdt+/ (1—1)d (t——)1
.

2
— —_— __2 —_—
=z? x+2 (x 2) —1—4.

T



192 CHUONG 6. DAP AN DE PE XUAT MON GIAI TICH

Do min [(z — 1)2 + 1] !

1 ! 1
= —, dat dudc tai x = - ta suy ra ) d ‘<—.
s\ T ) Tyl T datauec il =g fa syt /Of(m)m\zl

Bai D&i bién ¢ = u? ta duge
2 ° _ ? 2 3 . 2 2 3
3/1 f(t)dt—Q/l u” f(u )du-2/1 tof(t7)dt.
Do d6 tit diéu kién dé bai ta c6
[ (@ + 2 =17+ 25@) — 25 )i =0
1
/2 ([J‘<t3)]2 +(1—1)?+2(1 - tz)f(t?’))dt =0
1 ) )
[ (s@ner-eYa=o
1

Suyra f(#3)+1—>=0,Vt € [1,2], hay f(z) =3 —1,Vz € [1,8].

Bai a) Trude hét ta c6 nhan xét
I(x) = / e [t + cos(bt)] dt = I (z) + Ir(z)
0

trong do:

Il(m):/ e~ “tdt, I(x) :/ e cos(bt)
0 0

Bang phuong phap tich phan ting phan, ta sé thu dugc:

—ax a2

L(z) = /0 e~ cos(bt)dt = pep [bsin(bx) — acos(bz)] + pERT)

Tu do ta sé co:

1 —ax 1 —ax
](I) 1. a _ € (a + _) + a26—+b2 [b sjn(bx) — CLCOS(bl’)]

a?  a?+ b? a a
. r . . 1 a
arh—%o hiz) = p’xh—glo b(z) = a? + b2 = a:ll—{go I(z) = @ a2+ b2

b) Theo tinh chit dao ham theo cin trén bién thién ta sé cé:

I'(z) = e7 [z + cos(bx)]
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Bang phuong phap quy nap (hoic diing cong thitc Leibnitz) khin = 1,2,,3, - - -
ta sé thu dudc

10D (z) = (e [z + cos(bx)])) ™ = (ze~)™ + (we=* cos(bx))™

= z(e7@) () 4 plema@) (M) 4 f: CF(em4)®) (cos(bx))"—H)
k=0
= (n — az)(—1)"a"e"* + Y CE(—1)kake > ()" cos (z + (n — k)3)
k=0

= 79 | (n — az)(—1)"a" + éCﬁ(—l)kak(b)("_k) cos (z+ (n—k)%)

Bai Cdch 1:

) f.<x), #{0;7}
Xét ham so: g (x) = ;;r%(:)n) g =
—f(r);z=m

Nhan thdy ham ¢ kha vi tai moi difém = € (0,7) va f'(z) = ¢ (z)sinz +
g (x) cos .

Do dé:

/ (f (x))’dx = / g (x)° cos® xdw—i—/ (¢ (2))? sin? xdx—l—Q/ g (z) ¢’ (x) sin x cos xdz.
0 0 0 0

Tich phén ting phan suy ra:

2/ g (z) g (x)sinxcosxdr = / (g (x)z)/sinxcos xdx = —/ g (x)° (cos® z — sin® z) du.
0 0 0
Do dé:
/ (f (2))’dx = / g (x)? sin® zda +/ (¢ (2))? sin® xdx > / f(x)?da.
0 0 0 0
f2(x)
Ti do6 suy ra dpcm.

Cdch 2:

Ta co:
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Gio chon 1am sao dé€ théa man diéu kién:

g (@) +¢*(x)=—-1=g(z) =cotz Vze (0;n).

6 Phuong trinh ham

Bai Pao ham hai vé theo 4n y, ta c6

flaty)=2f @+ D)+ fa+3)

Thay x = —%, ta co

Y Y e '
P = L)+ 110

Thay z = 0, ta co
1) = s (3) + F(0).

Khit f’(%) cac hé thitc trén, ta nhan dugce

fo) =T up0) + £10).

Hay
f(z) =az®+bx+c

Tht lai: Théa man.
Bai Thay x =y, ta 6

2 f(2r) =2f(e) = (1) = LF(5).

Do vy, f(z) kha vi v6 han 14n v6i moi ¢ # 0. Pao ham theo 4n z, ta ¢

(+y)f"(x+y) + (e +y) = f(2)

Pao ham theo 4n y, ta c6

(+y)f"(@+y)+ @ +y) = fy)

v6i moi z,y vado vay f(x) = ax+b. Thay z = y = 0, suy

Suyra f'(z) = f'(y) ,
b = 0. Thay f(z) = ax vao gia thiét, ta c6 a = 0. VAy, f(x) =0

ra f(0) =0va
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v6i moi z € R.

Bai Gia st ton tai ham s6 thda yéu ciu bai toan. Thay y = —z, ta dugc:
zf(x) +xf(—z) =2xf(0),Vz € R,

hay

f(x) = f(0) = = (f(—z) — £(0)).
Dat g(z) = f(z) — £(0), = € R thi ¢ 12 ham 1& va thda

9(0)=0 va wxg(z)—ygy) =(r—y)g(xr+y), Yo,y eR. (6.7)
Thay y bdi —y, ta dudc
zg(r) —yg(y) = (x+y)g(r —y) (6.8)

Tu va (6.8), ta dudgc
(z—y)glz+y)=(x+yglr—y),Vr,y eR.
Thay = bdi y + 1 ta dugc
g2z +1)=(2x+1)g(1),Vz e R.
Suy ra g(v) = g(1)z, Vo € Rvado dé f(x) = ax +b, Vo € R. Thit lai ta thay
ham thda yéu cau bai toan.

Bai Cho x = 0 trong

fQ2x) = 2f() (6.9)
ta 6 f(0) = 0. Ap dung n 14n ta dugc
f(z) = w(%). (6.10)
Vi f kha vi tai # — 0 nén
f(y) =my + ey, (6.11)

trong d6 m = f'(0) v e = e(y) — 0 khiy — 0. Thay y = 2% vao (6.11), két

hop véi (6.10) ta c6

flz)=2" (mzﬁn + e%) = mx + ex. (6.12)

Cho n — oo, khi d6 € — 0, ta dudc f(x) = ma.

Bf:li bét g(z) = x f(x) thi phuong trinh tré thanh g(x) = g(z*). Xétz > 0
bat ki.
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e Néu 0 < z < 1, xét day s6 (u,,) dudc xac dinh nhu sau

Uy =,
Upy1 = ubr, v6imoin > 1.

’rL b

Ta c6 g(un1) = guy) = g(un) nén g(un) = glun-) = --- = g(w) =
g(x) v6i moi n > 1. Mat khac, llm u, = 1 nén g(zr) = lim g(u,) =
g(lim uy,) = g(1).

e Néuz > 1, ki hibus: 1, +00) = [1, +00) la ham s6 ngudc clia ham sb
r(r) = 2® trén [1, +00) (s ton tai vir 1a ham s6 dong bien trén [1, +00)).
Xét day so (u,) dugc xac dinh nhu sau

Uy =
Upt1 = $(uy,), v6i moin > 1.

r(z) > xnéns( ) < r(s(x)) =xvéimoix € (0 1). Do d6 (u,,) lédéysé
khong tang va bi chan dudi bdi 1 nén hoi tu dénl c R thdal = s(l) =
r(l) =r(s(l)) =1l=1=1.Vay g(z) = lim g(u,) = g(lim wu,) = g(1).

n—oo n—oo

A \ \ M 4 \ A A \ \ C 7, .
Vay g 1a ham hang. Suy ra cdc ham so can tim 1a f(z) = — v6ic € R.
T

Bai Phuong trinh da cho tuong duong véi

Inz Ina
rlna=alhr s — = —.
T a
PN X Inz 1—Inz
Xét ham so f(z) = —, tacod f'(x) = ;—- Tacling c6 lim f(z) = —o0
x 1 x z—0t+
va lim f(z) = lim 2T~ lim - =0.Dodé f c6 bang bién thién nhu
r——+00 rx—+o0o I rx——+oo
sau:
x 0 1 e 400
f(z) + + 0 -
671
/! N\
f(x) 0 0
/
—00

Tit bang bién thién suy ra phuong trinh d4 cho c6 tbi da hai nghiém duong.
Phuong trinh ¢6 diing mot nghiém duong khi va chi khi

fla) = IDTG € (—o0,0lu{e '} < a € (0,1 U {e}.
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Ciing tir bang bién thién ta c6 lim s(a) = 1.

a——+00

Bii (6.7, Dit: S, — > af[f(z+ky) — f(z — ky)]. Khi do: |S, — S, 1| <
k=1
(S| TS| < 1. Tt d6 :

" [+ ) = F@ = )] < 1> |Fla+ny) = o= )] < o

9 = Lo . N
Dat{ Z ;U+Zg?j = |f(u) — f(v)| £ — v6in tuy y thudc N*, tu do suy ra
= — an

flu) = f(v), u,veR.
VAy f 12 ham hing . Thit lai, néu f 1a ham hang ta ludn c6 bat ding thic.
Bi[6.8, Pit P (x,y) laménhdé f (z+y2) > (y+1) f (z),Va,y € R.
P(x—1,-1)= f(z) >0,V € R.
V6i y > 0 thi
Pa+yiy)=f(z+2°) > W+ f(zv+y) > @w+1)°f(2),

Pz+2y%y) = f(z+3y°) > (y+1) f (z+2¢°) > (y+1)° f (x).
Bang quy nap ta thu dudc
fx+ny?) > (y+1)"f(x),Vz e R, Vy > 0,Vn=1,2... (2)

\ A 1
Tu (2), lay y = —, ta dugc:
n

f(a:—i—%) > <1+%>nf(a;),VxeR,Vn:1,2... (3)

St dung (3) lién tiép ta thu dugc:

1) s (12 s (o4 ) = (142) s

2

:>f<x+%) > (1+%)Imf(x):>f(x+1)2 <1+%> f ()
flx+1)

=0< f(x) < VreR,Vn=1,2,.. (4)
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Tl (4) cho n — +oo ta duge: 0 < f(z) <0 = f(z) = 0,Vr € R. Tht lai, ta
thay ham s6 f(z) = 0 thda man cac yéu cau dé bai.

Bai . B6 dé: Néu ham sb g : R = R lién tuc va chi nhan céc gia tri v6 ti
thi g(x) = ¢ v6i ¢ la mot hang s6 nao do.

Chttng minh Thét vay, néu khéng nhu vay thi tén tai cic cip sb thuc phan
biét x;, x5 (z1 < z2) sao cho g (z1) # g (x2). Do tinh chét lién tuc cia ham
g nén véi s6 hitu ti ¢ € (mln {g9(x1), 9 (x2)};max{g (z1), g (z )}) cho trudc,
déu ton tai x5 € (xl,xg) d€ g (z35) = ¢, diéu nay 1a khong thé dugc vi g chi
nhan gia tri vo ti. VAy bo dé duoc chttng minh. Theo bai ra ham s6 f:R— R
lién tuc va thda man diéu kién véi z € Rsb f (z)+f (z 4+ 247) 1a hitu ti khi va
chikhi f (x4 11)+ f (x 4+ 4) + f (z + 2017) 1a s6 v6 ti. iéu nay tuong duong

e s A . N TS YA 2017 -,
v6i ham so f : R — R lién tuc va thoa man dieu kién f(z) + f (x - T) la

sb vo ti khi va chi khi s6 f(z + 11) + f(z + 4) + f(2017) 14 sb hitu ti. Do vay,
cap ham

hi(z) = f(z)+ f x+¥ + f(x+11) + f(z +4) + f(2017)
ho(x) = f(z)+ f :c—i—%l? — flx +11) — f(x +4) — f(2017)

la cac ham lién tuc va luon nhén gia tri vo ti v6i moi x € R. VAy theo nhéin
xét G trén thi hy = c1, hy = ¢, (V8i ¢y, ¢, 1a cac hang s6 vo ti nao dd). Suy ra

2017 Sy oA 2017
f(x)+f<x+ 5 ):chztczyxER(l)vav1vayf(x+—>+f(x+
€1+ C

2
2017) = V€ R (2).

T (1) va (2) chota f x) flx+ 2017) v6i moi z € R, hay f(x) la ham tudn
hoan trén R. Xét ham so0 g(z) = ' — 42 + 2017 — f (z), v6i moi = € R. Khi
d6, g(z) 12 ham sb xac dinh, lién tuc trén R. Vi f(z) 1a ham sb tudn hoan trén
R nén ham s6 f(z) bi chin. Ta c6:

lim g(z) = lim (2" —42+2017 - f(z)) = +0

Tr——+00 T——+00

lim g(z)= lim (2" — 4242017 — f(2)) = —oc.

T——00 T——+00

Tit d4y suy ra, ton tai cac s6 n > 0,m < 0 sao cho g(n) > 0, g(m) < 0. Vi ham
sO g(z) lién tuc trén R va g(m).g(n) < 0 nén theo dinh ly gia tri trung gian
ton tai zo € (n, m) sao cho g(xy) = 0 hay

— 4o+ 2017 — f(z0) = 0.



6. PHUONG TRINH HAM

Bai[6.10] Tl a), thay z = y, ta cb: 2f (z) — g (x) = f(2) —z = f(z)

g(x) —x; Vx € R.

Nhu vy, gia thiét a) tré thanh: 2 (¢ (z) — 2)—g (z) = (9 (y) — y)—y = g (z)

20 =2y +g(y)Vx,y € R.
Thay y = 0vadat g (0) = b, tacod g (z) =2z +b,do d6: f (z) =z +0.
Thay biéu thitc ctia f va g vio bAt ding thiic trong b), ta dudc
(x+b)(2r+b)>x+1 Vz
208 +(Bb—1)z+b—-1>0 Vr
S0>A=3b-1)7-42(1*-1)=b"—6b+9
&b=3

Hién nhién cac ham f (z) = = + 3; ¢ () = 22 + 3 thda man diéu kién b).

Khéng khé d€ chitng minh ching ciing théa man diéu kién i).

That vay, ta c¢6: 2f (z) —g(z) = 2(x+3) — (2e+3) =3va f(y) — vy

y + 3 —y = 3. VAy i) dudc théa man.

Viy, tit ca cac ham sb f va g can tim 1a: f (2) = 2 + 3; g (2) = 22 + 3.
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