Chuong I:
TU GIAC
Chuyén dé 1.
TU GIAC
A. Kién thirc cin nhé
1. Tu giac ABCD 14 hinh gdm bbn doan thang AB, BC, CD, DA, trong d6 bat ki hai doan thang nao ciing

khéng cting ndm trén mot dudng thang (h.1.1 a, b).
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Hinh ./
Ta phan biét tr giac 161 (h.1.1 a) va tir gidc 16m (h.1.1 b). N6i dén tir giac ma khong chu thich gi thém, ta
hiéu d6 1 tir giac 16i.

2. Tong cac goc cua tir giac bang 360°.

B+ B+E+H=360°.

B. Mt s6 vi du
Vi du 1: Cho tir gisic ABCD, K- B = 40°. Cac tia phan giac ctia goc C va goc D cit nhau tai O. Cho biét
COD =110°. Chirmg minh rang AB ™ BC .

Gidi (h.1.2)
* Tim cach giai
Muédn chirng minh AB ” BC ta chimg minh B = 9.
Di biét hiéu B- B nén can tinh tong B+ B.

* Trinh bay loi giai

Xeét DCOD ¢ ¢op =180°- (&, +8,) =180°-
wmd=8.8=8)

Xet tir gidc ABCD c6: €+B=360"- (H+B). do do

&+B
2

Hinh 1.2

Trang 1



360°- (H+ B
COD =180°- i )=180°- 180°+#

Vay ¢OD = HLZB Theo dé bai cOD =110° nén B+ B = 220°.

Mit khac, A- B = 40° nén B =(220°- 40°):2=90°. Do d6 AB "~ BC.

Vi du 2: Tt gidc ABCD c¢6 AB = BC va hai canh AD, DC khong bang nhau. Buong chéo DB 14 dudng
phan giac ctia goc D. Ching minh rang cac goc ddi cua tr gidc nay bu nhau.

Gidi (h.1.3 a,b)
* Tim cach giai
Pé ching minh hai goc A va C bu nhau ta tao ra mot goc thir ba lam trung gian, goc ndy bang goc A
chang han. Khi d6 chi con phai chirng minh géc nay bu véi goc C.

* Trinh bay loi giai

A
- Xét truomg hop AD < DC (h.1.3a) =
Trén canh DC lay diém E sao cho / 4
D E C
DE = DA a)
Hinh .3

DADB =DEDB (c.g.c)
b AB=EB va A=£ .

Mit khic, AB=BC nén BE =BC. Vay DBEC can b &=§ .
Taco: B +B, =180°p H+&=180°.

Do dé: B+ B =360°- 180°=180°.
- Xét truong hop AD > DC (h.1.3b)
Trén tia DA 1dy diém E sao cho DE = DC
Chimng minh tuong tu nhu trén, ta dugc: H+&=180°; B+ H =180°.
Vi du 3. Tt gidc ABCD c6 tong hai duong chéo bang a. Goi M 1a mot diém bat ki. Tim gi4 trj nho nhét
cia tong MA+MB+MC +MD .
Giai (h.1.4)
* Tim cach giai
D& tim gié tri nho nhat ciia tdbng MA+ MB+ MC 4+ MD ta phai ching minh MA+MB+MC +MD3 k
(k 1a hang sd).
Ghép téng trén thanh hai nhém (MA+MC)+(MB+ MD).
Ta thay ngay c6 thé dung bat dang thirc tam giac mé rong.
* Trinh bay loi giai
Xét ba diém M, A, C c6 MA+MC3 AC (dau “=" xay rakhi M| AC).
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Xét ba diém M, B, D c6 MB+MD?3 BD

(ddu ‘=" xay rakhi M| BD),.

Do d6: MA+MB+MC+MD3 AC+BD =a.

Vay min(MA +MB+ MC + MD) = a khi M tring véi giao diém O ciia

duong chéo AC va BD.

C. Bai tap van dung
* Tinh s6 do géc
1.1. Chémng minh rang trong mot tr giac, tong hai goc ngoai tai hai dinh bang tong hai goc trong tai hai
dinh con lai.
1.2. Cho tir giac ABCD c6 B+ B =220°. Cic tia phan giac ngoai tai dinh C va D cit nhau tai K. Tinh
s6 do cuia goc CKD.
1.3. Tu gidc ABCD c6 K= . Ching minh ring cic dudng phan giac ciia goc B va goc D song song
v&i nhau hodc trung nhau.
1.4. Cho tt gidc ABCD c6 AD =DC =CB; ¥ =130°; B =110°. Tinh sb do goc A, goc B.

( Olympic Toan Chau A - Thai Binh Duong 2010)
* So sanh cac do dai
1.5. Co hay khong mdt tir gidc ma do dai cac canh ti 1€ voi 1, 3,5, 10 ?
1.6. Tu giac ABCD c6 hai duong chéo vudng goc. Biét AB =3, BC =6,6; CD = 6. Tinh d¢ dai AD.
1.7. Chimg minh ring trong mot t&r giac tong hai dudng chéo 16n hon nira chu vi nhung nhoé hon chu vi
cua tu giac.
1.8. Cho bdn diém A, B, C, D trong d6 khong c6 ba diém nao thing hang, bét ki hai diém nao ciing c6
khoang cach 16n hon 10. Ching minh rang ton tai hai diém da cho c6 khoang cach 16n hon 14.
1.9. Cho tr giac ABCD c6 d6 dai cic canh 1a @, b, C, d déu 1a cac sd tu nhién. Biét tong
S=a+b+c+d chia hét cho @, cho b, cho C, cho d. Ching minh rang ton tai hai canh cua tir giac
bang nhau.
* Bai toan giai bang phwong trinh t6 mau
1.10. C6 chin ngudi trong d6 bat ki ba ngudi nao ciing c¢6 hai nguoi quen nhau. Chimg minh rang ton tai

mot nhém bon ngudi d6i mot quen nhau.
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Huéng din giai
1.1. * Truwong hop hai géc ngoai tai hai dinh ké nhau (h.1.5)
Goi @1 , b 1a s6 do hai gbc trong; %2 , %2 1a s6 do hai gdc ngoai tai hai A
dinh ké nhau 1a C va D. Ta c6:

€, +b, =(180°- 8 )+ (180" - ) =360"- (€ + b)), (1)

Xét tir gide ABCD co: 4+ B =360°- (B, +D,) (2)

T (1)va(2)suyra: &, +P, =+ B
* Truwong hop hai géc ngoai tai hai dinh déi nhau (h.1.6)

Chiing minh tuong ty, ta dugc 912 + &'2 =B+b
1.2. (h.1.7)
Ta co: €Dx+PCy =+ B =220 . (bai 1.1).

L EDx+€Dy o o g b +& =110°.

Xét ACKD c6: BKD =180° - (B, +€,) =180° - 110° =70°

1.3. (h.1.8) MR 1.7
Xét tir gige ABCD cé: B+B =360°- (4 +8)=360" - 28
Vi B =B, B =D nenB+b =180- &= B +b +¥& =1380°.

)
Xét ABCM ¢ B + B, +€ =180° . (2)

Tir (1) va (2) suyra B, =W, . Do do DN // BM .

V& dudng phén giac cta cac goc & va b ching cit nhau tai E.
Xét AECD co BED =180° - 10130 g4 A E .
AADE =ACDE (c.g.c) = YED =BED =60° .
ABCE =ADCE (c.g.c) = BEC =BEC =60°. D ¢
Hinh 1.9

Suy ra UEB =180° do do ba diém A, E,B thfmg hang
Vay Bup =B4pBECD =65° . Do 46 HBC =360 - (65° +110° +130°) =55° .

1.5. (h.1.10)
Gid str tir gidc ABCD c6 CD la canh dai nhat.
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Ta s& ching minh CD nho hon tong ctia ba canh con lai (1). A

B
That vdy, xét AABC tacd: AC < AB+BC.
Xét AADC c¢6: CD < AD + AC . Do d6 CD < AD + AB + BC . D C

Ta thy néu céc canh ti 1¢ véi 1, 3, 5, 10 thi khong théa man didu kién (1) nén Hinh 110
khong c6 tir gidc nao ma cac canh ti 1€ véi 1, 3, 5, 10.

1.6. (h.1.11)

Goi O 14 giao diém cua hai duong chéo. B

Xét AAOB , ACOD vuong tai O, ta co: 3 6,6

AB*> +CD? =0A4> + OB> + OC* + OD". 0

Chtrng minh tuong ty, ta duoc: W
BC* + AD* =OB* +OC* +OD* + 04’ . Hinh 1.11

Do d6: 4B*> +CD? =BC* + AD”.

Suyra: 3°+6° =6,6"+AD* = AD> =9+36- 43,56 =1,44= 4D =1,2.
1.7. (hl1.12)

Goi O 1a giao diém cua hai dudng chéo AC va BD cua ti giac ABCD.
Goi d6 dai cac canh AB, BC, CD, DA lan luot 1a a, b, ¢, d. Van dung

bat
dang thic tam giac ta duoc:

OA+0OB>a; OC+0D >c.

Hinh 1.12

Do d6 (04+0C)+(OB+0OD)>a+c hay AC+BD >a+c.(1)
Chirng minh tuong ty, ta dugc: AC+BD >d +b. (2)
Cong timg vé ctia (1) va (2), ta duoc:

2(AC+BD)>a+b+c+d= AC+BD>F0re*d

Xét cac AABC va AADC taco: AC<a+b; AC<c+d

= 2AC<a+b+c+d.(3)

Tuong tu c6: 2BD<a+b+c+d.(4)

Cong timg vé cua (3) va (4) duge: 2(AC+BD)<2(a+b+c+d)

= AC+BD<a+b+c+d.

T cac két qua trén ta dugc didu phai chimg minh.

1.8. * Trudc hét ta chimg minh mét bai toan phu:

Cho A4BC, I >9¢° . Chirng minh ring BC> >AB* + AC>.
Giai (h.1.13).

V& BH 1 AC. Vi Jy >90° nén H nam trén tia d6i cua tia AC.

Xét AHBC va AHBA vudng tai H, ta co:
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BC* =HB* + HC* =(4B* - HA*)+(HA+ AC)

H
=AR*- HA* + HA* + AC* +2HA.AC =AB* + AC* +2HA.AC . ’,ii“ A

Vi HA.AC =0 nén BC? >AB> + AC? ( diu “=" xay ra khi H =4 tic 1a khi ,"

. B C
AABC Vuong)’. i Hinh 1.13
® Van dung két qua trén dé giai bai toan da cho

A —B
D
Hinh 1.14 Hinh [.15

Truong hop tir giac ABCD la tir giac 16i (h.1.14)

Taco: h+B+€+P =360".

Suy ra trong bdn gdc ndy phai c6 mot goc 16n hon hodc bang 90° , gia sir I >90° .

Xét AABD tacd BD* > AB* + AD* >10° +10%> =200 suy ra BD >+/200, do d6 BD >14.
Truong hgp tir giac ABCD la tir giac 10m (h.1.15)

N6i CA, Ta co: Hep+HeB+Bep =360°.

Suy ra trong ba goc niy phai c6 mot goc 16n hon hodc bang 120° .
Gia stt YCB >120°, do @6 UcB 1a goc tu

Xét AACB ¢6 AB*> =AC? + BC* >10% +10% =200.

Suy ra AB >~200 = AC >14.

Vay ludn t6n tai hai diém da cho c6 khoang cach 16n hon 14.

1.9. (h.1.16)

Ta chimg minh bang phuong phap phan chimng.

Gia st khong c6 hai canh nao cua tr giac bang nhau.

Ta c6 thé gia st a<b<c<d.

Taco: a+b+c>BD+c>d.

Dod6 a+b+c+d>2d. Tadat a+b+c+d=S thi $>2d. (*)
Taco: SMP S=ma(ml N) (1)

Hinh .16

SWP S=nb(ni N) (2)

SMb S=pc(pl N) 3)
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SMiP S=qd (gl N) (4
Tu (4) va (*) P gd>2d do d6 9> 2.
Vi a<b<c<dnénti (1), (2),(3), (4) suyra m>n>p>q>2.
Dodsé q*> 3 p*> 4n* 5m 6.

\ 1_a,1_b1_c1_d

Tu (1), (2), (3), (4) suyra moS S',O S’q S

Ta co6: E+E+E+}3 l+i+l+i=a+b+c+d=1_
6 54 3 mn p q S

Vay diéu gia st 14 sai, suy ra ton tai hai canh cta tir giac bang nhau.
1.10. Coi mdi ngudi nhu mot diém, ta c6 chin diém A, B, C,...
N&i hai diém vé6i nhau ta dugec mot doan thang. Ta t6 mau xanh néu hai ngudi khong quen nhau, ta to
mau d6 néu hai ngudi quen nhau. Ta s& chimg minh ton tai mot tir giac co cac canh va dudng chéo cling
to mau do.

Truong hop cd6 mot diém 1a dau mut cua bdén doan théng mau xanh AB, AC, AD, AE vé nét dut
(h.1.17)

B
Aﬂ;{:::: ________ _.C
e[ e
'\\‘
E
PR Hinh 1.18

Xét DABC c¢6 hai doan thing AB, AC mau xanh nén doan thing BC mau d6 vi bat ki tam giac nao ciing
c6 mot doan thfmg mau do. Tuong tu cac doan théng CD, DE, EB, BD, CE ciing c6 mau dé (v€ nét lién)
(h.1.18). Do d6 tir gidac BCDE c6 cac canh va duong chéo dugc t6 do6 nghia 13 ton tai mot nhoém bon
nguoi d6i mdt quen nhau.

* Truong hop moi diém déu 12 ddu mat caa nhiéu nhat 12 ba doan thang mau xanh. Khong thé moi diém
déu 12 ddu mut cua ba doan thang mau xanh vi khi d6 s6 doan thing mau xanh 1a 7| N.

Nhu vay tdn tai mot diém 1a ddu mat cua nhiéu nhat 1a hai doan théng mau xanh, chéng han d6 1a diém A,
do d6 A 1a dau mut ciia it nhét 1a sau doan thang mau do, gia s d6 1a AB, AC, AD, AE, AF, AG (h.1.19)
Trong sau diém B, C, D, E, F, G tdn tai ba diém la dinh ciia mot tam giac c6 ba canh cung mau (day la bai

toan co ban vé phuong phap t6 mau) chiang han d6 1a DBCD (h.1.20).
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G G
Hinh 1.19 Hinh 1.20
Trong DBCD ¢6 mét canh mau d6 (theo dé bai) nén ba canh cia DBCD cung mau dé. Khi do6 tir giac
ABCD la tur gidc c6 cac canh va duong chéo dugc té6 dd, nghia la tdn tai mot nhom bdn nguoi doi mot

quen nhau.
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