MA TRAN LUY LINH

Khai niém ma tran trong Pai sb tuyén tinh duoc giang day trong chuong trinh Toan dai
cuong cua hau hét cac truong Pai hoc. Dy ciing 1a ndi dung quy dinh cua Hoi Toan hoc Viét
nam trong cac ky thi Olympic Toan hoc sinh vién toan qubc. Nham gitp Sinh vién chuan bj
tham gia vao cac ky thi Olympic Toan hoc sinh vién vong trudng va vong qubc gia, ching toi
gidi1 thi¢u mdt dang ma tran va nhiing tinh chit ciia n6 dé céac ban sinh vién c6 thém mot tai
li¢u On tap.

| Pinh nghia va tinh chat

1.Dinh nghia:
Cho A 13 ma tran vudng cdp n, A dugc goi 1a ma tran luy linh néu t6n tai sé nguyén duong q
sao cho A%=0.

Nhan xét: Néu A%= 0 thi ta cling c6 A™ = 0 véi moi sd ty nhién m thoa m >q.

S6 nguyén duong K duoc goi 13 cap luy linh ctia ma tran A néu AX=0, va A¥1 7 0.
Ma trdn A dugc goi la ma tran luy linh don néu A — E 13 ma tran luy linh ( E 1a ma tran don vi
cling cap VO'l ma tran A ).
2. Mt so tinh chat
1. Néu A 1a ma tran lu¥ linh thi A 12 ma tran suy bién.

Chutng minh: That vay A 13 ma tran luy linh, nén ton tai s nguyén duong q sao cho A% = 0.
Ta co:

DetA% = det0 = 0 suy ra det Adet A...det A= 0 = (detA)1=0

q

= detA =0 (dpcm).
2. Néu A 13 ma tran luy linh thi cac ma trdn E — A va E + A kha nghich.

Chimng minh: Gia sit A*=0 (k>1) tacé
E=E-A=(E-A)E+A+A?+.. +A*Y). Nhu vay E — A kha nghichva (E-A)1=(E+ A
+ A2+ +AKD),

Tuong tu ta cling c6 E + A kha nghich vi:

E=E+AX=(E+A)(E-A+A?— . +A%),

Khido (E+A)t=(E-A +A?— ... +A%),

3. Cho A va B 14 hai ma tran vudng cung cap va AB = BA. Khi d6 néu A va B 1a c4c ma

tran luy linh thi A + B cling 1a ma tran luy linh.

Chiing minh:

Do A va B 1 cic ma tran luy linh nén ton tai cac so nguyén duong p,q sao cho

AP =0, B%=0, gid st p>(, dit m = 2p.

Theo gia thiét AB = BA nén ta c6 khai trién nhi thirc Newton:

(A+B)™™= Z:CrinAiBm_i , trong 2 sb i va m-i ¢o it nhat 1 s6 khong nho hon p nén
i—0

Al B™ =0. Vay (A + B)>" = 0. (dpcm).



4. Cho A va B 13 hai ma trn vudng cing cip va AB = BA. Khi d6 néu A va B 1a c4c ma

tran luy linh don thi ma tran tich AB ciing la ma tran luy linh don.
Ching minh:
Vi (A - E), (B — E) 14 cac ma tran luy linh, nén ton tai cac s6 nguyén duong p va q sao cho

(A-E)=0,(B-E)*=0.

Taco (AB-E)=(A-E)B+ (B-E), giastrp > g khi d6 do AB=BA nén ta cling c6 tinh
chét giao hoan (A — E)B(B — E) = (B — E)(A — E)B.

Str dung khai trién nhj thirc Newton, ta thu dugc:

2p
(AB-E)*=[(A-E)B+(B-E)]*= ZC;P (A—E)B'(B—E)®'. Trong 2 s6 i va 2p-i
i=0
phai c6 mot s6 khong nhoé hon p nén (A — E)'B/(B — E)® = 0. Vay ton tai s6 nguyén duong 2p
sao cho (AB — E)* =0, titc (AB — E) 1a ma tran lu¥ linh.
Vay ta c6 dpcm.
Chu y: Tuong tu nhu khai niém ma tran lu§ linh nguoi ta ciing xét khai niém tu dong cau
luy linh nhu sau.
Tu ddng cau f cia K — khdng gian véc to V trén truong K goi luy linh néu c6sé6  nguyén
duongqdé f9=0, (f%=f.f..f).
q
Thém vao d6 néu f%* =0 thi q goi 1a bac luy linh cua f.
Tu dong ciu f ciia K — khong gian véc to V trén truong K goi luy linh don néu
f— Idy 14 luy linh ( Idy 13 ty dang cau dong nhat trén V).
Chtng minh twong ty nhu ma tran luy linh, ta cling c6 mot so tinh chat ciia dong cau luy
linh nhu sau.
1. Néu f va g 13 hai ty déng cau luy linh giao hoan duoc ciia K — khdng gian véc to V trén
truong K thi f+ g cling luy linh.
2. Néu fva g 13 hai ty déng cau luy linh don giao hoan duoc cia K — khdng gian véc to V
trén truong K thi f. g cling luy linh don.
3. Néu fl1a ty déng cau luy linh ctia R — khong gian véc to V — n chiéu trén truong R cac sb
thue thi moi gia tri riéng cua f déu bang 0.
4. Néu f1a tu dong ciu luy linh don ctua R — khdng gian véc to V — n chiéu trén truong R
cac s6 thuc thi moi gia tri riéng ctia f déu bang 1.
I1. Mt s6 bai tip dé nghi:
Bai 1: Chimg minh rang néu A 1a ma tran lu¥ linh thi moi gia trj riéng ctia A déu bang 0.
_ Bai 2: Chung minh rang néu A 1a ma tran luy linh don thi moi gia tri riéng ciia A déu
bang 1.

Bai 3: Cho A va B 1a hai ma tran vudng ciing cip va AB = BA. Khi d6 néu A va B 1a cac
ma tran luy linh thi cic ma tran E + (A + B), E — (A + B ) la cac ma tran kha nghich. (Dé thi
Olympic Toan Sinh vién toan Qudc lan tht XI).

Bai 4: Cho A 1a ma trin vudng thoa A%°% = (. Chimg minh rang véi moi s6  nguyén
duong n ta ludn cé:




Rank(A) = Rank(A + A2 + A3 + ... +A"). ( Bé thi Olympic Toan Sinh vién toan

Qudc lan ther XI). , ‘
Bai 5: Cho A va B la hai ma trdn vudng cung cap thoa man cac di€u kién:
I. AB = BA

ii. Ton tai cac so nguyén duong p, g sao cho (A—E)"?=(B-E)¥=
Chtrng minh rang ma trin tich AB co cac gia tri riéng déu bang 1
Bai 6: Cho A 1a ma trdn vudng cp n va A¥= 0 v&i k nguyén duong cho trude.

X
7 1A X2 ) . . 2
Ki hi¢u: X =| ° |. Ching minh hai phuong trinh

X

AX =0va (A+ A%+ ... + ANX = 0 tuong duong.

( Dé thi Olympic Toan Sinh vién vong truong nim 2003. PH An Giang).

Bai 7: Cho A 13 ma tran vudéng. Chirng minh rang néu « 1a véc to riéng ctua A tuong
g voi gia tri riéng k thi « cling 13 véc to riéng ciia A" ing véi gia tri riéng k", (ne N). (Dé
thi chon d6i tuyén Olympic Toan Sinh vién 2004 truong PH An  Giang).

Bai 8:
-1 0 1
1.Ching minhmatran | 1 -1 -3 | la ma tran luy linh.
o 1 2
2. Cho ma tran:
-1 0 1 1 0 O
1 -1 -3 0 1 O
A= o 1 2 001 . Tinh A
O 0 0 -1 0 1
o 0 0 1 -1 -3
' 0 0 0 0 1 2]

GIA TRI RIENG VA VEC TO RIENG

Gia tri riéng va véc to riéng cua ma tran la ndi dung duoc quy dinh trong ky thi
Olymplc Toén hoc Sinh vién gitra cac tru:ong Dai hoc va Cao dang. Bai V1et nay nham giup
Sinh vién c6 thém mot tai liéu on tap, gidi quyét dugc mot sé dang bai tap veé gia tri riéng va
véc to riéng cua ma tran thuong gap trong cac ky thi Olympic Toan nhimg nam gan day.

Cho f la phép bién doi tuyén tinh ciia khong gian véc to n chiéu V trén tru:ong K (trong
phan nay chiing ta xét trudng K 1a truong R hoic C). Sé k € K dugc goi 13 gid trj riéng cua f



néu ton tai mot véc to a #0 sao cho f(a) =kea . Khi d6 véc to o goi 1a véc to riéng cua f ing
v6i gia tri riéng k. Gia sir A 1a ma tran cta f ddi v6i co so chinh tac di cho trong V, thi gié tri
riéng k cua f 1a nghiém cua phuong trinh

det(A — KE) = 0. Det(A — kE) 1a mot da thirc bac n d6i véi bién k va dugc goi 1a da thire dic
trung cua ma trdn A. Tim véc to rieng cua f ung voi gid tri riéng k toc la tim
nghiéma = (X, X,,...,X,) #(0,0,...,0) cua phuong trinh Ax =ke . Nguoi ta ciing goi k va «
dinh nghia nhu trén 1an luot 14 gia tri riéng va véc to riéng twong Ung ctia ma tran A. Sau day
chung ta dua ra mot s tinh chét lién quan dén gia tri riéng va véc to riéng clia mot ma tran.
Pinh li 1: Gi4 trj riéng cia mot phép bién do6i tuyén tinh cua khong gian véc to n chiéu V trén
truong K khong phu thudc vao co so.

Chung minh: Gia str A 1a ma tran clia phép bién doi tuyén tinh f d6i véi co s6 oy, a,,...,a, (1)
VA v&i co s mbi B, By B, (2), f c6 ma tran 1a B. Khi d6 B=S"AS trong d6 S 1a ma tran
chuyén tir co so (1) sang co s6 (2). Ta c6

|B—KE|=|SAS —kS “ES|=|S(A-KE)S| = |S*| |A—KE[ [S|=| A~ KE| (dpem). Tir dinh li 1 ta
cO h¢ qua sau:

Hé qua : Néu hai ma tran A va B dong dang thi A va B ¢6 cing da thirc dic trung.

Nhan xét: Ménh dé dao cta hé qua la sai (néu n> 2). Vi du: Xét hai ma tran

00 0 1 .
A= {O O}’ B= {O O}’ hai ma tran A va B khong dong dang nhung da thic dac trung cua

chding tring nhau: |A—KkE|=|B - kE|=k?.
Pinh li 2: Cho A 1a ma tran vudng cap n, y,(k)=ak"+a k" +..+ak+a, la da thuc dic
trung cua ma tran A. Khi do:

i.a =(-D"

ii. (-1)"'a _, =Tr(A) (tong cac phan tir ndm trén dudng chéo chinh ctia ma tran A, va dugc goi
1a vét cia ma tran A)

lii. a, =detA.

a; —k, =]

(1<i, j<n)

Chimg minh: Ki hi¢u: A=(a;), ¢; :{
a

izj
ij

Theo dinh nghia dinh thirc cia mét ma tran ta co:
Det(A —KE) = D" s(f)ay -y ny (1). Cac hang tir cua (1) tmg v6i phép thé

fes,
f=Id ( 12 mot da thirc an k v6i bac <n—2. Xét hang tir cia (1) Gmg voi phép thé dong
nhit: a,,a,,..a,, = (&, —k)(@, —k)...(a,, —k)=
=(-D"k"+(a, +a, +...+a ) (D" k" +... Tir day ta co i) va ii). Cudi ciung trong da thirc
a;; +ay nn Y g g

ddc trung cua A cho k = 0 ta dugc detA =a,. Tur dinh li 2 khi cho A 1a ma tran vudng cép n thi

12,..n}



da thtrc dac trung cua A dugc viét dudi dang:

2,K)=(D"k"+a k" +..+ak+a,.
DPinh li 3: (Pinh li Cayley — Hamilton)
Cho A 12 ma tran vudng cap n, y,(k)=(-1)"k"+a, k" +..+ak +a, 1a da thirc dic trung
cia A. Khi do y,(A)=0.( Phan chimg minh dinh 1i Cayley — Hamilton ban doc c6 thé xem
trong Gido trinh Toan tap 6. Dai s6 2, cta tac gia Jean — Maric Monier).
Dinh li 4: Gia s A la ma trdn vudng vo1 phan tu la s thue va la ma tran d6i xtimg. Khi d6 moi
gia tri riéng cua A déu la s6 thuc. (Ban doc c6 thé xem phan chimg minh trong Gido trinh Toan
Cao cap cua tac gia Nguyén Dinh Tri). ’
Sau day chiing ta giai mot so bai tap lién quan dén gia tri riéng va véc to riéng.

2 -1 -1
Bai 1: Tim gia tri riéng va véc toriéng clama tran A= | -1 2 -1]|.
-1 -1 2
Giai: 7, (k) =det(A—kE) =—k(k —3)?, do d6 ma tran A c6 hai gia tri riéng 1a
2X, =X, =X, =0

k =0, k = 3. Ung v6i gia trj riéng k = 0, giai hé phuong trinh: —X, +2X, — X, =0 ta dugc
—X, — X, +2%X;=0

nghiém tong quat 13 (X3, X3, X3), X, € R. Nhu viy cac véc to riéng tmg voi gia tri rieng k = 0 1a

a=(a,a,a),a=0. Tuong ty doi voi gia tri rieng k = 3 ta dugc cac véc to riéng la

[ =(-a—-Db,a,b),a*+b*>=0.

0 10
Bai 2: Choma tran: A=|—4 4 0 |. Tinh f(A), biét rang:
-2 1 2

f(x) = —x®+6x" —=12x° +8x> —x* +6x> —12x* +10x +1
Giadi: DPa thuc dac trung cia ma tran A la:
74(K) =—k® +6k? —12k +8. Chia da thirc f(x) cho da thirc —x° + 6x* —12x +8 dugc thuong 1a
x° +x vadula r(x)=2x+1. Do do:

0O 1 0 1 00 1 2 0
f(A)=r(A)=2A+E=2/-4 4 0|+|0 1 0|=[-8 9 0].

-2 1 2 0 0 1 -4 2 5



fa -b —-c -d]
. b a -d ¢ ,
Bai 3: Cho ma tran A = , 4, b, ¢, d € R. Chtirng minh:
c d a -b
d ¢ b a]

a. AA'=(@*+b*+c*+d%).E
b. 7,(k)=((@a—K)?+b?+c? +d?), voi moi k e R.
Giadi: a. Kiém tra truc tiép. ,
b. Ap dung két qua cdu a) d6i véi cac ma tran (A — KE), (A — KE)! ta duoc:
(A—KE).(A—KE)'= ((a—k)’ +b*+¢*+d*)E, suy ra
det((A—kE).(A—KE)") =det(((a—k)* +b* +¢* +d*)E) . Ta da biét dinh thirc ciia mot ma trén
khong thay doi qua mot phép chuyén vi, do do:
(det(A—KE))* =((@a—k)*+b* +c* +d?)*, tr do suy ra x4 =((@a—k)*+b*+c®+d?)*, hay
| 7a—((@=k)* +b° +c*+d?)* | x4+ ((@—k)* +b”+¢*+d*)’ | =0. Vi A 1a ma tran cép 4 nén
theo dinh 1i 2, h¢ sO cao nhat ctia da thirc dac trung ctia A bang 1, do do6 ta dugc
In= [(a —k)*+b*+c*+d 2T(dpcm).
Bai 4: Gia sur a 1a s6 thuc khac 0. Ching minh rang hé phuong trinh sau luén c6 nghiém véi
moib,c,d e R
ax+(l-b)y+cz+(1-d)t=a

(b-Dx+ay+(d-1z+ct=Db
l—cx+(l—d)y+az+ (-1t =c
(d-D)x-cy+(1-b)z+at=d
Giai: Goi A 1a ma tran cac hé s6 cua hé phuong trinh, A'1a ma trin chuyén Vi cua ma tran A,
theo két qua bai tap 3 ta ciing c6 AA" =(a’ + (1-b)? +c® +(1-d)?).E, do do:
detA = [a? +(L-b)? +¢* + (1—d)*| %0, véimoia b, c,d, (@=0). Viy hé ludn c6 nghiém
voimoib, ¢, d e R. ‘ ’
Bai 5: Ching minh rang néu k 1a gia tri riéng cia ma trn A, thi k" la gia tri riéng cua A", n la
s0 nguyén duong.
Gidi: Goi o 1a véc to riéng cua A Uimg véi gia tri riéng k, khi do ta co:
A'a = A" (Ax) = A" (ka) = A" [Aka)]= A (KPa) =...= A(k" ") =k"a (dpcm).

MOT SO BAI TAP PE NGHI

Bai 1:
Cho hai ma tran:



-1 -3 0 -1 -3 -3
A=-3 2 1|, T=|{0 -2 5

o 1 -1 -3 1 1
a. Tinh B=T *AT.
b. Tim gié tri riéng va véc to riéng clia ma tran A.
Bai 2: Cho A 1a ma tran vudng cp n. Gia sit A c6 n gid tri riéng 1a K,,K,,...,k, . Chimg minh
detA = k. k,..K, .
Bai 3: Gia st a 1a mot véc to riéng clia ma tran A mg véi gia tri riéng k, ching minh rang o
cling 1a véc to riéng ctia ma tran A’ —3A+5E . Gi4 trj riéng twong tng 13 bao nhiéu?

0 -8 6
Bai4:ChoA=|-1 -8 7 |.Tinh A", v&inla sd tu nhién.
1 -14 11
4 3 0 O]
P 1999 2 \ A 2 3 0 O e
Bai5: Cho f(x)=x"" +x"—-1,vamatran C = . Tinh detf(C).
4 9 -1 0
1 2 5 2]

BAI TAP VE MA TRAN

l. Mot s6 két qua
1) Tinh chét ciia phép toan trén cic ma trin
NDA+B=B+A

iN(A+B)+C=A+(B+C)

no+A=A+0=A

iV)A+(-A)=(-A)+A=0

V)(A+B)' = A" + B

vi)a(A+B)=aA+aB

vil)(a + B)A=aA+ A

viii)(AB)' = B'A'

iX)(aA)' =aA

x) Néu A la ma tran dbi xing (phan dbi xing) thi A' = A(A' =—A)
* Néu AB = BA thi c6 thé khai trién Newton (A + B)".
2) Ma tran kha nghich



DA =A

(A = (A7)

i) (o A) = LA g £0
(04

iv)(AB) ' =B'A™
3) Pinh thirc ctia ma tran
1) det(AB) = detAdetB.
i) det(A 1) = (detA) L.
iii) det(aA) = a"det A
iv) det A = det A'
4) Ma tran liiy linh
Cho A 1a ma tran vudng cap n. A goi 13 liiy linh néu ton tai s6 nguyén duong n sao cho
A" =0 (ma tran khong). Khi d6 A™= 0 v&i moi m>n (néu A"1 0 thin goi 1a bac Iy linh
cua A).
Néu A lity linh thi detA = 0. Vi Ak=0 (A.A....A=0) nén detA* = 0, suy ra
S

detAdetA.....detA = 0« detA = 0.
Néu A lity linh thi E— A va E + A khanghich viE=E - AK=(E— A)(E + A +....+ A~
1) = det(E - A) # 0.
* Néu A liiy linh, B liiy linh va AB = BA thi A + B lily linh. Néu A — E, B — E lily linh
thi AB — E liy linh.
5) Vét ciia ma tran

&; ... &
Cho A=| : . ! |eM (R)tagoicaamatran A ky higu Tr(A) la mot s6 duge xac dinh
anl ann
boi
Tr(A) =) a
i=1
I1. Bai tap

1. Chting minh rang: néu A liiy linh, B Ity linh va AB = BA thi A + B lily linh.
2. Cho AB =BA, va A — E, B —E lily linh. Chtmg minh AB — E liiy linh.

3. Chimg minh rang: néu A lity linh thi moi gi4 tri riéng cta A déu bang 0.

4. Chimg minh rang: néu A — E liiy linh thi moi gia tri riéng ctia A déu bang 1.



5. A va B goi 1a ddng dang néu A = T 'BT. Chtng minh rang: Hai ma tran dong dang c6
cung da thic dic trung.

6. Cho A, B 14 hai ma trin vudng cung cap va A kha nghich. Chting minh AB va BA c6
cung gia tri riéng.

7. Chimg minh hai ma tran dong dang c6 cling hang.

8. Tur két qua bai 7, hdy chimg minh ménh dé sau: néu A 1a mot ma tran kha nghich thi
hang ctia ma tran B bang hang ctia ma tran AB (A, B 13 hai ma trdn vudng cing cip).

9. Cho A, B vudng cap n, AB = BA va AP= B?=E vdi p, q nguyén duong nao d6. Hiy
ching minh A + B + E kha nghich.

10. Cho A, B vudng, E — AB kha nghich. Chirng minh E — BA kha nghich.

11. Cho A 1a ma trdn vudng, k 1a gia tri riéng cia A. Ching minh k" 1a gié tri riéng cua A"

12. Ma tran A ¢6 ki, Ka,...., Kq 1a cac gia tri riéng. Chirng minh detA = k;ko...Kn.

13. Chirng minh rang AB va BA c¢6 cling gia tri riéng.

14. Cho A ¢6 k, Ka,...., kn 12 cac gia tri riéng. Chtirng minh A chéo héa duoc, nghia 1a ton tai

ki .. O
ma trin C kha nghich sao cho A = C !BC, trong d6 B=| ... e |
0 .. Kk,
15. Cho A, B 1a hai ma trdn vudng cip n thoa mén cac diéu kién sau:

a) AB = BA.
b) Ton tai cac sd nguyén duong p, q sao cho
(A—E)’=(B—E)*=0. (ma tran khong)
Chtng minh rang ma tran tich AB ¢6 cic gia tri riéng déu bang 1.
16. Cho A vudng cip n théa man A? — 2A + E = 0. Chiig minh:
A3=3A-2E, A*=4A-3E.
17. Cho X la mot vecto ri€ng cua A ing vaéi gia tri riéng k. Chiing minh X cling la gia tri
riéng cta 5E — 3A + A?, tim gia tri riéng.
18. Cho A 1a ma tran vudng cip n c6 tat ca cac gia tri riéng co gia tri tuyét d6i nho hon 1.
Ching minh E — A kha nghich.
19. Ma tran A duogc goi la déng dang v&i ma tran B néu ton tai mot ma tran khong suy bién
P sao cho B = P'AP.
Chtng minh rang: néu A 1a ma tran kha nghich va déng dang v6i ma tran B thi B ciing kha
nghich va (A1) " dong dang (B)", voi n 1a mot s6 nguyén duong cho trude.
2 Ho H
acos’t +bsin®t (b—a)costsmt] Tinh AZ04

20. Cho A= _ ., ,
(b —a)costsint  asin“t + bcos“t



1 1 1 1

1 1 -1 -1
21. Cho A= . Tinh A,
1 -1 1 -1
1 -1 -1 1
22. Cho A 12 ma tran vudng cap n sao cho A= 2A. Tinh det(A%% — A).
X
1 Lo
23. Tim Iim(lim—(A”—E)J,vé’i A= "l neN*.
X—0\ n—wo ¥ X
Xy
n

a b ) 1 0 .
24. Cho AZLO ] ,a,b,ceR.Tima, b, cdé A" :(0 1], (n 1a mot s6 tu nhién nao do).

C

25. Gia str a, b, ¢ 1a nghiém phuong trinh: x* + px + g = 0. Tinh detA, voi
a b c
A=|c a b
b c¢c a
26. Gia str A 13 ma tran vudng cdp n. Chimg minh rang: néu A? = E thi rank(A+E) + rank(A
—E)=n.

BAI TAP ON TAP TONG HOP

Bai 1. Biét rang ma tran vuong A cip n co n tri riéng 1a 4, A,,...., 4. Tim cic gia trj riéng
cua ma tran A%,
Bai 2. Hoi c6 ton tai hai ma trdn A va B sao cho AB — BA = E (E 1a ma tran don vi)?
Bai 3. Xac dinh a d¢ ma tran sau c6 hang bé nhat
2 -2 1 4 3
-1 1 a -3 -2
3 a 0 -1 1
6 -1 4 4 5
Bai 4. Cho A 13 ma tran vudng cip n, E 1a ma tran don vi cting cap va A*= 0 (ma tran
khong),k e N,k >1.
Chtng minh rang (E—A) 1= E+ A+ A% +...+ AL,
Bai 5. Cho phuong trinh ma tran

10



1 2 A -1
2 7 22+1|X=| 2
3 9 42 1
a) Giai phuong trinh trén khi A=0.
b) Tim A dé phuong trinh trén c6 v6 so nghi¢m.
Bai 6. Ching to rang tong cac nghiém cta phuong trinh
XC+Xx+x3+x2+x+1=0
bang — 1. o
Bai 7. Gia st a® + b® + ¢ = 3abc. Ching minh rang ton tai ma tran X =0 (ma trAn khong)
thod man

o T o
O o T
T @ O
>
I
o o o

1++/3i
J3+i

Bai 9. Tim gi4 tri 10n nhét cua cac dinh thirc cAp 3 ma cac phan tir chi c¢6 thé 1a 1 hay — 1.

Bai 8. Cho z, :( j 'neN. Tim n nho6 nhat sao cho Re(z,) = 0.

0 01
Bai 10. Chomatran J =1 0 O/
010
a) Tinh J" (neN).
a b c

b) Hay biudién matrdan M =|b a c |, a,b,c e Rtheo cidc ma tran E, J va
c b a

J? (E 1a ma tran don vi), tir 46 suy ra ma tran M? theo E, J va J2.
Bai 11. Cho phuong trinh ma tran

a -b b -1
b a -a |X=|2]| abelR.
a b 1-b 1

a) Giai phuong trinh trén khi a= 0, b=1.

b) Chimg minh riang phwong trinh trén luén c6 nghiém véi moi a,b € R thoa
man a% + b? > 0.

Bai 12. Giai va bién luan hé phuong trinh theo tham s6 A
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2X, +5X, + X, +3X, =2
4, X+ 6X, +3X, +5%, =4
4% +14X, + X, +7X, =4

2X, —3X, +3X; + AX, =7

3 0 2
Bai 13.Cho A=|0 1 2
2 2 2
a) Tim vecto riéng va tri riéng cua A.
2 0 0
b) Tim mot ma tran kha ddo VsaochoV'AV =0 -1 0|
0O 0 5
Bai 14. Tim A dé ton tai ma tran X sao cho
-2 1 -3 -6
1 0 5 6
32 a* 7 A
0O 1 3 2

sau do tim X.

Bai 15. Chung minh rang néu z + 1 2sina, a R, thi z* + % = 2cosdka voi
yA z

k > 0nguyén.

Bai 16. Cho A 1a ma trdn vudng thuyc. Ching minh rang néu A khong c6 gia tri riéng thuc
thi detA > 0.

Bai 17. Chimg minh rang tong binh phuong cac nghiém ctia phuong trinh x” —1=0 bang 0.

Bai 18. Cho A 1a mot ma tran vudng thuc cap n c6 det A= 0 va A'la ma trdn chuyén vi cua
A. Ching minh rang, v&i X1, Xa,...., X, 12 cac s6 thuc

X
X
[X, %50 X, JAA| 2 [=0
_Xn_
khi va chi khi x; =Xz =.......= X, =

Bai 19. Tim gia tri riéng va vecto riéng cia ma tran

2 0 0

A=|-2 3 -1

3 2 2

va tim ma trdn U sao cho U AU 132 mot ma tran dudng chéo.
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4 0 0 000
Bai20.a)Cho K=| 0 4, o, (o 1], 4 eR,i=13. Tinh K2, 32, KJ, K.
000
0
3
0

0 O

w +— O

0

0

0
2

b) Tinh A", n > 0 nguyén, véi A=| 0 }
0

Bai 21. Cho da thirc f(x) = 3x® — 2x + 5. Tinh f(A) trong d6

1 -2 3
A=12 -4 1|
3 5 2

Bai 22. Ching minh rang céc gia tri riéng ctia ma tran A2 bang cac binh phuong cia cac gia
tri riéng tuong Ung clla ma tran A.

Bai 23. Cho A 1a mot ma tran vuong thuc. Chirng minh ré“tng néu detA < 0 thi A ludn c6 tri
riéng thuc.

Bai 24. A 1a ma tran vudng sao cho A= 0 (ma trin khong). Hay tinh (E + A)"vdi n nguyén
> (), E 1a ma trdn don vi.

Bai 25. Cho A 1a ma trin vudng sao cho A%= A. Hay tinh (E + A)", v&i n nguyén >0, E 1a
ma tran don vi.

Bai 26. Chiing minh rang céc trj riéng cia ma tran nghich dao A * bang nghich dao cac gia
tri riéng clia ma tran A.

Bai 27. Cho ak_cos%ﬂsmzi k,neZ. Tinh S=a; +a" +...+4a,,, meN.
a 0 o0
Bai 28.Cho A=|b a 0], v6i a,beR. Timma trdin A", neN.
0 0 a
a1l 2o 0
Bai 29.Cho A=/ 0 a 1| TimA!
0 0 a
a 0 o0
Bai30.Cho A=|0 a 0/ v6iabeR. Tim A", neN.
b 0 a
a1l 2o 0
Bai 31.Cho A=/ 0 a 1| Tim A%,
0 0 a
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Bai 32. Chimg minh ring néu ma trdn vuong A thoa man A* + E = 0, thi cac gid tri riéng
ctia A khong thé 1a sd thuc.
Bai 33. Tim hang ctia ma tran sau phu thuoc vao m
-11 1 -1 1

2 m -1 2 1
1 1 -1 m -1
2 3 -1 2 1
Bai 34. Tinh dinh thtrc sau, trong d6 u, v la nghiém phuong trinh x> + p = 0;

A=

u v U Vv
peR: Uy :
a b c d
PP p P ‘
Bai 35. Tim mdt ma tran chéo dong dang vdi ma tran sau:
2 21
1 3 1.
1 2 2
2000
Bai 36. Tinh [Q—IQJ :
2 2
Bai 37. Cho ma tran vudng cap 10
0
1 0
A=
1 0 0 .. 0
trong d6 aio1 = @12 = 83 = ....= dg,10 = 1, cOn nhitng phan tir khac bang khong. Tinh A
Bai 38. Cho ma tran vuong cap 10
0 0 .. 01
1 0 .. 00
A=/0 1 .. 00
e e .o 001
0O 0 ..1O0
trong d0 a110= @1 = @z = ....= @109 = 1, con nhimg phan tir khac bang khong. Tinh AL,

b. #0,1,]=12,3 sao cho detB = 1998.

Bai 39. Tim mot ma tran vudng cap ba B = (b;), b,
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Bai 40. Tim mot ma tran vudng cap ba B = (b;), b; =0, 1, j=1,2,3 sao cho detB = 2000.

Bai 41. Tim mot ma trin vudng cap hai B = (b;), bJij #0,1,]=12 sao cho B ¢o 2 tri riéng
A =2,2,=5.

Bai 42. Tim mot ma trin vudng cap hai A= (a;), a; 20,1, =12 sao cho A c6 2 tri riéng
A =-31,=4

Bai 43. Tim ma tran nghich dao clia ma tran sau:
a a a

O v v QO T

S 2 9 o O
O OO T O
OO 9 9 T

O T 9 O
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