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A-1 A 2x3rectangléhasverticesas(0, 0), (2,0), (0, 3),and
(2, 3). It rotate90° clockwiseaboutthepoint(2,0). It
thenrotates90° clockwiseaboutthe point (5, 0), then
90° clockwiseaboutthe point (7,0), andfinally, 90°
clockwiseaboutthe point (10,0). (Thesideoriginally
on the z-axis is how back on the z-axis.) Find the
areaof theregion above the z-axisandbelow the curve
tracedout by the pointwhoseinitial positionis (1,1).

A-2 Let A andB bedifferentn x n matriceswith realen-
tries.If A3 = B% andA?B = B2A, canA? + B2 be
invertible?

A-3 Find all real polynomialsp(z) of degreen > 2 for

which thereexist real numbersr; < 7 < --- < 1y
suchthat
1.p(r;)=0, i=1,2,...,n,and

2.9/ (2h2) = 0

wherep'(z) denoteghederivative of p(z).

i=1,2,...,n—1,

A-4 Does there exist an infinite sequenceof closed
discs D1,D,,Ds,... in the plane, with centers
c1,¢2,c¢3,. .., respectiely, suchthat

1. thec; havenolimit pointin thefinite plane,
2. thesumof theareasof the D; is finite, and

3. everyline in theplaneintersectatleastoneof the
D;?

A-5 Findthe maximumvalueof
Y
[V
0

for0 <y <1.

A-6 Let A(n) denotethe numberof sumsof positive inte-
gers

ay+az+---+ar
whichaddupto n with

a) > as +asz,ax > as + aq,-..,
Ar—2 > Qp—1 + Gr,Ar—1 > Qr.

Let B(n) denotehenumberof by + b + - - - + bs which
addupton, with

1.by >by>--- > b,

2. eachb; is in the sequencd, 2,4,...,g;,... de-
finedbyg1 =1,92 =2, andgj = gj_1+gj_2+1,
and

3. if by = g theneveryelementn {1,2,4,...,gx}
appearstleastonceasab;.

Provethat A(n) = B(n) for eachn > 1.

(For example,A(7) = 5 because¢herelevantsumsare
7,6+1,5+2,443,4+2+1,andB(7) = 5 because
therelevantsumsare4 +2+1,2+2+2+1,24+2 +
1+14+1,24+14+1414+14+1,1+14+14+1+1414+1)

B-1 For eachintegern > 0, let S(n) = n — m?, wherem
is thegreatestntegerwith m? < n. Defineasequence
(ak)?;o by ap = A andag41 = ar + S(ak) fork > 0.
For whatpositiveintegersA is this sequenceventually
constant?

B—2 Supposef andg arenon-constantdifferentiable real-
valuedfunctionsdefinedon (—oo, 00). Furthermore,
supposehatfor eachpair of realnumberse andy,

flz+y) = f@)fy) —9(=@)g(y),
glz+y) = f(x)gly) + g9(z)f(y)-

If £/(0) = 0, provethat(f(z))? + (g9(z))? = 1 for all
Z.

B—3 Doesthereexist a real numberLZ suchthat, if m and
n areintegersgreaterthan L, thenanm x n rectangle
may be expressedasa unionof 4 x 6 and5 x 7 rect-
angles,any two of which intersectat mostalongtheir
boundaries?

B—4 Suppose is anodd prime. Prove that

P .
Z (p) (p—i._']> =2 +1 (mod p?).
=\ J

B-5 Let p be anodd prime andlet Z,, denote(the field of)
integersmodulop. How mary elementsarein theset

{#?:2€Zn{y*+1:y€Z,)?
B-6 Let a andb be positive numbers Find the largestnum-
berc, in termsof @ andb, suchthat

sinhu(1l — z)
sinh u

_ sinh ux
a*b' " < q

sinh w

for all w with 0 < |u| < candforallz, 0 < z < 1.
(Note:sinhu = (e* —e ™) /2.)



