
The Fifty-Second William Lowell Putnam Mathematical Competition
Saturday, December 7, 1991

A–1 A
�����

rectanglehasverticesas ���	�
���
��� � ������������� � �
� and� � � � � . It rotates����� clockwiseaboutthepoint � � �
��� . It
thenrotates����� clockwiseaboutthe point �����
��� , then����� clockwiseaboutthe point �����
��� , andfinally, �����
clockwiseaboutthepoint �����	����� . (Thesideoriginally
on the  -axis is now back on the  -axis.) Find the
areaof theregionabovethe  -axisandbelow thecurve
tracedoutby thepointwhoseinitial positionis (1,1).

A–2 Let ! and " bedifferent # � # matriceswith realen-
tries. If !%$'&(")$ and !%*+",&-".*+! , can !%*0/1".* be
invertible?

A–3 Find all real polynomials 23�� 4� of degree #65 �
for

which thereexist real numbers798;:<7 * :>=�=+=?:@7�A
suchthat

1. 23��7�B��C&D��� EF&G��� � ��H+H�H��I#J� and

2. 2LKNM4O�PRQ�OIPTS�U* V &W� EX&G��� � �+H+H�H
�I#ZY[���
where2 K �� 4� denotesthederivativeof 2X�R 4� .

A–4 Does there exist an infinite sequenceof closed
discs \]89��\ * �
\ $ ��H+H�H in the plane, with centers^ 89� ^ * � ^ $ ��H+H+H , respectively, suchthat

1. the ^ B haveno limit point in thefinite plane,

2. thesumof theareasof the \_B is finite, and

3. everyline in theplaneintersectsat leastoneof the\ B ?
A–5 Find themaximumvalueof`1abdc  Lef/g��hiY;h * � *kj  

for �_l1hmln� .
A–6 Let o)�R#k� denotethe numberof sumsof positive inte-

gers p 8J/ p * /g=+=+=9/ p O
whichaddup to # withp 8rq p * / p $ � p * q p $ / p e �+H�H+Hs�p O�t * q p O+t 8J/ p O � p O+t 8?q p O H
Let um�R#k� denotethenumberof v+8�/Zv * /w=+=�=�/Zv�x which
addup to # , with

1. v+8r5Dv * 5W=�=+=	5Dv�x��

2. each v B is in the sequence��� � �
y��+H�H+Hz��{9|���H+H�H de-
finedby {�8}&G� , { * & � , and{9|r&D{9| t 8�/r{9| t * /.���and

3. if v+8~&W{�� thenevery elementin ����� � �
y��+H�H+Hz��{����
appearsat leastonceasa v B .

Provethat o)�R#k��&Wu%��#k� for each#;5W� .
(For example,oi������&�� becausetherelevantsumsare�����f/����z��/ � �Iyf/ � �Iy0/ � /���� and um������&n� because
therelevantsumsare y?/ � /[��� � / � / � /���� � / � /�L/��L/���� � /��L/��L/��L/���/����+��/��	/���/���/���/���/���H )

B–1 For eachinteger #�5(� , let �}��#k�?&�#�Y���* , where �
is thegreatestintegerwith �Z*�lD# . Definea sequence� p ���
��
� b by

p b &Wo and

p � Q 8?& p ��/��}� p ��� for �m5[� .
For whatpositiveintegerso is thissequenceeventually
constant?

B–2 Suppose� and { arenon-constant,differentiable,real-
valuedfunctionsdefinedon ��Yr�g�z��� . Furthermore,
supposethatfor eachpairof realnumbers and h ,�F�R )/�h	��&��F�� 4�I�F��h	�XY�{s�R N��{s�Rh	�
�{s�R )/�h	��&��F�� 4��{s�Rh	��/�{N�� 4�
�F�Rh	�
H
If � K ������&G� , prove that ���F�R 4�
��*�/-��{s�R N�I�I*)&�� for all .

B–3 Doesthereexist a real number � suchthat, if � and# areintegersgreaterthan � , thenan � � # rectangle
may be expressedasa union of y � � and � � � rect-
angles,any two of which intersectat mostalongtheir
boundaries?

B–4 Suppose2 is anoddprime.Provethat��|
� b�� 2 ��� � 2./ ����W  � � /g�¡�R¢_£�¤.2 * ��H
B–5 Let 2 be an odd prime andlet ¥ � denote(thefield of)

integersmodulo2 . How many elementsarein theset�� *§¦  �¨Z¥ � ��©���h * /g� ¦ h%¨Z¥ � �9ª
B–6 Let

p
and v bepositive numbers.Find thelargestnum-

ber ^ , in termsof

p
and v , suchthatp�« v 8 t « l pF¬I­¯®	°}±  ¬I­¯®	°}± /1v ¬I­¯®	°}± ���0Yw N�¬
­T®	°}±

for all

±
with �²:´³ ± ³Jl ^ andfor all  , ��:µ W:@� .

(Note:

¬
­¯®	°}± &G��¶9·�Y²¶ t ·���¸ � .)


