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Cudc thi gii toan online VMEO [ Vietnamese Mathematical E-Olympiad] duge Dién Dan Toén
Hoc t6 chitc nam nay (2005) 1a lan thi nhi. Tuy nhién, day 1a 1an dau tién ma ching toi c6
gang soan thdo mot tap dap an chinh thic cho nhitng bai toin da duge dua ra.

Muc dich ctia tap dap an nay la dé gitp cac ban da duy thi, cting cac em hoc sinh yéu toan,
nhung. . . chua dy thi. Do dé, nhing 15i gidi sé duge trinh bay mot cach kha chi tiét. Cé thé
mot sd ban doc sé cAm thay ching “dai dong”. Khi mudn giai thich mot viéc gi cho mach lac,
chiit ché va dé hiéu, thiét nghi ching ta phai chap nhan tinh cach “nhiéu 16i” ctia bai viét.

VMEO II 1a cong trinh chung ctia rat nhiéu thanh vien gan b6 véi Dién Dan. Dac biét nam
nay c6 rat nhiéu thanh vién sang tac bai méi, hoiic swu tap bai cii, dé déng gop vao thu vien
dé thi. C6 duge thanh cong 16n lao nay 1a nho sy cong hién ctia

chuyentoan, Circle, duantien, emvaanh, full _angel, Hatucdao, hungkhtn, K09,
koreagerman, lehoan, MrMATH, nemo, nguyendinh kstn dhxd, TieuSonTrangSi.

Di nhién, nhém chon dé phai thyc hién nhiém vu ctia minh, tiic 1a tuyén chon trong kho tang
dang ké dé mot sb bai tiéu biéu cho ton chi ciia cudc thi. Mong ring nhitng tac gia ma bai
khong dude chon lan nay khong 1ay d6 lam. .. buon! Nhém chon dé nam nay gom c6

Hatucdao, K09, TieuSonTrangSi, VNMaths.

Phan cham bai, sap hang cédc thi sinh cling kha vat va va sé khong dugc hoan thanh tét dep
néu khong c6 sy tham gia nhiét tinh ctia

chuyentoan, hungkhtn, lovePearl maytrang, MrMATH, Mr Stoke, namdung,
NanglLuong, stupid mathematician.

Trong qué trinh bién soan tap dap an nay, ching toi ciing da nhan dude sy gitp dd tit nhieu
thanh vién cho phan doc lai, sta chita ban nhap. Néu ban thiy con so s6t gi trong tap dap
an nay, xin vui long lien lac v6i TieuSonTrangSi. Mong rang quyén dap an nhé nay sé dem lai
nhiéu diéu hitu ich cho céc ban.

Dién Dan Toan Hoc
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Chuong 1

Thang 10

1.1 Bail

Cho a, b, ¢ 1a ba s6 thic duong.
a) Chitng minh rang ton tai duy nhat sé thuc duong d thoéa man

1 N 1 N 12
a+d b+d c+d d

b) Véi z,y, 2 1a cac s6 thue duong sao cho ax + by + cz = zyz, hiy chiing minh bat ding thic

x+y+zz§¢m+@w+@@+dy

MrMATH

1.1.1 Loi giai
a) Nhan hai vé ctia dang thiic

1 1 1 2

— 1.1
atd b+d ct+d d (1.1)

v6i A € {a, b, c}, ta bién doi phuong trinh phai thda man

d
ho d, va st d — =1
cho d, va s ung)\_i_d
thanh

A +d

a+b+c_
a+d b+d c+d

1. (1.2)

Khéo sat ham
a b c

1.3
a+t+b+t+c+t (13)

F(t) =

tren mién ¢ € (0,+00), ta dé thady F' 1a mot ham lién tuc va nghich bién ngit (vi a,b,c déu
duong). Hon nita, lim, g+ F(t) = 3 va limy_, 1o F(t) = 0 Vay, ton tai mot gia tri d € (0, +00)



duy nhat sao cho F(d) =1.0Q

b) Dat X = (a +d)x, Y = (b+d)y, Z = (c + d)z. Khi d6, gid thiét ax + by + cz = zyz c6 thé
dugc phat biéu lai bing

a b c XYZ
X Y Z = 1.4
atrd” Tbhrd Terd” T ardOrdctrd’ (14)
con diéu phai ching minh thi tré thanh
4 xi T yvi 9 s Sardbrderd (1.5)
2(a +d) 2(b+d) 2(c+d) ~ ' '

Theo (1.2), cac he sb bén vé trai ciia (1.4) c6 téng bing 1. Ap dung bat ding thic trung
binh cong/trung binh nhan mé rong (hodc Cauchy md rong) vao vé trai ctia (1.4), ta c6

a b C a b c
X Y 7 > XatdYbtd Jotd 1.6
a+d +b+d +c+d = ’ (1.6)

va tit d6, phoi hgp véi gid thiét (1.4), ta suy ra
Xaray#azeta > (a + d)(b + d)(c + d). (1.7)

Theo (1.1), cac hé s6 bén vé trai ciia (1.5) c6 téng bing 1. Ap dung bat ding thic trung
binh cong/trung binh nhan md rong vao vé trai cta (1.5), ta c6

d d d
X Y
2atd) 2brd) 2ctd)

d d

d b c d ___d __d 71/2
Z > Xrd Y 05d 5 a = [Xa+dYb+ch+d . (1.8)

St dung (1.7) thi thu duge diéu phai ching minh (1.5). O

1.1.2 Phan tich 16i giai

C6 mot cach suy luan hgp 1y nao dan dat ta dén con sb d trong cau a) khong, néu dé bai khong
cho ta biét ? N6i chinh xac hon, ta phai lam sao néu dé bai dua ra la:

Cho a, b, c 1a ba s6 thuc duong. Véi x,y, z thyc duong sao cho ax + by + cz = xyz,
tim gia tri nhé nhat ctia  + y + 2.

Hay dat X = ux, Y = vy, Z = wz, trong d6 u,v,w la 3 tham s6 thyc duong sé duge xac
dinh mot cach “thong minh”. Gia thiét ctia dé bai la

b XYZ
x4+ 2v+ Sz= (1.9)
u v w uvw
con biéu thitc 4 y + 2 ma ta phai tim gia tri nhé nhat bing
1 1 1
X4V 42 (1.10)
u v w



Néu ta dit diéu kien
a b c

=1 1.11
U v w ( )

thi cac he s6 bén vé trai ciia (1.9) c6 téng bing 1. Ap dung bat déing thitc trung binh cong/trung
binh nhan mé rong vao vé trai ctia (1.9), ta c6
XYZ b
~%x 4

uvw u v

Y+Si7>xivixe,
w

tu d6 suy ra
XIUyli 2w > wow. (1.12)

Mt khac, cing ap dung Cauchy mé rong vao (1.10), ta tim duge mot chan duéi cho (1.10),
do 1a 1
1 1 1 1 1 1 T i T
XA+ -Y+—Z> <++> [Xiy%zﬂ D (1.13)
U v w u v w

Lan nay thi két qua c6 vé hoi phiic tap, vi tong céc hé s6 bén vé trai khong bing 1, nhung diéu
nay khong thay déi ban chat van de.

So sanh (1.13) v6i (1.12) goi cho ta ¥ kién sau: néu ta mudn khai thac (1.12) dé tiép tuc
tim chin dudi cho vé phai ciia (1.13), thi cdc bo s6 mi trong (1.12) va (1.13) phai ty le véi
nhau. N6i cach khac, ta phai chon u, v, w sao cho

N b 111
i) ton tai d € R théa man (1—a,1—,1—c) :d(,,)
u v w uw v w
.a b c ~ ) a1
ii) — 4+ — + — =1, day chinh la dieu kién (1.11).
uoov o w
Tit ii), ta c6 1 — & > 0. Phéi hop véi i) thi kéo theo d > 0. Tir i), ta co u = a +d, v = b+ d,
w = ¢ + d. Thé cac dang thitc nay vao ii) thi duge

a_{_b_i_c_1
a+d b+d c+d

Day chinh 1a phuong trinh (1.2) dé xac dinh d (> 0). Q

Toém lai, cong dung ctia cac tham s6 u, v, w 1a dé cho ta “ndi dusi” duge (1.13) vai (1.12).
Dong thai, né ciing “dsi chd” truong hgp dau bing: trong tat ci cac bat déng thiic viét tren,
dau bing xay ra khi X = Y = Z. Bai 1 nay tuy khong khé 1&m, nhung tiéu biéu cho mot
phuong phap can bing hé s6 can nim ving trong bat dang thic. Hiéu ré bai nay thi ban sé
lam dugce bai sau:

Tim gi4 tri nhé nhat clia tan A + 2tan B + 5tan C, v6i A, B, C 1a ba gbéc clia mot
tam giac nhon.

Day 1a bai 10 ctia cuge thi VMEO I (2004). Chiic cac ban thanh cong! (dap s6 : gia tri nho
nhat bang 12, tuong tng véi tan A = 3, tan B = 2, tan C = 1.)



1.1.3 Mot cach khac

Xin gi6i thiéu véi cac ban mot cach khac, do tac gid bai (MrMATH) ciing mot thi sinh (cImt)
dé xuéng. Cach nay c6 vé “dé sg”, nhung chiing t6i sé ¢d gang trinh bay né mot cach hop 1y, tu
nhién.

Diéu kién ax + by + cz = xyz c6 thé duge viét dusi dang

a b c

@ g (1.14)
yz  zx Ty
Goi (z,y,2) va (xg, Yo, 20) hai bo s6 thuc duong thdéa man (1.14). Hay hinh dung (z,v, z) la
mot diém “di dong” bat ky, con (xo, o, 20) 1a mot diém “c6 dinh”, noi ma dau bing sé x4y ra.
Hién gis thi di nhién ta chua biét (z0,yo, 2z0) ndm tai dau. Nhung theo bat dang thic trung
binh cong/trung binh nhan cho 3 s6 (Cauchy thuong, khong md rong), ta c6

a a a a

— Y z >3 . 1.15
vz ydzo”  yozd Y020 (1.15)

Bat déng thitc nay c6 1¢i ich gi va tai sao nghi ra duge n6 ? Mot 1gi ich truéc mat 1a khi so
sanh (1.15) v6i (1.14), ta thay xuat hién cac phan s6 ;- va ;2. Do d6, néu ta viét hai bat

Yozo
ding thitc tuong tu véi (1.15), tic 1a

b b b b

— 4+ 5—z+—%z > 3— (1.16)
zZT 2020 20X 200

C C C (&
— 4+ 5—T+—5y > 3 (1.17)
Ty T{Yo ToYH ToYo

roi cong ca 3 bat dang thiic nay lai, ta c6 thé st dung (1.14) dé rit gon két qua. Phép cong
nay dan dén

b b
(2+;>$+<CQ+;>Z/+(GZ+2>ZZ3—1——2. (1.18)
20T xr X Z Z ZnL

0L( oY0 0Yo Yo<0 Yoz 00

Dén day thi ta nhan thiy mot lgi ich khac ctia (1.15): vi (1.15) bac nhat ddi véi y, z, nén
khi cong lai, (1.18) ciing bac nhat déi véi x,y, z. Tt d6, ndy sinh ra § tudng chon xg, yo, 20
khéo 1éo, sao cho vé tréi ciia (1.18) ti & v6i = + y + 2 (biéu thifc ma ta phai tim gia tri nho
nhat). Vay, ta hay doi hoi

b c c a a b

2 2 = 2 2, 2 2,
20X Yo oYy Yo<0 Yoz 2020

(1.19)

va ciing ding quén diéu kieén
a b c
_l’_
Yoc0  Z0To  ZoYo
He phuong trinh (1.19)—(1.20) tuy khong kho6 gidi, nhung céc phép tinh tuong d6i dai, nén
chiing toi chi xin ghi ra dap s6, moi cac ban kiém lai. Ta dugc

(b+d)(c+d) (c+d)(a+d) (a+d)(b+d)
— = =y 1.21
o a+d > o b+d ) 20 c+d ’ (1.21)
véi d 1a dai lugng phu trong cau héi a). Khi do, ta cling ching minh duge réang (1.18) tuong

duong vé6i dieu phai chiing minh trong cau b). Q

=1. (1.20)



1.2 Bai 2

P £ ~ ~ N . N < N o L N 2 . £ 2 N ~
Cac so nguyén duong dudc td bang hai mau trang va den. Biéet rang tong hai so khac mau luon
mang mau den, va c6 vo han cac s6 mang mau trang. Ching minh ring tong va tich ctia hai
s6 mang mau trang ciing la cac s6 mang mau trang.

[tr m&t bai cii]

1.2.1 Loi giai
Goi p 1a sd nguyén duong nhé nhat mau trang. Con s6 nay ton tai, vi theo gia thiét, ta c6 vo

han s6 mau trang.
Nhan xét ring néu a 1a mot s6 trang, véi a > p, thi a — p ciing phai tring. That vay, néu

a — p den, ta sé c6
a = (a —p) + p = den + tring = den, (1.22)

mau thudn véi a tring. Nhan xét nay goi ¥ cho ta tiép tuc trit cho p nhu trén, dén khi nao
“khong trit duge nita”. Trong ngon ngit toan hoc, ¥ nay duge biéu dién bing phép chia Euclid

a=pg+r, véiqg>0 val<r<p. (1.23)

Khai thac nhan xét trén thi ta suy ra dugc r trang. Tuy nhién, theo dinh nghia ctia p thi véi
moi 1 < r < p thi r den. Do d6, ta phai c6 r = 0. Téng két lai cac truong hop a > p, a = p va
1<a<p, taco

a tring = a chia hét cho p.

Vay, tat ca nhitng s6 khong phai 1a boi s6 ciia p déu mau den. Bay gid, trong s6 cac boi s6
ciia p, c6 thé c6 s6 nao mau den khong ? Hay tam gia sit 1a c6. Goi n 1a s6 nhé nhat sao cho
np den. Khi do,

(n+1)p = np + p = den + trang = den. (1.24)

Ly luan tuong tiy thi tat ca cac s mp, v6i m > n ciling den. Vay, tat cid moi s6 nguyén duong
déu den, ngoai trit p,2p,. .., (n — 1)p. Nhung diéu nay mau thuin véi gia thiét ton tai vo han
cac sO mau trang.

Tém lai, moi boi s6 clia p phai mau trang, va chi c6 nhitng sd 4y mdi mau trang. Tt do dé
suy ra diéu phai chitng minh. Q

1.2.2 Nguon gbc

Bai 2 cfing tuong d6i dé, nhiéu ban thi sinh da giai quyét thanh cong. That ra, né 14 bién dang
clia mot bai tap co trong quyén Problem-solving strategies ciia Arthur Engel (chuong 2, bai 38):

Céc s6 nguyen duong dudc to bing hai mau tring va den. Biét ring tong hai sb
khac mau luon mang mau den, con tich clia ching luéon mang mau trang. Vay, tich
clia hai s6 trang mau gi ? Tim tat ca cac phép to mau théa man cic dieu kién dua
ra.




Ta thay gid thiét tich cia hai s6 khdc mau luon mang mau tring trong bai gbc da duge thay
thé béi c6 vo han s6 mau trang trong bai 2. Nhitng gia thiét d6 déu c6 tinh cach phu thuoc.
Gia thiét tong hai s6 khdc mau luon mang mau den mdéi thuce sy thiét yéu. Loi gidi dua ra cho
bai 2 khai thac triet dé gia thiét chinh yéu nay.

1.3 Bai 3
Cho ay,ag, ..., an la cac s6 nguyén duong (m > 1). Xét day s6 {u,}5°,, véi
Up =al +ay + ...+ ap,.
Biét rang day nay c6 hitu han wéc s6 nguyén t6. Ching minh ring a3 = as = ... = an,.

K09

1.3.1 La&i giai
Trude tién, ta can lam sang té thé nao 1a day cé hitu han wdc s6 nguyén to. Mdi sd hang u,

ctia ddy déu di nhién c6 hitu han uéc s6 nguyen t6. Goi D(uy,) 1a tap hgp (hitu han) clia nhitng
u6c s6 nguyéen to clia u,. Gia thiét ctia dé bai néi rang tap hop

D(u) = | D(un) (1.25)

ciing hitu han. Vay, hay goi cAc phan tit ctia D(u) 1a

D(u) = {p1,p2;---, Pk} (1.26)

Khi c6 lity thita ctia mot s6 nguyeén, trong dé ta “kiém soat” dugc s6 mil, mot phan xa tot
13 nén nghi dén dinh 1y nhé ctia Fermat. Theo dinh 1y nay thi véi moi 1 <i<m, 1 < j <k,
ta co

)

il = 1 (mod p;), néupjfa; (1.27)
| 0 (modp;), néup;la;:. (1.28)

Dieu nay goi y cho ta chon n = N(p; —1)(p2 —1)...(pr — 1), v6i N > 1 bat ky, vi khi do6 ta
s6 ¢6 a? =1 hodc 0 (mod p;). Lay tong trén i thi ta c6 thé hy vong suy ra duge mot diéu gi
d6 vé u, (mod p;), tham chi dan dén “mau thuén” khi bién do6i j va tang N. That ra thi mudn
thanh cong, huéng gidi nay can phai duge bo tic bdi mot s6 ¥ kién c6 tinh cach ky thuat.
Nhung chiing t6i da cb ¥ trinh bay so luge cbt ¥ nhu trén cho dé hiéu. Sau day mdi la 16i giai
thyc thu.

Dit d 1a wéc s6 chung 16n nhéat ciia a1, as, . . ., am. Ta co thé viét a; = db;, trong dé céc sd
nguyén duong b; nguyeén t6 cuing nhau. Dé thay ring day sd {v,}°2,, dinh nghia bdi

Up = B AR B (1.29)



cling ¢6 hitu han u6c s6 nguyén t6. Goi

D(v) ={q1,q2,---,q}- (1.30)

14 tap hop cac wée s6 nguyen t6 ctia day v,. Hién nhién 1a D(v) C D(u).
Chon s6 nguyén duong y di 16n sao cho qf > m v6i moi 1 < j < /. Diéu nay kha thi, vi
¢ < 0o. Theo dinh 1y ham Euler (m6 rong dinh 1y nho ctia Fermat) thi ta c6

o(a¥) 1 (mod q;‘), néu g; [ b; (1.31)
1 0 (mod q}‘), néu g; | b;, (1.32)

v6imoi 1 <i<m,1<j </ va¢laham Euler. Xin luu y: phan thi nhi clia khing dinh trén,

tite 14 (1.32), khong ndm trong dinh ly ham Euler va phai duge kiém tra triyc tiép. That vay,
X . X

néu b; chia hét cho ¢; thi b¢(q’ ) chia hét cho qf(q] ), Nhung

[

-1 -1 _
¢a)=q —q  =q (g—1)>2" (1.33)
N -1 % N ¢(‘ZJX) ~ ~ . £ X
va 2X7% > x neu ta chon x > 3. Vay, b, cling sé chia hét cho ¢;*.
Bay gio, ta dit
)4

n(N) =N ][] o(a)). (1.34)

j=1

Tu (1.31)—(1.32), ta c6 b?(N) =1 hotic 0 (mod g;), tiy theo b; khong chia hét hay chia hét cho
¢;. Dua tren (1.29), ta thdy rang xét theo modulo q;‘, s0 hang v,y dong du véi tong ctia m
s6 bang 1 hodc 0. Cac s6 nay khong thé bing 0 hét dugc, vi néu sy kién nay xay ra, thi tat
cé cac b; sé phai chia hét cho ¢;, va diéu nay mau thudn véi tinh chat cic b; nguyén t6 cing
nhau. Vay, v,(y) dong du véi mot tong s6 sy nao do, véi 1 < sy < m. Tuy nhien, vi m < ¢}
nén sy Z 0 (mod q?‘)

Dicu nay chiing t6 rang néu ta xét phan tich ctia v,(y) thanh thira so6 nguyen to

¢
7 (N
vy = [ [ qjj( ) (1.35)
j=1

thi bdt budc s6 ma 7;(N) phai nhé hon x, tic 1a 7;(N) < x — 1. Do d6, v6i moi N > 1 thi
V() bi chdn béi

vany < a7 (1.36)

Viéc nay chi c6 thé xay ra khi by =by=...=b,, hayai =as=...=a,. Q

EN|



1.3.2 Mot bai tuong tu

Vai ngay sau khi dé thi thang 10 dugc cong bd (01/10), c6 mot sé6 thanh vien Dién dan béo
cdo cho ban t6 chiic biét ring bai 3 “da” c6 tren MathLinks (http://www.mathlinks.ro). That
ra, bai trén Mathlinks duge gii sau, vao ngay 21/10. Du sao di nita thi day cing 14 mot sy
tring lap ¥ tudng rat dang tiéc. Cling phai néi rang trén MathLinks chi ¢6 18i giai cho truong
hop m = 2 (tuong dbi dé hon vi khong can phai chon ).

Bai 3 ¢6 thé xem la bai khé nhéat ctia thang 10. N6 1a mot trong nhitng bai toan ma tac gia
(K09) da khao sat, lien quan dén day s6 dinh nghia bing tong cac liiy thita. Dudi day 1a mot
trong nhing két qua ta cé thé thu duge. Theo kién thiic hién tai ctia ching toi thi day 1a mot
két qua méi.

Cho ay,as, ..., an la cac s6 nguyen duong (m > 1). Xét day s6 {u, 2, v6i u, =
al+ay+...+a. Gid st v6i moi n du 16n thi u,, 1a s6 chinh phuong. Ching minh
rang m la s6 chinh phuong.

Bai nay khong dé&. Ban nao mudn trao déi thém vé dé tai nay thi xin lien lac véi K09 trén Dién
dan.

1.3.3 Hai cau hoi mé

Dé ma rong bai 3, ching toi ¢6 hai cau héi mé sau day, dudng nhu ciing rat kho.

1. Cho aj,ag,...,an, 1a cac sd nguyén duong (m > 1). Xét day s6 {un}S,, voi u, =
al +a% + ...+ a. Gid st day nay c6 hitu han uéc s6 chinh phuong. Chiing minh ring
a1 = ag = ... = Qm.

2. Ton tai hay khong mot day s6 nguyen {a,}>°; sao cho

(a) c¢6 vo han céc s6 hang a; khac 0;

(b) day u, = a} +a + ...+ a} chi ¢6 hitu han wdc s6 nguyen t0.

1.4 Baid4

a) Cho tam gidc ABC va mot diém I nam trong tam giac. Gia st LIBA > £ICA va
AIBC > £ICB. Chitng minh ring, néu ta kéo dai BI,CI cat AC, AB tai B’,C’ tuong
ting, thi BB’ < CC".

b) Cho tam giac ABC c¢6 AB < AC va phan giac AD. Chiing minh ring vé6i moi diém I, .J
thuoc doan [AD] va I # J, ta luon c¢6 LJBI > £JCI.

¢) Cho tam giac ABC ¢6 AB < AC, v6i phan giac AD. Chon M, N lan lugt thuoc cac doan
CD, BD sao cho AD la phan gidc clia goc £ MAN. Trén doan [AD] lay diém I tiy y
(khac D). Cac duong thang BI, CI cit AM, AN tai B’, C’. Chitng minh réing BB’ < CC'.

duantien




1.4.1 Loi giai
a) Do £IBA > £ICA nén ta c6 thé lay C” € [IC’] sao cho LIBC" = LICA. Do £IBC >

ALICB, nén
LC"BC = LIBC + LIBC" > LICB + £LICA = £{B'CB. (1.37)

Mzt khéc, dé thay rang
LC"BC + AB'CB < £C'BC + 4B'CB = 180° — £ A < 180°. (1.38)
Phéi hop (1.37) va (1.38) thi ta dugc

AB'CB < £C"BC < 180° — {B'CB. (1.39)

Hinh 1.1: Bai 4, cau a)

Goi R ban kinh vong tron ngoai tiép tit giac B'C” BC' (xem hinh 1.1). Ta c6

CC" = 2R? — 2R? cos(24C"BC) = 4R?sin? LC"BC (1.40)
BB"? =2R? - 2R? cos(24 B'CB) = 4R?sin? { B'CB. '
Tit (1.39), ta c6 sin £ B'C'B < sin £C" BC. Vay, hai dang thitc (1.40) dua dén két luan BB’ <
cc’<cc'.a

b) Tat nhién, ta c6 thé coi J nam trén doan [AI]. Liy E diém doi xting ctia B qua AD. Goi F'
14 dinh thi tu cta hinh thang can CIJF (xem hinh 1.2). Vi mot hinh thang can luon noi tiép
dugc, ta co

LICF =180° — LIJF = 180° — LAIC = LA+ LAEJ > LAEJ (1.41)



nén tia C A ndm trong géc IC'F. Hon nita,
ABJI = 14 A+ LAEJ = JLA+ LABJ < 14A+ 4B (1.42)
va,
AFJI = AFIA=180° — (J4A+ LICA) > 180° — (14 A+ 4C) = 34A+ 4B (1.43)

nén ta suy ra L EJI < £F.JI. Diéu nay chitng t6 rang £ nam trong hinh thang CIJF. N6i riéng
l1a E nam trong cung chita goc £ JCT dung trén doan [I.J]. Vay, LJBI = L{JEI > £JCI.Q

A
/1

B D C
Hinh 1.2: Bai 4, cau b)

c) Vé hinh can than, ta c6 “cam giac” 1a BC’ va OB’ cit nhau tai mot diém J € [AD]. Ta hay
tam gid st nhan xét nay that va thiét 1ap két qua cau c¢). Sau do, ta sé tim cach chiing minh
nhan xét nay.

Ap dung cau b) vio tam gidc ABC va cap diém (I,.J), ta c6 LJBI > £JCI. Ap dung cau
b) vao tam gidac ABC va cap diem (I, D), ta c6 LIBC > £ICB. Hai bat dang thiic nay cho
phép ap dung cau a) vao tam gidc JBC va diém I. Khi dé, ta suy ra BB’ < CC'.

Dé két thic, ta phai ching minh ring BC’, CB’' vi AD dong quy. Ta sé thiét lap diéu
nay mot cach gian tiép: ta dat J = BC' N AD, B” = JC N AM va c6 gang chiing minh réng
BB", CC' va JD ddong quy. Khi dé, diém dong quy bat buoc phai la CC' N AD = I, va tit dé
B"=D.
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Hinh 1.3: Bai 4, cau ¢)

Ap dung dinh 1y Menelaus vio tam giac JDB va cat tuyén AC'N, ta c6 (xem hinh 1.4)

C'J NB AD _

5B ND AT = (1.44)
Ap dung dinh 1y Menelaus vao tam giac JDC' va cat tuyén AB”M, ta c6
”
g,,é ' % ' %) =1 (1.45)
Chia (1.44) cho (1.45), roi cho hai phan s6 qua vé phai, ta dugc
C/J.B”C:ND.MC:DN.MC. (1.46)
¢'B B"J NB MD DM NB
Mzt khac, theo tinh chat duong phan gidc thi
by _ap DN _ax "
Diing (1.47), ta bién d6i (1.46) thanh
C'J DB B'C _ AN AB MC _ S(ABN) MC _, (1.48)

C'B DC B"J AM AC NB’ S(ACM) NB

ky hieu S tugng trung cho dién tich ciia tam giac. Theo dinh 1y Ceva thi cic duong thing BB”,
CC’" va JD phai dong quy. Q
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Hinh 1.4: Ap dung 2 1an Menelaus

1.4.2 Binh luan

Bai 4 ciing 1a mot bai kho, va sé 1a mot bai rat kho néu chi ¢6 cau c), khong c6 hai cau a)
va b) déng vai b6 dé. Tac gia (duantien) di dén bai toan nay khi tim cich téng quat dinh ly
Steiner-Lehmus. Xin nhéc lai van tat noi dung ctia dinh 1y Steiner-Lehmus.

Cho tam giac ABC'. Xét hai duong phan giac trong BB’ va CC’ cla cac goc £ B
va £C, v6i B' € [AC] va C' € [AB]. Néu AB < AC thi BB' < CC'.

Ta ciing dat dugc két qué ctia cau c), muc dich chinh ciia bai nay, bang mot con dudng
khac. Thay vi a) va b), ta c6 thé diing hai b dé sau, ciing do duantien dé nghi:

1. Cho tam gidc ABC véi AB < AC. Xét trung tuyén AM, phan gidc AD, cing mot diém
bat k¥ trong tam giac AM D, nhung khong nim trén doan M D. Céc duong thing BI,CI
cat lan lugt AC, AB tai E, F. Chiing minh rang BE < CF.

2. Cho tam gidgc ABC v6i AB < AC. Xét mot diém J bat ky tren dudng phan giac AD.
Chtng minh rang C.J > BJ va LABJ > £ACJ.

Con hai bd dé a) va b) that ra 14 do Hatucdao dé xuéng. S di con dudng nay duge chon lam
dé bai vi n6 tuong d6i dé hon (dut chi “tuong do6i” thoi!). Rieng cau b) con ¢6 nhiéu cach chiing
minh. Trong s6 cic ban dy thi, hau nhu mdi ngudi déu c6 mot cach khac biét it nhidu véi 1oi

giai chinh thic trén!
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Chuong 2

Thang 11

2.1 Bais

Cho a, b hai s6 nguyén duong. Hoéi c6 bao nhiéu s6 nguyén c6 thé duge biéu dién dusi dang
ap + bq, trong do6 p, ¢ 1a nhitng sd nguyén khong am, va p + ¢ < 2005.

lehoan

2.1.1 L&i giai

Thay 2005 bing s6 nguyén n, ta xét van dé téng quét: tim u,, s6 cic sd nguyen c6 thé dugc
biéu hién duéi dang ap + bq, véi p+ ¢ < n, trong dé a, b 1a hai sé nguyén duong cho trudc, p, q
la nhiing s6 nguyén khong am.

Dé thay rang néu a = b (> 1) thi u, = n + 1. Vay, ta chi can nghién cttu truong hop
a>b>1 (khi do6, a > 2). S6 di ta c6 quyén gid sit vay la vi a,b déng vai tro déi xiing trong
bai. Chia a,b cho u6c s6 chung lén nhat ciia chiing, ta khong déi dap sb u,. Vay, ta cling c6
thé gid st a,b nguyén to cung nhau. V6i cac gia thiét nay, ta sé tim mot cong thiic truy hoi
cho day uy,.

1

Trong §-mat phéng (z,y), ta xét tam giac

T, ={(p,q) €N? | p+q <n}. (2.1)
Goi la “tam giac” cho tién, cht that ra dé 1a tap hop r6i rac clia nhitng diém c6 toa do nguyén

trong tam giac thyc thu 7,, = {(z,y) € R? | z +y < n}. Nhitng diém ctia T}, dugc to6 mau den
(e) trén hinh 2.1. Vé thém dudng thing

Dyi1 ={(p,q) N’ | p+q=n+1}, (2.2)
Mot lan nita, goi la “duong thing” cho tién, chit d6 la tap hop roi rac ctia nhitng diém c6 toa

do nguyén trén duong thing thuc thu D,1 = {(z,y) € R? |  + y = n + 1}. Nhitng diém ciia
D, 11 dugce t6 mau trang (o) trén hinh 2.1.
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Hinh 2.1: Bai 5

Mot s6 nguyen N c6 thé duge biéu hien dusi dang N = ap + bq, (p,q) € T}, néu dudng
thdng c6 phuong trinh ax + by = N xuyén qua it nhat mot diém cta 7). Qua mdi diém
(Po, q0) € Dpy1, ta vé duong thang ax + by = apg + bgo. Néu duong thing nay xuyén qua mot
diém (p1,q1) € T, ndo do, thi s6 N = apg + bgo 1a mot s “cii”, da duge dém trong u,. Nguge
la, néu duong thing nay khong xuyén qua diém nao ciia T),, thi N = apg + bgo 13 mot s6 “méi”,
chua duge dém trong w, nhung phai duge dém trong 1.

Tap hop D11 gom n+2 diém. Ta phai tinh xem trong dé, c6 bao nhicu diém (pg, o) € D1
tuong ting mot sd cii. Nhan xét rang, theo gid thiét a, b nguyén té ciing nhau, ta c6

apo + bgo = ap1 + bqy < Ik € Z sao cho { izzg——l_lgzz(n—l—l)—po—ka. (2.3)
Khi d6, p1 + ¢1 = (po + qo) — k(a —b) = (n+ 1) — k(a — b). Mat khac, dé thay ring
(p1,q1) €ETh & p1+aq <n, p1 >0, \Vé =0 (2.4)
<sk>1, pp+b<n, va (n+1)—py—a>0
Diéu kién chét tuong duong véi
po <min(n+1—an—->0=n+1-a (2.5)
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(via>b+1). Vay, néu n + 1 < a, ta khong c6 s6 cii tréen Dy, 1. Néu n + 1 > a, ta c6 ding
n+2—adiém (0 <py <n+1-a) tuong tng véi s cit trén Dy, y1. Tom lai,

{un+(n+2)—0—un+n—2, néun+1<a; (2.6)
-
e up+m+2)—(n+2—-a)=u,+a, néun+12>a. (2.7)

tiic 12 up41 = up, +min(a, n+2). Ngoai ra, dé thiét lap ug = 1, u; = 3. Phoi hop vdi (2.6)—(2.7)
thi suy ra

f(n+1)(n+2), néua >n+1; (2.8)
Up, = )
" ta(a+1)+(n—a+1)a, néua<n+l. (2.9)

Dé két thic, ta quay trd lai dé bai va 4p dung cu thé cho n = 2005 sau khi da gép chung
lai cac truong hop vira duge xét.

1. Néu a = b, ta c6 ugos = 2006.

2. Néu a # b, dit

- e
v6i ky hiéu ged = uwde s6 chung 16n nhat. Khi do,
e néu ¢ > 2006,
U005 = % - 2006 - 2007 = 2013021; (2.11)
e néu c < 2006,
usoos = 2c(c+1) + (2006 — c)c = 1(4013 — ¢)c. (2.12)

SG di ta phéi dinh nghia ¢ theo (2.10) 1a vi céc cong thic (2.8)—(2.9) chi ¢6 hiéu lyc khi a,b
nguyén t6 ciing nhau va a > b. O

2.1.2 MG rong

Loi giai trén tuy c6 vé dai dong, nhung bai 5 nay khong phai 1a mdt bai khé. Dya trén nhitng
¥ tuéng da dudc trinh bay, mot huéng tong quat bai 5 c6 thé nhu sau.

Cho céc s6 nguyén duong aq,as, ..., amy, v6i m > 1. Hdi c¢6 bao nhiéu s6 hitu ty c6
thé dugc biéu dién dudi dang

trong d6 p; 1a nhitng s6 nguyén khong am, va p1 + p2 + ... + pm < 2005.
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2.2 Baié6

Cho tt giac ABC'D noi tiép. Trén dudng chéo AC, ta chon mot diém I sao cho I va C' ndm vé
hai phia khac nhau déi véi BD. Trén dudng chéo BD, ta lay hai diém E va F sao cho IE | AB
va I[F || AD. Chitng minh ring L BIE = ADCF'.

lehoan

2.2.1 Loi giai
VIiIF || AD nén LFIC = £DAC. Theo gia thiét ABC'D noi tiép, ta c6 L DAC = £LDBC. Tt
d6, LFIC = LFBC, cho nén tit giac IBCF noi tiép.

D

Hinh 2.2: Bai 6, cach 1

Do d6, LBIC = K BFC. Nhung £ BIC = {BIE + LEIC, con {BFC = {BDC + {DCF
(g6c ngoai cla tam giac DC'F'). Vay,

ABIE + LEIC = {BDC + £DCF. (2.13)

Mit khiac, LEIC = {BAC = ABDC, nén (2.13) c6 thé dugc riat gon thanh {BIE =
£DCF.Q

2.2.2 Mot cach khac

Loi giai trén do ban dungCT tim ra. C6 thé coi d6 1a cach “ngdn gon” nhét, khong can dung
hinh phy, khong can st dung khai niém gi cao cap hon goc noi tiép. Con rat nhiéu cach giai,
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da s6 déu phai budc qua giai doan I BCF noi tiép. Dudi day 1a mot trong nhitng cach dé, phan
ch6t kha ngd nghinh, do tac gid (lehoan) dé xudng.

Kéo dai BI,C'F cho ching cit vong tron ngoai tiép ABCD lan lugt tai M, N. Vi IBCF
noi tiép nén LIFC = 180° — LIBC. Vi MBCN noi tiép nén L MNC = 180° — £LIBC. Vay,
LIFC = AMNC, suy ra MN || IF || AD.

Hinh 2.3: Bai 6, cach 2

Khi do6, ti gidc ADM N 13 mot hinh thang. Hinh thang nay noi tiép, nén phai 1a mot hinh
thang can. Vay, AM = DN. Diéu nay kéo theo L ABI = £ DCF, va vi L{ABI = {BIE (so le
trong), nén L BIE = £DCF.

Di nhién la truong hop M = N cé thé xay ra, va khi dé ta khong con hinh thang nita.
Nhung tinh huéng nay tuong tng véi mot vi tri dac biet, vi ¥ tudng chitng minh c6 thé duge
“stta chita” dé dang. Q

23 Bai7

Tim tat ca cac ham f : [0,00) — R sao cho f don diéu va

[f(@) + fW)]? = f(=® — y*) + f(2zy),

v6i moi x > y > 0.

Hatucdao
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2.3.1 Loi giai
Cho (z,y) = (0,0) vao déng thiic ciia dé bai. Ta c6 4f%(0) = 2f(0), suy ra f(0) = 0 hodc 3.
Chiing ta hay lan lugt xét hai kha nang.

© | £(0) =3
Cho (x,y) = (1,0) vho dang thiic ctia dé bai, ta c6 [f(1) + £(0)]% = f(1) + £(0). Sau khi
don gian, ta duge f(1) = —1 hoac 3.
e Néu f(1) = thi cho (z,y) = (1,1) vao déng thiic ciia dé bai, ta duge f(2) = 3.

1
T2
Song khi d6 f(0) > f(1) va f(1) < f(2), diéu nay mau thudn véi f don dieu.

e Néu f(1) = %, xét day 21 = 1, 241 = 222. Cho (2,y) = (zn, ¥n) VAo dang thitc clia

dé bai, ta co
Af(@n)]? = f(@ng1) + 3. (2.14)

Tu d6, bang qui nap, ta c6 f(z,) = % v6éi moi n € N*. Vi z, — oo va f don diéu

nén ta suy ra f(z) =  v6i moi « > 0.
@|f(0)=0
Cho (z,y) = (z,0) vao déng thiic ctia dé& bai, ta c6
[f(x))? = f(2?),  v6imoi x> 0. (2.15)

Mit khac, cho (z,y) = (z, ) vao phuong trinh ham, ta cé 4[f(z)]? = f(222), vi f(0) = 0.
Két hgp hai ding thitc nay, ta c6 4f(2%) = f(222) véi moi > 0, hay

4f(x) = f(2x), v6i moi x > 0. (2.16)
Trong phuong trinh ham ban dau, dit z = u + v, y = u — v. Két hop véi (2.16), ta dugc
[f(utv) + flu—0)* = f(duw) + f(2(u® — v*))

[f(2uv) + f(u? — v?)] (2.17)
= 4[f(u) + f(v)]?

v6i moi u > v > 0. Tu (2.15), ta suy ra f(z) > 0 v6i moi x > 0. Do d6, l1ay can bac hai,
ta dugc
flu+v)+ flu—v)=2[f(u) + f(v)], v6i moi u,v > 0. (2.18)

Day 1a hdng ddng thitc hinh binh hanh, sé dugce dé cap dén trong phan mé rong. Tit (2.18),
ta sé chiing minh rang

fw) = f(Dw?,  véimoi weRy. (2.19)
Trude tien, dé thiy rang

f(nz) =n?f(x), v6i moi n € N*. (2.20)
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That vay, véi n = 0, 1,2, diéu nay dé thiét lap. Gia st khang dinh (2.20) ding dén n. Khi
do, vi

f((n+1)z) + f((n = 1)x) = 2[f(nz) + f(2)], (2.21)
theo (2.18), nén

z) (2.22)

Diéu nay ching t6 rang (2.20) ciing dang véi n + 1. Ap dung (2.20), ta c6
2 2
FE) =mf () =) n'f () =) (7) (2.23)
v6i moi m, n nguyén duong. Dt w = m Vay,
n

fw) = f(Dw?, — véimoi we Q. (2.24)

Nho gia thiét don dieu ctia f va tinh chat tri mat ciia Q trong R, ta c6 (2.19). Trong
(2.15), cho z = 1 thi ta ¢6 f(1) = 0 hodac 1. Néu f(1) = 0 thi f(z) = 0 v6i moi z > 0.
Néu f(1) = 1 thi f(x) = 22 véi moi z > 0.

Téng két lai tat ca nhiing truong hgp, ta cé 3 ham théa man diéu kien bai toan. Dé 1a

(i) f({L') =0, (ﬁ) f(x) = 9 (iii) f(.’L‘) = a2

véimoi x > 0. QA

2.3.2 MG rong

Bai nay dudc tac gia (Hatucdao) 1y cAm hiing tit hiing déng thitc (22+42)? = (22 —y?)%+(2zy)2.
Nhu ta da biét, hing ding thic nay lien quan mat thiét dén viec gidi phuong trinh nghiem
nguyen A2 + B2 = C2. Va chinh né 14 mau chét trong bién doi dan t6i (2.15), mot diem quyét
dinh ctua bai toan.

Trong 13i giai trén, ta ciing c6 mot diém then chét khac. D6 1a hing ding thic hinh binh
hanh (2.18). S§ di n6 mang tén dé la vi néu @, ¥ 1a hai véc-td trong mat phang va ||| 1a ky
hiéu do dai, ta co

|17+ 311 + @ — al|* = 2(|al|* + [|7]). (2.25)
Ban chat phan @ ctia 16i gidi 13 ching minh ring mot ham f : R — R don diéu va théa méan
hing déng thiic hinh binh hanh bit buodc c6 dang f(w) = f(1)w?. Két qua nay that ra téng
quat trén R™: mdi cac ban suy nghi bai sau.

Cho s6 nguyén duong n. Tim tat ci cac ham lién tuc ® : R® — R sao cho
B(u +v) + B — v) = 2(B(w) + B(v)),

v6i moi u, v € R".
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Nghieém téng quéat cho phuong trinh ham trén 1 dang toan phuong

(I)(X) = Zzai]’l‘il’j, (226)

j=1i=1

vl a;; € R va x = (21, 22,...,2p).

24 Bai8

Cho a, b, c 1a cac s6 thyc duong. Chiing minh rang
1 1 1 3
+ + > .
ava+b bJ/b+c ceta T V2abe

Hatucdao

2.4.1 L&i giai

Ta viét lai bat dédng thic can ching minh duéi dang = + vy + 2z > 3, véi

2bc 2ca 2ab
x:’/m, y:’/m, z:”m. (2.27)

Quan sat cac sd z,y, z, ta c6 gang tim mot moi lien hé gitta ching. Ta thiy cic dai luong

2
a , Zr = 20 Ty = 2c (2.28)
(b+c)(c+a)

e craary) T Jlarn)bto

kha “dep”. Gia st ta ching minh dugc xy + yz + zx > 3. Khi do, ta sé co
(z+y+2)?2>3@y+yz+22)>3-3=9, (2.29)

va tit d6 sé suy ra duge = +y + z > 3. Vay, ta hay c¢d ging ching minh zy + yz + 22 > 3. Dé
thye hién muc dich dé, ta dat

u=+vVb+ec, v=+/c+a, w=+va+b. (2.30)

Khi &y,
v w? 4+ v? —u? u? +w? —v?
ypy=— 2r=— TYy=-— (2.31)
v vw wu

vy
vy +yz +2x > 3 < v(v? +u? — w?) + ww? + v —u?) +uu? + w? —v?) > 3uwow
& (ud 4+ 03 + w?) + (u?v + V2w + wu) > (Vi + w?v + vPw) + Suvw.
(2.32)
Tuy nhién, dé thiay bat dang thitc cudi ciing ding, vi

20



e khai trién bat ding thiic hién nhien u(u — v)? + v(v — w)? + w(w — u)? > 0, ta duge

(W + 0 + w?) + (u?® + vw? + wu?) > 2(u?v + v*w + wu). (2.33)

e ap dung bat dang thic trung binh cong/trung binh nhan (Cauchy) cho 3 s6, ta c6

u?v + v*w + wu > 3uvw. (2.34)
Cong (2.33) va (2.34) theo vé, roi rit gon, thi ta duge (2.32). Q

2.4.2 Nguon gbc
Bai nay phat sinh khi tac gia (Hatucdao) tim cach chiing minh bat ding thiic

h h h
mg mc  ma

trong tam gidc ABC. Rii thay, bat ding thitc (2.35) nay sé dugc chiing minh néu ta ching
minh thanh cong bat ding thic ciia bai 8 trong chiéu. . . ngugc lai!
2.4.3 Mot cach khac

Mot nét hay ctia cach giai trén 1a chi can “mudn gi viét day”, di cita chinh mot cach kha hop
ly. Phan chét, ta cling c6 thé theo mot 16i khéc:

e khai trién bat ding thitc Schur u(u —v)(u —w) +v(v —w)(v — u) + w(w —u)(w —v) > 0,
ta dugc

(u? + 0% + w?) + 3uvw > 2(v*v + v?w + wiu) + (u? + vw? + wu?). (2.36)

e ap dung bat déng thitc trung binh cong/trung binh nhan (Cauchy) cho 3 s6, ta c6

2(u?v + viw + wu) > 6uvw. (2.37)

Sau do, cong (2.36) va (2.37) theo vé dé thiét lap (2.32).
Cac ban thi sinh cling da tim ra nhiéu 16i giai hay khac cho bai nay. Xin gidi thieu cach
dudi day, kha ngan gon, ctia ban dungCT. Dit p = é, q= %, var = % Khi do,
1 n 1 n 1 _ P n q n T
ava+b  b/b+c c\/c+a_\/l+1 \/;+; \/1+1
P q q T P (2.38)
_ byPq a./qr T\/TD
— + + .
vPta Vat+r  /r+p

Bat ding thtc phéi chitng minh c¢6 thé dugce chuyén vé dang

p q r

V2r(p+q) i V2p(qg+7) " V2q(r +p)

>

N W

. (2.39)
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Stt dung bat déng thitc trung binh cong/trung binh nhan cho 2 s6 /st < %(s +1t), ta co

P n q n r S 2p n 2q n 2r
V2r(ip+q)  /2p(g+7r) 2q(r+p)  pPrq+2r gq+r+2p r+p+2q
2p? 2¢> 272
- + +
P> +pg+2rp ¢ +qr+2pg  r*+rp+2qr
(2.40)
Ta lai diing bat dang thiic Buniakovski-Cauchy-Schwarz dé tim chan duéi cho vé phai. D& thay
rang
5 2
2 p
P ( cyc. )
> cye. 73 > 5 (2.41)
PP +pa+2rp T Y ey (PP 4 pg + 2rp)
nén ta c6 thé noi tiép (2.41) véi (2.40) va thu duge
P, 4 - 2(p+q+r)?
Verp+a)  V2(a+r) 20 +p) T 02+ +72) +3(pg + gr +7p) (2.42)
20p+q+7)°
(P+q+r)*+(pg+aqr+rp)
Nhung ta biét rang pg + qr + rq < %(p + g+ )2 Do do,
P4 . - 2(p+q+r)?
V2r(p+q)  V20(a+7)  24(r+p) (pra+ r?+3p+aq+r) (2.43)

Day la diéu mong mudn (2.39). Q
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Chuong 3

Thang 12

3.1 Bai9

Trén mot ban ¢ vua chau Au gom 64 (8 x 8) 6, hay tim mot cach sip dat 9 quan hau cling
1 quan vua sao cho cac quan hau khong thé bat nhau (mot quan hau c6 thé bat duge tat ca
nhitng quan ding cung hang, cing cot, hodc trén hai duong chéo xuyén ngang 6 né dang ding,
va nhiing quan d6 khong bi cdn bdi mot quan khac).

[tir m&t bai cil]

3.1.1 Loi giai
Co6 dén tong cong. ..128 cach sip théa méan diéu kien dé bai! Néu ta coi cac cach sip tuong

duwong nhu mot!, thi khi dé c¢6 16 cach. Dé trinh bay 16 cach sip co bdn nay, ta c6 thé gid sit
quan vua nam bén trai, trén cao. Khi do, ta sé co:

e 5 cach sip c6 quan vua ding tai trung tam ban cd, 6 d5. 5 cach nay dugce thé hien tren
hinh 3.1;

e 3 cach sap c6 quan vua ding trén duong chéo, 6 6, 2 cich sip c6 quan vua ding tai d6.
5 cach nay duge thé hien trén hinh 3.2;

e 4 cach sap c6 quan vua ding tai d7, 2 cach sap c6 quan vua ding tai c7. 6 cach nay dugc
thé hien trén hinh 3.3.

Dé bai chi doi héi 1 cach. Ta c6 thé “mo man” mot chit, va nhan thay phai khai thac dudng
chéo ma dé c6 thé dat nhiéu quan hau. Mit khac, quan vua phai ndm gitta it nhat 2 cip quan
hau trén cung hang, cung c6t hoac cing dudng chéo.

'Hai cach sip dude goi 1a tuong duong néu céch nay cé thé suy ra tit cach kia qua mot phép déi xing hoic
mot phép quay trén ban cg.
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Hinh 3.1: 5 cach sip khong tuong duong c6 quan vua tai db
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3.1.2 Nguon gbéc

Nam 1850, Gauss phat biéu bai toan sau: cho mot ban ¢ vua gdm n x n 0, tim tat ci cach
sap dit m quan hau trén ban ¢ d6 sao cho cac quan hau khong bat duge nhau. Da c6 rat
nhiéu cong trinh nghién cttu vé bai toan nay, con mang tén la the Queens problem. Dac biét,
khi n = 8, thi ta c6 hét thay 92 cach sap dit, gom 12 cach co ban khong tuong duong.

Ta c6 thé nhan xét ring n 14 s6 quan hau 16n nhét c6 thé dat len ban ¢ n x n dé ching
khong bat nhau duge, néu khong c6 quan nao khac trén ban cd. That vay, néu c6 n + 1 quan
hau, theo nguyén ly Dirichlet, bat buoc phai c¢6 it nhat 2 quan hau trén cing mot hang. Khi
dé, hai quan hau nay sé bat nhau dugc, vi khong c6 quan nao khéc ding giita dé can.

Cau héi dat ra 1 néu ta cho phép st dung thém mot quan nao khac, c¢6 cong dung ding
can, thi liéu c6 dit dudge n+1 quan hau lén ban s khong. Cau tra 16i 1a “cé”, néu n > 6. Chiing
minh tuy khong khé (qui nap trén n), nhung vi chi tiét ciing kha phién phic, nén ching toi
khong trinh bay noi day.

Goi C(n) 1a s6 cach sap dat co ban, khong tuong duong. Goi T'(n) 1a s6 cach sap dit, trong
d6 dém ca cac cach tuong duong. Cac tri s6 dau tien ctia C(n) va T'(n) 1a

n | C(n) | T(n)
5 0

6 2 16
7 3 20
8 16 128
9 52 | 396

3.1.3 Hai bai tuong tu

C6 rat nhiéu bai vé sip quan trén ban cd vua. Dé md rong bai 9, ta c6 thé xét them hai bai
sau. Bai thtt nhat do MrMATH dé ctt.

Trén ban c¢d vua chau Au 8 x 8 6, tim céch sdp dat 8 quan hau ciing 1 quan vua
ding tai mot 6 bat ky sao cho cac quan hau khong thé bat nhau.

Thay vi 9 quan hau, ta chi con ¢6 8 quan hau. Nhung dé la gia phai tra cho vi tri tu do cia
quan vua. Khi quan vua bit dau di chuyén vao géc a8 thi ta méi bat dau “ket”, vi khi dé, né
khong con cong dung can hai quan hau ciing hang hoac cting cot nital

Bai thit nhi cling kha tha vi, vi n6 st dung khéi niém mau ctia quan.

Trén ban ¢ vua chau Au 8 x 8 6, tim céch sip dit 2 nhém quan hau tring va den,
mdi nhom 9 quan ciing mau, sao cho hai quan hau khac mau khong thé bat nhau.

Duéi day 1a mot cach gidi. Mong ban sé thanh cong trong viéc tim cach khac, khong tuong
duong, hodc chitng minh rang khong con cidch nao khac!
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Hinh 3.4: Mot cach sip dit 2 x 9 quan hau

3.2 Bail0

a) Chitng minh rang v6i moi s6 nguyén duong m > 2, phuong trinh
ygzxi’—i—x%—i—...—&—xfn
ludn ¢6 nghiém nguyén duong.

b) Cho s6 nguyén duong n > 1 va gia sit n # 3. Chitng minh rdng moi s6 hitu ti z > 0 déu
c6 thé dugce bicu dién dusi dang
$_@+@+m+@
b+ b3 +...+0b3

trong d6 a;,b; (i=1,..., n) 1a nhitng s6 nguyen duong.
K09
3.2.1 Loi giai
a) Véi n = 3, ta co
9% =1°+6° +8% (3.1)
V6i n =4, ta c6
133 =13 453 4 73 4123, (3.2)

Vay, ménh dé dua ra ding véi 3 va 4. Gid st n6é dang véi tat ci cic sé6 nguyeén tit 3 dén n — 1
(n >5). Ta muén ching minh né ciing ding véi n. Theo gid thiét qui nap cho n —2 (> 3), ton
tai cac s6 nguyen duong x1,Z2,...,Tp_2 VA Y sao cho

YP=adrad . 42, (3.3)
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Nhan hai vé ctia (3.3) cho 93, ta c6
(99) = (921)% + (922)® 4+ ... + (92,_2)°. (3.4)

Dua trén (3.1), ta phan tich (9z1)% = 23 + (621)3 + (8x1)3. Thé déng thitc nay vio (3.4) thi ta
thay (9y)? 1a tdng clia n s6 lap phuong. Vay, ménh dé ding? véi n. Q

b) Dé bai cho gia thiét n > 1 vi n # 3. Vay, dudng nhu n = 2 13 mot truong hgp dac biet can
phai xét rieng. Hién gis thi ta chua biét xit trudng hop nay ra sao. Nhung néu ta tam gid st
né ding, thi ta c6 thé dimg cau a) dé giai quyét cau b) cho moi n > 3. That vay, cho s6 hitu
ti z dugc biéu hien dudi dang
3,13
a’+b
r=—-7:. 3.9
3+ dd (3:5)

v6i a, b, ¢, d nguyén duong. Vin > 3 nén n — 1 > 2, va theo cau a) thi phuong trinh
Yv=adrad .. 423 (3.6)

c6 nghiém nguyén duong. Nhan méu s6 va tit s6 ctia (3.5) cho y?, r6i st dung phan tich (3.6),
ta co

_ (ya)’ + (yb)* _ (210)° + (220)° + ... + (zp—10)" + (yb)°

(ye)® + (yd)*  (z10)* + (22¢) + ... + (2n-10)® + (yd)*

(3.7)

Trong phan s6 chot, mau sb6 va tit s6 déu la tdng ctia n lap phuong. Vay, khang dinh dé bai
dang véi n.

Bay gio ta chi con phai xét truong hop n = 2. Ta phai chiing minh ring moi s6 hitu ti déu
c¢6 thé bidu hien dusi dang (3.5). Ta c6

a® 4+ b3 a+b a®—ab+ b
- : = X . (3.8)
S+dd c+d 2—cd+d?

Hay xét vai truong hgp dac biet dé thay ro6 hon. Néu ta chon
b=d=a+c (3.9)
thi khi d6é a® — ab+ b? = ¢ — e¢d + d?, va phan s6 trén tré thanh

20+ ¢
2c+a

(3.10)

V6i dang (3.10) nay, ta c6 thé biéu hien dugc tat ca céc sb hitu ti r € [4,2]. That vay, néu
r= § thi hée

(3.11)

20 + c¢c=3p
a+ 2c=3q

2Nhan xét: nguyén 1y qui nap ma ta vita 4p dung “nhy” tit n — 2 lén n. Do d6, ta phai khéi ddu qui nap véi
hai gia tri cia n (6 day 1a 3 va 4).
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chi ¢6 nghiem (nguyen) duong khi 7 € [1,2]. Bay gid, v6i = hitu ti bat k¥, luon ton tai u,v
nguyén duong sao cho

u3 1
ST € [3,2] . (3.12)

Diéu nay phat ngudn tit tinh chat: gitta hai sé thyc luon ton tai mot s6 hitu ti. Do d6, ton tai

s6 hitu ti % sao cho
5/ 1 U \3/5
S <« 2 < @2 3.13
2c v YV ( )

Khi do, vi Z—gx c6 dang (3.5), nén z ciing c¢6 dang (3.5). Toém lai, ta c6 diéu phai chitng minh
v6i moi hitu ti duong. U
3.2.2 Binh luan

Theo tac gia (K09), bai nay 1a két hgp ctia mot s6 két qua da c6 sdn trong cac bai s6 hoc duy
tuyén. Cau a) la mot bai rat co dién. Cac thi thuat qui nap trong hai cau a) va b) ciing 1a
nhitng phan xa can phai co.

3.3 Baill

Cho P mot da thitc he s6 thuc c6 bac 16n hon 1. Tim tat ca cac cap (f, Q) gom ham f : R — R
va da thitc hé s6 thyc @ théa man hai diéu kién sau :

i) v6i moi z,y €R, ta co f(P(x)+ f(y)) =y +Q(f(z)) ;
ii) ton tai zg € R sao cho f(P(z0)) = Q(f(x0)).

emvaanh
3.3.1 Loi giai
Cho (z,y) = (z0,v) vio i), véi v € R, ta ¢6
F(P(x0) + f(v)) = v+ Q(f(20)). (3.14)
Cho (z,y) = (z, P(z0) + f(v)) vao i), ta c6
f(P(z) + f(P(zo) + f(v))) = Plxo) + f(v) + Q(f(2)). (3.15)
Thé (3.14) vao vé trai ciia (3.15), ta dugc
f(P(z) + v+ Q(f(20))) = P(zo) + f(v) + Q(f (2))- (3.16)
Stt dung gia thiét ii) dé bisn déi vé trai,
f(P(z) + v+ f(P(x0))) = P(zo) + f(v) + Q(f (2))- (3.17)
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Mat khéc, cho (x,y) = (z, P(z0)) vao i), ta c6 f(P(z) + f(P(z0))) = P(xo) + Q(f(x)) = vé
phéi ctia (3.17). Do d6, (3.17) tré thanh

f(P(@) + f(P(zo)) +v) = f(P(x)+ f(P(x0)) ) + f(v). (3.18)

Vay, v6i moi u ¢6 dang u = P(x) + f(P(xg)) va moi v € R, ta ¢6 f(u+v) = f(u) + f(v). Diéu
nay rat hay, vi né c6 nghia la f “gan nhu” c¢6 cong tinh. Chi 14 “gan nhu” thoi, vi hién gid mién
xéac dinh ctia u con bi han ché béi dang v = P(z) + f(P(xp)). Ta muén chiing minh f c6 cong
tinh “hoan toan”, titc 1a f(u +v) = f(u) + f(v) v6i moi (u,v) € R x R, Dé thuyc hign viéc nay,
ta dimg hai bo dé duéi day.

Trudce tien, ta dinh nghia mot tap hop 7 C R 1a mot tap hop t6t néu né c6 dang (—oo, t]
hoac [t,+00), véi t € R. Ta cang ky hiéu

9(Q) ={g(z), = € 2} (3.19)
dé chi 4nh ctia Q (C R) qua mot anh xa g : R — R nao doé.

Bb dé 1 Néu S 1o mot da thitc hé s6 thuc cé bac d°S > 0 thi S(R) luon chita mot tap hop tot.
Chinh S(R) la mot tap hop tot néu d°S chan.

That vay, néu d°S 1é,

lim S(z) = —ec0 va lim =eoo (3.20)
T——00 T—+00
véi € = 1 (tuong ting € = 1) néu he s6 cao nhat ctia S duong (tuong ing am). Tuy nhién, S
lien tuc, nén S(R) = R, va c¢6 nhién chita mot tap hop tét. Néu d°S chén, vi S khong phai 1a
mot hing s6, nén
lim S(z) =ec0 va lim =eoco (3.21)

T——00 T—-+00

v6i € = £1. Ciing vi S lién tuc, ton tai

min S(x) néu e = +1 (3.22)
f— zeR
max S(z) neue=-1 (3.23)

Khi do6, S(R) = [t, +00) hodc (—oo,t] 1a mot tap hgp tot. @

B6 dé 2 Cho f mot ham zdc dinh tréen R, va T mot tap hop tét. Néu f cé cong tinh trén
T xR, thi f cting cé cong tinh trén R x R, tic la

V(u,v) €T xR, f(u+v)= f(u)+ f(v) = V(u,v) e RxR, f(ut+v)=f(u)+ f(v).

Xét truong hop 7 = [t, +00). V6i (u,v) € R x R bat ky, ton tai w > t sao cho w + u > t (chon
w = max{t,t — u} chang han). Khi d6, w € 7 vd w +u € 7, nén ta c6 thé tinh f(w +u + v)
bang hai cach:

1. flw+u+v)=fw)+ flu+v);

2. f(w +u+v) = f(w +u) + f(v) = f(w) + f(u) + f(U) (3.24)
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So sanh hai két qua thi ta suy ra f(u+v) = f(u)+ f(v). Truong hgp 7 = (—oo, t| chiitng minh
tuong tu. €

Theo gia thiét, da thitc S(z) = P(x) 4+ f(P(xo)) ¢6 bac 16n hon 1. Ap dung B3 dé 1 thi
S(R) chita mot tap hop t6t 7. Tit déing thiic (3.18) ta suy ra f c6 cong tinh trén 7 x R. Ap
dung B dé 2, ta suy ra dudc cong tinh ctia f trén R x R.

Vi f ¢6 cong tinh nén f(0) = 0 (xét u = v = 0). Cho y = 0 vao gia thiét i), ta c6

f(P(x)) = Q(f(z)) (3.25)

v6i moi z € R. Dang thitc nay tuong déi “dé thuong” hon i). Khéi hanh tit (3.25), ta sé chiing
minh ring f c6 tuyén tinh, tiic 1a f(x) = f(1)x. Dé thyc hién dic¢u nay, ta sé can

Bb6 dé 3 Cho mot ham f : R — R ¢6 cong tinh, ciing hai tap hop tot A va B sao cho f(B) C A.
Khi dé, f c6 tuyén tinh, tic la

VY € R, flx)=f(1)x.

Vi cong tinh, nén f(nz) = nf(z) v6i moi z € R va n € N. Tt d6 suy ra tuyén tinh cho cac s6
hitu ti, tic 1a

VgeQ,  flq) =qf(1) (3.26)
Khang dinh trén tuy 14 mot bai ¢6 dién, nhung ciing xin nhic lai van tat cach gidi: viét ¢ = 2,
ta co

mf(1l) = f(m) = f (%) =nf (%) , (3.27)

roi chia cho n thi duge (3.26).

Dé chitng minh tuyén tinh trén toan R, ta xét truong hop A = [a, +o0) va B = [b, +00).
Céc truong hgp con lai ching minh tuong ty. V6i moi z > 0, theo cong tinh ta ¢6 f(z) =
f(b+z) — f(b). Nhung vi b+ 2 > bnén b+ z € B. Do do, f(b+ z) € f(B) C A. Vay,
f(b+z) € A, tiac la f(b+ z) > a. Tom lai,

2>0= f(z) >a— f(b) =:c. (3.28)

Cho z € R bat ky. Ton tai hai day s6 httu ti {r,}n>1 va {sp}n>1 hoi tu vé = va théa man

T < & < s,. Ap dung (3.28) véi 1an lugt z = n(x —r,) va z = n(s, — x), ta c6
Vn > 1, f(nry) + ¢ < f(nx) < f(nsy,) —c. (3.29)
Vi da biét f(nx) = nf(z) va da thiét 1ap tuyén tinh (3.26) cho s6 hitu ti, ta c6
Vn > 1, nrpf(1) +c <nf(x) <ns,f(l) —c. (3.30)
Chia cac vé cho n roi cho n — 400 thi ta dugc
Vn > 1, zf(1) < f(x) <zf(1). (3.31)
Cudi cung thi f(z) = zf(1). ®

Trd vé bai toan. Dya trén tinh chat (3.25), ta hay xét hai truong hop.
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d°Q@ chén
Theo B6 dé 1, P(R) chita mot tap hop tot B va chinh Q(R) 1a mot tap hgp tét A. Dang
thitc (3.25) kéo theo f(B) C A. Ap dung B dé 3, ta suy ra tuyén tinh.

4°Q 18
bat
= Z apa® VA Qx) = Z bea’ (3.32)
k=0 =0
v6i a, # 0, by, # 0, va m 1é. Xét cac da thitc hai bién
n—1
P(x,y) = P(x+y) — P(z) — P(y) = > _ Ri(y)a*
"l (3.33)
Qz,y) = Qz +y) — Qz) = Qy) =2 ) _ Sely)a”
=0
Tit dinh nghia nay, dé kiém ring
Ro-1(y) =nany  va  Sp_1(y) = mbpy néu m > 1. (3.34)
Hon nita, ciing dé thay ring Ri(0) = Sp(0) =0 v6imoi 1 <k <n—-1,1<¢<m—1.
Loi ich ctia cac da thiic hai bién (3.33) nim trong phép bién ddi sau. Ta c6
f(P(x,1)) = f(P(z +1) — P(z) — P(1))
= f(P(z+1)) = f(P(z)) — f(P(1))
=Q(f(z+1)) — Q(f(z)) — Q(f(1)) (3.35)
=Q(f(z) + (1) —Q(f(z)) — Q(f(1))
= Q(f(z), (1))
Thé dang (3.33) vao (3.35), roi dung cong tinh cia f, ta dugc
n—1 m—1
> fRe(D)2*) =Y Se(f)[f ()] (3.36)
k=0 £=0

Dé khai thac “triet dé&” dang thitc (3.36), ta xét z € R bat k¥, va dat

o= f(Re(D)Z)  va de=Se(f())[f())" (3.37)
Thay x = Az vao (3.36), véi A € N, ta co
VAEN, ch)\ = Z deX'. (3.38)
k=0

Dén day thi ta phai phan biét 3 truong hop.
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e m<n
Tit (3.37), ta suy ra c¢,_1 = 0 (hé s6 clia s6 hang c6 bac 16n nhat), hay f(na,z""!) =
0. Vi lap luan nay ding vé6i moi z € R, nén f = 0.

e m>n
Khi d6 m > 1, va bat buoc d,,,—1 = 0 (he s6 ciia s6 hang c6 bac 16n nhat), tic 1a

dn—1 = mby f(1)[f(2)]" " = 0. (3.39)

Néu f(1) # 0, thi f(z) = 0, nhung diéu nay x4y ra véi moi z € R, nén ta ciing c6
f=0. Con néu f(1) =0, thi theo (3.37), dy = 0 v6i moi 1 < ¢ < m — 1. Tu (3.38),
ta suy ra ¢,—1 = 0. Tuong tu véi truong hop trén (m < n), f = 0.

e m=n
Tu (3.38), so sanh cac s6 hang c6 bac 16n nhat, ta suy ra ¢,,_1 = dp,_1, hay

F(magz™~1) = mbn, f()f(2)] ™ (3.40)

Néu f(1) =0, ta c6 f(ma,z™ 1) =0 v6i moi z € R, nén f = 0. Con néu f(1) # 0,
thi 4nh ciia R qua cc anh xa z — ma,z™ ' v 2 +— mby, f(1)2™~! 1a hai tap hop
t6t B va A ndo d6 (do Bb dé 1 v m — 1 chin). Dang thiic (3.40) kéo theo f(B) C A.
Ap dung B6 dé 3 thi giai quyét dugc trudng hop nay.

Tom lai, trong ca 3 truong hop trén, lic nao ta cing viét duge f(x) = f(1)z. Nhu thé 1a
chiing minh duge tuyén tinh cho f.

Mot khi dd c6 tuyén tinh thi bai todn gan nhu xong. Goi = f(1). Thé f(x) = px vao gia
thiét i) ban dau, va khai thac cong tinh cta f, ta c6

V(z,y) ERxR,  pP(z)+ p’y =y + Q(ux). (3.41)
Dong nhat hoa cac hé s6 ctia y thi ta dude p = £1. Két luan, bai toan c6 hai nghiem

) fl@)==z,  Qz)= P(a);
2 f@)=—z, Q) =—P(-x). (3.42)

3.3.2 Binh luan

C6 thé néi day la bai khoé nhat ctia thang 12, dong thdi ciing 1a mot trong nhitng bai khé
nhat cta ky thi VMEO II. Bai nay dugc tac gid (emvaanh) 1ay cam hing tit bai duéi day, cta
Rumani. Ta s€ goi n6 la bai A.

Cho P mot da thtc c¢6 bac 16n hon 1. Tim moi ham f : R — R ¢6 cong tinh thoa

v6i moi = € R.
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Trong bai A, cong tinh 1a mot gia thiét phai dudce cung cdp ngay ti dau, vi khong c6 cach nao
suy ra no6 tit phuong trinh ham. Hon nita, néu khong doi héi cong tinh, bai A sé khong c6 nghia
(dut ta vAn miéu ta dugc cdc nghiem, nhung cau tric ciia ching khong c6 gi dic bigt).

Trong bai 11, cong tinh tuy khong dudgc liét ké trong gia thiét, nhung that ra né 1a hau qud
clia hai diéu kién dua ra. Phuong phap co tinh “che giau” cong tinh xuat phat tit mot bai khéc,
ctia Trung Qudc, ma ta sé goi 1a bai B.

Cho n mot s6 nguyén duong 16n hon 1. Tim moi ham f : R — R théa

f@"+ ) =y +[f@)]"

v6i moi x,y € R.

Trong bai B, cong tinh dugc ngam “long” vao phuong trinh ham. Dé chuyén tit bai B qua bai
11, don thitc 2 da duge thé bing da thiic bat ky P(z) bén vé trai. Dé van c6 thé suy ra cong
tinh, ta phai tra gia tinh tong quat ctia P bing mot gia thiét bo sung, do 1a 1a ii). Mit khac,
dé tang phan “réi ram”, [f(x)]" da dugc thé bang Q(f(x)) bén vé phai, va bay gid ta phai tim
mot cap (f, Q) chit khong phai mot ham f ma thoi. Tuy nhién, di¢u nay khong thay doi ban
chat van dé va ciing khong 1am cho né khé hon.

Mot s6 thanh vien da dit cau hoi vi sao can gia st bac ctia P 16n hon 1 trong bai 11 (hodc
n > 1 trong bai B). Hay xét truong hop P(z) = = (hodc n = 1 trong bai B). Khi d6, phuong
trinh ham phai giai la

P+ 1) =y + f(@) (3.43)

Ta ciing suy ra dugc cong tinh cho f. Tt d6, phuong trinh ham tré thanh f(f(y)) = y. Nhung
cac nghiém ctia phuong trinh nay khong “dep” (cho du da c¢6 cong tinh), ciu tric clia ching
khong c6 y nghia gi dang ké (du ta vAn miéu td duge mot 16p nghiém).

3.4 Bail2

a) Tim tat ci cac s6 thyc k sao cho ton tai hing sé duong cj théa man
@+ D2+ DE 1) > ez +y+2)"
v6i moi s6 thye duong.
b) V6i céc s6 k tim duge, hay xac dinh s6 ¢; 16n nhat.

Hatucdao

3.4.1 Lo giai
a) Ta sé thiét lap k € [0, 2] la diéu kién can va dia. That vay, néu k < 0 thi xét truong hop dic

biét x =y = 2 = w va cho w — 0F. Khi do

(w?+1)3 — 1
= (3w)* — +00.

(@2 + 1)y + 1) (22 + ;,Z (3.44)

(r+y+z
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Vi thé, khong thé nao chon ¢, dé cho vé phai bi chin trén bdi vé trai.
Néu k > 2 thi ta hiy xem z 13 mot bién, con y, z 14 hai tham s6 ¢6 dinh, va cho x — +o0.

Khi do6
(@ + D+ DE D) ~ (y° +1)(z° + 1)a2?

(x+y+2)F ~ ok (3.45)

Vi thé, khong thé nao chon ¢j, dé cho vé phai luon nhé hon vé trai. Két luan, k € [0, 2] 1a didu
kién can.
Mubn chitng minh & € [0, 2] ciing 1a diéu kién di, ta sé pho bay mot s6 ¢ > 0 nao d6 thoa
man
@+ D+ D)E+1) > ez +y+2) (3.46)
v6i moi k € [0,2], mac di tat nhién hing s6 ¢ d6 chua phai la gia tri t6i wu ¢, Dé dat muc
dich nay, ta dung phép danh gié “thé bao” sau:

(2 + D)2+ D(E2+1) > (22 +92+22) +1
> %(;L« +y+2)?2+1 [trung binh lay thira (3.47)
> s[5 @ty+2?+(1-5) 1] 0<k< |
> %(;p +y 4 2)F [Cauchy suy rong]

Vay, ¢ = % hoan thanh nhiegm vu (3.46). Cho nén k € [0, 2] cling 1a diéu kien du. Q

b) D& thay ring v6i k = 0 thi cg = 1. Xét k € (0,2]. Cac biéu thitc 22 + 1, y% + 1 va 22 + 1 gai
¥ cho ta chuyén vé lugng giac. Do dé, ta hay diit

r =tana, y=tanb, z =tanc, véia,b,c e (0, g) . (3.48)
Lic do,

(r+y+2)"

CES RS RS = (cosacosbcosc)?(tana + tanb + tan c)*
x y z

2—k(

= (cosacosbcosc)” "(cosacosbsinc+ cosbcoscsina (3.49)

+ cos ccos asin b)*
= (cosacosbcosc)“ "|sinasinbsinc + sin(a + b+ ¢

Dé& tim chan trén t6t nhat cho vé phai clia déng thic trén, ta dat ¢ = sin 2 (a + b+ c¢). Vi
ham 6 +— sin @ 16m trén doan 6 € [O, g] (dao ham bac hai am), nén

sin(a+b+c) > L(sina+sinb+sinc) > V/sin asinbsin ¢ (3.50)
(bat ding thiic cubi cing 1a do Cauchy cho 3 s6). Tit dé suy ra
sin a sin bsin ¢ < t3. (3.51)
Tuong ty, vi ham 6 — cos @ 16m trén doan 6 € [0, g] (dao ham bac hai am), nén

cost(a+b+c) > (cosa+sinb+sinc) > Vcosacosbcosc (3.52)
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va vi thé
cosacosbeosc < (1 —t2)3/2, (3.53)

Phéi hop (3.51), (3.53) véi (3.49), ta ¢6

(x+y+2)k

SRRy <(1- t2)3(1—k/2) (t3 + (3t — 4t3))k _ Sktk(l _ tz)sfk/z' (3.54)

Xin luu §: chinh ngay tai budc (3.54) nay, ta mdi can diéu kien k € [0,2]. That vay, ta phai
nang (3.51) lén liiy thita bac k va (3.53) len lity thita bac 2 — k. Dé cho céac bat dang thitc do
khong doi chiéu, cac s6 mil k va 2 — k déu phai duong.
Dé két thiic, ta chi can khéo sat ham gi(t) = 35t%(1 — ¢?)3~*/2 tren mién ¢ € [0,1]. Dao
ham cta no,
gh(t) = 3FtF=1 (1 — ¢2)27K/2(k — 6t2), (3.55)
biing 0 tai t = 0, t = 1 vi t = \/k/6. Day la nhitng diém cuc tri duy nhit clia g trén [0,1].
Nhung dé thay réing t = 0 va t = 1 tuong tng v6i nhitng cue tiéu. Do dé, t = \/k/6 phai tuong
ung véi cuc dai. Gia tri cia cuc dai chinh 1a 1/c¢g. Vay,

i N2 R\
33~ (3 — ) <> néu k # 0; (3.56)

Ck = 2 2

1 néu k=0.0 (3.57)

3.4.2 Mot bai tuong tu

a) Tim tat ci cac s6 thyc k sao cho ton tai hing sé duong cj théa man
(2 + D)2 + 1) (22 + 1) > ep(zy + yz + z2)F

v6i moi s6 thuc duong.

b) Véi cac s6 k tim dugde, hay xac dinh s ¢ 16n nhat.

Bai tren ciing do Hatucdao sang tac va da dugc ding len Dién Dan. N6 1a mot tong quét tit
bai APMO 2004
(2% 4+ 2)(y* 4 2) (2% + 2) > Y(ay + yz + 2z). (3.58)

Ban than bai (3.58) tuong duong véi

(22 + D)2 + 1) (22 +1) > ~(xy + yz + zx), (3.59)

| ©

titc 1a truong hop k = 1 clia bai tong quat. Dap sb ctia bai tong quat 1a
kel0,2]  va o =3F3 -k 3F (3.60)

vGi Co = 1.
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