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LGOI NOI PAU

Hoc todn va lam todn 12 hai vAn dé hoan toan khdc nhau. D6 1a hai mat
khong thé tach roi cua todn hoc, trong d6 hoc todn 1a co ban va 1am todn 1a mot vin
dé dac biét quan trong. Hoc todn s€ gidp cho ching ta nim dugc nhitng diéu co ban
nhat va nhitng van dung ban dau cua ly thuyét co s&. Lam toan nghia 1a dao sau
suy nghi, phat trién mot bai todn ¢ mic do tu duy cao hon, nhd do sé gitp ching ta
c6 mot céi nhin toan dién va sau sic hon vé mot van dé. Va hé qua tat yéu cia viéc
dao sau suy nghi do 1a nhitng sang tao toin hoc nhu nhitng khai niém, nhitng bai
toan, nhitng ting dung hay 1y thuyét méi. D6 méi 1a muc dich sau sic nhét clia toan
hoc. Véi tinh than d6, nhém nhiing cuu hoc sinh truong THPT Chuyén Hoang Van
Thu — Hoa Binh da cuing nhau xay dung nén to Tap san Todn hoc 2007 nham muc
dich dong vién phong trao hoc toan & truong Chuyén Hoang Van Thu ndéi riéng va
cac ban hoc sinh ctia Tinh Hoa Binh néi chung. To bdo dugc hoan thanh vé6i su tam
huyét, 1ong yéu todn va huéng tGi mai truong cii ctia nhitng hoc sinh da tung hoc
tap dudi mai truong Hoang than yéu. D6 cling 1a mén qua ma nhitng cuu hoc sinh
muon gui tang dén cédc thdy co gido vGi long biét on sau sac!

Day 1a lan thit hai Tap san ra mat, nhung v6i quy mo va noi dung phong phi
hon rét nhiéu so véi 1an ra mat truéc d6. Noi dung ctia Tap san 1a nhitng bai viét véi
noi dung tim to1, sdng tao, nhitng kinh nghiém, tng dung va nhitng phuong phép
hoc toan. Hy vong rang dit v6i mot luong kién thiic khong nhiéu, nhung Tap san sé
mang lai cho cdc ban nhiéu diéu bé ich va ly thu.

Vi kha nang clia Ban bién tap con nhiéu han ch€ va thdi gian ¢6 han, nén
trong qu4 trinh bién tap, chic chin khong tranh khoi nhiing thi€u sét va nhiéu diém
khong duoc nhu mong muon, rat mong nhan duoc su thong cam va nhitng dong
gop xay dung cua cac ban doc gia. Va ching t6i cling hy vong rang, v4i truyén
thong hao hung cua truong THPT Chuyén Hoang Van Thu, cic ban thé hé sau sé
ti€p tuc phat huy va khong ngling nang cao vi thé€ clia tudi tré Hoa Binh trong mét
ban bé & moi mién dit nuGe. Hy vong rang Tap san sé& dugc cac ban khéa sau duy
tri va hoan thién hon nita vé moi mat. Ban bién tap xin dugc cam on tat ca cac ban
da tham gia va ung ho nhiét tinh dé to Tap san duoc ra mat ding nhu du kién. Xin
tran trong gidGi thiéu cung ban doc!

Chuc cac ban thanh cong trong hoc tap va thanh dat trong cudc song!

Hoa Binh thdng 1 nam 2007
Ban bién tap
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Gt Thise Oheeong Ohdyp

gt_w

rinn mOT 36 LOP TicH PHAN DANG HAM LUONG GIAC

THAY CAO TRUNG CHINH
GV.THPT Chuyén Hoang Van Thu, Hoa Binh

Eé gidp hoc sinh c6 thém nhiing
kién thic mang tinh hé thong, t6i xin
gi6i thiéu mot so 16p tich phan dang ham
s0 luong giac thuong gap trong cac ki thi
tot nghiép ciing nhu thi dai hoc. Hi vong
qua bai viét ndy, cdc em c6 thé rit ra
nhiéu diéu bé ich cho ban than.

I. Dang I f (sinx,cosx)dx.
1. Néu f(sinx, cosx) 1la ham hiu ti thi dat

t=tg X
5"
2. Mot s0 hién tugng ca biét.
- Néu f{-sinx, cosx) = - f(sinx, cosx) thi
dat x = cost.

- Néu f{sinx, - cosx) = - f(sinx, cosx) thi
dat x = sint.

- Néu f{-sinx, - cosx) = f(sinx, cosx) thi
dat x = rgt.

Qua cic cich ddi bién nhu trén, ta cé
thé tinh céc tich phan mot cdch don gian
va nhanh chéng. Sau day la mot so vi du
cu thé.

1. Vidul. Tinh1 = [-9%
SIN X
Loi gidi.
X dx
bat ¢ = tgz = dt= o
2cos =
2
sinx = . Va
1+ dy
dx t
I=I_—= d—:In|t|+c:Intgi(+c
sin X t 2
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sin® xdx

3co x

Loi gidgi. Datt = cosx = dt = —sinxdx.
Ta co

1-t? s
I=- dr= (| t2-t 2 |dt =
et as f[é-%)
37 1 _ 3,
7t3—3t3+c—7\/co§ x— 3/ cox+ ¢

2.Vidu2.TinhI = j

Cac ban hay tu giai hai vi du sau:

3. Vidu3. Tinh I = | COS’ X+ COS X,

sin? x +sin* x

4.Vidu 4.

Tinh 1 = | dx

sin? x + 2sin XcosX — cos? X

Chu y: O dday moi nguyén ham duoc hiéu
la trén moéi khodng cua tdp xdc dinh.

II. Dang J'sinrn Xcos' xdx.

- Néu m hodc n la s6 nguyén duong lé
thi tuong ung ta ddat t = cosx hodc t =
Sinx

- Néu m va n déu la so nguyén duong
chdn thi chiing ta dé dang sit dung cong
thitc ha bdc va géc nhdn doi dé gidi
quyét bai todn.

- Néu (m+n) la sé' nguyén chdn thi dct

t = tgx hodc t = cotgx.

Tuy theo ting diéu kién cla bai todn
ma ta c6 thé chon lua cach dat cho phu
hop. Sau day 1a mot so vi du:
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1.Vi dul. Tinh j sin* x co$ xdx.

Loi gidi. Dat t = sinx, ta c6 dt = cosxdx
Vay jsin4 xcos’ xdx =
= [t*-t?)at= [t -2t° =t)at

1 2 1

=-t°-Zt'+ >t +c
5 7

l .5 2 .7 1 .9
=—SIN" X——=SIn" X+—SIn" X+C.
5 7 9

sin® xdx

cosxi/cos X

2.Vidu 2. Tinh j

Lai gidi.
. j sin® xdx

Ta CO| ———F7——
cosxi/cos X

batt = cosx (dom =3, n = —g),tacé

4
:jsin3 X oS3 xdx

dt = - sinxdx. Vay

J'sin3 X cos:i31 xdx = -J'(l—tz).t_gdt

= j(ti —t_gjdt

> 1
=3
5

3 S 1
= gcosf’ X— 3C0s® X+ C

3.Vidu3.Tinh I = J'sin2 xcos' xdx.

Loi gidi. Ta st dung cong thiic ha bac:
: 1 . 1+cos X
SiNXcosx=- sin &, cos x = —Y

va dé€ dang giai quyét bai toan.
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dx
4NVidud. Tinhl = [— 2
j R/sin* xcosx
Loi gidi. Dé thdy m = —1—31, n= _:_SL va

m+n=-4nén ta dat t=1tgx, ta co
ngay dt = (1+tg2x)d>. Vay:

= j dx :j dx
3tg''xcos? x 7 cos' x3/tgM'x
2 2

@L)n dt=[(1+1°) oot

t2)1 3
_5
+t 3jdt

8 g
ts-3
2

Il
—

TN /™~
—+
|
wl|ib
[

=
+

1]
—_—

_8 3 -2
tg 3x—Etg 3x+¢C

olw olw

Pé két thic bai viét, toi xin dua ra
mot s bai tap dé cdc em luyén tap thém
v€ phuong phép trén.

I11. Bai tap.
Tinh cdc tich phdan sau:

cos’ xdx
bl = jsin2 x+sir:jx
sin2xdx
;= J‘0053 x—sin®x-1
sin® xdx
R R
o)1, =j%‘./.

Gido duc khong phdi la suw chudn bi cho
cuoc song; Chinh gido duc la cudc song.
Jonh Dewey

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH



DHAN 1 - SANG TAO TOAN HOC.

TFONE QUET HOR

Bai Toan

VIV AN A AV

Chao cic ban - Nhitng nguoi da, dang va
s€ ti€p tuc gin bé vdi Todn hoc trén con
dudng di tim vé dep 16ng 1ay cta né! Chac
han tat ca chiing ta déu da timg kinh ngac va
than phuc trudc cdc phat minh cla nhiing
nha todn hoc va ciing da timg hoi, tai sao
nhiing két qua dep nhu vay lai khong phai do
chinh ching ta sdng tao ra. Trong khi do,
trén thuc t€, néu ching ta dugc doi mat véi
nhiéu trong s6 cdc phat minh d6 thi chiing ta
c6 thé tim ra 10i gidi dé dang trong tam kién
thac cua minh. Hay don gian hon, nhitng ban
yéu toan da ting tham du giai bai trén tap
chi Toén hoc va Tuébi tré, da cé bao gid cdc
ban mudn trd thanh nguoi ra dé todn hay
chua? Hay ban cho ring d6 1a cong viéc cla
thay co, clia nhitng ngudi dang nghién citu
todn hoc? Cau tra 10i la khong phai! Ching
ta déu c6 thé tao cho minh mot céi gi d6 trén
nén tang nhiing gi ching ta da biét va da cé,
va cdi chdng ta can chi 1a mot chiit sang tao.
To6i mudn cung cdc ban thlr stic véi mot
trong nhitng phuong phédp - phuong phap
tong quat héa!

Khi cdc ban giai xong mot bai toan, ban
hday nén tu hao mot chit vé cach giai cia
minh va hay tu hoi xem, liéu cach giai dé c6
con phit hop néu ban thay ddi chi tiét & dé
bai. Theo toi, cach giai t6i uu phai 1a cach
giai st dung it nhét nhitng dit liéu da c6 & dé
bai. Khi d6 véi nhitng gia thié€t khong can
thiét, ban c6 thé thay déi né ma cich giai
vin giit nguyén. D6 1a mot cach “tong qudt
héa”. Diéu nay c6 vé hoi trdi quy luat vi
céch lam 1a tong quét bai to4n dua trén cdch
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pO THI THU HA

CHUYEN TOAN K97 - 00
Sv. Khoa Ké todn — Kiém todn
Dai hoc kinh té Quoc din - Ha Noi

giai bai toan. Nhung to6i nghi la rit tu nhién
va “dé lam”. Chiing ta hay xem xét mot s6 vi
du:

1.Vidu 1. Tim ham f: [0;1] - R, lién tuc

trong [0;1] théa man: f(X) = 2x. f(x*)

Toi xin dua ra 2 cach giai khac nhau.
a) Loi gidi 1. Tt f{x) =2x. f{xX’) suy ra
xfix) 22X f(x*), Ox J(0,1]
Thay x =0 =f(0) =20
bat g(x) = x.f(x), Ux U(0;1]
= g(x) 2 2 g(x’)
1

1 =
= Eg(xz) 2 g(x).

Bang quy nap, ta chiing minh duoc:
1

2" g(x) < g(xE), Un = 1. Vi g(x) lién tuc

1
trong [0; 1] nén lim g(x2") = g(1).

1

= lim in lim g(x?") = g(x)

n- +oo 2

= 0 =fix), Ox U©0;1] (1)
Mat khac, véi x D[%;l) ta co

fix) 2 2x. () 2 fix’) = ... 2 fix?)
= fix) 2 lim fix®) = £{0) 20 (2)

Tu (1) va(2)tacodfix) =0,0x D[%; 1)
Véi XD(O;%). Bing quy nap ta ching

minh dugc: f{x) 22'x% ™ fix?')

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH
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= Véi n du 16n thi f{x) 20 3)
Tu (1) va(3)tacofix) =0, DxD(O;%)

Vay f(x)=0,0x0(0;1]. Vi f{x) lién tuc
trong [0;1] nén f{x) =0, Ox [ [O;]]

Nhdn xét. T cach ching minh trén, ta thy:
S6 2 trong diéu kién hoan toan c6 thé thay
béng s6 a > 0 bat ky, khi d6 ta c6 bai todn:

Bai todn 1.1. Tim tdt cd cdc ham so f(x):
[0;1] - R, lién tuc trong doan [0;1] thoa
man diéu kién: f{x)=ax f(x’) ,0a > 0.

Hon nita, ta c6 thé thay déi thanh bai todn
tong quét sau ma 10i gidi khong thay déi.

Bdi todan 1.2. Tim tdt cd cdc ham sé
f:[0;1] - R, lién tuc trong [0; 1] thoa mdn
diéu kién f(x)= ax“" fix? ), trong dé a >1.

b) Loi gidi 2. Do f{x) lién tuc trong [0;1] nén
f(x) c6 nguyén ham trong [0;1]. Goi F(x) la
mot nguyén ham cua f{x) trong [0;1].

bat g(x) = F(x) - F(xX’)
= g(x) = F'x) - 2x F(x°)
=f(x) - 2x. fix*) 20,0 x 1[0;1]
= g(x) 1a ham khong giam trén [0;1].

Ma g(0) = g(1) = 0 nén g(x) = 0), v6i moi
x 0[0;1]
= F(x) =F(X)= ... = F(x?")
= F(x) = lim F(x*) = F(0),0xU(0:1)
= fix) =0,0x J(0;1)

Do f(x) lién tuc trong [0;1] nén f(x) =
0,0x U[0;1].

Nhu vay, theo cdch gidi thit 2, ta c6 thé
khai quat duoc bai toan nhu sau:

Bai todn 2.1. Cho ham g: [0;1] —» [0;1] c6
dao ham trong [0;1] thda man diéu kién
ham [g(X) - X] don diéu trén [0;1], g(0)=0 va
gl)=1. Tim tdt cd cdc ham
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so f :[0;1] - R, lién tuc trong [0;1], thoa
man: f(x)=2g(x). flg(x)), Ox U[0;1].

C6 ban sé& tu hdi tai sao lai c6 thé dua ra
mot bai toan nhu vay. Rat don gian: Ban hay
thir téng quét héa bang cich thay x° bang
mot ham g(x) bat ki, va 4p dung hoan toan
twong tu cich trén ban s€ thay cin phai bd
sung gia thiét dé c6 mot cach gidi hoan
chinh. Vi nhu t6i di néi & trén, céch téng
quat hoéa bai toan & day la xuat phat tir cach
giai chit khong phai tir d€ bai. Tat nhién, véi
gia thiét qua cu thé nhu trén s& din dén thu
hep huéng téng qudt cha bai todn, va dé co
duoc mot dé bai thuc su téng qudt toi rat
mong chd & kha nang sang tao clia cac ban.
Sau day, moi cdc ban cung theo doi vi du 2,
clung véi 2 cach giai & ca vi du trudc, toi xin
dé xudt vi du 3 kha thd vi:

2.Vidu 2. Giai phuong trinh
f(x) —%f(g) = X trén tdp tdt cd cdc ham
lién tuc trong doan [ 1 — ]

4 8 do¢ 53!

Loi gidgi. Goi F(x) 1a mot nguyén ham cta

f(x) trong [-% ;%]- Dt g(x) = F(x) - F( )
; 1
ta c6: g(x) = f(x) -Ef(g) ..

:>g(x)=%xg+c.
Vig(0) =0nénc = 0.

~ ()= 1 Vay Flo) = (X ) 420
g = . Vi 53

1 1 x 1 X
= F(x) = =X+= (=) +.. += +
(x) 373 (2) 3 (2“—1)
X 8 1 X
+ F(——) = —X(1 - + F(—), voi
(2”) 21( 23n) (2n)v1

moi x D[—%;%]. Khi n du 16n, ta c6:

11

8
F(x) = ZX? +F(0) Ox D[-E,g]
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8 11
= fix)= =x,0xU[-—;=1].
flx) 7 [2 3]
Thir lai thay ding.

Nhdn xét. Qua cich giai trén ta thay diéu
<. o e 11 . .
dau tién la gia thiét x U [_E ;5] l1a khong can
thiét, ta c6 thé md rong tap xac dinh la
[-11] ma ket qué khong thay déi. Th hai,
gid thiét x° cling c6 thé khai quat thanh 1 da

thitc. Nhu vay, ta c6 thé khai quat nhu sau:

Bai toan 2a. Cho g(x) la da thiic bdc n co
tdp  xdc  dinh la [-1;1]. Tim
ham f :[-1,1] - R, lién tuc trén R va thoa

i fix) -2 = o
man : f(x) - Sf5) = g (%)

Céc ban hay thtr tim diéu kién cho g(x)
néu ta muon khai quat g(x) thanh mot ham
lién tuc bat ki.

Tré lai bai todn vi du 1, v6i cach giai
trinh bay & bai toan vi du 2, ta hoan toan cé
thé thay doi gia thiét fix) - 2xf(x’) = 0 boi
fx)-2x f(x’) = g'(x). X

Cac ban hay dua ra mot dé bai c6 cac
diéu kién rang buoc cho g(x) dé tao thanh
mot bai toan hoan chinh.

Két hop cac huéng tdng quat trén, toi xin
dé xuat mot bai toan téng quat hon:

3. Vidu3.

Cho cdc ham so g [0;1] > R,
f :[0;1] > [O;]] trong dé g, h c6 dao ham
trén [0;1], h(0) =0, h(l) =1 va g la da thiic
bdc n Tim ham f: [0;1] - R, thoa man:

fix) - W(x) fih(x)) = g\(x).

Moi cac ban hay giai bai toan nay va ti€p
tuc! Sau day 1a bai tap dé cdc ban tu luyén:

Bai tap. Cho f(x) c6 dao ham trong (0;1),
lién tuc trong [0;1], ngoai ra f(0) = f(1) = 0.
Chitng minh rang ton tai mét so ¢ 1(0;1)
thoa man diéu kién:

flc) = 1996 f (c).

Chuc céc ban thanh cong!
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Xung Quanh Bai Todn l?d't I)d“:ng Thiic
THI TOAN QUOC TE 2005

NGUYEN ANH TUAN
CHUYEN TOAN K97-00
Sv. Lop D2000VT, Hoc vién Cong nghé
Buu chinh Vién théong.

< JTrong ky thi Olympic Todn Quéc t€ lan
thit 46 t6 chic tai Mexico c¢6 bai todn vé bat
dang thic (BDT) nhu sau:

Badi todn 1. Cho 3 so thuc duong x, y, z thoa
man diéu kién xyz = 1. Chitng minh rang:

x5 — X2 . ys_yz .

X+y+7Z Y+ + X
-7

trary 20 W

Loi giai 1. BDT (1) tuong duong vdéi:
(x5+ Yo+ zz)—( X+ Y+ 22)
+

X+ Y+ 7
(y5+zz+ xz)—(xz+ V+ f)

+ +
Vo+ 22+ R
zere )iy d
2+xX+y

L + L +
- X¥+y+7Z Y+ + X
1 3
* 2+ X+ Y < X+ y*+ 7 2)

Ta s€ ching minh:
1 3(y2 + Zz)
5 2 < 2"
X +y'+7Z 2(X2+y2+22)
That vay, theo gia thiét xyz = [ ta c6:
1 1
5 2+ ZZ S X4
Xty S 4y + 7
Yz
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2x*
: +y2+22
y tz

Ap dung BDT Bunhiacopxky ta c6:

2
2. 2
( y +Zj +y°+ 77 |x

2

2

2
X { %j +y2+Z2 2
y +z
> (x2 +y*+ 22)2
_ 4 1 L 3(y2+22) )
2 eyrz Xy 7)
y +Zz
Twr (3) va (4) suy ra
1 3 3(y2+22)
X2 2(X2+y2+22)2.
Ciing tuong tu:
1 3 3(ZZ+ xz)
V+Z+ X 2(x2+y2+22)2
1 _ 3(¢+y)
25+X2+y2 - 2(x2+y2+22)2
Cong theo v€ cac BDT trén ta thu dugc

(2) = dpcm.
Pang thitc xdyra = x=y=z=1

2

Loi gidi 2.
Ap dung BDT Bunhiacopxky ta c6:

(x5+ y2+ zz)(§+ v+ fj >

2(x2+y2+zz)2
. 1+y2+22
X
- X +y+ 7 = (x2+y2+zz)2.

Thém hai BDT tuong tu nita:

TAP SAN TOAN FOC 2007 6

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

g

Lizex

1 <Y
Y+Z+X T (e yia )

va

1 2 2
Z+x*+
1 .z y

Z+X+y (x2+y2+ 22)2
Ta suy ra:
1 1 N
X+y+7Z  y+Z7+ X
+ _r <
Z+xX+y
1+£+—1+2(x2+y2+ zz)
X 'y z
2
(X2+ y2+ Zz)
Mat khéc tur gia thiét xyz = [
= 1+1+— Syz+zx+xy <
X 'y z
< X2+ y*+ 7, do d6 tir BDT trén suy ra (2)
= dpcm.
Pang thiic xdyra = x=y=z=1.
Bang céch 2, ta chiing minh duoc bai todn
tong quét sau:

Bai todn 2. Cho n s6 thuc duong X, %y, ..., %,
(n=3) thod man diéu kién XX,..% = I.
Chitng minh rdng:

X12n+1 _ Xl

n

2n+1+ n n n +
XX+ Y
2n+l _ N
+ 2n+1+X2n )n(2 n Tt
X XXt
2n+l _ , n
R ot 20(5)

+
R D T
Chitng minh. Theo BDT Co-si va gia thiét
2n
L.y 20+ X
X X% % = 1tacéd: x> —2—>
(n-1)x*
- x2n+X3n+”.+ )%n

(6)



DHAN 1 - SANG TAO TOAN HOC.

Mat khac, ap dung BDT Bunhiacopxky ra

2
. /x2”+...+ X," n N
co: [ —n—l ] +X, FoHX | X

0
IN

e R U D AL 'S

(7

Twr (6) va (7) suy ra:

1
2n+1

L R T G

N

IN

e e D A DAL 4

0 (gerx)

B n—l(xln + %"+t )%“)2 .
Cung vé6i n -1 BDT tuong tu khac, cong
v€ vGi v€ ta thu duoc:

1
2n+1 n n n +
XTUEX XX
1
+ oI ; . n+...+
XX L)
+ 1 <
Xn2n+1+xln+ X2n+...+ )%_1n
n
PAE DAL S D &
_ Xln+X2n+...+ )%n N
X12n+1+xzn+ X3n+...+ )sn
N A D A S D -
X22n+1+X1n+X3n+...+ )gn

)(ln+)<2n+”'+)$]n <n

2n+1+xln+ X2n+”'+ )%_1n -

+
X
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PAE DAL SHE & 1l 4

< X12n+1+X2n+ X3n+...+ xln

+( Zni(11++):2++';:)%+ n—1J+...+
X, X Xt X

+( 2n+:|).(1 +r1)<2 +;1"+)$] n_jso
o X Lt X

= (5)

Pang thiic xdy ra - X =X =.=X, =1

Mot dang tong qudt khdc ctia Bai toan 1
nhu sau:
Bai todn 3. Cho s6 tu nhién n = 3 va 3 s6
thuc duong x, y, z thod mdn diéu kién
Xyz=1. Chitng minh rang:

X" =X . y' -y . 2"-7
X"+y'+7Z  y'+Z7+X "+ X+ Yy
=0 (8)

1 1
+ +

X"+y'+7Z  y'+7+ X
1 3
+ <

"+ X+ Yy X+y+Z

Bing phuong phdp tuong tu nhu 101 giai 2
ching ta c6 thé chitng minh dugc Bai toan 3
ding v6i n < 8. Sau day ta ching minh
trong truong hop N=6:

Ap dung BDT Bunhiacopxky téng quat ta
o6:(x+ y?+ Z2)(1+ '+ Z)(1+ ¥+ 2) 2

> (x2+y2+22)3
)
- X+y +2 (x2+y2+22)3.

Thém hai BDT tuong tu nita, suy ra

Hay la:

1 1
X+y'+ 7 * Yo+ 22+ X *
+; <

+xX+y

(1+y2+zz)2+(1+ Z+ )8)2+(1+ X+ }?)2
o]

Ta s€ chiing minh

<

©)
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(1+ v+ 22)2 +(1+ Z+ x2)2 +(1+ X+ f)z
< 3(x+y+2) (10)

Patu= x*,v=y?, t= 7° thitacé (10)
o (T+u+v) + (L+v+t) +
+ (1+t+u)* < 3(u+v+t)’
= 3+4(y+v+t) +2(uv+ v+ tu) +
+2(u2+v2+t2) < 2(u2+v2+t2) +
+4(uv+ vi+ td) + (u+v+t)
o (utv+t)’ -d4(y+vt) +
+2(uv+vtrty) -320 (1D

Tu gia thiét xyz = [, suy ra uv+ vt+ tu
> 3Y(uvt)’ = 3Y(xy2)" = 3, do d6 (11)
ding va ta c6 (10). Vay tur (9) va (10) ta co
dpcm.

Toi du doan rang BDT (8) ding véi moi
n, mong cic ban cung quan tam tGi viéc
chiing minh bai todn nay. Sau day la mot bai
todn mGi ma toi da phat hién ra trong qud
trinh md& rong bai toan trén.

Tim tdt cd cdc s6 nguyén n sao cho bdt

ddng thitc (BPT) sau ding véi moi x, y, z
khdac khong:

(x2+xy+ yz)n+( Y+ yz £)n+
+(z2 + Zx+ i)n < 3(x2 +y*+ 22)n (12)

Loi gidi. V6i n = 0 thi BDT (12) hién nhién
ding v6i moi x, y, z #0. Ta xét cac truong

hop sau:
i) V6i n< 0. Patn = -m (m > 0) , khi do
BDT (12) tré thanh:
1 1
m + m+
(x2+xy+ yz) (3f+ yz+ 2)
1 3
<

+ - m

(Z+ 2 %) %+ ¥+ 2

BDT nay khong ding v6i moi x, y, z #0.
That vay, c6 dinh x sao choy - 0, z - O thi
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~r
T
V€ trdi — +oo, trong khi d6 v€ phai - ——,
X
vo ly.
1) Voi n Khi dé (12) c6 dang:

= 1.
(x2+xy+ y2)+(y2+ yz+ 2)+
+ (22+zx+ %)53( X+ y+ Z)
= Xy+yz+ 2 X+ §+ 2 BDT nay

ding v6i moi x, y, z = (12) ding.
i) Voin = 2. BDT (12) c6 dang:
(x2+xy+ yz)2+( V+ yz 2)2+
+(zz+ Zx+ )3)25 3(x2+y2+ 22)2
= 2(Ry+yx+ Yz 2y 2x X)=
<(x'+y'+2)+3( XY+ Y72+ 2R
1 a1 a1 4
o —(X-y) +=(y-2 +—=(z ¥ =20
Loy r 2y 9t 2 )
BDT cu6i ding = BDT (12) ding véi
n=2.
iii) V6i n= 3, ta sé€ ching minh rang khi d6
(12) khong dung. That vay, tacé (12) <

(xz+ Xy + yzjn{y“ yz+ fjn+

X +y+ 7 X+ Yy + 7
Z+zx+ R
— | < 1
+(x2+y2+zzj 3 (13)

Chonx =1,1;y=1;z=0,1 thi ta co:

(xz+ Xy+ yzjn{y“ yz+ fjn+

XX+ y+ 7 XX+ y+ 7
+22+zx+>5n> )€+xyk§n_
X2+ Y+ 2 X+ ¥+ 7))

= 331 >1,49.
2,22

Bing quy nap ta ching minh duogc
1,49' > 2 v6i moi n=3. Tur d6 suy ra (13)
khong ding v6i moi x, y, z > 0 = dpcm.

Tu nhitng phan tich trén & cac truong
hop trén ta di dén két luan: tdr cd cdc s
nguyén n phdi timlan =0, 1, 2.
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THU DI Tim MOT BAT DANE THUE
CRONG TAM QIAC

DUONG THI HUONG
CHUYEN TOAN K98 — 01

NGUYEN NHU THANG
Sv. Lép 3 CLC, K51 PHSP Ha Noi 1

Wit ca ching ta déu biét dén nhiing dinh
1i, nhitng két qua ly thd hay nhiing ching
minh doc ddo trong todn hoc. Va liéu da co
doi lan ban da tu hoi vi sao nguoi ta lai nghi
ra nhiing diéu tuyét diéu nhu thé? That khé
dé c6 thé tra cau hoi nay mot cdch that chinh
xac. Nhung nhu thé khong c6 nghia la chiing
ta s€& chiu “bo tay”! Muc dich cta bai viét
nay la dat chung ta diung & vi tri “nhiing nha
khdo c6” thir di tim mot chdt gi d6, ¢ thé
chi 1a mot “tro choi” cho riéng minh! Toi
phai luu y cdc ban rang, ching ta s& thir 1am
nha “khai khodng”, “khdo c6”, “tim kiém”
chit khong phai 1a nha phdt minh bdi ¢6 thé,
nhiing gi chiing ta tim thay s€ khong c6 gi la
qua mdi la!

Thong thudng, dé c6 thé tim ki€m, khai
thac dugc, ta phai ¢c6 mot “khu mo” hay mot
manh dat mau ma.

Ban da bao gio dé y dén diéu nay chua:

“Véi moi tam gidc ABC va cdc so thuc x,
y, z [JR va véi mot diém M bt ky thi:

- - M-

(XMA+ yMB+zMC)? 20" ?

Khong quéa dac biét, nhung ban thir bién
déi lai xem nao! Khong may kho khan, ban
c6 thé nhan dugc bat dang thic (BDT):
(x+y+ 2(xMA + yMB+ zMCE)
> a’yz+ IF z¢ é X (¥), véi a, b, c 1an luot
la 3 canh BC, CA, AB cua tam giac ABC.

bay chinh 1a “khu mo” ma ching ta sé
khai thac.

TAP SAN TOAN FOC 2007 9

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

[l

[

A

MOT. Ngay lap tic ta s& gip mot hé
quai:x+y+z=0= a’yz+ Fz¢ & x, va
véix=b,y=c-a,z=a-btadugc mot két
qua quen biét:
a’(c-a(a-h+b*(a-b(b- 9+
+c*(b—0(c- 39 <0
HAI . Mot vi du khac it tam thuong hon la
vGi bo s0 (x,y, z) = (1, 1, 1) thi tr (¥) ta
nhan dugc:

MAZ + MB? + Mczzé(a2+ B+ 02)

£
i
£

Ta gap lai mot két qua quen thudc trong

tam gidc. Dang thic x4y ra <
M - - M -

= XMA+yMB+zMC=0

o - - -
= MA+MB+MC =0
< M la trong tam tam giac.
BA. Thtr v6i bo (x, y, z) = (a, b, ¢) ta dugc:
(a+b+(aMA + bMB + cMC)
> a’bc+ Fecar ¢ at

= aMA’ + bMB’ + cMC > ab

Ta thdy lai két qua dac trung cho tam
duong tron noi ti€p tam gidc ABC. Nhiing
van dé tuong tu duoc xét cho truc tam, tam
duong tron ngoai ti€p, duong tron bang ti€p
v. v ... Nhu vay, v6i moéi bo s6 (x, y, z) thay
vao (*) ta s€ thu dugc mot BDT. Céc ban hay
tht chon vai bo nao d6 nhé!
BON. Nhung nhu thé thi cong viéc cta
ching ta chua cé gi la tha vi ca. Thu 1dy
(%X, v, 2 =( a, bl) xem nao! Ta cé:

(a2+b+1)(a2MA2+ bMB + MC?)Z
>a’b+ P+ ¢k

Diéu nay c6 vé “ngd ngo”! Ban da nghi
ra cidch ndo khic dé chitng minh diéu “ngo
ngo” ay hay chua?

Xin cac ban dung voi buc minh vi cong
viéc khai thac cta ching ta qua cham chap.
Trén day ching ta da s dung “cong nghé”
kha cii k¥ 1a khi thay bo (x, y, z) bdi nhiing
bd s6 c6 dinh. Viéc lam nay khong phai 1a
khong c6 lgi ich gi nhung xem ra “sdan
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phdm” cua ching ta chua dugc phong phud
1am.
Sau day la mot vai cai tién nho nho nhung
s€ mang lai nhitng két qua bat ngo.
NAM. Trong (*) thay
a b

C L.
y y = y y O1
vy = un we mel Y

M O{A B, G taco:

(2. b )J(aMA + bMB + ¢cMC) >

MA ' MB |v|c:

> abg— &+ P )
MBMC MCMA MAM

MB.MC MC.MA MAMB

- + + >1. (1)

bc ca ab
Dé thay khi M 0O {A, B, C} thi (1) tr&
thanh dang thitc. Vay (1) diing v6i moi M.
Suy dién mot chiit, chiing ta s€ c6 ngay
nhiing két qua quen thudc:
MA+ MB+ MC >3
a b c

m,m, m_33

a b ¢ 2

i+£+_CZz\/§

m.m m

(2] () =A%)

O day m,, m,, m, lan luot 1a do dai cac
trung tuyén ting véi cac dinh A, B, C clia tam
gidc ABC.

SAU. Ching ta Cﬁng thir 1am diéu tuong tu
b

C
khi: ,z)=(— ta co:
(2= ("uA VB M

-8, B, C )-aMA+bMB+ cMQ)

MA MB MC

sabg— & P _ )
MBMC MC.MA MAM

= (-aMA+bMB+ cMQ)

( MB.MC MC.MA MAMB}
x| — + +

bc ca ab
> (aMA-bMB- cMQ.
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Dé ¢ 1a khi M khong ndm trén cung 16n
BC chta A thi: (-aMA+bMB+ cMQ >0
(BDT Ptolémé) nén ta thu dugc:

_MB.MC N MC. MA+ MA MB

bc ca ab

Khi M [/ BC khong chia A thi
M D{A; B; C} cling ding. Vay (2) ding v6i
diém M bat ky.

Ta da tim thdy mot “ho hang” cua BDT
Ptoléemé: Khi M// BC thi (2) va BDT
Ptolémé 1a tuong duong. Nhung tiéc rang,
trong khi BDT Ptélémé thi ai ciing biét con
ngudi “anh em” ndy thi chang may ai biét
dén! That dang thuong!

BAY. Va néu chiing ta thay

(Xyz)_( 1 1 1
e MA? " MB? ' MC?
ta thu duoc:

1 1 1
+ + A1+ 1+ >
(MAZ MB? MCZJ ( 9

2 2 2
a b C
> + +
(AABJWCZJ (IM(:AAAJ ( NV\hAé)

~ (MB.MC)’ +(MC.MA® +( MAMB*>

>-1 (2)

j thi tr (*)

Z%(aZMA2+ b MB? + CZMCZ) (3)

(3) van ding khi M O{ A B, G} .
Ban thur chitng minh (3) khi M =G xem
ndo, chic cling khong don gian 1am!
TAM. Trong (*) thay
(X,y,2= 1 i —1 ta duoc
MA MB' MC

(MB.MC+ MC.MA+ MAMB( MA+ MB+ MQ
> a’MA+ b’ MB+ ¢ MC

A




DHAN 1 - SANG TAO TOAN HOC.

Gia s tam gidac ABC tu tai A, khi do6 ta
c6: MB>c—MA,MC >b— MA.

Diu bing xdy ra = M = A. Do d6
a’MA+ b* MB+ ¢ MC>
(a?—b?— ¢?) MA+ b br 3> be(b+c) (4).

Pang thiic xdy ra = M =ZA.

Ta thdy rang (4) ding ca trong trudng hop
M O{ A B;C} va khi M =A thi c6 déu dang
thitc. Nhu vay ta c6 bai todn:

Cho tam giac ABC tu 6 A. Tim gia tri nho
nhat ctia biéu thic.
(MB.MC+ MC. MA+ MAMB( MA+ MB- MG

Ta thdy rang nhiing bat dang thitc thu duoc &
trén déu ding v6i moi M. Do d6 khi thay M
boi nhing vi tri dac biét ta lai thu dugc kha
nhiéu két qua, tinh chat thad vi.

Céc ban thdy day, xuat phat tir (*), moi
lan thay (x, y, z) bdi mot bd nao do, ta thu
dugc mot két qua méi. Cong viéc clia nha
tim ki€m 1a phai biét chat loc, giit lai nhitng
gi c6 gia tri tu nhitng tht tudng ching nhu
tam thuong. C6 mot lan lam th, ching ta
mdi thay ring, dé ¢ nhitng gi chiing ta dang
dugc hoc hom nay khong phai 1a dé. Toi hi
vong sau bai viét nay, moi chiing ta s& riit ra
mot diéu gi dé cho riéng minh dé c6 thé hoc
mon Toan vui vé hon, va nhiing ai say mé
muon lam nhitng nha “khdo ¢6”, hdy cit bét
tay vao cong viéc cuia minh diu biét ring
chiing ta c6 thé chang thu luom duogc gi to
tat. Nhung, c6 mot diéu toi tin chic 1a sau
khi nhitng 1an nhu thé, ban s€ thady Toan hoc
cang ddng yéu hon.

Néu ban cam thay thich cong viéc tim
ki€m, may mo nhiing diéu méi mé (du chi
cho riéng minh) toi c6 thé giGi thiéu véi ban
mot vai manh dat “mau md”, phu hop véi
nhing gi ban mong muon:

A.MANH PAT 1:

Manh dat nay doi hoi ban phai ¢6 mot vai
su chuén bi vé s6 phic. Trong s6 thuc, ta c6
déang thic:
(m-b)(m-c) , (m-c)(m-a) , (m-a)(m-b) _,

@-bBa-9 (b-9b-a) (-ac-b

Dé c6 duoc dang thic trén hoic nhiing

dang thifc twong tu, ban c6 thé dua vao cong
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thitc ndi suy Lagrdng cho da thic va so sanh
hé s6. Chang han, vi du trén khai trién x° tai
a, b, c. Do cac s6 phic tinh toan nhu s6 thuc
nén trong cic s6 phiic ciing c¢6 cdc dang thitc
nhu vay. Van dung tinh chat “nhan” (hoac
chudn) clia tdng va tich cho mdi s6 phiic
tuong tng v6i mot diém. Chang han tir dang
thiic trén ta thu duoc:
(m-B(m-g (X m p ( m)a My,
[(a-ba-9 (b-9(b-2 (e} eN
MAMC MC.MA MAMB
= + + >1

ABAC BC.BA CACB
Theo cich d6, ban sé€ thu duogc rat nhiéu
diéu tha vi.

B. MANH DPAT 2:

B’ A eds

Goi a, b’, ¢’ 1a ba canh clia tam gidc
A’B’C’ tuong tng. C4c diém M, N nhu trén
hinh vé.

Xuat phat tir két qua a’.NA + b’.NB +
+c¢’NC 2 a’MA + b’.MB + ¢’ .MC. Hay
tim cach giai tron ven bai todn sau:

Cho tam gidc ABC va x, y, z > 0 . Hdy
tim diém M trong tam gidc ABC sao cho:

Sy = XMA + yMB + zMC nho nhit.

Chéc cac ban ciing da biét khi x = y = z
thi ta c6 bai to{m diém Toricelli clia tam gidc
C. MANH PAT 3.

Trude hét, cac ban hay chiing minh véi
xX+y>0,y+z>0,z+x>0thitaco:

XMA+ yMB+ ZMC > 4,/xy + yz+ zXS 5
T d6 hay xay dung mot vai tinh chat méi!

Van con nhiéu ving dit méi dang cho in
d&u chan céac ban. Chic thanh cong!
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INst See
TINH €O

NGUYEN LAM TUYEN
CHUYEN TOAN K99 — 02
Sv. Lép Piéu khién Tu Pong 1 - K47
DPH Bdch Khoa Ha N oi

‘trong cudc song, nhiéu diéu thd vi
doi khi dén vé6i ching ta mot cach nhe
nhang, man méc ... Lam cho ta thém yéu
doi, yéu cudc song! Bai vi€t nay toi xin
trinh bay “mot niém vui nho nhé” ma toi
tinh co c6 duoc khi dang “thd hon” véi
nhitng bai todn héc bua. Than tang téi cac
ban, dac biét 1a cic em 16p chuyén Todn
KO1-04 — nhitng nguoi rat tam huyét véi to
bao nay. Hy vong ring qua bai viét nay phan
nao s€ giup ich cho cac ban trong qua trinh
hoc toén.

I/ Thix thach.

Nam con hoc 16p 10 Chuyén Todn, c6 hai
bai toan khién toi rét tran trd. D6 1a hai bai
toan thi hoc sinh gioi Quoc gia, vira quen lai
vira la:

Bai todn HSG1. Cho da thiic P(x) = X — 9x°
+ 24x — 27. Chitng minh rang voi moi so tu
nhién n, ton tai sé nguyén a, sao cho P(a,)
chia hét cho 3".

Bai todn HSG2. Cho da thic P(x) = X
+153x° -111x +38.

i) Chitng minh rdng voi moi sO tu nhién n,
ton tai it nhdt 9 so nguyén a thudc doan
[1;3%°%] sao cho P(a,) chia hét cho 3*.
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-

;
£

ii) HGi trong doan [1,3°°] ¢6 tdt cd bao
nhiéu s nguyén a sao cho P(a,) chia hét
cho 3*".

(Céc ban c6 thé tham khao thém & cdc so tap
chi Toén hoc va Tudi tré thang 01, 02, 09
nam 2001)

Sau nhiéu ngay suy nghi toi da phat hién
ra mot cach ching minh, nhung kha dai va
chi cho riéng Bai toan HSG1 (xin khong néu
ra 6 day).

II/ Tinh co.

Bing di mot thoi gian dé réi tinh co lat lai
trang sdch. Y tudng chot Ién, toi ha but viét
nhu da dugc “lap trinh” san. Toi da c6 mot
16i giai méi cho Bai toan HSG1, nhung tat
nhién 1a véi “phong cach” hoan toan khac.

Loi giai d6 nhu sau.

Taco P(x) =x —9x° + 24x—-27
=(x-3)-3(x-3)-9
= P(3x+3) =9(3xX —x—1).

Bai todn quy vé viéc ching minh: Véi
mdi n, ton tai b, [ N sao cho Q(b,) chia hét
cho 3". O day Q(x) = 3 —x— 1.

Ta s& chiing minh diéu nay bang quy nap
theo n. V6in = I chon b, = 2.

Gia st khang dinh diing t6i n.

Taco Q(b,+0(b,)) =
= 3(b,+Q(b,)) - (b,+Q(b,)) - 1
= (307 —b, =1 +9b,Q(b,)(b, + Q(b,)) +
+3Q°(b,) - Q(b,)
= 3[3,0()(5,+ AR+ ()]

Chon b,,, = b,+Q(b,) thi Q(b,,,) chia hét

cho 3", Tém lai ta c6 diéu phai chiing
minh.

Vo1 vang dem 4p dung cho Bai todn
HSG2 nhung ... khong thanh cong! Toi
quyét dinh quay trd lai Bai toan HSG1 véi
muc dich mé& rong n6 va da dua ra duge bai
todn tong quét sau.

Bai todn A. Xét tdp hop cdc da thiic c¢6 dang
o = {P(x)=aX +bxX’ +cx +d/a#0,
b = 0(mod3), ¢ /7 0(mod3), a + c/J
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0(mod3)}. Khids vai moi s6” nguyén duong
n, ton tai s6 nguyén a, sao cho P(a,) chia hét
cho 3".

Chitng minh. Ta ching minh bang quy nap.
Véin=1,taco P(0)=d, P(-1) =-a+ b -
c+d=-(a+c)+d=0(mod3), P(1) =a +
b+c+d=(a+c)+ dmod3).Luu y ring
trong 3 s6 hang lién ti€p cua mot cap so
cong c6 cong sai khong chia hét cho 3, luén
ton tai mot s6 chia hét cho 3. Vay véin = 1,
bai toan ding.

Gia st ton tai a, dé P(a,) chia hét cho 3.
Ta ¢6 P(a, + hP(a,)) = a(a, + hP(a,)) +
b(a, + hP(a,))’ + c(a, + hP(a,)) +d =

=P(a,).(3ad.h+ 3ag R Ha)+ hP(a+
+bh?P(g) +(2bg + ¢ h+1)

Ta thdy 2bay + ¢ /70 (mod3)= ton tai
hO{1;3 sao cho (2bac + c)h + 1=0(mod3).

Tu d6 chon a,,, = a, + hP(a,) thi ta c6
P(a,,,) chia hét cho 3** (dpcm).

Tat nhién la ciing v6i xu huéng do, toi
tim cich md& rong bai toan thém nita, nhung
qua thuc la rat khé khan. Sau mot vai phép
thir va du dodn t6i dua ra bai todn sau ma
theo toi, @ moOt khia canh nao d6, né mé rong
cho Bai todn HSG1.

Bai todn B. Cho s6 nguyén to Ié p va da
thiteQ(X) =(p-1) ¥ = x=1. Chitng minh
rang voi moi sé nguyén duong n, ton tai vo
han s6 nguyén duong a, ma Q(a,) chia hét
cho p".

Véi 101 giai cling gidong nhu cach ching
minh Bai toan HSGI.

bic biét truong hop n = p, ta c6 bai todn
riéng nhung duong nhu lai “kh6” hon vi véi
bai todn méi nay, ching ta s€ khong dé dang
nghi ngay t6i phuong phip quy nap dé chiing
minh.

Bai todn C. Cho s6 nguyén to Ié p va da
thitc Q(X) =(p-1) X — x=1. Chitng minh
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rdang toén tai vo han s nguyén duong a ma
QO(a) chia hét cho p’.

TO mo, toi thlr tim mot 101 giai khac cho
bai todn méi nay. Va ciling tinh c0O toi dua ra
dugc mot 161 giai méi, va tat nhién la cling
vGi “phong cdach” hoan toan mdéi: St dung
khdi niém hé thdng du cua 1y thuyét dong du
thirc.

Bai toan C ciing chinh 1a noi dung ctia bai
T8/336 trén Tap chi Toan hoc va Tudi tré
thang 06/2005 do t6i dé xuét. Xuat si cua
bai T8/336 la nhu vay va cé 1€, dé ciing la
maot sy tinh co.

Ching minh Bai toan C.

Nhdn xét: Gia tri tai p” diém nguyén duong
lién tiép cua da thic Q(x) lap thanh mot hé
thang du day du (modp”).

That vay, trong p” s6 nguyén duong lién
ti€p, gia st c6 u > v sao cho
Q(u) = (u(mod p)= (p-Lu°-u-1
=(p-uP —u-1(modp’)

- (p—l)(up - vp)—( u-\) = 0(mod P’ )(*¥).

Theo dinh 1y Fermat nho, ta ¢6
u® = u(mod p), v° = v(mod p). Do d6 tir (*)
ta ¢6 (p-2)(u-v)=0(modp). Lai c6
(p; p~2) =1, suy ra u=v(mod p).

Ciing tu (*) ta c6
(u —v)(( p—l)( W+ Pt \Fl)— ]) =
=0(modp®). Mat khic u=v(modp)=
=( p—l)(up‘l+ uP2v+ ..+ v‘”) -1=
=(p-1).p—-100(modp" .

Suy ra u=v(mod p°).

Chiyla0<u-v<p’ = u=v. Nhan
xét dugc ching minh.

Hé qua la trong p” s6 nguyén duong lién
ti€p, ton tai duy nhat mot s6 a dé Q(a) chia
hét cho p”. Va do dé hién nhién 1a trong tap
hop vo han cdc s6 nguyén duong, ton tai vo

s0 s0 @ ma Q(a) chia hét cho p”. Bai toan
duoc ching minh.
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Trong 16i giai Bai toan B ta chi ra dugc su
ton tai cia @, nhung da khong chi ra duoc cé
bao nhiéu s6 nhu vay. Cai thi vi ¢ cach giai
Bai toan C khong chi 1a & su mdéi la trong
cach tu duy ma con khiac phuc dugc diém
han ch€ cua phuong phap truée d6. Kha bat
ngo va6i 101 giai trén, toi chot nhé dén bai
toan HSG2 ma minh chua giai dugc. Pem ap
dung phuong phdp méi nay cho bai todn do
va toi da thanh cong!

Nhung t6i lai di tir bai todn ...téng quat:

Bai toan D. Xét tdp hop cdc da thitc co dang
o = {P(x)=axX +bx’ +cx +d/a#0,
b = 0(mod3), ¢ = 0(mod3), a + c//
0(mod3)}. Khidé gid tri tai 3" diém nguyén
duong lién tiép cia da thiic P(x) [J &7 ldp
thanh mot hé thdng duw ddy dii (mod3").

Chitng minh. Trong 3" sO6 nguyén duong
lién ti€p gia st c6 u > v ma Q(u) = Q(v)
(mod3") = aw’ + b +cu +d=av’ + bV’
+cv +d(mod3") = a(u’ -Vv)+ b(u’ - V') +
+ c(u—v) = 0(mod3") (*).

Ta c¢6 b=0(mod3), w'=u(mod3), V=
v(mod3) nén tit (¥) = a(u’ - v')+ b(i’ - V*)
+ c(u—v)=0(mod3)
= (a+c)u-v)=0(mod3) = u=v(mods),
do (a + ¢) U0(mod3).

Ciing tlr (*) ta c6 (u — v)[a(’ + uv + Vv°)
+ b(u +v) + ¢] =0(mod3").

Ma u = v(mod3), ¢ 00(mod3) = a(u’ +
+uv+ V) + bu+v)+c0O0(mod3) = uz=
v (mod3"). Vay u = v = dpcm.

Hé qud la: Trong 3" s6 nguyén duong lién
tiép ton tai duy nhdt mot s6’ a dé Q(a) chia
hét cho 3".

Day chinh 1a su téng quit cho Bai todn
HSG2. Cu thé, 15i gidi clia bai toan HSG2
nhu sau:

Loi gidi Bai todn HSG2. Ta c¢6 P(x) = X
+153x% -111x +38 07 Gia st P(x) chia
hét cho 3**® = P(x) phai chia hét cho 3
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=>xcodang 3k + I = P(x) = P3k+ 1) =
=3I + 52k 22k +3).

*Néuk=3m+2=

P(x) = 3(27m’ + 495m* 387m + 263)
khong chia hét cho 3* véi moi m.

*Neuk=3m+ 1=

P(x) = 3" (9w’ + 165m’ 129m + 26)
khong chia hét cho 3° v6i moi m.

*Néu k =3m=

P(x) =39’ + 15607 + 22m + 1).

Ta thay da thitc Q(m) = (9m’ + 156m° +
2m+1) JFval <x<3" « 0<m<
3% _ ]. Vay P(x) chia hét cho 3** < x =
9m + 1 va Q(m) chia hét cho 3'*°.

Theo hé qua cua Bai toan D suy ra: Trong
9.3 s6 nguyén lién tiép 0, 1, 2, ...,
3% —1 t6n tai diing 9 s6 nguyén a ma Q(a)
chia hét cho 3" < Trong doan [1; 3]
ton tai ding 9 s6 nguyén a ma P(a) chia hét
cho 3%,

Ta ciing dé dang nhan ra 1a trong doan
[1;3"] (n>1998) ton tai 3" " s6 nguyén a
ma P(a) chia hét cho 3**. Bai toan HSG2 da
duoc giai quyét tron ven!

II1/ Loi két.

Chi mot chit thay déi dé bai theo y
tudng ctia minh cdc ban c6 thé tao ra dugc
nhiing bai todn méi cling kha “héc bua” day
cha! Véan dé dat ra & day 1a trong trudng hop
tong quat, da thiic P(x) bac n thi két qua sé&
ra sao? Ban than toi cling chua ¢ diéu kién
dé tim hiéu thém, mong cdc ban cling quan
tam coi nhu mot bai tap trude khi két thic
bai viét nay.

Nhu vay ddy cédc ban a, tir mot su tinh co
toi da giai dugc mot bai toan khé va tim ra
duoc nhiéu diéu thi vi. Nhung dé c6 duogc su
“tinh cd” d6 1a ca mot qua trinh nd luc
khong ngung va mot trdi tim dam mé Todn
hoc manh liét. Cudi cung xin chic cac ban
thanh cong va tim ra dugc nhi€u “cong
trinh” cho riéng minh trong qué trinh hoc tap
va vuon 1én & tét ca cac linh vuc!
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(b

st DUNG TiNF CRAT BAM BON ANR
PE GIAI BAl TOAN PHUGNG TRINH HAM

NGUYEN THAI NGOC

CHUYEN TOAN K99-02
Sv. Lop DT8 — K48, Khoa Pién tit Vién thong - PH Bach Khoa Ha Noi

Trong cac ki thi Hoc sinh gioi, ta thuong
gdp cdc bai todn vé giai phuong trinh ham.
bay Ia dang todn khd quen thudc véi cac
ban. Trong cudn "Phuong trinh ham" cua GS
- TS.Nguyén Van Mdu, tic gia da dé cap
tuong doi sau vé mot 16p phuong trinh ham.
Trong pham vi bai viét nay, toi xin dugc néu
ra moOt phuong phdp dé giai dang todn néi
trén kha hiéu qua. D6 1a phuong phap su
dung tinh chdt ham don dnh. Trudc hét, toi
xin néu dinh nghia va mot s6 nhan xét xoay
quanh ham don anh:

Dinh nghia ham don danh.

Hamso f:X-7Y

X - y=flx)

duoc goi la mot ham don dnh néu [k, x,
thuéc Xma x, Z x, suy ra f(x,)Zf(x,)
Nhdan xét 1.

Cho f la mot ham so xdc dinh, lién tuc
trong khodng (a,b), khi do, néu cdc s u, v
thuéc (a,b) sao cho u < v va f(u) < f(v) thi
voi bdt ky w thudc (u,v) luon cé:

S)<fiw)<f(v).
Chirng minh. Dé chiing minh nhan xét trén
ta thira nhan dinh 1y vé gi4 tri trung gian sau:

Cho f(x) la ham s¢ xdc dinh, lién tuc
trong doan [a,b], khi dé f(x) ldy tdt cd cdc
gid tri tir f{a) dén f(b).

Trd lai nhan xét trén, ta sé chiing minh
bang phan ching. That vay, néu flu) < f(v)
<fiw) (hoac fiw) < flu) < f{(v)) thi tt gia thiét
lién tuc cua f va dinh 1i vé gid tri trung gian
ctia mot ham s6 lién tuc suy ra f{v) la gia tri
trung gian cta f{u) va fiw). Do d6 s€ ton tai
v’ thudc [u,w] sao cho f(v') = flu) vav' sw
< v do vay v’ Zv. Diéu nay mau thuan vdéi
gia thiét don anh cua f. Nhan xét dugc chiing
minh .
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Hé qud. Cho f la mot don dnh , xdc dinh va
lién tuc trén khodng (a,b) va cdc sé a’, b’ [J
(a,b)voia’ < b’. Khi do:

i) Néuf(a') < f(b’) thi f tang ngdt trén [a,b]
tiic la flu) < flv) néua’ <u<v<b'

ii) Néu f(a’) > f(b’) thi giam ngdt trén [a’,b']
nghia la f(u) > f(v) néua’ <u <v <b.

Ta s& chiing minh diéu khing dinh thit
nhat. Vi fla’) < f(b’) nén néu a’ < u < b’ thi
theo Nhdn xét 1 ta co: fla’) < flu) < f(v).

Vifla’) < fluynénnéua’ < u <v =fla’)
<flu) <f(v) <f(b')~q

Tuong tu cho khang dinh 2.

Nhdn xét 2.

Piéu kién dt c6 va di dé mot ham sé xdc
dinh lién, tuc trén khodng (a,b) don dnh la
ham so f(x) don diéu ngdt trén khodng do.
Chitrng minh.

a) Néu f don diéu ngdt thi f don dnh:

Cho u Zv. Khi d6 hoac u > v hodac u < v,
do vay f(u) < f(v) hoac f(u) > f(v) nghia la
f(w) Zf(v).

b) Néu f don dnh thi f don diéu ngdat: Véi a’
< b’ [J(a,b). Khi d6 hoac f(a’) < f(b’) hoac
fla’) > f(b’) do vay ta s€ chitng minh:

Hoac (i): Néu f{a’) <f(b’) thi f tang ngat.

Hoac (ii): Néu f{a’) >f(b’) thi f giam ngat.

Xét (i), chou < v, u, v [J(a,b) dat w =
min {a’;u }; z=max{b';v} khi d6 a’, b’, u, v
déu thuoc doan [w, z] .

Theo hé qua cua Nhdn xét 1,vi f don anh
nén tang ngat trén /w,z]. Viu v, u, v [J
[w,z] nén f(u) < f(v) va u, v 1a hai diém bat
ki (u < v) trén (a,b) nén f tang ngat trén
(a,b).

Muon chiing minh (ii) chi can thay f boi
—f va lap luan tuong tu .
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Nhu vay la ching ta da ¢c6 mot s6 nhan
xét va hé qua khd hay vé ham don dnh. Sau
day xin duoc di vio mot s6 bai todn cu thé:
Badi todn 1. Tim tdt cd cdc ham so lién tuc

f : R - Rthod man diéu kién
fxfty) =y. flx), Liy LJR.
Loi gidi. Cho x = y = 0 = f(0) = 0. Dé thay
fix) =0 la mot nghiém cta phuong trinh
ham.
Xet f(x) Z0. Chox =y = 1= f{f(1)) =f(1) .
Suy ra: fixf(f(1))) =f(1) f(x) =f(xf(1))=f(x).

Vay f(1) =1. Gia st ton tai x, Zx, ma f{x,)
= fix;) . Taco fixflx,) = x,f(x), Lk[R va
(xf(x;)) = x,. fix), Lk LR.
= x,. f{x) = x,. fix), Lk[R
= X, = x, (vi f{x) Z0 ), mau thuan.

Vay f [a don &nh va do f lién tuc nén theo
Nhdn xét 2 suy ra f don diéu ngat .

Co6 f(1) >f(0) vay f tang ngat (Hé qud cla
Nhdn xét 1)

Co fifixf(y) =f(yfix) = xf(y), LkLR

Neéu flx.f(y) > xf(y)
<xf(y) =f(f(xf(y) > fixfiy) > xf(y), vo li

Neéu fix.f(y)) <xfly)
<= xfly) = fifixf(y) <fixf(y)) <xf(y), vo i

Vay fixf(y) = xf(y)

Thay x =1= f(1) =x,[k

Thtr lai thdy f(x) =0, f{I) = x 1a hai
nghiém cua phuong trinh ham
Bai todn 2. Tim tdt cd cdc ham f(x) xdc dinh
trén R ¢o hitu han nghiém thod madn:

fii*+y) = X f)+fifty), Ly OR.
(APMO- 2002)
Loi gidi. Cho x = 0 =f(f(y))=f(y), [N [R
= fix'+y) = X fix) + fly), [k, y OR.
= fix'+y) = - f(-x) + fly), [k, y R
=f(0)=0

Choy =0 =f(x’) = X fix), (k[R

Néu /%, #0 sao cho f{x,) = 0
= f(xg) = 0. Néu x,# #I thi ton tai day: x,
=X, X, =Xy, n=2,3,..

DPay 1a day vo s6 s6 hang khac nhau ma
f(x) nhan lam nghiém. Trai gia thiét.

TAP SAN TOAN BOC - 2007 16

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

A
4

]

Néu x, = # 1 tac la f{l) = f(-1) = f{0) thi
taco f(2) =2.f1)=0.

Vay 2 1a nghiém cta f, trai véi di€u trén.

Vay x = 0 la nghiém duy nhat cta ham
f(x).

C6 fix*+y) = X" f(x) + fiy) = fix’) + f(y)

Néux =0 = flx+y) =f(x) + f{y)

Néu x < 0 = fix+y) = f(-OxCry) = fll xI -y)
=-(fl-x) + f{-y)) = f(x) + f(y).

Vay fix+y) = fix) + f(y),[k, y LJR.

Gia st [/x, Zx, mafix,) = f(x,)
= fix,+y) = fix,+y), Ly UR.
< f(x,- x,) = 0. Hay f nhan x,-x, 0 lam
nghiém (Vo Ii).

Vay fla don anh .

Do fif(y))=f(y)= f(y) =y, LyLR.

Thir lai thay f{y) =y la nghiém duy nhat
ctia phuong trinh ham.

Bai todn 3. Tim tdt cd cdc ham f :N N
thoa man

fim+f(n))= n+ fim+ 2003),C0m,n N
Loi giai. Gia st [Jn, Zn, ma f(n,) = f(n,)

= f(f(n,)+m) = n, +f{m+2003), Lm,[N" va
fifin,)+m)= n, +f{m+2003), Om,N", Vo Ii.

Vay f1a don anh.

Ta cé: fi(f(1)+f(n)) = n + f{(f(1)+2003) =
n+l1 + f(2003+2003) = f(f(n+1)+2003).

Tu d6 f(f(1)+f(n)) = f(f(n+1)+ 2003).

Do f1a don anh nén

f(1) + f(n) =fin+1) + 2003.

Béng quy nap ta suy ra: f{n) = an +b.

Thay vao diéu kién cta bai ta xdc dinh
duoc: a=1, b=2003.

Vay f(n)=n+2003, [h[IN".

Cuo6i cung xin néu mot s6 bai todn ma ta
c6 thé st dung tinh chat ham don dnh d€ giai
quyét . Chic cac ban thanh cong !

1. Tim tdt cd cdc ham so f :Q -»Q thod
man f{f(x)+y)=x+ f(y),Lk,y [Q.

2. Tim tdt cd cdc ham s6 f: R R thod
man

fy-())=f(x**-)-2001 .y fix), [k,y[R.

(Chon hoc sinh gioi quoc gia 2001-2002).
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(O Gi CAC 861 T TOAN QUOC TE 2003

HA HOU CAO TRINH

CHUYEN TOAN K99 — 02
Lép K6 CNKHTN Todn, PHKHTN - PHQG Ha Noi

Toi cling xin chia sé mot s6 kinh nghiém
trong giai todn vGi cac ban qua 10i giai dé thi
toan quoc t€ 2003. Hi vong riang qua day cic
ban s& riit ra cho minh nhiéu diéu bé ich.
Bai s6' 1. Ldy A la mét tdp con 101 phdn tir
ciua tdp S gom cdc sé ty nhién tw 1 dén
1000000. Chitng minh rdng: ton tai cdc so
t), byeoy Uy thuoc S sao cho cdc tap
A = {x+t /xOA}, i =1, 2,.., 100 doi

mot khong giao nhau.

Loi gidi. Xét tap D = {x-y/x yOA}, ta
thdy D ¢6 nhiéu nhat 101.100 +1 phan tt,
trong d6 chic chén chia phan tir 0.

Nhdn xét: A, A, c6 giao khdc rong khi va chi
khi t; - t, 1D (*), nén ta chi can chon 100
phan tir khong thoa man (*). Ta chon bing
quy nap:

Viéc chon 1 phan tlr 1a tam thuong. Gia
stt chon dugc k phan t, k < 99 khong vi
pham (*). Nhu vay, ta van con it nhat /0° -
10101.k =1 su luya chon nita cho phan ti thit
k+1. Tém lai, ta c¢6 thé chon dugc 100 s6 t,,
ty,..., t;90 KhOng vi pham (*). Theo nguyén ly
quy nap, bai todn dugc chitng minh.

* Chu y: Phat biéu tong quét sau van ding

nho phép chiing minh tuong tu.

“Néu A la tdp con k phdn tit ciia tdp S gom

cdc sO tw nhién tiv 1 dén n va m la so nguyén

duong théa man: n > (m -1)( C% + 1), thi ton

tai m s6't,, t,,..., t, thudc S thoa man cdc tdp

A; xdc dinh nhuw trén doi mot khong giao

nhau”.

Bai so 2. Tim tdt cd cdc cdp sé nguyén
2

duong (a; b) thoa min ——————— la mot
8 2ak? —b° +1

$O nguyén duong.
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Loi gidi. Gia st cip (a; b) thda man bai
&
2ak® -b® +1

b’+1>0vaa 2%.

toan. Do k = > 0 nén 2ab’ -

Mat khéc, ta c6 @° =b*(2a - b) +1 > 0
nén hoac a > b hoac 2a = b (¥)

Xét hai nghiém (qa,, a,) cia phuong trinh
a - 2kb’a + k(b’-1) = 0, véi gia st a,>a,
.Theo dinh 1y Vi- et, ta ¢c6 a,+a, = 2kb> =a,
> kb’ > 0.

Hon nita, tit a,a, = k(b’-1), ta c6 0 <a, =
K(b°-1) _ k(b -1)

a, ~ kb?

< b. Két hop véi

(*)= a,=0hoaca, = &
-Néua,=0thib’-1=0= a,=2k b =I.
2 2 b
-Néua, = Eth\1k= b—véa1= b— —.
2 4 2 2
Nhu vay, ta da tim duoc (a,b) dudi dang
(2t; 1) hoac (t; 2t) hodac (8- t; 2t), tLUN".
Thir lai déu thdy thda man.
Chi y: C6 thé suy dugc (¥) bang cdch sau:
Xét ham f(b) = 2ab*- b’+1, ham nay ting

. 4a vy . 4a N ,
trén O;? , glam trén ?;+oo va ta co:

fla)=d’ + 1>, fl2a-1) = 4a°*- 4a+2 > &,
f2a+1) = - 4a’- 4a < 0.
2

—~Néub = av ab) nguyén duong thi b =

2a. That vay, néu a< b< 4—;thif(b) > fla)

2
5 a 4a

< 1,vo1ly. Con néub > —
f (b) 3
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i) Néu b > 2a + 1 thi f(b) < fi2a+1) < 0,
vo ly.

ii) Néu b<2a-1 thi f{b) 2f(2a-1) > a’, v
1y.
Bai 3. Méi cdp canh doi dién cua luc gidc
101 ¢6 tinh chdt sau: khodng cdch

trung diém ciia chiing gdp ;ldn tong do

dai cua chiing.

Chitng minh rdng tdt cd cdc géc cua luc

gidc bang nhau.

Loi gidi.

Cdch 1. Ta sé chiing minh nhdn xét sau: Néu
OQPR=60°va L la trung diém ciia QR thi
PL < gQR. Ddu bdang xdy ra khi va chi
khi PQR la tam gidc déu.

Chitng minh nhdn xét. Lay S sao cho QRS
la tam gidc déu va P nam trong phin giao
clia nira mat phang bd QR chita S véi phan
hinh tron ngoai ti€p QRS.Vay P nam trong
ca(L,LS)

=PL<LS= gQR (dpcm)

5

0 ——R

Trd lai bai todn cua ta, goi luc giac 16i 1a
ABCDEF. Xét mot duong néi trung diém N
cta DE véi trung diém M cua AB , AE n BD
= P. Khong mat téng quat gid s
OAPB>60°. Vi téng 3 gbc tao bdi cic
duong chéo chinh lién ti€p bang 180°. Theo
nhan xét trén, ta c6 :

T

MN = 73(AB+DE) =2PM+PN=2MN

Dau bang budc xdy ra theo gia
thi€t= ABP la tam gidc déu. Dén ldc d6, ta
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A

L

c6 thé gia st mot trong hai géc con lai tao
boi céc dudong chéo chinh = 60° va ching
minh tuong tu, ta c6 ngay ABCDEF c6 tat ca
céc goéc bang nhau.

Cadch 2. St dung vecto va nhan xét & cdch 1,
cac ban hay tu ching minh (!).

Bai 4. Cho ABCD la mét tir gidc noi tiép.
Goi P, Q, R la cdac chdn duong vuéng goc ha
twr D xuoéng BC, CA, AB. Chiing minh:
PO=0QR khi va chi khi phdn gidc cua
OABC,JADCva duong chéo AC dong quy.
Loi gidi.

Cdch 1. Ta biét P, Q, R thang hang (duong
thang Simson). Dé dang c6 duoc :

ADCA~ ADAR
ADAB~ADPQ
ADBC ~ADRQ
QR
DB.~—
_ DA_DR_""BC_QRBA . .
DC  DP PQ ~ PQBC
DB.—
BA
DA _ BA
Q DC BC( )

Theo tinh chét cua duong phan giac, (1)
xay ra khi va chi khi phan giac
OABC,JADCchia AC theo cling mot ty so,
titc 1a chiing dong quy, (dpcm).

R I

B P

Cdch 2. Gia su phan giac JABC,[JADClan

luot cat AC 6 L va M. Tu LA :B—Ava

LC  BC
MA _ DA 1 khi va chi khi
MC  DC
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BA _ DA

= AB.CD = CB.AD (1)
BC DC

bat a= UACB, y= UCAB, ta cé: cac t&
giac PDQC va APQR noi ti€p nén OPDQ
hoac bing a hoic bing 180° -a. OQDR
hoac bing y hoic bing 180° - y. Theo dinh
1y ham s6 sin ta co:

PO =CDsina , QR = ADsiny

PO =0R - sma_%
siny DC
Mat khéc W_E nén ta co luon
siny

PO = OR ~ ABCD =CBAD (2)

Tur (1) va (2) suy ra dpcm.
Bai 5. Cho n la s6 nguyén duong va
X;<x,<...<x, la cdc s6 thuc.

a) Chitng minh rdang:

S| 2D

i,j=1 i,j=1
b) Chitng minh rdng ddu ddng thitc xdy ra
khi va chi khi x,,x,,...,x, la mot cdp s cong.
Loi gidi.
a) Khong mat tong quét, ta gia sk
n
ZXi =0 (do 2 V€& cua bat dang thic (BDT)
i=1
chi phu thuoc (x; - x;)). Ta cé :

Z‘x - X ‘—ZZ(X —x)

i,j=1 i<j

= 22 X (2l —n-=1) . Su dung BDT Cauchy -
=1
Schwarz, ta co:

(Z\’ﬁ x‘j <4Z(2' n-1) zx

i,j=1

:4n(n +1;(n—1) 3%

Mat khéc, ta cé:
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—
L

)

b) D4u bang xay ra néu x, = k(2i-n-1) véi
k nao do, nghia la x,, x,, ..., x, 1]a mot cap so
cong. Mat khdac, gia st x;, x,, ..., x, 1a mot
cdp sO cong vGi cong sai d. Ta co:

X .2 g 2
O Giam tat ca

xi=%(2i—n—l)+xl

, X, + X
di mot luong , ta thu duoc

n
X :%(Zi -n-1)va Y x = 0. T do, ta

i=1
c6 dang thic.
Bai 6. Cho p la mot s6 nguyén to. Chiing
minh rdang: ton tai so nguyén 16 q théa man
Vol moi s6 nguyén n, sé' n’ - p khong chia hét
cho q.

P_

p-1
= p+1(modp® ). Do dé ta c6 thé 1ay it nhat
P -1
p-1
khong dong du véi 1(modp ). Pat ude nay la
¢ va ta chiing minh d6 la s6 can tim.
That vay, gia st ton tai sO tu nhién n sao
cho n® = p(modq).

Loi gidi. Ta co: =1+p+..+p"t ="

sao cho né

mot uéc nguyén to cua

Ta c¢6 n” = p” =1(modq)(theo dinh
nghia ciua ¢). Mat khac, tu dinh 1y nho
Fermat n®*=1(modq).Tir p?/g-1,tacé :
(p’,q-)=qg. T d6 din dén
n® =1(modq), nén ta c6 p =1(modq). Hon
the, I+p+p°+...+p” ' = p (mod q), theo cich
lay g ta c6 p =0 (mod q), vo ly.

Vay ta c6 dpcm.

Cuoi cung, rat mong cac ban s€ luon say
mé, tim toi dé hoc t6t bd mon todn. Cic ban
hay quyét tam that cao va hay tin rang: “Chi

5,'

biét rdng cudi cung chiing toi sé thang” !
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—
L

@ i il HINH HOC PHANG

VU HOU PHUONG
CHUYEN TOAN K00 - 03
Sv. Lép PT8 — K48, Khoa Pién tit Vién thong - PH Bdach Khoa Ha Néi

Cac ban than mén, dé gidi cac bai todn
hinh hoc phéang, ching ta c¢6 khd nhiéu
phuong phap nhu sir dung vector, toa do, cac
phép bién hinh.. nhung cé 1€ s6 phiic 1a cong
cu ma nhiéu ban con chua hodc it st dung vi
tinh mdi la cia né. Bai viét nay xin dugc trao
déi v6i cac ban mot sd kinh nghiém ma toi
c6 vé s@ phiic.

I. Pinh nghia so phiic.

Trude hét, cac ban hay lam quen vé6i don
vi 40 ma nguoi ta ki hiéu 1a i duoc xac dinh
boi dang thitc: i* = -1 (diéu nay cho phép
khai can bat ki s6 thuc nao).

V6i don vi 4o, nguoi ta thiét 1ap cdc biéu
thic dang: z = a +ib, a, b IR (1).

1. Pinh nghia.

MGéi biéu thicc z = a +ib; a, b UR duoc
goi la mot so phiic.

2. M6t 56 khdi niém lién quan.

Trong biéu thic (1), a dugc goi la phan
thuc, b dugc goi la phan 4o cta s6 phic z.
Dé gon hon, ngudi ta ki hiéu:

a=im(z)=1(z); b =re(z) = R(z).

Biéu thiic (1) duoc goi la biéu dién dai s6
ctia sO phiic va céc ban chi y rang khii b = 0
thi z = a 1a mot so thuc, khi a = 0, b#0 thi
ta goi z = ib 1a s6 thuén ao.

S6 phic z= a - ib dugc goi la sO phic
lién hop cua s6 phic z.

Tap hogp cac so phic z duoc ki hiéu 1a

C ={a+ib/a,b0OR}.

I1. Phép tinh trén C.

Tinh chit giao hoan, két hogp trong C
giong nhu trong R.

Cac phép cong, trit, nhan, chia nhiing s6
phiic véi biéu dién dai s6 nhu sau:

1. (a+ib) + (c+id) = (a+c) + i(b+d)
2. (a+ib) - (c+id) = (a-c) + i(b-d)
3. (a+ib)(c+id) = (ac-bd) + i(ad+bc)
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a+ib _ac+bd .bc-ad

4'C+id = 214 ZCZ+d2 , & ddy +d
> 0.

III. Dang hinh hoc, lugng giac cua so
phuc. Nhan.

1. Dang hinh hoc.

Trong mat phang toa do Oxy, néu diém M
c6 toa do M(a;b) thi nguoi ta biéu dién néd
boi s6 phitc z = a +ib, goi 12 nhin cla diém
M.

M

|
|
|
| x
1 5
) i

Tém lai: Diém M(a;b) cénhanlaz = a +

ib. Nguoi ta cling néi vector OM c¢6 nhan
laz =a +ib.
2. Dang luong giac.

Van v6i diém M trén (khdc goc toa do), ta
xét goc dinh huéng ¢ =(0Ox, OM). bat r

=+va’+b®tacé c0s¢=%,sin¢=$,do do
z=r(cosg +i sinp) (2)

Biéu dién (2) dugc goi la biéu dién lugng
gidc ctia sO phic z.

Nguoi ta goi r 1a modul cta z, ki hiéu |Z|
Dong thoi, goi @ 1a argument cua z, viét tat
la argz, tit nhién argz nhan vo s6 gia tri :
argz = ¢+ k2 n, kL1Z, va ta thuong dung ¢
1[0; 2 ;]. V6i hai s6 phiic

7, = 1,(cosg, +i sing,)

z, = 1,(cosp, +i sing,) ta co:
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2,2,= i, cog(g,+@,) +isi(p,+9 )]
= eosgu=g.) i sir(g,-0.)]

Dé cho tién, bat dau tix day ta ki hi¢u
diém bdi chit in hoa va nhan cta né 1a chit in
thuong. Vi du: diém Z c6 nhan 1a z = a + ib.

Bay gio, ta xét hai diém Z,, Z, c6 nhan
tuong ung la

7, = 1,(cosg, +i sing,)
2, = 1,(cosp, +i sing,)

Liic nay thi tong z, = z, + z, s&€ biéu dién
0Z =0z +0Z
Hiéuw =z, - z,s€ lanhancua Z, Z,.

Géc dinh hung

(6262:) —argz- argz= ar(_a]:lZ
Vé6i 4 diém Z,, Z,, U,, U,, ta c6:
arg(2,Z,,U0 ):arg@
142, V1Yo Z,-2,

IV. Tin_h chat.
l)z+ 2= ZR(Z)

. . .2 N
vi tri cua diém Z, ma

2)zz,=212,272+Z _zl+z

3)Z.Z—|Z|2

4)ZZ, 00U, - 2-4a_%2"4
u,-u, u,-u,

V. Mot s6 bai toan.

Bai toan 1. Cho ba hinh vuong ABCD,
BEFC, EPQF nhu hinh vé. Chitng minh

ring:0ACD + O AFD + 0 AQD = ’ET

Loi gidi. Dung hé truc toa do nhu hinh vé va
nhan AB lam vecto don vi cua truc hoanh.
Suy ranhancua A, B, C, D, E, F, P, Q tuong
ingla:a=0;,b=1;,c=1+i;d=i;e=2;f
=2+4+i;p=3;,q=3+1.

Tu d6: UACD+AFD+ 0 AQD =
=(AB,AC) + (AE,AF) + (AP, AQ) =

=argc + argf + argq =
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=arg(cf.q) =

= arg(1+i )(2+i )3+ = arg(li0 ¥ ’—ZT (dpem)

y
D C r o
X
A B C P

Bai todn 2. Cho it gidc. loz ABCD. Dung ra

phia ngoai cdc tam gzac cdn dong dang

ABP BCD,CDR.DAS, ma P,Q.R.S tuong imng

la cdc dinh can. Chitng minh: néu PORS la

Zmlzbmh hanh thi ABCD ciing la hinh binh
anh.

Loi gidi.

R

Pat (E&, A=, the thi ¢ = arg;‘;1 hay
p —

p a_ AP
cosg +i Si
p b AB( % f¢)
AP 1 p-a_ 1
= < —(1+t
M B 2c0sp " pop 2l 1B SW

Tuong tu nhu vay ta cling co6:

q=%(1+tag¢)(c— B+ L,
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= ~(1+gg)(d )+
s=2(L+tgp)(a- )+ d

Do PORS la hinh binh hanhnéns + g =p
+ r. T day dé dang suy ra dpcm.

Nhdn xét. Bai nay khi ra cho chiing toi,
thay gido da cho dicu kién nhe hon la PQRS
la hinh chit nhat dé c6 the st dung dinh ly

“con nhim”. Nhufng 16 rang voi sO phiic, ta
van gidi quyét bai todn mot cdch binh
thuong va ciing hét sic tu nhién. Tat nhién,
s0 phuc khong phdi lic nao ciing la huf(mg
giai quyét tot cho cdc bai toan, boi vi trong
tay cac ban con rat nhiéu “vii khi” khac,
nhung cdc ban hdy co gang st dung no
thuong xuyeén. Dé két thic, xin gidi thiéu voi
cdc ban mot bai thi hoc smh g101 Quéc gia
ma tu toi da tim ra 10i giai bang s phiic.

Bai todn 3. Xét cac tam giac ABC khong deu
co cac duong cao AD, BE, CF. LayA B, C
sao cho AA'= k. AD BB'= kBE
CC'=k.CF. (k;t 0). Tim tdt cd cdc gid tri cua
k sao cho véi moi tam gidc ABC khong déu
thi NABC ~ANA'BC'.

(Thi HSGQG Bdng A- 1995)

Loi gidi. Dung hé truc toa do nhu hinh vé,

ta c6 AA=kAD= a'=k(d-3a+ a

= a'= a+k(b+c—a)——j vi
a

d =%(b+ c+ a—b—cj. Dung hé truc toa do
a

nhu hinh VE, ta co:
AA'=k AD= a'=k(d-a+ a

=a'= a+EKb+ c- @—Eﬂvi
2 a

d =1(b+ c+ a—Ej .Tuong tu
2 a
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(b

I
T~

o

b'-a’
Do d6 ——=
c'-a

k(a—b—b—b+a+bcj+b a

2 a
k( a bc)
—|la-c—-——-c+a+—|+c—-a
2 C a
(k_l)_kc(a+b)
_b -a 2ab RO  rang,

¢ -a '(k_l)_kb(anC)’

2ac
AABC~ AA B C'tuong duongvéi mot trong

hai diéu kién sau: b_a:ul (1) hoic Ia
_ _C—a c—a

b=a _ D738 ) Trong ds (1)

c—a C a

s cfa+ b= a+ B (=

a(c-b(ctbh+ clf ¢ hb=0

= ab+ bct+ ca=0.Nhungvéi
a=R(cosg, +ising,),

b= R(cosg, + i sing,),

c= R(cosg, + i sing, ) thi ta co:
ab+bct ca=0 R=0, voly.

Vay:AABC~AA B C = (2)

¥

:@k-n-ﬂ%§§§j¢:k:§.

2 A
Vay k = 3 la gid tri can tim./.



DHAN 1 - SANG TAO TOAN HOC.

PHUON® TRINH HAM

(b

7a Su Tru MAt

BUILE VU
CHUYEN TOAN K01-04
Sv. Lép 04TT, Khoa Todn Tin, PHKHTN - PHQG TP Hé Chi Minh

Phu’dng trinh ham 1a mot chuyén dé
quan trong trong todn hoc phd thong, dic
biét 1a trong cac ki thi hoc sinh gioi. Cling
nhu nhiéu vdn dé khic trong Todn hoc,
phuong trinh ham ciing mang vé dep riéng
ctia né. Bai viét nay xin dugc quan sat vé
dep d6 dudi goc do la moi lién hé giita
phuong trinh ham va su tri mat.

I/ Tap hop tru mat.
1. Pinh nghia.

Cho hai tdp hop A va B, AUB. Noi A tru
mdt trong B néulOx[OB,0& > 0,[X0A sao
cho ‘X—;‘ <¢g.

2. Mot so vi du.
2.1.Vidu 1. Cho tdp hop

S, = {%IKD Z,n0] N}. Chiing minh réng

té@p S, tru mdt trong R.

Chitng minh. Do Iimin=0 nén 0Ob > a,

nowo 2

L n, sao cho: [n > n,tacod b—a>in
=2"b>2"a+ 1, Un>n,

= LkUOZ aé b>2—kn>a

= UOx UR, O0&>0, CkUZ, n LIN sao cho
x+£>%>x—£

= S, tru méat trong R (dpcm).
2.2.Vidu 2. Cho tdp hop

S ={\/E—\/_b/ a kiJ lﬁ Chiing minh réng

S, tru mdt trong R.
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Chitng minh. Do lim(v/n+1-+/n) =
= lim———~==0 nén O & > 0, ton tai

n, sao cho Jn+1-vn < ¢, Un > n,.

Do lim(,/n, =v/n) =-
netn IxOR,O0& > 0, Ln, sao
cho:\/n_o—\/ﬁ< E,Un > n, . Xét day (U,)

xdc dinh béi: U, = /n, +n—-/n, OxL N.

Ta c6 U,,, - U=y, +n+l-n+n, < ¢

vaU,= \n, —/n <x-¢

= [mUN dé U, <x-e<U_
=>x+e>U,,+26 >U,>x-¢
=U,-X<é&.Do U, U S, nen S, tri mat
trong R (dpcm).

2. 3. Vidu 3. Gid su tdp N duoc chia thanh
2 tdp hop con A va B, méi tdp chita v6 han

phdn tir. Pat S, = {%/a,bD N}. Chiing

minh réng S; trit mdt trong [0;+c0)

Chitng minh. Do B c6 vo han phan tir nén

OkON, O & >0, ChHUBsaocho b > ZL
£

= bx+E)>b(x-&)+k, UxU[0; +0)

= CallA dé b(x +&)>a>b(x-£)(do A

¢6 vo han phan tir )

a
=>x+E& > B > Xx-£

= S; tru mat trong [0; + )
3. Pinh ly. Cho hai ham s6
f(X),9(X): X > X, trong dé f(x) lién tuc,
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g(x) lién tuc hodc don diéu. Va A la tdp hop
tri mdt trong X. Khi dé, néu f(x) = g(x) Ox
LI Athi f(x) =g(x) Ux U X

Chirng minh. Ta c6 nhan xét: V6i tap A tru
mat trong tap X thix [ X, ton tai day (x,)
thoa man x, UA,00 n UN va lim X, = x.

n - +oo
That vay, néu x[JA thi tam thuong. Néu
xUA, theo dinh nghia ta c6:

OxOX,06 >0,0K0A sao cho [x-X<&.
Mit khéc, dé c6 ton tai day (& ,) thoa man 0
<g,< &,0n0ON.V6imbinON, C x, O
Athéa‘x—;‘«sn

= lim X, = x. Nhan xét dugc chitng minh.

Chu y. Tix day ta c6 thé dé dang chitng minh
duoc nhan xét manh hon: Ton tai hai day
(an)Vﬁ (an) thoa man

i) %, %, ODADON N

ii) X, <x<x ,0n0 N (¥)

iii) im x. = lim =X

) n - +co an n, — +oo an

Tro lai bai toan, xét 2 truong hop:
- Truong hopl: g(x) lién tuc. Theo nhan xét
tren,0x L X ton tai ddy (x,) théa man

X, OAONO N va lim x =x
= 0g(x,)= f(x) véimoi n N
= g(x) = f(x).
- Truong hop 2: g(x) don diéu. Khong giam
tong qudt, gia st g(x) tang. Ta c6: ton tai hai
day (an) va (an) thoa man (*)
= f0q)=9(x)<dd<dx)= (%)
= g(x) = f(x)

Vay dinh ly dugc chiing minh. Tt day, ta
c6 thé thiét 1ap dugc mot s6 bai toan .
I1. M¢t 56 Bai todn.

Cac tap S,, S,, S; duoc dinh nghia trong
cac vi du 6 muc trén.
Bai todn 1. Tim tdt cd cdc ham so
f :R - Rlién tuc va thoa man :
fix +y) + flx-y) =2 f(x) chy.

Trong do Chy=%(é’+ éy)
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Lai gidi. Dat
e f (0) —ef (1)
p= ==
e —
tacé f(0)=a+b, f(1l)=ae+ be' .

a= f(0)-b,

Cho x= y=%,tacc’)

fO)+ ()= f(%)(eg + e_ij

1

1 1 1
:>f(§)= ae? + be?

Bang quy nap, dé dang ching minh dugc
1 1

f(z—ln)= ae? +be? ,0 n ON. Tix d6, ciing

bing quy nap, ta ching minh duoc
Kk

f(%}aez +be2,0 n ON.

Do §, tru mat trong R nén ta co
f (x)=a€'+ bé*, Ox U R. Thir lai thay
thdéa man va do6 1a ham can tim.
Bai todn 2. Tim tdt cd cdc so thuc duong k
sao cho ton tai ham f: R - R lién tuc va thoa
man :

i) flxfly) = y"'f(x_)l, Ox,yUR
il -y J=[] 10 -v7 x4y

X,y U Nva nla mot so tu nhién cho trudc.
Loi giai. Gia su ton tai s6 k > 0 thoa man
diéu kién bai todn. Tir i) ta gia st f{x) = f{y)
=f(xf(y)) = f(xf(x)
= Yfix) = xfix) =>x=y
— fdon 4nh .
Cho x = 1, tacé fif(y)) = y'f(1).
Tai day, choy = / vay = xy ta dugc
J)) =fl) = fill) =1
=flf(xy)) = (xy)'fil) = (xy)*
Tai i) cho x = f{x), ta c6 fif(xy)) = y'fifix))
= (xy)' = fixy) = flfty), Ox, y UR.
Vay f nhan tinh, két hop véi ii) dé dang

suy ra:f(\/;—\/y)= (\/;—\/V)Dx, y I N.

Do §, trit méat trong R nén f(x) = x, UxU R.
Thay vao i) ta ¢c6 k = I/ théoa man cic diéu
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kién bai toan. Vay k = [ 1a gia tri duy nhat
cn tim.
Bai toan 3. Ki hiéu

S = {ﬂ/ p0Z, kO N}. Tim tdt cd cdc
2k+1

ham s6 f: R - R lién tuc va théa man cdc
diéu kién:

i) OxU S thi fix)US, £0)1 S

ii) fixfix) + f(y)) = y + f(x), )Ox,y O S.
Loi gidi. Cho x = 0 = f{(f(y)) = £(0) + y v6i
moi y [J § = fdon 4nh trong S.

Cho x = f{x) LI S, ta co:

F(FOF(FON+ () =[F(FON) +y
= F(feox+a)+ f(y) =[x+ +v,
trong d6 a = £(0). Tai day, cho x = - alJ S,
taco f(f(y)) = y= a=0= f0) = 0.

Choy =0 = fixfix)) = f(x) (1)

Tai day, cho x = f{x), tacé

F(FOO-F(F00)=[F(F O
= fixfix)) = x° 2)

T (1) va (2) suy rafi(x) = x*,0xJ S

Gia st ton tai y,L_ S ('y, #0) sao cho f(y,)
= -y, thi tai phuong trinh ham ban dau, cho
y =Yy,taco:

JOA(x) - y0) = ¥y +f2(x)= X+ Yo
= (100 - Yol = (¢ +y, )
= (Xf(x) - yof = (X +y,)°
= fix)=-x,0x0S

Vay f(x) = x,0xU § hoac f(x) = - x,
OxO S (*)

Nhdan xét.

1/. Theo vi du 3, xét tap A={2p/ pOZ"}:

B={2k+1/kON },  kni  d6  wp

S/={%/ pOZ", kO N} tri  mat  trong

{0;4+ ). Tir day, dé dang suy ra tap S tri mat
trong R (*%)

T (*) va (**) suy ra f(X) = x,0xO Rhoac
f(X) =—x0x0 R. Thir lai thdy thdoa man va
d6 1a 2 ham can tim.

2/. Qua 3 bai todn trén ta thdy mot s6 két
qua vé su trit mat da gitip mot phan khong
nho trong viéc dinh hudéng giai PTH.
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Tiép theo, toi thdy rang “su trl mat” khong
manh bang “ sy phu kin” va toi da ¢ ging tra 10i
cau hoi: Liéu “su pht kin” ¢6 moi lién hé nao
v6i phuong trinh ham?

Bai todn 4. Tim tdt cd cdc ham so
f:R - R théa man :

fiety) = fix+y’) Ox, y > 0.
Loi gidi. Pat x + y = J2a, X + y" = b
= f (\/Za): f(b)), 02a>b2a>0

Co dinh a > 0, ta c6: f(b)=consi,
ObO[&28). Ki hieu A, = [2"*a;2"a|

Do lim2"a=lim 2"a=+® nén tap

hop cic doan A, phu kin (0; +o) (vi A,
nA,.=1{2"ah

= Ox > 0, ton tai n[] Z sao cho x(A,

= f{x) = const. Thu lai thiy ding.

Vay f(x) = ¢, cR la ham can tim.

T y tudng ndy, ta c6 thé thiét lap dugc
rat nhiéu bai todn dang nhu sau:

Cho hai ham 7 bién g,h: X' -~ Xduoc
lién hé véi nhau boi bat dang thitc kép trong
X. Tim tat ca cac ham f : X — X thoa man:

f(g0) = f(h().

Vi du nhu bai toan sau:

Bai todn 5. Cho day ham s¢ {f,(X)}; théa
man f (X):(L+w) - (L+0) sao cho

7o
2 2

Xdc dinh ) £, (X) .
2

(Bai toan nay xin “bd ngd”cho cac ban)

Tren day 1a mot s6 ket qua 16 khai thic
dugc va chic chan rang con rat nhiéu nhiing
két qua dep nira, rit mong nhan duoc su trao
déi ctia cac ban. Pé két thiic bai viét, xin
phép duoc bay t0 mot diéu rat tam dac ma
toi da hoc dugc tir nguoi thiay ctia minh:
“Hoc todn ciing nhu lam bdt ki mot viéc gi,
chiing ta hdy quyét tam thdt cao, t6i tin rang
ban va toi sé dat duoc nhiing két qud tuong
xiing voi su 6 gang dé” /.
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Dy §0 VA 51 TRI r_@r
TREN K

HO SY TUNG LAM
CHUYEN TOAN K01-04, PTNK
PHQG TP Hé Chi Minh
Sv. Lop CNKHTN K3, Khoa Todn Tin
PHKHTN - PHQG TP Hé Chi Minh

I. DPinh nghia.

O day toi xin duoc néu ra hai dinh nghia
clia su tru mat.

XétcactapM, X, RsaoM U X LI R.
1. Pinh nghia 1.

Tdp M ¢ goi la tru mdt trén tdp X néu va
chi néu véi moi p, q U X, p > q, ton tai m U
M sao chop >m > q.

2. Dinh nghia 2.

X . \ AN A A A A7 \

Tdp M goi la trii mdt trén tdp X néu va

chi néu voi moi x U X, ton tai ddy sao
cholim x, = x.

N—co

Luu ¥y rang hai dinh nghia trén 1a tuong
duong. Viéc chitng minh chiing tuong duong
coi nhu bai tap.

Mot s6 dinh nghia khac:

3. Dinh nghia 3.

Néi rdang tap A U R bi chdn trén néu ton
tai x O R sao cho x < z vdi moi z 1 A. Phdn
tir z nhu thé duoc goi la cdn trén cia tdp A.

Gid su tdp A bi chdn trén, z duoc goi la
cdn trén ding cia A néu z la cdn trén bé
nhdt cia A. Cdn trén ding cua A duoc ky
hiéu la supA.

4. Dinh nghia 4.

NG6i rdng tap A U R bi chdn dudi néu ton
tai x U R sao cho z < x voi moi z Ll A.
Phdn tir z nhu thé duoc goi la cdn dudi cia
tap A.

Gid su tdp A bi chdn dudi, z dugc goi la
cdn dudi diing ciia A néu z la cdn dudi lon
nhdt cia A. Cdn dudi ding cia A duoc ky
hiéu la infA.

5. Tién dé vé cdn trén.
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Moitip A 1 R, A #0 bi chdn trén déu cé
cdn trén dung.
I1. Mot so tinh chat.
1. Tinh chadt 1.
Tdp Q cdc so hitu ty la trit mdt trén R.
2. Tinh chdt 2.
Néu tip A tru mdt trén R* thi tdp

1
B= {—, rd A} cing trio mdt trén R,
r

Viéc chiing minh hai tinh chit trén xem
nhu bai tap.
II1. Mot s6 bai toan mo rong.
1. Bai toan 1.

Cho ddy s6 {a,} duong, tang, khong bi
chdn. Chiing minh rdng tap hop

A= {am/m,nD N+} trit mt trén R*.
Chitng minh. Ta sit dung bé dé sau:
Bo dé: Véi moi s6° @ > 0 va day {a,} c6
tinh chat lim a,= o thi ta ciing ¢c6 lim a a,

n- oo n- o

n

= o0, Xétp, ¢ LI R thébamanp > gq.
Suy ra lim (p - g)a, = . Do d6, ton tai
n-o

son, 0 N"saocho(p-g)a,,>2

:>pan0> [pano_]] > qano

Chonm, = [pa,]—-1,tacop > M > q.
a,
Vay A tri mat trén R".
Nhdn xét. Ap dung Bai todn 1, ta cé6 Q" tri

I m s
mdt trén R*, {?} trie mdt trén R”.

Ap dung tinh chdt 2, ta c¢6 tap A’

a
={ "omn0 N+} cling trit mat trén R*.
m

2. Bai todn 2.

Cho {a,}va {b.}la hai ddy so duong,
tang ngdt va khéng bi chdn. Pdc biét, tdp
hop {|an+l —an|} bi chdn. Chitng minh rang
tap hop

B= {%/m, nCl N+} trio mdt trén R*.

n
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Chitng minh. Xét p, ¢ O R', p > ¢. Dat

M =Suf] g..- a}. K=Max{a, M}.

Vi limb, =conén ton tai m, sao cho
(p-a)h, > K.

Ta c¢6 ton tai n, sao cho

quo >3q, > qbb. That vay, do
K= Max{ a, M} ma Lirr;aq =co nén suy ra
ton tai s tu nl;ién N théa min
ay >b, >ay,, honnita (p-qgh, > K nén
ph,, > ay. Chon n, = N la xong.

Vay p> il > (g = B tru mat trén R".
by,
Nhdn xét. Ap dung Bai todn 2 ta c6 hé qua
sau:
Cho f: R* - R'thda man:
i) fkhdvitrénR".

i) lim f(X) =
i) |f'(x)|<M,DxOR" \(03)
Cho {b} 1a day s6 duong, tang, khong bi

chan. Ta c6:

B’ ={@/m,nﬂ N*} tri mat trén R*.

n
n + N A A +
Do dé tap {Zim/m,nﬂ N } trii mat trén R".

3. Bai todn 3.
Cho day s6  duong {ah} tdang

théalim 22 =k k O R".
n- o n
Cho day sé duong {bn} tang, khong bi
chan. Chitng minh rang tdp hop C =
a
{b—m/ m,n] N+} trie mdt trén R*.

n

Chitng minh. Xét p,g UR", p > g.

TAP SAN TOAN BOC - 2007 27
TRUGNG THPT CHUYEN HOANG VAN THU - HOA BINE

—
L

Do Iim%:k nén chon & > 0 sao cho
p_q.k>€. Ta c6 ton tai N sao cho:
p+q
G <2k, Dnz
n p+q
- p_q.k+£>ﬁ>ﬂ.k— e,Un = N.
p+q n p+q
o q P _
bat a = < =p0.
29 kK+¢& 29 k-¢
p+q p+q

Ap dung Bai todn 1, tén tai vo s6 bo (m,

n
n)saocho a <—<p3.
by,
Chii y. Theo Bai toédn 1, chi c6 su ton tai hitu
han, nhung su ton tai dan dén su ton tai vo han vi
néuta chon @ < a, < 0,<..< a, <f thi

gilta (@;,a;) ton tai mot s6, cho n dan t6i vo

cung thi ta c6 vo s6 s6. Do d6, c6 thé chon

n
>N va m sao choa<b—0<ﬂ. Ma

m
- a -
P q.k+ £>—"> u.k- & . Nhan v&
p+q N P+q
theo vé, ta c6: < —=< p.

m
Vay C tri mat trén R*.
Nhdn xét. Ap dung Bai toin 3, ta c6 tap
1
SIN—

m! tri mat trén R*. Néu Iimi =00
n n-e

thi Bai todn 3 khong con ding nita. That vay,

chon a,=2", b, =2". R§ rang lic nay C
a, _

khong trit mat trén R*. Néu lim— =0 thi
n-co N

Bai todn 3 ciing khong con ding nita. That vay,
k k+1
chon a, =2 néu 2% <n<2® -1 wva
—_ Hm
b,=2".
Cudi cung xin chiic cac ban hoc tap vui vé va
c6 két qua cao.
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MmAr s6 lai foan s6 hoe ve

(b

-~ - AP - ~ - -
DRY TONG CAC LUY THUR
TRAN QUOC HOAN
Chuyén Todn K02 — 05, THPT Chuyén Nguyén Trdii — Hdi Duong
Sv. Lop K50CA - DH Cong Nghé - PHQG Ha Néi

Trong bai bdo nay ching ta dé cap dén

mot s6 bai todn so hoc lién quan dén day
tong cac liy thtta. Cho &, &,,..,d, la cdc
s0 nguyén duong c6 dinh cho trudc. Xét day
sGsau U, =& +& +...+ g, trong d6 n =
%d]i’ %oan 1. Biét rang tdp hop cdc udc
nguyén té cua day U, la hitu han. Chiing
minh rang 8 =8, =...= g,.
Loi gidi. Truéc hét dat d = (&, &,...,, )
ta c6 thé vist a =db,
(b,b,,...,,) = 1. Khi d6 day
v. =Q"+ b +...+ [ ciing c6 hitu han céic
udc nguyén té la Py, Py, -ry B

Chon x nguyén duong sao cho p*‘>m

véimoi i =1, 2, ..., k. Khi d6 v6i moi so ¢
nguyén duong 16n hon x, dat
k

g(p) thivéimoii=1,2, ..,k

trong do

n(t) =t

ta co bS”I“) =001L(modp’ )v6imoi s = 1, 2,
e, m. (B)Y =0(modp* )khi va chi khi
b,chia hét cho p.).

Chu y la cdc b nguyén t6 cung nhau va
P’ >m nén dé thay u,,
cho p* v6imoii=0, 1, ..,

) s€ khong chia hét
k. Do d6 dé ¢6

k
Uny < I_ll Pt 0t> x, diéu nay chi xdy ra
khi ~  b=b=..=h =1 hay
a = a, =...= g,. Bai toan dugc ching minh.

Xudt sir. Bai todn nay dugc dat ra khi téc gia
di tim 10i gidi cho mot bai toan rat thd vi
nhung hoan toan khac ‘trén mathlink contest
(se co d1 gidi thiéu vdi ban doc trong nhiing
p kha S) Sau d6 mé6i né dugc chon lam dé
th1 giai toan online thang 10 nam 2006 trén
trang web www.diendantoanhoc.net, cé rat
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nhiéu bai todn tong quat cting nhu kéo theo
tir bai todn nay ma cdc thanh vién cla trang
web nay da de ra. Sau day toi xin gidi thieu
4 trong sO cdc bai todn d6. Ban doc c6 the
tim 101 giai tuong ty bai todn trén (fuy c6 xu
1y mot s6 k§ thuat khé hon).

Bai todn 1.1. Cho n > 1 la s6 nguyén duong.
Chitng minh rang voi bdt ky n sé nguyén
duong a,,8,,...,8, luon ton tai mot so
nguyén duong k sao cho s6" a‘ +al +...+ g
c6 mot udc nguyén toé khong la udc nguyén
10 cia N a,...4a,.
Bai todn 1.2. Cho s6 nguyén duong {ah}
voi m la s6 nguyén duong cho trudc va m sé
nguyén duong K, K,,....K. . Ddy so' méi dugc
xdc dinh nhu sau:

=kd' +kd+..+ k. Ching minh
rang day so {un} c6 hitu han udc nguyén to
khi va chi khi a, =a,=...= g,.
Bai todan 1.3. Cho m nguyén duong lon hon
1 va B(X), B(X,..., R (Xla cdc da thitc hé
s nguyén khong dm khong dong nhdt voi 0.
Cdc so nguyén duong a,,8a,,...,&,doi  mot
phdn biét. Xdc dinh ham sé" f:N - N sao

cho f(n)IZ:Pi(n)qi1 voi moi n [JN.

Chitng minh rang tdp hop cdc udc nguyén t6
cua ham fla vo han.

Baitodn 1.4. Ham f N - Zduoc goi la
ham gan da thiic néu f{im) — f{(0) chia hét cho
m voi moi m. Khi do voi moi f, f,,...,f, la
cdc ham gan da thiic va cdc sO nguyén
duong phdn biét a,,a,,...,8, thi tdp cdc sé

n

nguyén duong cé dang Z f.(K)a* c6 vo s6
i=1

uoc nguyén to.
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Bai todn 2. Biét rang vdi moi n dii lon thi u,,
la s6 chinh phuong. Chitng minh rang m la
s0 chinh phuong.
Loi gidi. Tru6c hét ta chitng minh bé dé sau:
B6 dé: Cho a la so nguyén duong sao cho
voi moi p nguyén to dii lon ta ¢6 a la sé
chinh phuong theo modp. Khi dé ta cé két
ludn a la so chinh phuong.
Chlmg minh. Phan ching, gia su a khong la
sO chinh phuong Khi d6 khong giam tong
quat ta gia st a khong cé uGc nguyén to
chinh phuong nao khic 1 suy ra
a=pp..p véi p<p,<..<p lacicso
nguyén td phan biét.
Theo bai ra ton tai N, sao cho VvGi

a
moi sO nguyén to p > N, thi { }Il hay
Y

k
{ 4 } =1. Xét cac truong hop sau:
=1 P
Truong hop 1: p, > 2, dat
k k (P-1)(R-1)
s
= B] =L RJLP
Nhan xét riang: Ton tai b s6 nguyén
b
duong sao cho (b; p) =1va {pj =-1 (diéu
nay 12 hién nhién vi trong mot hé thing du

thu gon modp, thi cé ding P~ §6 chinh

phuong modp, ). Khi d6 ta chi viéc chon s6
t nguyén duong sao cho

t =1(mod8)
t=b(modp) ;i=2,.k
t =1(modp, )

Khi d6 ton tai s6 nguyén t6 p > N,sao
cho p=t(mod8p, .., | (Theo nguyén tac

Dirichlet). Tu day suy ra [;j:—l va

{ p} =10i=2,..k nén ta s c6 s = -1
i
nhung véi chi ¥ rdng p -1 chia hét cho 8 nén

= [ theo cong thuc trén. Diéu nay mau
thuan véi két qua vira co.
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Truong hop 2: p, =2 suyra

21

-l (3IA0 -

p°-1, <~ (P-1)(R-D)

=(-) ¢ F & @
Rorangnéu k =/ haya= p =2 ta cé

ngay mau thuin (Chang han, chon p nguyén

t0 da 16n c6 dang 8n + 3). Ta chi can xét khi

k > 1. Bay gio lap luan tuong tu truong hop

1 s€ ton tai s6 nguyén t6 p sao cho p > N,

(7))

va p=1(mod8), { p} --1va
P,

{ p} =1,0i = 3,...k . Tir d6 ta ciing dé thay
i
mau thuin nhu trén. Bé dé duoc ching minh.

Trd lai Bai todan 2, gia su ton tai N sao
cho moi n > N thi a, la s6 chinh phuong.
Xét tat ca cac s6 nguyén t6 p > N + [ va
p>Max{ g} thi u_, =mmod p)vay m la
s0 chinh phuong modp v6i moi p nguyén to
da 16n nén suy ra la so chinh phuong (theo
bé dé trén). Bai todn dugc chu’ng minh. .

Xung quanh day s6 nay toi xin dugc dé
xudt 3 bai toan sau, rdt mong su quan tam

dén 10i gidi cua ching.
Bai todn 3. Ton tai hay khong day so nguyen

a,8,,... sao cho ddy so cé vo han so hang
khdc khong va dong thoi ddy so
u, —a1+a2+ +q ¢6 hitu han ugc nguyén

to (Chui y rang néu ddy c6 hitu han so khac
khong thi né nhu hé qud cua bai todn I taco
tat cd cdc s6 hang khdc khong ciia day

a, déu bang nhau).

Bai todn 4. Biét rang dday u, cé hitu han udc
s6 chinh phuong. Chitng minh rang
a=a=..=3, o

Bai todan 5. Cho A la mot cdp soé cong dang
ax + b voi a, b nguyén, a > 0. (a, b) = 1, x
Biét rang ddy u, chita hitu han uéc nguyén
10 trong A.  Chimg minh  rdng
a=a=..=g,/
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cin sine wé <6 veone: BAT DANG THUC (0-S1

NGUYEN LAM TUYEN

CHUYEN TOAN K99 —02
Sv. Lop Diéu khién Tu Pong 1- K47, PH Bdch Khoa Ha Noi

SfI dung bat dang thitc (BDT) di biét ma
dac biét la BDT Co-si la phuong phép
thudong dugc 4p dung dé gidi céc bai todn vé
BDT néi chung. Nhitng bai toan cuc tri, nhat
la truong hop c¢6 thém céac diéu kién phu
thuong giy khé khan cho nguoi giai trong
viéc u6c luong hé s6 va xét diéu kién dé dau
dang thitc x4y ra. Bai viét nay trinh bay mot
phuong phap déanh gid thong qua BDT Co-si
dé tir d6, chuyén bai todn cuc tri vé viéc gidi
mot phuong trinh (PT) hodc hé phuong trinh
(HPT) ma viéc giai quyét 1a dé dang hoic c6
duong 161 0 rang hon, dé la phuong phap
cdn bang hé so. Cing tir phuong phdp nay,
v6i mot chiit sang tao, ching ta c6 thé tdng
quét va tao ra dugc nhitng bai todn méi.

Truéc hét xin néu lai ma khong chiing
minh hai BDT quen thudc sau:

i) BDT Co-si tong quat:
qta,+.+3=2n3a..3
ii) BDT Co-si suy rong:
aa+a,a,+.+a,38 2

1
> (o, +a,+..+a)(ar .. )arera
Trong hai BDT trén thi a,,a,,...,8, khong
am, a,,q,,...,a,duong va dau dang thic x4y
ra khi va chi khi &, =a, =...= g,.
Chiing ta bat du tu bai toan sau:

Vidu 1. Cho cdc s6 thuc duong X,y thoa
madn diéu kien x>+ y®=1(1). Tim gid tri lon
nhdt (Max) cua biéu thitc

P(x y) =V x+y
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Phuong phap suy ludn:

Su chénh léch vé s6 mii cla cic biéu
thie X° + V*va P(x y) =/ x+ \/_ygqi cho ta
st dung BDT Co-si dé ha bac ciax® + y°.
Nhung ta can dp dung cho bao nhiéu s6 va la
nhiing s6 nao? Can cit vao bac cta cic bién
s0 x va y trong cdc biéu thic trén, ta thay cin
phai 4p dung BDT Co-si lan luogt cho
x*va y® cling v6i 5 hing s6 duong tuong tng
khdc dé lam xudt hien v/x va \[y . Mat khac
do x, y duong va vai tro cua ching nhu nhau
nén ta du doan P(X y)dat Max khi Xx=1y.

1

Tur (1) suy ra X=y=—va ta di dén 10i giai
y y e g

nhu sau.

Loi gidi. Ap dung BDT Co-si cho 6 so

duong: 1 s6 x3va 5 s6 %,ta co:
1 1Y S
x3+5.§2 66 ﬁ(aj = 6.25x

Dau “="xdyra « X=——

Y2
Tuong tu nhu vay:

1 1y _ 5
V' +5=2 68 f.(—j =6.25]y
2 2
Dau “="xdyra = y=——
y y Iz
Cong theo vé cac BDT trén ta duoc:
_5
(C+y)+526.2° (Vx+.[y) )
Diu “=” xdy ra < X= y=i.

%/E
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Tu (1) va (2) suy ra:

P(x y) = x+y=¥2°

Dau bing xdy ra < X=y=—~—, thda

3

S

man diéu kién (1).
Vay Max{ P(x y} =4,
Vi du 2. Cho cdc so thuc duong X,y thoa
madn diéu kién X°+ y* <1(3). Tim gid tri l6n
nhdt (Max) cia biéu thiic
P(x y) =+ x+2y
Phuong phadp suy ludn:
O vi du 1, chiung ta da nhanh chong du
doan dugc Max P(x y) dat dugc khi x=y,
tie d6 tinh duoc X, y. Nhung trong bai toan
ndy, vai trd ctia x va y 1a khong binh dang.
Tuy nhién ta hay gia st P(X y) dat Max khi
X=a TN .

{ nao d6 va du doan a, & diéu kién
y=p

bién cta (3), tic 1a @+ B° =1 (4). Ta viét:

5

X +50° > 69 x3.(cr‘°’)5 = 602~/
5

Y +58° 2 68y (B°) = 652y

Suy ra

(x*+y?)+5,(a*+ %) 2 6ag&+ 6,6’2\/_3/

Dé xuat hién P(X y) & vé€ phai, ta cin
chon a,f saocoty lé:

5 5
6.07/x:6.8%\[y=1~/x:2.]y
5
a2 _ 1 a_ 1
o —_ — s — = — 5
(ﬁj 2" 6 0"
Vay tur (4) va(5) ta thu dugc HPT:

1
J1+ 282

a_1 B
ﬁ {)/Z And {)/Z
a3 +ﬁ3 :1 '8 —
J1+ ¥/2
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Béng cach 1am nguoc lai cdc budc trén ta

s€ thu dugc Max{ P( % 3&} =8 (1+ 2{’/_2)5

Nhdn xét. Tu cach phan tich trén ta thay c6
thé thay déi dir kién clia bai todn sao cho
HPT sau khi can bing hé s6 c6 thé gidi duoc.
Chang han nhu c4c bai todn dudi day:

Bai todn 1. Cho cdc sé nguyén duong
m, p,q sao cho m2 Max{ p c} Hay tim
GTLN ciia biéu thic P(Xy)=a¥+ y
trong hai truong hop sau, biét rang a la
hdng s duong va x, y la cdc bién sé khong
dam thoa man diéu kién X"+ y"<1:

.. __m+q
i)p >

... __2m+(q
i) p= 3

Bai todn 2. Cho cdc so thuc duong a, b, ¢, d
va cdc s6 nguyén m, n thoa man diéu kién
m>n>0. Tim gid tri lon nhdt cua biéu
thite P(X Yy, 2= aX+ by+ cz trong do
X, VY, Z la cdc bién s6 khong dm thoa man
diéu kien X"+ y"+ z"< d.

Vi du 3. Tim gid tri nhd nhdt cua biéu thiic
P(xy, 2= 6( X+ )%)+ 2. Trong dé a la s¢
thuc duong va x, y, z la cdc bién s6 thoa man
diéu kién xy+ yz+ zx=1 (6)
Phuong phap suy ludn:

Do vai tro cia x va y la nhu nhau nén ta
du doan P(xy, 2 dat Min Kkhi

Xx=y=aZa>0)(7). Ap dung BDT Co-si
cho hai s6 duong ta c6
X2+ Y2 22| xy = 2xy

x2+(az)2 >2Xa 2= 20 Xie

1
e =XP+aZ’=22xz
a

y2+(az)222y1a 1220 yi-
@1y2+a2222y2
a

Tu cdc BDT trén suy ra:
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(1+lj(x2 + y2)+ 207 2 2( xy+ yz+ zK
a
V€ phai cia BDT trén 1a hang s6, vi vay

ta can tim a dé co ty lé:

(1+£j:202a:1

a
+/1+
= 2a0’°-a-1=0 = a=%,

a= 1-J1+ &
4a

Cung vé6i (6) va (7) ta c6 HPT:
{xy+ yz+ zx=1 {(az + Za) =1

<0 loai.

X=y=az X=y=az
Giai HPT nay v6i @ nhu trén ta duoc:

Z=% 163.2
Jea+1(Vear 1+ 1)2
4a

) yZi\/8a+1(\/8a+ 1+ ])

Bing cach 1am nguoc lai ta tinh dugc
. Xy+ yz+ zX 4
Min{P(x vy, 2} = y*y =

a 1++/1+ 8
Nhdn xét. Bang cach lam tuong tu nhu trén
ching ta c6 thé gidi tron ven dugc bai toan
tong quét hon sau:

Bai toan 3. Cho cdc hang thuc duong a, b, ¢
va cdc bién sé x, y, z thoa man diéu kién
Xy+ yz+ zx1. Tim gid tri nho nhdt cia

biéu thitc P(X Y, 2= aX+ by+ cZ

X

Vi du 4. Xét cdc so thuc duong a, b, ¢ thda
man diéu kién 2lab+ 2bc+ 8ca< 1z Hay
tim gid tri nhd nhdt cua  biéu
thirc P(a; 3 9 :1+—2+§.
a b c
(Dé thi chon DPTVN duy thi IMO 2001)
Phuong phap suy ludn:
bat a=1,b=—1,c=—1. Diéu kién cua
X y z
bai toan t& thanh 2x+ 8y+ 21z< 12xyz(9).
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Va ta can tim Min cta biéu thic
P(Xy 2= x+2 yw3:
X=azZ
y=pz
Ap dung BDT Co-si suy rong ta cé:
12xyz> 2x+ 8y 212

> Za(gj + 8,8[%’} + 21>

X 2a 8p ﬁl
e

— X8ﬂ+21y20/+ 21227/+ B > A(a,ﬁ) (10)
Trong d6 biéu thic A(a,) chi phu
thuoc vao a, 5.
Ciing theo BDT Co-si suy rong ta co:
P(X Y, 9=x+2y+3z

- a(gj + 2,3(%) +3z2

>(a+2p+ 3)(%)” (%Tﬂ ZgJMM

1
_ B(a,ﬂ)(x"yzﬁ f)a+2,/3+3 (11
Trong d6 biéu thicB(a,B) chi phu
thuoc vao a, 3.

boi chiéu (10) va (11) ta thady can chon
a, B sao cho co ty 1é:

a:2B:3=(83+2) {2+ 2) { B+ @)

Giastr P(x Yy, 2 dat Min khi {

86+21 a
8f+2a 3
“loa+21_ 28
8f+20 3

2a° +8af = 246 + 67
1683° + 43 = @r + 67
2a°-63

Tu PT tht nhat :>,8=m

. Thay

vao PT tht hai ta co:
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16 2a° - 63 "

8(3-a) 8(3-a)

~ 4a°+78° - 3067 - 567 |

o (20-9)( 207 + 481+ 63= (

15

9
= a=—(doa>0)=Lf=—.
2( 0 ) =0 3

Khi P(X Y, 2 dat Min thi tt ca cdc BDT
trén déu tré thanh dang thiic, nghia 12

2_
el 63a'= & + 6<

2x+8y+ 21z=12 X= 3
x—az—gz y-E
2 4

18 2
=fz=—1z z=—
y=58 = 3

Té6i day, diém mau chét cua bai todn da
dugc giai quyét va ta di dén mot 101 giai
twong d6i ngan gon cho bai toan nhu sau:
Loi giai. bat x=3x, y:Z Y, zzé 7 khi
d6 diéu kién (9) trd thanh

5 2 5 2

2.3 +8—y +21-2z2< 12.% = Y=

3 1 Y1 3 4 X 2 i 3 4
= 3% +3Y,+72< 15Xy 7
P(xv.2=Hx v 3=

5 2
=3x +2°y + 35
N*2 %+ 32

1
=5 (6% +5y,+ 42)

Ap dung BDT Co-si téng quiét cho 15 s6
duong ta co:

15% Y,z 2 3+ 5y+ 722 15 ¥ ¥ £ (12)

P(x y, Z)=%(6 x+5y+ 47z

2%.15.1\7><ley15214 (13)
Tir (12) suy ra x°y,°z* =1, do d6 tir (13)
ta dugc P(x, Y, 2)21—25

Diéng thic xdyra = x =y, =z =1
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5 2
e X=3X =3,y=—y=—,72=— 7=—
% Y 4M 4 3¥ 3
= a:},b:ﬂ-’czé
3 5 2
Vay Min P(a b, c):%s.

Nhdn xét. S di ta dat cic bién méi X, Y, Z
la vi ta di xdc dinh dugc bo s6 (x,y,z) dé
P(x y, 2dat Min. Mat khdc viéc xét dau
bing s& trd nén dé dang hon béu cdc bién
tham gia khi x4y ra d4u dang thiic 1a bing
nhau va déu biang 1.

Mot diéu thi vi va ding chi y & day la
cac BDT (12), (13) tuong d6i don gian,
nhung qua phép ddi bién di tré thanh BDT
khac phiic tap hon rat nhiéu. Ching ta hay
thir van dung diéu nay dé tao ra nhiing bai
todn mdi rét thd vi, xuat phét tir bé dé sau:
BG6 dé: Cho cdc sé thuc a,B,y,A=0va
X, ¥, Z, 1> 0. Khi dé ta co:

i) Néu

ax+py+yz+ Ats(a+B+y+A) xyz

thi
(B+y+A)x+(y+A+a)y+(A+a+p)z+
+Ha+B+y)t=3(a+p+y+A) (14)
ii) Néu
(B+y+A)x+(y+A+a)y+(A+a+p) z+
+Ha+B+y)t=3(a+pB+y+A) thi
ax+pBy+yz+Atz(a+B+y+A) xyz (15)
Chitng minh. Truong hop a = =y=41=0
thi b6 dé hién nhién ding. Ta xét khi
0’2+,[7’2+y2+/12>0.

i) Ap dung BDT Co-si suy rong ta c6:
(a+B+y+A)xyztza x+ By+ry 2 A =

2(a+,[>’+y+)|)(x"yﬁsz‘)a+/31+y+A

Ly B A s By 5
Nhuvay: (B+y+A)x+(y+A+a)y+
+(A+a+p)z+(a+B+y)tz
23(a+pB+y+A)x
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X(Xﬁﬂ”/] yy+/l+0/ Ara+hB f1+/3+y)m/3lwl >
>3(a+p+y+A)
Dang thifc xdy ra = X=y= z=t=1.
ii) Ap dung BDT Co-si suy rong ta c6:
3a+B+y+A)z(B+y+A)x+
+Hy+A+a)y+(A+a+pB)z+(a+B+y)t=
23(a+B+y+A)x

1
x(xﬁ‘ﬂ/ﬂ YA pras f+ﬁ+y)a+ﬁ‘+y+A

= 12 Xﬁ+y+/] yy+A+a Z/]+a+ﬁ f7+ﬁ+y

- (Xﬂyﬁzl’tﬁ)oﬁﬁiym > Xyz

Nhu vay:
ax+py+yz+ At

1
> (a+,8+y+/])(x”yﬂzyl")”+ﬂ+y+ﬂ >

>(a+pB+y+A)xyzt
Dang thifc xdy ra = X=y= z=t=1.
B6 dé dugc ching minh.

St dung bé dé trén bing cach thay vao
nhitng gid tri dac biét va bang nhiing céch
phat biéu khéc nhau, ta s& cé nhitng két qua
khac nhau:

- V6i t=1,A=0,0=3L=5y= 1, thay x,

y, z, t 1an luot bai 3x, %y, %Z vao (14), sau

do dat a= b = C—1 ta duoc Bai toan vi
y z
du 4.

-Thay t=1,A=1a=16= 2y= &vao (14)
< 4n 2 4 e o
vadit X=—,y=—, z=— ta co bai todn:
2a 3b 3c
Badi todn 4. Cho cdc so thuc duong a, b, ¢
thoa man diéu kién 72ab + 9bc + 24ca +
+ 18abc < 56. Chitng minh rang:

E +£)+£6> 15. Ddng thitc xdy ra khi nao?

a b ¢
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1 1 1
- Thay t=1A=1lag==,==)y== vao
Y 2 P35
(14) va dat x=i,y:—2,z=—4 ta c6 bai

2a 3b 3c

todn sau:

Bai todn 5. Cho cdc s6 thuc duong a, b, ¢

théa man diéu kién 8a° (b+ C) +27abc< 1€
5 10 22

Chitne minh rdng: —+—+-—2>6. Pdn
§ & 4a 9 oc 8

thitc xdy ra khi nao?

- Vi khi x4y ra dang thic & hai Bai todn 4 va

5 déu c6 a=£,b=g,c=fr nén khi két hop
2 3 3

hai bai todn trén ta c6:

Bai todn 6. Cho cdc sO thuc duong a, b, ¢
thoa man diéu kién 72ab + 9bc + 24ca +
18abc < 56 va 8a’(b+c)+27abes 1€.

17 19 166

Chitng minh rang: —+-—+—2>21.

Ddng thitc xdy ra khi nao?

- Thay t=£,/] =la=1L=2y=1% vao
X

1 2 4 )
(14) va dat Xx=—,y=—, Z=— ta c6 bai
2a 3b 3c
toan sau:
Bai todn 7. Cho cdc sO thuc a, b, ¢ duong

théa man diéu kién E+—0+L6+12a< 21,

a 3b 3c

chitng minh rdng i+i+ 4+2a> 28

2a b ¢ 9abc
Ddng thitc xdy ra khi nao?

Bing céch thay ddi dit kién bai todn theo
hudng trén ching ta s€ c6 dugc rat nhiéu bai
todn mai. Cac ban hay thir tiép tuc suy nghi
theo huéng trén va theo huéng téng quat cho
trudng hop nhiéu bién hon nita. DE két thiic
bai viét nay, dé€ nghi cdc ban giai mot so bai
tap sau va hdy co gang mo rong ching theo
cach ctia minh. D6 1a mot viéc lam thuc su
can thiét khi hoc todn . Chidc ciac ban thanh
cong!

(Xem tiép trang 80)



DHAN 1 - SANG TAO TOAN HOC.

(b

PHUONG PHAP SU DUNG DINE NGHIA

PE TINH GISI HAN

LE BAO KHANH i
LOP 12A TOAN, KO1- 04 - THPT CHUYEN NGUYEN HUE, HA TAY
Sv. Khoa Kinh té Doi ngoai, DH Ngoai Thuong Ha Noi

Loi Ban bién tdp. Cdc ban thin mén! Nhu
cdc ban da biét, cé rdt nhiéu phuong phdp
dé'tinh gidi han cia mot day sé. Méi phuong
phdp déu cé nhitng diém manh ddc trung
cho riéng minh. Tuy khéng phdi la mot
phuong phdp moi la, nhung su dung dinh
nghia dé tinh giéi han van la mot phuong
phdp kinh dién, né mang mot sdc thdi va vé
dep riéng. Va ciing diing nhu tdc gid bai bdo
nay nhdn xét, day la mot phuong phdp rdt
sdu sdc vé mdt todn hoc. P& van dung thanh
thao phuong phdp nay thi chiing ta can phdi
cé mot cdi nhin sdu sdc vé bdn chdt ciing
nhu y nghia cua ly thuyét gidi han. Xin gidi
thiéu cung ban doc:

I. Dinh nghia.
Tru6c hét, chiing ta hdy ciung nhac lai vé
dinh nghia gidi han cua mot day so:

Cho day so thuc (x,), aOR. Ta néi

limx =anéu 0& >0, CN sao cho On >

n- oo

N thi [x, -a< €.
II. Vai tinh chat that co ban.

- Gidi han cia mot dday néu ton tai thi duy
nhdit.
- limx, = a, al(p; q) thi ton tai N sao cho

n- o

Un> N, x,U(p; q).
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- Néu limx =a, X, >bvdi moin> N thia
n- o
= b.
- Néu limx, =a, limy =bva X =Yy, v
n- o

n-o
moin> N, thia=b
- Néu !]ITO)%:a thi LITO|X”|:|a| Diéu
nguoc lai khong dung.
- limx, =0 = lim|x,|=0.
n-oo n- o

Trong cac bai toan vé tim gidi han, ta ¢
thé duing mot s6 dau hiéu/phuong phép nhu
nguyén ly don diéu, nguyén ly kep, ... Tuy
nhién, trong mét s6 bai toan khé cén phai
van dung truc tiép dinh nghia dé chitng minh
nhung diéu nay doi hoi ching ta phai hiéu
biét mot cédc tuong d6i sau vé gidi han. Toi
xin bat dau cac vi du tir co ban dén phuc tap.

I11. Mot s6 vi du minh hoa.
1. Bai todanl.

Cho day s6 thuc (Xn) khong am thoa man

lim 2 =0. Chiing minh rang
n- o n
Max{ x}
lim =2~ =0
n- oo n

Loi gidi . Tu gia thiét, suy ra v6i moi & > 0,
ton tai sO tu nhién m sao cho % < £,
n

On=m
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Max{ x}
= LCn,2mthéa 22— < ¢

Ny

. X X
Néu(m-1)= k= 1thitacéd —<< ?k<£
n

. . , X X
Néun = k= mthitacd: 1< ?k<£

n
Max{ x}
Vay taluoncé 2 ——<¢

n
Max{ X
= lim=22 =0 (dpcm)
n

n-oo

2. Bai toan 2.
Cho ddy so thuc (a,) khong dm thda

man im31=0 va n>Za Chiing minh

n-oo n

n

>3
rang lim=L— =0,
n-o n

Loi gidi. Theo Bai todn 1 ta cé :

Max{ x
lim 1T =0.Mat khac, dé thay
Ve Ma(d 23 23
i=ln i=1ln i=1 > i=1

n n n  n*

Theo nguyén 1y kep, suy ra dpcm.
3. Bai todn 3.

Pay 12 mot bd dé c6 nhiéu tng dung.

Vi day 5o thuc(x,). Ddt S, = Zn: X va ki
1

hiéu IimS, = Z){ Xét day so (c,) thda

n-oo

man diéu kién O<Cn <l,voimoin=0,1,2,

- Dat x, =[1A-6). ¥, =[]A+c).
1 1
Khi dé 3 khdng dinh sau la tuong duong:
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(b

LS -
1

2.limy, =+o0 .

n- oo

3. limx, =0.
Chitng minh.

1=2. Theo bat dzllng thtc Bernoulli, ta co :

= |_|(1+q)2 1+Zci
1 1
= limy, =+co.

n-oo

2=3. Do xnyn:n(l—q2)<l nén dé c6
1

lim x, =0.

n-oo

3=1.Gia st ch < +o00, ta c6 ngay ton tai
1

* u 1 . .
N, N sao cho z C <§,v61 moi m > n,.

i=ny+1

Khi do6, v6i moi m > n, ta c6:

X = xrb|‘|(1 )= X, (1—qu

i=ng+1 i=ng+1

(Ciing theo bat dang thitc Bernoulli)

= lim x, >0, trdi gia thi€t= dpcm.

n-o

4. Bai todn 4.
Cho 2 day (Xn) (yn) thoa man

limx, =0,

n-o

i|yn| < +oo . Chitng minh rdng:

LITO(Z )g yn+1— j

Loi gidi. Tu gia thiét suy ra ton tai cic s0 K,
L > 0 sao cho |X,|< K, v6i moi n 21 va

00
D" |ya| < L. Ngoai ra ta con c6:
1
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V6i moig > 0, ton tai sO tu nhién m sao

cho §|yi|< K‘-gl-L’ On>m.

Véi moi £ > 0, ton tai s6 tu nhién n, sao

&
h < ,0 .
cho X, L n>n,

Chon N = Max{m; no} thi v6i moi n > N,
ta co:

n
Z Xi yn+1—i
i=1

<K

<

= +

Z Xi yn+1—i

i=N+1

N
Z Xi yn+1—i
i=1

+ L = £ = dpcm
K+L K+L

5. Bai todn 5.
Cho day s6 thuc duong (an ) thda man :

1) iaﬂ < 400
1

2) a,,<a,(1+a,)véi moin.
Chiing minh rang limna, =0

Loi gidi. Gia st limna, #0. Chon & bat ki

nooo
sao

cho 1 > £ > 0. Tir gia thiét phan ching, ta
thay c6 vo s6 n dé na,> &£. Chon m > 1 sao

chomg,>¢ = a, ,(1+a,,)>a>
>£> £ 1+ £ ) = a,, >
m m+l m+1 m+1
Tié€p tuc qua trinh nay, ta dugc
£

“n{z]” m—m

Lay téng lai, ta duoc:

&

£

—>_
m| 4

m+|—
H

Quad trinh nay c6 thé tiép dién, suy ra ta
c6 thé chon duoc vo s6 tdng roi c¢6 do 16n

a,+..ta S+
m[z}

£ =~ <
vuot 2 = Z a, = +oo, Mau thuan = dpcm.
1
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p.h
6. Bai toan 6.

Cho day s6 thuc khong dm(an) thoa man
ian <+co. Vdi moi x > 0, ki hiéu N(x) la
sol“so“ a, > X. Chiing minh rang Ilm) XN( X .
Loi giai. Do ian <+ nén & >0, Cn,

1

= £
sao cho Zan <—

ng+1 2

& &
= V6i X<—thi N(X)<sn+—<2
o M NOIS R+ <20

X - £
Chu y rang tur z a, < > suy ra ¢ khong

ng+1
, £ . .
quia — s0a; > x,1 = ny+1.
2)( i 0

= xN(x) < &€ = dpcm.

Trén day 1a mot s vi du gin truc tiép voi
dinh nghia va mé& rong dinh nghia giGi han
day. C6 rat nhiéu bai todn va dé thi can su
dung dinh nghia dé truc ti€p tim gidi han
(Nhu cau 3 - d¢ thi HSGQG 2000 - 2001
Bing A) mong cdc ban chd § va tim hiéu
thém!

sk sk sk ofe ofe sk st sk sk sk sk sk ok ok ske st ske sk sk sk sk sk sk sk st ske sk sk sk sk sk ki sk ok

4/‘ = |
P

CHUYEN TOAN HOANG VAN THY
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Diém LEMOINE
Trong Tam Giac

LE VAN DINH
LOP 3CLC — K51 TOAN, PHSP HA NOI I

Chl’mg ta han ai ciing biét dén bai toin
ndi tiéng sau:
Bai toan 1:Tim diém M trong mat phang

AABC sao cho téng MA+MB+MC dat gia
tri nho nhat.

bay 1a mot bai toan khé dugc dat ra kha
lau trudc khi Toricelli - nguoi dau tién tim ra
16i giai. Th€ nhung khi nang cac dai luong
trong Bai todn 1 1én bac hai thi van dé lai hét
sic don gian . D6 1a ndi dung bai todn ma
ching ta sau nay déu biét rang, trong tam G
ctia AABC la 10i giai duy nhat ctia no.

Bai todn la:

Tim diém M ndm trén mdt phdng tam
giadc  ABC  sao cho dai  luong
MA? + MB? + MC? dat gid tri nhd nhdt.

Mot bai toan khac cling dugc dat ra mot
cach rat tu nhién tur Bai toan 1.

Cho diém M ndm trong tam gidc ABC,
goi H, J, K lan luot la hinh chiéu ciia M trén
cdc canh BC, CA, AB tuong ung. Xdc dinh vi
tri ciia diém M sao cho tong S = MH + MJ
+ MK dat gid tri nho nhdt.

Viéc phat trién Bai todn 1 theo huéng
nang cic dai lugng cua tong S 1én bac hai s&
dan ta t6i khdi niém sau, trong d6 a, b, ¢ la
ky hiéu do dai ba canh BC, CA va AB cua
tam giac ABC.

DPiém Lemoine trong tam gidc:

Diém L thuoc mdt phdng chita tam gidc
ABC duoc goi la diém Lemoine clia tam gidc
dé néu a®.LA+?.LB+ ¢.LC=0.
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a

L

Dé thay ring diém Lemoine cha mot tam
gidc thi nam trong tam gidc d6. Dinh 1y sau
cho ta mot tieu chudn dé nhan biét diém
Lemoine.

Dinh li 1:

Cho diém L nam trong AABC. Goi H, J,
K ldan luot la hinh chiéu cia L trén cdc canh
BC, CA, AB tuong iing. Khi dé L la diém
Lemoine cua AABC néu va chi néu L la
trong tam cua tam gidc HIK.

B H C
Chiing minh ding thic ndy dua trén 2
dang thitc vécto quen thudc sau ma viéc chi
ti€t hoa khong c6 gi l1a khé khan, cac ban
hay thiét 1ap coi nhu bai tap.
S(ALBO LA+ $A LCALB @ LAB LEO,
vi A+ P15+ 2 1Kk=0, trong dé
LH LJ LK
S(AXYZ chi dién tich cia AXYZ.
Mot dic trung dua dén cdch dung diém
Lemoine dugc chi ra trong dinh Ii sau:
Dinh li 2:
Cdc duong doi trung ciia NABC tai diém
Lemoine cua no.
Chitng minh. Goi AM, AD, AS lan luot la
trung tuyén , phan giac, va duong doi trung
(1a duong doi xing véi trung tuyén qua phan
gidc) xuat phat tir dinh A cua tam giac ABC.

A
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Trén cdc tia AB, AC lan luot 14y céc diém
C,, B, sao cho AB =AB,, AC=AC,.

Ky hiéu S, = AS /) B,C, va goi B, va C,
lan luot 12 giao diém ciia duong thang BC
v6i cdc duong thang qua B,, C, va song song
véi AS.

Tir tinh d6i xting, dé thdy S, 1a trung diém
B,C,, do d6 theo dinh li Talet, S la trung
diém B,C,: B,S+ G, S=0(1)

Ciing theo dinh 1i Talet ta c6:

BS _AB_ AB_ ¢CS_ CA_CA L
C,S AG AC B,S BA BA ¢
Tir d6 va (1) suy ra b?.BS+ ¢.CS=0 (2).

Vay, néu goi L 1a diém Lemoine cla tam
gidic ABC thi a®.LA+ 2. LB+ &.LC=0
@aﬂﬁygﬁﬁﬁ(isjﬁ}
¢ (18+ 59 =0
- (a?+b+ ) LS+ & SA
+b? SB+ ¢ SG=0
= (a?+b?+¢) LS+ & SAO
= L nam trén dudng do6i trung SA. Tuong tu

nhu vy, ta ciing ¢6 L nam trén hai dudng
dai trung con lai cia AABC= dpcm.

Bay gio ta trd lai xét bai toan da néu &
trén .

Bai todn 1b.

Tim diém M ndm trong DABC sao cho
tong cdc binh phuong cdc khodng cdach tie M
dén cdc canh ciia tam gidc la nho nhdt.

Lai gidi. Vin ky hiéu H, J, K nhu & hinh v&
thit nhat. Ta c6:

436 =(@aMH+ b MJ+ ¢ MK)’<

< (a?+ b7+ &) MH?+ MI?*+ MK?)

4S§ABC

a’+b*+ ¢
Dang thiic xay ra khi va chi khi

= MH?+MJ?+ MK?>
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(b

MH _MJ _ MK
a b C
S(AMBQ _ A MCA_ & MAE
= a2 - b2 - 2
= a’.MA+ . MB+ &. MC=0
= M 1a diém Lemoine cha AABC

Loi két. Diém Lemoine cia AABC c6 nhiéu
tinh chat thd vi khac. Chang han, né ciing 12
diém lam cuc tiéu  biéu  thikc
a’MA? + B’ MB?+ éMC?, hay cidc hinh
chiéu cua nd 1én cac canh ciia AABC tao
thanh mot tam gidc noi ti€p AABC c6 tong
binh phuong cic canh nho nhidt ma trong
khuon kho bai viét khong thé trinh bay can
k& duoc.

Pé keét thic xin nhéc lai cic hé thic xac
dinh trong tam, tam duong tron ndi tiép va
diém Lemoine clia mot tam gidc:

GA+ GB+ GC=0

alA+blB+clIC=0

a’.LA+ . LB+ ¢.LC=0

Nhitng hé thic nay goi y cho ta nghién
cttu céc diém M thod man:

a“.MA+ f .MB+ ¢.MC=0

Nhitng tinh chat clia diém M nhu thé
dang cho ban kham pha. Chuc cic ban thanh
cong!

Toi nghe thi téi sé quén
Toi nghi thi toi sé nho
Té6i hoc thi téi sé hiéu

4/‘ - |
P

CHUYEN TOAN HOANG VAN THY
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d\\@e DUENG
cov RRON
VA
ELIPSE

LUU NHUHOA
CHUYEN TOAN K02 — 05
Sv. Lop Diéu Khién Tu dong, KSTN - K50
Dai hoc Bdach Khoa Ha Néi

¥ udng tron ludn 1a dé tai hap dan dei
vGi moi hoc sinh khi hoc vé hinh hoc. Néu
biét dao sau suy nghi, ban s&¢ kham pha ra
nhitng di€u thd vi ma néu khong phai ban
phét hién ra chiing thi ciing chang ai néi cho
ban ca.

Ta xét dinh 1y 1.

Bai todn Pascal. Néu 1 luc gidc noi tiép
trong mot duong tron thi 3 giao diém ciia 3
cdp canh doi dién thdng hang.

Chitng minh.(Ban doc tu v€ hinh).

Gia sit ABCDEF 1a luc giac noi tiép. Cac
cdp canh d6i AB, DE, BC, EF, CD, FA cit
nhau theo tht tu tai A’, B, C. Goi P, Q, R
tuong tng 1a giao diém cua cac cap dudng
thang AB va EF, AB va CD, CD va EF.

Theo dinh 1y Mé-né-la-uyt trong tam giac
POR véi céc cét tuyén BCB, DEA, CFA ta
c0 céc hé thuec:

CQ BR BP_ DQ ER AP

CR B P BQ DR EP AQ

_C'Q FR AP_

C'R FP AQ
Nhan cdc v€ cha 3 dang thic trén véi
nhau va chd y dén phuong tich cdc diém P,
0, R v6i dudng tron:
AP BP _ AQ BQ _CR DR _
FQEQ CQODQ ERFR
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[\_,l

. BIR AP CQ_
B'P AQCR

Suy raA’, B’, C’ thing hang.

Sau khi chitng minh bai todn trén, toi da
thir m& rong né cho elipse (Thay dudng tron
boi elipse). Toi da c¢6 ging xay dung khéi
niém vé phuong tich ctia mot diém vdi elipse
nhung da that bai. Moi chuyén chi sang to
khi to6i hoc vé phép chi€u song song. That
vay, néu ta dem chi€u mat phang chita
duong tron ngoai ti€p luc gidc 1én mot mat
phéng khong song song véi né thi thay cho
duong tron, ta c6 duong elipse.

Ta c6 dinh Iy 2. Mot luc gidc ndi tiép trong
mot elip thi 3 giao diém ciia 3 cdp canh doi
sé thdang hang.

Qua sung sudng vi phat hién ctia minh,
toi lién tim va m& rong mot loat dinh 1y khac
c6 “dinh dang” dén duong tron.

Dinh ly 3. ( Dinh ly Briasong).

Cdc duong chéo noi cdc dinh doi dién
cua mot luc gidc ngoai tiép duong tron thi
dong quy.

Dinh ly 4. ( dinh ly Newton).

Diéu kién cdn va du dé tir gidc ngoai tiép
duong tron la trung diém 2 duong chéo vdi
tam cia duong tron ndi tiép thdang hang.

Dua vao phép chiéu song song, ta c6 thé
thay cum tr “dudong tron” bang “elipse”.
Néu nhu ta thay phép chi€u song song boi
phép chi€u xuyén tam thi cum tur “dudng
tron” dugc thay bdi “conic” va ta thu dugc
dinh ly:

Dinh ly 5. Mot luc gidc noi tiép trong mot
duong conic thi 3 giao diém ciia 3 cdp canh
doi dién sé thang hang.

D6 ciing 1a noi dung cla dinh ly Pascal
ma Ong trinh bay trong cong trinh “Nghién
ciiu vé Conic” (1640).

Cau chuyén vé duong tron va dudng elip
van con nhiéu hap dan danh cho ban doc
kham ph4. Sau day 1a mot s6 van dé toi dua
ra dé cing nghién citu:

1. Dinh Iy Briasong sé bién doi nhu thé
nao qua phép chiéu xuyén tam?

2. Hay tim diéu kién can va du cho tir
gidc noi tiép duoc elipse.

ta co
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(b

Mt sé pluceng pliap xdc dinfi i
GO HW CUR PRy SO

NGUYEN LAM TUYEN

CHUYEN TOAN K99 — 02
Sv. Lép Piéu khién Tw dong 1 - K47, PH Bdch Khoa Ha Noi

§ﬁy s6 1a mot chu dé quan trong trong
truong trinh to4dn phd thong, dic biét 1a cdc
ki thi Hoc sinh gioi toan. Bai viét nay xin
dugc giGi thiéu vé giGi han cua day s, mot
vin dé ma khi tim hiéu dén, nguoi lam toan
luon tim thay nhitng di€éu mdi la va thi vi.

Ciing nhu cac Iinh vuc khac cta toan hoc,
giéi han diy so rat da dang vé thé loai va
phong phi vé phuong phdp. Ngoai mot s6
cach thong thuong nhu st dung dinh nghia,
dinh nghia tich phan, dinh nghia dao ham,
hay chitng minh mét day don diéu va bi chan
sau d6 gidi phuong trinh truy né dé tim gidi
han v.v ... Ching ta ciing cin chu y t6i mot
s0 phuong phéap khac tuong doi hiéu qua cho
dang todn nay. Sau moi phuong phdp & bai
bdo nay déu c¢6 néu vi du dp dung.
I. Phuong phap st dung dinh li Lagrange.

Trudc hét xin nhic lai
Pinh li Lagrange: Gid su ham s6 f(x) xdc
dinh va co dao ham trén doan |a,b], khi do
ton tai mot diém cl1(a; b) sao cho

f(c).(a-b)=fla)-fib).

Tur d6 ta c6 hé qua sau:
Hé qua. Gid sit ham so f(x) c6 dao ham trén
mién xdc dinh D, thod man diéu kién /f’(x)/
< ¢ <1 vdi ¢ la hdang sé' va phuong trinh f(x)
= X ¢6 nghiém duy nhdt [ thuoc D, khi dé
day so'(x,)(n=0,1,2, ...) xdc dinh bdi x,
thuéc D va x .., = f(x,)coé gidi han la [ khi
n ddn tdi vo han.
Chitng minh. Gia st [f'(X)| < c< 1.
Theo dinh 1i Lagrange, v6i mdi n, ton tai ¢,

nam gitta x , va fsao cho

TAP SAN TOAN BOC - 2007 41

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

f(xn)_f(ﬁ)z(xn_ ﬂ)'f’(cn) jl'xnﬂ_— ﬂl
=lx,- BlIf(c, ) <
<lx,-Blc ... <1x,- Bl

Vay 0 < Ix,- 81 < /x,- B). ¢"
= lim x, = ,dolim c" =0.

Nhan xét dugc ching minh.

Can luu ¥ rang ham s6 g(x) = f{x) - x c6
g’(x) = f(x) -1 <0 nén sutodn tai cia [ la

duy nhat.
L1. Vidu 1. Day so (x,) duoc xdc dinh nhu
sau:

X,=a,x,,, = In(x +2006) - 2007,

00€
voimoin=0,1,2 ...

Chitng minh rang day so (x,) c6 gidi han
hitu han khin - + oo,

Loi giai. Xét ham s6
1
x) = —— . In(x* + 2006) - 2007.
fx) 200¢ (. )

Nhan thdy f{x) xac dinh, lién tuc trén R
va day (x,) dugc viét lai nhu sau:
X,=a,x,,,=flx,)voimoin=0,1,2 ..

43
2004 x* +2006
Theo bat dang thitc Cosi thi

xt x* Xt

?"'?"'?4'2724‘)(3‘.

Tacé: f(x)=

X+ 2006 >

Tu dé f'(X) < .
osuyra| ()| >00¢

Goi £ la nghiém cua phuong trinh f{x) =
x, [ ton tai va duy nhat vi ham so
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g(x)= f(X)— xlién tuc, g'(x) = fi(x) -1 <0

1
3.¢6 2(0) =
vacog(0) = Sa0:

lim g(x) =+ . Do d6 theo hé qua trén ta

X - +00

c6 lim x, = B, (dpcm).

L2. Vidu 2. Cho sé thuc ¢ > 2. Dady s6 (x,),
n=0,1,2,3,... duoc xdc dinh theo cach sau

..-)C()= \/E’xn+1= C_VC+Xn (n=0’ ]’

2,...) néu cdc biéu thitc dudi ddau cdn la

khong dm. Chiing minh rang: day (x,) duoc

xdc dinh voi moi gid tri nva ton tai lim X, .
no 4o

(VietNam 1999 - 2000)
Loi gidi.
* Ta chiing minh (x,) xdc dinh v6i moi n
béng qui nap. Tir gia thiét

c>2=cC—,/CtX, =c—yc+Jc >c-2/c>0

= x, dugc xac dinh.
Gia st X, (k=1) da duoc xac dinh. Khi
dédo 0<x, <+C<C
=C- M >c-+/2c>0
= X, duoc xac dinh = dpcm.
*Taco 0< X, S\/E, On.
Xét ham so0 f(x) = m trén

[0;+/c].

Tacé: fi(x) =

-1
4yc—~c+xAC+X
Chiy c>2=
:>c(c—2)+§\/7:.(x/_c—§)+—l>0
4 4" 64
= (c—%)2 >c+4c=c—yc++c >é

Vay

4afc—or xA/oF x> 4\/ e o

\f\/_ 2= |f &)<

Xét ham s6 g(x) =f(x) —x trén [ 0; \/E].
Ta c6 g'(x) = f(x) =1 < 0 va g(0)>0,
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A
4

]

g(Nc)<0= phuong trinh f{x) =x c6 duy
nhat nghiém trén [ 0; Je ]. Goi nghiém dé la
a, khi dé6 theo nhan xét trén ta cé
lim x, =a (dpcm)

1.3. Bai tdp.

Badi tdp 1. Dady s6 (x,) duogc xdc dinh bdi x,
2

2 X

0 Rvax,,6 = —arctg—

n+l 3 g\/é
n=1,2,3,..

Chitng minh rang day nay cé gidi han
hitu han khi n — +oo . Tim gioi han do.
Bai tip 2. Day so (y,) co y, tuy y, thod

1+ y2
mdn.~yn+,=Ty”—ln1/yn +y2 +1,0n.

Chiing minh rdng: ton tai lim 'y,

Bai tdp 3. Cho day so (z,) thod man:
16z,,, = 6cosz, + 3cos2z, + 2cos3z, —
3(8n-1),voi moi nLUN. Tim lim z,.

n- +oo

- (1+7§T) , VOI moi

Bai tdp 4. Cho s6 thuc all (% :0) va so thuc b

tuy y. Ddy s6'(x,) véin =0, 1,2, ... dugc xdc
dinh theo cach  sau: x, = b, x,,, =

a L. .
E.ln(xﬁ+ a) - a, véi moin=0,1,2,.

Chitng minh rdng day so (x,) cé gici han hitu
han khi n — +oo

Bai tdp 5. Gidsit0 < a < g Xét ddy s

(u,) duoc xdc dinh boi:

I/t] >0 Vd un+] = u” Sinz a +
2002008 o _ 5 3. Chig mink

u'e
rang day so (u,) cé gioi han khi n — +ova
tinh gioi han doé.

II. Phuong phap sit dung cong thirc tong
quat.
IL1. Vi du 2. Cho day sé khong dm (u,)
thod man diéu kién :

1 1 1

4 ., < + +..+ u., + .+
n+2 (n+1 n+2 n+ n) n+1
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1 1 1
+ + +..+ )u,

n+n n+n+l m3n
voimoin=1,2,3..

Chitng minh rang dday so (u,) hoi tu va
tim giot han do.
Loi gidai. V6imoin=1,2,3, ... taco:

1 1 1 .
+ + ...+ <1va
n+l n+2 n+n
i+ 1 +..+ <(2n+]).i_§
n+n n+n+1 n+3n n+n 2
3 )
Nhu vay ta c6: 4u,,, sun+1+§.un, V61

moin=1,2,3...
Xét day (v,) nhu sau: v, = u,, v, = u, va
Un=1,2,3...

no

3
4vn+2 = vn+1+ E v

Phuong trinh dac trung 4X% — X —:—23 =0

3 1
:Xlzz,xzz_E

3 1
=V, =C.>)"+C,.(-)"
=G +Co()

= lim v, =0 (¥)

N - +oo

Ti€p theo, ta chiing minh bing quy nap
rang: v, 2u, 20 véi moin=1, 2, 3, ...
(*%)

That vay, v6i n = 1, 2 thi (¥¥) ding theo
cach dinh nghia day (v,).

Gia su (**) da ding v6i moi n < k+1.
Khi dé6 ta c6:

Vo = Vigg +§Vk 2 Uy + E-uk 2 4U,.,

=V, 2U,,,20. Nhan xét (**) duoc
ching minh. Cud6i cung, st dung dinh Ii kep
trong 1y thuyét gidi han day s6 va (¥), (**) &
trén ta duoc lim u, =0.

n - +co
IL.2. Nhan xét. Yéu cau clia phuong phap 1a
phdi nam viing cédch gidi cta phuong trinh
sai phan va ki nang bién doi truy hoi.

11.3.Bai tap.
Bai tdp 1. Gid sit phuong trinh ax’ +bx +c
=0, (a#0), c6 hai nghiém thuc phdn biét.
Xét day so (x,) duoc xdc dinh bdi s6 x, cho
trudc va diéu kién x,(ax,, + b) + ¢ = 0 vdi n

=1,2,3... Hay tim lim X, theo x,.

n- +oo
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—
L

Bai tdp 2. Cho day so khong éam (y,) co tinh
chdt: y,.,< uy, + vy, (On), trong dé u, v la
cdc 0 thuc duong vau +v <I.Tim lim vy, .

n - +oo

II1. Phuong phap st dung dinh li Stolz -

Cesaro.

Dinh Ii Stolz. Cho céac day so (x,) va (y,).

Gia st rang (y,) la day duong

tang, lim y, =+ va lim 222" %n = ypi
note e yn+1_yn

. - - X

détacingco lim —=1L.
n— +oo yn

Chitng minh. Tu dinh nghia giéi han va gia

T X — X L .
thiét lim " =, suy ra véi moi

=t Yo 7Y
’ n+l n ’ .

£ >0 bat ky ton tai s6 tu nhién N, sao cho
v6i moi K=N_ , luon c6 :

Xisp ~ X
yk+1 - yk

£
<=

2

-L

Ok~ Y5 < K K~ LI %)<

£
<(y, - =
(Vi = Yier)- 5

Chok=N, N, + 1,..., n- 1 roi cong theo
ttng Vv€ cic BDT d6 ta duoc:

~(y, - yN0>.§< X~ % = L(Y= %)<

£ £ _X, £
< - —=>——<-"T-l-z<-=(1
O =W)5= 3 n 7<5 M
Xy, — L
Trong d6 z, = N°—yN°
Yn
Vi limy, =+c , limz =0= ton taiso

tu nhién M, sao cho v6i moi n > M thi:
& &
-—<z <= (2
PR 2)
T (1) va (2) suy ra v6i moi
n>Max{ N;; M} ta luon cé:

E X £
—— <Al <=

2 Y, 2

X
ZnoL
Yn

<&

= lim X - L (dpcm).

" Ya
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Truong hop dac biét, v6i x, = v, + v,
+..+v,vay, =n,taco dinh li :

Pinh li Cesaro vé trung binh ciia mot day
s0:

Cho day (v,) va ddt w, =
V,+V, otV

L. Khi d6 néu (v,) hoi tu dén

n
L khi n tdang lén vé han thi day (w,) ciing hoi
tu dén L khi n tang 1én voé han.

III.1.Vi du 3. Cho k s6 thuc dm phdn biét
a,, a,, ..., a, (k=1). Day so (T,) dugc xdc
dinh boi T, > 0 (i =1, 2, ..., k) cho truéc
thod man diéu kién :

k
T, =T,+ > T véimoinzk.

Tim tdt cd cdc so thuc a sao cho day so
a

(U,) xdc dinh boi U, = ", n=0,1,2, ..
n

c6 gidi han hitu han khdc khong khi n ddn
t0i v6 han va tim gioi han do.

Loi gidi.

* Truge hét ta ching minh [Im T, =+co.

no 4o

Gia st nguoc lai, day (T,) bi chan. Khi d6,
do (T,) 1a mot day duong, tang nén ton tai
gi6i han IlimT, =4 hitu han, tr

n - +oo

d6o B = ,B+Z,Ba‘ vo Ii.
* Tiep theo dat a= Max{a} va xét day

I<i<k
1-a 1-a 5
v. =T -T Ta s&

limv, =1-a.
n- +oo

That vay, ta co:
K
v,=(T,+ ZTnai )Hl B Ti_a =

i=1

chiing minh

k
=T+ T -1].
i=1

Pat x, = T2 v6i chi y lim x, =0 (via
< 0) thi ta c6:

@-n7?
{1+ D%t } -1

X,

V. =

n
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(s

kK (&-1)
Xétham sO f{x) = |1+ x 1
i=1
Tacé f(0) =0 va

k - kK (a-1) \°
f'(x)=(@- a)[Zx j[ ZXa‘l j .
Docica, <a <0 :>f(0)—1 a.
Str dung dmh nghia dao ham, ta thiy

f’(O) = E%Mz 1-a (*)

f(x
Hay ndi riéng lim ) =1-

n - +oo X

(dof(0) =

= limv, =1-a.

n- +oo

n

0, lim x, =0)

* Cuo6i cung, ap dung dinh 1y Cesaro vé6i
v,==T53 -T2 ta dugc

1-a _Tl-a
limw =lim-—"—2X_=limv, =1-a.
n- 40 n- 40 n n- 40
1-a
= lim =1-a.
n-+o N

Vay a = I- ala mot gia tri can tim.

Matkhiacvi  lim T, =+ nén:
n— +oo

lim T2¢® = e a>1-a

n-+e 0, a<l-a

1-a

e N S -1~
CuGi ciing, viU, = —2— T va

1-a
lim 2—=1-a nén
n-+o N
. + 00, a>1l-a
IimU, =
N+ 0, a<l-a

* Két luan. bat a = Max{ai}.

I<isk
- Néu a = 1 thi khong ton tai s6 @ thoa méan
de bai.
- Néu a # [ thi gia tri duy nhat can tim la
a=1-a.Valicds IImU_ =1-a.

n- +oo
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Nhan xét.

i) Day 1a bai toan téng qudt clia bai todn
s6 3 trong dé thi chon Doi tuyén Viét Nam
du thi IMO nam 1996. Cac ban ciing c6 thé
thdy mot s6 truong hop dac biét clia bai toan
nay trén tap chi Toan hoc va Tudi tré hodc
trong cdc dé thi Olympic. Nhung trong cac
truong hop dac biét do, bai todn con c6 161
gidi so cap hon thong qua cic bat dang thitc
danh gia va van dung nguyén ly kep.

ii) Day la dang todn kho va dién hinh
trong 1y thuyét giéi han cua day s6. Trong
1oi giai trén, ching ta thay su hién dién cua
nhiéu phuong phédp tim/chiing minh gidi han.
Trong d6, cac ban luu y phuong phap st
dung dinh nghia dao ham (*). Pay la mot
phuong phap “manh” va tuong doi tinh té.
Vé ban chat, tuy chi 1a mot truong hop riéng
cla quy tic L’hospital, nhung rat hiéu qua

. . 0 o
trong viéc xét cdc giGi han dang 0w cap
(00]

1. St dung dinh nghia dao ham, trong 10i
giai trén chung ta da chdng minh dugc
limv, =1-amot ciach nhanh chéng ma

n - +oo

khong kém phan tu nhién. Cac ban hay tim
hiéu thém vé k§ thuat ciing nhu tng dung
ctia phuong phap nay.

IIL.2. Bai tap.
Bai tip 1. Cho day so (T,) (n=0, 1, 2, ...)
duoc xdc dinh boi T, > 0 cho truoc, T ., =

T, + i,vo”im_oin =0,1,2, ..
T
Hay tim tdt cd cdc so thuc @ sao cho day
. T,
s6 (U,) xdc dinh boi U, = " (On=1) c6
n
gidi han hitu han khi n dan t6i vo han.
(Dé du tuyén Viét Nam 1996)
Bai tdp 2. Cho day sé a,xdc dinh nhu sau:

=2 a,=4a, +i2,n =12, ..

n
3

N .. a
Chitng minh rang lim —/ =3,

n - +oo n

(Dé thi Olympic 30 - nam 2001 )

Bai tip 3. Cho a > -1. Ldp ddy s6 (V,), n =
0,1, 2, ..nhusau:
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nv: +1
v§.3/n3+n2

. Tim lim Y CJ v, theo cdc truong hop
n- +oo

Vi=a, Vo, = voin=20,1,2,

ciia a, trong dé CY s6'td hop chdp k ciia n
phdn tir.

Bai tip 4. Cho 2 day s6” x,vau,(n=0, 1,2,
...) dugc xac dinh theo cach sau :

u, >0
Upy =U, +—+> U, Onz1

2007

_ 2006U,20

n+1

Tim tdt cd cdc so thuc duong k sao cho
day x, dan toi 2007 khi n dan tJi vo han.
(Loi giai moi cac ban xem trong chuyén muc
“Nhitng bai toan hay va cdc bai todn tu
sang tao” )

n

Bai tdp 5. Tim gidi han sau, trong doé k la sé
1 +2"+..+n"

tw nhién cho truoc: lim )

n - +oo n

"l ren day 1a mot s6 phuong phap giai
cdc bai todn v€ giGi han cta day s6. Hi vong
rang cac ban s& tim tdi ra nhiéu phuong phap
khéac va khong chi trong linh vuc nay ma con
trong tit ca cac linh vuc khac cua toan hoc.

C6 thé néi “ Todn hoc nhu mot vién kim
cuong, cang mai giila cang sang dep”. Va
ching ta hay cung lam cho todn hoc ngay
cang sang hon, dep hon céac ban nhé !
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MET LOP cdc bai todn BAT BEKNG THUE

NGUYEN MINH PHUC

CHUYEN TOAN K05 — 08
Lop 11T, THPT Chuyén Hoang Vdn Thu

C i ban than mén! Khi hoc mon Toan,
khong it ban ké ca hoc sinh chuyén Todn,
déu cam thdy mon Todn c¢6 nhiéu diéu that
khé6 hiéu. Nhung thuc chit mdi van dé déu
c6 mot chia khéa riéng clia nd, viéc tim ra
chia khéa phu thudc vao mic do 1an cong
stitc ma ban bo ra. Doi khi chi can bo ra chiit
it thoi gian dao sau suy nghi, ta c6 thé khai
thac duoc nhiing hé thong kién thic mot
cach hitu ich.

Trong bai viét nay toi xin giéi thiéu mot
cach ap dung hiéu qua BDT Cauchy von da
rat quen thudoc doi véi cac ban hoc sinh
THCS 1an cap THPT.

Nhu ciac ban da biét, trong chuong trinh
THCS, ta thuong gap nhitng bai toan BDT c6
dang sau:

3 3 3
22t
b ¢ a
Hay @ +b’+c = a'b+ ber ¢ ¢(2)

(a,b,c OR)

Khi ding BDT Cauchy dé giai toian, mdi
bai ta déu c¢6 nhiing cdch ghép cdc hé so
khac nhau. Nhu & BDT(1), ta c6 thé ghép

cac hé sO nhu sau:
3 3 3 3
2 2w 23a2;b—+b—+a2 > 3b*;
b b cC C
3 3
c’ cC
—+—+a’>3c*.
a a

Cong cac BDT trén v€ theo v€ ta c6 ngay
diéu phai chiing minh. Sau khi giai nhiéu bai
toan dang trén, han cic ban ciing nhan ra
rang hai v€ clia cdc BDT luon dong bac va
bac cua bién & vé€ 16n hon cling 16n hon. Toi

TAP SAN TOAN BOC - 2007 46

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

cling da suy nghi nhu vay va tu dat cho minh
bai toan sau:

Chiing minh ring v6i moi a, b, ¢ R, vam,
n ON", m > n ta luon cé:

m m m
C a
Dé chiing minh bai todn trén, ta 4p dung
truc ti€p BDT Cauchy cho m s6 duong:

m

a . .
(m=n) Fmb"‘ ">na" ",

m

(m- n)b—n+ nc™ "= nd" ",
c

m

(m- n)%+ nd "> nc""

Cong v€ cac BDT trén roi rit gon ta cé
(I). RS rang (1) chi 1a trudong hgp riéng cua
(I) tng v6i m = 3, n = 2. Nhung chi véi
BDT() qua trinh tim ki€m cua chiing ta van
chua két thiic. Vi truc giac, ta cam thay con
c6 mot biéu thiic ndm gitta hai vé& cua (I).
Van 1a bi€u thiic ¢6 cung bac 1a (m - n),
nhung bac cta bién lai giam di. Ta xét bai
todn:

Véia, b, c OR . Chitng minh:

5 5 5 4 4 4

a_+£+izi+£+£ (3)

b> ¢ & b c a

Ap dung truc ti€p BDT Cauchy cho 5 s6
duong ta c6:

5 4 5 4
4a—2+b325i ;4= +C 25— ;
b b Cc c
5 4
25 +at 255,
a a
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Cong vé€ véi vé cac BDT trén ta dugc:

a5 5 C5 s b3 3>
4(F+?+?)+a+ +c>
4 4 4

25(a_+b_+i)
b ¢ a
Ma theo (I) v6im =4, n = I thi
a4 4 C4
—+—+—2a’+b*+c® nén ta ¢c6
b ¢ a

ngay (3).

Bang cédch ching minh hoan toan tuong
tu vi du trén ta c6 cach giai bai toan sau:

Véi a,b,c OR, m,n,k ON", m>n>
k thi ta co:

am bm Cm am—k bmk ka

(AR

Zam—n+bn1-n+ Cm'I'(II)

Hay M>N>P.

Loi gidi. Ap dung BDT Cauchy cho m s6
duong ta c6:

(m_ k)z—l:+ kbn_nZ m—_

(m- k)Z—r:+ kd™"> m——

Cong theo tung vé cac BDT trén ta c6:
(m=-k) M+ kP= mN

Nhung theo (I) thi N> P < kN= kF, tir

doé ta c6 dugc (ID).

Tiép theo ta kéo dai chudi BDT ra véi bai
toan sau:

Véi moi a,b,c00,; m ] Nta cé:
am+n + bm+n+ Crﬁ' HZ ambn+ men+ Cma
(I10)

Chiing minh that dé dang, chi can &ap
dung BDT cho (m + n) s6 duong:

ma™"+ nd" "= ( mr ) &8

mb™"+ nc™"z(m+ ) ' ¢
mc™"+ nd™"z(m+- 1) ¢ 4
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Cong tat ca lai ta dugc ngay (III). Nhu
vay tong két lai ta c6 chudi BDT sau:
abcOR;mnki N;mz 2 km »n
A=B=C=D
Trong d6
am—k bm—k I
bn—k + Cn—k + an—k’
C=a™"+p™ "+ Cm—n,
D - am—n—rbr + bm—n—rcr + d’l‘l‘ﬂ'fd

m Kk

B=

Vay la sau mot s6 nhan xét vé cic bai
todn quen thudc va dp dung BDT Cauchy
diing cach, chiing ta da c6 thé giai mot loat
cac bai todn phd bién ma khong gip qua
nhiéu kho khan. Chiéc chia khéa & day chinh
la su két hop hé s6 ding cach trong BDT
Cauchy. Khi dung chia khéa nay ban c6 thé
mo thém nhi€u cénh clra khac ma chiing ta
chua thé “tham quan’ hét trong bai viét ndy.

Cudi cung, xin chic cac ban hoc gioi va
thanh cong trong cudc song!

4/‘ = |
P

CHUYEN TOAN HOANG VAN THY
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Mot o khAi niém v

[\_,l

GOC DINH HUCNG

TRAN QUANG THO

CHUYEN TOAN KO1 - 04
Sv. Lép Kinh té quan ly cong, PH Kinh Té Quéc Dan Ha Noi

Géc dinh husng 1amot khdi niém it mo
ho, phtc tap nhung dé ciing 1a mot cong cu
manh trong hinh hoc phang . Téi xin giGi
thiéu mot s6 van dé lién quan dén khai niém
nay.

I. G6c dinh huéng giira hai vecto.
1. Pinh nghia.

Cho hai vecto AB, CD khdcO. Mdi mot
su quay xung quanh diém A, theo mot hudng
xdc dinh cua AB sao cho vecto mbi nhdn
duoc cung huong voi CD , duoc goi la goc
dinh huong giita haivecto AB, CD.

C

B

2. Mét 56 quy udc.

Trén mot mat phéng, huéng ngugc véi
huéng quay ctia kim dong hé dinh huéng goi
la huéng duong. Huéng trung véi hudng
quay cua kim dong ho dinh hudéng goi la
huéng am.

Nhu vay, géc gitta hai vecto duoc goi la

duong/am néu su quay sinh ra né la su quay
theo huéng duong/am.
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II. Cach do goc dinh huéng giita hai
vecto.
1. Pinh nghia.

S6 do theo radian/do cia goc dinh hudng
giita hai vecto chinh la s6 do theo radian/do
cua cung dinh huong ma né sinh ra.

Hai g6c dinh huéng gitta hai vecto dugc
goi 1a bang nhau néu s6 do clia ching bang
nhau.

2. Cdc cong thiic co ban .
Nho dinh nghia géc dinh huéng gitta hai
vecto va so do goc clia né ta, c¢6 cong thic:

(1.1) (Ké EB) = g(mod 27)
Trong dé a la s6 do theo radian cua mot
trong cdc goc (H?:, ﬁ)) .
(12)AB11 CD - (Naﬁj = 0(mod 27 )
(1.3)(@,&)) = —(ﬁ)fl% (mod 27)
(1.4)(@,&)) = 7T+(—WB?[3 (mod 27
= 7T+(A_B., —ﬁ)) (mod 27)

(1.5)(@,&)) = (—Na—?[j (mod 27)
3. Hé thirc Saclo.

(Ez, ﬁ)) = (ﬂafli)+(f|:,€[) (mod 27)
Hé qua.

(HBHD) = (T:?D)—(ﬁzfg+ (mod 27)
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II1. Cung dinh huéng.
1. Pinh nghia.

Khi vecto AB quay quanh diém A theo
mot huéng xdc dinh dé sinh ra géc

(H?:, ﬁ)) thi diém B thuc hién mot chuyén

dong, quy dao chuyén dong dé duoc goi la
mot cung dinh huong.

Cung dinh huéng duoc goi la duong/am
néu goéc dinh huéng sinh ra né la goc
duong/am.

2. Cach do cung dinh huong.

Néu cung dinh huéng 1a duong thi ti s6
gitta do dai ctia n6 va do dai cia vecto sinh
ra n6 duoc coi la s6 do cua cung dinh huéng
do tinh theo radian.

Hai cung dinh huéng duoc goi 1a bang
nhau néu s6 do cta chiing bang nhau.

3. Cdc cong thiic co ban.

Theo dinh nghia cung dinh huéng va s6
do cua no, ta c6 ngay cac cong thiic co ban
sau, dung vGi cic cung dinh huéng trong
cung mot dudng tron.

Ky hiéu sd BB'=a(mod 27)2.1) 1a s6
do cung BB', trong d6 a la s6 do theo
radian cia mot trong cac cung dinh hudng
BB'.

(2.2) Btrung B' = sd BB'=0(mod 27

(2.3) sd BB' - sd BB' (mod 27)

4. Hé thirc Saclo.

Theo dinh nghia cung dinh hudng va sé
do cuia né ta cé hé thiic sau:

sd AB =sd AC + sdCB (mod 2 1)
Hé qud. Cho ba diém A, B, C cung thudc
mot dudng tron ta thi ta c6 hé thic sau:

sd AB =sdCB - sdCA (mod2m)

IV. G6c dinh huéng giira hai duong thang.
1. Pinh nghia.

Cho hai duong thing AB, CD va O la mot
diém bdt ki trén duong thang AB. Méi su
quay quanh diém O theo mot hudng xdc dinh
ciia vecto AB sao cho sau khi quay, vecto
moi nhdn duoc cung huong hodc nguoc

TAP SAN TOAN BOC - 2007 49

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

—
L

huong voi vecto CD, duoc goi la mot goc
dinh hudng giita hai dwong thang AB va CD.

Go6c dinh huéng giita hai duong thang
dugc 1a goc duong/am néu gbéc gilta hai
vecto sinh ra né duong/am.

2. So6 do goc dinh huéng giita hai duong
thang.
a. Pinh nghia.

S6" do tinh theo radian/dé cua géc dinh
huwéng gifta hai dwong thdng chinh la s6 do
goc tinh theo radian/dé cua goc dinh huong
giita hai vecto sinh ra né.

Hai goc dinh hudng giita hai duong thdng
duoc goi la bang nhau néu sé do ciia chiing
bang nhau.

b. Cdc cong thiic co bdn.

Tu dinhnghia va s6 do goc dinh hudng
gifta hai dudng thing ta cé:
(3.1) (AB,CD) = a(mod 27)

Trong déala so do theo radian/do cua
mot trong cdc goc dinh huong (AB,CD).

(3.2) (AB,CD)E(ZE?@ (mod 27)
Hogc(AB, CD) = (—ﬁ?@ (mod 27)
Hogc (AB, CD) = (TATB—E@ (mod 27)
(3.3) (AB,CD) = (ﬁ?@ (modrr)

(34) AB song song hodc trung voi CD
= (AB,CD) =0 ( mod 1I)
(3.5) (AB,CD) =~-(CD, AB (modr)

c. Hé thic saclo.
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(AB,CD) =(AB,EF) + (EF,CD) (mod II)
Chirng minh. Theo (3.3), ta c6:
(AB,CD) = (ﬂa?[j (modrr)
Ciing theo (3.3) taco :

(AB, EF) = AB EF (mod)
(EF,CD) =( EF, CD) (modr)

= (AB, EF)+( EF, CD) =

= (KE El—f) + (E—Iffb) (modr7)

= (AB, EF)+( EF, CD) =

(Ez, ET) +(EF,€D) (mod 27)

(Ez, ﬁ)) (mod 27)
Ma (AB,CD) = (ﬂa?[j (modrr)
= (AB, EF)+( EF, CD) =
(AB, CD) (modrr)
Héqud. (AB,CD) =(EF,CD) - (EF,AB) (mod
1)
VL. Cic dinh Iy.
1. Pinh Iy 1.
Cho AABC va AA'B'C’ khi dé cdc diéu
kién sau tuong duong :
a. AABC va AA'B'C’ bang nhau va cung

huong
b. AB=AB’
AC = AC’
(Ké Ac) ( c) (mod 27"
¢c. BC=BC’
(BA, Bc) (B c) (mod 27)

(ﬁ@) ( CAC B) (mod 27)
d. BC =B’
(BA,BC) =(B'A"B'C’) (mod 1)
(CA,CB) =(C'A",C'B’) (mod II)

2. Pinh Iy 2.
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Cho ABC va A'B'C’, cdc diéu kién sau
tuong duong:

a. MBC va AA'B'C’ dong dang, cung
huong.

(CTAETB)E(C A C )(moerT]
e. (BC,B'C’) =(CA,C'A')
=(ABA'B’) ( mod 21)

3. Dinhly 3.
a.
alla'
=
b//b'

{aDaI:(a,b)
bOb'

(a,b)=(a, b)(mod 27,

(a', b’) (modr)

4. Dinh Iy 4.

Cho bon diém A, B, C, D ndm trén duong
tron (0). Khi do

2(AB, CD) =2(AB, DC) 22(AB, CD)

=5dAB + sdCD =sdAD+ sd BC (mod 21I)

5. Pinh Iy 5.
Cho duong tron (0) va cdc diém A, B, M
ndam trén (0) . Ta co:
a. Z(WWB) = (EAEE% (mod 27)
b. 2(MAMB) =(OA,0B) (mod II)

6. Dinh ly 6.

Qua phép quay tam O, géc quay a cdc
diém A, B bién thanh cdc diém A’, B". Khi
do:

(HS, A B') = a(mod 27)
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(AB, A' B) = a(modr)
7. Dinh Iy 7.

Qua phép bién hinh f, cdc diém A, B, C,
D ldn luot bién thanh A',B",C’',D’. Khi do:

a. Néu f la mot trong cdc phép bién
hinh sau day: Tinh tién, doi xiing tdm, quay,
Vi 1, thi
(ﬁs, ﬁ)) s( AB,C D') (mod 27"

b. Néufla phép doi xiing truc thi:

(ATs,ﬁ)) E(C' D, A B') (mod 27"

(AB,CD)=(C' D, A B) (modr)

8. Dinh ly §.
Cho tam gidc ABC, cdc diéu kién sau la
tuong duong:
a. ABC cdntai A
b. (ﬁ ﬁ:) = (EAEQ (mod 27)
¢. (BA,BC) =(CB,CA) (mod II)
VI. Mot s6 bai tap ap dung.

Bai 56" 1. Cho tam gidc ABC déu, M thudc
duong tron ngoai tiép tam gidc ABC. MA,
MB, MC cdt cdc duong thang BC, CA, AB
tai A,, B,, C, . Chitng minh rang ton tai duy
nhdt moét  duong thdang tiép xiic voi cdc
duong tron duong kinh MA,, MB,, MC,.

Loi gidi. Cac ban tu vé hinh.
Tacé:(MC,, C,C,) =(MC,BA).
Ma (MC,BA) =(MC,MB) + ( MB,BC) +
+ (BC,BA)(modiII)

=(MB,BC )(modII)

=(MB,BC )(modII)

=(MC\,CAp)(modIl)
= C,A, la ti€p tuyén cua duong tron
(MC,Cy)
Va C,A, la ti€p tuyén cua duong tron
(MAA))
Va C,B, la tiép tuyén cta dudng tron
(MB,B,) = dpcm.
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2. Bai tdp 2. Cdc chdt diém A, B ldn luot
chuyén dong dong thoi trén cdc duong tron
tam O, va O, vdi vdn toc géc nhu nhau (
theo cing mot huong ). Chiing minh rang
dinh C cua tam gidc déu ABC ciing chuyén
dong dong thoi trén mot duong tron nao do.

3. Bai tdap 3. Cho tam gidac ABC, hai duong
thdang doi ximg véi AB va BC qua canh AC
cdt nhau tai K. Chitng minh rang duong
thing BK di qua tam duong tron noi tiép tam
gidc ABC.

“Nhitng phdt minh cua t6i duoc bdt nguon
tir dau w? Hoi téi con di hoc, cdc ban cua
toi luon hiéu rdt nhanh con téi thi khong
duoc nhu vdy. Vi vdy khi hoc vdn dé nao

thi t6i ciing phdi hoc tdp nhiéu hon va suy
nghi ldu hon cdc ban, tham chi nhiéu vin

dé vé sau nay téi moi hiéu. Béi ly do dé cho

nén cdc van dé toi thuong hiéu sdu hon so
vdi cdc ban. Chi cé vdy thoi”

- Albert Einstein —

4/‘ = |
P
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Tieu Chuin Rai Tu
TONG QUAT

BUILE VU
CHUYEN TOAN K01-04

Sy. Lép 04TT, Khoa Todn Tin, PHKHTN,
DPHQG TP Ho6 Chi Minh

NGUYEN THAI NGOC

CHUYEN TOAN K99-02
Sv. Lop PT8 — K48
Khoa Dién tit Vién thong
DH Bdch Khoa Ha N i

®

Ching ta di tiép xic véi rat nhiéu
phuong phdp, tiéu chudn tim gi6i han day so.
Bai viét nay toi xin dugc gidi thiéu mot tiéu
chuén hoi tu téng quat.

Tiéu chudn héi tu tong quadt:

Gid s voi moi s6 thuc n thudc tdp hop
cdc s6 tw nhién N, ¢, ,..., ¢,, la cdc so thuc
sao cho:

(i) limc, =0 vdi moi i.

n- o
(ll) G, :ZQn - C
i=1
n
(iii) k, = Y.|c.| la day bi chan
i=1
(néu c; khong am thi khong can diéu kién

nay)
(iv) limx, =x
nooo

n
Khi dé ta cé: lim le)qqn = XC.

Chitng minh. Do k_ = an|qn| la ddy bi chan,
i=1

gia su {kn} bi chan bdi k. Ta ¢6: v6i moi &€
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>0, do lim x, = X nén ton tai s6 tu nhién N

n-oo

sao cho:
& L. ...

X; —X‘<— voéimoii,j = N.
2k

M =Sup{| X— *, [l l\}.Tacéz

> (% =¥,

n

> (6 ~c,

2 (% =x)c,

i=N+1

+ 3 ~x

i=N+1

< +

Cl

N
<% -x
i=1

£
cal = NM/q,| + %

n
E . .
= Z|Cm| < NM.|qn| + —,v6imoin = N.
i=N+1 2
Do limc, =0 nén ludn ton tai N, > N

n - oo

& L .

sao cho: |Cin| <——,v6imoin = N,
2NM

Nhu vay, v6i moi & > 0, ton tai N, sao
n
Z()(I - X)Cin
i=1

chovéimoin =2 N, tacd <

E.

Suy ra lim y (x =x)c, =0

n
n
= Llfrl in c, = 'n'fﬂ Z XG,, = xc (dpcm)
=1 |:1
Mot cach chi dong, ta khai thac tiéu
chuén hoi tu tdng quét.

n-oo

L 1m 1 o
Xétday ¢, =—,n=1,2,...,taco limc,
n

n
=0,v6i moi i,va C, =) _ G, =1. Ta thu duoc:
i=1

Két qud 1:
“ Cho day so thuc {a,} hoi tu vé a. Vdi

n

moi n, ta dgt b, =Y g Khi dé day {b,}
i=1

ciing hoi tu vé a”
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tacéd limc, =0 véi moi

n-oo

Xét day ¢, _;

ivac, —an—l—zi Do d6 limc, =1.

=1 n-o

Ta thu dugc:

Két qud 2:
“ Cho day so thuc {a,} hoi tu vé a. Vdi

n .

moi n, ta dat b, = n_l.z 2 g Khi do day
i=1

{b} ciing hoi tu vé a”

Xétdiyc,= 2 tacé limc, =0 véi
n(n+1) n-e

moi i vac, = Z G, =1. Ta thu dugc:

Két qud 3:
“ Cho day so thuc {an} hoi tu vé a. Vi

n(n+1) Za

dé day {b,} ciing hoi tu vé a”

n-i

moi n, ta dat b = nt

Xét da = —F.
étday c, (n—i)!

Dé thay limc, =0. Lai c6:
n 2n—| B 2n—1 2'1—2
> = +

Z(n-i)! (n-1)! (n-2)!

Vay ta thu dugc két qua:

+..+1- €.

Két qud 4:

“ Cho day so thuc {Xn} trong dé
limx, =Xx. Khi do v, :z—_)gcﬁng
X— i=1 (n_ |)'

hoi tu va hoi tu vé ex”
Sau khi dung phuong phap dinh nghia va

thu dugc 4 két qua trén, toi da rat ra dugc
mot két qua mé rong.
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Két qud 5:

Cho cdcday s6 thuc {a,}, {b,}, {v,}, {u}
théa man cdc diéu kién sau:

(i) ima,=a

n- oo

(ii) limv,= oo, v, # 0 véi moi n.

n- oo

n
(iii) lim v,;lz U =1, vzt bi chan.
i=1

(iv) b=V 12u a

Khi doé, ta c6 lim b,=a

n-o o
Chitng minh. Pat ¢, =Vv'y. Do (ii) nén
limc, =0. Ciing theo gia thiét, ta c6:

n- o

C, —an—v Zq do d6 limc, =1. Hon

n- o

nita kn:2|qn|:2|q|\glla day bi chan.
i=1 i=1

Vay, diéu kién clia tiéu chuédn hoi tu tdng
quit da théa man va ta s€ c6 limb, =

n— oo

Bay gio chiing ta s& xem xét tieu chudn
ndi trén tong quét nhu thé nao nhé!

Tiéu chudn Stolz: Tiéu chuin nay thudng
duoc phét biéu dué6i hai dang twong duong
nhu sau: (cdc ban hdy tu chiing minh su
tuong duong nay xem nhu bai tap).
Dang 1:

Gid sww {x,} va {y,} la hai day s6 thuc sao
cho:

(i) {y,} la day tang va Linlyn = 00

Khi d6 lim—=
n-oo yn

Dang 2:
Gia st {U,} va {V,}1a hai day s6 thuc

sao cho:
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(i) V, >0 v6i moin va lim ZV =+

n-oo

(ii) IimUn =t
12 — =L
r'l—>ooV

n

U, +U,+..+U,
Khi d6, lim =t.
neeo VL +\, +..+V
Chitng minh:
U, v
bat X,=—, G, =———,i=1,2,..,n
VARV,
Ta 6 lmx =t va ¢ =>¢ =1
n=e i=1

limc, =0

n-oo

Theo tiéu chuédn hoi tu tong qudt, ta co:

lim Z)gqn = XC hay 1a:

n- o

] U1+U2 +..+U,
lim =
n-o V) +V, +..+V,

Tiéu chudn trung binh Cesaro.

Cho cdc day so thuc {a,}, {b,}, {v,} thoa
mdn cdc diéu kién:
(i) lima, = a, Iimb =D, b, > 0 vdi moi n.
(i), :—b”q+"+qa’
n

vOi moi n.

Khi do limv, = ab.

N o
Chitrng minh.

- bn+1—i
n

bat G, ,suyra limg, =0.

noo
n
. b
Hon nifa, ¢, =) ¢, =% —
i=1 n
qua 1, ta ¢6 limc, =b. Theo tiéu chuén hoi

n- o

nén theo két

tu téng quat, ta cd

n
limv = lim ¢ = ab.
fim v, = Iim > 2,

@hﬁng ta thdy ddy, chi can linh hoat
trong cach chon day {Cm} 12 chiing ta c6 thé

TAP SAN TOAN BOC - 2007 54

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

A

L

sdng tao ra duoc rat nhi€u bai todn. Sau day
moi cac ban lam mot s6 bai todn tuong tu coi
nhu bai tap trude khi két thic bai viét nay:
Bai tap 1:

Cho day s6 {x,} c6 gi6i han lim x, = x va

n— oo
o 1 g

cac so thuc a ¢§;a,b>0. bat :

o (i7+ai+b)”
yn_; n20+1

s6 {y,} khi n - o

X . Tim gi6i han day

Bai tap 2:

Day s6 {X,} c6 gi6i han lim x, = x.
n— co

Tim gi6i han clia cdc téng sau:

Shy

|1n

n I -1

b) Z—X khi n - o,

xkh1naoo

Bai tap 3:
Cho u,, ul a0 R. Vaday {u }thoé man:

n-o -0 n+

_/‘ -l
P

CHUVEN TOAN HOANG VAN THY
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g Dung Dinh Ly Stolz
rrone Tim Gidi fawn cia Déy 40

NGO NHAT SGN

CHUYEN TOAN K01-04
Sv. K49 Khoa Pién tu vién thong, PH Bach Khoa Ha Noi

binh 1y Stolz t6 ra rdt c6 hiéu qua trong B a, B 1
viéc tim gidi han cua day so0. Bai viét nay xin B T & = \/ a(a+1l)+a, - 1 '
giéi thieu mot so vi du thé hién tng dung 1+—+1
truc tiép ctia dinh 1y nay déi véi viec tim gidi , &
han clia day so6. Xét day: b, = n, tathay day (b,) tang va
' : - : 1
||mM: Iim—— =—.
L. Dinh ly Stolz. n-op o —hb onee 1 2
Cho hai day sé thuc (a,) va (b,) théa 1+§ +1
man: . .
)b, <b,<..<b Theo dinh 1y Stolz, suy ra dpcm.
i) lim b, = oo 2. Bai todn 2. Cho ddy so dwong (x,) thda
- 1
iii) lim 2”8 — ) man x,., =x + —,0n>1
noe bn+1 - bn %n
: . a L Xy
Khi do ta ciing c¢6 lim — = Chitng minh rang lim =1
n-te o n-te \/2n
IL. Mot s6 bai toan. Loi gidi. Tix gia thiét, ta co:

1
2 2
Xl = X +F+2,Dn21

n

1. Bai todn 1. Cho day so thuc duong (a,)

thoa man : Pat a, =, b,=2n. Khi d6 (a,),
>
n+1 a1+a + +an,|:|n—1 (bn) tangva bn — +00 Vé Xn — +00 .
N a -z
Chiing minh rang: lim — = 1 Talai c6:

; S thiv d ’ lim 2 =% = iy )6“1 X -
Loi giai Dé thidy diy (a,) tang va

ey~ Nt
a’,=a’+a,,0n>1,nén nI|rr+1man +00 1
Mat khac: . 2+E_
1—a,=a(a+])- 3 = Jim —==
:>(an+1_an)(\/m+ an)= Theo:inh ly Stolz 51)1(}2/ ra:
=a,(a,+1)- & lim r=1= lim o~ =1.

n
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3. Bai todan 3. Cho ddy (x,) xdc dinh nhw
sau:

i)0 <x,<l

i) X, = X,(1-x,)

Chitng minh rdng:

a) lim nx, = 1.

. nll-n
b) lim M=1
n-+e o nn
Loi gidi.
a) Ta c6: x,,, = x,(1-x,) va 0 < x,<I nén
xn¢o,:>i—i: 1 ,n=20
Xy X, 1—X,
5 1
bata,=n,b,= —
X,

Dé dang chiing minh dugc (x,) giam va
- 0 nén b, — +oo. Vay, theo dinh ly Stolz,

an

taco lim nx, = lim — =1.
n - +oo n - +oo bn
b) Taco :

|im(1+1j — e= lim |n(1+1j -1
N +oo n n_ +oo n

Theo két qua phan a) ta c6:

X,
lim 2 =1 |im 1"—‘*1:1
e
n
11,

m Xn+1 Xn =1
n-+|n(n+1)—Inn

1—(n+1)—(1— nj
% -

= lim 2 =1
N +eo In(n+1)-Inn

1
bat a, =—-nva b, =Inn, ta c6 ngayday

(b,)tang va b, — +oo
. a . a,-a
= Ilmb—”: lim — =1

n-te n -t bn+1_bn
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Bai toan dugc giai quyét. Sau day la mot s6
dé bai d€ cac ban tu luyén:
Bai tdp 1. Cho day (U,) xéc dinh nhu sau:

-1

U,>0,U,,=U,- € ,0n0ON
Chimg minh ring limUZInn=1.
n - oo
Bai tdp 2. Cho day (U,) xac dinh nhu sau:
U():3, UrH—] = UI’? _Z,Dn[l N

n-1
Tinh JLTWZ’DUi

Cué)'i clung, rit mong qua bai viét nay cac ban
s€ ¢6 nhiéu kinh nghiém khi giai céc bai toan vé
gi6i han.

“Néu nhu toi da phdt hién nhitng chdn ly
moi mé nao do trong Khoa hoc thi téi co
thé khdng dinh rdng tdt cd cdc chdn ly do
déu, hodc la nhitng hé qud truc tiép ciia
ndam hay sdu bai todn chu yéu ma toi da
gidi duoc, hodc tity thuéc vao cdc bai todn
do va toi xem chiing nhu nhitng cuoc chién
ddu trong dé niém vui thang loi thuéc vé
t6i”

- Decartes -

—
AN
/—J
UYEN TOAN HOANG VAN
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BAGDING QA NOTBATTOAN TONG QUAT

NGUYEN HA THUAT

CHUYEN TOAN K01-04
Sv. Lop Tin 6 — K49, Khoa CNTT, PH Bdch Khoa Ha Noi

Da thic 1a mot mang toan hay va khé
trong chuong trinh todn trung hoc phé thong.
Chinh vi thé n6 thuong duogc khai thac trong
céac dé thi Hoc sinh gidi trong, ngoai nuge va
mot s6 khu vuc. D€ 1am ting thém vé dep
clia mang toan da thic, trong pham vi bai
viét nay toi xin trinh bay vé mot bai toian da
thiic téng quat, ¢6 nhiéu tng dung.

I. Bai toan goc.

Cho P(X), Q(X, H( X la cdc da thiic thoa

mdn diéu kién:

i) P(X), Q(X, H(R cd cdc hé so thuc.

ii) Min{degP x);dedQ Q(})Z , trong do ky
hiéu deg chi bdc cua da thiic.

iii) Max{degP (x);degQ (x) = degP+ Q

Khi dé, voi moi s6 nguyén duong k, ton
tai khong qud mot da thitc hé so thuc f(X)
c6 bdc k, c6 hé sé bdc cao nhdt bang 1 va
théa man dong nhdt thiic

F(P(x). £(Q(X) = fF(H(X) (1)
Chitng minh. Gia st f(X) 1a c6 bac k thoa
man diéu kién dé bai va @(x)la da thic c6
bac bé hon k. Ta s& ching minh rang: Néu
da thic (f +¢) thdéa man (1) thi da thic
@(X) phai dong nhat vé6i da thic khong.

That vay, goi a, b, ¢ 1an lugt 1a hé s6 bac
cao nhét cua P(X), Q(X va ¢(X).

bat degH k)=h, degP (x)= p=1 va
degQ(x)=qg=1 Khi d6 tr (1) =
degH X)= ded® &k > ded kX, hay Ila
h= p+q. bat degg x)=I1thi 0<l<k-1.
Vi gia thiét f(x) va (f +¢@)(X) déu thda
man (1) nén ta c6 cidc dong nhat:

F(P(x). F(Q(X) = f(H(X)va
(f(P)+4(P).(f(Q+a(P)= f(H)+g(H)
Tur day suy ra
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f(P).o(Q+ f(Qo(P+a(PP(Q=¢(H)
(2). Bay gio ta so sanh s6 hang c6 bac cao
nhat & hai v€ cua (2). Ta thay:

deg{f P (Q} = kp+ Ig

deg{f Q)¢ (P} = kg+ Ip

deg{¢ P )¢ Q} =Ip+lq

deg{¢ H } =lh=Ip+lIq

Bic cla da thic vé& phai 1a | (p+q), con
clia v€ trai la Max{ kpt Ig kgt Ip [ pt+ Q} .
Do d6, néu p# qthi hién nhién ta c6 bac
ctia v€ trdi 16n hon v€ phai.

Néu p=(qthi xét hé s6 cao nhat hai vé&
cta (2): Dé thdy hé s6 bac cao nhat cta v€
phai 1a c(ab)' trong khi cha vé& trdi la
c(ap)' =dab) (& + b'). Luu y Ia tir diéu
kién iii) cua gia thiét ta c6 a# —b, nén tu
trén ta c¢6 mau thudn. Dan dén
@(X) =0(dpcm).

I1. Mot so bai toan hé qua.
Bai 1. Tim tdt cd cdc da thiic f(X) thda
man £2(x) = f(x®),0x0 R(3)
Loi gidi. Néu degf (k)< 1 Ta co
f(x)=0,0xOR
{ f(x)=1L0xOR

Néudegf x)=n= 1 Ta thdy f(x)=Xx"
la da thic thoéa man (3). Ta chiing minh
f(X) ton tai duy nhat v6i méi nO N . That
vay, gia st ton tai da thic @(X)thoa man
diéu kién O<degp &k)=k<n va (f +¢)
thdéa man (3). Thay vao (3) ta c6:

P () + T2 +28(x) F(N=¢*(R+ (R
= 2 (X +2¢(x) F()=¢*(¥ (OXxOR)

So sanh bac hai v€ ta thay bac cua vé trai
la n + k 16n hon bac cua vé phai la 2k
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= dpcm. Vay tat ca cac da thdc can tim 1a
f(x)=0,0xOR
f(x)=1L0xOR
f(x)=x",0x0R
Chit y. Ngoai céch giai trén, ta c6 thé gidi
quyét bai toan theo huéng khac nhu sau:
Xét khi degf k)=n=1 Gia su
f(X)=g,X'+aX"+..+ 3, % a,(3%0)
Goi k 1a s6 nguyén duong nhd nhit thoa
man g, Z0
= f(x)=g X + g X “+..+ a_ % a. Thay
vao (3) suy ra ngay a,=1. Mat khic, so

sainh hé s6 cia X" cha hai v€ ta c6
28,3 =0= a =0.
Vaya,=a,=..=4=0
= f(x)=gX=X.

Bai 2. Tim tdt cd cdc da thicc f(X) thoa
man f(X).1(2x%)= f(2¥+ x),0xJ K4)
(Dé Du tuyén Quoc té'1979)
Loi giai. Néu degf (k)< 1 Tacé
f(x)=0,0xOR
{ f(x)=1,0xOR
Néudegf (x)=n= 1 Trudc hét ta ching
minh f(X) khong c6 nghiém thuc. That vay,
gia st
f()=axX+gx"+..+3,% a,(3#0)
Thay f (X) vao (4) va so sanh hé s6 cao
nhat, hé s6 tu do clia hai vé dang thic vira
nhan dugc, ta co:

a) =4, o
{85.2” :ao.2n:> {aﬂ =0.
a, =1
Néu a, =0, viét
f(X)=xX.g(X, A R0 F
Thay vao (4) ta c6

x.(2¢) .9(0.9(%)= 2%+ ¥ d2 %+ 3

, v6i moi XU R=

(22¢)".g(x).9(%)= (2% + 1f g2%+ %,
v6i moi XU R.
Chox=0=g(0)=0,voly.
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Véi a, =1, gia sit X, la nghiém thuc
(khac 0) cua f(x). Tu (4) suy ra day so don
diéu vo han sau day déu la nghiém cula

f(X): X, =2X +% v6imoik=0,1,2, ..
D6 1a diéu vo 1y, thanh thir  f (X) vo nghiém
thuc. Ching to f(X) cé bac chan (vi da thic
bac 1é luon ludén c6 nghiém thuc).

Bay gi¢ ta tim tat ca cac da thic f(X) c6
bac chan 2n thoa man (4).

Nhan thay rang da thiic

f(X) =(X2 +1)n ,0x0 R thoéa man (4). Ta sé
chiing minh véi méi n thi da thic f(X) nhu
trén 12 duy nhat. Gia st ton tai da thiic F(x)
¢6 bac 2n nhung khac f(x) = ( X +1)n , thoa
man diéu kién (1).

Phan tich F(x)= f(X)+ g(® trong d6
0O<ded g (} = k< 2n. Thay vao (4) ta c6:

F(X).F(2x*)= F(2X+ x),0xJ R
= (f+9(¥).( f2R)+ g2%))=
= f(2¢+x)+g(2X+ »,0x0 F
= g(x).f(2x)+ g(2xX). f(R+
+g(X).9(2¥)= g2X+ ¥0X1 F.

So sdanh bac ¢ hai v€ cua dong nhat thic
trén ta thiy bac cla v€ trdi 1a 2n + k trong
khi bac cua v€ phai 1a 3k < 2n + k. Mau
thuin nhan dugc ching té khong ton tai da
thic thiic F(x) c6é bac 2n nhung khic

f(x) = (% +1)" déng thoi thoa mén (1),

Vay tat ca cac da thic can tim la:

f(x)=0,0x0OR
f(x)=1L0xOR

f()=(x+1)" ,OxOR
Dé hiéu sau thém vé bai todn téng quat
trén, moi cac ban 1am mat s6 bai tap sau:
Bai tdp. Tim tdt cd cdc da thitc ¢6 hé so thuc
f(X) thoa man:
a) f3(x-2)=f(x¥*-2),0x0R
(Dé thi Hoc sinh gioi Acmenia 1996)
b) f(x).f(x-1)= f(X),0x0 R
(Dé thi Hoc sinh gioi Ai xo len 1997)




Tip Duot
SANG TAO

DANG PHUNG HUNG

CHUYEN TOAN K02 — 05
Sv. PH Kinh té Quéc din Ha Noi

&2 hong nging phat trién va sang tao sau
moi bai todn 1a mot di€u can thiét v6i moi
hoc sinh yéu todn. Niém vui s€ tang lén khi
cac ban tim duoc nhiing két qua méi mé tu
bai todn vira giai xong. Dudi day la mot vi
du ma to1 da hoan thanh. Xin gi6i thiéu cung
ban doc:

Bai toan goc (Bai toan con nhim) .

Cho tam gidc A,AA;. Goi M la diém bdt
ki nam trong tam gidc A,AA;. MM, M, la
cdc diém thod man MM, MM,, MM, lan lvot
vuong goc va bang AA,, AA,, AA;. Pong
thoi cdc tia MM,, MM,, MM, ldn luot cdt
cdac duong A;A,, AA,, AA, . Ching minh
rang:

o - M-

- -
MM,+MM,+ MM, =0
Loi gidi. Truée hét ta nhic lai 2 tinh chét co
ban cua phép quay vecto :
- Néu a+b = cihi
@[e)=erla)er(c)
- QG(AJ:E) . A:E)
Ca hai tinh chat trén ding v6i moi goéc
quay a .
Trd lai bai toan. Xét phép quay
, M- o - m -
QY (MM, + MM, + MM )=
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, M- , M-
Q% (MM,) +Q* (MM,) +

90 - - - M- -
+Q" (MM) = AA+ A A+ AA =0

Tir d6, theo tinh chat 2 ta cé ngay diéu
phai chiing minh.

Bay gio ta s€ mo rong bai toan.
I. Mo rong cho tam giac.

Nhan thdy 2 diéu ring:

A=0 = kA=0,0k#0

Q°(A)=0 = A=0,0a

1. Bai toan. Cho tam gidc A/AA; va M la
diém thuoc mién trong tam gidac. M,, M,, M,

, 00- 00-
la cdac diém thoa man | MM, AA

(i, ) [ AR -o
va MM, = MM, = MM, = k .Chting minh
AR AA AA

- - -

ring: MM, +MM,+ MM , = 0

Loi giai. Xét phép quay vecto:
, M- - m-
Q% (MM, + MM, + MM ,)=

1 2 3
I - —

- S(AA+ AA+AR) =0

2. Hé qua.
Tir bai todn trén, ta c6 thé suy ra cic bai toan
sau:

2.1. Hé qud 1. Vi M la trong tdm tam gidc
thi:
M - M-

MM, + MM, + MM, =0
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2.2. Hé¢ qud 2. Vi i;,i;,i; la cdc vecto don

M- M-

-
vi lan lugt cung huong voi MA,MA,, MA, .
Khi dé:
i, SiNOM ,MM , +i , SitM MM _+
+ i, SiNM,MM , = 0

Chitng minh. Tur A,, A,, A, lan luogt v€ céc
duong thang vuong géc véi MA,, MA,, MA,
va chiing cat nhau tai B;, B,, B;. Theo bai
toan “con nhim”, ta co :

i, B,B, +i,B,B, +i,B,B, =0

o iﬂlsinB1 +i;sinB2 +i;sinB3 =0
Twr d6 suy ra dpcm.
2.3. Hé qud 3.
- M- - -
Sama, AM+ Sy ya AM+ S,y AM =0
Hé thic nay dugc chiing minh tr Hé qua
2.1. Tu day ta suy ra:

- M- M- -
OAsin2A+ OBsin2B+0OCsin2C =0
v6i tam gidc ABC nhon va O la tam dudng

tron ngoai tiép tam giac.

m- M- M- -
alA+bIB+clIC =0 véi [ la tam

duong tron nodi tiép tam giac.

I1. M6 rong bai toan cho da giac.

Cho da gidc AA,..A,. M 7ld diém nam
trong da gidc. M; la cdc diém thoa man:
(MM, AA) =(MM,, AR )= .. =
= (M—Mn,m) =a va

MM, MM, MM

AAAA T AN

Chitng minh rdng:
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Chitng minh. Tuong tu phan trén nén xin

danh cho ban doc coi nhu bai tap két thic
bai bdo nay.

Béng niém say mé, ham thich hoc tap va
sang tao, toi xin chic cac ban s€ tim dugc
nhiing két qua dep tir nhitng bai toan dau.

Khong cé chién thang nao vinh quang hon
la chién thdng chinh bdn thdn minh.

-V..LeNin-

4/‘ - |
P

CHUYEN TOAN HOANG VAN THY
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(b

Vin dung dinh lyj Sdch Gido Khoa
J Sk Aeat

TRINH ANH TUAN

~ CHUYEN TOAN, K2001 — 2004
Sv. Lop O Té - K49, Khoa Co Khi - DH Bach Khoa Ha Néi

C4c ban than mén !

Viéc doc va thudc dinh 1y sich gido khoa
qua that 12 dé dang. Song dé tng dung nd
mot cach t6i uu thi qua that 1a khé khan. Sau
day toi cing ban tim hiéu mot vai vi du dé
thay diéu do.

Ai ciing biét trong tam cua tam giac la
giao diém clia 3 dudng trung tuyén, 1a diém
chia trung tuyén theo ti s6 1 : 3 ... Nhung,
dé 4p dung vao bai todn sau day, phai that
“khéo 1é0™:

1. Bai todn 1. Cho AABC va G la trong tdm

ciia tam gidc dé. Mot dwong thdng bdt ky di

qua G cat AB, AC ldn luot tai H va K .
AB _

Chitng minh ra°ng£ +—=
AK AH

Loi gidi.
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Ky hiéu S(XYZ) 1a dién tich cua tam giac
XYZ, ta co:
1

S(AHOG) _ E AH.AGSINHAG

S(ABI) ;.AB.AI sinBAI

_AH AG
AB " Al

Tuong tu nhu vay:
S(AGK) _ AK AG

S(AIC) AC Al
S(AHK) _ AK AH
S(ABC) AC AB

Ap dung cic déng thic vira thiét 1ap & trén,
(2 co: S( AHK) _ S AHG N $ AKE
S(ABQ 2§ ABE 2 §& AB(
~ 2AK.AH _ AH'AG+AKlAG
AC AB AB Al AC Al
AC+ AB=2. Al _3
AK AH AG

=4

Bay gi0 ta xét bai toan khé hon sau:

2. Bai todn 2. Cho tir dién SABC voi G la
trong tam cua tir dién dé. Mdt phdng (P) qua
G cdt AB, AC ldn luot tai H, K. Chitng minh
4_V(ASHR 1

9 V(ABCD) 2

O day, ky hiéu V chi thé tich cua ti dién.

rang:

Loi gidi.
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Tu Bai toan 1 trén, ta co A—C +ﬁ =3

AH

pat 2o =2 pcr<n= o231,
AK X AH

Dé y la‘lﬁzl nén x Sl. St dung cong
AH 2

thic tinh thé tich cho cdc t dien SAKH va
SABC va v6i chd y: Hai t& dién nay c6 cing
duong cao ha tir dinh S tuong tng, ta dugc:

1

V(SAKH) _ S(AKH) _ 5.AH.AK SINA

V(SABQ S(ABC) 1 \pacsina

N

_AH AK _ x X

" AB'AC 3x-1" 3x-1

2

bat f(x)= va xét su bién thién

1 o L (1 <
cua ham so nay trén mién (E ;].J ta dé dang

4 1 ’
c6 dugc §S f(X) SE’ tr d6 c6 dugc két
qua cua bai toan.

3. M6 rong bai 1.

Cho tw dién SABC vdoi trong tam G. Mot
mdt mdt phdng (P) bdt ky di qua trong G cdt
cdc canh SA, SB, SC ldn luot tai A’, B’, C.

SA SB SC
+ + =4
SSA SB SC

Chitng minh rang:

Loi gidi.
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Gia st SGn MR ABGQ = G. Tuong tu
nhu Bai toan 1, thong qua mot két qua quen
biét vé ty Ié thé tich cha hai hinh chép tam
gidc hinh thanh trén cuing mot géc tam dién,
ta thié€t 1ap duoc céc ty 1€ thic sau:

V(SABQ _ SA SB S

V(SABG) SASB St
V(SACQ _ SA SC S
V(SACG) SASC St
V(SCBQ_ SC SB S
V(SCBG) SCSB S(

V(SA B C)_ V(SA B Q+ V(SAC (3+
V(SABQ AV (SABG) 3V (SACG)
N V(SC B Q
3V (SCBG)
SA SB SC
= + + =4
SSA SB SC
Bai todn dugc ching minh.

4. Bai todn 3.

Cho hinh hop ABCD.A’B’C’D’. Chiing
minh rdang duong thang AC’ di qua trong
tam ciia tam gidc A’BD va diém nay chia
doan thdang AC’ theo ti s61: 2.

Loi gidi.

(Xem hinh v€ trang sau)
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B C
0
|
!
A= o D
i
=)
l,I'IB‘ I .
L7l et ol o
£ ,..-r"'r
7 -
Y -
£
A D

Ky hieu O=BDn AC I= ACn AC. Ta

c6 10__AQ 21. Ma O la trung diém cua
A" A'C' 2

BD nén suy ra I 1a trong tam cua tam giac

A’BD.

Tu Bai toan 3 1a mot bai toan don gian c6
trong sach gido khoa, néu linh hoat mét chut
ta s€ ching minh dugc bai todn kho trén tap
chi Todn hoc va Tuéi tré sau:

5. Bai todn 4.

Cho tit dién ABCD va mét diém M bdt ky
thuéc mdt phdang (BCD). Qua M ké cdc
duong thdang MA, song song AB cdt mqt
phdng (ACD) tai B,. Cdc diém C,, A, duoc
xdc dinh tuong tw. Chitng minh rang duong
thing AM di qua trong tam cia tam gidc
A,B,C,.

Loi gidi.

Dé thay M, A, A,, B,, C, cling thuoc mot
hinh hop. Trong d6 M va A & hai phia doi
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nhau qua mat phing (A,B,C,). Vay, 4p dung
bai todn trén ta ¢ ngay diéu phai ching
minh.

Sau day la hai bai tap danh cho ban doc

Bai tdp 1.

Gid su G la trong tam cua tir dién ABCD
va M la mot diém bdt ky thudéc mdt phdng
(BCD). Qua M dung duong thdng song song
véi BG cdt mdt phang (ACD) tai B,. Tuong
ty xdc dinh cdc diém C,, D,. Chitng minh
rang duong thang MG di qua trong tdm clia
tam gidac B,C,D,.

Bai tdp 2.
Cho tir dién SABCc6 cdc canh SA = a, SB
= b, SC = c. Mot mdt phdng bdt ky (P) di
qua trong tam G ciia tit dién cdt SA, SB, SC
tai D, E, F tuong ting. Tim gid tri nho nhdt
ctia biéu thiic:
1 + 1 + 1
SO SE SE

Tu cac vi du trén ta thdy néu biét van
dung linh hoat, chinh xdc va thém mdt chut
sdng tao thi toi tin chic ring cdc ban c6 thé
giai dugc ratnhiéu bai toan kho khac nhau.

Chic cac ban ngay cang hoc t6t mon
toan!

Khong cé viéc gi kho
Chi so long khong bén
Dao nii va lap bién
Quyét chi at lam nén

-Hé6 Chi Minh -

AT
y)

CHOVEN TOANHOANG VAN THU
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TAM TI ClU CHO T DIEN

HOANG AN GIANG

CHUYEN TOAN K01-04
Sv. Lop Pién ti 4 — K49, Khoa Pién tu Vién thong - PH Bdach Khoa Ha Noi

¥EXXXXXAXXEXXEXXIXXXXAXXXXXXXXXXX XX

Trong hinh hoc phéng, dic biét 13 trong
tam gidc, khdi niém tam ti cu va mot s6 tinh
chat clia né 1a mot cong cu dé giai todn rat
hay, nhit 1a nhitng bai toan lién quan t6i viéc
tinh do dai khodng cach gitta mot s6 diém
dac biét trong tam gidc.

Bai viét nay s€ mo rong van dé trén cho
truong hop ti dién.

I. Khai niém va tinh chat cua tam ti cu
trong tam giac.

1. Dinh I 1.

Cho 3 dlém A, B, C khong thdang hang va
3 50 thuc x, y, z thod man X+ Yy+ z#0. Khi
dé ton tai duy nhdt diém M sao cho :

xMA+ y.MB+2zMC =0

Piém M nhuw vdy duoc goi la tam ti cu
cia 3 dlém A, B, C iing véi bo so'(x, y, z).

2. M6t 56 tinh chat.

a. Cho tam gidgc ABC va G la trong tdm
tam gidc . Khi doGA+GB+GC=0.

b. Cho tam gidac ABC va I la tam duong
tron ndi tiép tam gidc. Pat AB = ¢, BC = a,

CA =b. Khi dé ta cé6 alA+bIB+cIC = 0.
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Ta c6 thé khai quat 2 tinh chét trén nhu sau :

Cho tam gidc ABC va M la mot diém bat
ky nam trong tam gidc. Ddt S, = Sypc , S, =
Suens S, = S, Khido :

_—

S,.MA+S, .MB+S_.MC =0
II. M6 rong van dé cho tir dién.
1. Dinh Iy 2.

Trong khong gian cho bon diém A, B, C,
D khong dong phdng va cdc so thuc x, y, z, t
thod man X+ y+ z+ t£ 0. Khi dé ton tai duy
nhdt mot diém M sao cho

XMA + y.WB + z.M—C +t.MD = 6 ().

Chirng minh. Ta c6 :

XxMA+ y.MB + zMC +t.MD = O
= XMA+ y(MA+ AB+
+ z(MA+ AQ + t.(MA+ AD) = O
= (X+y+z+ D.VA+ y—I\/TAIr
+ ZAC+ tAD= C
A= y.AB+zZAC+t.AD

X+y+z+t

= Luon ton tai M thoa man (*)




DHAN [ - SANG TAO TOAN HOC.

Bay gio ta ching minh M la duy nhat.
That vay, gid sl ton tai diém M’ khic M
thoa man (*) khi do:

O = xMA+ y.MB +zMC +t.MD

= ~(xM"A+ yM B+ zZM G+ tM'

=(x+y+z+1t)MM'
Vix+y+z+tZ0nén MM' =0

= M’ =M. Vay ton tai duy nhat M thoa man

(*). Diém M thoa man dinh 1y 2 dugc goi 1a

tam ti cu cla td diém A, B, C, D theo bo so

(x,y,2,1).

2. Tinh chdt.
Tuong tu nhu trong tam gidc ta ching
minh duoc tinh mot s6 tinh chat sau:

a. Cho tir dién ABCD va 1 diém M bdt ky

ndm trong tir dién.
batV,=Vysep  V,

V.= Viusc Khi dé :

V, MA+V, MB+V,.MC +V,.MD = O

=Vucan V. =

Vias:

b. Cho tir dién ABCD va G la trong tam tir
dién. Khi do :

GA+GB+GC+GD=0

Hé qud Vi M la diém bdt ky ta luon cé:

4MG MA+ MB + MC + MD
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c. Cho tir dién ABCD va I la tdm mdt cdu noi
tiép tir dién. Khi do :

S,IA+S,IB+S.IC+S,ID=0
trong dé S, S, Q, Slan luot la dién tich
cdc tam giac BCD, CDA, DAB, ABC.

III. Ung dung dé tinh khoang cach giira
cac diém dac biét trong ti dién.

Ta ky hiéu G, H, O, I lan luot 1a trong
tam, truc tam (néu cd), tam mat cu ngoai
ti€p va ndi ti€p tit dién ABCD. bat AB = a,
BC=b,CD=c,DA=d,AC =e¢,BD =f.

e Tinh OG: Ta c6

—_—

40G = OA+ OB+ OG+ OL

= 160G* = O + OB+ OC+ OO+
+2 Y OAOB=
AB,C,D

=OA’+ OB+ OC+ OO +
2 3 (R-q)

=R2—%(a2+ R+ E+ P+ é+ fz).

Bing cédch tuong tu, ta tinh dugc cac két qua
sau:

> s54
OIZ - Rz_a,b,c,d,ef

N2
2.)
a,b,c,d,g f

HG? = R*- a
16ab;ef

OH?=4RP-T. DI §
a,b,c,d,g f

DPay chi 1a mot ng dung cla tam ti cu cho
ti dién. Rat mong cac ban ma& rong va khai
quét van dé nay thém nita!
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PHUONG PHAP LOGIC MENH DE

PHAM PHUC LAN

CHUYEN TOAN K01 — 04
Sv. Lop TDH3 — K49, Khoa Dién, DH Bdach Khoa Ha Noi

Légic suy luan la dang toan chua dugc
khai thiac nhiéu trong cdc dé thi hoc sinh
gioi, ¢6 1€ vi trong ndé mang ca ngudn goc,
nén tang clia su phét trién todn hoc nén viéc
phat trién né chi dugc thé hién qua nhiing
van dé khac. Phuong phép logic ménh dé c6
thé gitip ta dé dang mot s6 bai todn phiic tap
doi hoi tu duy nhung né cling doi hdi ban
phdi ¢6 nhitng hi€u biét nhét dinh vé van dé
nay.

I. Mot s6 van dé vé phuong phap logic
ménh dé.

1. Nguyén tac gidi toan.

Phuong phédp 16gic ménh dé sir dung céc
phép todn logic nhu: tuyén, hoi, kéo theo, ...
dé suy ra két qua.

2. Quy trinh gidi todn.

Gom 3 budc:
a, Budc 1: Chon céc bién ménh dé thich hop,
biéu dién cdc ménh dé clia bai toan qua cic
bién va dién dat thém mot s6 quan hé.
b, Buéc 2: Dung céc phép suy luan logic dé
suy ra cac gia tri cta bién.
¢, Bude 3: Két luan cdc ménh dé.

3. Nhdc lai cdc phép todn va mot sé cong
thitc hay st dung.
a, Cdc phép todn tuyén, hoi, kéo theo.
Cho 2 ménh dé A va ménh dé B. Khi dé
ménh dé:
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Meénh dé “A va B” 13 hoi clia 2 ménh dé
A va ménh dé B. Ky hiéu: A”B.

Ménh dé “A hodc B” 1a tuyén cha 2
ménh dé A va ménh dé B. Ky hiéu: AvB.

Meénh dé “A kéo theo B” 1a phép kéo theo
ctia 2 ménh dé A va ménh dé B.

Ky hiéu: A — B.

b, Mot s6 cong thiic thuong sut dung:

TruGe hét ta can quy dinh:

A :1a pht dinh clia ménh dé A.

A=1: Biéu dién cho ménh dé A c6 gid tri
chan i ding.

A =0 : Biéu dién cho ménh dé A c6 gid
tri chan If sai.

A = B : Biéu dién cho 2 ménh dé A va B
¢6 gié tri chan li nhu nhau.

Cdc cong thirc:

A- B=AOB

AO(BOC)= A0 BO AJC

AOBOC=(ADBO(AIQ

AOB= AOB
AOB= ADB
A~ B= AOBO AL B
AO(AOB) = A
AO(AOB) = A
AOB=BOA
AOB=BOA

AO(BOC)=(ADBOC
AO(BOC)=(ADBOC
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AOA=A

AOA= A

AOA=1

AOA=0

A=A
I1. Mot so bai toan.
Badi todn 1. Ba ban An, Binh, Vinh ngoi lam
bai xung quanh mot chiéc ban. Cdc ban da
lam d6 muc ra ban. Khi thdy gido hdi 3 ban
trd loi nhu sau:

An néi: Vinh khong lam dé muc, dé la do
Binh.

Binh néi: Vinh lam doé muc, An khong
lam.

Vinh néi: Binh khong lam do muc.

Trong 3 ban c6 2 ban noi sai con 1 ban
néi ding. Hday tim ra nguoi lam do muc.
Loi gidi. Ky hiéu: a 12 ménh dé “An lam do
muc”, blaménh dé “ Binh lam do6 muc”, ¢
1a ménh dé “Vinh lam dé muc”. Ta c6:
A=clb
Binhnéi: B=allc
Vinhnéi: C=5b
Vi 2 trong 3 ménh dé trén la ding nén:
T=A0B=cObl d a1
H=AOC=cObOb= dl b=1
K=BOC=cOalb=1
T=K=H-=1
TOKOH=1
= (cObOcOcObd W] d & & ¢
OaOb)O(cO0adh=1
- (cObOcOadhO(cd &l h=1
= (cObOcOald cd b0 HI ¢ & -
DalcOalblb=1
= cOaOb=1

c=1

An noi:

- Ja=1
b=1
Vay: An khong lam do muc.
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Binh khong lam do muc.
Vinh lam dé muc.

Bai to4n trén c6 thé gidi duoc bing phép
suy luan truc ti€p, song phuong phap nay
gap nhiéu khé khan khi giai cac bai todn c6
s6 luong ménh dé 16n nhu bai todn sau.

Bai todn 2. Bon ban Hung, Nhan, Nam,
Tdam quyét dinh di du lich ¢ 4 dia diém khdc
nhau: Ha Long, P6 Son, Sam Son, Hji An.
Ho cung thod thudn:

1, Néu Hung khong di Ha Long thi Nam
khong di Bo Son.
2, Néu Nhan khong di Ha Long va Hoi An
thi Hung di Ha Long.
3, Néu Nam khong di Hoi An thi Nhan di
Sam Son.
4, Néu Tam khong di Ha Long thi Nhan di
Ha Long.
5, Néu Tdam khong di Ha Long thi Nhan di
Ha Long.

Hoi 4 ban sé di du lich ¢ ddu?

Loi gidi. Chon cac bién ménh dé nhu sau:
Hung di Ha Long: 3,
Nhan di Ha Long: b
Nhan di Ho1 An: b,
Nhan di Sam Son: b,
Nam di Hoi An: ¢,
Nam di D6 Son: ¢,
Tam di Ha Long: d,
Tam di Do Son: d,
Nam thoa thuan cta cac ban la:
M=a - ¢g=30g
N=(ROR)- a=bhOpOa
H=c, - b=cOh
P=q - ph=d0b
Q=d, - h=d b
Vi huéng di dugc ca 4 ngudi nhat tri nén:
MONOPOHOQ=1

Ta co:
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N=(a0g)0(bORO )=
( b)O(a0R)0(a0 a)0
O(cs OR)0(6 0k ) OGO b)
(a0b)0a0(q 0b)O
D((_:d Dbn) (cdDa)

a O(ca 0B)0(g OR)
MONOH =
[aID(EdDb)D(gmq)}D
O(c, Ob,)
=(a 0g) 0(a00) 0 g0 b0 g0 ¢0 |7 B
=(3 0g) (a0 g Db ¢

(a Og)O aDQ)

(c Oh Og)dOh
=(a 06 0d)0(a0¢0b)0
(a0h0d)0(a0g0b)0
(a0b0d)0(a0R0p)0
(c,0b 06 0d)0(g0bO g0 b
=(c,Op Og)
Vi MONOHOP=1
Nénc, Oh Og =1

¢, =1
=i =1

G =1
Vay Nhan di Ha Long, Nam di Hoi An

Theo ménh dé 5: Tam khong di D6 Son
nén Tam di Sam Son, Hung di D6 Son.

MONDOH DP—[

I11. Bai tap tu luyén:

Bai tap 1. Thanh lap doi bong truong THPT
Chuyén Hoang Vdan Thu co 10 ban tham gia
du tuyén. Cu thé'la:

Lop 12 Toan c6 cdc ban: Vi, Son, Ldn,
Tdm, Thién.
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Lop 12 Tin ¢é cdc ban: Hoa, Tudn Anh,
Hung, Minh, Trung.

Hai l6p dua ra cdc yéu cau nhu sau:
1, Lop 12 Todn khéng chdp nhdn Tudn Anh
va Minh cing duoc vao doi tuyén.
2, Lop 12 Tin yéu cau Vii va Thién khong
cung duoc tuyén.
3, Ldp 12 Todn yéu cau: Trung khéng duoc
tuyén néu Tudn Anh va Hoa cung duogc
tuyén.
4, Lop 12 Tin yéu cau: Néu Tudn Anh duoc
tuyén thi Lan va Thién phdi ngoi trén khdn
dai.
5, Néu Trung khong duoc tuyén thi Tdm
ciing phdi ngoi nha.
6, Son sé tir gid san co néu Trung duoc da.
7, Néu Ldn duoc dd thi Hung sé nghi.

Sau 15 phiit suy nghi thay Truc da chon
ditgc 6 ban vao doi tuyén ma khong lam cdc
ban bdt hoa.

Hoi thay Truc dd chon ai ?

Pdp so0: Ldn, Vi, Tam, Hoa, Minh,
Trung.

Bai tdap 2. Nam ban Vi, Lan, Thinh, Son,
Tién dd bong trong nha da chitc nang mot
trong 5 ban da da vé cua kinh. Khi thay Phii
hoi cdc ban dd trd 1oi nhu sau.

Vii: “Chi c¢6 thé la Tién hodc Son lam
vol”

Tién cdi lai:
kinh”.

Son: “Cd hai ban trén déu néi sai!”’

Lan: “Khong! mot trong hai ban trén dd
noi ding!”.

Thinh: “Ldn a, Ban noi khong diing! .

Mot cdch tinh co, thdy Phii da biét duoc 3
trong 5 cdu ndi la diing. Sau 15 phit thdy
Phii da tim ra Son dd da vé kinh. Hoi thdy
da suy ludn nhu thé' nao?

“Em va Thinh khong lam v&
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VA (NG DUNG QA PHEP GITEU

NGUYEN LAM TUYEN
CHUYEN TOAN K99 — 02
Sv. Lop Diéu khién Tu Pong 1- K47
PH Bdch Khoa Ha N¢i

Trong chuong trinh todn phé thong,

ching ta da dugc lam quen véi mot trong
nhiing k¥ thuat ching minh trong hinh hoc,
do6 1a phép chiéu. Tuy nhién day la phuong
phap ma cac ban thuong it sit dung. Bai viét
nay xin dugc trinh bay vé phép chiéu va tng
dung cta ky thuat nay trong viéc ching
minh cédc dang thic véc to.

I. Dinh nghia.

Cho hai dinh dang hinh hoc X, Y 1a cac
duong thing hodc mat phang. Gitta X va Y ¢6
cac quan hé: Song song (//), trung (=) hoac
cat nhau (n). Chang han khi X = duong
thang, Y = duong thdng va néu hai duong
thang nay cat nhau tai / thi ta vi€t Xn Y = I.
Nhu vay ky hiéu hoan toan nhu quy uée cua
cac quan hé hinh hoc da biét.

1. Pinh nghia 1. Hinh chiéu cia mot diém.
Cho hai dinh dang hinh hoc Xva Y khong
cing la mdt phdng, cé quan hé cdt nhau va
mot diém A. Qua A dung dinh dang hinh hoc
Z ¢6 cang tinh chdt va song song voi X. Khi
dé diem A’ = Z n Y duoc goi la hinh chiéu
ciia diém A theo phuong X lén gid chiéu Y.
Chang han, khi X = duong thing, Y =
dwong thdng ta c6 khdi niém vé hinh chiéu
ctia mot diém theo phuong dudng thang lén
mot dudng thang. Khong c6 khdi niém vé
hinh chiéu ctia mot diém lén mot mat phing
theo phuong mit phing (Ung véi trudng hop
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X = mdt phdng, Y = mdt phdng da loai trit
trong dinh nghia trén).

2. Dinh nghia 2. Hinh chiéu cua mot vécto.
Hinh chiéu cia mot vécto AB  theo
phitong X 1én gid chiéu Y la mot vécto A'B',
frong dé A’, B’ ldan luot la hinh chiéu ciia
cdc diém A va B theo phuong X lén gid chiéu
Y.
Minh hoa cho mot vai phép chi€u véc to:

Phuong chiéu la duong thdng, gid chiéu la
mdt phdng

Phutong chiéu la mdt phdng, gid chiéu la
duong thang
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II. Tinh chat va dinh ly.

1. Tinh chdt 1.

Hinh chiéu cua mot véc to tong bdng tong
cdc hinh chiéu ciia cdc véc to thanh phan.

Khong mdy khé khian dé nhan ra tinh
ding din cia tinh chét nay. Céac ban c6 thé
chiing minh trong trudng hop téng cla hai
véc to, tir d6 suy ra duoc cho trudong hop n >
2 véc to.

2. Tinh chdt 2.

Hinh chiéu cua mot vécto bdang vécto -
khong khi va chi khi véc to chiéu dé cé
phutong tring voi phuong chiéu.

Luu y truong hgp véc to chiéu bang vécto
- khong, khang dinh vin hoan toan ding.

3. Dinh ly chiéu.

Mot véc to ¢é hinh chiéu theo it nhdt hai
phuong khdc nhau (Hai phuong cé ton tai
quan hé cdt) déu bdng véc to - khong khi va
chi khi dé la véc to - khong.

Dinh 1y nay suy truc ti€p tir tinh chat cua
véc to - khong va tinh chat 2 & trén phép
chiéu.

III. Cac budc chitng minh mét dang thitc
véc to.

Buéc 1. Chuyén dang thic véc to cin
chitng minh thanh dang dang thiic c6 vé& phai
l1a véc to - khong.

Budc 2. Ky hiéu véc to bén vE traila T
va chon hai phuong chiéu khac nhau, sau dé
chiing minh hinh chiéu cia véc to T theo
cac phuong d6 (Lén gia chiéu tuong tng)
déu bang véc to - khong.

Budc 3. Dua vao dinh Iy chiéu mé muc 3,
két luan dugc dang thic véc to cin chiing
minh.

IV. Ky hiéu.

Khi chi€u mot véc to a theo phuong
chiéu X lén gia chiéu Y, ta duoc véc to a'.
Dé cho gon, ta ky hiéu a'= CR' (:';1) . Trong
do6 céc dinh dang hinh hoc X, Y dugc ky hiéu
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theo quy u6c thong thuong. Chang han hinh
chiéu a' cua véc to a theo phuong duong
thang / len mat phing (@) dugc viét la:

a'=Ctl, ().

V. Mot s6 vi du ap dung.

1.Vidul.

Cho tam giac ABC va I la tdm duong tron
noi tiép tam gidc dé. Ddat a = BC, b = CA, ¢
= AB. Chitng minh rdng:

alA+bIB+clIC=0

b

B C
AT 4

Loi gidi. Pat T =alA+hIB+cIC va ky
hi¢u A'= Al n BC. Tac6: CRt(T)=

= Chit (alA)+CR (b B)+Chit (c1C)

= 0+b.A'B+cAC

= b(ﬁ+%ﬂ:}

= 0 (Theo tinh ch4t duong phan gidc).
Tuong tu C B,L('T') =0, do d6 theo dinh

1y chiéu ta c6 T=0, dpcm.

2. Vidu?2.

Cho tit dién ABCD va diém M bdt ky nam
trong tir dién do. Ky hiéu V,, Vg, V., V,
lan luot la thé tich cua cdc hinh tit dién nhd
MBCD, MCDA, MDAB va MABC. Chiing
minh rang:

V,.MA+V,.MB+ \/.. MA+ \},. MD= 0
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Loi gidi.
it T =V,.MA+V,.MB+ \l.. MA+ \.. ML.
Ky hieu A'= AM n my( BCD).
Ta c6: Ch(™ (?I')z ChS™ (VA.W) +
+CHE™ (V, MA) +ChEr® (v, MA =
= V,.MA+(V, + V. + \) MA
= V,.MA+ (V- V,) MA (V Ia thé tich cla t
dién ABCD).
=V,.A"A+ V.MA
= V.(ﬁ A A+ mj
Y
=0 Vo _MA", ty 1é thé tich cha hai t&
VvV  AA
dién chung ddy MBCD va ABCD).
Tuong tu: CHS? (T’) =0, tir d6 theo

dinh 1y chiéu ta c6 dpcm.

3.Vidu 3.

a) Cho tam gidac ABC. Ky hiéu H, G, O
ldn la truc tam, trong tdm va tam duong tron
ngoai tiép ciia tam gidc. Chitng minh rdng:

HG =2GO

b) Gid sit ABCD c¢6 cdc duong cao dong
quy tai mot diém H (ABCD la mét tir dién
tric tam). Goi G, O lan luot la trong tdm va
tam mdt cdu ngoai tiép cua tir dién. Chiing
minh rdang G la trung diém ciia doan thdng
HO, nghia la HG = GO.
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Loi gidi.
a) bat T=HG-2.GO, ta can ching
minh T =0. That vay, Gia su
AH OBC= H", AGn BC= M. Ké

GG' O BC nhu trén hinh vé.
Taco OM O BC, do dé6:

che (T)= chi (HG) - e (2.G0) =
=H'G'-2G'M.

A

Nhung dé thay &M _CM_1 nén ta
H'G' GA 2

c6 ngay Chyl (?F) =H'G'-2G'M = 0.

Tuong tu nhu vay: ChE! (?)=6, tir d6 ¢6
dpcm.

b) bat T = HG- GO, ta can chiing minh
T =0. Ky hiéu nhu sau: AH n (BCD) =H',
AGn (BCD)= G,,GG'I(BCD) = G,
00'0(BCD)= O.
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Dé thdy H’ 1a truc tam, G, la trong tam

va O’ la tam dudng tron ngoai ti€p clia tam
gidc BCD. Thuc hién phép chi€u vudng goéc
vécto T lém mat phing (BCD) ta c6:

C *;T:D)(T) -H'G'-GO

Nhung theo tinh chat cua trong tam ti
dién thi AG=3.GG, va theo két qua cua
H'G,=2G,0', nén ta c6

—

H'G'=G'0' = Ch, (T)=0.

phan a)

Ciing nhu vay,Chgp, (?F) =0, nén theo

dinh 1y chiéu, ta c6 dpcm.

Trén day 1a mot s6 khai niém va tng
dung ctia phép chiéu (song song). Nhu céc
ban da thdy, phép chiéu tuong doi hiéu qua
trong viéc chiing minh cdc déng thic véc to.
Diéu quan trong trong phép chitng minh nay
la ching ta can phai lua chon phuong chiéu
va gia chiéu sao cho hop 1y thi 16i giai méi
stt dung phép tuong tu va ngin gon duoc.
Ung dung phép chiéu dé ching minh déng
thic véc to chi 1a mot khia canh nhd cla
phép chiéu, thuc t€ con nhiéu tng dung quan
trong khac cua ky thuat nay ma noi dung
nam ngoai khuon kho cta bai bao. Cdc ban
hdy chid y tim hiéu thém va dé két thic, moi
cdc ban giai cdc bai tap sau. Luu y 12 moi
mot cach chi€u khac nhau s€ cho ta mot 16i
giai khac nhau.
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I11. Bai tdp.

Bai 1. Cho tam gidc déu ABC tam O. Gid si
M la mot diém bdt ky ndam trong tam gidc va
D, E, F lan luot la hinh chiéu cua M lén cdc
canh BC, CA va AB tuong ung. Chiing minh

rangm+m+wzgma

Hay mao réong bai todn cho truong hop tir
dién déu.

Bai 2. Vé qua trong tdm G cua tam gidc
ABC mot duong thing d. Goi H, I, K tuwong
ting la hinh chiéu cua A, B, C trén d. Chiing
minh rdng trong ba doan thing AH, Bl va
CK, c6 moét doan bdng tong hai doan thdng
con lai.

Bai 3. Cho tam gidc ABC va mét diém M bdt
ky nam trong tam gidc. Cdc dwong thdng
AM, BM, CM ldn luot cdt cdc canh BC, CA
va AB tai A’, B’, C’. Chitng minh rang M la
trong tam cua tam gidc ABC khi va chi khi
M la trong tam cua tam gidc A’'B’C".

Bai 4. Cho tir dién ABCD voi I la tam mdt
cdu noi tiép. Chitng minh rdng:

S IA+S. 1B+ S IA S IB0

Trong dé S,, S;, &, S la dién tich
cdc mdt doi dién voi cdc dinh A, B, C, D ciia
tir dién.

Bai 5. Gid si rang da cé cdc ddng thiic véc
to 0 cdc bai todn trén. Hay thiét ldp cdc
ddng thitc dai s6 méi dua trén binh phuong
ciia cdc ddng thirc véc to do.

Bai 6. Gid sit M la mot diém nam trong tit
dién ABCD. Cac duong thang AM, BM, CM,
DM theo thit tu cat cac mdt phang (BCD),
(CDA), (DAB), (ABC) tai A’, B’, C’, D’. Mdt
phdng (a) qua M, song song véi mdt phdng
(BCD) lan lw.of\ca‘t A'B’,A'C’,A’D’ tai XYZ.
Chitng minh rang M la trong tdm cua tam
gidc X
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T 56 241 T0AN 24T ik THIC CHON LOC

LUU NHUHOA

CHUYEN TOAN K02-05
Sv. Lop Diéu Khién Tu dong, KSTN - K50
Dai hoc Bdach Khoa Ha Néi

Wit ding thic (BDT) 1a mot dang todn
khong doi hoi nhiéu kién thic nhung lai hay
xuat hién trong cac ky thi Hoc sinh gioi
To4n. Vi thé né duoc khd nhiéu ban chon dé
viét trong tap san nay. To6i cling xin dugc
déng gép mot bai viét vé dang todn nay, qua
dé muon gidi thiéu téi cac ban mot s6 dang
todn vé BDT thudng xuét hién trong cic ky
thi todn nhiitng nam gan day.

Bai 56 1. (Japan 1997). Cho a, b, ¢ > 0.
Chitng minh rdng:

_(b+c-d° R h?
T (b+0)?+ & (c+ 9+ IF
N (a+b-0? *)
(a+b)? +c2 5

Loi gidi. Khong mat tinh tdng qudt ta gid st
a+ b+ ¢ =3.Khidb ta cé:
_ 7\
_ (2a-3) v
a’+(a-3)?
(2a-3¢ _3
a’+ (a—3)2 5
eyt 3
2a° —6a+ 9 5
+
Nhdn xét: —; 1 < X 3,
2X°—6x+9 25
That vay,

() =

x>0 (*%)

TAP SAN TOAN BOC - 2007 73

TRUONG THPT CHUYEN HOANG VAN THU - HOA BINH

(*) = (x-1)H2x+1)=0,0x>0,
ludn ding. Thanh thir

1 2a+3_3
z2a2—6a+9Sz 25 5

D4u bang xdyra < a=b=c.

Bai toan tuong tu:
Pé thi USA — 2003
Cho x,y, z > 0. Chitng minh rdng
2
v @y o
2x° + (y+ 2)°

Bai s6'2. (Dé thi chon PT truong PTNK TP
Ho6 Chi Minh 2004).

Cho x, y, z thoa man hé diéu kién

X+y+z=4
X+y'+7=6

Tim gid tri lon nhdt (GTLN) va gid tri
nhé nhdt (GTNN) cua biéu thic
S=X+y+ 2.

Loi gidi. Tacé xy+ yz+ zx=

= (e yr 9 =0k + ¥+ 2]

biatxyz = a.
X+y+=4
Diéu kién cho hé < xy+ yz+ 25 cé
Xyz= a

nghiém thuc tuong duong vé6i di€u kién cho
phuong trinh bac ba sau ¢6 nghiém (c6 thé 1a
nghiém boi) t°-4t*+5 -a= 0.
Dé thay diéu kién nay la 2—(7) <as<?
Laicé X°+y°+ 2=

=(C+Y +Z2)°=3(X+ Y)( Y+ ( 2+ R
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=(C+ V2 + 2)°-3(R Y+ VZ2+ Z2R( % Y 3+Baiso4.Cho 0<p<q.Chiing minh rang

+3x2y?7 =3’ +144a- 234& T @.

Do f'(a)=6a+144> ODaDB—(; ;2}

Nén
@:f 30 <f(a)s< f(2)=66
243 27
Vay GTLN cua biéu thitc S 12 66 khi
(x,y,z) = (1,1,2). GTNN cta S la 10438 khi
552
(x’y’Z) - (515;_3)

Bai todn tuong tu.

Viét Nam — B — 2004.

Cho x, y, z > 0 thoa man diéu kién x + y
+ z =4 va xyz = 2. Tim GTLN va GTNN

ciia P=x+y'+ 7.

Bai 50 3.
a) Cho tam gidc ABC ti. Hay tim so thuc
k bé nhdt sao cho
S=sin® A+si® B+ sif C< k la diing
voi moi tam gidc tu ABC.
b) Dé bai nhu trén nhung voi diéu
kién ABC la tam gidc bdt ky.

Loi gidi.
aCho A-ZB_.Z C_0 thay
2 2
S_2. Pé c6

S=sin® A+ sir® B+ sif C< k v6i moi tam
gidc ABC thi k= 2.

Khong mat tinh téng quat, ta gia st
A> ’—ZT >B>C. Khi dé

sin’ B+ sir’ C < sirf A
va SinA> sinB= sinC. Vay nén
S=sin® A+ sir B+ sirf C<
<sin® A+ sinA( sirf B+ sir C) < 2sif A<
Vay k = 2 1a tit ca cac gid tri can tim.
b) Loi giai xin dugc danh cho ban doc
xem nhu mot bai tap.
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> a’ <> aqq,Da,b,c>O(*)

bP+c? “~ b+ ¢

Loi gidi.
. a’ a® 0
= - >
( ) Z bq + Cq bp + Cp -

a’(b?+c”) - a’(b'+ )
O YD+ T

apbp(aq_p_ bQ‘P)+ apCp( aq p_ Cq 5
(b7 + (b + )

- Z{apbp(aq-p_ b™ P) x

X - >0
O+ + 6 (@7 O+ O

(*%)
Dé thay (**) luon ding do
aPbP(a® " - b* F)x

1 1
X - >0
G+ e) (a+ O+ )
v6imoi a,b,c>0.
Cung v6i céc biéu thitc hodn vi khéc, ta
c6 dpcm.

Bai s0'5.
Cho a, b, ¢ > 0. Chitng minh rdang

(25 (o0 (o)
+ + >—
a+b b+ c ct 4

a b c )
=—,y=—,Z=— ta co
b C a

X,¥,Z2>0 va Xyz=1. Ta can chiing minh

1 .3
Z(x+1)2 %

Loi gidgi. Dat

>0
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1 3

Nhén xét. Véi x > 0 thi ——+ _>
x+1 (x+1)° 4
*)

That vay (*) = (x—1)°20 luon diing.
Giastt x=y=>z Tacoxy=1va z<1
1 2

+ - =
X*+1 y*+1 xy+1
_ (x=y)*(y-Y)

(L+X*)(L+ y* )L+ xy)

Lai c6

Vay nén
1 1/ 1 1 1
z 2 z— 2 + + 2
(x+1)?  2( X*+1 y*+1) (z+1¢
1 1 Z 1 3
+ >

> > + >=
1+xy (z+1¥ =1 (z#1f 4
Vay ta c6 dpcm

Bai toan tuong tu.
Dé chon DTV N ndam 2005.
Cho a, b, ¢ > 0. Chitng minh rang

(235 (o) (=) =5
+ + >=

a+b b+ c ct+ 8

Korean 2000.

Cho a, b, ¢ > 0. Chitng minh rang

3 3 3
1< (ijz +[ij2 +(_Cj2 Sﬂ
a+b b+ c ct a 2
Bai 56 6. (Dua theo mot bai IMO)
Cho(an) la day cdc sé nguyén duong

phdn biét. Hoi (an) phdi thoa man diéu kién
gi dé chudi ;(%J c6 gid tri hitu han?
=1

C6 thé so sanh chudi trén véi mot chudi
diéu hoa dan dén cau tra 10i 1a khong ton tai
day s6 nao nhu vay. Viéc chiing minh tuong
minh xin dugc danh cho ban doc coi nhu bai
tap trudc khi két thic bai viét nay.

Trén day 1a mot s6 bai toan vé BDT da
timg xuét hién trong mot s6 ky thi Todn gan
day. Chdc cdc ban tim thdy duoc nhiéu diéu
b6 ich.
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SU DUNG HANG CHUC

O€ CHONG tive RAT
DANG THUC

vU VIET DUNG
LOP 12T, CHUYEN TOAN K04 — 07
THPT Chuyén Hoang Van thu

Bit dang thitc 1a dang todn c6 nhiéu cich
khac nhau dé ching minh. Ching ta thudng
thiy cdc bat dang thiic c6 diéu kién di kem
nhua+b+c=1 abc =1, .. Vatrong
nhiéu trudng hop, ching ta phai tu tao ra
nhiing dang thiic dé chiing minh bit dang
thitc. Sau day 12 mot s6 vi du cu thé.

Vidu l.
Cho a, b, ¢ la 3 s¢ doi mot khdc nhau.
Chitng minh rdng:
a-p* p-¢ cJ-a@
3 + 3 + 3
(a-b)" (b-9" (c 4
Loi gidi. Day 1a bat dang thic khi quen
thudc,viéc chiing minh di tir dang thic sau:

e
a-b b-c c-
e = Cd
a-b b-c c-
a+tbb+c btcc a
+ +
a-bb-c b-cc a

1\

9
4

<~

c+aat b__l
c-aa-b
.. ._atb _btc __cta
bat x= y Y= , 2=
a-b b-c c a

thi xy+ yz+ zx=-1. Mat khéc, ta luon c6
(x+y+2)720
o X+ Y+ 222 xy+ y# 2Z)
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(a+bj2 (b+ cjz (c+ ajz
= +| —| +| —| =22
a-b b-c c- a
(a+bj2 (b+ cjz
o | —— | +1+] — | +
a-b b-

2
+1+(ﬂj +1>5

c-a
a?+bh? b+ cc+a&_ 5
- S+ ~+ 2= (1)
(a-b)" (b-9" (c-9 2

Lai c6

) (e ()
-1+ -1+ -1>-1
a-b b- c-

ab bc ca 1
725 )

" (a-bf (-9 (o3

Cong timg v€ (1) va (2) ta c6 dpem.

Vidu 2.
Chitng minh rdng véi moi s6 thuc a, b,c,
X, y,z thi

aly+ 2+t 2 J+ ¢ x yr
w @by o= ¥+ % V]2

2%(a+b+ o) ( x+ y+ 2

Loi gidi. Bat dang thiic da cho tuong duong
VOi:

S+ @) (v 4+ (2 Ko x ¥]2

5 a(4x+_v+2j N b(w_ﬁ? N c(“f_*j
3 3 3

Chi c4n nhan thdy rang:

(4x+y+zj2 (4y+ Z+ >j2 (4& % ﬁz
A AN ) e AN P e AN
3 3 3

=(x+y)*+(y+ 2" +( z+ ¥ thi bai toan 8
tré nén don gian. That vay dp dung bat dang
thitc Bunhiacopski ta cé:

(a2 +b%*+ CZ)K—M +3y+ 2)2 +
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2 2
+(4y+ z+ xj +(4z+ X+ >j >
3 3

5 a(4X+ y+ Zj+b(4y+ z+ >j+ 0(4 7z %
3 3 3

= dpcm.
Vidu 3.

Chitng minh rang trong tam gidc ABC ta
co:

4 4 416
a'+b'+ctzmmm (M g o)

Loi gidi. V6i moi a, b, ¢ ta luon c6 ding
thic sau:

(2b2+2c2— azjz £2c2+ 28— szz
+ +

3 3
2 > 2\?
+(2& +§b Cj :a4+b4+c4
2 2 .2
Laicémj:Zb +2c a’
4
2_2a2+2C2_b2
4 b
, 2a°+20°-¢
—f nén

%S(rn;‘+nﬁ+ nf)= &+ B+ ¢
Nhung hién nhién 1a

mi+nf+nf>z mmn( o gt

Tu d6 c6 dpem.

Vidu4.

Goi r la bdn kinh duong tron ndi tiép tam

gidc ABC. Chitng minh tang:
1 1 < 1

et +—<——
a? b* & 4ar?

= Loi gidi. Trong tam gidc ABC ta c¢6 ding

hu : =
e sau: e (b+c-a)(c+ a—t)+
1

]
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Ta co
1 _ 1 1
(b+c-a)(c+a-B c*-(a-b)’ ¢
1 1 1
(c+a—b)(a+b—C) a’-(b-¢° &
1 _ 1 1
(a+b-¢)(btc- 3 b?>-(c-a)° B

Cong ting vé bat dang thic trén = dpem.

Sau day 1a mot s6 dang thiic (ban doc tu
chitng minh), hy vong qua dé céc ban c6 thé
sang tao ra nhiéu bat dang thic hay va dep
hon.

a-b b-c c-a _
at+b+2c b+tct2a c+ a2b
a-b b-c c- a
= + +
atb+2c b+ct2a c+ a2t

a’ b?
(a-b)(a-q (b-3(b §
+—Cz =1

(c-a)(c-b

(+a)d+b) (A+b)(I+c)

3
"cma(e-h (e bla }
N (1+c)A+a) _ _

(b-c)(b- 38

2)

4 (z+y=-N+(xt = ¥+( % y ¥ =
2 2 2
:(5x—z—y) +(5y—x—a+(52- x}
3 3 3
+ty+z-t (y+rz £ R
o[
2 2
+t+x— Y\ [ t+ x+ ?
+(Z_ij +(i2j:
2 2

=X+ Yy + 7+t
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i
6)
abEp cc—a a—b bc e
c a b

7) Trong t& gidc ABCD ta co:
B+D
sl o-dl o p ) coas®P

trong d6 p la nita chu vi con q, b, c, d la do
dai cac canh cua ta giac.

8) Cho tam dién O.ABC vuong tai O, khi do:

SiBC %AB %AC+ %BC'

9)bat S=g+ a+...+ g taluon co:

(28— nqj2+(28— n§j2+
n n

2

_+(25‘n”%j =a?+al+.+ g 0n0 N

10)

y+z+2xDx+ y=|-22+ X yZﬁ-z X2 y
z-y y— X y- X X z

+z+x+2yDy+ z+2x:_1
X—z z-y

11)
CDa+an+bDC=—1
a-b b-c bbcca eaahb

Chu y 1a trong céc dang thic néi trén thi
diéu kién 1a mau s6 & cac phan thic la khac
khong.
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cflélp cawn c[ea'w\
bang Vat Ly

NGUYEN LAM TUYEN
CHUYEN TOAN K99 — 02
Sv. Lép Piéu khién Tu dong 1 K47
DH Bdach Khoa Ha Néi

N guoi ta thuong néi “Vdn dung Todn vao

Vdt ly” nhung it khi n6i van dung theo chiéu
hudng nguoc lai, ¢6 chang chi la tir van dé
Vat 1y cu thé ma dat ra nhiém vu nghién cttu
moi cho Toan hoc. Bai bao nay xin dugc giéi
thiéu v6i ban doc mot huéng van dung
nguoc lai, d6 12 céch ti€p can toan hoc bing
vat ly.

Trong toan hoc Phé thong, ai cling biét
t6i bai todn ndi tiéng ctia Toricelli sau: “Cho
tam gidac nhon ABC, tim trong tam gidc mot
diém M sao cho tong MA + MB + MC dat
gid tri bé nhdt”. Ta cling biét ring diém M
théa man bai todn la diém nim trong tam
gidc va nhin ba canh AB, BC, CA cua tam
gidc d6 dudi mot géc 120°. Piém M d6 con
duoc goi 1a diém Toricelli.

Bai todn trén c6 mot 10i giai rat dep bang
phép quay. Noi dung 10i giai cling nhu phan
mo rong cua bai todn nay ciing da duoc dé
cap dén trong nhiéu tai liéu, dic biét 1a tap
chi THTT, & day tac gia bai bao xin khong
néu lai.

Chiing ta hay dé y mot s6 hién tuong: Tai
sao mot chd chim lai xit 16ng moi khi troi
rét? Mot vién bi tai sao dat trén dinh doc lai
tu dong lan xudng dudi? Hay tai sao mot
giot Anilin khi nho vao trong nudc lai ¢
hinh dang mot khéi cau? ...

C6 thé giai thich mot cdch dinh tinh nhu
sau thong qua nguyén Iy vé “miic nang
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Py
luong cuc tiéu” trong ly thuyét vat ly. Dé
can bing nang luong co thé v6i moi trudng
khi troi rét thi chd chim cén phai trao déi
nhiét (cu thé 1a cung cép ning lugng) nhim
chong lai tdc dong tur phia moi truong.
Nhung dé mic “t6n that” nang luong 1a it
nhat, chd chim phai “xu long” dé han ché
dan nhiét. Vién bi chuyén dong xudng dudi
dé c6 dugc mic thé niang cuc tiéu. Giot
Anilin ¢6 dang hinh ciu dé c6 dugc mic
nang luong tu do (1a thé€ nang phu tiém tang
clia cdc phan tir 16p bé mat) dat cuc tiéu. Vi
véi mot khoi chat c6 thé tich nhat dinh thi
hinh c4u 14 hinh ¢6 dién tich bé mat nho
nhat!

Trudng hop dic biét va dién hinh cla
nguyén ly vé “mic nang luong cuc tiéu” 1a
nguyén ly “th€ nang cuc tiéu” trong trudng
luc thé. Truong luc th€ 1a truong ma & do
cong dich chuyén mot vat khong phu thudc
vao dang dudng dich chuyén ma chi phu
thuoc vao diém ddu va diém cu6i cua dich
chuyén, vi du trudng trong luc cia trai dat 1a
mot truong thé. Noi dung cua nguyén 1y nay
la: “Mot vdit/hé vdt trong tu nhién déu co
xu hudng tw dich chuyén vé trang thdi cé
mitc thé ndng cuc tiéu”. Vi tai d6 dong
nang khong thé ting dugc nita va ban dau
néu vat ding yén thi s€ ditng yén mai mai.

Bay gio, ching ta s& giai bai toan
Toricelli c6 ap dung nguyén 1y th€ nang cuc
tiéu.

Chon mait dat phang 1a phuong 1am méc
tinh thé nang. Huéng duong la huéng 1én
trén (phia ra xa mat dat). Trong khong gian
ta dung tam gidc nhon ABC c6 phuong
(ABC) song song v6i phuong mat dat. Lay
nhitng doan day treo khong khéi luong,
khong gian, c¢6 chiéu dai [, =1, =1, =1 va
nhitng qua nang cé khai luong don vi. Noi
céc doan day lai mot diém chung M, ddu con
lai ndi v6i cdc qua nang va vat ching qua
cac dinh cua tam gidc ABC nhu trong hinh
vé 1.

Gia thiét céc soi day dich chuyén khong
ma sat tai cdc dinh va gia thiét moi truong
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thuc nghiém 1a 1y tudng. RG rang hé sé tu
dong chuyén dich theo miic thé nang giam
dan va s€ dung lai tai trang thai ma hé da dat
t6i mitc thé nang cuc tiéu, vi tri can bang
bén.

Ky hiéu cac khoang cach, chiéu dai ciing
nhu céc luc tdc dung nhu trén hinh v€ . Theo
d6 thi thé nang tai vi tri can bang a:

W = (hy+ By + h). me dat Min

= (h,+h,+h) dat Min

= (g% +tx)dat Min (i X, +h=
X, +h =X +h =h=const)

~  (MA+MB+MQ)dat Min (vi
MA+x = MB+X = MC+Xx =1= const)

Piém M & vi tri can bing (diing yén), do
d6 hop luc P tdc dung lén nit M phai bing
0. C4c luc tac dung lén nit M c6 modul (d6
16n) chinh bang trong luc cdc qua nang (m.g)
va ¢ chiéu hudng tir M ra cac dinh tuong
tng (H.2).
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Taco F+E+B=0 vavi ‘Pl‘ = ‘Pz‘ =

B| = mg = AABC déu = OAMB=

OBMC = OCMA = 120° (¥). M chinh 1a
diém Toricelri can tim. Vi AABC nhon nén
vi tri cia M nhu trén ton tai va duy nhat.

Van dé sé khic di néu AABC c¢6 mot
géc 16n hon 120°, gia st 1a géc A. Khi d6 sé
khong ton tai diém M thdéa man (*) va hién
nhién la, bai toan chua dugc giai quyét.
Nhung chiing ta chud y hai su kién sau:

Suw kién 1: Khi diém M trong tam gidc va
nhin hai canh AB, AC cic g6c bing nhau
(OAMB= OAMC) thi diém M c6 xu huéng
chuyén dong vé phia diém A.

c

Khong mdy khé khan dé nhin thay tinh
ding dén ctia su kién ndy vi hop luc P khi
dé c6 hudng vé phia diém A.

Suw kién 2: Khi diém M trong tam gidc va
nhin hai canh AB, AC céc g6c khong bang
nhau (chang han JAMB >0AMC) thi diém
M c6 xu huéng dich chuyén vé phia canh c6
géc nhin nho. Cu thé, khi OAMB >OAMC

thi hop luc P ¢6 hudng vé phia canh AC.

A

af _____g,ff"?-t ?

" c

Tu 2 su kién trén, ta di dé€n két luan: The
ning cta hé tu do giam dan (diéu nay tuong
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ting v6i téng MA + MB + MC nho dan) tGng
v6i vi tri clia diém M chuyén dong theo
dudng zic zic va c6 xu hudng tién vé phia
diém A. Luu y ring diém M=A ciing van
thoa man diéu kién clia diém M trong su
kién 1. Vay diém A chinh 1a diém cin tim.
Bai toan da duoc giai quyét.

Tu céch ti€p can van dé nhu trén, toi xin
dé xuat mot s6 bai todn sau:

Van dé 1. Trong tam gidc ABC, tim tap hop
tdt ca cdc diém M nhin 2 canh AB, AC cua
tam gidc do cdc géc bang nhau.

Van dé 2. Cho tam gidc ABC, tim trong tam
gidc mot diém M sao cho tong xMA +y MB
+ zMC dat gia tri bé nhat, trong do6 x, y, z la
cac so thuc duong cho trude.

Van dé 3. Cho da gidc 16i A/A, ... A,. Tim
diém trén hinh da gidc d6 diém M sao cho
tong MA, + MA, + ... + MA, dat gi4 tri bé
nhat. Ching minh ring c6 duy nhit mot
diém M théa man diéu kién do.

Vén dé 2 ciing khong phai 1a méi la, né
cling da duoc dé cap va giai quyét trong mot
sO truong hop trén tap chi THTT (nam 1994)
cta thay Nguyén Minh Ha. Moi céc ban xem
xét cdc bai todn trén theo cach ti€p can bing
vat Iy va bang thudn tdy toan hoc.

Nhu vay day cac ban a, mai lién hé giita
Todn hoc va cdc mon hoc khéc cling that tha
vi!

Khong ai tam hai lan trén moét dong song

Triét hoc
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CAN BANG HE SO ... (tiép trang 34 )
BAI TAP
Bai tap 1. Tim gia tri nho nhat ctia biéu thitc

000 1000 1000 100¢
X" Ly z t

99 s T
t

99 99

y z X
trong do x, y, z, t 1a cac s6 thuc duong thoa
man x>+ Yy’ + 72+ =1

Bai tap 2. Goi x Ia s6 16n nhat trong ba s6
duong x, y, z. Tim gid tri nhod nhat cha biéu

thic > + ‘ /1+1 + ‘3/1+—Z.
y z X

Bai tap 3. Cho cac s6 thuc duong a, b, ¢, d
thdéa man diéu kién:

Max{2+_6+_4;i5+_6+_3}s 32
ab bc cabc cd d
Tim gi4 tri nho nhat cta biéu thiic

P(a,b,c;d):5a+%)’ b+%2 e+—7 i

4
(DS: MinP(a,b, ¢ d =18 dat dugc khi
1 3

a=—, b:—,c:E,d=2)
2 2 4

Bai tap 4. Cho céc s6 thuc duong a,h (i=
1, 2,3) va X,%X, X%, X%thoa man cic diéu
kien ax+ax+axs<(a+t at a xx>
vabx+x+hx<(h+ b+ ) xx0.

Chitng minh ring khi d6 ta c6 bat dang
thite: (8, + &) x +(a+ a+ b+ b) x+
+(a+a,+h+b) x+(h+ b) %=
22(a,+a,+a+h+ b+ b)

Va déang thiic x4y ra khi va chi khi:

X, =% = X%=X%X=1/

Keep it simple: As simple as possible, but
no simpler
- Albert Einstein -
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BAT PANG THUE SCHUR
vA U DUNg

TRUONG QUOC HUNG

CHUYEN TOAN K04 — 07
Lop 12T, THPT Chuyén Hoang Vdn Thu

1. Bdt ddng thirc Schur.

Cho cdc so'thuc X,Y,2=20;r>0 ta c¢o
bdt ddang thitc (BPT) sau

X(X=W(x= 2+ y(y Ay X

+Z'(z- Y(z y=0.

Ddu ddng thitc xdy ra khi x =y =z = 1
hodc hai trong ba s6 x, y, z bang nhau va sé
con lai bang 0.

Chitng minh. Khong mat tinh téng quét gia
st x=y= z Khido

X(x=W(x-3z y(x Xy k
laicé 2'(z— Y(z Yy=0 nén tacd dpcm.

bic biét, v6i r = 1 ta c6 mot BDT c6 kha
nhiéu ting dung:

“Véi x, y, z la cdc sO khong dm ta luon
co:

X(x=y)(x= 2+ { v #( ¥ }*
+z(z- ¥( z y=0”.

Cu thé 1a khi khai trién BDT trén ta viét
duoc dudi ba dang sau:

a) X’+y+ Z+3xyz

sxy(xe )+ vd w 3+ ke )

by xyzz(x+ y-3( w2 X £ % )
) X+ y+ )(xy+ yz zZx<
<(x+y+2)’+9xyz

Xét mot s6 vi du cu thé sau:

2.Vidu 1. (IMO - 2000).
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Cho a, b, ¢ la cdc sé thuc duong thoa
man abc = 1. Chitng minh rdng:

B e

Loi gidi. Dat x=a, y=1, z=% = ac. Khi d6

=X b=Y,c=2. Ta ¢6 BPT di cho
y  z X

tuong duong voi
(X_Y"'Z)E(y_ z+ *d z x Ysl
y z X
bay chinh 1a BDT b) khi r = I cia BDT
Schur. Vay ta c¢6 dpcm. D4u déng thic xdy
rakhia=b=c=1.

3. Vidu 2.

Cho a, b, ¢ la cdc s6 thuc duong thoa
mana + b + ¢ = 1. Chitng minh rdng:

5(a’ +b? + &) < 6( &+ B+ &) +1(¥)
Loi gidi. BDT Schur c6 hai vé€ la dong bac.
Néu muén 4p dung thi ta cin phdi chuyén
BDT(*) cho hai v& cé cling bac. Cu thé ta
lam nhu sau:

(*) =5(a®+b*+¢)(a+ b+ 9<
<6(a’+b*+ )+ (at b Q> (Vi a+ b+
¢ = 1). Khai trién BDT trén ta c6:

2(@°+b*+ c®+3abg=
>2(@’b+alf + Pt bé+ éa cd
- 2@ +b*+ c+3abg=
>ab(a+ b+ bg b+ §+ che p

bay l1a BDT a) trong truong hop r = 1/
cta BDT Schur, do vay ta c6 dpcm.

Vidu 3. (IMO — 1984).
Cho x, y, z la cdc so thuc khéng dm thoa
man x +y +z = 1. Chitng minh rdng

0 xy+ yz+ zx 2 xyzzl7 *

Loi gidi. Ching ta chuyén BDT nay vé dang
dong bac. Dua vao gia thiétx + y +z = [ ta
co: (*) =
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0 (X+y+ (xy+ yz& 2k—2 X)<
7 3
< —(x+y+
_27( yt 2
= 0SXPY+ XY+ YV 2+ YI+ Z % DF XW

7 3
< —(x+y+
s o(x+y+3
RO rang BDT bén tréi luon ding do x, y, z
khong am.
Ta c6 BDT & v€ phai tuong duong véi
(x+y+ (xy+ yz 22 xyz
7 3
<
< 27(x+ y+2) (1)
Mat khac theo BDT ¢) ¢ trén ta c6
(X+y+(xyt yz 2k
s%[(x+ y+2) +9 xy% (2)
Theo BDT AM — GM ta co:

Xyz< 2i7( x+ y+ 3 (3)

Tur (2) va (3) suy ra BDT(1) dugc ching
minh.

Vidu 4. (APMO -2004) .

Cho a, b, c la cdc s6 thuc duong. Chiing
minh rang:
(a?+2)(b”+2)(+2) = o ab+ ber ¢ (*)
Loi gidi. Ta c6

(*) = (abd)’+2(@B+ B é+ ¢ &)+
+4(a”+b”+ ¢?) +82 9(ab+ ber cy(l)

Do x*+y?*>2xy ding véi moi x, y nén
tacé a’+b*+c*= ab+ ber ce

Ciing vay, do X’y*+1>2xy diing v6i
moi x, y nén taco

2(a’b’+ b’ P+ &)+ 62 4(abr be c

Khi d6 BDT(1) dugc ching minh khi
BDT sau duogc chitng minh:
(abo)® +22 2( ab+ ber ca-( &+ b+ §(2)

Dung BDT AM - GM hai lan va dung
BDT c) 6 trén ta co:

(abg)® +22 3§/(abg” > o c

a+b+c
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y ¥
> 4(ab+ be+ cg—( a b §° =
=2(ab+bct cg-(&+ B+ &)
Vay (2) dugc chiing minh hay (*) duoc

ching minh. Sau day 1a mot s6 bai tap nho
cho ban doc:

Bai tap 1. (Chon DT My ndam 2003).
Cho a, b, ¢ la cdc s6 thuc thudc khodng

(O,]—ZTJ. Chitng minh rdang

sinasin@—b)sin@ c)+ sinb sin- c¢)sin al

sinp+c) sinc+ a)
, Sincsinc-a)sinc- b)_
sin@+b) -

Bai tdp 2. (Chon BT My ndam 2002).
Cho cdc s6 thuc a, b, ¢ duong. Chiing
minh rang
atb+c

—3/abc<

< max{(x/a—x/B)z (Vo-vo (Ic—fa)z}

“Mot cuodc song can bang la gi u? Hdy hoc
mot thir gi do va nghi mot thir gi do va vé
va son va nhdy va choi hang ngay”

- Robert Fulghum -

_/‘ -l
P

CHUVEN TOAN HOANG VAN THY
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(b

moT s6 sAr TAp vi Toan Roi Rae

BUI MANH QUAN
CHUYEN TOAN K04 — 07
Lop 12T, THPT Chuyén Hoang Vdn Thu

R&ﬁ rac la mot dang todn khong c6 mot
phuong phdp gidi cu thé, dé giai dugc bai
toan dang nay can dua trén nhiing suy luan
logic va chinh xdc. D6 1a diéu rat c¢6 § nghia
trong viéc rén luyén tri thong minh, su logic
va tinh linh hoat, gitp nang cao hiéu qua giai
quyét cong viéc trong nhiéu linh vuc: Tir hoc
tap dén Khoa hoc va doi song.

Sau day la mot s6 bai todn ma téi mudn
gui dén cac ban.

Bai so 1. Mot day c6 2007 phong, ban dau
trong moi phong ¢6 mot nguoi. Sau moi ngay
c6 2 nguoi nao dé chuyén sang phong ké véi
phong minh dang ¢ nhung theo 2 chiéu
nguoc nhau. Hoi:

a) Liéu c6 mot ngay nao do khong co
nguoi nao ¢ trong phong chdn hay
khong?

b) Liéu c6 mot ngay nao do co 1004
nguoi & phong 2007 duoc khong?

c)

Loi gidi.
a) To den cac 6 chan nhu hinh vé:

Khi d6 c6 1004 6 trang va 1003 o den.
Goi S, 1a tong sO ngudi trong cdc phong
chan (ttc la trong cac 6 den) sau ngay tha n.

Sau méi ngdy c6 2 ngudi chuyén sang
phong ké v6i né. Nén ho s& chuyén tir 6 mau
den sang 6 mau trang. C6 cdc kha nang sau
xdy ra:
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i) S.= 95 néu 2 nguoi di
chuyén c6 mot nguoi & 6 den,
mot ngudi 6 0 trang.

i)  S.=S, néu 2 ngwi di
chuyén cuing & 0 tring.
iii) S.=S., néu 2 nguoi di

chuyén cling 6 den.

Tudé suyraS,,; = S (mod 2) UInON

=S, =§ = Xmod 2)UnON. Yéu cau
clia bai todn 1a ton tai n d€ S =0 nén
khong thé thuc hién duoc.

b) Gia st moi ngudi khi & phong nao thi
ghi s6 phong d6 vao mot chi€c bang cla
rieng minh. Goi T 1a tong cdc s6 ghi trén
bang cta tdt ca cac thanh viénsau budc
chuyén tht n. Ta ¢6: T =T,=1+2 + ... +
2007 = 2015028 = 1004.2007.
= Khong thé ton tai mot ngay nao dé cé
1004 nguoi & phong 2007, vi néu nhu vy thi
céc phong con lai s& khong c6 ngudi vi téng
khong d6i T, da du, va day 1a diéu vo ly.

Bai s6 2. Cho a =1, b = 2 thuc hién tro
choi nhu sau: T 2 s6 a, b duoc phép viét a
+ b + ab.
a) Hoi c6 thé viét dugc 2001
khong?
b) HGi ¢ thé viét duoc 11111
khong?

Loi gidi. T cac s6 viét dugc c6 thé lap ra
day sau:
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u=1u =2
{ ' 2 (i,j<ni#j)
Un:Ui+U]-+L|ILf

Xét day (v,):v, = u,+1
v, =2,v, = 3(%)
=
v, =u,+1=(u +1)(uj +1)= vy (™)

Tix cong thic (*) va (¥*)= v chi ¢6 thé
phan tich dugc thanh:

v,=2°% (@,B0ON")

Tudé = v, =2°F (@,0ON")

Ma 2001 + 1 = 2.7.143, 11111 + 1 =

8.3.463, vi thé¢ khong thé viét duogc cic so
2001 va 11111.

Bai 56'3. Chia hinh tron thanh 12 phdn bdng
nhau nhw hinh vé. Ban dau A duoc ddnh
ddu (-): Cdc diém tir A, dén A, duge danh
ddu (+) ... Méi lan cho phép ldy ra k dinh
lién tiép va doi ddu dong thoi cdc dinh
d6.Hdi c6 thé ton tai trang thdi A, ddu (-),
cdc dinh con lai mang ddu (+) duoc khong?

a) Chok=23.

b) Chok=4.

Loi giai. Dong nhat (+) =1 va(-) =-1

a) Khi k= 3.

To mau Ay, A, A, A, A, A Ay A MG
lan doi ddu thi c¢6 chidn dinh t0 mau déi
ddu.Nén tich cac s6 & cac dinh duoc t6 mau
luon khong ddi va bang 1.
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K]

il

Gia st ¢6 duogc trang thai nhu trén yéu
cAu ctia dé bai thi tich cic s6 & dinh dugc to
mau 12 -1. Diéu ndy mau thudn.Vi vay
khong ton tai trang thdi A, mang dau (-):
cac dinh khac mang dau (+).

b) Khi k =4.

To mau cdc dinh 1&¢ A, A,...,A , A, Mdi
lan déi dau ciing ¢6 chdn dinh dugc t6 mau
bi déi ddu. Do dé tich cdc s6 & ca dinh dugc
t6 mau luon bang (-1) khong déi.

Gia st ¢6 trang thdi thoa méan dé bai thi
tich cdc s6 & dinh t6 mau bang 1. Diéu nay
la mau thuén. Do vay khong ton tai trang
thai nhu da yéu cau.

Qua mot s6 vi du & trén, toi hy vong cac
ban c6 thé thdy phan nao su thd vi clia Toan
roi rac. Chic cac ban hoc tot va cé duoc
nhiéu thanh cong!

4./‘ | -
/

»

T |

CHUYEN TOAN HOANG VAN THU

Loi Ban bién tdp. Nhiing bai todn roi rac
ma ban Bui Manh Qudn gi6i thiéu la nhitng
bai toan rat hay va thi vi ding nhu cai von
¢6 cua Toan roi rac. Mong céac ban chi y tim
toi thém nhiéu bai toan hay khéc. Diéu dé sé
gidp cho viéc hoc — 1am toan tré nén phong
phu va y nghia.
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[\_,l

SU DUNG HANG DIEM DIEU HOA
OE Gi\ 8M TOAN CUC TRI

TRAN THI LINH PHUONG

CHUYEN TOAN K06 — 09.
Lop 10T, THPT Chuyén Hoang Vdn Thu

Loi Ban bién tap. Trong qud trinh chudn bi AB ‘AB
ra mdt to Tdp san, chiing toi dd nhdn duoc < 1+a - _1_ﬁ
rdt nhiéu y kién déng gop va bai viét giri vé. _
Trong dé c6 cd nhitng ban moi hoc lop 10. - 2:£+£
Chiing toi xin trdn trong cdm on moi sy AC AD
dong gop quy bdu do cua cdc ban. Hy vong 2 1 1
rang nhitng ban hoc sinh Phé thong sé tiép < ﬁ :T)-FTC

tuc cong viéc ma cdc thé hé di trudc con
chua hoan thanh ... Sau ddy la bai viét cua
tac gid nhd tudi nhdt trong Tdp san nay, voi 2. Tinh chidt 2

ndi dung vé hang diém diéu hoa. Goi SC va SD ldn luot la phan gidc trong va

ngoai cua tam gidc ABS. Khi dé (A, B, C, D)
la mot hang diém diéu hoa (2)

L. Pinh nghia. 9 Chiing minh.
Trén mot truc cho 4 diéem A, B, C, D. Ta

néi A, B, C, D ldp thanh 1 hang diém diéu

hoa néu (A,B,C,D) = -1.

I1. Mot so tinh chat.
1. Tinh chdt 1( Hé thitc Dé Cdc).
A,B,C,D la hdng diém diéu hoa thi

2 1 R
AR AC  ADR D A C B
AB AC AD Vi SC 1a phan giéc trong cua tam giac

Chitng minh. SAB nén: CA_ SA £A St

. . CB_ DB ‘CB SB CB _ SE

Tu (AB,CD) = -l tacd: —=—-— Vi SD la phan giac ngoai clia tam giac
A DA A
—_ — SAB nén:

Hay: “Ar AB__ DA+ AE DA_SA_DA_SA CA D

CA DA DB SB DB SB CB DB
= (A B,C, D)=-1 (dpcm).
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I11. Mot so bai toan.

Bai todn 1. Cho géc xOy va mot diém M c6

dinh trén duong phdn gidc Ot cua géc do.
Mot duong thang A bdt ky quay quanh M
cat xOy tai P va Q. Tim vi tri ciia duong

thang N dé biéu thirc 1 dat gid tri
OPDQ

lon nhdt.

Loi gidi.

0

Qua M ké dudng thang vuong géc véi Ot
cat Ox va Oy lan luot tai A va B. Lay [ trén
truc Ox sao cho Ol = OQ.

Ta c6 MA la phan giac trong cla tam giac
IMP va MD UJMA. Do d6 MO la phan giac
ngoai ctia tam giac IMP.

Theo tinh chit 2 ta ¢6 1, A, P, O la hang
diém diéu hoa. Theo hé thitic Dé Cic ta c6:

1 1
=+=:= = C'OnSt.
OP Ol OA
Ma OI = OQ nén i+i——2 =
OP 0OQ OA
const Theo bat dang thic Cauchy thi

dat gia tri 16n nhat khi . = 1

OPLOQ OP 0OQ
hay khi P= A Q= B. Tur d6 ta tinh duogc gid

tri cu thé clia )
C OPLOQ
Bai todn 2.

Cho tam giac ABC cdn tai A va mot
duwong thang A song song véi BC. Diém I di
dong trén N\. BI cdat AC tai M, CI cdt AB tai

N. Tim vi tri ciia 1 dé gid tri cua biéu thiic

dat gid tri lon nhdt.

CM BN
Loi gidi.
M
Fil
B H C

V& duong cao AH, gid su AHNnA=P,
AH N BM =K, CKn AB=R,
CPn AB= S

Vi duong thang A song song véi BC nén
theo dinh ly Ta - lét ta c6:

PQ_IP PK_IP_1IP

QH HC’ HK BH HC
PQ KP
QH KH

Khi d6 céac tia CK, CP, CQ, CH lap thanh
mot chim diéu hoa. Lai ¢6 AB cat chim
diéuhdataiR, S, N,B= (R, S, B, N) = -1

(Mot tinh chat quen thuoc ctia chim diéu
hoa).

Do doé: = (K,P,Q,H)=-1

Nhu vay, theo hé thic Dé - Céc thi:
1.01_2 1 1

—_—t=T= = = = const

BN BR BS BN CM B
Do vay theo bt dang thic Cauchy ta cé

= dat gid tri 16n nhét khi BN = CM,
CM BN

hay lakhi | =P.

sk sk sk she sfe sk sk sk sk sk sk she sk sk sk sk sk sk sk sk sk sk skeoskoske sk sk sk sk skoskokokok sk ok



PHAN II

Lich suir va irng dung Toan hoc



DHAN 1 - LICH &U VA NG DUNG TOAN HOC

2

i I~
gL

MO AU
Khi x4 hoi cang ph4t trién thi su phan héa giita cdc nganh nghé cang

giam mac du tinh chuyén moén hda va su phan cong lao dong trong xa hoi
ngay cang trd nén sau sic. Cing vdi xu huéng d6, moi lién hé giita nhitng
nganh khoa hoc co ban 1a Toan hoc — Vat Iy hoc — Héa hoc ciing ngay cang
gan nhau va mat thiét hon. C6 nhiing thoi diém ching ta sé khong thé hoic
khong nhat thiét phai phan biét gitta Toan hoc va Vat ly, Toan hoc va Hoa
hoc ... Bdi don gian, nhiém vu cua ta la giai quyét mot van dé thuc t€ - cu
thé, can phai van dung kién thiic 1y luan téng hop.

Nha toan hoc Polya da néi: “Giai dugc bai toan 1a mot thanh cong, nhung
s€ thong minh hon néu ching ta nghi ra cach tha hai!”. Va s€ con tuyét voi
hon thé€ nita khi nhitng su thong minh béit ngudn tir todn hoc d6 dugc ting
dung vao trong thuc t&, vao khoa hoc k§ thuat dé phuc vu cho cudc song
con nguoi.

Da timg hoc Toén, da timg yéu Toan va da timg gap nhiéu khé khan khi
dinh huéng nghanh nghé khi con hoc Phé thong. Chung t6i ciing di tiing
dat ra nhitng cau héi mo hd ring hoc todn dé 1am gi? Chitng minh bat dang
thitc dé 1am gi? ... C6 1€ da c6 khong it ban ciing da timg thic mac nhu thé,
Chinh vi vay BBT da c6 y tudng va quyét dinh thém chuyén muc Ung
dung todn hoc”. Chuyén muc tuy chi mang tinh gigi thiéu nhung ching toi
hy vong s€ phan nao gilp cac ban budc dau hinh dung duoc vi tri cling nhu
muc dich ctia toan hoc trong Khoa hoc ky thuat cling nhu trong doi song.
Xin gidi thiéu cung ban doc.
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U PHAT TRIEN CUA gl)

e

PHUNG NGOC THANG

CHUYEN TOAN K01 — 04
Sv. Lop K45B Todn, Pai Hoc Vinh — Nghé An

Cac ban than mén, s6 hoc 1a mot trong
nhitng b6 mon da xuat hién tr rat lau trong
linh vuc todn hoc. Qua bao giai doan thang
tram, qua bao the hé cac nha toan hoc xay
dung Va phat trién, s6 hoc di dan khing dinh
vi tri cia minh trong bau troi Toén hoc. Bai
vi€t nay xin dugc gidi thiéu voi cdc ban doi
nét vé su phat trién s6 hoc bing nhitng gi ma
toi da biét va suu tdm du(jc

1. Su phat trién vé so.

Khi dém cdc vat rieng biét, don vi 12 s6
nhé nhit, nghia la khong can chia né ra
thanh nhiéu thanh phan va thuong 1a ciling
khong thé 1am duogc (V1 du trong khi dém
c4c vién d4, néu thém nita vién thi ta duoc 3
vién chi khong phai 1a 2,5 vién, ciing nhur
khong thé bau dugc 2,5 ngudi vao doan chu
tich!). Tuy nhién, trong nhitng phép do cac
dai lugng mot cach so sai, viec chia don vi
thanh nhiéu thanh phéan ciing can thiét, thi
du nhu do chiéu dai bing budc chan ... Vi
thé, ngay tir h01 c6 xua da hinh thanh Kkhai
niém phdn so. V€ sau, nguoi ta thdy can phai
mo rong hon khai niém s6. Do dé xuét hién
nhiing s6'vo ty, s6 dm va sé phiic.

S6 “khong” tham gia vao hang ngil cac
s6 kha muodn. Thoat dau, tb “khong” cé
nghia 1a khong c6 s6. Thuc vay, chang han
néu 1dy 3 bét di 3 thi coi nhu khong con lai
gi ca. Viéc coi cdi “khong c6 gi” dé 1a mot
co s6 khi xét dén nhiing s6 am.

II. Chix so.

Chit s6"1a cach viét dung dé chi s6. Thoi
c6, cac s6 dugc biéu thi bing nhiing nét
thang (cic c4i gach): Mot gach biéu thi cho
s6 mot, hai gach biéu thi cho s6 hai v.v ...
Cach ghi d6 bat nguén tir nhitng nhét khac.
Hién nay, cach ghi d6 con dugc glu’ trong
nhu’ng ‘chit s6' La Ma” dé biéu thi céc s6 1,
2,3,.
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Pé biéu thi nhitng chit s6 tuong doi 16n,
cach d6 khong dung dugc. Vi vay, da xuat
hién nhitng ky hiéu cho s6 10 (theo hé dém
thap phan), va ¢ mot s6 dan tdc, cho so
5(tuong tng véi hé ghi co s6 nam) theo s6
ngén tay trén mot ban tay. V€ sau, nhiing ky
hiéu cho cac s6 16n dugc hinh thanh. Nhiing
ky hiéu nay & nhiing dan toc khac nhau cé
hinh thic khdc nhau va thay ddi theo thoi
gian. Ca nhiing hé ghi s6 tuc la nhitng ciach
két hop cac chit s6 dé biéu thi cdc s6 16n
cling khac nhau. Tuy vay, trong phan 16n
nhiing hé ghi s6, co s& thap phan cé gia tri
co ban, do hé dém thap phan la hé d€m uu
tién.

II1. Nhitng hé ghi s6 cua moét so6 dan toc.

1. Hé ghi so co Hy - Lap

Thoi c6 Hy - Lap c6 c4ch ghi s6 duoc phé
bién goi la cdch ghi so Attich (Attich 1a mot
xt 6 Hy Lap, c6 thu do 1a Athen). Nhiing s6
1, 2, 3, 4 dugc biéu thi bing n“ﬁng gach: | |l
Il 1lll. S6 5 dugc ghi bang daul'. (Loi viét 6
cla chu “pi”, chit dau cua tir “penté” nghia
1a nam). Nhlm $0 6, 7, 8, 9 dugc ky hiéu
bang |+ T1|. 1111 1111 'S5 10 duge kg hieu
bang A (Chu’ ddu ca tir “déeca”, nghia 1a
muoi.). Nhitng s6 100, 1000 va 10 000 dugc
ky hiéu bang H, X, M 1a nhiing chit cdi dau
clia nhitng tir chi s6 tuwong tng. Nhiing s6 50,
500, 5000 duoc ky hiéu bang cdch ph6i hop
cac dau Ch1 S Va 10, 5 va 100, 5 va 1000, cu
thé 1a: FA [ ™ Con nhiing s6 khéc, trong
pham vi chuc nghm dau tlen dugc ghi nhu

sau: HH AT = 256, [¥ XX ["HHH = 7800.

Vao thé ky thi IIT trudc cong nguyeén,
cach ghi sO Attich dugc thay thé bang mot
hé¢ goi 1a hé ghi so " Ioni (mot xit & Tiéu 4).
Thoi c6 dai, nhitng dan toc Do Thai, A - rap
va nhiéu dan toc khiac 6 Can Dong ciing déu
dung cdch ghi s6 bang cédc bang chit cdi nhu
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vay. Khong rd cach dé xuat hién truéc nhat
& dan toc nao.

2. Cdch ghi 56 Xlavo.

Cic dan toc Xlavo phuong Nam va
phuong Dong diing cdch ghi s6 bang céc chit
cai. Mot so lay gia tri so theo thi tu trong
bang chir cdi Xlavo. Mot s6 khéc (Trong s6
do c6 dan toc Nga) chi lay nhung chit nao cé
ca trong bang chir cdi Hy Lap va chi nhiing
chit d6 1am chit s6. Trén cdc chit biéu thi s6
nguoi ta dat mot dau dac biét. Nhu vay, gia
tri chia cdc chif tang theo trinh tu sap xép cac
chit trong bang chit cai Hy Lap (Trinh tu
trong bang chit cai Xlavo hoi khiac mot
chut).

Tai nuGc Nga, cach ghi s6 Xlavo con
duoc gitt dén cudi thé ki 17. Dudi triéu Piot
dai d¢, cdch ghi s6 A rdp duoc phé bién hon,
cach ghi nay ngay nay ngudi Nga van dung.
Cach danh s6 Xlavo chi con trong cédc sach
than hoc.

3. Chit s6 La Ma.
Ngudi c6 La Ma ding cdch ghi s6 goi la
“cach ghi s6 La Ma”, cach nay con dung
dén ngay nay. Ching ta hi¢n dung cach dé6
dé ghi lai mot so nhung nlen hi¢u, danh
trang sach... Dang m&i nhat cua nhu‘ng chir
s6Lam€1nhu’sau:I= 1,V=5,L=50C=
100, D =500, M = 1000.

Trudc kia hinh dang ctia ching c6 hoi
khdc. Chang han, nhu s6 1000 dugc biéu thi
bing dau (/) va s6 500 bang déu /).

Vé nguon g6c cua chit s6 La M3, khong
c6 y kién nao dang tin cay ca. C6 thé 1a chix
so V thoat dau tién duoc ding dé biéu thi
ban tay, con chit s6 X thi do hai chit s6 nam
hop lai. Ciing vay, dau chi 1000 c6 thé duoc
tao thanh bang cich ghép hai ddu chi so
500(hoac nguoc lai)

Trong cach ghi s6 La Ma nguoi ta thay ro
vét tich cua hé d€m co s6 nam. Con trong
ngon ngit ctia nguoi La Ma (ngdn ngit La
Tinh) thi khong thay vét tich nao cua hé dém
co s0 nam. Nhu thé nghia la nguoi La M3 da
muon nhiing chit s6 nay cua dan toc khdc
(rat c6 thé Ia nguoi xit Etoruri)

Tt ca cdc s6 nguyén (cho t6i 5000), déu
dugc viét nho cach ghép lai nhitng chit s6
trén. Theo cach nay, néu mot chit s6 16n
ding trudc mot chit s6 bé thi ching cong véi
nhau va ngugc lai. Theo cach viét chit s6 La
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M3, muoi hai chit s6 dau tién duoc ki hiéu
nhu sau:
L IL III, IV, V, VI, VII, VIII, IX, X, XI, XII.

V6i cach ki hiéu d6, cac phép tinh s6 hoc
trén nhitng s6 do gap rat nhiéu khé khan.
Tuy vay, cach ghi s6 La Ma van chiém uu
thé & nuéc Italia cho t6i thé ky 13, con & cdc
nudc Tay au thi dén thé ky 16.

4. Cach ghl §0 theo vi tri ctia nguoi An Do.

Céc mién khéc nhau & An P06 c6 nhiing
hé ghi s6 khac nhau. Mot trong nhu’ng h¢ doé
duoc phé bién trén toan thé gidi va ngay nay
dang duoc sir dung rong rdi. Theo hé 4y, cac
chit s6 c6 dang cta nhiing tlnh tr chi s6

tuong Ung trong ngon ngit co An bo (Theo
bang chir cai Devanagarl)

DPau tién nguoi ta biéu thi nhitng so 1, 2,
3,4, ...;9, 10, 20, 30, ... 90, 100, 1000 bang
nhu’ng déu phay Dua vao doé ngu’cn ta ky
hiéu nhiing s6 khic. Vé sau, ngum ta dua
thém dau dac biét (Cham dam, vong tron) dé
chi nhiing hang trong. Nhiing ddu chi nhu‘ng
s0 16n hon 9, khong dugc dung dén nita va
cach ghi so bévanagari chuyén thanh hé gh1
so thap phan theo vi tri. Cho dén nay nguoi
ta vin chua biét budc chuyen ti€p d6 duoc
thuc hién nhu th€ nao va vao thdi nao. Vao
khoang gitta thé ky tha VIIL, hé ghi s6 theo

vi tri duoc st dung rong rdi & An bo. Trong
khoang thoi gian nay, hé d6 ciing da tham
nhép vao cic nudc khéc(DOng Duong, Trung
quoc, Tay Tang, cic vung thudc cac nudc
Cong hoa Trung A cia Lién Xo, ...) Trong
viéc truyén ba cach ghi s6 An Do vao diat A
rap, sach chi dan do Mohamet & xi
Khorézmi (Ngay nay la mién Khorézmi
thudc nuéc Cong hoa Uzbékistan)Acé mot vai
trd quyét dinh. Sich nay ¢ Tay Au da duoc
dich sang tiéng Latin vao thé& ky tha XII.
bén thé ky thit XIIL, cich ghi s6 An Do qua
tay nguol A- rap, nén goi né la cach ghi s6

“A rdp”. Céch goi tén sai vé mat lich st d6
cho dén hlen nay van ton tai.

Hinh dang clia nhiing chit s6 An bo da
trai qua nhiéu bién ddi. Dang nhiing chit s6
ngay nay chung ta viét dugc hinh thanh vao
thé ky tht XVI.

Finish! Chiic cdc ban luén say mé tim
kiém vé dep todn hoc.
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Toan hoc va TU DONG HOA

NGUYEN LAM TUYEN

CHUYEN TOAN K99 — 02
Sv. Lép Piéu khién Tu Pong 1 - K47, PH Bdch Khoa Ha Noi

@Ong nghé thong tin va Tu dong héa Ia
hai [inh vuc cong nghé dang phat trién tuong
d6i manh mé trong nhitng nam gan day. Toi
xin dugc gidi thiéu mot s6 khai niém co ban
vé Ky thuat Diéu khién tu dong. Qua dé
phin nao s& gidp cdc ban hiéu dugc vai tro
cia Toan hoc trong Tu dong hda va tng
dung cua linh vuc nay trong thuc té.

Trong hau hét cac phuong tién giao thong
va mot sO thiét bi mady moc khac, ching ta
biét dén bo giam chan hay con goi la bo
giam x6c. N6 ¢6 tac dung lam “mém” hoda
céc xung dong manh khong mong mudn dé
dam bao an toan, tranh gay mét nhoc cho
con ngudi va bao vé may moc, dam bao cho
mot hé thong/day chuyén san xuét hoat dong
mot cach binh thuong, tron tru.

Chiing ta xét mot bo giam chin don gian
nhu trong hinh vé:

Hinh 1. B giam chdn don gian.

Trong d6 céc ky hiéu dugc hi€u nhu sau:
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U(t) [N]: Luc ép lén bo giam chin.
Nguyén nhan chinh gay ra do dich chuyén
(do lan) y(t) cta no.

F. [N]: Luc can (luc dan hoi) cua 16 xo
c6 do cing c.

F,[N]: Luc can cta bo giam t6c ¢6 hé s6
can d. Tuong tu nhu 16 xo nhung “mém déo”
hon. Pugc ché tao bang khi nén hoic bing
dau.

F, [N]: Hop luc tic dung l1én bo giam
chan.

Chon hé truc toa do Oy cé chiéu huéng
xuong dudi. Goc toa do O la vi tri cua hé
thong can giam chan (duoc co vé vat ¢ khoi
luong m, gan chat véi bo giam chan) & vi tri
can béang, nghia 1a khi chua ¢6 luc ép U(r)
tdc dong lén bo gidm chan. X4y ra, ching
han nhu khi 6 - to di trén doan dudng bing
phang, khong c6 “6 ga”.

Theo dinh luat II cia Newton, ta c6:

_d%
"odt?
Trong d6 hop luc F,, = U(t) - F.— F,, v6i

t . 2
F.=cyt),F,= d.%. Hai dang thic sau
cung ¢6 duoc nho ban chat cta thiét bi, da
duoc khao sat trong ly thuyét vat 1y.

Sap xép lai cdc dang thifc trén, ta thu
d?y(t) , , dxd
+d. +eyd=U(Y (*
e it (9= U
Ham s6 “quan trong” nhit ¢ day 1a y(z), vi
y(t) chinh 12 do dich chuyén (hay ly do) ctia

duoc: m.
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bd giam chan. Pay la mot ham theo bién
thoi gian ¢, v6i goc thoi gian la thoi diém ta
khao sdt, thong thuong 1a khi bat dau xuat
hién “chan dong” lam nay sinh U(?) # 0
(U(t) ta dang xét la dai luong vo hudng).
Hién nhién diéu ta mong muon la dao dong
y(t) tat dan theo thoi gian, nghia la
!irrgo y(t) =0. Va tat nhién, y(t) - O cang
nhanh cang tot. Lic d6 hau nhu khong c6
anh hudng x4u tir “6 gd” hay cic tic dong
dot ngot khong mong muon khac.

Pé khao sat tiéu chi trén, ta sé khao sat
y(t) thong qua phuong trinh vi phan (PTVP)
(*). Trong Todn hoc, (*) con dugc biéu
dién/ky hiéu & hai dang khac:

my (§+dy(h+cyy= U)

hoac 1a: m y(d+ d y(9+ c )= U}

Ta chuyén (*) vé dang dai s6 thong qua
phép bién déi Laplace. D6 1a dang phuong
trinh dac trung ma nhiéu ban da quen biét
khi giai cdc bai toan sai phan lién quan dén
day s6. Chi khac la & day, “doi tuong” ta
khao sét 1a qua trinh lién tuc chit khong phai
12 qud trinh roi rac nhu & diy so. Cu thé,
phuong trinh dac trung cia PTVP (¥) la:
mp’ + d p+ =0 (¥%)

Trong Toan hoc, nguoi ta ciing chi ra

rang nghiém cua (*) s& c6 dang:
y() = Y% (D + Yo (D)

Trong d6 Y, (t) la nghiém riéng cua (*) c6
v€ phai, diac trung cho qua trinh xac lap,
nghia 1a khi thoi gian khao sat la du 16n.
Nghiém riéng 1a mot nghiém bat ky thoa
man (*) va thoa man day du cdc yéu ciu vé
so kien. O day dé don gian ta coi nhu thoi
diém khdo sat 12 mdc thoi gian 7, = 0 bt dau
tr lic gap chian dong dot ngdét ma khong
chiu anh hudng cua cac chan dong trudc/sau
d6. Khi xét nhiéu qu4 trinh chéng chéo nhau
(chang han khi gap lién tiép cdc “6 ga” trén
duong) thi c6 phiic tap hon nhung két qua
hoan toan nhu nhau. Vi bai bdo chi mang
tinh gidi thiéu nén chi xét cac truong hop
gian don. Hon nita cac két qua ctia ly thuyét
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Todn hoc nhu da dé cap trén, coi nhu da c6
san.

Quay tré lai van de, Yy, (t) la nghiém
tong quat thuin nhat clia (*) nghia 1a khi (*)
khong c6 v€ phai. N6 dac trung cho qua
trinh qua do, d6 1a qua trinh phic tap nhat,
gay ra dao dong cuia bo giam chan.

Qud trinh xdc 1ap 12 mot quéd trinh 6n
dinh. Van dé chi con xét qud trinh qua do
Yoa (1) - Nghiém nay co dang:

Yeu () = C.E + G. &

Trong d6 p,, p,la nghiém cta PT dac
trung (**): mp*+ d. p+ <=0

Néu A=d*-4mc=0 thi PT(**) c¢6 2
nghiém thuc. Néu A <O0thi (**) ¢6 2 nghiém

. d
hidc lién h =—a*if(ag=—,
p op P B( om

ﬂ:A,ilédornViéoz iZ=-1).
2m

Hé thic O - Le: €? =cosg+ising do
nha Toan hoc O - Le phat minh ra, va tng
v6i ¢ =7 thi ta c6 €7 =-1chinh 1a ding
thic duoc coi 1a “dep nhdt moi thoi dai” vi
trong d6 ¢6 mat ca 3 so siéu viét e, i, /7!

Nho c6 dang thifc trén ma ta viét lai dugc

nghiém tong quét ctia (*):
Yu() =C.* + G.&

— Cl'e(—a+i,8)t + g é—a—iﬂ)t

= 2C.e ".cosBt

(Vi yu4(0)=0=C,=-C,=C)

R6 rang néu c6 a>0thi s€ co
ime™ =0 = !in; Yoo =0. Nhu vay o la

to o

hé s dac trung cho su tit dan cta dao dong,
con thanh phan diéu hoa cosft dic trung
cho kha nang dao dong ctia hé.

Du6i day la mot s6 dang do thi cta y(z)
trong mot sO truong hop khac nhau cua céac
hé s6 dac trung a , S
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Hinh 3. D6 thi @6 liin y(t) khi A<0,a <0

Hinh 4. D6 thi @6 liin y(t) khi A=0,a >0

Hé giam chan ta dang khao st xdy ra &
truong hop ¢6 a>0. Va nhu da dé cap,
mong mudn cua ta la y(t) - O cang nhanh
cang tot. Vi vy néu chon cac thiét bi c6 hé
sO ¢, d hop 1y, ta sé& c6 dang d6 thi y(t) v6i
toc do tat dan nhu mong muén. Chang han,
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chon 10 xo ¢6 do cing ¢ va bo giam toc cé
hé s6 d sao cho A=d?-4mc=0 thi hé s&
tat dan ma khong c6 dao dong (Xem hinh vé
4).

Tat nhién bd giam chan néi trén chi la
mot vi du don gian vé mot hé théng ma ta
can lam “mém héa” qué trinh qua do, 1a qua
trinh ma ta khong mong muon. Trong thuc t€
no6i chung va linh vuc Tu dong hda néi riéng,
cac hé thong la hét stc phic tap. Cac hé
thong cin tic dong yéu t6 diéu khién dé thu
dugc dac tinh nhu mong muén dugc goi Ia
doi tuong diéu khién. Muén can thiép vao
doi tugng diéu khién thi ching ta cin c6
mot su hiéu biét nhat dinh vé d6i tuong do.
Cong viéc tim hiéu va biéu dién thong tin
du6i mot dang thong nhit duge goi la mo
hinh héa hé thong. Trong d6 mo6 hinh héa
todn hoc clia hé thong 1a biéu dién cic thong
tin ¢6 dugc dudi dang mdt mo hinh todn hoc,
chang han nhu phuong trinh vi phan (*) &
trén. Day la mot viéc 1am hét sic quan trong
clia qud trinh téng hop hé théng. Vi su mo
hinh hoéa cang chinh x4c thi qua trinh tac
dong cua ching ta ciing s€ chinh xac hon.

Mot trong nhitng nhiém vu cua nguoi Ky
su Tu dong hoéa Ia lua chon thiét bi/cai dat
céc thong so (thiét k& hé thong) dé hé thong
mdy méc thiét bi én dinh (y(t) — 0), ching
han chinh dinh dé a >0. Ty timg chi tiéu
chat lugng cu thé dat ra, bing kinh nghiém
hodc bang k¥ thuat chuyén nghanh, ngudi k¥
su s& dinh huéng dugc dé chon lua cdc thong
sO phit hop./.

Don gidn héa, don gidn nhu cé thé, nhung
khong thé don gidn hon

-Albert Einstein-
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Dung Da Thic DE Phét Rign
o1 Pusng Trugeh

NGUYEN LAM TUYEN

CHUYEN TOAN K99 - 02
Sv. Lop Diéu Khién Tu Pong 1 - K47
DPH Bdach Khoa Ha Noi

/V\gély nay khi cong nghé thong tin
(CNTT) dang phat trién manh mé& hon bao
gio hét thi nhitng khdi niém nhu may vi tinh,
mang internet, hé vi xt 1y ... da khong con
qué xa la v6i ching ta. CNTT da xam nhap
vao moi noi, moi Iinh vuc, di dén véi viung
sau, vung xa.

C6 € ai cling da biét tGi vai tro ciia Toan
hoc & khia canh cung cap thuat toan trong k§y
thuat 1ap trinh ciing nhu céch thic t8 chiic
dir he;u ma lénh thuc thi chuong trinh. Bai
viét nay xin duoc gidi thiéu mot van dé ma
¢6 1& con nhiéu ban chua biét dén, d6 1a cich
ma hoa dit liéu dé phat hién va stra 16i trong
1y thuyét truyén tin.

C6 hai dang biéu dién thong tin thong
dung Ia tin hiéu twong tu (Analog) va tin
hiéu s6 (Digital), trong d6 tin hiéu s6 dugc
stt dung pho bién hon nhd mot s tinh néng
dac trung rieng cta no, tuy nhién “so’ hay

tu?cfng tu” thuc chat ciing chi la mot quy udc
va ching déu truyén dua trén tin hiéu chudn
la dong dién hoac dién ap. Chang han, sau
day 1a mot cich ma h9a “bit” don gian trong
1y thuyét truyén tin. O d6, nguoi ta quy udc
bit “0” tng v6i muc dién ap tr 0 — 0,5 V,
trong khi d6 bit “1” tng v6i muc dién ap tu
4,5 — 5 V. Khoang tir 0,5 — 4,5 V 1a “dai
chét”, hay vung khong xdc dinh (don’t
care). Khi dién ap roi vao khoang nay thi
nguoi ta coi nhu la khong cé tin hiéu (s0).
Khi thu, phdt tin hiéu thi cdc bit tin hiéu sO
dugc phat va dugc nhan biét tuan theo quy
tac trén.
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Muon truyén thong tin thi nhiém vu dau
tién bén phla phat 1a ma hoa dit lieu dudi
dang mot géi tin theo mot quy tic ma tat
nhién, bén phia nhan ciing phai biét duoc

b ¥
V)

|
5 0,

4.5V

P, |

e ———

5y |
i |

0 1{s)
Mot cdach md hoa bit don gidn

quy tic do. D6 1a cong doan dong gbi dit
liéu, n6é giong nhu viéc bo mot 14 thu vao
trong bi thu va ddn tem, ghi dia chi trude khi
gui. Bén nhén sau khi thu dugc géi tin dudi
dang mot chudi s6 nhi phan thi tién hanh
tach ra dé thu dugc thong tin can thiét. Vi
du, ky tu “A” duoc ma héa thanh mot s§ nhi
phan 8 bit la 10101010, cong doan ma hoéa
goi tin nguoi ta thém vao mot s§ bit cdn thiét
dé phuc vu cho muc dich riéng, chang han
thém 2 bit ddu va cudi dé phat hién diém
khoi dau va két thic cia mot g01 tin dugc
truyen/nhan Cu thé s& ¢6 mot géi tin gom
10 bit s& dugc truyén di 1a 1101010100. Khi
nhan, hai bit dau va cudi sé dugc tach ra, va
dua vao chudi bit vira nhan, tra bang ma
nguoi ta biét dugc ky tu vira nhan 1a ky tu

Trong ky thuat truyén dan thong tin , mac
du da sur dung ky thuat s6 nhung do tac dong
ctia nhiéu va do chat luong moi trudng
truyén din ma thong tin dugc truyén tai
khong tranh khoi bi sai léch. Van dé dat ra Ia
lam the nao dé han ché 16i cling nhu khi 16i
da xdy ra thi phai c6 bién phdp khic phuc.
C6 mot s6 dang 16i la: Léi phdt hién duoc
nhung khong sva duogc, 160 phdt hién diuoc
sita dugc va 161 khong phat hién duoc.

Bién phdp khac phuc that nhét 1a sit dung
céc thiét bi phan cing cao cap va cac bién
phap boc 16t dudng truyen dé giam tic dong
ctia nhiéu. Song day chi 12 mot bién phdp
han ché chit khong thé loai trix hoan toan kha
nang bi 16i. Mat khac gia thanh cao ciing 1a
mot yéu to can tr¢ dén viéc thuc hién trong
thuc té.
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Bién phdp thi hai la bao toan dir liéu, tic
1a xir 1y giao thiic (ma hoa hay quy ude) dé
phat hién 16i, trong d6 phét hién 16i dong vai
tro hang dau. Vi khi da phat hlen duoc 16i thi
c6 thé c¢6 cach khoi phuc gl liéu, hodc don
gidn 12 bén nhan yéu cdu ghi lai dit lieu.
Ching t6i xin duogc gidi thiéu véi cac ban
mot phuong phdp phdt hién 16i 1a phuong
phép st dung da thiic.

bay la phuong phap duoc su dung trong
hau hét cac hé thong truyen thong. Y tudng
G day la thong tin kiém 13i (checksum) phai
dugc tinh bang mot thuat todn thich hop,
trong d6 gid tri moi bit cia thong tin nguon
déu dugc tham gia nhi€u 14n vao qué trinh
tinh toan.

Dé tinh todn thong tin checksum d6
nguoi ta dung mot da thic phit G
(Generator polynomial) c6 dang nhi phan
dac biét, cac hé so ctia nd chi c6 gid tri bang
“0” hoac “1” tuong tng véi cac chit sO trong
mot day bit.

Vi du. Dang da thic G = 1011, tic la
x>+ x+1. Gia st da thic G c6 bac n. Diy
bit mang thong tin nguén I (Infomation)
duoc thém vao n bit “0” va coi nhu 1 da thiic
nhi phan P. Da thic P dugc chia cho da thic
G dua vao quy tac don gian cua phép trir c6
nhd nhu sau:

) 1-1=0
ii) 0-0=0
i) 1-0=1
iv) 0—1=

Nhu vay, véi quy wéc nay, ro rang la phép
cong (khong nhg) va phép tru (khong nhé)
déu cho cuing mot két qua.

1) 1+1=0.
i1’) 0+0=0.
ii’) 1+0=1.
iv)0+1=1.

Do d6, néu da thic P chia cho G ¢6 phan
du 1a R, nghia 1a P — R chia hét cho G, thi P
+ R (bing P - R) ciing chia hét cho G That
ra, vé bdn chat, quan h¢ “cong”, “t hay

“chia hét” & day ching qua chi 1a mot quy
udc. N6 cho phép ta thu dugc mot két qua
duy nhét sau mot phép tinh, cu thé & day la
phép chia, nho dé ngudi ta c¢é thé kiém tra
duogc so bi chia 6 bi thay doi hay khong dua
vao viéc kiém tra s6 du khi ma s chia
khong ddi.
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Vi du. Thong tin can truyén I=110101. ba
thic quy uéc G = 1011 (x> + x+1). Thém 3
bit “0” vao thong tin ngudn I, ta ¢c6 P =
110101000. Chia P cho G theo kiéu nhi
phan:

1r n]rmn | 1011

=
g

‘ 111101

I
P

0111 < PhinduR

Day bit duoc truyén diD=P+R =
110101111. Gi4 st dix liéu nhan dugc la D’
= 110101111. Chia da thic D’ cho G dugc
s6 du 12 0000. Do d6 xdc sudt khong cé 16i
la rét cao.

Nguoc lai, néu dit liéu ta thu duge 1la D’
= 110101111 thi D’ chia cho G du 0001 thi
chic chin D” nhan duoc 12 bi 16i.

Phuong phéap nay c6 vé nhu rat phuc tap,
nhung su thuc 1a viéc thuc hién né lai rat don
gian. Phép chia da thic nhi phan & day duoc
thuc hién thuan tdy boi cac phép trir khong
c6 nhG (chinh la phep XOR bit). Bén canh
do, dé kiém tra, chi can phép so sanh va sao
chép bit thong thuong. Nho vay ma qud trinh
tinh todn cua vi xtr 1y 1a rat nhanh.

Con rat nhiéu vén dé chuyén nganh ma
trong pham vi han hep cua Tap san nay
khong du dé dé cap t6i. Vi vay, néu cac ban
that su quan tam dén thi cac chuyén nganh
Cong nghé Thong tin, Dién ti — Ty dong hoa
.. trong cdc truong DPai hoc K§ thuat dang
chao don cac ban. Xin chic cic ban thuc
hién dugc nhitng uGc mo ctia minh!

J‘r
Pl

i
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L£au Tric

TU NHIEN

NGUYEN THAI NGOC

CHUYEN TOAN K99-02
Sv. Lop DT8 — 48, Khoa Dién tit Vién Thong, PH Bdach Khoa Ha Noi

con nguoi ching ta thuong st dung hé
dém co s6 10 dé biéu dién céc con s6. Tuy
nhién trong may tinh, chiing ta thdy rang cac
trang thai thudng chi ton tai 6 2 dang doi lap
nhau, chang han trang thdi bat cong tic véi
tit cong tac, trang thdi c6 dong dién véi
khong c6 dong dién, hay trang théi c6 dién
4p v6i khong c6 dién dp, v.v... Do d6, dé luu
trit thong tin trong mady tinh, nguoi ta st
dung hé dém co so6 2 (tuong Gng véi 2 trang
thai) ma khong st dung hé dém co s 10.
Quy ué6c cho cédch biéu dién hé dém co s6 2
1a hai ky tu “0” va “1”. Viéc biéu dién cdc
ky hiéu khiac ma con ngudi mong muodn s&
tré thanh mot chudi bit 0, 1. Vi du, ky tu
“A” biéu dién duéi dang 8 bit trong bang ma
ASCII 1a 01000001.

Tir d6 con nguoi xay dung nén vo s6 cac
ky hiéu khiac nhau. Dit liéu sé duogc luu trit
duéi dang céc 6 nhS. Chiang han mot 6 nhé
c6 p cot biéu dién s6. Thi dung luong clia 0
nhé d6 la 2P twong tng vGi 2Ptrang thdi
khéc nhau ma 6 nhé c6 thé biéu dién duoc.

Vi du: p = 10 thi dung lugng ctia 6 nhé sé
1a 2*° twong duong véi 1Kb.

Ngudi ta thiy ring s6 lugng thiét bi N dé
biéu dién mot 6 nhé nhu vay s& ty 1& thuan
v6i s6 cot biéu dién s6. Tic 1a: N =a2p.
Trong d6 s6 2 1a s6 trang thdi c6 thé ¢6 cua
mot cot biéu dién so.

Co mot bai toan ddt ra:
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Cé ton tai mot cdch biéu dién so khdc
trong mdy tinh khong? Tim hé dém t6i wu dé
c6 thé thiét ké’ mot bo nhé mdy tinh cé dung
luong M sao cho so luong thiét bi la toi
thiéu.

Dé gidi quyét bai todn ndy, ta goi r 1a co
s0 clia hé dém, p 1a s6 cot biéu dién so.

Ly luan tuong tu nhu véi trudng hop r=2
la hé co sO tu nhién, ta ¢6 hé phuong trinh
sau:

T )

N=arp
Tu (*) ta rut N theo M s€ dugc phuong

trinh sau:

N:aInM(LJ.
Inr

O day M 1a ¢6 dinh. Ching ta khao sat su
bién thién cua N theo r va s€ tim duoc N dat
gid tri Min khi r=e.

Nhu vay 1a: s6 luong thiét bi biéu dién 0
nhé s€ la nho nhat khi ching ta st dung hé
dém e.

Tuy nhién, mot van dé rat khé khan cua
con ngudi d6 1a tim ra nhitng phan tlr co ban
cuia cdu trdc tu nhién c¢6 hé dém 1a co s6 e va
day véan chi la van dé cta tuong lai. Nhiéu
nha nghién citu cho rang, t6 chic bo nhé
trong nao con nguoi 1a & dang co so e. D6 1a
cdu tric tu nhién ma con nguoi dang hudng
dén!
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PHAN III

Hoc Toan va Ngoai ngix
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HOC TOAN VA NGOAT NGU

NGO THANH LONG
LOP 12A TOAN, K01- 04, KHOI PTCT — TIN, PH KHTN, PHQG HA NOI
Sv. Khoa Cdu duong, PH Mosscow.

€hAo cic ban, nhitng ngudi di tim kiém
vé dep toan hoc. Toi cling muon gia nhap
vao “ doi tim ki€ém” d6 bang mot van dé rat
dang phai quan tam d6i v6i cdc ban hoc
sinh giéi toan. Qua 106i tam su cua nhiing
nguoil ban to61 da ting tham gia cdc ky thi
Qudc té thi so vGi cac nudc, ching ta khong
thua vé kién thic ma thua vé ngoai ngi.
Diéu nay thé hién rd qua cédc cudc giao luu
gifta cdc doan v6i nhau. Vi vay, qua day toi
chi muén nhidn manh tam quan trong cua
viéc hoc ngoai nglt d6i vGi cac ban hoc sinh
gioi toan. Toi xin giGi thiéu vé mot s6 dé
todn va 10i gidi bang tiéng Anh dé cic ban
tham khao.

Petersburg City
Mathematical Olimpiad(Russia)

Problem 1. In how many zeroes can the numberl" +
2" +3"4" end for n [JN?

Solution. There can no zeroes (i, e, n = 4), one Zero
(n =1) or two zeroes (n = 2). In fact, for n = 3, 2" and
4" are divisible by 8, write 1" + 3" is congnient to 2 or
4 mod 8. Thus the sum cannot end in 3 or more
Zeroes.

Problem 2. The diagonals of parallelogram ABCD
meet at O. The circumcicle of triangle ABO meets AD
at E and the circumcicle of DOE meets BE at F. Show
that JBCA=LJFCD.

Solution. We use directed angles.From cycle
quadrilaterals, JEDF = JEOD = JDAB = [JBCD so
BFDC is algo cyclic. Thus[JBCF = 0BDF = [JOEF =
OOAB =0ACD whence [IBCA = OOFCD.

Problem 3. In a 10x10 table are writer the numbers
from 1 to 100. From each row we select the third
largest number . Show that the sum of these numberes
is not less than the sum of the numbers in some row .
Solution. Let a, > ... > a, be the numbers Selected.
Then at most 20 number exceed a, (the largest and
second — largest in each row) show a, >80. Semilarly
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a, =72 (this time, the largest and second — largest in
each row, and the elements of the row coutaining a,
may exceed a,).

Hence: a, + ... + ag =280 +72 + (ag + 7) + (ag +
6) + ... + ag=8a,+ 180.

Mean while, the row containing a, has sum at
most: 100 + 99 + ay + ... + (ag—7) = 8a, + 171
When is iess than the sum of the a, .

Problem 4. The set M cousists of n point, in the
plane, no three lyning on a line . For eace triagle
with wertices in M, count the nuber of points of M
lying in is merior Prave that the arithmetic mean
these numbers does not exceed 714.

Solution. It suffices to show that if p,, p,, p;, p, are
four then randomly shosen points of the set, then the
probaboliti that p, lies in p,p,p;is at most /4. In fact,
at most one these four point lies inside the triargle
fromed by the other three, from each resulf follows

Problem 5. Show that for any natural number n, bet

wen n’ and (n + 1) one can find three oistinct

natural numbers a, b, ¢ such that @ + b* divisible by

c.

Solution (We must as sumen > 1)

Take:a=nw +2,b=n*+n+1,c=n’>+ 1 then:
@+ =020 +2n+5).c

Problem 6. A country contains 1998 cities, any two
joined by a direct flight. The ticket prices on each of
these flights are different. Is it possible that any two
trips visiting each city of origin have different to tal
prices ?

Solution. Yes. Choose the prices to be distinet
powers of 2, then every subset of flights has a
different to tal price.

Cu6i cung, dé két thic bai viét toi xin
chic t& bdo clia cic ban thanh cong dé tiép
tuc phat huy truyén thong von cé cta khoi
chuyén Toan THPT chuyén Hoang Van Thu!
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BBT. Ngay nay #ng Anh |a céng ¢ quan
trong cho #t ca moi nguoi.Véi hoc sinh
chuyén Toantiéu iy ciing khong phi ngaai

l&. Chinh vi tk BBT quyét dinh givi thiéu

mot sb bai bdo Téng Anh & Toan & cip

cua cac tac gi nuéc ngoai cho bn doc. Hai
bai bao a@éi day trich tr to Mathematical
Excalibur @ia dai hoc Hong Kong, @a kan

Luu Nhe Hoa gri téi Ban bién dp.

Phwong tich aia diém véi
dwong tron.

Power of Points Respect to

Circles
Kin-Yin Li

Intersecting Chords Theorem Let two lines
through a point P not on a circle intersect theidles
of the circle at chords AA' and BB', then PRA' =
PB [PB'. (When P is outside the circle, thelimiting
case A = A' refers to PA tangent to the circle.)

This theorem follows from the observation that
triangles ABP and A'B'P are similar and the
corresponding sides are in the same ratio. In dse c
P is inside the circle, the produ&A [PA can be
determined by taking the case the ché&W passes
through P and the center O. This gives

PAx PA = P — d?, wherer is the radius of the
circle andd = OP. In the casé® is outside the circle,

the producPA [PA can be determined by taking the
limiting case PA is tangent to the circle. Then

PAx PA = of = P. The powerof a pointP with

respect to a circle is the numbed?® - r?as
mentioned above. (In caskis on the circle, we may
define the power to be 0 for convenience.) For two

circles C, and C, with different center€O, andQO,
, the points whose power with respect @ and

C,are equal form a line perpendicular to lieg0O, .

(This can be shown by setting coordinates with line
01 02 as thex-axis.) This line is called theadical
axisof the two circles. In the case of the three cgcle

C,, C,, Cwith noncollinear center€),;, O,, O,the
three radical axes of the three pairs of circlésrgect
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at a point called theadical centerof the three
circles. (This is because the intersection poirdmf
two of these radical axes has equal power with
respect to all three circles, hence it is on thedth
radical axis too.) If two circle€1 and C2 intersect,
their radical axis is the line through the intetgetc
point(s) perpendicular to the line of the centéfis

is because the intersection point(s) have O poviter w
respect to both circles, hence they are on theahdi
axis.) If the two circles do not intersect, theidical

axis can be found by taking a third circle,
intersecting bothC, and C, . Let the radical axis of
C, . C; intersect the radical axis o€, ,C, atP.
Then the radical axis of,, C, is the line througtP

perpendicular to the line of centers©f, C, .

We will illustrate the usefulness of the
intersecting chords theorem, the concepts of paiver
a point, radical axis and radical center in the
following examples.

Example 1. (1996 St. Petersburg City Math
Olympiad

Let BD be the angle bisector of anddan triangle
ABCwith D on sideAC. The circumcircle of triangle
BDC meets AB at E, while the circumcircle of
triangle ABD meetsBC atF.

Prove thalAE = CF.

Solution. By the intersecting chords theorem,

AEx AB= ADx AC and
CFxCB=CDx CA, so AE = ADX BC.
CF CD AB
B _ AD .
However, — =—— by the angle bisector
CB CD

theorem. SAE = CF.

Example 2. (1997 USA Math Olympigd

Let ABC be a triangle, and draw isosceles
trianglesBCD, CAE, ABFexternally toABC, with
BC, CA, ABas their respective bases. Prove the lines
throughA, B, C,perpendicular to the lineSF, FD,
DE, respectively, are concurrent.

Solution. Let C1 be the circle with cented and
radiusBD, C2 be the circle with centdf and radius
CE, andCs be the circle with centdf and radiusAF.
The line throughA perpendicular t&F is the radical
axis of C2, C3, the line throughB perpendicular to
FD is the radical axis of3, C1 and the line through
C perpendicular t®E is the radical axis of1, C2.
These three lines concur at the radical centehef t
three circles.
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Example 3. (1985 IMQ A circle with centerO
passes through verticésand C of triangle ABC and
intersects sideéAB at K and sideBC at N. Let the
circumcircles of triangleABC andKBN intersect at
B andM. Prove thaODM is perpendicular tB8M.

Solution. For the three circles mentioned, the
radical axes of the three pairs are lidgs KN and
BM. (The centers are noncollinear because two of
them are on the perpendicular bisectoAGf but not
the third.) So the axes will concur at the radical

centerP. Since PMN = BKN = NEA it follows
that P, M, N, Care concyclic. By power of a point,

BM x BP= BNx BC= BO- fand

PM xPB= PNx PK= PG - F, wherer is
the radius of the circle through, C, N, K Then
PO’-BC = B PM- BM= PM- BM
This implies OM is perpendicular toBM. (See
remarks below.)

Remarks. By coordinate geometry, it can be
shown that the locus of pointX such that

PO’ - BO’ = PX*- BXis the line throughO
perpendicular to lin&P. This is a useful fact.

Example 4. (1997 Chinese Math Olympiad

Let quadrilateralABCD be inscribed in a circle.
Suppose linesB andDC intersect aP and linesAD
andBC intersect af). FromQ, construct the tangents
QE andQF to the circle, wher& andF are the points
of tangency. Prove th&, E, Fare collinear.

Solution. Let M be a point onPQ such that

CMP= ADC. Then D,C,M,Q are concyclic and
also,B,C,M,P are concyclic. Letr, be the radius of
the circumcircleC1 of ABCD and O1be the center of

C1 . By power of a point,
PQ? -t = PCx PD= PMx PCand
QQ - =QCx QB= QMx P(C Then

PQ’-QQ =( PM- QM) PQ= PM- QM
which implies O,M 0 PQ. The circle C2 with
QO1 as diameter passes throughE,F and intersects
CiratE, F. If 1, is the radius ofC2 and O2 is the
center of Cc2 , then
PO — 1> =PMx PQ= PG - F.So P lies on
the radical axis o€1, C2, which is the line&eF.
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Phep Nghich dao

Inversion
Kin Y. Li

In algebra, the method of logarithtransforms
tough problems involving multiplications and
divisions into simpler problems involving additions
and subtractions. For every positive numgethere
is a unique real number login base 10. This is a
one-to-one correspondence between the positive
numbers and the real numbers.

In geometry, there are also transformation
methods for solving problems. In this article, wdl w
discuss one such method calledersion To present
this, we will introduce theextended planewhich is
the plane together with a point that we would like
think of as infinity. Also, we would like to thinkf
all lines on the plane will go througthis point at
infinity! To understand this, we will introduce the
stereographic projectianwhich can be described as
follow.

Consider a sphere sitting on a pdihbf a plane.

If we remove the north pold of the sphere, we get a
puncturedsphere. For every poift on the plane, the
line NP will intersect the punctured sphere at a

unigue point Sp. So this gives a one-to-one

correspondence between the plane and the punctured
sphere. If we consider the poi®son a circle in the

plane, then theSp points will form a circle on the
punctured sphere.However, if we consider the points
P on any line in the plane, then th&p points will

form a punctured circle on the sphere withas the
point removed from the circléf we move a point P

on any line on the plane toward infinity, the’fﬁp

will go toward the same point Nlhus,in this model,
all lines can be thought of as going to the same
infinity.

Now for the method of inversion, 1€ be a point
on the plane and be a positive number. The
inversionwith centerO and radiug is the function
on the extended plane that sends a pofn# Oto

the image point X 'on the ray OX such that
OX[OX'= P When X =0, X' is taken to be

the point at infinity. WherX is infinity, X' is taken
to be O. The circle with center O and
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radiusr is called thecircle of inversion

The method of inversion is based on the

following facts.

(1) The function sendingX to X 'described
above is a one-to-one correspondence between the
extended plane with itself. (This follows from

checkindx ')': X)
(2) If X is on the circle of inversion, then

X'= X If X is outside the circle of inversion, then

X'is the midpoint of the chord formed by the
tangent pointd1, T2 of the tangent lines frord to the
circle of inversion. (This follows

fromOX[OX =( rsec1TOX( rcosl TOX= 1.

(3) A circle not passing throug® is sent to a
circle not passing throug®. In this case, the images
of concyclic points are concyclic. The poidt the
centers of the circle and the image circle are
collinear.However, the center of the circle is rsant
to the center of the image circle!

(4) A circle passing througb) is sent to a line
which is not passing through and is parallel to the
tangent line to the circle &. Conversely, a line not
passing througl® is sent to a circle passing through
O with the tangent line & parallel to the line.

(5) A line passing throug® is sent to itself.

(6) If two curves intersect at a certain angle at a

point P# O, then the image curves will also

intersect at the same anglePdt If the angle is a
right angle, the curves are said to behogonal So
in particular, orthogonal curves & are sent to
orthogonal curves &'. A circle

orthogonal to the circle of inversion is sent to
itself. Tangent curves & are sent to tangent curves
atP’.

(7) If pointsA, B are different fronO and points
O, A, B are not collinear, then the equation

OADA = ¥ = OBIOB implies %:%
OB OA
Along with [OAOB=[B OAthey imply
AOAB=AOB Aare similar Then
1 1 \ 2
AB_OA_ f so thatk B=— — A
AB OB OAOE OAOB

The following are some examples that illustrate
the powerful method of inversion. In each example,
when we do inversion, it is often that we take the
point that plays thenost significant roleand where
many circles and lines intersect

Example 1. (Ptolemy’s Theorejn

For coplanar pointsA, B, C, D, if they are
concyclic, thenABLCD+ ADIBC= ACIBL
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Solution. Consider the inversion with cent&r
and any radiug. By fact (4), the circumcircle of

~ABCis sent to the line througiA', B', C'.Since

A'B'+B'C'= AC, we have by fact (7) that

r r? r?

+ = AC
ADIBD BDLCD ADLICD

Multiplying by &Em},we get the desired
equation.

Remarks. The steps can be reversed to get the
converse statement that if
ABLCD+ ADIBC= AUIBL thenAB,CD are
concyclic.

Example 2. (1993 USAMQ

Let ABCD be a convex quadrilateral such that
diagonalsAC andBD intersect at right

angles, and l€D be their intersection point. Prove
that the reflections oD acrossAB, BC, CD, DA are
concyclic.

Solution. Let P, Q, R, S be the feet of
perpendiculars fromO to AB, BC, CD, DA,
respectively. The problem is equivalent to showng
Q, R, Sare concyclic (since they are the midpoints of

O to its reflections). Not©SAR OPBQ OQCR
ORDS are cyclic quadrilaterals. Let their

circumcircles  be called C,,C;,C., G,

respectively.
Consider the inversion with cent&® and any
radiusr. By fact (5), linesAC and BD are sent to

themselves. By fact (4), circl€, is sent to a line
L, parallel toBD, circle C; is sent to a lineLg
parallel toAC, circle C is sent to a linel. parallel
to BD, circle C,, is sent to a lineL, parallel toAC.
Next C, intersectsCy at O and P.This implies
L intersectd ; atP'. Similarly, L intersectsL_
atQ', L. intersects Lyat R'and L intersects
L,atS".

SinceAC[ BD, P'Q'R'S is a rectangle,

hence cyclic. Therefore, by fact (B, Q,

R, Sare concyclic.

Example 3. (1996 IMO

Let P be a point inside triangleABC such
thatLJAPB— 0 ACB=01 APC-10 ABC

Let D, E be the incenters of triangles?B, APC,
respectively. Show tha&P, BD, CE

meet at a point.
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Solution. Let lines AP, BD intersect atX, lines
AP, CEintersect a¥. We have to

show X = Y. By the angle bisector
BA X . A
theoremy— =——. Similarly,—=—. As X, Y
BP XP CP YP
. _CA_BA
are onAP, we getX = Yif and only if— = —.
CP BP

Consider the inversion with centé& and any
radiusr. By fact (7), aAABC,a AC' Bare similar,
ArAPBa AB Pare
AAPC,a AC Pare similar. Now
OB'C'P'=0OAC' P-OAC B
=HJAPC-0ABC =
OAPB-0OACB=0OAB'P-0OAB C-=
oc'B'pP

So AB'C'P'is isosceles anB'B'= P'C'.
From AAPB,A AB' P similar and
AAPC AAC' P similar, we get

BA P A PA C¢
—=———=——=— ThereforeX=Y.
BP P'B PC CF

Example 4. (1995 Israeli Math Olympiad

Let PQ be the diameter of semicircke. Circle O
is internally tangent tél and tangent tQ atC. Let
A be a point orH and B a point onPQ such that

AB [ PQand is tangent toO. Prove thatAC
bisectd IPAB.

Solution. Consider the inversion with cent&
and any radiusr. By fact (7), ACAPACP A

similar and ACAB,» CB' Asimilar. SOAC bisects

PABif and only if JCAP=[ CABif and only if
OCP'A'=0CB A.

By fact (5), linePQis sent to itself. Since circl®
passes throughC, circle O is sent to a line

O’ parallel toPQ. By fact (6), sinceH is tangent to
circle O and is orthogonal to linBQ, H is sent to the

semicircle H'tangent to line O'and has
diametelP'Q'. Since segmeniB is tangent to
circle O and is orthogonal tQ, segmeniAB is sent

similar and

to A'B'on the semicircle tangent to lif@" and has

diameter CB' .Now observe thatA'Q' and A'C

are symmetrical with respect to the perpendicular

bisector of CQ'so we get ICP' A =1 CB A.

In the solutions of the next two examples, we will

consider the nine-point circle and the Euler lifieao
triangle. Please consult Vol. 3, No. 1 of Mathegwiti
Excalibur for discussion if necessary.
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Example 5. (1995 Russian Math Olympiad

Given a semicircle with diamet&B and cente©
and a line, which intersects the semicircl€atndD
and lineAB at M (MB < MA, MD < MC). LetK be
the second point of intersection of the circumeiscl
of triangles AOC and DOB. Prove that
OMKO =90

Solution. Consider the inversion with cent€r
and radiug = OA By fact (2),A, B, C, D are sent to
themselves. By fact (4), the circle throughO, C is
sent to lineAC and the circle througb, O, B is sent
to line DB. Hence, the pointK is sent to the

intersectionK ' of linesAC with DB and the poini
is sent to the intersectioM 'of line AB with the
circumcircle ofaOCD. Then the lineMK is sent to

the circumcircle ofOM "K',

To solve the problem, note by fact (7),
OMKO =90'if and only if 1K 'M 'O =90°

Since BC [ AK', AD 0 BK'"'and O is the
midpoint of AB, so the circumcircle ohOCD is the
nine-point circle ofa ABK'which intersects sidaB
again at the foot of perpendicular frolk ' to AB.
This point isM '.So IK'M 'O =90 and we are
done.

Example 6. (1995 Iranian Math Olympiad

Let M, N and P be points of intersection of the

incircle of triangleABC with sidesAB, BCandCA
respectively. Prove that the orthocenter

of AMNP, the incenter of AABCand the
circumcenter ofa ABC are collinear.

Solution. Note the incircle of AABCis the
circumcircle oaMNP. So the first two points are
on the Euler line cAMNP . Consider inversion with

respect to the incircle ok ABCwith centerl. By
fact (2), A, B, C are sent to the midpoints

A',B',C'of PM, MN, NP, respectively. The
circumcenter ofaA'B' C'is the center of the nine
point circle of AMNP ,which is on the Euler line of
aMNP By fact (3), the circumcircle ok ABCis
also on the Euler line kMNP
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PHAN IV

Nhirng bai toan hay va
Cac bai toan tu sang tao
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BBT. Trong chuyén muc nay, xin dugc

giGi thiéu v6i ban doc nhiing bai todn dugc
danh gia 1a hay, sau sac vé mat todn hoc va
doc ddo vé 10i giai. Bén canh d6 con ¢6
nhitng bai todn do chinh cic tic gia dé xuét
sdng tao nén. That khé dé dua ra mot dinh
nghia chinh xdc th€ nao 12 mot bai toin
hay/mot 10i giai hay, vi diéu dé con phu
thuoc vao quan diém va s& thich cha moéi
nguoi yéu todn. “Mot bai todn hay la bai
todn c6 nhiéu loi giai”, “Loi gidi mot bai
todn duoc goi la hay khi sit dung it nhdt cdc
dit kién ciia dé bai”, “Nhiing bai todn cé 10i
gidi so cdp nhdt mdi la nhitng bai todn hay”,
“Mot bai todan hay la mot bai toan ma sau
khi gidi duoc, chiing ta ‘a’ lén mot tiéng khe
kheé!”, v.v ...

D6 1a mot vai dinh nghia trong vo so cac
quan diém khac nhau. Nhung nhiing dinh
nghia d6 1a khong that quan trong, di€u
dang chd y 1a nhiing bai todn dudi day déu 1a
nhitng bai todn chon loc, da tung xuét hién
trong cac ky thi Olympic, trén cac tap chi
Toéan hoc, nhitng bai todn do chinh cac ban
chuyén Todn xay dung nén trong qud trinh
may mo, suy nghi va c6 ca nhiing su tinh co
... Khong ai c6 thé khang dinh ring “Toi sé
nghi ra 1 bai todn ngay bdy gio !” ma
nhiing bai todn mai s€ chi dugc hinh thanh
trén nén tang 1y thuyét sau sic, mot su dao
sau suy nghi can thiét. Va chac chan, d6i véi
cdc ban yéu todn, ai cling da c6 dugc nhiing
bai toan cua riéng minh ...

CAC BAI TOAN TU SANG TAO

Sau day la nhitng bai toan do tic gia
Nguyén Lam Tuyén dé xuat:

Bai T1/2007. Tim tat ca cac da thic P(X)
c6 hé s6 thuc thoa man diéu kién
P(x).P(2X)= Pla X+ »,0X F(1)
Trong d6 a 1a so6 thuc thudc doan [O; 2] .
Loi giai.
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i) Truong hop a =0.

Khi d6 ta c6 P(X).P(2X)= P(X hay
P(X)( P(2)-1) = Ov6i moi xOR. Do do,
véi moi xOR thi P(X)=0 hoic Ia
P(2x°)=1. Néu P(X) khic hing s6 thi
P(x) =0 hoac P(X) =1 tai vo han gi4 tri cia

x. Diéu nay khong thé xdy ra, vay P(X) la
mot da thitc hing. Nghia 1a P(X) =0 hoic
P(x) =1.
i) Truong hop 2: O<a <2. Véi da thic
P(X) 1a hing, P(X)=a, ta c6 a®=anén
a=0 hoac a=1. Ta thdy P(X)=0 hoac
P(X) =1 thoa man bai ra.

Xét khi P(X) khéc hing s6
P(Y)=gX+aX +.+q,% a(ag*0),
nON.

Véi x =0, ta thu dugc P(0)=4a, =0 hoac
P(0)=4a,=1.Néu a, =0 thi

P(x) = X".Q(%, Q0)# 0, mJ N

Thay vao diéu kién bai ra, ta thu duoc
(2¢)" Q(X).Q(%)= (@ X+1)" Qo X+
va Q(X)=0, trdi v6i gia thiét. Vay nén
a, =1. bong nhat h¢ s6 bac cao nhat hai v&

ctia (1) ta dugc a, = (%) T diéu kien bai

ra ta thdy néu P(x,) =0 thi P(aX + %) =0

Xét diy s6 X, =ax+x,n=0,1,2,
..), % #0. Ta thay {x}1a day don diéu
tang khi x, >0va 1a ddy don di¢u giam khi
X, <0. T d6 suy ra néu P(X) c6 mot
nghiém thuc khac O thi né s€ c6 vo sO
nghiém thuc. Diéu nay khong thé xdy ra.
Vay P(X) #0 v6i moi xUOR. Suy ra P(X)
chi c¢6 nghiém phic z,z,..,7 va

z.2..3= (-0’ %{%)n
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= [z)2].] 4:(2) - Vay nén ton tai 2

. 2
vOi |Zk|2—.D1éu nay dan dén
a

2\ 4
‘azf+ﬂ2a‘i‘—lza(;j = -1l

(do 0<a@<2) = |az'+3|>|g|. Ta thu
dugc P(X) c¢6 vo s6 nghiém. Diéu nay
khong thé x4y ra. Nhu vay trong trudong hop
nay ciing chi c6 2 da thic hiang thoa man bai
rala P(X) =0 hoac P(x)=1.
iii) Truong hop @ =2. Ta ¢6

P(X).P(2®)= P2%+ X0 F

Day la bai todn quen thudc, va nhu ching
ta da biét, két qua trong truong hgp nay la

P(x)=0,0x0 R
P(x)=1,0x0 R

P(x) =(®+1)" ,0x0 R

(Céc ban c6 thé xem chitng minh chi tiét
trong bai bdo “Ung dung clia mot bai todn
tong quit cla tic gid Nguyén Ha Thuat,
trang 57 — Phan I — Sang tao toan hoc”).

Nhan xét.
1). C6 thé téng quat bai todn trén nhu sau:
Cho cac s6 thuc K,a sao cho 0<a <Kk.
Tim tat ca cac da thic P(X) cé hé s6 thuc
thdéa man diéu kién
P(x).P(kX)= Ra X+ }0 X F
2). Hai bai todn néi trén la mot minh hoa
cho huéng téng quét cac bai todn tim da thitc
thda man mot dang thiic.
3). Bai toan T1/2007 trong truong hop
a =1chinh la bai T10/348 tap chi THTT
thang 6/2006 do tac gia dé xuat. Day 1a dang
toan kho vi c6 lién quan dén nghiém s6 phic
va cdc tinh chat cua da thiec.

Bai T2/2007. Ching minh rang:

m m

X + % +
X +x .+ X+ X+t X
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X! L (2003)”“”

X'+ +..+%, n-1 n

trong d6 cdc sO6 m, nnguyén, X (i=1,2,...,
n) duong thoa man diéu kién m= n>1 va
X'+ +...+ %' = 200

Loi giai. Do vai tro d6i xiing clia bat dang
thicc (BDT) trén, khong mat tinh tdng quat ta
gid thiet X, < X, <...< X,.

bat S= '+ X +...+ ¥.Taco

le < sz <...< )%m va

S-X S 3 S X

S-X2S %2..2 S } dodotheo BDT
Trébusep cho hai diy don diéu nguoc chiéu

()ﬁm+x2m++—xfr‘an

—+

S-f s 3% = S X
><(S—>{+S— g+.+ S ¥z
>N X1+X2+ +)g) Tu BDT nay suy ra:

>§ 5—3 S X

n X' +x+..+x"
e o
Vi x >0, ap dung BDT Co-si ta c6:
nx"+(m-r= mx

n . . .
Thay x= )W/g,lzl,Z,.. roi cong timg ve:

”(H (X6 +.4 )+ (- = m

Do dé X"+ X' +...+ X2 F{Q/gj (*).

Bai vay
x+x+.+%x  S(VS
m—:I. m—-n m-n
(5 {F+{=T
n n n

Tu (1) va (2) ta nhan dugc BDT céan ching
minh. Dang thitc x4y ra
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X =X =...= X . p

Nhan xét.

Bai toan trén xuat s tir bai toan truong
hop riéng sau day:

Cho cac s6 thuc duong a, b, ¢ thoa man
diéu kien a’b’+ b’c’+ &= & IF ¢. Ching
minh ring

a’’ b c ca Jé
+ +
cla+v) @5+ d) B ér
Pay 1a mot bai toan tuong doi co ban va
hay. N6 ¢6 nhiéu 10i giai khac nhau, trong
do6 c6 1oi giai rat dep sau day

bat x—i y=—

Jal Tt JT:
Ta cé x>+ y*+ 7223 va BDT cén chiing
minh c¢6 dang
X y3 z >§ (%),
y + 7 22+ >8 X+ ¢ 2
Ap dung BDT Co-si tacé 2x* +1=> 3x°.
Mat khic, vi X*+Vy*+Z 23, suy ra

2x3 1 8 X

Cong 3 BDT trén theo tirng vé va ap dung

X Y vé 3

+ + >=
y'+Z Z+X X+ y 2
ta thu duoc (¥*).

Bai T2/2007 la bai toan T10/232 trén
THTT 6/2003 do tic gia dé xuat. NO bat
nguon tlr bai todn noi trén.

Nhu tdc gia cling da dé cap dén trong céc
bai viét vé bat dang thic. Khi gidi cic bai
toan vé bat dang thiic, chiing ta thuong dat
4n phu sao cho cdc bién méi khi xdy ra dau

BDT Nesbit

bang déu 1a cdc gia tri dac biét, thuong 1a c6

tinh 14y sao cho gid tri d6 bang 1. Khi do,
bai toan dd ric r6i va ciing dé trinh bay hon.
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Bit dang thic (*) & trén khong phai 1a
mot két qua qud xa la. C4c ban c6 thé tim
thdy trong cdc tai liéu vé bt dang thiic, hoac
trong cuén “Tuyén tap dé thi vo dich 19
nudc trong dé ¢6 Viét Nam”. Tuy nhién theo
chiing minh trén la mot 16i giai khd méi meé
cho bai todn ndy bing cich van dung bat
dang thic Co-si.

Bai T3/2007. Ki hiéu T l1a tap hop tét ca cac
da thiic bac 2007 ¢6 ding 11 nghiém thuc ké
ca nghiém boi.Véi méi P(x) O T dat
— 0

Qy (%) =(x*+1) P(4- P()
va goi S, la s6 nghiém thyc cla da thic
Q, (). Tim Mins,.
Loi giai. Ki hiéu x <X <..<x 1a cdc
nghiém thuc boi t, tuong tng cua da thic
P(X). Khi d6 ta c6 t +t,+..+t, =11 va

P(x)=G(X |_IK( X—= ) trong d6 da thic
I<i<

G ( X) vO nghiém thuc.

St dung mot tinh chit quen thudc cua da
thic: Néu x la nghiém boi t cua da
thicc P(X) thi X la nghiém boit 1 ciia da
thirc P'(X). Tu d6 suy X ciling la nghiém
boi t, —1 clia da thitc

Q (=) P(}- P()

v6ii=1,2,..k.

X21

Xét ham s6 f(x)=e ? .P(x). Nhan
thay f ()g) =0vdi i =1,2,...K nén theo dinh
1i Roll, f(x) phai c6 it nhat 1 nghiém tng
v6i mdi khoang(x;X..), j=1,k—1. Nhu
vay da thic Q, (X) ¢6 it nhat

(Z (t —1)j+(k—1): 10

I<i<k

nghiém trén [Xl; Xk] .
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)

Tiép theo, xét ham s6 h(x) :_PE;() trén
(% +%0), ta co:h(x) = X°+1- FI:((:(()) )

:x2°+1—GI(X)— i
G(x) S=x—x

R& rang: khi X — +oo thi h(X) - +eo vakhi

X - %' thi h(X) - - neén theo dinh Iy
Bonxano-Cosi thi h(X) c¢6 it nhat mot
nghiém thuc trong (Xk;+00). Vay Q, (X) c6
it nhat 11 nghiém hay S, 211.

Bay gio ta chi ra mot da thic P(X) ma
S, =1. Xét 16p cic da thic P(X) dang
R(X)= kxX'+ X0 T KI N).

Ta c6:

Q. (9=( 4318+ -
~(12k X° + 200%*°®) = XK 3, trong d6
da thic R(X) =

= X2+ x1997-2007x 9% kx % kx-11k
c6 nghiém vi R(x) bac 1é.

Ngoai ra R'( ) = 2017xX%° + 1997 **°~
—-2007.1996°*°+ 2ix*°+ k bac chin nén
ham c6 cuc tiéu, ddn dén véi k du 16n thi
R'()>0 = R(X c6 duy nhat 1 nghiém.
Tir d6 suy ra da thic Q,(X) c6 ding 11
nghiém.

Vay l\lflulTnSP =11.

Nhan xét.

Cai phtc tap cua bai toan trén la chi ra
duoc nghiém thi 11 va da thic P(x) dé biéu
thic S, dat gia tri nho nhat. Con viéc ap
dung dinh 1y Roll dé ching minh S, > 10, 1a
mot tu duy quen thudc cua cac ban chuyén
Toan khi giai cdc bai toan lién quan dén
nghiém cua da thic.

Bai T4/2007. Tim tat c cdc day s6 (u,)
(n=0,1,2,....)sao cho u, laso tu nhién va

Unyy > U, véimoin=0,1,2, ...

n
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Loi giai. Gia sir u, la s6 hang nho nhat
trong ddy (u,). Khi d6 néu k=1 thi tir gia
thiét ta c6 u, > Uy, trai voi diéu gia su.
Vay u, 1a s6 hang nho nhat va duy nhat cua
day (un).

Nhan xét: S6 hang nho thiok (k=1, 2, 3.,
...) trong day (un) la u,_, vaduy nhat.

That vay, v6i k = 1 nhan xét ding theo
ching minh trén. Gia st nhan xét ding véi k
=1, 2, ..., m. Vi moi s6 hang cta day (un)

deu la s6 tu nhién va do tinh duy nhat cta u,

nén u, 2K véimoik=1,2,...,m. %)
Goi u;(]j=m+1) la s6 hang nho nhat thi
m+1. Theo gia  thiét ta  ¢6

up>u, =y, O{ W, Yoo Yy}
=u, 0{0,12,..m-}

Két hop v6i (*) suy ra
U,smsy = j-lsme jsmtl

Vay j = m + 1. Nhan xét dugc ching
minh. Tt nhan xét trén suy ra day (Un) tang
ngat. Do d6 tir gia thiét u,,, >u, va tir (%)
suy ra n+1>u, = u, = n Nhung vi u, N
v6imoinnén U, =n.

Thu lai ta thay day u, =n (n=0, 1,2, ...)
thod man moi yéu cau ctia bai toan.

Bai T5/2007. Tim tdt ca cdc ham so
f (X) xac dinh, ¢6 dao ham lién tuc tai moi
diém trén [a,b] va thod min cic diéu kién
sau:

i) Phuong trinh f (a)+ f '(a) =0vo6 nghiém
trén [a, b] .

ii) Phuong trinh f(x) = 0 ¢6 vo s6 nghiém
trén [a, b] .

Loi giai. Gia st ham s6 f(X) thoa man céc
diéu kién cta bai bai todn. Khi do tir diéu
kién ii) suy ra ton tai diy s6 vO han (V\/n)

(n=1,2,3, .)maf(W,)=0va
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asWsWs..s Ws.< L
Dé thdy ddy (W,) tang va bi chan nén tén
tai gi6i han mW, =a0[a 4.
Theo djnlI Ii Roll: v6i mdi i, ton tai
C D(W; Wﬂ) sao cho f'(C)=0, mat khic
doW <G <W, nén r![rprn =a.
Cuoi cung, vi f(x) va f'(x)la cic ham

lién tuc nén:

f(a)=f(limw,)=lim f(w)=0

Nn— +oo Nn- +oo

f'(a)=1{limc,)=lim f(c,)=0

= f (a)+ f '(a) =0, mau thuén véi i). Vay

khong ton tai ham s& nao thoa man dé bai.

Bai T6/2007. Gia st ring phuong trinh

1+(a +a)x+(a+a) X+(a+ g) x=0(1)

c¢6 mot nghiém thuoc doan [0,1]. Chiing

minh rdng phuong trinh:

X*+axX+axX+ axX+ gX++ax+a=0

c6 nghiém thuc.

Loi gidi. Gia sir %,0[0,1] 1a mot nghiem

thoa man diéu kién dé bai cua phuong trinh

(I). Ta c6 nhan xét I % #0 va — I
X

nghiém cua phuong trinh:

X+(g+a)X+(a+a) x(3a+ q)=0

- K+ak+akt a=-(ak+ gk 3

bat f(x)=x+3xX+axX+ g xX+

+ a,X+ax+g. Ta cin ching minh

phuong trinh f (X) =0 c6 nghiém.

That vay, dua vao (2) ta co:

f(\/E)=(k3+azk2+ g k+ g)+

+ \/E(alk2+ a k+ q)z

:—(a1k2+63k+ %)+\/E(alk2+ a k+ %):

= (—1—&)(alk2+ a k+ %)
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f(—«/E):(k3+azk2+ g k+ %)—
—\/E(alk2+ a k+ %) = —(a1k2+agk+ 35)_
~Jk(ak + ak+ a)
:(-1—&)(alkz+agk+ %)
:f(x/E)f(—\/E):

=(1-k)(ak + ak+ a)’ <0 (do k=1)
= Phuong trinh f (x)=0 c6 nghiém thyc

= dpcm.

Bai T7/2007. Cho 2 diy s6 x,vau, (n =0,
1,2, ...) duoc xac dinh theo cach sau :

u, >0
n=1

2007

_ 2006 2006

n+1

Tim tat ca cac s6 thuc duong k sao cho
day x, dan t6i 2007 khi n dén t6i vo han.
Loi giai. Dat b= Max{-k-}.Tac6

1<i<2007

n

2007 2007

2006020 _ u20% 20060 -

= = . ( )
n+1 n n+1

Ap dung bai toan vi du 3 — trang 44 phan
a

| thi ddy s6 {“—} ¢6 gi6i han hitu han khéc
n

0 khi va chi khi a =b, hon nita luc d6 ta

concé limIn=1-b (1). Tir (*) ta thay, do

n-oo

lim 202? =2006 nén dé lim x, =2007 thi
n- o n n—o

2007

. U2 2007
hai c6 lim——==—"—(2). Vay tir (1) va
p M= = 50052 Yy W

(2) ta suy ra 1—b:&07© b:—i =
2006 2006
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1
k =———. Va day ciing la tat ca cac gia tri
2006 v cune 8

cin tim cua k.

Con rét nhiéu nhitng bai todn mdéi do toi
tinh co phat hién ra hodc tir su tong quét hda,
thay doi dir kién dé bai ma toi khong c6 diéu
kién trinh bay 10i giai dé cdc ban tién theo
doi. Toi xin dugc néu ra dé bai mot vai trong
sO nhitng bai toan nhu thé&, Moi ciac ban
tham khdo. Va néu ¢6 diéu kién, rat vui khi
duoc trao déi véi cdc ban!

Bai T8/2007. Cho tam gidc ABC nhon
(diéu kién chat hon Ia cdc géc cua tam gidc
ABC du nhd hon hoic bing

-1

4ar COS———=717= 94) noi tiép dudng tron

tam O, ban kinh R. N6i A véi tam duong
tron noi ti€p I cat dudng tron tam O 1an nita
tai A’. Tuong tu ta c6 B’ va C’. Ki hiéu a, b,
¢; R, R, R Ia cédc canh; cdc ban kinh dudng
tron bang ti€p ung véi cac dinh A, B, C va
a, b, ¢’; R,R,R la cdc canh; cic bdn
kinh duong tron bang ti€p tng véi cac dinh
A’, B’, C’. Khi d6 ta c6 cac bat dfmg thuc
sau:

1) 3(AIB + IBIC + ICIA) >

24(r?+4Rr)=2(ab + be + ca) -
—(a2+b2+cz) > 0.
2) — R > 3R(SII‘]A+ S|n—B+ smgj 2
2 2 2

2 Ra+ R+R.
3) 3(sin£‘+ sinE+ singjz

2 2 2
> (sinA+ sinB+ sinC)(tg§+ tgg+ tggj
4)%R23(Fg'+ R* R)=2

>9R+R+ R+ R=3( R+ R+ R
5)3r 2 R+r( 23r)
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6) d=+/3d '(d va d’ 1a cac khoang cach giita
tam duong tron noi ti€p va ngoai ti€p cac
tam gidc ABC va A’B’C’)
7)3-3LC 5 ope,_a0C

a+tb'+c at bt c

Bai T9/2007. Cho tam gidac ABC bat ky.
Chiing minh rang:

\/5 sinA+ \/é sinB+ \/—3 sinC>

2 2 2] -

2 B(QJ =
2

RE] NE NE
>(sinA) 2 +(sinB) 2 +( sinC) 2
Bai T10/2007. Cho tam gidc nhon ABC.
Chiing minh rang:

Slbs

33

(sinA)*™ +(sinB)™™ +  sinC) s(ﬁj 2

2

Bai T11/2007. Cho ham s6 f(x) xédc dinh, c6
dao ham t6i cap 2 va thoa man diéu kién sau
véi moi X :

19
2007 f 5
7[ (x)+ f :|> +== >
Chiing minh rang:
f (189) + f (77+ 189¢) > 127 YT+ 189K
2007

vGi moi s6 thuc x.

Bai T12/2007. Cho ti¢ dién ABCD noi tié€p
mot mat cau tam O va goi G 1a trong tam cla
t¢ dién. Ldy diém M nidm bén trong hodc
trén mat cua hinh cau duong kinh OG. Cac
duong thang MA, MB, MC, MD cit mit cau
tam O lan nita tai cac diém A,, B,, C,, D,
theo thit tu. Chitng minh ring
V(A,B,C,D,) = V(ABCD)
trong do ki hiéu V chi thé tich cla tit dién.

Xuit st: Day la bai toan tuong tu trong
khong gian clia mot bai todn hinh hoc phing
da c6 trén tap chi Toan hoc va tudi tré. N6
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dugc hinh thanh sau khi toi giai duoc bai
todn vé ty 1¢ thé tich t dién sau day:
V(ABGD) _ MA MB MG MDQ
V(ABCD MA MB MC MD
Tuy nhién, luu y 13 dang thic trén ding véi
moi diém M trong khong gian. Bai T12/2007
cling chinh 1a ndi dung bai T12/333 trén tap
chi Toan hoc va Tudi tré do toi dé xuat.

Bai T13/2007. Cho a, b, ¢ 1a 3 canh cla
AABC. Chiing minh rang:
A, B, C
3, A B,C’
tg—tg—tg—
g 2 g 2 g 2

DAu déang thic xay ra khi nao?
atb+c

Jabc>

Ngoai ra néu dat p = , hdy ching

minh rang

e 4 -4 e e o Jef o) ol

Bai T14/2007. Cho cic sO thuc a, b thoa
a,b0[0,]]
a’+b*>1
Ching minh rang:
a’+b°+1+3a°’ > 2a’+ 26+ 22D,

man diéu kién {

Bai T15/2007. Cho n (n > 1) sd thuc
X Xy . DAL § = Y

1<iy<i <. <0, N

v6i moi k =1, 2, 3, ..., n. V6i mbdi so6

nguyén k ma 1 <k < n, ching minh rang:
(n_ k_1)5<+1 %—13 ( iy k S

Bai T16/2007. Gia su A, B, C la ba géc cua
mot tam gidc. Tim gi4 tri nho nhat cla biéu
thic:

A . BY.B . C|(,C . A
T=|tgo+tgo || tg—+tg— || tg=+ tg-|.
S Catr Gty
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Bai T17/2007. (Bui Lé Vi).
Cho day s6 thuc (x,) duoc xdc dinh bdi
X, X; LJR va cong thuc:
+
X, =Xt n=g 1 2 .

n+2
Xn

Tim X, gg5.
( Vo dich Ireland 98 - 99)

Loi giai. Dé dang ki€ém tra tinh ding déin
clia c4c biéu thic sau:

1+ 1+x +X 1+x
X, = Xl,xsz Xy o,X4: 0
Xy X Xo X
1+Xx,
X = =Xy = Xg =X = .
X3
= X5 = X, LN =012...
1+ X +X
Vay X995 = X3 = #'
X Xy

Bai T18/2007. (Bui Viét Loc).
Tim tat ca bo 4 s6 tu nhién (x, y, z, t) thoa

_ ,{(X+ V(y+ J(z+ = txy
X Y)=(¥,2=(z 3=1
(Romania - 95-96)

Loi giai. Ta c6 txyz = (x+y)(y+z)(z+x) =
=x(y +2)(z + X) + xy(y + 2) + yz(y + 2)
= yz(y+z) : X.

Do x, y, z d6i mot nguyén t6 cung nhau
nén(y+z) : x =>xX+y+z) :x

Tuong tu, tacé (x +y +2z) : yva

(X +y+2z):z Van do x, y, z doi mot
nguyén to cing nhau nén (X + y + z) :Xyz
=(x +y + z)=xyz. Cong viéc con lai la
don gian, xin danh cho ban doc.

Bai T19/2007. (Bui Lé V).
Cho x,[IR, v6ii=1, 2, ...,n thoa man:

Zn:|xi| =lixi =0.
i=1 i=1

35

iz |

Chiing minh ring

1 1
<= -—.
2 2n
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Loi giai. PatA={i/x >0},B={i/x <0}

Tacé:ZXi +Z:xi :O,ZXi —ZXi =1

i0A i0oB i0OA i0oB

:in:—ZXFE
i0A i0B 2
x| lex wx| 1 1
AT SA R S 1 P
:;i %i jDZB:j 2 2n

Bai T20/2007. (Nguyén Lam Tuyén).
Xét cac soO thuc duong x, y, z thoa man hé
diéu kién:

észsmin{x;;}(l)
4
Xzz2—(2
15( )
1
z>2—(3
y 5()
Tim gi4 tri 16n nhat cta biéu thic
1 2 3
P(x,y,z)= —+—+—
X y z

(VietNamB - 2001)
Loi giai.

*Tu (1) tacéd x 222%.

= 15x*> -16x+4<0 = 1—flx+1s4
X

15x

Vay +£S—+£S4
) Z 4 X

Pang thiic xdy rakhi x==,z=

wlin
aln

.1 1 9
Tuong ty,tacé —+—<—.
z 2
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Pang thiic x4y rakhi y =

N

Vay MaxP = 13.

Bai T21/2007. (Nguyén Lam Tuyén).

Tim tat ca cac ham so f(x) xdc dinh trén
tap cac s6 thuc R thoa man hé thuc:

fy - f(x)) = f(x*- y) - 2001yf(x), v6i
moi so thuc X, y.

(VietNamB - 2002)
Loi giai. Lan luot thay y = f(x), y = x*** vao
phuong trinh ham ban dau ta duoc:
f(0) = f(x** - f(x)) - 2001f*(x), v6i moi
xOR (1)
f(x*™ - f(x)) = f(0) - 2001x**f(x), v6i moi
xOR (2)

Cong (1) va (2) theo tung v€, ta duoc:
X f(x) = - £(x)<0 = f(X) <0 v6i moi
xOR va véi x =0 thi f(0) = 0.

Vay tur (1) ta co:

2001f(x) = 2001f*(x) + f(0) = f(x*** -
f(x)) <0 = f(x) =0,0xOR.

Thir lai thdy ham s6 nay thoa man. Vay
f(x)=0,0x0OR.

Bai T22/2007. (Nguyén Lam Tuyén).

Cho hai n - gidc déu bang nhau (n = 3)
AA,.. A, dugc t6 mau xanh va A,A,...A,,
dugc t6 mau doé. Hai n - gidc déu dé duoc
xép chong 1én nhau sao cho phan chung la
mot 2n - gidc B,B,....B,,. Chiing minh ring
tong do dai cdc canh dugc t6 mau xanh va
tong do dai cdc canh dugc t6 mau do ctia 2n
- gidc d6 bang nhau.

(Olympic Toan APMO - 2001)

Loi giai. Vdi chid y ta dung cdc diém B, sao
cho moi hinh chiéu cua A,,; déu thudc doan
BB.,,. Ky hiéu cic tam gidc BAB, , 1a T,
(Oi=1n), v6i quy uéc T, =T, Vi
AA; A, va AA,. A, lacidc n - gidc déu
nén céac tam giac T, d6i mot dong dang. Goi
h; 1a d0 dai dudong cao ha tir cic dinh A,
xuong cac canh x; tuong Gng cua tam giac T

i+1
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Theo tinh chat cta tam gidc dong dang, ta
ool P

%, T,
_h+hy+..+h, , _h,+h +..+h,

X F Xy Fot Xy Ko X, Fot X,

co: k=

DE y 12 x,+x;+...4X,,, VA X,+X,+...+X,, 12
téng cdc canh t6 mau xanh, do tuong tng
cua 2n - gidc B,B,....B,,. Vi vay, viéc chiing
minh bai todn quy v€ viéc chiing minh
h+h;+...+h,, = hy+h+..+h,. Goi §; la
dién tich cua cac tam giac

A AA,,, va S la dién tich 2n - gidc
AA,..A,,, P ladién tich cua hai n - gidc déu
AA; A,  VvaAA,. A, . KhidoS-P =

=8,+S;+...+S,,,

= S5,4+S5,4+...+5,,.
Do vay h,+h;+...+h,, ;= hy+h,+...+h,,.
Bai todn dugc ching minh.

Bai T23/2007. (Bui Lé V).

Cho ham f(x) khd vi tréen [0;1] va
k>0 aé |f'(x)| < k| f(x)],0x0[0:1].
Ching minh f(0)=0 thi
f (x)=0,0x0[0;1.

ring néu

Loi giai.
Chia doan [0;1]thénh n doan [)g;)gﬂ] sao
1
cho X =% =%—-X=..= X~ )S—1<E
Do f (X) lién tuc trén [0;1] nén ton tai
mot s6 a ndm gifta 0 va X sao cho :
|t (a) = I\[AO%X‘ f(X)|. Neu f(a)#O0 thi theo

dinh 1y Lagring ta ¢4 ton tai mot s6 ¢ ndm
gitta 0 va a sao cho:

IO RICIRIC

a a

=|f'(c)| :“Laa)h kf (c). Mau thuan.

Vay ta ¢6 diéu phai ching minh.
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Bai T24/2007. (Bui Lé Vi).
Tim tét ca cac da thic P(x) voi hé s6 thuc
théa man: P(x).P(x-1) = P(x?).
(Ai x0 len - 1996)

Loi giai. Gia st a 1a nghiém cta P(x), tir gia
thiét suy ra : a%, a*, a°, ... cing 12 nghiém clia
P(x) LIN. Tén tai nLJN" sao cho a" =1

2n . . 2n
—>a= C0OS— +ISIn—

n n

Tuong tu, tit P(a) = 0 ta c6 : a+1, (a+1)?,

(a+1)%, ... cling 12 nghiém clia P(x)

—a+l = cosz—n+isin2—n,mD N

m m
27 27 . 27 . 27
= COS— = C0S— —1;SiIn— =sin—
n m n m
= 005_2” = —E;Sinz_n- = ﬁ

n 2 n 2

1. .43

Sa= s+t
2 2

=>a la nghiém cta P,(x) = x> + x +1.
Dé thdy P,(x) bat kha quy nén suy ra
P(x) = (x> + x +1)".
Thir lai thay thoéa man.

Bai T25/2007. (Bui Lé Vi).

Maéi diém trong mat phang duoc to boi
mot mau den hoic dd. CMR ta cé thé tim
duoc 3 diém cling mau ma mdi cip diém cé
khoang céch bing 1 hodc /3.

(China - 1996)

Loi giai. D€ thiy c6 vo so diém dugc to6 mau
den, vo s6 diém duoc t6 mau do(1)

Ta goi 2 diém A, B la c6 tinh chat (*) néu
chiing thoa man hai di€u kién sau:
+) Hai diém duoc t6 boi hai mau khic nhau.
+)AB=2

Ta chiing minh ton tai 2 diém c6 tinh chat
(*). That vay, gia sit ngugc lai thi ta ¢6 : véi
moi 2 diém A, B thuoc mat phang ma AB =
2 thi déu cing mau.

Tir nhan xét (1) suy ra tén tai 2 diém C,D
khic mau ma CD > 2. V& duong tron
(C;2),(D;2) cét [CD] tai C,, D,, ... Tiép tuc
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nhu vay, ta thu dugc cic diém C, D, c6 tinh
chat:

+) Cic diém nim trén (C; 2) thi cung
mau v6i C

+) Cic diém nim trén (D; 2) thi cing
mau vé6i D.

Tir cach dung trén, dé thay luon ton tai i, j
sao cho (C; 2) va (D; 2) khong roi nhau. Goi
P 1a mot diém chung cuia hai dudng tron nay,
taco:

+) P cing mau véi C

+) P cing mau v6i D ( mau thuén )

Vay nhan dinh dugc chitng minh.

Cong viéc con lai 1a don gian, xin danh
cho ban doc.

Chi ¥ : ta c6 thé md rong bai toan thay vi
1 bdi vo s6 va 1, +/3 boi cic 56 a, b théa
man diéu kién nao dé6 .

Bai T26/2007. (Lé Bao Khanh).

Cho a, b 1a 2 s6 nguyén duong phan biét
thoa man: ab(a+b) : (a’ + ab +b?)

Ching minh: [a—b >3/ab

Loi giai. Dat (a,b) = d= a = du, b = dv.
Trong d6 (u,v) =1
= duv(u+v) : (u+uv+v?)

Do (u,v) = 1 nén ta cé:( u*+uv+v’
uv(u+v) ) =1 =d: (u+uv+vd)
=d = v +uv+v: > uv
= dpcm.

Bai T27/2007. (Bui Lé Vi).

Tap hop gébm 2" phan tir dugc chia thanh
cdc tap con doi mot khong giao nhau. Xét
mot thuat todn chuyén mot s6 phin tir cla
mot tap con nay vao tap con khac. Ngoai ra,
so phan tir dugc chuyén bing s6 phan tir clia
tap con thit hai (tap hop nay phai c6 s6 phan
tu khong 16n hon tap dau tién). Chiing minh
rang sau mot s6 hitu han lan céc phép
chuyén nhu vay, ta c6 thé nhan dugc mot so
tap con tring nhau véi tap hop lic ban dau
(gobm 2" phan ti).

Loi giai. Xét cdc tap con (néu c6 thé c6) ma
ching chita mot s6 1é cdc phan tr. Vi tong
cac phan tlr 1a chan, nén s6 cac tap c6 vo s6
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ca phan tlr 1€ ciling phai 1a s6 chan. Ta chia
cdc tap nay thanh tung doi mot (theo mot thu
tu ty V). VGi céc tap hop cia mdi cap ta ap
dung thuat todn nhu da néu trén bai todn, co
nghia 1a tir tap hop 16n sang tap hop nho hon.
Khi dé, tit ca s6 phan tir clia cac tap déu la
chan. Xét cdc tdp ma s6 phan t&r cua nd
khong chia hét cho 4. Vi téng so cdc phan tir
chia hét cho 4 nén ta suy ra s6 cac tap con
nhu vay ciling phai la s6 chan. Ta lai chia cac
tap nay thanh tdng cap mot cach tlly ¥ va véi
moi mot cap ta lai 4p dung thuat todn di néu
trén. Lic nay, s6 cdc phan tir & moi tap con
déu chia hét cho 4. Tuong tu , ta lap lai céc
budc nay sao cho cd phan tir cia moi tap
chia hét cho 8, 16, ...Khi ma téng sd cdc
phan tir ctia tap bat ki chia hét cho 2", thi tat
ca 2" phan tlr s€ nam trong mot tap hop. D6
la diéu phai ching minh.

Bai T28/2007. (Bui Lé Vi).

Toén tai hay khong ham f: R - R thoa
man :

Df(l)=1

i1) f gi6i noi

iii) f(x+i2j = f(x)+ f Z(EJDX 20
X X

Loi giai. Gia st ton tai ham s6 f théa man dé
bai. Xay dung day (x,) nhu sau:

>1

()

Dé dang quy nap duoc f(n) >n,0On0ON
= fkhong gidi ndi (mau thuéan).
Vay khong ton tai ham f thdéa man diéu kién
dé bai.

X1 = Xn+z’

Mathematics is an art, as an art choses the
beauty and freedom
-P.Morse-
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