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CHUYEN PE BAT PANG THUC - MIN MAX

Dang 1: Dung bat dang thirc co ban va bién d6i twong duong
Dang 2: Dung phuong phap tam thirc bac hai

Dang 3: Dung bat dang thirc AM-GM (C6-si)

Dang 4: Dung bt diang thirc Cauchy dang cong mau sé
Dang 5 : Dung bat dang thire Cauchy dang nghich dao

Dang 6: Dung bat ding thirc BunhiacopxKki

DANG 1: DUNG BAT PANG THUC CO BAN VA BIEN POI TUONG PUONG
Caul. Cho x,y,zthéa 0<x<y<z<l1l 2y+z<2, 3x+2y+z<3.

Tim gié tri 16n nhit cua: P =/x? + y? + 22
Huwoéng dén

Taco 2y’ +2°=2y+2)y+(z-y)z<y+z= 2y+z

IA

z 3

+_ J—

2 2

3 +2y* + 27 =B+ 2y + )X+ Ry +2)(y-2)+(2-Y)2 <3+ 2(y=X) + (2 - Y)
3X+2y+z 2y+z z 11

=X+Yy+z= + +—<—=.
2 6 2 6
2 2 2
:>x2+y2+22:3x +2y% +7° +2y +7° +z_££
3 6 2 36

L1

Vay MaxP_% khlx_— y_ z=1.

Cau2. Giasu x, y lahaiso duong thoa mén diéu kién: x + y =1. Tim gia tri nho nhat caa biéu

thuc:
2 2
M :(x+£j +(y+£j
X y

Huwoéng ddn

2 2
Taco: M :(x+1j +(y+£)
X y

= x2+i2+2+ y2+i2+2
X y

B -
Xy X’y

Vi x, y > 0nén ta cd thé viét:

(&-ﬁ)z 20<=> x+y22\/x—
Ma x+y=1 néanZ\/_ >
\/,

Dau “=" xay ra khi va chi khi x=y :%

Ngoai ra ta ciing c6:
(x=y)’ 20 X2 +y° 2 2xy < 2(X* +y?) 2 2xy + X2 + Y’
S 2 +y) = (x+y)P < 2(¢ +y?) 21 (vix+y=1)
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<:>x2+y22% (2)

Déu “=" xdy ra khi va chi khi x = y ==

2
Tu (1) va (2) cho ta:

M =4+ (x*+ yz)(1+%) > 4+1(1+16) _®
X7y 2 2
Do d6: M 2%
Dau “=" xay ra khi va chi khi d¢ong thoi & (1) va (2) cing xay ra dau “=" nghia 1a khi
1
X = = —
y 2

Vay GTNN cua M :% khi va chi khi x=y=%.

Cau 3. Cho céc sb thuc a,b,c thoa man (a4 + b“)(b4 +c“)(c4 + a“) =8. Chirng minh rang
(a® —ab+b?)(b* ~bc+c?)(c* —ca+a’)21.
Huwoéng ddn
+ Ta chiing minh két qua 2(a* —ab + b2)2 >a’ +b* (1).
That vay, (1)< Z(a“ +b* +a%’ +2a’h? —2ab(a2 +b2)) >a‘+bh' < (a2 +b%* - 2ab)2 >0
& (a-b) >0, bit ding thuc ding, diu bing xay ra khi va chi khi a=b.
+ Tuong tw ¢6 (2): 2(b —bc+c2)2 >b*+c*, (3): 2(c? —ca+a2)2 >ct +a’.
+ Thay céc vé cta (1), (2), (3) déu khdng am, nhan theo vé c4c bat dang thic nay ta dugc
8(a’ —ab+b2)2 (b? —bc+cz)2 (c? —ca+az)2 >(a*+b*)(b* +c*)(c* +a*) =8
hay (a’ —ab+b2)2(b2 —bc+cz)2(c2 —ca+a2)2 >1(%).
Do a’—ab+b? b*-bc+c’, c¢®—ca+a’>0 nén tir (*) suy ra
(a® -ab+b?)(b*—bc+c*)(c* —ca+a’) 21, c6 Dpem.

Cau 4. Cho cac sb thuc khdng am a, b thoa man a® + b? = 2. Chirng minh ring
av3b+1+by/3a+1++/3a+2+/30+2 <9,

Vi a + b% = 2 nén bit dang thuc cAn chimg minh twong dwong voi
8av/3b+1+8b/3a+1+8vV3a+2+/30+2<72

< 2a(3b+1-4V3b+1+4)+2b(3a+1-4\3a+1+4)

+4(3a+ 2-2\3a+2:/30+2 +3b+2)+11(a2—2a+1)
+11(b* —2b +1) +6(a’—2ab+b*) >0
& 2a(V3b+1-2) +2b(V3a+1-2) +4(v3a+2-3b+2)

+11(a-1)* +11(b-1)* +6(a—b)> > 0. (*)
Bat dang thire (*) ludn ding, suy ra dpem. Pang thic xay rakhia=b = 1.
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. . 2
Cau 5. Cho hai s6 duong x va y. Chirng minh rang (X + —].(l + 2) >8.
y )X
Huwoéng ddn

2
£x+— .(1+2)28©(xy+2)(y+2y)28xy
Yy X
Bién d6i BDT vé dang x(y —2)° +2y(x —1)" > 0(Ding véi x, y >0)
Pang thic xay ra khi va chi khi x =1, y = 2,
Cau 6. Cho cac s6 thyc khdng am a,b,c thoa man diéu kién a? +b?+c? =3.
Tim gia tri lon nhat cua bieu thac P =ab’ +bc’ +ca” —4abc .
) Huwdéng dan
Khéng mat tinh tong quat gia sir:
a<b<c=a(b-a)(b-c)<0=ab’+ca’—abc<a’h
P =ab” +hc” +ca’ - 4abc < (ab’ +ca’ —abc)+bc’ <a’h+hbc?
= P<b(a’+c’)=b(3-b*).
a=0
Mat khac b(3-b*)=2-(b-1)°(b+2)<2= P <2. Ddubing xay ra < b=1 .
c=2
Vay max P =2, dat dugc khi (a;b;c)= (0;1;\/5) hoic cac hoan vi twong tng.
Cau 7.Cho x, y, z lacac s thuc thoaman x27, x+y>12 va x+y+z=15. Tim gia tri nho
nhét cua biéu thic A= x? +y? + 2.
Huwong din
Taco: (x—7)" >0 Vx> x*~14x+49>0 & x* >14x 49
(y-5)">0 Vy < y?-10y+25>0 < y? >10y - 25
(z—3)2 >0 V12 -62+9>02°>62-9
= A=x*+y*+2* >14x+10y + 6283
= A>6(x+y+2)+4(x+y)+4x—83
= A>6.15+4.12+4.7-83 hay A>83
Dau “="xayrakhi x=7,y=5,z=3 (théa mén)
Cau 8. Chiig minh (x+y+z)3 +9xyz > 4(x+y+z)(xy+yz+2x) V6i x,y,z 14 cac s6 thuc khong
am. Pang thirc xay ra khi nao? 3
Huong din
Chirng minh (x+y+z)3+9xyz24(x+y+z)(xy+yz+zx) (*) V6i x,y,z 1a cac so thuc
khong am. Pang thirc xay ra khi nao?
(*)<:>x3+y3+z3+3xyz—x2y—xzz—ny—y2z—z2x—z2yZO.
e afx=)(s-2)r(r-2)(o-2)<fer)(e=2) 20 ().
Khoéng mat tinh tong quét, gia sat x>y>z>0.
Khi do (**)<:>z(z—x)(z—y)+(x—y)[x(x—z)—y(y—z)]20( hién nhién dung)
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DAau bang xay ra khi va chi khi x =y = z hoc hai trong 3 s bang nhau, s6 con lai 1a 0.
DANG 2: DUNG PHUONG PHAP TAM THUC BAC HAI
Céu 1. Cho céc so thuc x, y thay doi. Tim gié tri nho nhat cua biéu thac
P=xy(x-2)(y+6)+13x* +4y* —26x+ 24y +46.
Huwéng ddn
Bicu thic P c6 thé dugc viét lai dudi dang P =x(x—2)y(y+6)+13x(x—2)+4y(y+6)+46.

Dit a=x(x-2) =(x-1) -1 va b=y(y—+6)=(y+3)" -9 thi taco
P=ab+13a+4b+46=(a+4)(b+13)-6
=[(x-1)"+3][(y+3)" +4]|-6>34-6 5.
Déau ding thirc xay ra khi va chi khi x=1 va y=-3.Vay minP =6.
Cau 2. Cho hai s6 duong x, y thoa mén x(x3+y3)+6xy(x+ y—2)=(x+ y)z(xy+4).

T =£(1+X+1j
2

Huwong din

Tim gia tri nhé nhat cia biéu thuc

bat S=x+y,P=xy,5S>0,P>0

2 2
T X Y gL el S
2y x 2l P 2T +1

2(x*+y°)+6xy(x+y-2)=(x+y) (xy+4)
©25°~12P =S (P+4)

2 2
25312 S =SZ( S +4J

2T +1 2T +1
o §2 —2(2T +1)S +8T +16=0(1)

(1)conghiém < A'>0<4T? 4T -15>0=>T Zg

S=6 {x=3+\/§ ] {x=3-J§
hoic

Vay minT :gc{

=
P=6 |y=3-3 y=3++/3
DANG 3: BAT PANG THUC AM-GM (CAUCHY)
1. Dang tong quat (n s8): VX1, X2, X3 +....... Xn >0 ta co:
+ X5 F X
e Dangl %2 T2 /X Xy Xn
n
o Dang 2 X +X, +ee Xy 2N X Xy X,
+ X Forrnn Xy )
e Dang3: (Xl 2n ”j > X, Xgererrenenns Xy
Déu = xay ra khi va chi khi: X; =X, =............ =Xy
Hé qua 1:
£ 0. . sY'
Néu: X+ X, oot Xy =S =cONSE thi:  Max(P =X Xyueeens Xq )= o
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khi X, =X, =.coviee. =X,="P
2. Dang cu thé (2s6,35s6):
n=2:V x,y>0khido: n=3,VX, Yy, z>0 khi do:
21 %2\/7}/ %23/)@/2
2.2 X+Yy>2/xy X+Yy+2>3 3xyz
2 3
23 (ﬂj > Xy (Mj > Xyz
2 3
2.4 (x+y) > 4xy (x+y+z)3227xyz
25 1.1, 4 1,1, 9
X Y X+y X Yy Z X+y+z
2.6 L, 4 L, 4
Xy (X+Y) XyZ  (X+y+2)

Caul. Cho x,y>0.Tim GTNN cua biéu thic: Q = %
Huwong dédn
Nhan xét:

Ta nén nhé muyc dich 1a danh gia Q > M nén nhin vao biéu thic trén ta c6 hai huéng
dé khai thac : Hudng thu nhét : Khai thac tir sé dung cauchy danh gia vé mau, hoic hudng tha
hai 12 khai thac mau ding cauchy danh gia dua vé tir sau do rat gon di dén diéu can ching
minh. Sau day ta khai thac theo hudng hai.

Ta co:
, 1 1(4x+2y+2yY’ 1[4 T 4 3
== (4x)(2y)(2y) < — |2

X 16( x)(2y)(2y) 16( 3 j 16 3(X+y) 27(X+y)

27 . .
:QZT.DQU bang xay rakhi x=1,y=2.

: 27
Vay minQ :T
Céu 2. Cho céc s6 thuc duong a, b, ¢ théa man diéu kién (a+c)(b+c)=4c. Tim

a b ab
+ + )
b+3c a+3c bc+ca

gia tri 16n nhét va gia tri nho nhét caa biéu thic P =
Loi gidi

Do a, b, ¢ lacéc sb thuc dwong nén gia thiét cua bai toan duoc viét lai thanh

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

(a+c)(b+c) =4@(3+1j(9+1j=4.

c? c c
pat x=2: y:E(x>O;y>O).Khi d6 gia thiét trén tré thanh (x+1)(y+1)=4.
c c
Ciing tir trén ra dugc a=cx; b = cy, thay vao biéu thic P ta duoc

2
p_ CX N cy N 2cxy2 XLy oy
cy+3c cx+3c cxX+cy y+3 x+3 Xx+y

Dén déy ta xir 1i bai toan nhu sau.
+) Tim gia tri nho nhét cua biéu thic P

Tur (x+1)(y+1)=4 tadugc xy =3—(x+Yy). Dit t=x+y>0 vaap dung bat ding thic

AM - GM ta co %(x+ y)2 > Xy Nnénsuy ra 3—t§%t2 hay t* +4t-12>0 nén t> 2.
Nhu vay taco 2 <t <3.Biéu thirc P duoc viét lai thanh

p_ X Y oy X+y43(x+y)  xy _(x+y)2+3(x+y)—2xy+ Xy
Cy+3 x+3 x+y  (x+3)(y+3)  x+y  xy+3(x+y)+9 X+y

_t2+3t—2(3—t)+3—t_t2+5t—6+3—t_(t—l)(t+6)+3—t_£+§_§
©3-t+3t+9 ot 2412t 2(t+6) ot 2t 2

Lai 4p dung bét dang thic AM — GM ta lai c6 %+%22\/§:\/5.Do dé sz/_—%.

L C. .t
Dau bang xay ra khi va chi khi —=—<t= IS
9xay 2 t Xy:3_\/6 ab=c2(3—\/6)

3 \/gc:}{x+y=\/g {a+bc\/5

Vay gid tri nho nhit cua biéu thuc P Ia \/——%, dat duoc tai a+b=c\6;
ab:cz(3—\/€).

+) Tim gia tri 16n nhat caa biéu thic P .

Nhutréntadacd 2<t<3va P =%+%—%. Do d6 ta c6 bién ddi

2 2 — —
' -3t+6 _t°-5t+6 (t-2)(t 3)+1

2t 2t 2t

(t-2)(t-9)
2t

3 3
+___
t 2

t
2

Do 2<t<3 néntacé <0.Do d6 suy ra P <1. Dau bang xay ra khi va chi
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Vay gi4 tri 16n nhat cua biéu thac P 1a 1, dat duoc tai a=b=c.

Cau 3. Cho a, b, c 1a cic sé thuc dwong théa man a’+b?+c®+ab=2c(a+b). Tim
2 2

¢ ¢ Jab

gia tri nho nhat cta bieu thic: P = s .
(a+b_c) a‘+b® a+b

Loi giai
Trudc hét tir gia thiét ta co bién doi
a’+b’+c?+2ab=2c(a+b) < a’+b’+c’ +ab=2ac+2bc
< a’+b?+c*+2ab-2bc—2ab=ab <:>(a+b—c)2 =ab.
Do d6 ta viét lai duoc biéu thirc P thanh

c? c? \/E_iJr c’ +\/%

P: —+ = -
(a+b—c)2 a’+b?> a+b ab a*+b’> a+b

Pé y ring ta c6 4ab<(a+b)’ nén tacé

2
(a+b—c)2:abs(a+b) @—a+b<a+b c<—a+b<:>—a+bscs§(a+b)
4 2 2 2 2
2 2 2 2
Tir d6 ta duoc P =S 4—© Jab _(a+b)  (a+b)  Jab

+ > .
ab a’+b?> a+b  4ab 4(a2+b2) a+b
Mt khac ap dung bat ding thic Cauchy — Schwarz

(a+b)2+ (a+b)’ +\/%_(a+b) (a+b) a+b)’

p> _ (
4ab 4(a2+b2) a+b  8ab 4(a +b2) a+b

>(a+b)2+ (a+b+a+b)’ +\/£ _1+(a+b)2
~ 8ab 8ab+4(a2+b2) a+b 8ab (a+b 2

2 2
s, (350)  2ab o f(axb) 2ab 51,
8ab (a+b) 8ab (a+b) 2

Xayratai a=b=c.

Vay gia tri nho nhat caa P 1a 2.
Céu 4. Cho céc so thuc duong a, b, ¢ théa mén a+b+c=2017. Tim gia tri Ié6n nhat
cua biéu thtc:

a b 4c
= + +
a+l b+1 c+1
Loi giai
- -1 4 1)-4
Tacs M oA+l b+1-1 (c+1) et 1,2 2
a+l b+1 c+1 a+l b+l c+1 c+1
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Ap dung bit dang thtc AM — GM cho bén sé duwong X, y, z, t ta co
X+Y+2Z+t> 44 xyzt

Ap dung bit dang thic AM - GM cho bén sé duong 1, 1, E, % ta co
x vy oz

i+1+£+1244L

X y z t xyzt

Tur d6 ta suy ra duoc (x+y+z+t)[1+l+l+3216.
X y z

Ap dung bét dang thirc trén thi ta c6 ta co

(a+1+b+1+c;rl+c+1j[ 1 + ! + 2 + 2 jzlG

2 a+l b+1 c+1 c+1

< 2020 1+1+4 216<:>1+1+4216=4
a+l b+1 c+1 a+l b+1 c+1 2020 505
Viy ta  duoc M<g-—2 23926 gy bing xay ra  khi
505 505
a+b+c=2017 N a—b—504
a+1=b+1=c7+1 c=1009

Do d6 gia trj 16n nhat caa M 14 % xay ratai a=b=504; ¢=1009.

Cau5.  Chocac so thyc duong a, b, ¢ thoa man a’+b’+c” =3. Tim gié tri nho nhat
cua biéu thuec:
I S S
J1+8a® v1+8b° 1+8c°

Léi giai

M

Ap dung bét dang thirc AM — GM ta c6

J1+8a% = \/(1+ 2a)(1— 2a+ 4a2) < %[(H 2a)+ (l— 2a+4a> )] =1+2a’

11
J1+8a® 1+2a°

Diéu nay din dén
Hoan toan tuong tu thi ta cling co ! > 1 . 1 > 1
er £ J1+80° 1+2b% 7 \118c® 1+2¢°

+ 1 + 1
1+2a®> 1+2b* 1+2c¢?

Dovdytaco M > . Ap dung bat dang thire AM — GM ta c6

1 1 1 1 1 1
2 + 2 + 2 >3'3 2" 2" 2
1+2a° 1+2b° 1+2c 1+2a° 1+2b° 1+2c
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(1+2a%)+(1+20%)+(1+2¢%) > 3.3/(1+ 2a”)(1+2b% )(1+2¢?)

1 1 1
Suy ra + + 3+2(a’+b”+c?)|>9
y (1+2a2 1+ 2b® 1+2c2j[ ( )]
Pidu ndy din dén M > J _1. Péng thic xay ra khi va chi khi
3+2(a*+b”+c?)

a=b=c=1

Vay gié tri nho nhat caa M 14 1, xay ra khi va chi khi a=b=c=1.

Cau 6. Cho a, b, cla cac s thyc duong thoa man diéu kién 3a?+4b+6c=29. Tim
gia tri nho nhat biéu thiac P = 2a* +b? +¢? i
Huwoéng dan
Ap dung bat dang thirc AM - GM cho céc sé duong ta dugc
a®+a’+1>3a’°.
b®+2%>4b.
¢’ +3*>6c¢.
Khi d0P+1+4+9>3a°+4b+6¢.
Suyra P>3a’+4b+6c-1-4-9=15.

a=1
Pang thirc xay ra khi va chi khi {b=2.
c=3
Cau7. Cho ba s a,b,cduong .
1 1 <a+b+c

Chtng minh rang: + <
g 9 a’+bc b?’+ac c’+ab  2abc

) o Huwong dan
Ap dung bat dang thirc Cauchy ta cé

a? +bc > 2avbec = 22 <L i_igi(iJrij
a?+bc avbc Vab'ac 2lab ac
2 1(1 1)
— = <ol ==
b’+ac 2\ba bc
Tuong ty : =
2 1(1 1)
<Z| =—+=
c?+ab 2\ca bc
1 1 1 _1,1 1 _a+h+c

= 3 + 2 + 2 = -
a’+bc b"+ac c"+ab ab bc ca  2abc
Dau “=" xay ra khi a=b=c.
Cau8. Giasir x va y la hai s6 théba mdn x>y va xy=1. Tim GTNN cua biéu thic:

Huwéng ddn
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2, .2 2 2 VY
Tacé thévidt: A= X TY X -2Y+y +2xy _ (X=y) +2xy

X=y X-y X—Yy
— 2 — J—
Dox>yvaxy=1nen: A=W £ o\ 2 X-y, 2  X-y
X—y X—Yy 2 X—Yy 2

Vix >y = x-y>0nén &p dung bat dang thtrc cosi vai 2 s khdng am, ta co:
X— y 2 x—y
X— y 2

Dau “=” xay ra @Ty_io(x—y)z=4<:>(x—y)=2(Dox—y>0)
X—y

Tuwdo: A2 2+§=3

A>2.

X—y=2
Xy =1

{x 1++/2 o {x 1-2
y_—1+\/— 1-2

Cau 9. Cho x,y,z lacéc sé thuc khong &m thoa man x+y+z = g Ching minh rang

Vay GTNN caa A 12 3 <:>{

Thoa diéu kién xy = 1

X+2Xy +4xyz < 2.

o Huéng ddn
Theo bat dang thuc C6 si ta ¢
1 2
N
x+2xy+4xyz=x+4xy(z+§jsx+4xf=x+x(2—x)2. .
s A A 3 3
Vi x,y,z khdng &m va x+y+z=E:>0£xs§.
Ta can chang minh

x+x(2-x)" <2 & (x=2)+x(2-x)" <01+ x(x-2)> 0 (x—1)° 20 (ludn ding).
Cau 10. Cho x,y, z la céc sb thuc du’ong thoa man diéu kién x?+y?+z2=1. Tim gia tri

nhé nhit cia s =Y + Y2 2%
z Xy
Huwoéng dédn
Ta co:
2,2 2,2 22
SRRAR A AL S TRV
z X y
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S?>3(x*+y*+2%)=3
Vay minS=v3 khi x=y=z=——

V3

Cau 11. Cho a,b,cla cac sé thuc duong thoa man ab+bc+ca=1. Chimg minh rang
avb’ +1+byc? +1+cva’ +1> 2.

Huwéng din

2
Bét déng thirc di cho twong duong (a\/b2 +1+bVc? +1+cy/a’ +1) >4 (6).

2
bat Sz(a\/b2+1+bx/c2+1+Cx/a2+1) .Taco

S=a’ (b2 +1)+ b? (02 +1)+ c? (a2 +1)+ 2ab\/(b2 +1)(c2 +1)

+ 2ac\/(b2 +1)(al2 +1) + 2bc\/(c2 +1)(a2 +1).
Ap dung bat dang thirc Cauchy, ta co
\/(bz +1)(c* +1) = Vb +b? +c?+1>bc+1  (6.1)

\/(bz +1)(a2 +1) —Jb%a?+a?+b?+1>ab+1 (6.2)

\/(az +1)(c? +1) = Jalc?+al+ct+l>ac+l  (6.3).
Két hop (6.1), (6.2) va (6.3) ta dugc
S >a’ (b’ +1)+b2 (c?+1)+c?(a® +1)+2ab(bc +1)+ 2ac(ab+1)+ 2bc(ac +1)
=(ab+bc+ca)’ +a?+b?+c?+2(ab+bc+ca).
Mt khéc, ta lai c6 a> +b*+c®>ab+bc+ca.Suyra
S>(ab+bc+ca)’ +3(ab+ac+ca)=4
Vay bét dang thuc (6) dung.
, 1
Pang thic xayra <> a=b=c=—.
g y \/§
Cau 12. Cho x, y, z la cac s6 duong théa mén diéu kién: xyz=1. Tim GTNN cua biéu
1 1 1

thac: E = - +— +— )
X*(y+2) y(z+x) z°(x+Yy)

Huwoéng ddn

Tuong tu: y+z=a(b+c)
z+x=b(c+a)

1 1 1 1 1 1

=—- +—3. +—3.

> (y+2) y° (z+x) z° (X+Y)

2 2 2

a3.l+b3.l+c3.l:a+b+C

a(b+c) b(c+a) c(a+b) b+c c+a a+b
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a + b + ¢ ZE 1)
b+c c+a a+b 2
Thatvay: Patb+c=x;c+a=y;a+b=z

Ta co:

—a+brc=2Y*?
:>a:y+Z—X;b=Z+X—y;C:x+y—z
2 2 2
Khido, VT =—> 4+ b LG _YyFZ-X ZHX-y X+y-z
b+c c+a a+b 2X 2y 27

:i X+ﬁ +£(E+ﬁj+i E+y —§>1+1+1—§:3
2\x y) 2\x z) 2\y z) 2 2 2

Nhan hai vé (1) véia+b + ¢ > 0. Ta co:
a(a+b+c) b(a+b+c) c(a+b+c)> (a+b+c)

b+c c+a a+b

a? b? c? a+b+c 3\/ab 3 3
= + + —=E>—

b+c c+a a+b 2 2 2 2

= GTNNcﬁaEIa% khia=b=c=1.
Cau 13. Cho x, v, z la cac s6 thuc duong thoa xyz =1. Gid tri nho nhat caa biéu thic :
X3 y3 23

Ty @) @e)Ery)
Huwong dan

Ap dung BPT Cosi cho ba s6

x* 1+ y l+z _ 3x
+ —_—
(1+y)(1+z) 8 4
y® +1+ z 1+x 23_y
(1+2)(1+x) 8 4
7 +1+x 1+ Y 3z
(1+x)(1+y) 8 8 4
Suy ra

X y® z° 1 3.3 3 3
= + + > (X+y+z)-—>=3xyz——==
) T oae) Ty~ 2 Y= gy
Ding thirc xay ra khi va chi khi x=y=z=1
Vay gia tri Ién nhit caa P bang %
Cau 14. Cho x, y, z la cac s6 duong. Tim gié tri nho nhét cua biéu thuc:

P :3/4(x3+ y3)+§/4(y3+z3) +§/4(23+x3) +2[%+Z—y2+%}

Huwoéng ddn

Véi x,y,z > 0 tacd

TAI LIEU TOAN HOC
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).
4(x3+y3) 3/4(y3+z3)+§/4(23+x3) >2(x+y+ 2)26W

6 1
zwzpzﬁ[s/x_yum}lz.

Cau 15. Cho cac s6 duong X, Y, Zthoa man: Xy + Xz +4yz =32
Tim gia tri nho nhét cia: P = x* +16Yy? +162*
Huwéng din
x? ) X o7 X, X o/
Tacd —+8y° >2.—=.242y =4xy; —+82°>2.—=.2\27=4xz;8(z* +y?) > 16X
; T8y 22 m N2y =dy S 7 (z°+Y7) y
Vay X° +16y* +162° > 4(xy + xz + 4yz) =4.32 =128
X
222
N y
. ] ox
DAu ding thirc xdy ra khi { — = 2/2z
J2
y=12
CAu 16. Cho a,b,cduong thoa man a+b+c=3. Tim gia trj nho nhat cua:
__a b L
1+b* 1+c¢* 1+a°
Huwong dan
a(1+b?)—ab? 2 2
Ta co: 8.2: ( )2 —a— abzza_ﬂza_a_b
1+b 1+b 1+b 2b 2
Tuong tu ta co: 2Zb—E; szc—E
1+c 2 1+a 2
a+b+c)’
Do d6 A= a2+ b2+ ¢ 22a+b+c—£(ab+bc+ca)2S—E.w:3—§=§.
1+b° 1+c¢° 1+a 2 2 3 2 2

Dau “=” xay ra khi va chi khi a=b=c=1.
Vay MinAzgkhi a=b=c=1.

Cau 17. Cho a,b,c duong thoa man a+b+c=3. Ching minh rang:
a+l b+1 c+1
+ + >
b*+1 c¢*+1 a’+1 3
Huwong dan
a+1 (a+1)(b*+1)-b’(a+1)
b?+1 b +1

Ta co:
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b2
1 (a+1)
2b
_b_a_b+1
2 2
Tuong tu ta co:
b+1 zb—E—EJrl;cz—Jrlzc—i—EJrl

c?+1 2 2 a‘+1 2 2
DodéVT2%[(a+b+c)—(ab+bc+ca)]+3

2
21[3—W}+323.(dpcm)

2
DAau “=” xay ra khi va chi khi a=b=c=1.
Cau 18. Cho hai s6 khong am x, y thoaman x>2, 2y+4=xy. Tim gia tri 16n nhat

cua biéu thirc

2 2
P:\/x —2x+\/y +2y+ 1

x—1 y+1 x4y’
Huwong din
Te gia  thiét ta  co 2y +4=xy & (x-1)+(y+1)+3=(x-1)(y+1)
U S 3 4
x-1 y+1 (x-1)(y+1) ~
bat a= ! , b= ! .
x-1 y+1

ab

T gia thiét ta co a+b+3ab=1 va biéu thic P =+1-a° +v1-b? r—
+

. a+b
Taco 1:a+b+3abSa+b+3¥. T do suy ra a+b2§.

Ma cho hai s dwong m, n ta ludn c6 vm+n <, [2(m+n).

Tw dotaco

J1-a? +41-b? s\/Z[Z—(a2+b2)] s\/z{z

Matkhae 22 _1-(@+b) 1 1.1
' a+b 3(a+b) 3(a+b) 3 3
Vaytaco P=+1-a’ ipr g A N2,
a+b 3
Viy maxP:1+§ﬁ.D”u _ xdy ra khi va chi khi a=b=1®{
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DANG 4: DUNG BAT PANG THU'C CAUCHY DANG CONG MAU SO
Cho hai day so tiy ¥ a; a,; ...; &, V& X X,; ...; X, VSi X} X5 ...; X >0,

2

2 2 2
.2, , a a +a, +..+a
Khi d6 ta c6 i+—2+...+—“2(a1 2 ")

X X X, X Xt X
£ 2 , 5 , N a a
Dau dang thic xay ra ¢ dang 4 la: G 2%_ _&yg
X2 Xn

4.1. Sir dung bét ding thic theo chiéu thuan
Vidul. Cho a, b la cdc so thuc duong thoa mdn a+b=1. Tim gia tri nho nhat cua biéu
thuc:
1 4
a’+b®> ab
Phan tich: Bé ap dung bit dang thirc Cauchy - Schwarz, ta chon mot sé k sao cho
1K (1+k)*
2 2 + 2 2 2
a“+b° 2ab a“+b°+2ab

=(1+k)* va dam bao ddu dang thac xay ra, tic 1a thoa

min didu kién _ K \6i a=b. do do ta chon duoc k =1.

a’+b®> 2ab

Léi giai

Ap dung bét dang thirc Cauchy - Schwarz ta duoc
1 4 1 1 7 1+1) 7 7
2 e T et + 22(2) =4+_—
a‘+b® ab a“+b® 2ab 2ab a“+b°+2ab 2ab 2ab

2
Mt khac ta lai co abs(aTer) =%

Do d6 ta duoc P >18, hay gié tri nho nhat cia biéu thac P 1a 18. Dang thuc xay ra khi
vachikhi a=b=~.

2
Nhan xét: Sau khi danh gia bang bat dang thirc Cauchy - Schwarz ta nhan duoc biéu thirc

Q:4+2ib, dén day ta c6 thé thém vao biéu thuc dai luwong 48ab, ta dugc
al

Q=4+L+48ab.
2ab

Va ta tach thanh: Q = 4+L+ 24ab =4+ i+48ab +i. Dén day ta hoan toan xir
2ab ab 2ab
1y duoc tiép.

2
R rang, voi ab s(aTer) =% thi tir cach ghép cap trong biéu thuc Q ta c6 thé tong

quat thanh bai toan:

Cho a, b 1a cac sé thuc duong théa mdn a+b =1. Tim gia tri nho nhat caa biéu thuc:
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Vidu 2.

P=—21 2+i+kab (0<k<48)
a“+b® ab

Goi y: Khi d6 ta tach P nhu sau:

P=%+i+kab=%+i+i+48ab+i+(k—48)ab
a“+b~ ab a“+b~ 2ab ab 2ab

Cho a, b, ¢ la cac sb thyc duong théa man a+b+c=1. Chang minh rang:

1 9
2 2 2+ -
a‘+b“+c° ab+ab+bc

Phan tich va loi giai
Trudc hét ta du doan dang thic xay ra tai a=b=c =%. Khi sir dung bat dang thic
Cauchy - Schwarz ta ch(i y cong cac mAu dé c6 thé viét dugc thanh (a+b+c)’.
2
2 (1+ \/5)
+ >
a’+b*+c®  2(ab+bc+ca) (a+b+c)

N

+
a’+b’+c?  2(ab+bc+ca)

Dé y 1a néu danh gia

. :(1+ﬁ)2,mi dé déng

thuc khong xay ra vi

Nhu vay dé c6 thé ap dung duoc bit ding thirc Cauchy - Schwarz ta 1am nhu sau

1, k? (LK)
a’+b’+c* 2(ab+bc+ca) (a+b+c)

2= (1+ k)2

k
a’+b%+c® 2(ab+bc+ca)

Ta can chon k dé ding thirc sau dung , d& dang chon dugc

gidtri k=2.
Dén day ta cd 1o giai nhu sau
Ap dung bt dang thic Cauchy - Schwarz ta dugc

S N S 4 L1
a’+b’+c? ab+bc+ca a’+b*+c® 2(ab+bc+ca) ab+bc+ca

(1+2)° 7 7
> -+ =9+
(a+b+c) ab+bc+ca ab+bc+ca
Bat ding thirc s& duoc chimg minh néu ta chi ra duoc T n, Tuy nhién, d&
ab+bc+ca
thay
(a++b+c)2

2ab+bc+ca<:>ab+bc+cas%
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Vidu 3.

Do d6 ta duoc ; >21
ab+bc+ca

Vay bét ding thire duoc ching minh.
Bai tap twong tu:
Cau 1. Cho cac s6 duong a, b, ¢ thoa min a+b+c <3. Chang ming rang:

1 2009
a’+b?>+c* ab+bc+ca

(Trich dé thi tuyén sinh 16p 10 chuyén Toan Tinh Hdi Phong nam 2009 - 2010)

>670.

Cau 2. Cho a, b, ¢ la cac sé thuc duong thoa mén a+b+c=1. Tim gia tri nho nhat
cua biéu thac:
P= L + L
abc 1-2(ab+bc+ca)

(Trich dé thi tuyén sinh lép 10 chuyén Toan Tinh Vinh Phiic nam 2012-2013)
Huéng din: Do a+b+c=1=1-2(ab+bc+ca)=a’+b*+c’

1 a+b+c 1 1 1 1
7 2 2+ =2 2 =27
a‘+b“+c abc a‘+b“+c° ab bc ca
Chung minh rang vai moi cac so thuc duong a, b, ¢ ta cd bat dang thac sau:

Suyra P=

a’ b? c? a?+b?+c?
2 2+ 2 2+ 2 22 '
a“+ab+b* b°+bc+c” c"+ac+a a+b+c
Phan tich va loi giai

Ching ta thay vé trai cua bat dang thire c6 dang phan thic, va quan sat sé hang dai dién
3

ching han ————— ching ta thay tir s6 1a a® va ching ta mong muén giam bac di
a“+ab+b
cho d& lam. Piéu nay goi cho chung ta nghi t6i str dung bat ding thirc Cauchy- Schwarz
dé dua vé chitng minh bét dang thirc méi don gian hon.

4 4 4
TacovT=—— 2 ., O, ¢

a(a’+ab+b?) b(b?+bc+c’) c(c?+ac+a’)

2
(a2+b2+c2)
2 3 3 3 2 2 2 2 2 2
a’+b’+c’+ab+ab”+a‘c+ac”+b°c+bc
Péy a’+b’+c’+a’h+ab’ +a’c+ac’ +b’c+bc’ =(a+b+c)(a’ +b*+c?)
Tir d6 ta co diéu phai ching minh.
Khai théac:

2
. a+b+c T ST
- Tathay, a® +b*+¢° > % nén bai toan trén co thé phat biéu thanh:

Chuang minh riang véi moi céc s6 thuc duong a, b, ¢ ta c6 bat ding thirc sau:
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Vidu 4.

Vidu 5.

a’ b’ c? a+b+c
2 2 + 2 2 + 2 2 2 )
a“+ab+b® b°+bc+c® c“+ac+a 3
Néu rang budc thém diéu kién cho bién, chang han: a+b+c=k (k>0) thi ta duoc bai
toan:
Chung minh rang véi moi céc sb thuc duong a, b, ¢ va a+b+c=k (k>0) taco bat
dang thuc sau:
a’ b* c?
2 2 + 2 2 + 2 2
a“+ab+b® b°+bc+c® c“+ac+a

K
3

Mot sb bai tap twong tw: Ching minh riang véi moi cac sb thuc duong a, b, ¢ ta co:

caul —& 4P € o4 (Huéng dan: Mbi phan thirc ta nhan ca tir va mau voi
b+2c c+2a a+2b

ta)

2 2 2
A a b c 3 .
Cau 2. >—,Vol a+b+c>3

2 + + >
a++bc b+ac c+ab 2

a3 b3 C3 1 , . 2 2 2 1 , X,

. + + >—, Vvoi a®+b° +c¢° >= (Hudng dan:
2a+3b+5c 2b+3c+5a 2c+3a+5b 30 3

MGi phan thirc ta nhan ca tir va mau lan luot véi a, b, ¢)

Céu 3

2 2 2

Cho a, b, ¢ duong c6 a+b+c=1. Chitng minh rang: aF+—+C—23(a2+b2+cz)
c a

Phan tich va loi giai
Ta thay Vé trai c6 dang phan thirc va co thé 4p dung bt dang thirc Cauchy- Schwarz, tuy
nhién khi d6 ta duoc a+b+c>3(a’+b®+c”) nhung ddy la bt dang thirc nguoc chiéu.
Vay dé xuét hién duoc cac hang tir ciia vé phai ta nhan ca tir va mau caa mdi phan thic ¢
vé tréi véi tir cua no.
at bt ¢t _(at+b? +c2)2

VI ==+ —+——2—5 2 2

a’b b°c c’a a‘bh+b°c+ca

Bat dang thire dugc hoan tat néu ta ching minh dugc:
2 2 2

%ZBQaHbHCZ >3(a’h+b’*c+ca)

ah+b°c+ca

<:>(a+b+c)(a2 +b2+c2)23(a2b+bzc+c2a)(doa+b+c:1)

oat+bP+cd+ab®+bc?+ca’> 2(a2b+bzc+c2a)

Dé thay, a®+ab’>2a’h; b®+bc®>2b%c; c¢®+ca’>2c%a tir 6 ta c6 diéu phai chung
minh.
Cho cac sb thuc duong x, y, z théa manx+2y+3z =18. Chirng minh rang
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2y+32+5+32+x+5+x+2y+5>ﬁ
1+ X 1+2y 1+3z 7

Phan tich va loi giai

Quan sét gia thiét, va cac phan thirc ta thiy néu cong tir véi mau cua mdi phan thic sé thu
dugc lugng nhu nhau x+ 2y + 3z +6, hon nira la ta lai van dung dugc gia thiét. Khi do ta
hoan toan cd thé sir dung bat dang thirc Cauchy- Schwarz dé xu ly phan con lai.

Tacé

2y+3z+5 3z+X+5 X+2y+5
+ +

1+x 1+2y 1+3z
=2y+32+5+1+3z+x+5+1+x+2y+5+1_3
1+x 1+2y 1+3z
=(x+2y+3z+6) ! + L + ! —3224.*—
1+x 1+2y 1+3z X+2y+3z+3
9 51 .., . .
=24.——3=— (diéu phai chung minh).
1 o (dicup g minh)

Vi du 6. Cho cé4c s6 duong a, b, ¢ thay doi va thod man 3a+4b+5c=12. Tim gia tri I6n
nhét cua biéu thic:
ab 2ac 3bc
= + -+
ab+a+b ac+a+c bc+b+c

(Trich dé thi tuyén sinh 16p 10 chuyén Toan Tinh Ba Ria — Viing Tau ndm 2011- 2012)
Phan tich va loi giai
Cin ctr vao gia thiét ta can tach cac tich ab, bc, ac, vi vay ta thir chia ca tar va mau caa
mdi phan thic cho tir ta duoc
1 N 2 N 3
l+£+1 1+1+1 1+1+1
a b c a b c

Schwarz cho cac mau.
Ta viét lai biéu thirc S thanh

1 2 3
"1.1 11 1.1
a

S dén day ta co thé sir dung bat dang thic Cauchy-

S

+-+1 —+—+1 —+—+1
c a b c

Ap dung bt dang thuc ! . l(£+1+1J ta co

X+y+z 9\x y z
1 2 3 a+b+1 2(c+a+l) 3(b+c+1)
S=T 71 T 1 ‘T 1 . 59 " 9 "
—+—+1 —+—4+1 —+-+1
a b c a b ¢

_6+3a+4b+5c 18
9 9

2
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Vay gia tri I6n nhat caa biéu thac S 1a 2. Pang thac xay ra khi va chi khi a=b=c=1.

4.1. Sir dung bat diang thic theo chiéu dao
Vidul. Cho a, b, c¢ lacac so thuc duong bat ki. Chirng minh rang:

a’ b? c? 1

2 2+ 2 2+ 2 2 —
5a°+(b+c)” 5b°+(c+a)” 5c’+(a+b)” 3

Phan tich va loi giai
Du doan dang thirc xay ra tai a=b=c, Trudc hét ta dé ¥ dén mau sb c6 thé phan tich
duoc 5a%+(b+c)’ = (a+b* +c”)+2(2a” +bc). Quan sat bt ding thirc ta thiy c6 the
ap dung dugc bat dang thirc Bunhiacopxki. Khi vay ta can chon cac s6 m, n dé dwoc bat
dang thac

(m+n) a® (m+n)’a? mZa’ na’
= < +
582 +(b+c)’ a2+b2+cz+2(2a2+bc) a2 +b? +c? 2(2a2+bc)

Dong thoi dang thirc dung voi a=b=c.

aZ+b?+c? 2(2a’ +bc)
Dé dang chon dugc m=1; n=2.
Khi d6 ta c6 thé giai dugc bai todn nhu sau:

Theo bt ding thirc Bunhiacopxki dang phan thirc ta c6

2,2
a’ 1 (1+2)°a g%( a’ 2a’ J

522 +(b+c)’ =§'(a2 +b2+c2)+2(2a2+bc) a2+ b2+l 2altbe

Ching minh tuong tu ta dugc

b _1f b2
5b2+(c+a)2_9 a’+b*+c? 2b’+ac

c’ 1 c? . 2¢?
5c2+(a+b)2_9 a’+b’>+c® 2c*+ab

Do do6 ta co
a’ b? c’ 1 2a’ 2b° 2¢’
R 7t — > <—|1+— +— +
5a’+(b+c)” 5b’+(c+a)” 5¢*+(a+b)” 9\ 2a'+bc 2b°+ca 2¢+ab

2 2 2
2a 2b 2c ]S%

Ta can ching minh dugc 1 1+— +— +—
9 2a“+bc 2b“+ca 2c“+ab

2a’ 2h? 2¢?
2 + 2 + 2 S
2a“+bc 2b“+ca 2c +ab

Bat dang thirc d6 tuong duong voi

bc ca ab

Ha + + 21
y28.2+bC 2b®’+ca 2c®+ab
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Theo bat dang thirc Bunhiacopxki dang phan thuc thi

bc ca ab (ab+bc+ca)2

+ + > =1
2a’+bc 2b’+ca 2c®+ab  a’h*+b’*c*+c’a’ +2abc(a+b+c)

Nhu vy danh gia cudi cung 1a mot danh gia dang.
Do d6 bat dang thirc ban dau dwoc chitng minh. Dau dang thirc xay ratai a=b=c.
Vidu 2. Cho a, b, ¢ lacac sb thuc duong thoa man a?+b?+c? <abc. Chang minh rang:

a b c 1
2 T T2 <5
a+bc b°+ca c°+ab 2

Phan tich va loi giai
Tuong ty nhu bai 1 ta chon duwgc m=n=1, khi d6 4p dung bat dang Cauchy- Schwarz
dang phan thurc ta duoc

2

a _ a a’ L1 a2+ a’ 11, a’
a’+bc al+abc a*+a’+b*+c® 4la® a*+b*+c?) 4la a+b*+c?

Hoan toan tuong tu ta duoc
a b c 1/1 1 1
> +— +— <—|—+—+—+1
a“+bc b°+ca c°+ab 4\la b c
Ta can ching minh 1,11
a b c

That vay, 4p dung mot danh gia quen thudc va két hop véi gia thiét, ta duoc

1>a2+b2+c2>ab+bc+ca_1 11
~ abc  abc a b c

Vay bat dang thire duoc chimg minh. Pang thirc xay ra khi va chi khi a=b=c=3.
Vidu 3. Cho a, b, ¢ lacac sb thuc dwong. Chang minh rang:

1 1 1 1(1 1 l)
+ + <l =+ =+
c(c+a+3b)+c* a(a+b+3c)+a® b(b+c+3a)+b® 6la® b*® c’

(Trich @é thi chon HSG mén Toan 9 Tinh Nam Pinh nam hoc 2018 — 2019)
Loi giai

Ap dung bét dang thirc Cauchy — Schwarz dang phan thiic ta dugc

1 1 11 1 1 111 1/1 1 1
== ; <= =+ + <SS S+ —+— |+=—
c(c+a+3b)+c® ac+2c*+3bc 9\2¢* bc+ca 2bc) 9| 2¢* 4\bc ca) 2bc
Pé y rang izi.z.i.lsi( +ij va i=1.2.1.lsi(%+%j nén ta lai co
ca 2 ac 2 2 bc 2\b

c
1(1 1 3 111 1/1 1 3(1 1 1(2 1 3
v v iewee el e v s e sl s (e il | Rl et e sy
18\c® 2ac 2bc) 18|c® 4\a ¢ 4\ c® b 18\ c® 4a° 4b
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Tir d6 ta duoc LI gi(iﬁiﬁizj
c(c+a+3b)+c® 18\c’® 4a° 4b

Charng minh hoan toan twong tu ta dugc

1 1(2 1 3 ). 1 1( 2 1 3
<ol mt gt | <l et e T
a(a+b+3c)+a® 18\a® 4b® 4c®) b(b+c+3a)+b* 18\b* 4c® 4a

Cong theo vé cac bat dang thirc cung chiéu trén thi ta dwoc

1 1 1 171 1 1
7t 7t S|l 2ttt
c(c+a+3b)+c® a(a+b+3c)+a’ b(b+c+3a)+b® 6la’ b* ¢
Vay bai toan dugc chitng minh hoan tat. Dau dang thirc xay ra khi va chi khi a=b=c.
BAI TOAN TUONG TU"
Cho a, b, ¢ lacéc s thuc duong. Ching minh rang:
a(b+c) .\ b(c+a) s c(a+b) _6
a’+(b+c) b*+(c+a) c?+(a+b)’ 5

(Trich dé thi chon HS dur thi HSGQG Tinh Thdi Binh ndm hoc 2014 — 2015)
Hwéng din: Ap dung bit dang thac AM — GM ta ¢6

2
az+(b+c)z{az+M}§(b+c)zZa(b+c)+§(b+c)2:(b+c)(4a+3b+3c)
4 4 4 4
Suy ra ta dugc a(b+c)zs 4a(b+c) = 42
a’+(b+c)”  (4a+3b+3c)(b+c) 4a+3b+3c
Vidu4. Cho x, vy, z>0 va %+%+%=4. Tim gia tri 16n nhat cua
p 1 1 N 1

= +
2X+Yy+7 X+2y+71 X+y+2z
Phan tich va loi giai
Quan sat gia thiét va biéu thac P, ta thiy co thé sir dung bat dang thirc Cauchy- Schwarz
dang phan thirc theo chiéu nguoc lai dé tach céc sé hang & ting mau.

1 1 4 1 1 4 1 1 11 4 4 16 1 1(1 2
—F—2>——F—2>2— >+ —+—+—2 + > = <—|—+—+
X Yy X+Yyy Z y+zZ X Yy Yy Z X+Y Y+z X+2y+z Xx+2y+z 16\ x Yy
Tuong tu

1 1(2 1 1), 1 1(1 1 2
— < |+t | ————— < | 4 —
2X+y+z 16\x y z) x+y+2z 16{x y z

Vidu5. Cho a, b, ¢ 1as6 thuc duong. Ching minh rang:
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Vi du 6.

2ab N 3bc N 3ca <a+2b+3c
3a+8b+6c 3b+6c+a 9c+4a+4b 9

(Trich dé thi tuyén sinh 16p 10 chuyén Toan Tinh Phi Tho ndm 2011-2012)

Loi giai

Pit x=a; y=2b; z=3c, khi d6 bat dang thuc trén duoc viét lai thanh

Xy . yz . ZX _Xty+z
3x+4y+2z 3y+4z+2x 3z+4x+2y 9

Ap dung bét dang thirc Cauchy- Schwarz dang phan thirc ta ¢6

Xy Xy (6+2+1)° <ﬁ( 18 2 1j 2xy  2x+y

— =2, < +o+ ==
3x+4y+2z 8l 2(x+y+2z)+2y+x 8lx+y+z y X

9(x+y+z) 81
Hoan toan tuong tu ta dugc

yz <2y+z 2yz ] ZX <22+X+ 2IX
3y+4z+2x 81  9(x+y+z) 3z+4x+2y 8L  9(x+y+1z)

Cong theo vé cac bat dang thirc trén ta duoc

Xy N yz N X <x+y+z+2(xy+yz+zx)
3X+4y+2z 3y+4z+2x 3z+4x+2y 27 9(x+y+z)
2

(x+y+2)

Ma theo méot danh gia quen thudc ta lai cO Xy + yz + zx <

X+y+z 2(Xy+yz+2x) _ x+y+z+2(x+y+z)= X+ +2

Do do6 taco <
27 9(x+y+z) 27 27 9

Xy yz X _Xty+z

Suy ra + + <
3X+4y+2z 3y+4z+2x 3z+4x+2y 9

Hay bét dang thirc duoc ching minh. Pang thirc xay ra khi va chi khi a=2b=3c.

Cho ba s6 thuc duong a, b, ¢ thoa man 12(i2+i2+i2js3+£+1+1
a~ b® ¢ a b c
Chirng minh rang: t .t .t 1

4a+b+c a+4b+c a+b+4c 6
(Trich @é thi tuyén sinh 1ép 10 chuyén Toan Tinh Phl Tho ndam 2013 - 2014)
Léi giai
Theo mot danh gia quen thudc ta cd

2
4(£+1+1j le(i2+i2+i2Js3+i+l+1
a b c a b® ¢ a b c

Suy ra (1+£+1—1) 4(1+1+1j+3 <0
a b c a b c
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Do d6 ta duoc 1+%+1s1 va a+b+c=>9
a c

1 N 1 N 1
da+b+c a+4b+c a+b+4c

bat P=

£1+l ta duoc
X+y X ¥y

Ap dung bt dang thic Cauchy dang

IR S S
da+b+c a+4b+c a+b+4c

1/ 1 1 1 1 1
< —+4 +—+ +—+
4\3a a+b+c 3a a+b+c 3a a+b+c

1/1 1 1 3 1/1 1 1
== —+—+—+ R
4(3a 3b 3c a+b+c) 4(3 3) 6

Vay bat dang thire dugc chimg minh. Dang thic xay ra khi va chi khi a=b=c= %

BAI TOAN TUONG TU"
Cau 1. a) Cho a,b,c la cac so thuc bat ki va x,y,z la cac so duong. Chirng minh:
2 p2 ¢z (a+b+c)
a_+b_+c_2(—)
X 'y z X+y+2
b)Tim gia tri nho nhat caa biéu thuc
3 3 3
P= 3a 8, 3b 8, 30 8 i a,b,c la s6 duong thoa man abc=1.
a’(b+c) b’(a+c) c’(a+h)

Huwoéng dén

a2 b2 _(a+b)’ _, - . a
a) Taco —+—>-—— Pang thac xay ra khi va chi khi —=
X Yy  X+y X

b

2 2 2 b z

| b & (a4D+C) b thire xdy ra khi va chi khi
X Y 7z  X+y+z

b) Ta co

34 B . >3(ab+bc+ca)2
a’(b+c) b’(a+c) c’(a+b)  2(a+b+c)

y
b_c¢
y 2

>3(ab+bc+ca
~ 2(a+b+c)

2
) +3(bc+ca+ad)22—27

Vay GTNN I 2?7 khi a=b=c=1

Cau 2. Cho cac sb thue duong a,b,c thoa mdn a? +b? +c2 =3abc.
a b C 9
+ > :
’c® a’c® a’®® a+b+c
Huwoéng ddn

Chang minh .
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., a b c a’ b* c’
Taco 0’ a2 @b’ ab’d  bald | cab
Ap dung bt dang thic Cauchy — Schwarz dang phan sé ta duoc:
a’ b ot (az +b2+c? )2 (3abc)2 9
20 | baic | calb  ah’c (a+b+c) " alhic? (a+b+c) T a+b+c
Ping thirc xay rakhi a=b=c.

Cau 3. Cho céc s6 duong a, b, ¢ théa mdn a+b+c=4. Tim gia tri nhé nhét cua biéu
thirc:
P= a\/g + b\/B + C\/E
\/5+3\/5 \/B+3:/E \/E+3\/§'
Huwong dan

2 b2 2

a c
+ +
a+3\/% b+3\/E c+3\/a

Theo bat dang thirc Bunhiacdpxki (dang phan thirc). Ta co:

Taco: P=

p__a b (a+b+c)
a+3Jab b+3vbe c+3x/a_a+b+c+3(\/£+\/g+«/a)

a’ b? c’ 16
P= + + 2
a+3Jab b+3Jbc c+3yca 4+3(\/%+\/E+\/5)
(doa+b+c=4)
Theo bat dang thuc Cé-si. Ta co:
a+b>2Jab: b+c>2vbc: c+a>2Jca
= 2a+2b +2¢ > 2+/ab + 2+/bc + 2/ca

—Jab++bc+Jca<a+b+c=4=P> 16 =
4+34

a;b;c>0
Dau "=" xayra < a+b+c=deazbc=
a=b=c 3

Vay gia tri nho nhat cia P la 1 khi a=b=c=

DANG 5 : DUNG BAT PANG THUC CAUCHY DANG NGHICH PAO

Cau 1. Cho cac sb thuc duong a,b,c thoa man czl,;i+1s2;i+i+lss. Tim
2b ¢ 3a 2b c
i1 Lo o LA . 1 11
gia tri 16n nhat cua biéu thac T :_+B+_'
a C

Huwoéng dén
Dy doan T, =6 dattai 3a=2b=c=1.

Tacéi+1£2:>2£ 4 si+£=2b+c
2% C 1.1°1'1
2b ¢ 2b ¢
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+—=3a+2b+c

o Ir|k

Do do 6=(3a+2b+c)1+(2b+c)(1—1)+c(1—1)2§+2(1—£)+(£—1)=T .
a b a c b a

b a c b
Cau 2. Cho hai s6 thuc duong a, b théa man a+b=4ab.
) : b 1
Ching minh rang: + > =
8 8 4b*+1 4a’+1 2

Huwoéng dén
T a+b=4ab

Ap dung BDT (AM- GM ) ta c6 ab z%

; a b a’ b? (a+Db)?
Taco > +— = > +— >
4b“+1 4a“+1 4dab“+a 4a‘b+b 4ab(a+b)+(a+Db)
_a+b  4ab 1 1 .1

T Zab+l dab+l  dab+l 2
Déu ding thie xay ra khi a= b= % :

R : . as [k ct a+b+c
Cau 3. Cho ba so duong a,b,c.Ching minh ran + + >
& g €]a2+b2 b2 +c? c¢?+a? 2
Huwoéng dan
,al ab?
Taco =a-— 1
a? +b? a’ +b? @

Ap dung bat dang thirc Cosi cho hai s6 duong a? + b? ta duoc
a’+b?*>2va’h* = 2ab

b _ab*
a’+b? 2ab
ab? b
- <
<:>a2+b2_2
2
iz__b
az+b? 2
ab? b
a- >a-- (2
< a’+b? 2 @
Tu (1) va (2) suy ra a >a—E
y a?+b? 2
3
, ) . _ c
Chutmg minh twong tu ta ciing duoc : b1 >b )
ct ~a
c’+a? 2
at b3 ct a+b+c
Suy ra + + >a+b+c———m
y a’+b?* b*+c® c?+a’ 2
at [k cd >a+b+c

+ + >
a?+b? b*+c? c?+a’ 2
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Cho céc s6 thuc duong a,b,c thoa mdn a+b—64c+9=0. Tim gia tri nho nhat

i ., a? b?  16c?
cua biéu thac + +
b+c c+a a+b

Cau 4.

Huwong dédn

2
10¢” , (a+b)28c do d6 ta duoc
a+b

2 2
TacH —2 +£(b+c)2ia; b +£(c+a)2ib;
b+c 9 3 c+a 9 3

2

2 2
& P, 16c  1i6ac—a-b)=1(do 64c—a-b=9).
b+c c+a a+b
. a=b=2c
Dau “=" xay ra tai = (a;b;c) = i; ;i :
a+b—-64c+9=0 10 20
DANG 6: DUNG BAT PANG THUC BUNHIACOPXKI
Cau 1. Tim GTLN cia ham sb: y=~/x—2 +/4-x.
Huwoéng ddn

S| w

s X-220
biéu kién: {4 0 & 2<X<A4A()

Ap dung bit ding thirc Bunhiacopxki: (ac + bd)? < (a? + b%)(c? + d?)

DAu “=" xay ra khi va chi khi % - g

Chon a=+vx-2;c=Lb=+4-x;d =1 Vé6i 2<x<4

Ta cé:
y2=(m+mf{(m)1( 4_x)1.(12+12)

ey <[(x-2)+(4-x)].2
oy <doly<2
Viy>0néntaco: 0<y<?2
Dau “=” xay ra < Vx—-2 =v/4—X & x-2=4-x < x =3 (Thoa man (*))
Vay GTLN ctay la 2 tai x = 3.

Cau 2. Tim GTLN, GTNN ciia ham sé: y =3Vx-1+4/6-x(1< x<5).
) o Huwéng ddn ,
a) GTLN: Ap dung bat dang thic Bunhiacopxki cho hai b so:

(3; 4) va ((v/x=1;+/5—x) taco:
y? = Bx-1+445-x)° < (& +42)-[(«/x7—1)2 +(Jﬁ)1 ~100

< y*<100= y <10
VXL STX gy XL _5X L« ~ BT (thoa man didu kien)
3 4 9 16 25

Vay GTLN cua y 1210 khi x = g_é

DAu “=" xdy ra <=

* 1) Gid tri nho nhat:
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Tach: y= 3JXx—1+4v5—x =3/x—-1+3/5-x +~/5—x

= 3(\/x—1+\/5—x)+\/5—x

Pat: A= x-1+5-x thit? =4 +2 /(x-1)(5-X)

=>A>2 vadiu “=" xayrakhi x=1hoicx =5

Vayy 23.2+0=6

>4

Dau “=" xay rakhi x =5. Do d6 GTNN cuayla6 khix=5

DANG 7. CAC DANG KHAC

Phwong phap 1: DU POAN KET QUA ROI TACH THICH HOQP
Buoc 1: Ké bang duw doan gidi tri lon nhat,nhé nhat va dat tai gid tri nao cua bién.
Buée 2: Ké bang xdc dinh sé ndo sé di véi nhau.
Buc 3: Tdach ghép thich hop sé hang va sir dung bat dang thirc Co-si.

Vidu 1. Cho a>2. Tim gi4 tri nho nhét cta biéu thic P = 2a+§.
Huwong din
Phan tich bai toan
a 2 3 4
5 13 65 277 37 29,25
2 3 4
<1 .1k , . 13
Tt bang thir nhat du doan min P:E<:>a=2.
1
a p—
a
1
a=2 2 —
2
Tu bang thir hai, ta suy ra 1 s€ di voi a nén i s¢ di voi 5—a.
a 4 a 4
Trinh bay
Co P= §+5_a +3—a22‘/§-5—a+3—a=5+§25+£=5(d0 ax2).
a 4 4 a 4 4 4 4 2
, [5-5
Vay minP:? khifa 4 < a=2 (thoaman).
a=2
, s T Y AN S 6 24
Vidu2.Cho x>0, y>0 va x+y<6. Tim gia tri nho nhat cia biéu thtc F =X+y+—+—
Xy
Huwdng din
Phan tich bai toan
CEVE i) @id 3wy 5: 1
84 39 ... 156
= T ~164 15 16 5 -1 5 ot

Tir bang thtr nhat, ta duy doan min F =15 khi x=2,y=4.

TAI LIEU TOAN HQOC
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1 1
X — y =
X y
1 1
X=2,y=4 2 = 4 il
J 2 4
’Nm%mﬂmw&wmlmmwnimngwmwmgz%yéme1ymmﬁ
X 4 X 4 2y 16 y
sédivdiﬂzs—y.
16 4
Trinh bay
Taco F = (6 3Xj+ ﬁ+3—y (X y) 2\/§-%+2 ﬁ-?’—y—i(x+y) 18——(x+y)
X 2 y 2 2 2 X 2 y 2
218—%6:15 (do x+y<86).
X=2
Vay minF =15 khi 8=3X.24 3.\ v 6 (thoa man).
X 2y 2 =4
Vidu3.Cho x>0, y>0 va x+y>3. Tim gi4 tri nho nhat cia biéu thirc
P=2x2+y2+§+1.
Xy
Huwong din
Phan tich bai toan
(xy) (£2) (21)
P @=34,5 24
2
Tir bang thtr nhat, ta duy doan min P =24 khix=2,y=1.
1 1
X — y =
X y
x=2,y=1 2 1 1 1
’ 2
Tt bang thtr hai, ta suy ra 1 s€ di voi % nén 8¢ sediv %—H; L sedivdl y.
X X y

Trinh bay Ta cé P=(§+7xj+(l+ yJ+2x2+y2—7x—y
X y

:(§+7xj (V+ yj+2(x—2)2+(y—1)2+(x+ y)-9

>2\/— 7x+2\/ -y+0+0+3-9=24.

Vay minP = 24kh|§_7x1_y,x 2=0;y-1=0;x+y=3<=x=2,y=1.
X y
Vidu4.Cho 2<x<34<y<6,4<7<6 vd x+Yy+z=12. Tim gia tri I6n nhat cua biéu
thuc P = xyz
Huwoéng ddn
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Nh@n xét: Do y va z vai trd nhu nhau nén sir dung bat dang thic Co-si di véi tich yz, ta

2
duoc P=x(yz) < x(%j = % X(12-x)(12—Xx) .

Pén day ta ké bang dé du doan gia tri 16n nhat caa P
X 2 3

P 50 —=060,75

Tir bang thtr nhat du doan max P :% khi x=3.

X 12—
x=3 3 9
Tir bang thi hai, ta suy ra 3x s& di voi 12— x nén ta bién doi

x+24\°  1(3+24\ 243
P<—[(3x)(12 X)(12 — x)]<E( . jgﬁ( . jST'

Vay maxP:% khi x:3,y:z:%

Phuwong phap 2: KET HQP PAT AN PHU VA DU POAN KET QUA
e Khi dat an phu ta can tim diéu kién caa an phu.

o Mot s6 bat dang thic trung gian thudng ding:

= VV6i moi a,b thi 2(a’+b”)> (a+h)* > 4ab. Diu bing xay ra khi a=b.

= \VVéi moi a,b,c thi 3(a2 +b? +c2) > (a+b+c)? >3(ab+bc+ca) . Dau bang xay ra khi

a=b=c.
2 2 2 3 3 3

= V6i moi a,b thi 2 erb 2(a;bJ va 2 Zb 2(a;bj v6i Va,b>0. Dau bang xay ra
khi a=b.

1 1 4
= Z4+->_"_ véi Va>0,b>0. Dau bang xay rakhi a=b.

a b a+b

1 11 .. oL \ .
= —+=2 véi Va>0,b>0,c>0.Dau biang xay rakhi a=b=c.

a b ¢ a+b+c
Vidu1.Cho x>0, y>0 va E+8<2 Tim gia tri nho nhét cua biéu thirc k=X, 2V
y X

Huwéng ddn

Data_— do 2>— —>2 —— \/7 —< :>O<a<%
y V

Co K:a+§:(§+32aj 31a>2‘/—32a 3la =16-3la>16- 31%:§ (do O< a<£11)

Vay MinK=37f3 khi a=z hay x=2,y=8.

(X+ y+1)2 N Xy +X+Yy
Xy+Xx+y (x+y+1)

Vidu 2. Cho x>0,y >0 . Tim gia tri nho nhit caa biéu thaec A=

(x+y+1)2:> Xy+x+y 1
Xy +X+Y (x+y+1)2 a

bat a=
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Do (m+n+ p)2 >3(mn+np+ pm) = (X+ y+1)2 >3(xy+x+y)=>a>3

Vay MinA:% khia=3=x=y=1.

2 2
Vi du 3. Cho x>0,y >0 . Tim gié tri nho nhat cia biéu thic A=2"Y . Py
Xy X+Yy

Hming ddn

2
oo AV =2 By (xry) \/X—y—zz(“yJﬁ/@—z

Xy x+y Xy X+ Yy Jxy

Pat t=" do x+y>2/xy =L >2=1>2.

w/xy w/xy
2 Cosi 2
Ta duoc A=t? +1—2 t— 1 +7t -2 2 21/t—1 Zt -2
t 8 t) 8 8t 8
\ﬁ T o> \F T p-2 > (dot>2).
2 8 2 8

Vay MinAzg khit=2=x=y.

Vidu 4. Cho a>0,b>0,c>0 théa min b?+c? <a?. Tim gia tri nho nhét caa biéu thic

P =$(b2 +c?)+a’ (éﬂ%}

Huwoéng ddn
1 1 1 2bc 2a’ bc a®
C6 P=—(b*+c? +a2(—+—) £ 8 =2
az( ) b? ¢? a?  bc a’ bc
a

2
b+ >2—bc—2tadu’orc

C bc bc

P:2(t+}J:2K£+Ej+§}22[2\/i+g} =2(1+§) 2[1 2) 5 (do t>2).
t 4 t 4 4t 4 4 4

Viy MinP =5 khi 12 C b a
a In | SPD=C=——7
y b2 +c?=a’ J2

Vidu5.Cho x>0,y >0 va x+y <1. Tim gia tri nho nhat cua biéu thirc

P= (£+1j.\/1+ x?y?

Xy

Huwoéng ddn

o) o

x+y
2

bat a=xy, do xy<(

P>2 /1+a - 2\/(1+16a)—15a > 2\/2 /1.16a _15a = 2/8—15a > 2. /8—15.% - \/ﬁ(doo <a s%j
a a a
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Vay MinP =17 khi x:yzé.

Vi du 6: Cho x>0,y >0va x+y<1. Tim gia tri nho nhat cua biéu thic

P=— 2+i+4xy.
X“+yS Xy
Huwoéng ddn
Co P= 21 >+ ! + ! +4xy |. St dung i+£2 4 véi Va,b>0.
X“+y°  2xy 2xy a b a+b
Khi d6 1 + 1 > 4 4 >i=4 (do 0<x+y<1).

X2 +y? 2xy x2+y2+2xy: (x+y)* 1°
1

2
Suyra P>4+ i+4xy . bat a = xy, doxys( j 31:>O<a£—.
2xy 4 4

Suyra P>4+ i+4a =4+ i+8a —4a24+2‘/i.8a—4a:8—4a28—4.1:7 (do
2a 2a 2a 4

0<a£1)
4

X+Yy

Vay MinP =7 khi x=y=%.

2
Vidu 7: Cho x,y >0 va x+ y <1. Tim gia tri nhé nhat cua biéu thuc K = (x+£j +[y+1J
X y

Huwoéng ddn

2 2 2
Céch 1: Str dung a erb 2(a+b} VGl Va,b va 1+12iVa,b>0.
c

a b a+b
1 2 1 2 2
(X-l—x) +(y+j X+1+y+£ L 4 )
ta dugc K =2. y >2. X Y|z X+ Y +——
2 2 2 X+y

Pit a=Xx+Y, didu kién 0<a <1, ta dugc:

2 2 2
Kzi(a+ij 1 (a+1j+§ zi 2Ja.£+E
2 a 2 a/ a 2 a a

2 2
=£(2+§j 21.(2+§J :E(do 0<a<l). Vay, MinK=§ khi x=y=1.
2 a 2 1 2 2 2
2 2
Céch 2: K=(x+lj +[y+1J :(xz+y2)+[i2+i2}r422,(xy+ij+4.
X y X° oy Xy

2
bit a=xy,do xys[xzyj s%:0<as%.Taduqc:
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kK>2[1:20) 452|201 11a-2 @oo<cast) vay Mink =22 ki x=y =
2 4 A 2 4 2 ?
4

Vidu 8: Cho x>0,y >0va x+y <1.Tim gia tri nho nhat caa biéu thiic
1Y 1Y

S:(1+x+—j +(1+y+—)
X y

3 3 3
Str dung a erb >(a;bj véi Va+b>0 va E+12i Va+b>0.

Huwoéng ddn

B a b a+b

1Y 1Y’ :
(1+x+j +[1+y+J 1+x+1+1+y+1
X Y) 5o X y

Khid6 S =2.
2 2

Pit a=x+ Y, diéu kién 0 <a <1, ta duoc
3 3 3 3
821(2+a+ij 1 2+(a+1J+E 1 2+2‘/ 1 3 —1(4+§j 23(4+§j _343
4 a 4 a) a|] 4 a a 4 a 4 1 4

Vay Min8=¥khi x=y:%

BAI TOAN TUONG TU

Cau 1. Cho bidu thic A= 1 1 1

1
+ +..+ , B=—+
NN N Y RN Y POV, -
a) Tinh gid tri caa A.
b) Chung minh B >8.

-
“
8

Huwoéng ddn
a) Tinh gia tri caa A.
__ 1 + ! +..+ !
V1442 V243 T 24425
Nhan xét: ta nhan that cac sd trong can hon kém nhau mgt don vi, néu bo duoc dau can va trir
di duoc cho nhau thi khi d6 mau s6 khi d6 béng cong, trr mot. Khi d6 1am mét dugc mau sb.
Phuong phap quen thudc khi bo cin d6 1a nhan véi biéu thire lién hop.

1 1 1 \/_\/_ V2-3 2425
\/_+\/_\/_+\/— TN 2-3  24-25
:—\/—+\/_—\/§+\/§—...—\/_+\/—-
Vay A=4.

b) Chung minh B >8.

B = i + i + i + ...+ i

AR BT
Nhan xet: ta thay dau ching minh cua B khong c6 dau bang, khtr can ¢ mau sb thi khong dua
duoc mau so vé mot dé 1am mat mau s di. Hudng giai quyét bai toan 14 tao hai dai lugng cho

bai toan giéng cau a.
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Taco B=—— L 1 L L j

J f f r 2(2.\/I+2.\/§+2.J§+"'+2.@

=2( ! + ! + ! +..+ ! J
Vi V2442 VBB J2d+v2a )

1
V|\/—+\/i<\/_+\/_:\/_+\/_ NN

Khid(’)B>2.( 1 + 1 + 1 +...+ 1 J

V1442 V2443 V3+va T V244425
Ma ! + ! +.ot !
V1442 2443 24 +25
Suyra B>2.4=8.Vay B>8 (dpcm).
Cau 2. Rut gon biéu thac

a) A= t .t 1 +...+;,

V1442 V2443 B+ T Yn-1+4n
1 1 1 1 1

Az 7B v T2 vl Vi

neN;n>1.

=4 theo ciu a.

véineN;n>2.

b) véi

Huwoéng ddn
1 1 1 1
+ + +..+ .
R N Y N W o W
Nhan xét: day la bai toan tong quat ctia dang bai toan trén. Phuong phap ta nhan lién hop dé
khir can thire & mau sb.

-V 2 B vk

a) Rutgon A=

1-2 2-3 3-4 7 n-1-n
=—V1+V2-vV2+3-3+J4—...—n-1+Jn ='/n-1.
Vvay A=+/n-1.
a. Ratgon B = t 1 + ! —t ! - ! .
' Vi-\2 J2-3 3-4 J2n-2-2n-1 2n-1-v2n

_Ji+J§_\/§+J§+ﬁ+JZ_ +\/2n—2+\/2n—1_\/2n—1+\/%
1-2 2-3 3-4 7 2n-2-(n-1)  2n-1-2n

—(\/i+\/§)+ 2+\/§—(\/§+\/Z)+...—(\/2n—2+\/2n—1)+\/2n—1+\/%

= 1-V2+V2+3-V3-Va+..—2n-2-2n-1+/2n-1++2n =/2n -1,
Vay B=+/2n-1.

Cau 3. Ching minh:

1 1 1

Q) —+—+—+...+
12 23 3. n.(n+1)
1 1

1 1 o .
b) 12+22+32+ nz<2,vm neN .

<1,véineN".

Huwéng ddn
1 1 1
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1 1 1 111111 1 1 1 n
— ..+ et S-S —— =l ——— = ——
3 34 n(n+l) 1 2 2 3 3 4 n n+l n+1 n+l1
1,1 ot L <1,vé6i ne N’ (dpcm).
4 n.(n+1)
b) Ta co 0<n—1<n:>(n—1)n<n.n:>—>i,hayiz=i<;
(n=1)n  nn n> nn (n-1)n
Nén iz+i2+i2+...+i2 <l+1—£+l—l+...+i—i=1+1—1<2(v‘| i>0).
1 2° 3 n 1 2 2 3 n-1 n n n
Vay 1i2+2—12+3%2+...+n—12<2,véri neN (dpcm).

Cau 4. Chirng minh \/2+\/2+...+\/2+\/§ <2, (vétréico n ddu cin, ne N").
Huwéng ddn
Véi n=1.Khi d6 bt ding thirc <> /2 <2 (luén ding).
Vi n>1. Khi d6 V2<2e2+V2<2+2=4 \2+V2 <4 =2

S 2+y2+/2<242=4 <2+2+/2 <2. Suy ra \/2+...+\/2+\/§ <2 (cod n dau

n

cin, neN").

Vay \/2+\/2+...+\/2+\/§ <2, (vétraico n dau can, ne N") (dpcm).

Cau 5. Chiing minh 2<\/6+\/6+...+\/6+\/5 <3, (c6 n dau cin, ne N").

n

Huwoéng ddn
Véi n=1. Khi d6 bt ding thic <> /4 </6 <+/9 < 2</6 <9 (luén ding).
Véin>1.

Ta c6 \/6+\/6+...+\/6+\/€ >6>4=2, (c6 n daucan, neN") (1).

n

Va \/€<\/§<:>\/6<3<:>6+\/6<9c> 6+\/€ <3<:>\/6+\/6+\/€ <3.
Suy ra \/6+\/6+...+\/6+\/€ <3 (c6 n déucan, neN") (2).

n

Tu (1) va (2) duogc 2<\/6+\/6+...+\/6+\/6 <3.

n

Vay 2<\/6+\/6+...+\/6+\/6 <3,(c6 n diucin, neN").

2—\/2+\/2+...+\/2+\/§
Cau 6. Chitng minh %< n Py
2—\/2+\/2+...+\/2+\/§
n-1
(tir s6 €6 n ddu can, mau s6 ¢6 n—1 ddu can, ne N",n> 2).
Huwéng ddn
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Nhan xét: ta nhan thiy s6 cin cua tir s6 nhidu hon sb cian caa mau sé mot dau can. Bé so sanh
dugce ching ta dua vé cung mot s6 can dé so sanh. Phuong phap 1a mat b6t dau can 1a dung
phép nhan lién hop.

2—\/2+\/2+...+\/2+\/§

Taco VT = n nhan ca ttr s6 va mau sé vai biéu thie lién hop cua tir

2—\/2+\/2+...+\/2+\/§

n-1

s6 la 2+\/2+\/2+...+\/2+\/§ :

n

2—\/2+\/2+...+\/2+\/§ 2+\/2+\/2+...+\/2+\/§

Khi d6 VT = - -

2—\/2+\/2+...+\/2+\/§ 2+\/2+\/2+...+\/2+\/§

n-1 n

—£2+\/2+\/2+...+mJ

[l J(:¢2+¢2+ |
2—\/2+\/2+...+m |

[ e e J[2+\/2+\/2+ m}

n

1

) 2+\/2+\/2+...+\/2+\/§ |

n

Ma ta lai cé:
Voi n>2,neN". Khi d6 1<v2 <2 <3<2+/2<2+2=4 <=1</3<2+/2 <J4=2

©3<2+y2+/2<2+42=4 o 1<y2+/2++/2 <2.
Suy ra 1<\/2+...+\/2+\E <2 @3<2+\/2+...+\/2+\E <4,

n n

Khi d@o i< ! <1.

2+\/2+\/2+ +m

n

2—\/2+\/2+...+\/2+x/§
Vay—< l

2— \/2+\/2+ -+ 2+
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(tLZ’SéCé n ddu can, md~u $6 ¢6 n—1 ddu cin, ne N",n>2).

Céau 7. Chitng minh 17 < —
R

Huwoéng ddn
Nhdn xét: Bai toan nay phuong phap la tao ra mau so6 hai so6 dé so sénh véi so6 dang lién trudc no va

s6 dung lién sau né

1 1

1
Taco\/E\@\/Z W

:2(1+1+1++;j
V2442 B+3 Va4 T 100 ++/100

Khidg — -+, 1t bt
V242 B3+4B Ja+da T 100 ++/100
1 1 1 1
< + + +ot———
VI+V2 V2443 3+v4 T 9944100
_\/i—ﬁ+\/§—@+@—ﬁ+ +@—V100

1-2 2-3 3-4 7 99-100
=—1+v2 -2 +3-3+/4—-...—-\/99 +/100 =-1+10=9.
1 1 1 1
Suyra 2 + + +..+ <18 (1).
0 G B T T ) O
Va
1 1 1

1 1 1 1 1

2442 Bia aida T 10044100 V2443 J3ia  NaiB 100 + 4101
V2B B-NE A5 00 Vi0L

+
2-3 3-4 4-5 100-101
9 17

=2 +3-V3+V4-Va+5-..—\100 +4101 =—/2++/101>+/100 - - (vi

2<%<:>— 2 >—\/g va +101 >+/100)

R 1 1 1 1
Nén 17<2(\/§+\/_+\/§+\/—+\/Z+\/Z+'"+\/170+ lOOj (2).

Vay 17 < — ——<18 (dpcm).
J_ f J_ J
Céu 8. Chtiing minh ! + L + ! + +;>1999
' J1.1999 /21998 +/3.1997 19991
Hudng dén

Nhan xét: ta nhar_l__‘thay Ve tréi, tong cac sb trong cin cac déu Ia 2000, va sé dau tién trong can
chay tir 1 dén | va s6 thir hai trong cin chay tir 1999 vé dén 1, suy ra ¢6 1999 phan sd.

1999 2.1999

Vé phai 12 1,999 = =~ = .
1000 2000

TAI LIEU TOAN HQOC
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2 2
Bét ding thirc 4p dung 13 vab <2 +b (v6i a,b>0). Dau “=" xay ra khi khi a=h.

Taco +/1.1999 < 1+12999 - 20200 (bét ding thirc khdng xay ra ddu bing vi 1+1999)

1 2
Suy ra > .
Y J1.1999 ~ 2000
Khi @6 VT = 1 + 1 + 1 +..+ 1
J1.1999  /2.1998 +/3.1997 J1999.1
2 2 2

> + + ot (1999 phan s)
2000 2000 2000 2000

1999
2.1999 1999
2000

1 1 1 1
Va + + R R Spu—
e J1.1999  /2.1998 /3.1997 J1999.1
11 1 1

Cau 9. Chiing minh =+ + +..+ <2.
J 2 3J2 43 (n+1)vn
Huwoéng ddn

1 1 1 1

2\/i+3\/§+4\/§+m+(n+1)\/ﬁ

>1,999 (dpcm).

Nhan xét: VT =

MOT SO Ki THUAT
* K§ thuat chieng minh bt dang thirc, tim Min — Max
1) Ky thudt chon diém roi
Ky thuat chon diém roi 1a k¥ thuat rat quan trong déi véi nhimg ai bude dau nghién ctu vé
bat dang thiac Co-si (AM-GM). Bé &p dung ky thuat nay, nguoi giai toan can 1am cac budc
sau:
Buwéc 1: Du doan duoc biéu thuac cua dé bai dat dau bang khi céc bién bing may, hoic mdi
quan hé cua cac bién khi xay ra dau bang (hay con goi la diém roi).
Buc 2: Khéo 1éo tach ghép dé khi ap dung BDT C6-si (AM-GM) thi gid tri dai s6 cua cac s6
hang phai bang nhau tai diém roi.
Buwéc 3: X ly phan con lai (phan du sau tach, ghép) dua vao dir kién ban dau cua bai toan.
Thong thuong, néu dy doan ding diém roi thi phan con lai s& kha d& xir 1y (thuong chi can
thay diéu kién ban dau cua bai toan 1a xong).

VI DU MINH HOA

Bai 1. Cho x>1. Tim Min P =3x+2i.
X

 Huwdng dén
Dy dodn X =1 (viéc du doan chu yeu la do kinh nghiém cua nguoi giai bai, hién nay ching ta
co the dung mdy tinh Casio d¢ du doén diém roi nho cac chirc ndng 13p bang gia tri (chuc
nang Table) hoac thay so (churc nang CALC)).
Khi x=1= Zi :%;3x =3 = Ta can ghép sao cho gia tri dai s6 cia cac d6i tuong dem Co-
X
si phai bang nhau, ngoai ra phai ghép dé khi ap dung bdt thi bién triét tiéu bot di, vi du ta
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ghép % véi zivi 2 sb hang nay cuing bang % khi x = 1, ngoai ra, khi 4p dung bdt thi 2 s6
X

hang nay nhan vai nhau s& triét tiéu an x.
Do d0, ta ¢6 Hudng dan nhu sau:

P=5+i+5—xzz‘/f.i X5l 21 7 (lwu y diéu kién x >1 cua dé bai dé thay vao
2 2x 2 2 2x 2 2 2 2

S5X
)
N 7
Vay Min P:E<:>x=1.

Bai 2. Cho a>10;b >100;¢c >1000. Tim Min P:a+£+b+%+c+1
a c
Huwoéng ddn
1 1 1
Bai toan ban chét tim Min cua a+ b+= o C+—
c
1 1 1
Xét a+—, du’doandlemrm a=10>—-—=—
a a 10
1 a 1 99 299101
Sa+—=—+—F—>—4——=
a 100 a 100 10 10 10

Tuong ty = P, =1110+ % khi a=10; b =100; ¢ =1000

Bai 3. Cho a,b,c >0 thoa mdn a+b+c=1. Chang minh ring: va+b +vb+c++c+a<+6
Huwoéng ddn
Dy doan dau bang xay ra khi a=b=c=%:>a+b:b+c=c+a:%.
= Ta ¢6 cach nhom nhu sau:
2
a+b+—
(a+h)2<—_3
3 2

b+c+g
3

2
b =<
(b+c) 3 5

2

2 c+a+—
/c+a) 3
:\fP<a+b+c+1:>\fP<2@P<\/_

Dau bang xay ra <> a=bh= c—

Bai 4. Cho x,y >1. Chang minh réng: XY =1+ yvx—1<xy.
o ~ Hudng dan
Du doan: Do bat dang thac c6 dang doi xang 2 bién = Min thuong xay ra khi x=y.
Ta di tim diém roi nhu sau:

XY —1+yvx-1=xy
& 2xJx—1=x* (thay x=y)
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& X=2
Vay dau bang xay ra khi x=y=2

= Xx=2,y-1=1

Do can xuét hién xy = ta xir Iy nhu sau:

y-1+1 xy
-1= -1).1<Xx.——m=—
XY X{(y—1).1<x 5 )

x—=1+1 _xy
2 2

yx-1=y(x-1).1<y.

= P <xy (dpcm)
DAu bang xay ra <> x=y =2

Bai 5. Cho x,y >0, thoa mdn x+y<1. Tim Min A:(l—ij(l—ij

2 2

X y
Huong ddn
Bai toan xur 1y kha kho, do do ta str dung meo chon diém roi nhu sau

Du doan dau bang @X:y:%: Min A=9.

Vay ta chung minh (1—%} (1—%} >9 |a mot diéu ludn dung
X y

Ta trinh bay nhu sau:
Ta chang minh (1—%] (1—i2
X y

< (X -1)(y*-1)20x°y* & —(x" +y? ) +128x7y’

JZQ luén dung Vx,y >0 thoa mén x+y <1

S X2+ Yy +8x°y <1 < 8xPy? <2xy < Xy S% (ludn dung)

Vi 2xy < x+y<l= XyS% (luén ding) = dpcm

Bai 6. Cho x,y e R thoa man: x+y+xy=8. TimMin P=x>+y’

o Huwéng ddn
Du doan dau bang xay ra khi x =y
<\ A - A 2 X:2
T dieu kién = x“ +2x-8=0< "
Thay x=y=2=>P=8
X=y=-4=P=32
Du doan P, =8 <> x=y=2.Tacé Hwéng dan nhu sau:
Taco: x*+4>4x (1) (Vi x* =4 khi x=2 néntaghép x*+4)
y:+4>4y(2)
XF+y? 2 2xy = 2(X* +y? ) <4xy (3)
cong (1),(2),(3) =3(x* +y*)+8=4(x+y+xy)= X’ +y* 28
DAu bang xay ra <> x=y =2
Bai 7.Cho a,beR thoaman: 0<a<3;8<b<llvaa+b=11
Tim Max P =ab 3
i Huwong dan
Du doan diém roi
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+ Bai toan c6 thé s& roi vao cac diem dic biét 1a (0;11); (110); (2;9); (3;8) (n6i ném na la
hién tuong dic biét (Min-Max) s& thudng xay ra & nhiing diém dic biét).
Dé thay cap (3;8) cho ab dat Max = a=3;b=8

Khi ghép va ap dung Co-si, ta can can bang cac hé sb. Ta tach nhu sau:

P =2—14.(8a)(3b) (vi 8Ba=3b=24khi a=3b=8).

2
- Psi.(8a+3b)2 _ [3(a+b)+5a] . (11+5.3)’
24 4 96 96

= Max P=24

=24 (vi a<3)

Lo a+b=11 a=3
Dau bang xay ra < =
a=3 b=8

Bai 8. Cho a>0; b>0; ¢ >3 thoa min a+b+c=6. Ching minh rang abcs%?

‘ Huwéng ddn
Du doan: dau tién, ta du doan ¢ =3
Do vai tr0 a,b giong nhau = a=b

= Piém roi: a:bzg; c=3

Xét P=abc = 2.a.b.%

3
Do x+y+z>3.3/xyz :xyzs(XﬂgHZ)

3

c
a+b+— 3 3
2 :2.(2a+2b+c] :>PS2.[(a+b+g)+a+b}

=P<2.

Do a+b+c=6,mac>3=>a+b=6-c<3

6+3Y 27
P<2|—| =— (@
= ( 5 ) 2 (dpcm)

BAI TAP AP DUNG

Bai 1. Cho x>3. Tim Min P:x+1
X

Bai 2. Cho x>2. Tim Min P:x+1
X

Bai 3. Cho a,b,c >0 thoa mdn a+b+c=23. Chiing minh riang
Ja(b+3c) +4/b(c+3a) +,/c(a+3b) <6
Bai 4. Cho a,b,c >0 thoa mdn a+b+c=23. Chiing minh riang
a.2 b2 CZ
+ +
b+2 c+2 a+2 i
Bai 5. Cho a,b > 0. Chtng minh rang

>1
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a b 8ab

—+—+ >

b a (a+b)’

Bai 6. Cho a,b,c >0 thoa mdn a+2b+3c > 20. Chiing minh ring
4

P:a+b+c+§+i+—213
a 2b c

Huwoéng ddn
Bai 1. Ghép

p_Xx 1 8_x_2\F 83_16
9 x 9 N9 9 3

Bai 2.

P—£+£+i2
8 8 X

Bai 3.
Xét \J4a(b+3c) <

1 32
R +_
64 4

+3—XZB.3 9
4 4

4a+—b+3c (Du'doén a:b:c:l)

4b(c+3a)sm

4c(a+3b)s4c+;a+3b

=2P<4(a+b+c)=12=P<6
Bai 4. Dw doan a=b=c=1

a? b+2
—=>2=
b+2 9 3
Tuong ty P+ w 2(a+b+c) P>1

Bai 5. Du doan déu béng xay ra khi a=b
Ta thay néu xur 1y ngay, bai toan c6 xu husng bi nguoc dau.
= Nén bién doi roi xu ly

a’+b? 8ab
+
ab  (a+b)?

Taco: P=

, \ a+b)’ .
bén day, chi can tao ra % 6 so hang tha 1 thi Co-si dugc
a

a’ +b*+2ab—2ab . 8ab
ab (a+ b)2
(a+b)’ . 8ab
ab (a+ b)2
+) Bén day, mac dl]rcé thé Co-si dé triéu tiéu an duoc nhung bai toan s& khong ra két qua ma
ta mong muon, va dau bang khéng xay ra = Xem xétnéu a=»>b thi

=>P=

< P=

(a+b)’ _4a® _
ab N a’ N _— " bl £ 23
gab _ 8a’ = Phai tach hang tu thir nhat ra dé n6 bang 2
a a’
(a+b) e
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(a+b)2 8ab (a+b)2

=P= + >+
2ab (a+b) 2ab

~2>4+2-2=P>4 (dpcm)

. (a+b)" =16a%*
Dau bang xay ra < , < a=b
(a+b) =4ab

Bai 6. Mo diém roi, ta thdy dau bang xay ra <> a=2;b=3;c=4 = Téch

3a 3 a b 9 b c 4 3
—t—F—t—t—+—F+—+—+—
4 a 4 2 2b 2 4 ¢ 4
:>P23+%+3+%+2+%:>P28+Lb+30:8+27?:13 (dpcm)
Diu bingxayra < a=2;b=3;c=4.
* Céac bai toan phuic tap hon 7 N ‘ N
Trong qua trinh giai bai, d¢ tranh viéc du doan diém roi dé dang hodc ap dung dicu kién de,
nguoi ta co thé cho bai toan co dicu kién phuac tap dé danh lac huéng = can phai xir 1y diéu
kién trudc khi giai.
Bai 1. Cho x,y >0 thoa mdn 2x*+2xy + y> —2x <8. Tim Min P=g+i—2x—3y

Xy
Tir didu kign = (x+y) +(x-1)" <9
Do (x—1)220:>(x+y)2$9:>x+y$3
Dy doén x=1; y=2
:>P=g+2x+£+y—4x—4y22\/Z+2\/Z—4(x+y)24+4—12=—4
X y
Min=-4< x=1y=2
Bai 2. Cho abc>0 thoa min 2(b2+bc+c2):3(3—a2). Tim  Min
2 2

T:a+b+c+g+—+—
a b c

Tir diéu kién = 3a® +2b? = 2bc +2¢* =9

< a?+b*+c’+2bc+2ab+2ca+a’—2ab+b’+a*—2ac+c’ =9
<:>(a+b+c)2+(a—b)2+(a—c)2 =9c>(a+b+c)2 <9< a+b+c<3
Déu bang xay ra <>a=b=c=1

* Phwong phap can bang hé so Co-si

2 loai: 7 7

+ Loai 1: nham du’qc diem roi 7

+ Loai 2: khéng nham dugc diém roi

X,y,zeR

X2 +2y° +52° =22
Xt ly: xy+yz+zxsk(x2+2y2+522)

Loai 1: Cho { . Tim Max S =Xy + yz + zx
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2

a=—

9a=4b 3

Mo duge diémroi x=3;y=2;z=1= 9(1-a)=c = b:g
(2—b).4=5—C c=3

Huwoéng ddn
Taco 2x2 +§y2 > 2xy
3 2
1x2 +32° > 2xz
3
2

%y +27°>2yz

X® +2y? +52°

= XY+YyZ+2X< > =11
Dau bang xay ra < x=3;y=2;z=1
X, y,2>0

Vidu 2. Cho{ . Tim Min P = x* + 28y + 287°

Xy+yz+zx=1
Dy doan: Do vy, z vai tro giéng nhau = y =z
Tim tham sb ay? +az® > 2ayz
(28—a)y*+bx*>2,/(28-a)b.xy
(28-a)z® +(1-b)x* 22,/(28-a)(1-b).xz
(28-a)y? =bx’
(28-a)z* =(1-b)x?
Do ky vong dénh gia X* +28y* +282° >k (xy + yz + 2X)
a=,/(28-a)b
a=,/(28-a)(1-b)

Déubéngxéyraa{ . Do y=z:>b=1—b:>b=%

Thay b=l a- (28—a).£:a2=—1a+14
2 2 2
a a—Z 7
:>a2+5—14:0:> 4 =a=-
a=-4 (I)
Huwéng ddn
Zy2+ 22 >7yz
2
49 , 1,
— v+ x> =x
2 y 2 2 y
4—922+lx221xz
2 2

= x* +28y* +287° 2%(xy+ yz+zx):%:>7y2+7y2+y2 =28
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y=2
X=7y=72
X,y,2>0

Xy+yz+zx=1

DAu bang xay ra < {

Twong tw: Cho { . Tim Min P=3(x2+y2)+z2

Dy doan: x =y = ax® +ay’ > 2axy

(3—a)x* +bz? 22,/(3—a)bxz
(3-a)y*+(1-b)y*>2,/(3-a)(1-h)yz

b=
2

= :>a:1;b:1
a= (3—a).1:>a2:—1a+§<:>2a2+a—3:0 2
2 2 2
Huwoéng ddn
X2 +y% > 2xy

2 +122 5 0x
2
2 1 2
2y +EZ >2yz
:>3(x2+y2)+zz22(xy+yz+zx)=2
Xy+Yyz+2x=3

Vidu 3. Cho { .TimMin T =6x* + y* +62°
X, y,2>0
Du doan: x=12

= ax’+az” > 2axz (a>0)

(6-a)x*+by® >2,/(6—a)bxy

(6—a)z*+(1-b)y*>2,/(6-a)(1-b)zx

6— 2: 2
L JEmape=byt o et
(6-a)z’ =(1-h)y’ 2

—a=,/(6-a)b=a= (6—a).1<:>2612+a—6=0<:>al=g
2 2

Huwong dan

§x2+§zz > 3xz
2 2

9., 1,
2 2y

g22+1y2 > 327X
2 2

=T2>9.

> 3Xy
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