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Lo1 noi dau

Hinh hoc tao nén cudc song!
Hinh hoc luon luon tuyét voil!

C6 rat nhicéu cau t6i mudn noéi ra, chay dén khap ngd ngach phd phusng hét to lén dé thé hieén niém yéu
thich mon hinh hoc so cap ctia ban than. Ban 14 ngusi dang xem cudn tai lieu nay? Vay c6 thé chinh ban
ciing rat hiéu nhing cam xtc trong toi vay. Va chic hdn ban ciing dong ¥ ring cit hét oang oang lén ring
ta yeu mot co gai sé chang thé ¥ nghia bang ta lam mot diéu gi dé cho ¢o6 Ay, giip c¢o ay c¢6 nhitng niem
vui nho nhé. ..

Vang, néi sé chang bang lam. Chinh vi vay chiing t6i da bat tay lam, lam ra cudn tai lieu nay dé thé hien
tinh cAm ctia minh v6i hinh hoc. Trong cuén sach, cac téc gia da dé cap t6i hon mot tram dinh ly, két
qué tiéu biéu va cuc ki 4n tugng ctia hinh hoc phang. Tit nhitng két qua rat quen thudc nhu cac dinh 1y:
Menelaus, con buém, Ptolemy,. .., cho téi cac két qua con it phd bién tai Viet Nam nhu nhitng dinh 1y
Blaikie, Gossard,. .. Cac dinh 1y, két qua déu duge phat biéu chi tiét ciing huéng dan chitng minh day du
va nhiéu khi kém theo nhitng nhan xét hitu ich.

Khi bat dau thuc hién bién soan trén dién dan MathScope.org, to6i dd nhan duge rat nhiéu sy quan tam
clia cac thanh vien, cdc quan tri vien. Nhiéu ban da gép stic triuc tiép vao qua trinh bien soan, gép ¥ bo
sung,. .. hay giii email trao doi véi tac gid vé cac chi tiét lien quan. Sy quan tam ciia cac ban, hay chinh
la nhitng thay co6 tam huyét va cac ban hoc sinh ham hiéu biét ching t6 réing viéc bién soan cudn tai lieu
nay la can thiét,dang viét dang lam. Va sy quan tam 16n lao ay ciing chinh 13 mot nguon dong vién rat c6
¥ nghia véi tac gia dé c6 thé "san xuat" ra mot cudn tai lieu hay va dep lén timg ngay.

Bay gio day, khi ma moi cong viéc bién soan da coi nhu duge hoan tat, ban dang sd hitu né trong tam
tay. Chung toi hy vong tap tai lieu nhé nay sé théa man phan ndo nhu cau tra cttu, hoan thién kién thic
cua ban than ciing nhu tang thém sy hing tha, vui thich khi hoc tap hinh hoc néi riéng va toan hoc noi
chung cua cac ban.

Tap tai licu chua hoan ho, dé la mot sy that chiac chdn ma mdi ching ta déu cdm nhan duge. Mot phan
1a do su han ché ctia ngudi viét nén sé ton tai nhing sai sot, cing nhu con rat rat nhiéu két qua hay va dep
chua duge néi t6i. Chinh vi thé, cic tac gia luon luon mong mudén nhan dude sy cong téc, gop v thiét thuc
tit ban doc. Ban c6 thé gop ¥ truc tiép tai http://forum.mathscope.org/showthread. php?t=4986 hoac lién
hé email riéng t6i hom thu khanh29ma@gmail.com.

Thay m#t nhom bién soan, t6i xin chan thanh cam on!

Hoang Quoc Khanh - ma 29


http://forum.mathscope.org/showthread.php?t=4986
mailto:khanh29ma@gmail.com

CAC THANH VIEN THAM GIA BIEN SOAN

Cac thanh vién tham gia bién soan
No6i dung

1. Hoang Quéc Khanh - ma 29

2. Phan Dtc Minh - novae

3. Pham Minh Khoa - nbkschool

4. Lé Phic L - huynhcongbang

5. Dinh Trung Anh - trung anh

6. Lé Diic Tam - thamtuhoctro, leductam

7. Lé Bao Long - long14893

8. Pham Qudc Bao - bali

9. Chu Thanh Tung - chu t tung

BTEX

1. Thay Chau Ngoc Hung - hungchng

2. Phan Dic Minh - novae
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1 Mot sé dinh nghia, dinh ly, diém va dudng dic biét khéng
duy nhat

1.1 Dinh ly Menelaus
Trong AABC, cho @diﬁn D, E, F theo tha tu nim trén cac dudng thang BC,CA, AB. Khi dé6

Ching minh:

Thuéan:
Giast D, E, F thang hang. Tit C, ké CI//AB (I € DF), 4p dung dinh ly Thales, ta co:
EC IC DB FB _FA DB EC

= : = =
FA FA DC 1C FB DC EFA
Dio:

. FA DB EC . .
Gia st cac diem D, E, F thoa man —.—.— = 1, lay F’ € AB sao cho D, E, F’ thang hang. Theo
FB DC EA S
. F'A DB E F'A FA .
chieu thuan dinh 1y Menelaus, ta c6: —.—.— = 1, suy ra = —— hay 2 diem F' va I’ cung chia

/ A F'B FB
doan AB theo cung ti s6. Vay F' = F’, hay D, E, F thang hang (dpcm)

Y

1.2 M3 rong dinh Iy Menelaus theo dién tich
Cho tam giac ABC, cac diem M, N, P lan lugt ndm trén cic dudng thing BC,CA, AB. Khi dé
Spnp  BM.ON.AP — CM.AN.BP

SiaBc) AB.BC.CA
Ching minh:

Ta c6 Siapc) = Siwas)+Spuca) = Sipara)+Spem) + Sivae) +Sivam) = Spune)+SBap+Senvm) +S1apn
. . S[BMP] BM.BP S[CNM] CN.CM S[APN} AP AN

Mat khac = —— = = = ——

S(ABC) BC.BA  Siapc CA.CB S AB.AC

S[MNP] 1 S[BMP] B S[CNM] B S[APN] _ BM.CN.AP — CM.AN.BP

S[ABC] SiaBc) Siapo) S|ABc AB.BC.CA

Suy ra

(dpem)
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1.3 Dinh ly Menelaus cho t& giac
Cho tt gidc ABC'D va duong thing d cit AB, BC,CD, DA lan lust 6 M, N, P,Q. Khi dé
MA NB PC QD
MB NC PD QA
Ching minh:

Trén d lay I, J sao cho AI//BJ//CD.

MA T A NB B JB QD PD
Theo dinh ly Thales, ta ¢6 — = JB Q . T d6 suy ra dpem.

MB JB NC PC QA TA
Chu ¥: dang dao ctia dinh 1y trén khong ding va dinh 1y trén c6 thé mé rong ra cho da gidc bat ki.

1.4 Dinh ly Céva
Cho tam giac ABC, cac diem E, F, G tuong ing nim tréen BC, CA, AB. Ba dudng thang AE, BF,CG

A EB F
dong quy tai mot diém O khi va chi khi G:::C =—1.

GB EC FA
Ching minh:

Thuan:

Gia stt ba dudng thing AE, BF, CG dong quy tai mot diem O. Tt A va C, ké cac duong thang song song
v6i BF, lan lugt cat CG va AE tai K, I I tuong tng.

CF co CI CO CF e

TA OK AK OK T FA AR
BE BO AG AK

CE CI'BG BO

Ap dung dinh 1y Thales, ta co:

Cac cap tam giac dong dang IEC va OEB, AKG va BOG:

~ GA EB FC AK BO —-CI
Do do: e = —=—.=— = —1 (dpcm)
GB EC FA BO CI AK
Dao: chiitng minh tuong tir dinh 1§ Menelaus.

1.5 Dinh ly Céva dang sin

Cho tam gidgc ABC, cac diem E, F, G tuong ung nam trén BC’ CA, AB. Ba dudng thang AE, BF,CG
sin ABF sin BOG sin CAE

sin C’BF sin ACG sin BAE

dong quy tai mot diém O khi va chi khi
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Ching minh:

BE  Sups AB.sin BAE CF BC.smnCBF AG CA.sinACG . L
= = ; = ; = ——. Nhan theo vé 3 dang

CE  Sice  AC.sinCAE AF  BA.snABF BG  CB.sin BCG
thiic trén, ta c6 dpcm.

Ta co:

1.6 Dinh ly Desargues

Cho 2 tam giac ABC va MNP c6 AM, BN,CP dong quy tai O. Goi I, J, K theo thit tu 1a giao diém
clia cac cap duong thang (AB, MN), (BC,NP),(CA, PM). Khi d6 3 diém I, J, K thing hang.
Ching minh:

nl
o
L ]

Ap dung dinh 1y Menelaus cho cac tam giac OAB, OBC, OCA, ta c6:
IA NB MO JB PC NO KC MA PO

Nhan theo vé 3 dang thiic trén, ta ¢6 =—.=—.=— = 1 = I, J, K théng hang (dpcm)

Dinh Iy ddo ctia dinh 1y Desargues dugce phat biéu nhu sau: Cho 2 tam gidc ABC va MNP c¢6 ABNMN =
I, BCNNP=J,CANPM = K va I, J, K thang hang. Khi d6 AM, BN, CP dong quy tai O.

Ching minh:

Goi O la giao diém ctia AM va CP. Ap dung dinh 1y Menelaus cho cac tam giac CPK, PK J, JKC, ta co:

OC MP AK _ NP IJ MK _ BJ ACIK _,
OP MK AC 'NJIK MP ~'BC AK IJ
7z 2 P 2 N
Nhan theo ve 3 dang thic trén, ta co O:::J = 1= O, N, B thang hang = AM, BN,CP dong
OP NJ BC

quy tai O (dpcm)

1.7 Dinh ly Pappus

Cho 2 duong thang a, b. Trén a lay cac diem A, B, C; trén b lay cac diem X,Y, Z. Goi M la giao diem
cia AX va BY, N la giao diém ctia AZ va CX, P la giao diém ctia BZ va CY. Khi d6 M, N, P thang
hang. Dinh 1y Pappus 1& mot truong hop rieng ctia dinh 1y Pascal khi conic suy bién thanh cap duong
thang (xem muc 1.11).
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Ching minh:

. D XE CF ND CD XF
Menelaus cho tam giac DEF v6i cat tuyen CNX, ta ¢6 —= —=.— =1 = = . . Tuong
NE XF CD NE (CF XFE

. PF  ZFE BF ME AEYD ND ME PF CD XF ZE BF AE YD

fr, ¢ b N N bt T et Ml
Y 5D T ZDBE MF ADYF NE MFPD CF XE ZD BE ADYF
, AE CD BF
Mait khéc, 4p dung dinh 1y Menelaus cho tam giac DEF véi cac cat tuyen ABC, XY Z, ta ¢ —=.—.— =
s AD CF BE
XF ZE YD ND ME PF 7
—=—.——=1.Suyr = 1. Do d6 M, N, P thang hang (dpcm)

f— _ = a . .
XE ZD YF NE MF PD
1.8 Mot trusng hgp dac biét cua dinh 1y Pappus qua géc nhin hinh hoc xa
anh

0 phan nay chi diing hinh hoc xa dnh dé dan dit dén két qua, con cach ching minh hoan toan phit
hop v6i THCS. Ta c6 két qua sau lién quan dén hinh xa dnh: Cac duong thing song song véi nhau thi gip
nhau tai mot diém & vo cuc va ngugc lai .
Van dung vao dinh 1y Pappus & trén, cho cac diém A, B, C ra vo cuyc thi theo két qua vé hinh xa anh ta
c6 YM//ZN (vi cing di qua diem A & vo cuc), XN//Y P, XM//ZP. Va khi &y M, N, P vin thang hang.
Ta phat biéu lai dugc mot dinh 1y don gidn va hitu dung sau day:
Dinh Iy: Trén mit phang cho 3 diém X, Y, Z thang hang va 3 diem M, N, P théa man XN//YP,YM//ZN,
XM//ZP. Khi d6 M, N, P thiang hang.
Ching minh:

7 S

v

Trudng hop M P//XY Z thi don giadn, ban doc tu chiing minh. Ta sé xét khi M P khong song song véi

XY Z. Goi S la giao diém ctia M P v6i XY Z. Duong thing qua X song song véi Y P cat MP & N'. Bai

todn sé duge gai quyét néu ta ching minh duge rang ZN'//Y M (Vi khi &y N’ trung N). That vay, chi
Sy Sy SX SP SM SM

yYP//XN',ZP//XM nén theo Thales ta co: S/ - Sx'SZ7 SN SP — SN Theo dinh 1y Thales

dao, ta suy ra dpcm.
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1.9 BAat dang thitc Ptolemy

Cho tit gidc 16i ABCD bat ky, ta c6 bat déng thitc sau: AB.CD + BC.AD > AC.BD. Ding thiic xay
ra < ABCD la ti giadc noi tiép.
Ching minh:

Trong tit gidc ABCD, lay diém E sao cho EAB = DAC; EBA = ACD

iy P BE AE
= BAC = EAD. Khi d6 AABE ~ AACD nén 48 = —— = —— = AB.CD = AC.BE va
AD AD

A CD AD

Do d6 AB.CD + AD.BC = AC.(BE + ED) > AC.BD.
Diang thiic xay ra < E € BD < ABD = ABE = ACD < ABCD la tit giac noi tiép.
Tt d6 suy ra dinh 1y Ptolemy: Ti giac 16i ABCD la t giac noi tiép & AB.CD + BC.AD = AC.BD

1.10 Dinh ly Pascal

Cho 6 diém bat ki A, B,C, D, E, F cing nam trén mot conic bat ki. Goi G, H, K theo tht tu la giao
diém ctia cac cap duong thang (AB, DE), (BC, EF),(CD, FA). Khi d6 3 diém G, H, K thang hang.
Ching minh:

e Trude hét, ta xét véi truong hop conic la dudsng tron
Cach 1: Stt dung goc dinh huéng ctia 2 duong thing.




1 MOT SO DINH NGHIA, DINH LY, DIEM VA DUONG DAC BIET KHONG DUY NHAT 13

Goi I 1a giao diém thit 2 ctia 2 dudng tron (DBG) va (DFK) . Ta co:
(IB,IF)=(IB,ID)+ (ID,IF) = (GB,GD) + (KD, KF) (mod )

Mat khac:

(KD,KF) = 3 ((0C,04) ~ (OF,0D)) = ((0C,0B) + (0B,04) ~ (OF,0F) ~ (OF,0D)) (mod 7)
(GB,GD) = £ ((0A,0E) ~ (0D,0B)) = ((OA,OF) + (OF, OF) ~ (0D,0C) ~ (0C,0B)) (mod )
(HB,HF) = %((OB, OF) — (OE,0C)) (mod 7)

)
= (HB,HF)= (KD,KF)+ (GB,GD) = (IB,IF) (mod 7) = B, H, I, F dong viéen.
Lai ¢6 (IB,IG) = (DB, DG) = (FB,FE) (mod )
4 diém B, H,I, F dong vien = (FB,FE) = (IB,IH) (mod )
Do d6 (IB,IG) = (IB,IH) (mod 7) hay 3 diém I, G, H thang hang. Tuong ty, ta c6 I, H, K thang hang,
suy ra dpcm
Céch 2: Ap dung dinh 1y Menelaus

Goi cac giao diém nhu hinh vé. Ap dung dinh Iy Menelaus cho tam gidec MNP véi cat tuyén KCD, ta co:
KM DN CP 1 KM CM DP

KN DP CM __ KN _ _CP DN

HP FN EP GN AN BM

~ HM FM EN' 'GP AM BP

Nhan theo vé cac dang thiic trén, ket hgp véi cac bieu thitc phuong tich sau:

BM.CM = AM.FM;DN.EN = FN.AN; BP.CP = DP.EP

KM.GN. HP = 1= G, H, K thang hang (dpcm)

KN GP HM
e Ta xét véi truong hgp conic bat ki:

Gia st 6 diem A, B,C, D, E, F nam trén conic (C) 14 giao tuyén clia mit phang (P) v6i mat non 9N truc
A, dinh S. Xét mat phang (Q) vuong goc véi truc A ctia mat nén. Khi d6 thiét dien cta (Q) va N 1a
dudng tron (7). Xét phép chiéu xuyén tam S tit (P) lén (Q). Goi anh ctia diém X qua phép chiéu trén
la X'. Ta c6 cac diem A, B',C', D', E', F' nam trén duong tron (T) = G’, H', K'thang hang theo chiing
minh trén. Goi § 1a duong thing di qua 3 diem G', H', K'. Ta c¢6 cac diém K, H, G tuong tng nam trén
cac duong thang SK', SH', SG' nén K, H,G cuing nam trén mat phing (S,9). Ma K, H, G ciing nam trén
mit phang (P); (P) va (S,d) 1a hai mat phang phan biét = G, H, K cling nim trén giao tuyén ctia (P)
va (S,6). Do d6 K, H, G thang hang (dpcm)

Twong tu, ta co:

Ta suy ra




14 MATHSCOPE.ORG

Dinh 1y ddo cia dinh 1y Pascal la dinh 1y Braikenridge-Maclaurin, khang dinh ring néu 3 cap canh doi
clia mot luc gidc cat nhau tai 3 diém thang hang thi 6 dinh ctia luc gidc d6 nim trén mot conic (c6 thé
suy bién thanh mot cap dudng thang)

1.11 Dinh ly Brianchon

Cho luc giac ABCDEF ngoai tiép mot conic bat ki. Chiing minh réng ba duong chéo 16n AD, BE,CF
dong quy.
Ching minh:

e Xét v6i truong hop conic la dudng tron:

Ta ki hiéu céc tiép diem ctia (O) trén AB, BC,CD, DE, EF, FAlan lugt 1a M, N, P,Q, R, S. Xét cuc va doi
cue d6i véi (O). Goi K, I, J 1an lugt 1a giao diém ctia cac cap dudng thang (SM, PQ), (M N, QR), (NP, RS).
Vi SM va PQ la duong dbi cyc cia A va D nén AD la dudng doi cuc ctia K. Tuong ty BE va FC lan
luot 1a duong ddi cuc cha I va J.

Dung dinh I3 Pascal cho luc giac noi tiép MNPQRS ta c6 I, J, K thang hang. Nén ta c6 cac duong doi cuc
ctia I, J, K (lan luot 14 BE, CF, AD) cing di qua cic ciia duong thang nay (dusng thang di qua I, J, K)
nén AD, BE,CF dong quy (dpcm).

e V6i trudng hop conic bat ki: Gia stt luc giac ABCDEF ngoai tiép conic (C) la giao tuyén clia mit phiang
(P) v6i mat nén N truc 6, dinh S. Xét mat phang (Q) vudng géc véi truc § ciia mit nén. Khi d6 thiét
dien ctia (Q) va M 1a dudng tron (T'). Xét phép chiéu xuyen tam S tit (P) lén (Q). Goi anh ctia diém X
qua phép chiéu trén 1a X'. Ta c6 luc giac A’B'C'D'E'F’ ngoai tiép duong tron (T) = A'D', B'E',C'F’
dong quy tai G = AD, BE,CF ddng quy tai giao diém ctia SG va (P).

1.12 BDinh ly Miquel

Cho tam giac ABC va ba diem M, N, P lan lugt nadm trén BC,CA, AB. Khi dé cac dudng tron ngoai
tiép cac tam giac APN, BPM va CMN dong quy.
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Ching minh:

Goi S 1a giao diém ctia (BPM) va (CMN).Ta c6:

(SN,SP) = (SN,SM) + (SM,SP) = (CN,CM) + (BM,BP) = (CA,CB) + (BC,BA) = (CA,BA) =
(AN, AP) (mod 7)

= S € (ANP), suy ra dpcm.

1.13 Cong thiic Carnot

Cho AABC nhon noi tiép (O, R), r 14 ban kinh noi tiép. Ki hi¢u d,, dy, d. theo thit tu 1a khodng cach
tit O dén cac canh BC,CA, AB. Khi d6 ta c6 hé thic sau: d, +dp +d. = R+ 7.
Chiing minh:

Goi D, E, F theo thi tu la trung diém BC,CA, AB = OD,OE,OF 1 BC,CA, AB. Ap dung dinh ly
Ptolemy cho ti giac noi tiép AEOF, ta ¢c6 OA.EF = AF.OF + AE.OF = aR = c.d, + b.d,; tuong tu:
bR = a.d.+ c.d,,cR = a.dy + b.d,. Suy ra R(a+ b+ c¢) = a(dy + d.) + b(d. + d,) + c(d, + dp).

Mt khac, r(a + b+ ¢) = 2Sapc = a.d, + b.dy + c.d..

Do d6 (a+b—l—c)(R—|—Q =(a+b+c)(d,+dy+d.),suy rad, +dy,+d. =R+ r. (dpcm)

Néu tam gidc ABC c6 A > 90° thi ta c6 —d, +dy, +d. = R+

. r
Cha y rang dinh 1y Carnot tuong duong véi hé thitc quen thudc sau: cos A 4+ cos B+ cosC =1 + 7

1.14 Dinh ly Carnot

Cho tam giac ABC, goi M, N, P lan lugt la cac diém tréen cac canh BC,CA, AB:;dy,dy,dp 12
cac duong thing di qua M, N, P v vuong goéc v6i cac canh tuong tng. Khi do dys,dy,dp dong quy
& MB? + NC? + PA? = MC? + NA? + PB?

Chiing minh.:
Thuan: Goi O la giao diém ctia 3 dudng thang. Ta cé:
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MB? + NC? + PA? = MC? + NA? + PB?

& MB?+O0OM?+ NC? + ON? + PA?2 + OP? = MC? + OM? + NA%2 + ON? + PB? + OP?

& OB? +0C? + 0A? = 0C* + OA? + OB?

Déng thitc nay luon ding nén ta cé diéu phai ching minh.

Dio: Goi O la giao diém clia dyy, dy. Qua O, ha dudng vuong goc xudng AB tai P'. Ap dung dinh thuan,
taco P’A? — P'B? = PA? - PB? = P = P' = dpcm

1.15 Khai niém vé hai tam giac truc giao

Cho tam giac ABC va tam giac A; B;C; nhu hinh vé. Néu cac duong thang qua Ay, By, C; va vuong
goc voi BC,C A, AB dong quy thi cac duong thang qua A, B, C' va vuong goc B,C,, C1 Ay, A B, dong quy
va ngudgc lai. Khi d6 2 tam giac ABC va A1 B1C; dudge goi la 2 tam gidc triye giao.

Ching minh:

Goi M, N, P, My, Ny, P, 1a chan cac duong vudng goéc nhu hinh vé. Ap dung dinh 1y Carnot, ta c6:
AM,, BN,,CP, dong quy

& (MO} — My B}) + (P1B} — PIAY) + (N1 AT — NiCF) =0

& (AC? — AB?) + (CB} — CA?)+ (BA? — BC}H) =0

& (A1B% — A,C?) + (B1C? — B1A?) + (C1 A2 = C1B*) =0

& (MB? - MC?) + (NC? — NA%) + (PA? — PB*) =0

& AM, BN, Cy, P dong quy (dpem)

1.16 Dinh ly Brocard

Cho t1t giac 16i ABCD nai tiép duong tron tam O. AD giao BC' tai M, AB giao CD tai N, AC giao
BD tai I. Chiing minh rang O 1a tryc tam ctia tam giac MIN.
Chiing minh:
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Cach 1:

Goi H 1a giao thit 2 clia hai dudng tron ngoai tiép cac tam gidc AID, BIC. Xét tit giac DOHC, ta c6:
DHC = 360° — DHI — CHI = DAC + DBC = DOC

Tit dé suy ra ti gisc DOHC noi tiép. Tuong t, ta suy ra tit gidc AOH B noi tiép. Mat khac MA.MD =
MB.MC, suy ra M nam trén truc déng phuong ciia hai duong tron (ATHD), (BIHC) = M, I, H thing
hang.

Ta 6 THO = THD —OHD = ADC + ACD — OCD = ADC + OCA = 90°

Twu do suy ra IM 1 ON. Tuong tu, ta c6 IN L OM, suy ra dpcm.

Cach 2:

Ta chitng minh bd dé sau, tit dé suy tryc tiép ra khang dinh ctia bai toan: Cho 4 diém A, B, C, D nam trén
duong tron tam (O), goi P, Q, R 1an luct 1a giao diém ctia cac cap dusng thang (AB, CD), (AD, BC), (AC, BD),
khi d6 dudng doi cyc ctia P dbi véi (O) 1a dudng thing QR

Chting minh:

Goi E, F lan lugt 1a cyc ctia AB,C'D ddi vé6i (O), suy ra EF la dudng déi cyc ciia P ddi véi (O)

Ap dung dinh 1y Pascal cho luc giac ADDCCB (CC' la tiép tuyén tai diém C), ta c6 Q,F, R thing
hang. Tuong ti, ta c6 Q, E, R thang hang, suy ra 4 diem F, F, Q, R thang hang, do d6 P la cuc ciia dudng
thang QR ddi véi (O) (dpem)

1.17 Dinh 1y Euler vé khoang cach giita tam 2 dudng tron nodi, ngoai tiép
cua tam giac

Cho AABC, noi tiép (O, R), ngoai tiép (I,r). Khi d6 OI* = R* — 2Rr.
Ching minh:

, _—— A
Goi D, E theo thu tu la trung diém cac cung nho BC va AC thi OD | BC;BAD = 3 Goi H la

chan dudsng vuong goc ké tit I xuéng OD. J la trung diém BC. Theo mot két qua quen biét, ta cb
A
ID=BD = 2R.sin§.

A )
Trong AOID, ¢6 OI? = ID* + OD?* — 2]30? = 4R?. sin® 3 + R% — 2@@ (cong thitc hinh chiéu).

A A
Mt khéc, DO.DH = DO.(D.J + JH) = R. (BD. sin 5 + 7’) — 2R2sin® £+ Rr. Tit d6 suy ra dpem.
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1.18 Dinh ly Euler vé khoang cach giita tam 2 dudng tron ndi, ngoai tiép
cta t@ giac (DPinh ly Fuss)
Cho t1t gide ABCD vita noi tiép (O, R), vita noi tiép (I,r). Dat d = OI. Khi d6 ta c6 he thiic
1

1 1
+

(R—d)?  (R+d? 2
Ching minh:

Goi tiép diém ctia (1) trén AB, BC,CD, DA lan luct 13 M, N, P,Q. BI, DI cit (O) lan lugt 6 E, F. Ta

thay:
(DE.DF) = (DE. DC) + (DC. DF) = (BE. BC) + (DC, pF) = B4 BC) "5 (DC, DA) > (mod )

Do dé E, O, F thing hang, nén O la trung diém ctia EF. Theo cong thic dudng trung tuyén trong tam
IE? + [F? EF? B IE? + [ F?

giac IEF ta co: d* = 5 n — R?. Suy ra:
L1 2(@sd) IBerr 1B 1P 1B P
= 7 = 5 = 3 3 =
(R—dp  (Rtd? (R=d)  (Pyo)  (Pyo) (Pye) UEIB)?  (IFID)
sin? E sin? =
1 1 9 9 1

1B IDE T I 1P 2

1.19 Dinh ly Casey (dinh 1y Ptolemy mg rong)

Cho tit gihc ABC'D nai tiép (O, R). Dat cac dudng tron «, 3,7,d la cdc dudng tron tiép xic véi (O)
tai cac dinh A, B, C, D. Dat t,s 1a do dai doan tiép tuyén chung ctia hai dudng tron a, 5. Trong do6 t,s la
do dai tiép tuyén chung ngoai néu hai duong tron «, 8 cting tiép xtc trong hodc cling tiép xtic ngoai véi
(0), va la do dai doan tiép xtc trong véi truong hop con lai. Céc doan t,., tg,, ... dude xéc dinh tuong
tu. Khi d6 ta co tap-tys + tgy-tas = tay-ts-

Ching minh:
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Ta chitng minh cho trudng hop «, 3,7,d cung tiép xic ngoai véi (O), cac truong hgp khac chiing minh
tuong tu. Goi tam cac duong tron trén la A’, B',C’, D' va ban kinh lan luct 1a x,y, 2, t. Dat do dai cac
doan thang nhu hinh vé va AC' = m, BD = n. Theo dinh 1y Pythagore: tiﬁ = A'B”? — (z —y)? Ap dung
dinh 1y cosin, ta co:

A'B? = (R+2)*+(R+y)*—2R+2)(R+y) cos AOB' = (R+3)*+(R+y)* —2(R+)(R+y) <1 B ﬁ)

= (R+x)2—|—(R+y)2—2(R+$)(R+y)+(R+x)(R+y)a = (x—y)2~|—(R—|—:U)(R+y)a

R? R?
a
TR Y)
Tuong tu véi cac doan thang con lai, ta co tag-tys + taytas = tay-tgs < ac + bd = mn (luon ding theo

dinh 1y Ptolemy)
Chox=y=2=1t=0, ta c6 dinh Iy Ptolemy.

:>tag:

1.20 Dinh ly Stewart

Cho 3 diém A, B, C thang hang va diém M bat ki. Ta c6 heé thiic sau: M A?2. BC+MB?*.CA+MC? AB+
BC.CA.AB =0
Ching minh:
Qua M, ha MH 1 ABC, ta c6
MA?.BC + MB?>.CA+ MC* AB + BC.CA.AB
=(MH?*+ HA*) BC + (MH? + HB*)CA+ (MH?+ HC?) AB + BC.CA.AB
= MH? (BC +CA+ AB) + HA>. BC + HB*.CA+ HC? AB + BC.CA.AB
= HA?2.BC + HB*.CA+ HC? AB + BC.CA.AB
= HA*(HC — HB)+HB? (HA— HC)+HC? (HB — HA)+(HC — HB) (HA— HC) (HB— HA) =0

1.21 Dinh ly Feuerbach—Luchterhand

Cho t1 gidc ABC'D nai tiép, M 1a diém bat ki trong mat phing ti giac. Ta c6 hé thitc:
MA?2.BC.CD.DB — MB?.CD.DA.AC + MC?.DA.AB.BD — MD? AB.BC.CA =0
Ching minh:

Goi I la giao diém AC va BD. Ap dung dinh ly Stewart, ta c6:

MA%IC + MC?*IA—-TAIC.AC = MI*> AC; MB*ID + MD*IB — IB.ID.BD = MI*>.BC

= MA2IC.BD + MC?*JA.BD — IA.IC.AC.BD = MI?> AC.BD = MB%ID.AC + MD?.IB.AC —
IB.ID.BD.AC

— MA?.IC.BD + MC2.IA.BD = MB2.ID.AC + MD2.IB.AC(1)
IA  Sisp  AD.AB CB.CD DA.DC
Mit khic. ta c6 —= — _ 10 = S2CY 14 Tuone tw: ID = I
avkhac taco 1o =g T CB.CD AD.AD tong tu BA.BC
Thay vao (1), ta co:

CB.CD DA.DC
2 2 _ 2
MA DA JA.BD + MC*.IA.BD = MB~. B0

IB.AC + MD?.IB.AC
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A 2 ) _IB , )
A 1B AD (MA .BC’.CD.I—)]i—}—J\fg AB.BD.DA) = 1B AC (MB*.AC.DC.CA+ MD*.AB.BC.CA) (2)
Lai c6 AIAD ~ AIBC = 1D = 10 thay vao (2), ta ¢6 dpem.

1.22 Dinh ly Lyness

Cho tam giac ABC, duong tron ngoai tiép (O, R), dudng tron noi tiép (I,r). Dudng tron (O, p) tiép
xtic trong véi (O) va tiép xtic véi cac canh AB, AC theo thit ty tai D, E. Khi d6 I 1a trung diém DE.
Ching minh:

— 10 — .
Ta c6 A[:L;AOlziﬁlOlz p=" = L_P rzl—t.Ap dung dinh 1y Stewart cho
A A A A0, P p
sma smE sm§

tam giac AOOy, ta c6: O0?. Al + OA2.0.1 — OI*. A0, = AI.O1.AO,. Chu ¥ ring OO; = R — p,OI? =
2

A 10 A
R? — 2Rr,0OA = R, ta tinh dugc sin? 7= - Suy ra AOl = sin? = F_ 10,.A0, = p*. Do
p 1

2~ AO?
d6 I nam trén dudng ddi cuc ciia A d6i v6i (0) = I € DE = [ = AO,NDE = I latrung diém DE (dpcm)

1.23 Dinh ly Lyness mé réng (Bo dé Sawayama)

Cho tam gidc ABC nai tiép duong tron (O). M thuoec BC (c6 cach phat biéu khac la: cho tit giac
ABDC va M la giao ctia BC va AD .. .; nhung hai cach phat biéu nay 14 tuong duong). Mot duong tron
(0’) tiép xtic v6i hai canh M A va MC tai E va F dong thoi tiép xic trong véi duong tron (O) tai K. Khi
d6 ta c6 tam dudng tron noi tiép ciia tam gidc ABC nam tren duong thang EF.
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Ching minh:

Goi G la giao diém khac K ctia KF va (O). Phép vi tu bién (O') — (O) bién F, BC' — tiép tuyén ciia
(O) song song v6i BC' tai G = G la trung diém cung BC = GC? = GF.GK. Goi I 1a giao AG va EF.
Ta 6 IEK = TAK(= FKD) = AEIK noi tiép

= AIK = EFK(= AEK) = AAIK ~ AIFK (g.g)

= GKI = GIF(= EKA) = AGIF ~ AGKI (g.g) = GI? = GF.GK = GI = GC = I la tam noi tiép
AABC

1.24 Dinh 1y Thébault

Cho tam gidc ABC ndi tiép dusng tron (O). D 1a mot diem nam trén canh BC. Duong tron tam P
tiép xtc véi 2 doan AD, DC' va tiép xuc trong véi (O). Dudng tron tam @ tiép xtc véi 2 doan AD, DB
va tiép xic trong v6i (O). Goi I 1a tam noi tiép tam giac ABC. Ta c6 P, I, Q thang hang.

Ching minh:

Goi E, F 1a tiép diém cta (P) véi BC, AD; G, H la tiép diém ctia (Q) v6i BC, AD. Goi I 1a giao diém
cia EF va GH = I la tam noi tiép AABC. Goi X la giao diem GH va QD; Y la giao diéem EF va PD.

. IX YD X ) \
Ta thay /X DY la hinh cht nhat = D PD CQQD = P, I, thang hang (dang thic thi 2 ¢6 1a do
AQGD ~ ADEP)
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1.25 Coéng thiic Jacobi lién quan dén tam ti cy, dinh 1y Leibniz

Néu I la tam ti cy ctia he diém A; Gng véi cac he sb6 a; thi v6i moi diém M trén mit phéng ta cé
n n n
i=1 i=1 i=1
Ching minh:

2 2 ~ « 2 ~ n ~ 2
Vi I la tam ti cu clia hé diem nén > a;.1A; = 0. Do do:
i=1

n — n n — n
i=1 i=1 = =

i= =1 =1

i=1 i=1
Dinh 1y Leibniz: Goi G la trong tam tam giac ABC, M la mot diém bat ki trong mat phéng. Ta cé:

MG? = % (MA* +MB?+ MC?) — % (AB%* + BC? + C A?)

1.26 Dinh ly Newton cho ti giac ngoai tiép
Cho t1t giac ABCD ngoai tiép duong tron (O). Khi d6 trung diém 2 duong chéo ciia t1t gidc thang hang
véi O.
Chiing minh:
Cach 1:

Goi P,Q, R, S 1an lugt 1a cac tiép diém ctia cac doan thang AB, BC,CD, DA déi v6i dudng tron (O). Dat

SA = AP =a,BP = BQ =b,CQ = CR = ¢, DR = DS = d. Ap dung dinh 1§ con nhim cho ti giac
ABCD ta co:
(a+0)0OP + (b+ )00 + (c + )OE + (d + a)0S = 0

b

@Z(aer)(
@(b+d)(
& (b+d)OM

Suy ra 2 vecto
Cach 2:

—~

Qo
D
+
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Goi M, N theo tht tu la trung diém ctia hai duong chéo AC, BD. Ta xét truong hop AB cit CD tai G.
Ta co: 1 1
Soas+Socp = ér(AB—FC’D); Sosc+Sopa = QT(AD—FBC) (r 12 ban kinh duong tron noi tiép tit giac).

. 1
Ma ti giac ABC'D ngoai tiep = AB+CD = AD+ BC = Spoag+ Socp = QSABCD. Trén cac tia GA, GD

lay cac diéem H, I theo thit tu sao cho GH = AB,GI = C'D. Khi d6 Soas = Sonc, Socp = Soic-
1

= SOHI = SOHG + SOIG - SGHI - SOAB + SOCD - SGHI - §SABCD - SGHI.
1
Mét khéC, ta CflIlg co SMAB + SMCD = SNAB + SNCD = §SABCD- Suy ra SOHI = SMHI = SNHI =

d(O, HI) = d(M, HI) = d(N, HI) = O, M, N thing hang.
Véi truong hop AB//CD thi d(O, AB) = d(M, AB) = d(N, AB) = r = O, M, N thang hang (dpcm)

1.27 Dinh ly Breichneider

Cho tit giac 16i ABCD,AB = a,BC = b,CD = ¢,DA = d,AC = m,BD = n. Khi d6 m?*n? =
a’c® + v*d? — 2abed cos(A + C)
Ching minh:

D

Trén canh AB ra phia ngoai dyng tam gidc ABN dong dang véi tam gidac CAD, va dung ra phia ngoai canh

R - bd d
AD tam gisc ADM déng dang véi tam gidgc CAB. Khi d6 dé thay AN = 25 AM = 22 NB =DM = 22
m m

m
va BDM N 1a hinh binh hanh. Dong thoi c6 NAM = A+ C.

. 2 (bd\® bd
Ap dung dinh 1§ cosin cho tam gidc AMN, ta c6 n? = (a_c) + (—) — 2-a—c-—-COS(A + C), suy ra
m m m m

dpcm.
Vi 0° < A+ C < 360° nén ta c6 mn < ac + bd, do d6 bat dang thiic Ptolemy la mot hé qua ctia dinh 1y
Breichneider.

1.28 Dinh ly con nhim

Cho da giac A1 A4, ... A, bat ky, diém M bat ky nim trong da giac. Goi e; la cac vector don vi ¢6
goc tai M, huéng ra ngoai da giac va el A;Aiv (col Appr = Ap ). Khi do tacod ) AiAmEZ = 0. Cac
=1

vector AiAiH.E? dugc goi 1a cac “long nhim”.

Ching minh:

Gia stt da giac A A, ... A, c¢6 huéng duong (tic 1a chiéu di theo thi tu chi s6 cac dinh da giac ting dan
ngugc chiéu kim dong ho). Goi f 1a phép quay 90° nguge chiéu kim dong ho.

Ta co f(AiAz'+1-€i>) = AiAi = ) f(AiAm.Fﬁ) =y AiAia = 0= > Az'Ai+1‘€z‘> =0 (dpcm).
i=1 i=1 i=1
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1.29 Dinh ly Gergonne—Euler

Cho tam giac ABC va diém S trong mat phang tam giac. AS, BS,CS cit BC,CA, AB lan lugt tai
D E F
D,E,F.Khidés +S +S =
AD BE CF
Ching minh:

SD S S S + S S
Ta c6 22 _ PI18BDI _ P[sDC] _ S[sBD)] [SDC] _ P[SBC]

1.

Siapp)  Spapc) Suasp) + Siape) Siasc

SE S SF S L ao
Tuong tw: = = 504] = = [545] Cong theo ve 3 dang thitc trén, ta ¢6 dpem.
BE  Susc) CF Sl

1.30 Dinh ly Peletier

Ta n6i AABC ndi tiép trong AAyBsCy (nghia la A € ByCo, B € CyAy,C € AyB,) dong thoi ngoai
tlép AA1B1C1 (nghia la Al S BC, Bl € CA, Cl S AB) néu AQBQ//AlBl, BQCQ//BlCl, CQAQ//ClAl. Khi
do S%? = 5,.5,.

Ching minh:

. . h
Ta quy u6e chi so 1 cho AA; B1CY, chiso 2 cho tam giac AA;ByCy. Vi AA1B1Cy ~ AAy;ByCy nén a_ h_l
Co 2

1 P
Do d6 S;.5; = 2 (crhe)?. Trong d6 h; 1a dudng cao xuét phat tit dinh C' clia cac tam giéc.
Mat khac S = Sap,c, +SBcya, +Scag +5a,Bcy- Lai ¢6 Sap,c, = Scupicy; SBa,cn = Scuaych; Scoa B, =

SCQBlCl + SCQAlCl + SA131017 SUY Ta S == SCAlBl + SCQAlBl - §Cl(h/ _'_ h//), trong dé h/ Va h” tu’dng ]j.’ng la

. 1
khoang cach tit ¢ va ¢ dén A1 By, ma h' +h” = hy nén S = §clh2. T d6 suy ra dpem.

1.31 Dinh ly Viviani

Trong tam giac déu ABC ta lay 1 diém S. Khi d6 téng cac khoang cach tit diém S téi ba canh sé c6
do dai bang 1 dudng cao clia tam giac.
Ching minh:
Goi khoang cach tit S dén BC,CA, AB lan lugt 1a x, v, 2; goi do dai canh tam giac déu 1a a, do dai duong
cao cua tam gidc 1la h. Ta c6 ah = 2S4c = 2 (Sspc + Ssca + Ssap) = ax+ay+az = r+y+z = h (dpem)

1.32 Cong thic Lagrange ma rong

Goi I 1a tam ti cu clia hé diém A; ting véi cac hé s6 a; thi véi moi diém M ta co
2
E (IiCLinAj

1<i<j<n n

ZCLZMAZQZ oy +M]2ZCLZ
i=1 Z a; i=1
=1
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Ching minh:

2
n — n ——
i=1 i=1 1<i<j<n
i=1 1<i<j<n i=1 i=1 1<i<j<n
1<Z< CLi(leiA? " n 1<Z< CLiCLjAZ'A§ "
EE = S JA2 & Y g, MA2 = =20 +MI%Y a
i=1 ]

n .
Z a; =1 z a; =1
i=1 =1

1.33 DPudng thing Simson

Cho AABC va diém M nam trén dudng tron ngoai tiép tam O clia tam giac. Goi N, P,Q lan lugt 1a
hinh chiéu vuong goc ciia M trén céc dudsng thing BC, CA, AB thi ching cing thuoc mot duong thing
(goi 1a duong thang Simson ctia diem M déi véi AABC)

Ching minh:

(PN, PQ) = (PN, PM) + (PM, PQ) = (CN,CM) + (AM, AQ) = (BC, MC) + (MA, BA) =0 (mod )

1.34 Dudng thing Steiner

Cho tam giac ABC va diém D trén dudng tron ngoai tiép tam giac. Goi Ay, By, Cy 1an lugt 1 cac diém
d6i xting véi D qua cac duong thang BC, C A, AB thi ching ciing nim trén mot dudng thing duge goi 1a
duong thang Steiner tng v6i diém D cilia tam giac ABC. Duong thang Steiner clia mot tam giac thi di
qua tryc tam cia tam gidc d6. Diem D dugc goi la diém anti-Steiner.

Ching minh:

Dua vao dinh nghia dudng thang Simson, ta suy ra A,, By, C, thing hang va duong thing Steiner 1a dnh
ctia dudng thing Simson qua phép vi tu tam D, ti s6 2. Dé chiing minh dudng thing Steiner di qua truc
tam tam giac, ta c6 2 cach sau:

Cach 1:
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Goi Ha, Hg, He lan luot 1a cac diém déi xing véi truc tam H qua BC,CA, AB = H,, Hp, Ho nim trén
dudng tron ngoai tiép tam gidc. Goi E, F' 1a giao cia CH, BH v6i AB, AC. Ta co:

(HCy, HBy) = (HCy, HB) + (HB, HC) + (HC, HBy) = (HeB, HoD) + (HF, HE) + (HgD, HzC) =
(AB,AD) + (AC,AB) + (AD, AC) =0 (mod )

= H nam trén duong théng Steiner ctia D db6i véi AABC.

Cach 2:
A
W,
Y
N
fhfx\\
LYARNLNN
.-:/ \ *-_I:l'-..-‘:s_>\ ~
/LTI
::_,.-a \} . __.Q\.\ I_,-". l‘"-.._
[/ AN
II "z '-'-' 'I. I. I|
[/~ NN
P F
V.t [ W N
.
/S ,
\\\\ :__.-"'/// ) y

Khong mat tinh tdng quét, gid st D nam trén cung AC khong chita B ctia (ABC).

Goi E, F 1a chan dudng vuong goc tit D xuéng BC, AB; N la giao diém AH va EF; K la giao diém khac
A ctia AH vé6i (ABC).

Vi H 1a trye tam AABC nen NK L BC = NK//DE (1)

DEB = DFB = 90° nén D, E, F, B déng vien = NED = ABD.

NKD = ABD (vi ABKD la ti giéc noi tiép), do d6 NED = NKD = NKED la tit gisc noi tiép. (2)
T (1) va (2) suy ra NKED la hinh thang can. Do dé NKE = DNK. (3)

Vi H la truc tam AABC nen H va K dbi xting v6i nhau qua BC'. Suy ra NKE = KHE. (4)

Tit (3) va (4), ta suy ra DNK = EHK. Do d6 DN//EH, két hop véi (1), suy ra DNHE la hinh binh
hanh.

Vay EF di qua trung diém DH. Suy ra H nim trén dudng thang Steiner ctia D dbi véi AABC (vi EF
la duong thang Simson ctia D déi véi AABC).

1.35 Dinh ly Collings

Cho tam giac ABC' va duong thing d di qua truc tam H cta tam giac. Goi dg, dy, d. 1an luot 1a cac
duong thang déi xing véi d qua BC, CA, AB. Cac duong thang dé dong quy tai mot diém nim tren duong
tron (ABC) (diém anti-Steiner ctia d). Va d 1a dudng thang Steiner ctia diém do.

Ching minh:
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Goi Hy, Hp, He 1an lugt 1a diém d6i xing ctia H qua 3 canh = H,, Hg, He cing nam trén (O) ngoai
tiécp ABC va Hy, Hg, Ho lan lugt thuoc d,, d, d.. Ta co:

(da,dy) = (da, BC) + (BC,CA) + (CA, dy) = (BC, d) + (BC,CA) + (d, CA) = 2(BC,CA) = (CHy, CHp)
(mod )

Goi giao diém clia dg, dy, 13 G thi G € (O). Tuong ty, ta suy ra dg, dy, d. dong quy tai G. Mt khac, dé
thiy d chinh la dudng thang Steiner ctia G (dpcm)

Ta c¢6 mot tinh chat khac ctia diém anti-Steiner nhu sau: Goi P 1a mot diém bat ki trén d. Py, Pg, Po lan
lugt 1a cac diém ddi xting vi P qua céc canh tam gidc. Ta c¢6 cac dudng tron (APgPs), (BPoPys), (CPsPp)
cung di qua G.

Chiing minh: (APg, APg) = 2(AB, AC) = (d.,d) (mod 7) = G € (APgPc). Tuong tu, ta c¢6 dpcm.

1.36 Dinh ly Napoleon

Cho tam gidc ABC, vé phia ngoai tam giac dung cac tam giac deu BOA',CAB', ABC'. Goi Ay, By, Cy
theo thit ty 1a tam ciia cac tam giac déu trén. Khi d6 AygByCy 1a tam giac déu
Ching minh:

.'I'.'u

1 .
Dat Z; = Z(C,30°,V3) ,Z, = Z (B,Soo,ﬁ) Xét tich Zy o Zy. Ta thdy Z; : Ay — A, By — A va
ZQ A — AD,A — Co. Do do6 Z2 o Z1 : BO — CO va AO — Ao. Mat khéC, kl.kQ = 1,@1 4+ ay = 60° nén
Zy 0 Z1 1a mot phép doi hinh, cu thé 1a phép quay tam Ay bién By — Cy. Ma goc quay bing 60° nén
AgByCy 1a tam giac déu (dpem)



28 MATHSCOPE.ORG

1.37 Dinh ly Morley

Nhitng dudng chia ba ctia nhitng cip géc ké nhau clia mot tam giac bat ki cit nhau tai ba diém xac
dinh mot tam giac déu.
Ching minh:

Cach 1:

bat A= 3a,§ = 35,6 = 3v. Lay diém K trong tam giac sao cho KBA = ﬁ,fC\A = . Goi D
la giao diém cac duong phan gidc ciia tam giac DBC. Lay E,F theo tht ty tréen KB, KC sao cho
KDE = KDF =30° = AKED = AKFD = DE = DF. Lai ¢c6 EDF = 60° nén tam gidc DEF déu.
Goi M, N theo thtt ty la diém déi xing véi D qua KB, KC. Vi KD la phan giac ciia goc BKC nén
ta ching minh duge DM = DN. Tam gidc can DMN ¢6 DK la phan gidc goc M DN (dé thiy) nén
DK 1L MN. Tam gidc déu DEF c¢6 DK la phan gidc goc EDF nén DK | EF. Suy ra MN//EF.

Ta c6 MEF = 360° — 60° — 2DEDB = 300° — 2DEB, D/E\B:P)OOJF%B/EJ, BKC = 180° — 2(8 + 7) =

180° — 2(60° — ) = 600 + 2a. Tit d6 suy ra MEF = 180° — 2a

Lai ¢6 ME = ED = EF néen AMEF can c6 goc & dinh biing 180° — 2a nén MFE = 2a. Suy ra
MFN = EFN—MFE = 180°—3a. Lai ¢6 A = 3a = ti gidc AM FN noi tiép. Mat khac, MEFN 1a hinh
thang can nén M1 MEFN la tt gidc noi tiép. Vay nam diém A, M, E, F, N dong vien. Vi ME = EF = FN
nén MAE = EAF = FAN. Suy ra D, E, F 1a cac giao diém ctia cac duong chia ba cac géc clia tam giac

ABC = dpcem.
Cach 2:
Dat AE =n,AF =m. Taco a+ +v=60°= a+ [ = 60°—. Ap dung dinh 1y sin cho tam giac
n sin 3 csin 3 bsiny p ) )
AEB,tac6 — = ————— =>n=——— Tuongt: m= ————. Apd dinh 1y h
) 180 sin(a + f3) " sin(60° — ) He tm sin(60° — f3) b tig QAL Ly S o

b in3 in 3/3. sin~y. sin(60° —
tam gidc ABC, ta c6 — = s%n b =0 S?n P s.mv s'm( 7)-
c sindy n  sin3y.sin £.sin(60° — [3)

Mat khac, ta c¢6 hé thic sin 3z = 4 sin x. sin(60° +z). sin(60° —x). Suy ra m_ w
n sin(60° + )

60°+ 8, AFE = 60° +~. Tuong tu, ta ¢6 BED = 60°+a = FEA+AEB+BED = 300° = DEF = 60°.

Tuong tu, ta suy ra tam giac DEF c¢6 cac goc bang 60° = tam giac DEF deéu.

Sau day la bai toan md rong nhat vé dinh 1y Morley: Néu chia n (n > 3) tat ca cac goc clia mot da giac

Do d6 AEF =

£ . > P N 2 < 2~ 2 . 2 1
m canh, thi tat cd cac giao cua cac duong thang la cac dinh phan biét clia mot he im(m — Dn(n —1)?

N 2 1 ~ o
da giac deu n canh, ¢6 thé phan chia lam §m(m —1) ho, mdi ho ¢6 n(n —1)? da gidc c6 tam thang hang.

1.38 Dinh ly con buém vé6i dudng tron

Cho duong tron (O) va day cung AB. I 1a trung diém ctia AB. Qua I vé hai day cung tity y MN va
P(Q sao cho MP va NQ cit AB tai E,F. Khi dé I 1a trung diém cta EF.
Ching minh:
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F M

Goi K,T Ia trung diém MP va NQ. Ta ¢6 OIEK, OIFT I ti gidc noi tiép = (OF, OI) = (KE, K1),
(OI,OF) = (TI,TF) (mod 7)

Lai c6 AMIP ~ AQIN = (KE,KI) = (T1,TF) (mod 7) = (OE,OI) = (OI,0F) (mod 1) = AEOF
can tai O = I la trung diém EF (dpem)

1.39 Dinh 1y con buém véi cip dudng thang

Cho tam giac ABC. Goi I la trung diém ctia BC. Qua I ké cac duong théing A cit AB, AC tai N, Q,
dudng thang A’ cit AB, AC tai P, M. Goi M N, PQ cat BC tai F,E. Khi d6 ta c¢6 I la trung diém cia
EF.

Ching minh:

/ \\
A [ I'-.I \
/ F \\II". [}
. N
/ /// I'-II I . ™,
f // :\
P } 3 M
B/ /,_/ \\
/E —1 Frc

dung dinh Iy Menelaus cho tam giac ABC, ta c6 cac h¢ thiic sau:
:>QC NA IC PB MA_1:>PB MA_1

IC' QA NB QA'NB 'IB PAMC PA'MC
QC PA NB MA
QA'PB_ NA MC -
EB PA FC NB MA EB F .

.QC. =1; C. ) :1:>:::C:>11atrungdiém EF (dpcm)
EC QA PB FB NA MC EC FB
Bai toan con buém md rong cho cac dudng conic con lai (ellip, parabol, hyperbol) xem trong quyén Tuyén
chon theo chuyén dé Toan hoc va Tudi tré quyen 3, trang 133-136.

52
B
B

-

Lai ¢6

1.40 Dinh ly Blaikie

Cho tam giac ABC va duong thang d sao cho d cit BC,CA, AB lan luot 6 M, N, P. Goi S 1a 1 diém
bat ki tren d. Goi M', N’, P’ lan luct la diém déi xing ctia M, N, P qua S. Khi d6 AM’, BN’,C'P' dong
quy tai mot diem D va ta goi D la diém Blaikie ctia d va S déi v6i tam giac ABC.

Ching minh:
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- r=-M__ P
Goi D la giao diém AM’ v BN'. Ap dung dinh 1y Menelaus, ta co:
/ /
Xét APBN' v6i cat tuyén ADM: AP. Db .M N =1
AB DN'_M'P
. M AB NP
Xét AMBP véi cat tuyen CAN: ¢ . . =
CB AP NM
. ) S DB NP CM
Nhan theo vé 2 dang thiic trén, cha § rang M'N’ = NM, ta c6 . . =
DN M'P CB
DB P'N' CM

Laic6 NP =P'N' MP=PM =
quy tai D (dpem)

= 1= D,C, P' thang haing = AM', BN',CP' dong

DN’ P'M CB

1.41 Duong tron Apollonius

2 Z 2 M.A Z
Cho 2 diem A, B c6 dinh. Khi d6 quy tich cac diem M sao cho VB~ k # 1 la mot duong tron co

dinh dugce goi 1a duong tron Apollnius ctia hai diém A va B véi ti s6 K.
Ching minh:

) . DA EA
Lay D, E trén duong thing AB sao cho =— = —=— =k = (DEAB) = —1.

DB EB
B =5 - DB " k= MD,MEFE la phan giac ngoai va trong cia AMB = DMFE =
90° = M nam trén ducng tron duong kinh DFE.
Déo: Lay M’ trén duong tron duong kinh DE = DM'E = 90° = M’'E la phan giac trong cia AM B (vi
(DEAB) = —1) = dpcm.

Thuan: Ta c6

1.42 Dinh ly Blanchet

Cho tam giac ABC c6 AH la duong cao ting v6i canh BC. Goi I 1a mot diém tly y thuoc doan AH.
Céc doan thang BI,CI cit cac canh tam giac tai £ va F. Chitng minh rang H A 1a phan giac cia EHF.
Ching minh:
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A

B~ H C

Qua I ké duong théng song song véi BC ciat AB, HF, HE, AC 1an lugt tai M, N, P,Q. Ap dung dinh ly

 IN  CH IQ BC CH 1Q ~ ) B L ) B
Thales, ta co M- CB'IP _ BH BH — BM Nhan theo ve 3 dang thtc trén, ta c6 IN = [P =
AHNP can tai H = dpcm.

1.43 Dinh ly Blanchet md rong

Cho tam giac ABC,lay D, E, F lan lugt thuoc cac doan BC, C A, AB sao cho 3 duong thang AD, BE,CF
dong quy tai mot diém I.Goi L la giao diém ctia AD va EF.Goi H la hinh chiéu ctia L xuéng BC. Khi
d6é HL la phan giac ciua EHF.

Ching minh:

. DB EA FB
Ap dung dinh 1y Céva cho tam giac ABC, ta c6 =— .
DC EC FA
KB FEAFB

Ap dung dinh 1y Menelaus cho tam gidgc ABC véi cat tuyén KEF, ta c6 = .
- KC EC FA
= (KDBC)=—-1= (KFLE)=—1. Lai ¢c6 LHK = 90° = HL la phan giac cia FHE (dpcm)

1.44 Dinh ly Jacobi

Cho AABC va cac diém A, By, C; trén mit phang sao cho B/A\C’l = C'/AE = a,m = C/BE =
B,BCA, = ACB;, = . Khi d6 AA,, BB;,CC, dong quy tai diém Jacobi J.
Ching minh:
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Ta c6 AAl, BAl, CA; dong quy tai Ai. Ap dung dinh 1y Céva sin, ta co:
sin CBAl sin BAAl sin AC’A1 1o sin /3. sin BAAl sm(C’ +7) _q
sin ABA; . sin CAA;.sin BC'A, sin(B + 3).sin CAA, . sin v

Xay dyng 2 dang thiic tuong tu cho By, C; roi nhan theo vé 3 dang thiic trén, ta co

in BAA,.sin ACC,. sin C BB, X
Sl /\1 Sl /CEI SmO/\1 =1= AA,, BBy,CC; dong quy (dpcm)
sin CAA;.sin BCC,.sin ABB,

1.45 Dinh ly Kiepert

Dung ra phia ngoai tam gidac ABC cac tam giac can dong dang BCM, CAN, ABP (can 6 M, N, P).
Khi ay ta c6 AM, BN, CP dong quy.
Ching minh:
Dé thay dinh 1y Kiepert 1a hé qua tryc tiép ctia dinh 1§ Jacobi khi o = 3 = 7.

1.46 Dinh ly Kariya

Cho tam giac ABC c6 (I) 1a dudng tron noi tiép. 0 phia ngoai tam giac lay cac diém M, N, P sao cho
IM =IN = 1IP va IM,IN,IP tuong ting vuong goc BC,C A, AB. Khi d6 ta c6 AM, BN,CP dong quy.
Ching minh:

Ta thdy ABIM = ABIP (c.g.c) = IBM = IBP = MBC = ABP. Tuong tw: BAP = CAN, ACN =
BCM. Theo dinh 1y Jacobi ta c¢6 dpcm.

1.47 Cuc truc giao (khai niém mé rong ciuia truc tam tam giac)

Cho tam giac ABC; d la mot dudng thang bat ki trong mit phang. Goi Ay, By, C; lan lugt 13 hinh
chiéu ctia A, B, C trén d. Goi Ay, By, Cy 1an luct 1a hinh chiéu cia Ay, B, C, trén BC,CA, AB. Khi d6
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A1 Ay, By By, C1Cy ddng quy tai mot diém goi 1a cuc triuc giao ctia duong thing d déi v6i tam giac ABC.
Ching minh:
A
/'u\
W\

[y

Ap dung dinh 1y Carnot, ta co:
A1Ay, BBy, C1C,y dong quy
~ (A232 — AQCZ (BQCZ — BQAQ

)+ )+ (CLA? — CyB?) =0
<~ (A132 — Alcz) + (3102 — BlA2) + (01A2 — 0132) =0
)+ )+ ( ) =0

+

= (AlB2 - 0132 (3102 - A1C'2 01A2 - BlA2 =
=4 (AlB% - ClB%) + (31012 - Ale) (ClA% - BlA%) =0 (hlén nhién dfmg)
Tryc tam la truong hgp riéng cua cyc tryce giao khi d trung v6i mot trong ba canh cia AABC.

1.48 Khai niém tam giac hinh chiéu, céng thic Euler vé dién tich tam giac
hinh chiéu

Cho AABC nai tiép trong (O; R), M la diém bat ky nim trong tam gidc. Goi Ay, By, C; theo thit tu

14 hinh chiéu ctia M trén BC,CA, AB. AA,B,C; dudc goi la tam giac hinh chiéu ctia M ddi véi AABC,

1 d?
ta co Sa B0, = 1 <1 - ﬁ) Sapc , trong do d = MO.

Chiing minh:

Goi D la giao diém ctia AM véi (0), D # A. Ta thay MC1 A, = MBA, va MC,B, = MAB, = DBC nén
A1C1B; = MBD. Ap dung dinh 1y sin cho tam gidac M BD, ta c6 — = ———. Do do:
sin ADB  sin MBD

1 —— 1 — 1
Sa,Bo, = §.B16’1.C’1A1.sinAlclBl = §MA. sin AMB.sin B.sin MBD = §MA.MD.sinA. sin B.sin C.
abc . SABC

Mat khac, MA.MD = Pyyo) = R* —OM? vasin A.sin B.sinC' = 7= op?

. T d6 suy ra dpem.

1.49 Khai niém hai diém lién hop ding giac

Cho tam giac ABC. M la mot diém nam trong tam giac.
1. Khi d6 cac duong thing déi xing v6i AM, BM,CM qua tia phan giac dong quy tai M’. M’ duge goi
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la diém lien hgp dang giac ciia M trong tam gidc ABC.

2. Lan lugt dat D, B, F va D', E', F' 1a chan cac duong cao ha tit M va M’ xuong BC, AC, AB.

a. Khi dé D, E,F,D',E', F' cing thuoc mot duong tron tam O. Va O la trung diém ctia M va M’
b. Khi d6 cing ¢c6 AM' 1. EF,BM' 1 FD,CM' 1. DE;AM 1. E'F',BM 1 F'D',CM 1. D'FE'.

5 AM.AM' N BM.BM' N CM.CM' |
" AB.AC BC.BA CA.CB

Ching minh:
1.

= I 1 J C

B[ SABI ABAI BJ SABJ ABAJ —_ = —
i - g - \ BAI = CAJ. BAJ = CAI
CJ ~ Sucs ACAJI' CI ~ Sacs  ACAI (v ’ )

N IB JB AB?
IC'JC — AC?
Mot cach chitng minh khac xem bai tap 28, chuong 1, SBT hinh hoc 11 nang cao.

Ta c6 2 dang thiic tuong tir, két hgp véi dinh 1y Céva ta c6 dpem.

a.
(BA, BM) = (BM', BC) < (DF,DM) = (F'M’, F'D') < (DF, DM) +
< (DF,DM)+ (DM,DD’") = (F'M', F'D") 4+ (F'F, F'M') (mod )

< (DF,DD") = (F'F,F'D) (mod )

= FF'DD’ noi tiép. D& thay tam dudng tron ngoai tiép tit gidc nay chinh la trung diém O ctia MM’
Tuong t, ta suy ra 6 diém D, D', E, E', F, F' cing ndm trén mot dudng tron tam O.

b.

bo|

= (F'M',F'D') + g (mod )

MAF = ]\m,m — AFF = AAMF ~ AAEG = AGE = AFM = 90°. Tuong tu, ta suy ra dpcm.
3.
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Trén tia BM’, lay diém K sao cho BCK = BMA. BMA > BCA = K nim ngoai AABC.

—_— AB  BM AM AB  BM
5> MBA =CBK = AABM ~ AKB T ABK = MB
Co CBK = PP ¢= AKBK BC ~ CK 120 VIBC, 5 "BK _ BC
~ = = [ VAR — /l-\ / X
= AABK AMBC':>BM BC CM.Mat khac, CKM' = MAB M'AC = A, M',C, K dong
vién.
Ap dung dinh 1y Ptolemy, ta ¢6 AC.M'K = AM'.CK + CM'.AK = AC(BK — BM') = AM'.CK +

, oo O = AMBC o ABCM .. ABBC

B
~AC (AB.BC —BM’) AM AMBC’ CM AB.CM

BM BM BM . T d6 suy ra dpem. newline

1.50 Dinh ly Reim

Cho hai dudng tron (O;), (Oy) cit nhau tai A, B. Mot dudng thing qua A cat (O),(O,) tai M, N;
mot duong thang qua B cét (O), (Os) tai P,Q. Khi d6 MP//NQ.
Ching minh:

(MP,MN)= (MP,MA)=(BP,BA) = (NQ,NA) = (NQ,NM) (mod 7) = dpcm.

1.51 Khai niém t& giac toan phan

Mot t1i gidc toan phan la mot hinh dude tao nén béi bén duong thang, ting doi mot cit nhau nhung
khong c6 ba duong nao dong qui. Mot hinh tit gidc toan phan cé 4 canh la 4 dudng thing da cho, c6 6
dinh 1a 6 giao diém ctia ching va 3 dudng chéo 1a 3 doan di qua dinh déi dien (chd ¥ hai dinh nay khong
ciing thuoc mot canh). Ching ta c6 mot két qué co ban va thi vi vé tit gidc nay nhu sau: Trong hinh ti
giac toan phan cip dinh déi dien ndm trén mot duong chéo va cip giao diém ctia dudng chéo dé véi hai
dudng chéo con lai lap thanh mot hang diém diéu hoa.

Ching minh:
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Ki hieu nhu hinh vé. Ap dung dinh 1§ Menelaus, ta c6:
i DC BE

IC DE BA :(H_J_A) DC FB AE _

T4 FC EB , ¢ JC E FC AB

e el Y -
FB D E ) IA A
FC DE AB c JC

hang diém diéu hoa.

1.52 Dudng thing Droz—Farny

Cho hai dudng thang bat ki vuoéng géc véi nhau tai tryc tam ciia tam giac ABC. Chiing tuong ng
cit cac canh BC, AC, AB tai X, X";Y,Y": Z, Z'. Khi d6 ta c6 M,, M, M, tuong tng la cac trung diém cia
XX'YY' ZZ' thing hang.

Ching minh:

Dat (C) la dudng tron ngoai tiép tam gidac ABC. C, 1a dudng tron ngoai tiép HX X' va H, la diém dbi
xtung v6i H qua BC'. Tuong tu v6i cac duong tron khac.

= C,,Cy, C,. c6 tam lan luot 1a M,, M,, M,. X X' 1a dudng kinh cta duong tron C,, H, ndm trén duong
tron C, = H, la giao cia (C) va C, va HH, 1. BC.

Ap dung dinh Iy Collings véi dudng thing XY Z di qua H, ta c6 H,X, H,Y, H,Z ddng quy tai N tren C.
Ap dung dinh 1y Miquel cho tam giac X NY véi cac diém H,, Hy, H = (C), C,, Cy ciing di qua M. Tuong
tu C, ciing di qua M. Nhu vay C,, Gy, C, cing di qua H va M suy ra tam ciia ching thang hang.
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1.53 BDuong tron Droz—Farny

Cho diém P bat ki va tam giac ABC. Diém @ 1a diém lien hgp ding giac véi P dbi véi tam giac ABC.
Chan cac duong vuodng goc véi cac canh BC, AC, AB cua P 1a P,, Py, P.. Lay P, lam tam vé duong tron
di qua Q cat BC tai Al, AQ, Bl, BQ, Cl, Cy dugce dinh nghia tuong tu. Khi d6 6 diém Al, AQ, Bl, BQ, Ol, Cy
cling nam trén mot dudng tron tam P.

Ching minh:

Goi O la trung diém PQ. Ta da biét O cach déu P,, P, P.. Ap dung cong thic trung tuyén, ta co:

2 2 2 2 2 PQ2

5 + 2P-0?, Tuong ti, ta suy ra dpcem.

1.54 Dinh Iy Van Aubel vé ti¥ giac va cac hinh vuéng dung trén canh

Veé phia ngoai tit gidc ABC'D ta dyng cac hinh vuong ABEF, BCGH,CDI.J, DAK L véi cac tam tuong
ting 14 4M, N, P, Q.Khi d6 ta c6 M P va NQ vuong goc va bang nhau.
Ching minh:

. . 1
Goi O la trung diéem doan AC. Ta thay Z(C’, \/5,450) : N — B, Z (A,E,%O) : B — M. Do

1 R
do F = Z(C’, V2, 450) o/ (A,E,%O) : N — M. Mat khac, F' la phép dong dang thuan, c6 goc

quay bing 90°, t1 s6 1 vi c6 O la diém bat dong nén F la phép quay tam O, géc quay 90°. Lai ¢
F(N)=M,F(Q)= P = dpcm.

1.55 Heé thic Van Aubel
Cho AABC va mot diém S nam trong tam giac, 3 duong AD, BE, CF dong quy tai S (D, E, F tuong
AS _AF AF
SD FB EB

ing nam trén cac canh BC,CA, AB clia tam giac). Khi d6 ta c6 he thiic
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Ching minh:
Ap dung dinh 1y Gergonne-Euler cho diém A véi AABC, ta co

AD AF AE AF AE AD AS
+ + 1= + = — 1 == (dpcm)
SD BF CFE rB  EC SD SD

1.56 Dinh 1y Pithot

Tt gidc 16i ABCD la ti gidc ngoai tiép khi va chi khi: AB + CD = BC + DA.
Ching minh:

Thuan: Tt gidc ABCD ngoai tiép = AB + CD = BC + DA. (dé chiing minh)

Déo: AB+ CD = BC + DA = ti giac ABCD ngoai tiép.

Khong gidm tong quat, gid st AB < AD = BC < CD. Khi dé ton tai M, N trén CD, DA sao cho
AN = AB,CM = CB. Suy ra DN = DM.

Do d6 cac duong phan giadc cia cac goc tai dinh A, D, C' sé la ba duong trung tric ctia tam giac BM N
nén ching dong quy tai mot diém O.

Dé thay O cach déu 4 canh tit gidc nén ta c6 diéu can chitng minh.

1.57 BDinh ly Johnson

Cho ba duong tron c6 ciing ban kinh R vé6i tam lan lugt 1a M, N, P va cing di qua mot diém A. Khi
ay ba giao diém khéac A ctia ba dudng tron ay cling ndm trén mot dudng tron cé ban kinh 1a R.
Ching minh:

Ki hicu cic giao diém nhut hinh v6. DE théy cic it gisc AMBN, APCN 1a hinh thoi, suy ra MB = PC
(= AN) = M PCB la hinh binh hanh = M va C, P va B déi xiing v6i nhau qua trung diém O ctia MC.
Tuong ti, ta ¢6 D va N dbi xiing véi nhau qua O. Do d6 phép dbi xiing tam O bién (M NP) — (CBD)
= dpcm.

1.58 Bai toan Langley

Cho AABC can tai A c6 goc & dinh bang 20°. Trén cac canh AB, AC lay D, E sao cho BCD =
50°, CBE = 60°. Tinh géc BED.
Loi gidi:
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Dat BED = x, trén canh AC, lay diém F sao cho BF = BC.

Mit khac tam gisgc BDC' can tai (vi BCD = BDC = 50°) = BD = BC = BD = BF.
Ta tinh duge DBF = 60° = ADBF déu = DF = BF.

ABFE can tai F (BEF = BFE = 40°) = EF - 81(3)5 .

:>DF:EF:ADFEcantaiFéx—i—él()":T:%x:?)()"

Céac cach gidi khac xem trén tap chi Toan hoc va Tudi tré, s6 377, 11/2008.

1.59 Dinh ly Eyeball

Cho hai duong tron (O) va (O’) ngoai nhau. 2 tiép tuyén ké tit O dén (O') cat (O) tai A va B. 2 tiép
tuyén ké tit O’ dén (O) ¢t (O') tai C va D. Khi d6 ABCD 1a hinh chit nhat.
Ching minh:

N —  2R.R
Dat ban kinh ctia (O) va (O’) lan lugt 1a R va R'. Ta ¢6 AB = 2Rsin I00" = 00 Tuong tu, ta suy ra
AB = CD.
Mat khac, ta c6 A va B, C' va D d6i xting v6i nhau qua OO’. Suy ra ABCD 1a hinh chit nhat (dpcm)

1.60 B dé Haruki

Cho AB va CD la hai day cung khong cit nhau clia ciing mot dudng tron va P la mot diém bat ki
trén cung AB khong chita C'D ctia duong tron ay. Goi E va F lan lugt 1a giao diém ctia PC, PD véi AB.

Khi dé gia tri biéu thic
Ching minh:

khong phu thuoc vao vi tri diém P.
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Goi G la giao diém khac E ciia (PDE) véi AB. Ta ¢6 AGD = CPD khong déi = G c6 dinh = BG
khong déi. Mat khéc: AF.FB = PF.FD = EF.FG = (AE + EF)FB = EF(FB + BG)

. ABEFB - EF.BG — “EBE _ pq khong ddi (dpem)

1.61 Dinh ly Paul Yiu vé dudng tron bang tiép

Cho AABC, cac dudng tron bang tiép trong cac goéc tiép xtc véi cdc canh nhu hinh vé. Cac dudong
thing M N, PQ, RS cit nhau doi mot tai A;, By, C;. Khi d6 AA,, BB, CC; dong quy tai truc tam H cla
tam giac ABC.

Ching minh:

Goi I 1a tam duong tron noi tiép tam giac ABC, D la tiép diém ctia (I) v6i BC. Ta sé chitng minh
AA; L BC.

Ta biét rang: CR = p,CD =p—cnén RD = c. Suyra RB= RD — BD = c— (p—b) = p—a. Hoan toan
tuong ty thi ND = buNC = p — a. Ta thay

RI? — RC? + AC* — AB*> + NB? - NI?

=(RI?-NI?)+b0¥ —*=(DR*—DN)+0? - = -0+ —-2=0

Tt d6 theo dinh 1i Carnot thi dudng thang di qua A vudéng géc v6i BC, dudng thang di qua A vudng géc
v6i C1 va dudng thang di qua N vuong goc véi BI dong quy.

Do d6 AA; vuong goc véi BC, hay AA; di qua H.

Hoan toan tuong tu, ta ¢c6 BB, CC) di qua H. Nhu vay ta ¢c6 dpem.

Ta c6 két qua sau: Cac dudng thing NP, RQ, M S cit nhau doi mot tai As, By, Cy. Khi d6 cac bo 3 diém
(A, Ay, Ay), (B, By, By), (C,Cy, Cy) thing hang va cic duong thing qua chiing dong quy.

Chiing minh:
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Goi H, K 1a giao diém ctia PQ vd MS v6i BC. Ap dung dinh I Menelaus cho AMBK véi cat tuyén

) B M HN K QM RB
Cy2RQ) va ABM N véi cat tuyén QC1H ta co: ¢ .Cl . =1; s .Q .R
OM C,N HB 'C,M OB RK

= 1. Nhan theo vé 2

CiM C;K RB HN

déng thic trén, suy ra . . . =1 (1). Ap dung dinh li Menelaus cho AABC véi cét tuyén
CiN CoM RK HB
MA KB H B PA

MSK va QPH ta co __g 1= —CQ::
MB KC SA HB QA PC

Mat khac, ta tinh dugce MA=BQ =p—c¢,SA=CP=p—1>
SC’ PA MA QB KB HC

= =
T SA PO MB QA KC B

RB CN
— KB(HC +CB) = HC(KB+ BC) = HC = BK = OB = OK, N = RK,% - g:K
(Wi NC = BR = +(p—a))
Thay vao (1), ta c6 Cs .Ol .C =1 = C,C,Cy thang hang. Hai bo 3 diem con lai ching minh

oM CiN CK
tuong tu.

1.62 Dinh ly Maxwell

Cho AABC va mot diém P, cac canh ciia AA'B'C’ song song véi cac dudsng thiang di qua mot dinh
AABC va diém P. Qua A’, B',C" ké cac duong thang song song véi cac canh ctia AABC. Khi d6 ta c6
cac duong thing nay dong quy tai mot diém P’

Ching minh:

Dé kiém tra dudc cac géc bang nhau nén ap dung dinh 1y Céva sin thuan va dao, ta c6 dpem. Truong hop
tuong tu ciing xay ra néu doi 'song song’ thanh 'vuong géc’.

1.63 Dinh ly Brahmagupta vé t& giac noi tiép c6 hai dudng chéo vuéng géc
Cho tit giac noi tiép ABC'D c6 AC vuong géc v6i BD tai S. Khi dé doan néi trung diém mot canh

v6i S sé vuong goc v6i canh déi dién.

Chiing minh:
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Ta chiing minh dai dién,chang han goi M la trung diém BC ta can chting minh M S vuéng goc véi AD.
That vay, MS c&t AD & H. Ta ¢6 BSC = 90°, M la trung diém BC nén MS = MC = tam gidgc SMC
cantai M.

= ASH = MSC = MCS = ACB = ADB. Tu day dé suy ra dpcm.

1.64 Dinh ly Schooten

Cho tam gidc déu ABC noi tiép (O). Khi d6 v6i moi diém S nim trén (O) thi mot trong 3 doan
SA,SB,SC c6 mot doan c6 do dai bang tong do dai hai doan con lai.
Ching minh:

Goi do dai canh tam gidgc déu la a. Khong gidm tinh téng quat, gid st S ndm trén cung nhé BC. Ap
dung dinh 1y Ptolemy, ta c6 BS.AC+CS.AB = AS.BC = a.BS+a.CS = a.AS = BS+CS = AS (dpcm)

1.65 Dinh ly Bottema

Cho 2 diém B, C c6 dinh, di¢em A di dong trong nita mit phang b BC. Vé phia ngoai tam gidc ABC,
ta dung hai hinh vuong ABDE, ACFG. Goi M la trung diem DF. Khi d6 tri diem M khong phu thudc
vao vi tri diém A va tam giac M BC vudng can tai M.

Ching minh:

TacéQ(O,g) :F—>Aan<B,g> A D. DodéF:Q<C,g) OQ(B,g> . F = D. Mt khac,
F phép quay goc m nén F' la phép déi xing tam c6 tam la trung diem DF. Goi Bz, C'y 1a 2 dudng thing
duge xac dinh béi (Cy,CB) = (BC, By) = % (mod =), D(A) 1a phép ddi xiing truc A thi ta c6

T

F=Q (C, g) 0 Q (B, 5) — (D(Cy) o D(CB)) o (D(BC) o D(Bx)) = D(Cy) o D(Bx) nén M 1a giao

diém ctia Bz va Cy hay M BC la tam gidc vuong can (dpcm)

1.66 BDinh ly Pompeiu

Cho tam gidac ABC déu, va mot diém D tréen mit phang tam giac. Khi d6 luon ton tai mot tam giac
(c6 thé suy bién) v6i do dai cic canh 1a DA, DB, DC.
Ching minh:
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Ap dung bat déng thitc Ptolemy, ta suy ra 3 BDT sau: DA+DB > DC, DB+DC > DA, DC+DA > DB.
Do d6 ton tai mot tam gidc véi do dai 3 canh 1a DA, DB, DC, ki hieu Ia T(DA, DB, DC). Néu mot (va chi
mot) trong 3 bat dang thiic trén trd thanh dang thitc thi tam giac T suy bién thanh mot doan thang. (dpem)

1.67 Dinh ly Zaslavsky

Cho tam gidc ABC va diém O. Tam giac A;B,C, la anh clia tam gidc ABC qua phép dbéi xing tam
O. Tt Ay, By, Cy ké cac duong thang song song véi nhau cit BC,CA, AB tai N, P, M. Khi d6 M, N, P
thing hang.
Ching minh:

Tt B ké dudng thang song song véi C1M cat AC,,CA,, A,C, tai H,K,P,. Vi BK,A,C; la 4nh cia
B, P, AC qua phép dbi xting tam O nén P, la dnh clia P qua phép d6i xing tam O, suy ra P,C; =
— — MB PA NC CiH PA A.C CiH PA CiP, PA
—P?,PlAlz—PA.Suyra ) . = it i S
MA PC NB CiA PC AK A1K PC AP, PC
M, N, P thang hang (dpcm)

= 1. Do do6

1.68 Dinh ly Archimedes

Cho dudng tron (O) va 2 diém A,B ¢6 dinh trén (O). M 1a trung diém cung AB cta (O), diém C
chuyén dong tity ¥ trén cung AB chita M. Tt M ké MD 1 AC. Ta c6 AD = BC + CD.
Ching minh:

Lay diém E déi xtng v6i B qua MC. MC cat BE tai H.

Ta c6 BOH = MAB = BCE = 2MAB = ACB + BCE = AMB + 2MAB = 180° = A, C, D, E thing
hang. C6 ME = MB = MA = AAME can tai M = D la trung diém AE = AD = DE = DC + CE =
DC + CB (dpcm)



44 MATHSCOPE.ORG

1.69 Dinh ly Urquhart

Cho 2 bo 3 diém thing ABB; va ACCy, D la giao diém BC va B,C;. Chitng minh ring AB + BD =
AC, +C.D < AB, + BiD = AC + CD.
Ching minh:

. s B C
Bo de: V6i moi AABC, tacoéa=p <1 — tan ) tan 5)

Chitng minh: Ap dung dinh 1§ sin, ta c6

A B C . B .
in — — — — sin — sin —
0 % _ P :>2: S 5 :C082C082 S 2s 5
sinA  sinA+sin B+ sinC A B C "p B C B C
2 cos 3 cos 3 cos 5 cos 3 cos — COS — COS —
= dpcm
Ap dung bd d8, ta c6
o o . . . CAD ; ADB
BAD ADB CAD CiDA an an
AB + BD = AC, + C1D & tan tan = tan tan — s /2\ = /2\
2 2 2 2 BAD ADC,
tan tan 5
. cap DB
BAD ADB CAD CDA an an
AB; + B1D = AC + CD < tan tan L — tan tan & /2\ = /2\
2 2 2 2 BAD ADC
tan tan
ADB ADB,
[ tan tan
Mt khéc, ADB + ADC = ADC, + ADB; = 180° = 14/2\ - A/% . Suy ra dpem.
DC D
tan 5 ! tan 5

1.70 Dinh 1y Poncelet vé ban kinh dudng tron néi tiép, bang tiép trong tam
giac vuong

Cho tam giac ABC' c6 r 1a ban kinh noi tiép; rq, 7, e 12 cdc ban kinh bang tiép. Tam giac ABC vuong
tal A khi va chi khi r, =7+ r, + r..
Chiing minh:
S S S S 1 1 1 1 a a
Ta:T+Tb+Tc<:> = — 4 —+ =4 - - = + = -
p—a p p=b p-—c p—a p p-b p—c plp—a) @E-bHE-c
&pp—a)=p-0)p—c) e a =0 +c (dpem)

1.71 Dinh ly Marion Walter

Cho tam giac ABC va D, E. F,G, H, I 1a cac diém chia 3 cac canh, cac giao diém dugc xac dinh nhu

hinh vé. Ta c6 SPQRSTU = TOSABC'

Ching minh:



1 MOT SO DINH NGHIA, DINH LY, DIEM VA DUONG DAC BIET KHONG DUY NHAT 45

2 N 2 2 — —
Bo de: Cho AABC, céc diem N, M trén duong thang AB, AC sao cho M A = mm, NA = nm Goi P

. PN
la giao diem BM va CN, ta c6 — = m
PC

1—n
Chiing minh:

Goi Q 1a giao diém ctia AP va BC, ap dung dinh 1y Céva, ta c6

. cp CM C -1
Ap dung dinh 1y Van Aubel, ta c6: = < = — + — = dpcm
PN MA @B m m

Ap dung b6 dé nhiéu lan, ta tinh duge

2 5 1

1
S =S S =-S5 S =—5 S =5 S, =5
BIPFC = 7ERABC, DAQF = GRABC, DAHR = JpRABC, PHIOS = 750 ABC: DOUT = 250 ABC

= SpQrsTU = TOSABC (dpcm)

Cuing véi gia thiét trén, ta c6 két qua sau: Cac bo 3 diem (A, S, P), (B,U, R), (C,Q,T) thang hang va cac

dudng thing di qua ching dong quy tai trong tam tam giac ABC.

Chiing minh: o o
AG 1 PF 2 8B

Ta tinh dugec =—=—= = =, — = —=, — = -3 = —.—.— = 1 = A, P, S thang hang. Goi X la trung
AF 2 PB 3 SG F PB SG
. X B A 1 X B A )
diem BC, ta co :O = —1,S: = —3,:G = - = :CS::G =1= A, S,X théng héng = du’fmg
XB SG AC 3 XB SG AC

thang ASP la trung tuyén cia AABC. Tuong tu, ta suy ra dpem.

1.72 BDinh ly Hansen

Cho tam giac ABC c6 r 1a ban kinh noi tiép; 74,7, 7. 18 céac ban kinh bang tiép. Khi d6 cac khang
dinh sau la tuwong duong:
1. AABC vuong.
2. r+r,+ry+re.=a+b+c
3ori+ritri+ri=a>4+0" 4
Ching minh:
Ta c6 cac bo dé sau:

A B . C A
a.r:4RsinasinEsin5 d.ZSiIlA:4HCOS§
B C A
b. 7, :4RSin§COSECOS§ e. Ztangtang =1

c. Yosin?A=2+2]]cos A

Céc bo dé tréen tuong ddi don gidn nén khong néu ra chitng minh & day.

Ta co: A p 5 c
r+ro+rytre=a+b+c<s 4R (Hsina +Zsin—cos—cos—> =2R> sinA

2 2 2
A . A B (C A
<:>H81n5+2s1n§cos§cos§ —21_[0055
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) A B
Chia cé 2 vé cho [] cos 2 dit x = tan E,y = tan 5,2 = tan —, ta co
2)eryz+ar+y+z=2=14zy+yz+ze(1—-2)1—-y)(1—2) =0«<(1)
2,2 22 2 2 32 2 2 9 A oA ,B L, C 2 .2
P 4ri+ri+ri=a’+b0+c < (4R)° | [[sin 54—2811& 5 cos” 5 cos” o = (2R)? (D_sin® A)
B

A A
&4 (HsinQE —i—ZSinQECOSQECOSQ %) =2(1+][cosA)

&4 (1‘[cos2 é) (Htan2§+2tan2 é) =2(1+]]cosA)

. A
Cha ¥ rang cos — =

5 m,COSATerQ, ta co
(3) o “ﬁ&j% D I e (e + e =TT 409 +T10 - )

S (zy2)? + > 22 =14+ (2y)* & (1 —23)(1 —y*)(1 = 2?) =0. Viz,y,z > 0 nén (3) & (1) (dpem)

1.73 Dinh ly Steinbart suy rong

Cho tam giac ABC noi tiép (O). Cac tiép tuyén clia duong tron tai A, B, C' giao nhau tai Ay, By, C.
Tren (O) lay cac diém Ay, By, Cy. Chiing minh rang A; Ay, By By, C,C, dong quy khi va chi khi AAy, BBy, CC,
dong quy hodc céc giao diém ctia AAy, BBy, CCy v6i 3 canh tam giac thang hang.

Ching minh:

S|
Ta c6 AaBAzl _

5[A10A21 CA2 CA,y.sin (CAy; CA)

B AlC.AlAQ. sin

BA,;.BA;.sin (B—A;, B—fli) B A1 B.A; A5 sin <zﬁ7m>
(e o) (3. 2.5)

= =

) ' o . BA sin (A—A;, ﬁ) sin (B—A;, B—Al>>
Ap dung dinh 1y sin, ta c6 _CAz = . (ZZQ,@) = o (C’_A;,ﬁ))
2

Do do

sin <m, 1@) sin ( > < CA
sin (A—A;, 1@) sin (B—B;, B—1>4> sin <C'—C2> C@

. Ta xay dung ducc 2 ding thic tuong tu, suy ra

i sin (/ﬁ M) sin (m @) sin (B?”; ITB;>
) _sin (R;M) ‘sin (C@, (TC;) ‘sin (ﬂ? I?B;) '
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Dat biéu thitc trong ngodic & vé trai 1a E, biéu thitc & vé phai (khong tinh dau - 1a F). Khi AAy, BBy, CC,
dong quy hodc cac giao diém ctia AAy, BBy, CCy véi 3 canh tam gidc thang hang thi ta c6 £ = +1 &
F=—-1% A Ay, BiBy, C,Cy dong quy (dpem)

1.74 Dinh ly Monge & d’Alembert 1

Cho 3 duong tron (A, Ry), (B, Ry), (C, R3) ¢6 ban kinh khac nhau va ngoai nhau. Tiép tuyén chung
ngoai clia mdi dudng tron giao nhau lan lugt tai M, N, P. Chting minh ring M, N, P thang hang.
Ching minh:

W

Vi M, N, P la tam vi tu ngoai clia cac cap duong tron (B) va (C), (C) va (A), (A) va (B) nén ta ¢
PA Ry MB R, NC R Lo g
(];_B = El, ke E? A= fi Nhan theo ve 3 dang thic trén va ap dung dinh 1y Menelaus, ta co
pem.

1.75 Dinh ly Monge & d’Alembert 2

Cho 3 duong tron (A, Ry), (B, Ry), (C, R3) c6 ban kinh khac nhau va ngoai nhau. Tiép tuyén chung
trong ctia (A) va (C), (B) va (C) giao nhau lan lugt tai N, M; tiép tuyén chung ngoai ctia (A) va (B) giao
nhau tai (P).Chiing minh rang M, N, P thang hang.

Ching minh:

Cach chiing minh hoan toan tuong ty véi cach chiing minh dinh 1y 1. Ngoai ra, ta con suy ra rang néu ca
3 cap la tiép tuyén chung trong hoic 1 cip tiép tuyén chung trong va 2 cip tiép tuyén chung ngoai thi
AM, BN, CP dong quy.
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1.76 Dinh ly Steiner vé ban kinh cac dudng tron

Trong tam giac bat ki ta c6 heé thic sau r, + 1, + 1. = 4R + 1.
Ching minh:
S S S be S 1 1 1 1
Te+1y+7.=4R+1r & + + =2+—<:>SQ< + + ——):abc
p-—a p=b p-c S p  \p-—a p=b p-c p
SpO_(p—a)(p—>)) —(p—a)(p—0b)(p — ¢) = abc Khai trién vé trai va rat gon ta cé dpcm.

1.77 Dinh ly Steiner-Lehmus

Mot tam giac c6 2 duong phan giac trong bang nhau 1a tam giac can.
Chiing minh: (R.W.Hogg-1982)

Giad st AABC ¢6 2 duong phan giac trong BN, CM bang nhau. Dyng hinh binh hanh BM DN va ki hiéu
cac goc «, 3,7, nhu hinh vé. ACMD can tai M nén a+v =0 (1)

Néu a > f, ta x6t hai tam gidge BCN va CBM c¢6 BC chung, BN = CM,CBN > BCM = CN >
BM = ND = v > = a+~ >0, mau thuan véi (1).

Tuong tu, truong hop o < 3 ciing khong thé xay ra. Do d6 o = 3, suy ra dpcm.

1.78 BA4t ding thiic Erdos — Mordell

Cho tam gidac ABC va diém M nam trong tam giac (M khong nam trén bién ctia tam giac). Goi
dg, dy, d, 13 khodng cach tit M dén cic canh tam gidc; R,, Ry, R, 1& khodng cach tit M dén cic dinh tam
giac. Khi do ta cé bat dang thiic sau R, + Ry, + R, > 2 (d, + dy + d.)

Ching minh:

Goi Ay, By, C; theo thit tu la hinh chiéu ctia M trén cic canh BC,CA, AB. Lay M’ déi xting v6i M qua
phan gidc trong clia goc A, goi B}, C} 1a hinh chiéu ctia M’ trén AC, AB. Goi D la giao diém AM’ va BC;
H, K 1a hinh chiéu cta B, C trén AM'.

Tacéa=BD+DC >BH+CK = aMA>BHMA+CKMA =2Syag+2Swca = C.M’Ci +
b.M'B}. Vi M' va M d6i xitng véi nhau qua phan giac trong goc A nén R, = M'A,M'C| = MB; =
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b z A
dy, M'B} = MCy = d.. Do d6 a.R, > c.dy + bd. = R, > Edb + —d.. Tuong ty, ta c6 2 bat dang thiic
a a
b z z ? Z 2
tuong tu: Ry > %dc + gda, R. > -d, + gdb. Cong theo ve cac bat dang thiic trén va ap dung bat dang
c c

b b
thite Cauchy, ta c6 Ry + Ry + Re> (242 )V dot (2 + ) dy+ <f+9) dy > 2(dy + dy + d) (dpem)
b a c b a c
Diang thitc xdy ra <& AABC déu va M la tam ctia tam giac.

1.79 Dinh ly Bellavitis

Cho ABCD 1a mot "balanced quadrilateral" (tit gidc 6 tich céc cip canh d6i bang nhau); ki higu céc
gboc nhu hinh vé, khi do6 ta c6 ag + 8¢ +vp + 04 = ap + B4+ v + 0c = 180°
Ching minh:

Goi cac goc clia tit gide 1a a, 8,7, 6, goc giita hai dudng chéo 1a e. Ap dung dinh 1¢ sin vd dinh nghia
"balanced quadrilateral", ta co:

sin yp.sinap = sinag. sinyp

= cos (g + ap) — cos (yg — ap) = cos (ap + vp) — cos (g — Vp)

= cos (g + ap) —cos (yp — a+ ap) = cos (ap + vp) — cos (ap — 7 + VB)

= cos (yg + ap) + cos (a+ ) = cos (ap + vp) + cos (v + )

Hoan vi déng thic trén, ta cé

cos (0 + fa) + cos (a + ) = cos (Be + d4) + cos (o + 0)

Cong cac dang thic trén, chi ¥ ring cos (o + ) = cos (7 + 4), ta ¢

cos (yg + ap) + cos (6¢c + Ba) = cos (ag + vp) + cos (Bc + 64)

1 1
:>COS§(aD+ﬁA+’VB+5C).COS§(aD—5A+’yB—(5C)

1 1
:cos§(a3+5c+’yp+5A).cos§(aB—ﬁc—l—”yD—6A)

< 1
Chu y rang ap—fBa+vp—0c = 360°—2e—3—0d,ap—fc+vp—04 = 2e—3—0 va 5 (ap+ Ba+ v +dc)+
1

3 (ap + Be 4+ vp + d4) = 180°. Ta suy ra

cos%(aD+BA+’yB+5c).cos (6—{—%(5—{—5)) :—Cos%(aD+BA+’yB+5C).COS (e—%(ﬂ%—&))

= cos%(ozp + Ba + B+ dc) .cose.cos%(ﬁ—i—@ =0

1. Nhan tit dau tien bang 0, ta c6 ngay dpem.

2. Nhan ti thtt 2 bang 0, ta suy ra ABCD la tit giac c6 hai duong chéo vuong goc, suy ra AB? + CD? =
AD? + BC?. Két hgp véi AB.CD = AD.BC (dinh nghia), suy ra mdi canh ti giac bang v6i mot trong 2
canh ké vd6i n6. Dé thay dinh 1y Bellavitis ding trong truong hop nay.

3. Nhan tit thtt 3 bang 0, khi d6 ABCD 1a ti gidc noi tiép, theo tinh chat goc nai tiép, ta c6 dpem.
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1.80 Dinh ly Gossard

Cho tam gidac ABC, duong thang Euler [ ctia tam gidc cit cac canh tai A, B', C". Goi l,, Iy, l. 13 dudng
thing Euler ctia cac tam giac AB'C’, BC'A’, C A'B’. Khi dé tam giac dugc tao béi cac duong thang l,, I, I,
14 dnh ctia tam giac ABC qua mot phép doi xiing tam c6 tam déi xitng nam trén duong thang Euler ciia
tam gidc ABC.

Ching minh:
Ta c6 2 bo dé sau:
1. buong théing Euler ctia tam gidc AB'C’ song song v6i BC.

Rapcry

bat (BC,0OH) =« (mod 7),k = = QaoVi, h* = QaoV1, M la giao diém khéc A ctia (ABC)

Rapey
va (AB'C"). Tac6 [ : (MBC) — (MB'C') = (MO, MO’) = a (mod 7). Do A déi xing véi M qua OO’
nén (A0, AO") = a (mod 7). Suy ra f,: 0 — O (1)
Goi ¢ 1a phan giac trong cua B/fﬁ?, ta co DsoVacosa : H— O, H — O'. Suy ra AAOQO’ dong dang ngudc
huéng v6i AAHH'.
Goi H, la diém déi xing v6i H' qua AH, ta c6 AAOO' dong dang cing huéng véi AAHH,. Do d6
f;a :H — Hy (2)
Tu (1) va (2), tac6 f,*: OH - O'Hy = (OH,0'H;) = —a (mod 7). Ma (BC,0H) = o (mod 7) nén
ta c6 (O'Hy, BC) =0 (mod 7) = O'Hy//BC = O'Hy L AH = O', H', H, thang hang = O'H'//BC
2. Cho tam giac ABC noi tiép (O), dudng thang d bat ki qua O cit BC,CA, AB tai A', B, C". Goi
Ay, By, Cy 1a cac diém déi xing v6i A, B',C" qua O, khi d6 AA,, BB,,CC, dong quy tai mot diém trén
(0).
Chitng minh don gidn bang cach sit dung géc dinh huéng.
Trd lai bai toan:

Goi Ay, By, C, 1a giao diém ctia l,, Iy, [, v6i [. Ta sé ching minh AA;, BB;, CC; doi mot song song.

Goi By, Cy 1a giao diem ctia M B, MC v6i (AB'C"). Dat J = ByCy N .

Ta ching minh duge f,“ : B — B,,C — C;, = f,*: BC — ByC;. Mt khac f,* : |l — [; A =
INBC;J=1,NByCy = f*: A — J. Ta ching minh dugc B'C5C" By 1a hinh thang can va O4 la trung
diém A;J. Goi A3 = h%(A)) = Az €1l. Taco hg : Ay — A3, J — A',04 — O, suy ra O trung diem A’As;.
Tuong t ta xac dinh cac diém Bs, Cs. Theo bd dé 2, ta c6 AAs, BBs, CC3 dong quy tai P nam trén (O).
Tu d6 suy ra (A1A, AB) = (B1B,BA) = (CCy, AB) (mod 7). Suy ra AA;, BBy, CC, doi mot song song
v6i nhau.

Do AA,//BBj nén (AAy,l) = (BBy,l) (mod 7) = tam giac A’B; B dong dang ciing huéng véi tam giac
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A'B R AC R BC R BC .
AA;Az. Suy ra 1B, = tuong tu, ta co C, == = B.C, =% = G = B'C' = B,(4. Chiing

minh tuong tu, ta ¢c6 A’B’ = A1By,B'C' = B;C,C'A" = C1A; = cac doan A’A{, B'B;,C'C; ¢6 cung
trung diém X. Suy ra 2 tam gidac ABC va tam giac A(l,, ly, ) d6i xiing véi nhau qua X (dpcm)

1.81 Dinh ly Mébius

Cho ngt giac ABCDE c¢6 dién tich S. Dat Sapc = a,Spep = b, Scpe = ¢, Spea = d, Sgag = e. Ta
¢ dang thitc: S2 — S(a+b+c+d+e)+ (ab+ be + cd + de + ea) = 0
Ching minh:

C D
B6 dé: Véi 4 vector bat ki 7,4, 2,¢, ta c6 (ZAY) (ZAE) +(@FAZ) (EAG) + (TAE) (FAZ) =0

Chtng minh:
Trudce hét, véi 3 vector bat ki, ta c6 Z.(JAZ)+7.(ZAZ)+Z.(ZAF) = 0. Mt khéac (ZA7)( z/\f)—a:/\( (ZA1)).
Suy ra:
ZADENE) + (FADENG) +
TA(G(ZAD) + ZENG) + (T A
Tro lai bai toan, dat:v—@gj ?,Z:A ,f:ﬁ. Khi d6

—GANZ+d=GANZ=2(S—a—d). Do d6 (ZAL)(JAZ) = 4(S —a— d)e. Tuong
tu: (7 A Y)( zAf):4ad,(x/\z)(FAg’):—4(S—b—d)(S—a—C).
Ap dung b6 ¢, tasuy ra (S —a—d)e — (S —a—¢)(S—d—b)+ad=0=S?—S(a+b+c+d+e)+
(ab+ bc+ cd + de + ea) = 0 (dpcm)

l\D

1.82 Duong tron Hagge

Cho tam giac ABC noi tiép (O), P la mot diém bat ki trong tam gidc. Cac tia AP, BP,CP cit (O)
tai Al, Bl, Cl. GOl AQ, BQ, CQ lan luct 1a diem déi Xfl’Ilg vOi Al, B17 Cl qua BC, CA, AB. Khi do truc tam
H ctia AABC nam trén dudng tron ngoai tiép AAyByCh
Ching minh:

Ta c6 3 bd dé sau:
1. Cho AABC nai tiép (O), D 1a mot diém trén (O). Duong thing qua D vudng goc véi BC cat (O) tai
(. Khi d6 AG song song vé6i duong thang Simson ctia D.

G
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Goi E, F la chan cac duong vuong goc ké tit D len BC, AC, ta c6 EF la duong thang Simson ctia D.

Ta ¢6 (AG, AC) = (DG, DC) = (FE,FA) (mod 7) = AG//EF (dpcm)

2.Cho AABC nai tiép (O), E, F 1a hai diém tren(O). Khi d6 géc giita hai dudng thang Simson ctia E va
F bang mot nita s6 do cung EF.

Goi I, J 1a hinh chiéu vuong goc ctia E trén AB, BC, G, H 1a hinh chiéu vuong géc ctia F trén BC, AC,
K =1JNGH, L 1a hinh chiéu vuong goc ctia L trén BC.

Ta c6 (KJ,KL)=(JE,JI) = (BE,BA) (mod 7);(KL,KG) = (GK,GF) = (CA,CF) (mod )

= dpcm.

3. Cho AABC nai tiép (0), J 1a mot diém bat ki trong tam gidc. AJ, BJ,CJ cat (O) tai D, E, F. Goi
D', E', F' la diém d6i xting v6i D, E, F qua BC,CA, AB. Khi d6 AD'E'F' ~ ADEF.

Goi M, N la diém déi xtng véi F', D' qua AC; R = D'NNAC,Q = D'DNBC,S =BCNED,L =

BENAC, P = FF’OAB T= MF’HAC’

Ta c6 RQ//ND:>NDE RUE QDS D'QR = 90°~BSD—D'CR = 90°~ BSD—(ACB—BCD) =
— ACB — EDC = 90° — ACB — ECB = 90° — (AC, BE) ((AC, BE) la ki hiéu goc gitta hai duong

thang AC va BE).

Tuong tu, ta co MFE = 90° — (AC,BE) = NDE = MFE (1)

Mt Khic ND _ 2RQ) _ D'C.sinC _ DC.sinC _ JC.sinC @)

' "MF 2TP  F'AsinA  FAsinA JAsin A DE DR

Goi D"E"F" 1a tam giac hinh chiéu ctia J trong AABC, khi d6 ADEF ~ AD"E"F" = TE- pp
JC.sinC

— (3

Tasind DE FE DE FE

Tu (1), (2) va (3), ta suy ra ADNE ~ AFME = NE — ME = DE - PR Tuong tu, suy ra
DFE EF FD

D'E  EF  FD
Trd lal v6i bal toén:

= dpcm.
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GOI Ag, 03 1a dlém dél Xl/ng voi H qua BC, AB, khi do Ag, Cg € (O),A4 = AlAgﬂ(O), C4 = Cngﬁ(O)
Ta c6 AAs/ /A1 Ay va A, Ay, Az, Ay dong vien = AA4A; Az la hinh thang can. Mat khac, H A, A; A3 1a hinh
thang can = H Ay = AA4. Tuong tu, ta c6 HCy//CCy.
= @2 = (AA4, CCY). Ap dung bo dé 1, ta c6 (AAy, CCy) = (dg,d.), trong d6 dg,d. 1a dudng thing
Simson cua Aq, Cy.
Ap dung b6 dé 2, (d,,d.) = C1B1 Ay = CoHA, = C1 B A;.
Ap dung bo dé 3, AA131C'1 ~ AAQBQCQ = ClBlAl = C2B2A2 = CQHAQ = CQBQAQ = H, AQ,BQ,CQ
dong vien (dpcm)
Mot s6 tinh chét ctia duong tron Hagge: http://nguyenvanlinh.wordpress.com/2009/10/10/hagge-circle/


http://nguyenvanlinh.wordpress.com/2009/10/10/hagge-circle/
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2 Mot sb diém va dudng dac biét dude xac dinh duy nhéit véi
tam giac va tw giac
2.1 DPudng thang Euler ciia tam giac

_ Cho tam giac ABC, tam ngoai tiép O, trong tam G, truc tam H. Khi d6 O,G, H thing hang va
OH = 30G.
Ching minh:

Goi D, E, F la trung diém céc canh ciia tam giac ABC, dé thay O la tryc tam tam gidc DEF. Ta c6 phé
vi tu tam G, ti s6 —2 bién tam gidc DEF thanh tam giac ABC. Do d6 bién O thanh H = GH — —2GO.
T doé suy ra dpcem.

2.2 Duong tron va tam Euler

VAABC, 3 trung diém cac canh, 3 chan duong cao, 3 trung diém ctia 3 doan thang néi 3 dinh tam
gidc véi tric tam cling nam trén duong tron Euler cia AABC. Duong tron Euler cia AABC ¢6 ban kinh

. R ) .
bang 3 (R la ban kinh ngoai tiép cia AABC') va tam E cta né la trung diem OH.
Ching minh:

cC

Dit tén cac diém nhu hinh vé. D& thay O va H la 2 diém dang giac trong AABC, suy ra cac diém
Mg, My, M., H,, Hy,, H, cing ndm trén mot dudng tron tam la trung diém E ctia OH. Mit khéc, ta ching
minh duge AH = 20M,, suy ra A’HM,O la hinh binh hanh = M, déi xing véi A’ qua E, do d6
My, My, M., H,, Hy, H., A’, B',C" cing nam trén (FE).

1 1
Ta c6 EA" la duong trung binh ciia AAOH = Ry = FA' = §OA = éR (dpcm)

2.3 Duong dbi trung, diém Lemoine

Trong tam giac, duong thang déi xing véi trung tuyén qua phan giac tai cing mot dinh duge goi 1a
dudng déi trung clia tam gidc. 3 duong doéi trung clia tam giac dong quy tai diém Lemoine ciia tam giac.
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Diém Lemoine con duge goi 1a diém symmedian (symmedian point) hodc diém Grebe.
Ching minh:

Day la mot trudng hop riéng clia hai diém lien hgp déng gidc va diém Lemoine 1 diém lien hop dang giac
clia trong tam gidc. Ta c6 mot s6 két qua sau lien quan dén dudng dbi trung va diém Lemoine (Goi trung
diém cac canh tam giac 1a D, E, F; chan cic dudng ddi trung 1a XY, Z; diém Lemoine 1a L)
1. Duong dbéi trung xuat phat tit mot dinh 1a quy tich cac diém co ti s6 khoang cach dén hai canh ké ctia
tam giac ti 1¢ thuan véi do dai hai canh. Quy tich nay con mot duong thing nita 1a tiép tuyén ciia dudng
tron ngoai tiép tai dinh xuat phét ciia dusng doi trung.
2. budng déi trung xuat phat tit mot dinh tam gidc di qua giao diém ciia 2 tiép tuyén véi duong tron
ngoai tiép tai 2 dinh con lai.
3. Duong doi trung chia canh tam gidc thanh 2 doan ti 1& v6i binh phuong 2 canh keé.

AX 2bc

DEia o |

5. Tong binh phuong cac khoang cach tit mot diem bat ki nam trén mot canh ctia tam giac dén 2 canh
kia nhé nhat khi diém d6 tring véi chan dudng déi trung tng véi canh dé.
6. Tong binh phuong cac khoang cach tit mot diém bat ki trong tam giac dén 3 canh ctia n6 nhé nhét khi
diém dé trung vé6i diem Lemoine.
7. Diém Lemoine la trong tam ciia tam giac hinh chiéu tng véi né trong tam giac ABC.

125?1 BC
@+ 02+ c2)2
9/.Trong tat ca cac tam gidc noi tiép trong mot tam gidc thi tam gidc hinh chiéu ing v6i diém Lemoine
c6 tong binh phuong cac canh nhé nhat.
10. azm + bQﬁ + czﬁ = ﬁ

8. Dién tich tam giac hinh chiéu ctia diém Lemoine bing

2.4 Diém Gergonne, diem Nobb, dudng thang Gergonne

Tam gidc ABC v6i dudng tron noi tiép (I). Tiép diém ctia (I) trén BC,CA, AB lan lugt 1a D, E, F.
Khi d6 AD, BE,CF ddng quy tai diém Gergonne ctia tam giac ABC.
Két qua vé diém Nobb va duong thang Gergonne (van v6i cic ki hiéu trén): Mot tam giac khong can c6
3 diém Nobb tuong ting 1a giao diém ctlia cac cap duong thang EF va BC, DE va AB, DF va AC. Va 3
diém Nobb ciing ndm trén mot duong thang goi la dudng thing Gergonne ctia tam gidac ABC.
Chiing minh:

1. Ap dung dinh 1y Céva va cac két qua don gidn: DB = DC, EA = EC, FA = FB ta c¢6 ngay dpcm.
2. Xét cye va doi cye doi véi (1): duong doi cuc cia A 1a EF di qua G, nén duong ddi cyc cia G di qua
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A. Mat khac dé thay duong ddi cyc ciia G di qua D nén suy ra duong doéi cic cia G 1a AD. Hoan toan
tuong ti ta c6 duong ddi cuc ctia H 13 BE va duong doéi cic cia K 1a CF. Ma AD, BE, CF dong quy
nén ta c6 diéu phai chiing minh. Ngoai ra ta c6 két qua sau: (BCDG) = (CAEH) = (BAFK) = —1; goi
M, N, P la trung diém ctia cac doan GD, HE, KF thi M, N, P thiang hang va dudng thang di qua ching
la truc dang phuong ciia 2 dudng tron noi tiép va ngoai tiép tam giac.

Két qua trén c6 thé mé rong nhu sau:

Cho tam giac ABC va 3 diém D, E, F theo thi tu thuoc BC,CA, AB sao cho AD, BE,C'F dong quy
va D, E, F khac trung diém doan thing. Goi M, N, P lan lugt la giao diém ciia cac cip dudng thing
(EF,BC),(DF,CA),(DE,AB). Khi d6 M, N, P thang hang. Ké qua nay chinh 14 hé qua ctia dinh ly
Desargues.

2.5 Diém Nagel

Cho tam gidc ABC, cac duong tron bang tiép tiép xtc véi cic canh tuong tng tai D, E, F. Ta c6 3
dudng thing AD, BE, CF dong quy tai diém Nagel ciia tam giac.
Chiing minh:

Ap dung dinh 1y Céva, cht ¥ réing FA=CD =p—b,AE = BD =p—¢,CE = BF = p— q, ta ¢6 dpcm.

2.6 Diém Brocard

Trong tam giac ABC, ton tai 2 diem M va N théa méan MAB = MBC = MCA = a va NAC =
NCB = NBA = o. Méi diém nay duge goi la diém Brocard ctia AABC. Trong mot tam giac thi 2 diém
Brocard lien hop ding giac v6i nhau. Ta c6 hé thic cot a = cot A + cot B + cot C.

Ching minh:

2 2 _ .2 2 2 .2 B2 2 .2
bat MA = 2, MB = y,MC = z, ta c6 cota = cryoy _ ary e t2F o
4SMAB 4SMBC’ 4SMCA
a’ + b+
4SABC’ b2 2 2 2 2 b2 2 b2 2 2 b2 2
T~ ta — +0° - +0° +
Mit khéc, cot A+ cot B+cot C' = c—d —l—c a —i—a c_4¢ ¢ , suy ra dpcm.

) ) . 4SaBc 4SaBc 4SaBc 4SaBc
Mot so tinh chat ctia hai diéem Brocard:
1. Dudng thang OL (O la tam ngoai tiép, L 1a diém Lemoine) 13 trung tric cia M N va 4 diém O, L, M, N

ciing nam trén duong tron Brocard.

S S S

"sin2a sin?A  sin?B 0 sin?C
3. sin® a = sin(A — ) sin(B — a) sin(C — «)
4. MAMB.MC = 8R3sin® a

5. Tam giac hinh chiéu cia 2 diém Brocard dong dang véi tam gidc ABC va dién tich cia chiing bing nhau.

2.7 Diém Schiffler

Cho tam giac ABC c6 I 14 tam noi tiép. Khi d6 4 dudng thiang Euler ctia 4 tam giac IAB, IBC, IC A, ABC
dong quy tai diém Schiffler cia tam gidc.
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Ching minh:

—
()

Goi O la tam ngoai tiép tam giadc, G 1a trong tam tam giac ABC, M la trung diém BC, G la trong tam
tam giac IBC, AI cat BC tai D, cat (O) tai J, (I) tiép xtc v6i BC tai K, JG; cat AM tai E, OG tai S.

D& thay .J 1a tam ngoai tiép tam gidc IBC. Do d6 JG; 1a dudng thing Euler ctia tam giac IBC. Ap dung
SG JO EM 1 SG JM EG

dinh 1y Menel ho t M tt EJ, t — = — = — .
inh 1y Menelaus cho tam gidc GOM véi cat tuyén SEJ, ta co SO T f]?[G :>SO RE%M

EFA Gi\M
Apjung dinh 1y Menelaus cho tam gidc TAM véi cat tuyén JGE, ta c6 JAEM Gl =1= BV
JA _JI > 1p2
Do dé EG’_GM 1 AM B EA+1 1_2 JI ) 21D 2IK 2r N
CCEM T EM " 3EM  3\EM ~3\UD “3JD  3JM  3JM

SG JM EG 2
SO- R BEM - é Tuong ti ta thay cac dudng thing Euler ctia cac tam giac TAC, IAB ciing di qua,

diém S dugc xac dinh nhu trén, suy ra dpcm.

2.8 Diém Feuerbach

Trong mot tam giac, duong tron Euler tiép xtc trong véi duong tron noi tiép ctia né, va tiép diem dé
duge goi la diém Feuerbach ctia tam gidc trén, ngoai ra dudng tron Euler con tiép xic ngoai véi 3 duong
tron bang tiép ciia tam giac.

Ching minh:

Ta ¢6 nhan xét sau: ,

<mm + nO? + pO?) = R?>(m*+n®+p?) + mnﬁ@ + npO?O? +pm.0?.0_1>4
= R*(m* +n®+p?) + mn (2R* — ¢*) + np (2R? — a*) + pm (2R* — b?)

= R2(m+n+p)’ — (mn.c +np.a® + pm.b?)

T cac hé thic vector quen thude: O?) - (74 + O? u O?; , ta co 2])07 N aOA * bO@ u CO?
. ' a]A—i—b]vg—l—c]vg:O Qp@ pOA-I—pO?—f—pO‘a

Dod()O?—Oﬁ}:ﬁ: _aO—zZH— Q_I?b@%—pz;cO?,épdungnhanxét,tac():

R (p-b)p- C)ap+ (p—c)p = a)b* + (p — a)(p — b)?
4 4p?

EI? =
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Mat khéac, ta co
4((p=b)(p—c)a® + (p—c)(p — a)b* + (p — a)(p — b)c?)
=a* + b+ ¢t — 2 (a®b? + b2 + 2a?) + 4pabe
= 4pabc — 16S5% = 16pSR — 16p*r? = 16p*r(R — 1)
(khai trién cong thitc Hérone S = /p(p — a)(p — b)(p — ¢))
., R , (R ? R
Vay E1 :I—Rrjtr =57 :>E[:§—T, suy ra dpcm.

Dé c_h)ﬁ’ng minh duong trgn Euler tiép xiic ngoai v6i dudng tron bang tiép, ta st dung hé thic vector
—al, A+ bﬁ + cm = 0, (I4,rs) 1a dudng tron bang tiép trong goc A clia tam giac.

—a—b -
Tu’dngtu’nhu’trén,tacé[ﬁ:@—O—)Ia:L(TZH—ZLO?—FM@
, 2(p - a) 2(p —a) 2(p—a)
R 1
Suyra [LE? = — - ———— (plp—a—b).c>+plp—a—c).b* + (p—a—>b)(p—a—c).d®
1 4(p—a)
R? 1 R? 1
- = (48 +abc(a—p) = — — ——— (-4(p—a)’ 2= R(p—a)’.r,
2 2
—Rz—l—rg—i-Rra—(g—i—ra) :>IaE—§+ra:>dpcm.

Goi M, N, P 1a trung diém cac canh tam giac ABC thi trong s6 3 doan théng FM, FN, FP c¢6 mot doan
do dai bang tong do dai hai doan con lai (F 1 diém Feuerbach ctia tam giac)

2.9 Diém Kosnita

Cho tam giac ABC, tam ngoai tiép O. X, Y, Z theo thit ty 12 tam ngoai tiép cac tam giac BOC, COA, AOB.
Khi d6 cac duong thang AX, BY,CZ dong quy tai diém Kosnita ctia tam giac ABC.
Ching minh:
Ta xét bai toan tong quat sau: Cho tam giac ABC, tam ngoai tiép O. Cac tiép tuyén tai A, B, C ctia (O)
cit nhau tao thanh céc giao diém A’, B’,C". Goi X,Y, Z lan luot 1a cac diém chia doan OA’,OB’,OC'
0OX 0Y 07

theo ti s6 . : . Khi dé cac duong thing AX, BY, CZ dong quy.
OA" OB O’

Goi H la tryc tam tam giac ABC, M la trung diém BC'. Gia sit duong dang gidc clia AX trong goc BAC
cat OA’ tai X’ va L 1a giao diém ctia AX’ va OH. Do O va H 1a 2 diém lien hop dang giac trong tam giac
ABC nén OAX' = HAX = AXO,0X'A = HAX' = XAO = AAOX' ~ AXOA = OM.OA’ = OA% =
S oX’ OA 1 OL OX 0X 1 ) .

OXO0OX' Suyra =—===—=-=> =— = —— = —— = — = L ¢0 dinh = AH di qua diém lién

, oM OX t LH AH 20M 2t ,
hgp diang giac L' cia L trong tam gidc ABC ¢6 dinh. Tuong tu cdc duong thing BY, CZ di qua L'. Khi
1 . R .

t = 3 thi XY, Z la tam ngoai tiep cac tam giac BOC,COA, AOB thi AX, BY,CZ dong quy tai diem

Kosnita la diém lien hgp déng gidc clia tam Euler trong tam giac ABC.
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2.10 Diém Musselman, dinh 1y Paul Yiu vé diém Musselman

Cho tam giac ABC noi tiép (O), cac diem A’, B',C’ lan lugt doi xiing véi A, B, C' qua cac canh doi
dien. Khi d6 cac duong tron (AOA), (BOB'),(COC") c¢6 mot giao diem chung (khac O) la dnh ctia diém
Kosnita qua phép nghich ddo duong tron ngoai tiép tam gidac ABC (ttic la O_I)( 0—1\4> = R?, K la diém
Kosnita, M 1a diém Musselman)

Ching minh:

Goi M va E lan lugt 13 anh ctia diém Kosnita K va A’ qua phép nghich dao dusng tron (ABC). Khi dé ta c6
OK.OM = OA? = OE.OA' = AOAK ~ AOMA, AOAE ~ AOA' = OMA = OAK,OA'A = OAE. Ta
c6 diém Kosnita K va tam Euler N, O va truc tam H 1 2 cap diém lien hop dang giac = OAK = NAH.
Mat khac néu g01 O la dlem doi Xu’ng v6i O ) qua BC thi AH O’ O 1a hinh binh hanh = A, N, O’ thang
hang = N NAH = O'AH = OA’A = OAK = OA'A = OMA = OAA = O, A, A', M dong vien. Tuong ti
véi 2 duong tron con lai ta suy ra dpem.

Dinh Iy Paul Yiu vé diém Musselman: Vi gia thiét nhu trén thi 3 dusng tron (AB'C"), (BC'A'), (CA'B)
ciing di qua diém M.

Ta 6 (MB',MC") = (MB', MO) + (MO, MC") = (BB, BO) + (CO,CC") = (BB', BC) + (BC, BO) +
(CO,CB) + (CB,CC") = g — (CB,CA) + g — (BA, BC) + 2(AC, AB) = 3(AC, AB) (mod )

Mat khac, (AB’, AC") = (AB’, AC) + (AC, AB) + (AB, AC") = 3(AC, AB) (mod 7)
= (MB',MC") = (AB', AC") (mod 7) = M, B',C", A dong vien (dpcm)

2.11 Diém Gilbert

Cho tam gidc ABC, diém Musselman M. My, My, M; 1a cac diém déi xing v6i M qua cac canh tam
gidc. Khi d6 cac dudng thang AM,, BM,, CMs dong quy tai mot diem trén dudng tron ngoai tiép tam
giac.

Ching minh:
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Goi giao diém ctia AM; vd BM, 1a G. Ta c6:
(GM,,GB) = (AMy, AB) + (BA, BMy) = (A'B, M) + (B'M,B'A) = (C'B,C'M) + (C'M,C’'A) =
(C'B,C'"A) = (CA,CB) (mod ) = G nam trén (ABC'). Chiing minh tuong tu, ta c6 dpem.

2.12 Khai niém duong tron cuc cia tam giac tu

Cho tam gidc tt ABC. Chan cac duong cao doi dién cac dinh 1a H,, H,, H.. Khi d6 dudng tron cyc cta
tam giac la dudng tron c6 tam la H va ban kinh r xac dinh béi 2 = HA.HH, = HA.HH, = HA.HH,. =

1
—4R?cos Acos BeosC' = 4R? — 5 (a®> +b* + 2)

C
.-

D .

Dudng tron cyc ciia tam giac tit ¢6 tinh chat: cho 3 diém bat ki chuyén dong trén cac dudng canh ciia
tam giac ABC dung cac dudng tron c6 dusng kinh la doan thang néi mot dinh véi diém chuyén dong trén
canh dbi dién thi khi d6 vong cuc ctia tam gidc tric giao véi tat ca cac duong tron dé (2 dudng tron duge
goi 1a triyc giao véi nhau néu ching c6 2 giao diém va tai mdi giao diém thi tiép tuyén ciia 2 dudng tron
tai giao diém d6 vuong goc véi nhau).

2.13 Truc Lemoine

Cho tam giac ABC noi tiép duong tron (O). Tiép tuyén tai A clia dudng tron cat dudng thang BC
tai X. Dinh nghia tuong tu cho Y, Z. Khi dé X, Y, Z thing hang va duong thang di qua X,Y, Z dugc goi
la truc Lemoine cua tam giac ABC.

Ching minh:
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Cach 1:

Hai tam gidc ABX va CAX dong dang =
YC BC? ZA (A
YA BA*ZB CB?*
Cach 2:

Goi S 1a giao diem ctia BY va CZ = BC la dudng ddi cyc ciia S dbi véi (ABC) = dudng ddi cuc clia
X di qua S. Mat khac AX 1a tiép tuyén cia (ABC) tai A = duong doi cyc cia X di qua A. Do d6
AS 1a duong dbi cyc ctia X ddi v6i (ABC). Tit cach xac dinh diém S, ta suy ra AS la dudng d6i trung
clia tam giac ABC (xem muc 2.3). Suy ra 3 duong doi cyc ctia X,Y, Z 1a 3 duong ddi trung trong tam
giac ABC = XY, Z thang hang va duong thang XY Z la duong ddi cye clia diém Lemoine déi véi (ABC).

XB _AB XA _AB _XB _AB® _
XA  AC’XC ~ AC T XO  Ace TUonsthtaco

Nhan theo vé 3 déng thiic trén va ap dung dinh Iy Menelaus, ta c6 dpcem.

2.14 Tam Morley

Tam Morley thit nhat 13 tam clia tam giac Morley. Tam Morley thit hai 14 tam phoi canh ctia mot tam
giac v6i tam giac Morley ciia n6 (tam phdi canh, néu cé, clia 2 tam giac 1a diem dong quy ciia 3 dudng
thang ndi cac dinh tuong ting clia 2 tam giac)

Chitng minh: (su ton tai tam phdi canh ciia 2 tam giac)

Trong tam giac ABC ¢c6 AD, BD,CD dong quy tai D, theo dinh 1§ Céva dang sin, ta c6
2B

. . C
in BAD. sin CBD.sin ACD in BAD ~ Sihi—-.sin— ,
TP PR 5 TR = 88 Tuong t v6i 2 diém B, F, ta suy ra
sin CAD.sin ABD.sin BCD sinCAD sin = sin 22
3 3

AD, BE,CF dong quy (dpcm)

2.15 Tam Spieker va dudng thang Nagel

Cho tam giac ABC; A’, B',C" 1a trung diém céc canh tam gidc. Tam Spieker dudce dinh nghia 1 tam
noi tiép tam giac A’B'C’. Ta c6 4 diém trong tam, tam ndi tiép, diem Nagel, tam Spieker ciing nim trén
duong thang Nagel ctia tam giac ABC.

Ching minh:

Truée hét, ta c6 nhan xét sau: cho cac diem M, N, P thuoc cac duong thing BC, C A, AB va thoa méan
a+B+v#0 .. R .
BMB +~MC = yNC + aNA = aPA + BPB = 0
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N —— N
Khi d6 AM, BN,CP dong quy va aOA + BO? + 70? = 6> (chiing minh bang cach st dung dinh ly
Céva va dinh 1y Van Aubel).
Goi M, N, P theo thi ti 1 cac tiép dlem cua cé d ng tron ban % tiép vdi cac canh BC,CA, AB. Ta tinh

duge BM =p—¢, MC =p — b, suy ra ( 6) Tu? do6 va 2 hé thic vector tuong
—
tu, taco (p—a) NA+ (p—b)NB+ (p

VA :>pGN (p—a)GA + (p —b)@ﬂ ) GC.
Mat khac, ta c6 alA + bl +cltg—0:>2pé? a

A+bGB + cGC. Do d6 zpé?erGN—o;»Cva—
2GI = IN = 31C.
Xét phép vi tur tam G, ti s6 —2 bién tam giac A’B’'C’ thanh tam gidc ABC = Cﬁ = 2@ suy ra dpcm.
Ngoai ra ta con c6 diem Spieker 13 tam ding phuong ctia 3 dudng tron bang tiép tam giac ABC.

%
Qioi-l-

2.16 Hai diém Fermat

Cho tam giac ABC. Duyng ra phia ngoai (vao trong) AABC' cac tam gidc déeu BOCM, CAN, ABP. Khi
d6 tam phéi canh ctia hai tam gidac ABC vi MNP duge goi la diém Fermat thit nhat (thit hai) hodc con
goi 1a diém Fermat duong (am).

Chiing minh:

) —
XB  Supw  BMBA-sin (BM

—

BA
Goi giao diém ctia AM, BN, CP v6i BC,CA, AB1a X,Y,Z. Tacé — = :
X SlacM]  OM.CA. sin (C’—]\Zf, (7)4

XBYC ZA sin(W;B—}l).sin(ﬁ;@).sin(ﬁ;@)
Tuong tu, ta suy ra XC'YA7ZB sin (E\_)/L C—I>4> .sin (FV, 1@) .sin <B¢7 B?)

<ﬁ,A—C§> = (ﬁ,ﬁ) - (1@,1@) = (ﬁ,ﬁ) + <1@,1@> = (ﬁ,ﬁ) (mod 7). Tt d6 suy ra

dpcm.

Trong truong hop tam giac ABC khong c6 géc nao qua 120°, diém Fermat duong con duge goi 1a diém
Torricelli va la cyc tiéu ctia ham diém f(X) = XA + XB + XC v6i moi diém X trong mit phang tam
giac.

Hai diém Fermat cling véi tam ngoai tiép O, tam duong tron Euler E ndm trén dudng tron Lester, duong
tron nay tric giao véi duong tron duong kinh GH (orthocentroidal circle). Trung diém ctia 2 diém Fermat
nam trén duong tron Euler ciia tam giac ABC.

. Mat khac:

2.17 Diém Parry reflection

Cho tam gidc ABC. Ké qua A, B, C cac duong thang «, 3,y song song véi duong thang Euler cia tam
gidc. Goi o, 8,7 1a cac dudng thang doi xing vé6i ay, 3,7 qua BC,CA, AB. Khi dé cac dudng thing nay
dong quy tai diém Parry reflection ctia tam gidc ABC.

Ching minh:
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Goi H, O la tryc tam, tam ngoai tiép tam giac ABC. Phép vi ty tam O, ti s6 2 bién tam gidc ABC thanh
tam giac A;B;C; = dudng thang Euler clia 2 tam gidc nay trung nhau. Ay, By, Cy 13 céc diém déi xing
v6i A, B, C qua cac canh déi. Goi giao diém ctia AA, v6i BC, B,C, 1a D, F. E la trung diém BC.

Ta c6 HAy = AA; — AH = 2 (AD — OF) = 2 (AH + HD — OE) = 2 (HD + DF) = 2HF. Do d6 A, déi
xing véi H qua B,C,. Tt d6 suy ra o dbi xing véi dudng thiang Euler ciia tam gidc A, B;C; qua B,C\.
Tuong tu véi cac duong thing con lai, ta suy ra o/, 7" dong quy tai mot diém trén dudng tron ngoai
tiép tam giac A; B;C; (dinh 1y Collings)

2.18 Duong tron Taylor, tam Taylor

Cho tam giac ABC, cac duong cao AD, BE, EF. Ta ¢6 6 chan cac duong vuodng géc ha tu D, E, F
xudng cac canh tam giac cting nam trén duong tron Taylor clia tam gidc va tam ciia dudng tron nay duge
goi la tam Taylor ctia tam giac.

Ching minh:

Ta ¢6 (SM, SP) = (DA, DP) = (HA, HE) = (FA, FE) = (NM, NA) (mod ) = M, N, S, P déng vien.
Tuong tu cho cac bo 4 diem (R, S, M,Q),(P,Q, R,N). Lai ¢c6 (RM, RQ) = (SM,SQ) = (SM,SP) +
(SP,SQ)= (NM,NA)+ (NP,NQ) = (NM,NQ) (mod 7)

= M, N, Q, R dong vién, suy ra dpcm.

2.19 Diém Bevan

Cho tam giac ABC. I,, 1, I. 1a cac tam bang tiép. Khi d6 tam ngoai tiép tam giac I,1,I. dudc goi la
diém Bevan ctia tam giac ABC.
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Mot s6 tinh chét clia diém Bevan:

1. Ta thay tam noi tiép I clia tam gidc ABC 1a tryc tam cla tam giac I,1,1., tam ngoai tiép O clia tam
gidc ABC la tam duong tron 9 diém ctia tam giac I,I1.. Suy ra O la trung diém cta I va B,.

2. Tam Spieker 1a trung diém ctia truc tam H va diém Bevan.

3. Diém Bevan la trung diém ctia diém Nagel v diém de Longchamps, trong dé diém deLongchamps 12
diém doi xitng v6i tryc tam qua tam duong tron ngoai tiép.

2.20 Diém Vecten

Cho tam gidc ABC, dung ra phia ngoai (vao trong) 3 hinh vuéng trén cidc canh tam giac. Khi dé
dudng néi mot dinh ctia tam gidc v6i tam hinh vuong dung trén canh déi dien dong quy tai diém Vecten
cua tam giac ABC.

Ching minh:

Theo dinh 1y Kiepert thi didu nay hién nhién va ciing dé dang suy ra c6 2 diém Vecten trong (ngoai) hay
duong (am). Ta c6 tinh chat sau vé diém Vecten: 2 diém Vecten thing hang v6i tam dusng tron Euler ciia
tam giac ABC.

2.21 Diém Mittenpunkt

Cho tam giac ABC, I,, I, I. 1a cac tam bang tiép. D, E, F' la trung diém cac canh tam gidc ABC. Khi
dé cac duong I,D, I, E, I.F dong quy tai diém Mittenpunkt ctia tam giac ABC.
Ching minh:
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3

I.. 1, 1, 1,
Ta, ¢ Qﬁ — ]ﬁ + m sin /. cos 7 Mﬁ Chiéu he thitc trén theo phuong I,D lén

sin [, sin I,
sin I...cos I, sin I,. cos [, —— X1, (sin]C

t I, tac) —————°°X[. 4+ ———"X][, =0= — = -
e f a0 sin [, + sin 1, b X1, sin I,

v6i I,1,). Tuong tu, ta suy ra dpem. Ta c6 mot sb tinh chat sau vé diém Mittenpunkt:

1. Goi M, N, P la cac tiép diém ciia duong tron noi tiép tam giac véi cac canh thi I, M, I, N, I.P dong quy
tai diém lien hop ding giac v6i diem Mittenpunkt trong tam giac ABC.

2. Diém Mittenpunkt, triyc tam va tam Spieker thing hang.

3. Diém Mittenpunkt, tam ndi tiép va diém Lemoine thang hang.

4. Diém Mittenpunkt, trong tam va diém Gergonne thang hang véi G.G : GM, = 2 : 1.

5. Diém Mittenpunkt 1a diém Lemoine ctia tam giac I, Iyl..

) (X 1a giao diém cta I,D

2.22 Diém Napoleon

Cho tam gidc ABC, dyng ra phia ngoai (hay vao trong) cac tam gidc déu trén cac canh BC,C A, AB.
Khi d6 duong néi mot dinh ciia tam gidce v6i trong tam tam giac déu dung trén canh déi dien dong quy
tai diem Napoleon ctia tam giac ABC.

Ching minh:

Ap dung dinh 1y Kiepert, ta c6 ngay dpem.

2.23 Duodng tron Adam

Cho tam giac ABC v6i diem Gergonne J. Goi (I) la duong tron noi tiép tam giac ABC, tiép diém
ctia (I) tren BC,CA, AB lan lugt 14 D, E, F. Dudng thang qua .J song song v6i EF cit AB, AC & S, P.
Dudng thang qua J song song véi DE cit AC, BC 6 @, M. Duong thing qua J song song v6i DF cit
BA,BC & R,N. Khi dé6 cac diém M, N, P,Q, R, S cung thuoc mot duong tron goi la duong tron Adam
cta tam giac ABC.

Ching minh:
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auéng ‘iléng qua éva Jjong song g’éi BC tuong tng cat DE, DF & (H, K),(V,T). Ta thay:
K K BD F BF E
Aﬁ_\BD.DO.AH_FB.EO.AE_1:>AK_AH:>JT_JV /

beé y rang JTDN va JV DM la hai hinh binh hanh nén ta cting ¢c6 DM = DN. Két hop v6i ID 1L BC
ta co IM = IN. Tuong ty IP = IQ,IR = 1S. Ta c6 IC L DE = IC 1 MQ; IC di qua trung di¢m
DE = IC di qua trung diém MQ (theo Thales), do d6 tam giac IMQ can tai I = IM = IQ. Tuong tu
ta cling c6 IN = IR. Tt cac khang dinh trén ta suy ra diéu can chitng minh.

Goi X, Y, Z 1a cac giao diém ctia cac cap duong thang (M S, NP), (NP.RQ), (RQ, M S) thi diém Gergonne
ctia AABC la diém Lemoine ctia AXY Z.

2.24 Tam giac Fuhrmann, dudng tron Fuhrmann

Cho tam giac ABC noi tiép (O). Goi D, E, F 1a trung diém cac cung BC, C A, AB khong chita dinh
doi dien. Lay cac diém trén doi xing qua cac canh tuong tng ta dude 3 diém M, N, P. Tam giac M NP
duge goi 1a tam giac Fuhrmann clia tam gidc ABC va dudng tron ngoai tiép tam giac MNP dude goi 1a
duong tron Fuhrmann. Duong tron Fuhrmann la mot truong hgp riéng cia dudng tron Hagge.

Tinh chat:

3+ 3abe — 2b)s

L g o _latbrqor (Z“ e g,%“ ABC

. OMNP = 4R ~(btc—a)(cta—0b)(at+b—c)

2.NP:\/(a+b+cl(b+6_a>Ol;PM:\/(a+b+c)<c+a_b)OI;MN:\/(a+b+6)£a+b_c)01
¢ ca a

3. Tryc tam clia tam giac Fuhrmann tring véi tam duong tron noi tiép ciia tam giac ABC.

4. Tam duong tron chin diém clia tam giac Fuhrmann va tam gidc ABC' tring nhau. Ban kinh duong tron
ngoai tiép tam giac Fuhrmann bang OI.

5. Tryc tam va diém Nagel ctia AABC nim trén duong tron Fuhrmann va doan théng ndi ching la mot
duong kinh ctia duong tron Fuhrmann.
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2.25 Hinh luc giac v dudng tron Lemoine thi¢ nhat

Cho tam giac ABC, diém Lemoine L. Qua L ké cac duong thang song song véi cac canh cit cac canh
con lai tai M,N,P,Q,R,S. Luc giac MNPQRS dudc goi 1a luc giac Lemoine thit nhat clia tam giac
ABC'. Luc giac Lemoine thit nhat noi tiép trong dudng tron Lemoine thit nhat ctia tam gic.

Ching minh:

N

M — — N

Goi T la giao diém ctia AL va RQ; m,n lan luct 1a khoang cach tit T’ dén AB, AC. T giac AQLR 13 hinh
binh hanh nén 7' 1a trung diém RQ = Sarr = Sarg = m.AR = n.AQ
AQ m AB

Do d6 AR =7~ AC = AABC ~ AAQR = AQR ABC. -
Tuong tu, ta c6 ACBA ~ ACPN = CBA = CPN. Suy ra AQR = CPN = QPNR la hinh thang
can. Do do 4 dlem N, P,Q, R ddng vién. Tuong ti, ta c6 4 diem Q, R, S, M dong vien. Mat khac, ta c6
AQR ABC = ASP = P,Q, R, S dong vién. Suy ra luc giac MN PQRS noi tiép (dpcm)
Tinh chéat:
1. MN : PQ:RS=a%:0%:¢
2.NP=QR=SM
3. BM : MN : NC = ¢?: a? : b?
4. Tam cta lyc gidc Lemoine thit nhat 1a trung diém doan OL.

o abey/a?b? + b2c2 + c2a? R2
5. Ban kinh Ry = @+ 1) e 1

2 trong d6 Ry 1a ban kinh duong tron Lemoine tht hai.

2.26 Hinh luc giac va dudng tron Lemoine thd hai

Khdi niém vé duong doi song (antiparallel): Cho tam gidc ABC. Chon 2 diém D, E trén AB, AC sao
cho tam giac AED dong dang vé6i tam giac ABC. Khi d6 DE va BC dudc goi 1a cac duong doi song trong
goc A.

Tinh chat ctia dudng doi song: Duong déi trung luon di qua trung diém ctia cac dudng doi song tuong tng
v6i cing mot dinh.

Két qud vé hinh luc gidc va dudng tron Lemoine thit hai: Cho tam gidc ABC va diém Lemoine
L. Qua L ké cac duong doi song tuong ing vdi cdc canh ciia tam giac ABC' cit cac canh con lai tai
M,N,P Q,R,S. Khi doé luc giac MNPQRS dugce goi la luc giac Lemoine thit hai ciia tam giac ABC'. Luc
giac Lemoine thit hai noi tiép trong duong tron Lemoine thit hai ctia tam gidc, con dude goi la dudng tron
cosin (cosine circle).

Ching minh:
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Vi SP,RN la cac duong doi song trong AABC nén ta co ASL = ACB = BRL = ALRS can tai
L= LR = LS. Tuong tu, ta c6 LM = LN, LP = LQ.
Mit khéc, L 1a trung diem SP (tinh chat dudng d6i song), suy ra LM = LN = LP = L) = LR = LS.
Do d6 6 diem M, N, P,Q, R, S cing ndm trén mot duong tron tam L.
Tinh chat: b

o abc
1. Ban kinh Ry = prR R

2. Céac cap doan thang (MN,QR), (PN, RS),(PQ, SM) song song va bing nhau. Do dai clia cic doan
thing M N, PQ, RS ti 1é v6i cosin ctia cac goc cia AABC, diéu nay giai thich cho tén goi dudong tron
cosin.

2.27 Hinh binh hanh Varignon cta t& giac

Cho t1 gidc ABCD c¢6 M, N, P,Q lan lugt 1a trung diém ctia AB, BC,CD, DA. Khi d6 M, N, P,Q la
bén dinh ctia mot hinh binh hanh goi 14 hinh binh hanh Varignon cta tit gidc ABCD.
Ching minh:

. AC
M N, PQ tuong ting la duong trung binh cua cac tam giac ABC va ACD = MN//PQ,MN = PQ = —.

2
Do d6 M N PQ la hinh binh hanh (dpcm)

2.28 Diém Euler cta t& giidc noi tiép

Cho tit giac noi tiép ABCD. H,, Hy, H., H; 1an lugt 1 tryc tam cac tam giac BCD, CDA, DAB, ABC.
Khi d6 cac duong thing AH,, BH,, CH,, DH, dong quy tai diéem Euler ctia tt giac ABCD.
Ching minh:

Ta c6 AH,. va C'H, song song va ciing bang 2 lan khoang cach tit O dén BD nén tit giac ACH,H, 13 hinh
binh hanh, suy ra AH, va CH, giao nhau tai trung diém ctia mdi dudng. Tuong tu ta suy ra dpem.

Ta ¢6 mot s6 tinh chat sau vé diém Euler:

1. Diém Euler déi xiing v6i tam O clia duong tron ngoai tiép tit giac qua trong tam G ciia tit giac.

2. Diém Euler ndm trén dudng vuong goc ha tit trung diém mot canh t6i canh déi dien (hodic trung diém
duong chéo t6i duong chéo con lai).

3. Diém Euler nim tren dudong thang Simson ctia dinh A véi tam giac BC'D, tuong tu v6i 3 dinh con lai.
4. Dudng tron 9 diém ctia 4 tam giac ABC, BCD,CDA, DAB déng quy tai diém Euler.
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2.29 Duong thiang Steiner ctia ti giac toan phan

Cho tit gidc toan phan ABCDEF. Khi d6 tryc tam cia cac tam gidc AEF, DCE, ABC, BDF cung
nim trén duong thing Steiner ciia tit gidc toan phan.
Ching minh:

Goi Hy, Hy, Hs, Hy 1an lugt 1a truc tam cac tam giac AEF, DCE, ABC, BDF. Goi X, Z la trung diém céc
duong chéo BE, AD. Ta ¢6 Py, x,xp) = HyP.HyE = HyQ.HoD = Py, (7 zpy- Do d6 H, nam trén truc
dang phuong ctia hai duong tron (X, X B) va (Z, ZD). Tuong tu véi 3 diem con lai, ta suy ra dpem.

2.30 Pudng thing Gauss cta ti¥ gidc toan phan

Cho tit gidc toan phan ABCDEF. Khi d6 trung diém cac dudng chéo ciing ndm trén mot duong thang
dugc goi 1a duong thang Gauss clia tit gidc toan phan.
Ching minh:

Goi M, N, P 1a trung diém céac duong chéo BE,CF, AD; IJK la tam giac trung binh ctia tam giac ABC.
Khi do céidiéﬂM, N, P @n trén cac canh cua tam giac iKAp@g dinh 1y Thales, ta co6:
MK_EA'NI_FB'PJ_DC:MK NI PJ FEA FB DC
MI EC'NJ FA'PK DB MI NJPK FEC FADB,
Két hgp v6i muc 2.29, ta suy ra trong 1 ti giac toan phan thi duong thang Steiner vuong goc v6i duong
thang Gauss.

=1 = dpcm.

2.31 Diém Miquel ciia ti gidc toan phan

Cho t1t gidc toan phan ABC DEF. Khi d6 cidc dudng tron ngoai tiép cic tam giac AEF, DCE, ABC, BDF
dong quy tai diém Miquel clia tit gidc toan phan.
Ching minh:
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Goi M la giao diém khac E ctiia (AEF) va (CDE). Ap dung dinh 1y Miquel cho tam gidc DBF va 3 diém
C,E, A taco (ABC) di qua M.
Vay M nam trén dudng tron ngoai tiép tam giac ABC. Tuong ti, ta suy ra dpem.

2.32 Dudng tron Miquel ciia t& giac toan phan

Cho tit giac toan phan ABCDEF, ta c6 diem Miquel M va tam ngoai tiép cac tam giac AEF, CDE,
ABC, BDF cung nam trén dudng tron Miquel clia ti gidc toan
Ching minh:

Goi O1,0,,03,04 1a tam ngoai tiép cac tam giac AEF,CDE, ABC,BDF. Goi X,Y,Z la trung diém
cac doan thang M D, MC, MB. Ta c6 M D la giao ciia (O4) va (Oy) nén 040, 1. M D. Tuong tu, ta c6
MY L 0305, MZ 1 O30,. Mat khac, X,Y, Z thang hang (theo Thales). Do d6 theo dinh If d4o vé dudng
thing Simson ta c6 M, Os, O3, O, dong vien. Tuong tu, ta suy ra dpem.
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