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Lo1 no1 dau

Dé thit géi lenh lamdethi.sty toi bién soan mot s6 dé toan thi Olympic, ma
cac hoc tro ciia toi da lam bai tap khi hoc tap IWTEX. Dé phu vu céc ban ham
hoc toan toi thu thap va gom lai thanh cac sach dién tit, cac ban c6 thé tham
khéo. Mai tap toi sé gom khoang 51 bai v6i 16i giai.

RAt nhiéu bai toan dich khong duge chuan, nhiéu diém khong hoan toan
chinh x4c vay mong ban doc tit ngdm nghi va tim hiéu lay. Nhung day & nguon
tai lieu tiéng Viet vé cht dé nay, toi da c6 xem qua va ngudi dich 1a chuyén vé
nganh Toan pho thong. Ban c6 thé tham khao lai trong [1].

Rat nhiéu doan vi méi hoc TeX nén cau tric va bd tri con xau, toi khong
¢6 thoi gian sta lai, mong cdc ban thong cam.
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Chuong 1
Pé thi olympic Austria

>1.1. Gidi hé phuong trinh vdi x,y la so thuc

(z = 1)(y* +6) = y(a* + 1),

(y = D(* +6) =x(y* + 1)

Loi giai: Ta cong hai phuong trinh trén cho nhau. Sau khi rat gon va dua vé
binh phuong ctia mot hiéu ta duge phuong trinh sau

(=32 +@—3)7=3

Ching ta lai trit hai phuong trinh cho nhau, trit phuong trinh thi hai cho
phuong trinh thit nhat va nhém lai, ta co:

ry(y —z) +6(r —y) + (z+y)(r—y) = ry(r —y)+ (y — )
(x—y)(—zy+6+(r+y)—ay+1) = 0
(z—y)z+y—22y+7)= 0

Do vay, hoic x—y = 0 hodc x+y —2xy+7 = 0. Cach duy nhat dé c6 z—y = 0
la v6i x = y = 2 hodic * = y = 3 (tim duge bang cach giai phuong trinh (1))
v6i phép thé o =y

Bay gio, ta xét truong hop z # y sé dugce gidi dé  +y — 22y + 7 = 0. Phuong
trinh nay 1a tuong duong véi phuong trinh sau(duge suy ra tir cdch sdp xép
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lai cac s6 hang va thiia s6)
@ Dy-H="2
Gia stt, chiing ta c6 thé giai phuong trinh (1) va (2) mot cdch dong thoi. Dt
a=x— % va b=y — g Do d6, phuong trinh (1)) tuong duong véi
a2+ b =1
va phuong trinh (2) tuong duong véi:

(a+2)(b+2) = 14—5 — ab+2a+b) = i . 2ab+ 4(a+b) = _71
Cong phuong trinh (4) va (3) ching ta thay:
(a+0)?*+4(a+b)=0—a+b=0,—4
Lay phuong trinh (4) trur (3) ta thay:
(a—0)?—4(a+0b) =1
Nhung bay gio ching ta thay ring ,néu a + b = —4 thi phuong trinh (6) sé bi
sai; Do d6, a + b = 0. Thé a + b = 0 vao phuong trinh (6) ching ta thu duge:
(a—b)2*=1—a—b=+=+1
Vi tit phuong trinh (5) ching ta c6 a+b = 0,va cung véi phuong trinh (7)bay gio
ta co thé tim dudc tat ca cac cap c6 thi tu (a,b). Ching la (—3,3) va (3, —1)
. Do vay, céc nghiém (x,y)ctia hé phuong trinh da cho 1a(2,2),(3, 3),(2,3) va
(3,2).
>1.2. Cho day so6 nguyén duong théa man a, = a>_, +a>_, + a2 5 vdin > 3.
Chitng minh rang néu a, = 1997 thi k < 3.
Loi giai: Chung ta giai tryc tiép: Gia st véi k > 3,a;, = 1997. Khi do,
c6 it nhat mot s6 trong 4 s6 ap_1, ar_2, ap_3 vaaz_s phai ton tai. Dat w =
Ap_1,T = Qp_2,y = Ap_3 VA 2 = ap_4.Bay gio, diéu kién ctia ching ta la:
1997 = w? 4 22 + % Do d6, w < v/1997 < 45 va vi w 1a mot s6 nguyen duong
nén w < 44. Nhung do 22 + y? > 1997 — 4462 = 61.
Bay gio, (v6i) w = 2® +yz? + 22 . Via? +y> > 61 va 22 > 0,22 + 3> + 2% > 61.
Nhung w < 44. Do d6, ching ta c6 mau thudn va gid thiét ctia ching ta la
khong ding.
Vay, néu a, = 1997 thi k& < 3.
>1.3. Cho k la mot s6 nguyén duong. Diy a — n dudc xdc dinh bdia —1 =1
va a, la n— so nguyén duong lén hon a,_i la dong du n modulo k. Tim a,,

trong day trén.
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Lai giai: Ching ta c6 a, = “CH2=D8 Néu k = 2 thi a, = n®. Trude tien,
chu y rang a; = 1(modk). Do d6, véi tat ca n, a, = n(modk), va sb nguyén
dau tién 16n hon a,_; ma la dong du n modulo k phai 1a a,_; + 1.

n - th s6 nguyén duong 16n hon a,,_;14 dong du n modul k 1a don gian (n - 1)k
hon s6 nguyeén duong dau tién 16n hon a,_; ma théa man dieu kien dé. Do
Vay, a4, = an_1 + 1+ (n — 1)k. Loi gidi bang phép dé quy nay dua ra cau tra
161 cuia bai toan treén.

>1.4. Cho hinh binh hanh ABCD, mot dudng tron noi tiép trong géc BAD v
nam hoan toan trong hinh binh hanh. Tuong tw, mot duong tron noi tiép trong
goc BCD ndm hoan toan trong hinh binh hanh sao cho 2 duong tron do tiép

zic. Hay tim quy tich cac tiép diem cia 2 duong tron dé khi ching thay doi.

Loi giai: Gia st K 13 duong tron 16n nhat noi tiép trong goc BAD sao cho
né nam hoan toan trong hinh binh hanh. N6 cit duong thing AC tai 2 diém
va gia st diém & xa A hon 1a P;. Tuong tu Gia sit K, 1a duong tron 16n nhét
noi tiép trong goéc BCD sao cho n6 n¥m hoan toan trong hinh binh hanh. N6
cat duong thang AC tai 2 diem va gia sit diém & xa C hon 1a P,. Khi d6, quy
tich la giao ctia 2 doan AP, va AP;.

Chung ta bat dau chiing minh diém tiép xdc phai ndm trén duong AC. Gia st
I, 1a tam duong tron noi tiép goc BAD va I, la tam duong tron nai tiép goc
BCD. Gia st X 1a diém tiép xtic ciia 2 duong tron. Vi cac duong tron tam I
va I, 1a noi tiép trong cac géc nén céc tam nay phai nam trén cac dudng phan
giac cua cac goc. Mat khac vi Al va Cl, 1a cac duong phan giac cua cac géc
d6i hinh binh hanhneen chiing song sonh véi nhau. Do vay I, I, 1a duong nam
ngang.

Gia st T la chan dusng vuong goc ha tur I; t6i AB va 15 1a chan duong vuong
géc ha tir I, t6i CD. Chu y rang:

LT, ~ ~ LT
;1—]11 = sin [, AB = sin [,LCD = 5—122
NthIlg L X = 1T, va I,X = I;T5. Do vay
LX LX
A, CT,

Vi thé tam giac CI, X va tam gidac AL X 1a dong dang va cdc goc vuong

Il/XTél, LXC la bing nhau. Vi céc géc nay bang nhau nén cac diem A, X va C
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phai cong tuyén. Do vay, diém tiép xtc X phai nim trén dusng chéo AC (dé
la diéu phéi chiing minh).

Nhu vay, ching ta biét ring X sé luon nam trén AC, bay gio ta sé chitng minh
bat ky diém nao thuoc quy tich dé déu la diém tiép xtc. Cho X bat ky nim
trén quy tich do, gid st I; 1a duong tron bé hon dudng tron qua X, noi tiép
trong goc @

N6 sé nam hoan toan bén trong hinh binh hanh bsi vi X 1a diém gitta A va P;.
Tuong tu, ta vé mot duong tron tiép xtc v6i dudng tron I; va noi tiép trong
go6c @, tit chiing minh trén ta biét rang né phai tiép xic véi duong tron I
tai X, hon nita n6 sé hoan toan xac dinh bén trong hinh binh hanh béi vi X
la diém gitta ctia C va Ps.

Vi vay, bat ctt diém nao thuoc quy tich sé chay qua X. Dé chitng minh ring
bat ky diém nao khac sé khong chay qua. Chi y réang bat ki diém nao sé hosc
khong nam trén duong thang AC hoic sé khong cho 1 trong 2 dudng tron I
hoac Iy dugce chita bén trong hinh binh hanh. Do vay, quy tich thuc su la giao

cua cac doan AP, va CP,.



Chuong 2
Pé thi olympic Bungari

>2.5. Tim tdt cd cdc s6 thuc m dé phuong trinh
(z* = 2mz —4(m* + 1)) (2* — 4z — 2m(m* + 1)) =0

co dung ba nghiém phan biét.

Loi giai: Dap an: m = 3.

Cho hai thita s6 6 vé trai ciia phuong trinh bang 0 ta nhan dugc hai phuong
trinh da thic. It nhat mot trong cac phuong trinh nay phai nghiem dang véi
gié tri x ndo do dé x la nghieém ctia phuong trinh ban dau. Nhitng phuong trinh
nay c6 thé viét dudi dang (z —m)? = 5m?+4 (1)va (z —2)* = 2(m* +m +2)
(2). Ta c6 ba trusng hop ma phuong trinh ban dau c¢6 thé c6 3 nghiem phan
biét: Phuong trinh (1) ¢6 nghiém kép ho#c phuong trinh (2) c¢6 nghiém kép
hodc hai phuong trinh c6 mot nghiém chung. Tuy nhién, truong hop thi nhat
khong x4y ra vi hién nhién 5m? 4 4 = 0 khong thé théa man véi moi gié tri
thuc m.

Trong truong hgp thit hai, ta phéi c6 2(m3 +m + 2) = 0; m® + m + 2 phan
tich thanh (m + 1)(m? — m + 2) va thita s6 thtt hai luon duong v6i moi gia tri
thic m. Vi vay ta phai c6 m=-1 dé truong hop nay x4y ra. Khi d6 nghiem duy
nhat ctia phuong trinh nay 14 x=2 va phuong trinh (1) tré thanh (z + 1) =9,
tidc 1a x=2, -4. Nhung diéu nay c6 nghia 1a phuong trinh ban dau cia ta chi

c6 nghiém 1a 2 va -4, trai v6i yéu cau ciia bai toan.
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Xét truong hgp thit ba, goi r la nghiém ctia phuong trinh thi x — r 1la mot
thita s6 ctia ¢4 hai biéu thic 22 — 2max — 4(m? + 1) va 2% — 4z — 2m(m? + 1).
Trit hai biéu thitc nay cho nhau ta nhan dudc z — r 1la mot thita so cia
(2m — 4)x — (2m3 — 4m? + 2m — 4), hay (2m —4)r = (2m —4)(m? +1). Vi
vay m = 2 hodc r = m? 4 1. Tuy nhién, trong truong hop thit nhat thi ca
hai phuong trinh bac hai ciia ta trd thanh (x — 2)? = 24, va vi vay, ta chi
thu duge hai nghiem phan biét. Vay ta phai c6 r = m? + 1. Khi do6, thay vao
dang thiic (r — 2)2 = 2(m? +m + 2), ta duge (m? — 1)2 = 2(m3 + m + 2) hay
(m+1)(m —3)(m*+1) = 0. Do d6 m = —1 hodc 3. Truong hgp m=-1 da
dugc chi ra khong thoa man. Vi vay, ta chi ¢c6 m=3. Khi dé céc phuong trinh
clia ta trd thanh (x — 3)% = 49 va (z — 2)? = 64, ching c6 cac nghiém la x=-6,

-4, 10, thoa man yéu cau ctia bai toan.

>2.6. Cho ABC la tam gidc déu cé dién tich bing 7. Goi M, N tuong 1ing la
cac diém trén canh AB, AC sao cho AN=BM. Goi O la giao diém cia BN va
CM. Biét tam gidac BOC c6 dién tich bing 2.

(a) Chitng minh mng AB hoac bcmg hodc bang 2 3

(b) Tinh goc AOB

Loi gidi: (a) Lay diém L trén BC sao cho CL=AN va goi P, Q lan lugt 1a
giao diem ctia CM va AL, AL va BN. Phép quay véi goc quay 120° quanh tam
clia tam giac ABC bién A thanh B, B thanh C, C thanh A; phép quay nay
ciing bién M thanh L, L thanh N, N thanh M v& bién O thanh P, P thanh Q,
Q thanh O. Do d6 OPQ va MLN la cac tam gidc déu dong tam véi tam gidc
ABC. Suy ra B/O?:W—]\TO\C:%”. Vi vay, O nam trén duong tron déi xing
v6i dudng tron ngoai tiép tam giac ABC qua BC. C6 nhiéu nhat hai diém O
tren duong tron nay va ndm trong tam giac ABC dé ti lé khoang cach tit O
t6i BC va tit A t6i BC bing 2, ti lé nay ciing la ti l¢ dien tich cta cac tam
giac OBC va ABC. Vi vay ta da chi ra ring 2Z=1 hodc 2 tuong tng véi cac
vi tri clia diem O, va khong c6 t1 1é nao khéc (tic 1a khong c6 hai diém M cho
MB AN _ 1

ciing mot diem O. Néu 5= % thi £% = 3, ap dung dinh 1i Menelaus cho

tam giac ABN va dudng thang CM, ta dugc @:§ do d¢ 1299 —@—3 Suy

[BNC] 7
%ﬁgg:%g—ﬁ % va ta co dleu phai ching mmh Tuong tu, néu ]\Xg =2 theo
BOC BOC
dinh 1f Menelaus ta c6 29=5, do do [[BNC]]:W . Suy ra % C% 8EN-2 (b)

ra
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MB_1L 13 MONA la mot ti gidic noi tiép do A=2 va O = 7 — P/O\Q — 2 Do
d6 AOB=AOM+MOB=ANM+POQ = ANM +Z. Nhung 28 —-wmﬁg
nén dé dang thiy duge N 1a hinh chiéu ctia M trén AC Vi vay AN M =
AOB = %”. Lap luan tuong tu doéi véi truong hop con lai, ta duge AN
va A/O\B =z

>2.7. Cho f(z) = 2 —2ax —a* — 3. Tim tat cd cdc gid tri cia a dé |f(z)] <1
vdi moi x € [0;1].

MI=1
O:I>l 9:)/ wIH

Lai giai: Dap an: —1 <a < Y2,

Do thi cta f(x) 1a mot parabol c¢6 diém cyc tiéu (cc’) nghia 14 he s6 a am) va
dinh 1a (a;f(a)). T f(0) = —a® — 2 ta c6 (0) > —1. Gid st a <0
thi parabol cua ta tang nghiém ngat trong khoang tt0dén 1,do do f(1) <1

Nhlmgtacé%Sa—i—lg1,i§(a+1)2§1,i§3—(a+1)2 1. Tu

2 — (a+1)? = f(1), ta c6 f thoa man diéu kién ctia bai ra khi —4 < a < 0.

V61a>O,fgiémvéi()gxgavaténgvéiagxg1.\/“1Vaytacanch1ra

gia tri nhé nhat ctia f(a) ndm trong pham vi theo yéu cau clia bai toan, ttic
la f(1) ndm trong giéi han nay. T a < L ta c6 1 < (a+1)? < 2 va vi vay
f(z) = =1 < 2 —(a+1)* < ;. Mat khac, f(a) = —2a® — 2 nén ta phai c6
a < % dé f(a) > —1. Ngugc lai, danh gia £(0), f(a), f(1) ta chi ra dugc f théa
méan dieu kién ctia bai ra khi 0 < a < g.

>2.8. Ki hieu u(k) la udc Ié l6n nhat cia s6 ty nhién k. Ching minh rang

z u(k)
k
k=1

<

OOII\D

Lai giai: Dat v(k) 1a ude 16n nhat cia k ¢6 dang liy thita ctia 2, nén u(k)v(k) =
k. Trong {1,2,...,2"} ¢6 2"~~1 gia tri ctia k sao cho v(k) = 2 v6ii < n —1,

va mot gia tri sao cho v(k) = 2™. Do d6, vé trai bang

2m -1 ;
u(k) 1 gn—i-l
T Z gt
k=1 =0

T tong ctia chudi hinh hoc ta c6
271
1 u(k) .2 N
N By 2y
3 2, 3l )>

k=1

[GCI )
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2.9. Tim tat cd cdc so thuc théa man hé

2 = 2y — 1
y3 = 2z—-1
2 = 2z —1.

Loi giai: Tru6c hét ta chi ra ring © = y = 2. Gia st trai lai ring = # v.

Néu z > y, thi y = (IBQH) > (y32+1)

=z, nén y > z, va tuong tu z > r, mau
thudn. Tuong tu, néu < y thi ¥y < z vd z < 2, mau thuan. Nén cac nghiém
cua hé phuong trinh ¢6 dang © = y = z =t vé6i ¢ la nghiém ctia phuong trinh
t3 = 2t — 1. Vay, nghiém ctia hé phuong trinh 1a

~1+v5 -1-V56
2 2 }

x:y:z:t,te{l,

>2.10.T%m s6 tu nhién a nhé nhat dé phuong trinh sau co mot nghiém thuc:
3rzx (mc

2r(a — ) — 2 - T o (=2 f) 2=0
cos“m(a — x) — 2cosm(a — x) + cos 5y €08 2&—1-3 +

Loi giai: Gia tri nhé nhat clia a 1a 6. Phuong trinh théa man khi a=6, x=8.
Dé chitng minh a la gia tri nhé nhéat, ta viét phuong trinh dusi dang

9 3TX ™ B
(cosm(a-x)-1)" + (cos (%) cos <% + §> + 1) =0

Do c& hai s6 hang & vé trai déu khong am nén dé dang thiic xay ra thi ching
phéi cting bang 0. T cosm(a-x)-1 = 0 ta c6 x phai 1a mot s6 nguyén dong du
véi a trong phép chia cho 2. Tu s6 hang thi hai bing 0, ta thiy cac gia tri
cosin phai nhan gia tri bing 1 va -1. Néu cos (3= + I) = 1 thi 2 + T = 2kn
v6i gia tri k nguyen va nhan hai vé véi 6;‘1 ta duge 3x = 4a (modl12a). Khi dé
thi néu cos (3= 4+ ) = —1 thi 2* + 2 = (2k + 1)7 va nhan hai vé véi & ta
dugce 3z = 4a (modl2a). Trong ca hai truong hop ta déu c6 3x chia hét cho
2, vi vay x phéai chia hét cho 2 v a ciing phai thdéa man diéu d6. Hon nita, &
cé hai truong hop ta cling déu c6 -2a va 4a cuing phai chia hét cho 3, vi thé a
phai chia hét cho 3. Tém lai ta c6 6 phai 1a wdc clia a va a=6 1a gia tri nho

nhat can tim.



Chuong 3
Pé thi olympic Canada

>3.11.C6 bao nhiéu cip so (x;y) nguyén duong véi x <y thod man ged(x,y) =
5! va lem(x,y) = 50! ¢

Loi giai: Trude hét, chi ¥ 1a ¢6 15 s6 nguyen t6 tit 1 dén 50:

(2,3,5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47).

Dé lam cho bai todn don gian hon, ta xac dinh f(a,b) 1& mi 16n nhat ctia b
chia cho a. (Chu y rang ¢(50!,b) > g(5!,b) v6i moi b < 50.)

Do d6, v6i mdi s6 nguyén to p, ta co

f(z,p)=[(5p)

f(y,p) = f (50!, p)

f(y,p) = f(5!,p)
| S (@) =7 (50 p)

Vi ta ¢6 15 s6 nguyen té nén cé 2'° cip, va trong bat ki cip nao ciing hién
nhién c6 x # y ( do ged va lem khac nhau), do dé c6 2 cap véi z < y.
>3.12.Cho trudc mot so hitu han cdc khodng déng cé do dai bang 1 sao cho hop
ctia ching la khodng déng [0, 50], ching minh rang ton tai mot tap con cia
cac khodng dé khong giao vdi tat cd cdc khodng khdc.

Loi giai: Xét

L=[1+e2+e¢€], I, =[3+2e,4+2¢,.., Iy = [47 + 24e, 48 + 24¢]
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trong d6 e di nho dé 48 + 24e < 50. Dé hop cac doan chita 2k + ke, ta phai co
mot doan ma phan tit nhé nhat ndm trong k. Tuy nhién, sy khac nhau giita
mot phan ti trong tap Ik va Ik + 1 luon 16n hon 1, vi vay cac tap nay khong
chong lén nhau. T 24 khoang ban dau va [0, 1] ( phéi ton tai vi hgp la [0, 50]
) ta c6 25 khoang roi nhau ma tong do dai tat nhién bing 25.

>3.13.Chitng minh rang:

1 13 1997 1
S i2e Tyst o 103 1997 oy . 24 1998 PR N
Lai giai: Dat p = 5.4, ... .55 V& ¢ = 3.5 -+ -g99- Chll ¥ rang p < ¢, Vi vay
12 1998 1 .
< L < L
P= 9907 T 1
Lai ¢6
po 19981 g 1998
(999!.2999)? 999
dong thoi
1998 1998 1998
2199 = 4+t < 1999
0 1998 999
Do do
S 1
P~ 1999

>3.14.Cho O la mot diém nam trong ti gigc ABCD sao cho A/O\B—l—C/O\D =T.
Chaing minh rang OBC =0DC.

Loi gidi: Tinh tién ABCD theo vecto /ﬁ? thi A’ va D nhu nhau, va vi vay
B’ va C nhut nhau. Ta ¢6 COD +CO'D = COD + A0'D' = 180° nén ti gidc
OC'O' D' noi tiép. Do d6 ODC = OO'C.

ve dang p(n)/q(n), trong dé

n
2 a.x 2 (—1)*
>3.15.Biéu dién tong sau kZ:O R

p,q la cac da thic vdi cic hé s6 nguyén.
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Loi giai: Ta ¢6

n (_l)k n
Z k34-9k2426k+24
k=0

- = (k+2)(k+3)(k+4)
n n+4
= (_1 * n k+717, n
kz::O ) (n+1)(n+2)(n+3)(n+4) k4 4
ntd n+4
= - —1)* (k-3
(n+1)(n+2)(n+3)(n+4) 1624( ) ( ) 2
va
ntd n+4
> (=1)F (k= 3)
k=0 k
n+t4 n-+4 n+4 L n+4
=X (-1 -33 (-
k=0 k k=0 k
n+4 n + 4
=3 (=" —3(1— 1)
k=1 k
ntd n+3
- 1 (— )k
n+4 k;l k1
=L a-1)"=0
Do do
ntd n+4
> (=) (k= 3)
k=4 k
3 n+4
= -2 (D" (k-3
k=0 k
- n+4 n+4 n+4 (n41)(n+2)
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va tong da cho bing
1

2(n+3)(n+4)




Chuong 4
Pé thi olympic Chine

>4.16. Cho x1, o, ..., T1997 L0 cdc so thuc théa man diéeu kién
(a) =75 < x; < V3 vdi moi i = 1;2;...;1997
(b) T+ X9 + ...+ 1997 — $%397
L&i giai: Do 2'? 1a mot ham 16i clia  nén tong céac liiy thita bac 12 ctia z; 1a
cyc dai néu mdi gia tri z; 1a dau mut ctia khoang quy dinh.
Gia st ¢6 n gia tri z; bang —%, 1996 — n ¢6 gia tri bing /3 vi cac gia tri
cudi cling bang

~318V/3 + 7 V3(1996 — n)

Do gia tri cudi cling nay phai ndm trong mién [—%; \/3] nén
—1 < —=318x3+n —3x(1996 — n) < 3

tuong duong véi
—1<4n —6942 < 3

c6 duy nhat mot s6 nguyeén n = 1736 thoa man.

Khi do, gia tri cudi cling 1a % va gia tri 16n nhat can tim la:

4
173623 7% + 26023° + (5)6
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>4.17. Cho ti gidc 10i Ay B,C1D; va mot diém P ndm trong ti gidc 10i dé. Gid
s cdc goc @1 va @1 la cac goc nhon, tuong tu cho ba dinh con lai.
Xdc dinh Ay, By, Ci, Dy, la hinh chiéu cia P lén cic duong thang Ap_1Bjy_1,
B 1Ck—1, Cx_1Dg—1 (k=2,3,...)
a) Trong cdc ti gidc ApBLCyDy, (k= 1,2,3,...,12) thi ti gidc nao dong dang
vdi t giac tha 1997
b) Gid st rang ti gidc that 1997 la noi tiép. Hoi trong 12 ti gide dau tién thi
ti gidc nao cing noi ticp duong tron
Lai gidi: Ta c6 Ay, chinh 1a chan ciia cac duong vuong goc tit P dén A, By

va tuong tu nhu vay cho céc diém con lai. Do cac tid giac noi tiép véi cac dudng
kinh PAk, PBk, PCk, PDk ta co

PABy = PDy1Apy1 = PCryaDypo

PBy3Chi3 = PApyaBiia

Mat khac, ta ciing c6 P/Bk\Ak:PBmkH va tuong tu nhu vay cho cac goéc
con lai.

Do vay, cac tit gidc thi 1,5,9 dong dang véi tit gide thi 1997.

Néu t1t giac thit 1997 1a noi tiép thi cac ti giac thit 3,7 va 11 ciing vay.

>4.18. Chi ra ton tai vo s6 s6 nguyén duong n sao cho cic s61,2,3,....3n cé thé

dugc gan cho

A1, A2, .- A,y b17627 sy bnacla027 -5 Cn

theo thit tu nay théa man diéu kién sau:
CL) a1+b1+61 :an+bn+cn
b)ar+as+ ...+ a,=b+by+...+b, =c1+co+ ... + ¢, la boi cia 6

Lai giai: Tong cac s6 nguyen tit 1 dén 3n 1a w trong do6 ta doi hoi phai
vira la boi cia 6n va 9.

Vi thé, n phai 1a bai ctia 3 dong du véi 1 theo moddun4.

Ta sé chi ra rang ton tai sy sap xép cho n = 9™.

Véi n =9 ta cé sy sap xép sau:
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8|1 (16|17 10| 15|26 |19 |24

21123125 3 |5 | 7 (12|14 |16

131181122127 120]| 4|9 | 2

(trong d6, dong dau tien 1a ay, as, ..., a, va tiép tuc). Diéu nay ching t6 ti sy
sap xép cho m va n dan dén su sip xép cho mn

"

Uiy oy = @+ (m = Day(1 < j<m,1<j<n)
va tuong tu cho b;, ¢;.

>4.19. Cho ABCD la mot i gidc noi tiép. Cac duong thang AB va CD cdt
nhau tai P. Cdc duong thing AD va BC' cit nhau tai Q. Goi E va F la giao
diém tiép tuyén ti Q vdi duong tron ngoai tiép ti giac ABCD. Chaing minh
rang P, E, F thang hang.

Loi giai: Goi X’ 1a tiép tuyén ctia dudng tron tai diém X nim trén duong
tron.

Dé chitng minh P, E, F' thang hang ta chiing minh céc diém cyc ciia né trung
nhau.

Cac tiép tuyén E’ va F' tai cac diém E va F cit nhau tai Q. Do P la giao ctia
AB va CD nén diém cyc ctia P la dudng thang di qua giao diém ctia A’ giao
v6i B’ va C' giao v6i D’.
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Ta sé chiing minh nhitng diém nay thang hang véi Q. Tuy nhién theo dinh Iy
Pascal cho luc gidc suy bién AADBBC thi Q va giao diem ctia AC v6i BD sé
cong tuyén.

Tuong ti, ap dung dinh 1y Pascal cho luc giac suy biéen ADDBCC ta ciing c6
két qua tuong t.

>4.20. Cho A ={1,2,...,17} va ham f : A — A thod man

Ky hieu fU = f(x) va fFU(z) = f(f*(z)) voi k € N
Tim so tu nhién lon nhat M sao cho ton tai song dnh f : A — A théa man
diéu kien sau:
a) Neum < M va 1 <i <17 thy f™(i + 1) — f™(i) khong dong du vdi +1
theo modun 17 b) Vi 1 <i < 17 thi

4+ 1) = fm (1) = +£1(mod17)

(¢ day f¥(18)) dugc xdc dinh bing f*1(1)))

Lai giai: Anh xa f(x) = 3z(mod17) thoa man yeu cau cho M = 8 va ta s&
chi ra rang no6 la gia tri 16n nhat.

Chi ¥ rang bing cach sip xép véi chu trinh chuyén ta c6 thé gia sit rang
f(17) =17, do d6 M 1a s6 nguyen dau tien sao cho fI™!(1)) bang 1 hodc bing
16. Clng nhu vay cho 16.

Néu 1 va 16 cuing trén mot quy dao clia hoan vi f thi qui dao nay c6 do dai
16n nhat 14 16 va 1 hodc 16 phai anh xa v6i nhitng gia tri khic nhau sau 8
buée. Suy ra, M< 8.

Néu c6 mot qui dao khac, mot hodac tham chi hai quy dao c6 do dai 16n nhat
la 8 va nhu vay M < 8.

>4.21. Cho aq, as, ... la cdc s6 khong am théa man
Umsn < QmA+a, (Mm,n<N ).

Chitng minh rang: a, < ma,+ (% — )a,, vdi moi n>m.

Loi giai: Bang phuong phap quy nap véi k
an, < Kam+an i V0L k<72
bat n = mk + r v6i re{l,2,...,m} thi

an < kap+a,=""Lan+a, < ma

(Do a, < may va a, < ray)



Chuong 5
Dé thi olympic Colombia

>5.22. Cho mot bang ké 6 kich thudc n x n va 3 mau. Ta sé t6 mau moi doan
ctia ludi bdi mot trong 3 maw trén sao cho moi 6 vuong don vi cé6 2 canh cing

mau va 2 canh con lai cung mau khdc. Hoi c6 bao nhiéu cdch to mau cé thé?

Lai giai: Goi 3 mau trén la A, B, C.
Goi a,, 1& s6 cach t6 mau clia 1 x n 6 6 dong dau tién clia bang.
Vé6i n = 1, gia st WLOG doan trén cung cua bang dugc t6 mau A, khi dé6 co
3 canh dé chon doan khac duge t6 mau A va ¢é 2 cach dé chon mau con lai va
nhu vay c6 tat cd a; = 6 cach to mau.
Bay gio ta tim a,4; ti a,. Cho bat k¥ mau ndo ctia dong 1 x n, gid thiét
WLOG réng doan bén phai nhat duge to mau A. Bay gio ta tudng tuong them
mot 6 vuong don vi kép vao canh phai clia dong dé duge dong méi c6 kich
thuée 1 x (n + 1), § d6 mau trén ctia 6 vuong mdéi da biét. Néu doan tren
méi dugc to mau A thi sé ¢6 2 cach dé chon mau cho 2 doan con lai. Do vay:
am+1) = 2a, va a, = 3.2".
Tré lai yeu cau ban dau, c6 3" cach dé to6 mau goc trén va 3.2" cach t6 mau
mdi dong. Nhu vay co tat ca 3™T.2™" cach to6 mau.

>5.23. Ta choi mot tro choi vdi tam gide déu cia % dong zu (vdi n dong
zu trén moi canh). Dau tién, tat cd cdac dong zu déu dat sap. Trong moi lan

lat ta co thé lat 3 dong zu lién tiép lien ke. Muc dich la tat cd cdc dong zu bi
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lat ngita. Héi n bing bao nhiéu dé hoan thanh viec dé?

Loi giai: Tro choi nay sé duge hoan thanh véi cac gia tri cia n ma chia 3 du
0 hoac 2.

R6 rang thay ngay & trudng hop don gian nhat. Bai toan dang véi n = 2 va
n = 3 (mdi truong hop c6 bon kha nang lat).

Véi céac gia tri n 16n hon, chon mdi lan lat 3 dong xu, s6 dong xu con du dudge
lat mot lan, va nhitng dong xu doc theo cac canh ciia tam gidc c6 thé dugc
lat 3 lan. Vi vay tat ca cac dong xu déu ngtta. Trong khi d6, méi dong xu bén
trong tam giac dudc lat 6 lan, va chiing lap thanh mot tam giac c6 s6 dong xu
trén moi canh 1a n — 3.

Theo phuong phap quy nap, cac gia tri n nhu trén déu théa man.

Néu n chia 3 du 1, ta t6 cac dong xu bdi cac mau vang, dé va xanh sao cho
bat ky 3 dong xu ndo canh nhau cfing ¢c6 mau khac nhau. Cling vay, 3 dong
xu lién tiép bat k¥ trén mot hang cling c6 mau khac nhau.

Néu cac dong xu 6 goc déu c6 mau vang thi s6 dong xu mau vang nhiéu hon
s6 dong xu mau xanh hodc mau dé 1a 1 dong.

Lic nay tinh chén, 18 clia s6 dong xu nglta mau vang khéic véi tinh chén, 1&
ctia s6 dong xu ngtta mau do.

Tt sy khac nhau vé tinh chan, 1é clia s6 dong xu ngtta clia mdi mau, ching ta
khong thé két thic néu khong c6 sy nhu nhau vé tinh chén, 1é ctia s6 dong xu
ngiia mau vang va mau dé. D6 c6 thé 1a mot trusng hop néu tat ca cac dong

xu déu da lat ngita. Vay cac dong xu khong thé duoe sip xép.

>5.24. Cho ABCD la mot hinh vuong co dinh. Xdc dinh tat cd cdc vi tri cé
thé ciia S dé hinh vuong PQRS vdi P va R nam trén 2 canh khdc nhau cia
ABCD; Q nam trén duong chéo ciia ABCD. Xdc dinh tat cd cdc vi tri cé thé

2 -2
cua diem S.

Loi giai: Céc vi tri tao thanh cac hinh vuong khac nhau, quay 45° v6i tam 1a
giao cua hai dudng chéo ctia hinh vuong.

Gia st ta dua ra cic s6 phitc sao cho A=0; B=1; C=1+iva D =i.
Trude tién, gia st P va R nam trén 2 canh lién nhau ctia ABCD. Khong mat
tinh tong quat, gid st P nam trén AB va R nam trén BC. Trong trudng hop
nay (Q phai nam trén AC. (V6i bat cit diém nao nam trén BD khong trimg
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v6i tam ctia hinh vuong, phép quay véi géc quay 90° ma AB khong trung véi
AD)Néu P =z;Q =y+yithh R= 2y —x)i va S = (x — y) + (y — )1,
trong d6 cac bién doc theo hinh vuong da cho.

Néu P va R ndm trén 2 canh déi dien ctia ABCD, khong méat tinh tong quét,
ta gia st P nam trén AB, R nam trén CD va @ nam trén AC. Hon nita, ta gia
thiét @ =y +yi v6i 5 <y < 1. Quay canh AB mot géc 90° ta c6 Q trung voi
mot diem duy nhat trén CD. Nhuvay P =2y—1; R=iva S =y—1+(1—y)i

véi cac bién doc theo hinh vuong da cho.

>5.25. Chitng minh ring tap hop cic s6 nguyén duong cé thé chia thanh vo han
cdc tap c6 vo han s6 Ay, As, ..., (cdc tap roi nhau) sao cho néu x,y, z,w thudc
Ay vdi k nao dé, khi dé v —y va z — w cung thuoc tap A; (trong dé i khong
nhat thiét bang k) khi va chi khi § = Z.

A P B
Q R
D C

Loi giai: Goi Ay, 1a tap bao gom tat ci cic s6 ¢ dang (2k —1)2" va cach phan
chia nay sé théa man yéu cau dé ra.

That vay, gia st x,y,z,w € A, v6i x >y va z > w Ta co:

=2k —1)(2a+b)),y = (2k — 1)2%, 2 = (2k — 1)2{c + d),w = (2k — 1)2°.
Khi do

r—y=2k—1)(2"-1)(2%),2 —w = (2k — 1)(2¢ — 1)(2°)

DO%ZQb‘ khi va chi khi b = d khi va chi khi x —y va z —w

z — 9d T _ z
’6_2’:>y_w
c6 u6e s6 16 chung 16n nhat.



Chuong 6

Pé thi olympic Czech va Slovak
Repubulick

>6.26. Cho tam gidc ABC c6 ba canh lan lugt la a,b,c va ba géc tuong ing
a, 3,7. Ching minh rang: néu o = 383 th (a* —b*) (a —b) = bc?, xét zem
chieu nguge lai ¢6 ding khong.
Loi giai: Theo hé qua cta dinh 1y Sin ta ¢6 a = 2Rsina,b = 2Rsin3,¢ =
2R siny, v6i R 1a tam duong tron ngoai tiép tam giac ABC. Vi vay:

(a* = %) (a — b) = 8R? (sin® a — sin® 3) (sin o — sin 3)

8R? (sin® 33 — sin 6) (sin 38 — sin 3)

8R? (sin 383 — sin B)* (sin 33 + sin 3)

8R’ (sin” (180" — 4/3)) (sin )
8R3 (sin ) (sin 3)

(
(
(
8R® (8 cos® 2B sin” Bsin”® 3 cos 3)
(sin
(sin

= bc?

N6i chung, chiéu ngudc lai sai; ta c6 thé lay o = 33 — 360°, vi du nhu a =
15°, 3 = 125°, v = 40°
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>6.27. Méi canh va duong chéo cia mot n-gigc déu (n > 3) duge t6 mau do
hodc mau xanh. Ta chon mot dinh va thay doi mau cia cic doan thc“zng nhan
diém do lam daw mait dé ti mau dé thanh mau zanh va nguge lai. Chiing minh
rang, vdi bat ki cdch to mau lic dau thé nao, ta vin cd thé bién s6 canh mau
zanh zudt phdt tw moi dinh la so chin. Ching minh rdang, két qud cudi cung

ctia viéc to mau duge quy dinh dua trén cach to mau ban dau.

Loi giadi: Nhan thay, thi tu chon cac dinh khong anh hudng dén két qua to
mau cudi cling. Va viéc chon mat dinh hai lan khong anh hudng dén két qua to
mau. Vi thé, viec chon mot tap hgp céc dinh cling cho két qua nhu viéc chon
cac dinh con lai: Qué trinh sau cling tuong tu nhu viéc chon mot tap hop cac
dinh dau tién, sau d6 chon tat ca cac dinh (6 day, trong tap hgp cac dinh con
lai, nhitng dinh ban dau dugc chon s6 1é lan bay gio dude chon theo s6 chén
lan va nguoc lai).

Dit tén céc dinh 1a 1,2, ...,2n + 1. Goi a; 1a s6 cac doan mau xanh xuét phat
tit dinh tht ¢, goi b; 14 $6 1an mdi dinh duge chon va B = Y b;. Khi chon dinh
k thi aj tré thanh 2n — a = a;; mat khac, mdi doan tir dinh & t6i mot dinh
khéc doi mau nén a; con lai thay doi tinh chén 18.

Tinh tdng s6 a; thi cho ra két qua la hai lan tong s6 cac doan mau xanh, vi
thé c6 mot s6 chén cac dinh vé6i a; 1a s6 18 -goi 1a 22 cac dinh. Chon cac dinh
nay. Tinh chén 18 ctia céc s6 a; thay doi 2z — 1 lan dé thanh s6 chin. Tinh
chiin 1é clia céc sb a; con lai thi thay ddi 2z lan dé giit nguyen la s6 chin. Do
do, tat ca cac dinh déu c6 mot s6 chén cdc doan mau xanh. Vay ta da ching
minh duge két qua t6 mau cudi ciing 14 duy nhat.

Ta xét mot cach t6 mau véi két qua nhu mong mudn. Cudi cling, s6 doan mau
xanh a; xuat phat tit dinh thit i 1a a; + B — b; (mod2). Khi d6, s6 doan mau
xanh xudt phat tit cac dinh 1a bang nhau, do do, b; = by, khi va chi khi luc dau
ay. Vi vay, hoac b; = 1 khi va chi khi a; = 1 hoac la b; = 1 khi va chi khi

a; = 0, ta c6 két qua t6 mau nhu trén. Do dé két qua t6 mau 1a duy nhat.

CLj =
Bai toan dugc ching minh

Cha §: v6i mot 2n-giac (n > 2), thi viéc chon mot dinh sé lam thay déi tinh
chin 1é ctia tat cd cac a;. Vi thé, ta khong thé c6 duge két qua tat ca cac a; 1a
s6 chin, néu cac a; ban dau khong cing tinh chin 1é. Va néu c6 tat ca cac a;

12 s6 chan thi két qua t6 mau cudi cuing 1a khong duy nhét.
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6.28. Cho ti dien ABCD duoc chia thanh 5 khoi da dién loi sao cho moi mdt
ctia tit dien ABCD la mot mat cia khoi da dién (khong cé mdt nao bi chia),
va hai khoi da dién bat ki trong 5 khoi da dién hodc cé mot dinh chung, hodc
c6 mot canh chung hodc ¢6 mot mat chung. Héi 5 khéi da dién cé tong s6 mat

it nhat la bao nhiéu?

Loi giai: Tong s6 mat nhé nhat 1a 22. Khong c6 khéi da dién nao c¢é chung
hai mat vdéi ti@ dien ABC D, néu khong, do tinh 16i ctia khoéi da dién nén né sé
la ABCD. Do d6, c6 mot khoi da dien P khong c¢6 chung mot mat véi ABCD
va cdc mat clia n6 nam bén trong ti dien ABCD. Do d6, méi mat ctia P phai
13 mit chung ctia P véi mot khoi da dién khéc, c6 nghia 1a P c¢6 chung it nhat
3 mat v6i mot trong nhiing khéi da dién con lai. Dong thai, bat ky mit nao
ctia khoi da dién khong 14 mot mit clia tit dien ABC'D thi phai 1a mot mit
ctia khéi da dien khac. Tic 1a, tong s6 cac mat ctia 5 khéi da dien 1 s6 chén.
Do méi khéi da dién phai c6 it nhat 4 mat, nén tong s6 mit it nhat 1a 20. Gia
thiét, day 1a tong. Khi d6 méi khéi da dien 1a mot t dien c¢6 4 dinh va P ¢6 it
nhéat 2 dinh chung véi ABC'D. Va néu né c¢6 2 diém chung véi ABCD, gia st
1a A va B, khi d6, no sé c6 t6i da 2 dinh chung v6i t1t dién ma 3 trong 4 dinh
1a A, C, D. Diéu nay la vo ly. Do do, tong ciia cac mit lon hén hodc bang 22.
Ta sé chi ra truong hop dé dau bang xay ra. Lan luot 1y P va @) gan véi A va
B. Khi dé 5 khéi da dien APCD, PQCD, BQCD, ABDPQ va ABCPQ théa

man céac diéu kien dé bai ma tong s6 mit ciia 5 khéi da dién nay bing 22.

>6.29. Chi ra rdng ton tai mot day cic so tu nhién tang dan {a,} -, vdi moi

k>0, ma day {k + a,} chi chita mot s6 hitu han s6 nguyén to.

Loi giai: Lay p; 1a s6 nguyen t6 thit k, &k > 1 . Chon a; = 2. V6in > 1,
14y a,.1 1a s6 nguyén nhé nhat 16n hon a,, ma a,; = —p (modp, 1) v6i moi
k < n. Nhitng s6 nguyén nay ton tai theo dinh Iy Thing du Trung Hoa. Vi
vay, v6i moi k + a, = 0 (modpg.1) véin > k+ 1. Do d6, trong day {k + a,},
gia tri 16n nhat trong k 4 1 c6 thé la s6 nguyeén t6; tit s6 hang thit k = 2 trd

di, cac s6 hang 1a boi clia pio; va phai 1a hop s6 .Ta c6 diéu phai chitng minh.

>6.30. Vdi moi so tu nhién n > 2, hay tim gid tri lon nhit cia biéu thi sau:

V,, = sin x1 cos o + Sin x5 cos x3 + - - - + sin x,, cos T
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vdi T, Ta, -, Ty, 10 cdc so thuc bat k.

Loi giai: Ap dung bat déng thic 2ab < a® + b% ta co:

sin® xy 4+ cos?zy  sin® x + cos? 3 sinx, +cos’x; n
V, < + o = -
2 2 2 2
Dau bang xéy rakhi #; =2, =+ =2, = §

56.31. Cho hinh binh hinh ABCD ma ABD li tam gidc nhon, va BAD = T.
Trén cic canh cia hinh binh hanh, lay cic diém K thuoc AB, L thuoc BC, M
thuoc CD, N thuoc DA sao cho KLMN la ti gidc noi tiép co ban kinh bing
ban kinh duong tron ngoai tiép cac tam giac ANK va CLM. Tim qug tich cdc
giao diém cia duong chéo cia ti gige KLMN.

Loi giai: Do cac cung chita céc m, KMN , LKM , LNM trén dusng tron
ngoai tiép tt giac K LM N va cac cung chita KAN , LCM lan lugt trén duong
tron ngoai tiép tam gidc AKN va CLM c6 cing so do, cac goc dé deéu
bing nhau va c6 ciing s6 do la 45°. Cac tam gidc SKL va SMN véi S 1a
giao diém ctia KM va NL, la cac tam gidc vuong can tai S va dong dang
v6i nhau. Khi d6, qua phép dong dang, K bién thanh M, L bién thanh N,
AB bién thanh CD va BC bién thanh DA, vi vay S nam trén doan BD.



Chuong 7
Pé thi olympic Phap

>7.32. Tai moi dinh cia 1997- gide duge gan mot s6 nguyén, sao cho tong cia
chiing bang 1. Bat dau tu mot dinh nao dé, ta gan theo chiéu ngudc kim dong
ho quanh da gidc. Héi c6 thé chon mot dinh bdt dau ma tong clia k s6 nguyén

dau tién la duong voi k =1,2,..,1997

Lai giai: C6. Goi by, 1a tong ctia k s6 nguyén dau tién, ta co bjggr = 1. Goi
13 gia tri nhé nhat clia by, ta tim mot s6 & 16n nhat ma b,_, = x. Sau do6 ta

bit dau tit k dinh dé thi moi tong s6 sé 1a s6 duong.

>7.33. Tim thé tich ldn nhat ciia mot hinh tru duge chita trong phan chung cia
mot hinh cau tam O ban kinh R va mot hinh nén dinh O cdt hinh cau theo

mot duong tron ban kinh r, co cung truc vdi hinh non.

Loi giai: Ta c6 hinh tru cat hinh cau theo mot duong tron ban kinh s < r.
Khoang cach tit tam ctia hinh cau dén mat phing chia dudng tron nay la
VR2 — s2. Lai ¢6 hinh tru cling cat hinh nén theo mot duong tron ban kinh
s, khoang cach tit tam hinh cau dén mat phang chia duong tron do bing
sy/R2/r2 — 1. (Vi khodng cach tir tam ctia hinh cau dén mat phing chita
duong tron 1a v/R%Z — r2). Vi vay, thé tich ctia hinh tru la:

7s” <\/R2 — 52— s\/R2/r? — 1)

Chiing ta tim gi4 tri 16n nhat ctia biéu thiic trén biang cach cho dao ham theo
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s bang 0:
3

0=2sVR?—s%— % — 38/ R2/r2 — 1
— s
Chuyén vé va binh phuong ta cé:
s* —4R?s®> + 4R*  9s?R? — %2
R2 _ 2 - 2

Giai phuong trinh ta dugc:

2 _ 3R+ + V(OR? —1?) (R? —1?)
6

S

Va thay s? vao cong thiic thé tich & trén cho ta thé tich 16n nhat.

>7.34. Tim dién tich l6n nhat cia hinh chiéu vuong géc cia hinh lap phuong
don vi lén mot mat phcfng.
L3i giai: Nhan thay hinh chiéu ctia hinh lap phuong la tong hinh chiéu cta
3 mit ctia hinh 1ap phuong doi mot vuong goc véi nhau. Dién tich hinh chiéu
clia mo6i mat bang gid tri tuyét doéi ctia tich hai vecto don vi lan lugt vuong
goc v6i mit dé va mat phang chiéu.
Nhu vay néu cac tich d6 1a z,y, 2z thi gia tri 16n nhat cta dién tich hinh cia
chiéu hinh lap phuong bang gia tri 16n nhat clia tong «+y-+ 2z véi dieu kien 22+
y?+ 2% = 1. Mat khac, theo bat ding thitc Cauchy-Shwarz v/3+/22 + 2 + 22 >
(x +y+ z). Dau bang xay ra khi va chi khi z = y = 2. Khi d6, gia tri 16n nhat
cia dién tich bang /3

>7.35. Cho tam gidc ABC vdi a,b,c la do dai cia cdc canh va m,n,p la do dai
ctia cdc duong trung tuyén cia né. Véi moi so thuc duong o, goi \(«) la s6

thue duoge zac dinh bdi :
a® + b + ¢ = X ()® (m* +n® + p%)

(a). Tinh \(2)
(b). Tinh gidi han cia \(«) khi o dan tdi 0.
(c). Vi dieu kién nao cia tam gigac ABC' thi A(«) khong phu thudc vao .

Loi giai: (a). Goi m,n,p la do dai clia cac dudng trung tuyén tuong tng véi
cac canh a,b, ¢ va gid stt a < b < ¢. D& dang tinh duge m? = (26> +2¢2 — %) /4
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va tuong tu véi hai trung tuyén con lai, vi vay A(2) =
(b). Neuz <y <zvaa—0thi

Sl

r < (2% 4y + Za)l/a < 3oy

va do d6 (z* + y* + 2*)"* dan t6i z. Vay ching ta c6 lim A () = ¢

3

(c). D& A(a) khong phu thudc vao « ta phai co Z—z = %, dan dén a® + ¢ = 2%
2z e o .z . 3 13 . \/3

Két hop véi gia thiet ta c6 m = ¢¥5>,n =05, p = a5

Vay A(a) 1a hing s6 khi tam giac ABC' théa man diéu kien trén.



Chuong 8
Pé thi olympic Diic

>8.36. Xdc dinh tat cd cdc s6 nguyén to p sao cho hé

p+1 = 222
p2+1 — 2y2

co nghiém x,y nguyén.

Loi giai: Chi c6 duy nhat sd nguyén t6 p = 7 théa man bai toan. Khong mat
tinh tong quat c6 thé gia st rang ,y > 0. Cha § réing p + 1 = 222 1a chén,
nén p # 2. Hon nita, 22° = 1 = 2y* (mod p) suy ra x = +y (mod p) vi p la 1é.
Tex<y<p,tacoz+y=p. Dodo

PP +1=2p—x)=2p" —dap+p+1,
nen p = 4 — 1, 222 = 4z, x 12 0 hosic 2 va p la —1 hoac 7. Hién nhien —1
khong 1a s6 nguyén t6, va p =7, (z,y) = (2,5) 1a nghiem ctia bai toan.

>8.37. Mot hinh vuong S, noi tiép mot tam gidge nhon ABC vdi hai dinh nam
trén canh BC va mot dinh nam trén AB, mot dinh nam trén AC. Cdc hinh
vuong Sy, Se duge xay dung tuong tu. Vi nhing truong hgp nao cia tam gidc
ABC' thi cdc hinh vuong S, Sy, S. la bang nhau.

Lai giai:
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B 7y
B C

Diat R 1a ban kinh duong tron ngoai tiép tam giac ABC va dit z,, xp, 7,
la do dai cac canh ctia S, Sy, S. tuong tng. Ki hieu «, (3,7 la cac gbc
/BAC, /CBA, /ACB.

Gia st rang S, ¢6 cac dinh P, Q ndm trén canh BC trong d6 P gan B hon.
Khi do

2Rsina = BC = BP+ PQ+ QC
= z,cot f+ x, + 2, cOt7.
2Rsin «
1 4 cot 3 + cot v
2R sin asin 3 sin vy
sin 3 sin 7y + cos (3 sin y + cos 7y sin 3
2R sin acsin B sin vy

sin #siny + sin «

va tuong tu cho xp, x.. T x, = xp suy ra

sin fsiny +sina = sinysina + sin 8

0 = (sinf—sina)(siny — 1).

Tu tam giac ABC' la nhon, ta ¢6 sin § = sin«, suy ra a = 3 vi trong truong
hop trai lai thi o + 3 = 7 14 khong thé xay ra trong tam giac. Tuong tit nhu
vay 3 =, néen ABC la tam giac déu.

>8.38. Trong mot cong vién, 10000 cday dugc trong theo mot hinh lhidi vuong.
Xdc dinh $6 16n nhit cic cay cé thé don ha ma sao cho to mdi goc cay da don,
ban khong thé nhin thay mot goc bat ki khdc. (Gid st rang ban kinh cia cdc

cay la khong ddang ké so vdi khodng cdch ciia cdc cay ké nhau.)
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Loi giai: Ta nhan thiy rang trong mot hinh vuong gom bén cay ké nhau ta
chi b6 di duge nhiéu nhat mot cay. T lusi 100 x 100 ta c6 thé chia 10000
dinh vao 2500 hinh vuéng rdi nhau thuc su, do d6, c6 thé dén ha nhiéu nhat
2500 cay.

Ta sé chi ra mot cach dén 2500 cay thoa man bai toan. Dong nhat cac cay
véi toa do (z,y) tren ludi, 0 < x,y < 99, va don ha tat ca cic cay co cac toa
do chén. Xét hai goc bat ki (a,b) va (¢, d) véi a, b, ¢, d 1a chn. Xét p/q 1a mot
biéu dién ctia (d — b)/(c — a) v6i cac hang tit 1a bé nhat (& day p, ¢ c6 cling
dau véi d — b, c — a, tuong tng), khi d6, it nhat mot trong hai s6 a+p va b+q
phéi 1a 1, do d6, cay (a+p, b+ q) sé chan tam nhin gifia cac cay (a,b) va (¢, d).

>8.39. Cho maot hinh vién phan AM B vdi goc trung tam £ AM B nho hon 90°.
Tu mot diém P bat ki trén cung AB ha cic duong vuong géc PC va PD zudng
MA va MB (C € MA, D € MB). Chitng minh rang do dai doan thang C' D
khong phu thuoc vao vi tri diém P trén cung AB.

Lai giai:

D
B

Tu /PCM = Z/PDM = 7/2, nén tii giac PCM D noi tiép duong tron dudng
kinh MP. Do d6, 4p dung Dinh Ii ham s6 sin cho tam giac MCD, ta co,
CD = MPsin CMD la mot hing sb.

>8.40. Trong mot hinh vuong ABCD zay dung bon cung tron vuong, moi cung
tron cé tam tuong iung la A, B,C, D va chiia hai dinh ké vdi tam. Bon cung
tron nay cdat nhau tai bon diem E,F,G,H nam bén trong ABCD, cdic diém
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nay cing lam thanh mot hinh vuong goi la S. Goi C la duong tron tiép ziic vdi
cd bon cung tron trén. Héay so sanh dién tich cia S va C.

Loi giai: Ki hiéu [C] 1a dién tich clia cung tron C, va [S] 1a dién tich ctia hinh
vuong S. Khong mat tinh tong quat cé thé coi F la giao diém clia cac cung
tron ma gan AB nhat, va G 1a giao diém gan C'D nhat. Ha céc dudng vuong
goc EE' xubng AB, va GG’ xuéng CD. Theo tinh chat déi xing, F', E, G, G’
la thang hang.

Tit AB = BG = AG ta c6 ABG la tam gidc déu va dudng cao GE' = /3AB/2.
Tuong tu, G'E = V/3AB/2. Do dé, V3AB = GE' + G'E = AB + EG, nén
EG = (V3 —-1)ABva [S] = EG?/2 = (2 — /3)AB?.

Diat I, K 1a cac tiép diém ctia dudong tron C véi cac cung tron tam C va A,
tuong tng. Lai do tinh déi xting thi A, I, K, C thang hang. Khi d6

2AB = AK + IC = AC + IK = V2AB + IK,
nén, IK = (2 — v/2)AB. Do vay

[C] = %IKQ = %ABQ > (2—V3)AB%* = [S].

Vay dién tich cua duong tron C 16n hon dién tich ciia hinh vuong S.

B
E/ al
I
H
A D

>8.41. Ki hieu u(k) la wdc Ié lon nhat cia s6 tu nhién k. Chiing minh rang
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Lai giai: Dat v(k) 1a ude 16n nhat cia k ¢6 dang liy thita ctia 2, nén u(k)v(k) =
k. Trong {1,2,...,2"} ¢6 2"~ gi4 tri ctia k sao cho v(k) = 2/ v6i i < n — 1,
va mot gia tri sao cho v(k) = 2". Do d6, vé trai bang

2n n—1

1 wk) 1 gr—i-1

on L An ' onti
k=1 i=0

Tit tong ciia chudi hinh hoc ta c6

271

1 u(k) 2 N
N e 2oy >
o Tk 3 )

[GVIN \)

>8.42. Tim tat cd cdc so thuc théa man hé

= 2y—1
v o= 22-1
2 = 2z —1.

Loi giai: Trude hét ta chi ra rang z = y = 2. Gia sit trai lai rang = # y. Néu
x>y, thhy=(2*+1)/2> (y3+1)/2 = 2z, nén y > z, va tuong tu z > x, mau
thudn. Tuong tu, néu < y thi y < z vd 2 < 2, mau thuin. Nén cac nghiém
cua hé phuong trinh ¢6 dang x = y = z =t vé6i ¢ la nghiém ctia phuong trinh
t3 = 2t — 1. Vay, nghiém ctia hé phuong trinh 13

—14+V5 —1-+5
2 2 }

x:y:z:t,te{l,

>8.43. Dinh nghia cdic ham so
f(x) = 2° +52* +52% + 5% + 1
g(z) = 2°+ 52" +32% — 52 — 1.
Tim tat cd cde so nguyén to p ma ton tai so tu nhien 0 < x < p, sao cho cd

f(x) va g(x) déu chia hét cho p, va vdi ting gid tri cia p, hdy tim tat cd cac

gid tri cua x tuong ing.
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Loi gidi: Cha ¥ rang
f(z) +g(z) =22%(x + 1)(z + 4).

Nén néu p la uée ctia f(z) va g(z) thi vi p 14 s6 nguyén t6 nén p phai la uée
ctia it nhat mot trong cac s6 sau 2,z,z + 1,x +4. Tu f(0) = 1 va f(1) =17
dan dén p # 2. Hon nita, p ciing khong thé 1a u6e ctia z, vi khi do, f(z) =1
(mod p) la vo li. Néu p 1a ude ctia x + 1 thi f(z) =5 (mod p), kéo theo, p la
uéc clia 5 nén p = 5 va ¢6 ngay rang x = 4. Truong hop p 1a u6c clia x + 4 thi
f(xz) =17 (mod p) nén p = 17 va dé thay = = 13 la thoa man.

Vay cac 16i giai cua bai toan lap =5, x =4 vap =17, v = 13.



Chuong 9
Pé thi olympic Irland

>9.44. Tim tat cd cdc cip s6 nguyén (x,y) sao cho 1+ 1996z + 1998y = xy

Loi giai: Ta ¢6:  (x — 1998) (y — 1996) = zy — 1998y — 1996 + 1996.1998 =
19972
Do 1997 1a s6 nguyén t6, nén ta c6: z — 1998 = +1; £1997; £1997%. Vay c6 6

gia tri (x,y) théa man la
(z,y) = (1999,1997% + 1996) , (1997, —1997% + 1996) ,
(3995,3993) , (1, —1) (1997% + 1998,1997) , (—1997% + 1998, 195)

>9.45. Cho AABC, M la diém trong tam gigc. Goi D,E,F lan luot la hinh
chiéu ciia M zuéng BC, CA, AD. Tim tap hop tit ci cic diém M théa man
FDE=1.
Lai giai: Tit cac t gide noi tiép MDBF vi MDCE ta ¢6 MDE = MCE va
MDF = MBE do d6 FDE = % & MCB + MBC = % hay BMC = = &

M nam trén cung tron di qua B va C.

>9.46. Tim tat cd cic da thic P(z) sao cho doi vdi moi x ta c6 :

(x—16) P (2z) =16 (z — 1) P (x) .
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Lai giai: Goi d = degP va a la hé s6 ciia x trong P(x) v6i s6 mi 16n nhat.
Khi dé6 hé s6 ctia x mii 16n nhat & bén trai 1a 2%a phai bang 16a do d6 d = 4
Do vé phai ltc nay chia hét cho (z — 1), nhung trong truong hop do vé phai lai
chia hét cho (z — 2), tuong tu 14 chia hét cho (z —4) va (x — 8). Vay da thiic
P(x) 1a boi cia (z — 1)(x — 2)(x — 4)(x — 8) 1a tat ca cac da thitc thda man.
9.47. Cho a, b, c la cdc so thic khong am sao cho a+b+ ¢ > abe. Chitng minh
rang a® + b> + ¢ > abe.
Loi giai: Gia st phan ching rang v6i a, b, ¢ > 0 ma a? + b> + ¢ < abc do d6
abc > a®> = a < be. Lam tuong tu ta ciing c6 b < ca,c < ab. Do d6 abe >
a?+b>+c% > ab+bc+ca. Theo bat dang thitc AM-GM va ab+be+ca > a+b+c
suy ra abc > a + b+ c. Trai v6i gid thiét. Vay bai toan duge chiing minh.

>9.48. Cho tap hop S = {3,5,7,...}. Vdi moi x € S ta dat 6(x) la zac dinh mot
$6 nguyén duy nhat sao cho: 20 < g < 20(@)+1

Doi vdi a,b € S ta dinh nghia phép todn

axb=2"D"1(b—-3)+a

a, Chitng minh rang néu a,b € S thia xb € S
b, Chitng minh rang néu a,b,c € S thi (a *b) xc=ax (b *c).

Loi giai: a, Hién nhien
b, Néu 2™ < a < 2m*L 27 < h < 27FL thi
axb=2""1(b-3)+a>2""1 (2" —2)+ 2" 1 =2""""1 41

vaaxb<2m b (2ntl —4) 4 omHtl 1 =2mt" 1 Vivay 6(a*xb) =m+n—1
Néu 27 < ¢ < 2P*! thi

(axb)xc=(2"""(b=3)+a)xc=2"""2(c=3)+2""(b—3)+a
Va
ax(bxc)=ax(2""(c—=3)+b) =2"" (2" (c—3)+b—3)+a= (axb)*c.

>9.49. Cho tit gidc loi ABCD ¢6 mot duong tron noi tiép. Néu

A=B="p_T pe—1
3 2
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Tim do dar AD

Loi gidi: Goi I 1a tam duong tron noi tiép . Do AABC 1a tam giac deu,
BIC = 105°,TCB = 15°, AID = 75°, TDA = 45° nén

BI AD  sin15° sin 75

— — = v/2sin 15°.
BC Al  sin 1050 sin 450 St

AD

>9.50. Goi A la tap con cia {0,1,2,...,1997} gom hon 1000 phan ti. Ching
minh ring A chi gom nhiimg liy thia cia 2 hodc hai phan ti phan biét c¢é tong
la luy thia cia 2.

Loi giai: Gia st tap A khong théa man bai toan. Khi d6 A sé bao gom hon
nita s6 nguyen tit 51 t6i 1997 ma ching duge chia thanh ting cap c6 tong la
2048 (VD : 51 + 1997 = 2048...). Tuong ty nhu vay, A bao gom nhiéu nhat
ntia s6 nguyéen tit 14 t6i 50, gom nhiéu nhat nita sé6 nguyén tit 3 t6i 13, va co6
thé ca s6 0, do d6 A c6 tong cong 937 + 18 + 5 + 1 = 997 s6 nguyen, trai véi
gia thiét A gom hon 1000 s6 nguyen tu tap {0, 1,2, ..., 1997}.

>9.51. Xdc dinh s6 tu nhién n théa man nhing diéu kién sau:
a, Khai trién thap phan cia n gom 1000 sé
b, Tat cd cic s6 trong khai trién la s6 1é.

¢, Hai phan ti¢ bat ky lién nhau trong khai trién cia n hon kém nhau 2 don vi

Loi giai: Dit ap, by, ¢y, dp, €, 12 56 trong khai trién ctia n, d6 1a nhimg s6 1é
va hai s6 lién tiép khac nhau 2 don vi do d6 tan cting theo thi ti1a 1,3,5,7,9
do do

01 000 an, A+l
10100 by bnt1
01010 cn | =] cn
00101 d, dn+1
00001 en €nt1

Goi A 14 ma tran vuodng trong biéu thitc d6. Ta tim gia tri rieng ciia clia A,
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gid st Av = \v v6i v = (vq, Vo, V3,04, V). Do d6

Uy = AUy

v3 = Avg —v; = (A2 — 1) vy

vy = Avz — vy = (A3 = 2)\) vy

vs = Ay —v3 = (A =3\2+ 1),

va vy = Mg, do d6 A% — 33 + X = A3 — 2\, Gidi pt nay ta dugc A = 0,\ =
+1, A = +/3 tuong tng ta co cic vecto rieng xy, T2, T3, Ta, Ty 1A

(1,0,-1,0,1),(1,1,0,—1,~1),(1,~1,0,1, -1), (1, /3.2, 44/3, 1)

va
1 2 3 2—V3
(1,1,1,1,1) = gﬂfl +6\/_x4 6\/_

Ty
Vi vay
(a1000>b1000> 10005 @1000, e1000) =
_ g2 +6\/§ (1.v3.2,v3,1) - ’ _6\/5 (1.-v3.2,-v3.1)

— (34997 2.3499’ 2.34997 2'34997 3499)

Vi thé két qua ctia bai toan 1a 8.349.



