CAC BAI TOAN TO HOP CUA PE THI QUOC GIA

VMO 2001 - Bang B:
Bai 6: Cho bing 6 vudng kich thuéc 2000x2001 (hang x cdt). Hiy tim s& nguyén duong k 16nn nhat
sao cho ta ¢6 thé t6 mau k 6 vudng con clia bing thda min diéu kién: hai 6 vuong con nao dudc td
mau ciing khdng c6 dinh chung.
(Léi gidi chinh chiic)

Qui wdc: Thit ty clia cdc hang dugc tinh tif trén xudng dudi va thi ty cia cdc cdt dugc tinh i
trdi qua phai.
Ki hiéu (i;j) 12 6 vudng nim & giao cia hang tht i va cdt thit j. Ki hiéu k(T) 12 s6 6 dugc tO mau &
cichto mauT.

Xét mot cdch to mau T thda dk dé bai. D& thdy néu 6 (i; j) dugc t6 mau (1<i<1999) thi &
(i + 1;j) va cdc 6 ké v6i n6 trong cling hang déu khong dude t6 mau. Piéu nay cho phép ta thyc hién
phép bién d6i sau d6i vdi T: X6a mau & tat cd cdc 6 (i;j) ma i =1 (mod 2) va ddng thdi td mau cic 6
(i+15))

R6 rang sau khi thyc hién phép bi€n ddi néi trén d6 véi T, ta s& dugc 1 cdch td mau T' thda
min dk dé bai va:

+ k(T" =k(T)
+ T4t cd cdc 6 nim & cdchang tht 2i- 1;i=1,2, 3, ...., 10°, déu khong c6 mau.

Tur dk ctia dé suy ra s6 6 dudc td mau trong mdt hang khong vudt qua 1001. Do d6: k(T") <1001.10°.
Vi vay: k(T)<1001.10°, v6i moi cdch td mau T thda man dk dé bai.
Xét cach to mau sau: TO mau tit cd cac 6 (2 i; 2j-1),v611=1,2, .., 103;j =1,2,...,1001.
D& thdy, cdch to mau vira néu thda dk dé bai va c6 s8 6 dugc to mau bing 1001.10°.
Vay, s6 nguyén duong k 16n nhit cin tim 1a: k = 1001.10°.

VMO 2001 - Bang A:
Bai 6: Cho s6 nguyénn >1. Xéthodn vi (a,,a,,...,a,,) cda 2n s6 nguyén duong dau tién sao cho cic

,i=12,..,2n—1, d6i mOt khic nhau. CMR: g, -a, =n<1<a, <n,Vk=12,..,n

A

8O |4, — ¢4

(L gidi chinh chite)

a/ Piéu kién du:

Vil<a, <n,Vk=12,.,n nén:
2n-1

T=Y

i=1

=2[(n+D)+(n+2)+..+2n]-2(1+2+...+n)+a, —a, =2n" +a, —a, (10)
Mt khdc, d& thdy 1<|a,, —a|<2n-1,Vi=12,..,2n-1

a, —ai‘za1 -a,ta,—a,+..+a, —-a, =2a +a,+..+a, )-2a,+a,+..+a,)+a, —a

2n-1 1

vado:

a.,—a|doi mot khdc nhaw nén:T =1+2+...+(2n—1)=2n" —n (11)
T (10)va (11) ta dugc :a, —a, = n (dfcm)

b/ Piéu kién can:
2n-1
Tu cdc gia thi€tta co: T, = Z
i=1

a,,~a|+a,~a, =nQ@n-D+n=2n> (12)

Mt khac, sau khi khai tri€n ddu gid tri tuyét d6i & cdc s6 hang clia Ty ta ¢ thé viét Ty dudi dang:
2n
T, =Y 8a, trong dé 5, €{-2;0;2), Vi=1,2,...,2n

i=1
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Dé thdy day : 0,,0,,...,0, €O cdc tinh chdt:
i/ 6,+06,+..+6, =0
ii/ N&u trong ddy &,,6,,...,5,, ta x6a ditdtcd cdc sd 0 va dong thdi gilf nguyén vi tri cla cdc s§ khdc
0 thi s& nhan dudc 1 ddy ma & do cdc s6 -2 va 2 xen ké nhau.
Ki hi¢u by, by, ..., b, (tuong Ung t;, to, ..., t,) 1an lugt, theo thit tuw xud't hién trong hodn vi (a,,a,,...,a,, ),
12 cdc s6 khong vugt qud n (tuong ng, vudt qué n) trong hodn vi 4y.
2n n n n n
T i/ ta duge: T, =) 5,(a,—n) <2 (1, —n)=2.Y (b, —n)=2>1,-2.> b =2n* =T, (theo (12))
i=1 i=1 i=1 i=1 i=1
Tl d6 suy ra ta phdi cé 6, =2 v6i moiima a;>nva ddng thoi 0, =-2v6imoiima a; < n (*)
Do a —a, =nnéna, <n.Suy ra o, =-2.
Vi thé', theo iil ta ¢6 6, =-2,Vk=12,...,n.

<n, Vk=1,2,...,n. (Dfcm)

Do vdy, theo (*), ta phdi c6:1<a,, <

VMO 2002: (Bang B) (THTT - Thang 10, 2002, tr10)
Bai 3: Cho tip S gdm tit cd cdc sd nguyén trong doan [1; 2002]. Goi T 12 tip hop gdm tit cd cdc tip
con khong rdng cia S. Vi mdi tap hgp X thudc T, ki hiéu m(X) 1a trung binh cdng clia tat cd cdc s6

m(X . . . e
thuoc X. bat m = % G day tong lay theo tit cd cdc tdp hdp X thudc T. Hay tinh gid tri cia m.

i

Véi mdi k €{1,2,...,2002}, dat m_ = m(X) & day tdng Iy theo tat c4 cdc tap hgp X thudc T ma
|X|=k.

k-1

Xét s a batki thudc tp S. D& thdy: a ¢6 mit trong C,

k.m, =(1+2+...+2002)C, =1001.2003.C,. . Do dé:

tdp X thudéc T ma ‘X‘ =k . Suy ra:

2001 2001°
& 2002 Ok 2002 2002
Sm(X)= Y m, =1001.2003.3 2 = [gjz SR
k=1 =1 —

DE thy:|T|=2"" ~1. Vi vay: m= {Zm(x)] _ 2003
) 2

Bai 3: Hay tim tdt c& cdc s0 nguyén dudng n thda man dk: C; =(2n)", trong k 1a s6 cdc udc nguyén t§

cia C},

Gié st p 1a mot uéc nguyén t6 cia C,, . Goi m 12 s¢ mii clia p trong phan tich chuéin ciia C. . Ta s&

ching minh p” <2n

2n

m

p

S]] o

VéixeR tacod: 2[x]+2>2x = [2x]=[2x]-2.[x]<]1.
Do dé, tir (*) suy ram < m -1. Mau thudn. Suy ra dfcm.
Tir k€t qué vira chitng minh & trén ta duge C, =(2n)* < k=1vaC, =2n<n=1

Gia st ngugc lai, p™ >2n. Khi dé { }: 0. Suy ra:
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VMO 2002: (Bang A) (THTT - Thiang 11/2002, tr6)

Cho cdc s6 nguyén duong m, n véi m < 2001, n < 2002. Cho 2001x2002 s thyc ddi mot khéac
nhau. Pién cdc s6 da cho vdo cdc & vudng con clia bing & vudng kich thudc 2001x2002 (2001 hang;
2002 cot) sao cho mdi sd dudc dién vao 1 6 va mdi 6 dugc dién 1 8. Ta goi 1 6 vudng con clia bing
12 6 "xau" n€u sd nim trong & d6 bé hon it nhat m s& nim cling cot v6i né va ddng thdi bé hon it nhat
n s6 nim cling hang véi né. Vi mdi cdch dién so néi trén goi s 12 s& & "xau" clia bidng s6 nhin dudc.
Hay tim gid tri nhd nhat clia s?

Ta sé& gidi bai toan tdng quat clia bai, thay 2001 bdi p va 2002 bdi q.

Bing pp quy nap theo p+ q, ta s€ ching minh: s> (p-m)(p—n)  (¥)

Dé& dang ki€m tra dugc tinh ding ctia (*) d6i vdi bing pxp ma p + q = 2; 3; 4.

Gia st (*) ding vdi bang pxq ma p + q = k.

Xétbang pxqma p + q=k + 1. D& thdy: (*) ding n€um =p hodcn=q.

Xét Thdp: m<p van<q. Ta goi 1 6 vudng con clia bang 12 6 "xdu theo hang" ("xdu theo c6t") néu s6
nim trong & d6 bé hon it nhat n s (twong ¢ng m s6) nim cung hang (tuong tng cling cot ) véi né. Mdi
hang c6 g-n s6 x4u theo hang, mdi cot ¢6 p -m s& xau theo cot.

Né&u trong bang pxq, mdi 6 xau theo hang cling ddng thdi 12 6 xau theo cot va ngudc lai, thi

s = (p-m)(g-n), trong Thop nay ta c6 dfcm.

Gia sti, tro ng badng pxq c6 cdc 6 chi xdu theo hang (khdng theo cdt), hodc chi xau theo cot
(khong theo hang). Goi a 1a s6 nhé nha't trongtit cd cdc s6 nim & cdc 6 nhu vay. Khong mit tdng
qudt, gid st 6 chita a 12 6 x4u theo hang. Khi d6, tit cd (p-m) 6 xau theo cot clia cdt chia a ciing dong
thdi la (p-m) 6 xau clia bing. B cdt chita a, ta s& nhian dudc badng px(g-1) ma modt 6 vudng con clia
bdng nay la 6 x4u thiné 12 6 x4u clia bidng pxq. Vip +(q -1) = k nén theo gia thi€t quy nap ta c6 s6 6
x4u cda bang px(q-1) khong it hon (p-m)(g-1-n). Do d6, s& & xau clia bang pxq khong it hon

(p-m)(q -1 -n) + (p -m) = (p - m)(q - n).

Theo nguyén Ity quy nap, (*) dugc chitng minh.

Bay gid ta s& chira 1 cdch dién sd vao bang sao cho bdng s6 nhin dugc c6 s6 6 xau biing
(p-m)(g-n). Sap x&p pxq sO theo thif tv ting dan, rdi theo thit ty d6, 1an lugt dién cdc s6 vao cdc 6 clia
bang theo quy tic tif trén xudng dudi, tf trdi qua phai.

Dé thay, bdng s6 nhian dudc nhd cdch dién sd vira néu c6 s6 6 xau bing (p - m)(q - n).
Vay ... =(p-m)(g—n).
Ap dung k€t qua bai todn trén vao bai di ra ta c6: s . =(2001-m)(2002 —n)

VMO 2003: (Bang B) (THTT - Thiang 1/2004/tr8)

Bai 3: Xét s6 nguyén n >1. Ngudi ta mudn t6 mau tit cd cdc s6 ty nhién bdi hai mau xanh, dé sao cho
céc diéu kién sau dudc dong thdi thda man:

i/ Mdi s6 dudc to bdi 1 mau, va mdi mau déu dugc dung dé t6 vo s§ s0.

ii/ Téng clia n s& d6i mot khac nhau cling mau 12 s& ¢6 cling mau dé6

Héi c¢6 thé thyc hién dugc phép to mau néi trén hay khong, néu:

1/n=2002?
2/n =2003?

1/ Xétn = 2002, ta s& CM ring cau trad 13i trong trudng hgp nay 1a "khong"
That vay, gid s, ngugc lai, ta c6 thé to tA't ca cdc s tu nhién bing 2 mau xanh, dé sao cho mdi s&
dugc t6 bdi 1 mau, mdi mau déu duge ding dé t6 vo s6 s0, va tdng clia 2002 s ddi 1 khdc nhau cling
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mau 12 s6 ¢6 cing mau d6. Khi d6, do c6 vo s6 s6 dugc td bdi mau xanh va c6é vo s6 s6 dudc td bdi
mau db nén:

+ Tdn tai s6 a; ma a; dudc td bdi mau xanh va s6 b; = a; + 1 dugc td bdi mau do.

+ Tdn tai s6 b, > b; ma b, dudc té bdi mau dd va s6 ar = b, + 1 dugc td bdi mau xanh.

+ TOn tai s6 a3 > a» ma a3 dugc to bdi mau xanh va s6 bz = a3 + 1 dudc t6 bdi mau dé.

+ Tdn tai s6 by > bz ma b, dudc td bdi mau dd va s6 a4 = by + 1 dugc td bdi mau xanh.

+ Tén tai sO a2001 > a2000 Ma azgo; dudc td bdi mau xanh va s6 baoo1 = az001 + 1 dudc to6 bdi mau dé.
+ Tén tai sO b2oo2 > baoo1 ma by dudc t bdi mau ddé va sd a002 = bagoz + 1 dudc td bdi mau xanh.

Tém lai, ton tai 2002 s& A, 0y .ny Ay Ay, 01 MOt khdc nhau va 2002 sO b.,b,,....b, ,b,,, d0i mot

khéc nhau thda man dong thdi cdc diéu kién sau:
(1) 2002 s& a,a,,...,0,,,0,,, dudc to bdi mau xanh; va 2002 sO b,b,,....b,,,b,,, dudc to bdi mau do

*272001° 72002
(ii) b, ,=a, +lvab, =a, -1 véimoik=1,2,.., 1001

- Tix dicu kién (i) suy ra s6 a=a, +a, +...+a,,, +a,,, dudc td béi mau xanh va s

b=b, +b,+...+ by, +b,, dudc td bdi mau do.

- Tir diéu kién (ii) d& dang suy ra a = b. Do d6 a va b phdi dudc t6 cling mau, mau thuin véi diéu vira
nhin dugc & trén. Tir d6 suy ra diéu phdi chitng minh.

2/ Véin = 2003, xét cdch td mau sau: T6 tat cd cdc sd chin bdi mau xanh va td tit cd cdc so 1€ bdi
mau dé. D& thi'y cdch to vira néu thda min ti't cd cdc yéu cAu bai todn. VAy, trong trudng hop nay,
cau tra 16i cho cau hodi cua bairala "co".

VMO 2003: (Bang A) (THTT - Thang 2/2004/tr4)

Bai 3: V6i mbi s6 nguyén n>1, ki hiéu s, 12 s6 cdc hodn vi (g,,a,,...,a ) cia n sd nguyén duong dau

tién, ma mi hodn vi (a,.a,.....a,) déu ¢6 tinh chat: 1<|a, —k| <2 vdimoi k=1,2,...n

CMR:1,75.s  <s <2.s

n—1
(Ddp dn Chinh thiic)
Trudc hét ta sé xay dung mot hé thitc truy hdi cho s,
V6i mdi n ty nhién khdc 0, ki hiéu s, 12 tdp hdp tat cd cdc hodn vi A= (a,,a,,...,a ) théa man cdc dk
dé bai.
Gid sit n >4. Xét hodn vi A=(a,,a,,...,a,,a, ) bAtki thudc sy, . Tl cdc gid thi€t suy ra
a ,=n+lhodca =n+l
* Truong hop 1: a_ =n+1,khid6 phdicé a =n—1 hodc a, =n-2
- N&u a, =n -1 thi phdi ¢6 a,,; =n. Do d6 trong TH ndy A c6 dang:
A =(a,a,,....a _,,n+1,n-1,n) vdi (a,a,,.. )ES, , 4
-Né&u a, =n -2 thiphdicé ag;=n-1 hoéc an41 = N.
+ Né&u an+1 =n -1 thi phai c¢6 a,, =n. Do d6 trong TH nay A c6 dang:

112

=(a,a,,...,a_,,n,n+l,n-2,n-1)vdi (a,a,,...,a _,)e€S , (5)
+Né&ua, =n thi Acé dang:
A, =(a,a,,...,a_,,n+1,n—2,n) vdi {al,az,...,an_z} = {1,2,...,n}\{n—2,n} (6)

* Truong hop 2: a =n+1.Khidétacd a, =n hodca,  =n-1

- N&€u an, =n thi A cé dang: A, =(a,,a,,....,a,_,,n+1,n) vdi (a,,a,,....a_)eS

- 7
D={L2,...a}\{n-1} (8)

Bién soan: HQH Trang: 4

n-17°

-Né&u ay; =n -1 thi A c6 dang: A, =(q, wa,_,n+ln=1)vdi(a,a,,..,a,

2’



Tu (4) - (8) suy ra phép dit tuong tng f:
f:A €S, >(a,a,..,a ,)€S ,;
f:AeS (a,a,,..a )eES

nn—-2)es ;
f:A €S . —(a,a,,..,a )eS ;

f:A3 €S . b (a,a,,....a _,,
fiA eSS > (a,a,,...a ,n-1)€S ;

xdc lgp mot don dnh: f:§ S S US US|
Dé thdy:Be f(S,,) < B=(b,b,,...b_,n-2)eS véib_ #n

& B=(b,b,,...b_,,n—Lnn-3,n-2)eS, vdi(b,b,,....b_)eS ,

— Titd6 suy ra f la1 song dnh tic S, dén (S, US, US, ,US, I\, x{(n—Lnn-3,n-2)})
Vithé s, =S _,,Vn>4  (9)

Suyra:s  —s =s _ +s  +s —s ., Vn>4 (10)

1=Sn+Sn_1+Sn_2+S

3

Do dé:s,  ,—s,  =s +s +s ,—s ,,Vn>4 (1]

— Ldy (11)-(10) vé' theo vé',ta c6:s, ,—2.s,  =s,_,—25 ., Vn>4
hay:s —2.s  =s —2s .,Vn>6 (12)

—Dé CM : s s>S ,Vn>6.

Vi thé tx(12) ta cé:s, <25, Vn>6 (13)

Hon nita, tw (9) ta c6:s, >s _ +s _,+s ., Vn>5 (14)
T (13) va (14) suy ra Vn>8 ta co:
s >s (s I2)+(s, ,/12)>s  + (s, [2)+ (s, /4)=1T55

n 1
Bing cdch d€m truc ti€p, ta dugc: s; = 0; s, = 1; 53 = 2; 54 = 4. Tr d6, dya vao (9) ta tinh dugc :
S5 =6; 8¢ = 13; 57 =24 va sg = 45. Cdc k&t qud nay cho thiy s; >1,75.s¢ va sg > 1,75.s7. vi thé, ta c6:
s >1,75.s ,Vn>6.Vady tom lai:1,75.s  <s <2.s ,,Vn>6
VMO 2004: (khdng c6 ciu TS hgp trong c4 2 bang)
VMO 2005: (Bang A) (c6 cau hinh hoc T6 hgp tr 11 THTT thdang 10/2005)

VMO 2005: (Bang B) (THTT - Thang 12 /2005/tr11)

Bai 3: Tim két qua hoc tdp & mdt 16p hoc, ngudi ta thay:

Hon 2/3 s6 hs dat di€ém gidi 8 mon Todn ciing dong thdi dat di€m gidi  mon Vat ly;

Hon 2/3 s6 hs dat di€m gidi 8 mon VAt ly ciing dong thdi dat diém gidi & mon Vin;

Hon 2/3 s6 hs dat diém gidi 8 mdn Vin ciing ddng thdi dat di€m gidi 8 mon Lich st;

Hon 2/3 hd hs dat di€m gidi 8 mon Lich st cling ddng thdi dat di€m gidi  mon Todn;

CMR trong 16p hoc néi trén c6 it nhat mot hoc sinh dat di€m gidi & cd bdn mon Todn, VAt ly, Vin,
Lich su.

Goi T, L, V, S tuong tng 13 tdp hop cdc hs dat di€m gidi  mon Todn, Ly, Vin, St

Ki hiéu:T, =TNL;L =LNV;V =VNS§

Ll‘>§‘L

Theo gid thit bai todn, ta c6:|T)| >§\T : v >§M

Theo yéu cdu ciia bai todn, ta can chitng minh:‘TﬁLﬂVﬁS‘ >0
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Khong mi't tdng quat, gid sit T 14 tAp c6 nhiéu phin t¥ nhit
Ta c6:|T, "L |=|1|+|L || L] (1)
ViT, UL <L nén [T, UL |<|L|. Do 6, i (1) ta dugc:

2 2 2 1 1
o> 2 =2l 2] ol @

— Lai c6:|T, "L V| =T AL|+V|-|@ nL)ov| @)
-ViL cVnénT NnL cV.Tukddy, vdi luu y ring V.cV,suyra: (T, "L)VV V.
Do d6:|(T, "L) UV,|<|V|. Vi vay, tir (2) va (3) ta dugc:
1 2 1 1 1
T L V| > [T+ Z|V|-=|V|=<|T|-2|V|z 0 (do |T]2|V]) 4)
3 3 3 3 3
Hién nhien TALNVNS=T "L NV,
Vi thé tir (4) ta c6 dfcm.
VMO 2006: (Bang B) (THTT - Thang 11/2006/tr6)
Bai 3: Mot don vi ki€m 14m mudn 14p lich di tudn tra ritng cho cd nim 2006 vdi cdc yéu ciu sau:
i/ S& ngay di tudn tra trong nim nhiéu hon 1 nira tdng s& ngay clia nim

ii/ Khong c6 2 ngay di tudn tra nao cdch nhau ding mot tuan 1&
1/ CMR: c6 thé 1ap dudc lich di tudn tra ritng théa man cdc yéu cu néu trén, bi€t ring nim 2006 c6

365 ngay;
2/ Héi c6 thé 1ap dudc tit cd bao nhiéu lich di tudn tra ritng nhu vay?

Dédnh sd ngay clia nim 2006 bdi 1, 2, ..., 365. Xét lich tuan tra sau: tuan tra vao nhifng ngay m ma
m=0,1,2,...,6 (mod14) . T6ng s& nhitng ngay nay 1a 183. Con s nay vudt qud nifa tong s ngay cia
nim, nén phuong 4n tudn tra d6 ddp Uing cdc yéu cau clia bai todn.

- Kihi¢u: A ={m<365:m=i(mod7)}.Ta cé|A|=53,

Al.‘: 52cho moi i #1. Nhu viy s6 ngly tuan

tra trong A; khong qud 27, s6 ngay tudn tra trong A; con lai khong qua 26, va tdng s6 ngay tudn tra

khong vugt qui 6.26+27 = 183. Vay mbi lich tuin tra thda min yéu cau dau bai phdi cé 183 ngay.

- BAy gid ta xdc dinh cdc tAp hgp 183 ngay thda min yéu ciu du bai. S& cach chon cdc ngay trong A,

dudc x4c dinh duy nhat (chi gdm cdc ngay dang 14k +1). Va véimdii # 1, c6 ding 27 cdch chon 26

ngay trong A; khong thudc vao 2 tuin lién ti€p nhau, dic trung bdi day: (0,0,...,0,1,...,1) (trong d6 tai
26

vi tri 0 14 cdc ngay dang 14k +i va tai vi tri 1 12 cdc ngay dang 14k + 7 +i). Nhu vay, c6 thé 1ap dugc

tat cd 27° lich tudn tra khdc nhau thda man yéu ciu diu bai.

VMO 2006: (Bang A) (THTT - Thang 12/2006/tr9)

Bai 3: Cho m va n 1a cdc s& nguyén 16n hon 3 va bdng 6 vudng kich thuéc mxn (m hang va n cot)
Cho phép dit bi vao cdc 6 vudng con clia bang theo cdch sau: mdi 1an, dit 4 vién bi vao 4 6 vudng
con (mdi 6 1 vién) ma 4 6 d6 tao thanh 1 trong cdc hinh dudi day:

[ 1] _I_IH

| L H

. Y 2 A 7z ~ % . ~ 7z A A ~ . R+ A A
Hoéi bang cdch trén ta ¢6 thé dit bi vao cdc 6 vudng con ciia bang sau cho so bi trong moi 6 vudng con
déu biing nhau hay khong, néu:
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1/m =2004 va n = 20067

2/ m = 2005 va n =2006?

1/ Nhan thdy: biing cach thyc hién 2 1an phép dit bi, ta c¢6 thé dit vao mdi 6 vudng con clia bang 4x2
mot vién bi. C6 thé phan chia bing 2004x2006 thanh cic bang 4x2. Tir d6, bing cach thuc hién 1 s&
hitu han 1an phép dit bi clia dé bai ta c6 thé dit bi vio tit cd cdc 6 vudng con ciia bang 2004x2006
sau cho s bi trong mdi 6 déu biing nhau (bing 1)

2/ Bing phdn ching, ta chitng minh cau trd 13i cho bai todn 1a "khong". That vay, gid st ngudc lai, sau
1 s6 hitu han 1an thyc hién phép dit bi cia dé bai, ta da dit dudc vao mdi & vudng con clia bing
2005x2006 1a k vién bi.

- T6 tat cd cdc 6 vudng con thudc cdc hang 1é clia bing bdi mau den va coi cdc 6 khong dugce t6 mau
c6 mau tring. Khi d6, s6 6 mau den biing 2.10032 va s6 6 mau tring biing 2006.1002.

Ta thdy, 8 mdi lan dit bi, ta déu dit ding 2 vién bi vao cdc 6 mau den va ding 2 vién bi vio cdc &
mau tring. Do d6, sau mdi 1an dit bi, sd bi trong cdc 6 mau den va s6 bi trong cdc 6 mau tring ludn
bing nhau.

Suy ra, khi 8 mdi 6 c6 k vién bi, ta phdi c¢6 2.10032.k = 2006.1002.k , hay k = 0. Piéu vo li ndy chitng
té gid st ban du 12 sai, vi thé ta c6 diéu mudn chitng minh.

Bai 6: Xét tip hop s S c6 2006 ptitr. T goi mdt tap con T clia S 12 tap con "budng binh" néu véi 2 s6 u
va v tiy ¥ (u c¢6 thé bing v) thudc T ludn c¢6 u + v khong thudc T. CMR:

1/ N€&u S 1a tip gdm 2006 s& nguyén dudng dau tién thi mdi tAp con "budng binh" clia S déu c6 khong
qua 1003 ptu

2/ N&u S 1a tip gdbm 2006 s& nguyén duong tlly ¥ thi ton tai 1 tdp con "budng binh" clia S c6 669 pti.
1/ X6t A 1a tdp con "budng binh" ¢6 x phn ti a, <a, <...<a, ciia S ={1,2,...,2006} . Khi 6,

B= {az —-a;a,—a;..;a, —al} 12 tAp con gdm x-1 pti¥ clia tap S. Do A 13 tip con "budng binh" cho nén
ANB=0 = x+(x—1)<2006 = x <1003

2006
2/ Gid sit tap hop da cho 1a S={a,.a,.....a,,,}. Goi P la tich clia tt c& cdc udc s618 clia [ ] 4, . DE

i=1
tha'y ton tai s6 nguyén td p c6 dang p=3r + 2 12 u6p ctia 3P + 2. SO nguyén td p ndy nguyén to cling
nhau véi tit cd cdc s6 a; dd cho. V6i mdi s6 a €S, day a,2a,...,(p—1)a 1a mdt hodn vi cda 1,2,...,p-1

theo mod p nén ton tai tip hop A, gdm r+1 s6 nguyén x e {1,2,...,p—1} dé x.a theo mod p thudc
A={r+1r+2,..2r+1}. V6imdix €{1,2,... p—1} , ki hiéu S, = {aeS: xae A} ta c6:

S 2006.(r +1) © 668

3r+1

S

%o

S|+1S | +...+[S [=) [A[=2006.(r+1). Do d6 ton tai xo sao cho:
‘ ]‘ ‘ 2‘ ‘ P 1‘ Z‘ a‘
aes

Chon B 1a tap con gdm 669 pt clia S, , khi d6 B 1a mot tap con "budng binh" ctda S.
That vay, né€u chon u,v,w € B (u cé thé bing v), thi XU, XV, X WE A .

Ki€m tra thdy x,u+x,v#x,w (mod p), chonén u+v#w
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VMO 2007: (THTT - Thang 10/2007, trang 10)

Bai 4: Cho mot da gidc déu 2007 dinh. Tim s& nguyén duong k nhd nhit théa man tinh chit: Trong
mdi cdch chon k dinh clia da gidc luon ton tai 4 dinh tao thinh mot t gidc 16i ma 3 trong s6 4 canh
ctia nd la 3 canh cla da gidc da cho.

(Ddp dn Chinh thiic)
Goi cdc dinh cla da gidc déu da cho 1a: ALA,.LA

2772007 °
Chd y 1a t& gidc (tao tif 4 trong s& cdc dinh cla da gidc) c¢6 3 canh 1a 3 canh cda da gidc khi va chi khi
4 dinh clia tif gidc d6 1a 4 dinh lién ti€p clia da gidc.
Goi A la tap cdc dinh: {A, A, A, A A, . Ay, Ay | (06 di cde dinh Agi L i=1,.. ., 501 va Agy)

> 772005

Ki hiéu ‘A‘ 12 s6 ptlr cia tip A. Hién nhién ‘A‘ =1505 va trong A khong chita 4 dinh lién ti€p

nao cla da gidc. D& thdy, moi tip con clia A déu khong chita 4 dinh lién ti€p clia da gidc. Vay

k >1506. Ta s& CM moi cdch chon 1506 dinh tlly y clia da gidc thi sé ton tai 4 dinh lién ti€p cla da

gidc trong 1506 dinh d6. That vay, gid st T 1a mot tip gdm 1506 dinh tly ¥ cla da gidc. Phan hoach
tdp cdc dinh cla da gidc thanh cdc tip hgp:

B ={A,A,ALA}B, ={A,ALA LA LBy ={Ay,, A

501 2001° 77200277 72003° 72004

A

2007 }

A A };BSOZ = {AZOOS’A2006’
Gia st T khong chia 4 dinh lién ti€p cla da gidc. Lic d6 véi mdi i = 1...501, tdp B; khong

thudc T, titc 1a mdi tip B; d6 sé c6 it nhat mot dinh khong thudc T. Khi d6 T‘ <3.502 =1506.

Do |T|=1506 nén B,,
Ta co: A, Ay Asyyy €T suy ra A ¢T
= A ALA €T=AeT= A A LA €T.. Ay, Ay Ay, €T

200272003 72004

Khi do6 4 dinhlién tiep A,,,, A, > A Ases € T- Mau thudn.

Vay k =1506.

Loi ban: C6 thé gidi ngdn gon hon bing cich xét 2007 - 1506 = 501 di€m con lai chia dudng tron
ngoai ti€p da gidc déu da cho khong qud 501 cung, va phdi c6 mdt cung trong chiing chita khong it

hon 1506 >3 dinh lién ti€p.
501

, cTva mditdp B; (i=1, ..., 501) c6 ding 3 phﬁn to thuéc T

VMO 2008: (THTT - Thang 1/2009, trang 5)

Bai 5: Hdi c6 ti't cd bn s6 ty nhién chia h&t cho 9 ma mdi s& gdm t3i da 2008 chit s& va trong d6 c6 it
nha't hai chit s6 9?

(Pdp dn Chinh thiic)

Gid stt X 1 tap tat ci cdc sd TN thda dé

Theo dé, ta can tim ‘X , ta ki hiéu:

A" ={aeN/a cé khéng qud 2008 chit s6'};
A={ae A" /a=0(mod 9)};

A, ={aec Altrong cic chit s6 ciia a,cé diing k chit s6° 9}; k =0,2008

Xét s6 a bat ki thudc A'; gid st a ¢6 m chit s6. Do khi viét thém cdc chit s6 0 vao ngay trude 1 s6 TN
ta khong 1am thay d6i s& d6 nén biing cdch viét thém 2008 - m chit s& 0 vao ngay trudc sd a, ta c6 mot
biéu dién clia a, ma trong bi€u dién d6 cé ding 2008 chir s&. Ta goi bi€u dién nhu vay 1a bi€u dién
(*). P& ki hiéu biéu dién (*) cla a gdm 2008 chit s, duogc ki hiéu 1an lugt (tir trdi qua phai) bdi

a,a,,..,a,,., ta viét a.a,...a,, .. Khi do:
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2008

c6 ding k chit s6 9 va Za =0 (mod 9)},k = 0 2008

i=l1

A ={a.a,. / trong cdc chit s a,,a, ...

2008 2008

C6 thé gidi ti€p bing 1 trong 2 cich:

Céch 1: Tac: X = A\(A,UA). Tirdd, vi A, A A va A" A =@ nén:|X|=|A|- (A |+A) @
Ta c6 cdc nhan xét:

Nhdn xét 1.1: |4 |= 9"

Ching minh: Theo dn Ao, d& thiy:q, .a,.. €A, & a €{0;1;2;...;8},Vi =1,2007 va a,,,, =9—r

2008 2008
2007

Trong d6 r 1a s6 nguyén thudc doan [1;9] ma r= Zal.(mod 9). Suy ra,
i=1

chit s& c6 thé 1ap dugc tir cdc chir s8 0, 1, 2, ..., 8. Vi thé: =97

Nhdn xét 1.2: |A | =2008.9"

Chiing minh: D& thay, so (trong dang bi€u dién (*) thudc A; c6 thé€ dudc tao ra tir viéc thuc hién lién
ti€p hai budc sau:
*Budc 1: T 0, 1, ..., 8 1ap ddy gdbm 2007 chif s thda tdng cac chif s6 trong ddy chia hét cho 9
* Budc 2: VGi day 1ap dude & bude 1, ghi chit s6 9 vao ngay truSc chit sd ddu tién hodc vao ngay sau
chit s& cudi ciing hoic vao giita 2 chit s6 lién nhau cia diy.

Lap luan tuong ty phan chitng minh NX1.1. ta thay c6 céch thyc hién buéc 1. T d6, do c6
2008 cdch thuc 5 hién budc 2 nén c6 2008.9°°% phuong 4n thuc hién lién ti€p 2 budc néu trén. Mdi
=2008.9*"°

2006
9

phuong 4n cho 1 s6 thudc A, hai phuong 4n khac nhau cho hai s6 khac nhau. Vi thé:

102 _ 102 —2017.927 4

* Tt cdc nhan xét trén va do: \A\ =1+ nén tir (1) ta duoc \X\ _10 097 o +8
2008 2008

Cach1l: Tacé: X = kL:JZ A, vavi ALA,...,A, ., doi mot roinhau nén: ‘X‘ Z‘A ‘ (2)

Ta c6 nhin xét sau:
Nhdn xét 2: A, | =1va|A | =97 C}

2008

Vk =0,2007

2008‘
Chttng minh:
Hién nhién ta c6 ‘Azoog‘ =1

Xét ke{0,1,2,...,2007}

D@ thay, s (trong dang (*)) thuudc Ay c6 thé dugc tao ra tir viéc thyc hién lién ti€p hai budc sau:

* Budc 1: Chon k vi tri trong ddy gdm 2008 vi tri trong rdi dién vio mdi vi tri 1 chit s6 9;

* Budc 2: V§i 2008 - k vi tri trong con lai, dién vao mdi vi tri mot chit sd khac 9 sao cho tdng cdc chit
s6 dugc dién (& bu6c nay) chia hét cho 9

Twong tu phan chitng minh Nhdn xét 1.1 & cdch 1, ta CM dugc: ¢6 92°°° %! cdch thyc hién bude 2. Tir

d6, do c6 Ck . cdch thuc hién budc 1 nén c6 9°°% %1 C}

phuong 4dn thyc hién lién ti€p hai budc
néu trén. Mdi phuong 4n cho ta 1 sd thudc Ay, hai phuong 4n khdc nhau cho ta jai s6 khdc nhau.

= QX7 *k ck Wk =0,2007

2008

Tu nhan xét trén va (2) ta dudgc:

200 2008
‘X‘ —1+ Z 2007+ C§008 _1+é[z9zoos k Czkoog 292008 —k Cgoos lj
k=

k=0 k=0

10*%® -2017.9%7 +8
9

— 1 + é(l 02003 _92008 _ 2008.92007 _ 1) —
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L&i ban: Dya trén y tudng CM cdc NX1 va 2, ¢6 thé CM dugc két qua tdng qudt sau:
"Cho kva n la cdc s6 nguyén théa man 1<k <n. Goi T la tdp hop tdt cd cdc s6 ty nhién chia hét cho 9

ma moi s6 gom t6i da n chit s6" va trong dé cé it nhdt k chit s6° 9. ta ¢6 /T/ = 1, néu k = n va
2008

‘T‘ = 9"_k_l.Cf,né'u k <n". Dua vao két qud trén, cé thé tim ‘X‘ theo cong thiic : ‘X‘ = Z‘Ak‘
k=2

VMO 2009: (THTT - Thang 2/2010, trang 30)
Bai 5. Cho s6 nguyén duong n . Ki hiéu T 12 tdp hgp gdm 2n s6 nguyén duong dau tién. Hoi c6 tat ca
bao nhiéu tip con S ctia T c6 tinh chi't: trong S khong ton tai cdc sd a, b ma ‘a - b‘ e{l;n}?
(Luu y: Tap réng dudc coi la tAp con c6 tinh chdt néu trén)
(Ddp dn Chinh thiic)

V6imdin e N, ki hiéu dn 12 s6 cin tim theo yéu ciu cda dé bai. [7 | 3 — In-1ln
Xét bang & vudng kich thudc 2xn. Pién vao cdc 6 vudng con clia bing,
1an Iugt tir trén xudng duéi, 6 trai qua phai, cdc s6 tir 1 dén 2n.

Goi 0 tht n cda hang 1 va 6 tht 1 clia hang 2 12 hai & dic biét. Khi d6 hai sO
a,beT théa \a—b\ e {I;n} khi va chi khi ching nim & hai 6 k& nhau hodc & 2 6 dic biét

n+1|n+2 2n-1] 2n

Vi thé&, d, chinh biing s& cdch chon 1 s 6 ctia bang (k& cd s6 6 dugc chon bing 0) ma & mdi
ciach khong c6 2 6 ké nhau hoiic 2 6 dic biét dugc chon.

Vé6imdin e N, ki hiéu

+ Ky 12 s6 cdch chon ma & mdi cach khong c6 hai 6 ké nhau dugc chon

+ 5,12 6 cdch chon ma trong cdc 6 dugc chon § mdi cdch c6 hai 6 dic biét va khdng cé hai &
ké nhau

Tacé:d =k —s,

* Tinh k, :

Dé thdy, tit ci cdc cdch chon 6 thda man diéu kién (*) bao gdbm:

+ Ky cdch chon ma & mdi ciach khong c6 6 nao thudc cot thit 1
ctia bdng dugc chon

+ 2.ty.1 cach chon ma & mdi cach déu c6 6 thudc cdt thi 1 cda Gt
sO

bang dugc chon; trong d6 t, 1a sd cdch chon 6 théa man diéu kién (¥) tir bing khuyé&t don 2xn (hinh 2)

Do dé: k, =k _ +2.t (1)

Lai c6, tit ¢4 cdc cdach chon 6 thda min diéu kién (*) tir bAng khuyé&t don 2xn bao gém:
+ k.1 cdch chon ma & mdi cdach & danh ddu "x" khong dugc chon

+ to.; cdch chon ma & mdi cdch 6 ddnh diau "x" déu dudc chon

Vith€: s =k _ +1

Tirdé va (1) suyra: k =k  +2.(k ,+1_)=2k +k .¥n>3 (2)

Bing cdch d€m truc ti€p,tac6 k=3 vak, =7 (3)

Hé thitc truy hdi (1) c6 PT dic trung: x*-2x-1=0

Suy ra:k =C,(1+2) +C,(1-2)", Vn=1 (4)

1+\/§ 1—\/5
2 2

Theo (3), ta tim dugc: C, =

vaC, =

Vay k=

(1+\/5)n+1+(1_\/§)n+1
2
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* Tinh s,:

Dé thdy, s; =0, s = s3 =1 vd v6i n>4 ta c6: s, = h,,, trong d6 h, 12 s6 cdch chon 6 thda man
diéu kién (¥) tir bang khuy€&t kép 2xn (h.3)

Do s3 =1, dith; = 1. Bing cdch d€m tryc ti€p, ta c6 h, = 4.

Xétn>3: DE thdy, tit cd cdc cdch chon 6 thda (*) tir bing khuyét
kép 2xn bao gobm: Rt

+kpocdch chon ma ¢ mdi cdch cd 2 6 A va B déu khong dude chon

+ 2.tp.o cdch chon ma & mdi cdch c6 ding 1 trong 2 6 A , B dugc chon;

+hy» cdch chon ma & mdi cdch cd 2 6 A va B ciing dudc chon

Dodé:h =k ,+2t ,+h =k +h ,Vn>3(6)

Tie (2) va (6) suy ra:

2h —k =2h_ —k _Vn>3

Déntdi:2.h —k =(-1y,Vn=>1
k_,+(=D"?

2

A

Vithé:s =h _, = ,Vn>3

2k —k _,+(=1)"

*Vay:d =3,d,=6vad = ,Vn>3

(k, tinh theo (5))

VMO 2010:

Bai 5. Cho bdng 3 x 3 vd n 12 mdt s6 nguyén duong cho trudc. Tim s cdc cdch t6 mau khong nhu
nhau khi t6 mdi 6 b&i 1 trong n mau. (Hai cdch td mau goi l1a nhu nhau néu 1 cdch nhan dudc tir cdch
kia bdi 1 phép quay quanh tdm)

Gidi. (Tham khdo tir cdc dién dan)

Bl | Al | B2
A4 C | A2
B4 | A3 | B3

Ta ddnh s6 cdc 6 vudng nhu hinh vé. Ta nhin thdy chi c¢6 3 phép quay bién hinh vudng thanh hinh
vudng la cac phép quay cac goc 90°, 180° va 270" theo chiéu kim ddng hd (phép quay 360" gitlr
nguyén hinh vudng).

Qua cdc phép quay néi trén thi C ludn khong d6i.

V6i phép quay 90° thi A} > A, > As > A, > A va B, > B, > B; > By > B,

TIIO'IIg tu véi phép quay 2700 thi A2 A2 A32>A,2A, va B2 B,>B;> B, > B,.

Do d6 cdc phép quay nay sé tao ra mot phép to gidng nhu cii khi va chi khi cdc & A dugc td cing mau
va cdc 6 B dudc t6 cung mau.

Véi phép quay 180° thi A; <-> A3, Ay <-> A4, By <-> B3, B, <-> By do d6 phép quay nay tao ra mot
phép to gidng nhu cii khi va chi khi cdc cip 0 (A, A3), (Az, Ag), (B, B3), (B,, By) dugc td cing mau.

Bay gid ta bit diu dém s6 cdch t6. Cé n cdch to mau 6 C. Trong sd cdc cdch td6 mau 8 & xung quanh,
ta chia l1am 3 loai.
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Loai 1. Gom céc cdch td ma cdc 6 A dudc to cling mau va cdc 6 B dugc td cing mau. C6 n cach chon
mau d€ t6 cdc 6 A va n cdch chon mau d€ t6 cdc 6 B. Suy ra c6 n cdch t6 loai 1. Vi loai nay thi céc
phép quay néi trén khong tao ra cdch t6 mdi nén sd cdc cach to loai 1 khong thu dugc tir nhau qua céc
phép quay la n’.

Loai 2. GOm cédc cdch to ma céc cdp 0 (A1, Az), (A2, As), (B, B3), (B2, B4) dudc t6 cung mau nhung
cdc cdch to nay khong thudc loai 1. D& thdy C6 n* — n” cdch t6 nhu vy (chua k€ dén sy tring nhau

qua phép quay). Véi loai nay thi phép quay céc géc 90° va 270° s& tao ra cic cdch t6 mdi (s& phdi loai
4 2

di b6t) nhung hai cdch td6 nay trung nhau. Nhu vay c6 n s6 cdch to loai 2 khong thu dugc tit nhau

qua phép quay.

Loai 3. Gom cdc céch t6 ma it nhat 2 6 trong 4 cip néi trén dugc td khac mau. D& thdy c6 n® — n* cdch

t0 nhu vay. Tuy nhién, mdi mot cdch td sé& tuong ¥ng thém véi 3 cdch td khac thu dugc qua phép quay
8 4
90°, 18° va 270°. Nhu vay s& cdch to loai 3 khong thu dudc tif nhau qua phép quay 1a =

4 2 8 4 9 5 3
A A A as n —n n —n n +n +2n
Nhu vay, s6 cdch td can tim la: N:n[anr 5 + 1 j: 2 .

Nhén xét. Bai nay c6 thsi gian va binh tinh thi khong khé. Tuy nhién trong dp lyc phong thi thi phai
rdt bdn linh méi ddm lam. Va day ciing thudc dang bai dé sai ddp so.
Vé dang bai tuong ty thi c6 mot s6 bai sau (tuy nhién dé hon bai VMO ciia minh khd nhiéu).

(AIME 1996) Hai 6 ciia hinh vuéng 7 x 7 duoc té bing mau vang. Cdc 6 con lai dugc té bdng mau dod.
Hai cdch t6 duoc coi la tuong duong nhau néu chiing cé thé thu dugc tix nhau bing mét phép quay trén
mdt phdng ciia hinh vuéng. Pém sé cdc cdch té mau khong tuong duong.

(Kvant, trong bai bdo viét vé dinh Iy nhé Fermat ciia Senderov va Spivak). Puong tron dugc chia thanh
p cung bang nhau, trong doé p la sé nguyén to. Héi cé bao nhiéu cdch té cdc cung bing a mau. Hai cdch
16 dugc coi la gidng nhau néu cé thé thu duoc tit nhau bing mot phép quay.

Cy —24 L2

Dép s6 bai AIME la B 300 (ban c6 thdy c6 nét gidng?).

’'—a

p

DPép s6 bai Kvant 1a +a.Chd y tir k€t qud nay ta suy ra dinh 1y nhé Fermat.
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