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Real Analysis Qualifying Exam, Spring 2003, Paper 1

1. Let f be a continuous function on the unit square @ = [0,1] x [0, 1], and for s € [0, 1]
let g(s) = max{f(s,t):t €[0,1]}.

(a) Show that ¢ is a continuous function on [0, 1].

(b) Prove that if | f(z) — f(y)| < M|z —y| for z,y € Q, then |g(s1) — g(s2)| < M|s1 — s
for s1,s2 € [0,1].

(c) Give an example in which f is C! but g is not C*.

2. Suppose X, d is a metric space without isolated points (i.e. no single point is an open
set) such that every continuous function f : X — [0, 1] is uniformly continuous. Prove
that X is compact.

3. Suppose X,Y are Banach spaces and T : X — Y is linear. Prove that T is bounded in
each of the following cases:

(a) If there is a family F of real continuous linear functionals on Y such that f o7 is
continuous for each f € F and Ngerf~1{0} = {0}.

(b) If there are closed sets Ay, Ag,... C X with U2, A,, = X and with T'(4,,) a bounded
subset of Y for each n=1,2,....

4. Suppose T': X — Y is a compact bounded linear operator between Banach spaces
(T compact means that the image of each bounded set has compact closure). Prove that
the adjoint transformation 7% : Y* — X* (defined by T*(f) = fo T for f € Y*) is also
compact.

5. A sequence {&;}j=1,2,.. C [0,1] is said to be uniformly distributed in the interval [0, 1]

if Timy, oo = D0y f(&5) = fol f(z)dx for each f € C([0,1]) (ie. 37, &, — Lebesgue
measure on [0, 1] in the weak* sense).

Prove that {¢;};=1,2,... is uniformly distributed in [0, 1] if lim,, o < Z?Zl e2mimé; — () for
each integer m # 0.

Hint: First consider the case when f(0) = f(1).
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1. If X is a finite dimensional real vector space, prove that all norms on X are equivalent
(i.e. for each pair of norms || ||1, || ||z on X there is a constant C' > 1 such that C~t||z||; <
|z||2 < Cllz||; for every z € X).

2. (a) Prove that a weakly compact subset of a normed space X is bounded.

(b) In the Hilbert space L?([0,1]), give an example of a countable closed bounded subset
that is not weakly closed, and justify your answer.

3. Let p be a finite positive Borel measure on (0,1).

(a) Prove that there is an increasing function « on (0, 1) such that f(o,l) fdu=— fol f(t)a(t)dt
for each f € C1((0,1)) with compact support.

(b) In case p is non-atomic (i.e. in case u({zx}) = 0 for each point = € (0, 1)), prove that
a as in (a) is unique up to an additive constant and is also continuous.

4. Prove that the following integrals converge to zero as n — oc:

(a) / e V2(1 + n222)7V2 cosna d.
0

Von(l —x)?
(b) /0 (15 no)(log 2)? cosnx dx.

5. Prove that if o € (0,1) and if f(¢) is any L? function on the circle with Fourier series
> f(n)e™ such that 3, - n|f(n)] < N™* for each N > 1, then the L? class of

f(t) has a Holder continuous representative fo(t) with exponent « (i.e. |fo(t1) — fo(t2)| <
C|t; — to]|® for each tq,t5).

Hint: ZInISN n|f(n)| < CN'=¢ for each N > 1, with C' a constant depending only on a.
(Prove this fact if you make use of it.)



