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Bai 1. Giai h¢ phuong trinh

Vx+3=y-6
y

Jy+2=2"-25

Nz+l=x"+1

Loi giai:

Pita =% +3:6= ,h.-"m:c =~z + 1.Tacoda, b, c = 0 vahéthanh:
a=((b*-2)°-6 Ia—b=f(h} fb)=(*-2)*-b—-6
b=(c"-1))-25<b—c=g(c)véiiglc)=(c"—1) —c—25
c=(@-37¢+1 lf—'-'?:h(ﬂj hl@) =(a*=3)* -a+1

Mit khac talaico:via,b = 0nén (B° —2)° =26 = 173 valc? —1)® =25 = 2° nén b,c =43

Suy ra (a 3)3+1#=33J S 0
[a —3::=H3—1::()

Talaico:
flb)=30b"=-2)"2b-1>312V3-1>0Vb=> 3
glc)=3(c"—1)%2c—1>32%243-1>0Vc >3

] b

. . . /1 — 1 —
h'(a) =3(a- - 3)".2a-1 = 3(5) 243 -1 3.(5).2.1.3 = 0 Va nhie (+)

Suy ra f, g, h dong bién vaf(2) = g(2) = h(2) = 0
Ta xét 2 truong hop:

THl: @ = 2: Tacongay ¢ = a = 2 (hla) » 0), b = ¢ = 2 (glc) » 0),a » b= 2 (f(b) = 0).
Suyraa = b =c=a(Voly)



TH2: a =< 2: 1ap luan tuong tu ta ciing c6 diéu vo 1y.
Viya =2suyrac=a+ hla)=2b=c+glc)=2néna=hb=c=2
Suy ra (x,v,z) = (1,2,3). Thi lai thiy ding.

Bai 2. Pa thirc P(x) bac n v6i hé sd thuc c6 n nghiém thuce phan biét. Hoi P(x) ¢ thé ¢ nhiéu
nhat bao nhiéu h¢ s6 bang 0?

Loi gidi:

Ta goi 5(n) la s6 hé sb béng 0 nhiéu nhat ma 1 da thirc hé s thuc bac n v6in nghi¢m thyc phan

biét ¢6 thé ¢, T(P) (P 1a 1 da thirc) 12 s6 hé sb bang 0 ctia P

Ta c¢6 mot sb tinh chat sau:
(i) $(1) = 1(do 5(1) = 1 vaxét dathirc P(x) = x c6 1 hé so bang 0)
(i) 5(2) = 1 (do moi da thirc P(x) = ax* + bx + ¢ (a = 0)khong thé ¢c6 b = ¢ = 0va c6 2

nghi¢m phan bi¢t
(iii)  Neu da thire P(x) bic 1 o T(P)=1thiP(0) =0
(iv) Gia st P(x) = X ja.x’ thi P'(x) = X", ia,x'~%. Nén néu T(P) = k thi T(P") = k

hoicbang k — 1.T(P') = k — 1 « P(0) = 0.
Ta tim S(n) thong qua quy nap theo n:
Qua (i), (ii), (iii) ta kiém chimg dugc gia thiét quy nap
[ S(2k) =k

Gia st ta ¢ - S2k-1) =k -1 vk = 1; N.
L"n.-'éu degP =2k —1vaT(P)=kthiP(0) =0

[ S(2N +1) =N+ 1 (=)
Tas€¢ CM S(2N +2) = .m_+1[“1
L’*"é“ degP = 2N + 1vaT(P) = N+ 1 thi P(0) = 0(*=+)

_That vay, bat dau véi (*) va (¥**): Xét da thirc P thoa degP = 2N + 1: P cod 2N + 1 nghiém
thuc phan bi¢t. Ta cé P'1a 1 da thirc bac 2N c6 2N nghiém thuc phan biét (Gitra 2 nghiém cua P
luon ¢6 1 nghi¢m ca P’ theo dinh 1y Rolle). Néntaco T(P) = T(P') + 1 = S(2N) + 1 =N + 1.
Dé diu bang xay ra thi theo (iv) P(0) = 0

Ta kiém chu:ng duoc sur ton tai cua dau bang qua da thirc:

Px)=x(x*=1)(x*=2) . (x*=N)VayS(2N+ 1) =N +1



_Ta tiép tuc v6i (**): Xét da thitc P théa degP = 2N + 2; P ¢6 2N + 2 nghiém thuc phan biét.
Taco P'la 1 dathirc bac 2N + 1 ¢6 2N + 1 nghiém thuc phan biét
TacOT(P) = T(P')+ 1= S(2N) + 1 = N + 2. Gia sir ton tai da thirc P nhu vy co

P(0) =0
T(P')=N+1nénP'(0) =
VaysuyraT(P) < N + 1. Ta kiém chimg dugc sy ton tai ciia ddu bang qua da thic:
Plx)=(x*—1(x"—2) . (x* —=N)(x* =N —-1)Vay S(2N+ 2) =N+ 1

T(P)=N+ 2 Suyra { o Suy ra P co nghiém kép 1a 0 (Loai !).

Vaytasuyra 5(2Zn+ 1) =n+1vasS(2n+2) =n+1véimoin € N
Hay s6 hé sb béng 0 nhiéu nhat ma mot da thirc hé sb thuc bac n véin nghiém phan biét co thé c6

[

Bai 3. Buong tron (I) nd1 tief:p tam giac ABC tiép xtic v4i cac canh AB va AC tai cac Qiém Dvak
tuong ng. Goi P 1a mot diém bat ky trén cung lén DE cua duong tron (I), F' — la diém doi xing
v6i 4 qua duong thang DP va M 1a trung diém doan DE. Chiing minh rang goc FMP vudng.

e

Loi gidi:

Ve =

M 1a trung diém DE ciing 1a giao diém cua DE va IA vi AD, AE 1a tiép tuyén cua (I)



Mat khac, £ADF = 360° — 2£ADP = 360° — 2(90° + £IDP) = 180° — 2£IDP = £DIP(+)
ma tam giac DAF va tam giac IDP can tai D va I nén theo (*) ta c6 ngay ching dong dang. Suy ra
LFAD = £IDP

Tacd LFDM = +FDB + +BDM = 2/FAD + +DAM + +DMA (Vi tam giac DAF cin tai D)
= 2,IDP + +DAM +90° = £IAD + £ADI + 2IDP + zIDP

= /AIx + £PIx = +MIP (1)

Mat khac, ta co '3_' = ? = sinsDAM = cos £4ID —; = —: = sinsIDM = cos £AID .Suy ra
DM IM ’ - ‘ -

— = — (2)

DF IP

Tir (1) va (2) ta co ngay tam gidc DMF va tam giac IMP dong dang (c-g-c) suy ra
£LDMF = £IMP nén £FMP = £FMI + £IMP = £FMI + +DMF = +DMI = 90°

Vay goc FMP vuong.

Bai 4. Tim tat ca cac cdp so6 nguyén duong (m, n) sao cho
m* +n’
7" =3"

1a mot sO6 nguyén.

e

Loi gidi:

mE+n-

Pit 4 =

7m_3"
X A ?“: !r; .. - A A ¥ w < A A A 3
D¢ thay ,r 3" ; v&1 mot i, n nguyén duong nén suy ra 7 — 3" chan nén dé A nguyén thi m, n

cung tinh chan 1é. Ta xét 2 TH
TH1: m,n 1é, tacéd dugc7™ = 3" = (—1) (mod 4)va m* =1 =(m—1)(m +1) i 4nén

m- = 1 (mod 4). CMTT, tacoé n* = 1 (mod 4). Suy ra m* + n° = 2 (mod 4)
(Loai vi tir khong chia hét cho 4 va mau chia hét cho 4

TH2: m,n cung chin, ta c6 7™ = 3" = 1 (mod 8) nén dé 4 nguyén thi m* + n° : 8 ma m* : 16
dom chinnén n” : 8 —= n : 4 Vay m = 2a; n = 4b (a, b nguyén duong)

16(a* + b%)
- 72a _ gik L L
4 va A khéc 0 nén |4| - 16(ater?) | . 16(atn) o o
Do Anguyén va AkhdcOnén [4] = 1. Suyra | ——5——| 21— —c— = |79 - 97



Mit khac, 7¢ — 9” 1a s6 nguyén chin va 7° = 9°nén |7* — 9%| = 2,
Suyra 16(a” + b~) = 2(7% + 97) = 2(7° + 77)

Dat ¢ = max {a, b}, taco:
16¢* 4+ 16¢ = 16(a* + 5°) = 2(7% + 7%) > 2.7°(»)

TaCM 2.7° = 16¢* + 16¢° ¥e = 4,¢ € N bang quy nap.

D@ dang kiém chirng ménh dé ding khi ¢ = 4

_Gia st m¢nh dé ding khi ¢ = N = 4, ta s€¢ CM ménh dé ding khi ¢ = N + 1. That vay :
2.7% = 16 N* + 16N*

- 2.7 = 7(16N* + 16N7)

= 2.7V _16(N+ 1)* + 16(N + 1)
=27 _16(N+ 1)* + 16(N + 1) :
(Pung do N = 5)

Vay 2.7 » 16c¢* 4+ 16¢* Ve 25,c €N

2> 16(IN* +IN - (N +1)* — (N + 1))
16(N*(N —4) + N(N* —6) + N* =2+ 3N7) > 0

W

W

Tu(*)tasuyral =c =3 —-1=ab=3 Thircacgidtricuabd (a,b)vé1l1l =a, b = 3,ta
nhan (a, b) = (1,1)

Thu lai, ta nhan (m,n) = (2,4)

Bai 5. Sau khi khai truong dugc dung 10 ngay, mot nhan vién thu vién cho biét :

1) Mbi ngay c6 ding 8 ngudi dén doc sach ;

2) Khéng c6 nguoi nao dén thu vién 1 ngay qua 1 lan ;

3) Trong hai ngay bat ky ctia 10 ngay dé thi co it nhat 1a 15 nguoi khac nhau cing dén thu
vién.

Can ctr dong thoi ca 3 diéu kién ma nhan vién thu vién cung cap hdy cho biét s6 nguoi ti
thiéu da dén thu vién trong 10 ngay noi trén 1a bao nhiéu ?

Loi giai:

Pau tién ta chuyén bai toan vé ngdn ngit tap hop. Vi diéu kién (2) nén ta c6 thé goi 4.1a tap
nhitng nguoi dén thu vién vao ngay thir i (i = 1; 10). Theo (1) va (3) ta ¢6

i |A,l=8

ii. |4, UuAl=z215 o4 n4|s1viz]
Tim X,, =min | U2, 4, |

Ta giai quyét bai toan tong quat nhu sau :

Cho 2n + 2 tip A, (i = 1; 2n + 2) thoa mén tinh chét sau :
i |A4,]=8
ii. |4, UA;| 215 &[4 N4,

=1



Tim X.,_. =min | U7 A, |

Ta giai quyét bai toan tong quat bang truy hoi :
Do s6 cach 1ap 2n+2 phan tu: trén 1a hiru han (noi cach khéc 14 c6 hiru han cac so dd Ven) nén tén

tai cach 1ap sao cho | U-777 A, | 1a nho nhét
Xét truong hgp ma Il_J;;_* <A, |la nhé nhit.

THI: Néu [4, N4 |=1véi moi i=j, ta goi {T}=A,NA.. Viviz3, [4 n4,l=1,
A, N Al =1nén T €A, vi=T12n+2 Trong TH nay, U277 Al =1+ (2n + 2)(2n— 1)
(Hinh 1)

TH2 : Néu ton tai i = j sao cho |4, f"lﬂl‘.| = 0, khong mat tinh tong quat, ta gia sir [4. N 4. = 0
Xét Hinh 2: Cac tap 4.(i = 3)khong giao v6i nhau va c6 phan giao véi A. 13 A, d6i mot khac
nhau.

Hinh 1

Hinh 2

|UZZT A | =22n+2n.(2n —2) =4n" < 1+ (2n — 1)(2n+2) Vay truong hop |1,
| UZE72 4, | chua 1a nhé nhét. Ta loai TH1 va chi xét tiép TH2

Tass CM A3a € A b €A, ma{a b} NA, = 0Viz= 3. That vay, gia st ton tai a,b nhu thé, ta
xét AL = (A, \ {a}) U z’b ta thay bé (B., By, .., Boyos) = (AL As, oo, Asy ) 12 mot bo thoa yéu
ciu dé bai c6 |UZT2B, [=|UZI2A, | — 1< |[UZT2A, | (VO 1Y Vi bO (A4, As, ., Anp L) €O
| UzZ7= A, |nho nhat)

Vayda e A, b €A, mafa b} NA = 0Vi= 3. Vay, khong mét tinh tong quat, ta gia st
Vac A,,3'i:A, nA, ={a}

M

Mit khac, ta CM (A, N A.| = 1¥i = 3 .That vay, gia sud, NA, =0,{a} =4, N4, . Vi
A, N A, = 0va ngoai 4,,A- ra con c6 2n tap nita, s6 phan tir cua A, cling 1a 2n nén suy ra
b eA.ma{binA, =0Viz=

Xet Ay = (4, \ {b} U {al, thi bo sau (B;,B-,..., B, .-) = (A, A%, ..., A-, .- ) ]1a mot b thoa yéu
cau dé bai co u:;“,_'-s; = (U4 =1« |UZS2A | (VO 1§ Vi bO (Ag, Ay, o, Asy ) €O
| U277 A, |nho nhat)

Vay A, nA.|=1Vi=3

Tiép theo, ta xét bo gdm 2n tap hop B, (i =1:2n);|B.| = 2n — 2 duoc x4c dinh nhu sau :



B, = A\[A, N (A U AL

Taco [B.nB| = 1vi=j Suyral|UZ, B = X,

Dau “=" xay ra khi va chi khi Va € A,,3!i: 4, NA, ={a},Vbe A, 3 A, nA, = {b}
(Gi6ng Hinh 2 nhung A4, (1 = 3) c0 thé c6 giao voi nhau)

Khi 4y, ta c6 X5,,.» = X5, + 2.21 (Vi phai thém vao 2.2n phan tir ctia 2 tap 4., A-)

r

Ap dung:
TacOX,;=X,+28=--=2.(2+4+6+8) Vi trong TH c6 4 tadp, moi tdp 2 phan tur thi

X, = 2.4 (Hinh 3)

) )
) )
Hinh 3

Loi giai dap an

Goi x; 12 s6 ngudi dén doc sach dugc ingay (i= 1,2, ..., K) va K < 10. Goi n 1 s6 ngudi
da dén thu vién trong 10 ngay d6 thi ta cé:

n=x;+x,+t...+xg (1)

80 =x;+2x, +.... + Kxg (2)
Goi y 1a s6 cach chon 2 ngay sao cho khong c6 ngudi ndo dén thu vién qua 1 1an trong hai ngay
do.

Vi trong 2 ngay bat ky ctia 10 ngdy c6 it nhat 1a 15 nguoi khac nhau cung dén thu vién, nén trong
hai ngay bat ky cua 10 ngay do c6 khong qua 1 nguoi dén thu vién trong ca hai ngay do.

Néntacd: C.=Cix,+Cix,+..+Cixp+y (3)

Nhan xétrang :  x, —%ix[ +%C,.2x,. 2&6@_3)% >0

Lay (1) trir (2/3) x (2) cong (1/3) x (3) ta c6
nZ[%}%—ljanw.

Vay s6 nguoi tdi thiéu di dén thu vién trong 10 ngay 1a 39. Bang sd liéu dudi day cho thiy gia tri
nay co thé dat duoc (A; 13 tap hop chi sé ctia nhitng ngudi dén thu vién vao ngay thi i).
A={1,3,4,5,6,7,8,9}; A, ={1,10, 11, 12, 13, 14, 15, 16},

A;=1{1,17,18,19, 20, 21, 22,23} ; A,= {2, 3, 10, 17, 24, 25, 26, 27}
As=1{2,4,11,18,28,29,30,31} ; Ag= {2, 5,12, 19, 32, 33, 34, 35}

A;=1{6,13, 20,32, 28, 24, 36,37}, Ag= {7, 14, 21, 33, 29, 39, 26, 38}



Ag= {8, 15,22, 34, 30, 39, 25, 36}, A, = {9, 16, 23, 35, 31, 27, 38, 37}



