SO GD&PT NINH BiNH PE THI PE XUAT

TRUONG THPT CHUYEN Ki THI CHON HQC SINH GIOI KHU VUC
LUONG VAN TUY DUYEN HAI NAM 2023
ok MON: TOAN 10

Thoi gian lam bai: 180 phut
( Dé nay gdm 05 cau, 01 trang)
Ciu 1 (4,0 diém).

Tim tat cd cac ham s0 f:R — R thda man

f(yf(x)+2x)=f(xy)+yf(x)+f(f(x)), vx,yeR.
Ciu 2 (3,0 diém).
Cho a,b,c 1a cac s6 thuc duong thoa man a+b+c =4/abc . Chirng minh rang
2(ab+bc+ca)+4min{a2,b2,c2} >a’+b° +c°.
Ciu 3 (5,0 diém).

Cho tam gidc ABC khong can, ndi tiép duong tron (0). Pudng tron (1) ndi tiép tam
giac ABC tiép xtc voi cac canh BC,CA va AB lan luottai D,E va F. Goi P 1a giao diém thir
hai (khac 4) ciia duong tron (O) v6i dudng tron dudng kinh A7

a) Ching minh rang PD di qua diém chinh giita ctia cung BC khong chira 4.

b) Goi X 1 giao diém cua 4D va BE; Q la diém dbi xtmg véi X qua EF; H 13 hinh

chiéu vudng goc ctia D 1én EF. Ching minh riang ba diém 4, H,0 thing hang.
CAu 4 (4,0 diém).

Cho n>4 13 mot hop s6 sao cho n chia hét o(n)o(n)+1, & d6 @(n) 1a ham Euler va
o(n) la téng cac wdc nguyén duong cua n. Ching minh » c6 it nhit 3 wdc nguyén té phan
biét.

CAu 5 (4,0 diém).

Véi n 1a sb nguyén duong, xét bang 6 vudng kich thuéc nxn duogc chia thanh cac 6
vudng. Mot cach to cac 6 vudng mau den dugc goi 1a “dep” néu sd lugng 6 den mdi hang va mdi
cOt bat ki 1udn 1a sb chén; déng thoi, sd cac 6 mau den trén duong chéo c6 do dai 16n hon 1 bat
ki 1a sb 1& (dwong chéo & ddy la day cdc é lién tiép nam trén dwong thing song song véi mot
trong hai dwong chéo ciia bang é vuéng ban dau; dé dai dwong chéo la s6 hrong 6 nam trén
do).
a) Chirng minh rﬁng tdn tai mot cach to “dep” khi n=2023.

b) Ching minh rang khong ton tai cach to “dep” véi moi n 1a sé chin.
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Thoi gian lam bai: 180 phut
( Dé nay gdm 07 cau, 08 trang)

Cau hoi Huéng din | Piém

1 Tim tat ci caic ham s6 f:R — R thoa min

4,0 d.iém) f(yf(x)+2x) =f(xy)+yf(x)+f(f(x)), Vx,yeR (1)

Ki hiéu P(a,b) 1a phép thé x bdi a va y boi b trong (1)
Néu f 1a ham hang thi thay vao (l) ta dugc f(x) =0,vxeR.
Néu £ khéc hing. Tir P(0,0)=> f(/(0))=0 do d6 ton tai k: f(k)=0. 1,0
Néu k=0, tir P(k,%):f(zk) = f(x)+/(0),vx e R= f(x) Ia hing.
Vo li.
Vay f(x)=0<x=0. 0.5
P(x,0)= £(2x)= £(f(x)) VxeR 0
Gia sir ton tai a,b # 0 théa man f(a) = f(b) .
Trir vé theo vé P[b,z—a];P[a,ij ta duoc
/(b) /(a)
2ab 2ab

f —f +2(a-b)+f(f(D))-f(f(a))=0

200 2 Jrata-e s (0 st y
Do f(a) zf(b) nén a=>b. Vay f(x) don anh.
Lai co f(2x)=f(f(x)) VxeR, nén f(x)=2x VxeR.
Vay f(x)=c VxeR hoac f(x)=2x VxeR. 1,0

2. Cho a,b,c¢ 1a cac s6 thuc duong théa mén a + b+ c = 43/abc . Chirng minh rang
(3,0 diem)

Z(ab+bc+ca)+4min{a2,b2,cz} >a’+b+c”.

Gid st @ =min{a,b,c}.

3/ 4
Ta co: WZ\M(CMJCP 1,0

a(a+b+c)+bc 1

5 Zg(a+b+c)2 1,0
= 2(ab+bc+ca)+4a2 >a’+b+c’.
Ta c6 dpcm. 1,0
3 Cho tam giac ABC khong can, ndi tiép duong tron (0) . Puong tron (I ) ndi tiép tam giac

(5,0 diém) , ‘ ,
ABC tiép xtic v6i cac canh BC,CA va AB lanluottai D,E va F. Goi P la giao diém th

hai (khdc 4) cua duong tron (O) véi dudng tron duong kinh AL

a) Chimg minh rang PD di qua diém chinh giira ciia cung BC khong chira 4 .

2




b) Goi X la giao diém cia 4D va BE; Q la diém ddi ximg véi X qua EF; H la hinh
chiéu vuong géc ctia D 1én EF. Chimg minh rang ba diém 4, H,Q thang hang.

J

a) Xét hai tam giac PBF va PCE co PBF = PCE ™)

Vi IE | AC,IF 1 AB nén E,F thudc duong tron duong kinh A7 .

——— ——— —_— —_— 1’0
Do d6 PFA = PEA suyra PFB = PEC (**)

Tir (*) va (**) suy ra hai tam giac PBF va PCE d6ng dang
Suy ra Ezﬁzﬁ (doBD = BF;CE =CD)

Suy ra PD la phan giac trong cta goc BPC hay PD di qua diém chinh giita ciia 1,0
cung BC khong chtra 4.

DB EC FA
b) Ta c6 DB EC FA _ (AE = AF,BF = BD,CE = CD)

Theo dinh li Xeva ta cd6 AD,BE,CF dong qui tai X .
Do tam giac ABC khong can nén EF cat BC tai L.

Goi T 1a giao diém cia LX véi AC va K 1a giao diém cia AD véi EF . 1,0
Xét tam giac LEC ¢6 LT,CF,EB dong quy tai X .

Suy ra (ATEC) =-1<(AKXD)=—-1< H(AKXD)=-1(1) Lo
Ma HK L HD, ket hop (1) suy ra HK la phan giac trong cua goc AHX (2)

Do O ddixing X qua HK nén HK 1a phan giic trong clia gc')cQ/]-B( €)]
Tr(2)va3)suyra 4,H,Q thang hang. 1,0

4.
(4,0 diém)

Cho 7 >4 1a mot hop sé sao cho 7 chia hét (p(n)cs(n)+l, o do (p(n) la ham Euler va G(}’l)

1a tong cac wdc nguyén duong ctia 7. Chimg minh 7 c6 it nhit 3 wdc nguyén tb phan biét.




Gia str 7 1a lily thira v6i s6 mii nguyén duong ctia mot sé nguyén té n = p*,
k>1.
Khi dé p| (p(n) nén p 1 (p(n) 6(71) +1, mau thuan 7| (p(n)cs(n) +1. 0.5
Do d6 n c6 it nhét hai uéc nguyén té phan biét.
Gia st n=p'q’, véi p,q 1a hai s6 nguyén t6 phan biét, k, ¢ 1a cac s6 nguyén
du’(mg. N
Néu k >1 hoac ¢ >1, tuong tu nhu chirng minh trén thi ta cling gap mau thuan.
Do d6 n=pq . Suyra 0.5
(p(n)c(n)Jrl =(p—1)(q—l)(p+l)(q+1)+1 =p¢—-p —q’ +2.
Do d6 pq|p>+q°—2.Gidast p’ +q° —2=mpq hay
P’ —mpq+(q2 —2) =0.
Cb dinh m , gia st (a,b) la nghiém nguyén duong cua phuong trinh
X —mxy+y>—2=0 (l) L0
véi a+b nho nhat va a >b. Xét phuong trinh
£ —mbt+(b*-2)=0.

Khi d6 phuong trinh c6 mot nghiém x =a, do d6 phuong trinh c6 mét nghiém
ty = b2 =mb-a.

.G , 1,0
De thay ¢, nguyén. Néu b=1thi a=1,suyra m=0, vo li.
Dodo b>1,suyra ¢, la s6 nguyén duong. Suy ra (to, b) cling 1a nghiém nguyén
duong cua phuong trinh (1).
Kéo theo a+b<t,+b,suyra a* <bh*—2,dod6 a<b.Ta gip mau thuin. Nhu
vay n khong thé co dung hai u6c nguyén t6 phan biét. Tir d0, ta c6 diéu phai 1,0
chiing min}}.

5. Véi n 1a s6 nguyén duong, xét bang 6 vudng kich thudc nxn dugce chia thanh cac 6 vuong.

4,0 diém) Mot céch t6 cac 6 vudng mau den dugce goi 1a “dep” néu sb lugng 6 den mdi hang va mdi cot
bat ki ludn la s6 chin; dong thoi, sé cac 6 mau den trén dudng chéo c6 d6 dai 16n hon 1 bat
ki 1a s6 1¢ (dwong chéo ¢ ddy la day cdc 6 lién tlep nam trén dwong thang song song voi mot
trong hai dwong chéo ciia bang 6 vuéng ban dau; do dai dwong chéo la s6 lwong 6 nam trén
do).

a) Chting minh rang ton tai mot cach t6 “dep” khi n=2023.

b) Chirng minh rang khong ton tai cach t6 “dep” vdi moi 7 13 sb chan.

a) 1,5 diém
Ta xét cach t6 mau cho bang 6 vudng kich thudce 1€ tuy y. T6 mau den tat ca cac
0 ¢ hang trén cung va tat ca cac 6 & dang dudi trir ¢t ngoai cung bén trai nhu 0.5
sau. Khi do,
e Ohang 1 vahang n thiso 6 dugc to la n—1 chan; cac hang con lai ¢6 s6
0 duoc td 1a 0.
e O cot 1 thisd o duge to 1a 0; cac cot con lai co s6 6 duge t6 1a 2. 0.5

e Trén mdi duong chéo c6 do dai 16n hon 1 thi s6 6 duoc to 1a 1.




Nhu vay, cach t6 trén 1a dep va khi d6 véi n=2023 ciing thoa man.

b) 2,5 diém

Gia sir phan ching rang ton tai cach té mau dep cho bang nxn khi n chan. Ta
danh diu cac 6 theo thr ty bdi cac s6 1,2,3,4 nhu hinh minh hoa bén duéi véi
n=_.

114|141 ]4]1]4
213|213 |2(3]2]3
14141 ]4]1]4
213|213 2(3]2]3

L4 1|4 1]|4]|1]4

2131232323

1|41 4|1 ]4|1]4
Kihiéu 4,B,C,D lan luot 1a s0 6 dugc danh dau nam trong cac 6 danh so
1,2,3,4.
Ta c6 cac nhan xét sau:

o A+ C phailasolé vi cac 6 duoc danh dau trén duong chéo 1a so 1€ va

cac 6 duoc danh ddu boi s6 1 va 3 s& phu 1én 1¢ dudong chéo.
o A+B lasbchin visd cic 6 duge danh & cac cot bat ki déu 1a s6 chén.
e Tuong ty, B+C ciing phai la chan.
Tir @6 suy ra A+C =(A+B)+(B+C)-2B ciing la s chin, mau thuan. Vay
nén didu gia st 12 sai va khong ton tai cach danh sb dep trong truong hop n chin.
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Nguoi ra dé: Nguyén Thi Bich Ngoc - S6 dién thoai: 0904014676




