CHUYEN DPE 6 - BAT PANG THUC VA GIA TRI LON NHAT, NHO NHAT

1. KIEN THUC TRONG TAM
Cac bat diang thirc co ban
- Bit déng thiuc BECNULI

Néux>-1vaa=>1thi U+x) >1+ax

Néux>-1vaO<a<lthi Q+x) <l+ax

- Bat dang thirc giita trung binh cong va trung binh nhan

, 1 n n
Néu @,,y,.,a, 20 thi =Y a, =[],
n g i=l

Dau bang chi xay ra khi va chi khi: @, =a, =... =a,
- Bat dang thire CAUCHY-SCHWARTZ

Véi hai day so thuc: a;,4a,,...,a,;b,,b,,....b,

Zn‘ ab, i' aiz Zn‘ bi2 ]
P ia i1

DAu bang chi xay ra khi va chi khi @, =kb,,...,a, =kb,

2
thi <

- Bit dang thic sap thu tu
Cho hai diy sb ting @, <a, <...<a, va b, <b, <...<b, (n =2)

Néu @;,0Q,,...,&, 1a mot hoan vi ciia day 1,2,...,7 thi:

Zaibnﬂ-i SZalba' SZ'aibi

i i Rl
- Bit dang thuc trung binh liiy thira
Néu x, >0Vi =1,n va p =¢ >0 thi
1
p

E
p
<

1 n 1 n

q p
=2 x —D X
n g n g

- Bit dang thic SHUR

Cho a,b,c>0,r >0 thi:
a (a-b)a-c)+b" (b-a)b-c)+c (c- a)e- b)=0
- Bat dang thirce CHEBY CHEP
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Néu hai day: g, =a, =...=a, ; by <b, <... <D

n n n
Sa| 6|3 as
i= i i=

- Bit dang thic MIN-COP-XKI

thi:

Vél hal dﬁy: al’aza---,a” Vé b]’bz""’bn

thi \/i'(ai +bi)2 S\/fdf +\/i'bl.2
i=l i i

Dung dao ham chirng minh bat ding thirc:

-Néu y :f(x) c6 ¥'>0 trén K thi f(x) dé)ng bién trén K:
x>a= f(x)>fa)x<b= f(x)< f(b)
Pbi voi ¥' <0 thi ta co bat ding thirc nguoc lai.

A r A ' Al . o A A " m - r A A A M 5 A 5 A A A r
Viéc xét dau y do6i khi phai can dén ¥, Y ",... hoac xét dau bg phan, chang han tr s6 cua mét phan s6 co

mau duong,... Néu »" >0 thi y' dong bién tir d6 ta c6 danh gia ') i (),

W M :f'(c), su ton

- Bét dang thire ¢6 biéu thirc dang la dung dinh ly Lagrange

-a
tai s6 CE (a;b) hay gia tri f '(c) cling c6 danh gia bat dang thc.
- Bét déng thirc JENSEN: Vx € (a;0) va a, € (a;6) Vi =1,n

) 1 n 1 n
Néu f"(x)<0,Vxe(a;b) thi — 3, f(a) <f| =D q,
n 4 n 4

r 1 n
Néu £"(x)>0, Vxe(a;b) thi f[—Zaf
n g

s%éf(ai)

- Phuong phap tiép tuyén: Cho n s6 @; thudc K c6 tong @, +a, +...+a, =nb khong doi.
Bit déng thirc ¢6 dang f (@) + f(a,)+...+ f(a,) =nf (b).

Lap phuong trinh tiép tuyén tai x =b: y =Ax+B.

Néu f(x) >Ax + B weén K, du bing xay ra khi x =b.

Khi d6 f(al)+f(a!2)+...+f(a”)2A(a1 +a, +...+a")+nB

=Anb +nB =n(4b+ B) =nf (b)

Dau bang xay ra khi @, =a, =... =a, =b

Con néu f (x) <Ax + B trén K, déu bing xay ra khi x =b thi c6 nguoc lai
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fla)+ fla)+..+ f(a)<nf(B).
Tim gi4 tri 16n nhét, nhé nhit
Péi v6i ham s6 ¥ =1 (x) trén D. Xét ddu dao ham ' hodc tir bang bién thién co két luan v& GTLN,
GTNN. Néu cin thi dit 4n phu ¢ =g (x) véi didu kién ddy du cua ¢.
Néu y =f(x) ddng bién trén doan [a;b] thi: min £ (x) =f(a) va max f(x)=£(). Nguoc lai véi
ham nghich bién.
Néu ¥ =f (%) lién tuc trén doan [a;b] va f'(x) =0 ¢6 nghiem ¥, thi:
min f (x) =min [f(a);f(xl);f(x2 ),,f(b)}
max f(x) =max [f(cz);f(xl);f(x2 );...;f(b)}
Néufléi trén doan [a;b] thi GTLN =maX [f(a),f(b)] va néuflém trén doan [a;b] thi GTNN
=min{ f(a); /() |
Déi véi cac dai luong, chon dat bién x (hodc 7), kém diéu kién ton tai. Dyua vao gia thiét, cac quan hé cho dé
xac 1ap ham s6 can tim gia tri 16n nhat, nho nhat.
2. CAC BAI TOAN
Bai toan 6.1: Chirng minh cac bét dang thuc:

0;1

a) 2sinx +tanx >3x véimoi XE

ysinx

xsin y

b) cos(x +y) < voi x>0,y >0 vax+2y<57”

Huéng din giai

, . T
a) Ham so f(X) =2sinx +tanx- 3x lién tuc trén ntra khoang 0;5 va:
f'(x)=2cosx + s—- 3 =cosx+cosx+———-3>0
cos” X cos” X
. . T
Do d6 ham s6 f'dong bién trén | 0;— | nén F(x)> 7(0)=0

, int 5
b) Xét ham sb: f(t)=% Vdi0<t<7”

)_tcost- sint _cost(t- tant)

Taco f'(¢ 5 -
{ t
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, JU ,
Néu0<t<5thido tant >t = f'(t)<0.

r jT . '
NéuESt <7 thi cost <0 va sint =0= f (t)<0

Néu n<x<57” thi do cost<Ojtant<t= f'(t)<0. Do do f'(t)<0,0<t<57” nén f 13 ham sé

Sz

nghich bién trén khoang | 0;—
4

. 57 sin(x+2y) sinx
Tur gia thiét co 0 <x <x+2y <0 = 2
X+2y X

Do x>0 va x+2y >0 nén tir d6 c6

xsin(x +2y)<xsinx+2ysinx < x.2cos(x+ y)sin y < 2ysinx
5 5 :
= dpem (vi x>0 va x+2y<7”:> y<?”=> siny >0)

Bai toan 6.2: Chimg minh céc bat dang thirc

sin x

O;z

a) >cosx, Vx € voimoi a <3.

X

b) (x +1)cosi- xcosL > 1, Vx =43
x+1 x

Huéng din giai

- Tl . . . sin x
a) Khi x€ 0;5] thico 0 <sinx <x nén 0 < <1
X
T
Suyra | —— | =cosx, Vxe|0;—
X 2
. sin x |z
Xétham sé F (x) =-—=- x,x€ 0;—]
J/cosx | 2

2cos” x- 3cosxa/cosx +1

Taco F'(x) =
3cos x.i/cosx

Xet G(1) =2 - 3 +1,0€[0:1] thi G'(0) =4(¢- Y1) <0, vee[0;1]

nén G () nghich bién do d6 G (1) =G (1) =0, ¥t €[ 0;1]
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Suyra F'(x) >0, Vxe nén F (x) ddng bién

0;1
2

Do d6 F(x)=F(0)=0,Vxe 0;%]
) BBT © 2xsi a@x+1) . T T ngr T
= ZXSIn .S1n - COS—— =281 ————
) 2x(x+1)" 2x(x+1) x+1 2(x+1)
CaQx+1) . T 5

< XSIn

. T
.sin >sin” ———
2x(x+1) 2x(x +1) 2(x+1)

I 70Qx+1) g

‘xz\/§:> 0< < <—
Vi 2+ 2x(x+1) 2

sint(Qx+1) . o

= “>sin———>0
2x(x+1) 2(x+1)

o, inh: xsin > sin
Ta s& chang minh: 2x(x+1) 2(x+1)

bat = ,t>0 thi (2) = xsint >sinxt

T
2x(x +1)

Xét £ (¢) =xsint- sinxt,t >0, f'(t) =xcost- xcosxt =x(cost- cosxt)
7T .
Vi O<z‘<xt<5=> £'(@)>0 v6it>0

= 1) ddng bién trén [0;+OO):' F@>r(0)=0= dpem.

Bai toan 6.3: Chirg minh bt ddng thirc v&i n nguyén duong:

a) n[xn +yn Zn+1/xn+] +yn+1 le n 22 Vé x’y ZO

2 3 2n
X

X X' X
b) 1- x+§- ;+...+(- 1)7+...+(2n)' >0 v&i moi x.

Huéng din giai
a) Véi x =0 hoic ¥ =0, bat dang thirc dung.

n
X
>n+\1/1+

y

n+l

X

Véi xy >0, BDT: </1+
Y
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n+1[1 + tn+1

tn-l(l_ f)
’1+\1/(1+[n+1)n+2(/(]+tn)n-l;

Xéthamsé £ (1) = véi t € (0;+0)

f1@0)= =0 =1,

Ta co

BBT

X 0 1 +00

@ o + o -
7@ /' \

Suy ra f(t) =1 véi moi t€(0;+0)= dpcm.

2 3 o
b) Xétf(x)=-1-x%-%+...+(-l)'x—+ ( ) ,XER

Véi x <0 thi f(x)>1>0: dung. V6i x > 2n thi:

x2n xzn—l ]

@) Ga- 1)

4 3
X X

4 3

f(x)—1+

—- x|+
2!

Zn 1

—1+—(x 2)+—(x 4)+.. +(2n) (x-2n)=1=0-. : ding

V6i 0 <x <2n thi f lién tuc trén doan [0;211] nén ton tai gia tri bé nhit tai x,. Néu x, =0 hay
x, =2n thi f(x)=f(x,)=1>0.

Néu x, € (0;21) thi fdat cuc tiéu tai do.

2 2n-1 2i

1) = 1”'_ YGn-D @0

- ()

vi f'(x)=0= f(xo)— >0= f(x)=f(x,)>0: dung

(2n)!

Bai toan 6.4: Chirng minh cac bat dang thirc sau:

a)a’ +b* +c* +d* +2abcd - (@*p* +a> +a’d> + b +b°d*> +*d*) >0 véid séa b, c, d duong.

b) [27¢ +2a’ - 9ab| <2, (a2 - 3b) véia, b, c1a3 sb ma phuong trinh:
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x> +ax® + bx + ¢ =0 c6 3 nghiém phan biét.
Huéng din giai
a) Khong mét tinh tong quat, gia sit @ >b >c >d >0
Xem vé trai 13 ham s6 f (a),a =0
£'(a) =4d* +2bcd - 2a(p* +c* +d?)
(@) =12a>- 2(p* +¢* +d*)>0 nen f° ddng bién trén (0;+00):

a=b= f'(@)=f'B). vi ') :21?(]?2 - c2)+ 2bd(c- d) >0 nén f(a) ddng bién trén [O;+OO):
a>0 = f(a)>f(0):0:dpcm.
b) bat f()=x"+ax* +bx+¢,D =R, '(x) =3x* +2ax +b .

Vi f (x)=0¢63 nghiém phan biét nén f '(x) =0 ¢62 nghiém phén biét:

:-a-\/a2-3b . _-a++a*-3b
3 e 3

X voi g*-3h>0

1 2

Va vi hé s6 cao nhit cia fduong nén Ve :f(xl )>0 va f(xz) =Yer <0.

Taco f(x)= %x+%a f‘(x)+é(3b- az)x+c- %b
= f(xl.)=§(3b- az)xl. +c- %

T f(x1)>0=> -2«/(a2 - 3b)3 <24’ +27¢- 9ab
£(,)<0= 2d* +27¢- 9ab < 2,/(a* - 3b)
A 3 2 3

Do vay: ‘261 +27c- 9ab’<2 (Cl - 3b)

Bai toan 6.5: Chirng minh bat dang thirc:

2

a) l+%x- %<\/l+x <1+%x,vc’yi x>0.

1 | 2
+ < ” :
b) \/1+x2 \/1+y2 \/1+xy voi X,yE[O,l],

Huéng din giai
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. 1
a) Xét ham so f(x) =1+5x- 1+ Xx trén [0;+OO).Ta co:

(Ll o1
f(X)_z 21+ x

>0 v6i x =0 nén f(x) dong bién trén nira khoang [0; +0)
Do do f(x)> £(0) =0 véi moi x =0.

2
Xétham sé g(x) =v/1+x-1- %+% trén [0;+OO).

Ta e @00 = 2+ X o) =1 1 >0 nén g' ddng bién trén [0;+0), do do
2M1+x 2 4 4 40+x)V1+x S

g'(x)=g'(0)=0. Suy ra g dong bién trén [0; +0) nén g(x)> g(0) =0 v&imoi x€ [0; +00) = dpem.

I
JI+xy 1428 \/l+y

b) Giit y cb dinh, xét ham sb /() > trén doan [0; 1] .

X Y
. f'(x) = -
Taco (1 52 )3/2 (1 + xy)m

Nhu vay déu caa f'(x) 1a ddu cta
3
xz(l+xy)3 - y2(1 +x2) =(x- y)(x+y+3x2y- xsyz)
Do x, y thude [0;1] nén thira s6 thtr hai luén duong, nhu thé f '(x) dbi ddu tir Am sang duong tai y, suy ra y
1a diém cuc dai, suy ra £ () >£ () =0 dpem.
Dau bang xay ra khi va chi khi X =V .

Bai toan 6.6: Cho X,y,z =0 va x+ y +z =1, Chting minh:

a) 0 <xy+yz+zx- 2xyz S27—7

11
4+
z X

1 1
4+

Xy

7

<—

27

X +y +z +1

1 1
b) xyz —+—
Yy

z

Huéng din giai

. . . 1
a) Gia strz1a so bénhatthi 0 <z SE. Ta co

T+xy+ yz+zx- 2xyz =xp(1- 22)+(x + y)z 2%xy(x+y)z >0
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2
Vaco T < “Ty] - 22)+(x+y):z

= (1= 2 (- 22040 )z = (-2 427 +1)
Xét f(2)=-222+2" +1,0 <z S% thi
7'(z)=-6z+2z=2z(1- 32) =0 tren f(2) dong bién trén

]_i
27"

1 1
—+
z X

, do do:

0;l
3

T=f()<f

1
3
11

4+
y Zz

1 1
—
Xy

b) Taco: Xyz|x +y +z +1

2 2 2 2 2 2
=X y+xz+yx+zx+z y+yz +xyz

=(x+y+z)Cxy+yz+2x)- 2xvz =xy + yz +zx - 2x)z
— ok £ | 1
Vi x+y+z =1= Jitnhat I trong 3 s6 x,y,z Sg.Glésfr ng

= SOy, z)=xy+yz+zx- 2xyz =xy(1- 22)+ (x + y)z

(- 22)+ (x4 y)z =| 12

X+
< y

2 A3 2
(1-22)+(1- 2)z = 22 *2*1

-3z2 4z

o i 1
227 +z° +1 0;5‘ thi f'(z):T >0 trén

xét f(z) Zf trong

O;l
3

nén f doéng bién, do do

mexf (z) =

L
3) 727

7 . 1
Vay S(x,y,z) SE dau dang thtrc xdy rakhi x =y =z 25.
Bai toan 6.7: Ching minh bét dang thuc:
a) |cosb- cosa‘ S|b- a’ v6ia, b tuy y.

1

— — <arctan < o e S
b) 1+ t1) Cartl 1+l vOimoix 0.

Huéng dan giai
a) Néu a =b thi bt dang thic dung.
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. o ) cosh- cosa
Néu a #b thi bat dang thtrc twong duong: |———

-a
Ham s f(X) =CO0S X lién tuc trén [a;b] va c6 dao ham f'(X) =-sinx.
Theo dinh 1y Lagrange, ton tai ¢ € (a;b) sao cho:

7 )- f(a) = ()= cosh - cosa

=-sinc
b-a b-a
cosbh- cosa .
_— :‘- smc| <I: dpcm,
b-a
1 - arctan (x +1)- arctan x - 1
b) BDT:
) 1+(x+1)2 (x+1)-x 1+x°
, 1
Ham s6 f (x) =arctan x lién tyc trén [x;x +1] vaco /'(x) =
+Xx

Theo dinh Iy Lagrange, ton tai ¢ € (x;x +1) sao cho:

®)- 1(a) arctan (x +1)- arctan x 1
ng'(c)::» = 5
b-a (x+1)- x l+c¢
; Ge:x+1) ne ! < ! < ! =
Vi c€\x;x +1) nén 1+ +l) 1+ 1+x° dpcm.

Bai toan 6.8: Cho cic s6 thyc dwong. Chirng minh.
a’ b’ c’ a+b+c

+ + <
b+c c+a a+b 2

b)l+l+l+l2a2+b2+cz+d2+§Vé’iténga+b+c+d:l
a b ¢ d +

a)

Hudéng dan giai

a) Bat dang thirc thuin nhat nén ta chuan héa: a +b +c¢ =3. Do d6

2 2 2 2
¢ . b +-£ Si.Xéthémsé f(x)= Y Vi 0<x<3.
3-a 3-b 3-¢ 2 3-x
6x- x* 18
Ta cé f'(x) — ;f"(x) —
4 e G- x) G- x)

Vi f "(x)>0 trén (0;3) nén £16m, theo bét dang thic Jensen thi c6

<1. Khong mat tinh tong quat, gia st b > a .
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a+b+c

VT =f(a@)+f(B)+ f(c)=3f 3

_3
5

b) Tacél+l+l+l2a2+bz+c2+d2+gi

a b c

, 1
Xétham sé f (x) =—- x* voi 0<x<1.
X

-1 2
Taco f'(x) =—- 2x; " (x) =—-2
x x

Vi f"(x)>0 trén (0;1) nén £16m, theo bat dang thirc Jensen thi c6

a+b+c+d
4

_03
4

vi= f(@)+ fB)+ )+ f(d)=4f

. 1
Dau = xay ra khi a =b =c =d ZZ.
Bai toan 6.9: Chiing minh:

e . . 3 .
a) (a“pc) (a b+ p pe) 4 (“+b)) >27 véi a,b,c >0

a+b

a+b .
véi a,b >0

b) a’b" <

Hudéng dén giai

a) Voi a,b,c >0, trude hét ta chimg minh rang
(aabbcc )2 > gb*e pera path
= Z[alna +blnb+clnc] >(b+c)na+(c+a)lnb+(a+b)nc
= Inaa-b- c)+mb(2b- c- a)+Inc(2c- a- ) =0

o (a- b)na- nb)+(b- c)nb- Inc)+(c- a)lnc- Ina) =0 dung

Ta can chimg minh rang
3
ab+c .bc+a.0a+b (a- (b+c) +b (c+a) +c (a+b)) >27

- b b
bat x =a”*",y =b"",z =" ,x,y,2>0
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3
BDT < x)z l+l+l 227©l+l+12 3 : dung
X y z X y z Jfxyz
b) BDT: blna+alnb <(a +b)in| 432
2a
o aln| 22| 4pin| 29| <00 L1 +In| —b—| <0
a+ a+ a4 +1
Gﬁﬂiasbgﬁtt:%ﬂﬂ0<tsL
2t
Bt dang thuic tvong dwong: ¢In| —— | +In| —| <0,0 < <I.
t+1 t+1
. 2 2
Xéthamsé f(¢) =tIn| —— | +In = 0<t<l.
t+1 t+1
2 t 1 2 1- ¢
'(f):ll'l - + =In +
/ t+1) t+1 t(+1) t+1) t(t+1)
2 1-1¢
=ln| |+ L>0 nén f1a ham dong bién.
t+1 t

Taco f()<f1)=0= dpcm.
Bai toan 6.10: Ching minh rang

4+\/r 4+J_ 444z

4-x 4-y 4-z

>5 véi x,¥,z >0 khac 4.

+ 2
b)lnx Yo 2 v6i X,y >0
X 2x+y

Huéng din giai

13
a) Xétham f(x)= \/7 trén (0;3). Taco /(1) = BT nén tiép tuyén tai x =1 1a:
13 5 13 1 7
=—(-D+>h =—x
Y718 3 TR IR
Bang bién doi trong dwong hoic sir dung dao ham ta chimg minh dugc:
4+x —x+— v&i moi x€(0;3)
4-x 18 18
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b)

Ni gz . aa
Bai toan 6.11: Cho 0<¢q, <a, <...<a, va "

Tuong tu:

%uizﬁygz 4z 1317

18 18 4-z 18 18

Cong 3 bat dang thirc trén va X +y +z =3 ta dugc dpem.

+ 2 -1
Bﬁtx y:t>1<:>y:x(t-]):> Y :2l
ToX 2x+y t+1

Ta can ching minh lnt>2—1 Vi>1e Int- 2—1>O Ve >1
t+1 t+1

. t-1
Xét ham so f(f) =In¢- 2ﬁ,l‘€(l;+oo)‘ Ta co:
+

ol 4 G-y
f(t)_f G+1)  t(+1)

>0, V¢ >1 nén f1a ham dong bién.

Suy ra f@)>r@)=0= dpem.
<l

n+l

2

‘ n >Z 1
Ching minh rang: 1+ /Ha o l+a

Huéng din giai
Véi a,,a, >0 va a,,a, <1 Ta chimg minh:

s 1 (aa) G )
1+ Jaa, l+a 1+a,  (1+Jaa )A+a)(+a,)

Dau bing xay ra khi @, =a, hoic a,a, =1

>() (dang)

n+1

Ap dung ta c6: Z

i= 1+a i= 1+ \Y} alan+l i

Dau bang xay ra khi n chan va: a, =a, =... =a, hoic a,a,,,.; =1

'(e"' - 1)
,x <0, '(x) = ; "(x)=———"<0
Ao SR A oy

Ap dung bat dang thirc Jensen vao ham 1dm voi cac X, <0 va:

Xét f(X):l
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n+1

2 n

X, <l:

e \/T §1+a o l+\/a, Q- 1+{/ll[a.
i<l

Bai toan 6.12: Ching minh v6i moi s6 nguyén duong n:

2) 2(Vn+1 - \/;)S%<2(\/—- 1)

b) 1, (x) =sinx +%sin2x + ... +lsinx >0, Vx e [O;ﬁ}
n

Huéng din giai

. 1
a) Hamsé /' (x) =x lién tuc trén [0; +0) vaco f'(x) 22\/— trén (0;+0).
x

Theo dinh Iy Lagrange, véi moi n =1 ton tai X, € (n- 1;n) va x, € (n;n +1) sao cho:
)= f(n) (-1 )= f(m+1)- £(n)
-(n-1) (n+1)-n

Hay (—IJ_ AR

1

1 1
i0<x <n< a > >
Vi X, <n )Cznenz\/xf1 2\/; 2\/Z
Dod6 Vn+1-+/n

[, yaes

1
n-1= 4 .
2\/; pcm

b) Xét x =0,x =7 thi f,(x)=0: dang.

Xét 0 < x <. Ta chirng minh qui nap f, (x)=0
Khi n =1: f, (x) =sinx >0, Vx € (0;7)- dung
Gia str cong thie dang dén n: f, (x) =0, ¥x € (0;77)

Ta chung minh: f,., (x) >0, Vx € (O;JT). Gia sir ¢6 s6 X, € (O;ff) ma f . (x0)< 0.Vi f,., (x) 1ien tuc

va c6 dao ham nén ton tai diém cuc tiéu X, dé: f,., (Xl )< 0,0<x, <m.Taco

. 2n+3 X

Sin X - Sln—

£, (x) =cosx+cos2x+...+cos(n+1)x = 2 - 2
ZSiHE
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. 2n+ .
Ma £, (x)=0= sin L 3x1 :sm%>0

n+l

2n+3

4 — xl — xl
Do d6: [cos x,| =|cos—{ =cos— >0
2 2
sin(n +1)x
Vi f (x) =1 (x)+—————"" nén
n+l
. . [ 2n+3 X,
(if’f+1).(fn+l (xl)- fn(xl)) =sin(n +1)xl =sin X, - 5
. 2n+3 X, 2n+3 . X
=sin X,.COS— = COS x,.sin—
2 2
. 2n+3 X, 2n+3 X
>sin X,.COs— - |cOS X, |.sin —

X X X, . X
=sin—t.cos—- cos—.sin—= =0
2 2

Do d6: fnJ,l()Cl)an(Xl)2 fn(x1)<0:V613'/:> dpcm.

Bai toan 6.13: Cho q, b, ¢ 1a nhiing $b thyc duong sao cho abc =1.
Ch, ' h a3 N b3 N C3 >E
eI QiU +¢) U+c)0+a) U+a)(+b) 4

Hudéng din giai
3
BDT & a' +b +b' +b’ +c* +¢° zz(a +1D)(B+1)(c+1)
Ta ching minh bét dang thirc sau:

at+a+br+b +ct + 2%{(a+1)3 +(b+1) +(c+1)3]
Xétham: f(t) =t* +£ - %(t+1)3

g =Dl +30+1) i () =1 D g ()
Vi g(#) 1a ham sé tang trong khoang (0;+90) va g(#)>0,Vt>0.

Dodé a*+a’ +b*+b’ +c* +c° - i[(aﬂ)3 +(b+1) +(c+1)
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= ()4 7B+ £ (o) :i(a- l)g(a)+i(b- 1)g(b)+i(c- De(e)

Giastr a =b >c thi g(a)=g()=g(c)>0
Vi abc =1 néntacod: a =1,c <1

T do: (a- Dgla)=(a- Dg(®) va (c- Dg®) <(c- Dglc)

Neén: %(a- 1)g(a)+%(b- 1)g(b)+i(c- Deg(e)
> G- Db D+ - D] g @) = la+h+c- g()

1 ,
22(3\3/abc - 3)g(b) =0 . Dau “=" xay rakhi a =b =c =1
Tu dé = dpem.
Bai toan 6.14: Chimg minh bat ding thtc sau:
(-2 ) 4y (- 2 ) 42 (6F - 3*) 20 voi x 2y =2 >0;a 2b>0.
Huéng din giai

Pit 5 vei L >1
—_ Vv — =
: f(x) =x b

a > ala
= ! = yb = " = | —-1
£'(x) = £"(x) i

4.9
xt >0

Do d6 f'(x) tang trén (25 3")

Theo dinh Iy Lagrange: / (3*)- £(2")=7"(c)[y"- '] ., €(c".5")
y- =)y - 2

Fuomg e X+ 7 =)+ ] er e (07

e (= y)0 - ) =) - ] 17+ 2]
(- 2) - ) =7 ()] - ][y - 2]

va e, ¢ nén £'(c)=1"(c)= (- )7 - 22) =07 - z)(x" - 1)

= x° (yb _ Zb)+ya(zb _ xb)+Za(xb _ yb)ZO (dpem)
Bai toan 6.15: Cho 4 s6 khong am a, b, ¢, d théa a +b + ¢ +d =1. Chiung minh:
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abc + bed + cda + dab SL + ﬁabcal )
27 27

Huéng din giai
g 176
pit F(a,b,c,d) =abc +bed + cda + dab - Fabcd

Khéng mat tong quat ta gia st a 1a s6 16n nhét, d 13 s6 bé nhét trong 4 s6 a, b, ¢, d. Ta c6:

F(a,b,c,d)=bc(a+d)+ad|b+c- %bc]
Néu b+c- mbc <0 thi:
27
b+c+a+d) 1

F(a,b,c,d) <bc(a+d) <

3 27

Néu b +c-

1776 be >0 thi:

a+d

? 176
F(a,b,c,d) <bc(a+d)+ [b+c-ﬁbc]

a+d a+d
’bDCD
2 2

=F

ca+d a+d .
bit a, =a,b, =b,c, =c,d, =d va goi a,,b,c,d 1a4s6 > ,b,c, > theo thtr tur gidm dan.

. 176
Néu b, +¢, - Eblc1 <0 thi twong ty 1i luén trén:

a, +d, b e a, +d,
s U194

theo thir tw giam dan.

F(a,,b,,c,,d,) <F (a,,b,,c,,d,) véi a,,b,,c,,d, 13 4 s6

. . 1
Tiép tuc qué trinh nay ta 1ap dugc day (a,,b,,c,,d,) vo han (vi néu hitu han thi ta c6 F (a,b,c,d) 52—7 )
thoa 2 tinh chét sau day:

D) a,,13D,.2,Coisd, . 13 4 56 theo tht tu giam dan cia 4 s6

an + d}’l a}’l + dn

n? 2

b ,c

(2) F(an’bn’c dn) SFv(an+l’bn+1’Cn+17dn+1)

n’
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Tu tinh chat (1) tasuyra: 0 <a ,, - d ,, <—2—",n >0

. L 1
Vavithé a,,b,,c,,d, cung c6 gidi han la 7
Do tinh lién tuc ciia ham F (a,b,c,d) ta co:

F(a,b,c,d)<limF (a

n— o0

b ,c

n?"n?

d)=F 1111
4’4’44

. .y 1 L . .1
Dang thie xdy ra khi: bon so bang " khi day vo han, hay mét s6 bang 0 va ba so con lai bang 3 khi day

hitu han.
Bai toan 6.16: Cho a,b,c >-l,a+b+c =1,

b c 9
+ <=

Chtrng minh bat dang thirc:

Huéng din giai

P ’ X
B6 dé: Xéthamsé f(x) =

1+x*

Néu (x+ )0y -3)<0 thi )+ () <2f xX+y

x+y

Chtng minh: Ta cé: f (xX)+ f(y) <2f

=3 [x(l+y2)+y(l+x2)] [(4+(x+y)2)} 54(x+y)(1+x2)(1+y2)
= (x+y)[4(l +x° )(l +y2)- ( +)cy)(4+x2 +y° +2xy)] >0

o (e+ ) 267 +3(¢7 +)7)- 6xp- (+* +370)] 20

o (x +y)(3- xy)(x- y)2 >(. Tu do suy ra dpcm

Tro lai bai toan. Ta xét hai truong hop

. A 1
- Ton tai 1 trong 3 s0, chang han ¢, sao cho - 5 <c <1.Khi d6:

(a+b) _(-¢) 1
= <

a+b>0,ab < 3;c+—20,£<3
4 3 3

+ < .
l+a> 1+b> 1+ 10
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1 1
c+— c+— a+b+c+—
(a+b)+ 3 -0, (a+b) 31 . 4,
2 2 2 2 4 9
Ap dung b dé ta co:
+1 a+b+c+7
1 a+b ¢ 3 7 7
f@+ )+ )+ f|=| <2f +2f| —2 | <4f| —=—=—
3 2 2 2
1 12
=4f[§] :E. Tir d6 suy ra dpcm.
- Cabaso a, b, c déu khong nam trong doan -5;1 . Khi d6 do diéu kién a,b,c =- 1, ta phdi c6 hai s6 4m

valsb duong (Néu nguoc lai, gid st b,c >0 thitaco a+b+c>-1+1+1=1, vo Iy). Gia str, chéng han
a,b<0,
e 1 9
Khi d6 f(a)+f(b)+f(C)Sf(c)S§<E.
X \ C 1
Dau “=" xay ra khi va chi khi a =b =c¢ Zg.
Bai toan 6.17: Cho cac sb duong g, b, ¢, d. Ching minh rang:

a b C d 2
>

+ + +
b+2¢c+3d c+2d+3a d+2a+3b a+2b+3¢c 3

Hudéng dén giai

Ap dung BDT Bunhiacdpxki:

a N b N c N d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c

[a(b+2c+3d)+b(c+2d +3a)+c(d +2a+3b)+d(a +2b+3c)} >(a+b+c+d)

a N b . c N d
b+2c+3d c+2d+3a d+2a+3b a+2b+3c

Do doé:

. (a+b+c+d)
“4(ab+ac+ad +bc+bd +cd)
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(a+b+c+cl’)2 >2
4(ab+ac+ad +bc+bd +cd) 3

Ta chung minh:

= 3(a+b+c+d) =8(ab+ac+ad +bc+bd +cd)
o (a-bY +@@-c) +(a-dy +(b-c) +(b- d) +(c- d) >(): bung

Dau “=" xay rakhi a =b =c =d. .

Bai toan 6.18: Cho 3 sb khong am x, y, zthéaman x+ )y +z =3 . Tim gia tri nho nhét cua biéu thirc:

p= 1 N 1 N 1
4+2In0+x)-y 4+2In(0+y)-z 4+2In(0+2)- x

Huéng din giai
Tir gia thiét suy ra 0 <x,,z <3 nén 4+2In(x+1)- y >0
va 4+2In(y+1)- z2>0 va 4+2In(z+1)- x>0

Theo bat dang thirc Cauchy ta co:

9
P=
12+2In(x+1D- x+2In(y+1)- y+2In(z+1)- z

1-1¢

xét £() =2In(1+1)- ¢ véi 0 <t <3 Véif'(t)zl t
+

f'(l‘) =0 c6 mot nghiém ¢ =1.
Lap bang bién thién thi duoc:
-1<f(t) <-1+In4 suyra: -3<f()+f()+ f(2) <-3+3In4

Do do: P > 3 .minP = 3 dat dugc khi x =y =z =1,
3+1In4 3+1In4

1+i

Bai toan 6.19: Tim gié tri nho nhét cia ham sb: y =|x| + 1k
x -

Huéng din giai

x+1

Taco y =|x|+ —|- Pidukién x £1.
x—

l+i‘ :|x|+
x-1

2
Khi -1 <x <0 thihémséy:x +1.
1-x
2
L= XT+2x+1
Taco V' =— 55—y =0 x=1-V2,
(x-1
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yED=1y0) =1 £(1- v2) =242 - 2
So sanh thi min y =22 2 tai x =1- 12
Khi x<-1 hogc x>1 thi y>1>22-2
Khi 0<x<I thi y>1>242-2

Vay miny:2\/§-2taix:1-\/§.

Bai toan 6.20: Cho cac sb6 nguyén duong p, ¢, n.

S|

a) Tim gia tri 16n nhat ciia y =cos” x.singx véi 0 <x <—

2
b) Tim gi4 tri nhé nhét cua y =tan” x +cot” x - n” cos* 2x,0 < x < %
Hudéng dan giai
a) Voi 0 <x S% thi sinx >0,cosx >0 nén y =0.
Tacod y° =(cos?x) .(sin?x) . Pt £ =cos® x,0 <t <I thif
Y =f@O=r.0-0), @O="0-0)" [ p- (p+g)]

nén f'(t) =0 t =0 hoic ¢ =L hodc ¢ =1.
ptq

p’.q°

P+q

p
P*q

p’.q’
(p + q)p+f1

Taco f(O) :f(l) =0, f =
(p+q)

>0 nén suy ra max y =

b) Xét 0<x S% thi cotx >tanx >0,sin4x >0

Tacéd y' =ntan”" x(1+tan® x)- n.cot” x(1 +cot> x)

:;rz(tan”'l x- cot”' x)+ n(tan'“1 x- cot™ x)- 2n°sin4x <0

1] 5
4 .

min f
xE[ 0;%]

= ham s0 nghich bién trén nén

0;Z
4

Vay min y =2,
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Bai toan 6.21: Cho cic sb thuc x, y thoa min (x+ y)3 +4xy >2. Tim gia tri nho nhat cia
A =3(x* +y* +x2y2)- 2(x2 +y2)+1,
Huéng din giai
Kéthop (x +y)3 +4xy =2 voi (x +y)2 >4xy suy ra:
G+y) +Ge+y) 222 x+y =1,
A =3(x4 +y4 +x2y2)— 2()(2 +y2)+1
:%(x2 +y2)2 +%(x4 +14)-2(x* +*)+1

Zg(x2 +y2) +%(x2 +2) - 202 +57)+1

= A z%(x2 +32) - 2 + %) +1. Pat 1 =x° +y%,taco

2
9
x* +y? Z(x+y) zl: tzl,dodé A>=f -2t +1

2 2 2 4

Xét f(t):%ﬂ- 2 +1: f‘(z‘):%t- 250 véimoi ¢ %

]:2

= l’IlliIl f(t)=f[l Tc-

Dd’A>9d‘ 4y rakhi x = 1
0 do Z—— dau = Xay ra 1 —_ _
2 16 y )

IE{E;H}OJ
i g s 9
Vay gia tri nhé nhat cua 4 bang R .

Bai toan 6.22: Cho a b ¢ 1a cic sb thuc théa min 4(a+b+c)-9=0. Tim GTINN cuoa

S :(a +\a’ +1)a (b+\/b2 +1)b(c+\/c2 +1)C.
Huéng din giai

Tacé InS :aln(awx/az2 +1)+bln(b+x/b2 +1)+cln(c+\/c2 +1)
Xétham sé f (x) =)cln(x+\/x2 +1),xEIR

f'(x):ln(x+\/x2+l)+ a ;f"(x):)cz—+2>0,Vx_

2

x"+1 (x2+1)3
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Suy ra f (x) 13 ham 16m trén R nén c6 tiép tuyén tai moi diém ludén nam dudi d6 thi. Tiép tuyén cua

£ (&) =)cln()c+\/x2 +1) tai x :% la

3 9
= In2+—|x- —.
4 5)" " 20
3 9 ,
Do d6 xln(x+\/x2+1)2 1n2+g X- 2—O,VxEIR va dang thirc xay ra khi JCZ%.Tl‘Id(), ta dugc
3 27
M=f(a)+ f(B)+ ()= ln2+§ (a+b+c)- %
319 27 9In2 9In2 B
=In2+=—|—- —= & > >24 =43
5]4 20 1 nén InS > = 5 =2 4\/5

. 3
Vay gia tri nho nhat cua S'1a 4(‘/5 , dat dugc khi a =b =c :Z )

Bai toan 6.23: Cho x >0 vay tuy y. Tim GTLN, GTNN cua

2

Xy

M =
(x2 +3y2)(x+m)

Huéng din giai

Xét v =0 thi M =0.Xét ¥ #0 thi:

(e -x) e

B (> +312).12y7 _3[4+12y2

2

X
12y° Vi+t-1
At =—2 M =f()=———
bit ¢ i~ ,t >0 thi f 3+2)
2-t+ 21+t
Taco /()= S'()=0e =8
4o 6(t+4) 1+t
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BBT

X 0 1 +00
f! + 0
Vi / 1/18

0 \‘ 0

1 . 1
Do d6: 0 <M SE.Kétththi 0<M Sﬁ'

1
Vay max M T khi 2x* =3y, min M =0 khi y =0

Bai toan 6.24: Cho cic sb thuc x, y, z khong am thoa man diéu kién:

X +y +2° =2+3x)z

Tim gi4 tri nh6 nhét cua biéu thie P =x* +2y° +3z°
Huéng din giai
Tur gia thiét x° +1° +2° =2+ 3xyz

o (+y+2)(P+y 422 - xy- yz- 2x) =2

= (x+y+z) %(x2+y2+22)- %()c+y+z)2 =2

2
Détf:x"'y+Z.Khid(')t>OVa‘1x2+y2+zz:%+3i
t
s o4
Xét ham f(t) =—+— trén (0, +00)
3 3¢
2(£-2)4

Lap BBT thi pin ()= (2) =% dat duoe khi ¢ =32

Tacd P>x"+y> +2° >3[4
DAu dang thirc xay ra khi va chi khi x =3/2,y =z =0.

Vay minP =4, dat duge khi x =32,y =z =0.

Bai toan 6.25: Cho céc sb thuc x, y thoa man diéu kién:
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X+y =Jx- 1+\/2y+2 .
Tim gia tri [6n nhét, gia tri nho nhéat cua biéu thire
P=x>+y" +2(c+D(y+1)+8/4- x- y
Hudéng din giai
biéu kién x =y =1, Suyra x+y =0,

Ap dung bat déng thirc (au +bv) <(a® +5*)(u® +v*) ta co:
Gt y) =(Vam 142y +2) =(Va- T+42y+1) <3(x+y)
Suyra 0 <x+y <3 Patf =x+y thi 1€]0;3]
P:(x+y)2+2(x+y)+8\/m+2 = +2+8J4- 1 +2

Xeétham f (1) =% +2t +84- 1 +2 tren [0;3]

() =2t+2- L;f"(t) —y. 2
- t

J4 (\/ﬁf >0 V&1 moi t6[0;3]
Suy ra f"'(¢) ddng bién trén [0;3]
Dods f'(t)> £'(0) =0 véimoi 1 €|0;3]
Suyra f () ddng bién trén [0;3]

Vay max P :IR%T(f(f) :f(3) :25,datkhi =3 x=2,y =1

min P :rﬁ}gﬁlf(t) =7(0) :lg,datkhi t=0= x=1y=1

Bai toan 6.27: Cho céc sd thuc x, y, z khong 4m théa man:

xy2- 9y +pV2- x° =2

Hudéng dén giai

2 2
a +b

Taco (a- b)Y >0= ab < v6i moi a, b. Ap dung:

2 2 2 2
2oy <X P2V o2 Y
2 2
Suy ra 2=x\/2- y? +y\/2- x* <2.

Do d6 déu ding thire xay ranén x =/2- 1> va y =J2- 2.
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Suyra X,y 20 va x* +y* =2

Pit t =x+y . Khido 0 <t <,/2(x* + %) =2
Pt ¢ =x+y Khido t <,2(x* +1?) =2

Matkhae 2 =(x+y) =x>+37 =2. Suyra r =2

2 2 2
Dodéfe[\/iz]Tac() Xy :(x+y) -(x +y ):ﬁ-l
2 2

Suyra P =(x+y) +12(x + )- 12xy- 12+\/E

2 t2

:(x+y)3 +12(x +y)- 12[%- l]- 12 + 5 1

2
—£ - 62 +12t + /% 1

2
Xétham £ (¢) =£* - 61° +12t+1/%- 1 trén [\/5;2] . Ta co:

7'(t) =3t - 12t+12++>0
2 [ﬁ_ 1] » V61 moi te[‘/zz} nén /(t) ddng bién trén [\/5;2]

2

iy PSS O =/ @ =9, min 1) =7 (2) =147~ 12

23]

Bai toan 6.28: Cho cac sb thuc duong x, y, z thoa man diéu kién:
X+y+z=4vaxy+yz+zx =5

Huéng din giai

) y+z=4-x

Tur gia thiét ta co:
u gia thiet ta co o =5- (4= %)
§* 24P« (4- x) 24[5- x(4- x)| & 327 - 8x+4 <0

o —=<x =<2

2
3

Ma: X’ +y3 +2z° :()c+y+z)()c2 +y2 +2° - Xy- yz- zx)+3xyz
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=(x+y+2)| e+ y+2Y - 3Gy +yz +2x)| +3x)z

=4+3xyz , nén

P :(4+3xyz).xy+y2+zx = 20 +15 :#+15
xXyz Xyz X - 4x" +5x
342 2
Xét ham f(x) =x" - 4x" +5x trén 5;2]

F'(x)=3x"-8x+5,1'(x)=0 = x =1, x :g

2 5 5 50
W) =7r0Q) =2, [_] =, [_ ==
/ / / 3 27 / 3 27
. 2
Do dé 0<f(X)S2 vOi moi X € 5;2 nén P =>25.

Déu ding thire xay ra khi X =2,y =z =1 hoic cac hoan vi
Vay min P =25, dat duoc khi x =2,y =z =1 hoic cac hoan vi.
Bai toan 6.29: Cho céc sd thuc duong a, b, c. Tim gia tri nho nhit cua biéu thirc
9 16
P= -
\/ab(a +2¢)(b+2¢) \/1 +a’ +b* +c?

Huéng din giai

Taco: l+a’ +b> +¢° 2%(1+a)2 +%(b+c)2 2%(1+a +h+c)

1 2
: <
Suy ra: JI+a?+b2 +¢F l+a+b+c

Ap dung bat dang thirc Cosi, ta co:

\/ab(a+20)(b+20) Sa;—b.a+205b+20

Z%(a +b)a+b+4c) Zé.S(a +b)(a+b+4c)

1 [3(a+b)+(a+b+4c)}2 _(a+b+c)2
12 4 3
1 3
Suy ra = 2
\/ab(a+20)(b+2c) (a+b+c)
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2730
(a+b+c) l+a+b+c

nénPZ

batt =a+b+c thit>0 Vap>2_7_£
o+l
Xét ham f(l)——-—tren (0 +w)f(t)— —3 32 —
t* t+1 £ (t+1)

7£'(@)=0e (t- 3)(6> +211+9) =0 = ¢ =3,
Lap BBT thi (Iglg})f(t) =f(3)=-5
Do d6 P >-5, ddu dang thirc xay ra khi @ =b =c =1.
Vay gia tri nho nhit cua P 1a —5, dat khi a =b =c =1.
Bai toan 6.30: Tinh gia tr 16n nhét va gi4 tri nho nhat ciia ham sb
y :4|sinx‘ + 2|COSX|+2
Huéng din giai
bit |sinx‘ =t,0 <t <1 thi y =4 +2W+z’0 <t <].
-t

y' =44+ L
1- ¢

21 Ji- 2
Tacéy':0@4’:2\/17. 2 @2_:2
-7 2t J1-¢
L A 2"
Xéthamsd f(u) ==— 0<u<2.
u

u ©_2(uln2-1
P ()22 n2-2 (u n );f,(u)soﬁ 0<y <
u’ u- In2

Vil<—<2va fF)=r()=2.
In2

Suyra f () <2,Vue[1;2] va fw)>2,Vue(0;1)

2t 1412

Giasur 1 <2t <2 thi =— <2<

: khong thoa man.
2t 1- ¢

Dodsé 0<2r<1.vi f(u) nghich bién trén (0;1) nen phuong trinh
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_ -2 ) —J1- 2 & :L
f(Zt)—f(\/lt) 2t =V/1- ¢ z\/g

1

1
Tacé y(0) =9, y(1) =8,y[—} =5.4%5 50 sanh thi

NG

. 1 ) 1
min y =8, khi cosx =0 va max y —g 445, khi |s1nx| :ﬁ'

Bai toan 6.31: Cho cic s thuc x, y, z théa man Xx+y+z=0_ Tim gia tri nho nhit cia

P =343 3 Jox? +6y7 +62

Hudéng din giai
Taco x+y+z=0nén z =- (x+ y) va ¢ 2 s6 khong am hodc khong duong. Do tinh chat d6i xtng ta c6

thé gia sat xy =0

Taco P =31 432+ 43Pl \/12(x2 +17 +xy)

=30 4 3P g 3Pl \/12[(x +y) - xy]

[2y+x|+2x+y|

>31423 2 - \/12[(x+y)2- xy]

3|x+y|

>371423 72 - 2\3]x +))

pat t =+ 20, xét () =2.(V3) - 23
0=23(/3)"1n3- 243 :2\6.[\/5_(\6)3’111\/5- 1

>0

= fddng bién trén [0; +0)= f(t)=£(0)=2
Ma 371 >3% =] nén P >3° +2 =3, ddu“="xayra © x =y =z =0
Vay min P =3.
Bai todn 6.32: Cho céc sb thuc khong 4m a, b, ¢ théa man diéu kién: 3(a® +b* +¢*)+ab +bc +ca =12 Tim
a’+b* +c?

gi tri 16n nhat va gia tri nho nhét ciia P :T +ab+bc+ca.
at+tb+c

Huéng din giai

Tir gia thiét a, b, ¢ khong 4m théa man:

3(a2+b* +c2)+ab+bc+ca =12 tach a+b+c :\/24- 5(a> +b% +¢2)
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va1223(a2 +b2 +?) > a* +b2 +¢F <4
12 <32 +b* +c2)+a’ +b° +* = a* +b> +¢* =3

Suyra a’ +b’> +c’ 6[3;4]

pat 1 =[24- 5(a* +5° +*) thi r€[2:3]

a +b*+c’

, P = +12-3(a2 +5> +¢*)
Do do \/24- 5(a2 +b* +¢%)
l( )
~(24-#?) .
R P e il :1[312-“%}-2
t 5 5 5

24
Xétham £ (¢) =3¢ - +== ten [2:3].

24
f'@)=6t-1- = =(t- D+ >0 véi moi £ €[2;3]

24
St' t_z

nén £ dong bién trén doan [2;3} .
Do d6 %(f(t) =1(3) :32;?21_1'3?1‘0) =f(2)=22 \4n 2 <p <4
Vay mex P =4, datkhi a =b =c =1,

Min P =2, dat khi a =2,b =c =0 hoic cac hoan vi.

Bai toan 6.33: Cho céc sé duong x, y, z thoa méin x* + y2 + 2% =3 Tim gi tri 1én nhit cua biéu thic

y+2\/;+x z+2\/;+y

y+1 z+1

2 2 2

X+2xy +z
= + +

x+1

Hudéng dén giai
Véi 2 vecto u,v tacod ’MV’ SMM

Chon u =(x;v2x:1),v =(1;4/27:2) i
(x+2\/5+z)2 =(x- 1+\/ﬂ.\/§+l.z)2 <(x*+2x+1)(1+2y +22)

2
+2 +

Do dé: TTNDTE <1+2y+z°.

x+1
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2 2

y+2Jy?+x

y+1

Z+2\/E+y
z+1

Tuong tur <l+2z+x’; <]+2x+’

Néen P<3+2(x+y+z)+x" +y* +2° s6+2\/3(x2 +y7+2%) =12
Dau dang thire xay ra khi x =y =z =1,
Vay gia tri 16n nhat cua P 1a 12, ddu =khi x =y =z =1,
Bai toan 6.34: Cho céc s thuc x, y, z déu thudc doan [0; 1] . Tim gi4 tri 16n nhat cta biéu thuc:

¥+3 y+3 2243
= + +

P .
Y42 2 +2 xP+2

Huéng din giai
Vi a,be [0;1] nén ta co:

a+3 a*+3 ; 1 b’
<4 (P +3) |1
e e )2[ b2+2]

s oy 1o b’
=l +3)- Sl 3) s

2
%(az +3)- %(az +3).% :%(az i b2)+%- éb

DAu déing thiic xdy ra khi va chi khi a,b€{0;1] .

3
b +3 Sl(b2 - c2)+§- lbzc2
c+2 2 2 6

Tuong tu:

3
c*3 - )ed- Log
a+2 2 2 6

Suy ra P Sg— l(azb2 +bc? +cza2) <2
2 6 2

Vay gia tri lon nhét cta P 1a %, dat duoc khi trong ba sb6 a, b, ¢ ¢6 nhiéu nhat mot sd béng 1, cac sb con lai
bang 0.
Bai toan 6.35: Cho cic sb thuc duong x, y, z thoa man diéu kién:
4(36 +y+z ) =3xyz . Tim gia tri lon nhét cta biéu thuc:
1 1 1

P = + +
2+x+yz 2+y+zx 2+z+xy
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Huéng din giai

Taco: 3xyz =4(x + y +z) =4.3\/xyz nén xyz =8

Va: 24 x+yz 224242x +3z 22 2\2x .3z =242 2023z 24245z

1 1 1

1 1(1 1
S < . <——
wy 2+x+)yz 4\6 Hyz 472

PN

{1 1 1 1{3 1
S—|—+—+—|=—| —+—
812 4 yz) 84 )z
T . 1 (3.2 1 _l 3+ 1
wong ty; —————— <—| —+—|,——— <—| =+ —
s 2+x+yz 84 zx) 2+x+yz 8|4 xp
1o 1 1 1 1{9 3] _3
DOdéPS— —_t—t+— 4+ — | = —+— | =—
8 xv yz zx| 84 4) 8

3
Vay rmezg,khix=y =z =2,

Bai toan 6.36: Tim gié tri nho nhét ciia ham s6:

y Z\/-x2+4x+21- \/-x2 +3x+10
Huéng din giai
. -xP+4x+21=>0
biéu kién 5 © -2=<x=<5.Véi-2<x<5:
-x"+3x+10=>=0
_ -x+2 ) -2x+3
J-x2 +4x+21 240- 7 +3x+10
_(4- 2x)V-x> +3x+10- (3- 2x)V/- x> +4x+21
- x2 +4x214/- X +3x +10

Cho y'=0 < (4- 2x)v/- x> +3x+10 =(3- 2x)V- x* +4x+21

(4-2x)(3- 2x) =0
1= 220 (- x2 +3x410) =(3- 2x) (- ¥ +4x+11)

'

y

x<i hay x >2
2 = X =

5 .

-51x* +104x- 29 =0
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1 1
Ta co y(- 2) =3;y 25 =\/§;y(5) =4.Vay min y =2 tai x :§'

Bai toan 6.37: Cho ham s6 £, xac dinh trén IR va thoa méan:

f (cotx) =sin2x +cos2x, Vx€R .

Tim gid tri 16n nhét va gia tri nho nhét ciia ham s6 g (x) = (x).f (1- x) tren doan |- L;1].

Huwéng din giai

2 -
biat z =cotx thi f(z)=f(cotx) =sin2x +cos2x 2%2211
z7 +
g(x)—x2 +2x-1 - xY+20- x)-1
suy ra = :
v X' +1 (- x) +1
— 1
bit ¥y =1- x vat =xy . Do xE[- 1;1] néntacd t€ -Z;Z]
thi g(x) —M =h(t)
- 2t+2
2(5¢> - 4¢- 6)
W) = ()= =22V
(¢- 2 +2) 5

1
Lap BBT thi: fgan(X) max h(z) h[4] -

. te[ » 4]

[zr

=4- 34,

gﬁln g(x)=min h(t) =h

2]

Bai toan 6.38: Cho cac sé thuc duong g, b, ¢ thoa man diéu kién (a+c)b+c)=4c*. Tim gia tri nho nhat
cua biéu thire
324’ 320° Ja* +b°

= =+ -
(B+3¢) (a+3c) c

b

—+1]
c

£+1 =4

c

Taco (a+c)(b+c) =4c" =

bat x =ﬁ;y =é thi (x+1)(y+1) =4
& C

o S+P=3< P=3-S5.Dodd
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3 3

X
y+3

Y
x+3

P =32

+

_ lx2+y2

3
X Y 2 2

>& + - X+

y+3 x+3 4

S _[s7+35-2G-8)
2 35+(3- §)+9

| §2+3S- 2P
| 35+ P+9

3
D
V2

g S7#55-6] S _ [5-1]3_ s
25 +12 2 2 2
=(5-1) - i,s >2

NG

1

V2

Dau “=" x4y ra chang han khi x =y =1,

Pr=3(5-1) -

0, VS >2

vay minP =P(2) =1- /2.

3. BAI LUYEN TAP
Bai tap 6.1: Chirg minh cac bat dang thirc:

O;Z]
2

b) b.tana > a.tanb voi 0<a <b <%

X
a) tanx>x+? vOimoi X €

Huéng din
3
T
a) Xét f(x)=tanx- x- %,O <x<—

tan x

b) Xét f(x)=

T
,0<x<—
X 2

. b+c c+a
Bai toan 6.2: Cho a, b, ¢ 1a cic so6 duong, dat X = Y=

9 - .
a+b+c a+b+c

Chiing minh

+
1+ X? 1+Y?

Huéng din
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a+b+2c

X +Y =———"">1, néu cb dinh X va giam gia tri caa Y thi vé trai ctia bat dang thirc ting 1én nén ta chi

a+b+c
can chimg minh khi X +Y =1.
Bai toan 6.3: Chiing minh

(a- b)Y a+b (a- b)Y ..
a) < -Jab <———2 véia=b>0.
8a , Ve 8h

(a+b-3c) . (a+c-3b) . (c+b-3a) 1

>_
2cz+(b+a)2 2b2+(c+at)2 2az+(b+c)2 2

Huéng din
a) Dung dinh ly Lagrange
b c

a
A 5 X = , —_ ,Z
b) VT bac 0. bat (a+b+c)y (a+b+c) (a+b+¢)

Bai toan 6.4: Chirng minh
a(b+c) b(c+a) c(a+b) 6

+ +
) (b+c)Y +a® (c+a)y +b> (a+b) +c* 5

a b c 9 . -3
——t—5—+— <—véia,bc=—vaa+b+c =1.
a +1 b"+1 ¢ +1 10 4

b)

Huéng din
a) Chudn hoa: a +b +c =3 va ding tiép tuyén tai x =1

X
x> +1

. . 1 .
b) Tiép wyén tai x == cia him s5 f(x)=
Bai toan 6.5: Ching minh

A B C . .,
a) tanE + tan > + tan E) >+/3 véi tam giac ABC.

n-1

x"-1

x-1

2x" 1+x
<

- < vé6i x>0,x #,n =1, n€IN
1+xl‘l+ 2

b)

1
<—.
n
Huéng din
C X
a) Dung bat dang thuc Jensen cho f (x) ZtanE, O<x<urx

b) Chung minh bang quy nap

Bai tap 6.6: Cho ABC la tam giac c6 ba goc nhon, canh 1a a, b, c. Chiing minh:

véi a,b,c >0,

=—véi a,b,c>0.
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a) 7(a+b+c) <3(ad +bB +cC) by 3(a+b+c)<x %+%+£
Huéng din
a) Ap dung bat dang thirc Trebusep
b) Ap dung bat dang thirc Trebusep
Bai tap 6.7: Chimg minh bét déng thirc:
a) |x’ + M = voimoi X, yER
2019 +[x| 2019+|y| 2019+|x- y| '
b) £+é+£ Za+b + bte +1 voi a,b,C>O.
c a b+c a+b
Huéng din
. t
a) Xéthamsd (1) = 1 =0,
) / 2019 +1¢
b) BDT © (a+b) +(b+c) +(a+b)(b+c)
2 b*(a+b b(b+
<L +ab+ac+L+b2 +ab+c’ +bcLC)
b ¢ a
Bai toan 6.8: Chimg minh rang:
COS 2X 1
a) (cotx) 2> - vc’yi0<x<£.
sin2x 2
b)‘a b b C4 | 1—— véi a,b,cE[l;Z}_
| e b |
Huéng din
t+1
a) Dat ¢ =tan’x,/>0.DPuavé t.Int >(t +1).In—
b) Don bién véi gia st 2 >a =b >c =1.
(a- D)b- c)e- a)
Xét f(a)= = f'(a)=0
abc
Bai tap 6.9: Cho cac sé duong a, b, ¢, d. Chirng minh ring:
a’ b* c’ d* _at+b+c+d
)(a+b)(a +b? ) (b+c)b> +c ) (c+d)(c +d* ) (d +a)d*+d> ) 4

b) 2(a* +5° + ) +3(a* +b* +¢*)+12abc Zg,a+b+c =1.
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Huéng dan
a) Dung BCS.
b) bit x =ab+bc+ca,y =abc.

. 5
Pua vé chung minh: 18y - 12x+5 ZE :

Bai toan 6.10: Tim gia tri 16n nhét va nho nhét ciia ham s6

1 sin® x|cos x| + cos’ x|sin x|

a) f(x)= L. by ()=

sinx+4 cosx-4 ‘sinx|+‘cosx‘
Huéng din
a) Dbat r =cosx - sinx roi xét ham.

Két 7m'nf——4 ;mex [ = 4
€t qua 8+\/§’ 8-\/5

. 5 .
b) Kétqua max f =—, minf =0,
27
Bai toan 6.11: Cho céc sd duong c6 tong bang 1
a) Tim GTNN cta 6(a’ +b° +¢* +d*)- (&* +b> + &> +d*)

b) Tim GTLN ci 1-b-c+1-c-a+1-a-b
im cua
J1+a> J1+b 1+

Huéng din

. . . | 1
a) Dung phuong phap ti€p tuyén. Két qua 3 khi a =b =c =d :Z

. 3 1

Bai toan 6.12: Cho céc sb thyc khong am x, y thay doi va théa man x +y =1, Tim gia tri 16n nhat va gia tri

nho nhét caa biéu thirc
S =(4x* +3y)(4* +3x)+25xy
Huéng dian

S =16x°y’ +12(x3 +y3)+9xy+25xy
=16x"y’ +12[(x+yf - 3xy(x+y)] +34xy =16x°y" - 2xy +12

biat t =xy , tadugc S =16¢%- 2t +12
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2
+
4 4 4
2 1
Xét ham f(t) =16¢" - 2t +12 trén doan O;Z

£ 2 . 191
Két qua max § :—5, mnsS _191
2 16

Tai liéu duoc chia sé boi Website VnTeach.Com

https://www.vnteach.com
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