Chuong 1

TINH LIEN TUC CUA HAM
SO

Bai 1.1. Cho f la mot ham lién tuc trén R sao cho f(f(z)) = = v6i moi
x € R.

a) Chiing minh rang phuong trinh f(x) = z luon luon c¢6 nghiem.

b) Hay tim mot ham thod man diéu kién trén nhung khong dong nhat
bang x trén R.

Huéng dan:

a) Giad st phuong trinh f(z) = = vo nghiém trén R, tic la f(x) # x véi
moi z € R. Vi ham f lién tuc nén ta suy ra f khong doi dau trén R. Khong
mat tong quat, gia st f(x) > z v6i moi x € R. Khi do: f(f(z)) > f(z) > =.
Diéu nay mau thuan véi gia thiét. Vay phuong trinh f(z) = x luon c¢6 nghiem.

b) Dé thay ham f(x) = 1 — x thod man di¢u kien f(f(x)) = x va khong
dong nhat bang .

Bai 1.2. Cho f : [a,b] — [a, b] ]a mot ham lién tuc sao cho f(a) = a, f(b) =b
va f(f(x)) = z v6i moi z € [a,b]. Chimg minh réng f(z) = x v6i moi
x € [a,b].

Huéng dan:

Tu gia thiét f(f(z)) = x ta dé dang suy ra f la don anh. Két hop
v6i tinh lien tuc ta két luan dude f 1a mot ham don dieu. Hon nita, do
f(a) =a < b= f(b) nén f don diéu tang trén [a, b].

Néu ton tai z, € [a,b] sao cho f(z,) < z, hay f(z,) > z, thl f(f(z,)) <
f(zo) < o hay f(f(x,)) > f(x,) > x,. Dieu nay mau thudn véi gia thiét.

Vay f(x) =z v6i moi z € [a, b].
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Bai 1.3. Cho f la mot ham lién tuc trén R thod man f(f(f(x))) = x véi
moi z € R.

a) Chitng minh r3ng f(z) = z trén R. Hay tim bai todn tong quat hon.

b) Tim mot ham f xéc dinh trén R thod méan f(f(f(x))) = « nhung f(z)
khong dong nhat bang .

Huéng dan:

a) T gid thiét suy ra ham f don di¢u ngit trén R. Néu f giam ngit trén
R thi f? tang ngit trén R. Do d6 f2 lai gidm ngat trén R. Diéu nay mau
thuan véi gid thiét f(f(f(2))) = .

Bay gio gid stt f tdng ngat trén R. Néu ton tai x, € R sao cho f(x,) > z,
thi ta suy ra f(f(z,)) > f(x,) > xo, va f(f(f(x0))) > f(xs) > x,. Diéu nay
mau thuan.

Tuong tu ta cling ¢6 duge dieu mau thuan néu f(z,) < x,. Vay f(x) =z
v6l moi x € R.

Bai toan tong quat: “Cho f lien tuc trén R va thod man f2"*1(z) = z v6i
moi z € R. Chitng minh rang f(z) = z tréen R."

rnéux ¢ {1,2, 3}
2néux =1

b) f(x) =

3néuz =2
1 néu z = 3.
Bai 1.4. Cho f 1a mot ham lien tuc va don anh trén (a,b). Chiing minh rang
f 1a mot ham don diéu ngat trén (a, b).
Huéng dan:

Gia st f khong phai la ham don di¢u ngit trén (a,b), khi d6 ton tai
x1, Ta, x3 thuoce (a,b) sao cho x; < o < 3 va

fla) < f(@2) | o J(@1) > f(z2)

odc

f(x3) < f(z2) f(x3) > f(x2)

Gié st ﬁi;i z ;EZ; Dat m = max{f(xy), f(z3)}, M = f(x2).

Chon k € [m, M]. Theo dinh 1y gia tri trung gian, ton tai c¢;,cy thuoc
(a,b) sao cho: 1y < ¢1 <y < o < xgva f(c1) = fle) = k.

Diéu nay mau thuan véi tinh don anh cia f.
f(z1) > f(z2)
f(z3) > f(z2)

mot ham don diéu ngat trén (a, b).

Tuong tu, néu ta ciing suy ra diéu mau thuan. Vay f la



Bai 1.5.Cho ham s6 f : [a,b] — [a,b] thod man diéu kién

[f (@) = f(y)| < |z —yl| v6i moi x € [a,0], 2 # y.

Chitng minh réng phuong trinh f(z) = z luon luon ¢6 duy nhat nghiem
tréen [a, b].

Huéng dan:

Dat ¢(z) = f(z) — z. D& thay ¢(z) lién tuc trén [a, b].

Ta c¢6: p(a) = f(a) —a >0, ¢(b) = f(b) —b < 0 nén ton tai z, € [a, b
sao cho ¢(x,) = f(x,) — z, =0, tic la f(z,) = z,.

Néu ton tai 1, xo thuoc [a,b], z1 # 23 ma f(z1) = z1, f(x2) = xo thi ta
suy ra:

w1 — 33| = | f(21) — f(22)| < |21 — 2], diéu nay la mau thuén.

Vay phuong trinh f(x) = z luon ¢6 duy nhat nghiém trén [a, b].

Bai 1.6. Cho f 1a mot ham lien tuc trén R thod man mot trong hai diéu
kién sau:

a) f la ham don diéu gidm trén R.

b) f la mot ham bi chin trén R.

Chitng minh rang phuong trinh f(x) = 2 luon luon c6 nghiem. Trong moi
truong hop, hiy xem diéu kién duy nhat nghiém c6 duge ddm bao khong ?
Huéng dan:

a) Dat p(z) = f(x) — x thi ¢ lién tuc trén R. V6i moi = > 0 ta ¢

p(r) = f() =2 < f(0) — .

V6i moi z < 0, ta c6 ¢(x) = f(z) —x > f(0) — .
T do suy ra = lim=—-ocova — lim= 4o0.

P2

Do d6, ton tai ¥, € R dé ¢(z,) = 0, tiic 1a phuong trinh f(z) = z ¢6
nghiém.

b) Dat p(z) = f(x) — x thi ¢ lien tuc tren R. Theo gia thiét, f bi chan
tren R nén ton tai M > 0 sao cho v6i moi x € R thi —M < f(x) < M.

Chon xy > M, khi do6 ta co

(1) = f(zy) — 21 < fzy) — M <0.
Chon z, < —M, khi dé ta ¢

o(r2) = f(x2) — 22 > f(22) + M > 0.
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Vay ton tai z, € R sao cho ¢(x,) = 0, tiic 1a phuong trinh f(z) = z ¢6
nghiém.

Ban doc tu kiém tra diéu kién duy nhat nghiem.
Bai 1.7. Cho f 1a mot ham lién tuc tréen R. Chiing minh ring néu phuong
trinh f(f(x)) = x ¢6 nghiém thi phuong trinh f(z) = x cling c6 nghiém.
Huéng dan:

Gié st phuong trinh f(xz) = = vo nghiém trén R. Do f lién tuc trén R
nén ta suy ra Vo € R, f(z) <z hodc Vx € R, f(z) >z

Néu v6i moi z € R, f(z) > = thi f(f(z)) > f(z) > z. Diéu nay mau
thuan véi gid thiét phuong trinh f(f(x)) = x c6 nghiem.

Tuong ty, néu véi moi x € R, f(x) < x thi ta ciing c¢6 diéu mau thuan.
Vay phuong trinh f(z) = 2 ¢6 nghiém.
Bai 1.8. Cho f la mot ham lién tuc trén R thoa méan

|f ()] < || v6i moi x # 0.

a) Chting minh rang f(0) =
b) Chitng minh rang néu 0 < a < b thi ton tai K € [0, 1) sao cho

|f(z) < K|z|,Yz € [a,).

Huéng dan:
a) Ta co: |f(0)] = - lim|f(x)] < - lim|z| = 0. Vay f(0) =

b) V6i moi z € [a, b], dat g(z) = @ Ta thay g lién tuc trén [a, b]. Dat
x
K = sup }f( |. V1 |g| lién tuc trén [a, b] nén ton tai z, € [a,b] dé
z€la,b]
_ Sup ‘f ‘ ’f(x0>
xz€la,b| Lo

T d6 dé thay rang | f(z) < K.|z| véi moi x € [a, b].
Bai 1.9. Cho f 14 mot ham lién tuc trén R va thod man mot trong ba diéu
kién duéi day:

a) f(z)+ f(2x) =0, Ve R

b) f(z?) = f(x),Vx € R.

¢) f(x) = f(sinz), Vx € R.

Chiing minh rang f 1a ham hing.
Huéng dan:



a) Tt gia thiét suy ra f(z) = —f(2z) v6i moi x € R. Bang qui nap ta dé
dang ching minh duge f(x) = (—1)"f(2£n) v6i moi n € N.
Chu ¥ rang tu gid thiét ta ciing c6 f(0) = 0. Vi vay

f(z) = — lim(=1)"f(==) véi moi x € R.

n—oo 2
Ta c6 ’(—1)”]0(2%) = ‘f<2£n> . Vi f lién tuc trén R nén = lim f(2—n
[£(0)] =0. Do d6 f(z) = —_ lim(—l)”f(;—n) = 0 v6i moi z € R.
b) Ta c¢6 f(—z) = f(x) v6i moi x € R.
Mait khac, v6i moi x > 0 ta co
fl@) = f(@® = f(a%) = - = f(aF), ¥n € N.
Suy ra f(x) == limf(mi") = f(1) (do f lien tuc trén R).

Vi f(—z) = f(x), v6i moi « € R nén f(x) = f(1) v6i moi z # 0.
Hon nita, do tinh lién tuc cia ham f, ta ciing ¢6

xz

)| =

. 1 .
F(0) = lim f(~) = lim f(1) = f(1).
Tém lai, f(x) = f(1) véi moi x € R.
¢) V6i moi xz € R, diat o7 = sinz, 29 = sinxy, -+ , T, = sinz,. Khi do,
hay chiing minh rang (z,), 1& diy don diéu va bi chan. Goi a = — limz,;

n—oo

tit phuong trinh @ = sina ta suy ra a = 0.
Ta thay f(x) = f(z,) v6i moi n € N. Vi vay

f(z) = lim f(z,) = f(lim x,) = (0).

Tu d6, ta két luan duge f(z) = f(0) v6i moi x € R, titc 1a f 1a ham hang.

Bai 1.10. Cho f la mot ham khong am, lién tuc trén [0, +00) va lim fz) =
Tr—00 X

k<1

Chiing minh rang ton tai z, € [0, +00) sao cho f(z,) = ,.
Huéng dan:

bit o(z) = f(z) — z. Ta c6 ¢(0) = f(0) > 0.

o f(@)
Vi lim ——

T—00 €T
@ < 1. Suy ra f(c) < ¢ hay p(c) = f(c) —c < 0.

= k < 1 nén ton tai ¢ > 0 sao cho v6i moi x > ¢ thi
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Vay ton tai z, € [0, ] C [0, +00) sao cho ¢(z,) = 0, tic 1a f(z,) = z,.
Bai 1.11. Cho f la ham lién tuc trén [0,n], f(0) = f(n),n € N. Ching minh
rang ton tai n cap (qi, £i), o, 8; € [0,n], B; — a; € N sao cho f(a;) = f(8).
Loi giai:

Ta chiitng minh bang qui nap. R6 rang khang dinh ding véi n = 1. Gia
st rang néu f 1a mot ham lien tuc trén [0, n] sao cho f(0) = f(n),n € N thi
ton tai n cap (o, 3;) thod man 3; — a; € N, f(o;) = f(5).

Ta chiing minh khéng dinh trén ding v6i n + 1. Gia st f(0) = f(n + 1).

Xét ham p(z) = f(r+ 1) — f(z), z € [0,n].

Ta c6 ©(0) + (1) +--- 4+ p(n) = 0.

Do d6 ton tai z, € [0,n] sao cho p(x,) =0 hay f(z, + 1) = f(z,).

Dat

f(@),x € [0, ]

Ft 1,0 € )]

h(z) =

Dé thay rang h lien tuc trén [0, 7] va h(0) = h(n). Theo gia thiét qui nap
ton tai n cap (@, 8;) thod man

Dit o = o; néu a; € [0,2,); B; = B; néu B; € [0, z,),
o =a; +1néu a; € (zo,n); Bi = F; +1néu B € (x,,n)].
RO rang
flow) = f(B)
ﬁi —q; € N
(Oéi, ﬁz) 7é (Ioa ZTo + 1)7 Vi = 17_n
Dit a1 = To, Bny1 = T, + 1. Ta c6 diéu can chitng minh.
Bai 1.12. Cho f : (0,+00) — (0,400) la mot ham don diéu téng sao cho
f(z)
g(z) = =
(0, +00).
Ban doc tu giad.
Bai 1.13. Cho f la mot ham lién tuc trén [a, +00) va — limf(z) =

T——+00

1A mot ham don diéu gidm. Chitng minh rang f lién tuc trén

a) Chting minh rang f bi chan & trén [a, +00).
b) Chitng minh réng f lien tuc déu trén [a, +00).



c) Gia st them rang ¢ > f(a). Chiing minh ring ton tai z, € [a, +00) sao
cho f(z,) = inf{f(z) : z € [a,+00)}.
Huéng dan:

a) Tu gia thiét ta suy ra ton tai b > a sao cho

|f(z) —c| <1 Kkhix>b.

Do d6 |f(x)] <1+ |c| khi x > b.

Vi f lién tuc trén [a, b] nén f bi chan trén [a,b]. Ta dit M = sup |f(z)].
z€[a,b]

Khi d6, |f(z)| < max{M, 1+ |c|} v6i moi x € [a,+00).
b) Véi moi € > 0, ton tai x, > a sao cho

|f(z) —c| <e/3, Vo > x,.

Vi f lien tuc tren [a, z,] nén f lien tuc déu trén doan nay, do d6 ton tai
0> 0.

@) = f@)] < 5. Yoy € [,

Bay gio lay z,y € [a, +o0) thod man |x — y| < §. Khong mat tinh tong
quat gia st z < y.
*xy € la,xo]: |f(x) - fly)] <e/3<e.

“ay >, |f@) — fy)] < f@) — e+ |fly) — ¢ < 23 =
2e

fa € fa, o)y > o [f@) = F)l < [f (@) = fzo)| + Fz) = fy)l < 5 <&

Vay f lien tuc déu trén [a, +00).
¢) Vi f(a) < ¢ nén ton tai b > a sao cho f(z) > f(a) v6i moi z > b. Ham
f lién tuc trén [a, b] nén ton tai x, € [a,b] sao cho f(z,) = ?b] inf f(x).
z€]a,

Ro6 rang f(z,) < f(a) < f(z) v6i moi & > b. Vi vay ta c6

fa)= — inff().

z€[a,+00)
Bai 1.14. Cho f,g : [0,1] — [0, 1] 1& cac ham lién tuc thod man f(g(x)) =
g(f(x)) v6i moi z € [0, 1].
a) Chitng minh rang ton tai z, € [0, 1] sao cho f(z,) = g(z,).
b) Két luan con dung khong néu thay [0, 1] bdéi R?
Huéng dan:



8 CHUONG 1. TINH LIEN TUC CUA HAM SO

a) Gia sit phuong trinh f(r) = g() vo nghiém. Khong mat tinh tong quat,
ta c6 thé gia st f(z) > g(x) v6i moi z € [0,1]. Khi d6 ton tai x, € [0, 1] sao
cho

m = o, (@) = g(2)} = flwo) = g(z0) > 0.

Do d6 f(z) > g(z) +m, ¥z € [0,1]. Vay flg(x)) > glg(x)) +m, ¥z €
0,1]. Ta suy 1a f(f()) —m > g(£(2)) > glg(x)) +m, ¥z € [0,1].

Vivay f(£(2)) > ggx)) + 2m.

Bang cach lap lai qua trinh nay ta suy ra

SUC f@) ) > glo(--g(@) ) +ham, Yk € N.

Vv v
k lan k lan

Suy ra k.m < 1, v6i moi k € N. Diéu nay 1a mau thuan. Vay c¢6 z, € [0, 1]
sao cho f(z,) = z,.

b) Két luan khong con ding néu thay [0, 1] béi R. Chang han lay f(z) =
z,g(z) =e€".
Bai 1.15. Cho f,g : [0,1] — [0, 1] 1& cac ham lién tuc thod man f(g(z)) =
g(f(z)) v6i moi z € [0,1]. Gid stt f 1a mot ham don diéu. Chiing minh rang
ton tai x, € [0, 1] sao cho f(z,) = g(z,) = w,.
Huéng dan:

Vi g lién tuc nén ton tai a € [0, 1] sao cho g(a) = a. Dat 1 = f(a), 12 =
f(x1), - ,x, = f(xy_1) v6i moi n € N. Khi d6 (z,), 1a mot day don diéu
va bi chan. Vi vay ton tai z, € [0, 1] sao cho z, = — limz,. Do ham f lién

r—00

tuc nén ta cing c6 f(x,) = x, (cha y rang =, = f(xu-1)).
Mat khac g(x,) = g(f(x,)) = f(g(x,)) = f(g( = limz,)) = — limf(g(wn)).

r—00

Dé thay rang g(x,) = x, v6i moi n. Do d6

9(ro) = — limf(g(z,)) = — limf(2,) = f(2,) = z,.

Tr—00 Tr—00

Bai 1.16. Cho f 1a mot ham lién tuc trén R thoa man
flx+h)=2f(x)+ f(x—h) =0 (h—o00) (%)

v6i moi z € R. Chiing minh rang
a) Néu f 1a ham s6 1é thi f(z) = Az v6i moi x € R.
b) Néu f 1a ham s6 chén thi f 13 ham hing.
¢) Chitng minh rang f(z) = Az + B, A, B = const.



Loi giai:
a) T gia thiét ta co:

f(:v):% T lim[f(:lc—i—h)—l—f(m—h)], Vo € R.

flx+y) = %hjoolim[f(x+y+h)+f(a:+y—h)}
= o m[fe gt ) f ey~ B+ fa by~ b~ ey~ h)
= L by ) f ey =B fe ety — By ()]
= fl@)+ fy).

Tt d6 suy ra f(z) = Az, A = const.
b) Ban doc tu giai.
¢) Huéng dan:

oy = LI SO I

flx) + f(==)
= —_— h = —_——
gla) = LI iy SO
Vi g 1a ham s6 chdn thod man diéu kien (*), h 1a ham s6 1é thod man
diéu kién (*), nén ta suy ra f(z) = Az + B tit cau a) va cau b).
Bai 1.17. Cho f, g 1a cac ham lién tuc trén R thoa man

|f(z) — 2] < g(z) — g(f(2)), Vz €R
g(x) >0, Vx € R.

Chitng minh rang phuong trinh f(z) = z ¢6 nghiém.
Loi giai:
Chon z; € R va dat x,.1 = f(z,), n > 1.
Ta co
|[f(zn) — 2| < g(2n) — g(2n4a), VR € N.

= [2pp1 — 20| < g(z0) — 9(Tnta), Vn €N
Do d6 (g(xn)n) 1a mot day gidm va bi chan dudi. Dat [ = — limg(x,).

n—od
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Vi ’$n+1 - $n| < g(xn) - g(ajn-&-l)? nen

|Znip — Tn| < 9(7n) — 9(Tnip), Yn,p € N.
T d6 suy ra (z,), 1a mot day Cauchy. Goi ¢ = — limz,. Ta dé thay

n—od

rang f(c) = c.
Bai 1.18. Cho f 1a mot ham xac dinh béi

l—xznéuzelnlo,1]
fx) = )
rnéuz e Qnlo,1].

a) Khao sat tinh lién tuc ctia f tai cac diém 0,1, %

b) Khéo sét tinh lien tuc ctia f tai a € IN 0, 3).

c¢) Ching minh rang f 1a mot song anh tu [0, 1] len [0, 1] va tim f~1.
Huéng dan:

a) Ham s6 gian doan tai z, = 0,2, = 1.

. 1 1
Toiz, = o fla)= f(h) =1
Vé6i moi z € [0,1] ta c6
Lo
1‘ _|x—§\neux€(@ﬂ[0,1]

flx) = f(3)
‘ 2 |%_;p|néuxéﬂﬂ[0»1]

1
Tu do, — hm‘f(x) - f3)| = —, lim|z — 3| = 0. Vay f lien tuc tai 3

J?—*i

b) Tai a € IN[0,1) ta c6 f(a) =1—a.
Vi Q trit mat trong R nén ton tai day (z,,), C Q, c6 thé gia st ,, € [0, 1]
v6i moi n, sao cho — limz,, = a.

n—oo

Néu f lien tuc tai a thi — limf(z,) = f(a) hay a = 1—a, ticla a =

N

Diéu nay mau thudn via € IN[0,3). Vay f gidn doan tai a € IN[0, 3
¢) Ban doc tu giai.
Bai 1.19. Cho f,g:[0,1] — [0, +00) la cac ham lién tuc thod man

S = S .
L up f(x) st upg(z)
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Chiing minh rang ton tai z, € [0, 1] sao cho

(f(20))* + 3 (x0) = (9(25))* + 3g(x0)-

Huéng dan:
Xét ham ¢(z) = (f(2))? + 3f(x) — (g(z))* — 3g(x) thi ¢ lién tuc tren
[0,1]. Do tinh lién tuc ctia cac ham f va g nén ton tai x1, 25 € [0, 1] sao cho

f(x1) = g(x2) = supf(x) = supg(x).

Khi d6 dé dang kiem tra dugc ring ¢(z1) > 0 va ¢(z2) < 0. Tt day suy
ra diéu can ching minh.
Bai 1.20. Choa >0 va f: R — R la mot ham lién tuc sao cho

|f(x) — f(y)| > alz —yl|, Vz,y € R.

Chiing minh rang f 1a song anh.
Huéng dan:

T gid thiét suy ra f 1a don anh. Hon nita, ham f lien tuc trén R nén
theo Bai 2.4 ta ¢6 f la ham don diéu.

Gia st f la ham don diéu tang. Khi d6 ta c6

g(x) — f(0) > a(x — 0) v6i moi x > 0,

hay f(x) — f(0) > ax v6i moi x > 0.
Tuong tu, f(z) — f(0) < az v6i moi z < 0. Bing cach qua gi6i han, ta
duge — limf(z) =400, — limf(x)= —oc.

r—+

Vay f la toan anh, do d6 f la song anh.

Truong hop ham f don diéu giam, ta ciing két luan dude f 1a song anh.
Bai 1.21.Cho f : [0,1] — [0,1] 1a mot ham lién tuc thod man f(0) = 0. va
|f(z) = f) = |z —yl, Yo,y € [0,1].

a) Chiing minh rang f(z) = z véi moi x € [0, 1].

b) Két luan trén con ding khong néu thay [0, 1] b6i R?

Huéng dan:

a) Tu gia thiét suy ra f don anh, do d6 f don di¢u. Dé thay rang f(1) > 1
nén f don diéu tdng, va ta suy ra duge f(1) = 1.

Ta thay

f(x) =|f(x) — f(0)] >z, v6i moi z € [0, 1].



12 CHUONG 1. TINH LIEN TUC CUA HAM SO

1—f(x)=|f(x)— f(1)] > 1—a, v6i moi x € [0, 1].

Vi vay f(z) = x véi moi z € [0,1].

b) Xét ham f(z) = 2x.
Bai 1.22. Cho f la mot ham lién tuc trén [0, 1] sao cho f(0) = f(1).

a) Chiing minh rang véi mdi n € N, phuong trinh f(z) = f(z + %) luon
luon ¢6 nghiem trong [0,1 — +].

b) Tim tat ca cac s6 thuc d € (0, 1) sao cho phuong trinh f(z) = f(z+d)
ludn ludn c6 nghiém trong [0,1 — d].
Huéng dan:

a) Dit o(z) = f(z) — f(z + 1) thi ¢ lien tuc tren [0,1 — 1], Ta thay:
l) 4+ 4 (p(n 1
n n

©(0) + ) = f(0) = f(1) = 0.

Néu ¢(£) = 0 v6i moi k € {0,1,---n—1} thi ta c6 diéu phai ching minh.

Néu ton tai k € {0,1,--- ,n — 1} sao cho ¢(%) # 0, gia st p(£) > 0, thi
lac d6 ta luon tim duge k' # k, k' € {0,1,--- ,;n — 1} sao cho go(%/) < 0. Do
d6, ton tai z, € [0,1 — 2] sao cho ¢(z,) = 0.

b) Hay ching t6 d = %
Bai 1.23. Ching minh réng ton tai day s6 thuc (a,), C [0,1] sao cho
cosay, = a,. Tim — lima,.

Huéng dan:

V6i méi n € N, dat ¢,(z) = cosz — ™. Ta thay ¢, lién tuc trén [0, 5] va
©n(0) > 0,9,(%) = —(3)" < 0. Vi vay ton tai a, € (0,1) sao cho p,(a,) =0,
tic la cosa, = a.

Vi a, € [0,1] nén cosa, € [0,1]. Do d6 0 < a < 1.

Suy ra cos1 < al = cosa, < 1. T dé ta c¢6 (cos 1)% <a, <1.

Vay — lima, = 1.

Bai 1.24. Cho f : R — R la mot ham lién tuc thod man f(z + 1) = f(z)
v6i moi x € R.

a) Chitng minh rang f 14 ham bi chan.

b) Chitng minh rang f luon dat gia tri 16n nhat va nhé nhat trén R.

¢) Ching minh rang phuong trinh f(z) = f(z + ) ludn c¢6 nghiém trén
R.
Huéng dan:

a) Ham f lien tuc trén doan [0, 1] nén bi chin trén doan nay. Do d6, ton
tai M > 0 sao cho v6i moi = € [0, 1] thi |f(z)| < M.
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Xét € R bat ky. Khi d6 ton tai n € Z dé x +n thuoc [0,1]. Chi ¥ ring
tur gia thiét ta suy ra f(z) = f(z +n) v6i moi n € Z. Vi vay

|f(@)] = |f(z+n)| < M.

Tom lai, ham f bi chan trén R.

b) Ham f lien tuc trén [0,1] nén dat gid tri 16n nhat va nho nhat tren
doan nay. Vi f(z) = f(z + 1) v6i moi € R nén ta suy ra f dat gia tri 16n
nhat va nhé nhat trén R.

¢) Ban doc tu giai.

Bai 1.25. Liéu c6 ton tai hay khong mot ham lien tuc f : [0,1] — [0,1] va
hai tap con A, B ctia [0,1] sao cho AU B = [0,1],AN B = 0 va f(A) C
B, f(B) C A?

Huéng dan:

Gia st ton tai 2 tap A, B va ham f : [0,1] — [0, 1] thod méan cac diéu
kién cta bai toan.

Ta c6: f(0) > 0, f(1) < 1. Vi f lien tuc trén [0,1] nén suy ra ton tai
z, € [0, 1] sao cho f(z,) = z,.

Néu z, € A thi f(z,) =z, € B. Do d6 z, € AN B, tic la AN B # 0,
diéu nay mau thuan véi gid thiét.

Lap luan tuong tu ta ciing ¢6 diéu mau thuan néu z, € B.

Vay khong ton tai ham f va 2 tap A, B thod man yéu cau bai toan.
Bai 1.26. Cho M > 0 va f 1la mot ham lién tuc thoa man

flx+y) — f(z)— f(y)| < M, v6i moi z € R.

N % N . . nr
Chiing minh rang v6i moi x € R, luon ton tai giéi han — hmM.
n—oo n

Huéng dan:
Bang qui nap ta dé dang suy ra

|f(nx) —nf(x)} < M, v6i moi n € N,

Khi 46 |mf(na) — n  (ma)| = |m{f(nz) = n f(@)] = nl (ma) —mf ()] <
(m+n)M.
Vi vay ‘f(zx) - f(:nnx‘ < M(% + %) Tu day suy ra (
f(nx)

day Cauchy. Do d6 né6 hai tu, tic 1a ton tai — lim——~=.
n—oo n

f(nz)

n

> . 1la mot
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Bai 1.27. Cho f la mot ham lién tuc trén [a,b] v& 1,29, -+ , 2, € [a,b].

Chitng minh rang ton tai ¢ € [a, b] sao cho

f($1)+f(902)+"'+f(95n)'

n

fz) =

Huéng dan:
it o = J@) 1)+ 1)
n
tai z*, ™ thuoc [a, b] sao cho

f@") = — minf(z), f(@™)= — maxf(zr).

x€[a,b] z€[a,b]

. Ham f lien tuc tren [a, b] nén ton

Khong méat tong quat, gia sit 2* < z**. Khi d6, ham f lien tuc trén doan
[z*, 2**] nén theo dinh ky Bolzano-Cauchy, f nhan moi gia tri trung gian
gita f(z*) va f(z*). Vi a € [f(a*, f(2**)] nén ton tai ¢ € [z*,2**] C [a,]]
sao cho a = f(c).

Bai 1.28 Cho f : [0,4+00) — [0, +00) & mot ham lién tuc.

a) Ching minh rdang — limf(z) = 400 khi va chi khi

T—-+00

= limf(f(x)) = +o0.
b) Khing dinh cau a) con ding khong néu thay [0, +00) bdi (0, +00)?
Huéng dan:
a) Diéu kien can 1a ro rang. Ta chiing minh diéu kién du.
Gia st = limf(z) < 4o00. Khi d6 ton tai s6 N > 0 sao cho v6i moi

n, ton tai x, >n va 0 < f(x,) < N. Ham f lién tuc trén [0, N] nén ton tai
M > 0 sao cho f(z) < M véi moi x € [0, N].

Nhu vay, v6i mdi n € N, ton tai x, > n sao cho f(f(z,)) < M. Diéu nay
trai voi gia thiét ST limf(f(z)) = +oo.

b) Xét f: (0,400) — (0,+00) véi f(z) =

Ta c6: f(f(x)) = x — 400 khi x — 4o00. Tuy nhién f(x) — 0 khi
T — +00.
Bai 1.29. Cho f : R — [0,+00) ¢6 tinh chat: v6i moi € > 0, tap {z € R :
f(z) > €} 1a hitu han.

a) Chiing minh ring v6i moi khodng mé (a,b) C R, ton tai x, € (a,b)
sao cho f(z,) =0.

K| —
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b) Hay ching minh f lien tuc tai moi z, thod man f(z,) = 0.
Huéng dan:
a) V6i moéi n € N, dat A, = {x € R: f(x) > %} Vi A; hitu han nén ton
tai ay, by € (a,b),a; < by, |by —ay| <1va
lag,b1] N Ay = 0.
Béng qui nap, ta xay dung dugc day doan déng long nhau ([an, by]), co
tinh chat |b, — a,| < % vOi moi n va [a,, b,] N A, = 0.

Theo b6 dé Cang to, ton tai z, €— = Nan, by]. D& thay ring 0 <

1
flz,) < e tit d6 suy ra f(z,) =0.

b) Vé6i moi € > 0, ta c6 tap A. = {z € R : f(x) > ¢} la hitu han va
r, ¢ A.. Vi vay ton tai § > 0 sao cho [z, — d,z, + §] N A. = (). Khi do,
0< f(z) <evéi|x—x,| <6, tic la f lién tuc tai x,.
Bai 1.30. Cho f, g : [0,1] — R 1a hai ham s6 bi chan vd ¢ : R — R la ham
sO xac dinh béi

Vr € R, ¢(x) =0 sup| f(t) + zg(t)|-

Chiing minh rang ton tai K > 0 sao cho

lo(x) — o(y)] < Klx —y|, Vz,y € R.

Huéng dan:
V6i moi ¢ € [0, 1], véi moi x,y € R ta ¢

[F@®) +29(t)] = [F(O) + 9] = (¢ = n)g(t) < Ko —y| vi K = -

suplg(t)| hay f(t) +zg(t) < f(t) +yg(t) + K|z — y|, v6i moi t € [0,1]. T
day 1ay supremum hai vé ta duge ¢(z) < ¢(y) + K.|z — y.

Ly luan tuong tu, ta c¢6 ¢(y) < o(x) + K.|x — y|.

Tu do, |¢(z) — ¢(y)| < K.|z — y| véi moi z,y € R.
Bai 1.31. Cho ham s6 f lién tuc trén [0, +00), a1, as,- -+ ,a, € R va

—  limf(z) = +o0.

T—+00

Chiing minh rang néu b > a = f(ay) + f(az2) +-- -+ f(a,) thi ton tai cac
s6 thuc b; > a;,i = 1,n sao cho

b= f(br) + f(b2) +---+ f(bn).
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Huéng dan:
a) Dat p(z) = f(a1 + ) + flag +x) + -+ f(a, +x) — b thi ¢ 1a lien
tuc trén [0, +00). Ta ¢6 p(0) =a—b < 0. Vi = limf(z) = +o0o nén ton

tai x, > 0 sao cho p(z,) > 0.

Tu dé ¢(0).p(x,) < 0. Vay ton tai € € (0,2,) sao cho ¢(g) = 0 hay
b= flai+e)+ flaz+e)+ -+ flan +2).

Dit b; = a; + €, ta c6 diéu phai chiing minh.
Bai 1.32. Cho f : R — R lién tuc thod man f(f(z) = —2? v6i moi z € R.
Ching minh f(z) <0 véi moi z € R.
Huéng dan:

Vé6i moi x < 0, goi y € R sao cho z = —y?. Khi do6

f@)=f(=v*) = F(f(f()) = =[fw)]* <0.

Ta s& chiing minh thém rang f(z) < 0 v6i moi x > 0. That vay, t gid
thiét suy ra f don anh trén (0, +00), do d6 don diéu trén khoang nay.

Gia st ton tai z, € (0,+00) sao cho f(z,) > 0. Goi 1,75 1a 2 s6 thuc
thod man 0 < z, < 1 < 9.

Xét truong hop f 1a don diéu tang trén (0, +00). Khi d6 ta ¢6

0 < f(wo) < fla1) < [f(a2).

nén —x% < —x% hay x; > 5. Diéu nay 1a mau thuan.

Ly luan tuong tir cho truong hgp f don diéu gidm ta ciing c6 diéu mau
thuan.

Tt d6 suy ra f(z) < 0,Vz € R.
Bai 1.33. C6 ton tai hay khong ham f lien tuc tréen R thod man mot trong
hai dieu kien duéi day

a) f(z) € Q khi va chi khi f(z+1) € I,

b) f(z) € I véi moi x € Q va f(x) € Q v6i moi z € L.
Huéng dan:

a) Gia st ton tai ham f lién tuc trén R thod méan diéu kien f(z) € Q khi
va chi khi f(x +1) € L.

Xét ham f(z) = f(z+1) — f(z). Khi d6 g(x) € T v6i moi z € R. Két hgp
véi tinh lien tuc clia ham ¢ ta suy ra g(z) phai 1a ham hang tic la

flx+1)— f(z) = g(x) = ¢ v6i moi € R.

Vi vay, ¢ phai 1a s6 vo ty va ta c6 f(z +1) = c+ f(x), Vo € R. Tu gia
thiét, ta suy ra ton tai x, sao cho f(z,) € Q. Luc d6 ta ¢6 f(x, +2) € Q.
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Tuy nhien, ta lai ¢6 f(x, +2) = 2c+ f(x,) nén f(x,+2) — f(z,) = 2c. Diéu
nay mau thuan vi ¢ € I.

b) Tuwong tu cau a), ban doc tu giai.

Bai 1.34. Cho f la mot ham lién tuc trén R va nhan nhing gia tri trai
dau. Ching minh réng ton tai 3 s6 a,b,c lap thanh cap sd cong sao cho
fla) + F0) + F(e) =0

Huéng dan:

Theo gia thiét, ton tai z sao cho f(x) > 0. Vi ham f lién tuc nén trong
mot 1an can cia z ta ¢6 f(x) > 0. Khi d6, ta tim dugc mot cap so cong
Aoy Doy Co ma f(ay) + f(bo) + f(co) > 0.

Tuong ty, ta ciing tim duge cap s6 cong ay, by, c; ma f(ay)+f(b1)+f(c1) <
0.

Véi t € [0,1], xét cap s6 cong a(t), b(t), c(t) cho béi

a(t) = ao(1 —t) + ayt.

b(t) = bo(1 —t) + byt.
c(t) = co(1 —t) + cqt.

Xét ham s6 F(t) = f(a(t))+ f(b(t))+ f(c(t)) thi F lien tuc trén [0,1]. D
thay rang F'(0) > 0 va F(1) < 0. Vi vay, ton tai t, € [0, 1] sao cho F(t,) = 0.

Nhu vay, ta ¢6 cap s6 cong phéi tim 1a a(t,), b(t,), c(t,)-
Bai 1.35. Cho f 1a mot ham lién tuc va ton tai 7' > 0 sao cho

n

— limf(x) =0; f(zx)= f(z+1T), Yz €R.

r—00

Chitng minh rang f(z) = 0 v6i moi x € R.
Loi giai:
Gia stt ton tai z, sao cho f(z,) # 0. Khi d6 ton tai A > 0 sao cho

|/ (20)]
2

|f(z)] < khi |z| > A.

Ta ¢6 x,, = x, +nT > A khi n du 16n. Do vay

|/ (20)]
2

[f(@n)| = |f (2o +nT)| = |f(z,)] <

khi n du 16n. Mau thuan nay ching t6 f(z) = 0 v6i moi z € R.
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Bai 1.36. Cho f va g la cac ham tuan hoan véi cac chu ky tuong tng la
Ty, Ty > 0va — lim [f(z) — g(z)] = 0.

a) Ching minh rang Ty = T,.

b) Chitng minh rang f(z) = g(x) v6i moi x € R.
Giai:

a) Tu gid thiét suy ra f(z + Tf) — g(z + T,) — 0 (z — o0). Do d6
f(x) —g(z+Tf) — 0, (x — o0).

Vay g(x) — g(z +Tf) — 0, (z — o0).

Theo Bai tap 1.35. g(x) = g(x + 1) véi moi z € R.

Suy ra Ty > T,. Tuong tu T, > Ty. Nhu vay Ty = T,.

b) bat h(z) = f(z) — g().

Ta co

— limh(z) =0

T— 00

h(x +Tf) = h(z), Vx € R

Theo Bai tap 1.35., h(z) = 0 v6i moi x € R. Vay f(x) = g(z) v6i moi z €
R.
Bai 1.37. Cho f 1a mot ham xac dinh trén R thod man

|f(x) = f(y)| < K|z —yl|, Yo,y € R(K > 0).

a) Chiing minh rang néu K < 1 thi phuong trinh f(x) = x luon c¢6 duy
nhat nghiem.
b) Gia st them ring v6i moi x € R, — limf(z +n) = 0, hay ching

minh = limf(z) = 0.

c) Hay chi ra mot ham lién tuc trén R thod man — limf(z +n) =0,

nhung f(z) #— 0, khi 2z — +o0.
Loi giai:
a) Lay z, € R. Dat 1 = f(x,); Tpy1 = f(x,),n > 1.
Ta co:
‘f(xn—i—l) - f(xn)‘ < K|pg1 —

S K|f(l’n) - f('rn+1| S K2|$n — Tp+t1
< < KUz — ),
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Do d6 v6i moi n,p € N thi
‘-Tner —zn| < ’anrp - anrpfl‘ Tt ‘anrl - xn‘
< (K™P 4o+ K™Y |z, — 24
<K' (K+K*+ -+ KP) |z, — 2]

< K"
- 1-K

Do vay (z,), la day Cauchy trong R nén héi tu. Goi z, = — limz,.

Do tinh lién tuc cua f va cach xay dung (x,), ta c6 f(x,) = z,.

Néu ton tai /. # x, sao cho f(z) =2’ — |,

thi |z, — 2] = [f(z.) — f(2))] < Kl — 2],

Vi K < 1 nén diéu nay vo ly. Vay phuong trinh f(x) = z ¢6 duy nhat
nghiém trén R.

|z, — 21| = 0 (n — 0).

b) V6i méi e > 0, goi 7, = 0 < 21 < -+ < @y, = 1 V6l |2; — 34| <
%, i=T.m. 5

Vi — limf(z; +n) = 0 nén ton tai N sao cho |f(x; +n)| < 2’ Vn >
N, Vi=1,m.

Véi moi x > N, goi n 1a s6 nguyén duong sao chon <z, z—n < 1.

Khi d6 n > N va ton tai x; sao cho |z — (z; + n)| = |z; — (x — n)| < %.

Do d6 |f(z) — f(z; +n)| < K|z — (z; +n)| < %
Vivay |f(2)] < | f(z; +n)| + g <
Bai 1.38. Cho f, g 1a hai ham s6 lien tuc trén [0, 1] thod méan
Vo e [0,1], 0 < f(z) < g(x).
Cho (z,), 1a mot day bat ky cia doan [0,1]. V6i mdi n € N, ta dit

Yn = [f((xn;}n Chitng minh rang day (y,), hoi tu va tinh — limy,,.
g xn n—oo
Huéng dan:
(z)

Xét ham h xéc dinh trén [0, 1] béi h(z) = )
T

tren [0, 1] va h([0,1]) C (0,1).
Mat khéc, h lien tuc nén A([0,1]) = |

~

. D& thay rang h lién tuc

i)
—~

, M| v6i m, M € (0,1). Vi vay
x)

Va € [0,1], mg%SM.
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g(wn)

Dac biet, v6in € N ta cé m < < M. Diéu nay kéo theo

VneN, m" <y, < M"

Vim,M € (0,1)nén — limm"” = — limM" =0,ttd6 — limy, =0.

n—oo n—oo n—oo



Chuong 2

Dao ham cua ham so

Bai 2.1. Khao 2séLt tinh kha vi ctia cdc ham sb sau:

) f(x)—x néuzr cQ

OnéuzeR\Q

> néuzeQ
b) flz)= 4
r’néuzr e R\Q
c) f(z) = [x]sin® 7.
d) f(z) = cos /|z|.
1
o
e) f(x) = ’
1, véi x con lai.
Giai:

a) Tai moi x # 0, ham f khong lién tuc nén khong khé vi
- Tai x, =0 ta co

LGEFONRTE
x—0

| < zf, V& #0
X

Vi —

lim{z| =0nén — limM
z—0 r—0 x—0
va f'(0) = 0.

= 0do dé f ¢6 dao ham tai x, =0
b) Dé chiing minh rang f khong lién tuc tai moi z ¢ {0,1} nén f khong
c6 dao ham tai cac diém doé .

- Tai x =0, ta co

‘f(l’) - f(U)‘ _ |f(=)
z—0

=1 ||§\x|+x2, YV # 0

21
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Vi — lim(|z| + 2?) =0 nén — lim—f(x) — f(0) = 0.
x—0 x—0 (L‘—O
Do d6 f c6 dao ham tai z =0 va f/(0) = 0.
-Taiz =1
?2-1
@) = f0) _ pop e e@e Al
-1 -1
’ ‘ , neurz e Q,rel
r—1

r+1,nétuzreQur#1
?+zr+1,néuxrel

Chon day (z,), C Q, z, — 1(n — o) x, # 1,Vn, ta cd

%HQ(TLH%)

Chon day (z!), C I, z, — 1 (n — o0) ta ¢

n) — f(1
B REIUEEY
Vay f khong c¢6 dao ham tai x = 1.
¢) Ham s6 c¢6 dao ham trén R.
Bai 2.2 Cho

2?sin — + az, néu x # 0

f(z) = x (0<a<1)
0,néuxz=0

a) Chiing minh rang f ¢6 dao ham trén R.

b) Chitng minh ring véi moi o > 0, ham f’ ddi dau trén (—a, a).

Tu d6 suy ra rang ham f khong don diéu trén moi khodng mé chita 0.
Giai:

a) Dé dang chiing minh duge f ¢6 dao ham trén R va

1 .
a + 2z sin — — cos —, néu x # 0
Pw) = s g

a,néeux =10
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£ / i _ (_1\n+1 / 1
Ta ¢6 fl(mT) = ( 1)1 + a, f(—(n+1)7r
A !/ N /

nén f'(—) va f (m)
(ﬁ, %) C (—a, ). Ta co f' doi dau trén (—a, ).

Vi f/ d6i dau tren moi khodng mé chita 0 nén f khong don diéu trén moi
khoang md chita 0.
Bai 2.3 (Dinh ly Darboux) Cho f la mot ham kha vi trén [a, b] va

f'(a) <0 < f(b).

a) Chitng minh r3ng f dat gia tri nhé nhat tai mot diém x, € (a, b).

b) Chiing minh rang ton tai z, € (a,b) sao cho f'(z,) = 0.
Giai:

a) bat M = — inff(x)

z€[a,b]

Néu f(a) = M thi — limM > 0. Diéu nay vo Iy vi f/(a) < 0.

z—at

) = (—1)"+a Via € (0,1)

luén trai dau nhau. Chon n du 16n sao cho

T —a
. — f(b
Neéu f(b) = M thi — lile{() <0.
r—b~ T
Diéu nay vo Iy vi f/(b™) > 0.
Do f lién tuc trén [a,b] nén f phai dat gia tri nhé nhat tai mot diém

T, € [a,b], T, # a, T, # b. Do d6 ton tai x, € (a,b) sao cho

flwo) = 2> inff(@).

z€la,b

b) Suy ra tric tiép tit cau a) va Bo dé Fermat.
Bai 2.4. Cho f 1a mot ham s6 kha vi tai x, € (a,b). Chitng minh rang

lim 7] f(z, + %) ~ f(xn)] = F(w)

n—oo

f(xo + Ch) - f(x0>

i h = cf (@)
To+ch) — f(z,+ (c—1)h ,
}llii%f( + ch) fh( +( 1)):f(:co)

Ban doc tu giai.
Bai 2.5. Cho f: R — R thoa man

|f(z) — fy)] < klxr —y|*, Ve,y e Roa>1,k>0
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Chiing minh rang f(z) 1a ham hing tren R.

Giai:
Vi moi £ 0 ta c6 | L&Y h})b — @) pyppe,
fl@+h)— f(z)

Vi lim k|h|*~! = 0 nén lim =0, Vr € R.
h—0 h—0 h
Do d6
f'(x) =0, Vz € R
Vay f(x) = const, Yz € R.
Bai 2.6. Cho f : [0, +00) — R 1a ham kha vi.
a) Chitng minh rang néu = limf'(z) = a, thi = limLx) =a
Tr——+00 Tr——+00 €T
b) Chitng minh réng néu = limf’(x) = +oo thi = limM = 400
z—+00 T—+00 X
c¢) Chiéu ngudc lai trong cau a) c6 ding khong ?
Loi giai:
a) Trude hét ta chiing minh: néu = limy/(z) = 0 thi
= lim@ =0, v6i ¢ khé vi trén (0, +00).
Tr—+00 €T

V6i moi € > 0, ton tai ¢ > 0 sao cho |¢'(z)| < =, Vo > c.

€
57
Do d6 v6i moi ¢ > ¢ thi

p(x) _ w(r) —pld) +o(d) _ @'z —=c)+ vl

x x x
Vi vay
plx), _ € e, el _e | el
LAY I <<
‘x’_2( :1;)+ T _2+ x
Chon hing s6 ¢; > ¢ sao cho ‘@‘ < g v6i moi x > ¢;.
x
Khi d6 v6i moi x > ¢; ta co ‘@‘ < €.
x
Vay — limM = 0.
T——+00 €T
Bay gio ta dit ¢(z) = f(z) — ax. Ta co6 = limy'(z) = 0.
T—T0Q
Do d6 — lim@ = — lim(@ —a) = 0.
Tr—-+00 €T Tr——+00 €T
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Suy ra — hm@ =a
r——+00 T
b) Tt gid thiét ta chiing minh duge —  limf(z) = +oo.

T——+00

Két qua dugc suy ra tit qui tadc L'Hospital.

c) Xét ham s6 f(z) = x + sin. Ta c6 — lim@ = 1 nhung —

T—+00 X T—400
lim f’(z) khong ton tai.
Bai 2.7. Cho f la mot ham lién tuc trén [0, 1], khé& vi trén (0, 1) sao cho
FO) =0, F1)=1 |
a) Chitng minh rang ton tai cdc diem xy, 29, -+, Ta002, 0 < 71 < Tp <
o+ < Xogo2 < 1 sao cho

m[f/(xl) + f'(za) + - + f(22002)] = 1.

b) Chiing minh réng ton tai a,b € (0,1),a # b sao cho

f'(a).f'(b) =1
Loi giai:
a) Theo Dinh 1y Lagrange, v6i moi i € {1,2,---,2002}, ton tai

71— 1 7
z,; € (—, —) sao cho
2002 2002

i i1 1
2002’ ~ /(Go02) = £ @) 5003

i

Do vay

2002
1

005 2 /) = 1) = £0) = 1.

b) Ban doc tu giai.
Bai 2.8. Cho f, g la cac ham lién tuc trén R sao cho

g'(z) = f(g(x)),Vx € R.

Chitng minh rang néu = limg(z) = ¢ thi f(c¢) = 0.
Loi giai:
Tu gid thiét ta c6 —  limg'(x) = f(c).

T—+00
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Néu f(c) > 0 thi ton tai z, > 0 sao cho

Vi vay

Diéu nay mau thuan vi

— lim[m(x — %) + g(x,) | = +00.
T—400 2
Tuong tu néu f(c) < 0 thi ciing dan dén mau thuan. Vay f(c) = 0.
Bai 2.9. Cho f la mot ham ¢6 dao ham trén R thoa méan

f(z +sinz) < f(x), Vo € R.

a) Chiing minh rang phuong trinh f/(x) = 0 ¢6 vo s6 nghiem.
b) Hay chi ra mot ham théa man diéu kien trén.
Giai:
bat g(x) = f(x) — f(z +sinz).
Ta c6
g(x) >0, VxR

g(k2m) =0, Vk € Z.

Vi vay moi diém = = k27, k € Z 13 cuc tri dia phuong ctia ham g. Theo bd
dé Fermat thi
g (k2m) =0

Ta co
g (k2m) = f'(k2m) — f'(k27)(1 + cos k27) = 0

— f'(k2n) =0, Vk € Z
b) f(x) = cosz.
Bai 2.10. Cho f va g 1a cac ham ¢6 dao ham trén R thoa man
f(x) < g(x), Ve € R
f(@o) = g(,).
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Chiing minh rang f'(z,) = ¢'(z,).
Giai:
Dat h(z) = g(z) — f(2).
Dé thay h dat cuc tri tai z,, do d6 I/ (z,) = 0. Vi vay
f(wo) = g'(2,).

Bai 2.11. Cho f 1a mot ham s6 ¢6 dao ham tren R\ {0} va ton tai gidi han
- limf/(x). Ching minh rang f/(0) ton tai.

Huéng dan:
Xét ti sd

va dung Dinh 1y Lagrange.
Bai 2.12. Cho f la mot ham xéac dinh trén R thoa man

f(0)=0, f(x) > |sinz|, Vo € R.

Chiing minh rang dao ham ctia ham f tai 0 khong ton tai.

Giai:
. R — f(0 '
Gia st f'(0) ton tai. Véi moi = € (0, z) ta co J(x) = J(O) > 0T
2 x—0 x
Vi vay
) = — limM > hmsinx -1
a—0t r—0  Ta-ot x

Tuong tu ta ching minh duge f/(07) < —1. Mau thuan nay ching t6 f'(0)
khong ton tai.
Bai 2.13. Cho f(z) = a;sinx + agsin2z + - - - 4 a,, sin nz.

Gia stt rang f(z) < |sinz| v6i moi z € R. Chiing minh réng

la; +2as + -+ - + na,| <1

Giai:

Ta co

£(0)] = — hm’w‘ o @l fsina]

z—0 z—0 |[E| Tz—0 |.T’

Mat khac |f'(0)| = |a1 + 2a2 + - - - + nay,|
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Do d6 |a; + 2as + - - - + na,| < 1.
Bai 2.14. Cho R — [0, +00) 1a mot ham ¢6 dao ham lién tuc trén R sao cho
ton tai k > 0 théa man

fla) =0, |f'(x)| < kf(x), Yz € R.

N 1 1
Hay chi inh r3 — [ _ = _]
ay ching minh rang f(z) =0, Vz € |a Qk,&—l— o

Tt d6 suy ra f(z) =0 v6i moi x € R.
Giai: ] )
Dat M = : < r< _
a sup {f(z) a12k_a:'_a+2k}x<+oo
at o] taco | f(@) = | [ rityat]

Véi moi z € [a—%, oF

* Néu z > a thi

f(@)l = / HOTE / 7kt <k / F(0 < KM =) < 5

Tuong tu néu = < a ta cing c6 |f(z)] < 5
Vi vay
M
f@) = @] < 5 Vo e la— o

Do do X ,
0 M= sup {f(z) : v€ o=, ato ]} <

1 1
Vay M =0 va f(z) = 0 v6i moi = € [a—%, a+%]
Bai 2.15. Cho f la ham lién tuc trén [a,+00) théa méan
!/
f(z) >0, Vo € [a, +00) va — infM > 0.

w>a f(x)

. . . f(x)
Chtng minh rang v6i moi § >0 ta c6 lim ——4t— =
° b Yo n=teo F((1+ 0)a)
Giai:

!/
Chon d’ sao cho @’ > max {1,a}. Dat k =— inff (x)

wza  f(x)
f'(z) > kf(x) >0, Yz > d.

> 0. Ta c6
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Tt d6 suy ra f don diéu tang trén [a, +00) va khi z > o’

(1+8)z (14+6)
fa+ ) - fw = [ roa=k [ e ).
Do do
f((1+0)x) > f(z)(1 + kox), VY > d.
f(x) 1 /
Suy ra 0 < GED < T hoa Ve > a.
Tu d6 taco — limL =0

z—+oo (14 6)x)
Bai 2.16. Cho f 14 mot ham lién tuc trén [0, 1], kha vi trén (0, 1), f(1) = 0.
Chitng minh rang ton tai ¢ € (0, 1) sao cho

Huéng dan:
Xét ham ¢(x) = 2292 f(z). Ap dung Dinh 1y Rolle.
Bai 2.17. Cho o, 8 > 1, f kha vi tren [0,1], £(0) = 0 va f(z) > 0 v6i moi
€ (0,1). Chitng minh réng ton tai ¢ € (0, 1) sao cho

/() f(l—-c

o - Pra—a

«

Huéng dan:
Xét ham o(z) = (£(2)).(f(1 — )°.
Ap dung Dinh 1y Rolle.

Bai 2.18. Cho f la mot ham kha vi trén R, [’ gidm ngat.
a) Chitng minh rang véi moi z € R ta c¢6

fle+1) = fz) < f(z) < fz) = flz = 1),

b) Chiing minh rang néu — lim=1/7thi — limf'(z) =0.

r——+00 Tr——+00

¢) Hay tim mot vi du vé ham g kha vi trén R sao cho = limg(x) =1

nhung ¢'(x) khong tién vé 0 khi x — +oo.
Giai:



30 CHUONG 2. DAO HAM CUA HAM SO

a) Theo Dinh 1y Lagrange, v6i moi € R, ton tai ¢, ¢y sao cho x — 1 <
a<r<c<z+1lva

fle+1) = f(z) = f(c)

f@) = flz=1) = f(a).

Vi f’ gidm ngat nén f'(c2) < f’(m) < f'(c1).
Do d6 f(z +1) = f(z) < f'(z) < f(z) = f(z = 1).
b) Néu — limf(z) =1 thi

L mfr 1) = fo)] = = lim[f(z) = f(z - 1)] =0.

Do dé6 — limf'(z)=0.

r—+00
sin 2?
c¢) Xét ham g(z) = w70
O x = 0.
Dé chitng minh ¢ kha vi trén R nhung — limg/(z) khong ton tai.

T—-+00

Bai 2.19. Cho f la mot ham xac dinh trén [0,400), f(0) = 0. Ham g xéac
dinh bdi

a) Chitng minh rang néu f’ don diéu tang tren [0, +o0c) va f kha vi lien
tuc trén [0, +00) thi g lién tuc va don diéu tang trén [0, +00).

b) Chitng minh réng néu f khé vi lien tuc dén cap hai trén [0, +00) thi
g kha vi lién tuc trén [0, +00).

Giai:
a) * g(z) = %x) kha vi trén (0,400) do d6 g lién tuc trén (0, 400).
= i o) = 4(0)

z—ot
Do vay g hen tuc trén [0, +00).
Tai moi z € (0, +00),

zf'(x) — f(x f'x) = —=
oy =L@ g) IO T
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Theo Dinh ly Lagrange, ton tai ¢ € (0,2) sao cho

Do vay

Vay ¢ la ham don diéu tang trén (0,+o0) va do d6 g don diéu tang trén
[0, +00).

b) Ban doc tu giai.
Bai 2.20 Cho f la mot ham kha vi trén [0, 1] sao cho

f(0) = f1(0) = f'(1) = 0.

Chiing minh rang ton tai ¢ € (0, 1) sao cho f'(c) = m
c
Giai:
Dat

f(m) S

(10(1') . T, neu xr € (0,1]
0, néu z = 0.

Khi d6 ¢ 1a mot ham lién tuc trén [0, 1], kha vi trén (0, 1] va

P'(1)=f1) - f(1) =—f(1)

* Néu f = 0 thi két luan ctia bai toan 1a hién nhien.

*Xét f £ 0.
Thl: C6 x, € [0,1] sao cho f(x,) > 0. Goi ¢ € [0, 1] sao cho
¢(c) = max p(r) = max @) >0
2€(0,1] z€l0,1]]

Ta c6c# 0. Néuc=1thi o(1) = f(1) >0 va ¢'(1) = —f(1) < 0. Mat
khac

— (1
z—1- r—1
Mau thudn nay ching t6 ¢ # 1. Vay ¢ € (0,1). Theo bo dé Fermat, ta cd

¢'(¢) =0mneén f'(c) = @
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Th2: Néu ¢6 x, € [0,1] sao cho f(x,) < 0. Ta goi ¢ € [0,1] sao cho

= inf .
pl0) = = infio(a)

flo)

o
Bai 2.21. Cho n la mot s6 nguyen duong, ax, b, € R, (k = 1,2,--- ,n).
Chitng minh rang phuong trinh

Lap luan tuong tu dua dén f'(c) =

x + Z(ak sin kx + by coskz) = 0

k=1
c6 nghiém trong (—m, 7).
Huéng dan:
Xét ham ) ;
o(x) = = > (— ok cos kx + —ksinkx>, T € [—m, 7]
2 T \T % K
Khi d6 ¢(7) = ¢(—n). Ap dung Dinh ly Rolle.
Bai 2.22.
a) Cho ¢y, ¢, -+, Ca003 12 céc s6 thyc thoa man

C1 — 303 + 505 —7cT+---+ 200102001 - 200302003 = 0.
Chting minh rang phuong trinh
c1 08T + 2%¢9 cos 22 + - - - + 200329003 c0s 2003z = 0

6 it nhat 3 nghiém trén (—m,m).
b) Cho ay,as, -+ ,a, théa man

a an
a4 — 4= =0 n>1
2 n

Chitng minh réng phuong trinh a; + asx + - - - + a,2" ! = 0 c6 nghiém trong

0,1). )

Ch -+ a, € R théa ma =0

¢) Cho ag,aq,- - ,a, € daman ), _, 1

Chitng minh rang phuong trinh Y ay cos(2k + 1)z = 0 ¢6 nghiém trong
k=0

s

(O’ 5)
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Huéng dan:
a) Xét ham

o(x) = crsinx + 2¢y sin 2 + - - - + 2003¢a003 sin 2003z

Khi d6 ta 6 : 9(0) = o(5) = p(m) = p(—) = p(~3).
Ap dung Dinh Iy Rolle.
b) Xét ham ¢(x) = ayz + aQ%z + -+ an%n.
Ta c6 (0) = (1) = 0. Ap dung Dinh 1y Rolle.
c¢) Xét ham

n

B ag sin(2k + 1)z
pl) =2 2k+1
k=0

Bai 2.22. Cho f la mot ham kha vi trén R, ¢,d € R sao cho
c<dva f(c) = f(d), F(e) >0, f(d) > 0.

Chitng minh rang ton tai, z, € (¢, d) théa man

f@o) = f(d)
f'(zo) <0.
Loi giai:
Dat o(z) = f(z) - f(d).
Ta ¢6 p(c) = p(d) =0, ¢'(c) >0, ¢'(d) > 0. Ta can chiing minh ton tai
z, € (¢, d) sao cho ¢(x,) = 0.
Viy/'(c) = — hmM > 0 nén ton tai 6 > 0 sao cho
r—0 r —C

o(x) >0, Yz € (¢,c+6) C [, d].

Dat z, = sup {a € [¢,d] : p(z) > 0,Vx € (¢,c+ a)}.
Ta dé dang chitng minh ¢(z,) = 0 va z, € (¢, d). Ta c6

) =¢ley) = — tim P AT
T—Ty r — Ty
= — lim #(z) < 0.

T—To T — o
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Bai 2.23. Cho f la mot ham ¢6 dao ham trén [0, 1] va

f(0) <0, f(1) <0, f(0)=f(1)=0.

a) Chiing minh rang phuong trinh f(z) = 0 ¢6 nghiém trong (0,1).
b) C6 thé khang dinh ring ton tai 21, zo € (0,1), 21 # 25 V&

f(@1) = f(x2)?

Ban doc tu giad.
Bai 2.24. Cho f la ham kha vi trén [0, 1], f(0) = 0, f(1) = 1. Chting minh
rang véi moi Ky, Ko > 0, ton tai z1, 2o € (0,1), sao cho xy # x5 va

K K.
Pl * Flag TR
Giai: K
Xét ham ¢(x) = f(z) — KlTlKg
Ta c6 p(0) = —ﬁ <0, (1) = ﬁ > 0.
Vi ¢(0).¢p(1) < 0, nén ton tai ¢ € (0,1) sao cho
PO =0 = Jlo) =

Ap dung Dinh 1y Lagrange cho ham f trén [0, ¢] ta c6 :
S € (0,0)  1(e) — F(0) = ['(m)e

K
Do d6 diK\ Ky + Ky = f'(x1)c hay flz )(K1 TK)
1 1 2

Ap dung Dinh Iy Lagrange cho ham f trén [c, 1] ta co :
dwy € (¢, 1) = f(1) = f(c) = f(z2)(1 = ¢).

2

Nhu va =1-—c.
Y () (K + o)
Do do6
Kl + KQ -1
@) (K + Ky) o f'(22) (K + Ka)
K K
hay L4 2 =1

fl(x1)  f(z2)



35

Bai 2.25. Cho f la ham lién tuc trén [a,b], kha vi trén (a,b). Biét réng
fla) < f(b) va
flx)+ f'(z) <e, Vz € (a,b).
Chitng minh rang f'(z) < &, Vz € (a,b).
Giai:
Vi f la ham lién tuc trén [a, b] nén ton tai z, € [a,b] sao cho

f(wo) = — supf(x).

z€la,b]
+ Néu , € (a,b) thi theo bo dé Fermat f’(x,) = 0. Do d6

f(xo) = f(0) + f'(wo) < e

Vivay f(x) <e, Vo € (a,b).
+ Gia st x, = b.
* Néu c6 o, € (a,b) dé f(x1) = f(b) = — supf(z) thi f/(z;) =0 va ta

z€a,b]
cling co
f(@) < f(z1) < flz1) + f(21) <e, Vo€ (a,b).
*Néu f(z) < f(b) v6i moi x € (a,b), thi ta can chiing minh f(b) < e. Gia
st ngugce lai f(b) > e. Ta tim duge § > 0 sao cho f(x) > e, Vo € [b—6,0].
Theo Dinh ly Lagrange, ton tai ¢ € (b — §,b) sao cho

Fo= 10100

Do vay f(c) + f'(c) > 0.

Mau thuan trén ching t6 f(z) < f(b) < e, Vx € (a,b).
Bai 2.26. Cho f 1a mot ham kha vi tréen [—1, 1], f(0) = 0.

Tim gi6i han cta day (uy), véi

"k

= 1
Huéng dan: (u,), hoi tu ve §f’(0).
Bai 2.27. Cho f la ham kha vi trén [0, +00) va = limf'(z) = 0.

Chiing minh rang v6i moi d > 0 ta c6 — lim [f(x +d)— f(z)| =0.

T—+00
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Ban doc tu giai.
Bai 2.28. Cho f 1a mot ham thoa méan

fl(x) <0< f'(z),¥Yr <0

f(x) <0< f'(x),Vz > 0.

Chitng minh rang f’(0) khong ton tai.
Huéng dan:
Gia stt rang f’(0) ton tai, hay chiing minh rang lic d6 f/(0) = 0. Hay chi
ra mau thuin bang cac gia thiét trén.
Bai 2.29. Cho f 1a ham lién tuc trén (a,b). Gia st rang v6i moi = € (a, b),
gidi han
— limQi [f(x +h)— f(x—h)| = g(z)

z—0t h

ton tai hitu han.

a) Chitng minh rang néu g(x) > 0 v6i moi z € (a,b) thi f 13 ham don
diéu tang.

b) Chitng minh rang néu g = 0 thi f 1a ham héang.

c¢) Chitng minh ring néu g lién tuc trén (a,b) thi f kha vi lién tuc trén
(a,b).

Giai:

a) Trude hét xét trudng hop g(x) > 0 v6i moi = € (a,b). Gia st f khong
phéi 14 ham don diéu tang trén (a,b), ta tim dugc 1,25 € (a,b) sao cho
1 < x9 va f(z1) > f(29).

bit ¢ = w va p(z) = f(x) —c.

Ta c6 o(x1) = f(z1) — ¢ > 0,0(x2) = f(x2) —c <O.

Dat T = sup {«a € (x1,22) : @(x) >0Vr € (21,a)}.

Ta tim dugce (by)n, b, > 0, b, — 0 va (T +b,) < 0.

Khi do

9(@) = Tim [f(@+b,) = F(T—b)]

n—oo

= lim [gp(f—i— b) — (T — by) < 0.
Mau thuan nay ching t6 f don diéu tang trén (a,b).
* Truong hop g(z) > 0 v6i moi € > 0, xét h(z) = f(x) + ex.
Theo chiing minh trén A 1& ham don diéu tang trén (a,b), do vay f clng
14 ham don diéu tang trén (a,b) vie > 0 tuy ¥.
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b) Néu g = 0 thi f vita don diéu tang vira don diéu giam do d6 f 1a ham
hing.
¢) Goi G la mot nguyén ham cta g. Khi d6

G(z +h) — G(z — h)

i 2h = 9(@).
Do vay
lim F=G)e+h) = (f=C)==h) =0,Vz € (a,b).

h—0 2h

Theo cau b) thi f — G = const.

Suy ra f(z) = G(z) + ¢,Vx € (a,b).

Nhu vay f 1a ham c6 dao ham lién tuc trén (a,b).
Bai 2.30. Cho f 1a ham kha vi lién tuc dén cap hai tren [0, +00) sao cho

FO)= - timf(x).

Chitng minh rang phuong trinh f”(x) = 0 ¢6 nghiem.
Bai 2.31. Gid st f va g la cdc ham khé vi trén [a, b], trong d6 g(z) # 0
va ¢'(z) # 0 v6i moi = € [a,b]. Ching minh rang ton tai ¢ € (a,b) sao cho

1 f(a) f(b)‘ _ 1 1fle gl

g(b) = g(a) [9(a) g)| g'(c) |['(c) g'(c).
Huéng dan:

Dat ¢(z) = %, o(x) = ﬁ,x € [a,b].

Hay ap dung Dinh 1y Cauchy.
Bai 2.32. Cho f va g la cac ham xéac dinh trén (a, b) sao cho v6i moi x € (a, b),
ton tai 6, > 0 dé

flx+h)— f(x —h) =2hg(x),0 < h < 0,.
Chitng minh rang néu f kha vi thi f”(z) = 0,Vx € (a,b).
Ban doc tu giai.
Bai 2.33. Cho f 1a ham kha vi lién tuc dén cip hai trén [0, +00) théa man
f(0) =0, f(0) >0va f"(z) > f(x),Vz > 0.

Chitng minh rang f(x) > 0 v6i moi x > 0.
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Giai:
Dat p(z) = e*(f'(x) — f(2)). Ta c6
¢'(z) = e"(f"(z) = f(z)) = 0,V > 0.
Do vay ¢ la don diéu tang trén [0, +00). Mat khéc
p(0) = f'(0) = f(0) > 0.

Suy ra ¢(z) > 0,Vx € [0,+00) nén f'(z) > f(x),Vx € [0, +00).
Lap lai 1ap luan tuong tu véi ¥(z) = e *f(x) ta suy ra

f(z) > 0,Vz > 0.

Bai 2.34. Cho f la ham kha vi lién tuc dén cap hai trén [0, +00) sao cho
f>0, f/<0va f”bichan trén [0, +00). Chiing minh réng

—  limf'(z) = 0.

T——+00
Giai:
T gid thiét suy ra ton tai gidi han | = — limf(z).

Khong méat tinh tong quat gia st [ = om(;g;o khong ta dit ham
o(z) = f(x) —1). V6i moi € > 0, ton tai A > 0 sao cho
|f(z)| < e®, Vo > A,
bat M == sup|f”(z)|.
V6i moi > A, ton tai 0 € (0,1) sao cho

fla ) = F(@) — () = 2 f"(x +02)e>

Do dé

Vay — limf’(z) = 0.

T—-+00
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Bai 2.35. Cho f la ham kha vi lien tuc dén cap hai trén [a,b] sao cho
f(a) = f(b) = f'(a) = f'(b) = 0. Chitng minh rang ton tai ¢ € (a,b) sao cho
77(e) = (o)
Huéng dan:

Xét ham ¢(x) = e~*(f(x) + f'(x)]. Ap dung Pinh 1y Rolle.
Bai 2.36. Cho f 1a ham kha vi lien tuc dén cip hai trén [a, b] v trén doan
nay f c6 khong it hon ba khong diém khac nhau. Chiing minh ring ton tai
¢ € (a,b) sao cho

fle) + f(c) =2f"(c).

Huéng dan:

bat o(z) = e f(x).

Ap dung Dinh 1y Rolle ta tim dugc ¢i,¢0 € (a,b) sao cho f'(¢;) =
f(Cl),f/(Cz) = f(C2), c1 # Ca.

Lai dat ¥(x) = e *(f'(z) — f(x)) roi ap dung Dinh 1y Rolle ta suy ra
diéu phai chitng minh.

Bai 2.37. Cho f 1a ham kha vi lién tuc dén cap n trén [0, 1], 21, Z9, -, T, Tni1
1a cac s khac nhau thuoc [0, 1]. Ching minh
n+1 f(xk)
=t (e —21) - (o — 2p-1) (T — Tag) - (T — Do)
<l - supl )|
~ n! ze0,) ()
Giai:Dat

nt1 f(zg). — — s, [I(z —z;)

(x) = f(x) - S
i Z:: 2o =)
Ta c6 p(z1) = @(z2) = -+ = @(@p11)

0.

Do d6 ton tai ¢ € (0,1) sao cho o™ (c) = 0, tiic 1a

n+1

RICEDY ) = 0.

(@p — 1)+ (2 — 2e—1) (T — Tpar) -+ (Th — T

k=1
Suy ra
n+1
=t (o —a1) - (g — mp1) (@ — D) - (@ — Tpgn) | T 0l e

Bai 2.38. Cho f 14 ham kha vi cap 2 trén R va théa man
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— lim(f(z) —|z|) = 0; f(0) <0.

T—-+00

Chitng minh rang ton tai z, sao cho f”(z,) = 0.

Loi giai:
Tu gid thiét suy ra
— limM =1; lim® = —1; lim f(z) =400
Tr——+00 €T T——00 e T—00

R6 rang f’ 1a ham lién tuc trén R.

Thl: Néu f' khong phai 1a don anh trén R nghia 1a ton tai z;,29 €
R, x1 # zo va f'(z1) = f'(x2), thi theo dinh 1y Rolle, ton tai x, sao cho
f"(zo) =0.

Th2: Néu f’ 1a don anh khi d6 f’ 1a ham don diéu trén R. Do d6 ton tai

giéi han — limf'(z) va — limf'(x), va
r—+00 T——00

. . f(z) : - flx)
/ e = | / et = —
v limf'(x) = T lim " 1; T limf'(x) e lim ” 1.

Vay f’ 1a ham don diéu tang trén R v —1 < f'(z) < 1, Vx € R.

bat p(x) = z — f(x). Ta c6 ¢'(x) =1 — f'(z) > 0, Vo € R,p(0) =
—f(0) = 0.

Vay z — f(z) /=0 (z — 400).

Nhu vay truong hgp nay khong thé xay ra.
Bai 2.39. Gia st f 1a ham kha vi lién tuc dén cap 3 tren [0, +00), f(z) >
0, f'(z) >0, f"(x) >0 v6i moi z € [0, +00). Chiing minh ring néu:

@)
e

=c, c<?2

thi

Huéng dan:
Xét ham ¢(x) =
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Trude hét chiing minh  —  limy/(z) = 0. Do vay

Tr— 400

(f'(z))?

ot ()

:+OO

Sau d6 ching minh — limf(z) = 4o0.

Tr——+00

Ap dung qui tdc L'Hospital

o f@ ) ¢
o0 (f'(x))? e—too - (f'(@))?
f"(@)
= — lim L = L
M@ ) 2
(f"(x))?

Bai 2.40. Cho f 1a ham kha vi dén cap hai trén (a,b). Chiing minh rang véi
moi = € (a,b) ta c6

o F )+ flo = h) — 2§ (a)

lim 2 = f"(x).
Giai:
Xét
flz+h)+ flz—h) —2f(x)
12 ‘
Ta c6 f(z+h) = f(z) + f'(x)h + %f”(m)h? +o1(h?)

Flo = h) = f(@) = f@)h+ 3f" @R + 0r(1?).
Tu do ta co

flx+h)+ flx—h)—2f(z) 01(h?) + 0a(h?)

o hz B —
= ()

Ban doc tu kiém chiing véi z = 0 va

2.1
f(:):){x Sln;,l‘?éo

e,z =0.
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e 0+ 50— )~ 20(0)
h—0 h2
Bai 2.41. Cho f la ham xéc dinh trén R c¢6 dao ham moi cap va

= 0 nhung f”(0) khong ton tai.

1
() — foD(2)| < 5, VT ER.

Chitng minh rang lim f™(z) = ce®

n—oo

, ¢ = const.

Huéng dan:

Day ham (f™(z)), hoi tu déu vé ham g(x) trén R. Dé thay ring ¢'(z) =
g(x) v6i moi x € R tit d6 suy ra g(x) = ce”, ¢ = const.
Bai 2.42. Cho P(z) 1a mot da thiic bac n véi he s6 thuc sao cho P(z) ¢c6 n

nghiém phan biét z1, 29, -+, 2,. Chiing minh rang
n P”(xk) 0
= ) '
Giai:
Theo gia thiét P(x) = a(x — z1)(x — 23) - (x — z,,), a # 0. Do d6
P'(z) = P(x)( S )oVa ¢ {onme, )
N Tr— T — X9 r—x,/’ b T
Vi P(x1) = P(x3) = -+ = P(x,) nén ton tai cac s6 Y1, Y2, " ,Yn_1 SO
cho

T <Y1 < Tor <Y < < Ty < Ypo1 < Ty

P'(y1) = P'(y2) = --- = P'(yn1) = 0.
Ta lai c6
P”(m)—P’(x)( I S — ) Vi ¢ { }
B ’ T — 1 T — Yo T — Yn_1 ) Y1, Y2, yYn—171,
va
/ 1 1 1
OZP(yk>:P(yk)~( + o ) VE=Tn—1
Y — X1 Y — T2 Y — Tn

Vi P(y;) # 0 nén ta c6

1 1 1
+ ot =0, Ve=1,n—1.
Yo —T1 Yk — T2 Yk — T
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Do do
= P'(xy) < 1 1 1 )
“—~ P'(x) k=1 \Tk = Y1 Tk =2 Tk = Yn—1
pu— = 0'
1?:31 <JZ::1 Y — Tj

Bai 2.43. Cho P(x) la mot da thic bac n > 1 théa man P(x) = 0 véi moi
x € R. Ching minh
P(z) + P'(x) 4+ -+ P™(z) >0, Vz € R.

Giai:
Gia st P(z) = apz™ + ap_ 12" '+ +ay  (a, #0).
Vi P(x) > 0 v6i moi « € R nén n chdn va a, > 0.
Xét ham
F(z) = P(z)+ P'(z) +--- 4+ PM(x).
Vi F ciing 1a da thitc bac n véi he s6 cia 2" 1a a, nén lim F(z) = +o0.
Do d6 ton tai z, € R sao cho F(z,) = inﬂgF(x).
e
Theo bd dé Fermat F'(z,) = F(z,) — P(z,) = 0.
Nhu vay F(x,) = inﬂ%F(m) = P(z,) >0,
xre

Va F(x) > 0,Vz € R.
Bai 2.44. Cho f la mot ham lién tuc trén (@ — h,a + h], kh& vi trén (a —
h,a+ h),h > 0. Ching minh ring ton tai 8 € (0,1) sao cho

fla+h) = f(a—h)=h(f(a+0R)+ ['(a—0R)).
Giai:
Dat p(z) = f(a+2) — f(a—z),z € [0, h]. Ta c6 ¢ lién tuc trén [0, k] va
kha vi tréen (0, h). Theo Dinh 1y Lagrange ton tai 6 € (0, 1) sao cho
p(h) = (0) = ¢'(0h).h
= [la+h) = fla—h) = |['a+0R)+ [(a—0n)|h

Bai 2.45. Tim tat cd cdc ham f kha vi lien tuc dén cap hai trén R sao cho
ton tai 6 € (0,1) dé

Fx+h) = f(z) + hf'(z + 0h), Yo, h € R
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Giai:
Véi moi z,h € R ta co f(z+h) = f(x) + f'(x)h + o(h?).
Vivay hlf'(z + 0h) — f'(x)] = on)L )-

! 0h) — f'(x h
Suyraf(x+ h) f()— (h2 , h #0.

Do d6 bang cach lay giéi han khi h — 0 ta c¢6 0f”(z) =0, Vo € R
Vay f(z) = Az + B.
Bai 2.46. Cho f 1a ham kh4 vi lién tuc dén cap hai trén [—2,2] sao cho

[f(@)] <1, Vo € [-2,2], (£(0)* + (£(0))* = 4.

Chitng minh rang ton tai x, € (—2,2) sao cho f(z,) + f"(z,) =0
Giai:

Pat F(x) = (£(2))? + (//(x))*

Ta c6 F'(z) = 2f'(z)(f(z) + f"(2)), F(0) = 4.

Theo Dinh ly Lagrange, ton tai 6 € (—2,0) sao cho

f(0) = f(=2) = f1(61)2.

1
Do d6 f'(61) = S(IF(O)] +1f(=2)]) = 1
Tuong ty ton tai 6, € (0,2) sao cho f'(6;) < 1. Suy ra

Vi F(0) = 4,F(6;) < 2,F(6;) < 2, nén F phai dat gia tri 16n nhét tai
€ (61, 02) va F/(ZEO) = 0.
Néu f'(x,) thi F(x,) = (f(z,))* <1, vo ly. Do vay

f(x,) #0va f(z,) + f"(z,) = 0.

Bai 2.47. Cho f 1a ham kha vi lién tuc dén cap hai tren [a, b]. Chiing minh
rang ton tai ¢ € (a,b) sao cho

fla)+ fb)  ,a+b = (b—a)?
=)t

f(c).

Giai:

Goi A 1a hang s6 sao cho: (@) + f(b) f(a—i—b) (b_ga)2
Dat F(z) = fla) + f(x) _f(a—l—ac) B (x—a) N

2

A.
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Ta c6 F(a) = F(b) = 0 do d6 ton tai 6 € (a,b) sao cho F'() =0

= s[re -

a+0)]_9—aA:O (%)

2 4

0
Lai ap dung Dinh 1y Lagrange cho ham f’ trén [a i ;0] ta tim duge

¢ € (a,b) sao cho

a—+0 0—a

70 - 1) = 1105

Thay vao (*) ta c6 f"(c) = A.
Nhu vay ton tai ¢ € (a,b) sao cho

f@)+ ) _ ath (b=

— "
[ R O]
, c 2 a+b
Bai 2.48. Cho a,b R théa mén - = —— :
ai oa,bce 6a man o 5(n+2)

Chiing minh ring phuong trinh
asin"z +bcos"x+csiner+c=0

¢6 nghiém trong (0, g)
Huéng dan:
Xét ham

asin"? x cos"2x  csin®x  csin’x

_ iy
P(r) == =5 nio T3 T3

(e

Chiing t6 ¢(0) = ¢ 2) roi ap dung Dinh 1y Rolle.
Bai 2.49. Cho phuong trinh 2" =z + n.
a) Chitng minh ring v6i moi n, phuong trinh c¢6 duy nhat nghiem z,, > 0.
b) Ching minh day (x,), bi chdn va tim lim x—?; lim z,.
n—00 nn N0
Giai:
Xét ham f,(z) = 2" —x —n. Tacé f/(x) = na" ' — 1.

fi(z) >0 <= x> (%)nll

Ta c6 bang bién thién
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Dya vao bang bién thién ta thay phuong trinh f,(x) = 0 c6 duy nhat
nghiém z,, v6i

1

1
n > (=)
5> ()
b) Vi f,(1) = —n < 0 nén z, > 1.
Vif.(2)=2"—-2—n>0nénuz, <2
Vay (), bi chan. Ta ¢6 a2} = x, + n nén
Tn Tpt+n

-n o _ 1 .

Dodé$—z—>1(n—>oo).
nn

T d6 suy ra lim z, = 1.
Bai 2.50. Cho f : [0,1] — R la ham lién tuc sao cho f(0) = f(1) =
kha vi dén cap hai trén (0,1) va f’(z) + 2f'(z) + f(z) > 0 Va € (0,1).

Chiing minh rang f(z) < 0 v6i moi z € [0, 1].
Giai:

Xét ham ¢(x) = e*.f(x). Khi d6

0, f

¢(0) =¢(1) =0
©"(x) >0, Vo e (0,1).

Néu ton tai x, € (0,1) sao cho ¢(z,) > 0 thi goi ¢ € (0,1) théa man

p(c) = sup p(r) > 0.
z€[0,1]

Ta c¢6 ¢'(c) = 0. Vi ¢’ la don diéu tang trén (0, 1) nén

¢'(x) 20, Vz € (c,1)
¢'(x) <0, Vo € (0,c¢).

Do vay 0 = ¢(0) > ¢(c) > 0. Mau thuan nay ching t6
o(x) <0, Vz € [0,1].

Suy ra f(x) <0, Vz €0, 1].
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Bai 2.51. Cho f 1 ham kha vi lien tuc dén cap hai trén R va f”(x
v6i moi x € R. Chitng minh réang néu ton tai a,b € R,a < b, f(a) =
thi

) > f(x)
flb) =0

f(z) <0, Vz € [a,b].
Giai:
Gia stt ton tai z, € (a,b) sao cho f(z,) > 0. Goi ¢ € (a,b) sao cho
f(e) = sup f(z) > 0.
z€[a,b]
Ta ¢6 f'(¢) = 0. Khi dé f"(c) > f(c) > 0.

Goi [o, 8] C la, b] sao cho ¢ € (a, ) va f"(x) > 0, Vx € [a, [].
Khi d6 f’ 1a ham don diéu tang ngat trén (o, 3). Do f/'(¢) = 0 nén

f(z) <0, Vo € (a, ¢)
f'(x) >0, Vo € (¢, 5).

Vivay f(a) > f(c) = sup f(x).

z€[a,b]
Mau thuan nay ching t6 f(z) <0, Vz € [a,b]
Bai 2.52. Cho K 1a mot hing s6 , f 1a ham kha vi tren [0, +00) sao cho

f(x) <kf(x), Vo > 0.
Chiing minh rang f(x) < ek f(0), Vo > 0.

Huéng dan:
Xét ham o(z) = e % f(z).
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Chuong 3

Phép tinh tich phan

Bai 3.1. Cho f la mot ham lién tuc trén R. Dat

Chting minh réng néu f 1a ham chin thi F' 13 ham 1é, néu f 14 ham 1é thi
F 1a ham chan.
Giai:

Gia st f 1a ham chin

Bing phép doi bién t = —u,
ta c6 F(— f f@®)dt = [ f(—u)(—=du) = — [ f(t)dt = —F(z) v6i moi
x € R. "

Vi vay F'la ham lé. Truong hgp con lai hoan toan tuong tu.
Bai 3.2. Cho f la mot ham lién tuc va nhan gia tri duong trén [0, 1].

a) Chiing minh rang

/ f(sinzx)dx o
f(sinz) + f(cosz) 4°

b) Tinh cac tich phan
5 dx 3
_xofl_'_ecoslr L({‘l_i_m

49
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Giai:
a) Dat

/ f(sinx)
I = dz.
! /f(sinx) + f(cosx) g

0
Bing phép doi bién z = g —t ta suy ra
f(cosx)

dz.

f(sinz) + f(cosx)

o~
Il
O\I\DI 3

g
Do dé 2[1:J1—|—11:fda::g.\/“1vay11:—
0

b) Ta ¢6

1 1 esin2 T

1 + ecos 2c 6cos2 x—sin? x +1 - esinzcc + ecos2:c ’

Do d6 I, = %
Day la truong hop rieng clia cau a) véi f(z) = e*”

Bai 3.3. Cho f 1a mot ham chén lién tuc trén [—a,al,a > 0; ¢ 1a mot ham

lién tuc nhan gié tri duong trén [—a, a] va

——, Vo € [—a,q].

b) Tinh

COS T

I =
/1—x+\/:c2




¢) Tinh
lim a do
a—+00 (1—1—.1'2)(14—61).
Giai:
a) Dat x = —t, ta ¢6
a f(x)dx a f(—=t)dt
I
Jivem "L .
A0 e fala)ds
—al_i_i —a 1+g<t> —a 1+g() .
9(t)
Vi vay
I+1=2]= /f(x)dxz?/f(x)dx
—a 0
Tu do suy ra I = [ f(x)dx
0
b) Ap dung cau a) véi g(z) = Va2 + 1 — x. D& théy
1 1 T
B =Vt 14z = - SAA

Bai 3.4. Cho f 1a ham lién tuc trén [—a, a]. Chiing minh rang
) [ f@¥)dx =2 [ f(2?)dx
—a 0

b) f zf(z?)dz = 0.

Huéng dan:
a) Dat g(z) = f(2?). Dé thay ¢g 1a ham chén trén [—a, a].
b) Dit h(z) = zf(2?). D& thay h 1a ham 1& trén [—a, a].
Bai 3. 5 Cho f la ham lien tuc tréen [0, 1]. Chiing minh ring

1 ™
f(sm:v)dx:ff cosz)dr = §f sinz)d
0 0

O —uwla

a)

51
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™

b) Tf(cosQ z)dr =n [ f(cos? x)dx.
0 0

(Ban doc tu giai)
Bai 3.6. Cho f 1a mot ham lién tuc nhan gia tri duong va tuan hoan véi chu

ky bang 1 tréen R. Chitng minh rang

1

0 f($+ﬁ)
Loi giai: Ta co
1 W o
Lx)ld = L)ldx_f_ L)ldx—i_'”—i_ L)ldx‘
f($+ﬁ) 0 f(93+ﬁ) 1 f($+ﬁ) anlf(f’H'E)
Trong moi tich phan
/L@ldx,lgign—l,
i fle+-)
thuc hien phép doi biénx=t+%,ta co
—f(x) dx—/—f@—i_ﬁ) dz
1 +1.7
i f(ﬁ"‘ﬁ) o fla+ n )
Vi vay
1 1 1 1 n—1
/ / e+ =) e+ —)
/ f(x)ld _/ i )1 dx—l—/ 2+ +/ R
o flz+-) 0 f($+ﬁ) 0 f@*‘g) 0
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Bing cach ap dung bat dang thiic Cauchy ta nhan dugc

1

O/f(;tf)l)den/ndx:l.

0

Bai 3.7. Cho f la mot ham kha vi lién tuc trén [a, b], f(a) = 0 va
0< fl(x) <1, Vo € [a,].

Chtmg minh rang
) 1w dw>1ﬁﬂMP—aﬂ@V]

f ))3dz < (fbf(:c)d:c)2

a

Giai:
a) Ta c6 f 1a ham don diéu tang trén [a, b] va f(z) > f(a) =0, Vz € [a,b].
Do do6 :
F@) > f(2).0'(2), Vo € [a,b].

T day suy ra

/f(x)dx > /f(w).f/(x)d:c _ %[f(x)P

b) Xét ham s6

Ta co
Fi(a) = 2. f(t)dt.f(@) — (F@) = F@)[2] FO)dt - (1))
Dat G(x)?2 [ f(t)dt — (f(x))2 Ta c6
G'(x) = 2f(z) = 2f (). f(x) = 2f (x)(1 — f'(x)) = 0, Vz € [a,b].
Do d6 G(z) > G(a) =0, Vz € [a, b].
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T d6 suy ra F'(x) > 0, Va € [a,b]. Nhu vay F(b) > F(a) = 0.
b 2 b
Nghia 1 ( I f(m)dm) > [(f(x))*da.

Bai 3.8. Cho f € Clop; @1,%2, -+ , 25 € [a,b], k1, ko, k, > 0. Chiing
minh ring ton tai z, € [a, b] sao cho
kv [ f(x)dx + ke [ f(a)de + -+ k, [ f(x)dx =0.

Giai: Xét ham

In

o(z) :k1/f(t)dt+k:2/f(t)dt+---+k:n/f(t)dt.

T

Ta dé dang kiém tra dugc
kro(w1) + kap(22) + - - - 4 knip(,) = 0.

Mit khéc ¢ la ham lien tuc trén [a,b] va k; > 0 v6i moi ¢ = 1,n, do d6

1 T2
ton tai x, € [a,b] sao cho ¢(x,) = 0, hay ki [ f(z)dx + ke [ f(z)dx + -+ +

Zo To

k., Tf(:c)d:c = 0.

Bai 3.9. Chiing minh rang véi moi a,b, 0 < a < b thi

a+1 1
a) | [ sinz?dx| < —,
; a
b .
sinx 2
b) | [ 2 da] < =
i a
Giai:
a+1

a) Xét tich phan I = [ sinz*dx. Bing phép doi bién t = z?, ta c6

(a+1)?

sint
I = ——dt.
/ 2/t

a2
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1 1
bitu=——, du=—— —dt va chon v = —cost.Ta co

2/t 2t 2/t

K B ‘—COSt (a+1)? (“T cos tdt
2/t la? 2 AVt
- 1 N 1 N (“}1 cos tdt
= 20a+1)  2a o AVt
1 1 @D g
< + — 4+ —_— =
~2(a+1) 2a { AVt a
1 1
b) Dat u = —, du = ——dx va chon v = — — cosz. Ta c6
x x
b
‘/sinxdx‘ _ ’—cosa: b _fbcosidx’
x r la , x
< 1+1+fb|c05$|dx
“a b 2
PSS U
“a b 222 a

Bai 3.10. Tim tat ca cac ham f lién tuc trén [0, 1] sao cho

j F(t)dt = /1 F(t)dt

Huéng dan: Lay dao ham hai vé.
Bai 3.11. Cho f la ham kha vi lién tuc trén [a,b], f(a) = f(b) = 0. Chiing
minh rang

a) fxf(fv).f’(x)dw = — JIf(@)]dx.

N | —
8~

b) Gia st f r))?dr = 1. Hay chiing minh

/ 2d:c/ba:f

m»—
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Giai:
1
a) Dat u =z, dv= f(x).f (x)dz va chon v = 5(]“(3:))2 Ta c6

Se—

Padr. [ler@Pde > ([ofe).f @)’

Bai 3.12. Cho f la ham lién tuc trén R. Dat

=iNWwwh /hl
0

1

Chitng minh rang f,,(z) = ;
n!

C—=z

(x —t)"f(t)dt, n > 1.

(Ban doc tu giai).
Bai 3.13. Cho f la ham lién tuc trén [0, 7| sao cho

/f ) sinzdx = /f ) cos xdx = 0.

Chitng minh rang phuong trinh f(x) = 0 c6 it nhat hai nghiém phan biét
trong (0, ).
Giai:

Gia st rang f c¢6 khong qua mot nghiem tren (0, 7).

Thl: f vo nghiém trén (0, 7). Do tinh lién tuc cta f ta suy ra f khong
ddi dau trén (0,7). Khong mat tinh tong quat, gid st f(z) > 0 véi moi

x € (0,7). Khi d6 [ f(x)sinazdz > 0, mau thuln.
0
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Th2: f c¢6 duy nhéat nghiem z, € (0, 7). Dé thay ring ham
g(x) = f(x)sin(z — x,) khong d6i dau trén (0, 7). Do d6

/f($) sin(z — z,)dz > 0.
0
Mt khac ti gid thiét da cho ta c6
/f(a:) sin(z — x,)dr = cos z, / f(z)sinxdx — sinz, / f(z)coszdxr =0
0 0 0

Mau thudn trén chiing té f c6 it nhat hai nghiém phan bigt tren (0, ).
Bai 3.14. Cho [}, = [ag, bi], k= 1,2,--- ,n lan doan réi nhau ting doi mot.
a) Gia sit P(x) 1a mot da thic bac nhé hon n théa méan

b
/P(a:)dx:(), Vk=1,2,---,n.

ag

Chiing minh rang P(z) = 0 v6i moi = € R.

b) Chiing minh rang ton tai mot da thiic khac khong bac n théa man
diéu kién trén.
Huéng dan:

a) Dung dinh 1y gié tri trung binh cta tich phan.

b) Ban doc tu giai.
Bai 3.15. Cho f la ham kha vi trén [—1, 1] sao cho

/Of(x)dx:/lf(x)dx.

Chiing minh rang ton tai ¢ € (—1,1) sao cho f’(c) = 0.

Giai:
Theo dinh 1y gid tri trung binh ciia tich phan, ton tai z; € [-1,0],
xq € [0,1] sao cho

jjf(x)dx = f(z1), va jf(x)d:r = f(x2).
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* Néu x; # 0 hodc 2o # 0 thi 2; # 5. Theo dinh 1y Rolle, ton tai
¢ € (x1,22) C (—1,1) sao cho f'(¢) = 0.
* Néu z1 = 29 = 0, thi

jﬂ@w=f®%i/ﬂww-

0

Néu f(z) # f(0), Vo € (0,1] thi g(z) = f(x)—f(0) # 0 véi moi z € (0, 1].
Vi vay g(z) khong d6i dau trén (0,1] va

1 1

/?@Mw=/ﬁwﬂw—ﬂ®#0.

0 0

Mau thuan nay chiing t6 ton tai z; € (0, 1] sao cho

f(xl) = f(O).

Lai 4p dung dinh 1y Rolle ta c6 diéu can ching minh.
Bai 3.16. Cho f 1a ham lién tuc trén [0, 1]. Ching minh rang ton tai ¢ € [0, 1]
sao cho

1 ) 1
!ﬂﬂxM=§ﬂd

Giai:
Do f 1a ham lién tuc trén [0, 1] nén ton tai z1, 22 € [0, 1]

f(z1) = min f(x), f(z2) = max f(z).

2€[0,1] z€[0,1]

Do d6
22 f(r1) < 22 f(2) < 22 f(22),Vz € [0, 1].

Suy ra
1

%ﬂm>§/@vwwxééﬂ%>

[e=]

¢:f@ﬁ§3/¢%@ﬂxgﬂu»
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Theo dinh 1y gid tri trung gian ctia ham lién tuc, ton tai ¢ € [0,1] dé
1
fle) = 3/1:2f(:c)d1:.
0

Bai 3.17.Cho a > 0, f lien tuc [0,1], £(0) > 0, va

1
a+1

jf(x)dm <

Chitng minh rang phuong trinh f(z) = 2 ¢6 nghiém trong (0, 1).
Loi giai:
Xét ham p(z) = f(x)—2%, 2 €[0,1]. Taco p(0) = f(0) > 0. Mat khac

/lgo(x)d:z:—/lf(x)dx—ail <0
0 0

1
V1 vay ton tai z, € [0,1] sao cho [ ¢(z)dx = ¢(z,) < 0.
0

Do tinh lién tuc ctia ¢ va ¢(0).¢(z,) < 0 ta suy ra phuong trinh p(z) =0
c6 nghiém trong (0,1).

Bai 3.18. Cho f la ham lién tuc trén [0,n] va [ f(x)dz =0, (n € N). Ching
0

minh ring ton tai ¢ € [0,n — 1] sao cho

/Cf(x)dx = 71f(:v)da:.

Giai:
Xét ham
T z+1 z+1
ple) = [ fO)dt— [ f(t)di= [ f(t)dt.
oo [ ron- ]

R6 rang ¢ lién tuc trén [0,n — 1] va

e(0)+ (1) +--+pn—1)=0.
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Ta dé dang suy ra ton tai ¢ € [0,n — 1] dé p(c) = 0.
Bai 3.19. Cho f 1a ham lién tuc trén [0, 1] thod man
1 1
[akff(x)de =0, Vk=1,--- ,n—1, [2"f(x)dz = 1.
0 0
Chiing minh rang ton tai z, € [0, 1] sao cho |f(x,)| > 2"(n + 1).

Li giai:
Gia st rang |f(z)] < 2"(n+1), Vz €[0,1]

Ta c6 .
1 1
— e =
/|m 2= T
0
Vi vay
1
1 n p 1
Ja-3ri@as = [le- 4@l
0 0
1
< [lz=3"2"(n+1)dz = 1.
0
Mt khac

1

/1(37 - %)nf(x)dx = /x"f(x)dz =1.

0

Mau thudn trén chiing t6 rang ton tai x, € [0, 1] sao cho
|f(z,)] = 2"(n +1).

Bai 3.20. Cho f 1a ham lién tuc trén [0, 1] tho&d man

/b\f(x)ldl’ = 0.

Chiing minh rang f(z) = 0 v6i moi z € [a, b].

Loi giai:
Gia st ton tai z, € [a,b] sao cho f(z,) # 0. Ta ¢6 |f(x,)| > 0.
Do tinh lién tuc cta f, ton tai [, 8] C [a,b] va € > 0 sao cho

|f(x)] > e, Vzxela,/f].
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Khi do:
b

B
/ f(@)ldz > / Fo)de > <(b—a) > 0.

Mau thuan nay ching t6 f(z) =0, Vz € [a,b].
b
Bai 3.21. Cho f la ham kha tich trén [a,b] va [ f(z)dz > 0.

Chiing minh rang ton tai [a, 3] C [a, b] sao cho f(x) >0, Vz € [a, ]
Loi giai:
Gia st rang v6i moi doan [a, 5] C [a,b], ton tai z, € [a, ] sao cho

f(z,) <0.
b
Dat I = [ f(z)dx > 0. Xét phan hoach [a, b] bdi

b
To=a< T <Tp<--<xp=>b, vy =a-+1.

Ta c¢6 lim Z fl&)Ax; =1 >0v6i & € Ay = w1, x4

’VL—*OO

Do vay, ton tal n, sao cho véi moi n > n, thi
- 1
> f&)An > 5 > 0.
i=1

Chon & € [z;_1, ;] sao cho f(&) <0 ta dan dén diéu mau thuan.

Bai 3.22. Cho f, g la céac hz}m lien tuc trén [a, b]. Chitng minh rang
b

2) ([ fag)is) < f )2dz. [ (g(x))de.
1 1
b) Ofx V1 —wdz < RN A
¢) Néu f(z) > 0, Vx € [a, b], thi ff(x)dx. fb %dm > (b—a)

Giai:
a) Ban doc tu giai
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b)
1 1
/:v"\/l — xdx = [Va".\/z"(1 — x)dz
0
0
1 1 1
< nde ) ( [2"(1 — 2)dz)”
_<Of:v ac> <0x( x)x)
1 ! f 2
< n - n+1
< n+1<0:17dx gx dm)
1 1 1 3
g\/n+1<n+1_n+2>

1 1 1
< . =
T vn+lyvn+lyn+2  (n+1)vn+2

Bai 3.23. Cho f lien tuc trén [0,1], 0 < f(z) <1 v6i moi z € [0,1]. Chiing

minh rang 1 1
[ s < ([ saar)”

L&i giai: Xét

P(x) = f(a?)2z =2 [ f(t*)dt.f(2?)

0
— 2. f (@) — [ F2)d].
0
Theo dinh ly gid tri trung binh ctia tich phan, ton tai £ € [0,1] :

¢ (x) =2f(2?) [z — 2 f(€)]
=2zf(z*)[1 - f(&)] >0, Vz € [0,1].

Vay ¢ la don diéu tang trén [0, 1]. Do vay ¢(1) > ¢(0) = 0.
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1 1 2
Ta suy ra [ f(t)dt > (ff(tQ)dt> :
0 0
Bai 3.24. Cho f la ham lien tuc khong am trén [0,1]. Chiing minh réng

\/1—|— (Oflf(a:)da:)2 Sofl\/l—i-(f(x))de < 1+0f1f($)da:.

. o2

* Ta luon ¢6 f(z) > 0 vdi moi z € [0,1]. Do d6
T+ @R <1+ f(x), Yo el01].

Vi vay 1 1

/ VT (@) s <1+ / f(x)d.
* Bat déng thtc chn lai tuong duong véi 0
([ vIFT@Pas) - ([ swas)’
=1 < [ (VIFUG@PR+ f)dr. [ (VIF @R - f0)do
=1 <[ (VIFG@r+ )

1

IN

)dx.fl du .
0 1+ (f(z))?+ f(z)

Bat déng thiic cudi luon luon thod man theo Bai 4.23.
Bai 3.25. Cho f 1a mot ham lién tuc trén [0,0], va 0 < a < b, f nghich bién
tren [0, b]. Chiing minh réng

a b
bo/f(:c)dq: > ao/f(x)dx
Loi gidi: a a b
bo/f(a:)da; > ao/f(m)dx—i—aa/f(x)dx
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Theo dinh 1y gia tri trung binh ctia tich phan, ton tai &,& : 0 < & <
a S 52 S b va

b—a/} ab - @) f(&)

b

a/f(x)da:

a

a(b —a) f(&).
Vi f(&) > f(&) nén

(b—a)/af(m)dxza/bf(x)dx

Bai 3.26. Cho a,b,c € R, a < b < ¢. Chiitng minh rang

iajﬂ@w%ibjﬂ@wh

. i - /f(:c)d:v < rnax{b

v6i f lién tuc trén [a, b].
Loi gii:
Gia st

c b
1 1
C_a/f(x)dx>m/f(x)dx
1 1
C_a/f(a:)daz>m/f(x)dx
b

Khi do ta co

C_a/f dx—i——/f dx>bia/bf(x)dx
Cia/f( d:):>—/f
b

x)dx +
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p c—bb—a ¢ L
Suy ra{f(x)dx> b_ac_b{f(x)dx, vo ly.

Bai 3.27. Cho f la ham kha vi lien tuc trén [a,b], f(a) = 0. Ching minh

rang

b

157 <!

a

7 fire

-----

Véi moi € [a,b], ta c6 f(z) = [ f/(£)dt.

T

Do do6 [f(« < J1f @] f ()]

a

Suy ra

b

J1r@.r@)ds < / ( / £(0)dt) )

a
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Ta c6: (f|f’ )|dt)" = |f'(z)|. Do vay

J(Jirwar@i =5 1w’
1 /
§(f\f 7)|dz)”

< Lo—a). 7).

a

Ta c6 bat dédng thiic can chiing minh.

Bai 3.28. Cho f la ham kha vi lién tuc trén [a,b], f(a) = 0. Ching minh
rang

b

bia/|f<x)|d$§/b\f'(x)]dx.

a

Giai: Ta ¢6

@) = 1f(x) - f(a) | ] r(tyat]
<17 |dt<f|f (1)]dt.

Do do6

b b
/If(as)ldxg (b—a)/|f’(a:)|dx.

Bai 3.29. Cho f 1a ham kha vi lién tuc trén [a,b]. Chiing minh rang

a/b(f(fc)f(a)) dr < | 2/b




Loi giai: Ta co

xT

(e) = fl@))” = ([ roa) < Jereyar fria

Do dé

( a)? b
f ))%dx.
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Bai 3.30.Cho f la ham kha vi lién tuc trén [0,1], f(0) = 0. Ching minh

rang
1

s [f(o)] < [ ()

b
Bai 3.31. Cho f lien tuc trén [a,b] va [ f(z)g(z)dx = 0 v6i moi ham g khé

vi lién tuc trén [a, b] thod man g(a) = g(b) = 0.
Chiing minh rang f(z) = 0 v6i moi = € [a, b].
Loi gii:
Gia st rang ton tai x, € [a, b] sao cho f(z,) > 0.

Khi d6 ton tai [a, 8] C [a,b] va e > 0 sao cho f(z) >e >0, Vz € [a, 5].

Dat
0 néu z € [a, o]
g(l’) = (ZE‘ - Oé)([)’} - ﬁ)27 LS (Oé,ﬁ)
0,z € [3,0].
Khi dé ¢g kha vi lién tuc trén [a, b] va
b

/ /ﬁx—a — B)*dx > 0.

a
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(qui u6c [a,a] = {a} néu a = a, [3,0] = {b} néu 3 =10.)
Bai 3.32. Cho f, g la cdc ham lién tuc don diéu cling loai trén [a, b]. Ching
minh rang
1 b b b
[ F(z)oa+b—a)de < 2 [ f@)de. [ gla)de < [ Fx)g(r)da
Huéng dan:
Theo dinh ly gia tri trung binh ctia tich phan, ton tai z, € [a, b]:

b b

/g(x)dx = /g(a +b—2x)dr =gla+b—z,).
St dung
(f(x) — f(:vo))<g(a—|— b—x)—gla+b— xo)> <0, Yz € [a,b] dé suy ra
phan dau ctia bat dang thic.
Bai 3.33. Cho f la ham kha vi lien tuc dén cap hai trén [0,2]. Ching minh
rang
/ 3
[ @yds = 510 - 200) + 5(2))"

0

.....

1

(f”(x))de = 30f1x2daz. J(f"(x))*dx > B(Ofl 22 " (x)dr)?

0

=3(F(1)+ £0) = f)" 2
(f"(x))2dx = 3f v — 2)2d. [(f"(2))2de > 3(1f 2) " (x )

1

=a—fm»+ﬂm—fu»?

o

= —

Do dé

2

/‘ Pde 2 3[(£()+ £0) = f1)" + (= S'() + £2) = F(1)’]

>

(F(0) —2f(1) + £(2))".

Bai 3.34. Cho f : [0,1] = R, g:[0,1] — [0,1] 1& cac ham lién tuc, f don
1

DN o

dieu gidm. Dat a = [ g(x)dx
0
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-----

Ta c6

w@%=/ﬁﬂﬁ=m®x§%Vx€NH-

Do d6 g(¢(z) > g(z), Vo € [0, 1].
Tu d6 suy ra F'(z) <0, Va € [0,1].
Vivay F(1) < F(0) = 0 hay

1
O/f dx</f

Bai 3.35. Cho f, g la cac ham lién tuc trén [a b, f don diéu tdng va 0 <
g(z) <1 v6i moi x € [a,b]. Dat h(z fg

a) Hay so sénh
a+h(z

ff (t)dt va G(x) = f f

b
b) Chiing minh véi | = [ g(x)dz, ta co

a+l

jf@mmwxz/j@Mx

Huéng dan: Tuong tu Bai tap 4.35.
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Bai 3.36. Cho a,b € R,;b > 0 f 1a ham lién tuc trén [0, +o00], f(z) > 0 v6i
moi z € [0,400) va

flx) <a+b [ f(t)dt, Yx > 0.
/

Chiing minh rang f(r) < ae®, Vo > 0. Loi giai:
+ Thl: b= 0. Ta dé dang suy ra két qua.

+ Th 2: b>0.Xét h(z) =e ([ f(t)dt +2). Ta c6
0

W) = e (f(z) — a— b/f(t)dt) <0, ¥z > 0.

Do d6 h la ham giam trén [0, +00) va h(z) < h(0), Vo € [0, +00).

Suy ra: e*b‘”<ff(t)dt+ %) < %, Yz > 0, hay
a—l—bff(t)dt < aeb® Vx> 0.

Vi vay f(z) < ae®®, Vo > 0.
Bai 3.37. Cho f la mot ham lién tuc trén [a, b] va

| / f(@)dar| = / £ (@)ldz.

Chting minh ring f khong doi dau trén [a, b]. Loi giai:
Tt gia thiét suy ra

b b b b
/ f(a)de = / |f(@)|dz hay / f () = - / 1 ()d.
Thl: Gia st fbf(x)dx = jl |f(z)|dz. Khi d6

Jr@ = sz =0
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Dat o(z) = | f(z)|—f(z). Taco ¢ lién tuc trén [a, b], p(z) > 0, Vz € [a,b],
b
va [ (z)dx = 0.

Do vay: ¢(z) =0, Vx € [a,b] hay |f(z)| = f(z), V& € [a,b)].
Vayf(x) >0, Vz € [a,b].
b b
Th2: Gid st [ f(z)dx = — [ |f(z)]|dz. Hoan toan tuong tu ta suy ra

f(z) <0, Vz € [a,b].

Bai 3.38. Cho f 1a mot ham lién tuc don diéu tang trén [a, b]. Dat
Fla) = / £yt

Chiing minh rang

(*) Flar 4+ (1 — a)y) < aF(z)+ (1 — a)F(y), Vz,y € [a,b],a € (0,1).
Loi giai:

Khong mat tinh tong quat, gia st < y. Khi d6

r<ar+(l—a)y<uy.

(*) duge viét lai nhu sau
az+(1—a)y

S fdt< wff(t)dt +(1- a)fyf(t)dt.

a
az+(l—a)y Yy

= (xx) « [ fOAt<(1-a) [ f(t)dt

a az+(1—a)y

Y
Két qua tren c6 duge bang cach thay [ f(¢)dt boi

ar+(l—«

jf(t)dt+ (/)yf(t)dtJr /y f(t)dt.
a @ )y

ar+(1—«
Theo dinh 1y gia tri trung binh ctia tich phan, ton tai &, & sao cho

r<H <ar+(1l-—a)y<& <y
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va
VT (xx) = a.f(&)-(1 = a)(y — x)
VP(rx) = a(l — a) f(&)(y — ).
Vi f(&) < f(&) nén (**) luon thoa man.
Bai 3.39. Cho f 1a ham khé vi lién tuc trén [0, 1] sao cho

1

O,/]f’(x)\da:— 1.

0

~
—
@)
N~—
|
~
—~
—_
N~—
|

N 1
Ching minh rang |f(x)| < 3 vz € [0,1].
Huéng dan: St dung

(@) =] / F(t)dt] < / (1) dt

|f(x)] = ‘/zf(t)dt‘ g]\f’(t)}dt.

Bai 3.40. Cho f kha vi lién tuc trén [a,b], va f(a) = f(b) = 0,|f(x)| <
M, Vz € [a,b].
Chitng minh rang

‘/f(a:)dx) gM.@:la)Q.

(Ban doc tu giai)
Bai 3.41. Cho f la ham kha tich trén [a,b] sao cho f(z) > 0, Vz € [a,b].

b
Ching minh rang [ f(z)dz > 0.

(Ban doc tu giai).
Bai 3.42. Cho a € [0, 1]. Tim tat ca cac ham khong am, lién tuc trén [0, 1]
sao cho

/1f(x)dx ~1, /le(x)dx —q, /1x2f(x)dx =

0
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Hudéng dan: St dung bat déng thiic Cauchy-Schwartz:

1 1 1
a= [zf(x)de < \/f .CEQf(LE)d.CE.\/f f(z)dz = a, va diéu kien dé dau ="
0 0 0

xay ra dé két luan khong c6 ham f nao thod maén.
Bai 3.43. Cho f 1a mot ham lién tuc trén R thod man

/f x+y) Ve,y e Rix #y.

—
Chitng minh rang f(z) = Az + B, v6i A, B = const.
Huéng dan: Chitng minh

z+h

1
flz) = o / f@t)dt, Ve, h € R, h # 0.
x—h
T d6 suy ra f ¢6 dao ham lién tuc trén R.

z+h
Bing cach lay dao ham hai vé biéu thic 2hf(z f f(@)

theo h ta nhan dudc diéu can ching minh.
Bai 3.44. Tim tat cd cac ham lién tuc trén [0, 1] thod man

1 1

Jt@pras = [ / (f(2)) d.

0 0
Huéng dan: St dung j [f(x) - (f(:v))Q] 2d:v =0.
0

Bai 3.45. Tim cac gi6i han lim wu,, trong do:

L dr
2) un_ofl—i-x”'

1
b) u, = [ z"arctg(nx)dz.
0

1
¢) u, = [2"In(1 + 2?)dx.
0

d) u, =n [ tg"xdr.
0
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1

e) U, = fnarctg(nx)dx.
0
1
f) u, =n [ 2"/1— adx.
0
1
g) u, = [ a"tgadx.
0

1
h) u, =n [ 2"tgzdz.
0

(Ban doc tu giai)
Bai 3.46. Cho f la ham lién tuc trén [0, 4+00). Dat

-1

a) Chting minh riang néu lir+n f(z)=1thi = limF(z) = 1.
b) Ching minh rang néu lirf f(x) = +oo thi liIE F(x) = +o0.

c¢) Hay tim mot vi du dé chi ra chiéu ngugc lai ¢ cau a) khong con ding.
Loi giai:
)

a) Ta co:
1 T
|F(x) — 1| ‘if dt—z\—|— (t) — 1)dt|
0
J1f(@) —lat
<? , Vo > 0.
X

Ham s6 G(x f | f(t) — I|dt 1a ham don diéu tang, khong am trén

(0, +00).
Néu G(z) bi chan trén bdi M, ta co

M
‘f(x)—l‘g—, Vo > 0.
x
Twu do suy ra lirf F(z) =1

Néu G(z) khong bi chan trén [0, +00) khi d6 lim G(z) = +oc.

n—-+o0o
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Theo qui tac L'Hospital

lim Glz) _ lim G'(z) = lim |f(z)—1]=0.

n—-+oo €T n—-+o0o n—-+4oo

Do vay lirf f(z)=1.

b) Huéng dan: Ap dung qui tdc L’Hospital:
[ ft)dt

lim F(z)= lim ° = i = +o0.
L FE) = e T = A S = e

(Dé ¥ ring lirf [ ft)dt = +.)
n—-0oo 0

c) Xét f(x) =sinz.
Bai 3.47. Cho f(x) 1a ham lién tuc trén [0, +o0) va lim f(z) = L.

n—-+400
Chiing minh rang véi moi a > 0, ta ¢6 liI}_l [ f(nz)dx = al.
n—-+0oo 0
Loi giai:
Dung phép déi bién ¢t = nx ta c6

na

/a fna)de = %7 F(#)dt = a% / F(t)dt.

0

Theo Bai tap 3.46. thi

T—00 N

1 na
lim — [ f(t)dt =1.
/

Do vay lim [ f(nz)dx = al.

T—00 0

Bai 3.48. Cho f la ham lien tuc trén [0,+00), lim =1 # 0, va f(0) +

li
n—-+00

f(1)+---+ f(n) # 0 v6i moi n. Chiing minh rang
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Lai giai: Ta co

J f(z)dx L f(z)d
ik [f(O) + )+ 4 fn)] B e R

n

1 n
Theo Bai tap 3.46, thi lim — [ f(z)dz = 1.

n—oo 1
Mt khac vi lim f(n) = [, nén

n—oo

i LO 4 F(Q) 4+ ()

n—oo n

= 1.

ff(:r;)dx
Vay lim 0

=1
Bai 3.49. Cho f la ham lién tuc trén R tuan hoan véi chu ky T, ¢ 1a mot
ham lién tuc trén [0,7]. Ching minh réng

T
lim [ f(nx)g(z)dz = 0.

n—o0

0
Ban doc tu giai.

Bai 3.50. Cho f va g la cdc ham lién tuc tuan hoan véi chu ky bang 1 trén
R. Chitng minh rang

1

lim [ f(nz)g(z)de = /1 f(x)dz. /1 g(x)da.

n—oo

0 0

Bai 3.51. a) Cho f 1a ham lién tuc trén [0, 1]. Chiing minh rang
1

lim n/x”f(m)dm = f(1).

n—oo

0

b) Gia stt f/(1) ton tai va f(1) = 0. Hay chiing minh

n—oo

lim n? [ 2" f(z)dx = —f'(1).
/



Lo giai:
a) Trude hét ta chiing minh Tllingonjx"(f(:c) — f(1))dz = 0.
V6i moi € > 0, ton tai 6 € (0,1) sao0 cho
|f(z) = f(1)]| <&, Vz e (1-4,1).

Dat M = sup |f(x)]. Ta ¢

z€0,1]

‘n/:c"(f(x) —f(l))d:c’ < nlf_62M:c”dx+n j x"edx
0 1-5
0

n

< (2M(1 = 0)"™ +¢).

n+1

Do d6 lim nflx”(f(:c) - f(l))dx‘ <eg, Ve > 0.
0

1
Tt d6 suy ra lim n [ 2"(f(z) — f(1))dz = 0.
n—oo 0

n
n+1

n—oo

Do dé lim [noflx”f(x)dm - f(l)] = 0.

1
Suy ra lim n [ 2" f(z)dz = f(1).
n—oo 0
b) Ban doc tu giai.
Bai 3.52. Cho f la ham kha vi lién tuc trén [—a,a],a > 0. Tim giéi han
f 1 — cosnz

li _ dz.
i, L J@de

Ban doc tu giai.
Bai 3.53. Cho f: [0, +00) — [0,400) la ham lién tuc thod méan

T

lim f(x)/(f(x))2dx =1

n—-+00
0

Ching minh lim f(z)(3z)3 = 1.

n—-4o0o

Ban doc tu giai.
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