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Chuong 1

LAM QUEN VGl PHUONG TRINH HAM

1.1 Khai niém mé dau

Pinh nghia 1.1.1. Cho hai tap s6 khédc rong x,v. Mot ham s6 xdc dinh trén
X va nhan gia tri trong vy la mot qui tac cho tuong tng moi phan tir trong
x mot phan t duy nhat trong v.

Bai toan 1.1.1.  Cho ham s0 f:R — R thoa f(2? + 1) = 2z,Va.
Tinh f(5): f(10); £ (17)

N e , N ~ 2 f(1>:
Baitoan1.1.2. Choh :R—Rth '
ai toan 1.1.2 O hamsoO f: R Oa{f(x_;’_y)_f(x)+f(y)+3(4xy—1)avx;y

Tinh f(19)
fa)y=5
Bai toan 1.1.3. Cho ham s6 f:N* - N* thda { f(f(n) =4n+9
f(@2") =2"" 43, vne N
Tinh 7 (1789)

HD: 1789 = 4.445 4 9; 445 = 4.109 + 9; 109 = 4.25 + 9; 25 = 52

Tuy theo tung linh vuc cta todn hoc cé lién quan dén phuong trinh
ham, ngudi ta dua ra dinh nghia vé phuong trinh ham. Do d6, khé c6 thé
dua ra mot dinh nghia chung vé phuong trinh ham. Mot cdch tuong d6i ta
c6 thé dinh nghia phuong trinh ham nhu sau.

Phuong trinh ham 1a phuong trinh ma ca hai vé€ ctia n6é duoc thanh 1ap
tir moOt sO hitu han cac ham chua biét va tr mot s6 hitu han cac ham so da
biét cua cac bién doc lap.

Mién xdc dinh clia phuong trinh ham 12 mién cua cdc bién ma phuong
trinh ham dé c6 nghia.

Pinh nghia 1.1.2. a) Mot nghiém riéng cua phuong trinh ham 1a mdt ham
s6 thod man phuong trinh ham trong mién xdc dinh cua nd.

b) Nghiém téng quat clia phuong trinh ham 1a tap tit ca cdc nghiém riéng
cua no.

c¢) Giai mot phuong trinh ham la tim nghiém tong quat cua phuong trinh
ham do.



TruGe hét ta can thong nhiat mot ham s6 nhu thé nao thi duoc cho la
da xac dinh?

Mot ham s6 dugc xem la da xac dinh néu chi r6 tap xac dinh cua nd
va
a) Hoac da biét qui tac tim anh cta moi phan tu trong mién xac dinh cla
no.
b) Hodc né 1a ham so tuan hoan véi chu ky xac dinh nao dé.

1.2 Ham sé chian, ham so 1é

Xét ham sO f(z) v6i tap xac dinh D(f) c R va tap gia tri R(f) C R.
Pinh nghia 1.2.1. Ham s0 f(z) dugc goi la ham s6 chan trén M, M c D(f)
néu

Vie M = —zeM va f(-z)=f(z), Yo e M.

Pinh nghia 1.2.2. Ham s6 f(z) duoc goi la ham s6 1é trén M, M c D(f) néu

Vee M= —zeD(f) va f(-z)=—f(z), Yz € M.
Vidu 1.2.1.  Cho z,eR. X4c dinh tat ca cic ham s6 f(z) sao cho

flzo —2) = f(z),Vz € R.

Gigli. Dét x:x—zo—t<:>t:x70—x.

Khi d6 z,—2=22 1+ va phuong trinh tr& thanh
. phuong

f(%Oth) :f(“%O_t), Vvt € R.

g(-t)=g(t),Vt€R,
VOl g(t) = f(“%Oth).
Két luan:  f(z) = g(z — x—zo), trong d6 g(z) 1a ham chdn tuy y trén R
Vidu 1.2.2. Cho «,bcR. Xdac dinh tat ca cic ham s6 f(z) sao cho

fla—z)+ f(z) =0, Yz eR.

Gi.‘:li. Dét g—x:t. Khl dé x:g—t Vél a—x:%—i—t.



nén ta duoc

f(g +t)+f(g —t)=0b.
hay

g(=t) = —g(t), VL €R,
véi f(g +1) — g =g(t).

~, AL B a b
Két luan: f(z) = g(z - Pty

trong d6 g¢(z) 1a ham I tuy y trén R.

1.3 Ham s6 tuan hoan va phan tuan hoan

1.3.1 Ham s6 tuan hoan va phan tuan hoan cong tinh

Pinh nghia 1.3.1. Ham s f(z) (x4c dinh trén p) dugc goi 1a ham tuin hoan
cong tinh chu ky a(a>0) trén » néu M cD va

Vee M =xz4+aceM,z—acM
flx+a)= f(z),Vr € M.

Néu ton tai s6 duong 7 nho nhit trong cac s6 « & trén thi 7 duoc goi
la chu ky co s& ctia ham s f(x).

Pinh nghia 1.3.2. Ham s6 f(z) (xac dinh trén D) dugc goi l1a phan tuan hoan
cong tinh chu ky »(»>0) trén m» néu M c D va

Vee M =z+beMzx—-—beM
flz+b) =—f(x),Yx € M.

Néu ton tai s6 duong 7 nhd nhat trong cac s6 » & trén thi 7 duoc goi
la chu ky co s& ctia ham s f(x).

Vi du 1.3.1.  Cho cap ham f(z) va g(=) tuan hoan trén M c¢6 cac chu
ky 14an luot 1a « va » véi % e @. Ching minh ring F(z) = f(z) + g(z) va

G(z) = f(z).g(z) cling 1a nhiing ham tuan hoan trén .
Giai. Theo gia thi€t 3m,n e N*, (m,n) =1 sao cho % -

m
n

DEtlt T = na =mb. Khi do



{ Fx+T)=f(z+na)+g(x+mb) = f(x) 4+ g(z) = F(x), Vo € M.
Gz +T)= f(xr+mna).g(x+mb) = f(x).g(xr) = G(z), Vx € M.

Hon nita, ta ¢ vze M. thi z+Te M, 2-T e M. VAyF(z) va G(z) 1a nhiing
ham tuan hoan trén M.

1.3.2 Ham so6 tuan hoan va phan tuan hoan nhan tinh

Pinh nghia 1.3.3. Ham s f(z) (xdc dinh trén D) dugc goi la ham tuan hoan
nhan tinh chu ky « (a ¢ {-1,0,1}) trén M néu M c D va

VeeM=axeM,alzeM
flax) = f(z), Yx € M.

Pinh nghia 1.3.4. Him s f(z) (xdc dinh trén D) dugc goi la ham phan tuan

hoan nhan tinh chu ky « (a ¢ {-1,0,1}) trén M@ néu M c D va

VeeM=axreM,alzeM
(ax) = —f(x), Yz € M.

1.4 Ham so6 don diéu

Pinh nghia 1.4.1. Ham s6 f(z) duoc goi la tang trén » néu nhu véi 2, € D
ma z; <z, thi f(z)) < f(z).

Ham s0 f(z) duoc goi la giam trén p néu nhu v6i 21,2, € D Ma ;, <
thi f(zy) > f(22).

Ham s06 tang hoac giam trén mot tap nao dé dugc goi 1a ham so6 don diéu
trén khoang do.

Tinh chat 1.4.1. 1) Moi ham don diéu trén mot khoang déu 1a don anh trén
khoang dé.

2) Néu ham f:D —R; g: D—R la hai ham tang thi s+ ¢ la ham tang.

3) Néu ham f: D —R; g: D — R la hai ham tang va khong am thi f(z).g(z)
la ham tang.

4) Néu ham s don diéu trén khoang (a;5) thi phuong trinh f(z) = m c6
nhiéu nhat 1a mot nghiém trén khoang do.



5) Néu ham f:Dp; -R va g:D, —R tang va D; c D, thi ham s6 hop g,f
tang.

Chia y: *) Néu ham s tang thi ham s6 hop f(f(z)) (néu dugc xac dinh)
cung tang.

*) Néu ham s giam thi ham s6 hop f(f(z)) (n€u dugc xac dinh)
cling giam.

1.5 Ham so6 lién tuc

Pinh nghia 1.5.1. Cho ham s6 f(z) xdc dinh trong khoang (a,5). Ta n6i ham
sO f(z) lién tuc tai z, € (a,b) néu lim f(z) = f(wo)-

Ham sO f(z) dugc goi la lién tuc trén tap hop cho truéc x néu ham
nay lién tuc tai méi di€ém cua tap hop x.



Chuong 2

MOT SO PHUOGNG TRINH HAM CO BAN

2.1 Phuong trinh ham véi mot bién s6 doc 1ap

2.1.1 Phuong trinh ham dang [ (p(z)) = ¢ (z)

Phuong phap: Dit ¢ = p(z), biéu dién ¢ (z) theo ¢

Bai toég 2.1.1. .
l;f(x—l-—) :x2+—2+2,Vx7é0.
X X

2;f(x+ x2+1):x—\/x2+1,Vx

3; f (cosx) = sinz 4 2, Va

2.1.2 Phuong trinh ham dang f (ax +b) = cf (z) +d

Bai toan 2.1.2.  f(z+0b) = f(2),vz

Pay 1a ham s6 tuan hoan dugc xem nhu da xac dinh.

Bai toan 2.1.3.  f(z+0) = f(2)+d,Va

Huéng cua ta 1a mat hé so tu do. Vi hé s6 cua f(«+b) va f(z) 1a giong nhau
nén 4 khong thé phan tich thanh bac o duoc, ta phan tich theo bac 1.
Mong muoén:

f(x+b)+04($+b):f(x)+ax:>a:—%

Bai toan 2.1.4.  f(z+0b) =cf (z),Vz

Dé giai quyét hé so ¢ cua f(z), tc lam cho hai hé s6 cua f(z+1b) va f(z)
bang nhau ta nho d€n ham liy thura.
Mong muoén:
QT f (x4 b) :azf(x)éa:cf%.
Luu y phai dam bao su c6 nghia cua ldy thtra.

Bai toan 2.1.5.  f(z+0b)=cf (z)+d, vz
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Ta s€ lam mat hé so tu do. Vi hé sO cla f(z+b) va f(z) khac nhau nén 4 c6
thé phan tich thanh bac o.

Mong muon: f(z+b)+a=clf(@)+a]=a= %4

Bai toan 2.1.6.  f(az) = f(2),Vz

THa >0:
Xét = >0, dat = =a va f(a*) = hi (t) ta AUQC hy (t+ 1) = hy ()
Xét x <0, dat —z =a’ VA f(—a') = hy (t) ta AUQC hy (t + 1) = hy ()
Tai z=0,f(0)=tuy y

hi (log,x) , khiz > 0
KL: f(z)=<{ k khiz =0

hs (log, |z]) , khiz < 0
trong do6, hy (z);hs(x) 1a cdc ham s6 bat ky tuidn hoan chu ky 1 con & 1a s6
thuc tuy y.
THa <O0:
Ta co:
flaz) = f (=)

{f(
=
f

VY

(z),Vx

f(z), Ve

[f (a2:c) + f (a:c)] Vo
x),Vz

e
8
S~—
I
~

a’z)

8]

—~

~
_ o~

z) + f (ax)],Vx
x),Va

¢
——
-~ =
wE
S
SIS
KH

——
KH KH
~ —_
] S
N —
S
SN—
~

& [z g (z) + g (az)], Y
trong do6 g (z) l1a ham tfly }// thoa ¢ (a?z) =g (z),Vx
Ham g (2) dugc xac dinh theo truong hop dau.

Bai toan 2.1.7.  f(az) = f(2) +d,Vz

N~

Vi hai hé s6 bang nhau va phuong trinh az = » ¢6 nghiém nén DKC 4 = o.
Bai toan 2.1.s. flazx) =cf (x),Vz

Dé gidi quyét hé s6 ¢ ta phai dung ham lily thita chit khong dung ham mi
duge vi lic nay hai hé s6 ctia doi s6 = 1a khac nhau.
Mong muoén:

(az)* f (az) = 2° (z) = o = log, (%)

Luu y su c6 nghia cta biéu thifc logarit. Van dé duong thi ta chi cin ding
gia tri tuyét doi 1a xong, con cac truong hop |« = 1 hoac |¢ =1 ta s& lam nhu
sau.

Bai toan 2.1.9.  f(—z)=bf(z),vx trong d6 0 £b#1
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Bai toan 2.1.10.  f(az) = —f (z),Vz

{f(ax :_f(x)vvx
=4
f (a2x) = f(x),Vx
1 2
o {f(x)—§[f(a x)—f(ax)],Vx
f(an) = f(z),Vz
1
@{ﬂx)—yf(x)—f(axﬂ,w
f(an) = f(z),vVz
& f() =50 (x) — g (ax)] Va

=

trong do g¢(x) 1a
xac dinh roi.

am tuy y thoa g (a%z) = ¢(z),v2. Ham nay ta da biét cach

Bai toan 2.1.11.  f(az) = ¢f (x) + d,Vz

< f(ax) + Cfl :c[f(x)—i— dl} Vo

Tacod: ar+v=2<z=-L. Do do khi x—%:() thi hai bléu thaic az +b va =

1-a*
c6 cung gid tri. Hay hiéu mot cdch khéc, néu ta dat ¢ =2 — 2 thi khi t=o0
hai biéu thtic az +b va = (tinh theo ¢) c6 cung gid tri, tiic ching c6 cling hé

sO tu do.
Phuong trinh tr¢ thanh:

Y (o) v
g(at) = cg (t) +d,Vt

MOT SO DANG MG RONG CHO PHAN NAY

Bai toan 2.1.13.  f(z+a)— f(z)=h(z),Vz
vGi h(z) 12 ham tuan hoan chu ky « cho trudc.

f (at—i—

bt g(t) = f (t—i— %) ta duoc:

Ta chudn héa bang cach lam cho VP bing khong.
Vi h(z+a)=h(z)=h(z)=3h(z+a) +h(z) 1a khong trung dau v6i VT nén ta
s€ nang bac. Ta co:
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Do do:

flata)—f@)=h@) e fla+ra—f@)==@+a)hz+a)-—ch@)

& |fara-L@ranero| - |1@-tonw)] -

Bai toan 2.1.14.  f(z+a)- f(z)=h(2),Vz
vGi h(z) 12 ham phan tuan hoan chu ky « cho trudc.

Ta chudn héa bang cach lam cho VP bing khong.
Ta co

h(x+a)=—-h(x)=h(z)=z[-h(z+a)+h(z)].

1
2
Bai toan 2.1.15.  f(z+a)+bf(x) =h(z),Vz
vGi h(z) 1a ham tuan hoan hay phan tuin hoan chu ky « cho trudc.

Bai toan 2.1.16.  f(z+a) - f(2)=P(z),Vzx
trong d6 P(x) la mot da thuec.

Phuong phap 1am tuwong tu, ta biéu dién P(z) = F (z + a) — F (z) biing cdch gia
sir dang cua da thic F(z) ¢6 bac cao hon bac clia P(z) mot bac, sau d6 dung
phuong phap déng nhat thitc dé tim ra céc hé s6 cla F(z).
Ta ¢6 thé 1am cho chu ky « biang 1 nhu sau:

flat+a)— f(at)=P(at),Vt < gt+1)—gt)=Q(t),Vt

trong do g (t) = f (at),Vt
Mot so vi du cu thé:

f(x+1) - f(z) = z,Vz
HD:z = [%(m—i—l)Q—%(:c—i-l)} - [—xQ—%x]

i)f (x+1) — f(x) = 2% Va

1 1 1 1 1 1
HD:2* = [g(x+1)3—§(x+1)2+6(x+1)] - [§x3—5x2+6x

W) f (z+1)+2f (z) =a,Vz

HD:xz= [l(x+1)—l]+2[l:c—l}
3 9 3 9

i) f (x+1)+2f (v) =2* + 22 — 6,Vz

Bai toan 2.1.17.  f@+1)—f(z)=2"%Va

flx+1)— f(z)=27"Va
RN f (CC + 1) _ f (CC) — 22712 _ 2712 — 21712 _ 2712 — 21712 _ 217(I+1),vx
& [far D+ 2] [f@) 12 =0.v
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Chi y

. %(a—1)a” =a*™ —a”
1
N

a— 1) a T =al"" g T =gl — alf(m+1)

ii) That ra ta ciing khong can khé khan dén th€ dau. Néu ¢6 f (z +a)— f (z)
h(z) thi ta c@ thtr tinh h(z+a) — h(2) Xem sa0. NE&U h(z+a) — h(z) = ah(z
kha quan dé.

[
oo ||

Cac bai tap trén da giai quyét dén truong hop VP la cdc ham tuan hoan,
phan tuan hoan (luong giac); da thic va ham mi roi.

Lam thi: f (x+1)— f(z) =3"sin2nx
Bai toan 2.1.18.  f(z+a)=of (z)+ 3 (x —a) + b, Vz
Day 12 sai phan bac hai réi nén ta phai chuyén vé hai sai phan bac nhat.

Budc 1: Lam mat hé s6 tu do, thu dugc g (z + a) = ag (z) + B9 (z — a) ,Va
Bué6c 2: Chon p va ¢ sao cho

g(x+a)=ag(z)+pg(r—a),Vz & [g(z+a)+pg(z)]=qlg(x)+pg(z—a),vVz

That ra loai nay 1a phuong trinh sai phan tuyén tinh v6i hé s6 hang so.

2.1.3 Phuong trinh ham dang f (w(z)) = pf () + q,Vo € D

trong do w(z) = w2t

Ta xét lam 3 loai dua vao viéc phuong trinh w(z) = = ¢6 nghiém kép, hai
nghiém phan biét, hay vo nghiém.

Bai toan 2.1.19. w@)="L.f:R-R, f(w(z) =2f(z)—3,Vo#2

Viw(z)=2<2=1nén ta dat

1 1 1
= — | = 1+ - t ;1
e (e ) e (1) e

bat nhu th€ ta nhan thay khi ¢ — oo (z — 1) thi w (z) va z s€ c6 cung gidi han
titc khi chia ra thi s& c6 cung thuong (trong truong hop nay la 1) chi khac
nhau phan du ma thoi.

Bai toan 2.1.20. w(2) =2
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Viw()=z<z=1,2=2 nén ta dat

r—1
xr—2

t =

1 1

2

Pat nhu thé ta nhan thay khi ¢ — oo (¢ — 2) thi w () va = s& c6 clng gi6i han
titc khi chia ra thi s& c6 cung thuong (trong truong hop nay la 2) chi khac
nhau phin du ma thoi. Con khi ¢+ = 0(z=1) thi w(z) v = cling phai bang
nhau do d6 ngoai hé s6 clia ¢+ (& day 1a 1 va 1/2) thi phan con lai cling phai
bing nhau (6 day 1a phan 1 trén tr vd —1 & mau)

Bai toan 2.1.21.  w(z) = 2=

Ta nhan thay v (z) = = vd nghiém.

Dai véi loai nay ta chi dé cap dén TH dac biét 1a day

{ T =z

Tni1 = w(Tn),Vn > 1

tuan hoan.

Khi d6 cdch giai 1a thé vong quanh dé lap heé.

Phuong phap nay c6 thé mé rong cho pth dang:
a(z) f(w(x)+b(x) f(x)+c(x)=0

ry =

ooy = () 0> 1 tuan hoan.

v6i diéu kién tien quyét 1a day {
Bai toan 2.1.22. f:R—R, thoa 22f(2)+ f(1 —2) =22 — 2%, Va
. {fo(x)—i-f(l—x) =2z — !

(1-2)’f(1-2)+f(2)=2(1-a)-(1-2)'
- @ —2-1)f(x)=(1-2°) (2> -z 1)

Gs a,b 12 hai nghiém cua pt +2 -z —1=0. Khi d6 ta c6: f(z) = (1 - 2?),Vz # a,b.
Dé xdc dinh gid tri cia ham tai «,b ta thay né vao lap hé dé gidi. Luu y

dung dinh 1y Viete.

r=a—ad’f(a)+ f(b) =2a—a*
r=0b—02f(b)+ f(a) =2b—b*

Hé ¢6 b= D, = b, nén nghiém cua hé chinh 1a nghiém cta phuong trinh

fl@)=a,aeR

f(b) =2a —a* — d’a

a2f(a)+f(b)—2a—a4<:>{



15

Bai toan 2.1.23.

i)af (x) + 2f (%) = vx; -1
m)f(ﬁ) +f(i’i—§) =z, Vo # +1
w)f (z)+ f (L) =1+z,Vo #0;1

Vén dé nay sinh 1a néu hé thu duoc c6 vo s6 nghiém (D =o0) thi giai quyét
ra sao?

Ta s& dung nhitng hing ding thitfc don gian thoi.

Bai toan 2.1.24.  w(z) =22 R\ {2} > R; f (w(2)) + f(z) = 3,Va £ 2.

x—2

Ta chudn hoéa

F@@)+ @) =3 Y% 26 fw(@)— o+ [ (@)~ 5 =0 Ve #2

Trong TH nay ta dung hing dang thiic don gian la:

1
a+b:O<:>a:§[a—b]

Bai toan 2.1.25.  w(x) =25 R\ {2} = R; f(w(z)) - f () = h(z), Vo #2.

Thay x bi w(z) ta suy ra di€u kién can 1a h(w(2)) = —h (z). Néu thoa duoc
diéu kién nay thi khi d6 »(z) duoc phan tich:

2
va do d6
F@ @)~ f (@)= h(x) Vo £2
& (@)~ 1 (@) = 511 @) b @)], Ve £2
& f(0 (@) +5h (@ (@) = f (@) + 5h (), Ve £ 2

V61 k() 12 ham tay y.
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Bai toan 2.1.26. w(z)= iR\ {-1;0} > R;

=
flww (@) +fw(@)+f(z)=3Ye#-1;0

Do ddy tuwong tng tuan hoan chu ky 3 nén phai la pth nhu trén méi thudc
loai ta dang néi (tic loai ma hé thu duoc cé D =0).

Loai nay ta dung hing dang thic sau:
a+b+c:0<:>a:%(2a—b—c).

Ta phai dua 1én dh ba thanh phan nhu thé thi méi xuét hién da chu ky cta
day.
Bai toan 2.1.27.  w(z)= =4 f R\ {-1;0} - R;
flww(@)+ f(w @)+ f (@) =h(),Vo#-1;0
Diéu kién can la
h(w(w (@) =h(w(@) =h(z).
Va do d6 néu ham # (z) thda diéu kién nay thi ta phan tich

h(z) =3 [h(@)+h(w(@) +hww@))]

wl

va thé 1a ta lai chudn héa duoc.

2.1.4 Phuong trinh ham dang:
af (f (. f @) +bf (f (..f (2)) + ... +cf (f (2)) +df (x) = h(z)

Tnt1 = f(xn),n =20
Trong phuong trinh ban dau ta chon z =z, ta s€ thu duoc day:

PP: Xét day { r=s

aTpik + bTnik—1+ ... + ctpyo +deni1 = h(zy,).

Dung phuong phdp vi phan ta tim s6 hang téng qudt ctia ddy. Luu y cdc
dit kién dic biét dé x4c dinh cac hé so.

Bai toan 2.1.2s. f:(0;400) = (0;400) . f (f () + f (x) = 1999.2000z, Vz > 0

Véi « >0 c6 dinh, xét day: !~ "
v ) ’ y xn+1:f(xn),n20
Tpt2 + Tpy1 = 1999.2000x,, Vn

Ty > 0,Vn

Khi do ta co: {
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t = 1999
t = —2000

Suy ra, =, = C1(1999)" + C2(—2000)" Vi z, > 0,¥n= Cy =0. Cho n=0= ¢, =z. Do
do, =, =1999"z. VAy f(z) =z = 1999z.

Ta c6 phuong trinh dac trung: ¢+t = 1999.2000 <

Bai toan 2.1.29. f:RT S RT.f(f(2)+ f(2)
Bai toan 2.1.30. f:RT S RT.f(f(2)+ f(2)

6x.

12x.

Trong nhiéu trudng hop ta khong du gia thiét dé suy ra cac hé s6 thi phuong
phdp nay ciing c6 thé xem 1a cdch mo nghiém dé dinh huéng cho céch giai.
LUYEN TAP.

Bai toan 2.1.31. f:R—R
2 1 241 1
f(:c +x+ )+f(:c z+ )_ <x2+—2+3),V:c7é0.
X X X

Dai luong chung clia cdc biéu thic:

1
x+—=t
T

= )+ fE-1)=2(+1)
Lam mat vé phai:
t2+1:%[(t+1)2+(t—1)2}

Bai toan 2.1.32.  f(Va2+1+a2)-f(Val+1l-2) =2V

) *( x2+1+x).(\/x2+1—x):1
Luuy: it - (@ FT-a)

XL =
2

Bai toan 2.1.33.  f(@)+ f(-2)+f (1) +f(-1)=q(x)

Khi thay z bO1 —z; 1.1 ta duoc diéu klél’l can: q(z) =q(-z) =q(2) =q(-1)
Chuén hdéa:

et (G e ()
9($)+9(—I)+g(é> +g(—§) -

bat n(z) = g(z) + g (—2) ta dugc

{h(:c)—i—h(i) o@{hm; [h@)—h(i)]

h(—z) = h(x)

Dan dén



VOi ¢ (2) 1a ham chan tuy y.

Bai toan 2.1.34.  f(@)—f(-a)+f () .f(-2) =h(z)

Thanh lap hé.

o

oyl

[l

(3

S

[l
wIE]

Bai toan 2.1.36.  f(z).f (1) = h(x)

Thay = boi L ta thu dugc dicu kién can:

h(:c)_hG) = h(z)=4/h().h (l)

x

Do d6 phuong trinh tr& thanh

Chudn héa ta duoc:

Bai toan 2.1.37.  f(x).f(2) + f(~2).f(-1) = h(z)
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Thay x bdi —z;1; -1 ta nhan dugc dicu kién can:

Do do:
v =3 [frion () + ricnn (-2)
Pt
9@ =11 (3) 5 /n@(3)
Ta duoc:

V61 ¢(z) 1a ham tuy ¥ thoa ¢ () =q(2). Viéc tim ¢(z) da biét.

Bai toan 2.1.38. f:R— R, thoa
i)f (—x) = —f ()
W flx+1)=f(z)+1,Vz

s (1) L)

vt # —1;0. Ta s€ tinh f (&) theo hai cach

T
02:f(t+1) f(mz 7f(1_t$1)

t

Yz # 0.

) 1— f(t+1) 1 — 14 £(t)
(t+1)> (t41)*

(&) (&)

2.2 Phuong trinh ham véi hai bién s6 doc lap

*) Ham s0 lién tuc bi€n mot tap lién thong thanh mot tap lién thong.

*) Viéc chuyén déi thit tu 1y gi6i han clia mot ham s6 lién tuc luon thuc
hién dugc.

Vé tap hop s6 thuc R.

1. Tinh tri mat: Tap cac so hitu ty va tap {2 :m e Z;n e N} la hai tap so tru
mat trong tap cac so thuc.
2. Can trén, can dudi.
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2.2.1 Ham s6 chuyén doi cdc phép tinh s6 hoc

2.2.2 Ham s6 chuyén déi cdc dai lugng trung binh
LUYEN TAP.

Bai toan 2.2.1.  f:R —R lién tuc va f (az+by) = af (z) +bf (y) ,Vz, .

r=y=0—(a+b—-1)f(0)=0
TH :a+b# 1= f(0) =0 — f(az) = af (2); f(by) = bf(y) = f(ax+by) = f(az)+
f(by) Ve,y < fz+y)=f(z)+f(y) Voy
TH:a+b=1= f(0)=c Dat g(z)=f(z) - f(0)
Bai toan 2.2.2.  f:R—R lién tuc va f(az+by) = af (z) — bf (y) ,Vz, .

Bai toan 2.2.3.  f:R* - Rt lién tuc va f(z%") = [f (@)]"[f (v)]°, Yz, y > 0
Dt o = e,y =e”, g(u) = f(e") = g (au+bv) = [g (w)]"[g (v)], Yu, v
logrit hoa.

Bai toan 2.2.4. s:Rt —R*, lién tuc va

o g\ E AT 817
f<( ;y) )_lu<ﬂ ;U@ﬂ] oy o0

= [ () ?)] = s Dt g = iy

Bai toan 2.2.5.  f:R* — R+, lién tuc va f () = [M Yo,y >0

Bai toan 2.2.6.  f:R R, lién tuc va f (&) = LOHW 4 ;)% vay

NX:(x— y)2 =222 4+ 29% — 4(%) — f ( ) + 4(I+y) J"(ﬂﬁ)+4962JQrJ"(y)+4y2

Bai toan 2.2.7.  f:R* - R*, lién tuc va ayf (/Fy) = YO0 vy g s 0

» £ | f)
%j(g): T, Va,y > 0

Bai toan 2.2.8. Tim ham lién tuc thoa f:R — R, thoa

flx+y) = f(x)+f(y) + 22y, Vo, y

flaty)=f@)+fy) +22y,Vo,ye fe+y) — (@+y)° = [f(@) —2?] + [ () -] Yo,y
Sglz+y) =9@) +9W), 9@ =f(z)—2*
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Bai toan 2.2.9. Tim ham lién tuc thoa f:R — R, thoa

(z—y)flx+y) =zf(z) —yf (y),V2,y

(z—y)flt+y)=af(z)—yf () .Ve,yeaf () =yf(y) + (@ —y) f(z+y),Va,y
=saf(z)=(r+y) f(z+y) —yf 2z +y),Vr,y
Syf+@-yflaty)=@+y fx+y) —yfCr+y), v,y

=2yf (z+y)=ylf (v) + f 2z +y)],Vo,y

= floty) = f(y)+f2(2x+y),vx’vy¢o

Luu }//Z y+ 2z +y)=2(x+y) —
Dat: {”_y#o o f () = L) gy vy

v=2zr+Yy

Bai toan 2.2.10.  Tim ham lién tuc f: R+ - R, f (f(;y)) = f(2) f(y), Yo,y >0

bat: r(1) =

1 1
*)y_laf(m> _af(x),Vx>O.:>f<f(xy)> =af (zy),Vz,y >0
=af(zy) = f(z) f(y),Vz,y >0 f(zy) = fax)fiy),Vx,y>O



