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Dang 1.
Cau 1.

Cau 2.

Cau 3.

CP10: CHUNG MINH BAT PANG THUC VA TiM GTLN, GTNN

(HSG 7 huyén Vi Thanh+B6 Trach, 2017- 2018)

Aa,b,c . . U=a=b+l=c+2 a+b+c=l _ .
Cho ba s6 thoéa man va . Tim gia tri nhé nhat cta
c
Loi giai
0=a=b+l=c+2  O=a+b+l+c+2=c+2+c+2+c+2
Vi nén

= 0<a+b+c+3 =3c+6= 0=<4 <3c+6 o a+b+c=l)
\4!

-
Jcz-2=c=-—
3

Hay

2 a+b:§

Viy gid trinhé nhdtciia < 13~ khi dé
(HSG 7 huyén Viét Yén, 2017-2018)

, q P =[2013- x|+|2014- 4
Tim gié tri nho nhat cta biéu thic:

Loi giai
, |ﬁ‘| +|b| E|ﬂ + Ib‘| ,on=n a
Ap dung BDT , dau xay ra khi va chi khi
P =[2013- x|+[2014- x| =|x- 2013|+|2014 - x|

Ta co:
Pz[x- 2013+2014- x| =[l]| =1

b =0

- (x- 2013)(2014- x) =0 2013 <x <2014

Dau xdy ra khi va chi khi , hay
 MinP =1 __ 2013 =x =2014
Vay khi .
(HSG 7 huyén Thach Thanh, tinh Thanh Hoa, 2017-2018)
_a,b,c a+3c=2010:a+2b =2017
Cho cac so khong am théa man : . Tim gid tri l6n

I , P=a+b+c
nhat cua biéu thic .

Loi giai



a+3c=2016 (1) a+2h=2017 (2)

Ta co: va
. = g =2016- 3¢
Tu (1)
1+3
2b-3c=le b=—"".
Trir theo vé cua (2) va (1), ta duoc ~ Khi do:
. 143 ' 1| -Oc+3c+2 1
P=a+b+c=(2016-3)+ e = 30|m+_|+;:mm_- <
2 | 2) 2 2 2
1 ¢ 1
P =2016—- — =2016—
a,b,c 2 2 2
Vi khong am nén , dau “=" xdy ra khi va chi khi
¢ =0
a+3c =2016 i
—3 ; — —
a+2p=2017. 4 72010.0=2,c=0
hay
1 . 1
MuaxP :EDIG; a :Eﬂlh,b:;,c:D
Vay ~ khi - )
Ciaud. (HSG 7 huyén Hoing Hoa, tinh Thanh Hoa, 2017-2018)
B :M
. . Xy +2
Tim gié tri I6n nhat cta biéu thirc:
Loi giai
X 43 _.r:+y:+2+|_|+ 1
42 42 x4t +2
) xT+y +2 ,
16n nhat khi 16n nhat
(2
=0 i 2=2= 4 42
X,y yo=z s
V&1 moi ta co: nhé nhat bang 2, khi
1
B=—=1—
x =y =0 2
, khi d6
1
B_IE x=y =0
Vay GTLN khi .

Ciau5. (HSG 7 huyén Hoing Ho4, tinh Thanh Hoa, 2017-2018)

, 7 M =[2012- x|+ [2013- x|
Tim gié tri nho nhat cta biéu thuc:

Loi giai

q I e e ) B¢
Str dung bat dang thirc: . Dau “=" x4y ra khi *)



Cau 6.

Cau 7.

Ta co:
M =[2012- x|+|2013- x| =[2012- x|+ |x- 2013|=[2012- x+x- 2013| =|- 1| =I

. (2012- x)(x-2013) =0= 2012 <x <2013
Dau “=" xay ra khi
MinM =1+« 2012 =x =2013

Vay
(HSG 7 huyén, tinh, truong........... 2017-2018)
Tim gia tri nhé nhét hodc 16n nhat cua biéu thire sau:
x> +15
_ B =—
A=|x+1|+5 13
a) b)
Loi giai
A=x+1]+5
a)
X ‘x+l‘20=& A:|.T+||+525 oo x =-
Véi moi |, ta co: , dau xay ra khi
. Mind =5= x =-1
Vay .
z o)
B _x ﬂ+|5 1+ ﬂl.,
b) X +3 X +3
12 12 12 12
, ! >~ < "= _ " <= |+~ _<5
X o x 20 =2 x 432320 x+3 3 x4+3 X +3
0ol ,taco:
Véim
B " :" . ) X :0
Dau xay ra khi
. MaxB =5+ x =0
Vay .
(HSG 7 huyén Tan An, 2017-2018)

) A :|?r— Sy|+|2: - 3.r|+|_ry+y:+:r— 2000
Tim gié tri nho nhat cia |, biét:
Loi giai
X, 9,z |7x- 5y =0:[2z- 3x| =0:]xp + yz + zx- 2000/ =0
Véi moi ta co:
A =|T".r— 5y|+|3: - 3.r|+|.ry+y:+:r— ZDDD| =0

Nén

, |7x- 5y| =|2z - 3x| =[xy + yz +zx- 2000/ =0
Dau “=" xdy ra khi va chi

Co:

7x- 5y =0= Tx =5y = %:i (1)



Cau 8.

Cau 9.

X _y _&£
= —=—=—
‘ ‘ 14 15
Tu (1) va (2)
X _ ¥ _£Z —k
1077 =15 =K = x =10k —lk:z =15%
" 4)

k
k

2 x =20; y =28;z =30
x=-20;y =28,z =-30

Tu (3) va (4), tinh dugc:
Min 4 =0 (Cx, y,z) =(20;28:30) (x,y,2) =(-20;- 28;- 30)
khi va chi khi hodc
Vay
(HSG 7 huyén Huwong Khé, tinh Ha Tinh, 2017-2018)
a,b,c,d

Cho 13 cac sb duong. Tim gié tri nho nhit cua biéu thic:

A :|.r- a|+|_r- b|+|_r- C|+|_r- d|

Loi giai

|a|+|b| l_-"|a +b|._

=b . .
. Ap dung BDT dau

c=d

)

. , ..a
Khong mat tinh tong quat, gia str
. . .ab =0 .
bang xay ra khi ta co:

|.r— a|+|_r— a’| 3:|.r— ﬂ|+|ar - .r| 3:|.r— a+d - .r| =d-a¥x (I)
|.r— !:r|+|_r— r:| 3:|.r— !:r|+|c— .r| 3:|.r— h+c- .r| =c- b, ¥x (2)
Azc+d-a-b , "= , =
Suy ra , dau xdy ra khi va chi khi dau 6(l)va(2)xayra

‘ (c-a)d-x)=0 (x-b)Nc-x)=0= a<x=d b <y <c.
khi va va

. Mind=c+d-a-beb=x=c
Vay:
(HSG 7 huyén Mé Cay, 2017-2018)

o . P=x+x+1
Tim gid tri nho nhat cia
Loi giai

=0

x =
DKXD:



Cau 10.

Cau 11.

x20= Jr 202 x+fx 20 P=x+x +121

Ta co:
, =" X :0 Jwrl'.irl :D =X :D
Dau xay ra khi (thoda man BKXD). Vay
(HSG 7 huyén Viét Yén, 2017-2018)
. P =[2013- x|[+[|2014- x|
Tim gid tri nho nhat cua
Loi giai
|-ﬁ‘| +|EJ‘| 2|ﬁ' + I.{J‘| "n_n b >

Ap dung BDT , dau xdy ra khi va chi khi ¢ 0
P =[2013- x|+[2014- x| =|x- 2013|+|2014 - x|

Ta co:

P=[x- 2013+2014- x| =[l]| =I

o =n |l(.‘{'- 2':"'3}(2':"'4- .‘('):_"D 2013 =x <2014
Dau xday ra khi va chi khi hay
MinP =1l = 2013 =x =2014

Vay
(HSG 7 huyén B6 Trach, tinh Quéang Binh, 2017-2018) (HSG 7 Cam Pha)
p=a_
x+y=Lx=0,y >0 ; ] X ¥V a b
Cho . Tim gié tri nho nhat cta biéu thirc ( va 1la
hang s6 duong da cho).
Loi giai
x+y=Lkax>0iy>0= y=1-x
Ta co:
2 2 2 2 2 (x4 v vy i v L B
p@ b a1 B _a (x _})+b (x _}):a_+ﬂ_+h_+br
x oy x ¥ x ¥ x ¥
Do do:
R PR
x ¥
azy bzx
x oy n Re AR , , 1A D
va co tich khong d61 nén tong ctia chiing nho nhat khi va chi
Céc s6 duong
ﬂ :t‘?'_.‘{' = ﬂ:_]'.l: =hy = ay =bx < ﬂ(l - _‘() =hre=x=
— y a+b
khi
b
y=—"
+b

Khi d6 tinh duoc



Cau 12.

Cau 13.

Cau 14.

a b

GINN(P) =(a+b) YT Y T

Vay khi
(HSG 7 huyén Hoang Hoa, tinh Thanh Ho4, 2017-2018)
y :7.': -8
L oono 2n-3 . .
Tim sO tu nhién  dé phan so c6 gia tri 16n nhat
Loi giai
_7n-8 _2(n-8) 70n-3)45 7 5
“2n-3 2(2n-3) 2(22-3) 2 2(2n-3)
Ta co:
5
, , 2(2n-3) ,
Phéan s0 da cho c¢o gia tri 16n nhat khi va chi khi 16n nhat.
5
2(2n-3) 550 ) i 2(2n- 3) )
Phan s6 co trla 5, nén phan s6 c6 gia tri 16n nhat khi la s
, 2(2n-3) L 22n-3) = p=2
nguyén duong nhd nhat, ma la s6 chan nén =2 , khi do
A =6
A cy L 1 X . A L oam N 6 . n =2
Vay gia tri 1é6n nhat cua phan s6 da cho bang  khi .
(HSG 7 huyén Song Lo, 2017-2018)
, 7 P =|x- 2015|+|x- 2016|+|x- 2017|
Tim gia tri nhd nhat cia biéu thuc
Loi gidi
P :|.r— EDIS|+|2DIG - .~r|+|r— EDI?| :(|.~r— EDIS|+|2E}I? - .r|}+|.r - EDII.‘J|
x= 2015[+[2017 - x| =[x~ 2015+2017- 2| =2 w_u
Ta co: . Dau xay ra khi
2015 =x =2017 (1)
[x-2016/=0 W _w x =2016 (2)
Laico . Dau xay ra khi
. . o minP =2< x=2016
Tu(l)va(2)tacod
(HSG 7 huyén Séng L6, 2017-2018)

Cho bdn s6 nguyén duong khac nhau thoa man tong cta hai sé bat ky chia hét cho
va tong cua ba so bat ky chia hét cho . Tinh gia tri nhé nhat ctia tong bon s6 nay

Loi giai



Nhan xét: Vi trong bdn sé nguyén duong khac nhau ludn thoa mén téng cta hai s bat
L 2 . o L 3 .2 . .
ky chia hét cho  va tong cta ba so bat ky chia hét cho  nén bon s6 phai cung s6 du
3 . . . .
khi chiacho  va . D¢ co6 tdng nho nhat, moi trong hai s6 du nay la

 L713,19 1+7+13+19 =40
Tir d6 ta co6 céc so . Tong cua chiing l1a .

Dang 2. 1 (khong c6)

Dang 2. 2: Bit dang thirc vé chirng minh tong liiy thira

Caul.

Cau 2.

(HSG 7 huyén, tinh, trwong Huong Pién- Nam Hwong, 2017-2018)

1_+3__+4_+ +1DD5:{I
Chung minh -
Loi giai

Ta co

1 1 1 1
—_ e ==
27 12 1 2

1 1 | I
e ==
3 23 2 3

1 < 1 1 i 1
2005° 20042005 2004 2005

1 1 1 1 1 1 1 1
= —+—+—+....+ - ——- — . + -
73 4 2005 1 2 2 3 2004 2005
1 1

= —+—+—+.... + <]-

2 3 4 2005° 2005

1 1 1 1
= —+—+— + — <

22 3 4 2005°

(HSG 7 huyén Dong Son, tinh Thanh Ho4, truong Nguyén Chich, 2017-2018)

3 8 15 24 2499
B:1+E+E+E+ ........ +"'5C+D 5
Cho - ~7 . Chimgto  khoéng phai 1a s nguyén.
Loi giai

3 8 15 24 2499
B=—4%—+—+"+ _+

) 4 9 16 25 2500
Ta c6:
. 5 .
B=49-|1- i+|- §+I- EH - ﬁ+....+|- 2499
4 9 16 25 2500 |



Cau 3.

2 £ 5
M= L+L+L+L+ ...... L‘
2 3 4 5 507
Trong do
1 - | - 1
. ) (n+Dn »n° (n-Dn
Ap dung tinh chat
Ta co:
1 1 1 1 1 ‘ [ 1 1 1 1 1
R (- S S
127 3 4 5 5000 121 32 43 54 50.49
Mr.:l-_+_-_+_-_+i- +..... +L-L:-Lc
2 2 3 4 4 5 49 50 50
Ta lai co:
1 1 1 | 1 1 1 1 1 1 1
W —+ —+—+ — 4.+ —— == —+—- —+ - .+ —
23 34 45 50 5051 2 3 3 4 4 5 50
M;.l_L:ﬂ}[}
2 51 101
OD<M<l= B=49- M . .
Tir d6 suy ra , khong phai 1a mot s6 nguyén.
(HSG 7 huyén Anh Son, trueong THCS Tao Son, 2017-2018)
A :l:?;: + 13532 + 33?42 *oe + g!llgﬂl {l
Chimg minh rang: R ' ]
Loi giai
Ta co:
A= + 5ﬁ+ ﬁ? + o + 19
27 273 34 910
-1 ¥-2 4-3 10°-9
= + "t
"2 2°3 34 9°.10
1 1 1 1 1 1 1 1
:—.“—.‘+—_|‘—_|+—'—_|+ ...... +—
2 2 3 i 4 9 10
=1- 1,<l
10°

Dang 2. 3 (khong c6)

Dang 3. Bit dang thirc dang chi.

Caul.

(HSG 7 huyén Huwong Son, tinh, truong ............... 2017-2018)



a b c
+ + <2

b+l ac+l ab+l

0=g=b=c=

, =1 .
Cho ba s6 duong . Ching minh rang:
Loi giai
O=a=b=c=l
Vi nén:
| 1 c c
(a- D(B-1)20 = ab+1za+b = = = = (1)
ab+1l a+bh ab+1l a+bh
a a b b

=——(2): < (3)
bc+l b+c ac+|l a+c
Tuong tu:
a+b+cﬂﬂ+b+cﬁ4}
. bc+l ac+l ab+l b+c a+c a+b
Do do:

a b c 2a 2b 2c 2(a+h+c)
+ + < + + =

M: h+c a+c a+b a+b+c a+h+c a+bh+c a+hb+c
a.

=2 (5)

a b C
+ + <2

be +1 +1 ab+l
Twr (4) va (5) suy ra: c - . (dpcm)

Cau2. (HSG 7 huyén, tinh, trwong THCS Tran Hung Pao, 2017 - 2018)

. *€Q O<x<l x"<x nelN,n =2

Biét va . Chiing minh voi
Loi giai
K- x :.r(.r"" - l)

Xét

nENnz2 p<x<i=x""<l=x"-1<0 x>0= x"-x<0
Vi va , ma
Suy ra diéu phai chirng minh

Cau3. (HSG 7 huyén Mé Cay, 2017 - 2018)

a,b,c .
Cho la d¢ dai ba canh ciia mét tam gidc. Chirng minh rang:

ab+bc+ca =a +b +¢° <2(ab +bc+ca)

Loi giai

0 <(a- b)Y =(a- b)a- b)=a’- 2ab+b = a* +b >2ab
+Taco

b* +¢c* =2bc.c’ +a® =2ca;
Tuong tu:

> g +bh +bh +c +c” +a =2ab+2bc +2ca

= 2(a® +H +c*)=2(ab +bc +ca)

=a +bh +c’ zab+bc+ca (1)



Cau 4.

Cau 5.

a,b,c L
+) Vi la do dai ba canh ciia mét tam giac nén theo bat dang thirc tam giac ta co:

a<b+c, 2 4 a* <ab+ac
nhancd ve€évol duong ta duoc: .

h* <ba+bc,c <ca+ch
Tuong tu:
a +b* +¢ <ab+ac+ba+be+ca+ch =2(ab+bc+ca) (2)
Suy ra: .
Tur (1) va (2) suy ra diéu phai chung minh.

(HSG 7 huyén Nam Can, 2017 - 2018)

1 : 15 {5
O<a <a,<a <....<a; . a. +a, +a;
Cho céc so . Chung minh rang:
Loi giai
O<a <a, <a, <...<a;.
Voi: Ta co:

a, +a, +a, +a, +a, <5a,
a, +a, +a, +a, +a, <3a,
a, +a, +a,, +a, +a;, <5a;

a, +a, +...... +a,. <5(a. +a,+a,.)

Vay
(HSG 7 huyén Triéu Son, tinh Thanh Ho4, 2017 - 2018)

a,b,c .
Goi la d¢ dai cac canh cua mot tam gidc. Chirng minh rang:
a b c

- - <2
b+ c+a a+h

Loi giai
a a a+a
<|= < (1)
.a<b+c _ b+c b+c b+c+a
Vi nén
Tuong tu ta co:
+
b <|l= s < b+bh (2)
c+a c+a cH+a+h
[ c+c
<|l= < (3)

a+h a+h a+b+c



i b c
+ +

2a+2b+2c
=

. b+c c+a a+h
T (1) (2),(3)suyra:

Cau 6. (HSG 7 huyén Dwong Nam, 2017 - 2018)

a>2,b>2 ab>a+b
Cho . Chtirng minh
Loi giai
a=>23= I_
2

2 <
Tu

1
a

| a+h
— =] = =

a b ab
Suy ra

Vay ab>a+b.

Tai liéu duogc chia sé b1 Website VnTeach.Com
https://www.vnteach.com

a+h+c
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