bé 59
PE HSG TOAN 9 THANH PHO HA NOI 2023-2024
Céu 1: (5,0 diém)

1) Giai phuong trinh vx+3+v3x+1=x+3.
2) Cho a,b,c 1a céc s6 thuc khac 0, thoa man a’+ab=c’+bc va
a’+ac=b"+bc.

1+2

, I S a c
Tinh gi4 tri cia biéu thirc K= 1+B - 1+E .

Ciu 2. (5,0 diém)
1) Tim tat ca cac s6 tu nhién m,n théa man 3"+2022=n
2) Tim tat ca so nguyén to p dé phuong trinh x’+y’—3xy+1=p c¢6 nghiém
nguyén duong.
Ciu 3. (2,0 diém)

Véi cac sb thuc a,b,c théa min 0<a,b,c<1va a+b+c=2, tim gia trj 16n
ab bc ca
+ +
1+ab 1+bc 1+ca’

nhat va gia tri nho nhat ctia biéu thirc P=

Ciu 4. (6,0 diém)

Cho tam giac ABC nhon (AB<AC), ndi tiép duong tron (O). Cac dudng
cao AD,BE,CF cua tam giac ABC dong quy tai truc tdim H. Goi K,Q lan
luot 1a giao diém cua duong thang EF véi hai duwong thang AH, AO,

1) Chung minh A/QT?:90 °.
2) Goi I la trung diém ctia AH. Chirg minh IE*=IK. ID.
3) Goi R,J lan luot 1a trung diém cua BE,CF. Chlirng minh JR vudong goc
voi1 QD.
Ciu 5. (2,0 diém)

1) Tim tit ca cac sb nguyén a,b sao cho s6 a’+b|(b*+a] 12 1ap phuong cua
mot s6 nguyén t6.

2) Trén bang ta viét s6 tu nhién 222...2 gdm 2022 chit s6 2. Mbi budc ta
chon 22 chir s6 lién tiép nao do6 co chir s6 ngoai cung bén trai bang 2 ,
roi bién doi cac chit s6 duge chon theo qui tac: chir s6 2 doi thanh chit
56 0 con chit s6 0 d6i thanh chir s6 2 .

a) Chirng minh moi cach thuc hién déu phai ding lai sau mot sb hiru
han budc.

b) Gia sir sau khi thuc hién duoc n bude thi khong thé thuc hién duoc
thém budc nao nira. Ching minh n 1a s6 1¢.

——-Hét---



Pap an dé 59
Céu 1: (5,0 diém)
a) PKXDP xz‘?l.
Phuong trinh da cho dua vé (x+7—4Vx+3)+(3x+5-+/3x+1|=

+o— 2+ X+1— 2 \/74-3 2 o X=
o [Vx+3-2/"+[V3x+1-2)= e 1.

Két hop voi diéu kién xac dinh: phuong trinh ¢6 nghiém 14 x=1

b+c _c+a __a+b

b) Tu gia thiét suy ra: ala+b|=c(b+c|;ala+c|=b[b+c|=

b ¢
TH1: a+b+c=0suy ra atb=—c;b+c=—a;c+a=-b
a a+b -—c b —a c_—b —c —a —b
4= C = o= o= p=—- "= ""=-1,
Do d6 b b b c cC a a Suy ra b ¢ a
TH2: a+b+c#0
=>b+c 1_c+a 1= a+b +1= a+b+c:a+b+c:a+b+c=>a:bzc.
a b c a b c
S p=[1+9][1+2][14< |=8
uy ra b c a

Vay néu a+b+c=0 thi P=—1
Néu a+b+c#0 thi P=8
Céu 2. (5,0 diém)
1) Gia str m,n 13 hai sb ty nhién théa man 3"+2022=n".
TH1: m=0: Loai vi n®*=3"+2022=2023 khong phai 1a s chinh phuong.
TH2: m=1:n"=3"'+2022=2025=45"=n=45.
TH3: m>2.Khidén’=3"+2022:3=n":3
Dan t&i n*;9 hay 3"+2022:9
Diéu nay vo 1i vi 3":9 con 2022 khong chia hét cho 9
Vay m=1,n=45.

2) BlendOI(iu’OCp x+y —3xy+l=(x+y+1)[x+y +1—xy—x—y).
Vi p 1a 86 nguyen td, con x+y+1>1nén
X+y +1—xy—x—y=1=|[x—y[+[x—1/+y—1/=2.
Vi x,y 1a cac s6 nguyén duong.



ITU;lexﬁnuﬁ2u—yV=2@[§Zg

Két hop véi diéu kién ta dugc x=1,y=. Tir 46 p=4 ( loai)
TH2: y=1. Lam tuong ty ta dugc x=2,y=1. Tir d6 p=4 ( loai)
(x—1/=[y-1f=1
(x—y/'=0
Viy s nguyén t6 can tim 1a p=5 .
Céu 3: (2,0 diém)

Tim gia tri 16n nhat.

TH3: x>1,y>1 dan t6i = X=y=2.T{ d6p=5

o 111 9 .9 2
Ta co: ab+1 bc+l ca+l ab+bc+ca+3  [q+b+cf 13
3
12
c P<—.
Suy ra: 3

A s L, L 12 s £ . 2
Vay gia tr1 16n nhat cta P 1a 1—3;P dat gia tri 1on nhat khi a=b=C=§.

Tim gia tri nhé nhat. Khong mét tinh tong quat, gia sir 1>a>b>c>0,

VﬁOSaJchlrén(a—lﬂb—szosuyraab+12a+b,d&1dé1;:fzﬁl.

a+b b+c c+a
+ + <3.
ab+1 bc+1 ca+1

Chtrng minh tuong tu:

Tu do,
_a+b+c a+b+c a+b+c c a b < +a+b+c

2(3-P)= + + <1+1+1+

+ < <3+a+b+c=5
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1 bc+1 a ¢

Nén ta co 3—PS%=>P2%.

P SR 1 e 1a 1A 2 .
Vay gia tri nhé nhat cua P la E;P dat gia tri nhé nhat chang han khi a=b=1,c=0

Ciu 4. (6,0 diém)



1. Tt giac BCEF c¢b AEC=AFC=90°=Ti giAcBCEFIa ti giac ndi tiép.

= AEF = ABC ( ciing b BFE

Ké duong kinh APcuia (O) = ABP=90°(gbc ndi tiép chan nira duong tron)
CAP=CBP (goc ndi tiép cung chin CP)

—— e e

= AQE=90°
A AEH vudng tai E cOEM
I[E=IA=IH=AAIE can tai | = [EA=IAE.
Tuong ty MEC=MCE
= [EA+ MEC=IAE+MCE=90°=[EM =90°

, 1 , A X ., A
Ta co IE=IF =§AH (tinh chat trung tuyén tam giac vudng)

, 1 , 4 4 . A
Ta co ME=MF = 5 BC (tinh chat trung tuyén tam gidc vudng)
= MIla duong trung tryc cua EF=MI L EF .
N 1a giao di€ém cua EF va MI
=IE°=(.J (hé thirc vé canh va dudng cao trong AIEM vudng tai M .

v . , _IK
Mt khéc : AINK=AIDM (g.g) =75=75
=¢.3=IK.ID,

=IE’=IK.ID

3. Goi S la diém d6i xtmg vé6i F qua Q ; Goi T 1a diém ddi xing véi C qua

D.

Chung minh duoc TAF =CAS,

Xeét ATAF va A CAS co

TAF=CAS



AF=AS (tinh chat duong trung truc)
AT= AP (tinh chit duong trung truc)
=ATAF=ACAS(c.g.c)=FT=CS.

Miit khéc, theo tinh chét dudng trung binh: JQ=3SC va JD=3 FT suy ra
JD=JQ

Ching minh tuong ty ta c6 RD=RQ, suy ra JR ]a duong trung tryc cua DQ,
dan t&1 JR vuong goc véi QD .

Ciu 5. (2,0 diém)

1. Giasirab, 13 hai s nguyén duong thoa man (@*+Db)(D* +a) =p*

P 1a s6 nguyén td.
~ a=xh s A . a=nh \ 3:(a3+aj2 A 17 A A LA
RO rang vi néu thi P v0 1i do p 1a s6 nguyén to.

, ” 3
Khéng mét tinh téng quat, giasa @ >0 =D>Db"+a

a®+ b =p?
U?) ={Lp;p5p’t=yb* +a=p
Ta co p>ab
Vi

a=b—p*=(@E-b0)3+b=p*=0b"—bip=bb-1)(b+1)H*+
D((B*+1):p.

Taco? > PP +12Db+1>b+1>Db>0 pg g4 con 2 truong hop:
b=1
b*+1:p

THl:b=1=:-a3—|—1=(a—|—1]2=:-a=2;p=3_

THZ:E]‘L_FIEP.R(N)réngb(bE —I—a)—(b“—l—l]ipz:-ab—lEp(VéliVi
D-::ab—ltc:p).

Véya:Z-bzl-pZShoécazl-b:2-35':3.

2. Goi S 1a s6 chir 6 2 trong cac chir s6 dugc danh dau. Ban dau S=91, 13 s6
1¢. Trong 22 chix s6 lién tiép ludn c6 dang mdt chir s6 dugc danh dau, do
d6 mbi budc S ting 1 hodc giam 1, tirc 1a mdi bude S thay doi tinh chi n
1&. Cu thé 13, sau sb 1& bude thay thi S chuyén tir 1é thanh chin; sau sb
chén budc thay thi S chuyén tir chi n thanh 1¢. Néu S>0 , ton tai it nhat
mot ddy 22 chir sb lién tiép c6 chit s6 ngoai cuing bén trai 1a 2, tic 13 ta
con ¢6 thé thye hién duge it nhat mot budce nita. Do d6 dé ta khong thé



thuc hién dugc budc nao nira thi S=0 . Tir d6 s6 budc di thuc hién dén
lac dung lai phai 1¢, hay n 18.



