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Tuyén tap mot s6 bai toan bat ding thirc
trong ki thi chuyén toan 2020

Nguyén Nhit Huy, Chuyén Phan Bdi Chau - Nghé An

Ngay 15 thang 10 nam 2020

Tém tit noi dung

Vay la mot mila tuyén sinh vao 10 nita lai di qua v6i syt xuat hién clia nhidu bai toan hay va khé duge
céac sé dua ra. Va ciing nhu moi nam, bat déng thiic 1a chii dé tuy da qua quen thudc véi chiing ta nhung
né6 van la vin dé tuong d6i khé va can cac ban hoc sinh ¢6 ki ning phan tich va bién déi t6t dé giai quyét
ching. Véi danh nghia 13 mét hoc sinh da trai qua mila thi vita rdi va cling da d6 dugc 2 ngéi trudsng
chuyén néi tiéng 1a Chuyen KHTN Ha Noi va Chuyén Phan Boi Chau, t6i xin manh dan viét len chuyéen
dé "Tuyén tap mot sd bai toan bat déng thitc trong ki thi chuyéen toan 2020" v6i muc dich nhin lai cac
bai toan da qua va gitp cic em khoa sau c6 mot tai lieu dé on tap dat két qua cao. Trong tai lieu nay
t6i ¢6 trinh bay nhitng kién thic co ban va 161 gidi cac bai toan da thi trong mua thi vita roi, tiép dé 1
nhitng chuyén dé gitp cac ban nhap moén véi nhitng ki thuat khé hon. Pé hoan thanh chuyén dé nay, toi
xin cAm on t6i anh Nguyén Minh Tudn da chi day t6i ki nang st dung KTEX va thiét ké lén tai lieu ma
cac ban dang doc, bén canh dé anh ciing 13 ngudi tu van gitp t6i nhing van dé thiéu sét vé mit kién
thitc. Vi con chua c¢6 kinh nghiém nhiéu vé tudi doi ciing nhu kién thiic nén chic chin trong qua trinh
bién soan sé khong thé tranh khéi nhing thiéu sét, rat mong ban doc va cac thay co gép ¥ va boé qua.
Cubi cling xin cam on moi ngudi da ting ho va déi theo toi.
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1 Céc kién thic co ban vé bat dang thic.
1.1 MB®t sb ki hiéu sit dung trong tai liéu.

sl L1, 1
ab?  ab®> b2 ca?

cyc

IR I N W T S
poyee ab®>  ab?  ba?  ca®  ac® b2 cb?

O day cyc la viét tat cta cyclic va doi khi ciing ¢6 thé st dung Z dé thay thé Z, sym 1a viét tat cia

cyc

symetric.
1.2 Bt ding thiic AM — GM.

n n
Tong quat véi cac sé thuc duong z1, za, ..., , thi ta c6 Z:cl >n Hxl

i=1 i=1
Dau "=" khi v& chi khi 1 = 29 = ... = x,,. V6i n =2 vi n = 3 thi ta dudc 2 hé qud quen thuoc

a+b>=2Vab
a+b+c>3Vabe
n2

n
L1 az . N - 2 1
Ngoai ra bat dang thiic AM — GM ctang cé the phat bieu & dang mau so Z — >
— Xy

P .
i=1 E Z;
i=1

1.3 B4t ding thic Cauchy — Schwarz.

Cho 2 b0 s6 (w1, 22, ..., Tn) V& (Y1,Y2, ..., yn) khi d6 ta c6

() (5> (5=

Dau "=" khi v& chi khi cac s6 lap thanh cac bo sb ti le.

Dang cong méau Engel tong quat
n a~2 n 2 n -1
(2
4> () (2]
=1 =1 =1

2 2 2
v, @ry)S 14 dang ta hay gip nhét.

x
T do d —+ >
rong d6 dang 4 + b ot b

1.4 Diéu kién c6 nghiém clia phuong trinh.

Trong mot s6 bai toan danh gia min - max ta sé st dung t6i diéu kién c6 nghiém ctia phuong trinh bac 2.
Cho phuong trinh az? + bz + ¢ = 0 (a # 0). Khi d6 néu

(1) A = 0 thi phuong trinh ¢6 nghiém , dong nghia vé trai luon khong am hoac khong duong.
(2) A > 0 thi phuong trinh c6 2 nghiém phan biét.

Ung dung ctia kién thic nay sé 4p dung cho nhing bai tim diéu kién ¢6 nghiem dé suy ra min, max.
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2 CAac bai toan trong cac ki thi chuyén toan.

Cho a,b,c 1a cac s6 thyc khong am théa méan a + b + ¢ = 3. Tim gia tri nhé nhat cia
T=(@-13+®b-13+(c—-1)3.
Quang Binh

# Lai giai.
Ta bién déi gia thiét

T=(@-12+0b-173+(C-1)?
=a®>-3a>+3a—1+0> =302 +3b—-1+c —3%+3c—1

9 9 3
<a3 3a® + a)+<b3—3b2—|—1b>+(c3—302—|—10>+1(a+b—|—c)—3
3)\? 3)? 3\? 3
:a<a—§) +b(b—§) +C(C—§> + - (a+b+c)—3

4
) +oo-3) +e(e=3) -
(1—5) +b b_§ +c C_i 1

3

2 2
3
Via > 0; (a—§> >O,VaERnéna(a—§> > 0.

, o 3)? 3)? A 3
Tuwong tu v6i b, ¢ thi ta cé b b_i =2 0;c 6_5 20,nenT>—Z

=a

Vay GTNN cta T = —% khi (a,b,c) la hoan vi clia (2, Z,O). [ |

Cho céac nguyén duong z,y, z théa mén

1 1 1

+ + > 2020
TEY T HZ Yz

VY2 + 272 N V22 + 292 N \/a:2+222.

Tim gia tri nho nhat P =
xy 2y T2

Gia Lai
# Ldi giai.
Dé giai bai toan nay ta st dung hai bat dang thic phu sau.

i) Cho a,b 1a céc s6 thuc duong ta c6

IS
S| =
WV

a+b
Dau bang x4y ra khi a = b

ii) Cho a,b,c,d, e la cac sb thuyc ta c6

VTR +VELR+VE+ 22 (a+cte+(b+d+ )’

Dau bing x4y ra khi % =5 ‘. Day 1 1 truong hop nho ctia bat ding thic Mincopsky.

Phan chiing minh hai bat ddng thitc phu nay xin danh cho ban doc. Ap dung bat ding thic i) cho cac cip

(z,v); (y,2); (2,7) ta co
1 1<1 1) 1 1<1 1> 1 1(1 1)

sa\zty) s\t 2 ) <SS =+
vty “d4l\x oy yt+z 4\y 2/ wtz o 4dl\r oz
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P 1 1 1 P . .
Neén theo gia thiet suy ra — + — + — > 4040. Ta bieén doi bieu thic P, ta dudc
x Yy z

2 2 2 2 2 2
+ 2z e x4+ 2z

P =
Ty 2y Tz
2 2 2 2 2 2
—1-2:1: 2 2
2z
1 2
= —+—+ —+—+ —+—

Ap dung bt ding thiic i), va bat ding thiic vita ching minh ta c6

11 1)\? 11 1)\? 5 5
Pe(=4+-4=) +2(=+=+=) >14040? + 2.4040? = 4040V/3
r Yy =z r Yy =z
Vay GTNN ciia P = 40403 khiz =y =2 = ——. m

Cho z,y, z théa man z? + y? + 22 = 1. Chitng minh ring

:L‘Q y2 22

=
1+2yz+1+2x2+1+2xy

o] w

Dién Bién
# Ldi giai.
Theo bat déng thic Cauchy — Schwarz ta c6
ot

RS S e e
1+ 2yz 22 4+ 222yz T 22+ 2+ 22 4+ 2xyz (x4 y + 2)

Mat khac thi ta c6 danh gia

W =

2
(22492 +22)" > (wy +yz+a2)’ > 3eyz(x +y+2) = ayz (z+y+2) <

Nhu vay ta suy ra dugc
(22 + 32 + 22)° 1 3
224 y2 + 224 2zyz (e +y+2) " 2 5

1
+3

Bat ding thic duge chiing minh hoan tét. |

(&° +9°) - (@* +¢°)
(z=1)(y—1)

Cho x > 1,y > 1, chitng minh ring D = > 8.

Tra Vinh

£ Lof gidi.
Bién doi biéu thiic ban dau, ta dudc

po @) (@ +y’) Pe-Di+y-1 _ 2y @ty

-Dy-1) (@-HE-1)  y-1 z-17 z+y-2
Ta can chiing minh bat ding thic
( +y)°
r+y—27"
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Bién ddi tuong duong ta dudce hing ding thic rat dep
(x+y—4)7=0

Bat ding thtc trén luon ding nén ta c¢é diéu phai ching minh. Dau bing x4y ra khi z =y > 1

u Nhan xét. Day 1a bai toan rat cii n6 ting 1a dé chuyéen ctia Ha Noi nam 2003-2004.

3 b3
L ONeENTRY Cho a,b 1a 2 s6 thic am. Chitng minh ring % o+ — 2”0
a

Séc Trang
& L& giai.
Theo bat déang thic AM — GM ta c6
a@ a®  ad v slad.ad.b2 b 3, VP
T =gty ty g 23 — =t
b 2b 20 2 2b.2b.2 2 2 2
P p e @ e @, @
a 2 2 2 27 "\ 22a2 2 2
Cong theo vé 2 bat dang thiic trén ta c6 diéu phai chiing minh.
2 1
Cho a > 2, 3 251 Chiing minh rang b(a +b) > 17.
Bic Kan
4 L3 giai.
V6i a > 2 thi ta luon co
7a® > 14a® & o (Ta — 14)
Theo bat dang thic AM — GM ta c6
3 3
@ a .o ,
20 +1 _ 4(26°+1) 8ad+4 5 T TATIT 376363 4 140
b(a—0) a? a? a? a?
Vay bai toan dugc chiing minh.
Cho céc sb thuc duong a,b. Tim gia tri nhé nhat ciia biéu thitc
1 1
M:\/a2+b—2+\/b2+ﬁ
Kon Tum

£ Lo gidi.
Theo bat déang thitc AM — GM ta co

L R R R (L B

Déau "=" xay ra khi v& chi khia =0 = 1.
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Cho a, b, c 1a cac s6 thuc théa man abc = 1. Chitng minh réng

a?+1 bvV+1 2+1
c2a? a?b? b2c?

>alb+1)4+b(c+1)+cla+1)
Kién Giang

# Loi giai.
Ap dung bat déng thic Cauchy — Schwarz ta c6

Za2+1_z<a2b2 1 >>(Qb+bc+ca>2 a2+b2+62

a?c? c2a2bh? + a?c? 3 + 1

Nhu vay ta can chitng minh

1
g(ab+bc+ca)2+a2+b2+c2 > ab+be+ca+ (a+b+c)

1
<:>g(ab+bc+ca)2+(a+b+c)2—2(ab+bc+ca)>ab+bc—|—ca+(a+b+c)

1
<:>g(ab—l—bc+ca)2+(a+b+c)2—3(ab+bc—|—ca)—(a+b+c) >0

Mait khac ta lai c6
1
@ (ab+ be + ca)* = 3abc(a+b+¢) = g(ab—i—bc—}—ca)2 >a+b+ec.

@ (a+b+c)* =3 (ab+ be + ca).

Nhu vay bat déng thitc can ching minh luon ding, do dé ta c6 diéu phai ching minh. |

Cho ba sb thiec duong x, 9, z théoa man diéu kién x +y + z = 3. Tim gid tri nhé nhat cta
biéu thiic 3
+ -
TY + Yz +x2
Hau Giang
& Lo gidi.
Mot bai todn tuong ddi don gian, theo bat ding thic Cauchy — Schwarz ta co

9:(33+y—|—z)223(:L'y+yz+xz):>xy—|—yz+xz<3

Khi d6 biéu thitc 5 5
T=1+——"—"—2>1+-=2
Ty +yz +x2 3

Vay bai toan dudc giai quyét. [ |

(1) Cho a,b l1a hai s6 duong. Chitng minh ring.

@) e
a b~ a+b
1
(b) \/aQ—ab+362+1>Z(a+5b+2).
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) 1 . .
(2) Cho cac sb thie duong a, b, c thda man — + 7 + — < 3. Tim gia tri 16n nhat cta bieu thic
a c

1 1 1
P = =+ +
Vaz—ab+302+1 V2 —bc+32+1 V2—ac+3a2+1
Binh Phuéc
# Loi giai.
(D Y thi nhét.
N 1 1 4 P . .
(a) Ta can ching minh — 4+ — > . Bién doi biéu thitc ta duge
a b7 a+bd

1 1 4 a+b 4
- + ' 2 =
a b7 a-+bd ab a+b

& (a+b)? > 4dab
& a4 2ab + b? > 4dab
s (a—0)*=0

Bat ding thic luon ding Va,b € RT nén bat déng thiic duge chitng minh.

R 1 £ 3. .2
(b) Ta can chiing minh Va2 — ab+3b2 +1 > Z(a + 5b+ 2). Ta bién doi bieu thic

1
@aQ—ab+3b2+1>1—6(a+5b—|—2)2

& 16a® — 16ab + 48b% + 16 > a® + 25b% + 4 + 10ab + 20b + 4a
& 15a% — 26ab + 236> — 4a — 200+ 12 > 0
= 13(a—0)*+2(a—1)*+10b—-1)*>0

Luon ding Va,b € RT nén bat dang thitc duge chitng minh.

(2) Ap dung bat déng thic (b) ta c6

4 4 4
< + +
a+5b+2 b+5c+2 c+5a+2

Ap dung bat déng thitc i) nhiéu lan ta dugc

4 - 1+1 <1<1+1+1+1>
a+5b+2 T a+3b 20+2 4\a+b 20 20 2

1(1 1 1 1 1) 1 ) 1

<t \wtutmtwti) =i Ttz

da " 4b 20 20 2) 7 16a ' 160 ' 8

Tuong ty véi hai phan thic con lai két hop v6i gia thiét ta suy ra

P<3<1+1+1)+3<3
“8\a b ¢ 8 ~ 2

3 2 2z 2
Vay GTNN cua P = 3 khi a = b = c = 1. M6 rong doan ta c¢6 thée dung nguge bat dang

a+5b+2
thic Cauchy — Schwarz dang phan thic nhu sau
4 64 (1+5+2) 1 /1 5 1 5 1
= = S=lo+542)=—0—+—+<
a+5b+2 16(a+5b+2) 16(a+5b+2) 16 \a b 16a  16b 8
Bai toan dugc chitng minh. [ |
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[ ONeETBAEN Cho z,y, 2 1a cic sO thuc khong am théa man 2222 + y?22 + 1 < 3z. Tim gia tri nhd

nhat ctia bidu thic
1 8 422

b= @+’ w+3)? (122

Ha Tinh

# Loi giai.
. N 1
Deé giai bai toan nay ta chiing minh bo deé sau — +
1

v6i Va,b > 0

Tl ~

(12 )2

=

(a+b
L. sz 1 2
Ta c¢6 theo bat dang thic AM — GM tacé — + — > —
) a2 b2 7 ab
b 1 4
(a+0) 1 .
4 ab ™ (a+10)

1 7 ax
S 2 ———— V06i Va,b > 0. Khi d6 4p dung bo dé trén
b* " (a+0b)

1 1 8 8 8 64
> >

+ + > + >

12 1 2 32 1 2 32 1 2

(@+1) <—+1> (y+3) <x+—+2> (y+3) (:c+y+—+5>
2z 2z 2z

WV

Mait khac ab <

1
Nén suy ra — +
a

. . 1 3
T gia thiet suy ra la so duong va 2222 + y222 +1<32a 22+ y2 + = < -,
z z

1
Diat — =t suy ra 22 +y? +t2 < 3t. Ta co
z

64 256

P= 1 27 2+ 2y +t+10)
<$+y+2+5>

2x<w2+1
Taco <2y <y’+1 =2z +2y+4t <22 +y> +12+6 < 3t +6.
4t <t? 44
256 . , : 1
Suy ra2r +2y+t<6.Suyra P> ——— =1,dau” =" xdyrakhiz=y=1,2= _.
(6 + 10) 2
Vay gia tri nhé nhét ciia P bang 1. [

[ oNeEITRPE Cho ba s6 duong a, b, ¢ théa man Va2 + b2 + Va2 + c2 + Vb% + c2 = v/2021.

Chitng minh rang
a® N b2 N c? >1 /2021
b+c a+c¢ a+b” 2 2

Ninh Binh

& L3i giai.
Dat z = Vb2 +c2, y=vc2+a?, z=vVa2+b véizx,y,z2>0;2+y+2z=1+2021, suy ra

2_y2+22—x2 _:c2—|—z2—y2 2_:c2+y2—z2

b2
“ 2 : 2 r ¢ 2

Khi dé ap dung céc bat dang thic phu co ban

b+c< 2(b2+c2):\/§x,c+a§\/m2\/§y7a_|_b< 2(a2+b2):\/§z
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Suy ra
VT>3/27“22*932+22+x2*92+$2+92*22
2V/2x 2v2y 222
(45 ) () ()
:2\1/5 K(y;rxz)2+2$_3x)+<(Z;ryx)2+2y—3y>+<u‘;rj)2+2z—3z)1
> 2\15 [(2(y + 2) — 3z) + (2(2 + ) — 3y) + (2(z + y — 32)]
SuyraVT)Qxl/i(ererz):;\/?. |

L ONeETTREY Cho a,b, c 1a cac s6 thyc duong théa man abe = 8. Chiing minh rang

a b c 1, 59 5 5
< — b
it mra T as @ Tt

Ha Nam
“ Ldi giai.
Vi a, b, ¢ 1a cac s6 thyc duong théa méan abec = 8 nén ton tai cac sé thyc duong z,y, z sao cho
2x 2y 2z
a=—b=—c=—
Y z x
Bat ding thiic tré thanh
2 2 2
T z 2z 2 2z
7+% — = + Y +
Y z x y+z z4+zx x4y
Ta co 2 2 2 2 2 2 2
x z x z x z x z x z
3<2+y2+2>><+y+> >3<+y+>:2+y2+2>+y+ 2)
Y z x y 2z y 2z =z Yy z x y oz o
Mat khac ta lai c6
2 2 2
x z zx z
4L 2 Iy vE 22 2,V 2 (3)
Y z x yz zZzzx xY 2z T Y
Tir (2) va (3) ¢6
2 2 2
x z
2(—2+y—2 —2)>—+Q+— L
Yy z x z z
Lai c6
r Yy z T Yy =z 1 1 1 1 1 1
S+ S+t =a( - ) ry( =+ )+ (=+ -
y oz Yy Y z x Yy
4x 4y 4z
> + +
y+z z4+x xT+Y
Déng thitc xay ra khi va chi khia =b=c = 2. |

( ONeETRES Cho x,y 1a cac s6 thuc duong théa man 22 — ¢ > 2z. Ching minh rang z3 > 2.
Khanh Hoa
“ Ldi giai.
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Bién ddi gia thiét, ta dugc

x3

— P >2r e 2 — 22 >y° o 823 — 162 > 83
Tit day ta can ching minh bat ding thitc sau 823 — 162 < z°. Ta ¢6

823 — 162 < 2° < x(2® — 822 +16) > 0
Viz > 0 nén

(2% — 822 4+ 16) = z(a® — 4ot + 4+ 42 — 822 + 4+ 8) = 2(a? — 2)? + 42 (2 — 1) + 82 > 0

Neén 2? > 8y3 < 23 > 2y. Vay bat ding thiic dugc chitng minh. Dau béng khong xay ra.

[
a z 2 3 . 92 b2 62
@ Cau 15 Chocacsothl_rca,b,csaochoa}O;b25;025vaa +5+§<12.
Tim gi4 tri 16n nhat cia M = v/2ab — 3a + vac + 8c + 2+/c — 5.
Long An
# Loi giai.
Ta c6
2b—3
V2ab — 30 = \/a(2b — 3) < %
8 4 -5
c(a+8)<¥;2\/c—5 4(93—5)<++
Suyra M <a-+b+c+2. Taco
a?+1 b? +4 c® +381
a < b < G
2 4 18
Suy ra
2 2 2
b+e< —+—+— <12
a+0+c 5 + 1 + 13 +6
Tu day suy ra M < 14
Vay max M=14. Dau bing x4y ra chidng han la a = 1;b = 2;¢c = 9. |
L @NeETRIN Cho z,y la cac s6 thie duong thay ddi théa man dieu kien 22 + y? + xy = 3.
Tim gi4 tri nhé nhat va 16n nhét ctia biéu thitc M = 2% + y? — xy.

# Li giai.

Tién Giang
Bién déi biéu thic, ta duge

M =

3 =

32 +3y* — 3zy  3a? + 3y + xy — day N 322 +3y* +ay — 22* — 2y 2*+y?+awy
3 B 3 B B
Mait khac ta lai c6

1
3

M=a2?+y* —ay=2+y> +3zy —day <2 + 2 + 3zy + 2(2? +v°) =322 +9° + 2y) = 9

Vay min M = 1 khi va chi khi x =y = 1 hodic x = y = —1 va max M = 9 khi va chi khi x = —y = 1 hodc
r=-y=-1 |
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{ ONeETBNA Cho céc s6 thuc khong am a, b, ¢ thda man a + b + ¢ = 3. Chiing minh rang

V16a + 9+ V16b+ 9 + V16¢ + 9 > 11
Bén Tre

# Ldi giai.

Cach 1.

Céa+b+c=1maa,b,clacac sd thyc khong am nén 0 < a,b,c < 1.
Tac60<a<1l=d?<a. Nhu vay ta c6 danh gia

V16a+9=+vV4a+12a+9 > V4a? +12a+9=2a+ 3

Tuwong tu ta duge

V16b+9 > 2b+ 3
V16c+9 = 2¢+ 3

Cong vé v6i vé ta duge v/16a +9 + V160 + 9 + /16c+9 > 2(a+b+¢) +9 = 11.

DAu bang x4y ra khia =0 hoica=1vab=0hodacb=1va c=0 hodac c = 1.

Hay dau bang x4y ra khi (a, b, ¢) 1a cac hoan vi ctia bo (1;0;0).

Cach 2.

Dat z = v/16a + 9;y = V16b + 9; 2 = \/16¢c + 9, v6i x,y, 2 > 0, suy ra 2 +y% + 22 = 16.(a + b + ¢) + 27.
Maa+b+c=1=a>+y>+22=43.

Tuong ty nhu cach 1, ta chi ra duge rang 0 < a,b,c < 1. Vi

0<a<1=0<16a <16
29<166+9<25=>3<r<5=>(z—3)(z—5)<0=>2>-8r+15<0=>22<8 —15 (1)
Tuong tu ta duge
@ y* <8y —15. (2)
(2 2?2 <8z —15. (3)
Cong vé véi vé ciia (1), (2), (3) ta duge 22 + y? + 22 > 8(z + y + 2) — 45, ma 22 + y? + 22 = 43 nén

8x+y+z2) 28 r+y+z>11

Vay v/16a +9 + v/16b + 9 + /16c + 9 > 2(a + b+ ¢) + 9 = 11.
DAu bing x4y ra khi # = 3 hodic x =5 vA y = 3 hodc y = 5 va 2 = 3 hoidc z = 5.

(1) Néu z =3 ma x = /16a + 9 thi a = 0, théa man.
(2) Néu z =5 ma x = /16a + 9 thi @ = 1, thda man
Tuong tu véi y va z, tém lai dau bang xay ra khi (a, b, ¢) 14 cAc hodn vi ctia bo (1;0;0). [ ]
[ ONeETN S V6i a,b, ¢ 1a cac s6 thic khong am théa méan a + b+ ¢ + abe = 4.
Tim gi4 tri 16n nhat cta biéu thic P = ab + be + ac.
Chuyén toan Ha Noi
£ Lo gidi.
Cach 1. Khong mat tinh tong quat, gia sit a = max{a;b; c}.
Suyraa>1 (Vinéua < 1thibc<1,dan dén a+ b+ c+ abc < 4, trai v6i gia thiét). Véi a > 1 ta c6
P=a(a+b+c)—a®+bc=a(4—abc)—a®>+bc=4— (a—2)*+bc(l —a?) <4
Vay Max P = 4. Dau” =" x4y ra khi chang han a = 2;b = 2;¢ = 0. |
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L ONeETRE Vi a, b, c 13 cac s6 thuc khong am thdéa man a? + b? + ¢ = 2ab + 2bc + 2ac.
Chitng minh rang a + b+ ¢ > 3v/2abe.

Chuyén tin Ha No6i
# Loi giai.

Cach 1
Ap dung bat dang thic AM — GM ta c6

(a+ b+ ¢)(ab + be + ca) = 3V abe - 3V a2b?c = 9abe
& (4ab + 4bc + 4ca)(a + b+ ¢) > bdabe

& (a® + 0%+ ¢ + 2ba + 2be + 2ca)(a + b + ¢) > 5dabe
& (a+b+c)® > bdabe

& a+b+c>3V2abe

Vay bat ding thitc duge chitng minh.
Déu bang xay ra, vi du (a, b, c) = (4t,t,t) va cac hoan vi véi t > 0. |

[ @Ne:TIIN Cho z,y 1 céc s6 thyc duong. Tim gia tri nhd nhat ciia biéu thitc

(z+y)° . (z+y)°

x? 4+ y? xy
Binh Dinh
“ Ldi giai.
Ta c6
2 2 2 2
T+ T+ 2z xr° +
A:(Zy)QJF( 3/):1+2y24r VL
x4y Ty ¢ +y Ty

_3+( 22y x2+y2)+x2+y2
N x2 + 92 2xy 2xy

Ap dung bat déng thic AM — GM ta c6

2.

2zy +:U2+yQ> 2zy x2+y2_
2 + y? 20y~ \ 22 +9y2 22y

Déng thitc x4y ra khi

2zy 2 4y 4, .4 2 2 2 2\2 2 _ .2
:1:2—|—y2: 52y Sty — 2% :O<:>(a: —y) =0&er=y"sr=y

2, .2
Ta ¢6 = ty > 1, do do
2zy
9 2, .2 2, .2
A:3+< LA +y)+$ Y 304 1=6
z2 + y? 2y 2y
Vay gia tri nhé nhat ctia biéu thiic P 1a 6 dat dugce khi x = v. [
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[ ONeETVAN Vi a, b 1a cac s6 thiyc duong thay d6i. Tim gia tri 16n nhat ctia biéu thiic

1 1
el . )
(a+9) Va2 —ab+ 202 Vb2 — ab + 2a2

Ba Ria - Ving Tau

# Lo gidi.
Theo bat ding thitc Cauchy — Schwarz ta c6

1 1
5% <2 b2< >
(a+0) aQ—ab+2b2+b2—ab—|—2a2

2(a+b)* (3a2 + 3% — 2ab)
~ 24" = 303 + 6a2b2 — 3ab? + 207
_ 2(a®+b* + 2ab) (30 — 3b* — 2ab)
~2(a + b2)% — 3ab (a2 + b2) + 20202

a? + b? 2(t +2)(3t — 2)

> 2, ta duge S? <
a quoe 2% — 3t + 2

Chia t va méu cho a?b? va diit t =

. Ta ching minh

2t +2)(3t — 2)
2t2 — 3t + 2

<8 ()

That vay, bién doi bat dang thiic tuong duong ta dugc

(¥) & 32 + 4t —4 < 82 — 12t — 8 & 5% — 16t + 12 >
>

0
< (t—2)(5t—6) =0
luon diang do ¢t > 2. Do d6 S < 2v/2, déng thiic x4y ra khi a = b. [ |

p 1 1 1 N
{ ONeE(TWPY Cho céc so thyc z,y,z > 1 théa man — + — + — = 2. Ching minh rang
x Yy z

Vity+ze>vVr—1+y—1+vz-1
Binh Thuan

# Ldi giai.
Ta c6

2
2 - r—1 y—1 z z—1
(\/:1:—1-1—\/3/—1-1-\/2—1) _(f.\/ . +\/y.1/7 +Vz. . )

Ap dung bat déng thic Cauchy — Schwarz ta c6

2
r—1 -1 z—1 r—1 -1 z-1
(\/5.\/ + Y. LJr\/E.\/ ) <(:L“+y+z)( +Y + ):x+y+z
T Y z T Y z

Vay bat ding thitc duge chitng minh.

. 1 1 1
Dau” =7 xay ra khi va chi khi — + — + - =2 va =
x Yy z x

Nhan xét. Day la bai thi Iran 1988 tuy khong qua khé nhung can sy "khéo 1éo" vo cling trong viéc
van dung bat ding thiic Cauchy — Schwarz dé giai.
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[ eNeETWEY Cho a, b 1a cac s6 thue duong théa méan dién kien (a + b)? + 4ab < 12.
Chting minh rang

1 1
+ —— +2020ab < 2021
1+a 1450

Hung Yén
& Lo gidi.
Tt gia thiét ta c6 (a4 b)® + 4ab < 12 = 12 > (a + b)* + 4ab.
Ap dung bat déng thic AM — GM véi a, b 1 cac s6 duong ta dude a + b > 2v/ab, tit day suy ra

12> (2\/%)3 + 4ab

Giai bat phuong trinh nay theo an vab ta dudc

S8abvab + dab — 12 < 0 < 2abVab + ab — 3 < 0
= 2abvVab—2+ab—1<0

@2[(\/%)3—1}+(\/%)2—1<0
& (Vab—1) [2(ab+ Vab+1) + Vab+1] <0
& (Vab—1) (2ab+3vab+3) <0

Do a,b > 0 nén 2ab+3vab+3 > 0= vVab—1 <0« ab < 1. Ta chimg minh dugc bat ding thic sau

LS SRR (va—vb)" (Vab-1)
L+a 146" 1+vab ~ (1+a)(1+b)(1+Vab)

Bét déng thtc trén luon ding vé6i a,b > 0; ab < 1. Nhu vay suy ra

L + L +2020ab <

———— + 2020ab
l+a 140 1+ Vab ¢

N N 2 N
Dit vab =t (0 < t < 1) thi ta can ching minh ring T+1 +2020¢% < 2021. Diéu nay tuong ducng véi

(t — 1) (2020¢* 4 4040t + 2019) < 0

Bat ding thtic cudi luon ding, do vay bai toan téi day dude giai quyét tron ven.
Dau” =" xdy rakhit=1hay a =b = 1. |

[ ONet[1WW2Z8 Chiing minh rang véi moi s6 thyc a, b, ¢, d, e, ta luon co
A+t +d e >albtctdte)
Lam Dong

# L&i giai.
Bién ddi bat déng thitc can ching minh tuong duong
AP+ E P+ zab+cetrdte)
S da® +40° + 42 +4d> + 4> > da(b+c+d +e)
& (a2 — 4ab + 4b2) + (a2 — 4ac + 402) + (a2 — 4dad + 4d2) + (a2 — 4ae + 462) >0
& (a—20)° 4 (a—2¢)* 4+ (a—2d)* + (a —2¢)* > 0

Bat ding thtc luén ding véi moi a, b, ¢, d, e. |
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( @Ne:TVIY Cho a,b, ¢ 1a cac s6 thay doi dong thoi thoa man cac diéu kien

a+b+c=38
a’+ 0>+ =22

(@ Tinh ab + bc + ac.
E

(2) Chiing minh ring 2 < a,b, ¢ < 3

(3) Tim gi4 tri 16n nhat va gia tri nhé nhét ciia biéu thic P = a® + b® + ¢2.
Dai hoc Hué
# L3 giai.
(1) Bién ddi gia thiét ta dugc

(a+b+c)—(a®+0*+c?)  64-22

b+ = 21
av + bc + ac 5 5
(2) Bién ddi gia thiét ta duge

a+b=8—c

ab=21—c(a+b) =21 —c(8—¢c)=21—8c+¢?
Theo dinh 1y Viet déo thi a, b 1a nghiém ctia phuong trinh

22— (8—c)z+21—-8c+c*=0
Dé phuong trinh c6 nghiém thi
A_ (8—¢)* —4(21 —8c+¢?) _ =3¢+ 16c — 20 =0

2 2
10 " aa a0 :
Hay (3¢ —10)(c—2) <0< 2<c< 3 Tuong tu véi a,b ta c6 dieu phai ching minh.
(3) Bién ddi biéu thic P ta c6
A+ 03+ =(a+b+¢)* —3(a+Db+c) (ab + be + ac) + 3abe = 3abe + 8
Stt dung bat dang thiic § cau b) ta c6 he
(a—2)(b—2)(c—2) >0

(90 (B0) (2 o

490

Stt dung gia thiét va gidi hé trén ta duge 18 < abe < TR Thay vao P ta dugc
61< P <O
9
" ) 562 ,
Vay GTLN cua P = 9 GTNN ctia P = 62.
Bai toan dudc giai quyét. |
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@© Cau 26
a? + b? (a — b)*

(1) Cho 2 sb thyc a,b. Chiing minh rang — =2 ab+t PYEC DS

(2) Cho hai s6 duong a,b théa man dicu kien a + b < 3. Tim gia tri nho nhat clia bicu thic

20 7
Q_b—a—i-*‘i‘g

H6 Chi Minh

# L3 giai.
(1) Bién déi bat ding thitc can chitng minh tuong duong
2, 12 2 N2 2
a®+b > ab+ (a —b) N (a —b) > (a —b)
2 a’?+b>+2 2 a’>+b>+2

5 (1 1
& (a-b) (2a2+b?+2 >0

Vay bat ding thitc dau tien duge chitng minh.

(2) Theo gia thiét ta c6 —a > b — 3 nén

20 7 20 7 20 7
20
- (3—b)+fb+7b+f—18 2\/5 (B-b).5— 2\/767—18—16

20

5(3—b):7b

Vay GTNN ctia Q = 16. Dau béang x4y ra khi . T =b=1=a=2.
h=
7 b
Bai toan dugc gidi quyét. |

[ ONeE[TVIS Cho cac s6 thyc duong a, b, ¢ thdéa man diéu kién a + b+ ¢ = 9. Tim gia tri 16n nhat cta
biéu thic

_ ab + be o ac 1

" 3a+4b+5c  3b+4c+5a  3c+4a+5b vab(a + 2¢) (b + 2c)

Thai Binh

# Ldi giai.
Theo bat déng thic Cauchy — Schwarz, ta c6
5 2 4 (5+5+2)°
5(a+c) 5(b+c) a-+3b  6a+8b+10c
5 5 4 72

>
@a+c+b+c+a+3b 3a +4b + 5¢
ab < 1 <5ab H5ab 4ab >

& ——— < —
3a+4b+5¢c " 72 a+c+b+c+a+3b

) dab Ba+b
Véi hai so dz’dlr)lg a, b3ta h;(m co " —331) < a;—
That vay, be < “I 3(a—b)? > 0, bat dng thic luon ding, khi d6 thi
a

ab 1 <5ab 5ab 3a—|—b)
= < == =+ +
3b+4c+5¢c " 72\a+c b+c 4
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Bién ddi tuong tu, ta dugc

be 1 ( 5bc 5bc 3b+c)
<o +

3btdctba “T2\bta atel 4
ca 1 (50a 5ca 30+a)
T A L S + +
3¢+ 4da + 5b b+c b+a 4
ab bC ca 1 3
Do d6 b 3 .
048 S bt hc  Bbtdetba Betdatsh S12@TbTI=] (1)

Ap dung bat ding thic AM — GM, ta c6

4(a+b+c)=3a+3b+ (a+2c)+ (b+2c) 24</9ab(a+2c)(b+2c)
9> V3i/ab(a + 2¢)(b + 2¢)
ab(a + 2¢)(b+ 2¢) < 27

1 -1
< — (2)
\/ab +2¢)(b+2c) 27
. . 3 1 7
Tw (1) va (2) suy ra T' < 1 % = 10g° Dau dang thitc xay ra khia =b=c = 3.
7
T=—%khia=b=
Vay, max 108 ia=b=c=3.

Nhan xét. Bai toan nay da ting xuat hién trong ky thi Chon HSG Qubc Gia ctia Tinh Bic Ninh
2016-2017 véi do kho so véi hoc sinh THCS duge danh gia rat cao.

|
[ ONeETTVEN Vi a, b, ¢ 1a cac s6 thuc duong théa méan a + b + ¢ = 3. Chitng minh rang
ala+bc)®>  b(b+ac)? c(c+ ab)?
b(ab +2¢2)  c(bc+2a2)  a(ca+2b2) ~
Chuyén Khoa Hoc Ty Nhién vong 1
# Ldi giai.
Cach 1
Ap dung Cauchy — Schwarz ta c6
2 2 2 2 2 2 2324 2 2
VT = (a* + abe) (b° + abc) (¢® + abe) - (a® + b° + ¢ + 3abe) 1)

ab(ab+2c2)  be(be + 2a2)  calca + 2b2) (ab + be + ca)?

Trong 3 86 a—1;b—1; ¢ — 1 theo nguyén ly Dirichlet luon c6 hai sb ciing dau, ta cé thé gia st ring a —1;b—1
cting dau, suy ra
(a—1)b-1)20=ab>a+b—-1=2—-csabc>c(2—-¢)

Nhu vay ta dugc

M = a® +b* + ¢ + 3abe = a® + b* + ¢* + 3abe + 2(ac + be) — 2c(a + b)
> a? + 0%+ 2+ 3¢(2—¢) +2(ac+be) — 2¢(3 —¢) = 2(ab+ be + ca) + ¢ + 6¢ — 3¢* — 6¢ + 2¢
a? + b% + ¢ + 3abe

> 2(ab + be + ca) < a® + b? + ¢ + 3abe = 2(ab + be + ca) < > 2 (2)
ab + bc + ca

Tw (1) va (2) ta ¢
ala+bc)*  b(b+ ca)? c(c+ ab)?

=>4
b(ab+2c?) * c(be+2a%)  a(ca+ 2b?)
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Diu” =" xdyraa=b=c= 1.
Cach 2. Ap dung bat déng thic Cauchy — Schwarz ta c6

(a® + abc)2 (b% + abc)2 (c? + abc)2 < (a® + b2+ + 3abc)2

T = > 1
v ab(ab+2¢%)  be(be 4+ 2a?)  ca(ca + 2b?) (ab + be + ca)? M)
Ta can chiing minh
(a® 4+ b? + ¢ + 3abc) 54
(ab+ bc+ ca) -

That vay bién doi tuong duong ta duge

a4+ 02+ +3abe > d’(b+c) + b (a+c) +E(a+b)

s ad+ 0+ +3abe > a*(b+c) + b (a+c) +E(a+b)

sala—b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) =0
Bét déng thiic cudi ding theo bat ding thiic Schur.
Vay bat ding thitc duge ching minh. Dau” =" xdyraa=b=c= 1. |

Nhan xét. Bai toan nay 1a mot tng dung ciia bat déang thitc Schur nén véi nhiitng ai biét ré vé Schur
sé c6 huéng giadi va cach di rat nhanh tuy nhién bai nay con cach gidi dic biet hon ca la sit dung
nguyén ly Dirichlet. Dé ngusi doc biét 6 thém vé bat dang thitc Schur tac gia da gisi thiu thém ve
ing dung ctia n6 & phan sau clia tai liéu.

[ ONeETTVAE Vi a, b, c 1 cac s6 thie duong théa méan a + b + ¢ = 3.Chiing minh rang

1 1 1 2 b
3(—+—+——1> +1>4abc+3<3+—+3>
a b ¢ bec ac ab

Chuyén Khoa Hoc Ty Nhién vong 2

) L3i gii.
Bat dang thic da cho dugc viét thanh

1 1 1)\? 1 1 1 4 3(a®+b2+c2
3(7+7+7) —6(7+7+ >+4>—+ ( )
a b ¢ a

b ¢ abe abc
2 2 2 2
@3(14_1_1_1) +4>i+3(a +b°+c +2ab+2bc—|—26a)
a b abc abe
1 1 1\? 4 3(a+b+c)? 1 1 1)\? 31
@3<++> +4>—+7(aJr <) @3(++> +4>—
a b ¢ abe abe a b ¢ abe

Quy dong va it gon ta dua vé ching minh 3 (c12b2 + b2+ 02a2) + 4a?b%c® > 13abe, tuong duong
<3 (a2b2 +b%c* + a*c® —abe(a+ b+ c)) > dabe (1 — abe)
& 81 (a®® + b*c® + a’c* — abe (a + b+ c)) > 4abe ((a +b+c)® - 27abc) (1)
Khong mat tinh téng quat, gia stt a < b < ¢, ta cé cac phan tich sau
a?b? + 022 + a> —abe(a+b+c¢) = Ala—b)2 +ab(a—c) (b—c)
(a+b+c)® —27abe = (a+b+7¢) (a—b)* + (da+4b+¢) (a—c) (b—c)
Khi d6 (1) tuong duong
81cX(a — b)* + 8lab (a — ¢) (b — ¢) > 4abe (a4 b+ 7c) (a — b)? + 4abe (4a + 4b+ ¢) (a — ¢) (b — ¢)

Véia<b<cvaa+b+c=3, tacd 3 danh gia sau
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(D 81¢? > dabe(a + b+ Te).
(2) 8lab > 4dabc (4a + 4b + c).
@ (a—c)(b—c)=0.
Vay ta c6 diéu can chiing minh. |
L ONeETTIC{IN Cho 3 s6 thuc duong a, b, c. Chiing minh rang

a? — be o b2 — ac i 2 — ab S
202+ 0242 202 +a2+c2 22 +a?+b2 7

Ho6i An
# Loi giai.
Bat ding thic dugc viét lai nhu sau.
2(a® — be) 2(b? — ac) 2(c? — ab) 50
202 +b024+¢2 202 +a2+c2 22 +a2+b2 7
hay
(b+c)? (a+c)? (a + D) <3
202+ b2+ 2 202 +a2+c? 22+ a?+ b
. Ap dung bat ding thic Cauchy — Schwarz, ta c6
2 2 2
(b+c¢) < b 4
2624+ +c2 T a? 4+ a?+c?
Tuong tu
(a+ c)? a’ n c?
202+ a2+c2 " a?+b2 b2+ 2
(a +b)? a? N b?
22 +a2+b2 a2+ b2+
Ma
b2 2 o2 2 o2 b2 2402 B4 a4l

a2+b2+a2+02+a2+b2+b2+c2+a2+02+b2+02_a2+b2+b2+02+a2+02:

Cong cac vé theo vé ta c6 diéu phai chitng minh. Dau bang xay ra khi a = b = c. |

[ ONeE[TICIN Cho a, b, ¢ 1a cac sd thyc duong thoéa méan diéu kien a + b + ¢ = 3.
Tim gia tri nhé nhat clia biéu thic

p_ a+b+ b—i—c+ [a+c
c+ ab a+ be b+ ac

Nghé An

& Ldi gidi.
Ap dung bat déng thic AM — GM ta c6

4(c+ ab)(a+be) < (c+a+ ab+be)? = [(a+ ) (b+1)]?

(b+c+ac+ab)? = [(b+c)(a+ 1)
(a+b+ac+be)®=[(a+b)(c+1)?

4(b+ ac)(c + ab)
4(a + be) (b + ac)

NN
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Nhan vé véi vé ta dugc

[8(c + ab)(a + be)(b+ ca)]* < [(a+b)(b+ ¢)(c+a)*[(a+ 1) (b+1)(c+1)]?
(a+b)(b+c)(c+a) < 8
(c+ab)(a+bc)(b+ca)” (a+1)(b+1)(c+1)

Ap dung bat déng thic AM — GM cho 3 sé duong ta c6

6=a+1+b+1l+c+123(a+Db+1)(c+1) =82 (a+1)(b+1)(c+1) (2)

Tw (1) va (2) ta duge

a+b b+c [c+a (a+b)(b+c)(c+a)
P = >3
c—l—ab a—l—bc b+ca (c+ab)( a+bc)(b+ca)

Diu” =" xdyrakhia=b=c=1. Viy Pyin =3 khia=b=c=1. [

_ ONeE[1IcYS Cho céc s6 thyc duong x,y, 2 théa man x + y + 2z < 3. Chiing minh ring

2, 2 2, .2 DR
-+ y e+ z z°t+y T+y zZ+y T+ z
+ + +3<V2 + + 4/
\/zy(:c—{—y) \/$Z(l’+2) \/zy(z+y) (\/ xy \/ 2y 2 )

Da Ning

4 L3i gidi.
Ta c6 bat déng thitc phu co ban sau.
V6i a,b 1a 2 s6 thyc duong thi a + b < 1/2(a2 + b2). Ap dung danh gia nay, ta c6

2 4 92 2r
vy Y <.\ /Jo(z+y)
r+vy r+y

x2 + y? N 2 2(x+y)
zy(r +y) x+y Ty

Tuong tit két hgp véi bat dang thiic sau.

(VR 92
2. x+y*2 VI+y 2\/x+y+\/y+z+\/z+x>3

Chia ca hai vé cho \/zy ta dugc.

[IA

Ap dung bat déng thic phu & tren cho 3 sb ta dudc

VI+ty+Vy+z+vVzta</6(z+y+2z) <3V2

Vay bat ding thitc duge chitng minh.
Dau bang xdy rakhix =y =z = 1. |

Nhan xét. Day 1a bai toan rat hay ctia Belgium dé xuét trong IMO Shorlish 2009 da duge dung dé
ra trong rat nhiéu dé thi todn ctia mot s6 tinh ¢ Viet Nam.
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[ ONeETIEY Vi cac s6 thuc z,y thay doi théa man 1 < z <y < 5. Tim gié tri nho nhét
P:2(x2+y2) +4(z—y—zy)+7
Binh Duong

“ Lo gidi.
Bién ddi biéu thic ta c6
P:2(ac2—|—y2)—|—4(x—y—xy)+7:2(w2—2acy+y2)+4(:1:—y)+7
=20 -y +4(x —y) +2+5=2 -y +1)*+5

Vi2(z —y+1)%2 > 0 véi moi z,y € R, do vay P > 5. Vay GTNN ctia P = 5. Dau bing xay ra khi v& chi khi

y=x+1
1<z<y<5

Gii ra ta dugc x,y 1a cdc bo s6 théa man y =z + 1 va x € (0;4]. [

Nhan xét. Day 13 bai toan rat hay thoat nhin c6 vé nhu rat "khé" va diéu kién cong kénh lam céc
ban di sai huéng nhung thuc té bai nay rat dé tir ¥ tudng don gidn ctia bai nay ban doc c6 thé phat
trién ra mot s6 bai toan tuong tu. Dudi day 1a mot s6 bai toan tuong tu

(1) Véi céc s6 thie z,y thay déi théa man 1 < z < y < 15.Tim gia tri nhé nhét

P =2 (2> + 4y*) + 4 (3z — 6y — 2zy) + 29

(2) V6i céc s6 thie z,y thay déi théa man 1 < y < 2 < 15.Tim gia tri nhé nhét

P =2 (2 +4y%) +2(2z — by — 4dzy) + 11

[ ONeETTICY S Cho cac s6 duong a, b, c. Chitng minh rang.

8(a?+b2+c%)  27(a+b)(b+c)(c+a)

> 16
ab + bc + ac (a+b+c)?

Vinh Phuac

# L3 giai.
Ap dung bat déng thic AM — GM ta c6

8(a2~|—62+62)+27(a+b)(b+c)(c+a)>2 8 (a’+b*+ %) 27(a+b) (b+c)(c+a)
ab + be + ca (a+b+c)3 ab+bc+ca (a+b+c)3

(a+b+c)?
85 2T(a+b)(b+c)(c+a)
ab+bc+ca’ (a+b+c)3

]2¢fua+bﬂb+cﬂc+@
N (ab+bc+ca) (a+b+c)

Ta sé di chitng minh ring

12\/ 2(a+b)(b+c)(c+a)
(ab+bc+ca) (a+b+c)

>16<9(a+0b)(b+c)(c+a)=8(ab+bc+ca)(a+b+c)
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Bat ding thic nay tuong duong

ab(a+b)+be(b+c)+ ca(c+ a) > 6abe
a—i—b) (b—l—c) c+a
>
@< c + a +( b )/6
a b b ¢ c a
Sy T % 9) >
<:><b+a 2)+<c+b 2>+(a+c 2>/0

2 2 2
o la=b) N (b—2o n (c—a) >0
ab be ca

Dau bing x4y ra khi v& chi khi @ = b = c. Vay bat dang thiic duge ching minh. |

[ @NeETIL Y Cho a,b, ¢ 1a cac s6 thie duong théa man a? + b2 + ¢ = 1. Tim gia tri 16n nhét ciia

A= (14 2a)(1+ 2bc)

Bic Ninh
# Lgi giai.
Theo bat ding thitc AM — GM ta c6 1+ 2bc <1+ b%+c? =2 — a?. Tit dé suy ra
A= (1+2a)(1+2bc) < (1+2a)(2 —a?)
2+4a+6—3a%)? (—3a®+4a+38)?
L 6A = (24 4a)(6 — 3a%) < 2 “+4 @) _ | “+4“+ ) (*)
,b,e >0 N
Vi @ 0e nén 0 < a < 1. T dieu kién nay ta suy ra
A+ +c=1
@D —3a®>+4a+8>-3+0+8=5.
2 28 28 784
®—3CL2+4CL+8_—<\/§CL—\/§)+3<3:>(_302+4CL+8)2<9- (**)
196 98
T () v (k) ta suy ra 64 < o =A< 77
a?+v+ct=1 a:2
2 P 2 _ 2 3
Dang thic xdy ra & ¢ 2 +4a =6 — 3a & V10
b=c b=c=——
98
Va A=—. [ |
ay max o
—1 S
[ ONeETREi§ Cho 3 < a,b,c € R. Chiing minh rang
1+ a? 142 1+¢? 6
7 T 3 T 27§
1+3b+c 1+3c+a 14+3a+b 5
Dong Nai
# Ldi giai.
Bing phuong phap bién déi tuong duong ban doc dé& dang ching minh 3 bat déng thic phu sau
241 241 241
3a < 3«“;_);3[)< 3(1)2—*—);30< 3(6;_)

Ap dung cac bat ding thic phu trén ta c6

2 2
14+3b+c? 2(1+¢?) +3(1 +0?)
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Dit . =1 +a?; y = 1+ b% 2 = 1 4 ¢? bat dang thiic can chiing minh tré thanh

x Y z 3
+ + >
22 4+3y  2zx+4+32 2y+3z° 5

Ap dung bat déng thic Cauchy — Schwarz ta c6

2

Z T _Z T - (z+y+2)° >3(:L‘y+yz+mz)_§
22+ 3y 2zx + 3y~ S(xy+yzt+wz)” S(rytyzt+wz) 5

Vay bat déng thic duge ching minh. DAu bing xdy ra khi « = y = z két hgp v6i bat déng thic phu ta
duge dau bang khia =b=c=1.

Nhan xét. Bai toan nay thitc chat duge phat trién tit bai thi JBMO 2003.
JBMO 2003. Cho —1 < 7,9, z € R. Chitng minh ring

1+ 22 N 1+y? N 14 22
1+y+22 14+z4+22 14+z+9y27~

[ |
[ N eENTIKYM Cho 3 s6 thuc x,y, 2 théa man didu kien zy + yz + 2z + 4(z2 + y? + 22) = 15. Chiing
minh rang
w24y +22>3
Ninh Thuan
# LG gidi.

Ta ching minh bat ding thic phu co ban sau
2+ y? + 22 >y +yr+ a2
Chimng minh.
Pl ey tyrtaz o2+t + ) 2 2@y tyzta) e (e -y +@y—2)>2+(x—2)%=0
Vay bat ding thic phu duge ching minh. Ap dung bat ding thitc phu tréen ta c6
S+t +22) =4+ P+ D+ A eyt At P+ =15
Nén 22 4+ y? 4+ 22 > 3. Dau bing x4y rakhiz =y = 2 = 1. |

 ONeETcH S Cho ba so thyc z,y, z duong théa man zy + yz + xz + 2zyz = 1. Chitng minh réng

2 2 2
xm+y1 + yy+21 4 Zz+x1 > 22y2
Hai Duong
# Loi giai.
Ap dung bat déng thic Cauchy — Schwarz ta c6
o 2292 Y222 5202 N (zy + yz + 22)° 0

N xy+y yz+z xZz+<x - TY +yz+zr+x+y+=z
Ta c6 theo bat déng thic AM — GM thi xy + yz + zx > 33/22y222. Dit t = 2y + yz + 2z, tit gia thiét c6

4¢3
(1—t)2:4x2y2z2<2—7<:>(4t—3)(t—3)2 0=t>"

=
3
@:ry—i—yz%—zx?z
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P 1 1
Thay vao gia thiét duge 2zyz =1 — (zy + yz + zx) < 1 hay zyz < 3 Do d6
zy +yz + 2w > bayz < (vy + yz + 22)° > 6xyz (vy + yz + 21) (2)
Mat khac ta lai c6
(zy + yz + z2)? = 3 (xy.yz + yz.2x + zz.ay) < 2(xy + yz + 22)° > 6xyz (z +y + 2) (3)
Cong vé (2) va (3) thi ta dugc
3(zy + yz + 22)* > 6ayz (ty + yz + 20 + T+ y + 2) (4)
P N PN 1
Két hop cac danh gia G trén ta cé diéu phai chiing minh. Dau bang xdy rakhixz =y =z = 3 [ |
[ ONeE[T]'E Cho x > 0,y > 0 va oy = 4. Tim gia tri nho nhat clia biéu thic
3 3
7
Q= +
4y+2)  4(z+2)
Phu Yén
# Ldi giai.
Bién déi bat déng thitc can ching minh tuong duong
0= Ba+2)+ P y+2)  at+yt+ 2@+ y) (@ —ay + ) )
Ay +2)(z +2) 42(z +y) +ay +4]
Ta c6 cac danh gia
@ 't +y* > 227y (2)
@ 2* —ay+y* >y (3)
Dau” =7 trong (2) va (3) xdy ra khi z =y =2 (do zy = 4). Do d6
2,2
0> 2y + 2(x + y)xy .
42(x+y) + xy + 4]
Cung do xy = 4 nén
3248(x+y) z+y+4
> - —1=Q>1 4
@ 42 +y)+8 z+y+4 @ 4
Dau ” =7 trong (4) x4y ra khi ddu ” =" x4y ra trong (2) va (3). Vay minQ = 1 khi z =y = 2. [
[ OXeETTWIIE Cho z,y 1a cdc s6 thyc duong va o +y < 1.
34,3 3
(1) Chitng minh ring IE ;Ly > (:L‘—é—y) )
) . 1\? 1\?
(2) Tim gia tri nhé nhat ctia bicu thitc P = (1 +x + ) + <1 +y+ > .
T Y
Vinh Long

& L& giai.
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D Dat { TrY=s (s,v>0).

Ty =0
Gia thiét va cac bat ding thitc co ban gitp ta c6 nhung hé qua sau day
Béat dang thic can ching minh sé tré thanh

s3 — 3sv s3
_—

5 /§<:>s3243v.

Ma s > 0 nén ta c6 thé rit gon s va tit dé ta c6 didu phai chitng minh.

(2) Theo bat dang thic a) ta sé c6

1 1 1\° 4 \3
P?* 2+x+y+;+§ 2 2+1:+y+7

4 rT+y
4 \? 1 3\ _ 1 5 343
oyt ) = (o (o )+ ) 5 gy o 88
( Y T4y Y Tty T4y 4( ) 4
PR 1
Daubéngxéyrataix:y:a
Bai toan dugc gidi quyét. |

Bét déng thitc 6 § (1) con phét biéu tdng quat dudi dang

a™ + b" > <a+b>"
2 2

trong dé a,b € R;n € N*. Bat dang thitc nay cé thé chitng minh bing kién thiic vé dao ham ma ching
ta sé duge hoc 6 16p 11.

[ ON TN Cho a, b, c 1a cac s6 thuc c6 tong bing 0 va —1 < a,b,¢c < 1.
Tim gia tri 16n nhat ctia biéu thic P = a? + 2b% + 2.

Tay Ninh
# Ldi giai.
Cach 1. Vi -1 <a<1nén (a—1)(a+1) <0suyraa® <1 Tuong tub? c2<1.Doa+b+c=0nén sé
c6 2 s6 cing < 0 ho#ic cing > 0, khi d6 tich ctia ching > 0.
« Trudng hgp 1. Néu ac > 0. Khi d6 thi
P=a?+2(—a—c)* +c* =3a% + 4ac + 3¢* < 3a* + 6ac + 3¢ = 3(a+¢)> = 30> < 3
DAu bang xay ra chang han khi a =0,b=1,c = —1.
« Trudng hgp 2. Néu ab > 0. Khi d6 thi
P =a?+2” + (—a — b)* = 2a® 4 2ab + 3b* < 3a® 4 6ab + 36> = 3(a +b)*> = 3c* < 3
DAau bing x4y ra khia=0,b=1,c = —1.

« Trudng hgp 3. Néu bc > 0. Tuong ty truong hop 2.
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Vay gia tri 16n nhat ctia P 1a 3, dat dugc chéng han khi a = 0,b=1,¢ = —1.
Cach 2. Ta c6

14+a)1+0)(14¢) >
>

) >
+(a+b+c)+ (ab+bc+ca) +abc 20 = ab+bc+ca > —1
(1—a)(1—=b)(1-r¢) g

1—(a+b+c)+ (ab+ bc+ ca) —abc >0

Nhu vay ta dudc
P=b+(@®+b*+c) =0+ (a+b+c)®—2(ab+bc+ca)=b>—2(ab+bc+ca) <1+2=3

Dau bing x4y ra ching han khia =0,b=1,¢c = —1. |

Nhan xét. Day c6 thé xem la bai bat ding thitc c6 thé duge xem la dé nhat trong tap bat 2020 bsi
y tuéng qua don gian ctia noé.

L ONeETTVE Cho cac s6 thuc a, b.c théa man 3a® + 3b% + 8¢ = 32.
Tim gi4 tri 16n nhat cta biéu thic P = ab + be + ac.

Quang Tri
& Lo gidi.
Theo bat déng thitc AM — GM ta c6

a2+bg‘
2 )

b2+4c2' < a® + 4¢c?

b< I ~
a 1 ca 4

be <
Cong theo vé cac bat ding thiic trén ta c6

ab+be + ca < —(3a® + 3% +8¢%) = 8

e e

Dau” =" xdy rakhia =b = 2c = 2.
Vay gia tri 16n nhat ctia P 1a 8. |

[ ONeENTR KRS Cho x,y 13 hai s6 thuc théa man 22 + 5y% + 4zy + 3z + 4y = 27.
Tim gia tri nhé nhat, 16n nhat cia M = x + 2y.
Quang Ninh

£ Lo gidi.
Bién ddi gia thiét ta dugc

Vay M 16n nhat 1a khi 2 = 2,y = 1, M nhé nhat 13 khiz = -9,y =1 |

(L ONeE[TN'YS Cho céc s6 thuc duong x,y, z théa man diéu kien z +y + z = 3.

S Email. nhathuyalk49c3pbc@gmail.com €3 Tap chi va tu liéu todn hoc



Nguyén Nhit Huy £ Tuyén tap bat ding thirc thi chuyén toan

Tim gié tri 16n nhat cla biéu thic H = 3zy + y2? + za? — 22y.
Quang Nam
# Loi giai.
Khong méat tinh téng quat gid st 0 < z <y < z. Ta c6

(y—2)(y—z)<0ey? —ay—2y4+22<0
@y +rzz <2y + 2y
@yw—l—mz xyz—l—:cy
&2’z +y’r + 22y <ayz + 2Py + 2Py =y (222 + 27 + 2°) —ayz

1
izt P+ 2y <ylr+2)° —ayz = 5.2y(m+z) (z+2) —zyz

11
< <3 2—7(2x+2y+2,z) —xyz =4 —xyz
& g’ z—i—y T+ z y—l—xyzgél.
Mat khéac ta lai c6
H =3zy+yz? + 222 — 2%y = (z + y + 2)ay + y2° + 22° — 2%y = 2?2 + y?x + 22y + 2y2
Ap dung két qua trén ta duge H < 4.
Vay gia tri 16n nhat cia biéu thitic H bang 4. Dau bing xay ra khi va chi khiz =y = 2z = 1. |

[ ONeETN' LY Cho x,v, z 1a ba s6 thuc duong, tim gid tri nhé nhat ctia biéu thitc

V222 — zy + 242 \/2y yz+2z2+\/222—z:v+2x2

S =
z+y+ 2z Y+ z+ 2z z+x+ 2y

Quoc Hoc Hue

# Ldi giai.
Ta c6 danh gia sau

V22 —xy + 2y% = \/2(:c—|—y)2 — bry > \/2(:1:+y)2— Z(m+y)2 = \f(az—i-y).

Tuong tu ta co

V2y? —yz+222 > \gg(y—i-z)

3
222 — zx + 222 > \2[(24-3:)

V3 r+y Y+ 2z z2+w
- + + .
2 \e+y+2z y+z+2x z+x+2y
bata=x+y+22,b=y+2+2z,c=2+x+ 2y, suy ra

Tu day ta suy ra .S >

n b+c—a n c+a—"> n a+b—c
x =0 =2+ =—"
Yy D) 'Y B ) 5
Khi dé thi
S)f(b+c—a+c+a—b+a+b—c>
2 2a 2b 2c
f(b%—c ct+a a+b ) V3 3V3
> Y2 —3)>YX2(—-3) =22
~ 4 a + b + c 3) 2 4 (6-3) 4
3v3
Vay GTNN ciia biéu thu’cS—— DAu bing xdy rakhia=b=—c¢ |
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[ ONeETNY Cho z,y > 0 théa man x + y = 1. Hay tim gi4 tri nhé nhat cua biéu thiic.

1 1 17
_ 2, - 2, — ) _ L
P—(a: +y2) (y +x2) 16

Cao Bang
“ Ldi giai.
Ap dung bat déng thic AM — GM tacoé 1=z +y > 2/Ty < 2y <

Bién déi bidu thitc P ta c6

1 1 17 1 17 1 15
P=(r+ ) (Pr ) ot w2 g

Ap dung béat ding thic AM — GM va bat ding thic (1) ta co

)t g 1oz s+ 2y Dy
2562272 2562292 16~ 8 16 16

)4 Z N 1
Vay GTNN ctia biéu thitc P = 17. Dau bang xay ra khi x =y = 5

Nhan xét. Bai toan trén la bai toan tiéu biéu cho dang toan vé diém roi mot dang todn quan trong
xuat hién rat nhiéu trong dé thi chuyén 1an dé thi vao cap 3 la dang toan dé ning vé ky thuat dé giai
dang toan nay cac ban can c6 sy nhin nhan nhanh vé diém roi ctia bai toan dé co huéng di ding.

{ ONeETTYE Cho a, b, c 1a cac s6 thyc duong. Chiing minh rang

a? b2 2

+ +
5a24+ (b+¢)® 502+ (a+c¢)® 52+ (a+b)?

<

W =

Bic Giang
# L3 giai.
Bién ddi vé trai cia bat diing thic can ching minh, ta ¢
Za—2_z a’ _Z} (2a + a)?
5a2+ (b+c)? = (2a2+bc).2+ (a®+ b2+ %) <=9 (2a® + bc).2 + (a® + b2 + c?)

cyc cyc cyc

Ap dung bat déng thic Cauchy — Schwarz nguge, ta duge

1 a®+b2+ 2 2< a? b? c? )

9aZ+m2+c2 ' 9 2a2+bc+2b2+ac+202+ab

VT <

Dé chitng minh bat ding thitc dau can chiing minh bat dang thitc sau

a? n b2 n 2 <1
202 +be 202+ ac 22 +ab

111 Lz N
bat (a,b,c) — <, -, ), bat dang thic can chiing minh tré thanh
'y z

1

a? o 2 o Yz
a2, T, T T2y

2 yz
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Ap dung bat ding thic Cauchy — Schwar ta da ching minh duge

yz 1( x? ) 1 a? b? c?
I _ (3= — )] <=3B3-1)=1«< <1
Z:132—1—2?;2 2 Zx2+2yz 2( ) 2a2+bc+2b2+ac+202+ab

Vay bat ding thitc duge chitng minh. Dau bing xdy ra khia = b = c |

L ONeETW EE Cho s6 thyc duong z,y, z thda man zy + yz + 22 = 3zyz Chiing minh

z Y Z
<
\/3y2z2 + zyz * \/3:13222 + zyz * \/3x2y2 + zyz

9
2

Chuyén tin Pha Tho

# Ldi giai.
. 1 1 1
Tt gid thiét zy + yz + 22 = 3xyz ta c6 — + — + — = 3.
r Yy =z
1 1 1
bata=—,b= —,c= —, ta dugc a,b,c > 0;a + b+ ¢ = 3. Khi dé6 ta phai chitng minh
T Y z
be ca ab 3

+ + <5
V3a+bc V3b+ca V3a+be 2
That vay, thay a + b + ¢ = 3 vao bat dang thiic can chiing minh ta dudc

be be be
V3a+be V(a+b+c)a+be N V(a+b)(a+c)

Ap dung bét déng thic AM — GM cho 2 sb

, ta dugc
a+b a+c

be bc( 1 1 >
S5 \l—+t—
(a+b)(at+c) 2 \a+b a+tc

Tuwong tu thi ta cling c¢6 cac danh gia

ca <ca( 1 n 1 >
\/3b+ca\ 2 \b+a b+c

ab <ab< 1 n 1 )
s/3c+ab\2 c+a c+b

. . L s b b b 3
Cong vé véi ve va bien doi ¢ + ca + a < atbte —.
V3a+bc V3b+ca 3c+ab 2 2

Déng thic xdy rakhia=b=c=1hayz =y =2 = 1. [ |

[ ONeETN' 'R Cho x, vy, z 1a cac s6 thyc duong. Chiing minh bat ding thic

\/TY i 1 o 2\/yz S 9
14+ yz Jry+ /yz 1+ Jzy ~

Phi Tho

& Lo gidi.
bit /Ty = a; \/yz = b bat ding thic can ching minh tré thanh

a n 1 n 2b S 9
14+b a+b l14+a”
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Ap dung bat ding thic AM — GM ta dugce

a+1+2b_a+1+2b>a+1+4b
1+b a+b I+a 1+b a+b W(1+a) 1+b a+b 1+a+2b

Ta can chitng minh
a 1 4b

> 2
1+b+ a—{—bjL 14+a+2b
Dén day bién ddi tuong duong ta duge 1 hing déng thitc rat dep

(a—1)%*(a+b+1)>0

luon ding vi a,b > 0.
Vay bat ding thitc duge chitng minh. Dau bang xdy rakhia=b=1hayr =y =z = 1. |

Nhan xét. Bai toan nay khong qua khoé nhung céch dit an c6 phan don gian da lam bai todn cé vé
nhin la m#t. Ngoai ra dé chitng minh bat déng thitc cudi ching ta cé t6i 2 cach lam dé gidi ngoai trit
cach 1 da néu & treén dé la st dung bat déng thitc Cauchy — Schwarz cong viéc nay téc gia xin danh
cho ban doc.

[ ONENTRIN Cho a, b, c 1 cac s6 thuc duong. Tim gia tri nhé nhat ctia biéu thitc

3(ab+bc+ac)  (a+b+c)?
a? + b2 + 2 abe

Dak Lak

# L3 giai.
Ta c6 danh gia sau
(a+b+¢)? (a+b+c)(atb+c)’

_ (Y1 LN o o
abe - abe _(bc+ca+ab) [a o+ —|—2(ab—|—bc+ca)]

> 2 2 2 9

Yot oa T ab [a® +b° 4 ¢® + 2 (ab + be + ca)]
9 2 b2 2

_ (a + +C)—|—18
bc + ca + ab

Khi dé6 thi
>3(ab—|—bc+ca) 9 (a* 4 b* + ¢2)
a? + b% + ¢? be+ ca + ab

Theo bat déng thitc AM — GM ta co

+18

3(ab+bc+ca) 3(a®+b*+c?)
=6
a? +b% + be + ca + ab

6 (a®+ 0% + ¢
(a C)>6.Suyrap>6+6+18:30.
bec + ca + ab

Vay gia tri nhé nhat ciia P bang 30 khia = b = c. |

Miit khéc thi a2 + b2 + ¢ > ab+ be + ca, nén

[ ONeETTRNN Cho cac s6 thyc duong a, b, ¢ théa man a + 3b + 5¢ = 2020. Tim gia tri 16n nhat cta

. 3ab o 15bc i Sac
" a+3b 3b+5¢c a+5c

Thai Nguyén
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& Lo gidi.
Ap dung bat déng thic AM — GM cho hai s6 duong a va b ta c6

<a+3b>2
3ab 2 _a+3b
a+3b > a+3 4

Chitng minh tuwong tu ta co

15b¢ <3b+5c' 5ca <5c—|—a
3b+5¢ 4 'be+a o 4

2
Tit d6 suy ra P < W — 1010.

. 2020 2020 2020 404
Vay gia tri 16n nhat ctia P 1a 1010 khi va chi khi a = 3b = 5c = 5 hay a = T;b: 5 jc= = |

[ ONeETTIYA Cho ba sb thuyc x,y, z théa man cac diéu kien

> 1 > 1 > 1
x> — =, 2> ——
18y 7 2020

18 7 2020

P
18z + 17 + Ty + 6 * 2020z + 2021
Tim gia tri 16n nhat ctia biéu thitc A = (18z — 1)(7y — 1)(2020z + 1).
Tin Thanh Héa

# Ldi giai.

Ta c6
18 7 2020 Ty — 1 2020z + 1

18z + 17 Ty+6

2020z +2021 Ty +6 * 20207 + 2021
Ap dung bat ding thitc AM — GM cho hai s6 duong ta c6

18 Ty—1  2020=+1 _ [Ty—1 20202+1
18z +17 7 Ty+6 ' 2020z +2021 ~ “\/ 7y +6 2020z + 2021

Tuwong tu ta c6

7 >\/18:r—1 2020z + 1
Ty+6~ "V 18z +17 2020z + 2021

2020 N 18z —1 7y—1
2020z 4+ 2021 ~ "\ 18z +17 Ty+6

Nhan céac bat dang thite (1), (2) va (3) vé v6i vé ta duge

18.7.2020 (18z — 1)(7y — 1)(2020z + 1)
(18x + 17)(Ty + 6)(20202 + 2021) ~ " (18z + 17)(7y + 6)(2020z + 2021)
18.7.202
Suy ra A < w = 31815
. 1
Dau” =" Xéyrakhivachikhix:§;y: 9, _ 1009
5 99 %64)09 2020
a A=31815khix=—;y= —;2= ——.
Vay max 31815 khi = 97y 14,,2 2020

S Email. nhathuyalk49c3pbc@gmail.com @ €9 Tap chi va tu liéu todn hoc



Nguyén Nhit Huy £ Tuyén tap bat ding thifc thi chuyén toan

Nhan xét. Bai toan nay thuc chat dugc phat trién tit mot bai toan rat cit v ki thi chuyén cia sé
Thanh Hoéa da ting st dung dang toan nay ra dé vao nam 2005-2006. Dué6i day 1a cac bai toan tuong
tu danh cho ban doc

1 1 1

(1) Cho ba sb thuc a, b, c théa man cac diéu kién + + = 2. Tim gi4 tri 16n nhat
a+1 b4+1 c+1

ctia bidu thic abe.

) 1 1 1 )
(2) Thanh Héa 2005 - 2006. Cho ba s6 thuc z,y,2z > 2 vi — + — + — = 1. Tim gia tri 16n nhat
7 Yy %
ctia bidu thite (z — 2)(y — 2)(z — 2).

[ |
{ ONeETRES Cho a, b, c 1a cac sd duong thoéa man 2a + 2b + 2¢ + ab + be + ca = 24
Tim gi4 tri nhé nhat cia biéu thitc P = a? + b + 2.
Nam Dinh dé thi thi chung
# Loi giai.
Ta c6 bat déng thitc a® + b* > 2ab, b* + ¢ > 2be, ¢ + a® > 2ca.
a?+4>4a,b>+4>4b,* 4+ 4 > 4c

Cong trit vé ta duge 3(a? + b2 + c?) + 12 > 2(2a + 2b + 2¢ + ab + be + ca) = 48.

Suyra P>12v6ia=b=c=2thi P =12.

Suy ra gia tri nhé nhat cta P 1a 12. |
[ ONOETTNLY'S Xét a, b, c 1a cac sO6 duong théa man va+ 1+ vVb+1++c+1=6. Tim gia tri nho
nhat ciia biéu thtic

P=+va2+ab+ b2+ /b2 +bc+ 2+ a2+ ac+ c2
Nam Dinh vong 1
# Loi giai.
Trudc tien 4p dung bat ding thic AM — GM ta c6 danh gia
a’+ b > 2ab & (a2 + b2) + 3a® + 4ab + 3b% > 3a® + 6ab + 3b°
& 4a® + 4ab + 4b* > 3a® + 6ab + 3b
& 4(a® +ab+b?) > 3(a +b)?
& 2vVa2 +ab+ b2 > V3 (a+b)
Tuwong ty thi ta cling c6
202 +be+c2 > V3(b+c)
2va2 +ac+c2 = V3 (a+c)
Tit d6 suy ra duge P > /3 (a + b+ c). Ta c6 danh gia co ban sau
(x+y+2)7°< 3 (2% +y* +2%) s@-—y’+Wy—27+kE-2°20
Ap dung danh gia nay ta suy ra
2
(Va+1+Vo+1+Ve+1) <3(a+btc+3)=atbtc>9

Mit khac P > V3 (a+b+c) = P > 9V3.

Déu bang x4y ra khi a = b = c = 3.

Vay GTNN ciia biéu thic 1a P =9v/3 khia=b=c = 3. =
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[ ONet[TR1 8 Cho a, b, ¢ 1a cac s6 thie khong am théa man diéu kién a + b+ ¢ = 1. Chiing minh rang

1
&+§+§<§+&+#+&

Nam Dinh vong 2
# Loi giai.

batp=a+b+c=1, ¢g=ab+ bc+ ac, r = abc.
Bat déng thic can ching minh duge viét lai.

1
1—3q+3r<§+1—4q+2q2+4r

Hay béat dang thic dugc viét lai thanh.

1 4q —1)*
f—q+2q2+r20@M+r

0
8 8

WV

Vi bat déng thiic trén luon ding nén bat dang thitc duge chitng minh.
. s 11
Dau bang xay ra khi (a,b,c) la hoan vi ctia bo (0 ) [

32

) . 1
@ Choar}ILthngﬁétminhélﬁﬁmcﬁalﬁéuthﬁbl4::2$2+-§—.
i

(2) Cho a,b, ¢ thyc duong a + b+ ¢ = 1. Chitng minh ring

a b c
+ +
a++va+bec b++vb+ac c++c+ab

<1

Lao Cai vong 1
% Lo giai.
(1) Mot cau tuong dbi don gian, them bét va 4p dung bat ding thitc AM — GM, ta dugc

g o L L M1
30 6 6z 6z 6 2 6 6 3

Dau "=" x4y ra khi z = 1.

) Ap dung béat ding thic Cauchy — Schwarz ta c6
2
a+be=aa+b+c)+be=(atb)(a+c)>(Vab+ Vac)

Do d6 ta dugc
a < a B Va
a+Va+be  a+Vab+ ac Ja+vVb+./e

Ta cling c¢6 cac danh gia tuong tu

b o Vb c o Ve
b+vbtac  Va+Vb+ye ctvetab  a+Vb+ /e
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Cong theo vé cac bat dang thic lai, ta duge

a N b N c <\/5—|-\/5+\/5_1
a+vVatbe b+vVbtac cH+etab  Ja+Vb+ e
1

Vay bat ding thic duge chitng minh. DAu bang xdy rakhia =b=c = 3

(1) Cho a,b la cac s6 thyc théa man diéu kien a + b # 0. Chiing minh ring

5 +a®+b> >2—2ab
(a+0b)

1 1
- <2
vVa+3b b+ 3a

) Cho a,b > 0 théa man \/a + v/b =1 . Chting minh ring

Lao Cai vong 2
% LS giai.
(1) Ta bién déi bat déng thiic can ching minh, tuong duong

((a +b)? — 1)2
(a + b)?

=

1
sta®+b?>2-2abe ——— +(a+b)’ =2
(a+Db) (a+Db)

Nhu vay bat dang thitc cudi ding nén ta c6 diéu phai ching minh.

(2) Day la mot cau tuong dbi quen thuoc, 4p dung bat ding thiic Cauchy — Schwarz ta c6

2\/a < a +a—|—b; 2v/b <1+ 2b :>\/5+\/5<§+ a
vVa+3 a+b a+3b \a+3b 2 a+3b va+3b 4 2(a+b)
2v/b b atb 2/a _1 2a \/a+\/z3<§ b

X + I \7+ = X +7
vVb+3a a+b b+3a \Vb+3a 2 b+3a Vb+3a 4 2(a+0b)

Cong hai bat ding thic trén véi nhau ta c6 diéu phai chitng minh.

a=1b ) 1
=a=b=-

Va+vVb=1 4

Bai toan dugc giadi quyét. |

Dau "=" x4y ra khi v& chi khi {

Nhan xét. Bat ding thic & ¥ (2) 1a mot bai toan phu tuong déi ndi tiéng, cac ban sé gap bai toan
nay rat nhiéu vé sau § mang phuong trinh - hé phuong trinh dai s6, ciing nhu 14 nén tang ctia nhiéu
bat ding thic khac. Ngoai cach ching minh ngan gon & trén thi ban doc ciing c6 thé dua vé phuong
trinh dang cap, roi danh gia khéo léo dé gidi quyét né. Cong viec nay xin nhudng lai cho ban doc.

 OXetTR1: 8 Cho ba s6 duong x,y, 2 théa man xy + yz + xz = 5 . Chiing minh

x n Y n z <2\/6
VaZ+5 2 +5 V245 3

Déng thic xay ra khi va chi khi nao?
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Hai Phong
& LS giai.
Bién ddi bat déng thitc can chiing minh ta dugc

3z

Vi +y) (x+2) \/y+z (y+=x \/6 (z+2)(z24+y)

\/x—&-y T+z f\/y—i—z y—i—a: z+x z—i—y

P =

( + + 52
2\f r+y xT+2 y+z y—i—a: z+x z—i—y

1 2V6

24+3+3 r

PN AR

2 3 3
2 P : = = z=2x =2y
bang thitc xay ra khi r+y y+z z4+z & 502 — 5 S z=2x=2y=2. [ |

TY+yz+zex=>5

[ ONeE[TR'E Cho céc s6 thuc a, b, c duong. Tim gia tri 16n nhat ctia biéu thic sau

2a, b c
\/(a+b)(a+c) * \/(b+c)(b+a) * \/(c—i-a)(c—f-b)

Yén Bai
# Loi giai.
Ap dung bat ding thic AM — GM ta c6
b c
2 2 9 2b 2 9
r=y () () | 22 ) o)+ () (2
a+b/ \a+c b+c b+a c+a c+b
b c
<1(2a 2a)+1 3 %, 2, 3
“2\a+b a+ 2\ b+c b+a c+a c+b
b c
1 <2a+2b>+<2a+2c>+ §+§
2 a+b b+a at+c cH+a b+c c+b
1
=—124+2 =
(2r2eg) =]
( 2a  2a
ail)—b_a+c
Déng thitc xy ra khi va chi khi { 2 _ 20 @{2222”3:% oa=Th="Tc
b—é—c b+a 52" =5
2 2
c+b_90+a
Vay gia tri 16n nhat ctia biéu thitc P bing 1 khi a = 7b = Te. |
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L ORIl Cho a,b,c > 0 théa mén a + b+ ¢ + ab + be + ca = 6abe. Chitng minh rang
1 1 1

=t 2
Lai Chau
# L& gidi.
Ta bién déi gia thiét tuong duong
1 1 1 1 1 1
a+b+c+ab+bc+ca=6abces —+ —+—+—-+-+-=6
ab bc ca a b ¢
Theo bat déng thiic AM — G'M thi ta c6
o121 1 21 1
a2 b2 7 ab’ b 27 b’ a2 ca
T day ta suy ra dugc
2<1+1+1)>2(1 ! 1) (1)
a? = b2 2) 7 "\ab  bc ca
Tuwong tu thi ta cling c6
Lz b2 002
2 ~a’b? T b2 e
Suy ra
1 1 1 1 1 1
L gsa(tete ) :
a2+b2+2+ a+b+c (2)
Tw (1) va (2), suy ra
1 1 1 1 1 1 1 1 1
3< — ) 3/2.< —+ —+ -+ - >:26:12
2—i_bQ_'— ) * ab+b +ca+ b
1 1 1 1 1 1
:>3<2+b2+c2)/9:> 2+b72+ 2/3
Vay bat déng thiic duge chitng minh. Dau bang x4y ra khia =b=c = 1. |

(1) Cho z,y, z 1a cac s6 thic duong théa man x + y + z = 1. Tim gia tri nhé nhat ctia biéu thiic

1 1 1

:%+9y+z

(2 Cho a,b, c 1a cac s6 thic duong théa man a + b + ¢ = 3. Chiing minh ring

w

a’ b3 c?

@ )0+ T D (e+D) T et DarD) ~ 4

Lang Son
# Loi giai.
(1) Ap dung bat déng thic Cauchy — Schwarz ta c6

2
1 1 (1 1 )
L1 S 41
111 5,9 1 63T o

ﬁ—i_@ z T Y z rT+y+=z 4

Truong hgp dau "=" x4y ra xin danh ban doc giai quyét not.
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(2) Dy doan dau "=" x4y ra tai a = b = ¢ = 1, khi d6 thém bét va ap dung bat dang thic AM — GM,

a’ 1

N ad.(a+1)(b+1) 3 a? 5 1
(a+1)(b+1) 8

1 1
1 — b 1 233 = — :>—>7 —7b_7
at+gb+D \/8.8.(a+1)(b+1) 1" T ar)rn 881

Nhu vay suy ra dugc

al (5 1 1) 5 1 3 3
> 2a—-b—-)=2(a+b+c)—=(a+b+ec)—°- ="
Z(a+1)(b+1) 2.ge-gbg)=gltbtod-gltbto-7=7
Bai toan dudc giai quyét. |

[ ONeE[TN¥A Cho hai s6 duong z, y théa mén z 4+ y = 1. Tim gia tri nhé nhat ciia biéu thiic

_ 1

242 oy

bak Noéng
& Lo giai.
p £ a2 1 1 4 L. az
Ap dung bat dang thic phu - + 7 > s va bat ding thic (x + y)? > 4xy.
a a
Phan chitng minh bat ding thitc phu nay danh cho ban doc chitng minh bing bién déi tuong duong. Ta cb
1 1 1 1 1 4 2 4 2 6

L Y I + = =6
24+y2 xy 2+ 2ay 22y (z4y)? day T (x+9)? (@+y)?  (24y)

PR 1
Vay GTNN ciia A = 6. Dau bang xdy ra khi z =y = 3 [ |

(1) Véi z,y la cac s6 thuyc duong thda man z +y = 2.
3 .3

Xét bidu thic P = 2 + g _ ry. Ching minh ring 2y < 1vaA P > 2% + 9% — a2y > 1.
Yy 7

(2) Véi z,y la cac s6 thuc duong thda man z —y = 2.

. p T 3
Tim gia tri nho nhat cta P = — + = — zy.
Y x

Pai hoc Sw Pham - Thanh phé Ho Chi Minh

# Ldi giai.
(1) Ap dung bat déng thic AM —GM tac62=2+y > 27y < 2y < 1 (1)
Ap dung bat ding thicc Cauchy — Schwarz ta c6
3 3 4 4 2 2)2 2 2\ (.2 2
+ + +
po 0 oyt Sy ) @)
Y T Ty 2xy 2xy

Tiép dén st dung bat dang thic AM — GM ta c6

(@+y) (P y?) o (@2 Hy?) 2ry
2zy -

T
2zy Y

Ap dung tiép bat déng thic Cauchy — Schwarz va bt dang thic (1) ta c6

(z+y)?

P>ty —ay >

—rzy=2—zy=>1
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Vay cac bat ding thic dugce ching minh. Dau bing xay ra khi z =y = 1.

Nhan xét. Néu dé bai yéu cau chitng minh P > 1 & cau a) thi ta con cach giai sau chi dung bat dang
thite AM — GM. Khi d6 1o gidi ciia ching ta s6 nhu sau. Ap dung bat ding thic AM — GM ta ¢6
2=zx+y=>22/rysry <1 (1)
Bién doi biéu thic P ta c6

3 3 4 4 z2 + 2)2 _9,2,2
p ¥, Tty _xy:( v*) vy
y xy xy
2 2
((z+y)* —2zy)" — 2222 (4 — 22y)? — 22%?
ry xy
222y? — 16zy + 16

16 16
= ry =22y —164+ — —zy =2y + — — 16
Ty Ty Ty

Ap dung bat ding thitc AM — GM va bat ding thiic (1) ta c6

16 1 15
P:xy—l——16:<xy+>—|——16>2+15—16:1
Ty Ty Ty

Vay cac bat ding thitc dugc chiitng minh. Dau bing xay ra khi = y = 1. Day la cach gii st dung k§y
nang bién d6i dai s6 khéo léo 1a huéng gidi hay dé cac ban sit dung khi tién dén giai cau (2).

(2) Bién ddi biéu thitc P ta c6

3 3 4 4 22 + o2 2 9022
po Y oyt @)
Y Z Ty Ty
2 2
_ ((w -y + 233y) — 227y o (4 + 2zy)? — 222y? .
Ty ry Y
_ 22%y% + 162y + 16

16 16
—zy=2zy+16+ — —axy=2y+ — + 16
Y Y Y

Ap dung bat ding thitc AM — GM ta c6
16
P=zy+— +16>8+16=24
Ty

Vay GTNN ctia P = 24. Dau biang x4y ra khi va chi khi zy =4 va z —y = 2.
Giai ra ta duge dau bang khi 2 = v5+1vay = /5 — 1.

Bai toan dugc giai quyét. u

3  Gidi thiéu médt s6 phuong phap chitng minh bt ding thdc khac.

3.1 Tam thdc bac 2 va phuong phap mién gia tri.
3.1.1 Phuong phap.

Phuong phép nay kha co ban va thudng duge st dung trong cac bai toan tim cyc tri véi cac bat ding thic
c6 dang a < f(x) < b véi x € D. Nguyen tac chung 13 dua vé tim diéu kien dé phuong trinh m = f(z) c6
nghiém trén D. Trong trudng hgp c6 nhiéu bién ta can dua vé phuong trinh v6i mot bién hodc dua vé hé
phuong trinh néu c6

3.1.2 Tim mién gia tri bing cich xét diéu kién c6 nghiém cta phuang trinh bac hai.
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Mot phuong trinh bac hai ¢6 dang Az + Bx +C = 0 véi A # 0, thi khi d6 diéu kién dé phuong trinh
c6 nghiem 1a A = B?2 —4AC > 0. Vi vay can tim gia tri 16n nhat va gia tri nhé nhat ctia mot biéu
thitc m = f(x,y,2). Ta bién ddi tuong duong m dé dua vé mot phuong trinh bac ciia = hodic y hodc
clia z, khi d6 st dung diéu kién c6 nghiém ta tim dugc max v min ctia m.

Phuong phap tudng chitng nhu rat don gian, nhung v6i phuong phap nay ta cé thé giai quyét dude cac
bai toan cuc ki khé ma cac phuong phap khéc rat khé dé thye hien. Sau day ta cling tim hiéu mot s6 vi du
trudce.

Cho a,b la céic s6 thue bat ki. Chitng minh ring
a?b* +2 (a2 + 2) b2 + 4ab + a® > 4ab®
# Ldi giai.

Bat dang thiic c6 hai bién va bién a c¢6 bac cao nhat 14 2, do d6 ta bién ddi bat ding thic theo hudng xuét
hién mot tam thic bac hai cé bién 1a a nhu sau

(b? +1)%a> +4b (1= b*) a + 40> > 0

Ta xem vé trdi ctia bat déng thic la tam thic bac hai, dé y dén (b* + 1)2 > 0, ta can chitng minh dugc biét
thitc A clia tam thic c6 gia tri am. Bat déng thitc can ching minh tuong duong véi

(0* +1)%a% +4b (1 - v*) a+ 46> > 0
Xét da thite f(a) = (b2 +1)%a® + 4b (1 — b%) a + 4, khi d6 ta c6
A= [4b(1—0)]" —4(b* +1)"45% = —166° < 0
Do d6 ta ¢6 (b* +1)°f(a) = 0 ma (> +1)* > 0 nen ta duge
flay=*+1)%a> +4b (1= b*) a+ 40> > 0
Vay bat ding thitc duge chitng minh. |
Cho a,b la céic s6 thue bat ki. Chitng minh ring

3(1—a+a®) (1-b+0b%) >2(1—ab+a’?)
# Loi gidi.
Quan sat bat dang thiic ta nhan thiy, bat ding thic cé tinh déi xiing véi hai bién a, b va 1a ¢6 bac hai déi
v6i mbi bién do d6 mot cach tu nhien ta nghi dén st dung tinh chit tam thitc bac hai dé chitng minh. Trudc
hét ta viét lai bat ding thic

(0> —3b+3)a®+ (3b* = 5b+3)a+3b*—3b+1>0

Xem vé trai 1a mot tam thic bac hai bién a khi d6, dé y dén b — 3b + 3 > 0 ta can chitng minh dugc biét
thitc A < 0. Bat dang thitc can chiing minh tuong duong véi

(b*—3b+3)a*+ (3b° —5b+3)a+3b>—3b+1>0
Xét tam thic bac hai f(a) = (b* — 3b+ 3) a® + (3b* — 5b + 3) a + 3b? — 3b + 1. Khi d6 ta dugc

A=(36°—5b+3)° —4(b®—3b+3) (30> —3b+1) = — (* —3b+3) <0
2
Dé ¥ ta thay b> —3b+ 3 = (b—;) +%>0, do dé6 ta duge f(a) > 0, hay
(0> —3b+3)a®+ (3b* = 5b+3)a+3b*—3b+1>0
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Vay bat ding thitc duge chitng minh. Dang thic x4y ra khi va chi khi

¥ —3b+1=0
N 3++5
32 —5b+3 Sa=b= 5
a:—
2(b? —3b+ 3)
Bai toan dudgc giai quyét. |

Cho a, b, c 1a cac s6 thuc khong am bat ki. Chiing minh réng
3(1—a+a2) (1—b+b2) (1 —c+c2) > 1+ abe + a®b*?

& Lo giai.
True hét ta dir doan dang thiic xay ra tai a = b = ¢ = 1. Quan sat bat dang thiic ta nhan thay bat ding
thiic c¢6 tinh ddi xitng va c6 bac hai ddi v6i mdi bién, do d6 mot cach tit nhién ta nghi dén tam thic bac
hai. Nhu vay ta can chon mot bién chinh, 14 ¢ chdng han, khi d6 cac bién a,b déng vai tro tham sb. Dé ¥
thay vé trai clia bat dang thic ¢6 dai lugng (1 — a + a?) (1 — b+ b?) rat cong kénh khi bién déi, do do ta
can thay dai lugng dé bang mot dai lugng bé hon, chi § dén dau déng thitc xay ra ta c6 hai y tudng 1a
(1—a+a*) (1—-b+10b%) > (2a—a)(2b—b) =ab

Hoac
1+a20% + (a —b)* + (1 —a)*(1 — b)? L1+ a?b?

2 -2
Nhan thiy ngay ¥ tuéng dau khong thirc hién duge vi chdng han ab = 0 thi bat ding thiic

(l—a—i—aQ) (1—b+b2):

3ab (1 —c+ 02) > (1 + abc + a2b202)
14 bat dang thitc khong ding. Do dé ta chi c6 thé theo ¥ tudng thit hai. Lic ta duge bat déng thic
2(1—a+a2) (1—b—|—b2) (1 —c+02) > (1+a2b2) (1 —c+c2)
Bay gio ta can chitng minh
3(1+a%?) (1—c+¢®) = 2(1+abe + a®b*c?)
Bét déng thic trén viét thanh f(c) = (3 + a?b?) ¢ — (3 4 2ab + 3a?b?) ¢ + 1 + 3a?b® > 0. Cong viec cudi
cung 1a chiing minh A = (3 + 2ab + 3a2b2)2 —4 (3 + a2b2) (1 + 3a262) < 0 thi bai toan xem nhu duge chiing

minh. O day néu nhu ta khong chiing minh duge biét thitc A < 0 thi § tudng trén hoan toan pha san. Ciing
may trong bai toan nay ta thu duge A = —3(1 — ab)* < 0. Dén day chi can trinh bay lai 15i gii nia la
xong. Ta c6

2(1—a+a?) (1-b+b%) =1+a’?+ (a—b)*+ (1—a)’(1 —b)* > 1+ a%?
Do d6 ta dugc bat dang thitc
2(1—a+a2) (1—b+1)2) (1 —c+62) > (1+a2b2) (1 —0—1—02)
Ta can chitng minh
3 (1 + a2b2) (1 —c+ 02) >2 (1 + abe + a2b202)
< (3+ a2b2) - (3 + 2ab + 3a2b2) c+1+43d% >0
Xét tam thic bac hai
fle) = (3+aV?) & — (3+ 2ab+3a’b®) ¢+ 1 + 3a°b°
Khi dé ta dugce
A = (34 2ab+3a%?)" — 4 (3+ a®b?) (14 3a%%) = =3(1 — ab)* <0
D& thay 3 + a?b? > 0 nén ta dugc f(c) > 0 hay
(3+ a2b2) 2

— (3+2ab+3a®V?) c+ 14 3a°6* > 0
Vay bat ding thitc duge chitng minh. Dang thiic x4y ra khi va chi khi a = b

:C:]ﬂ .
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" 3 o r—y+z=3
LAY Cho z,y, 2 1a cac so thyc thod man dieu kien ¢ . 2
'ty +2°=95
N .z 124 £ N 2 £ 2 + 2 2 € + y - 2
Tim gia tri 16n nhat va nhoé nhat ctia bieu thic P = —+3
z

# Ldi giai.

Trong biéu thiic ctia P c6 z khéc so v6i x va y do vay ta tim cach rat  + y theo z va dua vé phuong trinh
bac hai ddi v6i z. Viéc tim max va min cia P ta chan bang diéu kién c6 nghiém ctia phuong trinh bac hai
d6i v6i z. Taco (z+2)P=a+y—2=[(2+2)P+2*= (2 +y)% Chu ¥

r—y=3—=z T-y=3-2 ( )2 32+6 1
=191 1 = (r+y) = —oz Z+
? +y? =52 §(x+y)2+§(a:—y)2:5—z2
Vivay (P?+3) 2%+ (4P? +4P —6) 24+ 4P* 48P +3 =0 (1)
Ta c6 (1) la phuong trinh bac hai d6i vé6i z diéu kien c6 nghiem la
36
A= (2P? + 2P —3)" — (P? + 3) (4P? + 8P + 3) 20@23P2+36P<0@—% <P<O
D) Vé6iz=2,9 =0,z =1 tacé P bang 0 vay gia tri 16n nhat ctia P bang 0.
20 66 7 N —36 . N 36
2 Véiz = 3—1,y = —3—1,2 =37 thi P bang >3 vay gid tri nho nhat cia P bang —33°
Bai toan dugc giai quyét. [ |

P e
b b+c cH+a

. 1
Cho a, b, ¢ 1a cac so thyc thudc doan [3; 3} chiing minh j_
a

ol 3

& Lo giai.

Mot bai todn rat noi tiéng ctia Vasile Cirtoaje dugce trich trong cubn sich Algebraic Inequalities, hién
nay da c6 nhiéu 15i giai cho bai toan nay, tit don bién t6i khdo sat ham s6, danh gia bién,... Tuy nhién sau
day ching ta sé tim hiéu 1i giai stt dung diéu kién c6 nghiém ciia phuong trinh bac 2 cuc ki tu nhién va
ngan gon. Khong mat tinh tong quat gia st a = max {a, b, c}. Bat déng thitc da cho tuong duong véi

(3a —2b) & — (2a® — ab— 3b*) ¢+ 3a®b — 2ab® > 0
Vi 3a — 2b > 0 ta chi can ching minh

(2a® — ab — 36%)* — 4 (3a — 2b) (3a®b — 2ab®) < 0 & (a — b) (a — 9b) (4a® + b?) < 0

L s P 1
Bat dang thtc cuoi ding doa —b > 0;a — 96 < 3 —9.§ =0.

L s ) 1
Bat dang thitc duge ching minh. Dang thiic xdy ra khi a = 3,b =

g,czl. [ |

Cho z,y, z 1 cac s6 thyc thod man diéu kien z +y + 2z = 2y + yz + 2x.

P . 8, 7t Y z 1
Ching minh rang oS +y2+1 —|—22+1 2—5
# Loi giai.
Theo gia thiét tacoé z(z +y—1) =z +y — zy.
. r+y=1 .
v Neuz+y=1= vo nghiém.
zy =1
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v Neur+y#1vaz= w, vay ta can chitng minh
r+y—1
T+y—xyY
z Y z+y—1 1
+ > —c
22+1  y?+1 <m+y—my)2 2
) 4
r+y—1
Diéu nay tuong duong véi
2x 2y 2 +y—ay)(z+y—1)
2 T3 2 5 = 1
1yl ety —ay) ety —1)
@+ +1)* (zy —1)°

a2 +1 V1 T (aty—ay) 4 (e +y—1)°
Cht y theo bat ding thitc AM — GM ta c6

@+, @+ _ @+1)’0-y’ | G+DA1-o)

22+1 P+l (@24 1)(1-y)? P+ -2)

< (z+ DA -y ++1)A-2)* _ Azy — 1)?
T @+ -y*+ @+ D)1 -2)° @+ D(A-y) + 2+ (1)
Vay ta chi can chitng minh

4(m+y—my)2+4(az+y—l)2> (372—1-1) (1—y)2+(y2+1) (1—3;)2

(¥ -3y+3)2”— 3y -8y +3)x+3y* -3y +1=0
Vé trai bat déng thic la tam thic bac hai ctia = v6i hé s6 ctia 22 duong va c6
A= (3 —8y+3) =4 (s> —3y+3) 3> —3y+1) = =3(y> = 1) <0
Diéu d6 chiing té bat dang thic dung.

Déng thitc x4y ra khi v& chi khi = y = —1, 2 = 1 hoac cac hoan vi. [ |

3.1.3 Bai tap

T—y+z2=3

?+yP+2=5

r4+y—1
z+2

< P 2 cosx + 2sinz + 3
@ Chiing minh riang v6i moi s6 thyc x ta ¢6 — < + - + <2
11 2cosx —sinx + 4

(1) Cho z,y, z 1a cac s6 thic thod man diéu kien {

Tim gia tri 16n nhat va nhé nhat ctia biéu thic P =

(3 Cho z,y la hai sb thyc thod mén diéu kien (2% — y* + 1)2 + 422y? — 22 — y? = 0. Ching minh ring

(4) Cho z,y la cac s6 thyc thay doi thod man diéu kien z +y — 2 = /22 + 1 + /2y + 1. Tim gia tri 16n

nhit ciia biéu thic P = (z — y)?.

(5) Cho z,y la 2 s6 thuc va 2 # 0,y # 0 théa man diéu kien zy(z + y) = 22 + y?> — ry. Tim gia tri 16n

. . 1
nhat ctia biéu thic A = — + -
x Y
1 2sinx +cosx +1 <

(6) Chitng minh riang véi moi s6 thyc = ta c6 —= < = <
2 sinx —2cosx + 3
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(7) Chiing minh réng véi moi s6 thuc x va y ta cé

(cos3x+ysin3x+1)2 _ 32 +24+2/3y2 +1
cos3xr + 2 = 9

Cho 2 s6 thiyc z,y théa man

Chiing minh rang

(9) Cho z,y la céc s6 thyc thod man diéu kien 22 + zy + > < 3.
Chitng minh ring —4v/3 — 3 < 22 — 2y — 3y? < 4v3 — 3.

Cho z,y 1 hai s6 thyc thay doéi thod man diéu kien 2z + 3 + /y + 3 = 4. Tim gi4 tri 16n nhat va
gi4 tri nhé nhat ctia biéu thitc P = /x + 2 + /y + 9.

@ Chitng minh ring véi z, vy, z 1a cac sé thuc c6 tong bing 1 ta co
(3z + 4y 4 52)% > 44 (zy + yz + 2z)

@ Chitng minh ring véi moi s6 thyc a, b, c,d ta c6

3(a® — ab+ b?)(c* — cd + d*) = 2(c*a® — abed + b*d?)

@ Cho z va y 1a hai s6 thyc khong cting duong ta luén cé6

QO

(x2—a:+1) (y2—y+1) > 2?y? —ay+1

Cho z,y, z 1 cac s6 thiyc khong cting duong ta luon cé

16
3( P+ 1) (PP —y+1) (22— 2+1) > 1—ayz+ 2¥y?e?
@ Cho a, b, c 1a cac s6 thic khong am théa man diéu kien a? + b? + 2 = 2.

Chitng minh rang 1 + 2abc > ab + be + ac.

Cho a, b, ¢ 1a cac s6 thuc duong thod man diéu kien (a + 1)(b+ 1)(c+ 1) = 1 + 4abe.
Chitng minh réng a + b+ ¢ < 1 + abe.

(17) Cho a,b,c la céc s6 thyc khong am thay déi théa man diéu kien a + b+ ¢ = 1. Tim gia trj 16n nhét

cia bidu thic P = a(b — ¢)* + b(c — a)* + ¢(a — b)*.

. . . 16 .
Cho cac sb6 thuyc thay déi x,v, z théa man diéu kien 22 + y? + 22 + %xy = 3. Tim gié tri nhé nhat

) 3 5)
ctia bieu thiec P = 5(x2 +y?) + 622 + 2y — /10(zy + yz + z1).

Cho z,y, z 1a cac s6 thuc théa man diéu kien 22 + y2 4 22 = 3. Tim gi4 tri 16n nhét va gia tri nhé nhat
ctia bi¢u thitc P = xy + yz + 2yz.

Cho céc 6 z,y,2 € [1;4] théa man diéu kien x > y,z > 2. Tim gia tri nho nhéat clia biéu thic
x z

= + + .
20 4+3y y+z z+=x
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@ Cho a, b, c 1a cac s6 thyc khong am. Chitng minh rang a? + b? 4 ¢ + 2abc + 1 > 2 (ab + be + ca).

@ Cho a, b, ¢ 1a céc s6 thiyc thoa man dieu kien a + b+ ¢ = 2va a® + b3 + ¢ — 3abc = 2. Tim gia tri 16n
nhét ctia biéu thitic P = max {a, b, c} — min {a, b, c}.

@ Cho a, b, c 13 do dai 3 canh mot tam gidc va .y, 2 1 cac s6 thyc thay déi théa man ax + by + cz = 0.
Chiing minh a2y + yz + zz < 0.

r+y+z=1

Tim gi4 tri 16n nhat cta z.
22+ 2% 4+ 322 =4 8 '

Cho x,y, z la céc s6 thyc thod man diéu kien {

@ Cho z,y 1a hai s6 thuc thod man didu kién 22 + 2y +y? — 6 (x +y) + 11 = 0. Tim gia tri I6n nhat, gia
tri nhé nhat ctia biéu thic P = y + 2.

Cho z,y, z 1a cac s6 thuc khong am cé tong biang 1. Tim gia tri 16n nhat clia bicu thic
P =92y + 10yz + 11zx
@ Cho hai s6 thic duong z,y thoa man diéu kién z%y = 1. Ching minh ring x/22 + 2 + 22 > 2.
Cho n sb thuc ay, as, ..., a, thuoc doan [0; 1] chiitng minh
(1+ar+az+ ... +a,)* >4(al+a}+ ... +d2)
Tim tat ca cac s6 nguyén duong n sao cho véi moi sd thyc z1, 29, .., z, ta cod
x% + :c% 4+ ..+ x% > (1 +xo+ ... +Tpo1)n
Chitng minh véi moi s6 thuyc z,y, 2z va a, b, ¢ 1a do dai ba canh mot tam giac ta co
a(z—y)(z—2)+by—2)(y—2)+clz-2)(z-y) >0
@ [Vasile-Cirtoaje] Chiing minh véi moi s6 thyc a, b, ¢ ta c6

(a2 +b%+ 62)2 >3 (a3b + b3+ c3a)

| ©

@ Cho a, b, ¢ 1a cac s6 thuc duong cé tong bang 3 chitng minh a + ab + 2abc <
@ Cho a, b, c 1a cac s6 thyc khong am. Chiing minh réng
>+ 0+ +2abc+3> (1+a)(1+b)(1+c)
Cho a, b, ¢ 1 cic s6 thuc khong am. Chitng minh
2(a®+ 0> +c*) +abc+8=>5(a+b+c)
(35) Cho a,b, ¢ 1a cac s6 thyc khong am. Ching minh
(a2 + 2) (b2+2) (02—1—2) > 9 (ab+ bc + ca)
Cho tam gidc c¢6 ba goc A, B, C chitng minh véi moi s6 thiyc z ta c6

1
1+§x2 > cos A+ x (cos B + cosC)
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@ Chting minh rang v6i moi s6 thyc x va y ta co
z? (1 + Sin2y) + 2z (siny + cosy) + 1 + cos’y > 0
Chitng minh rang v6i moi sd thyc o va y ta luon co
(@+y)’ —ay+1>V3(z+y)
Chiing minh rang v6i moi s6 thie z,y, z va ba géc A, B, C ctia mot tam giac ta c6
22+ + 2% > 2y cos C 4 2yz cos A + 2zx cos B

Cho z,y,z 1a cac sd thyc khong am thod méan diéu kién zyz + z + y + 2 = 4. Chiing minh réng
rT+y+z=2ay+yz+zx.
Cho 0 < a <b<c¢x,y,z > 0 chitng minh ring

(a + c)2
4ac

Yy

’ (2 +y+2)°

x z
ac(za + yb + zc) <E+ +E) <

Cho a, b, ¢, d 1a céc s6 thuc théa man diéu kien a® + b? = 1;¢ + d = 3. Chitng minh réng

9+ 6v/2
4

ac+ bd + cd <

Cho a, b, c,d 1a cac s6 thuc théa man b > ¢ > d. Chitng minh
(a+b+c+d)? > 8(ac+ bd)
Cho a,b,c,d,p, q 1a céc s6 thuc théa man didu kien p? + g2 — a2 — b2 — 2 — d% > 0. Chitng minh
(p2 e b2) (q2 e d2) < (pg — ac — bd)2
Cho a, b, ¢ 1a do dai ba canh mot tam giac va p,q,r 1a ba s6 thuc thay déi thda man diéu kien p4+g-+r = 0.
Chitng minh rang a?qr + b*rp + ¢?>pq < 0

Chiing minh réng v6i moi s6 thyc a,b ta c6 (a® +2) (b +2) > 3 (ab+a +b).

3.2 Phuong phap déi bién PQR va b4t ding thirc Schur

Ky thuat pgr 1a mot trong nhitg ki thuat hay, hitu ich v& hiéu qua nhat déi véi bat ding thitc 3 bién. Rat
nhiéu cac bai toan dbi xtng trong ki thi HSG déu c6 thé sit dung duge phuong phap nay. Ta sé thiy dugc
nhitng diéu ngac nhién, la 1Am khi ma khong chi c6 nhitng bai todn déi xting méi c6 thé dugc giai quyét
theo pgr ma tham chi ci nhing bai toan dang hoan vi vong quanh, ta ciing c¢6 thé ding né dé giai trong
khi nhitng phuong phap, nhitng k¥ thuat khéc lai khong da kha nang dé thiyc hien didu nay. Sau day ta sé
bit dau di tim hiéu véi bat dang thitc Schur.

3.2.1 Co sd va cac danh gia cd ban.
Dinh 1y. V6i moi a, b, ¢,k 14 cac s6 thiic khong am ta c6
A (a—b)(a—c)+bFb—c)(b—a)+cF(c—a)(c—b) =0

Chitng minh. Khong méat tinh téng quat gid sit a > b > ¢ > 0, khi dé ta c6
VT =c (¢—a)(c—b)+ (a—1D) (ak(a—c)—bk(b—c)) >0

Diéu nay hién nhién 1a ding, do d6 bat dang thiic dude ching minh.
DAau ” =" x4y ra khi va chi khi @ = b = ¢ hofic a = b,c = 0 va cic hoan vi.

S Email. nhathuyalk49c3pbc@gmail.com €9 Tap chi va tu liéu todn hoc



Nguyén Nhit Huy £ Tuyén tap bat ding thifc thi chuyén toan

Hé qua. Nhu vay tit bat déng thiic Schur ta cé cac hé qua sau
(@) Néu k = 0 thi a® 4 b? 4 ¢ > ab + bc + ca.
(2) Néu k =1 thi a® + b + ¢3 + 3abc > ab (a + b) + be (b + ¢) + ca (¢ + a)

(@ Néu k =2 thi a* + b* + ¢* + abc (a + b+ ¢) > ab (a® + b?) + be (b* + ¢?) + ca (¢ + a?)

Nhan xét. Cho p=a+b+c,q = ab+ bc + ca,r = abc 14 3 da thic déi xting theo a, b, ¢ va dude goi
1 da thitc déi xting Viete, khi d6 moi da thiic d6i xiing F(a, b, c) déu biéu dién duge qua S(p,q,7).

Nhu vay thi ta c6 mot s6 dang thitc can nhé nhu sau

ab(a+b) 4+ be(b+c) 4 ca(c+a) = pg—3r
(a+b)(b+c)(ct+a)=pg—r
ab (a® + %) + be (b + ¢*) + ca (¢ + a®) = p*q — 2¢* — pr
(@a+b)(at+c)+(b+e)(b+a)+ (c+a)(c+b)=p*+q
a2+b2+02:p2—2q
a®+ b3+ =p3—3pg+3r
a + " + ¢t =p' —dpPq+2¢° + dpr

Ngoai ra néu dit L = p?q® + 18pgr — 2712 — 4¢> — 4p3r, khi dé

:pq+3riﬁ
2
(a—b)(b—c)(c—a) =+VL

a’b + bc + a

Sau day ta sé xay dung mot s6 bat ding thiic dang chi § bing bat ding thitc AM — GM va bat déng thic
Schur.

D p?—3¢20 > (a—b)>>0

@ @ =3pred ta—c)’>0

3) p? > 27r, dang theo bat ding thic AM — GM.
@ pPq+3pr =4 & Y abla—b)* >0

® p? +3qr = 4p*r <> d*(b—c)* 20

® p'+3¢* >4’ (p° —3¢) (P® —q) >0

@ pPq=3pr +2¢> > (ab+c?) (a—b)> >0
pg* > 2p2r+3qr<:>z (abc+c3) (a—b)?>0

@ 2p° +9r > Tpq & 2 (p® —4pg+9r) + (pg — 9r) > 0, bat dang thitc ndy ding theo bat dang thic
Schur va AM — GM.

@ +9r? > dpgr & Z ab (ab — be) (ab — ca) > 0, day chinh 1a bat ding thiic Schur bac 2 cho 3 bién
ab, be, ca.

@ 2¢% + 9r? 27pq’r<:>2(q3—4pq7"+97“2)—l—r(pq—97“) >0
(12) p*r +¢* = 6pgr < pr (p° — 3q) +q (6> — 3pr) =0
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Tuy nhién khi lam bai ta thudng cb6 ging tach bai toan vé tong clia cac bat ding thic ludn dang khi phan
tich theo pgr hosic don vé 2 bién, sau d6 chuan héa hoic lgi dung gia thiét dé dwa vé 1 bién, & d6 ta hay

dung danh gia sau
4g — 2
r}max{();p( q9 P )}

s e Jo. P27 0) (40— &)
s {0 }

Gp

Hai bat déng thic trén suy ra tit bat dang thic Schur bac 1 va bac 2
@ p? —4pg+9r >0

@ p*—5pPq+4¢* +6pr >0

3.2.2 Cac bai toan minh hoa.

Cho cac s6 khong am a, b, ¢ théa méan ab + be + ca = 3. Chitng minh rang
a3+b3+c3+7abc> 10

% Loi giai.
Bat ding thtc tuong duong véi
10r +p° —9p—10 >0
Cha  t6i diéu kien ¢ = 3 = p > 3, tuy nhién thi khong phai ldc nao ap dung bat ding thic Schur ciing
thanh cong, dén day ta xét 2 truong hgp.
Néu p > 2v/3 thi ta c6
PP —9p—10=3p—-10=6vV3—-10>0

Néu 2v/3 > p > 3 thi theo bat ding thitc Schur bac 3, ta c6

2
,s P27
9

Do do6 )
10 (p (12 — 1
10r +p2 —9p—10 > (p(9p)+p3—9p—10: §(p—3) (30 — p* — 3p)
Ma 30 — p? — 3p > 30 — (2v/3)2 — 3-2¢/3 = 18 — 64/3 > 0 nén bat ding thiic can chitng minh ding. Ding
thic xay ra khi va chi khia=b=c=1. |

Cho céc s6 thiyc khong am a, b, c. Chitng minh rang
(a* +b" + ¢*) (ab+ be + ca) > (a® + b + ¢?) (a®b® + b°c® + c*a?)

& Lai gii.
Do () 1a bat déng thitc thuan nhat bac 6 nén khong mat tinh tong quat ta chuan héa ab -+ be + ca = 1, khi

do ta co
a* + b+ ¢*) (ab + be + ca a? + b2 + ) (a®b? + b2 + 2a?

=
& (p* —4p*q+2¢° + 4pr) ¢ = (p* — 29) (¢* — 2pr)
e pt—4pP + 24+ dpr > p? — 203 — 2+ 4pr
ept =2+ 2% +4>0
<:>(p4—5p2+4+6pr)+2p7“(p2—3) =0
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Ma theo bat ding thitc Schur ta c6
pt—5p2q+4¢® +6pr >0 pt —5p? +6pr +4>0

Va p? > 3¢ = 3 nén bat ding thitc cudi luon ding, ta c6 diéu phai ching minh.
Déau "=" xdy ra < a = b = ¢ hoic a = b,c = 0 cung cac hoan vi. [ |

Cho cac s6 duong a, b, c. Chiing minh réng

1 i 1 N 1 S 3a N 3b + 3c
a b ¢~ a?+2bc b2 +2ca 2+ 2ab
# Ldi giai.
1 1 | N
bat a:=—,b:= 7 ¢ := —, bat dang thic can ching minh tuong duong véi
a c
1 a (a2 - bc) ad
> 3ab — s —+20&3 —
“ acz2a2+bc Z 2a? + be 22a2+bc Za
cyc cyc cyc cyc cyc

Ap dung bat déng thic Cauchy — Schwarz, ta c6

)

a
22a2+bc g 22a3+3abc

cyc

cyc

Dén day, ta can chiing minh

3 (%;a?)Q > <czy;a) <2czycja3+3abc>

Gia st a + b+ c = 1, chuyén vé dang p, ¢, r, bat déng thitc tré thanh
3(1 —2¢)*>2—6q+9r

St dung bat ding thic ¢® > 3r, ta can chiimg minh

3(1-29)°>22-60+3¢°=3-12¢+12¢>>2—-6¢+3¢> = (1-3¢)> >0
Bat ding thic cudi ding nén ta cé diéu phai ching minh. |

Cho 3 s6 thuc khong am a, b, ¢ c6 tong bing 1. Chitng minh ring
ab+bc+ca > 8 (Z a2b2) (16abc + Z a2>
% Lo giai.
]- Z 2
bat g=ab+bc+ ca,r = abc = q,r 2 0 va g < 3 Do dé theo bat dang thic Schur r >
T cach dat, ta c6
Za2b2 = ¢ 727";2&2 =1-2q

Do d6 bat dang thiic can ching minh tré thanh

4q — 1

q>8(q"—2r) (16r+1—2¢) & f(r)=8(2r —¢*) (16r+1—2¢) +q >0

Ta c6 f'(r) = 6(32r — (4¢ — 1)(2¢ + 1)). C6 hai truong hgp xdy ra
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@D 1>4g= f'(r) > 0= f(r) la ham dong bién Vr > 0

32(4q — 1)
9

2(4g — 1)(23 — 18¢) _

=0
3

() = 6320 (49— 1)(2 + 1)) > 6 (g 1)(2g+1)) =

Suy ra f(r) 1a ham dong bién v6i moi 7 > 0 do dé f(r) > £(0) = q(4qg —1)> > 0

Bai toan dugc ching minh. |

Nhan xét. Chét lai mot dicu la v6i bat déng thiic dang da thiic thi phuong phap nay té ra cuc
manh néu c6 phan sé thi thudng ta sé nghi t6i bat dang thiic Cauchy — Schwarz dang cong hoac
dua vé dang chita mot phan sb, con véi dang can thic thi ta can chiat tinh § st dung bat déng thic
Cauchy — Schwarz hoic bat ding thic Holder dé dua vé dang mat can. Ban doc cé thé tim hiéu
thém & tai lieu vé phuong phap nay cia tac gia Vo Thanh Van.

3.2.3 Bai tap.

(1) Cho céc sb duong a, b, ¢, chitng minh ring

(a® +2) (b* +2) (¢ +2) = 9(ab+ bc+ ca)

(2 Cho a,b, c la cac s6 thuc duong théa man a? + b + ¢? = 3. Chiing minh ring

(3) Cho céc sb khong am a, b, c. Chtitng minh ring

at(b+¢)+b*(c+a)+ct(a+b) < —=(a+b+c)

1
13
(@) Cho cac sb6 khong am a, b, ¢ théa man a + b + ¢ = 1. Chiing minh ring

1
(6 +8) (7 + ) (& +0?) < 5

(5) Cho céac sb6 duong a, b, ¢ théa man abc = 1, chiing minh ring

w

a n b n c_ 3
a?+3 b2+3 243 4

(6) Cho céc sb6 khong am a, b, ¢ thda man ab + be + ca = 1. Chiing minh ring

ab+1 bc+1 ca+1
+ + =

>3
a+b b+ c c+a

(7) Cho cac sb6 duong a, b, ¢ théa man abc = 1. Chiing minh ring

1 1 1
ﬁ+b72+672+3>2(a+b+c)

Cho a, b, c 1a cac sb thic duong c6 tong bang 1 chitng minh

2(a3—|—b3+03)+3(a2—|—b2+02)+12abc>

W Ut
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(9) Chting minh véi a, b, ¢ 1a cac s6 thiyc duong c6 tich bang 1 ta c6

a+b b+c cHa
+ +
c a b

1 1 1
+6>2<a+b+c+7+7+7>
a b ¢

Cho a, b, ¢ 1a cac s6 thie duong c6 tong bang 3 chitng minh

1 n 1 n 1 o
9—ab 9—bc 9—ca

ool w

(11) Cho a,b, ¢ 1a cac s6 thyc duong thod man diéu kien a + b% + ¢ = 3 Chiing minh ring

3
5(a+b+c)+ > 18

abe ~
(12) Cho a,b, ¢ 1a cac s6 thyc khong am thod man diéu kien a® + b? + ¢ = 3. Ching minh riing
21 + 18abc > 13 (ab + bc + ca)

@ Cho a, b, c 1a cac s6 thie khong am thoad man diéu kien a? + b? + ¢ = 3. Chitng minh ring

1 N 1 N 1 o1
5—2ab  5—2bc 5—2ca

Cho a, b, c 1a cac s thiyc khong am thoad man diéu kien a? + b? + ¢ = 3. Chitng minh ring
(2—ab)(2—0bc)(2—ca)>1
@ Cho a, b, c 1a cac s6 thyc duong chiing minh
(a+b+c)(ab+be+ca) (a®+ 6+ ) < (a®+ 6+ )’
Cho cac s6 duong a, b, ¢ théa man abc = 1. Chitng minh ring
2 (a® + 0> +¢*) +12 > 3(a+ b+ c) + 3(ab+ be + ca)

@ Cho cac s6 khong am a, b, ¢ théa man ab + be + ca + 6abc = 9. Chitng minh réng

a+b+c+3abec > 6

Cho céc s6 duong a, b, ¢ théa man abc = 1. Chiing minh rang

CL—I—b—I—C> 10 G3+b3+03
3 - \/ 3

Cho cac s6 khong am a, b, ¢ théa man a + b+ ¢ = 1. Chiing minh rang

1 N 1 n 1 + 2ab >247
abc > —
a+b b+c cHa 54

Cho a, b, c € [1,2]. Chitng minh rang

a?(b+c¢) +b*(c+ a) + *(a +b) < Tabe
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@ Cho céc s6 khong am a, b, ¢ théa man a + b + ¢ = 3. Chiing minh ring

5—ab bH5—-bc b—-ca

> ab+b
1—|—c+1—|—a+1—|—b ab 4+ bc + ca

@ Cho céc s6 khong am a, b, ¢ théa man a® + b3 4 ¢3 = 3. Chitng minh ring
a*t* + vt + tat <3
@ Cho cac s6 khong am a, b, c. Chiing minh rang
a? + b% + ¢ + 2abc + 1 > 2(ab + be + ca)
Cho cac s6 khong am a, b, ¢ théa man a? + b? + ¢ = 3. Chitng minh ring
12 + 9abe = 7(ab + be + ca)

@ Cho cac s6 duong a, b, ¢ théa man abc = 1. Chitng minh ring

1 1 1
<
a2—a+1+b2—b+1+c2—c+1

Cho cac sb thuc a, b, c théa man a? 4 b 4 ¢ = 9. Chitng minh ring

2(a+b+c)—abc <10

@ Cho cac s6 duong a, b, c théa man abc = 1. Chitng minh rang

3 < 6
a+b+c” ab+be+ca

1+

3.3 Phan tich téng binh phuong SOS va phan tich Schus - SOS.

Khi chiing minh bat ding thic & céc bac hoc thap hon ta thudng cb ging bién déi tuong duong dé dua veé
dang a® > 0, day 1a mot bat déng thiic co s nhét trong dai s6 so cAp. Vay liéu c6 phai bai toan nao ta ciing
c6 thé dua vé dang nhu vay hay ko, hodc lam céch nao dé dua vé dang nhu thé? Trong bai gidng nay ta sé
cting tim hiéu phuong phép phan tich téng binh phuong, hay Sum Of Square, viét tit 13 SOS.

3.3.1 Co sd@ cua phuaong phap S.0.S.

Ta déu biét t6i ding thiic
1
a® + b + ¢ — 3abe = §(a+b—i—c) ((a—b)2+(b—c)2+(c—a)2)
Nhu vay viét tudng minh ra theo dang téng ciia cac thanh phan binh phuong thi ta dugc

1 1 1
a3—|—b3+c3—3abc:§(a+b+c)(a—b)2+i(a—i—b—i—c)(b—C)Q—i—§(a+b+c)(c—a)2

Dén day ta goi 2 biéu thic S, = S, = S, = a+ b+ ¢ 1a cac thanh phan ding vé6i cac dai lugng binh phuong
lan lugt 1a (b — )%, (a — ¢)?, (a — b)? thi ta c6 dang téng quat ctia S.0.S nhu sau

Sa(b—c)* + Syla —¢)* + Se(a—b)* =0 (*)

Nhu vay thi néu bat dang thic dua vé dang nay ma dong thsi S,, Sy, S. > 0 thi hién nhién bat ding
thitc luon diang phai khong ndo? Tuy nhién cau héi dit ra 1a c6 phai lic ndo ta ciing dua duge vé dang
S,, Sy, Se > 0 khong? Chéc chin 1a khong, do d6 ta c6 mot s6 tiéu chuan S.0.S xay ra thi bat déng thiic
ding nhu sau
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Cac tiéu chuan S.0.S

@ S8, 20,8 >0,5 >

@ a>b>¢;S>0:8,+S,>0;S.+ S >

@ a=b>¢;8,>0;8. 20,5, +2S,>0;S.+2S, >0
@ a
® S+ Sp+ 5. = 0;8,5, + SuSe + SpSe = 0

V

b

WV

(& Sb

WV

0;S. > 0; a’Sy 4+ b%S, >0

Sau day la phan chitng minh ctia cac tiéu chuan nay.

# Ldi giai.
1. Tiéu chuan nay hién nhién dang.
2.Taco (a—c) > =(a—b+b—c)P=(a—b>+(b-c)?+2(a—0b)(b—c).
Mit khaca >b>c= (a—b)(b—c) > 0= (a—c)? > (a — b)? + (b — c)?, tit day suy ra
Sy(a —¢)? > Sy(a — b)* + Sy(b — ¢)?
=8> S,(b—c)*+ Sp(a—b)? + Sp(b—¢)* + Se(a — b)?
= (Sa+Sp) (b—)> + (Sc+Sp) (a—b)* >0
3. Néu Sy > 0 thi bat dang thitc hién nhién dung
Xét Sy <0,taco (a—c)>=(a—b+b—c)* <2(a—b)*+2(b— c)?, mit khac
Sy < 0= Syla—c)* =25, ((a— )’ + (b—0)*)
= 8> 8.(b—)* +25 ((a— )’ + (b—)*) + Se(a—b)*
= (b—¢)?(Sa +2S) + (a—¢)* (S. +25) = 0

4.Tfrdiéukiéntacé(a—c)b;a(b_c)jZ—c %tudaysuyra
—c\? 28, + b2S.
Sp(a—c)* + Sa(b—0)* = (b— )’ (&(‘LS) *S“> > (-0 (%) >0

M2 S. > 0 nén ta c6 ngay diéu phai chitng minh.
5. Do Sq + Sy +S. > 0 nén trong 3 s6 S, + Sp, Sp + Se, Se. + S, luon ton tai 1 s6 khong am. Khong méat tinh
téng quat gia sit S + S, = 0, khi dé tieu chuan (*) tuong duong

a? (Sy +Se) — 2a (¢Sp + bSe) + Sa(b— ¢)* 4+ 28y +b%S. = 0
Xét biet thic
A = 4(cSy +bSe)* = 4(Sp + Sc) (Salb — ©)” + Sy + b7S.) = —4(b— ¢)* (SaSh + SaSc + SpSc) <O

Ma Sy + S. > 0 nén c6 ngay dicu phai chiing minh. [

Nhu vay ta da ching minh xong, khong c6 gi phiic tap 1dm phai khong? Viéc dau tién can lam khi st
dung phuong phép S.0.S dé la phan tich bat dang thiic can chiitng minh vé dang chinh tic ctia S.0.S. Viéc
nay ban dau cé thé khong dé& dang nhung chi can tap phan tich mot s6 da thic déi xting 3 bién quen thudc
vé dang S.0.S la ta c6 thé thong thao viéc nay. Khi phan tich, bién ddi can chii ¥ t6i cac hing ding thitc
quen thuoc ma cé chita cic dai lugng (a — b)2, (c — a)?, (b — ¢)?. Sau day 1a mot s6 dang thiic ta c6 thé si
dung trong qua trinh lam bai.

2
@ o b 4 _3222((a—b)
cyc

b+c c+a a+b 2 a+c)(b+c)
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a? _(a—b)2
@?—Qa—i—b— 2
3 (a+b+c)(ab+bc—i—ca)—9abc:(a+b)(b+c)(c+a)—8abc:Zc(a—b)2

cyc

1
O (a+b+c)3—27abc:§Z(a—b)z(a+b+70)

cyc

® (a+b+c) (a2+b2+02)—9abc:Z(a—b)2 <%a+%b—l—gc>
® 8(a®+b*+c*) =3(a+b)(b+c)(cta)=> (a—b)*(4a+4b+c)

cyc

2 (o 2
9 2, (@, b E)_ 9 (a—b)” (2a® + 2bc + ab)
@ (a®+b +c)(b+c+a (a+b+c) _§ o
2p c(a —b)?
O S
cyc ¢ cyc cyc a
3 1
O G Te-x(Gry)e-r
cyc cyc cyc

c12+l)2+62—ab—bc—ca:%Z(a—b)2

cyc

— b)?
@a3+b3+c3—3abc:(a+b+c)z(a )

2
cyc
> (a—1b)?
@ a2b + b%c + c2a — ab® — be? — ca? = - 3
1
@ a3+b3+c3—a2b—b20—02a:3;(2a—|—b)(a—b)2

a4+b4+c4—a3b—b3c—c3a:iZ(3a2+2ab+62)(a—b)Q

cyc
@ a* + b* + et — a?b? — b2 — 2a? = ;Czyc:(a— b)2(a+b)2
(a? + b? —i—c2)2 —3(a’b+b3c+ cta) = ;c%; (a2 — b —ab—ac+2bc)2

@ £3+y73+13_£2_y72_i2:%2(x_y)2($+y)>0
y2 o 22 22y z Yy -

C6 vé cac dang thic nay kha la dai va viec nhé ching khong phai 1a viec don gian, cac tai lieu trén mang
ciing khong dua ra céch xay dung cic dang thic nay, tuy nhién ta c6 thé xay dung dua vao tinh chat déi
xiing ciia n6. Ta gid st

(a+b+c)* —27abe = (ma + pb + nc) (a — b)* + (mb + pc+ na) (b — ¢)* + (mc + pa + nb) (a — ¢)?
Vi 1a da thitc déi xiing theo bién a,b, ¢ nén ta phai c6 ma, pb, mc di kém vé6i cac thanh phan binh phuong.
Dén day ta dong nhat heé s6 1a sé tim dugc m,n, p.
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[Jack Garfunkel]. Chitng minh riang véi moi s6 thyc khong am a, b, ¢ thi

a? + b% + 2 8abc
aF =2
ab+bc+ca  (a+0b)(b+c)(c+a)
# Loi giai.
Mot bat déng thitc qua quen thuoc phai khong ndo. Bay gio chi ¥ ring ta cé cac ding thic sau

@ (a+b)(b+c)(c+a) — 8abe = Zc(a —b)?

cyc

@ a?+b?+c?—ab—bc—ca= = [(a—b)?+ (b—c)*+ (c— a)?]

N | =

Nhu vay ta dua bat dang thiic vé dang (x), trong dé

B 1 B 2c _ (ab+bc+ ca)(c—a) + b*(c+ a)
© ab+bctca (a+b)(b+c)(c+a) (ab+be+ca)(a+b)(b+c)(c+a)
g — 1 B 2b _ (ab+bc+ ca)(a —b) + c*(a+b)
PTab+bc+ca (a+b)(b+c)cta) (ab+be+ca)(a+b)(b+c)(cta)
1 2a _ (ab+bc+ ca)(b—c)+a*(b+c)

“ T ab+bc+ca  (a+b)(b+c)c+a) (ab+be+ ca)la+b)(b+c)(c+a)

Khong mét tinh téng quat, gia st a > b > ¢, khi dé S, S. > 0. Bay gio theo tiéu chuan 2 thi ta can ching
minh S, + Sp > 0, ta c6

2c2(a +b)

— >
St = et e at Dbt et a) -

Vay bét dang thitc da duge chitng minh, déng thitc x4y ra khi va chi khi @ = b = ¢ hodc a = b,c = 0 hoic
cac hoan vi tuong ting. [ |

Cho 3 s6 a,b,c > 0, chiing minh rang

a72+b72+£>3(a3+b3+c3)
b c a’ a4+

4 L3 giai.
Nhu bai toan trude, 1an nay ta c6 phan tich co s S.0.S ctia bat dang thic 1a

1 b+C > 2
o -2 =0
Z(c a? + b2 4 ¢? (b=c)

Nhu vay thi

a?+b2+c2  c(a?+ b2+ c?)

1 b+c a® + b% — be
c

b2+ % —ac
a(a®+ b+ c?)

a?+c® —ab
b(a? 4+ b2+ ?)

Sy =

=
Chu y day la bat dang thiic hoan vi 3 bién, khong phai bat dang thic déi xing, nén ta can phai xét 2 truong
hagp.

Néua>b>c=S,>0,5.>0,taco

Sa+25’b>0<:>(aQ—i—bz—l—cz—bc)a+2(bz+cz—ac)c>0
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& a® + b%a + 2% + 2¢° > abe + 2ac?
Maa>b>c= (b—a)(b—c) <0, suyra

b’ + ac < ab+ be = b% 4 abe < ab® + b3c
Ta c6 (a—c) (a* + ac— ) 2 0= a® + ¢ > 2ac?, suy ra

a® + ¢ + ab® + b*c = 2ac® + abe + b*

= a® + b%a + 20%c + 262 > a® + A + ab? + bPc > 2ac® + abe

= S, +25,>0
Tuong tit thi ta ciing ¢6 S. + 2S5, > 0, theo tidu chuan 3 ta c6 diéu phai chitng minh.
Néu a < b < ¢ thi xét tuong ty ta cling cé diéu phai ching minh theo tiéu chuan 2. |

Nhu vay c6 thé thay ring véi bat déng thiic hoan vi thi xem ra viéc ching minh hoi vat va hon xiu,

dén day ta lai tim hiéu mot phan tich co s nita, goi 1a phan tich binh phuong hoan vi, day 14 phuong phap
manh hon S.0.S rat nhiéu, sau day la co sé clia phuong phap nay.

3.3.2 Co sd cta phuong phap S.S.

Nhu da biét moi bat déng thitc 3 bién (ddi xitng hosic hoan vi) déu c6 thé bién ddi duge vé dang tieu chuan
ctia S.0.S. Tuy nhién viéc bién d6i vé dang tiéu chuan nay thuong khong dé dang (dic biét 1a v6i nhitng
bai bat ding thic 3 bién hoan vi vong quanh). Hon nita khi lam bat ding thitc bing phuong phap S.0.S
thuong phai xét 2 truong hop. Day 1a diéu kha bat tien. Phuong phap SS ra doi ciing tit nhitng bat tién nay
gay ra. Phuong phap SS(Schur - SOS) 14 phuong phap dua bat dang thitc 3 bién thanh dang

M(a—b*+N(a—c)(b—c) >0

Trong d6 M, N 1a 2 biéu thitc dbi xing v6i a va b. Nhu vay chi can gid sit ¢ = max {a;b; c} hosic gia st 1a
min va chitng minh M, N > 0 thi bat ding thic da duge chitng minh. Ciing nhut S.0.S thi phuong phap SS
ciing c6 nhiing khai trién rat quan trong.

D a2+ +2—ab—bc—ca=(a—b)>+(a—c)(b—c)

@ ad+ b+ —3abc=(a+b+c)(a—b)2+(a+b+c)(a—c)(b—c)

@) ab(a+b) + be(b+¢) + ca(c+ a) — 6abe = 2¢(a — b)* + (a +b) (a —¢) (b—¢)
@ ab® + be® + ca? — 3abe = c(a — b)*> +b(a—c) (b — )

® at+ b+t —abe(atb+c) = ((a+b)*+c)(a—b)’+ (ab+ (a+c) (b+c))(a—c)(b—c)

® Zag(b+c)—2abc(a+b+c):(a+c)(b+c)(a—b)2—|—(2ab+ac+bc)(a—c)(b—c)

cyc

@ a3b+b3c+c3a—abc(a+b+c):(ac+bc)(a—b)2+(a2+a0) (a—c)(b—rc)

a b ¢ 1 9 1
6+E+5—3—%(G_b) —i—&(a—c)(b—c)

b+c a+c a+bd 2 o a+b
O, a t b T c _6_%@ b)+ac(a c)(b=c)

a b c 3 (a-b)’ (a+b+2¢)(a—c)(b—c)
b+c+c+a+a+b_§_(a+c)(b—|—c)+ 2(a+0b)(b+c)(c+a)

a+kb . K*a—b)’ k(a—c)(b—c)((k* —k+1)a+ (k—1)b+ kc)
> e 3= et ka) (et by T (a+ kb) (b + ka) (c + kb)

cyc
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a? b? & atbtc (a—b)’(atbtc) (a+b+ec)(a+b+2e)(a—c)(b—c)
@ taretars 7 - @t+o)(b+o) 2a+b)(b+o)(cta)

Tuong tu v6i phuong phap S.0.S, van dé bay gid ta sé phan tich cac déng thiic nay vé dang chuan nhu nao.
Ngoai mot s6 dang thiic can khéo léo them bét thi véi 16p cac da thic doi xing thi ta sé phan tich thanh
binh phuong, sau d6 sé phan tich ngugc vé dang S.S. Vi du phan tich da thitc nhu sau

3(a3+b3—|—c3)—(a—|—b—|—c) (a2—|—b2—|—02) =(@+b)(a=b2+Ob+c)(b—c)+(a+c)(a—-c)

(a=b?+b+c)(b—at+a—c)’+(at+c)(a—c)
a+b)(a—b2+0b+c)(b—a)’+20b—a)(a—c)(b+c)+ (a—c)?(a+b+2e)

a—b) (a* — ab— ac — 2b* + be + 2¢*) + (a — ¢)® (a+b+2c)
—b) (a® — ab — 2ac + ac — 26> + be + % + ) + (a — ¢)* (a + b+ 2c)
a—>b ((a—c ab+ac—2b2+bc+c)—l—(a—c)2(a+b+2c)
= (a—b)(a—c)*+ (a—b) (—ab+ac — 26> + be + ¢*) + (a — ¢)* (a + b+ 2¢)

)
)
)
)
)
)
)

a—c)*(2a+2¢) + (a—b) (c—b) (a+2b+c)

Nhu vay ta da co cach dé phan tich mot da thic vé dang S.S.
Khi d6 bai toan & vi du 2 sé gidi quyét nhu sau. Ta c6

3 3 31 bab Y 24 ab) (a—b) (e —b
LHS—(a+b+c):ac+ba+Cb abc(a+b+c):(a+c)(a c) —|—(a +a)(a ) (c— D)

abe abe

Nhu vay thi

a+c) 2(a+c) > (ab)(cb)(a2+ab a+2b+c>

2 (b
LHSRHS:(GC)( abe a2+ b2+ 2 abe a2+ b2 + 2

9 1 1 (a+b a+2b+c)
= (a — - — b (c—b _
(a=c)"(atc) ac  a?+b2+c? Tla=b(e=b) be a? +b% + 2
2

Trudc tien ta thiy ring a® 4+ b? + ¢ — 2ac > 0 theo AM — G M.
Ta ¢6 (a+b) (a* +b* + ) — be(a + 2b + ¢) = a® + a®b + ab* — abc + ac? + b* — 2b%c.

1
Theo AM — GM thi ab® + ZGCQ > abe. Gia st b = min {a, b, c}, ta xét tam thic bac 2

3
fle)= lcga — 2% c+a® +d’b+ b

Ta co 3 5 5 3
A== Za(a®+a®b+b") =b' = Ja' = Ja’b— Jab® <0

Nhu vay thi ta c6 ngay diéu phai ching minh.
Cho 3 s6 duong a, b, ¢, chitng minh rang

b+ + +b _ 4(a®+b2+ 2
C+CL c+a S ( )

> 2
a b c ab + bc + ca u

# L3 giai.
Bat dang thic can ching minh tuong duong véi

2,12, .2
<b+c+a+c+a+b)_6>4 (a +b +c)_1
a b c ab + bc + ca
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Ap dung déng thitc 1 vd 9 ta c6 phan tich thanh dang S.S 1a

2(bc+ca—ab)} ) {(a—b)QC—i—ab(a—{—b)
S B RS

ab(ab + bc + ca) (=0 abe(ab + be + ca) (c=a)(c=b) >0

Dén day ching con gi dé noi nita! Néu st dung S.O.S thi c6 1& sé kha phiic tap. m

Nhan xét. Theo kinh nghiém thi cdc bai todn phan tich S.S sau khi dua vé dang chinh tic thi cac
bat déng thitc con lai chiing minh khong khé khan, tat ca ci khai trién hét ra va két hop véi dieu gia

st mot bién min hodc max hop 1y 1a sé giai quyét duge bai toan.

3.3.3 Bai tap.

Chitng minh cac bat ding thic dudi day, diéu kien mac dinh 1a a, b, ¢ 1a cic s6 khong am.

®

® Q@ @ © ® @ ©

® ® ® ® ® @

®

a+b a+c b+tc _a b c
<T-+-+-
at+c b+c bt+a b ¢ a
(a+ b)? N (b+c)?  (c+a)? 2abc
(b+c)2  (c+a)? (a+b)? a+b+c 7 3

a? b 2 _(ab+bc+ ca)

-+ —= > 11Va,b,c >0
b 2 a? a? + b2 + ¢2 @0 €

a . b L c N abc
b+c c+a a+b 2(ad+b+3)

> gVa,b,c>0

b 2 1 1 1
(a++c) 2(a+b+c)<++>va,b,c>0
c ¢ a a b ¢
a+b b+c c+a<(a+b+0)2

< Va,b,
b+c c+a a+b ab+bc+caa ¢>0

Za—l—kc o (a+b+c)?
a+ kb~ ab+bc+ ca

cyc

k<1

a+b b+c c+a 3(ab+bc+ca)
+ + -+
b+c c+a a+bd (a+b+c)?

>4 Va,b,c>0

2 p? 2 3(a3+b3+c3)
P>

a n +c
b c a a?+b2+e2
3 3 3
a b c
S22 s Bl 1
b+c+a V3 (at+ bt + ¢t
a? b2 c? a b c

b2—|—02+c2—|—a2+a2+b2 - b+c+c+a+a—|—b
abc 2 _ab+bc+ ca

a3—|—b3—|—c3+3/ a? 4+ b + 2
b+c c+a a+bd 4(a2+b2+02)
+ + >

> 2
a b c ab + be + ac +
4 (a2 + b2 2
(a+b)(b+c)(c+a)+ (a® + +c)>12
abc ab + bc + ca
ad + b+ 3 54abe
abc (a+b+e)p3~
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2 +ab 3

b2+ca+ S 3
(a+b)2 7~ 2

(c+ a)?

a® + be n
(b+ c)?

2 +ab
a+b
8labe 9

> Vabe>0
@tbreop -2 'W0¢”

b2 + ca
c+a

a® + be
b+c

Za+b+cVa,b,c>0

ad + b+ 3
2abc

® ©®

a® + be b? + ca 2 +ab a b

®

+ -5 Vabe>0

(b+c)?

a-+2b
c+2b

(a+b)?2 " b+c c+a

c+ 2a
b+ 2a

4v/2(ab + be + ca)
a2 + b2 + 62

2+ ab 1 1

(c+a)?

b+ 2c
a+ 2c

®

> 3Va,b,c >0

(a+b)(b+c)(c+a)
abc

b+ ca
b2(c+ a)

a® + be
a?(b+c)

1 1

a+b) " a b
1 1

a+b

> 8 +4v/2Va, b, ¢ > 0

1
> -+ -+ —Va,b,c>0
c

1
44>
a+b+c/(a+b+c)<

> v & 9(ab+be+ ca)
a? a? +b% + c2

3(a+b)(b+c)(c+a)
abc

n 2ab
(a+b)?

® ® ® ®

> 12Va,b,c > 0

= 48

n 2ac
(a+ c)?

a? + b+ 2 N 5
ab+bc+ca” 2

® ®

2
(a+b+0)° > %abc (a® + b + ¢ + 2abc)

1 1 1 3 1 1 1 2
letreta

a Tt T arbre”

® ® ®

1 1 1
(a+b+c) (++> 26(
a c

2a2+bc+2b2+ca+202+ab

>Va,b,c>0

a2+ b2 + c2

Cho a,b,c 1a 3 canh clia mot tam giac. Ching minh rang

a+b+c)
b+c c+a a-+b

b
<a+b)2 (b+¢)?*  (c+a)?
2+ab  a?+bc  b24ac
@ abc(a+ b+ c) 12 (a® 4 0% + ¢3)
at+ b+t (a+b+te)(a+b2+c2) T
a* + bt + ¢ 3abc 2
> Z (a2 + b2+ 2
&) et Tavbre 2 @)
@ a? N b? N c? (a2+62+c2)2 (a+b+c)?
b2+c2 c24a?  a?2+b2 7 2(ab? + b2c? + c2a?) ~ 2(ab + be + ca)
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4 Cac bai toan luyén tap.

Duéi day la céc bai toan dugc tuyén chon tit cac ky thi chuyén toan, ki thi hoc sinh giéi 16p 9 va kho hon
la céc dé chon doi tuyén ciia cac trudng va cac tinh trén ca nudc, ching toi xin gii t6i ban doc ngay sau
day.

(& Cau 1. Cho a,b,c la cac s6 thuc duong. Tim gia tri nhd nhat ctia biéu thic

() + () + ()
P = + +
a+b b+c c+a

(¢ Cau 2. Ching minh ring néu a, b, ¢ 1a do dai ba canh ctia mot tam gidc c¢6 chu vi bang 3 thi luon c6

3a? + 3b% 4 3¢ + 4abc > 13.
(¢ Cau 3. Cho céc s thuc duong a, b, ¢ thdéa man diéu kien (a + ¢) (b + ¢) = 4c®. Tim gid tri 16n nhat va
gi4 tri nho nhat ctia biéu thiic
_a L+ b n ab
b+3c a+3c betca

(& Cau 4. Véi cac s6 thuc duong a, b, ¢ thay doi théa man diéu kien a? + b + ¢ + 2abc = 1. Tim gia tri
16n nhét ciia biéu thitc P = ab + be + ca — abe.

(¢ Cau 5. Cho ba s6 thyc duong théa man z + y + 2z + 2 = xyz. Chitng minh ring
r+y+z+6>2(/Ty+ Yz + 2x)
(& Cau 6. Cho z,v, z la cac s6 thuc duong théa mén z +y — 2+ 1 = 0. Tim gia tri 16n nhat ctia biéu thitc
233
(x4 y2) (y + 22) (z + 2y)?

P:

(& Cau 7. Cho a,b,c la cac s6 thyc duong. Ching minh ring

1 1 1 1(1 1 1)
c(c+a+3b)+02+a(a+b+3c)+a2+b(b+c+3a)+62\6 ZTEta

(¢ Cau 8. Cho a,b,c la cac s6 thyc khong am théa man a + b + ¢ = 3. Chitng minh rang

avVbB3+1+bvVAB +14+cevad3+1<5.

; ) a? + b2 + 2\’ o )
(¢ Cau 9. Cho a,b,c la cic s6 thiyc duong théa man <W> < 2019a%bc?. Tim gia tri 16n nhéat
ctia biéu thitc

_a . b . c
a?+bc b +ca c2H4ab

(¢ Cau 10. Cho cac s6 thyc phan biét a, b, c. Chitng minh ring

1 1 1
SRS ((a—b>2 oot <c—a>2> g

(@ Cau 11. Cho a;b;c la ba s6 thuc duong thoa man a? + b? + ¢ = 3. Chiing minh ring

N} N}

a? + 3ab + b2 n b2 + 3bc + 2 n ¢+ 3ca + a2 o
V6a2 + 8ab + 1162 62 + 8bc + 112 /6¢2 + 8ca + 11a2

(¢ Cau 12. Cho cac s6 duong a, b, ¢ théa man a + b+ ¢ = 1. Tim gi4 tri nhé nhat ctia biéu thic
P =2(a’b+b*c+ ca) + (a® + b* + ¢*) + dabe

(@ Cau 13. V6i moi s6 thuyc khong am z,y, 2 thda man 22 + y? + 22 = 2.
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(1) Chting minh réing z +y + 2z < 2 + zy.
T Y 2
2+yz+2+zm+2+xy'

(2) Tim gi4 tri 16n nhat va nhé nhat ctia biéu thic P =

(¢ Cau 14. Cho a,b,c la cac s6 thyc duong tity ¥. Tim gié tri nhd nhat ciia biéu thitc

 (a+bto) @+ +c* 181 (a* + 07+ )
30 (a2 + b2+ ?) 4abe 60 (ab + bc + ca)

(&' Cau 15. Cho a,b,c la ba s6 khong am thoéa man diéu kién

a® +b* + ¢ < 2 (ab+ be + ca)
va p,q,r 1a ba s6 théa man p + g + r = 0. Chitng minh réng apq + bgr + crp < 0.
(¢ Cau 16. Cho z,y, 2z la cac s6 thyc duong théa man x > z. Chiing minh ring

Tz y? :1:+2,z>5

+ >
v24+yz xztyz w+z 2
3a—10 3b—c 3c—a

(¢ Cau 17. Ching minh rang (a4 b+ c) a2+ab+b2+bc+02+ca

< 9 véi a,b,c la do dai ba canh
clia mot tam giéc.
(¢ Cau 18. Cho z,y, 2 1 céc s6 thuc duong théa man zyz = 1. Tim gia tri 16n nhét ciia biéu thic

1 1 1
(3$—|—1)(y+z)+w+ (3y+1)(,z+:c)+y+ Bz+1)(z+y) +2z

(& Cau 19. Cho z,y, z 1a céc s6 thuyc khong am théa man = + y + 2z = 3. Tim gia tri nhé nhat ctia biéu
thic

oz y z

N y3+16+23+16+x3+16'

(¢ Cau 20. Cho a,b,c la cac s6 thyc duong théa man ab + be + ca = 3. Chitng minh ring
[ b+c [ c+a [ a+b 3
A ——— F+ b/ 5— A —— < —.
“ a2+bc+ b2+ca+c c2+ab " abe
1 1

. p 1 1
(¢ Cau 21. Cho a,b,c,d 1a cac s6 thuyc duong théa man

1—|—a3+1+b3+1—|—c3+1—|—d3

= 2 Ching

minh réng

1—a 4 1-9b n 1—c n 1—-d >0
l—a+a2 1-b+b2 1—c+c2 1—d+d®2~

. . , ~ 3 e e . a .
(¢ Cau 22. Cho a,b,c la cac s6 thyc duong théa man a + b + ¢ < 3 Tim gia tri nhd nhat cia bieu thic

1 1 1
— 2 2 2

(¢ Cau 23. Cho a,b,c la cac s6 thyc duong. Chitng minh rang

a(b+c) b(c+a) c(a+0b) 6
2+ 2 2< :
a2+ (b+c)* P+ (c+a)” A+ (a+bd) b

(&' Cau 24. Cho a,b,c la cac sd thyc khong am sao cho a + b + ¢ = 6. Chitng minh ring

a’+bc bV 4+ca A +ab
+ +

> a2+ b2+ 2
b c a

(¢' Cau 25. Tim hang s6 k 16n nhat sao cho v6i moi a, b, ¢ 1a cac s6 thic khong am théa mén a+b+c =1
thi bat ding thiic sau luon ding
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a b c
+ + >
1+9c+k(b—c)?* 1+49ca+k(c—a)® 149ab+k(a—b)? 2

()

(¢ Cau 26. Cho z,y, 2 Ia cac s6 thyc khong duong. Chiing minh ring

ry 23 yz23a3 za3y?

+ 4 <
(2 +y2)? (13 +23) (12 +22)° (28 +a3) (22 +ay)” (23 +y°)

ool w

(@ Cau 27. Cho z,v, z 14 céc sb6 thuc duong théa man x + y + z = 1. Tim gia tri 16n nhat ctia biéu thic

2 2 2
p_ T2y i Yy z i .
4x + by 4y + 5z 4z + bx

(&' Cau 28. Cho a,b,c la cac s6 thiyc duong théa man ab + be + ca = 1. Chitng minh rang

a® N b3 N o (a+b+c)?
14902ca  14+9c2ab 1+ 9a2be ~ 18 ’

(&' Cau 29. Cho a,b,c la cac sd thiyc duong tity y. Chitng minh rang

V5aZ +4be + V562 + dca + V52 + dab > /3 (a® + b7 + 2) + 2 (Vab + Vbe + ea).

(¢ Cau 30. Cho z,y, z 1a cac s6 thic duong théa man 3 (374 +yt+ 24) -7 (x2 +y? + 22) 4+ 12 = 0. Tim
gia tri n6 nhat ciia bicu thic
22 Y2 52

:y+2z+z+2:c+a:+2y'

(¢ Cau 31. Cho a,b,c la cac s6 thyc duong tity y. Chiing minh réng

(a+b—c)? (b+c—a) (c+a—b)? >3
(a+b)2+c2 b+’ +a® (c+a)?+02 5

(¢ Cau 32. Cho a,b,c la cac s6 thie duong théa man a? + b2 + c? + ab = 2¢ (a + b). Tim gia tri nho nhat
clia bidu thic

c? . 2 . Vab
(a+b—c)? a24+0* a+b

(@ Cau 33. Cho z,v, 2 la cac s6 thuc khong am théa man 22 + y? + 22 = 2. Tim gia tri 1én nhat clia

x? Y+ z 1

M = + .
24yz+r+1 zH+y+z+1  ayz

(¢ Cau 34. Cho a,b,c la cac s6 thyc khong am, trong d6 khong c6 hao s6 nao dong thaoi bang 0. Tim gia
tri nhoé nhat ctia biéu thrc

p_ a(b+c) +b(c—i—a) +c(a+b)

a? + be b2 + ca c2+ab’

(@ Cau 35. Cho a,b, c la cac s6 thuc duong théa man a + b+ ¢ = 3. Tim gia tri nhé nhét ciia biéu thic

P=7(a*+ 0"+ ) +m.
(¢ Cau 36. Chitng minh ring véi moi s6 thuc duong a, b ta cé bat ding thic sau
a?b? (a® +b* —2) > (a+b) (ab—1).
(¢ Cau 37. Cho a,b,c la cac s6 thyc thoa man (a + b) (b + ¢) (¢ + a) = 10. Chitng minh rang
(a2 + b2) (b2 + c2) (02 + a2) + 12a2b2%c2 > 30.
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(&' Cau 38. Cho z,y, 2 la cac sd thiye duong bat ky. Ching minh rang

x> yz3a3 za3y?

+ + <
(22 +y2)? (P +23)  (2+ay)’ @3 +y3) (22 +ay)’ (23 +43)

| w

(@ Cau 39. Cho z,y, 2 la cac s6 thic duong théa man x + y + z = 1. Tim gia tri 16n nhat ciia biéu thiic

2 2 2
p_ T2y i Yy z N .
4x + by 4y + 5z 4z + bx

(& Cau 40. Cho z,v, z la cic sb thuc thoéa man diéu kién xyz = 1. Tim gia tri nho nhat clia bicu thic

P = (lzy| + |yz| + |zx]) {15 x2+y2+22—7(x+y—z)} + 1.

(¢ Cau 41. Cho ba sb thyc duong thay déi a, b, ¢ théa man a? 4 b% + ¢ > (a + b+ ¢) Vab + bc + ca. Tim
gi4 tri nho nhéat ctia biéu thiic

1
P:a(a—2b+2)+b(b—20+2)+c(c—2a+2)+T
abc

S . , 3v3 A £, o 1.2 .
(¢ Cau 42. Cho a,b,c la cac s6 thuc duong théa man a+b+c = —f Tim gia tri 16n nhat ctia bieu thiic

V2
B 1 N 1 N 1
a2 4+b02+3 2+c24+3 24a2+3

(& Cau 43. Cho z,v, z 13 cac s6 thuc duong théa man zyz = 1. Tim gié tri nhé nhat ctia biéu thic

42 y+2 42
S (y+z2) Yzt Bty

(¢ Cau 44. Cho a,b,c 1a cac sd thic khong am trong dé khong c6 hai s6 ndo cling bang 0. Chitng minh
rang
1 + 1 n 1 S 3
a2—ab+b2 b2—bc+c2 2—ca+a?” ab+bc+ca

(¢ Cau 45. Cho a,b,c la do dai ba canh clia mot tam gidc va a + b + ¢ = 1. Chitng minh ring

4 4 4 1 1 1
+ + <—+7+-+9
a+b b4+c c+a a b c

a

(¢ Cau 46. Cho a,b, c 1a cic s6 thyc duong théa méan a +b+c = 2

thic

b ¢ . .
4+ — 4+ —. Tim gia tri 16n nhat cta bieu
c a

_a+b+1 n b+c+1 n ct+a+1
@B+l B3+ S+ad+ 1

(¢ Cau 47. Cho a,b,c la cac s6 thyc khong am. Chiing minh rang
(a+be)* + (b+ca)® + (c+ab)* = vV2(a+b) (b+c)(c+a).
(¢ Cau 48. Cho z,y, 2 la cac sd thyc duong théa man x + y + 2 = 1. Ching minh rang

m3—2m2+x+y3—2y2+y z3—222+z<2\/§
Valy+z) o ye+a)  Valr+y) T3

(¢ Cau 49. Cho z,y, z 1a ba s6 thuc thuoc doan [1;9] v x > y;2 > 2. Tim gia tri nhé nhat ctia biéu thic

)
P= = .
10y—:n+2 y+z+z+x

So Email. nhathuyalk49c3pbc@gmail.com €9 Tap chi va tu liéu todn hoc



Nguyén Nhit Huy £ Tuyén tap bat ding thirc thi chuyén toan

(¢ Cau 50. Cho z,y, z la céc s0 thyc duong théa man y + z = x (y* + 2%). Tim gia tri nhé nhat cla biéu
thiic
1 1 1 4

P= (x+1)2+(y+1)2+(z+1)2+(x+1)(y+1)(z+1)'

(& Cau 51. Cho cac s6 thiyc duong x,y, z. Tim gia tri nhé nhat clia biéu thiic

32t 4+ 4P +162° + 1
(z4+y+2)° .

(& Cau 52. Cho ba s6 thiec a, b, ¢ thay déi. Tim gia tri 16n nhét ctia biéu thtc

P_3€/02—3a2_2\/a2+b2+02—ab—bc—ca
N 6 3 '

(¢ Cau 53. Cho a,b,c la cac sd thyc duong thod man ab + bc + ca + 2abc = 1. Chiing minh réng

al@a+1) bOb+1)  cle+l) 9
(2a +1)? * (2b+1)? * (2¢ + 1) S 16

(¢ Cau 54. Cho z,y 1a cac s6 thuyc duong théa man 2x + y va 2y + o khac 2. Tim gia tri nhé nhat cta
biéu thiic
(2932 + y) (438 + y2) (2y2 + x) (4y + xQ)

P= + -3z +y).
(2x—|—y—2)2 (2y—|—3c—2)2 ( )

(¢ Cau 55. Cho a,b,c la cac sb6 thyc thuoc doan [0;1]. Chiing minh réng

a n b n c
b+c+1 c¢c+a+1l a+b+1

+(1-a)(1-0)(1-¢c)<1.

(¢ Cau 56. Cho z,y, 2 la cac s6 thyc duong théa man zyz = 1. Chiing minh rang
1 n 1 n 1 < 3
Qr+y+2)? (@+2y+2)° (x+y+22)% 16

(& Cau 57. Cho z,v, z la cac s6 thuc khong am théa man 2% + y? 4+ 22 = 1. Chting minh ring

(2%y + y*z + 2%x) ! + ! + ! <5
Vaz+1  y2+1 V22 +1 2

(& Cau 58. Cho a,b,c la cac s6 thyc duong a + b+ ¢ = 9. Tim gia tri 16n nhat ctia biéu thic

| wo

T_ ab n bc n ca B 1
- 3a+4b+4c  3b+4c+ba  3c+4a+5b Vab(a+2¢c)(a+2c)

(@ Cau 59. Cho a,b,c la céac s6 thuc duong. Tim gia tri nhé nhat ciia biéu thitc
O 13u 2016
a+Vab+ Vabe Va+b+c

(&' Cau 60. Cho a,b,c la cac s6 thiyc duong théa man abe = 1. Chitng minh ring

a b c 3v3
+ + > .
b+c c+a a+b” Va3 Fbd L3 +3

(& Cau 61. Cho a,b,c la cic s6 thuc khong am. Tim gia tri nhé nhat ciia biéu thitc
a b c
P=,/ \/ Y ——
b+c + c+a + a+b
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(¢ Cau 62. Cho a,b,c la cac s6 thuc duong théa man ab + be + ca + 2abc = 1. Tim gia tri nhé nhat cta
biéu thitc
1 1 1

(¢ Cau 63. Cho a,b,c la cac sd thyc duong théa man a + b + ¢ = 3. Chitng minh rang

(0+0) 04 ve (et
Vaz—ab+b2 VB2 —be+c2 Ve —ca+ a2

(¢ Cau 64. Cho z,y, 2 & cac s6 thyc duong théa man x + y + 2z = 3. Chiing minh ring

< 12

1 1 1 1 1 1
+ + >4< + + )
VY Y+ Vz o Vit r+7 y+7 247
(¢ Cau 65. Cho a,b,c la cac s6 thyc duong théa man a + b+ ¢ = 3. Chiing minh rang
1 1 1 a+1 b+1 c+1 8 8 8

44+ = >6> .
aerJchr1+b?+1+(:2+1+a2 a2+b2+2+b2+02+2+c2+a2+2

(€ Cau 66. Cho a,b,c la cac s6 thyc duong théa man (a +b) (b+ ¢) (¢ + a) = 1. Tim gié tri nhé nhat cta
biéu thitc

Va2 — ab + b2 N Vb2 — be + 2 N V2 = ca + a?
Vab+ 1 Vbe+1 Vea+1
(&' Cau 67. Cho a,b,c la cac sd thiyc duong. Chitng minh ring
1 1 1 3 21

+ + + — (ab+bc+ ca) > —.
(1+a)?® (1+0)° (1+¢)° 3 )2 5

P=

. P . 1 1 1 ; ) .
(¢ Cau 68. Cho z,y, 2 1a cac s6 thyc duong théa man z +y + 2 = — + — + —. Chitng minh rang
x Yy oz

1 1 1 1
+ + < :
ey +yz 4+ 22)®  (zy+2yz + 22)>  (xy+yz + 2zx)?  1622y222

(&' Cau 69. Cho a,b,c la cac sd thic duong. Chitng minh ring

5/ 2a +§/ 2b +§/ 2c _9
da+4b+c a+4b + 4c 4a + b+ 4c '

(¢ Cau 70. Cho z,y, 2 1a cac s6 thyc phan biét va khong am. Chiing minh ring

Tty y+z z+x S 9
@-9? W-2° (-2? zt+y+tz

(¢ Cau 71. Cho z,y, 2z 1a cac s6 thyc théa man z >y > 2z > 0 vh o+ y + 2z = 1. Tim gia tri nhé nhat cia
biéu thiic
1 1 8 2
pP= + ot
(@—v)? (y—2°" =z ¢

(¢ Cau 72. Cho a,b la hai s6 thyc duong thod man 2 (a? + b?) + ab = (a + b) (ab+ 2). Tim gid tri nho

nhét ctia bidu thitc
a® b a2 b2
r-4(+a)-o(F+ )

(& Cau 73. Cho cac s6 thuyc duong a, b, c thda man a + b+ ¢ = 2017. Tim gia tri 16n nhat clia biéu thic

a+b+4c
a+1 b+1 c+1
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Cau 74.

Cau 75.

Cau 76.

Cau 77.

Cau 78.

Cau 79.

Cau 80.

Cau 81.

Cau 82.

Cau 83.

Cau 84.

Cau 85.

Cau 86.

Cau 87.

Cho cac s6 thuc duong a, b, ¢ thda man a? + b? + ¢ = 3. Tim gia tri nhé nhét ctia biéu thic
1 1 1
T VTisd  ViisB  Jited
Cho ba s6 thuyc duong a, b, ¢ théa man ab + bc + ca = 3. Tim gia tri nhé nhat ciia biéu thiic
ad b3 3
- bz+3+c2+3+a2+3'

Q

. 1 . .
Cho x,y la cac so thyc théa man z,y € {2; 1} . Tim gia tri nhé nhat cta biéu thic

P = 2%y + ay® + —-3(z+vy).

T
V6i cac sb thuc duong a, b, c. Tim gia tri nhé nhat ctia biéu thiic
B 1 - 8
 2a+b+ V8he V22 +2(a+0)+5

Cho ba s6 thyc a, b, ¢ thude doan [0;2]. Tim gi4 tri I6n nhat ctia biéu thic
P = (a®c+ c*b — b*c — *a — a®b) (a + b+ c).

Cho hai s6 thuc z,y théa méan 2 (z* + y*) = 2*y*. Tim gia tri nhé nhat cta biéu thic

z? y2 1

P= + + .
y2+1 332—|—1 /$4+y4+1
Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh rang
a(b+c) b(c+a) c(a+0b)
B+bet+c? A+ceata? a?+ab+b? 7
Cho a, b, c 1a cac s6 thyc duong thda man ab + be + ca = 3abc. Chiing minh rang

a? +v? b+ 2 2 +a?
3 < V2 b b .
\/ b + bt e + p + \f(\/a+ + +c+\/c+a)

Cho a, b, ¢ 1a cac s6 thuc duong théa man a?b? + b*c? + c?a? = a?b*c?. Chiing minh ring
a’b? L b2c? c?a? S é
(a2 +b2)  ad(b?+c?) B (2+a?)” 27
Cho a, b, ¢ 1a cac s6 thyc duong théa man abe = 1. Chitng minh réng
1 1 1
+ + >
ala+1)+ab(ab+1) b(b+1)+bec(bc+1) c(c+1)+ca(ca+1)

Cho a,b,c 1a cac s6 thuc duong. Chitng minh rang

a? + be b? + ca c +ab 8abc
+ + + >4
a(b+c) b(c+a) c(a+0b) (a+0b) (b+c)(c+a)
Cho a, b, ¢ 1a cac s6 thyc duong théa man abe = 1. Chitng minh réng
a’+5 b +5 & +5
3 + 3 + 3 = 09.
ad(b+c¢) b(c+a) AS(a+b)
Cho z,y, z 1 cac s6 thyc duong théa man x + y + z < 1. Tim gia tri nho nhét ciia biéu thic
24,2 +1 2.2 +1 242 +1
o VEPET PR AT
y z x

=~ w

Cho a,b,c 1a cac s6 thyc duong. Chitng minh rang

<a+b+c>2>(a+b+c)<1+1+1>
b ¢ a) 7 a b ¢
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