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Loi noi dau

Ban dang co trong tay tdp I cia mot trong nhiing sdch bai tdp gidi tich
(theo chiing t6i) hay nhdt thé gidi .

Trudc day, hau hét nhiing nguoi lam todn cua Viét Nam thuong su dung
hai cuén sdch noi tiéng sau (bang tiéng Nga va da dvoc dich ra tiéng Viét):

1. BATAP GIAI TICH TOAN HOC”ciia Demidovich (B. P. Demidovich;
1969, Sbornik Zadach i Uprazhnenii po Matematicheskomu A nalizu,
Izdatelplstvo Nauka,”Moskva)

va

2. GIAI TICH TOAN HOC, CAC VI DU VBRTAP’ciia Ljaszko, Bojachuk,
Gai, Golovach (1. I. Lyashko, A. K. Boyachuk, YA. G. Gai, G. P.
Golobach; 1975, Matematicheski Analiz v Primerakh i Zadachakh,
Tom 1, 2, Izdatelplstvo Vishaya Shkola).

dé gidang day hodc hoc gidi tich.

Can chii y rang, cudn thit nhdt chi ¢é bai tdp va ddp s6. Cudn thit hai
cho 101 gidi chi tiét doi voi phan Ion bai tdp cua cudn thir nhdt va mot sé
bai todn khdc.

Ldn nay chiing téi chon cudn sdach (bang tiéng Ba Lan va da duoc dich
ra tiéng Anh):

3. BATAP GIAI TICH. TAP I: SO THUC, DAY SO VACHUOI SO*(W. J.
Kaczkor, M. T. Nowak, Zadania z Analizy Matematycznej, Czes¢ Pier-
wsza, Liczby Rzeczywiste, Ciagi i Szeregi Liczbowe, Wydawnictwo
Universytetu Marii Curie - Sklodowskiej, Lublin, 1996),

4. BATAP GIAI TICH. TAP II: LIEN TUC VAI PHAN {W. J. Kaczkor, M.
T. Nowak, Zadania z Analizy Matematycznej, Czes¢ Druga, Funkcje
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v Loi noi dau

Jednej ZmiennejR achunek Rozniczowy, Wydawnictwo Universytetu
Marii Curie - Sklodowskiej, Lublin, 1998).

dé bién dich nham cung cdp thém mot tai liéu tot giiip ban doc hoc va day
gidi tich. Khi bién dich, chiing toi dd tham khdo ban tiéng Anh:

3% W.J. Kaczkor, M. T. Nowak, PROBLEMS IN MATHEMATICAL ANALY-
SIS I, REAL NUMBERS, SEQUENCES AND SERIES, AMS, 2000.

4% W.J. Kaczkor, M. T. Nowak, PROBLEMS IN MATHEMATICAL ANALY-
SIS II, CONTINUITY AND DIFFERENTIATION, AMS, 2001.

Sdch nay c¢6 cdc wu diém sau:

e Cdc bai tdp dugc xdp xép tir dé cho tdi khé va cé nhiéu bai tdp hay.

e Loi gidi khd day du va chi tiét.

e Két hop duoc nhitng y tuong hay giita todn hoc so cdp va todn hoc
hién dai. Nhiéu bai tdp duoc ldy tir cdc tap chi noi tiéng nhit, Ameri-
can Mathematical Monthly (tiéng Anh), Mathematics Today (tiéng
Nga), Delta (tié€ng Balan). Vi thé, sach nay cé thé ding lam tai liéu

cho cdc hoc sinh phd théng & cdc 16p chuyén ciing nhu cho cdc sinh
vién dai hoc nganh todn.

Cdc kién thitc co ban dé gidi cdc bai tdp trong sdch nay cé thé tim trong

5. Nguyén Duy Tién, BAGIANG GIAI TICH, TAP I, NXB Pai Hoc Quoc
Gia Ha Noi, 2000.

6. W. Rudin, PRINCIPLES OF MATHEMATICAL ANALYSIS, McGraw -Hil
Book Company, New York, 1964.

Tuy vdy, trudc moi chuong chiing toi trinh bay tém tdt ly thuyét dé giip
ban doc nhd lai cdc kién thiic co ban cdan thiét khi gidai bai tdp trong chuong
tuong ung.

Tdp I va Il ciia sdch chi ban dén HM SO MOT BIEN SO (trir phdn khong
gian metric trong tdp I1). Kaczkor, Nowak chdc sé con viét Bai Tdp Gidi
Tich cho ham nhiéu bién va phép tinh tich phdn.

Chiing t6i dang bién dich tdp 11, sdp tdi sé xudt ban.



Loi noi dau v

Chiing toi rdt biét on :

- Gido su Pham Xudn Y ém (Phdp) da giti cho chiing toi ban goc tiéng
Anh tdp I cua sdch nay,

- Gido su Nguyén Hitu Viét Hung (Viét Nam) da giti cho chiing toi ban
goc tiéng Anh tdp I cua sdch nay,

- Gido su Spencer Shaw (My) dd giti cho chiing toi ban goc tiéng Anh
cuén sdach noi tiéng ciia W. Rudin (néi trén), xudt ban lan thit ba, 1976,

- TS Duong Tdt Thang da cé vii va tao diéu kién dé chiing t6i bién dich
cuon sdch nay.

Chuing toi chdn thanh cam on tdp thé sinh vién Todn - Ly K5 Hé Dao
Tao Cir Nhin Khoa Hoc Tai Nang, Truong PHKHTN, DPHQGHN, dd doc
ky bdn thdo va sita nhiéu 16i ché ban ciia ban danh mdy ddu tién.

Chiing t6i hy vong rang cudn sdach nay sé duoc dong ddo ban doc don
nhdn va goép nhiéu y kién qui bdu vé phdan bién dich va trinh bay. Rdt mong
nhdn duoc su chi gido cua quy vi ban doc, nhiing y kién gop y xin gii vé:
CHI PON CAN BO, KHOA TOAN CO TIN HOC, TRUONG PAI HOC KHOA
HOC TU NHIEN, PAI HOC QUOC GIA HANOIL, 334 NGUYEN TRAL THANH
XUAN, HANOIL

Xin chdn thanh cam on.
Ha Noi, Xudn 2002.
Nhom bién dich
Poan Chi






Cac ky hiéu va khai niém

e R - tdp cdc s6 thuc

Ry - tdp cdc s6 thuc duong

7, - tdp cdc s6 nguyén

N - tdp cdc s nguyén duong hay cdc s6 tu nhién

Q - tdp cdc s6 hitu ty

(a,b) - khodng mo c¢6 hai dau miit la a va b

la, b] - doan (khodng déng) cé hai dau miit la a va b

[x] - phdn nguyén ciia s6 thuc x

Voi x € R, ham ddu cua x la

1 voi x> 0,
sgnwr =4 —1 véi x <O,
0 voi = 0.

e ViixeN,
nl=1-2-3-...-n,
2n)=2-4-6-...-(2n —2) - (2n),
2n—DN=1-3-5-..-(2n—3) - (2n — 1).
o Ky hi¢u (}) = k'(nnilk)" n,k € N, n >k, la hé sé ciia khai trién nhi

thitc Newton.

Vil



viil

Cac ky hiéu va khdi niém

Néu A C R khdc réng va bi chdn trén thi ta ky hiéu sup A la cdn
trén ding cia né, néu né khong bi chdn trén thi ta quy udc rdang
sup A = 4o0.

Néu A C R khdc rong va bi chdan dudi thi ta ky hiéu inf A la cdn
dudi ding ciia né, néu né khong bi chdn dudi thi ta quy udc rdang
inf A = —o0.

Day {a,} cdc so thuc duoc goi la don diéu tang (tuong ting don diéu
giam) néu a1 > a, (tuong vng néu a,1 < a,) voi moi n € N. Ldp
cdc ddy don diéu chita cdc day tang va giam.

86 thuc ¢ duge goi la diém gidi han cia ddy {a,} néu ton tai mot day
con {ay, } cia{a,} hoi tu vé c.

Cho S la tdp cdc diém tu cua day {a,}. Cdn dudi diing va cdn trén
diing cua day , ky hiéu lan luot la lim a, va lim a, duoc xdc dinh

n—oo n—oo
nhu sau

(00 néu {a,} khong bi chdn trén,
lim a, = { —0 néu {a,} bi chan trén va S = (),
n—oo

(sup S néu {a,} bi chan trén va 'S # ),

(—c  néu {an} khong bi chdn dudi,
lim a, = ¢ +oo  néu {a,} bi chin dudi va S = (),
S (inf S néu {a,} bi chan dudiva S # 0,

o.]
Tich vo han ] a, hoi tu néu ton tai ng € N sao cho a, # 0 vdi

n=1
n > ng va day {anyng+1 * - Qpgn t W01 tu khi n — oo t61 mot gidi
han Py # 0. SO’ P = apyGng+1 * - * Qngin - Po duoc goi la gid tri cia

tich vé han.

Trong phan lon cdc sdch todn ¢ nudc ta tir trude dén nay, cdc ham
tang va cotang cing nhu cdc ham nguoc cua ching duoc ky hiéu
la tg x, cotg x, arctg x, arccotg x theo cdch ky hiéu cua cdc sdch co
nguon goc tiw Phdp va Nga, tuy nhién trong cdc sdch todn cua My
va phdn lén cdc nudc chau Au, ching dugc ky hiéu tuong tw la
tan x, cot x, arctan x, arccot x. Trong cudn sdch nay chiing toi sé
st dung nhiing ky hiéu nay dé ban doc lam quen véi nhiing ky hiéu
da duoc chudn hod trén thé’ gioi.
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Chuong 1

SO thuc

TOM TAT LY THUYET
e Cho A la tdp con khong rong cuia tdp cdc s6 thuc R = (—o00, 00).
S6 thuc x € R duoc goi la mot CAN TREN cuia A néu

a<x, Ve e A

Tdp A duogc goi la BI CHAN TREN néu A cé it nhdt mot cdn trén.
So thuc x € R duoc goi la mot CAN DUOI ciia A néu

a>x,Va € A.

Tdp A duogc goi la BI CHAN DUOI néu A cé it nhdt mot can dudi.

Tdp A duoc goi la BI CHAN néu A vita bi chan trén va vita bi chdn dudi.
Ré rang A bi chdn khi va chi khi ton tai x > 0 sao cho

la| < z,Va € A.

e Cho A la tdp con khong rong cuia tdp cdc s6 thuc R = (—o00, 00).

S6 thue x € R duoc goi la GIA TRI LON NHAT ciia A néu
re A, a<zxVaeA.

Khi doé, ta viét
xr =max{a:a € A} = maxa.
acA

3



4 Chuong 1. Sé6 thuc

S6 thue x € R duoc goi la GIA TRI BE NHAT ciia A néu
r€e A, a>xVaeA.

Khi doé, ta viét
r =min{a:a € A} =mina.
acA

e Cho A la tdp con khong rong cua tdp cdc so thuc R = (—o0, 00). Gid
suw A bi chan trén.

S6 thuc v € R duogc goi la CAN TREN PUNG CUA A, néu x la mot cdn
trén cua A va la cdn trén bé nhdt trong tdp cdc cdn trén ciia A. Tiic la,

a<x,Va €A,

Ve >o,da. € A, a.>1x—c.

Khi dé, ta viét
x =sup{a:a€ A} =supa.
acA
Cho A la tdp con khong rong cua tdp cdc so thuc R = (—o0,00). Gid
s A bi chan duoi.
S6 thuc x € R duogc goi la CAN DUOI PUNG ciia A, néu x la mot cdn
dudi ciia A va la cdn trén Ion nhdt trong tdp cdc cdn dudi cua A. Tiic la,

a>x,Va €A,

Ve >o,da. € A, a.<zx+e

Khi dé, ta viét
r=inf{a:a € A} =infa.
acA

e TIEN PE VE CAN TREN DUNG ndi rdng néu A la tdp con khong réng,
bi chdn trén cua tdp cdc so thuc, thi A ¢é cdn trén ding (duy nhdt).

Tién dé trén tuong duong voi: néu A la tdp con khong réng, bi chdn
dudi ciia tdp cdc s6 thuc, thi A ¢6 cdn dudi diing (duy nhdt).

Tw doé suy rarang A la tdp con khong réng, bi chdn cua tdp cdc so thuc,
thi A ¢o cdn trén dung, va co can duoi ding.

e Néu tdp A khong bi chdn trén, thi ta qui uéc sup A = +o00,; Néu tdp
A khong bi chdan dudi, thi ta qui uoc inf A = —oo;



Tém tdt ly thuyét 5

e Cho hai s6" nguyén a,b. Ta néi rang b CHIA HET cho a hodc a chia b,
néu ton tai s6 nguyén c, sao cho b = a.c. Trong truong hop dé ta néi a la
udc cua b (hodc b la boi cua a) va viét alb.

Cho hai sé nguyén ai,as. SO nguyén m duoc goi la UGC CHUNG ciia
ai,as néu mlay, mlas. SO nguyén m duogc goi la BOI CHUNG cua ay,as
néu ailm, as|m.

Udc chung m > 0 cua a1, as ¢6 tinh chdt la chia hét cho bdt ky udc
chung nao cia ay,as) dugc goi la UGC CHUNG LON NHAT ciia ai,as va
dugc ky hiéu la (ay,as).

Boi chung m > 0 cua ay,as ¢ tinh chdt la udc ciia bdt ky boi chung
nao cia ay,ay dugc goi la BOI CHUNG NHO NHAT cia ay, ay va dugc ky
hiéu la [a, as).

Néu (a,b) = 1 thi ta néi a,b NGUYEN TO CUNG NHAU.

S6 nguyén duong p € N duoc goi la SO NGUYEN TO, néu p chi ¢é hai
udc (tam thuong) la 1 va p.

Gia st m la s6 nguyén duong. Hai s6 nguyén a, b duoc goi l[a PONG DU
THEO MODULO m, néu m|(a — b). Trong truong hop dé ta viét

a=0b (modm).

e Ta goi r la so hitu ty (hay phdn s6), néu ton tai p,q € 7 sao cho
r = p/q. Phdn s6 nay la toi gian néu (p,q) = 1.

S6 vo ty la s6 thuc nhung khong phdi la s6 vé ty. TAP HOP CAC SO
HUU TY TRU MAT TRONG TAP CAC SO THUC, tiic la, giita hai s6 thuc khdc
nhau bdt ky (a < b) ton tai it nhdt mot so hitu ty (r: a < r < b).

e PHAN NGUYEN ciia 56 thuc x, duoc ky hiéu la [x], la s6 nguyén (duy
nhdt) sao cho x — 1 < [x] < 2. PHAN LE ciia s6 thuc x, dugc ky hiéu la
{z}, la s6 thuc xdc dinh theo cong thitc {z} = x — [z].

e Cdc ham so so cdp a*,log, x,sinx, cos z, arcsin x, arccos x dugc dinh
nghia theo cdch thong thuong. Tuy nhién, can chi y rang, tai liéu nay ding
cdc KY HIEU TIEU CHUAN QUOC TE sau

tanx = sinz/cosx, cotx = cosx/sinz,
et +e’* et —e™®

her=——— inher = —
cosh x 5 , sinhx 5

tanhx = sinhx/coshz, cothx = coshz/sinhx.

Tuong tu ta cé cdc ky hiéu vé ham nguoc arctanx, arccot x.



6 Chuong 1. Sé6 thuc

1.1 Cdn trén dung va cdn duoi dung cua tdp cdc
sO thuc. Lién phdn s¢

1.1.1. Chitng minh rdang
sup{z € Q: x> 0,2% <2} = V2.

1.12. Cho A C R khdc réng. Dinh nghia —A = {x: —x € A}. Ching
minh rang

sup(—A) = —inf A,
inf(—A) = —sup A.

1.1.3. Cho A, B C R la khéong réng. Dinh nghia

A+B={:=2+y:2€ A yecB},
A-B={z=0—-y:z€AyecB}.

Chitng minh rang

sup(A + B) = sup A + sup B,
sup(A — B) = sup A — inf B.

Thiét lgp nhiing cong thiic tuong tu cho inf(A + B) va inf(A — B).
1.14. Cho cdc tap khong rong A va B nhitng s6 thuc duong, dinh nghia
A-B={:=z-y:z€AyecB},

1 1
—=dz=—: A}
{z . T € }

sup(A - B) = sup A - sup B,

y_ 1
WA ) T A’

Chitng minh rang

va néu inf A > 0 thi

khiinf A = 0 thi sup (%) = +400. Hon nita néu A va B la cdc tdp sé thuc bi
chan thi
sup(A - B)

= max {sup A - sup B, sup A -inf B, inf A - sup B, inf A - inf B} .



1.1. Cén trén dung va can dudi ding. Lién phén sé 7

1.1.5. Cho A va B la nhitng tdp con khdc rong cdc s6 thue. Chitng minh rang
sup(A UB) = max {sup A, sup B}

va

inf(A UB) = min {inf A,inf B}.

1.1.6. Tim cdn trén ding va cdn dudi ding cua Ay, As xdc dinh bdi

A = {2(—1)”+1 +(—1)"s (2+ E) ne N},

n

1.1.7. Tim can trén ding va cin dudi ding cua cdc tip A va B, trong do
A ={0,2;0,22;0,222;... } va B la tdp cdc phan s6 thap phan giita 0 va 1
ma chi gém cdc chit s6 0 va 1.

s 2 ’

1.1.8. Tim can dudi diing va cdn trén dung cia tdp cdc sé (n;nl) , trong dé
n €N

(n+m)?

1.1.9. Tim can trén ding va can dudi diing ctia tdp cdc s6 ~m—, trong do
n,m € N.

1.1.10. Xdc dinh can trén dung va can dudi ding cia cdc tdp sau:

(a) A:{%:m,nEN,m<2n},

(D) B ={vn—[V/n] : neN}.

1.1.11. Hay tim

(a) sup{:ceR:x2+x+1>O},
(b) inf{z=z+2"":2>0},

() inf{z:2m+2%>o}.



8 Chuong 1. Sé6 thuc

1.1.12. Tim cén trén ding va cdn dudi ding cua nhitng tip sau:

4

(a) A:{m—k—n:m,neN},
n o m

(b) B—{ZlmTiZnZ:meZ,neN},

(c) C:{ nj_ :m,nEN},
m+n

(d) D—{%:méZ,nEN},
m|+n

(e) E = ﬂ:m,neN .
l+m+n

1.1.13. Chon > 3, n € N. Xét tt cd day duong hitu han (ay,. .., a,), hdy

tim cdn trén diung va cdn dudi ding cta tdp cdc sé

n

Z -
)
oy Mk T k1 + Ak42

trong do Qp4+1 = @1, Qpy2 = A2.

1.1.14. Chitng minh rdng véi méi s6 vé ty o va véi méi n € N ton tai mét sé
nguyén duong (¢, va mét sé nguyén p, sao cho

1.1.15. Cho «la s6'v6 ty. Chitng minh rang A = {m +na : m, n € Z} la
tri madt trong R, tite la trong bat ky khodng mao nao déu cé it nhit moét phan tw
cua A.

1.1.16. Chitng minh rang {cosn : n € N} la tri mdt trong doan [—1,1].
1.1.17. Cho x € R\ Z va day {x,} duge xdc dinh bdi

1 1 1
r=z]+—, xi=[r1]+—, ..., Tpo1=Tpa]+—.
X1 ) T



1.1. Cén trén dung va can dudi ding. Lién phén sé 9

khi do

[:CQ] + 1
S ——
[xn—l] + —
Tn
Chitng minh rang « la sé hitu ty khi va chi khi tén tai n € N sao cho x,, la mot
s6 nguyén.
Chu y. Ta goi biéu dién trén cia x la mot lién phén s6 hitu han. Biéu thic
1
a2 + 1

duoc viét gon thanh
1 1 1
ap+ — + —
ar  |az |an

1.1.18. Cho cdc sé thuc duong aq,as, ... ,Qy, dat

Do = ao, qo =1,
p1 = apa; + 1, g1 = a1,
Dk = Pk—1Gk + Dk—2, Gk = Qk—10k + Qr—2, véi k=2,3,...,n,

va dinh nghia

1
R0:a07 Rk:ao—i-——i-——i—...—i——, k:1,2,...,n.

<Rk duoc goi la phan tw héi tu thi k dén ag + |«11_|1 + T2 o+ Ii_L)

Chitng minh rang
Re="% voi k=0,1,... .n.
dk

1.1.19. Chitng minh rang néu py, @i duoc dinh nghia nhu trong bai todn trén
va ag, ay, . .. , 0, la cdc sé nguyén thi

Pr-1qk — Qk—1Pk = (—1)’“ vei k=0,1,...,n.

Stz dung ddng thite trén dé két ludn rang pj, va qj; la nguyén té cung nhau.



10 Chuong 1. Sé6 thuc

1.1.20. Cho x la mét s6'vé ty, ta dinh nghia day {x,} nhu sau:

1 1 1
T1=——, To=—" ..., LTp=—-—— ...
! x—[z] 2 T 1 A S P
Ngodi ra, chiing ta cho ddt ag = [z, a, = [z,],n=1,2,..., va
1 1 1
Ro=ao+ oy 1
a1 a2 |ay

Chitng minh rang do léch gitta s6’x va phan ti héi tu thiz n cia né dude cho boi
cong thue

—1)»
r— R, = (=1 ,
(qnxn—i—l + qn—1>qn
trong dé pn, qn la duge dinh nghia trong 1.1.18. T dé hdy suy ra rang x nam
giita hai phan ti hoi tu lién tiép cua no.
1.1.21. Chitng minh rang tdp {sinn : n € N} la trie mat trong [—1,1].
1.1.22. St dung két qud trong bai 1.1.20 chitng minh rdang vdi moi sé vo ty x
ton tai day {Z—"} cdc s6 hitu ty, vdi qyp 1é, sao cho

W 1
ool
qn qn

(So sanh voi 1.1.14.)

1.1.23. Kiém tra cong thic sau vé hiéu s6 giita hai phdn ti hoi tu lién tiép:

—1)»
Rn+1 - Rn = ( ) .
Anqn-+1
1.1.24. Cho x la sé’vé ty. Ching minh rang phan ti héi tu R, dinh nghia
trong 1.1.20 tién téi x sao cho

|t — Ryq1| < |z —Rp|, n=0,1,2,....

1.1.25. Chitng minh rang phdn ti¢ héi tu R, = pn/qn la udc lugng t6t nhdt
ctia T trong tdt cd cdc phdn sé hitu ty vdi mau sé q, hodc nhé hon. Tic la:
néu r/s la mot s6 hitu ty véi méu sé duong c6 dang |v —1r/s| < |x — R,,| thi
5> (p.

1.1.26. Khai trién méi biéu thite sau thanh cde lién phdn s6'vé han: /2, \/52_1 .

1.1.27. Cho sé6'nguyén duong k, bieu dién cua V' k? + k thanh lién phdn sé vo
han.

1.1.28. Tim tdt cd cdc s6’'x € (0, 1) ma sy biéu dién lién tuc vo han c6 a; (xem
1.1.20) twong tng vdi sé nguyén duong n cho trudc.
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1.2 Mét s6 bdt dang thiic so cdp

1.2.1. Chitng minh rang néu ap, > —1, k = 1,... ,n la cdc s6 cung duong
hodc cung dm thi

(I4+a1) - (I1+ag) ...-(1+ay) >14+a+as+ ...+ an.

Chi y. Néua, = ay = ... = a, = a thi ta ¢6 bat ding thitc Bernoulli:
(14+a)">1+na,a>—-1

1.2.2. St dung phép qui nap, hday chitng minh két qua sau: Néu a1, as, . .. ,ay
la cdc s6 thuc duong saocho ai - Qs ... a, =1thiar +as+...4+a, > n.

1.2.3. Ky hiéu A,,, G, va H, lan luot la trung binh cong, trung binh nhdn va

trung binh diéu hoa ciia n s6 thuc duong aq, as, ... , Ap, tic la
ar+as+ ...+ ay,
An = )
n
Gn: C/a1~a2~...~an,

H, =

n
Lyl 4+
al a

Qn
Chitng minh rang A, > G, > H,.

1.2.4. St dung két qua G,, < A,, trong bai todn tride kiém tra bat dang thic
Bernoulli
(14+x)">14nx véi x> 0.

1.2.5. Chon €N, hay kiém tra cdc khing dinh sau:

(@) 1+ 1 n 1 n 1>2
< n n+1 n+1 "~"~2n° 3
1 1 1

b > 1,

(b) n+1+n+2+n+3+ +3n+1

(c) 1< 1 n 1 n +1+ 1 <2

¢ 2 3n+1 3n+2 " Bn  Bn+l 3
1 1

(d) (n\"/n+1—1)<1+§+...+5

1 1
<n{l-— + ,n> 1.
( vn+1 n—i—l)
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1.2.6. Chitng minh rang vdéi méi v > 0 va n € N ta cé
x" 1

< .

l+ax+a?2+23+...+22"~ 2n+1

1.2.7. Cho {a,} la mét cdp s6 cong vdi cdc s6 hang duong. Ching minh rdang

Vaia, < Yajas ... a, < il —g tn.
1.2.8. Chitng minh rdang
Vn < "nlgn—gl, n € N.
n
1.2.9. Choag, k =1,2,... . n, lacdc s6 duong thod man diéu kién » |, aj < 1.

k=1
Chitng minh rang

n

1.2.10. Choar, > 0,k =1,2,... ,n(n > 1)vadits = ). ay. Hay kiem
k=1

tra cdc khc%ng dinh sau:

-1
n
a 1 s—a
(a) n<§ 4 ) <n—1<-— ‘
S — ag n Qe

k=1 k=1
n 2
S n
(b) >
f~s—ap N
n -1
Qg
c > 1.
(c) n<zs—|—ak> n
k=1
1.2.11. Chitng minh rang néu ap, > 0,k =1,... ,nvaa;-as-... a, =1
thi
(14+a)-(1+az) ...-(1+a,) >2"

1.2.12. Chitng minh bét ddng thite Cauchy :

n

n 2 n
k=1

k=1 k=1

(Con goi la bat ddng thitc Buniakovskii- Cauchy - Schwarz



1.2. Mét s6 bat dang thite so cap

1.2.13. Chitng minh rang

<Z ak> + (Z bk> < (ai + bz) 2,
k=1 k=1

k=1
. n n
1.2.14. Chitng minh rang néu »_ ai = > by =1 thi
k=1 k=1
n
Zakbk < 1.
k=1

1.2.15. Choa, > 0,k =1,2,... ,n, hay kiém tra nhitng khdng dinh sau

n n 1
—>pn2
RN > SE
k=1 k=1
(b) iakil_ak>n y (1 —ax),
ar
k=1 k=1 k=1
1
(c) (log, a1)* + (log, as)* + ... + (log, a,)?* > e
vdi diéu kién ay-as- ... a, =a# 1.

1.2.16. Cho v > 0, chitng minh rdang
2 2
;akbk < aZak + Zkzlbk

k=1
1.2.17. Chitng minh cdc bat ding thic sau:

n

> larl < vn (Zcﬁ) <Vn Y lag).

k=1

n 2 n n
(a) (Z akbk> < Z kaj, Z %7
n 2 n
(b) (Z %) <)Y Kai %
k=1

13
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1.2.19. Chitng minh rang

n 2 n n
§ : P § : p+q § : p—q
ay < ay a
k=1 k=1 k=1
vdi méi p, q va méi bo s6 duong aq, as, ... , .

n n
1.2.20. Tim gid tri nhé nhdt cia tong > a; véi diéu kién > ap = 1.
k=1 k=1
] 2.21. Cho p1, po, ... -5 Pn la cdc s6 duong. Tim gid tri nhé nhdt cia tong

Z pkak vdi diéu kién Z ap = 1.
k=1

1.2.22. Chitng minh rang

<2p0 n—1<§)%+mm%.

1.2.23. Chitng minh cdc bt ding thic sau:
1
n 2
+ ( ) bi) :
k=1

(a) (Xn]aﬁbk) (XM)

ol

k=1
=1

1.2.24. Cho p1, P2, ... , Pn la cdc s6 duong. Tim gid tri nho nhét cua
n n 2
>+ (Yl
k=1 k=1

n
vdi diéu kién Y pray = 1.

1.2.25. Chitng minh bét ddng thitc Chebyshev.

-

Néu
(7,120,22...20,” va blzbgzzbn,

hodc
algagg...gan va blgbgggbn,
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thi
n n n
Ay bk g n Z akbk.
k=1 k=1 k=1
1226. Giasttar, >0, k=1,2,... ,nvap €N, chitng minh rang

3

p n
1 1
- < - E n.
k=1 k=1
1.2.27. Chitng minh bét ddng thic
2 2 1 2
(a+b)*<(1+c)a*+(14+-)0b
C

vdi 86 duong c va s6 thuc a,b bdt ky.

1.2.28. Chitng minh ring |vVa? + b2 — Va® + 2| < |b—¢|.
1.2.29. Cho cdc s6'duong a, b, ¢, kiém tra cdc khang dinh sau:

be ac ab

(a) —+—+—=>(a+b+0),
a b c
(b) 1+1+1> 1 n 1 n 1
a b ¢ Ve ~ea Nab
(©) 2 n 2 . 2 S 9
¢ b+c a+c a+b” (a+b+c)
> —a? -0 a*—-c2
d >0
(d) c+a+a+b+b—i—c_’
1(a—0b)? b 1(a—0b)?
(e) _(a ) §a+ —\/%g—m ) voi b<a

8 a 2 8 b
1.230. Choar € R, by >0, k=1,2,... ,n, ddat

m:min{% ck=1,2,... ,n}
b

M:max{% :
b

va

Chitng minh rang

<a1—i—a2—|—...+an

s by +by+ ...+ 0b,
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12.31. Chitng minh rang néu 0 < oy < g < ... < @, < 5,n > 1thi

sinoy +sinag + ...+ sinay,
tan o < < tan au,.
COS i + cosa + ...+ cosa,

1.2.32. Cho ¢y, Cs, ..., ¢, duong va ki, ko, ..., k, €N, ddt

S =max { R/c1, ®/ca,..., ®/cn},
s = min{ §/c1, ®/ca, ..., ®/cn}.

Chitng minh rang
1
s < (a1 +ag+ ...+ ay)FithetF LS.

1.233. Choap >0, by >0, k=1,2,... n, ddt

M:max{% : k:1,2,...,n}.
b

Chitng minh rang
ar+a3+...+a?

by + Mb2+ ...+ Mn—1pr

1.2.34. Chitng minh rang néu x la mét sé thuc lon hon cde s6 a1, as, . .. , ap
thi
1 N 1 1 N n
T—a, T—ay T —a, x— {tletetan’

n

1235 Pt e, = (}), k=0,1,2,... ,n. Chitng minh bdt ding thitc

Ve e+ e < /n(20 - 1).

1.2.36. Cho n > 2, chitng minh rang

ﬁ n\ _ (2 =2\""
k)] “\n-1 '
k=0
1.237. Choar >0, k=1, 2,..., nvaky hiéu A, la trung binh céng cia
ching. Chitng minh rang

n p n B
;/@gﬁ;% n

vdi mbi s6 nguyén p > 1.




1.2. Mét s6 bat dang thite so cap 17

1.238. Choar, >0, k=1,2,... , n,ddita=a,+as+...+a, Hayching
minh rang
n—1 2
S o < &
EUE+] X 4 .
k=1
1.2.39. Chitng minh rdang vdi méi hodn vi by, b, ..., b, cta cdc s6” duong
ai, A, ..., Gy ta déu cé
a a
T R
b1 by by

1.2.40. Chitng minh bét ding thitc Weierstrass.
NeuO<apr<1l, k=1,2,... nva ai+as+...+a, <1th

(a) 1+Zak<H1+ak 1n
1—2(%

k=1
o
(b) 1—Zak<H 1—ak .
1—|—Zak
1241. Giasw 0 < ar < 1,k=1,2,... , n dat a; +as+ ...+ a, = a.
Chitng minh rang
n
Z Qg 2 na .
k:ll_ak n—a
1242. ChoO<ap, <1, k=1,2,..., nvan > 2 Kiém tra bit dang thitc
sau:
n
n ny a
1 k=1
) n :
o LT Yoap+n ] ax
k=1 k=1
1.243. Choay, k=1,2,..., nkhong &m sao cho a1 + as + ...+ a, = 1,

chitng minh rang

(a)

—=

(14+ag) > (n+1)" Hak,

i
L

(b)

=

(1—ap) > (n— 1)”Hak.

k=1

i
L
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n
P . S A _ N 1 _
1.2.44. Chitng minh rang néu a, > 0,k =1,2,... ;nva /; o =n—1
thi
|
H — > (n—1)"
je1 O
1.2.45. Chitng minh rang vdi gid thiét cho trong bai 1.2.43 ta cé
n n
[T (L+aw) T —a)
k=1 k=1
> , n>1
(n+1)» — (n—1)"
1.2.46. Cho ay, ao, ..., a, la cdc s6’duong, chiing minh rang
a1 X a2 T Ap—2 Qp—1 Qnp, > ﬁ
az+az  az+ay Un-1+an apt+ar  artay 4
1.247. Cho tva ai,as, ..., ay la cdc s6 thuc bat ky. Chitng minh bat dang
thuc . .
Vak — t| Var — a1
>z
2 2
k=1 k=2
12.48. Choay,as, ... ,a,vaby, by, ..., by, lacde sé’duong, chitng minh rang
V(al + bl)(ag + bg) - (an + bn) > Yajas...a, + \/biby...b,.
1249. Gid st rang 0 < a1 < as < ... < Gy A P1,P2, ... ,Pp la cdc s6
n

khéong am ma > pr = 1. Chitng minh bét ding thiic

() (£02)

trong do A = %(al + an) va G = \Jajay,.

1.2.50. Cho s6 nguyén duong n, dat tuong ving 0’( ) v

va 7(n) la téng cde wdc
s6 duong cua n va s6 cde wdc s6’dé. Chitng minh rang J—n) > \/'ﬁ



Chuong 2

Day 50 thuc

Tém tat ly thuyét

e Day s6'la mot dnh xa tir tdp cdc s6 ty nhién (hodc cdc so nguyén khong

dm) vao tdp cdc so thuc
f:N—R.

Ddt a, = f(n),n € N, va ding ky hiéu {a,} dé chi day so.

Day 5o {a,} duoc goi la

- duong (dm) néu a,, >0 (a, < 0) véi moi n;

- khong am (khong duong) néu a,, > 0 (a, < 0) vdi moi n;

- don diéu tang (gidm) néu a,,1 > ap (any1 < @) Vi moi n;

- tang (gidm) ngdt néu an1 > ap (Api1 < an) Vi moi n;

- hoi tu t6i a € R (hodc ¢é gidi han hitu han la a), néu voi moi so € > 0
cho trudc bé tiy y, ton tai n. € N sao cho

la, —al <€, Vn>ne.

Trong truong hop nhu thé, ta néi day {a,} hoi tu, va goi a la gidi han cua
day {a,} va viét
lim a, = a;
n—oo
- phdan ky ra +oo, néu véi moi s6 A > 0 cho trudc lon tiy y, ton tai
na € N sao cho
an, > A, Yn>na.

19
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Trong truong hop nhu thé, ta viét

lim a, = 4o00;

n—oo

- phdn ky ra —oo, néu vdi moi s6° A > 0 cho trudc lon tiy y, ton tai
na € N sao cho
a, < —A, VYn>na.

Trong truong hop nhu thé, ta viét

lim a, = —o0;

n—oo

- ddy Cauchy (hodc ddy co bdn), néu véi moi s6 € > 0 cho trudc bé tiry
y, ton tai n. € N sao cho

|am — an| <€, VYm,n > n..

e PINH LY HOI TU PON DPIEU ndi rang day soé don diéu (tdng hodc giam)
va bi chan co gioi han hitu han.

e TIEU CHUAN CAUCHY ndi rdng ddy so hoi tu khi va chi khi né la day
Cauchy.

e CAC TINH CHAT CO BAN CUA GIOI HAN /a
- Mot day hoi tu thi bi chan.

- Bdo toan cdc phép tinh so hoc, tiic la, néu

lim a, = a, lim b, =D,

" nli_)rilo(aan + fBb,) = aa £ bV, § € R;
Jirglo(anbn) = ab; ,}H{}o(“”/bn) =a/b vai b # 0.
- Bdo toan thir tu theo nghia sau: néu
nll—>r£10 ap = a,nli_)rglo b, =10, a,<b,; voin>ngnao do,
thi a <b.

- Dinh 1y kep: Cho ba ddy so thuc {a,},{b.},{c.}. Néu

lim a, = a, lim b, =a, a, <c, <b,, V& n>nygnao do

n—oo n—oo
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thi lim ¢, = a.

n—oo

e Cho {ay} la day so thuc va {ny} la ddy cac so tw nhién tang ngdt, tiic
lany < ng < -+ < ag < agpr < ---. Khi do, ta goi {a,,} la mot DAY
CON ciia day {a,}. SO thuc a duogc goi la GIOI HAN RIENG HAY LAIEM
GIOI HAN cuia {a,}, néu ton tai mét day con {a,, } hoi tu tdi a, tic la,

lim a,, = a.
k—o0 e

e DINH LY BOLZANO - WEIERSTRASS khdng dinh rdng, moi ddy so thuc
bi chén c6 it nhdt mot diém gioi han.

Tdp cdc gidi han riéng cua mot ddy so thuc bi chan {a,} ¢ gid tri lon
nhdt. Gid tri nay duoc goi la GIOI HAN TREN ciia day {a,} va duoc ky hiéu
la B

lim a,,.

n—oo

Tdp cdc gidi han riéng cua mot day so thuc bi chdn {a,} cé gid tri bé
nhdt. Gid tri nay duogc goi la GIOI HAN DUOI cua ddy {a,} va duoc ky hiéu
la

lim a,.

n—oo
e Néi rang {a,} la DAY TRUY HOI cdp h néu
an = f(an-1, .y @n-pn), YN >h,

trong dé [ la ham s6 thuc nao do.

e Néi rang {a,} la CAP SO CONG néu né cé dang
a, = ag + nd,
(ag la s6" hang dau, d la cong sai).
e Néi rang {a,} la CAP SO NHAN néu né cé dang
an = aoq",
(ag la s6" hang dau, q la cong boi).

e CAC KY HIEU CUA LANDAU. Cho hai day {a,} va {b,}. Ta néi rdang

- Day {b,} CHAN day {a,}, néu ton tgi hang s6' C > 0 va ton tai sé
ng € N sao cho
lan| < Clby|,  Yn > ny.
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Trong truong hop doé ta viét
an, = O(by,).

- Ddy {a,} KHONG PANG KE so vdi {b,}, néu véi moi ¢ > 0 ton tai sé
ne € N sao cho
lan| < €lbn], Vn > n,

tice la u
lim = =0.
n—oo n
Trong truong hop doé ta viét
a, = o(by).

- Day {a,} twong duong vdi {b,}, néu

Qp, — bn = O<bn>7
tiee la u
lim — =1.
oo b,

Trong truong hop doé ta viét
an ~ b,.
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2.1 Dday don diéu

2.1.1. Chitng minh rang:

(@) Néu {a,} la day don diéu tdang thi nh_)rglo a, = sup{a, :n € N},
(b) Néu {a,} la day don diéu gidm thi nh_)rglo a, = inf{a, : n € N}.
2.1.2. Gia st a1, az, ..., Gy la nhing s6 duong cé dinh. Xét cdc day sau:

al +ay + ...+ a,
Sy = 2 va x,= Vs,, neN.
p

Chitng minh rang {xn} la day don diéu tang.

Goiy. Trudc tién xét tinh don diéu cta day {Ssil } ,n > 2.

2.1.3. Chitng minh rang day {a,}, vdi a, = n > 1, la day giam ngdt va

tim gidi han cua day.

2n7

2.14. Cho {a,} la day bi chin thod man diéu kién any1 > a, — n € N.

2”7
Chitng minh rang day {an} héi tu.
Goiy. Xét day {a, — 5} -
2.1.5. Chitng minh su hoi tu ciia cdc day sau:
(a) 2v/n + ( P )
a = — J— R _
V1 f Vn
1
(b) b, =—2v/n + 1 +( +..+ )
Vit f Vn
Goi y. Trude tién thiét lap bat dang thie:
2(Vn+1 1)<L+L+ +L<2\/ﬁ neN
v/ At Attt , .

2.1.6. Chitng minh rang day {a,} dwoc xdc dinh theo cong thiic truy hoi

s Ay =\/3Cp1—2, vé n>2

hoi tu va tim gidi han cua né.

N | W

ayp =
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2.1.7. Cho ¢ > 2, xét day {a,} duoc xdc dinh theo cong thiic truy hoi

ay =, any1 = (a, —c)?, n>1.

Chung minh day {an} tang ngdt.

2.1.8. Gid st day {a,} thod man diéu kién
L.
O<an< 1, an(l—an+1) > ZU&Z n € N.

Thiét lap su hoi tu cua day va tim gidi han cia né.
2.1.9. Thiét lap su héi tu va tim gidi han cua ddy dudc xdc dinh theo biéu thic

a1 =0, any1 =vV6+a,vdi n>1.
2.1.10. Chitng minh day duoc cho bdi

1 1
57 Upt1 = _(1+an+a3

vdi n > 1
3 )
hoi tu va xdc dinh gidi han cua né.

ap =0, ay= n—1

2.1.11. Khdo sdt tinh don diéu cua day

n!
n>1,

= lon o "E

va xdc dinh gidi han ctua né.
2.1.12. Hay xdc dinh tinh hoi tu hay phan ky cua day

(2n)!! 51
—— n
2n+1N" T

n

2.1.13. Chitng minh sy hoi tu ciia cdc day sau

1

1 1
(a) a, =1+ +...—

§+3—2 ot n € N.
1 1 1
2.1.14. Cho day {an} c6 s6"hang téng qudt
1 1 1
ay = T tb—— penN.

Vrn+1)  /(n+1)(n+2) V/(@2n —1)2n

Chitng minh rang day hoi tu.
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2.1.15. Chop € N, a > 0va a; > 0, dinh nghia day {a,} bdi

1 a
an+1zz—?((p—1)an+ﬁ), n € N.

n

Tim lim a,.

n—oo

2.1.16. Day {a,} dugc cho theo cong thiic truy hoi

a, = \/5, Qpy1 = /2 +J/a,vdi n > 1.

Chitng minh day {a,} hoéi tu va tim gidi han cia né.
2.1.17. Day {a,} dugc xdc dinh theo cong thiic truy hoi

2(2a,, + 1
a; =1, an+1:7(a++3)vdi n € N.
an

Thiét lgp su hoi tu va tim gidi han cia day {ay,}.

2.1.18. Tim cdc hang s6'c¢ > 0 sao cho day {a, } duge dinh nghia bdi cong thirc

truy hoi
¢ 1 2 »
5, Apt1 = §(C+ an) vdi neN

la héi tu. Trong truong hop héi tu hay tim lim a,,.

n—oo

ap =

2.1.19. Cho a > 0 c6'dinh, xét day {a,} duoc xdc dinh nhu sau

a2 + 3a

an—=——vdi n € N.
"3a2 +a

a; > O, Apy1 =
Tim tdt cd cdc s6 ay sao cho day trén héi tu va trong nhitng truong hop doé hay
tim gidi han cua day.
2.1.20. Cho day {a,} dinh nghia truy héi bdi

1
a =—— v n>1
T4 34, -

Tim cdc gid tri cua a1 dé day trén hoi tu va trong cde truong hop dé hday tim
gidi han cua day.
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2.1.21. Cho ala mét s6'cé dinh bét ky va ta dinh nghia {a,} nhu sau:
ay €Rva apy = a4 (1 —2a)a, +a’véi n €N,
Xdc dinh a1 sao cho day trén hoi tu va trong truong hop nhu thé tim gidi han
cua no.
2.1.22. Choc> 0va b> a > 0, ta dinh nghia day {a,} nhu sau:

2
a, + ab
a1 =2¢, Gpy1 =———— vdi neN.
1 ) n+1 a—+ b
Vi nhitng gid tri cua a,bva c day trén sé hoi tu ? Trong cdc truong hop do hay
xdc dinh gidi han cia day.
2.1.23. Chitng minh rang day {a,} dugc dinh nghia bdi cong thiic

1+a,
7T+a,’

a1>0, an+1:6 eN

héi tu va tim gidi han cua no.
2.1.24. Cho ¢ > 0 xét {a,} dugc cho hdi cong thiic

a1 =0, apy1 =Vc+a, neN.
Chitng minh rang day héi tu va tim gidi han cia né.
2.1.25. Khdo sat su hoi tu cua day duoc cho bdi cong thiic

@ =vV2, ap1 =+2a,, neN.
2.1.26. Cho k € N, khdo sdt su héi tu ciia day {a,} dugc cho bdi cong thitc
truy hoéi sau

ar = V5, ani1 = /5a,, neN.
2.1.27. Khdo sdt sy hoi tu cua day {a,} sau

1 <ap <2, ai+1:3an—2, n € N.

2.1.28. Véi ¢ > 1, dinh nghia day {a,} va {b,} nhw sau:
(a) ar=ele=1), = ele—1) fan, n21,
(b) by = /o, bpi1 = \/cby, n>1.

Chitng minh rang cd hai day déu cé gidi han la c.
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2.1.29. Cho a > 0va b > 0, dinh nghia day {a,} bdi

[ab? + a2
0<a; <b, apy1=1\——>= véi n>1.
a+1

2.1.30. Chitng minh sy héi tu cia day {a,} duge cho bdi cong thiic truy hoi

Tim lim a,.

n—oo

a1 =2, Qpy1 =2+ voi n > 1

3+ -
va tim gidi han cua no.
2.1.31. Day {a,} dugc cho bdi

a1 =1, as =2, apy1 = /n-1++/pn, vF N> 2.

Chitng minh day trén bi chan va tang ngdat. Hay tim gidi han cia day nay.

2.1.32. Day {a,} dugc xdc dinh theo cong thiic truy hoi

a1 =9, as=06, apy1 = /n-1+/pn, vFH N> 2.

Chitng minh rang day trén bi chdn va gidm ngdt. Tim gidi han cua ddy nay.

2.1.33. Day {a,} va {b,} dugc cho bdi cong thic

0<b < a1, Qpt1 = va bn+1 =+/a,b, vé neN.

Chiing minh rang {a,} va {b,} cung tién téi mét gidi han. (Gidi han nay duge
goi la trung binh céng - nhdn cua a1 va by).
2.1.34. Chitng minh rdang cd hai day {a,} va {b,} xdc dinh theo cong thiic

2 2
a; +b an +b

O<bl<a1, G,n_|_1:M va bn+1:u voi n €N
an, + by, 2

déu don diéu va cé cung gidi han.
2.1.35. Hai day truy héi {a,} va {b,} dugc cho bdi cong thiic
an + bn 2anbn

5 v by == v neN.

O<b1<a1 Ap+1 =

Chitng minh tinh don diéu ctia hai day trén va chi ra rang cd hai day déu tién
t6i trung binh céng - nhan cia aq va by. (Xem bai todn 2.1.33).
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2.1.36. Chitng minh sy héi tu va tim gidi han ctia day {a,} vdi

Cn1 (2 2 N
an—2n+1 I+§++X vor N & .

2.1.37. Gid sit c6 mét day bi chin {a,} thod méan

Ap+2 g gan-f—l + gan VoL N 2 1.

Chitng minh rang day trén hoi tu.

2.1.38. Cho {ay} va {b,} dinh nghia bdi:

1 n 1 n+1
an:(l—i-—) , bn:(l—i-—) vei n € N.
n n

Su dung bat d‘c%ng thice lién hé giita trung binh céng, nhan va diéu hoa chiing
minh rang

(@) a, <b, véi neN.
(b) day {an} tang ngdt,
(c) day {b,} gidm ngdt,

Chiing minh rang {a,} va {b,} c6 cing gidi han, dugc goi la s6 e cia Euler.

2.1.39. Cho o
an=(1+—) véi n€N.
n

(a) Chitng t6 rang néu x > 0 thi day {a,} bi chdn va tdng ngdt.

(b) Gid st x la mét s6'thuc tuy y. Ching minh rang day {a,} bi chdn va ting
ngdat voi n. > —1I.

e” duoc dinh nghia la gidi han cua day nay.

2.140. Gig sitcé x >0, | € Nva l > x. Chitng minh rang day {b,} vdi
€T l+n
bo=(1+2)" v meN,
n

la day giam ngdt.



2.1. Day don diéu 29

2.1.41. Thiét lgp tinh don diéu ciia cdc day {a,} va {b,}, vdi

1 1
ap=14+—=-+...4———Inn véi neN,

2 n—1

1 1 1
bp=1+—=-+4+ ..+ + ——Inn véi neN.
2 n—1 n

Chiing minh rang cd hai ddy trén cing tién dén cing mét gidi han v, goi la
hang s6 Euler.
Goiy. Sitdung bt ding thite (14 2)" < e < (1+ 1) (suy ra ti 2.1.38).

2.142. Cho x > O va ddt a, = %/x, n € N. Ching t6 rang day {a,} bi
chédn. Péng thoi chitng minh rang day nay tdng ngdt néu x < 1 va gidm ngdt
néu x > 1. Tinh lim a,,.

n—oo

Hon nua, dat

1
Cn =2"(an, — 1) va dn:Q”(l——) voi n € N.

Qn

Ching minh rang {c,} la day gidm, con {d,} la day tding va cd hai day cing
¢o chung gidi han.
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2.2 Giodi han. Tinh chdt cua ddy hoi tu

2.2.1. Tinh:

(@ lim V12422 + ...+ n2,

n—oo

b lim n + sinn?

n—co M 4 cosn
1 - 2+3—4+..+(~2n)

(c) lim ,
n—oo n? 41
(d)  lim (V2= V2)(V2 - V2).. (V2= "V2),
. n
(e)  lim o7
¢ lim

1 1 1 1
lim — + + ...+ )
(8) n—m\/ﬁ(ﬁJr\/g V3+ V5 \/Qn—l—l—\/Qn—i-l)
1 2
(h)  lim + I—L—]
n—oo \n2+1 n?2+2 nz+n
n 2n nn

] li .
() nl—{go(n3+1+n3+2+ +n3+n)

2.2.2. Cho s > 0wva p > 0. Chitng minh rang

,n/S

lim —— =0

2.2.3. Cho o € (0,1), tinh

lim ((n + 1)* —n®).

n—oo

2.24. Cho o € Q, hay tinh

lim sin(nlar).

n—oo

2.2.5. Chitng minh rang khong tén tai lim sinn.

n—oo

2.2.6. Chitng minh rang vdi moi sé vé ty o, lim sinnom khéng ton tai.

n—oo
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2.2.7. Véi a € R, hay tinh

(e 3) + (0 2) + o (0 2))
lim — a+—| +la+—) +...+a+ .
n—oo N, n n n

2.2.38. Gid st a, # 1 véi moi n va lim a, = 1. Cho k nguyén duong, hay

n—oo
tinh ) N
Iim an—l—an—i—...—l—an—k.
n—00 Ay — 1
2.2.9. Tinh

1 1 |
lim (= b — .. .
e (1.2.3 D W LR gy T prp 2))
2.2.10. Tinh

n

n—oo

22.11. Tinh
limZZ%
2.2.12. Tinh
2 2 2
im (1—- =) (1-=2).. (1= .
ng?o( 2.3)( 3.4) ( (n+1).(n+2)>
2.2.13. Tinh

k3+6k2+11k+5
]
RH&Z 3

2.2.14. Cho x # —1 va x # 1, hay tinh
ook
LD e
2.2.15. Véigid tri © € R nao thi gidi han
- K
lim ;Ho(l + 7).

tén tai va tim gid tri ctia gidi han nay.
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2.2.16. Tim tdt ca x € R sao cho gidi han
i 11+ o)

ton tai va tim gid tri clia gidi han nay.
2.2.17. Véigid tri ©* € R nao thi gidi han
lim H (142" +22%).
n—oo

tén tai va tim gid tri ctia gidi han nay.

2.2.18. Tinh

1.1+ 221+ ... + n.n!
lim
n—00 (n+1)!

2.2.19. Véi x € R nao sao cho dang thic sau

711999 1

lim =
n—oo N<T —-(n,——l)m 2000

duoc thuc hién
2.2.20. Cho a va b sao cho a > b > 0, dinh nghia day {a,} nhu sau:

ab

ai=a+0b, a,=a — )
Ap—1

n > 2.

Hay xdc dinh s6 hang thi n cua day va tinh lim a,,.

n—oo

2.2.21. DPinh nghia day {a,} bdi

a1 =0, as=1va ap41 —2a,+ a1 =2 vdi

Hay xdc dinh s6 hang thi n cua day va tinh lim a,,.

n—oo

2.2.22. Choa > 0,b> 0, xét day {a,} cho bdi
ab

) =—F——

YTV 2
aln—1

n > 2.

an - bl -
Vat+ai_,

Tim sé hang thi n ctia day va tinh lim a,,.
n—oo

va
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2.2.23. Cho day truy héi {a,} dinh nghia bdi

Ay 3
a; =0, an:i, n = 2.

Tim sé hang thi n va gidi han cua day.
2.2.24. Hay xét tinh hoi tu ctia day cho bdi
a1 =a, a,=14+ba,1, n>2.
2.2.25. Ta dinh nghia dédy Fibonacci {a,} nhw sau:
ay=ay=1, apy2=a,+apnt1, n=>1

Chitng minh rang

o — Bn
ap = ————,
a—p
trong dé o va (3 la nghiém ciia phuong trinh x> = x + 1. Tinh lim /a,,.

n—oo

2.2.26. Cho hai day {ay,} va {b,} theo cong thiic sau:

ay = a, bl = b,
an + bn Qp+1 + bn
Qpt1 = Yy b1 = 5
Chitng minh rang lim a, = lim b,.
n—oo n—oo
2227. Choa € {1,2,...,9}, hay tinh
n s6 hang
a+aa+..+ aa..a

n—o0 10m

2.2.28. Tinh
lim ({/n—1)".

n—oo

2.2.29. Gid sv rang day {a,} héi tu t6i 0. Hay tim lim a.

n—oo

2.2.30. Cho p1,p2, ..., Pk va a1, Qs, ..., ai la cde sé duong, tinh

lim prat™t F pealtt 4+ pka’g“
n—oo  p1ay + peay + ...+ prag
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2.2.31. Gid sw rang lim = . Chitng minh rang:

An41
n—oo | 4n

(@) Néu q < 1 thi lim a, = 0,
n—oo

(b) Néu q > 1 thi lim |a,| = oo.
n—oo

2.2.32. Gig st c6 lim 3/|a,| = q. Chitng minh rang:
n—oo

(@) Néu q < 1 thi lim a, = 0,

n—oo

(b) Néu q > 1 thi lim |a,| = oo.
n—oo
2.2.33. Cho « la mét s6 thuc va x € (0, 1), hay tinh

lim n%x".

n—oo

2.2.34. Tinh

—1)-...- — 1
lim m(m — 1) ‘ (m —n+ >x”, véi meN va |z] <1
n—00 n:

2.2.35. Gig s& lim a, = 0 va {b,} mét day bi chdn. Chitng minh rdang
n—oo

lim a,b, = 0.

n—oo

2.2.36. Chitng minh rang néu lim a, = ava lim b, = b thi

n—oo n—oo

lim max {a,,b,} = max{a,b}.

n—oo

2237. Choa, > —1vdin € Nva lim a, = 0. Cho p € N, hay tim

n—oo

lim /1 + a,.

n—oo

2.2.38. Gid st c6 day duong {a,} hoi tu téi 0. Cho s6tw nhién p > 2, hdy xdc

dinh
. Yl+a,—1
lim ——.

n—oo an
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2.2.39. Cho cdc s6'duong ai, as, ..., ap, hay tinh

lim ({/(n +a)(n + as)...(n+ ay) — n) .

n—oo

2.240. Tinh

1 1 1
lim + Foit ——.
n-’@@(\/nQ—i—l Vn2 + 2 \/nQ—i—n—l—l)

2.241. Cho ay,as, ...,ap la cdc s6 duong, hay tim

at +a% + ...+ a?
limd1 2 L.

n—oo p

2.242. Tinh
1999 11999
lim VQSiIPn— + cos? )
n—00 n+1 n—+1
2.243. Tinh )
lim (n + 1 4 ncosn)2nsnn,
2.2.44. Tinh

li_)mi(“l—l—%—l).
k=1
h_)mZ(Vl—i———l)

k=1

2.245. Hay xdc dinh

2.2.46. Cho cdc s6' duong ay, k = 1,2, ...,p, hay tinh

p
1 p

lim (—Z {‘/ak> .
n—oo p 1

2.247. Cho o € (0,1). Héy tinh

n—1 1 k
lim (a + —) .
n—o0 n
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2.248. Cho sé'thue © > 1, hdy chitng t6 rang

lim (2¢/z — 1)" = 22

n—oo

2.2.49. Chitng minh rang

2n — 1)
limwﬁ%:l.
n—oo n

2.2.50. Trong nhitng day dudi ddy, day nao la day Cauchy ?

(@) tan1+tan2+ +tann
a a, = ,
2 22 n
1 22 n?
b nzl - - —
(b) a titEte Tt
(c) LRI
a, = —+ -4 .+ -
¢ 2 3 n
1 1 1
d n=———"+ ... —1 ”_17,
(d) A Rt Al g
(e) an = a1q" + asq® + ... + ang",
voi g <1, |a| <M, k=12,
1 2 n

2.2.51. Cho day {ay} thod méan diéu kién
|ant1 — nga| < Alan — anga].
vdi A € (0,1). Chitng minh rang {a,} héi tu .

2.2.52. Cho day {ay} cdc s6'nguyén duong, dinh nghia

1 1 1
o, =1+ — 1+— ). (1+—).
aq a9 Qp,
Chiing minh rang néu {S,} héi tu thi {Ino,} cing hoi tu.

2.2.53. Chitng minh rang néu day { R, } hoi tu dén mét s6'vé ty x (dinh nghia
trong bai toan 1.1.20) thi né la day Cauchy.
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2.2.54. Cho mét day cdp s6 cong {an} vdi cdc s6"hang khdc 0, hay tinh

1
lim (—+—+...+ )
n—oo \ (102 ao0s3 Ay A1

2.2.55. Cho mét day cdp s6 cong {an} vdi cdc s6"hang duong, héy tinh

1 1 1 1
n—00 /T (\/ ay + v a2 Va2 + Vas \ Qn + v An+1

2.2.56. Tinh

@ lmn(Ye—1), @ lim ST Teoter

n—o0 n—o0 n
2.2.57. Cho day {a,} dinh nghia nhu sau:
ap=a, ay="=b, ani1 =pan_1+ (1 —pla,, n=23,..
Xdc dinh xem vdi gid tri a,b va p nao thi day trén hoi tu.
2.2.58. Cho {ay} va {b,} dinh nghia bdi

a); = 3, bl = 2, Ap+1 = Ap -+ an va bn+1 = a, + bn

Hon nita cho
a
hn=—, neN
bn
2 S 1
(a) Chiing t6 rang |cn+1—\/§| < §|Cn—\/§|, n € N.
(b) Tinh lim c,.

2.3 Dinh ly Toeplitz, dinh ly Stolz va irng dung

2.3.1. Chitng minh dinh ly Toeplitz sau vé phép bién déi chinh qui tw ddy sang
day.
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Cho {cn i : 1 <k <n,n > 1} la mét bdng cdc s6 thuc thod man:

(i) cnky — Ovdimoi kEN,
n—oo
n
(i) Y e — 1,
n—oo
k=1

(iii) ton tai hang s6'C' > 0 sao cho vdi moi s6 nguyén duong n thi

n

D el < C.

k=1
Khi dé6 vdi moi day hoi tu {a,} thi day bien déi {b,} duge cho bdi cong thic
n

b = > Cprag, n > 1, ciing héi tu va lim b, = lim a,.

k=1 n—oo n—oo

2.3.2. Chiing minh rang néu lim a, = a thi

n—oo

. ay +as+ ... +ay
lim =a

n—oo n

2.3.3.

(a) Chitng minh rang gid thiét (iii) trong dinh ly Toeplitz (bai todn 2.3.1) c6
thé bé qua néu tdt cd ¢y, la khong am.

(b) Cho {bn} la day duoc dinh nghia trong dinh ly Toeplitz (xem bai 2.3.1) vdi
ek > 0,1 <k <n,n> 1. Chitng minh rang néu lim a,, = 400 thi

lim b, = +o0.

n—oo

2.34. Ching minh rang néu lim a,, = 400 thi

n—oo

a a . ta,
lim 1t+as+ ...+ — too.

n—oo n

2.3.5. Chiing minh rang néu lim a, = a thi

n—oo

. nag+(n—1a+..+la, a
lim ——

n— 00 n2 2

2.3.6. Chitng minh rang néu day duong {a,} héi tu tdi a thi

lim ai...a, = a.

n—oo



2.3. Dinh ly Toeplitz, dinh ly Stolz

39

2.3.7. Cho day dwong {a,}, chitng minh rang néu lim % = athi

n—oo

lim a, = a.

n—oo

2.3.8. Cho lim a,, = ava lim b, = b. Chitng minh rang

n—oo n—oo

. albn + aan_l —+ ...+ anbl
lim = ab.
n—o00 n

2.3.9. Cho {a,} va {b,} la hai ddy thod man

(i) b, >0,neN, wva lim (by+by+ ...+ b,) = +o0,
a

.o l. _n — )

Wy, =9

n

Chitng minh rang
ay + as + ... + apy

1m —

2.3.10. Cho {ay} va {b,} la hai day thod man

(i) b, >0,neN, wva lim (by+by+ ...+ b,) = +o0,

n—oo

(ii) lim a, = a.
n—oo
Chitng minh rang

. a161 + agbg —+ ...+ anbn
lim =a
n—00 by +by+ ...+ b,

2.3.11. Sv dung cdc két qud ctia bai trude, hay chitng minh dinh ly Stolz.

Cho {x} ,{yn} la hai ddy thod man:

(i) {yn} tdng thuc sy téi + oo,
Ty — T
(ii) lim —2 "L — .
n—00 Yn — Yn—1
Khi do
. Tp
lim — =g.

n—oo yn
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2.3.12. Tinh
(a) 1 (1 + ! + ...+ ! )
a im — — +. — ],
mET AT
. a’ a”
(b) nh_)rgoan+1 (a—i—;—k..—l——), a>1,
. (k+1)! (k+n)!
|
(c) nh_)rglo ) (k.—i— T + ...+ o , keN,
(d) I 1 ( 1 1 N 1 )
im ,
o m\vi Vet L van
12k ok
(e) Jim ) , kel
1+ 1. 2.a%...
(f) lim — ‘Hﬁ s,
n—0o0 na”
(g) lim 1(1’f+2’f+ k) — "l keN
2.3.13. Gid s rang lim a, = a. Tim
i 75 (0 5 Gt )
im — — .
] G A A
2.3.14. Chitng minh rang néu day{a,} thod man
lim (ap41 — an) = a,
thi
Qp,
lim — = a.
n—oo M,
2.3.15. Cho lim a, = a. Hay tinh
. Qnp, Ap—1 ai
lim <— ) .
n—oo \ 1 2 n—1
2.3.16. Gid s rang lim a, = a. Hay tinh
. ai
1 et —,
(@) s (12 tog +n.(n+1)>
. Ap  Gp-1 n—1 a1
(b) S < 1y et zn—l) '
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2.3.17. Cho k la mot sé tu nhién c6 dinh bat ky I6n hon 1. Hay tinh

lim .
n— oo n

2.3.18. Cho mét cdp s6 cong duong {ay}, tinh

3=

lim n(ai...ap) .
n—oo 41 + Ao + ... + ap

2.3.19. Cho ddy {a,} sao cho day {b,} véi b, = 2a, + an—1, n > 2, hoi tu
tdi b. Hay xét tinh héi tu ciia {a,} .

2.3.20. Cho day {a,} thod man lim n*a, = a vdi s6 thuc x nao dé. Chiing

minh rang
lim nm(al.aQ...an)% = ae”.
2.3.21. Tinh
B T
(a) lim ,
n—00 Inn
1+3+g+...+ 5
oyt Inn

2.3.22. Gid s {ay} tién téi a. Chitng minh rang

1 n
lim—(ﬂ—i-%—i-...—l—a—):a.

n—oo Inm \ 1 2 n
2.3.23. Tinh
o\ N3 \

() lim( " ) , (b) lim ( gm ) ,

n—oo \ nte—" n—oo \ n3te— "

) (n!)? 0 ) n3n \ #
@  lim ( peral B @ G )

k

@  lim Y pen
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2.3.24. Chitng minh rdang néu lim a, = a thi

n—oo

2.3.25. Cho day {a,}, xét day {A,} cdc trung binh cong A,, = a1+a2:...+an.
Chitng minh rang néu lim A, = A thi

n—oo

2.3.26. Chitng minh diéu nguoc lai cua dinh ly Toeplitz trong 2.3.1.

Cho {cnr: 1<k <n,n>1} la mét bidng s6 thuc bdt ky. Néu vdi méi
day {a,} héi tu bdt ky, day bién doi {b,} cho bdi cong thiic

n
bn = E CnkQk, 1N > 1
k=1

cung héi tu dén cung mot gidi han thi

(i) cnky — 0 vdimoi k €N,

n—oo
n
(i) Y e — 1,
n—oo
k=1

(iii) ton tai hang s6'C' > 0 sao cho vdi moi s6 nguyén duong n, ta cé

n

> el < C.

k=1
24 Diém gioi han. Gidi han trén va gioi han
duoi
24.1. Cho {ay,} la day thod man {ask}, {ask+1} va {ask} hoi tu.

(a) Chitng minh rang day {an} cung hoi tu.

(b) Liéu tir sy hoi tu cua hai trong ba day con trén cé suy ra duoc su hoi tu ctia

{a,}?
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2.4.2. Tir sy héi tu clia tdt cd cde day con cia day {a,} dudi dang {as,},s >
1, ¢6 suy ra duoc sy héi tu cia {a, }?

24.3. Cho {a,,}.{ag.}.---,{as.} la cdc day con cia day {a,} sao cho
{pn} {an}, .. ,{sn} roi nhau ting cdp va hop thanh day {n}. Ching minh
rang néu S, Sp, Sy, ..., Ss tuong ung la cdc tap cdc diém gidi han V) cia cde
day {an},{ap,} ,{aq.}, - s {as,} thi

S=8,US,U..US.

Chitng minh rang néu méi day con {ay,},{aq,}, ..., {as,} héi tu téi a thi day
{an} cung hoi tu toi a.

24.4. Dinh ly trén (bai todn 2.4.3) c6 diing trong truong hop sé luong cdc day
con la v6 han khong ?

2.4.5. Chitng minh rang, néu moi day con {an, } cia day {a,} déu chita mét
day con {a”kz} hét tu tdi a thi day {an} cung hoi tu tdi a.

2.4.6. Xdc dinh tdp cdc diém gidi han ciia day {a,}, vdi

(Cl) Ap = 41" + 27

L e e

1— (=1)™)2" +1

(C) Ap = on 13 >
() " - (1+cosn7r)ln3n+lnn’
In2n
(e) ( mr)n
e a, = (cos— ) ,
3

2n? 2n?
D= [T] |
2.4.7. Tim tap hgp cdc diém gidi han ciia day {a,} cho bdi cong thiic
(a) a, =na—[nal, «a€Q,
(b) a, =na—[nal, a¢Q,
(c) a, = sinmna, a € Q,
(d) a, = sin Tna, a & Q.

(Con goi la cdc gidi han riéng hay cdc diém tu ciia day.
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24.8. Cho {ay} la mét day sinh ra ti cdch ddnh s6’ mét-mét bdt ky cdc phéan
tit ctia ma trgn {/n — /m}, n,m € N. Chitng minh rang moi s6 thuc déu
la diém gidi han cia ddy nay.

2.4.9. Gid st {a,} la day bj chdn. Ching minh rdang tdp cdc diém gidi han
cua né la déng va bi chdn.

2.4.10. Xdc dink lim a, va lim a, vdi:

n—oo

(@ 2n? 2n?
a Uy = —— | —|,
7 7
n—1 nm
(b) an—n_i_lcos?,
(C) Ap = (_1>nn’
(d) a, =n"0",
(e) anzl—l—nsin%r,
1\" nm
n — 1 - -1)" i VIR
(f) a (+n) (—1) +sin —
(g) ap = \/1+ Qn(—l)"’
2 n
(h) an = (2(:05 ﬂ) ,
3
(i) Inn — (14 cosnm)n
i ap =

In2n

24.11. Tim gidi han trén va gidi han dudi cua cdc day sau:

(a) a, =na—[nal, «a€Q,
(b) a, =na—[nal, a¢Q,
(c) a, = sinmna, a € Q,
(d) a, = sinTna, a & Q.

2.4.12. Véiday {a,} bdt ky chitng minh rdang:

(a) néu ton tai k € N sao cho vdi moi n > k, bat dang thic a, < A luon ding
thi lim a,, < A,

n—oo

(b) néu véi moi k € N ton tai ny, > k dé a,, < A thi lim a, < A,

n—oo
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(¢c) néu ton tai k € N sao cho bt dang thic a, > a ding véi moi n > k thi
lim a, > a,

n—oo

(d) néu véi moi k € N tén tai ny, > k sao cho a,, > athi lim a, > a.

n—oo

24.13. Gid st dday {ay} ton tai gidi han trén va gidi han dudi hitu han. Ching
minh rang

(@ L = lim a,, khi va chi khi

n—oo

(i) Voi moi € > 0 ton tai k € N sao cho a, < L + & néun >k va
(ii) Vi moi € > O va k € N ¢én tai ny, > k sao cho L — ¢ < ay,

®) | = lim a,, khi va chi khi

n—oo
(i) Voi moi € > 0 ton tai k € N sao cho a, > 1 —cnéun > kva
(ii) Vi moi € > 0 va k € N ¢tén tai ng, > k sao cho a,, <l+¢
Hay phdt biéu nhitng khc%ng ding tuong wng cho gioi han trén va gidi han trong
truong hop vé han.

24.14. Gid su ton tai mot s6 nguyén ng sao cho vdi n > ng, a, < b,. Chiing
minh rang

(a) lim a,, < lim by,
n—oo n—oo

(b) lim a,, < lim b,,.
n—oo n—oo

2.4.15. Ching minh cdc bét ding thite sau (tri¢ truong hop bét dinh +00 — 00
va —00 + 0Q):

lim a, + lim b, < lim (a, +b,) < lim a, + lim b,

n—00 n—00 n—00 n—00 n—00
< lim (ap, + b,) < lim a,, + lim b,,.
n—00 n—00 n—00

Hay dua ra mét s6 vi du sao cho ddu “ < 7 trong cdc bat ding thic trén duoc
thay bang ddu “ < 7.

24.16. Cdc bét ding thite sau

lim a, + lim b, < lim (a, + b,),

n—oo n—oo n—oo

Tim (ay + by) < Tim ay + Tim by

n—oo n—oo n—oo
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co6 dung trong truong hop cé voé han day khong ?

24.17. Lay {a,} va {b,} la cdc day s6" khéng aGm. Chitng minh rang (tric
truong hop 0.(+00) va (+00).0) cde bdt ddng thirc sau:

lim a,, - lim b, < lim (a, - b,) < lim a, - lim b,
n—00 n—00 n—00 n—00 n—00

< lim (ay, - b,) < lim a,, - lim b,,.

n—oo n—oo n—oo

Hay dua ra mét s6 vi du sao cho ddu “ < 7 trong cdc bat ding thic trén duoc
thay bang ddu “ < 7.

2.4.18. Chitng minh rang diéu kién cdn va di dé moét day {a,} hoi tu la cd
gidi han trén va gioi han dudi hitu han va

lim a,, = lim a,.

n—oo n—oo

Chitng minh rdang bai todn van ding cho truong hop cdc day phan ky tdi —o0
va +00.

24.19. Chitng minh rang néu lim a, = a,a € R thi

n—oo

lim (a, + b,) = a + lim by,

n—oo n—oo

lim (a, +b,) = a+ lim b,

n—oo n—oo
2.4.20. Chitng minh rang néu lim a, = a,a € R,a > 0, va tén tai mot sé’

n—oo

nguyén duong ng sao cho b, > 0 vdi n > ng, khi dé

lim (anbn> = a.lim bna

n—oo n—oo

lim (a,.b,) = a.lim b,

n—oo n—oo

2.4.21. Chitng minh rang

lim (—a,) = —lim a,, lim (—a,) = —lim a,.

n—oo n—0oo n—0oo n—oo

2.4.22. Chitng minh rdang vdi day s6 duong {a,} ta cé

, ( 1 ) 1
h_m — | = 7 )
n—oo \ Un lim anp
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(¢ day v =0, 5 = +00.)

2.4.23. Chitng minh rang néu day {a,} la day sé’ duong thod man

S S 1
lim (ay) - i — ) =1,
Jim (an) l{}o()

thi day {a,} hoi tu.

2.4.24. Chitng minh rang néu {a,} la day thoa man vdi bat ky day {b,} ,

h_m(an+bn> = lim a, + h_mbna
va L L L
lim (a, + b,) = lim a, + lim b,.

n—oo n—oo n—oo

thi day {a,} hoi tu.

2.4.25. Chitng minh rang, néu {a,} la mét day dwong thod man vdi bdt ki day

duong {b,},
lim (ay - b,) = lim a,, - lim b,.

n—oo n—oo n—oo
hodc
lim (ay.b,) = lim a,lim b,

n—oo n—oo n—oo
vt vy {an} héi tu.
2.4.26. Chitng minh rang vdi bdt ki day dvong {a,},

lim " < lim ¢/a, < lim /@, < lim

n—oo On n—00 n—00 n—0o0 (p

24.27. Cho day {a,},ldy day {b,} xdc dinh nhu sau

1
bn:5(a1+a2+...+an), n € N.
Chitng minh rang

lim a, < lim b, < lim b, < lim a,.

n—00 n—00 n—00 n—00

an—l—l
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2.4.28. Chitng minh rang

(a) lim (max {a,,b,}) = max { lim a,, lim bn} ,
(b) lim (min {a,, b,}) = min { lim a,, lim bn} :

Kiém tra cdc bét dang thite sau:

(a) lim (min {a,, b,}) = min { lim a,, lim bn} ,
(d) lim (max {a,, b,}) = max { lim a,, lim bn}

co dung khong?
2.4.29. Chitng minh rang moi day s6 thuc déu chita mot day con don diéu.

2.4.30. St dung két qud bai trude dé chitng minh dinh li Bolzano-Weierstrass:

Moi day sé thuc bi chan déu chita mot day con héi tu.
2.4.31. Chitng minh rang vdi moi day sé duong {a,},

— a1t ax+ ...+ an + apns1

lim > 4.
n— o0 (07%
Chitng minh rang 4 la ddanh gid t6t nhét.
2.5 Cac bai toan hon hop
2.5.1. Chiing minh rang néu lim a, = 400 hay lim a, = —oo thi
n—oo n—oo

1\
lim (1 + —) =e.
n—oo an

2.5.2. Véi x € R chitng minh rang

lim <1 + E) =e”,
n—o00 n



2.5. Cdc bai todn hén hop 49

2.5.3. Véi x > 0 hay kiém chitng bt dang thite

<In(z+1) <z
T+ 2 ( )
(Stz dung dao ham ) chitng minh rang badt d‘c%ng thite trdi cé thé manh hon nhuw

sau
T 2x

<
r+2 x+2

<Iln(z+1), z=>0.

2.54. Ching minh rang

(a) lim n({a —1) =Ina, a>0,
(b) lim n(/n —1) = +oo0.

2.5.5. Lay {a,} la day s6'duong véi cdc s6 hang khdc 1, ching minh rang néu
lim a, =1 thi

n—oo

lim 29
n=>00 (y, —
2.5.6. Ldy
an:1+ﬁ+%+ +—, neN
Chitng minh rang
1

lima,=¢ va 0<e—a, <—.

2.5.7. Chiing minh rang

i (14 ® z? @\,
nl—>I£1<> +ﬂ+§+m+ﬁ =e".

2.5.8. Chiing minh rang
(a)

. 1 1 1
lim | —+ +..+— ) =1n2,
(b)

' 1 1 1 .
”11—>I£10<\/n(n+1)+\/(n+1)(n+2)+m+ 2n(2n+1)> =z
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2.5.9. Tim gidi han cia day {a,} ,trong dé

1 2
an:(1+—2) (1+—2)...<1+%), neN.
n n n

2.5.10. Léy {a,} la day duge xdc dinh qui nap nhu sau
ap =1, a,=n(a,—1+1) vdi n=2,3,...
Tinh

- 1
lim 1+ —) .

2.5.11. Chitng minh rang lim (nle — [nle]) = 0.

n—oo

2.5.12. Cho cdc s6 duong a va b, chitng minh rang

lim (M) = Vab.

n—oo

2.5.13. Cho {ay} va {b,} la cdc day duong théa man

lim a;, =a, lim b, =b, trongds a,b>0,

n—oo n—oo

va gid st cdc s6 duong p, q théa man p + q = 1. Chitng minh rang
lim (pa,, + ¢b,)" = a’be.
n—oo

2.5.14. Cho hai s6 thuc a va b, xdc dinh day {a,} nhu sau

n—1 1
an + —Gp_1, N> 2.
n

a1 =a, ay=2"0, ap1 =
Tim lim a,,
n—oo
2.5.15. Cho {a,} la mét day duge xdc dinh nhu sau

ap =1, ax=2, apy1 =nla,+an_1), n>2.

Tim cong thite hién clia cdc s6 hang tong qudt cua day.
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2.5.16. Cho a va b xdc dinh {a,} nhu sau
1 2n — 1
a = a, as = b, Qi1 = —Ap_1 + Qs n > 2.
2n 2n
Tim lim a,.
n—oo
2.5.17. Cho
3 ” ! eN
an, =3 — , n .
|
— k(k+1)(k+1)!
(a) Chitng minh rang lim a,, = e.
n—oo
(b) Chitng minh rdng 0 < a, — e < m
2.5.18. Tinh lim nsin(2mnle).
n—oo
2.5.19. Gidsv{ay}laddy thod man a, <n, n=1,2,...,va lim a, = +00.

n—oo

Hay xét tinh hoi tu cta day

(1 . a—”)”, n=1,2 ..
n

2.5.20. Gid stz day {b,} duong hoi tu téi +00. Xét tinh héi tu ctia day

by \"
(1+—) . on=1,2,...
n

2.5.21. Cho day truy héi {a,} dinh nghia nhu sau
0<ar <1, ant1=an(l—a,), n>1,

chitng minh rang

(a) lim na, = 1,
1—
(b) lim P00 g

n—00 Inn

2.5.22. Xét day truy héi {a,} nhu sau
0<ay <m, ,Gpt1 =sina,,n > 1.

Ching minh rang lim /na, = V3.
n—oo
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2.5.23. Cho

Chitng minh rang

n—c \/2lnn
2.5.24. Cho {a,} nhu sau
a; >0, apy = arctana,, n>1,

tinh lim a,,

n—o0
2.5.25. Chitng minh rdang day dé qui
0<a; <1, apy1 =cosa,, n>1,

hoi tu tdi nghiém duy nhdt cia phuong trinh © = COS X.
2.5.26. Dinh nghia day {a,} nhu sau

a; =0, apy =1—sin(a,—1), n>1
Tinh .

O

2.5.27. Cho {ay,} la day cdc nghiém lién tiép cia phuong trinh tanx =
x, > 0. Tim lim (ap41 — an).

n—oo

2.5.28. Cho |a] < 5 va ay € R. Nghién ciiu tinh hoi tu ctia day {an} cho bdi
cong thuc sau:
Gni1 = asina,, n > 1.

2.5.29. Cho ay > 0, xét day {a,} cho bdi
ant1 =In(1+a,), n>1.

Chitng minh rang

(a) lim na, = 2,
(b) lim w — g

n—00 Inn 3
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2.5.30. Cho day {a,} nhu sau

1\
a1:O va an+1:(1) ,nzl

Hay nghién ciu tinh héi tu cua day.
2.5.31. Cho ay > 0, dinh nghia day {a,} nhu sau:
Qpy1 = 21_“", n > 1.
Khdo sat tinh hoi tu cua day.
2.5.32. Tim gidi han cua day cho bdi
a; = \/5, pi1 = 2%&, n>1.
2.5.33. Chitng minh rang néu nh_)r{)lo(an —ap—2) = 0thi

Qp — Qp—1

lim = 0.
n—oo n

2.5.34. Chitng minh rang néu vdi day duong {a,} bdt ky thod man

. An+1
lim n (1 _ )
n— o0 A,

ton tai (hitu han hodc vo han) thi

ciing ton tai va cd hai gidi han bang nhau.

2.5.35. Cho ay,by € (0,1), Chitng minh rang day {a,} va {b,} cho bdi cong
thic

anp1 = a1(l —an —bp) + any, bpy1 =b1(1—a, —b,)+b,, n>1
hoi tu va tim gidi han ctia ching.
2.5.36. Cho a va ay duong, xét day {a,} nhu sau
Upi1 = an(2 —nay), n=12 ..

Khdo sat su héi tu ciia day.
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2.5.37. Chitng minh rdng néu ai va as la hai sé duong va
Gnta = \/Qp + /Ont1, n=12,..
thi day {a,} hoi tu. Tim gidi han cia ddy.

2538. Giasu f : Ri — R_ la moét ham tdng vdi méi bién va ton tai a > 0
sao cho

flz,z,.. ;) >zvei 0<z<a,
flz,z,..,z) <xvéi x> a.
Cho cdc s6 duong a1, as, . . ., ay, dinh nghia day truy hoi {an} nhu sau:
an = f(an-1,An-2, ..., Qpt), v6i n > k.

Chitng minh rang lim a, = a.

n—oo

2.5.39. Cho a1 va as la hai s6'duong. Xét tinh héi tu cua day {a,} duoc dinh
nghia truy hoi nhu sau

Qpi1 = Qpe™ " Lovdi n > 1.

2540. Cho a > 1 va © > 0, dinh nghia {a,} bdi a1 = a*, apy1 =
a®, n € N. Hay xét tinh hoi tu cua day.

2.541. Chitng minh rang

v
\\/2+\/2+"'+\/§J:2C0S2n+1'

n -can

St dung két qud trén dé tinh gidi han cia ddy truy héi cho boi
@ =V2, an1=vV2+an, n>1.

2.542. Cho {e,} la day sao cho cdc s6"hang chi nhdn mét trong ba gid tri
—1,0, 1. Thiét lap cong thiic

51\/2+52\/2+~~+8n\/§:2sin %Z% , née&N.
k=1

va chiing t6 rang day

anzal\/2+82\/2+~~+5n\/§

héi tu.
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2.543. Tinh

) 1 1 1
nh_)rglo (arctan 5 4+ arctan 532 4+ ...+ arctan ﬁ) .

2.544. Tinh lim sin(mv/n? + n).

n—oo

2.5.45. Xét tinh héi tu cia day truy hoi dudi déay

alz\/i, agz\/2+\/§, nia =\/2+V3+a,véi n>1.

2.546. Chitng minh rang

lim 1+2\/1—|—3\/1—|—...\/1+(n—1)\/1—1—71:3.

2.547. Cho a > 0, cho day {a,} bdi

a
a1 <0, apy1=——1vdi neN.

n
Chitng minh rang ddy trén hoi tu tdi nghiém am cia phuong trinh 2>+ =a.
2.548. Cho a > 0, xét day {an} :

a

a; >0, apy1 = vdi n € N.

n
Chitng minh rang day hoi tu tdi nghiém duong cia phuong trinh 2+ x=a.
2.549. Cho {a,} la day truy héi cho béi cong thitc sau

2+a,

vei n € N.
1+ a,

a] = 1, Ap1 =

Chitng minh rang {an} la day Cauchy va tim gidi han ctia né.
2.5.50. Chitng minh rang day dinh nghia bdi

1
a1 >0, apy1=2+—, neN,

n

la day Cauchy va tim gidi han cua day.
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2.5.51. Cho a > 0, dinh nghia {a,} nhu sau:

a

——vdi n € N.
2+a,

ar =0 api1 =

Hay xét tinh hoi tu cia day {a,} .

2.5.52. Gid st rang a1 € R va a,11 = |a, — 2'7"| véi n € N. Hay xét tinh
hoi tu cua day va trong truong hop héi tu hay tim gidi han do.

2.5.53. Chitng minh rang

(@) Neu (0 < a <1thi

(b) Neu 0 < a <1thi

- 1 1
lim na — = ]
n—00 = Ja —a
(¢c) Néu b > 1 thi
N e b1 1
im — —_—
n—oo H" 7 —1

2.5.54. Tinh

2.5.55. Tinh

(a) nll_)I{.lOH(l—i-%), vdi ¢ > 0,
k=1

(b) 7111_{210}_[1(1—%),1101 c>1.

2.5.56. Xdc dinh
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2.5.57. Cho day {a,} dinh nghia theo cong thiic sau:

n -1
an:Z(Z) , n>1,

k=0

Chitng minh rang lim a, = 2.

n—oo

2.5.58. Tim gid tri  sao cho day

= () ) (- (). e

héi tu.

2.5.59. Véi x € R, dinh nghia {z} = x — [2]. Tinh lim {(2+V/3)"}.

2.5.60. Cho {a,} la mét day duong va dat S, = a1 + as + ... + a,, n > 1.
Gia st ta c6

U1 < ((Sp — Day, + ap—1), n>1

n+1
Hay tinh lim a,,.

n—oo

2.5.61. Cho {ay,} la day duong thod man

. a —arta+..+a
lim — =0, lim © < 0.
n—oo n, n—0o0 n
Tinh ) ) )
. oajta;+...+ta
lim .
n—oo n2

2.5.62. Xét hai day duong {a,} va {b,} thod man

) an i b,
lim =0 lim =
n—oo a1 + Ao + ... + an n—oo by +by + ... + b,

Dinh nghia day {Cn} nhu sau:
Cn = a1b, + asbp,_1 + ... + aby, n €N,

Chitng minh rang
&
lim " =0
n—oo C1 + Co + ... + Cp,
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2.5.63. Tinh

2

1 n
lim (1 + —) e "
n—oo n

2.5.64. Gid stz day {a,} bi chdn trén va thod man diéu kién

pg1 — Qp > — n € N.

ﬁ7
Hay thiét lap su héi tu ctia day {a,} .
2.5.65. Gid st day {a,} bi chdn thod mén diéu kién
Gnt1 22 >a,, néEN.
Hay thiét lap su héi tu ctia day {a,} .
2.5.66. Ky hiéu | va L tuong ting la gidi han dudi va gidi han trén cua day
{a,} . Chitng minh rang néu lim (a,11 — a,) = 0 thi mdi diém trong khodng
n—oo
mé (I, L) la diém gidi han cia {a,} .
2.5.67. Ky hiéu | va L tuong ting la gidi han dudi va gidi han trén cua day
{an} . Gid sw rang vdi moi n, Gpy1 — Gp > —Qp, Vi @y, > 0 va lim «, = 0.
n—oo
Chiing minh rang méi diém trong khodng maé (1, L) la diém gidi han cia {a,} .
2.5.68. Cho {a,} la day dwong va don diéu tdng. Chitng minh rang tdp cdc

diém gidi han cia ddy
Qn

n -+ an,

, neN,

la mot khodng, khodng nay suy bién thanh mét diém trong truong hop hoi tu.

2.5.69. Cho a; € R, xét day {a,} nhu sau:

o néu n chan,
Apt1 =

1+an A 2

—5 néun le.

Tim cdc diém gidi han cua day trén.
2.5.70. Liéu 0 c6 phdi la mét diém gidi han ciia day {\/nsinn} 2

2.5.71. Chitng minh rdang vdi day duong {a,} ta cé

n
Y. ai +a 1

hm (771—’—) 2 e
n—oo an
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2.5.72. Chitng minh két qud tong qudt cia bai todn trén: Cho s6 nguyén duong
p va day duong {an}, Chitng minh rang

a +a "

Eren 1

im | "t > eP,
n— o0 A,

2.5.73. Chitng minh vdi day duong {a,} ta cé

/1
1imn(M—1) > 1.

n—00 A,

Chitng minh 1 la hang s6't6t nhdt c6 thé dude cia bat ding thic trén.

an:\/1+\/1+...+ﬁ

n - can

2.5.74. Cho

Tim lim a,.

n—oo
2.5.75. Cho {a,} la ddy vdi cdc phdn ti l6n hon 1. Gid st ta c6

. Inlna,
lim
n—oo n

:OZ,

Xét day {b,} nhu sau:

bn:\/a1+\/a2+...+@, n € N.

Chiing minh rang néu o < In2 thi {b,} héi tu, ngugc lai néu o < In2 thi day
phén ki tdi oo.

2.5.76. Gid sit cdc s6"hang ciia day ctia day {a,} thod man diéu kién
0 <apim < an+a,véi n,meR.
Chitng minh rang gidi han lim o ton tai.
n—oo
2.5.77. Gid st cdc s6"hang ciia day ctia day {a,} thod man diéu kién

0<anim < an-ay véi n,meR.

Chitng minh rang gidi han lim /a,, tén tai.
n—oo
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2.5.78. Gid sit cdc s6"hang ciia day ctia day {a,} thod man diéu kién

la,| <1,
an+am_1§an+m§an+am+1

vdi n,m € N.

(a) Chitng minh rang gidi han lim o ton tai.

n—oo

(b) Chitng minh rang néu gidi han lim “* = g thi

n—o0
ng—1<a,<ng+1lvéi neN.
2.5.79. Cho {a,} la day duong va don diéu tding thod méan diéu kién
Gpom = Ny, v N, m € N,
Chitng minh rang néu sup {%‘ ne N} < +00 thi day {%"} héi tu.
2.5.80. Cho hai s6'duong ay va as, chitng minh day truy héi {a,} cho bdi
2
Qpio = —— vdi neN
Qpt1 + Ay

héi tu.

2.581. Cho by > ay > 0, xét hai day {a,} va {b,} cho bdi cong thitc truy

hoi:
an, +b .
Qpy1 = - B n, bn+1 = \/ an+1bn vei n € N.

Chitng minh rang cd hai day déu hoi tu tdi cung mot gidi han.

2.5.82. Cho agp,brpn,n €N, k=1,2,...,n,la hai bdng tam gidc cdc s6 thuc
vdi by, # 0. Gid stz rang =" — 1 déu doi vdi k, c6 nghia la vdi moi € > 0,

bk p—oo
luén tén tai moét s6 duong ng sao cho

Ak.n

-1 <
bk,n ' c

n
vdi moi n > ng va k = 1,2, ..., n. Chitng minh rang néu lim »_ by, ton tai
=
thi

n n

lim E Ak, = lim E bk

n—00 ’ n—00 ’
k=1 k=1
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2.5.83.

2.5.84.

2.5.85.

2.5.86.

2.5.87.

Cho a # 0, tim

n

: . (2k—1)a
nh_)rglo ; sin o

Véi a > 0, tinh

lim Z <an% — 1) .
Tinh

lim ﬁ 1+ i

n—o00 1 n2 )
Véi p # 0 va q > 0, hay tinh

. 1 ka1 5
3 (05 )

Cho cdc sé duong a,b va d véi b > a, tinh

lim a(a+d)...(a+ nd)
nvoo b(b+ d)...(b+ nd)







Chuong 3

Chuoi so thuc

Tém tat ly thuyét

e Cho chudi hinh thiic
(A) Z ay,.
n=1

a,, duoc goi la s6" hang thit n hay so hang tong qudt ciia chudi (A).
Day cdc TONG RIENG ctia chudi (A) duoc dinh nghia la

n
Sy = E ag, n € N.
k=1

Sy, ditgc goi la tong riéng thit n cua chudi (A).
Néi ring CHUOI (A) HOI TU va ¢6 tong bdng s, néu
lim s, = s.

n—oo

Trong truong hop nay, phdan du cia chudi (A) duge dinh nghia la

o0
Ty =8 — 8, = E a, n € N.
k=n-+1

NG6i ring CHUOI (A) PHAN KY, néu giéi han néi trén khong ton tai

63
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e PIEU KIEN CAN dé chudi (A) hoi tu la

lim a, = 0.

n—oo

e PIEU KIEN CAN V®U dé chudi (A) héi tu la: véi € > cho trude, ton
tai ne € N sao cho

<e€, VYVn>n. VpelN.

e (A) duoc goi la chudi duong néu a, > 0 vdi moi n.
e TIEU CHUAN SO SANH. Cho hai chudi duong (A) va (B)

(B) > b
n=1

Gid s
a, < b, VnéeN.
Khi do,
néu chuoi (B) hoi tu, thi chuoi (A) ciing hoi tu;
néu chuoi (A) phdn ky, thi chuéi (B) ciing phdn k.
BPdc biét, néu
lim 2% = k 40,

n— oo bn
thi hai chudi (A),(B) cang hoi tu hodc cung phdn ky.
e TIEU CHUAN TY SO (DALEMBERT). Cho chudi duong (A).

Néu
m &2 <,
n—oo Ay,
thi chudi (A) hoi tu.
Néu
lim <L >,

n—oo an

thi chudi (A) phan ky.
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Bdc biét, gid sit ton tai gioi han
an—l—l

a = lim ,
n—oo an

khi dé, néu a < 1 thi chudi (A) hoi tu; néu a > 1 thi chuéi (A) phdn ky.

e TIEU CHUAN CAN (CACHY). Cho chudi duong (A). Gid sit ton tai gici
han

c = lim {/a,,

khi dé, néu ¢ < 1 thi chuéi (A) hoi tu; néu ¢ > 1 thi chuéi (A) phdn k.
e TIEU CHUAN RAABE. Cho chudi duong (A).

Néu
. a
lim n ( - 1) > 1,
n—00 An+1

thi chudi (A) hoi tu.
Néu

limn( n —1) <1,
oo\ ny1
thi chudi (A) phan ky.

Bdc biét, gid sit ton tai gidi han

an

r = lim n( —1)

oo g
khi dé, néu r > 1 thi chudi (A) hoéi tu; néu r < 1 thi chuoi (A) phdn ky.
e Noi rdang chudi (A) HOI TU TUYET POI, néu chudi (gom cdc tri so

tuyét doi)
o0
D lanl
n=1

hoi tu.
Chudi hoi tu tuyét doi thi hoi tu. Diéu nguoc lai, néi chung, khong diing.

e N6i rdng chuéi (A) HOI TU CO PIEU KIEN hay BAN HOI TU, néu
chudi né hoi tu nhung khong hoi tu tuyét doi.

e CHUOI PAN DAU la chudi cé dang

bi—by+bg— 4 (=1)" 4 b, >0
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e TIEU CHUAN LEIBNIZ ndi rding, néu ddy sé {b,} don diéu gidm va hoi
tu vé 0 thi chudi dan ddu hoi tu.

e PHEP BIEN DOI ABEL Cho hai chudi bdt ky (A) va (B). Pdt

An = iak, Bn = ibk’ Cn = iakbk
k=1 k=1 k=1

Khi do ta co

n—1

Cn = aan — Z(akﬂ — ak)Bk.
k=1

e TIEU CHUAN ABEL. Cho hai chudi bdt ky (A) va (B). Xét chudi (C)
nhu sau

(C) i by,
n=1

Néu chudi (B) hoi tu va day {a,} don diéu va bi chan thi chudi (C') hoi tu.
e TIEU CHUAN DIRICHLET. Néu day {A,} bi chdn, day {b,} don diéu
va cé gioi han bang 0 thi chuéi (C) hoi tu.
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3.1 Toéng cua chudi

3.1.1. Tim cdc chudi va téng ctia chiing néu day { S, } cdc tong riéng ctia chiing
duoc cho nhu sau:

1 2" —1
(a) Sn:ﬂ,neN, b S, = , neN,
n AL
1)
(¢ S, =arctann, n € N, d S, = u, n €N,
n
3.1.2. Tim téng cua cdc chudi
= 2 +1
—_— b
(@ nan(n—i—l)?’ ® Z 2n+1)
“n—+vn2—1
(C) Z 9 (d) Z 2 9
~ /nn+1) dn® — 1

= 1
(e) Z: (Vn+vn+1)y/nn+1)

n—

3.1.3. Tinh cdc téng sau

(n+1)(3n+1)
1 In
(@) " +Z n3n+4)
S (2n+ D)n
(b) Z (n+1)(2n—1)

=1

3.1.4. Tim téng cia cdc chudi

o0

1
(a) ,m €N,
;n(‘er) (n+m)
- 1
(D) Zm’mEN’
(c) 2 r D+ )13 n )
3.1.5. Tinh

1 Inn
(@) Zsm 720’ ®) ;ﬁ [n—lnn]'
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3.1.6. Tinh
= 1 3
ZSIHﬁCOSﬁ.
n=1

3.1.7. Tim
>t

| 4 2 :

= nl(n' +n®+1)

3.1.8. Chiing minh rang

o0

2 : -
“~3-5-...-(2n+1)

N | —

3.1.9. Gid st {a,} la mét day thod mdn

lim ((ay + 1)(aa+1)...(a,+1)) =g, 0<g< +oc.

Chitng minh rang

(a1 + 1)( a2+1) San +1) g

n=1
U
( qui woc: — = 0).

3.1.10. Dung két qud trong bai todn trude, tim tong cua cdc chudi

(@ P

n=1
> on —1
(b) nZQ 4-6-. on’
o 1
(c) n?
DIy (N b

3.1.11. Goi {a,} la day cho bdi

ay > 2, apy1=a>—2 véi neN.
Chitng minh rang

> a1 — Va2 —4

1
Za1~a2~...~a - 2

n=1 n
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3.1.12. Voi b > 2, kiém tra rang

o0

1
;bbﬂ b—l—n—l) =)

3.1.13. Choa > 0vab > a—+ 1, chitng minh ding thite

= ala (a+n—-1) a

< b(b b—i—n—l)ib—a—l'

3.1.14. Choa > 0vab > a+ 2 kiém tra ding thic sau

—ala+1)...(a+n—1) a(b—1)
2 bb+1)...b+n—-1) (b—a—-1)(b—a—2)

n=1
s ~
3.1.15. Cho > (% la chuoi phéan ky vdi cdc s6 hang duong. Cho trude b > 0,
n=1
tim téng
o0
Z ai - ag - Ay,
—, a2+b a3+b)...(an+1+b).
3.1.16. Tinh
= , cos® 3"
> ()
3n
n=0

3.1.17. Cho cdc hang s6 khdc khong a, bva ¢, gid st cdc ham [ va g thod man
diéu kién f(z) = af(bx) + cg(x).

(@) Chitng minh rang néu lim a" f(b"z) = L(x) ton tai thi

n—oo

S gy = L0~ L)

C

(b) Chitng minh rang néu lim a™"f(b~"x) = M (x) ton tai thi

n—oo

C

ia—nga)—nx) _ M(l‘) B af(bl')



70 Chuong 3. Chudi sé thuc

3.1.18. Dung déng nhdt thize sinx = 3sin g —4 sin® 5, ching minh rang

- n .3 T _r—sinz
(a) Eﬁ 3" sin Sl = 1 ,
=1 T 3 T
b E —sin® —/—— = “sin =
(b) 2 n sin 3oL 4sm3

3.1.19. Dung déng nhdt thitc cot x = 2cot(2x) + tanx véi x # k5, k € Z,
chitng minh rang

— 1 v 1
Z on tan o= g 2 cot(2x).
n=0
3.1.20. Dung dong nhdt thice arctanx = arctan(bx) + arctan (1 e D thist

ldp cdc cong thic sau:

(1 —=0b)b"x
(a) Zarctan = bZ”>+1 ; = arctanx  vdi 0<b<l,

(b—1)b"x
(b) Zarctan b2n)+1 5 = arccotr vdi T #0 va b>1.

3.1.21. Cho {a,} la day Fibonacci duge xdc dinh bdi

apy=a1 =1, apt1 =an+an—1, n>1

va ddt S, = Y ai . Tim

3.1.22. Véi ddy Fibonacci {a,} trong bai trén, tinh

00 _1)n
s U

n—0 ApQn+2

3.1.23. Véi ddy Fibonacci {a,} trong bai trén, xdc dinh tong

> 1
arctan —.

a
n—1 2n
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3.1.24. Tim téng

(@) goo arctan 2 (b) EOO arctan !

Qa —_— -
n?’ — n24+n+1’

n
(c) Z arctan -

3.1.25. Cho {a,} la day duong phan ky tdi vé cing. Chiing minh rang

1
E arctan = arctan —.
anan—i—l ay

3.1.26. Chitng minh r&ng vdi bit ky hodn vi nao cua cdc s6 hang cia chudi
duwong, tong ctua chubi nhdn duoc khong thay doi.

3.1.27. Chitng minh déng nhdt thic
i 1 3em 1
On —12 4 2
— (2n —1) 4 n

3.1.28. Chitng minh rang

=1 2
(Cl) S =
— n? 6
=1 d
(b) 1= 90
n=1
(c) i(—l)” L 7
— 2n+1 4

3.1.29. Cho day {a,} dugc xdc dinh bdi

a; = 2, an+1:ai—an+1 v n > 1.
— 1
szza.
n=1

3.1.30. Cho day {a,} duoc xdc dinh nhu sau
e —1

Qn

a1 >0, apy1 =1In vt n > 1,

D
va ddt b, = ay-as ... a,. Tim > by,.
n=1
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3.1.31. Cho day {a,} dugc xdc dinh bdi

1
ar =1, apy1 = —V2 vé n>1.
L= e et .. +a, vt =

Tim téng ctua chudi Y | ay,.
n=1

3.1.32. Tim téng ctia cdc chubi sau

> 1
n—1
(Cl) ;(_1> 57
—, 1 2n+1
(b) nZl< 1) RRNIEIE

- 1 1 1
. 1, -2
(c) Zl(x+2n—1+:c+2n x—i—n)’ v# -1 -2

3.1.33. Tinh

i(—m”—l In (1 + %) .

n=1

3.1.34. Tinh

i(—m”—l In (1 — ﬁ) .

n=1

3.1.35. Xdc dinh téng ctia cdc chudi

— (1 1
d{=-m(1+=)).
n n
n=1
3.1.36. Gid st ham f khd vi trén (0, +00), sao cho dao ham [’ ciia né don

diéu trén mét khodng con (a,+00), va lim f'(x) = 0. Chitng minh rang gidi
rT—00

han

lim (§f<1>+f<2>+f<3> =)+ 5t - [ 1 d:c)

n—-+00

ton tai. Xét cdc truong hop ddc biét cia khi ham f(z) c6 dang f(x) = % va

f(z) =Inzx.
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3.1.37. Xdc dinh téng ctia chudi

3.1.38. Tim

3.1.39. Cho trudc s6'nguyén k > 2, chitng minh rang chudi

i ! + ! T R
(n—Dk+1 (n—1Dk+2 ~~ nk—1 nk

n=1
héi tu déi vdi duy nhdt mot gid tri cia x. Tim gid tri nay va téng ciua chudi.
3.1.40. Cho day {a,} dugc xdc dinh bdi

34+ (=1)"

tinh

n=0

3.1.41. Chitng minh rang téng cia cdc chubi

— 1 = 1
(@) 25 () 2(%02

la vé ty.
3.142. Cho {e,} la ddy vdi €, nhdn hai gid tri 1 hogc —1. Chitng minh rang
o0

A 2 X E_Tl ~ A A 2
tong cua chuoi 21 1 la sovo ty.
=

3.1.43. Chitng minh rdang vdi moi sé nguyén duong k , téng cia chudi

la vé ty.
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3.1.44. Gid s rang {ny} la day don diéu tding cdc s6 nguyén duong sao cho

. g
lim = +400.
k—oo M1MN2 * ...  Nk—1

o.]
Chiing minh rang y . — la vé ty.

1
o
i=1

3.1.45. Chitng minh rang néu {ny} la day cdc s6 nguyén duong thod man

lim =400 wva lim
k—oomng « ... Ng—1 k—o0Tk—1

N

> 1,

o
thi Y = la vé ty.
i=1""

3.146. Gid st rang {ny} la day don diéu tding cdc s6 nguyén duong sao cho

o
lim 2/n; = co. Chitng minh rdn, L 14 vé ty.
Jim =/ g g k; o y

o0
3.1.47. Gid sit chudi Z—", Dns Gn € N la chudi hoi tu va gid s
n=1 "

Pn B Prn+1 > &
gn — 1 Gn+1 — 1 dn

Ky hiéu A la tdp tét cd cdc s6'n sao cho bét dang thic trén cé ddu > . Ching
o.]

minh rang > Z—" v6 ty khi va chi khi A la vé han.
n=1""

3.148. Chitng minh rang vdi moi day tding ngdt cdc s6 nguyén duong {ny},

o0
P 2 X 2"16 < A 2
tong cua chuoi /;1 P la vo ty.



3.2. Chubi duong

3.2 Chudi duong

3.2.1. Cdc chubi sau héi tu hay phin ky

(@) nf:l(\/w +1—Vn3+1), (b) i(%)”i
(© g % @ i(%ﬂ)”(“”,
(e) i (1 — CoS %) , 6] i(%— ",

n=1 n=1
(g) i({l/ﬁ—l), a> 1.

n=1

3.2.2. Kiém tra sw héi tu cia cdc chudi sau day

=1 1 1 +1
(@) Zgln(l—i—g), (®) Zﬁln%,

n=1 n=2
© Y @ Y
¢ £~ n?—1Inn’ — (Inn)nm’
(e) 3 !
€ — (ll’l n)lnlnn ’

o0 o0
32.3. Cho > an, Y. by la cdc chudi duong thod mdn

n=1 n=1

An41 < bn—l—l
an ~ by

vdl N > ny.

o0 o0
Chiing minh rang néu »_ b, hdi tu, thi . a, ciing héi tu.

n=1 n=1
3.2.4. Kiém tra sw héi tu cia cdc chudi sau day
OO n—2

@ Y= ® E;efn!.

n=1
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3.2.5. Tim gid tri cua o dé cdc chudi sau hoi tu

(a) i({l/&—n“, a>1, (b) Z n—1)"

n=1
0 1 n+1 & 1 @
14+ — —e| d 1 —nsin —
(0) nzl ( n) () nzl ( n)
3.2.6. Chitng minh rang néu chudi duong > a, héi tu thi
n=1
Z(a“"—l), a>1
n=1

cung hoi tu.

3.2.7. Khdo sdt su hoi tu ctia cdc chudi sau

> 1

(a) Z—ln (cos —) (b) Zeclnn+d a,b,c,d € R
n=1
0 2n

n
(c) ZE: n+b n+a)’
1(n—ira)( ) (n + b)(nta)

a,b> 0.

o0
3.2.8. Gid st chuéi Yy a, vdi cdc s6 hang khong am hoi tu. Chitng minh rang

n=1

Z \/GnQny1 cing hoi tu. Ching minh rang diéu nguoc lai la khong dung, tuy
nhzen néu day {an} don diéu giam thi diéu nguoc lai ding.

o0
3.2.9. Gid st rang chudi duong . a,, phan ky. Nghién citu su hdi tu cdc chudi

n=1

sau ddy

@ Y DD
© Y e @ Y
n=1 n n= n
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o0
3.2.10. Gid st chudi duong >, a, phdn ky, ky hiéu day cdc tong riéng clia né
n=1

la {S,} . Chitng minh rang

o0
Ay, .
Z — phaén ky,
Sh
n=1
va

o a
n

E —  héi tu.
S2 T

n=1

3.2.11. Chitng minh rdng vdi cdc gid thiét nhu ctia bai trude, chudi

héi tu véi moi 3 > 0.

3.2.12. Chitng minh rdng cdc gid thiét cho ¢ bai tdp 3.2.10 , chubi
o.]

3 On
n=2 S
<

1.

S0

hoi tu néu o > 1 va phdan ky néu «

o0 o0

3.2.13. Cho chuéi »_ a, hoi tu, ky hiéu r, = >, ag,n € N la ddy cdc
n=1 . k=n-+1

phén du cia né. Chitng minh rang

o0
Qn
(@) —— phan ky,
Z2Tn—1
=
(b) - héi tu.
nz2 Tn—1
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o

3.2.15. Chiing minh réng véi gid thiét nhu 6 bai 3.2.13, chudi > an1In® 1,
n=1

héi tu.

o0
3.2.16. Cho chuéi dvong . a. Gid st rang

n=1

Qn

lim nln
n=00 Gng

o0
Chiing minh rang >, a, hi tu néu g > 1 va phan ky néu g < 1 (k€ cd truong
n=1

hop g = +00 va g = —o0). Hay dua vi du chitng té rang khi g = 1 thi ta
khong thé dua ra két ludn duoc.

3.2.17. Nghién citu su hoi tu cia cdc chudi sau day

= 1 = 1

(@) Zlﬁ ®) ZIQIT”

© 23% @ Zain, a>0,
n=1 n=1

=1
(e) E ol a > 0.
n=2

3.2.18. Khdo sdt su hoi tu cua chudi
o0
SaH as0
n=1

3.2.19. Ding két qud cua bai todn 3.2.16, chitng minh dang gidi han cia Tiéu
chuén Raabe.
Cho a, > 0, n € N, dat

. a
lim n " 1) =
n=00 \ Gnt1

o.]
Chiing minh rang . ap héi tu néu r > 1 va phdn ky néur < 1.
n=1

3.2.20. Cho day {a,} dugc xdc dinh bdi

a1 =as =1, apy1 =a,+ —an—1 VO N > 2.
n

o0
Nghién ciiu sy héi tu ctia chudi » L
n=1 an



3.2. Chubi duong 79

3.2.21. Cho ay va « la cdc s6 duong. Day {a,} duge xdc dinh nhu sau

—a®

pi1 = ape ", vdi n=1,2....
~ o0
Hay xdc dinh o va (3 dé chudi > a héi tu.
n=1

3.2.22. Xdec dinh a dé chudi

o0

n!
Z(a—l—l)(a—i—2)~...~(a—l—n)

n=1

héi tu.

3.2.23. Cho a la s6'duong tuy y va {b,} la day s6 duong héi tu téi b. Nghién
cttu sy héi tu cua chudi

n

N nla
nzl (a+bl>(2a+b2>""'(na—i-bn)'

3.2.24. Chitng minh rang néu day cdc s6"duong {a,} thod man

n=1
An41 1— l _ Tn
an n nlnon

o0
trong do v, < I' < 1, thi Z ay, phdn ky. (Tiéu chudn Bertrand.)

n=1
3.2.25. Dung tiéu chudn Bertrand va Raabe dé chitng minh tiéu chuidn Gauss.

Néu day cdc s6 duong {a,} thod man

a”“_l_g_%
an n nN

o0
trong do A > 1, va {V,,} la day bi chan, thi Y a, héi tu khi o > 1 va phan
n=1

ky néu o < 1.
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3.2.26. Khdo sdt su hoi tu cua chudi

ia(a+1)~...~(a+n—1) BB+1)-...-(B+n—1)
n! yy+1) .- (y+n—1)

n=1
o day o, 3 va v la cdc hang s6 duong.

3.2.27. Tim gid tri cua p dé chudi

> (“ot)

n=1
héi tu.
3.2.28. Chitng minh tiéu chudn cé ddc cia Cauchy.
Cho {an} la day don diéu giam cdc s6 khong am. Chitng minh rang chudi
o0 o0
>~ ay, hoi tu khi va chi khi chudi Y 2" asn héi tu.

n=1 n=1

3.2.29. Kiém tra su hoi tu cua cdc chubi sau ddy

— 1 - 1
_ b :
(@ ;n(lnn)a’ ® ;ndnn-lnlnn

3.2.30. Chitng minh dinh ly Schlomilch (suy réng cua dinh ly Cauchy, xem
bai tap 3.2.28).

Néu {gr} la day tdng ngdt cdc s6 nguyén duong sao cho vdi ¢ > 0 nao dé va
vdi moi k € N, gri1 — gr < c(gr — gr—1) va véi day duong {a,} gidm ngdt,
ta co

o0 [0.9]
Zan < 00 khiva chi khi Z(g;ﬁq — gk)ag, < 00.
n=1 n=1

o0
3.2.31. Cho{a,} la ddy don diéu gidm cdc s6'duong. Chitng minh chuéi »  a,
n=1
héi tu khi va chi khi cde chudi sau hoi tu

@ > 3"asn, ®) > nay, © > nla,s,
n=1 n=1 n=1

(d) S dung tiéu chudn trén hday nghién ciu su hoi tu cia cdc chubi trong bai
tép 3.2.17.
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o0
3.2.32. Gid s {ay,} la day duong. Chitng minh rang chudi Y, a, hdi tu néu

n=1
1

lim (a,)™7 < —.
n— oo (&

3.2.33. Gid s {a,} la day duong.Ching minh rdang
1

lim (na,)wmr < =
n— oo (&

o0
kéo theo sy hi tu ctia Y, Q.

n=1
3.2.34. Cho {a,} la day duong, don diéu gidm thod mdn

2na2n

<g<l
an

o0
Chitng minh rang Z a, hoi tu.

n=1
3 2.35. Cho {ay,} la day khong am, don diéu gidm. Chiing minh rang néu
Z ay, héi tu, thi lim na, = 0. Ching minh rang day khong la diéu kién du
n=1 n—oo

cho su héi tu ctia chudi.

3.2.36. Hay néu mét vi du chubi duong hoi tu nhung diéu kién lim na, = 0

n—oo
khong thod man.

3.2.37. Gia su Z ay, la chubdi duong héi tu. Tim diéu kién can va di dé ton

tai day duong {b } sao cho cdc chubi

> a
. n
E b, va o
n=1 = n
déu hoi tu.

3.2.38. Tén tai hay khong mét day duong {a,} sao cho cdc chudi

o0 o0

. 1
E b, va E 5
n=1 n=1 n-a

déu hoi tu.
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3.2.39. Chitng minh rang

o0

Zl 1+ ans
—n an,

phén ky vdi moi day duong {an}.

o)
3.2.40. Gid st {an} va {b,} don diéu gidm tdi khong sao cho cdc chudi »_, a,
n=1

o0 o0

va Z b,, phdn ky. C6 thé néi gi vé su héi tu cua chudi Z Cn, trong do ¢, =
n=1 n=1

min{ay, b, }?

o)

3.241. Cho {ay} la day don diéu gidm, khong am sao cho » o phdn ky.

) 1
bn = 1min {G,T“ m} .

o0
Chitng minh rang chudi Z %" cung phan ky.

n=1

. n=1
Gia su rang

3.242. Cho {a,} la day duong , bi chdn va don diéu tang. Chitng minh rang

i(l— a”) héi tu.

n=1 Ap+1

3.243. Cho {ay} la day duong, tdng va phan ky ra vé cuc. Chitng minh rang

i (1— tn ) phén ky.

n=1 Ap+1

3.2.44. Cho {a,} la day dwong don diéu ting. Chiing té rang vdi moi o > 0

ta co
> Ap+1 — @
E (M) héi tu.

«
n=1 Ant10p

o0
3.2.45. Chitng t6 rang vdi chudi duong phan ky Y a, bdt ky, ton tai mét day

n=1

o0
{cn} don diéu giam t6i 0 sao cho Y ancy, phan ky.

n=1



3.2. Chubi duong 83

o0
3.2.46. Chiing té rang vdi chudi duong héi tu » , a, bdt ky, ton tai mét day

n=1

o0
{Cn} don diéu tang ra vé cuc sao cho Z A Cp hOI tu.
n=1

o0

3.247. Cho >’ a, la mét chudi duong héi tu va ki hicu {ry,} la day phdn du
n=1

cta né. Chitng minh rang néu 220:1 7 héi tu thi

lim na, = 0.

n—oo

3.2.48. Cho {a,} la day duong, phan ky ra vé cuc. C6 thé néi gi vé su héi tu

cua cde chuoi sau:

=1 =1 =1
(a) —, b) —_ (c) ?
a nzl ag ; a%ln ¢ nzl a%ﬂnn

o0
3.2.49. Nghién citu sy héi tu ctia chudi » , ay, 6 ddy :

n=1
a1 =1, any1 =cosa, véi neN.

3.2.50. Cho p la mét s6'khong am c6 dinh. Nghién citu su hoi tu cua chudi
i Qp, 0 déy :

n=1

a1 =1, any1 =n"Psina, véi neN.
3.2.51. Cho {ay,} la ddy cdc nghiém duong lién tiép cia phuong trinh tan x =
o0

x. Nghién cttu sy hoi tu cia chudi ) a%

n=1 "
3.2.52. Cho {a,} la ddy cdc nghiém duong lién tiép cia phuong trinh

o.]
tan \/x = . Nghién citu sy héi tu ciia chudi » (%
n=1

3.2.53. Cho ay la mét s6'duong tuy y va an1 = In (1 4 a,,) véin > 1. Nghién

o0
ctu su hoi tu cia chudi Yy ay, .

n=1
- o0
3.2.54. Cho day duong don di¢u gigm {a,} sao cho chudi Y a, phdan ky.
n=1

Chitng minh rang:

. ay+az+ ...+ agn_1
lim = 1.
n—oo Q9+ Ayg + ...+ Qop
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3255 Cho S, =1+ % + % +...+ % va ki hiéu k, la sé" nguyén duong nho
nhat dé Sy > n. Tim

. kn—f—l

lim

3.2.56. Cho A la tdp tdt cd cdc s6 nguyén duong sao cho trong biéu dién thdap
phén ciia ching khéng chita chit s6 0.

(a) Chiing t6 rang > + héi tu.
ncA

(b) Tim tdt cd cdc gid tri @ sao cho Y n% hoi tu.
neA

o0
3.2.57. Cho " ay la mot chudi s6'vdi cdc s6 hang dwong va cho

n=1

Chiing minh rang néu g > 1 thi chudi hoéi tu, con néu g < 1 thi chudi phdn ky
(¢ ddy g co thé bang +00).

Cho vi du chiing t6 rang trong truong hop g = 1 thi chua thé cé két ludn gi.

3.2.58. Chung té rang tiéu chudn Raabe (xem 3.2.19) va tiéu chudn cho trong
bai tdp 3.2.16 la twong duong. Hon nita, chiing té rang khc%ng dinh trong bai
tap trén la manh hon cdc tiéu chudn do.

o0
3.2.59. Nghién cttu sy hi tu ctia chudi Y, a, vdi cdc s6 hang duge cho bdi :

n=1
a =2, a,= 2—\/2+\/2+...+\/§, n>2.

(n—1) - can

3.2.60. Cho {a,} la mét day don di¢u gidm tdi 0. Chitng té rang néu day sé’
c6 s6 hang téng qudt la

(a1 — ap) + (a2 — an) + ... + (a1 — ap)

o0
bi chdn thi chudi » |, a, phdi hi tu.

n=1
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3.2.61. Tim chubi sé c6 s6 hang a,, thod man cdc diéu kién sau:

a = Ap = 0pt1 + pia+ ... vdi n=1,23....

1
9’

o0
3.2.62. Gid st cdc s6'hang ctia mét chudi hditu Y, Gy, c6 tong S thod man cdc
n=1
dieu kién sau:

a; > az > az >

va 0<a, <api1+api2o+..., neN.

Chitng té rang cé thé biéu dién tGt cd cdc sé’ s bat ky trong khodng nita déng
o0

(0, S] b6i mét téng hitu han cdc s6 hang cia chudi Y, a, hodc béi mdt chudi

n=1

o0
con vd han Z p,,, 0 day {ank} la mét day con cta {an}.
k=1

3.2.63. Gidsu i y, la mot chubi cé cde s6 hang duong don diéu giam. Chitng
t6 rang néu moi Zéz irong khodng (0, 5), S la téng chudi, déu cé thé biéu dién bdi
mot tong hitu han cdc s6 hang ctia {a,} hodc béi mét chubi con vé6 han i (U,
, trong do {ank} la mét day con cta {an}, thi bat d‘c%ng thuc sau dung: =

p < Qpi1 + Apio+ ..., véimbi n € N.

o0
3.2.64. Cho mét chudi duong > a, phan ky, gid thiét rang lim 4 = (),
n=1 n—oo

trong d6 S, = a1 + as + ... + a,. Ching minh rdng:

. a Syt axSyt .+ a,S;t .

n—00 In S,

3.2.65. St dung bai tdp trén chitng minh rang

1+2+14+...+1
lim 23 no=1.
n—00 Inn

o0
3.2.66. Cho Y ay la mét chudi héi tu vdi cdc s6 hang duong. C6 thé néi gi vé
n=1
s hoi tu cia

ial—i—ag—i—...—i—an?

n
n=1
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n
3.2.67. Chitng minh rang néu {a,} la mét day dwong sao cho % Yagp >
k=1

2n [e%e]
> apvdin €N, thi Y a, < 2ea .
k=n-+1 n=1

3.2.68. Ching minh bét ding thicc Carleman:

o0
Néu {ay} la mot day dwong va chudi | ay, hoi tu thi

n=1
00 00
E \"/a1~...~an<eg Q.
n=1 n=1

3.2.69. Chitng minh rang néu {a,} la day sé” dvong thi véi moi s6” nguyén

duong k
> 1 — n+k\"
nglﬁ/alag...angg E an( - ) .

n=1

3.2.70. Cho {a,} la day s6"duong. Ching minh rang tic sy héi tu cia chudi
o.]

> (% suy ra sy héi tu ctia chudi
n

n=1
00 n —2
S (v (3
n=1 k=1
o0
3.2.71. Cho{ay,} la day s6'duong don diéu tding sao cho )y (% phén ky. Chitng
n=1

minh rang chuoi

S 1
Z na, — (n — 1)ap—1

n=2 n
cung phan ky.
3.2.72. Cho {pn} la ddy tdt cd cdc s6 nguyén té'lién tiép. Hay nghién ciiu su
o0

héi tu cia chudi Y

1

o Pn

3.2.73. Nghién citu su hoi tu cia chudi
1

npn — (N — Dpp_1’

NE

Il
)

n

trong dé p, la s6 nguyén té thi n.
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3.2.74. Hay danh gid gidi han

3.2.75. Cho day s6'{a,} thod man diéu kién:
0<a, <1 véimoi n€N va a; #0.

Dat
S,=a1+ax+...+a, va T,=5+5+...+5,.

o0
Hay xdc dinh cdc gid tri & > 0 sao cho chudi 72 hoi tu.
n=1""

3.2.76. Cho k la mét s6' nguyén duong tuy y. Gid st {a,} la day s6’duong don

o0
diéu tang sao cho chudi Z (% hoi tu. Chitng minh rang hai chubi
n=1

o0 o0
n*a, In* n

D )

n=1 Gn n=1 Gn

cung hoi tu hodc cung phdn ky.

32.77. Gig st f : N — (0,00) la ham gidm va ¢ : N — N la ham tdng sao
cho ©(n) > n véi moi n € N. Hay kiém tra cdc bét ding thie sau:

p(n)—1 p(1)-1 n—1
(1) > fk) < FR) + > Flp(k)(plk + 1) — o(k)),
o(n) n
(2) f(k) > ) fle(k)(e(k) — ¢k —1)).
k=p(1)—1 k=2

3.2.78. Véi gid thiét cia bai trén, chitng minh rang néu ton tai s q sao cho
véi moi n € N bat dang thite sau

fle(m)(p(n +1) = p(n))
f(n)

<g<l1
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dung thi chudi i f(n) hoi tu. Mt khdc, néu
flem)(e(n) —p(n—1)) _
f(n) 7

o)
thi chuéi »_ f(n) phan ky.
n=1

3.2.79. Suy ra tw bai trén ddu hiéu sau vé su hoi tu va phdn ky cia chudi sé’

duong.

o0
Chuéi 56’ duong . ay, vdi cde s6"hang don diéu gidm sé héi tu néu

n=1
a 1
n—oo 2
va phan ky néu .
a
lim =" — g> =
n—00 (y, 2

3.2.80. Suy ra tw bai 3.2.78 ddu hiéu sau vé su hoi tu va phdn ky cia chudi sé°
duong (so sanh vdi bai 3.2.34).

o0
Chudi 56’ duong . ay, vdi cdc s6"hang don diéu gidm sé héi tu néu

n=1
Y. 2na2
lim =g<l1
n—oo ([
va phan ky néu
. 2na2n
lim 2.

3.2.81. St dung bai 3.2.77, chitng minh tiéu chudn trong bai 3.2.31.
3.2.82. Chitng minh ddu hiéu Kummer.

Cho {a,} la day s6 duong.

(1) Néu ton tai mot day duong {b,} va mét hang s6 duong c sao cho

Qn

b, —bpy1 > ¢ védimoi neN,

an—l—l

o0
thi chubi »_ a, hoi tu.

n=1
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o0
(2) Néu ton tai mét day duong {b,} sao cho chudi L phan ky va
b
n=1 "

Qn

bn

—bpi1 <0 vdimoi n €N,
an—l—l

o0
thi chudi Z a, phdn ky.
n=1
3.2.83. Chitng minh cdc ddu hiéu dlAlembert, Raabe (3.2.19) va Bertrand
(3.2.24) déu la truong hop riéng cua ddu hiéu Kummer (3.2.82).

3.2.84. Chitng minh chiéu nguoc lai cua ddu hiéu Kummer.
Cho {a,} la day s6 duong.

o.]
(1) Néu chuéi | a, hgi tu thi ton tai mét day duong {b,} va mét hang sé’
n=1
duong c sao cho
Qp,
b,——
An1

- bn—l—l 2 C.

o0
(2) Néu chubdi Y a, phdn ky thi tén tai moét day duong {b,} sao cho chudi
=1
oo n
Z bL phdn ky va
n=1 " a
bn—n - bn—l—l S 0.
(p41
3.2.85. Chitng minh cdc ddu hiéu sau vé su hoi tu va phdn ky cia chudi sé
duong.

(@) Cho k la mét sé nguyén duong va lim QZ—““ = ¢g. Néu g < 1 thi chudi
n—0o0 n

o0 o0
> ay, héi tu, va néu g > 1 thi chudi Y, a, phdn ky.

n=1 n=1

(b) Cho k la mét s6 nguyén duong va lim n ( dn_ 1) =g.Néu g > k thi

n—00 n+k

o0 o0
chudi >, a, héi tu, va néu g < k thi chuéi » , a, phan ky.

n=1 n=1
3.2.86. Cho hai day s6'duong {a,} va {¢n}. Gid s rang pn, = O(5). Chiing

o0 o0
minh rang néu chudi Z Q,, hoi tu thi chuoi Z a};‘"" cung hoi tu.
n=2 n=2
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3.3  Ddu hiéu tich phdn

3.3.1. Chitng minh ddu hiéu tich phan.

Gid st f la mét ham duong va don diéu giam trén doan [1, 00). Khi dé chudi
n

[e.9]
>~ f(n) héi tu khi va chi khi day {I,,} bi chdn, trong dé I, = [ f(z)dx.
n=1 1

3.3.2. Cho f la ham duong va khd vi trén khodng (0,00) sao cho [’ don diéu
giam tdi 0. Chiing minh rang hai chubi

SRS ()
;fm ;M

cung hoi tu hodc cung phdn ky.

3.3.3. Cho f la ham duong va don diéu gidm trén [1,00). Dt

Sy=Y_f(n) va IN:/l flz)de.

Chitng minh rang day {S N—1 N} don diéu giam va c6 gidi han thudc vao doan

[0, F(D)].

3.34. Chitng minh rang gidi han cia cdc day sau

1 1
(a) l+—-—+...+——1Inn,
2 n
1 1 "1
(b) 1+ —+...+—— —dr, 0<a<l,
2¢ no ;. x“

déu thuéc vao khodng (0, 1).

3.3.5. St dung ddu hiéu tich phdn, hay nghién ciu sw héi tu ciia chudi cho
trong bai 3.2.29.

o0
3.3.6. Cho > ay, la mét chudi dwong phan ky va S, = a1 +as+...+a, > 1
n=1
vdi n > 1. Hay kiém tra cdc két qud sau:

o0

(p41
— phén ky
(b) i _ Y hsit
S,n?s, 7

n=1
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3.3.7. Cho f la ham duong va don diéu gidm trén [1,00). Gid siz ham ¢ tdng
ngdt, khd vi va thod man p(x) > x vdi © > 1. Chitng minh rang néu ton tai

/ - o0
q < 1 sao cho %W < q khi x di I6n thi chudi Y f(n) héi tu. Nguoc
n=1
/ ~ o.]
lai, néu %ﬂg’“” > 1 khi x di ln, thi chudi S f(n) phan k3.
n=1

3.3.8. Cho f, g la cdc ham duong, khd vi lién tuc trén khodng (0, 00). Gid s
ham [ don diéu gidm. Chitng minh rang:

(@ Néw lim <—g(:c)%§)) - g’(:c)) > 0 thi chuéi S f(n) héi tu.
r—00 n=1

n

(b) Néu day { i ﬁm)d:c} khong bi chin va — g(x)%f)) —¢'(z) < 0khizdi
1

o0
Ion thi chuéi Y, f(n) phan ky.
n=1

3.3.9. Cho f la ham duong, khd vi lién tuc trén khodng (0, 00). Chitng minh
rang:

(@) Néu lim <— zf /(9‘*’)) > 1 thi chudi Y f(n) hoi tu.
n=1

e e

’ N o0
(b) Néu —””J{(g) < 1 khi x di lon thi chudi Y, f(n) phan ky.
n=1

3.3.10. Cho f la ham duong, kha vi lién tuc trén khodng (0, 00). Chiing minh
rang:

%

(@ Néu lim (—f (2

f(=)
T—00

o
- i) xlnz > 1thi chudi > f(n) hoi tu.
n=1

/ - o)
(b) Néu <—%§)) — %) xlnz <1 khi x di lon thi chudi Y f(n) phan ky.
n=1

3.3.11. Chitng minh chiéu nguoc lai cua dinh ly cho trong bai 3.3.8.

Cho [ la ham duong, don diéu giam, khd vi lién tuc trén khodng (0, 00).

[e.9]
(@) Néu chudi Z f(n) hoi tu thi sé ton tai mét ham g duong, khd vi lién tuc
n=1
trén khodng (0, 00) sao cho

i (05 ) 0
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o0
(b) Néu chudi Z f(n) phan ky thi sé ton tai mét ham g duong, khd vi lién
n=1

n

tuc trén khodng (0, 00) sao cho ddy {f ﬁm)dx} khong bi chdn va khi x
1

du lon thi

3.3.12. Véi v > 0, nghién cttu su héi tu ctua chudi

> G
— (Inn)nn)

n=
3.3.13. Nghién citu su hoi tu cia chudi

i :
1+ ‘
el REEIE Inn
3.3.14. Cho {\,} la day s6 duong don diéu ting va f la ham duong, don diéu

tang thod man diéu kién
o0

1
/%dt< <}

A1

> () g <=

n=1

Chitng minh rang

3.3.15. Chitng minh tiéu chudn tich phdn suy rong.
Cho {)\n} la day tdang ngdt tdi vo cung va f la ham duong, lién tuc don diéu
gidm trén (A1, 00).
(@) Néu ton tai M > 0 sao cho \py1 — N\, > M véi n € N va néu tich phan
o.] o0
[ f(t)dt hoi tu thi chubi Y, f(\,) ciing héi tu.
A1 n=1

(b) Néu ton tai M > 0 sao cho \py1 — Ny < M véi n € N va néu tich phan
o0 o0
[ f(t)dt phan ky thi chuéi Y f(\,) ciing phan kj.
A1 n=1

3.3.16. Gid sit rang f : (0,00) — R la ham duwong, khd vi va c6 dao ham
o] o) —

duong. Chiing minh rang chudi Z ﬁn) héi tu khi va chi khi chudi Z %
n=1 n=1

héi tu.
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3.3.17. KihiéuInyz = Inz, Inyx = In(lng_; x) véi k > 1 va x di lon. Vi
méi n € N, chon s6 nguyén duong p(n) thod man 1 < Ingmyn < e. Khi do

chuoti
o

1
n(ln;n)(Ingn) . .. (Ing n)

n=3
héi tu hay phdn ky?

34 Hoitu tuyét doi. Dinh Iy Leibniz

34.1. Hay xét su hoi tu tuyét doi, héi tu cé diéu kién hodc phdan ky cua cdc
chudi sau theo a thuéc mién da chi ra:

(a) Z(nafl) , ackR,

e
(b) i(—m”(ln:)a, a€R,

s
() il(—m”sin%, acR,
(@ i: n—li— I (;24:64(1@—_186)”’ a € R\{=8,2},
(e) i T a#0,
% S s,

e

34.2. Voia € R, nghién cttu su héi tu va hoi tu tuyét doi cua chudi

e n—1

a
2 T T

n=ng

trong dé n, la mot chi s6'phu thudce vao a sao cho na™ ' +1Inn # 0 vdin > n,.

o.]
34.3. Gid st Y a, la chudi héi tu vdi cdc s6" hang khdc khong. Hay nghién

n=1
> sin a,,
2(1— - )

cttu su hoi tu cia chuoi
n=1
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o0
34.4. Tidiéukién lim % = 1 c6 suy ra duge rang su hdi tu ctia chudi Y, a,
n

n—00 n=1
o0
tuong duong vdi su hoi tu ciia chudi |, by, khong?
n=1
~ A Jan|+
3.4.5. Gid st rang chuéi Y, a,, hoi tu cé diéu kién va ddt p, = w, Qn =
n=1

lan|—an

o0
5 Chitng minh rang cd hai chubi 21 Pn VA
-

o)

Gn déu phan ky.
1

n—

o0
3.4.6. Gid st rang chuéi Y, a, héi tu cé diéu kién. Goi {P,} va {Q,} lin
=1
s " > >
luot la day téng riéng ciua chuoi Z Pn VG chuol Z qn dinh nghia trong bai
n=1 n=1
trén. Chitng minh rang
R
lim — = 1.

n
n—00 Qn

3.4.7. Nghién cttu su héi tu va hoi tu tuyét doi cia chudi
i (—1)[5]
i '

34.8. Viia € R, xdc dinh khi nao chudi

o0

—1)lvnl
X

héi tu tuyét doi, hoi tu cé diéu kién hodc phan ky.

3.4.9. Xdc dinh xem chudi

o0

Z (_1)[1nn]
n=1 n
héi tu tuyét doi, hoi tu cé diéu kién hay phan ky.
3.4.10. Dat
+1 néu 2%k <n < 22kF1
E, =
" —1 néu 22K < n < 22642
trong do k = 0,1,2,... . Hay xét su hoi tu ctia cdc chudi sau
> &€ > &€
(a) — (b) .
—~n ' Z nlnn

n=2
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34.11. Nghién citu su hoi tu cia chudi

N _ ”ﬂsini
2V e

n=2
3.4.12. Nghién citu su hoi tu (tuyét doi, cé diéu kién) ciia cdc chudi sau:

o0

(a) PG IREE

n=1
(b) Y (—)M(Va—-1), a>1,

n=1
(c) > (=01,

n=1
(d) i(—l)” e— 1—i—l ”

n=1 n ’

0 1 n+1

—1)" 1+ — — .
(e) ;( ) ( + n) e
34.13. Cho a,b > 0, hdy xét su hoi tu ctia cdc chudi sau:
SN > ()
(@) j£:<——1) nﬁ 5 (b) j£:<——1) ___%Z___
n=1 n=1
34.14. Cho > (—1)""ta,, la chubi dan ddu thod man diéu kién ctia ddu hiéu
n=1

Leibniz, tic la 0 < a,11 < a, vdi moi n va lim a, = 0. Ddt 1, la phan du
thit n cua chudi, T, = Y, (—1)k_1ak. Chitng minh rang v, cung ddu vdi s6’

k=n-+1

hang (—1)"ap41 va |rn| < Gpir-

3.4.15. Gid s rang day {a,} dan téi 0. Chitng minh rdang hai chuéi sau

o o
Z a, va Z(an + pt1)
n=1 n=1

cung hoi tu hodc cung phdn ky.
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3.4.16. Cho day {ay,} hoi tu dén 0 va cdc s6 a,b, ¢ thod man a + b+ ¢ # 0.
Chitng minh rang hai chubi

o o
E a, va E (aay + bani1 + caniz)
n=1 n=1

cung hoi tu hodc cung phdn ky.

3.4.17. Cho ddy {a,} c¢6 cdc s6 hang khdc 0 va lim a,, = a # 0. Chitng minh

. - n—oo
rang hai chuoi
o0 o0
. 1 1
E (an+1 — an) va E a — a—
n=1 n=1 n+l n

cung héi tu tuyét déi hodc cung khong héi tu tuyét doi.

o0
3.4.18. Chitng minh rang néu day {na,} va chuéi y_ n(a, — an+1) héi tu thi
n=1

o0
chudi Z a, cing hoi tu.
n=1
3.4.19. Cho day {a,} don diéu gidm tdi 0, hay nghién citu su héi tu cia chudi

o0

Z(_1>n+1a1+a2—|—...an

n
n=1

3.4.20. Tim cdc gid tri cua a dé chudi

D
. . a .a
E (—1)"n!sinasin = - ... sin —
2 n
n=1

héi tu tuyét doi va tim cdc gid tri ctia a dé chudi phdn ky.

34.21. Cho a,buva cla cdc s6’ duong, nghién citu sy héi tu ctia chudi

= Vb + e
2\

3.4.22. Hay nghién cttu su héi tu ctia cdc chudi sau:

@ > (cosn)", ® > (sinn)".
n=1

n=1



3.4. Héi tu tuyét doi. Dinh Iy Leibniz 97

3.4.23. Cho {a,} la day s6’dwong. Chiing minh rang

o0
(@) néu lim n( an_ 1) > 0 thi chuéi Y (—1)"a, hdi tu.
n=1

An+1
n—oo

o0
(b) néu n (ﬁ — 1) < 0 thi chuéi Y (—1)"a, phdn ky (ddc biét, néu

n=1

lim n ( n_ 1) < 0 thi chuéi > (—1)"a,, phan k).
n=1

n—00 On+1

3.4.24. Cho {a,} la ddy s6’duong. Gid st ton tai o« € R, € > 0 va mét day
bi chin {[,} sao cho

o0
Ching minh rang chudi > (—1)"a, héi tu véi o > 0 va phan ky véi o < 0.

n=1
3.4.25. Nghién citu su hoi tu cia chudi

- ,nle
S per

n=1

o0
3.4.26. Gid st rang chudi Y ap héi tu va {p,} la day duong don diéu ting
n=1

dén +00. Chitng minh rang

. aipy tagps + ...+ anpyp
lim

n—o0 P

=0.

3.4.27. Cho {ay} la day s6"dwong don diéu giam tdi 0. Chitng minh rang néu

o0
chubi >, a,b, héi tu thi
n=1

lim a,(by + b2+ ...+ b,) =0.

n—oo

o0
3.4.28. Cho o la mét s6’duong. Chitng minh rang néu chudi 'y o hoi tu thi

n=1

lim a1+a2+...+an20.

n—oo n«
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o0
3.4.29. Cho {ky} la day cdc s6'tu nhién tang ngdt. Khi dé chudi Y, ay, duwoc

n=1
&)

goi la chudi con ctia chudi Y, a,. Ching minh rang néu tdt cd cdc chudi con
. n=l
cua mét chuoi héi tu thi chuoi dé héi tu tuyét doi.

o0
3.4.30. Cho k,l la cdc s6 nguyén sao cho k > 1, | > 2. Chudi Y a, c6 héi
n=1

tu tuyét déi khong néu tdt cd cdc chudi con cé dang

o0
E Akt (n—1)1
n=1

déu hoi tu?

o0 o0
3.4.31. Héay tim vi du mot chudi Y a, hi tu sao cho chudi » ai phén ky.

n=1 n=1
~ & ~
3.4.32. Cé ton tai hay khong chudi . a, héi tu sao cho tdt cd cdc chudi cé
n=1

o0
dang > a* trong dé k € N, k > 2, déu phan kj?
n=1

o0
3.4.33. Cho {a,} la day don diéu gidm cdc s6 duong sao cho chudi Yy , a, phan

n=1

o0
ky. Gid st rang chudi »_, €,a, hoi tu, trong dé €, bang 1 hodc —1. Chitng minh

. n=1

rang
. &1+t &+ ... +¢€ —&1+eo+...+¢
lim 1 2 " <0< Tm 1 2 n
N—00 n n—oo n

o0
3.4.34. Gid st {ay} la day don diéu giam cdc s6 duong va chudi Y €,a,, héi
n=1

tu, trong do €, bang 1 hodc —1. Chitng minh rang
lim (g1 +e2+ ... +&,)a, = 0.
n—oo

(Xem 3.2.35.)

o0
3.4.35. Gid st rang chudi . b, héi tu va {p,} la day don dié¢u ting sao cho
n=1

o0
lim p, = +oova . L = 400. Chitng minh ring
n—00 n=1 "

b b nbn — b b nbn
li_mpl 1+ P202 + +p gOghmpl 1+ P20g + +p .

n—00 n n—00 n
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o0
3.4.36. Chitng minh rang chudi nhan dugc t chuéi diéu hoa » % bang cdch

n=1

cho p s6 hang dau mang ddu “ + 7, q s6 hang tiép theo mang ddau “ — ", p s6’
hang tiép theo mang ddu “+ "7 ..., héi tu khi va chi khi p = q.

3.4.37. Chitng minh dinh ly Toeplitz téng qudt (xem 2.3.1 va 2.3.36).

Cho {cn i, : n,k € N} la bang cdc s6 thue. Khi dé véi méi day hoi tu {a,},
day {b,} xdc dinh bdi

o0
bn = E CnkQk, TN > 17
k=1
sé hoi tu va c6 cung gidi han khi va chi khi ba diéu kién sau thod man:

(i) Cne — 0 vdi méi k € N.

n—oo
o0
(ii) S Cngp =1,
k=1

(ii) ton tai C' > 0 sao cho vdi moi s6 nguyén duong n déu cé

o0

D el < C.

k=1

3.5 Tiéu chudn Dirichlet va tiéu chudn Abel

3.5.1. S dung tiéu chudn Dirichlet va tiéu chudn Abel, hdy nghién citu su hoi
tu cua cdc chudi sau:

00 . 92
(a) Z(_1>nS1n 77/’

n=1 n
= sinn 1 1
b 14+—-4+...+—
(b) ; - (+2+ +n),
<1 n?
(c) nz2 lr12ncoS (Wn—l— 1) ’
(d) Zsmif a>0.

a in nr’
ln 4+ sin 1
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_ = sin(n+ 1+
3.5.2. Chuéi ) M c6 hoi tu khong?
n—s Inlnn

3.5.3. Vi a € R, hay nghién ciu su héi tu cua cdc chudi

(@ i sin(na);in(nZa)’
n=1

) i sin(na);os(nZa).
n=1

3.54. Ching minh rang chudi

i cosnsin(na)

n=1 n
héi tu véi moi a € R.
.. X sin(na .
3.5.5. Tim a € R sao cho chudi (na) hoi tu tuyét dot.
n=1

3.5.6. Chitng minh rang véi a € Rvan € N thi

" sin(ak
>

k=1

< 24/7.

3.5.7. Chitng minh rang chudi

parctann
> ()

héi tu.

3.5.8. Voi x > 1, nghién cttu su héi tu ctia chudi

3.5.9. Chitng minh b6 dé Kronecker.

o.]
Cho chudi Y ay, hoi tu va {b,} la day don diéu tdng thod man lim b, =

n=1 n—00
+00. Khi do
k
(@ =0 (b—) c Y akbe = ofby),
k=n F " k=1
trong dé o(by,) la vé cung bé cia b, tic la lim 0(wa =0

n—oo
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o0
3.5.10. Gid st chudi Y nc, héi tu. Ching minh rang vdi moi n € N, chudi

n=1
o0 o0
> (k+1)chik ciing héi tu. Hon nita, néut, = > (k+1)cyip thi lim ¢, = 0.
k=0 k=0 n—ee

o0

3.5.11. Gid st chudi . a, cé day téng riéng bi chan. Chitng minh rang néu
=1

chuéi Y by, — bpy1| héi tu va lim b, = 0 thi vdi moi s6 tw nhién k, chudi

nel n—00

o0
> anbﬁ cung héi tu.

n=1

o0
3.5.12. Chitng minh rang néu chudi . (b, — b,11) hoi tu tuyét doi va chudi

n=1

o0 o0
> ay, hoi tu thi chudi >, a,b, cing héi tu.

n=1 n=1
3.5.13. S dung tiéu chudn Abel, ching minh rang t sw héi tu cia chubi

o0 o0
> ay, suy ra su héi tu ctia chudi Y, a,x” vdi |x| < 1.
n=1 n=1

3.5.14. Cho day s6'{a,}. Ching minh rdang néu chuéi Dirichlet

o0
Qn

ne
n=1

héi tu voi x = xq thi né sé hoi tu voi moi T > Ig.

o.]
3.5.15. Chitng minh rang su héi tu ctia chudi Dirichlet o cho ta sy hoi tu

n=1

cua chuoi
o

nla,
, x#0,—1,=2,....
le(x—i—l)...(x—i—n) 7

o) o0

3.5.16. Chiing minh rang néu chubi y_, anx" hoitu vdi|x| < 1thi ) a,t"—
n=1 n=1

cung hoi tu.

o0

3.5.17. Su héi tu ctia chudi |, ay, c6 la tuyét doi khong néu moi chudi con clia
n=1

noé co dang

déu hoi tu?
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3.6 Tich Cauchy cua cdc chuéi vé han

3.6.1. Chitng minh dinh ly Mertens.

o0 o0
Néu it nhat mét trong hai chudi héi tu |, an va Y b, héi tu tuyét doi thi
n=0 n=0

o0
tich Cauchy ctia chiing ( titc la chudi Y | ¢, ma ¢, = agby,+a1bp—1+...+ayby)

n=0
héi tu. Hon nita néu » , a, = Ava > b, = Bthi Y ¢, = AB.
n=0 n=0 n=1
3.6.2. Tim téng cdc chudi sau:
(a) > na" e <1,
n=1
(b) ch, Vol Cp = kay”_k, lz| <1, ly| <1,
n=1 k=0
o0 n 1
(c) ch, vii  C, = Z .
_ |
— — k(k+1)(n—Ek+1)!
3.6.3. Ldp tich Cauchy cta cdc chudi da cho va tinh cdc téng ctia ching:
(@ Do D g
n=0 n=0
z St w 3o
“1D"=  pa il
n=1 n n:13n’
(c) (D2 wa Y (=1)"(n+ 1)z"
n=0 n=0

o0
3.6.4. Gid st rang chudi Yy a, héi tu va dit A, = ag+ai+ ...+ a,. Ching
n=0

o0
minh rang véi |x| < 1 chudi Y, A,x™ héi tu va
n=0

ianx” =(1—2x) iAn:c”.
n=0 n=0

2n

o0
3.6.5. Tinh tich Cauchy cia chudi Y (—1)"%=3, © € R vdi chinh né.

DR
= (n!)
00

Goiy. St dung ding thie Y. (1)” = (*").
n=0
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3.6.6. Cho a > 0va |z| < 1 hdy ching té cdc khdng dinh sau:

_+§a+2+ﬁa+4+”'+ 24....(2n) ar2n

(1 1 1.3 z? 13....2n—1) 2" )

- x+_x PR P C s VI
2.4, (2n)
1
a

<1+a+1 +(a+1)(a+3) 5

ar2 T ararn’ T

+(a+1)...(a+2n—1)xn+”.>.

(a+2)...(a+2n)

3.6.7. Chitng minh dinh ly Abel.

Néu tich Cauchy Z Cn cua hai chudi hoi tu Z a, = A va Z b, = B
cung hoi tu toi C' thi C AB.

3.6.8. Chiing minh rang chudi

i(—m”—l 2 1+1+...+l
n+1 2 n

n=1

o0
la tich Cauchy ctia chuéi > (—1)""1 1 vdi chinh né. Hay tim tong do.

n=1
~ o0
3.6.9. Nghién ctéu tinh hoi tu cta tich Cauchy ctia chudi » (—1)”_1\% VoL
n=1

chinh no.

3.6.10. Chitng minh rang néu it nhdt mot trong hai chubi duong phén ky thi
tich Cauchy ctia chung sé phén ky.

3.6.11. Tich Cauchy ctia hai chudi phdn ky cé nhdt thiét phan ky khong ?

o0 o0
3.6.12. Chitng minh rang tich Cauchy ctia hai chuéi héi tu Y, a, va » b,
n=1 n=1

hoi tu khi va chi khi

lim Zak b —|—bn 1+ . +bn—k+1> = 0.

n—oo
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3.6.13. Cho hai day duong {a,} va {b,} gidm don diéu vé 0. Chiing minh
o) o)

rdang tich Cauchy cia cdc chudi Y (—1)"a, va > (—1)"b,, hoi tu khi va chi
n=0 n=0

khi

lim a,(by, +bp1+...4+b9) =0 va lim by(an+an—1+...+ag) =0.

n—oo n—oo

3.6.14. Chitng minh rang tich Cauchy ctia hai chudi

SO S asse

n=1 n=1

hoi tu khi va chi khi o + 3 > 1.

3.6.15. Gid si cdc day duong {a,} va {b,} don diéu giam vé 0. Chitng minh
o0

rang s hoi tu ctia chudi Y a,b, la diéu ki¢n di dé chudi tich Cauchy clia

n=0
o0 o0
chuéi > (—1)"a, va > (—1)"b, hoi tu, va chitng minh rang su héi tu clia
n=0 n=1

o0
chuéi (anbn)Ho‘ vdi moi o > 0 la mét diéu kién can cho sy héi tu cia chudi
=0

n—
Cauchy nay.

3.7 Sap xép lai chudi. Chudi kép
3.7.1. Cho {my} la mét day tdng thuc su cdc s6 nguyén duong va dit

blzal—i—ag—i—...—i—aml, bg:am1+1+am1+2+...+am2,... .

o0 o0

Chitng minh rdang néu chudi » , a, hoi tu thi chudi Y b, cing héi tu va hai
n=1 n=1

chuéi c6 téng bang nhau.

3.7.2. Xét chudi

(-

o0
nhdn duoc bang cdch thay doi thit tw cia chudi Z bang cdch dit hai

n=1
phén tw dm sau méi moét phan ti duong, Hay tim téng ciia chudi do.
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2. - Py x. S —1)n-1 -
3.7.3. Ta thay déi thit tw cdc s6” hang ctia chudi » ( 17)1 sao cho khoi «
n=1

thanh phdn duong cua chudi dugc xen ké vdi khoi (3 thanh phdn am ctua chudi,
tuce la

TV B I S S
377 2a—-1 2 4 77 28 2a+1 2a+3
n 1 1 1 1 L
da—1 2B8+2 28+4 0 43 T
Hay tim téng chubi viia nhdn duoc.
3.74. Chiing minh rang
1 1 1 1 1 1 1 1 1 1
l-— -4 - — - — — — — — + - — =0
2 4 6 8 3 10 12 14 16 5
3.7.5. Héy thay doi thi tu cdc s6 hang ciia chudi % dé chudi nhan

n=1

dugc tong lon gdp doi chudi ban dau.

3.7.6. Hay thay déi thit tu cdc s6 hang ctua chudi i % dé nhan dugc mot
chudi phén ky. i
3.7.7. Nghién citu tinh héi tu ctia chudi
I T
V3 V2 VB VT VA
nhén duoc bang cdch dat lien tiép hai phan ti duong va mét phan t& ém cia

~ S 1 n—1
chuoi 21 (_\}ﬁ .
n—=

3.7.8. Chiing minh rang moi chudi nhin duoc bang cdch déi ché cdc phan ti
ctia mot chudi héi tu tuyét doi sé héi tu va cé chung tong.

3.7.9. Gid st xét ham f : (0,4+00) — (0,00), gidm tdi 0 khi x — 00 sao cho

o0
day {nf(n)} ting tdi co. Pt S la téng cia chudi > (—1)""' f(n). Cho trude
n=1

[, tim mét cdch doi thi tw chudi trén dé chubi nhin duoc hoi tu vé S + 1.

3.7.10. Gig stt ham f : (0,+00) — (0,00), gidm tdi 0 khi v — ©0O thod
man diéu kign lim nf(n) = g, g € (0,400). Dat S la téng cia chudi

n—oo
o0

Z (—1)”_1f(n). Cho trude , tim mot cdch déi thit tu chudi trén dé chudi nhin
n=1

duoc hoéi tu vé S + 1.
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o)
3.7.11. Hay déi chd cdc phdn ti cua chudi > (—1)"tL p € (0,1) dé ting

np’
n=1

gid tri ctua téng chudi doé lén .

3.7.12. Cho trudc sé’« > 0, hay st dung két qud bai 3.7.10, tim mét cdch doi

o0
thit tw cua chudi ) (—1)”% dé dat duoc mét chubi cé téng bang In 2 + % In av.

n=1

3.7.13. Bang cdch doi ché cdc sé hang, ¢6 thé lam nhanh do phén ky cia mot
chudi phén ky vdi cde s6 hang duong va giam don diéu duoc khong?

o0
3.7.14. Gid st chudi Y, a, vdi cdc s6 hang duong phan ky va lim a, = 0.

n=1 n—oo
Chitng minh rang cé thé lam chdam téc d6 phdn ky mét cdch tuy y bang cdch doi
ché cdc phdn ti; tic la véi moi day {Q,,} thod mdn

0<@Q1<@Q<...<Q,<..., limQ@,=4o0.
n—oo
. ~ o0
ton tai mét sw doi cho Z p,, sao cho
n=1

Apy + Ay + ...+ ap,y, < Quy,  véim € N

3.7.15. Cho {r,} va {Sn} la hai day sé nguyén duong tang thuc su khong cé
phan ti chung. Gid st rang moi so nguyén du’dng déu xudt hién & mot trong hai

day nay. Khi dé hai chudi con Z ar, va Z as, duge goi la hai chudi con bu

n=1 n=1
o0
cua chuoi Z Q. Ta néi rang su sap xép lai dich chuyén hai chuoi con bu nhau,
n=1

néu vdi moi s6 nguyén duong m va n sao cho m < n sé hang a,,, xudt hién

trudc a,, va s6 hang as, xudt hién trude as,. Chitng minh rang, cdc s6” hang
o0

cua chudi héi tu co diéu kién Z @y, c6 thé sap xép lai bang cdch dich chuyén
n=1

hai chudi con bii nhau ctia tdt cdc cdc s6"hang dm va sé hang duong ctia né dé

nhdn dudc mét chudi héi tu cé tong la mot sé dinh ddu tuy y.

3.7.16. Cho Z Qn,, la mét sy déi ché cia mot chubi hoi tu cé diéu kién Z Q-
k=1 n=1

Chiing minh rang néu {ny — k} la mét day bi chdn, thi Z ap, = Z a,. Diéu
k=1 n=1

gi sé xdy ra néu day {ny — k} khong bj chdn?
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o0 o0
3.7.17. Cho Y an, la mét sy déi ché clia mot chubi héi cé didu kientu ) ay.
k=1 n=1

o.] o.]
Chitng minh rang Z Oy, = Z @y, khi va chi khi ton tai mot s6’ nguyén duong
k=1 n=1

N sao cho moi tap {ny : 1 < k < m} déu la hop ciia nhiéu nhdt N khéi roi
nhau ciia cdc s6 nguyén duong lién tiép nhau.

3.7.18. T mét ma tran vé han {a;}, ©=1,2, ..., k=1,2,... ciia cdc
o.]
6 thue, ta thiét lgp mot chudi kép > a;r. Ta néi rang chudi kép héi tu tdi
i,k=1
S € R néu vdi € > 0 cho trude, ton tai mét s6’ ny € N sao cho

| S — S| < e vdi  m,n > nog,

trong do
m n
Sm,n = E E A; k-
i=1 k=1
Khi dé ta viét
o0
S= lim S,,= E @i -
m,n— 00
i,k=1

o0 o0
N6i rang day Y, a;y hoi tu tuyét doi néu Y, |a; x| héi tu. Chii y rang cdc sé’
ih=1 ih=1
hang cia mét ma tran vé han (ai,k)i,k:1,2,... 6 thé dugc xép thi tu thanh mot
N o0 o0
day {c,}, va khi dé chudi Y, ¢, dudc goi la sw xép thit tw cia Y, ;) thanh
n=1 i,k=1
mét chudi don. Chitng minh rdang néu mét trong cdc cdch sdp xép thit tu cia
chudi kép hoi tu tuyét déi thi chudi kép hoéi tu (tuyétdoi) tdi cung tong.

o0
3.7.19. Chitng minh rang néu mot chudi kép > a;y hdi tu tuyét doi, thi moi
ih=1

o0
cdch xép thit tu clia né Yy |, ¢, héi tu va
n=1

00 00
E Qi = E Cp.
i,k=1 n=1

3.7.20. Chitng minh rdang moi chudi kép hoi tu tuyét doi la héi tu.
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o0
(Z az‘,k) la hoi tu tuyét doi néu chudi
k=1

o0
(Z ak) . Chitng
i=1

0. ]
3.7.21. Ta goi mét chudi ldp

o0 o0 N o0
(Z |az‘,k|) hét tu; dinh nghia tuong tuw cho chuoi Z
k=1

Z k=1

i=1
minh rang mot chudi lap hoi tu tuyét doi la héi tu.

o0
3.7.22. Chitng minh rang néu chudi kép >, a; . hdi tu tuyét déi thi hai chudi
i,k=1

k=1 i=1

lap
o o o D
Do\ D] e DD a
=1 k=1

hoi tu tuyét doi va

D D D D D
E = E Qi | = E Qi -
=1

Qi K
=1 k=1 \i ik=1

i=1 k=
3.7.23. Chitng minh rdang néu mét trong bén chudi
o0 o.] o.] o0 o0
D il D Dl | Do D lauad |
ik=1 i=1 \k=1 k=1 \i=1
o0
Z(|an,1| + |an-12| + [an—23| + ... 4 |a1n])
n=1

héi tu thi moi chudi
o0 o0 o0 o0 o0
E ik E E ik | E E ik |

i,k=1 i=1 k=1 k=1 i=1

D
(@1 + an—12+ anos+...+ar,)
—1

n
déu hoi tu tdi cung mét téng.

3.7.24. Tinh
Z :
nlkl(n+k+1)

n,k=

3.7.25. Tinh
- 1
Z nk(n+k+2)

n,k=1



3.7. Sdp xép lai chubi. Chudi kép 109

3.7.26. Chitng minh rang
i nlk! 2
mh“n+k+%!76'

3.7.27. Cho 0 < x < 1, xét ma trdn vé han

x —x? x? —x3 x3

r(l—z) —2*(1—2?) 2*2(1—2?) —23(1—2%) 23(1—2?)
r(l—12)? —22(1—2%? 22(1—2%)? —23(1 —23)? 23(1 — 23)?

Chitng minh rang chi cé6 moét chudi ldp twong wng vdi ma tran nay hoi tu (khong
héi tu tuyét déi).

3.7.28. Nghién citu tinh hoi tu cia cdc chudi kép sau:

(@) doayt wei ) fyl < L.
i,k=0
(b) i ! g «,F>0
e VOl .
A ’iakﬂ’ )
i,k=1
(c) i L i >0
D ——— VOl .
(i k) p

3.7.29. Tim téng ctia cdc chubi kép sau:

=~ 1
(a) ————, vdi p>-—1.
2Ty
b) > L
1=2,k=1 (2]{)2
- 1
(c) > = 1)
ik=1

3.7.30. Cho mét ma tran vé han (b;y)ix=1.2.. ., ching minh rang ton tai duy

o0
nhdt mot chudi kép >, a; j sao cho
i,k=1
m n

Sm.n :Zzai,k:bm,m m,n=12....

i=1 k=1
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3.7.31. Léy

: 1 1
bi,k:(_1)2+k(§+2—k), ik=1,2, ...,

o.]
trong bai todn trén hdy nghién citu tinh hoi tu ctia chudi kép tuong ing Z i -
i,k=1

oS .
3.7.32. Chitng minh rang vdi |x| < 1, chudi kép > ™ hoi tu tuyét doi Siz

i,k=1
dung diéu dé hay chiing minh rang
o0 o0 xk‘ o0 o an o0
ik __ _ n o__ n?
2ot =d TR 2 bt =2y ) e
i,k=1 k=1 n=1 n=1 n=1

trong dé 0(n) la cdc udc ty nhién ctia n.

o0
3.7.33. Chitng minh rang vdi |x| < 1 chudi kép > iz héi tu tuyét doi. Hon
i,k=1
nita, hay chitng minh rang

o N~ ke S n
sz zzl_xk:Za(n)x,

i,k=1 i,k=1 i,k=1

trong dé o(n) la téng cdc wdc ty nhién cia n.

3.7.34. Cho ((p) = >_ n%, p > 1, la ham zeta Riemann. Ddt

n=1

— 1
Si=3 =) -1 p>1

n=2

Chitng minh rang

o.] o0 1
() ;Sp =1, ® > (~1)rS, = 5

3.7.35. Chitng minh dinh ly Goldbach.
Neu A ={k™ ; m,k=23,.. .} thi >, - =1.

n—1
neA
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3.7.36. Gid st  la ham zeta Riemann. Chitng minh rang vdi moi sé nguyén
n > 2

C(2)C(2n —2)+C(4)C(2n —4) + ...+ C(2n — 2)((2) = (n—l— %) ¢(2n).

3.7.37. St dung két qud cia bai tdp trén hdy tim tong cia cdc chudi

=1 =1

n=1 n=1

3.8 Tich vo han

3.8.1. Tinh:
= 1 ~nd—1
1—— b R

(@) }_[2( n2), (b) gngH,
d xr m T

(c) 7!_[1(3052—71, x # 2 <§+k7r),m€N,k€Z,

() Hcosh%, reR, @ J[@+2¥), |2/<1
n=1 n=0

" ﬁ(u#) © [ aso
n=1 n(n+2>, ¢ n=1 ’
e ~ Op?

h — ] -

" HH%’ v H9n2—1’

3.8.2. Nghién citu tinh hoi tu cua tich vo han sau:

(a) ﬁ (1 + <_;)n) : (b) ﬁ (1 - %) :

n=2 n=1
~ 1
(C) H (1 - g) )
n=2
. o0
3.8.3. Gid st a, > 0, n € N. Chitng minh rang tich vé6 han [] (1 + a,) héi
n=1

o0
tu khi va chi khi chudi » , a, héi tu.

n=1
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3.84. Gid s a, > 0va a, # 1 vdi n € N. Chitng minh rdang tich vo han

o0 o.]
[ (1 — a,) héi tu khi va chi khi chuéi »_ a, hi tu.
n=1 n=1

3.8.5. Cho | . |
=———neN.

Aop—1 = ﬁ + o A2n \/ﬁa

o0 o0
Chitng minh rang tich H (1 + an) héi tu mdc du chudi Z a, phdn ky.
n=1

n=1

3.8.6. Nghién citu tinh hoi tu cua tich sau:

= 1 = 1
(a) nZICOSn, b) }_[lnsmn,
= T 1 = 1
tan | — + — d In(1+4 —
(c) Han(4+n) () Hnn(+n)
e [ N | D
n=1 n=1

o0 (o.]
3.8.7. Gid st rang chudi ), a, héi tu. Chitng minh rang tich [[ (1+ a,) hoi

n=1 n=1

o0 o0
tu khi va chi khi chudi Z a% hoi tu. Chitng minh rang néu chubi Z a% phén
n=1 n=1
o0

ky thi tich vé han [] (1 + a,) phan ky tdi 0.
n=1
3.8.8. Gid st rang day {a,} don diéu gidgm vé 0. Chitng minh rang tich vé
o0 o0
han [] (14 (=1)"a,) héi tu khi va chi khi chudi Y a? héi tu.

n=1 n=1

3.8.9. Chitng minh rang tich vé han

f[l (1 + (—1)”“%)

o0
phan ky, nhung chudi (—1)”“\% lai hoi tu .

n=1

3.8.10. Chitng minh rdang néu hai chubi

i (an - %ai) va i \a,|?
n=1

n=1



3.8. Tich vé han 113

o0
héi tu thi tich [] (1 + a,) héi tu.

n=1

o0 o0
3.8.11. Su héi tu ciia tich [ (14 a,) ¢6 suy ra sw hoi tu ctia cdc chudi ai
n=1 n=1

o0

va Y a, dugc khong?
n=1

Goiy. Xét tich

1 L l—i-l—i- ! 1 ! l—i-l—i- !
2a 2a 220 R R 3204 T

trong do % <a< %

3.8.12. Chitng minh két qud tong qudt hod ctua bai 3.8.10. Cho k > 2, néu hai
chudi

i an—laQ—i—...—l—ﬂak . va i|an|k+1
n=1 2 . k ! n=1

o0
héi tu thi tich [] (1 + an) héi tu.

n=1

o0 o0
3.8.13. Chitng minh rang tic sw héi tu cia tich || (1+ay,) va cia chubi Y a?
n=1 n=1
o0

suy ra su hoi tu ctia chudi Y . ay,.
n=1

o0 o)
3.8.14. Chiing minh rang néu tich [[ (1+ a,) va tich [ (1 — a,) héi tu thi

n=1 n=1

o0 o0
cdc chudi Y | a, va Y ai cing héi tu.

n=1 n=1
3.8.15. Gid s day {ay} gidm don diéu vé 1. Tich v6 han
1 1
ap-—-az:-—-as...
a9 a4y

¢o lubn hoi tu khong?

o0 o.]

3.8.16. Cho cdc tich v6 han héi tu || a, va [] by vdi cde thita s6’ duong. Héay
n=1 n=1

nghién citu tinh hoi tu cua cdc tich sau:

(a) [T (an+0n). ®  []a
n=1 n=1

o0 o0 an
anM d 7 -
(c) H1 a (d) 5

n=1
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3.8.17. Chitng minh rang véi v, € (0,%), n € N, tich

[eS) oo .
R SIN Ty,
[[eosz, v ][
Tn
n=1

n=1

o0
héi tu khi va chi khi chudi > 12 héi tu.
n=1
o0 - 5 ~
3.8.18. Cho > ay, la chudi duong héi tu, dit S, la téng riéng thit n cia chudi.
n=1

Chitng minh rang

a1H (1 + Sanl) = Zan.
n= n=1

n=2
. o0
3.8.19. Chitng minh rang néu tich vé han [[ (1 + ay), a, > —1 héi tu vé P
n=1

thi chudi

o0

> -

—(lta) (1+az) ... (1+an)
ciing héi tu. Hon nita néu S la téng cia né thi S = 1 — %.
3.8.20. Gia st tich vé han

o0

H(l +an), v a,>0,neN,

n=1
phén ky. Chiing minh rang

o0
> - =1
— (I+a)-(1+az) ... (1+an)
3.8.21. Chitng minh rang
> N
=1 voi x> 1.
. 2y . . !
—~ (1+z)-(1+2?)-...-(1+a")

o0

3.8.22. Cho a,, # 0 vdi n € N. Chitng minh rang tich vé han [] a, héi tu
n=1

khi va chi khi né thod man tiéu chudn Cauchy sau: Vi moi € > 0 ton tai s6

nguyén duong ng sao cho
lanGni1 - s — 1] < e

vdi moi n > ngva k € N.
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3.8.23. Cho |z| < 1, hay kiém tra dang thitc sau:

o0

H(l +2") = = :
I (1 - 20

n=1

1

o0 o0
3.8.24. Tich [] (14 a,) duoc goi la héi tu tuyét doi néu [] (14 |ay,|) héi tu.

n=1 n=1

o0 o0
Chiing minh rang tich || (1 + a,) héi tu tuyét déi khi va chi khi chudi »_ a,,
n=1 n=1

hoi tu tuyét doi.

o0
3.8.25. Chitng minh rang moi tich [ (1 + a,) héi tu tuyét doi la héi tu.

n=1

o0
3.8.26. Chitng minh rang néu tich [[ (1 + ay,) héi tu tuyét doi thi

n=1
o0 o0 o0
T(EEETES SIRED S
n=1 n=1 n1,n2=1
ni<ng
o0
+ ...+ Z QpqQpy -« - Gpy + o e
n1,m2,... ;N =1
ni<ng<...<ng
o0 N
3.8.27. Gid st tich vé han [] (1 + ay,) héi tu tuyét doi, chiing minh rdang tich
=1
. n
v6 han [] (1 + a,x) héi tu tuyét doi véi moi x € R va c6 thé khai trién thanh

n=1

mot chudi hoi tu tuyét doi theo hé thic

ﬁ(l +apr) =1+ iAkxk,
n=1 k=1

trong do

A = E Upy Gy - - - iy

n1,m2,... ;N =1
nyp<ng<...<ng

3.8.28. Thiét lap ding thic sau:

00 n(ntl)

S - q o
H<1+qx)_anl(1—q)(1—q2)~---~(1—q”) o laf<l

n=1
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3.8.29. Kiém tra ddng thic sau:

e ] e ] n2

on—1.\ _ q "
[1(r+a x>—H;(1—q2)(1—q4)~---~(1—q2”)  lal< 1

n=1

o0
3.8.30. Gid st chudi > a, héi tu tuyét déi. Chitng minh rang néu x # 0 thi

n=1

00 an, 00 . 1
H(l—i—an:c) <1—|—?) —Bo—i—Zan (x +x_”)’

n=1
Ué'iBn:An+A1An+1++A2An+2..., 77,:0,1,2,...,Ua
[T +an) = Ao+ Aa® (xem 3.827).
n=1 k=1

3.8.31. Cho |q| < 1 va x # 0 hdy chitng minh ddng thitc sau:

ﬁ(l—q%)ﬁ(ﬂrq%‘%) (1+ (il 1) —1—|—Zq (:c + )

n=1 n=1

3.8.32. Cho |q| < 1, hay kiém tra cdc ddng thirc sau:

(a) ﬁl—q ﬁ P = 1+2i(—
n=1 n=1 n=1

(b) ﬁl—q ﬁ1+q2”1 = 1+2§:q”2,
n=1 n=1 n=1

(c) ﬁ (1—¢™ ﬁ 1+¢")? = 1+iq”2+”,
n=1 n=1 n=1

3.8.33. Cho x > 0, xét day {a,} nhu sau:

n—1

1 n yrr—=k
= 5 n > 1.
“ 1+ “ :c—l— 1_[1:1: E’ "

o0
Chiing minh rdang chudi . a, hdi tu, tim tong ctia né.

n=1
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o)

3.8.34. Chitng minh rang néu tich vé han [][ (1 + ca,) héi tu véi hai gid tri
n=1
khdc nhau ctia hang s6 ¢ € R\{0} thi né héi tu véi moi c.
3.8.35. Chitng minh rdang néu chubi
o0 n
2 2

S e

n=1 k=0
héi tu tai * = g, o € 7Z thi né héi tu véi moi gid tri cua .

3.8.36. Cho {py} la mét déy cdc s6 nguyén té'lién tiép lon hon 1.
(a) Chung minh cong thic tich Euler

0 1 —1 0 1 -
H(l——) :ZE v x> 1.

x
n=1 Pr n=1

o0
(b) Chitng minh rdang chuéi pi phén ky (hay so sdnh vdi bai tdp 3.2.72).
n=1 "

3.8.37. Hay dung quy tdc DeMoivre dé chiing minh cdc khing dinh sau:

00 2
(a) sinx:xH(l—anQ),

n=1

= 422
(b) COSZ‘ZH(l—m).

n=1

3.8.38. Sv dung két quad cdu trén hay chitng minh cong thicc Wallis

. (2n)!! B
T IV

3.8.39. Nghién citu su héi tu cua cdc tich sau:

(a) ﬁ<1+%) en, x> —1,

n=1
= (14
(b) [[—=2~ 2>-1
n=1 1 + n
. o0
3.8.40. Chitng minh rang tich vé han ] (1 + ay,) héi tu tuyét doi khi va chi

n=1
khi moi sw doi ché cdc thita sé cia né khong lam thay doi gid tri cia né.
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3.841. Tinh
1 1 1 ! 1 !
1 ! 1 ! 1 !
X( _5)"'( _25+1)( +2a+2)“'

o0 n .
tich nay la sy doi ché cde nhdn tit cia tich || <1 + %) bang cdch dat cdc
n=2

khéi gom « thita s6'lon hon 1 va khoi gom [3 thita s6'lon hon 1 xen ké nhau.

0. ]
3.842. Chitng minh rang ti tich [ (1 + a,), an > —1 héi tu nhung khong
n=1

hoéi tu tuyét doi ta cé thé doi ché dé nhdn dwoc mot tich cé gid tri la mot s6
duong bdt ky cho trude, hodc mot tich phdn ky vé 0 hodc vé cung. (So sdnh vdi
bai tap 3.7.15).
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Chuong 1

SO thuc

1.1 Cdn trén dung va cdn duoi dung cua tdp cdc
sO thuc. Lién phdn s¢

11.1. Pt A={reQ :2>0, 22 <2}vas=supA, déthdy s > 1. Ta
sé chi ra rang vdi s6'n nguyén duong bdt ky thi

2 2
(1) (s—l) §2§(3+l) .
n n

That vdy, vi S — % khong la cdn trén cia A nén tén tai x* € A sao cho
S—%<x*, suy ra

2 2, N 2 A < AT~ 2 N \
Gia su rang (S—|— %) < 2. Néu s la s6 hitu ti thi S—I—% € Ava S—I—% > s,
[(n+1)s] 1 g g
; B i e la s6 hutu
ty thoa man s < w < S—i—%,olod‘éw2 < (S—I—%) < 2tuclaw € A, mdu
~ N 2 5 T
thuan. Vay ta da chung minh duogc rang (S + %) > 2. St dung vé trdi cua

2
(1)tacés2—% <82—%—i—ni2 < 2, tic’désuyra% < % Cho n — o,
ta nhdn duoc s> — 2 < 0. Tuong tu, tic bat dang thite & vé phdi ctia (1) suy ra

2
%2—%,suyra82—220.Dodés2:2.

trdi voi gia thiét s = sup A. Néu s la s6'vo ti thi w =

1.1.2. Gia st A bi chdn dudi va dit a = inf A, khi dé

121
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(1) T > avéimoir €A,

2) vdi € > 0, ton tai v* € A sao cho x* < a + €.
Nhén hai bt d‘c%ng thitc trong (1) va (2) véi —1, ta c6

(10) r < —avdi moi v € (—A),

20 vdi € > 0 bdt ky , ton tai & € (—A) sao cho ¥ > —a — €.

Tir dé suy ra —a = sup(—A). Néu A khong bi chin dudi thi —A khong bi
chdn trén va do dé sup(—A) = —inf(A) = +o0. Cdc dang thic con lai duge
chitng minh tuong tu.

1.1.3. Gia s A va B bi chdn trén va dat a = sup A va b = sup B, khi
dé a la mét can trén cua A, b la mét can trén cua B, suy ra a + b la mét can
trén ctia A + B. Hon nita, véi moi € > 0, ton tai v* € A va y* € B sao cho
r*>a—svay*>b—5,dodéx*+y* >a+b—e Vizt=1"+y* € A+ B
suy ra a + b = sup(A + B). Néu A hodc B khong bj chin trén, thi A + B
khong bi chan trén, tw dinh nghia ctia cdn trén dung ta suy ra Sup(A + B) =
sup A + sup B = 4o0.

Péng thic thi hai la mét hé qud truc tiép cia dang thic thi nhdt va cia
bai todn trudc. Thdt vdy,

sup(A — B) = sup(A + (—B)) = sup A + sup(—B) = sup A — inf B.
Lép ludn tuong tu trén cé thé suy ra cdc d‘c%ng thue

inf(A + B) = inf A + inf B,
inf(A —B) = inf A —sup B.

1.14. Gid st cd hai tdp bi chdn trén, dat a = sup A va b = sup B. Vi cdc
phdn ti ciia A va cia B la cdc s6" duong nén xy < abvdi v € A vay € B.
Ta sé chitng minh rang ab la cgn trén bé nhdt cua A - B. Cho truée € > 0,
ton tai v* € A va y* € B sao cho v* > a —cva y* > b— e Khi do
'y >ab—ela+b—¢). Vie(a+b—¢€)cé thé nhé tuy y vdi € di nhd, ta
thdy rdang bat ky s6 nao nhé hon ab khong thé la cdn trén cua A - B. Do dé
ab = sup A - B. Néu A hodc B khong bi chéin trén thi A - B ciing khong bi
chdn. Do dé sup(A - B) = sup A - sup B = <.

Céng viéc bay gio la chitng minh sup (%) = inflA > 0néud =inf A > 0.

Thét vdy, véi moi x € A, bat ding thic v > a tuong duong véi % < % nén
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% la cdn trén cua % Hon nita, véi € > 0 bdt ky, ton tai v* € A sao cho
¥ < a +¢ dods
1 1 1 €

> —_—.
x* d4+e d  dd+e)

Vi a/(%%) nho tuy y nén % la cdn trén nhé nhdt cia % Xét truong hop a’' = 0,
thdy rang tap % la bi chdn (thdt vdy, vdi e > 0, ton tai v* € % sao cho x* > %).
Do do, sup % = +o00.

Bay gio gid st rang A, B la cde tdp bi chdn cdc s6 thuc bat ky va ddit
a=supA,b=supB,d =inf A,V = inf B. Néu a’ va V' la khéng am thi
stz dung két qud & trén ta suy ra ding thite can ching minh. Néu a' < 0 va
a,b > 0 thi zy < ab vdi bat ky v € A vay € B. Chon ¢ > 0 dit nhé dé
a—e& > 0. Khi dé ton tai x* € A sao cho ©* > a — . Hon nita, ton tai y* € B
sao cho y* > b — €. Do do

Yy >a*(b—e)>(a—¢e)b—e)=ab—c(b+b—e¢).

Véy trong truong hop nay ta c6 sup(A - B) = ab.
Xét truong hop a',b' < 0va a,b> 0. Véibat ky x € Avay € Btacé

xy < max{ab,a't’}.

Pdu tién xét truong hop max {ab, '’} = a'l/. Theo dinh nghia ciia cgn dudi
diing, vdi € > 0 di nhé ton tai v* € A va y* € B sao cho 2* < a' +¢ < 0va
yr <V +e<0 suyra

Ty >t +e)>(d+e) V' +e)=db +e(d +V + (d +V +2).

T nhin xét rang o' + U + € la s6"am suy ra a'b’ la cgn trén bé nhdt cia
A - B. Trong truong hop max {ab,a’t'} = ab lap ludn tuong tu ta suy ra
sup(A - B) = ab. Cdc truong hop con lai duge chitng minh tuong tu.

1.1.5. Trude hét gia s A va B bi chdn trén, dat a = sup A va b = sup B,
khong gidm tong qudt ta coi a < b, thé thi véi moix € AUB tacé x < b.
Hon nita, vdi € > 0, tén tai x* € B sao cho * > b — . Hién nhién x* thudc
vao A U B. Do dé ding thicc thi nhét la ding. Néu A hodgc B khéong bi chin
trén thi A U B cing khong bj chdn trén. Vi vdy sup(A UB) = 400, va ta
qui udc rang maX{—i—OO, C} = max{—i—oo, —|—oo} = +00 moi s6 thuc c. Chiing
minh d‘c%ng thuc thi hai tuong tu.
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1.1.6. Tacé
11
Alz{—&—Eﬂé}
3 3 3 3
Ul 2y 4 . keN
{ya k1l w2 T3 € }’

3k—1 3k—2 3k—3
A, = - - . keNy.
? {3k+1’ 6k = 2(3k—1)" }

Do dé inf A; = —%, supA; = Hvainf Ay = —%, sup Ay = 1.
1.1.7. supA = ,ian:%,supB:%,infB:
1.1.8. C6 thé chi ra bang quy nap rang vdin > 11,2" > (n + 1)3. Do dé

(n+1)2 _ (n+1)2* 1

0< =
2n (n+12% n+1

vdi  n > 11,

do d6 0 la c4n dudi diing ctia tdp hop dang xét. Bén2 canh dé ta dé dang chiing
minh rang 2" > (n + 1)2 vdim > 6, do do (n2+—n1) < lvdin > 6. Cdc s6
2, %, %—5, g—g (I6n hon 1) cing nam trong tap dang xét, suy ra cdn trén ding cia

1.1.9. T bai todn trude suy ra cin dudi ding cia tdp nay bang 0. St dung
bdt ding thitc da néu trong loi gidi bai trude ta duoe 2" > (nm + 1)? véi
nm>6. Vinm+1>n+muvdin,méEN, tacé

(n+m)>  (n+m)® _ (n+m)?
g (nm + 1)2 = (n+m)?

=1 néu nm > 6.

9 25 36

Vdi nm < 6, cde phan tw 1,2, 3, 75, 55

bé nhdt la 3.

cung thudc tdp dang xét, do do can trén

1.1.10.

(a) Hién nhién 2 la cdn trén cia tdp A, ta sé chi ra rang né la can trén ding
cua A. That vay, néu € > 0 la mot s6 cé dinh bdt ky , thi vdi sé nguyén
duong bat ky n* > [%}, ta thu duodc 2(%:1) > 2 — . Cén trén dung
cua A la 0, vi % > 0 vdi m,n € N. Cho trudc ¢ > 0, ton tai N sao cho
i <e
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(b) Hién nhien 0 < /n — [\/n] < 1. Chon n = k* k € N, ta thdy ring
0 € B, do dé inf B = 0. D& chitng minh rang sup B = 1 trude hét ta cé
[\/ n? + Zn} = n vdi méi n nguyén duong, xét 0 < & < 1, thuc hién mot
6 tinh todn ta duge bat dang thie

2
Vn2 +2n — {\/712—1—272} = >1—¢

2
1+ o +1
thod man vdi bat ky n > —(12?2,

1.1.11.

@sup{z € R:2? +x+1> 0} = +oo,
@ inf{z=z+z""':2>0}=2,
(c)inf{z:2m+2% :x>0}:4.

Hai ddng thite ddu tién dé kiém tra. Dé ching minh dang thie thi ba, chi y
rang “T"'b >+Vab wvé  a,b>0,dods

" L
% S Vok s V2 g

ddu ding thicc khi va chi khi © = 1. Ta duoc diéu phdi chiing minh.

1.1.12.

(a) Siz dung bdt déng thite “2 > \/ab vdi a,b > 0, ta c6

+— >4,

m  4n
nom

ddu ding thite xdy ra khi m = 2n. Do dé inf A = 4. Ly m = 1, ¢6 thé
chi ra rang tap A khong bi chin trén. Diéu nay cé nghia sup A = +o0.

(b) Tuong tu ta co

1 mn 1
—— < <
4 7 4m?24n?2 — 4
cdc bét dang thite tré thanh dang thice khilan luot m = —2n va m = 2n.

Két qud la inf B = —i,supB = i.
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(¢c) Ta c6 inf C = 0 va sup C = 1. Thuc vdy, 0 < i < L va vdi bdt ky
e > 0, ton tai cdc s6 nguyén duong ni va m;y sao cho

1 mq
— < £ va
ni my + 1

>1-—¢

(dinfD=—1vasupD = 1.

(e) Chon m = n thi tdp khéng bi chdn trén. Do dé sup E = +o00. Trdi lai, vdi
bat ky m,n € N ta cé 1_;:71;1” > %, ddu ddng thite xdy ra khim =n = 1,

tire lo inf B = £

1.1.13. Dat s=a1 +as+ ...+ ay, ta co

Qg Qg Ak41 Q42
_ S S 1 — Dkl _""
S i + Ak+1 + Aks2 S S
suy ra
u a
k
1< E <n-—2.
= Gk + ap4+1 + Ag42

Bay gio ta can chitng minh rang

u a u a
. k N k
inf E =1 va sup E =n—2.
= Wk + ap4+1 + Ag42 = Ok + ap4+1 + Ag42

Chon aj, = t*,t > 0 thi

n

Z Qe t

— ak + Aps1 + Apg2 ot 43

tn—2 tn—l tn
+ ...+

+ +

2 nelpgn gl gn 4ttt 4 12

( 2) 1 N tn—2 N tn—l

= ({n — .
L+t4+12 tnl4n241  tnl4t 41

n
+ A e Ak —n — N
Cho t — 07, ta thdy rang sup /; T T =1 2, va chot — 400,

n
3 ag J—
ta thu duoc lnsz1 prevvEv 1
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1.1.14. C6'dinh n € N va xét n + 1 s6"thuc thuéc khodng [0, 1)
0, a — [a], 2a — [2a], ..., na — [nal].

Vi n khodng [%, %) ,j=0,1,....n— 1, pht [0, 1) nén ton tai khodng chita

it nhdt hai trong s6 nhitng diém nay, gid sv nhu nic — [n1al] va near — [noal]
voi 0 < ny <ng <n. Twdésuyra

1
|nea — [nea] — nya + [n1al| < e

Bay gio ta xét ¢, = ng — Ny va pp = [nga] — [nloz], tw nhdn xét trén suy ra
gn < n, titc la bat dang thic thi hai ding.

1.1.15. Ta sé chi ra rang trong bdt ky khodng (p, q) ton tai it nhdt mét phan
tiz cia A. Goi 0 < &€ = q — p. T bai todn trude suy ra ton tai cdc s6 P, va ¢y,
sao cho

' P

a _——

dn

Vi« la vé ty nén lim ¢, = +00. Do dé
n—oo

1
|Qn04 _pn| < —=<e¢
dn
vdi hdu hét n. Dat a = |q, — py| thi it nhdt mét trong cdc s6 ma, m € Z,
thudc khodng (p, q); tie la hode Mg, &c—mpy, hode —mq,a+mp, thudc khodng
nay.

1.1.16. Chot € [—1,1], khi dé ton tai x sao cho t = cosx. Ti két qud
cla bai todn trude, tén tai cde day sé nguyén {my} va {k,} sao cho © =
lim (k.27 + m,,). T nhdn xét nay va tinh lién tuc cia ham cos x ta suy ra

n—oo

t = cosz = cos( lim (k.27 +m,)) = lim cosm, = lim cos |m,,|.
n—oo n—oo n—oo
Vi vdy, méi s6'trong [—1, 1] la gidi han ctia tap {cosn : n € N} . Ta duge diéu
phdi chitng minh.

1.1.17. Hién nhién, néu tén tai n sao cho T, la mét sé nguyén, thi T la hitu
ty. Bay gio gid st v = § voip € Zva q € N. Néu x — [x] # Othi%— [ﬂ = é
vdi | la mét s6 nguyén duong nhé hon q. Do dé mdu sé cia 11 = % nhoé hon
mdu s6 cua . Diéu nay cé nghia 1, X2, ... la day tang chdt lién tiép va khong
thé tao thanh mét day vo han.
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1.1.18. Ta sé chitng minh bang quy nap . Dé kiém tra rang

Re=P% i k=012
dk

Gia sv véi m > 2 bt ky chon trudc,

R — p_m _ Pm—10m +pm—2
" qm dm—10m + qm—2

Chi y la néu bay gio thay a,, trong R,, bang @, + ﬁ, thi ta thu duoc phan
t& hoi tu R,,11. Do do

1
Pm—1 <am + (lm-»-l) + Pm—2

1
dm—1 <am + (lm-»-l) + qm—2

o (pm—lam + pm—2>am+1 + Pm—1 o Pm+1
(qm—lam + qm—2>am+1 + dm—1

Rm+1 -

gm+1 .
1.1.19. Ki hiéu

Ak = Pk—14k — 4k—1DPk vdi k= 17 27 cey T
Khi dé véi k > 1,
Ag = pr—1(qr—10k + qk—2) — qr—1(Dr—1ak + Pr—2)
= —(Pr—2Qr—1 — Qe—2Pk—1) = —Dj_1.

Vi Al = Poq1 — qop1 = ApG1 — (a0a1 -+ 1) = —1, ta thu duoc Ak = (—1)k, tw
d6 suy ra pi va qp nguyén té cung nhau.

1.1.20. Theo loi gidi ctia 1.1.18 ta c6 véin > 1

R — & _ Pn—10n +pn—2
" dn qn—10Gn + qn—2 .

Tuong tw
T + Do
g = Pttt TPl 10,
nTn+1 + gn—1
Do do

Pnln+1 + Pn—1 DPn
x— R, =toontt Tt P
gnQn+1 + gn—1 dn

_ Pn—19n — dn—1Pn o (_1)71

(qnxn—i—l + qn—l)qn (qnxn—i—l + qn—1>qn’
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trong dé, ding thitc cudi cung suy ra ti két qud trong 1.1.19. Do dé

> (0 vdin chan
x— R, o
<0 vdinlé.

Do vdy x nam gitta hai day héi tu lién tiép.

1.121. Trude hét ta chitng minh rang néu o la mét s6 vo ti duong, thi tdp
{n —ma: n,m € N} la tri mat trong R. D& lam diéu dé, ldy mét khodng
(a,b), 0 < a < b. Ta sé chi ra rang khodng nay chita it nhdt mgt phdn ti ciia
tap dd cho. Pdt € = b — a > 0, ti két qud bai todn trude, ton tai mot day hoi
tu R, sao cho

(]) O<Rn—04<—2,

Thuc vay, ldy mét s6'n 1é va chi y rang

(qnxn—I—l + Qn—1>Qn > qi

Vi lim g, = +o00, véi n du lén ta cé qi < e. Tw diéu nay va (1) suy ra

n—oo
0 < pn—aq, < 1/q, < € vdi n di lon, do dé ton tai ng € N sao cho
no(pn — aqn) € (a,b). Cho t € [—1,1], tén tai s6' nguyén x sao cho t = sin .
Ti nhdn xét 6 trén suy ra ton tai mot day cdc s6 nguyén duong {m,} va {k,}
voi x = lim (m,, — 27k, ) = +00. Stz dung tinh lién tuc cia ham sin x ta duge

n—oo

t = sinx = sin( lim (m,, — 27k,,)) = lim sinm,,).
n—oo n—oo
Do vdy, ta da ching minh dugc rang moi s6 thuéc khodng [—1,1] déu la diém
gidi han cia tdp {sinn : n € N}.

1.1.22. Goi p,, va qy la cdc s6 nguyén duge dinh nghia trong 1.1.20. Vi £, 11 =
Apy1+ 1 > Apt1, ta co (qnxn—i—l + qn—1>qn > (qnan—f—l + qn—1>qn = dn+14n-

Tn42

Do do, theo 1.1.20,

1

|z — R,| <
qndn+1

Vi Qi1 = Qnlnsl + Qno1 > Qnlni1 > Gn, kéo theo bat ddng thite mong muon.
Ta sé chi ra rang day {q,} chita v6 han cdc s6'1é. Thuc vdy, theo két qud trong
1.1.19, g, va Qn41 khong thé cung chdn.

1.1.23. St dung bai 1.1.19.
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1.1.24. Trudc hét ta c6 nhin xét rang day {q,} ting ngdt va g, > n. Hon
nua tw bai 1.1.20 suy ra

1

|z — R,| = .
(qnxn—i—l + qn—l)qn

két hop vdi bat dang thite Tpyq < Gpeq + 1 ta suy ra

1 1
(qn<an+1 + 1) + Qn—1>Qn <Qn+1 + qn)Qn

Vi apio > 1taco
1 1
< .
(Qn+1an+2 + Qn>Qn+1 (Qn—f—l + Qn)Qn

|l‘ - Rn+1| <

T cdc bdt d‘c%ng thite nay suy ra diéu can chitng minh.
1.125. Gid st |v — | < |z — Ry| < |z — Ro_1|. Vi @ ndm giita R, va
R,,_1 (xem bai todn 1.1.20), suy ra

T

)— - Rn_l’ < |Ru_1 — Ral.

Do dé, theo két qua cua 1.1.23,

n—1 = n— 1
7qn-1 — SPp—1] - .
SQn—1 Gn—19n

1
Sqn—1 dndn—1

Hon nuta, ta co vl Irqn_1 — Spn_1| > 1.Do dé s > qp.

1.1.26. Theo thudt todn cho trong 1.1.20, ta cé

aoz[\/ﬂzl, I = !

\/5_1:\/5+1.

Do dé, a1 = [r1] = 2. Tuong tu,

1
Tg= ———— v Qy = a] = 2.

(\/5—1-1)—2
Bang quy nap ,
1 1
2=1+ —+ —+....
V2 TRt

5-1 1] 1] 1
Ul S W
2 TR

Tuong tw
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1.127. Vik <VE> +k <k+1, ag= [VK2+ k] = k nén z; = YKkt
Vay, 2 < x1 <2+%vda1:2. Hon nia,

1
t=—g———=k+VE+k
Vi tk—k
Do dé 2k < x9 < 2k + 1 va as = 2k. Tuong tu ta thu duoe az = 2. St dung

quy nap ta suy ra

VI2 4k =k+ — 4 =+ =+ —— + ...
+ Tttt et

1.128. Vi0 <z <1, suyraay=0vax = 1/x. Dodéa = n suyra
1/z]=n Tel/z—1<n<1/zsuyral/(n+1) <z <1/n.

1.2 Mét s6 bdt dang thiic so cdp

12.1. Ta sé stz dung quy nap sau. Véi n = 1, bat ding thic la hién nhién.
Léy n nguyén duong bat ky va gid su la

(14+a1)-(I+ag) ...-(I4+ay) >1+a1+as+ ...+ ap.
Thi
(14+a)(1+4+ag) ... (14 an)(l + ans1)
>(1+ar4+as+...+a,)(1+ ans1)

=l4+a1+a+..+ap+ani1 +an1(l4+ar +as+ ...+ ay,)
>(1+ar4+as+ ...+ ap+ ani1).

Ta suy ra diéu phdi chitng minh.

1.2.2. Ta st dung quy nap. Véi n = 1, diéu khdng dinh la hién nhién. Ta
gid st rang khdng dinh ding véi n bat ky chon trude. Khéng mdt tinh téng

qudt, gid st a1, Ao, ..., A, thod man diéu kién ay - as - ... - apy1 = 1 duoc
sdp theo thit tw a; < as < ... < a, < Api1, the thi a; < 1 va a,p 1 >
L. Vias-ag- ... an - (apy1 - a1) = 1, stz dung gid thiét quy nap suy ra

as + ag+ ...+ an + (@ny1 - a1) > n, do do

a1+ az+ ...+ ap+ App1 2N+ Apy1 + A1 — Apy1 - A1
=n+ap1-(1—a)+a —1+1
=n+14 (a1 —1)(1—a) >n+1.
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1.2.3. Stz dung két qud trong bai 1.2.2. suy ra bét ding thic cdn chitng minh.
Thue vdy, thay a; bang ’\Vﬁ’ ta c6 A, > G, thay a; bang nghich ddo cla
né QL trong bat ddng thic nay ta suy ra bat dang thie G, > H,.

J

1.2.4. Sidung bét ding thic lién hé gida trung binh céng va trung binh nhan
cua bé sé6 ay, ..., a, ta cé

YA 4+nz)-1-1..-1<1+z (nnhan ti).
1.25.

(a) St dung bdt d‘c%ng thicc lién hé gitta trung binh coéng va trung binh diéu
hoaV.

(b) St dung bdt dc%ng thirc lién hé gitta trung binh cong va trung binh diéu
hoa.

(¢c) BGt ddng thite vé trdi duge chiing minh nhu trong (a) va (b). Dé chitng minh
bat dang thite vé phdi, ta chi y rang

! + ! +...+i+ ! < ! + 2n <g.
3n+1 3n+1 on on+1 3n+1 3n+2 3
(a) Stz dung bdt d‘c%ng thice lién hé gitta trung binh céng va trung binh nhan®
ta duoc
%+g+%+...+n+1 >n¥n+1,
do do ] ] )
1+1+1+§+1+§+m+1+5>nVﬁIT

va

1 1 1
1+§+§+...+E>n(\"/n+1—1).

D& chitng minh bét dang thic con lai, ta cing dung bt ding thic lién hé
giua trung binh céng va trung binh nhdn, coé

1+2+3+ . n - n
2 3 4 7 nd+l1" YUn+1
suy ra
1+1+1+ —|—1< 1 ! + !
—+ -+ ..+ =<n — )
2 3 n Un+1 n+1

(Con goi la bdt ddng thitc trung binh diéu hoa.
2)Con goi la bdt ding thitc Cauchy tong qudt.
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1.2.6. T bat ding thuc G, < A, suy ra

2n
= "NV1z- a2 < LR .
2n+1
1.2.7. BGt ddng thic & vé phdi la hé qud truc tiép cia G, < A,. C6 thé
chitng minh bét dang thite con lai bang quy nap. Ro rang bt dang thice ding
véi n = 1, gid st né ding vdi n, ta di ching minh bét ding thitc ding vdi

n+ 1. Tdec la ta cdn chitng minh rang (a; - an+1)”+1 <(ay ... QpGpi1)™ bict
(ar-an)™ < (ay - ...  an)? Qud vdy, ta cé
a n+1
(a1Gn )™ < ay-an(ay- ... a,)*- ( ”+1) .
Qnp,

Suy ra ta chi con phdi ching minh rang

n+1
n+1 2
ay amn S a’n—f—l'

n

Nhung bét ding thicc cudi cung c6 thé viet dudi dang

d n—1
14— < —1
“ ( +a1+(n—1)d) <at(n-1)d

trong dé a,, = ay + (n + 1)d, nén s dung quy nap ta cé thé chiing minh bdt
ding thite nay dé dang, ti dé suy ra diéu phdi chiing minh.

1.2.8. Day la mét hé qua truc tiép cua két quad trude.
1.2.9. S dung bét ding thic gitta trung binh céng va didu hoa.

1.2.10.

(a) St dung bat d‘c%ng thirc giita trung binh céng va diéu hod ta duoc

n 1 -1 1 n
n Za_k Sﬁkza/ﬁ
=1

k=1

cu thé, ta cé
n
1 _ n?
= >
1 Qg S
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Tuong tv nhu vy, t bat dang thice

-1

=1 0 Ok k=1
ta suy ra
n 2
1 n
> > -
=5 —ax s(n—1)

Stz dung bét ding thie trén cung cdc dang thic

n

n n
ay 1 . s — ag 1
E :SE —n va E :SE — =N
Qe kzls—ak Qe Qg

S —_—
k=1 k=1

suy ra diéu phdi chitng minh.
(b) Xem l0i gidi phan (a).
(¢) Chiing minh tuong tu cdu (a).

1.2.11. St dung bdt ding thie 2= > | /ay,.

1.2.12. Tacé
n n n 2 n n
St () = D a3 whah
k=1 k=1 k=1 k,j=1 k,j=1
1 n
= 5 Z (akbj — bkaj)Q 2 0.
k,j=1

1.2.13. BGt ding thitc nay tuong duong vdi

S (may+biby) < S (@24 02)2 (a2 +10)7
k,j=1 k=1

déay la mét hé qud truc tiép cia bat ding thite P hién nhién ara; + bpb; <
2 4 2 Lo 2 b2 1
(aj + %)z (af + bj)2.

1.2.14. Suy ra tic bat ding thicc Cauchy.

()Ta goi dady la bdt ddng thitc Buniakovskii - Cauchy - Schwarz.
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12.15.

(a) Theo bét ding thite Cauchy ,

3
3

(b) Tw (a) suy ra

3
3

1——ak 1
Qe = Qe — —nNn Qe
Qg Qg
k=1 k=1 k=1 k=1 k=1
n n

(c) Theo gia thiét cua ta thi log, a1 +1og, as+ ... +1og, a, = 1. Didu nay két
hop vdi bat dc%ng thitc Cauchy (bai 1.2.12) suy ra diéu phdi chitng minh.

1.2.16. BGt ding thitc cdn chiing minh tuong duong vdi

iakbk —|—4ia2 +a2ibz,
k=1 k=1 k=1

bat dang thite nay ding véi méi o thue, bdi vi

0< 4o

n

n 2 n
A =16 (Zakbk> —16Y ap > b <0.
k=1

k=1 k=1

1.2.17. S dung bét ding thic Cauchy ta cé

1
n n n 2 n
Z|ak|221|ak|§\/ﬁ<2ai> <Vn Y lax).
k=1 k=1 k=1

k=1
1.2.18.
(a) S dung bdt ding thicc Cauchy ta cé

2
2 2 k
E (arby)” = ( E ﬂak_\/%) < k kag, %

k=1 k=1
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(b) Tuwong t

“a " k2a
k k
W) | <2 Ma

k=1 k2

3
3

1.2.19. T bt ding thite Cauchy suy ra

p pzj 172;(1 p+q p—q
E ay, = E a,” a SE ay E a .
k=1 k=1 k=1 k=1

1.2.20. St dung bét dang thicc Cauchy ta duoc
n n n n 2
Sty () <1
k=1 =1 k=1 k=1

n
Vi Y aj > L, ddng thite véi ay = Lk =1,2,...,n. Do ds gid tri bé nhét cin
k=1
tim la .
n

1.2.21. Hoan toan tuong tu nhu l0i gidi ciia bai todn trén ta cé

2
1= Zak = Z\/pkak— SZPkak —.
k=1 k=1 V Pk k=1 k=1 PF
Do vay,
Zpkak > Py
1
k=1 P
=
2 n _1
ddu dang thicc xay ra khi ay, = p%c > p%c , suy ra gid tri nhé nhdt can tim
k=1

la — .
=1 Pk

1.2.22. T loi gidi ctia bai todan 1.2.20 suy ra

2 n

2

E ag gng aj,.
k=1
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Do do
(kf; ak>2 - <<a1 taz) + éak>2 <(n-1) ((a1 a4 éai)
= (n- 1><k§”;az + 21a).
1.2.23.

(a) S dung bat ding thiic Cauchy,

2

W=

(i(ak + bk)2> = ( Y (az + 2a.by, + bi))

k=1 =1

1
2

3

1 1
n 2 n 2 n
< Za2+2< ) (m) g
k=1 k=1 k=1 k=1

k=1 k=1

(b) S dung céu (a) ta dudc

(2] (59 = (&)

Ti bat ding thite trén cung vdi bat ddng thic néu trong bai 1.2.17 ta suy

()
(=)

va ta cé diéu phai chitng minh.

N

- (Z@) < Z lay — bl
k=1 k=1

Tuong tw

[SIE

k=1

- (Zﬁ) <D lak— bl
k=1
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n

n n n
1224. vi Zpkak =1nénl = Zpkak = Z(Pk — Oé)ak + « Z ay, VoL
k=1 k=1 k=1 k=1
moi s6 thuc o. Stz dung bét dang thite Cauchy ta cé

1< (i(pk—oz)Q—iraQ) iai—i— (i%) ;

k=1 k=1

do do

n

Zai + (Z ak> > (Z(pk —a)’ + a2> .

k=1

n
Dit a = g ;;1 Dk, ta thu dude cdn dudi ding. Do dé

2
n n n,+_1
S (Y] 2
b=t b=t (n+1) 3 pi — (Z pk)
k=1 k=1

bat ding thite tré thanh ddng thic khi

(n+Dpr— > P
=1

Y - (3n)

k=1

1.2.25. St dung quy nap. Véin = 1 ta ¢6 dang thite a1b; = a by. Hon nita,
néu bat ding thite ding vdi n, thi

n+1 n+1 n+1
Zak bk—(n—i—l)Zakbk
k=1 k=1 k=1

n n n
< Upg1 E by, + bnt1 E ag — Npi1bpy1 — E arby
=1 k1 k=1

n

= (bus — bk — @) < 0.
k=1

Theo gia thiét quy nap suy ra diéu phdi chiing minh.
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1.2.26. Sit dung quy nap theo p. Véi p = 1, ding thite o = a' luon ding.
Gia st bat dang thiic ding vdi p, ta sé chitng minh né ding véi p+ 1. R6 rang,
khong mdt tinh téng qudt, ta cé thé gid s rang cdc sé aj, dude sap xép theo thi
tu sao cho a1 < as < ... < ay,, theo gid thiét quy nap va két qua cua bai todn
trude ta suy ra

1 n p+1 1 n n 1 n
_ . p - p+1
(13a) hyayasiyar
k=1 k=1 k=1 k=1
1227. Taco

1 1’
(1—|—c)a2—|—(a+z) b2:a2+b2+(\/5a—%b) +2ab > (a +b)*.

12.28. Rérang Va? +b*+ Va2 +c2 > bl + |c| > |b+ ¢|. Do dé ta suy ra
bat dang thire [0 — 2| < |b — c| (Va® + % + Va? + ¢2) va né twong duong
vi bt dang thic cén chitng minh.

1.2.29.

(a) Vi cdc s6 thue a,b,c ta c6 a®> + b* + ¢ > ab + be + ca. Do dé b*c? +
a’c® + a®b? > abc(a + b + ¢), tuong duong véi két ludn cia ta.

(b) Diéu phdi chitng minh duoc suy ra ti bat ding thire a® + b> + ¢ > ab +
bc + ca theo cdch hoan toan tuong tu nhu trong (a).

(c) Pay la két qud cia bat dang thite lién hé gidia trung binh coéng va trung
binh diéu hoa.

(d) Ta co
> —a?> b+a b+a
c+a c+a c+a

Datu=a+b,v=>b+ cva z = c+ a ta thu duogc

(b+c)—(c+a)).

V—a> -0 ad*-cF u v z
cta * a+b * b+c :;('z)—z)—i—a(z—u)—i—;(u—v)
u?v? + v22? + 22u? — (vPoz + viuz + 2%uw)
uvz
u?(v? 4 2%) + v} (u? + 2%) + 22 (u? + 2%) — 2(vPvz + viuz + 2Puw)

2uvz

> 0.
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(e) Vi a = b, bat ding thite la hién nhién. Gid stz 0 < b < a, thé thi
a—>b

o Va—vb) (vVa+ Vb
o ()

vé do dé

@V (i VB < (va-vB) = arboavar < OV
1.2.30. Bat m = Z_Z Thé thi
mby+ ... +bn) = Z_j(bl byt +bn) = Z_:bl + Z—:bg o+ Z—:bn

S%51‘1‘%524—...4‘2_”671:a1+a2+---+anSM(bl+bQ+"'+b”>'
1 2 n

1.2.31. Bdt ddng thitc suy ra ti két qud trong bai todn trude va ti tinh don
diéu cia ham tan x trén khodng (0,7/2).

1.2.32. Ap dung bét dang thiic cho trong 1.2.30 vdi a; = Inc; va b; = k;, i =
1,2,...,n.

1.2.33. Chu y rang

2 n
aq a5 a,,
— <M, —= <M., ——<M
by — M T Mt T

va s dung bét dang thic duge chiing minh trong 1.2.30 suy ra diéu phdi chiing
minh.

1.2.34. St dung bat ding thic lién hé giita trung binh céng va trung binh
diéu hoa (xem vi du 1.2.3) ta duoc

n (x —a1) + (x —az) + ...+ (x —ay)
1 1 =
+ + ...+ n

r—aiq r—az T—an

~nw— (a1 +ag+ ...+ ay

n

tw dé suy ra két qud can chiing minh rdat dé dang.
1.235. Tacé
l+e4+c+ .. +e=0+1)"=2"

dp dung bdt dang thicc Cauchy (xem 1.2.12) véi ap, = 1 va by = /o, k =
1,2,....n.
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12.36. Vi
n n n—1 (n) n—1 (n)
— N 2n_2: ,
H(k) IH k) ; k

s dung bat d‘c%ng thice lien hé gitta trung binh céng va trung binh diéu hoa ta
suy ra diéu phdi chitng minh (xem 1.2.3).

1.2.37. St dung bat ding thic lién hé giita trung binh céng va trung binh
diéu hoa (xem 1.2.3) ta duoc

(p— 1)14% + Ai_l
p

-1
Ai Ak—l S y k= 1,2, N
trong dé Ag = 0. Tix dé suy ra

Af = AT = AL = B AL (A — (= D A)

p_
k _ k—1 k
=4 (1—2%1) + A 1Ak_1%§14§ (1_2%1)
kE—1 » » 1 ) ,
+p— 1 ((p— 1A} + A7) T o-1 ((kF—1)AL_, —EAD).

Céng cdc bat d‘c%ng thite ta duoc diéu can chitng minh.

1.2.38. Gid s a; = max{ay,as, ..., a,}, khi dé ta cé

n—1 i—1 n—1 i—1 n—1
E Q1 = E kg1 + E ARy < a; E ap + a; E (k41
k=1 k=1 k=i k=1 k=1
a? a 2 a
:ai(a—ai)zz— ——a;) <—.

1.2.39. Ap dung két qud trong 1.2.2

1.2.40. BGt ding thitc vé trdi suy ra ti 1.2.1

(a) R6 rang
1— ai 1

1—ak 1—a/§.

[Ta+aw) < <H(1—ak)> .

k=1 k=1

14+ a, =

Do do
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Viai +as + ... +a, < 1, dp dung mét lan niva két qud trong 1.2.1 ta cé

n

H(l—l—ak) < <1—iak>_ .

k=1
(b) Lap ludn nhu cdu (a).
1.241. Ap dung bét ding thite cho trong 1.2.15 (b), thay aj, bang 1 — a.
1242. Vio<ap<1lvéik=1,2,...,n bdt dang thic
] u u "1
> . _
(1) kzlak_/Hak 2

ding véi n > 2. Bay gio ta st dung bat dang thite 1.2.15 (b), trong dé ta thay
ay. boi “’“k, k=1,2,...,n duoc

1+a
"1 "1 "1
— | n— >n .

k=1 k=1

n
Nhén cd hai vé cia bdt dang thicc nay vdi || ax va s dung (1), ta duge két qud
k=1
can chitng minh.

1.243.

(a) Stz dung bdt d‘c%ng thirc lién hé gitta trung binh céng va trung binh diéu hoa

ta duoc
1+a
kl;[1< ¢) B 2a1+a2+...—|—an.a1—|—2a2+...—|—an
(n+1)m n+1 n+1
ai +as + ... + 2a, -
> ag.
n+1 _/H b

(b) Chitng minh cua phdan nay giong nhu trong (a).

n

n
1.244. Chi y rdng néu Y. ; j@k =n—1thi 3 %% = 1. D nhin duge
k=1 k=1

két qud cdn chiing minh, ta stz dung bat dang thite trong 1.2.43 (b) vdi ai, duoe

9. ag
thay boi 7 o
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1.245. [M. S. Klamkin, Amer. Math. Monthly 82 (1975), 741-742] Ta c6
thé gid st rang ai, az, ..., a, duge sdp xép sao cho a; = min{ay, as, ..., a,}
va ay = max{ay,as,...,an}, va gia st A, = 1/n la trung binh céng cia
ai, ..., Ay Xét mot day {a;ﬁ} béing cdch diit a; = An, ay = a1+ as— Ay, a; =
a; voi 3 < i < n. Ta sé chitng minh rang

71+ ay nl—l—a;§
1 > .
1) 1= =1

T cdch xdc dinh ctia day {a;ﬁ} ta suy ra (1) tuong duong voi

(14 a1)(1+ ag) - (14+A,)(14+ a1 +a2— A,)
(1—0,1)(1—0,2) - (1 —An)(l—al—ag—i—An)

tuc la tuong duong vai
(An — a1) (A, — az) < 0.

Bt ding thic cudi cung la mét hé qud truc tiép cia gid thiét trén. Gio ra lap
lai cdc thu tuc & trén cho day {a;l} dé co day {a;}; Cé it nhdt hai hang ti cua
day {a, } bing A,. Hon thé, ddy do thod mdn bdt ddng thite (1). Néu ta ldp lai
thi tuc nay 6 nhiéu nhdt n — 1 lan, ta c6 day hang ma cdc phan ti déu bang
A,. S dung bat d‘c%ng thie (1) trong truong hop nay ta duoc

1—a 1—-A, n—1

k=1 k=1

1.246. Goi ay, = max{ay,as, ...,a,} . Ton tai mot phdan s6 6 vé trdi clia bét
ddng thiic 6 tiz s6 bang ay,. Mdu s6 ciia phan s6 nay c6 hai hang tir. Ki hiéu
hang tw lon hon la ay,. Ldy phdn s6 co tw s6' la ay, va ki hiéu ag,la hang i lon
hon trong hai hang ti trong méu sé cia né , ... Chi y rang

Qay,, ; .
(1) - > —. 1=1,2,....
Ak 41 + Qk; 42 2aki+1

Tit cdch xdy dung trén suy ra toén tai mot sé | sao cho Ak, = Q. Tiép
theo, o rang cdc s6 ay, va ay,., xudt hién trong bat ddng thite nhu la ti s6 cia
hodc la hai phan sé lan cdn hodc la cia hai phdn sé cdch nhau béi mot hang
ti (ta gid s & day rang hai phdn sé ddu va cudi la cde phén sé'lan cdn). Hon
xudt hién nhu la ti s6 clia phdn s6'bén phdi phan s6’cé ti s6 ay,. Dé

nua, Ay y s
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chuyén ti phdn 6 c6 chi s6 ax, dén phan s6 c6 chi s6 ay,+1 can | bude, trong
dé | > . Do do, tir (1) va bat dang thue lién hé gitta trung binh cong va trung
binh dzeu hoa ta dugc

a/ﬁ + ak‘g ll l 2 ﬁ
2ar,  2ay, Qakl 20— 4
1.247. Tacé
lay — 1 lag — t|
ZV > (Lo Lt ) Vi Yo
Vlan —
ot 2— (¢|a1 4 Vi) + o (Vie -1

a3 — t|) tot— <\/|a1 [+ ]an — t|)

suy ra bt d‘c%ng thitc can chu’ng minh.

1.2.48. Si dung bat dang thic lién hé giiia trung binh nhdn va trung binh
cong ta duoc

N aq a9 Ay, +§/ bl bg bn
ar+by as+by T an+b, ai+b as+by T oa,+0b,

gl( @ b +...+67”) —1

n a1+61 an—l—bn a1+61 an+bn

1.249. [V. Ptak, Amer. Math. Monthly 102 (1995), 820-821] Trudc hét chi y
rang khi thay méi aj, bang cay vdi ¢ > 0 thi cd hai vé trdi va vé phdi clia bdt
ding thicc khong thay déi, do dé ta c6 thé gid thiét rang G = 1, suy ra a,, = i
Hon nita néw a1 < v < - thiz+ 1 < a1+ L. Dods

Zpkak + Zpk— <a+— =2A
k=1 = @

Pé thu duoc diéu phdi chitng minh ta dp dung bdt d‘c%ng thue lién hé giua trung

binh céng va trung binh nhan.

1.2.50. Ta hay sdp xép cdc udc nguyén duong cia n thanh cdc cdp (k, 1) theo
cdch sao cho kl = n. Stz dung bat ding thite lién hé giita trung binh céng va

trung binh nhan® suy ra M > Vkl. Cong cdc bét ding thite lai ta duge

oln)  7(n) o

2 2

@8 day la bt ding thicc Cauchy déi véi k va l.



Chuong 2

Day 50 thuc

2.1 Dday don diéu

2.1.1.
(a) Cho {an} la day don diéu tang, bi chan trén thi
sup{a, : n € N} = A < o0,

suy ravdi moin € N, a, < A. Vivdi moi € > 0, s6’ A — ¢ khong phdi la cdn
trén cia tdp {a, : n € N} nén tén tai 6’ a,, sao cho a,, > A — €. Do tinh don

diéu cua day sé'ta co : A > a, > A — cvdin > ng. Dovay, lim a, = A.
n—oo

Bay gio ta gid st rang a,, khong bi chdn trén, khi d6 véi moi M, ton tai a,,
sao cho a,, > M, theo tinh don diéu cua day s6ta cé, a,, > M vdi n > ng, vi
vay, lim a, = +oo.

n—oo
(b) Hé qud cua (a).
2.1.2. Taco s s
o< 2 wgion> 2
Sp—1 Sn
Thuc vdy, theol.2.19,
(1) 82 < Sy 418n1
. P 2 P
Ta sé ching minh rang {x,} la day tang. That vay, t | Y ar | < p>. a%
i=1 i=1
suy ra 1 < Ty (hé qud cia 1.2.20). Gid st rang Tp_1 < T thi
n—1
Sp—1 S Snn 5

145
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do dé, theo (1) va (2),

_ +1
Tnt = "1 = "

2.13. Taco ansy = %ra, < a,, n>1 Dods{a,} laddy gidm ngat. Ti
tinh chdt day bi chan dudi, chang han bdi 0, do dé ton tai lim a,, = g. Ta thdy

n—oo
g thod man diéu kién g = %g. Do dé, g = 0.
2.14. Chob, = a, — 52— Tacé by — by = apy1 — an + 55 > 0. Do ds
day {b,} héi tu, kéo theo day {a,} hoi tu.
2.1.5.
(@) Ta phdi ching minh rang day {a,} la day don di¢u gidm va bj chdn dudi.
Thuc vay,
B —1
Vn+1(vVn+1+y/n
Ngodi ra, theo bdt d‘c%ng thite dudc cho trong phan hudng déan (ching minh
bang quy nap) ta c6 a, > 2(vn+1—+/n—1) > —2.

(b) Chung minh tuong tv ciu (a).

Ap+1 — An

<0
)2

2.1.6. Pdu tién, theo quy nap, ching ta ching minh dugc rang % <a, <2
voi n € Noa day {a,} la ting ngdt, suy ra né héi tu. Pit g = lim a,. Do

Qp = \/3Ap—1 —2tacé g =+/39 — 2, suy ra g =2.

2.1.7. Chitng minh dugc bang phwong phdp qui nap rang a, > 2c. Ta c6,
a1 < ao. Ngoai ra néu a,, > Qn,_1, thi

ni1 = (an —¢)* > (an_1 — ¢)* = a,.

Bdt ding thite con lai duge suy ra tic tinh don diéu ciia ham s6 f(x) = x* trén
R,.

2.1.8. Theo bét ding thicc Cauchy va gid thiét ta c6

an + (1 — ani1) > /—an<1 "t > %

2

Suy ra a, —a,+1 > 0, do dé day {a,} hoi tu téi g. T diéu kién a,(1—a,41) >

i suyra g(1—g) > i. Bt ddng thiic cudi cung tuong duong vdi bat ding thice
(29 —1)2 <0, tw dé suy ra g = %
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2.1.9. Hién nhién 0 < a, < 3véin > 1. Hon nita, a2, — ai = —a> +
an+ 6> 006 0 < a, <3, dodé {a,} la day tdng bi chdn trén nén né hi tu
. Theo dinh nghia cua ddy ta ¢6 lim a, = 3.

n—oo

2.1.10. Tacé0<a, <1vdin>1 Déching minh tinh don diéu cia day,

ta lam nhu sau:

W (n) ding vdi moi s6 ty nhién n néu hai diéu kién sau thod man:

() W (1) diing.

(ii) Neu W (k) ding véil < k < n kéo theo W (n + 1) diung.
Gid s rang Gp_1 > Qp_o VA Ap > Ap_1, thi
1
Ap+1 — Ap = g(an —Qp—1 + a’i—l - a’i—2) > 0.

Suy ra day héi tu. Ky hiéu gidi han la g thita c6 g = £(1+ g + ¢°), Vay

—1+5 —1-+5

=1 hodc = hodc =
Y} ac g 5 ac g 5
Chi y rang cdc phan ti cua day la khong am va nhé hon _1+\/5, do vdy
lim a, = _1+\/3
n—oo

2.1.11. Tacé a1 = 2’:::3(1” < ap, n > 1. Theo phdan 2.1.3 ta c6 g = 0.

2112, Tt anyy = 3424y < a,, n>1laday don digu gidm , né bj chéin

dudi bt 0, do dé né héi tu.
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2.1.13.

(a) R6 rang {an} la day don diéu tang. Ta can ching minh rang né bi chdn
trén. Thuc vdy,

S PR N S I S SR
22 32 n? 1- 37 (n—=1)n
T e ey
N 2 2 3 n—1 n
1
=2——<2

n

(b) Hién nhién {an} la day don diéu tang. Hon nica,
1+1+1+ +1<1+1+1+ +1
ap, = —+ — — — 4+ =
22 33 22 32 n?
Nén theo cdu (a) day nay bi chan trén.
21.14. Véin>1,tacé
1 1

pg1 — Ap = — +
o Jant D) Vem@nt D) JEnsD@nt2)

suy ra né la day don diéu giam bi chdn dudi, do dé né hoi tu.

<0,

2.1.15. T bét ding thie Cauchy ching ta cé

(py1 = -1 = %7 n > 1.
Do do »
a a a, —a
an+1_an:__n+ p—l :_%S(L n227
p Pan pan

suy ra day {a,} héi tu va lim a, = Va.
n—oo

2.1.16. Dé dang thdy rang, 0 < a, < 2 vdi n > 1. Hon nita, néu a, > Gn_1

thi
2 2 .
Uy — Uy = /Oy — \/Qp—1 >0, khi a, > a, 1.
Do d6 day hoi tu tdi g nao dé thoa man phuwong trinh g = \/2+ /9.
Chu y. Su dung cong thite Cardano vé nghiém thuc ciia da thitc bdc ba, c6 thé

chi ra rang

g= 1<\/2(79+3\/ﬂ) \/(79—3\/ﬂ)—1>

3
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2.1.17. Chuy rang anyq = 2 <2 — aﬂ%) . n > 1. Bang phuong phdp qui

nap ta cé thé chi ra rang 0 < a, < 2 véi n > 1. Hon nita,

(an + 1)(a, —2)
an + 3

> 0.

Qpy1 — Ap = —

Do dé day hoi tu va lim a,, = 2.

n—oo

2.1.18. Bdng qui nap c6 thé chi ra rang day {a,} ting ngdt. Néu né bi chdn
trén thi sé ton tai s6 g thod man g = lim a,, hay g°> —2g+c = 0. Phuong trinh
n—oo
nay cé nghiém thue khi va chi khi ¢ < 1, vi vy néu gid st rang 0 < ¢ < 1.

Suy ra day {an} bi chdn trén béi 1 — /1 — ¢, va lim a, =1 —+/1—c

n—oo

Truong hop ¢ > 1 thi day tdng ngdt, va do do phdn ky vé +oo.
2.1.19. Tw

2
ac —a
pi1 =0p (1 —2=—"—, n>1,
1 ( 3a%+a) -

ta co

Néu a, > a thi ape < an,
Néu a, < /a thi ape1 > an,
Néu a, =+/a thi Gpy1 = ay.

Ta nhdn thdy rang

a2 + 3a

ngert g > Va khivachi khi (a, —/a)® >0,

tice la a,, > \/a. Do dé ta cé cdc két ludn

Néu 0 < ay < \/a thi {a,} la day tang va bi chin trén béi \/a,
Néu ay > +/a thi {a,} la day gidm va bi chdn dudi béi \/a,

Néu a; = +/a thi {a,} la ddy hang.

Trong moi truong hop trén day déu héi tu téi \/a.
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2.1.20. Theo qui nap ta cé

(31 —1)— (371 —ay
n — 7 = 1,2,3. .
a G -D-G -3 vdi n

P n . . Py _ogntl_q . . o . o
Do dé day khong xdc dinh vdi a1 = 5mr— vdin € N. Khi ay = 1 thi a, =1
véin =1,2,3.... Vdicde gid tri khdc ciia ay, day héi tu tdi 3.

2121. Tacé anyy = (an, —a)*> +an, > a, véin = 1,2,3.... Do dé
day la don diéu tang. Hon nita, néu day héi tu thi lim a, = a. Do dé néu
ai > a, thi day da cho phdan ky. Trong truong hop c: _—)001 < ay < a, ta cing
c6a—1<a,<a véi n=123...,dodéday hoi tu. Cubi cung, néu
a1 < a — 1, thi as > a, suy ra day phan ky.

2.1.22. R6 rang nhan thdy rang day chi cé thé hoi tu tdi a hodc b, xét cdc
truong hop sau.

2 2, . ’
1° ¢>0b Khidéas = %ﬁ:b > ¢ = a1, s dung qui ngp ta co Apy1 > Q.

Do do, lim a,, = +oc.

n—oo
20 ¢ =b. Hién nhién, a, =b véi n=1,2,3....

3% a<c<b Tacéthe chitng minh theo qui nap rang ddy {an} la don
diéu giam va bi chan dudi béi a, do dé lim a,, = a.
n—oo

4% ¢ = a. Dé dang théy rang, a, =a vdi n=1,2,3....

5 0 < ¢ < a. S dung qui nap ta cé thé chi ra rang {an} la don diéu ting
va bi chan trén bdi a. Do dé lim a,, = a.

n—oo

2.123. Chuy rang any = 6 <1 - ) voi n € N. Do dé theo qui nap ta

an+7
co
Neu a1 <2 thi a,<2, mneN
Neu a; >2 thi a,>2, necN.
Hon nua

(an + 3)(an — 2).

Apy1 — Ap = —
an, + 7

Do do
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19 Néu 0 < ay < 2 thi {a,} la day ting va bi chdn trén bdi 2 va
lim a, = 2,

n—oo

20 Néw ay; > 2 thi {a,} la day gidm va bi chdn dudi bdi 2 va lim a, = 2,

n—oo
3% Néua, =2thia, =2 véin e N.

2124, T 0 =a; < as va ai_H — ai = a, — an_1, do do theo qui nap ta
thdy rang a,y1 > a, véi n € N. Mdt khdc day bi chdn trén boi \/1 + 4c. Dé
dang tinh dvoc rang nll)rgo an = Hfm.
2125 Vias = V2vV2> V2 = a; va a2,y — a2 = 2(a, — an—_1), theo qui
nap ta nhdn thdy rang a,.1 > a, véi n € N, dong thoi ddy bi chédn trén bdi 2,
do do lim a, = 2.

n—oo

2.1.26. Véik =1tacé a, =5"vdin €N, dodsday {a,} phan ky.
Vai k> 1,

ay = \/5v5> V5 =a; va af ., —al =5(a, — an_1).

Theo qui nap {an} tang ngat. Hon nua a, < k_\l/g,n € N, tw dé suy ra
lim a, = V5.

n—oo

2.1.27. Theo qui nap, ta thdy 1 < a, < 2, n € N. Tinh don diéu cia day
s6'suy ra tw dang thic a2, — aZ = 3(a, — an—1), do dé, véi 1 < ay < 2 day
don diéu tdng va gidi han cia né bang 2, ngodi ra, néu a, = 1 hodc a1 = 2 thi
né la day hang.

2.1.28.

(@) Ta co a1 < as va a72z+1 — a% = @, — Ap_1 theo qui nap ta nhdn thdy rang
{an} la day don diéu ting va bi chdn trén bdi ¢. R6 rang lim a, = c.
n—oo
@) Tit by = \/en/e > /e =byva b2, — b2 = (b, — bu_1) theo qui nap
ta nhdn thdy rang day la don diéu tang va bi chdan trén bdi ¢, suy ra
lim a, = c
n—oo
2.1.29. Sv dung qui nap chitng minh duoc rang 0 < a,, < b, va la day tdng
ngdt; Gidi han cia né bang b.
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2.1.30. Day la tang ngdt va bi chdn trén béi mét s6 hitu han, vi du 3, chitng
3+V15
.

minh duoc gidi han ctia né la
2.1.31. Ching ta cé6 a1 < ay < as. Hon nita, ta nhdn thdy rang vdi bat ky
n €N,

néu ap < Qpy1 < Gpio thi Apio < Apais,

do d6 theo phuong phdp qui nap trong cdch gidi bai todn 2.1.10 ta nhdn thdy

rang day {a,} tang chdt, mdt khdc né bi chdn trén béi 4 suy ra lim a, = 4.
n—oo

2.1.32. Theo cdch gidi cia nhitng bai todn trude, ching ta cé thé chi ra rang

day {a,} don diéu gidm, bi chdn dudi béi 4, va lim a, = 4.

n—oo

2.1.33. Theo bét dang thite Cauchy, a, > by,. Ta cé

an, +b
an+1:%§an, n € N.

Do dé day {a,} don diéu gigm. Mdt khdc, day {b,} ting vi

bui1r = \/bptn > /b2 =b,, neN

Ngoai ra, by < a,,b, < a1, do dé cd hai day déu héi tu. Pat o = lim a,, va

n—00
atp

— an+bn > suyra o = /3

0= lim b,. Tacé ani1 = cho n — o0 ta dude o =

2.1.34. Ti2(a? +b2) > (a, +by)* tacé a, > b,, n € NDods

a2 + b2 - az + anby,

=a, neN
an+b, — a,+b,

An+1 =

Diéu dé c6 nghia la day {a,} don diéu giam
Hoan toan tuong tu ta cé day {b,} don diéu ting. Ngodi ra, by < ay, b, <
a1. Do dé cd hai day déu héi tu.

an+bn

Dat o = lim a, va = lim b,. Ta c6 b, 11 = cho n — 00 ta dugc

n—oo n—oo

ﬁ_oc-h@ suy ra a = [3.

2.1.35. Theo bt dang thite lién hé giita trung binh céng va trung binh nhén
(tie la bGt dang thice Cauchy) ta ¢6 ay, > by,. Ta c6
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Do dé day {a,} don diéu gidgm. Mdt khdc, day {b,} don diéu ting bdi vi

2a,by,
bpy1=——>0b,, neN
n-+ an+bn — Yn,
Hon nita, by < ay, b, < a1 do dé cd hai day déu héi tu.
an+bn
2

bat o = lim a, va = lim b,. Tacé a,q1 =

n—oo n—oo

+ A
a:%,dovayoz:ﬁ.

, cho n — 00 ta duoc

Vi nhdn xét rang ani1bny1 = anb, ta suy ra tdt cd cdc phdn ti cia day

{anbn} déu bang a,by, do dé o = 3 = \/a1by.

2.1.36. Tacé a1 = 2(n+1) (an+1) neN. Suyra

_ —na, + (n+2)
2(n+1)

Ap41 — Ap

Stz dung bét dang thite na, > n + 2 véi n > 1 (c6 thé chitng minh bang qui
nap) ta thdy rang day la don diéu gidm, va do dé né héi tu. Pat o = lim a,,
n—oo

tw phuong trinh G, = 2( +1) (an + 1) cho n — oo ta duge o = 1.

2.1.37. Tizbdt ding thite anis < 50ni1+ 505 ta 06 Anio + 30np1 < Api1 +
%an. Do dé day b, = any1 + %an la day giam, bi chan, va do do hoi tu. Dat b
la gidi han ciia né, chiing ta sé chi ra rang{a,} hoi tu téi a = %b. Voie > 0
tuy y, ton tai ng € N sao cho § > |b, — b| véi n > ng. Do do,

2
—|an, —a|l véi n > ny.

5> +2 5 >| |
— an —a, — —a| > |ap11 — a| —
6 s 3 1 3

Do vdy |an11 — al < §|an —al|+ ¢- Theo qui nap ta co

2\" 2\ 2
|an0+k—a|§(§) |an, —al| + (g) —|—...—|—§—|—1

2\" 1-2%¢ €
<1\3 |an0_a|+1_§6<§|ano al + 3.

M

T ( ) lan, —a] < 5 s vdi k du lon suy ra la, — a| < € vdi n di lon.

2.1.38.

)n+1

(@) b, = (141 = (1+ L)an > an.
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(b) Theo bét dang thiee Cauchy Gy < A1 (xem Bai tdp 1.2.3) véi a; =
1, a2:a3:...:an+1:1+%tacé

_— 1\" 1
14— <1+ .
n n+1

1 n 1 n+1
(1+—) <(1+—) ., neN.
n n+1

(c) St dung bdt d‘c%ng thire lién hé giita trung binh nhdn va trung binh diéu hod
H,.1 < Gpy1,m > 1 (xem Bai tdp 1.2.3), trong dé a1 = 1,a9 = ag =
e = Qpy1 = 1—|—n—i1tadwdc

1+t < "*{/( " )n
n n—1

suy ra b, < b,_1 m > 1. Nhdn thdy rang a1 < a,, < b, < b;,n € Ndo
dé hai day {a,} va {b,} hoi tu. Ngoai ra, lim b, = lim (1 + %) ap, =
n—oo

n—oo

Do do

lim a,,.

n—oo

2.1.39.

(a) Theo bét dang thitc Cauchy ta c6 Gpy1 < Any1 (xem Bai tdp 1.2.8), vdi
ap =1, a3 =a3 = ... = apt1 = 1+ %, n € Ntanhan thdy day
tang ngat

Néu 0 < x < 1, thi theo bai trudc,

T\" 1\"
(1+2) = (1+-) <e
n n
Néuw x > 1 thi tén tai sé nguyén duong ng sao cho T < ng. Do dé, theo
tinh don diéu cua day { (1 + %Q)n} va két qud cua bai tdp trudcta cé

n n non
<1+£) §<1+@) <(1+ﬂ) < e,
n n nng

(b) Hoan toan tuong tu cdu (a) va chi y rang v < 0, day bi chdn trén, vi du
boi 1.
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2.140. Si dung bét dang thicc Hy 111 < Gryip1,n > 1 (xem Bai tap 1.2.3),
Vol a1 = 1, 2 = a3 = ... = Ap4]+1 :14—%, ta co

n+l+1/<1+£)n+l .14 x(n+1) o1+ x(n+1)
n n2+nl+z+n (n+1)(n+1)

Do dé, by > bpsq,n € N.

2.141. Theo bat ding thite dude cho trong phén hudng dan,

1 n+1
Gpi1 — G = — — log > 0,
n
1 n+1
b1 — by, = —1 < 0.
i n+1 08 n

Dé dang théy rang a1 < a, < b, < by n € N, suy ra cd hai day hoi tu tdi
cung gidi han.

Chu y. Ky hiéu log trong bai chinh la loga vdi co s6 tw nhién ma ta thuong ky
hiéu lo In.

2.142. Dé dang nhdn thdy tinh don diéu va tinh bi chdn cia day {a,}. T
ding thic ai 41 = Gy ta thdy rang gidi han ctia né bang 1. Tiép theo ta kiém
tra tinh don di¢u cia day {c,}. Ddu tién gid s rang x > 1 thi

e = 2"(an — 1) = 2°(a2s; — 1) = 2°(apss — Dlanss + 1)

(p41 + 1

= 2" (a1 — 1) 5

> Cpy1-
Diéu dé c6 nghia la véi x > 1 day {C — n} tang ngdt, hoan toan tuong tu cho
truong hop 0 < x < 1. Véi x = 1, day la hang s6. Tinh don di¢u cua day {d,}
chitng minh hoan toan tuong tu.

Véi © > 1day {cy} héi tu (b6i vi né don diéu giam, bi chdn dudi bdi 0). Mt
khde, voi 0 < x < 1, day {d,} la don diéu ting va bi chdn trén béi 0. Tir bat

ding thite
C.
d, = -n

Qn

kéo theo cd hai day tién téi cung gidi han vdi moi s6 duong x # 1. Néu x = 1,
thi ¢, = d, = 0.
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2.2 Giodi han. Tinh chdt cua ddy hoi tu
22.1.

(a) 1.
(b) 1.
(c) -1.

(d) Ta co
0< (V2-V2) (Va-¥2)... (V2 ") < (va-1)
Do v@dy gidi han cua day bang 0.

N oA A -, . > ~ 2 A se ~
(e) Pau tién ta can ching minh rang day a,, = g—n hoi tu t6i 0. Ta c6

1 1)?
s = a2 P

2 n2 < arw

vei n > 3, do dé day la don diéu giam. R6 rang né bi chdan dudi bdi 0,
nén né hoi tu va gidi han g cua né thoa man phuong trinh g = % g, suy
ra g = 0. Bay gio ta di xdc dinh gidi han ctia day. Dt k, = [\/n], thé
thi k, < \/n <k, + 1, do dé

n (kn + 1)?

O<2ﬁ<2 Skt

Do dé gidi han cia day da cho bang .

v 1 , . D 2
@ Dt a, = 25, suy ra Gpy1 = U 2 (n+l) Gn, N € N, theo cdch gidi ctia

on 2 22n
bai 2.1.3 ta duge g = 0.

(g) Dat

—L( SR S ! )
TV \VIHVE VBV VL Ve 1)

1 _ V2n—1—+/2n+1 . _ V2n+1-1 A : _
NI ERe s — dodé a,, = NI Vay lim a,, =

n—oo

Ta cé

V2
2.
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(h) T bat dang thie
1 _ 1 N 2 Lo
n24+n " n24+1 n2+2 7 nZ24n

1
<(1+2+... _
<(1+2+ —|—n)n2+1

(14+24...+n)

stz dung nguyén ly kep ta thdy né cé gidi han bang %

(i) Nhu phdn trén gidi han bing %.

22.2. Bdt Ay = #, ta co
ant1  (n+1\" 1
an \ n p+1
Ngoai ra, lim (”T'H)S ﬁ = ﬁ. Suy ra day {a,} la don diéu gidm bat diu
n—oo

tw chi s6 ng nao ddy, né cing bi chdn dudi vi du bdi 0. Goi gidi han cia né bang
9. g thod man tinh cht g = —3g. Do dé g = 0.

0<(n+1)a—na:na((1+%)a—1)
<o ((1+2)-1) =

Do v@dy gidi han cua day bang 0.

2.2.3. Taco

224. Ddat o = g, véi p € Zva q € N. Véin > qsé nlar la béi cia 7, dieu
dé c6 nghia la dén mot lic nao dé cdc phan ti cia day déu bang 0

2.2.5. Gid st gidi han cua ddy tén tai, ta cé

0 = lim (sin(n +2) —sinn) = 2sin 1 lim cos(n + 1),

n—oo n—oo

suy ra lim cosn = 0. Tuong tu,

n—oo

0 = lim (cos(n + 2) — cosn) = —2sin 1 lim sin(n + 1),

n—oo n—oo
V6 Iy béi vi sin® n + cos?n = 1. Do dé gidi han cia {sinn} khong ton tqi.

2.2.6. Theo cdch chitng minh cia bai trude.
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2.2.7. Taco

b (o d) (o 2) e (o2 )
lim — a+—| +la+—| +...+(a+
n—oo N n n n
—1 —1 14224+ ... —1)2
T (n a2+n(n2 )+ + 2% + 3—1— (n—1) )
n n n

n—oo

—c12—|—c1—i—l
= 3

228. Taco
an+a2+.. . +a —k=(a,—1)+ (@ —1)+...+(aF -1

Hon nua l
1
hm 272 ) v 1=1,2,... k

n—00 (y —

do dé gidi han bing 1 +2+ ...+ k = MEL,

2.2.9. Si dung ding thic

1 11 1 1
k(k+1)(k+2) 2 k k+1 2 k+2

Do do gidi han bang i.

22.10. Tw
-1 (k=1)(k+1?2*—(k+1)+1)
B+1 (k+1)(k2 —k+1)
ta co
ﬁk3—1 2n% 4+ n+1 2
= — _ =
EBB+1 3 n?+n n-c3
k=2
1
22.11. .
. (k=1)(k+2 .
2212, Twl— k(k2+1) = k(k)+1) ), ta nhan duoc

2 2 2 In+3 1
- =) (1=-=)..  (1- S .
2.3 3.4 (n+1)(n+2) 3n+1n-0 3
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2213. Tacé
B4 6k*+ 11k +5=(k+1)(k+2)(k+3) -1,
Do do

k3 4+ 6k*> 4+ 11k +5
(k+3)!

h_)m Z

2.2.14. Ta nhdn thdy rang

5
JE&Z(M ﬁg)) 3

ok—1

T 1 1
1_x2k:1_x2k—1_1_x2k k_1727 , .
Do do
L néu |z| <1,
lim ="
n—>o<>Z — g2 {ﬁ néu x| > 1.
2215 Véix#1,
QI-—2)1+a)1+2?) ... (1+2%) 1-22"
11—z I
suy ra,
n 1 $2n+1 .
" :H<1+x2k>: — néu x#1,
o ntl nfu v =1
Do do
—00 néu x < —1,
. 0 néu r=—1,
lim a, = }
n—00 1= néu |33'| <1,
+00 néu x> 1.
22.16. Véix #1tacé
n 2 n (ka + 1)2
a”:H(1+ 2k —Qk):H 2k +1
Pt T4+ o T +1
(z+1D)(z—1)(x+1)(2?+1)... (" +1)

- (.CL' o 1)(1‘2n+1
r+1 22" -1

r—1 22741

+1)
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Do do
—ztl peu x| < 1,
z—1
) m——j néu |x|>1,
lima,=4¢7" !
n—oo néu xr = —1,
+00 néu x =

22.17. Véix #1, thi

k k k k+1
B a3 —1 I
Do vay
n 3n+1 _1
1 3k 2.3k _ L .
kl_[l( + a7 42t — T
Goi g la gidi han cua day, ta co
1_1903 néu x| <1,
) oo néu x| >1,
7= 1 néeu x=—1,
400 néu x =1.
2218 Tacok-k!'=(k+1)—k!, k&N Dods
lim1-1!+2-2!—|—...+n-n!_ (n+1)!-1

2.2.19. Ta chi y rang bai todn chi cé nghia vdi v # 0. Theo 2.2.3, mdu thiic
n® — (n—1)* ddn dén 0 néu 0 < = < 1. Ngodi ra, néu x < 0 thi mdu s6 ciing
ddn dén 0. Véi x = 1 thi mdu s6'bang 1. Do dé day phan ky dén vé cue (+00
hoge —oo) véi x <1, x#0. Véix > 1néudit k= [x], thik >1va

- ( )

Ti bat ding thite trén ta nhan théy ton tai hai s6" o va (3 sao cho

a<n(1—(
an® 1t < n® (1—(

1
1— =
n

1\* 1\
1——) <1-(1-=) <1—
n n

1 xT

1__) )<Ba
n

Do do

1— =

)

n
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Do vay néu x — 1 < 1999 thi day phén ky téi +00 Néu x — 1 > 1999 thi day
hoi tu t6i 0. Tiép theo ldy x = 2000. ta cé

n1999 1

Jim n2000 — ( — 1)2000 — 2000

2.220. Tacé
n+1l__pn+1 ™
o — % néu a > b,
n — .
ntly néu a=>:.

n

Do do lim a,, = a.

n—oo

2.2.21. Theo qui nap ta c6 a, = (n — 1)2. Do vy lim a,, = +o00.
n—oo

2.2.22. Theo qui nap ta cé a, = Do vgy lim a, = 0.

ab
a?4nb?’ N—s 00

2.2.23. Ta nhén thdy rang a, = 1 — (i)n_l Do vy lim a, = 1.

n—oo

2.2.24. Dé dang nhén théy rang any1 = 1 +b-+ ... +b""1 4+ b"a. Do véy

1 1 n 4t
ny1 = I—_b—i—(a—l—_b)b Vol b#l,
n+a vei b=1.

Do vdy néub = 1, a € R, day phdn ky téi +00. Néu b # 1 va a = %—b’ day
héi tu toi %—b Trong truong hop a # %—b va |b| < 1 thi day cing hoi tu tdi
%—b' Trong cdc truong hop con lai day la phan ky, c6 nghia la néu b < —1 va
a # %—b’ thi day khéng cé gidi han hodc gidi han khéng hitu han, néu b > 1 va
a > %—b’ thi day phan ky téi +00. Cuéi cung néu b > 1 va a < %—b’ thi day
phén ky toi —oo.

2.2.25. Theo qui nap dé dang thdy cong thiic cia cdc phdn ti cua day thod
man. Ta gid st rang o > 3. Thi o = % va 0 = % Ngodi ra,

n n

g

«v

<Yar—pr<afl+

T lim }g}n =0, tacé lim ¥a, = a.

n—oo n—oo
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2.2.26. Dadu tién chii y rang by 11 = %, suy ra Qi1 —bpy1 = i(an —by)
diéu dé c6 nghia la day {a, — b} la cdp s6 nhdn vdi cong boi la i, do dé day
héi tu téi 0. Vi vdy ta chi cdn chi ra day {a,} héi tu . Gid st a < b, thi day
{an} don diéu tang va a,, < b, < b.Do dé né hoi tu, theo trén suy ra day {b,}
héi tu va lim a, = lim b,. Hoan toan tuong tu cho truong hop a > b.

n—oo n—oo

22.27. Taco

n -sé n-sé
a—i—aa—l—...—l—m:a(l—l—ll—k...—l—m)
=a(10" ' +2-10" 2+ ... +n-10°)
=a((1+10+...+10" ")+ (1+10+...+10"?)

+... 4+ (1+10) +1)

10”—1+10”—1—1Jr +102—110—1
9 9 9 9
10(10™ — 1) — 9n
=a .
81
Do dé, gidi han bing 2.

2.2.28. Chi y rang day {{/n} vdi n > 2 don diéu gidm, va gidi han ctia né
bang 1. Dé dang kiém tra rang
1

(Vi—1)" < (5) i neN

Do vgy lim (/n—1)" =0

n—oo

2.2.29. Do lim a, = 0 nén bat déu ti chi s6 ng nao do,

anl" < (2)". Do

. n—oo
do, lim a = 0.
n—oo
2.2.30. Pgt max{ai,as,...,ar} = ;. Chia cd tit v mdu cho a] ta dugec

oy P00 23T 4 et
n—o0 pral + peay + ...+ pka}g

|
&
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2.231.

(@) Cho € > 0 dit nhé sao cho q + & < 1. Thi tén tai ng € N sao cho

an+1

<q4+¢€ vd n>ng.

Qn
Do do
|an| < (q+)" ™lan,l, n>no.

Suy ra, lim |a,| =0, tiéc la, lim a, = 0.
n—oo

n—oo

(b) Cho € > 0 di nhé sao cho ¢ — € > 1 Do dé bat dau tiw mét chi s6' ny nao
dé |an| > (¢ — )" ™ |ap,|, ta lai c6 lim (¢ —e)"™™ = 4o00. Do dé,
n—oo

limy, o0 |an| = +00.
2.2.32.
(@) Chon € > 0 di nhé sao cho q + € < 1, thé thi ton tai ng € N sao cho
lan| < (¢ +¢)", n > ng, suy ra lim a, = 0.
n—oo
(b) Ta c6 |a,| > (¢ —€)" vdin > ny. Néu e > 0 di nhé thi ¢ — & > 1 va suy
ra lim (¢ —e)" = +00, do d6 lim |a,| = +oo.
n—oo n—oo
2.2.33. Dat a, =n“z", ta cé

1 o
lim 2L — Jim (n—i— ) r=z, 0<z<l

n—oo (U, n—00 n

Suy ra day héi tu vé 0 theo bai 2.2.31.
2.2.34. Xét phan ti thi a, cua ddy , ta cé

m-—n
n-+1

an+1

n—oo

Qp
Theo bai 2.2.31 ta két lugn rang dday hoi tu vé 0.

2.2.35. Gid st |b,| < M véin € N. Vi lim a,, = 0 nén vdi moi £ > 0 tén

n—oo

tai ng € N sao cho |a,| < 47 vdi n > ng. Tw do suy ra
lanb,| <€ véi n > ng.

Do dé lim a,b, = 0.

n—oo
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2.2.36. Khoéng gidm tong qudt ta gid thiét rang a < b. Xét a < b, chon
€ > 0 du nhé sao cho a + € < b — &, theo dinh nghia gidi han cua day suy ra
ap, < a+e<b—e < b,vdindilén Dodsmax{a,, b,} = by, va tw dé suy

ra

lim max{a,, b,} = hm b, = b = max{a, b}.

n—oo

Néu a = b thi vdi moi € > 0 tén tai ng sao cho vdi moi n > ng ta déu cé
la, — al < eva |by —b| < ¢, tic la

| max{a,, b,} —a| <e.
Tic la ta da ching minh dude rang

lim max{a,, b,} = max{a, b}.

n—oo

2.2.37. Vi lim a, = 0 vdi moi € € (0, 1) nén

n—oo

V1—e< 1 +a,< Y1+e véindilén.

Tw dé swy ra lim /1 4+ a, = 1.

n—oo

2.2.38. Dt xn = Y1+ an, tic 10i gidi bai trén ta dwoe lim x, = 1. T dé
n—oo
suy ra

. Yl+a, —1 Cox,—1
lim —— m

n—00 Ay, n—oo Tp — 1

2.2.39. Theo bai 1.2.1 ta c6

(\/ a +az + +p_1>
(1) (\/ 1+ ) ..<1+“—;)—1)

= ¢/t a)(nta)- ... (nta)—n
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Hon nua theo bai 1.2.4 ta co

gn(V(H%) (H%).....(H%)_l)

(2)
Zaiaj
P a a ... ta i<j ap-ag-...-a
—n |yt aat +p+<j2 4o P
n n np
D aia;
§a1+a2+...+ap+i<j +”.+a1.a2.,_.1..ap
p np pnp

T (1) va (2) cung vdi két qua bai tdp trén ta suy ra gidi han can tim la
aitaz+..4ap
-

2.240. Chu vy rang

n+1 1 1 1 n+1
< + +...+ < .
Vn24+n+1" Vn24+1 Vn2+2 Vn2+n+1~ Vn2+1

St dung nguyén ly kep ta suy ra gidi han can tim la 1.

2.241. Ky hiéu a la gid tri lon nhét cia cdc s6 ay,Qs, . .. ,Qp thé thi

a af +ay +...+ay
<y <a.
/P p

St dung nguyén ly kep ta suy ra

n n n
. N e L
im = a = max{ay, az,...,a,}.

n—oo p

2242, v

17,1999 17,1999
1 < {/2sin? + cos? < V.
n+1 n+1

Suy ra

, 7199 11999
Y A
lim {/2sin® —— + cos? =1

n—00 n—+1 n+1
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2.243. Su dung nguyén ly kep doi vdi cdc day duoc
1 < (14 n(1 + cosn)) T < (1 + 2n)FFawm,
Ta can chi ra rang

(%) lim (1 + 2n)Zemmms = 1.

n—oo
diéu nay duoc suy ra ti cdc bat d‘c%ng thie kep

1
n

1< (1+n(1+ cosn))zmsr < (1+2n)
Do dé gidi han can tim la 1.

2.2.44. St dung bét ding thic lién hé giita trung binh céng, nhan va didu hoa
(xem 1.2.3) véi x > —1 ta duge

€T 2 14+2+1 €T
1+ = <JVAd+a)l=1+z< ——""°"—14+=,
24 H%CH— ( ) - 2 2

Dat © = nﬁg, k=1,2,... nva thay vao bdt ding thitc réi cong vé vdi vé clia
cde bt dang thie duoc

)

k=1 n k=1 k=1
Hon nua
“ k n(n + 1) 1
v . =
2’112 4’112 n—oo 4
k=1
va
n k n n
= 1 1 1
P 22kk222 k:2n2<n2+) N
k:12+n_2 1 n- + n +nk:1 (n —|—n>n—>oo

Tw do cung vdi (%) va nguyén ly kep suy ra

- k 1
li 1+—=—-1) =-.
nafﬁo;<\/ o ) ;
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2.245. Chung ta li ludn tuong tw nhu l0i gidi trong bai trude. Lay © > —1.
Theo bdt d‘c%ng thice lien hé gita trung binh céng, nhan va diéu hoa ta cé
T 3 l+z+1+1 T

1 _ ltoll<-——2r 7 4.7
N —+1+1— V({1 +2) 3 3

Y k2 p
Vii v = 5, ta ¢
n

k:13+2n_3 n k "

Hon nua

K nn+1)(2n+1)
_— = —
— 3n3 18n? n—oo

Va
n k2 n 2 n
k2 k 1 ,
§ n — > § k
k2 3 2 — 3 2
3428 3ns + 2k 3ns + 2k —

a(n+1)(2n +1) 1
% —.
6(3n% +22) n—o 9

nén tir két qud trén cung vdi (%) va dinh li gidi han cua cdc day bi kep, ta cé

1
1 — —1
> (\/ : ) o
2246. Rorang, lim Var=1véi k=1,2,...,p. Vivdy, ta cé
1< g
lim (—Z{‘/ak> =
2.247. Vo’znodulo’nvavo'zn>n0,ta000<a+ <a+ - <1Vzvay
n—1 k 1\"
1 1—(a+1) 1
lim a+— ) = lim = .
S O R

2.2.48. Bt ding thicc hién nhién ding véi v = 1. Gid sz x > 1. Dé tinh gidi
han, ching ta dp dung qui tdc kep cdc day.
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Chung ta co

0<(Yr—1)?= Va2 -2z +1.
Vi vay
(%) 23/z —1)" < (Va2)" = 2°.

Hon nua

i () (e (5 0)

Stz dung bét ding thicc Bernoulli, ta c6
" 5 2 1
(%) QRYVr—1)">2*(1+n — - —=—1
n _ 1 2
e (1 _ n@) .

S

Ciing st dung bdt d‘c%ng thiee Berrnoulli, ta co
r=r—1+1)">1+n(Yzr—1)>n(Jr-1).

Hé qua la
2
2

(Vo —1)" <
n
Vi vdy, theo (%) ta co
2
(% * %) (2{75—1)”>:c2(1—x—)
nvx?
K&t hop (%) va (* * %) vdi qui tdc kep cdc ddy, ta thdy

lim (2¢/z — 1)" = 2%

n—oo

2.2.49. Tuong tw nhu l0i gidi cua cde bai trude , ching ta cé thé thiét lgp cdc
bat dang thite sau

(2¢/n—1)"

1>7>1_RM
- n2 — nn2 .

Tw do suy ra
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DPé két thic, chii y rang vdi n > 3,

—1)(n—2
n= (-1t 200D gy
Vi vay
0<n(yn—1)*< i :
<n({Yn—-1)°<n ECEE
Do do,
lim n(/n —1)* = 0.
2.2.50.
(@) Ta co
arctan(n + 1) arctan(n + k)
an+k—an|=T +T

s 1 1 T
<olgmr T T ow ) <o
Véi e > 0 bdt ky ldy no = [logy = — 1]. Khi dé6 vdi bt ky k € N va
n > ng ta co |an+k — an| < e. Vay {an} la mot day Cauchy.
(b) C6 thé chi ra bang qui nap rang 4™ > n* véi moi n > 5. Vi vdy
! + ! + + !
(n+1)2  (n+2)? (n+ k)2

|an+k - an| <

Hé qua la,

|an+k_an|

< ! +o 4 !
nn+1) (n+1)(n+2) (n+k—=1)(n+k)

1 1 n 1 1 n N 1 1

n n+1l n+l n+2 n+k—1 n+t+k
1 1 1

=—— <—<e¢
n n+k n

vdi bt ky k € Nvan > [1].
(c) Ta co
| | T S !
Qop — Qp| = — — = —.
? on ' 2n—1 n+1~ "2n 2

Diéu nay chitng toé a, khong la day Cauchy.
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(d) Ta co
|an+k_an|
1 n+k—1 1 n+k—2 —1)"
| =D G (D
m+k)n+k+1) (n+k—1(n+k) (n+1)(n+2)
1 1 1
+ + -+
“(n+k)n+k+1) (n+k—-1(n+k) (n+1)(n+2)
1 L1 Lo, 1
T n+k n+k+1 n4+k—1 n+k n+1 n+2
1 1 1

— < <
n+1 n+k+1 n+1 c

vdi bat ky k € Nvan > [+ —1].
(e) Ta co

|an+k_an| S M(|q|n+k+ |q|n+k—1+“.+ |q|n+1>

n+1 1 — k M
:M(|CJ| ( |Q| )) < |q|n+1 <
1 —|q| 1 —|q|

) 1y (=labe
voi bat ky k € Nvan >ng= |—%— —1].

In |q]
() Ta co
2n +2n—1+ . n+1

(op — Ay = R
? (2n+1)2 " (2n) (n+2)2

2n 2n? 2
>n > = —.
T (2n+1)2 7 3n)2 9

Do do {an} khong la day Cauchy.

2.2.51. Tw diéu kién da cho ta cé

|ntk — Q| = |Ansk — Qngk—1 + Qpik—1 — Qnyk—2 + -+ Apy1 — Gy
< AM|@ntk—1 = Anip—a| + |Anpr—2 — app—s| + -+ + [an — @n])
<A+ N A ) a — ape

< WP N N XA R ag — a

B )\n_l(l o )\k>| B | _ )\n—l
D N Y

|az — a1
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ln( e(1—=X)

—) .
";1217;1‘ va vdi moi k € N

Do dé, vdi bat ky € > 0 cho trude, véi n > [1 +

ta co |an+k — an| < €.

2.2.52. Vi{S,} héitu nén néla day Cauchy. Chiing ta sé chiing minh {Ino,}
cung la day Cauchy. T bat d‘c%ng thie trong 2.1.4,1 ta co

1 1
lnan+k—lnan:ln(1—|— )—l—---—i—ln(l—i— )
Atk Ap+1

_l’_ P _l’_
An+k An41

<

<€
vdéi k € Nva n du lén.
2.2.53. T két qua trong 1.1.23, ta cé

Rn—i—k - Rn
= (Rn+k - Rn+k—1) + (Rn+k—1 - Rn+k—2) + -+ (Rn+1 - Rn)

=(—1)”((_1>k_1 R S S )

An+k—19n+k An+k—29n+k—1 qn+19n+-2 qnqn+1

Do dé, vi day {q,} don diéu nén q, > n (xem l0i gidi ctia bai 1.1.24), ta c6

1 1
<

|R7’L+k‘ - RTL| S = 9
n+19n n

2.2.54. Goi d la cong sai ciia cdp s6 cong da cho . Trude hét ching ta gid s

d ;é 0. Khi do
1 - (1 1 ) 1
ApQk+1 N aj, Af+1 d

i (1 1 1 ) 1
lim [ — 4 — 4+ -+ = .

Do do

“ e ) — +OO
aiaz asa3 ApQn+1

2.2.55. Goi d la cong sai ciia cdp s6 cong da cho . Trude hét ching ta gid s

d#0.Vi
1 Vg1 — Jag
Vg + /a1 d ’
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1 1 1 1 1
lim—( T +--~+—):_.
n—oo \/n \ /a1 + /a2  \Jas+ /a3 Van + /A1 Vid

Vi d = 0, cdp s6 cong la moét day hang, vi viy gidi han bang +oo.

2.2.56.

(a) Theo bai 2.1.38, ta co

1 n 1 n+1
1+ — <e< |1+ -— .
n n
Vi vay

(%) 1<n({‘/§—1)<n<(1+%)1+%—1>.

Su2 dung bat d‘c%ng thite Berrnoulli (xem 1.2.4) chiing ta c6 thé chitng minh

1
1\ " 1
(1+—) <1+
n n-.

1\ M 1 1
n (1+—) 1) <14+ -+
n n n

Vi vdy, tie (%) va qui tdc kep cde day, ta cé

lim n({/e —1) = 1.

n—oo

Do do

(b) Vi n bat ky cho trude , ta cé

en +en -+ en B (e —1)en

n n(ew —1)

Do do, ap dung cdu (a) , ta co

1 2 n
en +en +---Fen
m

n—00 n
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2257, Tacé any1 — an = —p(ayn — an_1). Vi vdy

an=a+(b—a)+ (ag—az) + -+ (@, — an_1)
at+(b—a)l—p+p*+- -+ (=1)"p"?).

Néu b = athi {a,} la day hang héi tu dén a. Néu a # b thi day héi tu vdi dicu

kién |p| < 1, va gidi han cia né la a + II)_TZ'

2.2.58. Ta thdy
an + 20, cp+2

an + b,  cp+ 1

Cni1 =

Vi vy

V2 -1 1
|Cor1 — V2| = | o — V2] < (V2= 1)]e, — V2| <§|cn—ﬂ|-

Cn
Tw do, qui nap ta co

1
[ent — V2| < 2—n|01 - V2],

Diéu nay suy ra gidi han cia {c,} la V2.

2.3 Dinh ly Toeplitz, dinh li Stolz va ung dung

2.3.1. Néu tdt cd cdc s6 hang cia day {a,} bang a thi ti (i) ta c6 lim b, =
n—oo
a lim ¢, = a. Vivdy, chi can xét truong hop day hoi tu dén 0. Khi dé, vdi bat
n—oo

kym>1lvan>mtaco

n
E Cn kA

k=1

(*) |b, — 0] =

m—1 n
< lenkllarl + > lenil-lax]-
k=1 k=m

Ti sy hoi tu dén 0 ciia {a,} déan dén véi € > 0 cho trude, ton tai ny thod man

€
ap| < == vdi n > ng.
anl < 56 =
Di nhién day {a,} bi chdn bdi D > 0 nao dé. Ti (i) chiing ta suy ra ton tai ns

sao cho vdi N > No,
nyp—1

€
Z |Cn7]§| < ﬁ
k=1
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Tiép theo, ldy m = nq trong (%) ta cé

nyp—1

|b|<DZ|an|+ Z|cnk|< +_:

kn1

vdi moi n > max{ny,na}. Vivgy lim b, = 0.
n—oo

2.3.2. Sit dung dinh li Toeplitz véi cppy = .k =1,2,...,n.
2.3.3.

(@) Néu ¢y, 1, khong am thi (iii) dugc suy ra ti (ii).

(b) T diéu kién (ii) trong bai 2.3.1 ta suy ra Z Cnk > 5 vdz ndu ldn, n > ny.
k=
T sy phan ky cia {an} dén +00 suy ra vdz M > 0 cho trude, tén tai n,

sao cho a,, > 2M vdi moi n > ny.
Khéng mdt tinh téng qudt ching ta cé thé gid si tdt cd sé hang a, déu
duong. Ddt ny = max{ng,n;}. Khi dé

chkak—zcnkak+ Z Cn kO > chkak+M> M,

k=no+1

va do dé lim b,, = 4+00.

n—oo
2.34. Day la truong hop ddac biét clia 2.3.3 vdi Cpj, = %; k=1,2,....n.

2.3.5. St dung dinh li Toeplitz (2.3.1) vdi ), = 2 AT,
2.3.6. St dung bat ding thic lién hé gitta trung binh céng, nhéan va diéu hoa

(xem 1.2.8), dinh i cdc day bi kep va két qud trong 2.3.2.
2.3.7. dp dung bai trude cho day {%}

23.8. Néu b # 0 thi ching ta ldy c, ) = b"n¢ ta thdy cpj thoda man
diéu kién (i) trong 2.3.1. T 2.3.2 ta suy ra diéu kién (ii) ciing thoa man.Trong
truong hop nay két qua duoc suy ra tw dinh i Toeplitz. Néu b = 0 thi dat
Cnk = Hb”% thi ta thu dudc
a1 +bp) +as(I4+bpq) + - +an(l+b1)
lim =a
n—00 n

Do do, theo 2.3.2 ta co

. albn + a2bn—1 + -+ anbl
lim =0.

n—00 n
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2.3.9. S dung dinh li Toeplitz cho day {Z—:} vdi Cp = b1+b7k+bn

2.3.10. Si dung dinh li Toeplitz véi c,, ), = bl-f—bik—f—b

23.11. Véin > 1, ching ta ddt

Tp — Tn—1
p = ——, bn = UYn — Yn—-1
Yn — Yn—1
va dp dung két qud trong bai trudc.
2.3.12.
(a) Trong 2.3.10 chiing ta ddt x, = 1 + \}5 + e+ \/Lﬁ, Yn = /N va chitng

minh gidi han bang 2.

() Dt
2 n

a a
xn:a+_+"'+_7 yn:
2 n

an—l—l

n

Bat ddu tir mét gid tri nao dé ctia chi s6'n day {y,} ting thue sw. T
2.2.31 (b) ta thdy lim y, = +o00.
n—oo

Vi vay

i n N a? R a” 1
im a+—~+--4+—| = )
n—oo qntl 2 n a—1

(¢c) Chiing ta c6 thé dp dung dinh li Stolz (xem 2.3.11) cho cdc ddy

k+1)! k+n)!
PRV Ut L Gk

_ k=1
1! PR 7/’7/! , yn_n 3
Ta co
n— Ty . 1 ARER k
Pl BN (n—irk)(n—l— ) (n+k)
%o Yp — Yooy nmso  mFHL— (p— 1)FH
I P e R (C (R
1
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() Dit Ty = =+ + Z=, Yo = V/n. Khi do

1 1 1
Tp — Tn—1 V2on V2n—1  n—1
lim = lim
n—00 Yy, Yn—1 n—00 \/ﬁ —+/n—1
1 1 1
= lim (vV/n++vn—1 + —
n—>0<>(\/— ) (\/Qn V2n —1 \/n—l)

. 1 n n n +\/n—1+\/n—1 1
= lim | — _— — —
n—oo \ 1/2 2n —1 n—1 2n 2n —1

T dé , dp dung dinh i Stolz ta cé gidi han la 2(\/5 —1).

(e) Pt v, = 1% + 28 + .+ nF va y, = n*TL, ta thay

Ty — Ty nk 1

Yn — Yn-1 B nktl — (n_ 1>k+1 7’:0 k+1

Tz ddy, ta cé cdc diéu kién can dé dp dung dinh li Stolz.

(f) Stz dung dinh i Stolz, ta co

o 141-a+2-a*>+...+n-a” 1
lim
N—00 n,an—l—l

(g) S dung dinh Ii Stolz cho cdc day

T, = (E+1)(1" + 28 + 0% =0 va gy, = (B + D)0k

Khi do

Ty — o1 (k+ Dk —nktt 4 (n — 1)k

1
Yn — Yn-1 B (/f + 1)[n’“ — (n — 1)k] r:o 5

2.3.13. Su dung dinh li Stolz trong truong hop

a9 Ay,
Tpn =01+ —F—=+ "+ —F va Y, =VN.

Ta thdy rang

an
lim

1 a9
- a+_+...+— :20/
woﬁ(l V2 ﬁ)
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2.3.14. Trong dinh li Stolz ching ta ddt x, = Qpt1 VA Yy = N.

2.3.15. Si dung phép bién déi Toeplitz déi vdi truong hop {a,} véi ¢ =
1 A
Sn=kTT, ta thdy

. an Ap—1 aq
1 <_ ) — 2.
nl_)rglo 1 + 5 + on1 a

2.3.16.

(a) Stz dung phép bién doi Toeplitz cho {a,} vdi

1
T 1K) mt2—k)

ta c6 thé ching minh rang

lim a—n—i—an_l +7a1 =a
n—oo \ 1.2 2.3 nin+1))

(b) Tuong tw nhu cdu (a), ching ta dp dung phép bién doi Toeplitz cho {an}

e —1)n—k P . > . . .
VoL Cp ;= %( 2n)_k va chitng minh rang gioi han la %a.

23.17. Dat a, = (Zk) Pé dp dung két qud cia bai 2.3.7 , chiing ta cdn tinh

An41

lim .Ta c6

(mh) (nk + 1)(nk +2)...(nk + &)
(" (n+D)(nk—n+1)(nk—n+2)..(nk—n+k—1)

s k
Do d6, gidi han bing (,ﬁ_’;ﬁ
2.3.18. Lay a, la cdp s6 cong vdi cong sai d > 0. Ddt

n"(aj...ap)
(a1 4 +an)"

Cp =

Khi do

Cn ap +as + ...+ angy %

 2ap41 201+ (n—1)d\"
Coa+ Gnt1 2a1 + nd

Cntl (n 4+ 1)api ( 7a1+'ﬁ'+a" )n

— 2¢7 L,
n—oo

Stz dung bai 2.3.7, suy ra gidi han bang 2" Néw d = 0 thi gidi han la 1.



178 Chuong 2. Day s6 thuc

23.19. T b, = 2an + apn_1, an = 2781 44 g, = 212022 4 66

2 2
2bn_bn—1 +an—2

a, = 5 . Thuc hién qud trinh nay n — 1 lan ching ta thu duodc

2, = 272, g 4 (—1)P 22N, (—1)" Ny
- o .

Qn

Khi dé, theo 3.3.16 (b) ta ¢c6 lim a,, = Lb.
n—oo 3
2.3.20. DBdt ¢, = (a1a9...a,)"" . Khi dé

Cnt1
Cn

1
=(1+ 5)’””(71 + 1)%ap11 — €a.

n—oo

Vi vay, theo 2.3.7, lim n®(ajas...a,)n = €

n—oo

= era.
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2.3.21.

(a) Chiing ta dp dung dinh li Stolz cho day x, = 1+ % + ...+ % va Yy, = Inn.
Diéu nay dan dén

Tp — Tp—1 1 ]

Yn — Yn—1 In (1 + ﬁ)n n—oo

Béivi lim In(1+ )" = 1, diéu nay dan dén bt ding thite (1 + 1)" <
n—oo
e<(1+ %)”‘H (xem 2.1.41).
(b) Gidi han la & (xem 10i gidi cau a).

2.3.22. Chiung ta dp dung dinh li Stolz cho

aq a9 a
Tp=—+—+..+— va y,=Inn.
1 2 n
Hé qua la
Tp — Tn—1 o Qp

— Q

o= Y1 (14 Z)n nooe
2.3.23. Su dung két qud trong bai 2.3.7.
(@) 1,
@) e 2,
(c) e 2,
(@) e,

(e) Ta co

/n e voi k=1
lim vn = oot
n—oo /) 0 vei k>1.
2.3.24. Su dung dinh Ii Stolz (xem 2.3.11),

Z ag

k=1 i An+1

I = lim —mfL
nose Inm neso In(l 4 2)ntt

= a.
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2.3.25. Dé dang chi ra rang

a; =Ay, ay=2A2— Ay, a,=nA,—(n—1A4,1, n>2.

Vi thé
2% sAIF A+ .+ 1A, 4+ A
lim =L — g 22 T82 T Pntn] .|
n—oo INnN n—00 Inn '

¢ day dding thite cudi cung duoge swy tie bai trude.

2.3.26. [O. Toeplitz, Prace Matematyczno-Fizyczne, 22(1991), 113-119] Ldy
{an} la ddy c6 cdc s6 hang ctia né déu bang 1. Khi dé6 lim a, = 1 va b, =

n—oo

n n n

Y Cpgar = Y. Cpr-Dodo 1 = lim b, = Uim Y ¢, . Vay (ii) duge chitng

k=1 k=1 n—00 n—o0 f o)

minh. Ldy {a%’“)} la day ma s6 hang thit k bang 1 va cdc s6 hang con lai bang

0. Khi d6 lim @i = 0va 0 = lim b, = lim ¢y Vdy () cing duge ching
n—oo n—oo n—oo

minh. Gid st (iii) khong ding, lic dé vdi bat ky C > 0 ton tai nc sao cho
nc
Y len. k|l = C. Thue té; véi C' > 0 cho trude ton tai vo sé n.. Lay n la sé’
k=1

ny
duwong nhé nhdt thod man > |cn, x| > 10?. Ching ta dat ny s6 hang ddu tién

k=1
cta day {a,} nhu sau

SgN Cpy ) = SEN Ay va  |ag| = 0
Khi do

n1

ni 1
bm = Zcm,kak = Z E|Cn1’k| > 10.
k=1

Theo (i) ton tai ng thod man

n

Z len k] <1 wvéi n > ny.
k=1

Hé qua la

ni 1
E Cny k| < E Vel N> Ny.
k=1
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ns
Ldy s6 nguyén nhé nhdt ny thod man ne > max{ng,ni} va Y. |cn,x| >

k=1
10 + 1 + 10, cde s6 hang tiép theo cia day {a,} duge xdc dinh bang cdch dit
1 N
SgN Cpny ) = SEN AR va  |ag| = 10 voi np+1<k<ns.

Khi do

E Cng,kak—g Cny k Ok + E Cno kK

k=ni+1
1 &
= Z Cny kQk + 102 Z |Ca |-
k=1 k=n1+1
Tw do suy ra
1 1 4 9
by, > +— (10" + 1+ 10 — 1) = 10~

10 102

Chung ta xay dung qui nap day {a,} vdi cdc s6 hang c6 chi s6'ti ny—1 + 1 tdi

ny bang 10% hodc day bién doi b, thod man

10k;
bn, > 108 véi k=1,2,3...

Khi dé, day a,, héi tu dén 0 trong khi day bién doi by, c6 mét day con by, phdn
ky. Diéu nay mau thudn vdi gid thiét. Vi vay (iii) ding.

24 Diém gioi han. Gidi han trén va gioi han
duoi
24.1.

(a) Trudc hét, chung ta sé chitng minh cdc day con cé cung gid tri gidi han.
Gia s lim ag, = a, hm Gok+1 = bva lim ag = ¢, Khi dé lim ag, =

n—oo n—oo n—oo

a = cua hma6k+3—b—C.Tu’dosuyraa—b—C. Vi € > 0 cho
n—oo

trude ton tai cde s6 nguyén duong ki va ko sao cho

lagk — al <e, vdimoi k> ki,

|a2k_1 — a| < &, vdimoi k > ko.

Vivdy |a, — a| < € véi moi n > ng = max{2ky, 2ks + 1}.
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(b) Khong. Ldy {a,} la ddy duwoe xdc dinh béi a, = (—1)". Khi d6 lim agy, =
n—oo
1, lim aggy1 = —1. Nhung lim a, khéng ton tai.
n—oo

n—oo

Bay giv, ldy {a,} la day duge xdc dinh nhu sau

0 neun=2"k=0,1,2,..

Ay = . .
1 néu nguoc lai.
Khi do, limy_.oo asxy = 1 va limg_oo aokr1 = 1, nhung limy_. asg = 0
khong tén tai. Hién nhién, ddy {an} phén ky.

Cuéi cung, xét day sau:

0 néu n lasé nguyén to,
Ay = . . .
1 néu n lasé hop to.

Véi day nay ching ta cé lim asy = 1va lim asp = 1, nhung lim a1
n—oo n—oo n—oo

khong tén tai, bdi vi day {ask+1} chita mét day con gém cdc s6 c6 chi s6
nguyén té va mét day con gém cdc s6 cé chi s6 la hop s6. (Chi y rang
c6 vo s6 nguyén to6. Nguoc lai, néu py,pa,...., Pn la cdc s6 nguyén to,
p1 < p2 < ... < D, va khong ton tai mot s6 nguyén té nao ldn hon p,
thi p1.p2...pn + 1 > p, cing la s6 nguyén té, béi vi né khong cé udc sé
nguyén té nao ngoai né va 1. Vay, diéu nay mdu thudn vdi gid thiét.)

24.2. Khong. Goi{ay} la day duge xdc dinh bdi

0 néu n languyén to,
A, =
" 1 néu n la hop sé.

Khi dé, moi day con {as,},s > 1,n > 2, la day hang, do dé né hoi tu. Day
{a,} phan ky (xem 10i gidi cia bai 2.4.1 (b)).

24.3. Rorang, S, US,U...US, C S. D¢ chitng minh bao ham thicc nguge
lai, ta gid st x ¢ S, US, U ... US;. Khi do, ton tai cdc s6’duong €p, €y, ..., Es
va cde s6 nguyén duong ny, Ny, ..., N sao cho

|z —ap,| > ¢ep, voimoi n > n,,

|z — ag,| >¢eq, véimoi n>ny,

|z — as,| > €5, vdimoi n > ng.
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Dat € = min{ey, g, ..., €5} va m = max{Pn,, ny; .-, Sn, }, ta thdy [T — a,
vdi n > m, diéu nay dan dén x khong la diém tu ctia day {a,}. Vay

SCS,US,U..US,.

Néu moi day con {ay, },{aq,}, ..., {as,} hoi tu dén athite S = S,US,U...US,
ta suy ra {a,} hoi tu dén a.

244. Khong. Lay {a,} la day duge xdc dinh bdi cong thiic

0 neun=2%k=0,1,2..,
A, =
" 1 cdc truong hop con lai.

Mot day con

{a2k—1}7 {a2(2k—1)}7 {a22(2k—1)}7 cees {a2m(2k—1)}7
héi tu dén 1, trong khi day {a,} phan ky.

24.5. Gid st day {a,} khong héi tu dén a. Khi do, tén tai € > 0 sao cho vdi
moi s6 nguyén duong k tén tai ny > k thod@ man |a,, — a| > . Néu ching ta
gid s ny, la s6' nhé nhdt ciia nhitng s6 trén thi day {ny} don diéu ting. Hon
nia, lim ny = +o00. Ta thdy day {an, } khong chia ddy con héi tu dén a, diéu

n—oo
nay mdu thudn vdi gia thiét cia ching ta. Vi vdy {a,} héi tu dén a.

24.6.

(@) R6 rang 1 la diém tu duy nhdt cia day. Vi vdy S chi gom mét diém,

S = {1}.

(b) Tacé azp = 0, azpr1 = 1, asgr2 = 0. Vivdy, theo bai 2.4.3, tdp S cdc diem
tu ctia cdc ddy nay c6 hai phan ti, S = {0, 1}.

(¢c) Ta co
1 22k+2 +1
Vivdy S = {0, 2}.
(d) Ta co
2In(6k) + In(2k) In(2k + 1)
a = a = — -
. In(4k) v R T 22k 1 1)

Vivay S = {1, 3}.
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(e)
agr, = 1, agr1 = (0,5)% agrie = (—0,5)%2,
akis = —1, agpra = (—0,5)% agris = (0,5)5%F5.
Vivagy S = {—1,0,1}.
6]
2 1 4
arr =0, Ark+1 = - A7k+2 = 7 A7k+3 = 7
1 2
A7k+4 = ?, A7k4+5 = ?, A7k+6 = ?-
Vivdy S = {0, %, %, %}
24.7.

(@) Ldy o = g,p € Z,q € N, g day p,q nguyén té cung nhau. Khi dé

l l l l
s B[] -2

Gdayl=1,2,..,q—lvar="2— [%’}.Dod&

- (- -] o5 52}

(b) Chiing ta sé chiing minh moi gid tri thue x© € [0,1] la diém tu cia day

{na — [na]}. Theo bai 1.1.20, ton tai p, € Z va q, € N sao cho 0 <
a—2 < L Ty lim g, = +00 suy ra lim (g, — pn) = 0. Ldy
n—oo

qn n n—00

x € (0,1) valdy € > 01la s6'nhé nhdt thod man 0 < v —e < x+¢ < 1.
Gid sw ny la s6’ lén nhét thoad méan

1
O<aqn1—pn1<q—<5.

n1

Khi dé ton tai ng € N thod man
(%) No(QGn, — Dny) € (x — e, 2+ €).

(xem 10i gidi ctia bai 1.1.21). T (D suy ra [noQqn, — Nopn,] = 0, hay
tuong duong vl NopPn, = [nOOéqm]' Nhv vay nocqn, — [noaqm] la mot
$6 hang ctia ddy da cho thuéc khodng (x — e, x + €), diéu nay c6 nghia x
la mét diém tu cua dday da cho.
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(c) Trude hét, chiing ta gid st « la mot s6 hitu ty trong khodng (0,1). Ldy o =
g, 0 ddy p, q nguyén t6 cung nhau va p < q. Khi d6 Qopq = Q2kg+q = 0,
va

l
Qg = Sin o véi 1=1,2,..g—1,q+1,..,2¢— 1.
q

Do do

2 —1
S = {O,sin m,sin ﬂ, ...,sinu} .
q q q

Néu « € Z thi day la mét day hang. Khi o € Q\Z, ta c6 thé viét
a=lo)+(a—[a]) va a—][a]€(0,1).

Vi vy, sinnra = (—1)sin(a — [a])n7, va truong hop cé thé rit ra
tw truong hop noi trén.

(d) Lay t € [1,—1] la s6"cho trude bt ky. Khi dé, tén tai © € Ry sao cho

sinx = —t. Chiing ta chi can xét truong hop « > 0, bdi vi sin e la ham
16. Vi v la s6'v6 ty nén ton tai cdc day cde s6 nguyén duong {pn,} va {¢,}
sao cho

L lim (pn — gue).

o nl—{go Pn — Q4n 5

(Xem 10i gidi ctia bai 1.1.21). Vivgy x = lim (27p, — angqy,). Do dd, ti
n—oo
tinh lién tuc va tudn hoan cua ham sine, ta cé

—t =sinz = lim sin(27p, — arg,) = — lim sinang,.

n—oo n—oo
Tir d6 suy ra moi s6 thuc trong doan |—1, 1] déu la diém tu cia day.

2.4.8. Ching ta sé chiing minh rdang trong bdt ky khodng (a,b) déu ton tai it
nhdt mot s6 hang ciia day. T lim (v/n + 1 — /n) = 0 suy ra tén tai ng € N
n—oo
sao cho

Vn+1—3n<b—a, n>ng.

Ldy mg la s6"nguyén duong thod man Ymg > ¢/ng — a va ldy A = {n €
N : /n— ¢mo < a}. Tép hop A khong tréng (chdng han ny € A) va bi
chan trén. Dat ny = max A va ny = ny + 1, ta ¢6 Yny — Ymg > a va
Vng > a+ Ymg > Yng. Vivdy ng > ng. Do dé /ny < /ni +b—a <

Imo + a+ b — a, hay tuong duong véi a < ¥ng — Jmg < b.
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24.9. Su bi chin cua tdp tdt cd cde diém tu cia day la hién nhién. Goi S la
tap cdc diém tu cia day {a,}. Néu S hitu han thi né déng. Gid st S la tdp vo
han va ldy s la mét phdn ti cia né. Goi {s;} la day goém cdc thanh phdn cia
S duogc xdc dinh nhu sau: vdi S1 la mét sé cua S khdc s. Chon So thuéc S khdc
S va thod man diéu kién sau sy — s| < %|81 — 5|, va qui nap theo k, ta cé
|Ska1 — S| < sk — 8|, k41 # s

Déy {ay} nhu thé thoa man diéu kién sau

1
|sk—s|<2k1| —sl, keN
Ti s, la diém tu cua day {an} suy ra ton tai Qnp,k; Sao cho |ank —Sk| < 2,%1 S1—
S|. Do do

|any, = 8| < lan, = skl +[sk = 5| < =151 = 5],

1
k2
diéu nay ddn dén s la moét diém tu ctia day con {a,, }. Vivdy s € S.

2.4.10. Goi S la tdp tdt cd cdc diém tu ctia day {a,}.

(@) Day {a,} bi chin. Theo 2. 4. 6, S = {0, 1,2, 2}. Vivgy lim a,, = 0 va

n—oo

’7’7’7

lim a, = 2

n—oo 7

() Tacé S ={-1 1}, ciing vdi tinh bi chdn ciia ddy ta suy ra lim a,, =

n—oo

727 27
—1ve lim a, = 1.

n—oo

(¢c) Ddy khong bi chdn va tdp cde diém tu la réng . Vi vdy

lim a, = —00 wva lim a, = +o0.

n—oo n—oo

(d) Day khéng bi chdn trén bdi vi day con aoj, = (2/€)2k tién dén vo cung. Day
con vdi cdc chi sé'lé tién dén 0. Piéu nay chiing té

lim a, =0 va lim a, = +o0.

n—oo n—oo
(e) Day khong bi chdn boi vi Ggpr1 = 4k +2 — 400 va aqr13 = —4k —
n—oo
2 — —00. Hé quad la lim a,, = —00 va lim a, = 4+00.
n—00 n—00

n—oo
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(f) R6 rang day bi chdn. Hon nia,

2 2
S = {—e—\/?_,—e—l—\/?_,e—l,e,e—i—l}.

Suy ra

2 -
li_man:—e—\/?_ va lima, =e¢+ 1.

n—oo n—oo

@ lima,=1 va lima, =2.

n—oo n—oo

(k) Dy khéng bi chdn trén vi as, = 2°* — +00. Hon nita, S = {—1,1}.

n—oo
Vivgy lim a, = —1 va lim a, = +o0.
n—00 n—00
(i) Trudc hét, ching ta sé ching minh rang lim o = +00. Thdt vdy, dp
n—oo

dung dinh i Stolz (xem 2.3.11), ta co

1 Inn —1 —1
lim 27 g 2O D s ) = 0.
n—oo M n—00 n—n+1 n—00 n—1
Diéu nay chitng to rang
y L In(2k) — 4k
im = lim ——%——~ = —00.
e T N 2 k)

Do do, day {an} khong bi chdn dudi. Hon nua,

I I In(2k + 1) |
11m = 11Imn = 1.
n—o00 a2k+1 n—oo 11’12 —+ 11’1(2]{ + 1)

Véay lim a, = —oo va lim a, = 1.

24.11. Alp dung bai 2.4.7

(@ lim a, = minS = 0 va lim a, = max S, ¢ day

n—oo n—0oo

(- -] e 52}

®) lim a,, = Ova lim a,, = 1.

n—oo n—oo
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(¢) lim a,, = minS va lim a,, = max$S, ¢ day S la tdp tdt cd diem tu cia
n—oo n—oo

day duoc mé ta trong bai 2.4.7 (c).

@ lim a,, = —1 va lim a, = 1.
n—00 n—00
24.12.
(a) Néu tap hop S cdc diém tu ctia {a,} réng thi lim a, = —oc0 < A. Gid st
n—oo

S khong réng. Do S dong (xem bai 2.4.9)ta c6 supS = lim a, = L € S.

n—oo
Piéu nay duoc suy ra ti dinh nghia cua diém tu, tic la tén tai ddy con
{an, } héi tu dén L. Vivay, vdi bét ky € > 0 tén tai ko € N sao cho

L—-e<an <A véi k> k.
Do ¢ duoc ldy bat ky nén ta suy ra L < A.

(b) Néu day {a,} khong bj chdn dudi thi lim a,, = —oo < A. Do dé, gid
n—oo

st day {a,} bi chdn dudi , tic la, ton tai B € R thod man a, > B
vdi moi n € N. Hon nita, theo gid su, ton tai mot day ny,n > k,
sao cho ay, < A. Vi vay, theo dinh li Bolzano-Weierstrass (xem 2.4.30),
day {ank} chita mot day con hoi tu. Goi g la gidi han cua né. Khi do
B < g < A.Vivdy, tép S bao gom tdt cd cdc diém tu cia day {a,}
khong réng va lim a, = inf S < g < A.

n—oo

(c) St dung cdc li ludn trong chitng minh cua cdu (a).
(d) Phdn tich tuong tw nhu trong ching minh cdu (b).

24.13.

(@) Léy L = lim a,,. Gid si ring (i) khong thod man, nguge lai ta cé didu phdi

n—oo

chitng minh. Khi dé, ton tai € > 0 sao cho vdi bat ky k € Nthicon > k
thod@ man a, > L + €. Do do, theo bai 2. 4.12 (d), lim a,, > L+ ¢, diéu

n—oo
nay trdi vdi gid thiét. Gid si (ii) khong thoa man . Khi do, tén tai nhiéu
€ >0vak € Nsao cho a,, < L —cvéimoin > k. Theo 2.3.12 (a), ta cé
lim a,, < L — ¢, diéu nay trdi vdi gia thiét. Vi vdy, ta ¢c6 L = lim a,,
n—oo n—oo

Suy ra (i) va (ii).

Bay gio ching ta sé chiing minh diéu kién (i) va (i) suy ra L = lim Ay, -

n—oo

Tw (i) suy ra day {an} bi chan trén. Mdt khdc, tw (ii) suy ra ton tai ddy
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con bi chan dudi. Theo dinh li Bolzano-Weierstrass (xem 2. 4. 30), day
chita it nht moét day con héi tu. Vi vdy, tdp S gom tdt cd cdc diém tu
cia {a,} khong réng. Ching ta sé ching minh L = supS. Thdt vay,
néu s la mot phan t cia S, theo (i), s < L + . T tinh bdt ky clia
ta ¢6 s < L. Hon nita, tw diéu kién (i), ta thdy rang véi € > 0 bGt ky
tén tai mot day con cta day da cho héi tu dén 5 thoa man bat dang thic
L — ¢ < 5. Di nhién 5 € S. Trong truong hop nay su kéo theo thit hai
cung dugc chitng minh.

(b) Diéu nay duoc suy ra tuong tu nhu cau (o).
Bay gio chiing ta khdo sdt diéu kién can va du cho gidi han trén va gidi
han dudi vé han. Gidi han trén cia {a,} la +00 néu va chi néu day
khong bi chdan trén. Vi vdy,
(1) lim a,, = 400 néu va chi néu véi moi M € R va
n—oo

vdi moi k € N tén tai ny >k saocho a,, > M.

Gidi han trén cia {a,} la —00 néu va chi néu day bi chdn trén , bdi L,
va tdp cde diém tu clia né la réng . Vi vdy, ¢6 mot sé hitu han sé hang
ctia {ay} trong moi khodng bi chin [M, L]. Cho nén a,, < M véi tdt cd
n du lon. Diéu nay suy ra
(2) lim a,, = —00 néu va chi néu vdi moi M € R ton tai

n—oo

k € N sao cho véi moi n > k,a, < M.
Tuong tu ta co

(3) lim a, = —o0 néu va chi néu véi moi M € R va

n—oo

vdi moi k € N tén tai ny >k sao cho a,, < M,

(4) lim a,, = +00 néu va chi néu véi moi M € R tén tai

n—oo

k € N sao cho véi moi ny > ka, > M.

24.14. Ta chi chitng minh cho bat ding thite (a), vi (b) chitng minh tuong
tw. (a) hién nhién trong truong hop lim b, = 400 hodc lim a, = —oco . Néu

n—oo n—oo
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lim a, = +00, thi, ti viéc két hop diéu kién (4) trong loi gidi ctia bai todn
n—oo
2.4.13 véi bét ding thite a, < by, ta thu duge lim b, = 400 . M6t cdch tuong

n—oo

tw, néu lim b, = —o0, thi ti viéc két hop diéu kién (3) trong loi gidi cua bai
n—oo
todn 2.4.13 vdi bat dang thic a, < b,, ta thu duoc lim a,, = —00.
n—oo

Bay gio ta gia st ca hai gidi han déu hitu han va ddat

li_man:llvd ll_mbn:lg

n—oo n—oo
Chiung ta muén chitng minh 1 < ls. Gid st phdn chitng, |5 < l1. Chon ¢ > 0
du nhé dé' ly + e < |y — e. Khi d6 sé ton tai ¢ sao cho lo +¢ < ¢ < l] — €.
Tw (ii) cua bai todn 2.4.13(b), ta co bnk < ly 4+ ¢ < ¢. Mat khdc ti (i) ta cé
¢ < ly — e < ay. Do véy, trong truong hop riéng, ta c6 ¢ < an,, va tw dé bdt
dang thite by, < an, ding véi moi ny vo han, diéu nay trdi véi gia thiét cia
ddu bai.

24.15. Dat
lima, =1, limb,=1, lima,=L;, limb, = Ls.
n—00 n—00 n—0o0 n—0o0
Dau tién ta sé chiing minh
(1) lim (a, + b,) > lim a, + lim b,,.
n—oo n—oo n—oo

Gid st 11 va ly hitu han. Khi d6, theo bai 2.4.13 (b), vdi moi € > 0 ton tai ky
sao cho a, >l — € vdi n > ki, va tén tai ks sao chob, > ly — € vdi n > ko.
Do do ta co,

Ap + by > 11 + 1o — 26 v6i n > max{ky, k2 }.

Két hop vdi bai todn 2.4.12 (c), dan dén lim (a, + b,) > l; + lo — 2. Cho
n—oo

e — 07, ta thu duoc (1).

Néu l; hodc ly bing — 00, thi bat dang thite (1) la hién nhién. Gio ta sé chitng
minh mgt trong cdc gidi han 1y hodc ly bang +00, khi dé sé c¢6 lim (a,, + by,) =
n—oo
+00.
Gid su |y = +00, diéu nay tuong duong vdi diéu kién (4) trong l0i gidi cia
bai toan 2.4.13, tuc la

(x) vdimoi méeR tontai k€N saocho a, > M néu n >k
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Do ly # —o0 nén day {b,} bi chin dudi. Do dé, diéu kién (%) dugc thod man
bdi {ay, + by, }. Néi cdch khdc, ta ¢6 lim (a, +b,) = +00. Do dé bdt ding thitc

n—oo

(1) duoc ching minh.

Chitng minh cta cdc bat dang thite con lai tuong tu va ta sé chi dua ra chiing
minh trong truong hop gidi han hitu han. Theo bai 2.4.13, vdi moi € > 0 sé ton
tai mét day {an} sao cho a,, < li+ ¢ va ton tai ng thod man b, < Lo+ ¢ khi
n > ng. Diéu do ¢6 nghia la ap, + b,, < li + Lo + 2¢ vdi k du lén. Do vdy,
theo két qud 2.4.12(b), ta thu duge lim (a, + b,) < Iy + Lo + 2. Do e > 0

. n—oo
bat ky, nén ta co
(2) lim (a, + by) < lim a, + lim b,,.
n—00 n—00 n—0o0

Tuong tu, vdi moi € > 0 ton tai mot day {b,, } sao cho b,, > Lo —¢c va ton

tai ng thod man a, > ly — &, khi n > ng. Do d6 an, +bp, > 11+ Lo —2c vdi k

dii Ion. Do vdy, theo két qud 2.4.12(c), thu duoc lim (a, +by,) > Iy + Ly — 2¢.
n—oo

Do € ¢6 thé nhé tuy y nen ta rit ra két ludn

(3) lim (a, + by) > lim a, + lim b,,.

n—00 n—00 n—00
Hon nita, vdi moi € > 0 ton tai ki thod man a, < L1 + € khi n > ki, va tén
tai ko thoda man b, < Lo + €, khi n > ko. Do vdy

ap + by < Ly + Lo+ 2c v6i n > max{ky, ka}.
Két hop vdi két qua 2.4.12(a), ta ¢6 lim (a, +b,) < L1 + Ly +2¢. Do € ¢6 thé

n—oo

nhé tuy y nén thu duoc

4) lim (a, + b,) < lim a, + lim b,.

n—oo n—oo n—oo

Bay gio ching ta sé dua vi du vé cdc day {a,} va {b,} sao cho cdc bat ding
thice (1)-(4) thod man. Xét

(0 néun =4k,
)1 néun=4k+1,
in = 2 néun =4k + 2,
(1 néun =4k + 3,

(2 néun =4k,
b néun =4k + 1,
" néun =4k + 2,
(0 néun =4k + 3,
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Trong truong hop nay, bt dang thiic trong bai todn cédang 0 < 1 < 2 < 3 < 4.
24.16. Khong. Chi can xét day {a"},m =1,2,3,..., bdi
m 1 néun=m,
B {0 néun # m.
Khi dé6 ta co
lim (a) +a24...)=1>0= Ma;Jr?@OaiJr...

n—oo n—oo

m —1 néun=m,
a, =

0 néun#m.

Dt

Trong truong hop nay thi

lim (a) +a2+...)=—-1<0= lima, + lim a + ...
24.17. bat

li_ma’n:lla li_mbn:l27 man:Lla Mbn:[Q

n—00 n—00 n—00 n—00
Chiing ta sé chi chiing minh béat ddng thic

(1) Ul < lim (anb,) <1 Lo.

n—oo
Cdch lam tuong tw cé thé dp dung cho cdc truong hop khdec.
Gid st 1y va ly dwong. Khi dé, ti két qud 2.4.13(b), vdi moi € > 0, sé tén tai

no sao cho
an >l —e, b, >1ly—cvédi n>nyg.

Tiép theo, apby, > l1lo—e(l1+1s)+&2 vdi € dit nhé dé'ly—e > Ovaly—e > 0. Do
dé, theo két qud bai 2.4.12(c), lim (a,b,) > l1la—e(l1 +13) +€%. Cho e — 0T,

n—oo

thu duoc

n—oo
Néw l; = 0 hodc ly = 0 thi bat dang thie (i) la hién nhién. Néu |} = +00 va
ly = 400 thi (theo diéu kién (4) ctia l0i gidi bai todn 2.4.13), vdi moi s6 duong
M é&n dinh trude, ta cé thé tim duoc ng sao cho

an > VM, b,>VM, véi n>nyg.
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Do d6 a,b, > M, c6 nghia la lim (a,b,) = +00.
n—oo

Gia st mot trong hai gidi han 11 va ly hitu han, gidi han kia hitu han va duong.
Khi d6 vdi moi 0 < € < ly va vdi moi M > 0, luén tén tai s6’ nguyén duong nyg
thod méan véi n > ng ta co

by >1ls—¢e, a, > .
l2—<€

Do vy anb, > M vdi n > ng. Cudi cung thu duge lim (a,b,) = 400, va bdt
n—oo

ding thite (i) duoc chiing minh.
Bay gio ta can chitng minh

n—oo
Néu ly va Lo hitu han, thi theo két qud bai 2.4.13, ta c6 thé tim duge day {ny}
thoda man a,, <l 4+ € va b,, < Ly + €. Do do

A bry < l1Lo +(ly + Lo) +&°

Do vay lim (a,b,) < lyLa + &(ly + Ly) + 2. Cho € — +00 ta thu duge (ii).
n—oo
Néu |y = +00 hode Ly = 400, thi bat ding thie (ii) hién nhién.
Bay gid chiing ta sé dua vi dy vé cdc day {a,} va {b,} sao cho cdc bdt ding
thitc déu thod man. Xét

(1 néun =4k,
B néun =4k + 1,
fin = 3 néun =4k + 2,
(2 néun =4k + 3,

(3 néun =4k,
b néun =4k + 1,
" néun =4k + 2,
(1 néun =4k + 3,

Trong truong hop nay, bat ddang thite trong bai todn cédang 1 < 2 < 3 < 6 < 9.

24.18. gid s lim a, = lim a, = ¢. Khi dé theo 2.4.13,

n—oo n—oo

(i) Vi moi € > 0 ton tai k € N thod man a, < g + € néu n > k; va
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(il) Vi moi € > 0 ton tai k € N thod man g — ¢ < a, néun > k.
Do dé g chinh la gidi han cta day {a,,}.

Mt khdc, néu lim a,, = g, thi (i) va (ii) trong bai todn 2.4.13(a) va (b) dugc

n—oo

thoa man véi L = gva | = g. Do vdy lim a,, = lim a, = g.
n—oo n—oo
Gid st rang lim a,, = 400, Khi dé khing dinh (1) va (4) trong loi gidi bai
n—oo
todn 2.4.13 la hién nhién. Néu lim a, = lim a, = 400 thi diéu kién (4)
n—oo n—oo
tuong duong vdi lim a,, = +00. Ly ludn tuong tu duoc dp dung cho truong hop
n—oo
lim a, = —o0.

n—oo

24.19. Do 2.4.15, ta co

lim a, + limb, < lim (a, +b,) < lim a, + lim b,.

n—oo n—oo n—oo n—00 n—00

Mgt khdc, theo két qud trude, a = lim a,, = lim a,. Do vdy lim (a, + b,) =
n—00 n—0o0 n—00

a + lim b,,. Chitng minh cho bét ding thit hai hoan toan tuong ty nhu trén.
n—oo
2.4.20. St dung bat ding thic trong bai 2.4.17, ching ta cé thé dp dung
phuong phdp tuong tu nhu trong l0i gidi cia bai todn triude.
24.21. Chiing ta sé st dung két qud trong 2.4.13. Dit lim a,, = L. Khi dé

n—oo

cde didu kién (i) va (ii) trong 2.4.13 dude thog man. Nhén cd hai vé cia bét ding
thite (i) va (i) véi —1, ta thu duoc:

(i) Voi € > 0 bdt ki luon ton tai k € N sao cho vdi moin > ktaco —L — ¢ <
— 0y, VA

(ii) Véi € > 0 bt ki va vdi moi k € N luoén ton tai ny > k sao cho —a,, <
—L+e.

Tir 2.4.13(b) ta ¢6 -
lim (—a,) = —L = — lim a,,.

n—oo n—oo

Chitng minh ctia bat ding thite thit hai giong nhu trén. Trong truong hop gidi
han vé han, cén phdi dp dung cdc khang dinh (1)-(4) néu trong i gidi bai todn
2.4.13.
2.4.22. Ta sé dp dung bai todn 2.4.13. Pat lim a,, = L. do dé6 theo didu kién
n—oo
(1) va (ii) trong 2.4.13(a), ta co6
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(i) Voi ¢ > 0 bdt ki luon ton tai k € N sao cho vdi moi n > k ta cé a, <
L+ ¢eL? va

. .. . A . 2
(ii) Véi € > 0 bdt ki va vdi moi k € Niuoén ton tai ny > k sao cho L — 8% <
Ay, -

Gia st L # 0. Khi dé theo (1),

L1 1 L1
an  L+el? L L(L+el?) L

Gid sit 0 < £ < 7. Khi db theo (i)

L L el L
—_ > == 4+ —=— > — + .
an,  L—L L L(L-eL)” L

Cdc diéu kién trén dan dén (do 2.4.13(b))

1 1 1 1
im — = — = ——.
noooln L lim a,

Gio gié stz lim a,, = 0. Cho M > 0, Theo (i) trong 2.4.13(a), tén tai mot

n—oo

s6 tu nhién k sao cho a, < % vei n > k. Do dé é > M véi n > k, ma theo
khdng dinh (4) cta loi gidi 2.4.13, thi ¢6 nghia la lim é = +o00. Cudi cung

n—oo
gid su lim a,, = +00. Do dé vdi moi € > 0 va vdi moi k € N, luén ton tai
n—oo
nyg > k sao cho a,, > % (xem khdng dinh trong l0i gidi 2.4.13(a)). Bét ding
thie trén tuong duong voi QL < €. Dinhién suy ra —¢ < ai Do véy ca
nk: n

hai diéu kién trong 2.4.13(b) déu duoc thoa man déi vdi day {é} voi |l =0, c6
nghia la lim (% = 0. Chitng minh cho bt ding thicc thi nhét da hoan thanh,

n—oo "

bat dang thite thit hai chitng minh tuong t.

24.23. Tigid thiét ta rit ra 0 < lim a, < +o0o. Két hop ding thiic

n—oo

lim a, - lim — =1,

n—oo n—oo an

v0i cde két qua trude day ta suy ra

lim a, = = = lim a,.
n—o0o 1m — n—oo
n—oo 4

Do vdy, theo 2.4.18, day {an} héi tu.
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24.24. Gid st {a,} la mét day sao cho véi moi day {b,} thi ddng thitc ddu
tién dung. Xét b,, = —a,,. T 2.4.21 ta suy ra duoc

0= lim (a, + (—a,)) = lima, + lim (—a,) = lim a, — lim a,.

n—00 n—00 n—00 n—00 n—00
Tir d6, theo két qud trong 2.4.18, ta két ludn duoc day {a,} héi tu.
24.25. Gid st {ay} la ddy nhdn gia tri duong sao cho vdi moi day duong {b,}

thi ddng thic thi nhdt duoge nghiém ding. Ldy b, = i Do do, theo 2.4.22, ta
co

1=Ilm (a,.— | =lima,.lm [ — ) = lim a,. —
n—oo an n—oo n—oo \ Un n—oo llm an

Tir d6 suy ra cd hai gidi hann trén va dudi cia day {a,} déu duong va
lim a, = hm an Do dé day {a,} héi tu (theo 2.4.18).

n—oo
2.4.26. Hién nhién ta c6 /a, < lim /a,. Ta sé chitng minh hm va, <
n—oo
lim a;‘“ Neulim 2 = o0, thi bat ding thire hién nhién dung. Do vay, ta
n—oo M n—oo M
gia s lim a;‘“ L < +00. T dé véi moi € > 0, luén ton tai s6'k thod man
n—oo “n
An1 o
" L+ e véi n > k.
Qp
Do vay
a a Ap—1 Ak+1 _
no_ m Inml TR <(L+4¢e)"*
Qg Qp—-1 Ap—2 Qg

Tie d6 dan dén ,
Va, < Vap(L+¢e)n (L—i—g)

Do {l/ak(L—l—zE)_TlC — 1, nén

Yap(L +e)w F<l+e,
voi n du l6n. Ti nhitng két qua da biét ta rut ra
Va, < (14e)(L+e) =L+ (L+1)e+e°

véi n dii lon. Két hop véi 2.4.12(a), ta c6 m Van <L+ (L+1)e+e% Doe

n an+1 an41
c6 thé nhé tuy y nén hm va, < L = hm o . Dé chitng minh lim o <

n—0oo n—oo

lim /a,, chi cin dp dung 2.4.22 va bdt dang thicc vica chiing minh trén cho day

n—oo

{o:}
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24.27. DPdu tién ta chitng mink lim b, < lim a,. Gid st lim a, = L <

n—oo n—oo n—oo

+00 (néu L = +00 thi bt dang thic la hién nhién). Khi dé véi € > 0, tén tai
k € N sao cho a, < L + € véi n > k. Do vdy

Captaytootap Qg+ Fay

n

a1 +as+---+a k(L + varepsilon
- 1 2 ko ( p )+L+8.
n n

bn

Do Gataztotay k(L+e) 0, aitast-tap k(l;;f—e) < & Tw dé rut ra

n n n—00 n

b, < e+ L-+¢c vdin dilon. Theo két qud 2.4.12(w), da € cé thé nhé tuy y, ta thu
duoc lim b, < L = lim a,,. Chitng minh cho bt ding thie lim a,, < lim b,

n—00 n—00 n—00 n—00

hoan toan tuong tu.

24.28.
(a), (b) Chi can dp dung két qud 2.4.13.

(c) Bc%ng thitc khong dung. Pé chitng té diéu do, chi can xét cdc dday sau:

0 néun =2k,
Ay = .

1 néun=2k+1,
b, = néu n = 2k,

o

néun =2k + 1.
Khi do
0 = lim min{a,,b,} # min{m ap, lim bn} =1.

(d) Bc%ng thic nay cing khong dung, ta chitng té diéu nay bang cdch xét hai
day nhu trong cdu (c).

24.29. Gid st day {a,} thod man cé vé han s6'n sao cho
(1) véi moi k > n, ai < a,.

Cho n la hang ti dau tién ctia cde n thod man trén, no thi hai, v.v. Khi do
{ank} la mot day con don diéu tdng cua {an}. Madt khdc, néu day {an} khong
6 tinh chdt trén, nghia la chi tén tai hitu han n thod man (1), ta chon s6 tw
nhién my sao cho day {am,+n} khong thod man (1), Ldy ms la s6 tu nhién ddu
tién lon hon my sao cho Gy, > Q. Tiép tuc qud trinh nay, ta thu duge day
con{ay,, } cia {a,} la don diéu ting.
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24.30. Su dung két qua trén: mét day cé chita mét day con don diéu tdng va
bi chdan thi hoi tu.

24.31. Gid sz lim 2t = +00. Khi d6 theo 2.4.14(b),

n—oo “n

e 01t o A

lim = +00.
n—00 Qn,
Xet a
. 1
im 4 = 4 < +o0.
n— oo an
Khi dé, voi moi € > 0, ton tai k sao cho
(p41 .
(1) "t evdi on> k.
Qnp,
Noi cach khac,
a 1
(2) U vdi n >k

Apt1 a—+e
Do véy, vdi k di lon ta cé

ap+ -+ ap + apt S ag + -+ ap + app1

b, = =
Qp Qp
_ Gg ap—2 Op-1 X Af+1 an—2 Gp-1
k41 ap—-1 QAp k42 Ap-1 QAp
Ap—92 Ap—1 Ap—1 An41
=S + 14
Qp—-1 QAn Qnp, Qnp,

1 n—k 1 n—k—1 1 Uit
2( ) +( ) ot +1 4
a—+¢e a+¢€ a—+¢e A,

Néu 0 < o < 1, thi te bat ddng thite trén va 2.4.14(b) dén dén lim b, = +o0.

n—oo
Mt khdc, néu o« > 1, thi theo 2.4.14 (b) va 2.4.19 ta rit ra
. (L)n—k-i—l o e
(3) lim b, > o+ lim O"le o+ —-.

Trong truong hop o = 1 (¢ > 0 ¢6 thé tuy ¥) ta thu duoe lim b, = +00. Néu
n—oo
o > 1thi te (3) suy ra

1
> 4.

limb, >1+4+a+ =2+ (a—1)+ =
a_

n—oo a—1

4 la woc luong téi wu boi vi két qua nay dat duoc déi véi day a, = 2", n € N.
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2.5 Cdc bai todn hon hop

25.1. Gid s lim a,, = +00. Ddt b, = |a,|. Khi d6 b, < a,, < b, + 1. Do

bn 1 an bn+1

n—oo

vay

1+ !
b, +1 an
Do dé theo két qud trong 2.1.38 va dinh ludt kep giwa dan dén

) L\
lim (1 + —) =e
an

n—oo
Hon nua "
1 n
lim (1 — —) =
n—o00 (07%
bdi vi "
1 " 1
lim (1 — —) = lim = e L.
n—o00 a n—o0 1
: (1+35)
T dé dén dén
1\
lim (1 + —) =e, néu{a,} phan ky téi —oo.
n—0o0 an
=2 x #0.

2.52. Tacé thé dp dung cdc két qud da biét déi vdi day a,,

2.53. Do 2.1.39, 2.1.40 va 2.5.2, ta c6 (1 + £)" < e < (1 + )7 vgi
[ >x >0, €N. Do dé véi moi sé6 duong x va vdi moi s6 nguyén duong n thi
S <In(l+%) <fnéul>wx Liyn=1tacsIn(l +x) <zovdiax>0.

Bay gio dit | = [x] + 1. Khi dé6 ta c6
In (1 + E) >
n 2+

38

3|8

Do dé In(1 + ) > 57 vdi x > 0.
Xét f(x) =In(1+2z) — &, 2> 0. Ta cé

2
>0 vei x>0.

f'w) = (@1 )z +2)7?

Do vay
>f(0):0 voi x> 0.

f(a) =In(1 +z) — 2+—xx



200 Chuong 2. Day s6 thuc

2.54.

(@) Gid sz a > 1. Ddt a,, = {/a — 1. Theo bdt ding thiic 2.5.3, ta c6

%, 1
a < —Ina=1In(a, +1) < a,
a,+2 n

Do vdy ti dinh 1y kep ddan dén lim n(/a — 1) = Ina vdi a > 1 Chiing
n—oo

ta thdy ngay khdng dinh ding véi a = 1. P& chitng minh cho 0 < a < 1,
chi can dp dung lyludn trén cho é > 1.

(b) Bt a, = Yn — 1. Khi dé (a, + 1) = n. Do vdy theo 2.5.3 Inn =
nlin(a, + 1) < na,. Piéu nay dén dén lim na,, = +o0.

n—oo

2.5.5. Sudung dao ham ta chitng minh duoc véi x > —1, lf_—m <In(l+z) <
x. Do lim a, = 1, a, > 0 bdt ddu tir chi s6' n nao dé. Diéu dé din dén
n—oo
an—1

e <lna, = In(1+ (a, — 1)) < a, — 1. Chia hai vé bét dang thiic cho
a, — 1 va dp dung dinh ly kep ta thu duoc diéu phdi chiing minh.

2.5.6. Theo dinh nghia (xem 2.1.38), ta ¢6 ¢ = lim (1 + %)” Hon nia,

1\" n\ 1 n\ 1 n\ 1
I+=) =1+ )=+ (. )5+ -+ )=
n 1/n 2 /) n? n)nn
1 1 1 1 k—1
1l (1) = (1==). (1=
* +2!( n)+ +k!( n) ( n )

Do do
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Cho n tién ra vé cung ta thu duoc

(ii) e > a.

T (i) va (ii) dén dén gidi han ctia day {an} bang e. Hon nita

1 1

Qpym — Qp =

1 1 1

< — 71+ +
(n+1)!

1 n+ 2

< .
(m+1In+1
Giw n c6 dinh va cho m — 00, ta thu duoc

1 n—+ 2
e—ap <

Diéu nay két hop vdi (i) dén dén 0 < e — a, < —=

nn!’

CEE e

nt2 mr2z T

mn+DIn+1

1

(n+m)!

1

|

25.7. Ta biét rang (xem 2.5.2) ¢* = lim (1 + 2)", x € R. Voi v € R ¢6’

n—oo

dinh, dit a, = (14+ & + 2 + - +20). Ta ¢

n!

x
(n — (1"’"5)”

j=1
Do vay
© " k(k—1)|z]F 1
—(1+ 3" < — =
in <+n> T = 2n k! 2n

n—oo

(- (-0) - (5)

n
Do lim - /;2 (,fj';)! = 0 (dé dang dat duoc khi dp dung dinh ly Stolz, xem

2.3.1D), ta ¢6 lim a, = lim (1 + )" = e”.

n—oo n—oo
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258
(@) T 2.1.38, =g <In(1+ 1) < L. Véin>1tacs

n+1 1 1 1 2n
< —+ 4+ 4+ —<In .
n n n-+1 2n n—1

In

Do vdy két qud can chitng minh thu dudc ti tinh lién tuc cua ham loga
va ap dung dinh ly kep.

(b) Ta co
L + + ! < ! + + !
n+1 2n - \/n(n+1) V2n(2n + 1)
1 1
<_ PR _—
n+n+1+ +2n

Do dé ta thu duoc két quad tu (a).

2.5.9. Phan tich tuong tu nhu trong chitng minh bai todn 2.5.3, ta thu duoc

2
(%) x—%<ln(1+x)<:cvdi x > 0.

Dt b,Ina, = > In (1 + %) . T (%) suy ra,
k=1

Két hop véi cdce ding thie

n

ik:n(n—i-l) ZkQ_n(n—i-l)(Qn—i-l)
=1 2 ’

k=1 6
ta suy ra lim b, = % Cuéi cung tw tinh lién tuc cua ham loga suy ra duoc
n—oo
lim a, = +/e.
n—oo

2.5.10. Ta c6 thé chiing minh bang qui nap rang

an=n+nn—-1)+-4+nn-1--2+nn-1)---2.1
n! n! n! nl

B R TR TR TR
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Do vay

an, + 1 1 1
= lim = lim (1+ — — | =e,
voi ddng thiic cudi suy ra ti 2.5.6.
25.11. Tw25.6,
1 1 0, _
e=14+—+-+—=4+—,vé 0<6, <1
1! n!  nn!

Do vay 0 < nle — [nle] = 0" < =, dan dén diéu phdi chitng minh.

2.5.12. St dung bét ding thic trung binh lién hé gida trung binh céng va
trung binh nhdn, tinh don diéu ctia ham loga va bat d‘c%ng thuc ching minh
trong 2.5.3, ta thu dugc

—ln\/_<ln (\f+f) (2(\/5—1)+;({‘/5—1)+1)
<%((%_1>+<%_1))_

P& thu duoc két qud can chiing minh, ta chi cén nhéan cdc bat ddng thicc véi n
réi st dung két qud trong 2.5.4(a).

2.5.13. Luu y rang néu hma =a >0, th lim a, = 1.

TL—>OO

Gid st {a,} va {b,} la cdc day sao cho cdc s6" hang déu khac 1. T két qua
2.5.5,

nlna,
lim —— = 1.
(+) nbo n(a, — 1)

T gid thiet lim a) = a > 0 va t tink lién tuc cua ham loga dan dén

n—oo

lim nlna, = Ina. Do ds, tir (*),

n—oo

lim (a, — 1) = lim nlna, = Ina.

n—oo n—oo

Luu ¥ rang cdce dang thiic trén van ding néu a, = 1. Cuéi cung,

lim nlIn(pa, + gb,) = lim n(p(a, — 1) + q(b, — 1)) = Ina’b".

n—oo



204 Chuong 2. Day s6 thuc

25.14. Tacé apnyq — ay = —%(an — ay—1). Tiép theo ta c6

an=a+((b—a)+ -+ (an — Gp_1)

Cuéi cung tw 2.5.7, lim a,, =b— (b—a)e .
n—oo
2.5.15. Xét day {by}, vdi b, = oL, va dp dung phuong phdp giong nhw loi
gidi cua bai todn trén, ta di dén két luan a, = n!.
2.5.16. Theo nhu l5i gidi bai 2.5.14, Qni1 = o = —5=(an — an—1).
Do vay lim a, =2b—a —2(b—a)e™ .

n—oo

2.5.17.

(a) Ta co

" /1 1 1
n:3_ P
¢ Z(k k+1) (k+1)

k=1
_Zk+1—k+ g 1
—~ k(k+1)! = (k+1)(k+1)

=9 Zkk'+z k+1 +Z (k+ 1) k+1)

11 1
/? (n+1)(n+ 1)

TM+

Do vdy, theo 2.5.6, ta rut ra lim a,, = €.
n—oo

(b) Tw (a) va 2.5.6,

0<a,—€e< .
" (n+1)(n+1)!

Chu y. Mét diéu rat thu vi la day nay tién tdi e nhanh hon day xét trong bai
toan 2.5.6.

2518 Twbai256suyrae =1+ % +t —|— Tn, 60 lim nlr, = 0.

n—oo

Hon nua,

1
<nlr, < —.
n—+1 n

(*)
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Do vay,

lim nsin(2rnle) = lim nsin(27nlr,)

n—oo n—oo

) sin(2wnlr )
= lim 7127m!7“nM = lim n2wn!r, = 2.
n—00 mnlr, n—00

Bdng thitc cudi cung dugc suy ra tiv (x).
2.5.19. Tasé chitng minh lim (1 — %)™ = 0. Theo gid thiét, véi M > 0 bdt
n—oo
ky, ta luén cé a,, > M véi n di lén. Do vdy

an M
0<l——<1——.
n n

ap\™ MN\"
O<(1——) <(1——) .
n n

Do vgy, theo 2.4.12, 2.4.14 va 2.5.2, ta co

0 < lim (1—“—”)ngm (1—“—”)”<6—M.

n—00 n

Tiép theo,

n—00 n
Cho M — oo, ta thu duoc

0 < lim (1—a—”)ngm (1—“—”)ngo.

n—00 n n—00 n

Do vdy lim (1 — %")” = 0, ta duoc diéu phdi chiing minh.

n—oo

2.5.20. Ta sé chitng minh lim (1 + %")” = +00.Cho M > 0,tacé b, > M
n—oo
vdi n du lon. Do vdy, cdch lam tuong tu nhu bai todn trude, ta thu duogc

n M n
li_m(l—l—b—n) > lim (1+—) =M,
n—oo n n—oo n

Do M c6 thé lon tuy ¥ nén suy ra lim (1 + b”) = +00.

n—oo

2521. Dé dang chitng minh dugc {a,} la day don diéu giam ve 0.

(@) Ta cé — L =_1_ 5 1. Dovdy, theo 2.3.14, lim —— = 1;
an+1 Qan 1-an n—o00 n—o00 n
(b) Do (a),
1 1
n(l = na n(— — 1na e 1)
lim u = lim (”“" Jnan = lim

n—00 Inn n—00 Inn n—oo Inn
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St dung dinh ly Stolz (2.3.11), ta thu duodc

n(l —na,) . n(anl+1 - é —1)

i =
b Inn n—oo  nln(l+ %)

- l. n(l—lan - 1) IR T nan o
= lim ——"—— = lim =1.
n—00 ln(l + E)” n—oo 1 — ay,

2.5.22. Dé dang thdy rang day {a,} la don diéu gidgm dan vé 0. Hon nita, dp
dung qui tdc [ Hépital, ta thu dudc

22 —sin’x 1

im ——— = —.
e—0 z2sin’x 3
Do vay
. 1 1 1
lim — — = | = 5
n—oo \Apyp 4y 3

Theo két qud bai 2.3.14, suy ra lim na? = 3.

n—oo

2.5.23. R6 rang day don diéu ting. Ta sé ching minh né hoi tu téi +00. Ta

co ) )
) 1 1 , 2
Apig = | Qp + ———— > | ap + — > a, + —
ar+---+ay, nay, n
va
2 2o 2 2 20 20
a _a o o o E— .
o T T o 1 9p — 2 n_ 2n—1

Do vy {a%} khong phai la day Cauchy. Do ddy tdng, nén né phdi tién tdi +00.
Hon nua,

a 1
(*) 1< =2 <4 —.
Qn Nnay,
Theo dinh ly Stolz
2 2 2
' a - n(any — ay) .n
| n_— ] Al Pn) n,. o9 2
nl_)I{.lo 2Inn nl)Igo 2]n(1 + %)n RHZ}O 2 (an+1 a’n)

.on 2a,, 1
lim — + =1,
n—oo 2 a,+as+ -+ ay, (a1+a2+...+an>2

bdi vi
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va lai ap dung dinh ly Stolz,

n 1 n - n
lim na (n 4+ 1)ay+1 — na

n—ooa; +ag+ -+ a, n—ooo Q41
. a
= lim (n+1—n—2 = 1.
n—00 (nt1

Dang thiic cuéi cé duge tic (x). Cu thé ta co

a 1 ntl
1<n+l-n—02< o
Ap41 1+E
Do lim a,, = +00,
n—oo
ntl
lim —% =1
oo 14 o

2.5.24. T bét ding thite arctanz < x vdi © > 0, nén day don diéu gidm.
Hon nita né bi chan dudi boi 0. Do vdy day hoi tu, gid st tdi g, sao cho thoa man
g = arctan g. Do vgy g = 0.

2.5.25. Luu y rdng moi s6 hang cia day {a,} déu thuéc vao khodng (0,1).
Ky hiéu x¢ la nghiém duy nhdt cua phuong trinh cosx = x. Néu x > xg thi
cos(cosz) < x. Ham f(x) = cos(cosx) — x la don diéu gidm, bdi vi f'(x) =
sinzsin(cosx) — 1 < 0 vdi © € R. Do vy, vdi © > xq thi cos(cosx) — x <
f(xo) = 0. Tuong tu néu x < o thi cos(cosx) > x.

Gid s a1 > xg. Theo phdn trén ta c6 az = cos(cosay) < aj. Do ham s6
y = cos(cosx) la don diéu tdng trong khodng (0, g), ta thu duge as < as. Co
thé chitng minh bang qui nap rang day {agn_l} la don diéu giam. Mdt khdc
ay = cosay < COs Ty = g, dan dén ay = cos(cos as) > as, va do dé, {as,}
la day don diéu tang.

Ly ludn tuong tu cé thé dp dung cho truong hop 0 < a1 < xg. Néu a1 = g, thi
tdt cd cdc s6 hang cia day {a,} bang vdi xo. Trong tdt cd cdc truong hgp thi
cd hai day {agn—1} va {as,} déu tién tdi nghiém duy nhdt cia phuong trinh

COS(COS :L“) = x. Dé dang thdy rang T chinh la nghiém cia phuong trinh trén.

2.5.26. Bang qui nap , ta cé

an =1—(=1)""sin(sin(...sin1)...) n>1.

-~

(n—1) lan
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Do vay
n—1
n—1- > (=1)*1sin(sin(...sin1)...)
k=1 ~ ~~ d
1 & (k1) lan
1S
n n
k=1
Chung ta sé chung minh
n—1
S (=1)Ftsin(sin(...sin1)...)
k=1 ~ ~~ o
(%) lim b= 1 lan =0.
n— oo n
Néu n — 1 chan, thi
n—1
—sin1+sin(sin(...sin1)...) > (=1)*!sin(sin(...sin1)...)
N ~~ -~ k=1 N ~~ -~
(n—1) lan - (k—1) lan <0
n n

n
Hién nhién véi n — 118, (x) cing ding. Cudi cung ta c6 lim % S ap=1.
=1

n—oo k‘
2527, Rérangla a, € (nm,nm+ 5),n = 1,2,..., va dovdy lim a, =
n—oo
+00. Hon nia,
s 1 1
lim tan (— +nm — an) = lim = lim — =0.
n—00 2 n—oo tan a,  n—oo Q,

Do su lién tuc cua ham arctan ta c6 1lim (g + nm — a,) = 0. Do vdy
n—oo

lim (@41 — an, — )

n—oo

= lim <g—|—mr—an—(g+(n+1)7r—an+1)) =0

n—oo
T dé suy ra lim (ap41 — a,) = 7.
n—oo

2.5.28. Chu y rang khong mdt téng qudt ta cé thé gid s |a1| < 5 Cu
thé la, néu khong ta cé thé thay |as| < 5 Dau tien ta xét 0 < a < 1 va
0 <ay < 5. Dovdy ani1 = asina, < a,. Diéu dé c6 nghia la {an} la day
don diéu giam, mdt khdc né bi chdin dudi nén suy ra héi tu. Gidi han cua day
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trung vdi diem 0 la nghiém ciua phuong trinh v = asinn,0 < a < 1. Gid s
0<a< Fva0 < a < 3. Khidé phuong trinh x = asinn,0 < a < 1.
sé ¢6 hai nghiém khong am la 0 va xy > 0. Néu a; < xg thi day {a,} don
diéu tdang va bi chdn trén boi xg. Cu thé, as = asina; > ay. Tuy nhién,
ay = asina; < asinzg = o va, bang qui nap, a, < ani1 < xg. Tuong tu,
1o < ay < § dan dén a, > apy1 > To. Do vgy lim a, = xovdi 1 < a < 7.

n—oo

Néu =3 < a < 0,a1 > 0, thi ta xét day {bn} nhu sau: by = a1,b,11 =
—asinb,. Hién nhién, b, = (—1)"a,.

Theo phdan trén thi trong truong hop 0 < a1 < 5 taco

lim a, =0 néu a| <1,
n—oo
) . T
lim a,, = xg ntu 1 <a< —,
n—oo 2
. . X . » ™
lim a,, = 0 khong ton tai nfu ——=<a<-—1.
n—oo 2
Néu —5 < a1 <0, thi ta xét day cho bdi by = —ay, b,11 = asinby, va lai dp

dung giong nhu trén. Néu a, = 0, thi tdt ca s6 hang cua day déu tién téi 0.

2529. (@) Tathdy an, > 0va any1 = In(1 + a,) < a,. Do vdy day sé héi
tu tdi gidi han g thod man g = In(1 + g), nghia la g = 0. Ta sé chitng minh
lim na, = 2. St dung dao ham, ta thu dugc( xem 2.5.3)

22fx<ln(1+:c)<:c—;+%3vdi x> 0.
Tix d6 dan dén
(*) 1, ! LR N
an  an o ap(l = 3an +502)  Gnp1 Gn 2
Dt
b L, 1 1

<
1 1
an  an(l—3a, +302)  anp

ta thdy lim b, = % Céng cd hai vé ciia (*) thu dugc

1 1 1 1 1 1
—+—+-+—4+bF+bo+ -+ < —+---+ —+
aq a2 Gy a9 an Ap+1

1 1 1 n
< — 4+ 4+ — 4+ -
a;  as a, 2
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Do vay,
1 bl+bg+"'+bn< 1
(n+1)ay n+1 (n+ D)ant1
- 1 . n
(n+1ar  2(n+1)
. 1
Suy ra I Ga = 2
(b) Ta co
2
n _2
1 li —2)— =1 an
( ) nl—glo(nan )]nn n1—>I£1<> ftn Inn
_2
Pé chitng minh lim nln’;" ton tai ta s dung dinh ly Stolz (2.3.11). Ta cé
n—oo
_2 1— -2 2
lim n — ljm ——d 9
n—oo Inn n—oo In(1+ %)
Do lim 2L — lim 204 — 154 lim nlin(1+ l) =1, ta suy ra
n—o0o n n—00 n n—0o0 "
2
o= . n(2any1 — 2a, + ana
(2) lim —2 = lim (2011 2” - n+1).
n— 00 nn n— 00 a,

n(2an41—2an+anan+1)

ag

Ta can chitng minh lim ton tai. P chitng minh ta st dung

n—oo

bat d‘c%ng thiic (c6 thé ching minh dé dang bang dao ham) nhv sau:

2 3 ot x? s

T T (1 = 0.
x 2+3 4<n(—|—3:)<:1: 2—|—3,:c>

Ly 1, 15 Ly 1,
gn ~ gl ~ 7% < 2Gp41 — 2G5 + QpQpy1 < g n + 30n:
Dén dén
lim 2an+1 —ap + ApQn1 o 1
n—00 ai 6

Két hop véi (1) va (2) ta thu duge lim "2 —

2
N 00 Inn 3

2.5.30. bat f(z) = ()" va F(z) = f(f(x)) — x. Ddu tién ta chitng minh
F'(z) < 0 véi moi x duong. Ta cé

F'(z) = G) R In%4 — 1.
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Do vay

1) () 4

F'(z) < 0 néu va chi né - < )
(x) néu va chi néu (4 T

Dé dang kiém tra rang ham phia bén trdi cia bat ddng thite cudi dat duoe gid
tri lon nhdt bang elﬁ tai v = 1?1514. Diéu nay dan dén F'(x) < 0, nghia la F'
gidm ngdt trong khodng (0, +00). Hon nita, F(%) = 0. Do dé F(z) > 0 vdi
O<x<%vdF(x) < 0vdi v > %.Tié})theotacé

F(f(2)) < zvéi 7> %

Doay; =1 > %, dan dén ay = f(f(a2)) < as, va bdng cdch qui nap ta thu
duge {as,} la day gidm ngdt. Do dé né tién tdi g1 thod man f(f(g1)) = g1
Su hoi tu ctia {a9n—1} tdi go thod man f(f(g2)) = g2 c6 thé dugc thiét lap mot
cdch tuong tu. Cu thé g1 = g» = 3.

2531. Chuyla0 < a, < 2vdin > 2. Nu a, > 1, thi a1 < 1. Ddt
flx) = 2" va F(x) = f(f(x)) — x. Ta ching minh duge F'(x) < 0 véi
0 < x < 2. Do vdy

Flz)<F(1)=0vsi 1<ux<2,
F(z)>F(1)=0vsi 0<2x<]l.

Theo chitng minh ciia phén trén, ta cé néu a1 < 1, thi day {as,} don diéu gidm
va day {agn—1} don diéu tdng, va cd hai day cung tién tdi 1.

2.5.32. Chu y rang tdt cd cdc s6 hang ciia day déu nam trong khodng (1,2).
Do ham F(z) = 25 — x gidm ngdt trong khodng nay nén F(z) > F(2)=0
voi x € (1,2). Do véy day don diéu tdng va gidi han g ciia né thod man g = 2%,
hay g = 2.

2.5.33. Ta st dung 2.3.14 cho day {a, + a1} va nhdn duge lim W% =

n—oo

0. Tiép theo ta xét day b, = (—1)"ay,. Vi lim (b, — b,—2) =0, ta c6
n—oo

by, + b .y — Qg
0= Jim 20t g G = Ant
n—o0 n n—00 n
2.5.34. Theo dinh li Stolz (xem 2.3.11),
I In QL | In 2 1+1 —1In ai | —nln an+1
im = lim n " — lim — %
n—oo Inn  n—ocln(n+1)—Inn  n—coln(l + %)n
. an—l—l
= — lim nln .

n—oo an
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Néuw lim n(1 — %) = ¢ la hitu han, thi lim (% — 1) =0). Két qud can

n—oo n—oo

chitng minh duoc suy ra ti bat d‘c%ng thie sau day

% -1 An41 An41
nl—kag—ﬁ S nln(l—l—( , — 1)) S 77,( , — 1)

Néu g = 400, thi bdt ding thitc bén phdi chi ra rang
1

. L. In = VRN »
lim nln “2 = —00, va do dé, lim = = +00. Cudi cung, néu g = —00,
n—o00 an n—oo 1T

thi vdi moi M > 0 tén tai ng thod man QZH > % 4+ 1vdin > ng. T do

Ap+1 M
nln == > In(1 4+ —)" — M.
an, n’ n—oo
Vi M c6 thé In tuy y, nén ta cé6 lim s = —00.
n—oo

2.5.35. Theo dinh nghia cia day,
An+1 + bn-l—l = (al + bl)(l - (an + bn)) + (an + bn)

Dbatd,, = an + by. Khi dé dp1 = di(1 — d,,) + d,, va bang phuong phdp quy
nap ta chitng minh duge d,, = 1 — (1 — dy)™. Do ds,

b
%:§ﬂ—u—mml)m:ju—u—mw
1 1
Vi|l —di| <1, nén
lim a, = il v lim b, = b .
n—00 a1 + by n—00 ay + by

2.5.36. Dit b, = aa,. Khi d6 b,y1 = b,(2 —b,) = — (b, — 1)® + 1. Tz dé
suy ra by — 1 = —(b, — 1)°. Hién nhién, day {a,} hoi tu néu va chi néu
{bn, — 1} hoi tu, néi cdch khdc, khi |by — 1| = |aay — 1| < 1. Hon nita, néu
a, = % thi lim a, =0, va néu 0 < aa, < 2, thi lim a, = +.

n—00 n—00 a

2.5.37. Day la truong hop ddc biét cua bai 2.5.38.

2.5.38. Tacé thé chi rarang ham f lién tuc tai (a,a, ...,a)va f(a,a,...,a) =
a. Xay dung day {b,} bang cdch

by = by = ... = by = min{ay, ay, ..., ax},
b, = f(bn_l,bn_g, ---7bn—k> voi n > k.
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Chi y rang néu min{ay, ag, ..., ax} < a, thi {b,} tdng thuc sw va bi chdn trén

bdi a. Mdt khdc, néu min{ay, as, ..., ar} > a, thi {b,} gidm thuc sy va bj chdn

dudi boi a. Tir do, trong cd hai truong hop, day {b,} héi tu va lim b, = a.
n—oo

Hon nita, do tinh don diéu cua f theo moi bién nén a, < b, véi n € N. Bay

gio ta xdy dung day {Cn} nhu sau

1 = ¢y =...= ¢ =max{ay,as, ..., ax},

Cp = f(Cn_1, Cr—2y ey Cn—k) vdi n > k.

Ciing nhu trén, ta chi ra rang lim ¢, = a va ¢, < a, vdi n € N. Cudi cung,

n—oo

theo nguyén li kep, lim a,, = a.
n—oo

2.539. Tacé az = ae™ % a4 = az3e®7 92 = q9e®™% pa, bang cdch qu
s g quy
nap, Gn1 = a2e " vdin > 2. Gia sw g la gidi han cua day. Ta cé

e
(star) —g=e".

a2
Chi y rang néu % = e,thi phuong trinh (%) c6 nghiém duy nhdt g = 1. Néu
% > e thi phuong trinh nay cé hai nghiém, va néu 0 < % < e thi né khong
c6 nghiém. Trudc hét xét truong hop 0 < 2% < e. Khi do day {an} phdn ki vi
(*) khong cé nghiém. Hon nita, ta c6 thé chitng minh rang day {an} don diéu
tang va do do phdn ki ra +00.

Bay gio ta xét truong hop % = e. Khi dé as = e~ > ay va bang quy

nap, Gni1 > Q. Hon nita, néu ay < 1, thi cing bang quy nap ta c¢é6 a, < 1.
T do, lim a,, = 1. Néu a; > 1, thi {a,} don diéu ting va phan ki ra +00.

n—00

Tiép theo, ta xét truong hop % > e. Khi do (*) c6 hai nghiém la g1, go, trong
do ta gid st g1 < ¢2. Gid st rang a; < g1. Thi

e

et — —a; >0

a2
hay, noi cach khdc, as > ai. Dung quy nap ta co {an} don diéu tang va bi chdn
trén bdi g1 la gidi han cia né. Néu g1 < ay < go, thi {a,} don diéu gidm va bi
chdn dudi bdi g1 la gidi han ciia né. Néu ay = g1 hodc ay = go, thi ddy la hang
s6. Cuéi cung, néu a1 > go, thi day tdang tdi +00.

2.540. (Bai todn nay va loi gidi ciia né dua theo Euler trong truong hop téng
qudt. Xem [13]). St dung dao ham, ta chitng minh duoc Inx < Svdi x> 0.
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T dé %" > Ina, = a,_1Ina, n > 1, va do dé, a, > a,_11Ina®. Vay néu
1
a > ee, day {an} don diéu tang. Ta sé chung minh trong truong hop nay,
. . . . 1 . N
lim a, = 4+00. Ta ¢6 ani1 — ap = a* — a,. Do dé khi a > e, xét ham

n—oo

g(x) = a® — x. Ham nay dat gid tri nhé nhdt tai ro =

1+1n(1na)
n

__In(lna)

Ina
> 0, va hé qua la any1 — a, > w >0.Vi

khodng cdch giita hai s6 hang lién tiép I6n hon mot sé duong nén day phdn ki
ra +00.

< e. Diéu nay

suy ra a® — x >

1 . . .
Bay gio ta xét truong hop 1 < a < ee. Trudc hét ta chitng minh trong
truong hop nay phuong trinh a® — x = 0 ¢6 hai nghiém duong. Bao ham ctia

ham g(x) = a* — x triét tiéu tai diem xo > 0 thod man a™° = lna Ham g dat
gid tri nho nhat tai xo, va g(xg) = a™ — xp = ﬁ — 20 = 1—19;0% <0, v

néul < a<ee thi 1— > e. Vi g la ham lién tuc trén R, né cé tinh chdt diém
trung binh. Do do phuong trinh a® = x c6 mét nghiém trong khodang (O, :L“o) va
mét nghiém khdc trong khodng (:Co, —I—OO). Ki hiéu cdc nghiém nay la o« va (3,
tuong ting. Chi y g(e) = a° —e < (6%)6 — e =0, e nam gidta o va f.

Néu x> 3, thi a® > a” = Bva g(x) > 0. Diéu nay c6 nghia la day {a,}
don diéu tdng va bi chan dudi béi 3. T dé lim a,, = 400.

n—oo

Néua < x < [thia<a® < [vag(r)<0. Hé qudla, day {a,} bi chdn
va don diéu giam. Do dé day hoi tu tdi o

Khi x = « hode x = 3, ta thu duoc diy hang so.

Bay gionéu 0 < o < a, thi 1 < a® < ava g(z) > 0. Do dé day {a,} ting
toi .

Cuéi cung, néu a = 6%, thi e la nghiém duy nhdtcua phuong trinh a* = x,
khi d6 ham g dat gid tri nho nhat la 0 tai e. Do dé véi 0 < x < e, ta cé
0 <a® <evag(xr)>gle) =0. Diéu nay dan téi day {a,} don diéu ting va
gidi han cia né bang e. Mdt khdc, néu x > e, day tdng tdi vo cung.

Ta c6 thé tong két lai két qud nhu sau:

( y 1
+00 néu a > e vax >0,

. 1
+o00 néul<a<ecvar>[,

. 1

. 15} neul <a<ecvax=_p,
lim a, = } 1 .
n—00 Q ntul <a<ecval<zx<p,

. 1
+00 néua=-eecvax >e,

. 1
6 nfua=ceval<ax<e.

2.5.41. Bét ding thic cé thé duge chitng minh bang quy nap. Ta cé lim a,, =

n—oo
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2 (so sanh vdi li gidi cia 2.1.16).

2.542. [20] Chu y rang

ang\/2+\/2+...+\/§<2.

Vv
n - can

Nhan thdy rang néu €1 = 0, thi tdt cd cdc s6 hang ctia day {a,} bang 0. Gid sit

rang €1 # (. Ta sé chitng minhbang quy nap rang bdt d‘c%ng thuc da cho dung.
Vi n = 1, hién nhién. Gid si rang

\/2—1—52\/2—1- +en —251n< 8182 18k>.

9k~
Tw do
’7T an g g ™ ™ an g g
2...Ek 2...EL
k=2 k=2
™ an g g ™ an £1€ g
_ 2--Ck - .9 1€92...€L
= —2cos (5 Z Qk—l ) = 4sin (Z W) — 2,
k=2 k=1

dén téi ddng thiic cén chitng minh. Bay gio, do tinh lién tuc cia ham sinx

2. €169...€
nli_)rgoan = 2gin <221227_1k> .

2.543. Dung quy nap chiing minh rang

1 1
arctan — + ... + arctan — = arctan
2 2n? n—+
Vivgy lim (arctan 5 + ... 4 arctan ;) = 2.
n—oo
2544. Taco

sin?(7vn? 4+ n) = sin*(7v/n2 +n — mn) = sin? 7T — 1.

2.545. Ta chitng minh bang quy nap rang day don diéu tang va bi chdn trén.
Do dé né héi tu tdi g thod man g = /2 + /3 + gva g € (2,3).
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2.546. [13] Ta co

3=v1+24

1—1—2\/16:\/1—1—2 143v25

Il
Q

1+2\/1+3 14 4v 36,

va, bang quy nap,

(1) 1—1—2\/1—1—3\/1+...\/1—|—n\/(n—|—2)2:3.

Tw do

(2) 3> 1+2\/1+3\/1+...\/1+(n—1)\/(n+1).

Bay gio ta st dung bat ddng thic sau:

(3) V1i+tza<Vavr+1,2>0,a> 1.

T (3) véix =nvaa=n+ 2,

\/1+n\/(n—|—2)2 <Vn+2(n+1).

T dé
\/1+(n—1)\/1+n\/(n+2)2 < \/1+\/n+2(n—1)\/1+n
(n+2)%\/1+(n— Lvn+1,

trong dé bat ddng thite cudi cung suy tit (3) vdi @ = /n+ 2. T (1), lap lai
cdch lam n lan cho ta

4) 3<(n+2?*" 1+2\/1+3\/1 +...\/1 +(n—1)/(n+1).

Tw (2) va (4) cho ta

lim 1—|—2\/1+3\/1+...\/1+(n—1)\/(n+1):3.

n—oo
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2.547. Phuong trinh x> +x —a =0, a > 0, ¢6 hai nghiém o va (3 thod man
a > 0 > (. Hon nita, ta cé

a a — anp — Qap
ny1—0=——-1—-ag=—"-—=
an an
a—(1+ao)(a,—a)—a(l+a) —(1+a)(a,—a)
Ay Qp

o

Vi a+ = —1, ta nhdn thdy a1 — o = 39

Qn
a®=L Do ds
Qn

. Ciing nhu thé, a1 — 3 =

Unp1 —fB _ aan—f3
ni1 —a  Ba, —a’

va bang quy nap

an - B _ (%)n_l al - B
a, — o a; —a
(e}

5 = 1-%4 < 1, ta nhdn duge lim (2)"~! =0, va do d6 lim a, = (3.

a@
n—oo P n—00

Vi

2.548. Gid sz o va 3 la cde nghiém cia 2> +x —a = 0, a > 0. Khi dé
a > 0 > (3. Bang cdch lam tuong tu nhw bai trén ta dudc
a —a

Ap — ﬁ B (BYL_

a1 — «

al—ﬂ

Do dé lim a,, = «.

n—oo

2.549. Véis6 nguyén duong k bat ki, ta cé

1 . 1 | _ |an+k - an|
T4 ane 14+a, (14 anw)(l+an)

|@nt14k — Anp1| = |
1
< _|an+k - an|-
Bay gio, bang quy nap ta cé

1
|@nt1k — an+1leq(1)”|ak+1 —al.

Hon nua,

IN

lag+1 — ak| + lak — ag—1| + ... + a2 — a1

1 4
1_—l|a2 — a1| = §|a2 — a1|.
4

Q41 — a1|

IN

Do do {an} la day Cauchy. Gidi han cua né la \/5
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2.5.50. Véicdch lam tuong tu nhw bai todn trén, hdy chira lim a, = 1+/2.

n—oo

2551. Dat f(z) :\2_%;, x> 0,va F(x)= f(f(x)). Khi dé6 F'(x) > 0 véi
x > 0. Dé dang thit ranga, < as va as < ao. Hon nita, vi F tdng thuc su, ta
suy ra day {agn} gidm thuc su va day {agn_l} tang thuc su. Day {an} bi chan.
Do dé hai ddy con ciia né {as,} va {as,—1} héi tu. Ta cé thé kiém tra ching

c6 cung mét gidi han la /1 + a — 1.

2552, Néuay <0,thiay=1—a; > 1vaas = ay — % > % Bang quy
nap, ap+1 = Gp — %%1 vdin > 2. Suy ra
1 1

1
5T T gnms Tt g) taz

Anp+1 = _(

va do dé lim a,, = —ay néu a; < 0. Bay gio néu a; € (0,2), thi as € [0,1) va

n—00
1

bang quy nap, ta nhdn thdy a,1 € [0, 2n—_1], diéu nay dan dén lim a, = 0.

n—oo

Cudi cung, néu a; > 2, thi az = a; — 1 > 1. Bang quy nap, ta ¢6 a,11 = A, —
%%1, va hé qud la, ciing nhu truong hop dau, ta chirng minh lim a, = a; — 2.

2.5.53.
Ta co
< jad a 2a? 3a3 (n—1)a™!
d o = + + o
=n-J n—1 n—-—2 n-—3 1
1 a 2n-1a 3(n-—1)ad n—1)%a"!
(- + ( ) + ( ) +...+¥).
n—1"1 n—2 n—3 1
Tiz d6 1 o
n— n—j j- . . .
j—— = j(—=+—) <j(l+j—1) =,
n—=17 n—j3 n—J
ta thu duoc
nzl ja’ a+22a®>+3%a®+ ...+ (n—1)%a"!

“n—J n—1
Theo két qua ciia bai 2.3.2, ta thu duoc

. a+2%a®+ 3%+ ...+ (n—1)2¢"!
lim

n— 00 n—1

= 0.
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Nhén thdy rang

va st dung (a)
Stk dung (b) véi a = 1.
2.554. Vix duong, x — %3 <sinx < x, ta cé

n

T u 7'('3 u . m u m
Z _;m<;smn+k<;n+H

kzln—l—k

n n
Dé dang thi; rang lim ) ﬁ = 0. Hon nita, theo 2.5.8 (@), lim Y o=

no0 k=] no0 k=]

wln 2. Vay gidi han la 71n 2.
2.5.55.

n
bt a, = [] (1—1—5}—23). Dua vao bdt dang thite (xem 2.5.3) o <In(z+1) <=z
k=1
voi x > 0, ta duge

27677,34—]{2 <1H(ln<z%.
k=1 k=1
Do d, tit cong thite Y k? = "HC@ntl)
k=1
1)(2n + 1 1)(2n + 1
n(n+1)(2n +1) < lna, < n(n+1)(2n +1)
6(cn3 + n?) Gen?

. 1
Do do lim a,, = e3e.

n—oo

Ta c6 thé chiing minh bdt ding thic mL-H <Iln(z+1) < zvéixz > 0 cing

dung vdi —1 < x < 0. Do dé, nhu chitng minh trong phdn (a), ta cé
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2.5.56. Vix duong, x — %3 <sinx < x — %3 + iﬁ)—? ta nhdn thdy

\/n3n | n 2 /m3n "
(1) z n H(l—k—)<LHsin i
nl (nyn)* -+ 6n? nl 2t nyn
va
/m3n \/m3n | n 2 4
2 Y Isn—to < Y2 q7(1- 2 5
nl 2t nyn nl - (nyn)* -+ 6n?  5nd

. 2 g g n B} C S _1
Tw (1) va két qua da biét trudc ta suy ra gidi han nay lén hon hodc bang e~ 18,
Bady gio ta chiing minh

Thdt vay,
& K2k & K2k
1 l———4+-—=| < -+
HIH ( 6n3 * 5!n6) p ( 6n? * 5!n6)

n(n+1)(2n + 1) N n(n+1)(2n+1)(3n* +3n — 1)
36n3 30.5!n6
Cuéi cung, tir (2) va dinh ly kep ta cé

_L
18,

Wﬁsin i

=€
ny/n

2.5.57. Trudc hét ta chitng minh a, = ”2—';161”_1 +1, n>2 Tacé

1 (n—1—k)(n—
an:ZT: kl(n k)'(n k) |
—~ () = (n—1)n
w1 Sk(n—1—k)k
(1) - — = ) — i 1
k:O(k) =0 (n—1)tn
iy .
= p-1 — -1 .
k=0 n( k )
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Hon nua,
k1 ”in—1—k 1 n—1 k1
n—1 n—1 n n—1
kzon(k) k=0 n (k) n kzon(k)
Vi vay
n—1 k1
o n-1= Q) Ty
2n — n( B )
Ti (1), ta dugea, = an—1 — 5+ a1+ 1 = %La,_1+1. Chonén lim a, = 2.
n n n—o0

2.558. Néu o = 0, hién nhién lim a, = 0. Neu o > 0, thi 0 < a, <
n—oo
1-— (n;—i)a nén lim a,, = 0. Bdy gio ta gidi trong truong hop o < 0. Lic dé

n n \
= (=) (e — 1 (——a—1)-...- —1).
0= (<1 o = 1) (2 ((n_l) )
Vi vdy, néu ta chon o = —1, ta dwoc day phan ki a,, = (—1)""'. Neu o < —1,
ta duoc
n n n n
—) -1 1) >(—-1 —-1)=1
(B -y - > G-y -

voi 1 < p < n.Honnita, () “—1>2—1=1.Vivgy
2

] > (™ = 1)(—

n_l)_o‘—l)n_)—og—i—oo.

Cing nhu vy, ta c6 néu —1 < a < 0, thi

n

Jan| < (n™% = 1)( ) =1 — 0.

n—1 n—00
2559. Tacé (2+V3)" = (Z) (V/3)F2"k. Néu nhém cdc s6 hang 1é va
k=0
chan vdi nhau tuong ung, ta cé thé viét
24+ V3)"=A,+V3B, va (2—V3)"=A, —V3B,.

Tie dé lim (A, +/3B,) = +oo va lim (A, — V/3B,) = +oc0c. Vi thé

. V3B, .
1m = 1.
n—oo ATL
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Vi A,, la cdc s6" nguyén va \/zf" < 1, nén [\/an] = A, — 1 véindilén. Tw

do suy ra
{\/an} — 1 hoge {A,+ \/an} = {\/an} — 1.

2.5.60. Day {S,} don diéu ting. Néu ching bi chdn trén thi sé héi tu, va do
do
lim a, = lim (S, — S,-1) = 0.

n—oo n—oo

Gid s rang lim S,, = +o00. T gid thiét, Sy 10n1 + an < Spap + 1 suy

n—00 -

ra Snan + Qp_1 S Sgag + aj. Tw do

An—1 < Ssas + a1.
- N

Cuéi cung, lim a, = 0.

n—oo

2.5.61. Theo gid thiét, vdi moi € > 0 ton tai mét s6" nguyén duong ng thod
man a, < en vdi n > ng. Do do

2, 2 2 2 2
a?+ai+..+a> ai+az+..+a ag i+ ...+ ad

o
- -
n? n? n?
ai+ a3+ ... +al ne(angir + ...+ an)
< ; + - .
n n
Tw 2.4.14 va 2.4.19,
2 2 2
—ai+a5+...4+a — a1 t+ay+...+a
lim — 2 5 L < elim ! 2 ”.
n—oo n n— oo n

2 2 2
PN N .0 N . ajtas+...+a
Diéu nay hién nhién suy ra lim 271 = (),
n—00 n

2.5.62. Ta sé dung Dinh li Toeplitz (xem 2.3.1). Ddt
An:al—i-ag—l-...—l-an,Bn:bl—i-bg—l—...—l—bn,CR:C1+C2+...+Cn
va

., = an—k+1 By
" aan -+ aan_l + ...+ anBl .

Bay gio ta sé chitng minh rang cdc s6 duong d,, ; thod man cdc diéu kién (i) va
(ii) trong 2.8.1 (ciing xem 2.3.3 (a)). Vi k c¢6 dinh,

Ap—k+1
dn,k >~ ot — 0.
a;+as + ...+ ap_g41 n—oo
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n
Ré6 rang Y, dpy = 1 va nhdn thdy
k=1

Cn arb, + asb,—1 + ...+ ayb b b n
SR 2l ! :dn71—1+dn72—2—|—...+d —.

Cn - aan -+ aan_l + ..+ anBl Bl BQ o Bn
Cudi cung, theo Dinh li Toeplitz, lim &- = lim lbg—" =
n—oo " n—oo

2563. Tabictringr —% < In(x+1) <o —% +Z vgiz > 0. Dt

a, = (1+ %)”26_”. Do do —% <Ina, < —% + % dan dén nh_)rglo Ina, = —%.
Vay gidi han la 2.
25.64. Tacd ansy — ay > —35 > —pobyy =~y oy vdin > L Dat

b, = a, — n—il Khi dé day {b,} don diéu tdng va bi chdn trén; né héi tu. T
do {an} cung héi tu.

2.5.65. Theo gid thiét a,4q 22 > an, ta co
1 1
127 27 > a2 27 1.

1 >
T dé day b, = a,2” 2» T don diéu tdng va bi chdn. Do dé, né hoi tu. Hién
nhién, lim b, = lim a,.

n—oo n—oo
2.5.66. Xét a € (I,L). Gid sit phdn ching rang a khéng phdi la mét diém
gidi han cia {a,}. Khi dé sé c6 mot lan cdn ciia a chi chita hitu han cdc phéan
ti cua day. Gia st € > 0 la sé'du nho ma

(x) l<a—e<a<a+e<L va a,¥¢[a—c,a+e] vdi n>n.

Theo gid thiét, |an11 — an| < € vdi N > ngy. Theo 2.4.13 (b), ta biét rang ton
tai an, thod man a,, < |+¢ < avdi ngy > max{ni,ne}. T& dé an,+1 <
Uny, + |1 — Gny,| < a+ €. Do dé tit (%), ap,+1 < a— €. Vi vdy, theo 2.4.12
(), L < a—¢ < L, mau thudn.

2.5.67. Xét a € (I,L). Gid sit phdn ching rang a khéng phdi la mét diém
gidi han cta {a,}. Khi dé sé c6 mot lan cdn ciia a chi chita hitu han cdc phéan
ti cua day. Gia st € > 0 la s6'du nho ma
(x) l<a—e<a<a+e<L va a,éla—e,a+e| véi n>n.
Theo gia thiét,

(*x) Ap — App1 < Op, < € VO N > No.

Theo 2.4.13 (w), ¢6 ayp, thod man a,, > L—¢c > a. Bdy gio, ti %, Gy, +1 > a+¢
vdi ng, > max{ny,na}. Do dé tir 2.4.12 (c), | > a+ & > a > |, mau thudn.
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2.5.68. Ta sé st dung két qud duoc chitng minh & bai todn trén. Tit tinh don
diéu cta {a,},

An+1 an —a, S 1

— >
n+l+ap1 n4+a,  (n+l4a,1)(n+a,) — n

Do dé, theo két qud ctia bai todn trén, tdp hop cdc diém gidi han ciia day dd cho
la doan [l, L], trong dé

[ = lim val = lim .
n—oo T + ap n—oon + Ay

2.5.69. Chu vy rang

1_1 2_11—i—a2n_1 2_1 1
Gl T3 T oM T3 T 2T 2 31 T 1| T3
Kéo theo ddy cé hai diém gidi han la: % va %

2.5.70. Ta biét rang, theo 1.1.14, vdi bét ki sé nguyén duong n ton tai mot s6
nguyén duong ¢, va mét sé nguyén p, thod man

_Dn
n

'27r 2

Do d6 |pn| < (27 + 1)qy, va vi thé,

) ) o1 2m 41
Vol sinpa] = |y/pn]sin(2rg, — pu)| < \\/|pn sn ] < YL

Vi day {Qn} khong bi chan, né chiwa mét day con phdn ki ra vé cung. Do do 0
la mét diém gidi han cia {ay,}.

2.5.71. Ta sé chiing minh c6 mét day con {ay, } thod man

(nk(m + ank+1))nk >

(ng + 1)an,

Gid st rang diéu kién trén khong ding. Khi dé tén tai ng thod man

n(a; + any1)

<1 > ny.
(n+ 1)ay, =T
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T d6 75 + S5 < %% véin > ng. Do dé

n+1 n+1
Qn Ap—1 a1
- __7
n n—1 n
Qp—1 Ap—2 ai
n—1 n-—2 n—2’
an0+1 ano ai

< .
ng+ 1 no ng+ 1

Ldly téng tGt cd cdc bat ding thite trén, ta duge

(n, G, 1 1
— < +..+=).
n no ng +1 n

Do dé, theo 2.2.50 (c), lim %" = —00, vé li vi a, > 0.

n—oo

2.5.72. Bang cdch lam tuong tu nhu bai todn trén, ta chitng minh tén tai mot
day con {ayn, } thod man

(nk(m + ank—i—p))nk >1

(nk + p>ank

2.5.73. Gid s phdn ching két lugn trong bai todn khong ding. Khi dé tén
tai mét s6 ng thod man vdi n > ng, n <1+§—"+1 — 1) < 1. Bt ding thic cudi

cing cé thé viét lai dudi dang n—_lH <t — (Z‘ﬁ Diéu nay dan tdi (xem loi gidi
cua 2.5.71)
! +...+l<aﬂ—a—”.
ng + 1 n no n
Vi lim %2 = —o0, mau thudn vdi tinh chdt {an} la day duong.
n—oo

Dé chitng minh 1 la hang sé ¢6 thé tét nhdt, ldy a, = nlnn. Khi dé

lim (nl +(n+1)In(n+1) _n)

nlnn

— lim 1+ (n+1)In(n+1) —nlnn
n—00 Inn
_ l+In(n+1)+mn(1+1)"
= lim &

n—00 Inn

= 1.
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2.5.74. Chu y rang a2 = 1+ a,_1 va a; = 1. Ré rang, day ting thuc su.
Ta sé chitng minh day bi chdn trén bdi %(1 + \/g) bang phuong phdp quy nap.
Thét véy, néu a,—1 < (1 +/5), thia2 =1+ a,—1 < 2 + V5. Vi vy

an < /3 + V6 =14 1V5 va {a,} héi tu téi $(1+ V/5).
2.5.75. [20] Hién nhién day {b,} tang thuc sw. Trudc hét gid stz rang v < In 2.

Khi dé, theo gid thiét, c6 ng € N thod man In(lna,) < nln2 néu n > ny;
hodic, tuong tuong, a, < € néun > ng. Ta cé

b, = \/al—i—...—i—\/ano—l—...—l—\/an

< \/a1 + ..+ \/ano_l +14/e2" + .+ Ve

< \/a1+...—|— \/ano_l +e2"4/1 4 ...+ V1.

Theo bai trude,

1++/5

b, < al—i—...—l—\/ano_l—i—eZ"O 5

Diéu nay c6 ngid la {by, } bi chdn trén va héi tu. Gid stz o > In 2. Theo gid thiét,
vdi € > 0 cho trude, ton tai ng thod man In(Ina,) > n(a+¢) vdin > ng. Dt
a+e=1Inp, tacé a, > e’ véi n > ng, trong dé 3 > 2. Do dé

b, :\/a1+\/a2+...+\/ano—l—...—i—\/an

>\ar+ ...+ \ apy—1 +e2rmott > elz)

Trong truong hop nay, day {b,} phan ki ra vé cung. Chi y rang, néu 0 < a, <
1, thi mdc di Inln a,, khong xdc dinh, day {b,} don diéu ting va bi chén trén
bdi %, nén né hoi tu.

2.5.76. [20] Theo gia thiét 0 < a,, < naj nén day {%"} bi chan. Ki hiéu L
la gidi han trén ctia né. Khi dé c6 mot day {my} cia cdc s6' nguyén duong thod
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man lim QTZ—L: = L. Véi n € N c6'dinh tuy y, ta c6 thé viet my, = nly + 7,

n—oo

trong dé r, € {0,1,...,n — 1}. Do dé, theo gid thiét, a,,, < lya, + a,,. Tic do

a l a
my S k a + T .
m nly + ri m
Cho k — o0, ta dugc
a
(*) L S _Tb’
n
dén tdi a a
lim — < lim —.
n—oo M, n—oo N

Vay {2} hoi tu.
2.5.77. Cdch lam tuong tu nhu bai todn trén.
2.5.78. [20] Day {an+1} va {1—a,} thod man gid thiét ctia Bai todn 2.5.76.

T dé lim “"n——H va lim l_n'l" ton tai va hitu han.

n—oo n—oo

(@) Theo trén, lim L — gyg lim o= g.

n—oo n—oo
(b) Cdc bdt dang thite la hé qud truc tiép tw () trong i gidi bai 2.5.76.
2.5.79. Tasé chitng minh day {%*} hoi tu tdi A = sup{®* : n € N}. Gid sz
p la mét s6 nguyén duong cé dinh tuy y. Khi doé

a_n _ Oplptry > Apl,,
— — 9
no plyt+rn T ply

trong dé r, € {0,1,...,p — 1}. Do vdy, theo gid thiét, lim o > 2 Piéu nay
n—oo
dan dén lim “* > lim 2. Vay day {%=} héi tu. Hon nita, == > % nén

n
n—00 p—oo P

. a — a . a
Azh_m—nzhm—p:mfsup—l

n—oo N p—0 P P i>p
inf sup = > 1nf sup — = A
P meN pm m

2.5.80. Trudc hét ta chitng minh tinh bi chan cua day da cho. That vdy, néu

1 1
" < Gn, Gnt1 < a, thi " < Gpyo = m < a. Do dé, theo nguyén li duogc

phdt biéu mé ddu trong l0i gidi cia Bai todn 2.1.10. day {a,} bi chan. Dt

[ = lim a,, L = lim a,.

n—00 p—0o0
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Vi mét s6'e > 0 ¢é' dinh tuy y ton tai ni,ne € N thod man

(i) a, < L+¢e n>n,
(ii) anp >1—¢ n > ns.
Ti (i), Qnip = ——=— > —=.n > ny, vi € dwong c6 thé nhé tuy y, ta thu

an+an41 L+-e?
duwge | > 1. Bing cdch tuong twtaco L < }. Do dé | = 1. Gid st {n} la ddy
cdc s6 nguyén duong thod man klim Uny+2 = L. Ta 6 thé gid st rang cdc day
—00
Qpy41, Qpy, V& Ay —1 BOL tu tdi 1y, l5 va I3, tuong ung. Thuc ra, néu khdc, ta co
thé chon day con thod méan. Theo dinh nghia cia {a,},
2 2
lh+lo=—=2l va lrb+1l3=—
L T
va tw | < ll,lg,lg < L, ta duoc ll = l2 =l va l2 = lg =L Twdsél = L. Diéu
nay va dang thite | = % ddn dén day {a,} héi tu tdi 1.
2581. Vi0 < ay < by, ton tai p € [0,F) thod man ay = by cos . Bay gio
ta c6 thé ching minh bang quy nap rang, vdi w # 0,
by sin ¢

©
2" tan o

by sin ¢ neN

Ap41 = va bn—l—l =

—

2" sin o

Vivay lim a, = lim b, = 25 Ny o = 0, tie la a = by, thi cdc day da
n—00 n—00 ¥

cho {a,} va {b,} la hang sé.

2.5.82. [18] Theo gid thiét, Z:*" = 1+ €k, trong do €, dan tdi 0, déu doi
vdi k. Do dé ’

n n n
(*) E Afn = E bk,n + E Ek,nbk,n-
k=1 k=1 k=1

n
T lim ) by, ton tai, c6 mot s6 M > 0 thod man

n—o0 k=1

> biw| <M, neN.
k=1

Hon nita, vdi bat ki € > 0, |ep,| <

n
Z Ekn bk,n
k=1

I3 L. . > A ,
g vdik =1,2,...n,ndilén. Do do,

n
< e. Nghia la lim »_ eg bk, = 0. Vay, tw (),

neo k=l

n n

lim E Ak, = lim E bk

n—00 ’ n—00 ’
k=1 k=1
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2583. Tacé
- (2k—1)a
sin ~=—
(2k—1)a
2

— 1 déu déivdi k.

n—oo

Do do, theo bai trude,

n

JE&ZSIHW%ZRH&Z =

2.5.84. Ti bai 2.5.5, néu day {x,} héi tu tdi 0, thi “— — 1. Diéu nay
n n—oo

dén tdi

&

a n? —1

_?___'_%1'
m&na n—oc

déu doi vdi k. Bay gio, diung Bai todn 2.5.82 ta duoc

h_)mZan —-1)= h_)mlnaZ—: Ina.

2.585. Néu {x,}a mét day duong héi tu tdi 0, thi, theo Bai todn 2.5.3,
n(4zn) 1 Theo 2.5.82, ta c6

h_)m Zln (1+ ) h_)m Z

Vi vdy lim H (1+ L) =ez.

ne0 =l

2.5.86. Ta c6 thé ching t6 rang néu {x,} la day duong hoi tu tdi 0 thi

14+ 2,)7 —1

(%) % 1

~Tn n—00

p
Dt

ka1
Ckyn = ) = 1727 y
) np

Khi d6 ¢y < max{:, L} va vivdy {cin} hoi tu tdi 0 déu doi vdi k. Khi dit
1 > 2, A
agn = (1+ cpn)? — 1lva by, = %Ck,rm roi st dung 2.5.82 ta nhdan duoc

k- 1 1 = fat
1 1 —1]=-1 .
RH&Z( + ) =t >

'BI>—‘
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Theo dinh Iy Stolz (xem 2.3.11)

n q—1 q—1 q—1
nh—{go Z knq - nh—{go nd —n(n — 1)‘1 - nh—{go nd — n,r; (1 _ l)q
k=1 n
nd—1 1
= lim = —.
n—>oonq_nQ<1_q%+q(q—2_1)n1_2_...) q

. _ ala+d)---(a+nd) . a
2.5.87. Pat a, = B(otd)(btnd) ° Khi do

K (L+2): - (140
NI E D) (2R ) (ks G D)

Bay gio dit © = 2 — 1, khi d6 véi v > 0 va

1

a
b T T T ’
(1 + 1+§) (1 + 1+2§) (1 + 1+n§)

Ay =

Vi
SR <(1+ + =
1+ ¢ 1+ nd d 1+ nd )
ta co
a
Gn < 1 1 1
bx<@+1+2%+“.+l+n%)

Do do lim a, = 0 vi

n—oo

1 1 1
lim - 4+t = +00.
nqoo(1+d 1+ 24 1+n4)

a



Chuong 3

Chuoi so thuc

3.1 Toéng cua chudi

3.1.1.
(@ Tacéa; =51 =2, an =S, — Sp_1 = —m, n > 1. Do dé, chudi
o0
can timla 2 — n(n;—l) va tong cua né la S = lim S, = 1.
n=2 n—00

1 - 1
®) an =35, > =1
n=1

(¢) Via, = arctann — arctan(n — 1) nén tana, = ng_ilnﬂ Do dé a,, =

o0
arctan m va 21 arctan ng_ilnﬂ = I
n=
d a =—1, a, = (—1)”712(2—1) vdi n > 1. Téng ciia chudi la
2n -1
-1+ =0.
Z " =D
3.1.2.
1
(@ Tacé a, = 55 — (n+1) .Dods S, =1— (+lgva5—nh_)rglos = 1.
_ 1 1 1 1 1 .
(b) Tuong tu, a, = 3 <(2n_1)2 - (2n+1)2). Suy ra S, = 3 <1 - W) va
S = lim S, = %.
n—oo

231
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© a, = L —V”f‘l.Dodésn:ﬂuaS: lim S, = 1.

n+1 n Vn+1 oo
(d) (n = % (2n1—1 o 2n1+1)' Do do S = 7-L11—>I£l<> Sn = %
_Vnfl-yn _ 1 _1 T _
(€) an = n(n+1) TV Vn+1? S = 7-L11—>I£1<> Sn =1
3.1.3.
(@) Ta c6

S,=Inl—-In4d+mn2+m4—Inl—-In7+In3+n7—-1n2
—In10+...+Inn+ImnBn—-2) —In(n — 1) — In(3n + 1)
n+1

1 1)+ In(3 1) —Inn—1In(3 4) =1 .
+In(n+1)+InBn+1) —Inn — In(3n + 4) ]

Dods S =Ini.
(®) S =In2.
3.14.

(a) Ta co

1
n(n+1)...(n+m)

Ay =

“ o (e ErE )
S m\n(n+1..(n+rm—-1) (m+)n+2)..(n+m))’

Do do S” = # <121m - (n—l—l)(n—i—;)(n—l—m)) va S = ﬁ
o= (k) S=E (44t d)
(¢c) Ta co
n? B 2 1
(n+1)(n+2)(n+3)(n+4) a (m+1)(n+2) (n+3)(n+4)

+
11 1 1
_E?Qn+mm+a‘wn+mm+40

11 1 1
‘“Z(m+mm+@‘wn+mm+@>'

Ap dung céu (b) thu duge S = %.
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3.1.5.
(a) Véin > 5, ta cé
g . 7T 1k 7T 1k 7T 1k 7T 1k 1k 7T
\, = Sin —— + sin —— + sin —— + sin — + sin — + sin —.
720 360 120 60 30 6
(b) Chii y rang 0 < 22— <1 n € N.Dods S = 0.
3.1.6. Tit a, = Sin gy €08 57 = 5(sin o7 — sin 55 ), suy ra S = £ sin 1.

3.1.7. Chuy rang

1
nl(n*+n?+1)
1

n n—1 1
T2 ((n+1)!((n+1)n+1) RGO (n+1)!)'

Do do
1 n

& 1
=3 ((n—i—l)!((n—l—l)n—i—l) +1+k§%(l~c+1)!>'

Ap dung bai 2.5.6 thu duoe S = lim S,, = %e.

n—oo

3.1.8. Véin>1tacéay :%vd

3
(3.5...(21n —1) 3.5...(21n + 1)) '

Do do /1 |
Spm (o
* (3 35..(2n + 1))

va S = limSn:%.

n—oo
3.1.9. Lam tuong tu nhu bai trén, ta cé véin > 1 thi
anp ap, +1—1

(a1 +1)(az +1)...(ap,+1) (a1 +1)(az+1)...(an+ 1)
1 1

(a1 +1)(ag+1)...(ap—1+1) (a1 +1)(az+1)...(a, + 1)

o 1
Dods S, =1— (@ D@z (antl)"
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3.1.10.

(a) Trong bai trén néu chon a, = n — 1 thi suy ra g = +00. Do dé téng cin
tinh bang 1.

(b) Tuong tu, a, = 2n — 1, g = +o00, téng cdn tinh bang 1.
(c) Dat a, = ——5. Khi do

lim ((a2 + 1)(asz + 1)...(an + 1))

an 2-1D)2+1)B-1)B+1) m-1LHn+1) 1
_nl_)rgO o2 32 n2 _5.

T bai 3.1.9 suy ra téng can tinh bang 1.

3.1.11. T dinh nghia suy ra {a,} la ddy don diéu tdng tdi vé ciung. Hon nita,

ta c6 thé chitng minh rang ai —4 = a%a%...ai_l(a% — 4) bang quy nap. Do dé

. a
(]) lim — = a% — 4.
n—0o0 A1A9...Ap—1

Mat khdc, véin > 1 thi

1 1 an An+1
a1ay...ay, 2 \a1a9...0p—1  Q102...0p )

Tt dé va tw (1) suy ra tong cua chudi la

10,2 / 4
2(11

3.1.12. Taco
1 1! 2!
b b—2 (b—2)
2l 2l 3!
bb+1) (b-20b (b—2)bb+1)
n! n!
bbb+ 1)..(b+n—1) (b—2)b(b+1)...(b+n—2)
(n+1)!

=2+ 1)..(b+n—1)
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Ldly téng theo vé cdc ding thite trén thu dugc

1 (n+1)!
Tb—2 (b—2)b(b+1)..(b+n—1)

Ti bai 2.5.87 suy ra S = lim S,, = .

N 00 b—2

3.1.13. Véin=0,1,.., dit a, = % A, = anla+n+1). Khi
d6 A1 —Apn=an(b—a—1), n=0,1,....trongdé Ay =avaa_, = 1.

Ldly téng theo vé cdc ding thite trén ten = 0 dén n = N thu dugce

a—AN_Al—ﬁm;%b—a—1§:mf—b—a—U&Hh

n=0

Do do

(b—a—l)SN+1:a(1—

St dung két qud bai 2.5.87, suy ra A}im SNy =
—00

(a+1)...(a+ N+ 1))
b(b+1)... b+ N) )

a

b—a—1"

3.1.14. T bai trén ta cé

ala+1)...(a+n—1) a b—1

1 1 _ .
(+) +§:bb+1 Grn—1 " bh—a—1 b—a-1
Trong (%), thay a bdi a + 1 thu dugc
=~ (a+1)..(a+n) b—1

1 = .

(%) +g;MU+UM@+n—1) p—

Lay (k%) trw di (%) dugc

o0

Z (a+1)...(a+n—-1)

b(b+1)...(b+n—1)
-1 b—1 b—1
b—a—-2 b—a—-1 (b—a-1)(b—-a-2)

=1

ﬁ, hay tuong duong vdi Apagi1 + Arb = Ap_1ay. Ldy tong theo vé cdc

ding thite trén tit k = 2 dén k = n thu duoc

(%) Anan+1 + Snb — Ab= Aias.
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Mgt khdc

a20a3...ap+1
(CLQ -+ b)(ag -+ b)...(an+1 -+ b)
1

(1+2) (1+2) . (1+:2)

ai
n—l—ll'
b o

k=2

0< Anan+1 = aq

:a/l

Tw bai 1.2.1, suy ra
0< Anan+1 <

Chitng téo lim Ana,+1 = 0va tw (%) ta c6

n—oo

lim 5, — bt a) o

3.1.16. Ti cong thite luong gide 4 cos® v = cos 3x + 3cos x, ta ¢6

4cos’ z = cos 3z + 3cos .,
4 cos® 3z = cos 3%z + 3 cos 3,

4 cos® 3%z = cos 3z + 3 cos 3%z,

4cos®3"x = cos 3" a + 3cos 3.
Nhén lan luot cdc dang thite trén vdi 1, —%, 3%, ey (—1)”3% sau dé cong lai sé
duoc

1
48, = 3cosx + (—1)”3—n cos 3"z

Dods S = lim S, = %cosx.

n—oo

3.1.17.
(a) T gia thiét, ta cé

f(x) = af(br) + cg(),
af(bz) = a®f(b*z) + acg(bx),
a’f(b’z) = a® f(b’x) + ca’g(b*x),

a” L") : af(b"x) + a" teg(b" ).
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Do ds f(x) = a" f(172) + ¢ (g(x) + ag(hw) + . + " g(b"10)) T
gid thiet lim " f(b"x) = L(x) suy ra Z ag(brz) = f(m)CL(a:).
n=0

n—oo

(b) Tuong tu cdu (a), ta co
f(x) = af(bx) + cg(),
a ' f(b ) = f( ) +a"teg(b™ ),
a?f(07%x) = a7 f(07 a) + caTPg (b ),

a"f(b"x) : a7 f (0 ") + a "eg(b ).

Tw do suy ra
(9(x)+alg(b™'z) + ...+ a"g(b""x)) .

af(br) =a™"f(b""x) —

Do do
12y - Mla) = af(o
p— o’ c '
3.1.18. Ap dung bai trén vdi f(r) = sinx g(z) =sin®%, a =3, b=
lim 3"sin g = 2, M(x) = lim 37" sin3"z =

¢ = —4. Dé thdy L(x) =
n—oo

1
3
0.
3.1.19. Ap dung bai 3.1.17 véi f(x) = cotx, g(x) = tanz, a = 2, b =
2, c=1va
1 x 1
M(z) = lim — cot — =
(.Z') nLIg) AL €0 AL T

3.1.20. Ap dung bai 3.1.17 vdi
1-0
( )z a=c=1,

— arct — arctan —2-
f(z) = arctanz, ¢(z) = arctan [T ha?

va st dung coéng thiic
. 0 vl 0<b<1
lim arctan(b"z) = ’
Zsgnx wvdi b> 1.

n—oo
3.121. Tt Gpy1 = p + Qp_1 ta ¢6 ani1ay, = a2 + ap_1a, véi n > 1. Léy
téng theo vé cdc dang thic dé thu duoc

Sp = Qnlpyr, n>0.

(*)
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C6 thé chitng minh bang quy nap cdc d‘c%ng thie sau:

n+1 n+1
0 a= <1+¢5> —(1_ﬁ> 020,

V5 2 2

(ii) Un1Gni1 — a2 = (=1)"t n>1.

Két hop () vdi (ii) duge

Tw (i) ta co

lim = lim
n— oo an—l—l n— oo

(iii)

o (=1 2
Do do ZO S—n = 1+\/5.
n=

3.1.22. Dé dang kiém tra rang

n+1
(%) (—1) = Gpi10nio — Aplpyrs, 1> 0.
Do do

n k n
g _ (—n% Z Afy10k+2 — QpAk+3
= —
aya ara
3 k2 p QK42

n
__Z(@_ak_%) _ g G2 O
o \ Gk Ak+2 Un+1 An+2

Tiz (iii) trong bai trén suy ra lim S,, = v/5 — 2.

n—oo
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3.1.23. St dung ding thitc (%) trong bai trén, ta cé

A2n+2 — A2n+1

arctan — arctan = arctan
A2nt1 A92n42 A2p4+102n+2 + 1
Aon
= arctan ——— = arctan
A2nA2n+3 A2n+3

Ldy téng theo vé cdc ding thite trén thu dugc

n+1

1
arctan — arctan — + arctan

a a a
1 1 2k 2n+3

Do dé Z arctan — = 7.

n=1

3.1.24.

(a) Vdi nhdn xét rang arctan n2 = arctan % — arctan ?, n > 1, ta cé

o0
két lugn » | arctan 712—2 = arctan 2 4 arctan 1 + arctan 5 = %ﬂ'.

n=1
(b) Véin € N, arctan 2+1n+1 = arctan ~ —arctan —=. Tw do suy ra rang
Z arctan 2+ — = arctan 1 = .

n=1

(¢) Voin > 1, arctan n4+22+5 = arctan ﬁ — arctan ——3 o +1)2, do do

arctan —————— = arctan 2 + arctan 2 + arctan —
Z 4 2 2 + 5 + + 2

1
= —7m + arctan 2.

3.1.25. Su dung cong thic luong gidc

r—y

arctan x — arctan y = arctan
1+ 2y

dé dang chitng minh bai todn. Chu y rdang cdc két qud trong bai 3.1.24 chi la
truong hop riéng cta bai todn nay.
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3.1.26. Gid st chubi Z b, la mét hodn vi cua chudi Z an. Ddgt S,
a; +ag + ...+ ap, Sn b1+bz+ .+ b, vaS—th Ror‘angs < S.

n—oo

Do dé day {S' } héi tu téi gidi han S’ < S. Tu’o’ng tu ta cing c6 S < S'. Chiing

t6 chudi Z by, héi tu va c6 cing tong vdi chudi Z Qnp.

n=1 n=1

3127. Vi
1 - 1
Z;@ _Z (2k)? +;(2k—1)2
va hm Sont1 = hm So, nén suy ra

o0 1 o0

L 1 +1°° 1
2 —1)2 2 n2
“n < (2n —1)2 " 22 £

n—

3.1.28. [A. M. Yaglom va I. M. Yaglom, Uspehi Mathem. Nauk (NS.) 8(1953)
86 5(57), trang 181-187 (tiéng Nga)]

(@ Néeu 0 < x < J thisinz < x < tanz nén khi dé cot’x < m% <

1+ cot® . Chon & = 3575 véi k = 1,2, ..., m, sau dé ldy tong tit k = 1
dén k = m thu duoc

Bay gio ta sé chitng minh rang

.. & km m(2m — 1)
t2 = .
(i) ;; O oMt 3

V6i 0 <t < 3, theo cong thitc De Moivre ta c6

cosnt +isinnt = (cost +isint)" = sin" t(cot t 4 1)"
sn - UAW? n—k
=sin" ¢ E 1 cot™ L.
k=0 (k)

Chon n = 2m + 1, dong nhét phdn do ctia ding thic trén thu duge

(iii) sin(2m + 1)t = sin®™" 't P, (cot? 1),



3.1. Téng cua chudi 241

trong do
. 2m + 1 2m + 1 _
(iv) Pm(x):( | ):cm—( 3 )xm LS
Trong (iii) thay t = 2:111 suy ra P, (cot? 2@11) = 0. Do d6 x, =
cot? 2:}11, k= 1,2,....m la cdc nghiém ciua da thic P, va tong cla
chung la
o St () menoy
% CO = 75 1 = .
Pt 2m+1 (") 3
Tw (i) va (ii) suy ra
m(2m — 1 2m +1)2 ¢~ 1 m(2m — 1
CUES IRV S LR
3 s k 3
k=1
Nhén bét ding thite trén véi ﬁ va cho m — oo thu duoc (a).

(b) Chu ¥ rang -
m+ )

- (

_ 5

Z Tty = 205055,

ij=1 ( 1 )
i#]

trong dé xi, k = 1,2,...,m la cdc nghiém cua da thicc (iv). T dé va tw

(v) suy ra

“ 4 kT
Zcot 5 1
— m —+

B (m(2m — 1))2 _ 2m(2m —1)(2m — 2)(2m — 3)
5!

~ m(2m —1)(4m* + 10m — 9)

— e .

Mt khdc, ti bat dang thie cot? r < & < 1+ cot®z (xem (a) ta c6
cot* z < %4 <14+2cot?z+cot*zv6i 0 < x < 5. Do do

<
4
45 T —

2m — 1 N m(2m — 1)(4m? 4+ 10m — 9)
3 45 '

m(2m — 1)(4m* +10m —9) _ (2m + 1)* i 1
k4

<m++2m
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Vay ta da ching minh duoc (b).
Coéni y.  Ta cé thé dp dung phuong phdp trén dé tinh téng cia chudi
> kel
n=1
(¢) Tu cong thitc De Moivre cé thé chitng minh rang véi m = 4n, n € N thi

m
cosmt = cos™ t — (2

. m m—1 . m oaom—1
sinmt = cos tsint + ... — cos t sin t,
1 m—1

va do do

) cos™ 2 tsin’t + ... 4+ sin™ ¢,

cot™t — (') cot™ 2t + ... — (,",) cot?t + 1

O T et = (3) et T — () cott

Tw dang thite cudi suy ra
dkm 4+ 7
rp =cot —, k=0,1,...m—1,
dm

la cdc nghiém cua phuong trinh

Chiing té
m—1
4k
(1) cot T =m
4dm
k=0
Vim = 4n nén
i Ak 4+ 2 Akm4+1 T 4km+ 7
t = t t
¢ 4dm €0 4dm Z 4dm
k=0 k=0 k=2n
an—1 2
_Z 4]€7T+7T_Z 4/€7T—7T
a 4dm 4dm
k=0 k=1
Tw do va tw (1) suy ra
T 3T 5% T
cot — — cot — + cot — — cot —
2) 4dm 4dm 4dm 4dm
(2m — 3)m (2m — )7
+...+cot ———— — cot ——— =m.

4dm 4dm



3.1. Téng cua chudi 243

Ap dung cong thite lugng gidc

cot v — cot f = tan(f — «) (1 + ;)

tan a tan 3

vao (2) thu duoc

1
m=tan — | —4+ ——+ ... + .
2m ( 2 tan ﬁ tan j_;rl tan (23;3” tan (23;1”)

Do dé tic bat dang thic % voi 0 < x < 3 suy ra

tan T

T [m 1 1
(3) m<tan% (5"‘ T 31 +ot (2 _3)7r(2m—1)7r> ’

4m 4m 4m, 4m
Tuong tu, dp dung cong thic luong gidc

sin(f — «)

cota — cot f = — -
sin v sin 3

va bat ding thite L < —— vao (2) thu duoc
xT ST

T 1 T 1
m=sn— > —— + ...
2m \ sin ;- sin 3—” sin Zm=3)r i) Gm-—1)m

am am

. 1 1
> sin % —L3_7T + ...+ (2m—3)7r (2m—1)7r i

4m 4m am am

Két hop vdi (3) ta dugc

m m\ 7 S S 1
tan~ 2 /) 16m?> 23 (2m—3)(2m—1)

7T2

16m sin QL
m

Cho m — 0O suy ra

1 1 =
25 5r T LD -

—_

N}
%
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3.1.29. Tacéa,—1=ay(a,—1).Dodé an+11_1 = —é anl_l. Léy téng
theo vé cdc dang thice dé ten = 1 dénn = N thu duoc

1 1 1 1
(*) —t— 4. +t—=1-—

ap G an an+1 — 1

Dé kiém tra rang day {an} don diéu tang dén vo cung. Do dé ti (%) suy ra

>t

n=1

3.1.30. Ti dinh nghia day {ay}, ta cé

e —1=ae",

e — 1 = age™,

Do do

e —1=ay+ ajae®™ = ...

= a1+ ajas + ... + ajas...a, + alag...an+1e“"+2.
Mgt khdc {a,} la day don diéu gidgm héi tu vé 0 nén

lim (a1as...an41€2) = 0.

n—oo
o0

Ti dé suy ra Y b, = €™ — 1.
n=1

3031, Tacs Spp1 = Sp+ any1 = Su + 3= — V2. Xét ham f(x) =
41— 2, x> 0. Neuday {S,} hoi tu téi S thi f(S) = S. Nghiem duy
nhét cua phuong trinh dé la % Vi ham © — f(f(x)) — x don diéu gidm trén
khodng (%, 1) nén néu x € (%, 1) thi

f(f(ﬂf))—x<f(f(%))_%zo

Mgt khdc ham [ don diéu giam trén khodng (0,1) nén f(f(x)) > % vdi
x € (%1) . Do dé

Sl=

< f(f(x)) <z véi x€ (L,l).

S
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Chiing t6 {Sgn_l} la day don diéu giam va bi chan dudi nén né héi tu va cé gidi

y L va i = I — I R &
han la . Hon nita nh_)r{)lo Son = nh_)r{)lo f(Son-1) = f (\/5) = 5 Vay chudi
dd cho héi tu va cé tong la %

2
3.1.32.

(@) Chu ¥ rang

1 1 1
Sm=logtg Ty,
S (1+—+1+ +l)
2 3 2n 2 3
1 1 1
_n+1+n—i—2+m+%'

Do dé t bai 2.5.8 (a), ta c6 lim Ss, = In2. R6 rang
n—oo

1
lim Sy, = i Son =1In2.
n1—>I£l<> 2ntl nl—{?o( 2 + 2n+ 1) i

(b) Ta cé 22EL — %—l— —_ Do dé ti (@) suy ra

n(n+1) n+1-°

- on +1 - - 1
E -1 n—1 — E -1 n—1 " E -1 n—1

n:1< ) n(n+1) n:1< ) n+n:1< ) n+1

=In2—(In2-1)=1.

(¢c) Goi Sy, la téng riéng thiz n cia chudi dudc cho. Khi dé
1 1 1 1

Son = .
2 x+2n+1+x+2n+2+ +x—|—4n—1+x—i—4n

Lam tuong tw nhu bai 2.5.8 c¢6 thé ching minh rang lim Ss, = In2. R6

n—oo

rdng lim Sgn+1 =In2.
n—00

3.1.33. Taco
9 3 4 5 om om+1
24— 4. 41 1
Son=Ing —Ing+ng—Inz+..+Iho——In—0
92.4..2n 3.5..(2n + 1)
=1In —1In
13..2n—1) 2.4..2n

= <2n1—i—1 ((27(127?!1!)!!)2) '
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2
Tit cong thite Wallis, 5 = lim 515 <L)”,,) suy ra lim Sy, = In 2.

2 n—00 (2n-1) n—00
3.1.34. Taco
- 1
)" !'In (1 - ———
2D ()

B §;<—1>”‘1 (1“ (1 " n%l) o (1 N 1))

= i(_w—l In (1 - %) — i(—m”—l In (1 + %) :

n=1
Tz bai trén suy ra téng cia chudi la In2 — 21n z.

3.1.35. Téng riéng thit n ciia chudi cé thé viét dudi dang
1 1
Sp = 1—1—5—1—...—1———(ln2—ln1—|—ln3—ln2
n
1 1
+..+In(n+1)—Inn) = 1+§+...+——ln(n+1).
n

Do do tir bai 2.1.41 suy ra téng cua chudi chinh la hang sé” Euler Y.

3.1.36. [20] PBat F(z) = flm f(t)dt. T dinh ly Taylor suy ra tén tai Ty, Y
saoch0k<xk<k+%, k—i—% < Yk < k+ 1 thod man

Pk 5) = F0) = 30 + @)

1 1 1
—F (k + 5) +F(k+1) = 5f(k +1) — gf’(yk).
Ldy téng theo vé cdc ding thite dé tw k = 1 dén k = n — 1 thu duoc

%f(1) Q)+ fB) + A fln—1) + %f(n) — F(n)
1

— () = £/ @)+ £/ (9) = @) + o+ o) = L 20e)

Gidi han & vé phdi ddng thite trén ton taivi f'(y1)— f'(x1)+ [ (y2) — [ (22) +...
la chudi dan ddu va cdc s6"hang co tri tuyét doi don diéu giam vé 0.

Néu ldy ham f(x) = = thi c6 thé chitng minh dugc sy ton tai clia gidi han
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(So sdnh vdi 2.1.41 (a)). Ly f(x) = Inz, ta chitng minh dugc day

1
{lnn! — (n—l— 5) lnn—l—n}

hoi tu. (Theo cong thirc Stirling gidi han cua day dé la In/27.)

3.1.37. Ap dung bai trén véi ham f(x) = e 0 > 0, suy ra sw tén tai cia

x

gidi han
I ln1+ln2+ +lnn (Inn)? B
Jim 1 5 - 5 = s.
Do do
Inl In2 In2n
li =i _ = .
A Szn nllilo( 2 o )
. In1l N In2 A In 2n (ln2n)2
= lim | — | — + —/— + ... —
49 ln2+ln4+ +ln2n (In2n)?
2 4 2n 2
L ln1+ln2+ +lnn (Inn)?
= — im | —+ —4+ ..+ — -
5 n—0o0 1 2 n 2
In2 1In?2 In2 In 2)2
+ lim n—+n—+...+n——ln2lnn _(n)
n—0o0 1 2 n 2

trong dé 7y la hang s6 Euler.

3.1.38. Tu cong thicc Stirling n! = o,/ QWn(%)”, trong dé lim «,, = 1, ta
n—oo
co

(2n + 1) L2+ 172 (n)?

(2n—DIZen 2 ((2n))2en
(2n +1)*2%"a22mn(2)* 1 ((Zn - 1)2” a? ) .

=—-In
a3, Amn (2 )ine2n 2 2n 203,

1
Sp = =
5 In

1
=—In
2

Do ds lim S, = 3(1 —In2).

n—oo
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3.1.39. Gid st ¢6 hai gid tri x va y dé chudi da cho héi tu. Ddt

al 1 1 1 x
SN(x)ZZ((n—UkH+(n—1)k+2+“‘+nk—1_%)‘

n=1

N
Khi d6 Sn(z) — Sn(y) = 55 > L. T sw héi tu cia hai chubi dé suy ra
n=1
x = y. Bay gio, ta sé tim gid tri cia T sao cho chudi da cho héi tu. Theo 2.1.41
thi day a, = 1+ 1 + ...+ L — In(nk) héi tu tdi hing s6 Euler ~y. Do do

N N

1 k

Sn(k—1) =an+In(Nk) —

1
—an +Ink + (lnN—Zg>.

T dé suy ra rang hm Sy(k—1)=~v4+Ink—~=Ink. Chingté v =k—1

N—oo
va téng cia chudi bang In k.

3.140. Dé dang chitng minh rang

aop =3n+2 vai n=0,1,2, ..
a2n—1 :3n+1 Vol N = 1,2,...

)

bang quy nap. Do dé

B 2N N (—1) N (—1)
S = W G = T e
(*) N n= n70N n=1
- 2%(_1) Bn+ 1)(3n + 3) +;<_1) 3n(3n + 2)

N N
1 1 1 1 1 1 1
=—4 = -1 — - )" — —
3+2;< )(?m—l—l 3n+3)+2n21< )<3n 3n+2)
N N
1 1 1 1 1 1 1
=_ 4= - [ — — — —-1)" -
3+22( >(3n 3n+3)+2;( >(3n—|—1 3n—|—2)

N N
11 (=1 (=1)¥ ] 1 1
=z N (=) - .
3 6+Z 3n +6(N+1)+2nzl< 3n+1 3n+2

~—
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Mat khdc, theo 3.1.32 (a) ta co

3N 1
—In2 = lim (Z(—m”—)
n— oo n

n=1
N 1 N-1 1 1
= 1li -)"— ] — L —1)" —
b (;f ) 3n> noe (;( ) (3n+1 3n+2)>
N-1
1 1 1
=——In2— lim —1H" — .
3 n—00 <;< ) (?m—i—l 3n—|—2)>
N-1
Suy ra lim ) (—1)”( Lt ) = 2In2. Két hop vdi () thu dugc
N—oo 70 3n+1 3n+2 3 : ¢ :
lim Son = = 1H2—|— —|— 1H2—— i.Hdnnfc’a lim 52N+1 = lim Son-+
N—oo Nt N—oo N—oo
]\}I_I)I;o (;];i)ﬁ = ]\}I_I)I;o Son, chiing t6 téng cua chudi da cho bang i.
3.141.

(@) Gid su phcin chitng rang téng S cia chu5i da cho la mét sé6 hitu ty, tic la

S =L Khids(q—1)lp=qlS = Z an Z . Diéu do chiing to
n= q+1
Z q—, la mét sé nguyén. Mdt khdc
n=q+1
o0 | 1 1 ]
BN E
St T+l (a+D(@+2) (g+1)(g+2)

122
(g+1)2 — 4

suy ra mdu thuén. Vay S la mét s6'vo ty.
(b) Lam tuong tu nhu cdu (a).

3.142. Gid s phdn chiing rang téng S cia chudi da cho la moét s6 hitu ty, tic
la S = g. Khi do

q 00

B B qle qlen

(g—1lp=4q'S= E T .
n=1

n! n!
n=qg+1
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0. ]
N . P 9 len 78 Ay A A v .
Diéu do chung to Z qns, la mot s6 nguyén. Mdt khac
n=q+1

gle = ¢

len !

< — .
a2 <t
n=q+1 n=q+1

o0
s FA A Py 2 A - . S ! n . A
Do do6 dé suy ra mdu thuan, ta chi can chitng minh rang Z an! khac 0. That

) n=q+1
vay
= qle, 1 - 1 1
n!zﬁ_zﬁ>+1_(+1)—
n=q+1 ¢ n=q+2 q a9

Chitng to S la mét sé vé ty.

3.143. Lam tuong tu nhu bai trén.

o0
3.144. Gid s& phdn chiing rang Z L = g, p,q € N. Theo gid thiét cé ton

tai mot s6 nguyén duong k sao cho néut > k thi - > 3q. Do dé

niNg...Nj—

k—1

o
ning...Nk—19 ning...Ng-19
E -+ E = pning... Ng_1.
i=1 K i=k i

.

Mgt khdc

N NN T 1 1 L
SR (1 ——— ) < L
P n; 3 Nk MET41

suy ra mdu thuan.

3.1.45. Néu téng cia chudi la s6"hitu ty thi véi moi s6 nguyén duong ki ta

o0 k‘l—l
. ning...n
co E L_2_ E —. Do db téng E e gy mét sé nguyén duong.
P K=k "

Suy ra
D
1 1
(*) — >
k—Fy nk qning... Mg, —1
lim =1 > 1va chon e > 0 di nhé sao cho o« = — & > 1. Khi dé sé
k—oo

ton tai moét chi so6 kg sao cho néu k > ko thi

(*x) >a > 1.

Nk—1
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NET N N . A A~ n N
Vi lim —™— = 400 nén tén tai mét s6' k1 > ko sao cho M 2y
koo MlNk—1 ¢ ¢ ni..ng_1 a—1
(*%) suy ra
o0 o0
1 1 « 1
E — < E . = 1 < .
e T A oy (v —1D)ng, — qning...ng,—1

Diéu nay mau thudn vdi ().

o0

3.146. Gid st rang > i = g, trong doé p va q la cdc s6 nguyén duong. Khi
k=1

do

1 1
ning... Nk—1 Z 2 5

voi moi k > 2. (Xem bai trén.) Ddt a, = Qf/n_k. Theo gia thiét klggo a =
+00. Ta sé chi ra rang ton tai s6 nguyén duong r1 sao cho a; < ap VO J =
1,2,...,71 — 1. Thuc vdy, néu a; < as thi vy = 2. Néu ay > as thi chon 11
la 56 nguyén nhé nhdt lon hon 2 sao cho a1 < a,,. Lam tuong tu ta c6 thé tim
duoge day s6 nguyén 1, 6 tinh chdt a; < ay, vdi j =1,2,...,ry — 1. Goir la
s6 nguyén duong nho nhdt sao cho a,y; > q+ 1vdi j =0,1,2,...va a; < a,
véi j =1,2,...,r— 1. Chii y rang n, < n,.j nén a, < azij vai 7 =0,1,2, ...
Do do

2 -1 27 (27 -2
22t 22 =2

nann —1 ; _oj+1 (=
— < = r+2jr+j = r+2§ <(q+1) G+,
n i n ; a ;
47 47 r+j
Chiing t6
o0 o0
1 , 1
—(j+1
nlng...nr_lz — < Z(q—i— 1)~0+) = —
=0 nr-f—j —0 q
suy ra mdu thudn.
~ 0 2
3.1.47. Vichudi Z—" héi tu nén lim 22— = 0. Do do ti bdt dang thic da
— I n—oo In
" o0
cho suy ra qp’il > > Z—". Gid st tdp A hitu han. Khi do sé ton tai mét chi s6°
n—=
m sao cho
00 m—1
GoS P NP pn

n=1 dn n=1 dn dm — 1
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Chiing t6 S la sé hitu ty. Gid st rang

s=Y"r_Pcq
—~ I q
Khi dé . .

p Pr pk Pn+1

’]“n:—— _— =
q = Qk qn+1—1

k=n-+1
Nhén hai vé bat dang thite trén vdi b, = qqi...q, thu dugc

o pn+1
bri1Tng1 = buTnGni1 — qQ1- Q1 ——
qn+1

< bnrnqn+1 - bnrn(qn+1 - 1) = bn'rn-

Tir d6 suy ra {b,r,} la mét day s6' nguyén duong don diéu gidm. Do dé bat diu

tw mot chi s6 nao dé, cdc s6 hang cua day déu bang nhau. Diéu dé mau thudn

voi gia thiét A hitu han.

3.1.48. Ro rang, ta cé thé viet n! = 20" 3(n), trong dé ((n) la mot s6'1é, con

a(n) duge tinh bdi cong thite a(n) = n — v(n), trong dé v(n) la téng cdc chi
o0

6 ctia s6'n viét trong hé co s6'2 (dinh ly Legendre). Hon nita, ta c6 » i—:, =
= !

s n

> 5”31_!’ trong dé 0, = 1 néu n = ny va 6(n) = 0 néu nguge lai. Gid s

n=1

o0
phdn ching rang > 5”% = g, p,q € N. Viet ¢ = 2°t, trong dé t lé. Chon

n=1
N =2 > max{t,2°*?}, khi d6 ") € N, do ds 2°B(N)E = ) e N
Theo dinh ly Legendre ta c6 N! = 2N"13(N). Nhan hai vé cﬁa ding thiic
N
SR S
n=1 n=N+1 n!

vdi 2°3(N) thu duge

N on o n
(%) 25N = 25N Y65 +28N) Y 6
q n=1 n n=N+1 n

Chi y rang

2°B(N) Z =2 Z W

n=1
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Chiing t6 s6 hang ddu & vé phdi ciia (%) la mét s6 nguyén. Do dé dé suy ra mdau
o0

thudn ta sé chitng minh rang 0 < 2°G(N) > 571?1_7; < 1. Thue véy

n=N+1
o0 27'L
2°B(N }: 5 472FN+?N1 > On
n=N+1 ’ n=N+1 n
o] s oe] n—N-—1
— 9512 Z ) 2”—N—1 N! 2512 Z
" n! N + 2
n=N+1 n=N+

_ 2P Nt2 28
" N+1 N T N+1

3.2 Chudi duong

32.1.
(a) Ta co
n=Vn24+1—vVnd+1
B 1
V214 R+
y 3nt — 2n3 + 3n?
2+ 124+ M2+ )Y/ (M3 + 12+ M3+ 1)Vnd+1
Do do
. ap 1
ST T

n

Theo ddu hiéu so sdnh chudi da cho phan ky.

(®) Vi lim /a, = lim (1 — 52=)" = L nen chuéi hoi tu.

n—oo n—oo n2+n+1
(¢c) C6 thé chitng minh bang quy nap rang

(2n — 3 - 1
(2n—2)11 © 2n—1

vdi n > 2.

Do dé chudi phdn ky theo ddu hiéu so sdnh.

(d) Chubi héi tu vi lim {/a, = 1.

n—oo
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1

1 _owa21 1 X g A
(e) 1 — cos o= 2sin 57 < 3,25 SWy ra chuot hoi tu.

@ Vi lim @/a, = 0 nén chudi héi tu.
n—oo
(g) Theo bai 2.5.4 (a), ta co

lim

n—oo

Va —1
\/_f =Ina.
n
Do dé chudi phén ky.
32.2.

(@) Chubi hgituviln(1+ 1) =L

n
(b) Su héi tu ctia day duge suy ti bt ding thite
1 n+1 2 »
In < véi n > 1.

Vit =1 Valn— 1)

(¢) St dung bét dang thite Inn < n ta nhén duoc
chudi dang xét la hoi tu.

1
n?—Inn

1 .
< TS Do do

(d) Ta co
1 1

(ln n)lnn o nlnlnn '

Suy ra chuéi phan ky.

(e) Stz dung phuong phdp phép tinh vi phdn, ta cé thé chitng minh rang vdi
x du lon bdt dang thie (Inlnx)? < Inz ding. Khi dé ta co
1 1 1

(lnn)lnlnn - e(Inlnn)? > E

vdi n du lon, tiw do suy ra chudi phdn ky.
3.23. Ddt ¢, = *, ti gid thiét ta dugc

Ap1
Cnt1 = b

< =Cp, N > N,

s

n+1
tue la day {Cn} tang don diéu véi n > ng. DPiéu nay ching té rang day bi
chan, tic la ton tai C > 0 sao cho 0 < ¢, < C,n € N. T dé suy ra
o0 o0 o0

S an = > by, < C > by, va ta suy ra diéu phdi chitng minh.

n=1

n=1 n=1
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3.24.

(a) Tw bai toan 2.1.38 ta co

1

an+1_(1+%)"_2<( n )Zm

an e n+1 &

Ta ¢6 két lugn rang chubi hoi tu nho st dung ddu hiéu héi tu cia bai todn

trén.

(b) Tuong tu, s dung 2.1.38 ta coé

an _ (143)"  (143)" @
> n+l — 1 -
an e +H™ 5

o0

Néu chubi da cho hoi tu thi st dung bai 3.2.3 ta suy ra chudi Z % cung
n=1

héi tu, diéu nay la vé ly, ta suy ra chudi dang xét phdan ky.

3.2.5.

o) o)
(@) Tw bai todn 2.5.4 (a), ta c6 chudi Zl({‘/a —1)* va 21 n% cung hoi tu
n= n=

hodc phan ky, suy ra chudi dang xét sé héi tu vdi o > 1 va phdn ky vdi
a <1

(b) Tir i gidi bai 2.5.4 (b) ta cé Inn < n(Yn—1),dodsvéin > 3vaa >0
ta duoc
1 Inn\* o
— < |—) < ¥n-1".
ne n

Piéu nay cho thdy rang chuéi phan ky véi 0 < o < 1, trong truong hop
o < 0 cdc s6 hang trong chudi khong thod man diéu kién can cia chudi
hoi tu. D6i vdi truong hop o > 1 s dung bai tdp 2.5.5 ta két ludn rang

o0
chubi hoi tu khi va chi khi chudi » (thn)O‘ héi tu. Su hoi tu cua chudi
n=1

sau duge suy ra tu bai todn 3.2.3 vi vdi n di Idn ta co

ant1  (nin(n+1) O‘<2a n \
a, \(n+1nn/) — n+1)
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(¢c) Tw bai 2.5.5 ta c6 chudi héi tu khi va chi khi chudi

00 1 n+1
Z In (1+5)
e

n=1

héi tu. Stz dung bét dang thite 2%%; <In(l+xz) < xvdi x > 0 trong bai
2.5.3 ta suy ra

1\ " C
ln(1+—) -1 <—, voi a>1
n
va

1\ " “ 1
m(1+= 1) s —— i 0<a<l.
n (2n 4 1)«

T dé suy ra chudi héi tu khi o > 1 va phan ky voi 0 < o < 1. Hon nita
chii y rang vdi o < 0 chubi khong thod man diéu kién can cia chudi hoi

tu, suy ra noé cung phan ky.

(d) Dé dang kiém tra ddng thic

lim ——% = —
n—00 = §)

o0

Do dé chudi hoéi tu khi va chi khi chudi Z n%a héi tu, va vi vay chudi sé
n=1

phén ky voi a < % va hoi tu vdi o > %

3.2.6. Tir2.5.5 ta dwge lim 2212% = 1 va do do chudi dang xét hoi tu khi va
n—oo

o0

chi khi Y a, héi tu.
n=1

3.2.7.

o0
(@) Sy héi tu ctia chuéi » , —1In (COS %) duoc suy t ding thite

n=1

~ —In (cos %)
lim ———= =1
e 2n2
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(b) Néu c # 0 thi

n—oo

T doé suy ra chudi dang xét hoi tu.

Néu c = 0va 7= 0th diéu kién can cua chudi hoi tu khong thod man.
Con néu c=0va § <0 thi

D
1%
I
D
SIS
[
e
=3
3
I
[
o
S
ale

Do do trong truong hop nay chudi héi tu vdi

a
a> 1.

7 < —1 va phan ky vdi

(¢) Ta co

n2" 1

(n+a)™(n+b)te  (n+a) (1+2)" (n+b)e (1+2)"

o0
Tic la chudi dd cho héi tu khi va chi khi chudi Z # hoi tu.
n=1
~ & 2
3.2.8. Sy héi tu ciia chudi Y, \/GnGn+1 dude suy ra truc tiép tic bt dang
n=1
thicc \/GnQn+1 < %(an + api1), hon nita néu day {a,} don diéu gidm thi

o0
/UnQni1 > Qpi1, tw do suy ra su héi tu ciia chudi Z a,, duoc suy ra truc tiép

n=1

o0
tw sw hoi tu cua chudi Z \/GnGny1. Bay gio xét day {an} duoc dinh nghia
n=1

1 néunlie,
Ay =

1 A~ o
oI néun chan.

Thé thi

n 2n n 1
E Qg1 < E \VOEQk+1 = E 2
k=1 k=1 n=1

o0 o0
Do dé chudi Z \/QnQny1 hOL tu trong khi Z a, phdn ky.
n=1 n=1

3.2.9.
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(@) Trudc tién chii y rang néu day {a,} bi chdn trén bdi mét s6' M > 0 nao

do thi a a
n > n )
l+a, 14+ M
o0
Do dé chubi ) 1izn phén ky. Mdt khdc néu day {an} khéng bi chan
ne

trén thi sé ton tai mét day con {ank} tién téi vo cung. Khi dé

Qn
lim —— =1
n—oo 1 + Ay,

)

va vi vay diéu kién can cia chudi hoi tu khong dugc thod man.

o0
(b) Chudi Z 1-1?:@ c6 thé hoéi tu hodc phan ky. Ta sé chi ra cdc vi du dé
n=1 "

chitng to diéu nay, xét day
1 néun=m%* m=12,..,

Am = 1 .
o3 ngudce lal.

o0
Thé thi chuéi Y, a, phdn ky, nhung

n=1

n n n
1

Qe 1
D i XTIt e <2 ;-
k:11+kak k:11+k k:1k+k k:11+k

3
—_

a
1+nan

o0
Trong truong hop nay chudi Z o héi tu. Néu chon a, = % thi ca
n=1

[e.9] [e.9]
hai chudi Y a, va Tino— phan ky.
n=1 n=1

(¢c) Su héi tu cua chudi duoc suy ra tic bat dc%ng thue

an an 1

14+ n2a, — n2a, n?

(d) Néu day {a,} bi chdn trén béi M thi

Qp, Qp,
> .
14+a2 — 1+ M?

Do dé trong truong hop nay chudi la phdn ky, nhung néu vdi a,, = n? thi
o0

n_ héi tu.
oz hoitt

ta lai duogc chuoi 21 T
n—
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3.2.10. Véi moi s6 nguyén duong n va p ta cé

n+p
> ak
(p41 (42 Ap4p k=n-+1 Sn+p - Sn
+ oo+ > =
Sn+1 Sn+2 Sn+p Sn+p Sn+p

o0

L S —S A ~ - A LN 2 X A 2+ T ~

Vi lim 22="" — 1 nén ddy cdc tong riéng cia chudi » , %> khéong phdi la day
p—00 S"‘H? nel Sn

Cauchy, suy ra chudi phan ky.
Mgt khdc

Qnp, < Qnp Sn_ n—1 1

1
S2 = 5uSu1 SuSat Sur Sa

va do do

n+p n+p
IR S (NCER I
S2 Sk—l Sk Sn Sn+p Sn

k=n+1 " F k=n+1

o0
Ta c6 két ludn chudi Z g,—g hoi tu theo tiéu chudn Cauchy.
n=1 "

32.11. Taco
Qnp, Sn_ n—1

S.SE 8,80,

Xét p la mét s6 nguyén duong sao cho i < (. Thé thi véi n du Ién ta cé bat

ding thite
Ay, < Qp,

g T
SnSn—l SnSTIZ_l

Piéu dé c6 nghia la dé c6 diéu phdi chitng minh ta chi cdn xét su héi tu cua

o0
chubi >, —%+. Ta c6 bdt ddng thic

n=1 S,S7?
Sn - Pn—1 1 1
1 >p 1 1 9
S.5%, i, S
tuong duong
1
Sn_l Sp 1
1-— < 1 — =
Si =P :
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Sy tuong duong duoc suy ra ti viée dp dung bat dang thie 1 — 2P < p(1 —x)

1
vdi 0 < x < 1 bang cdch dat © = <%) ", T dé st dung bai tap trén ta suy
ra chudi da cho héi tu vdi 3 > 0.

3.2.12. Gid s rang o > 1. Thé thi vdi n > 2,
an an

U e —
Se = SuSpTy

Ta c6 thé suy ra sw héi tu ctia chudi tw bai tap 3.2.11. Xét o < 1, vdi n du lén
an

taco & > . Tw két qud nay va st dung bai 3.2.10 ta suy ra chudi phdan ky
vl o < 1.

3.2.13.

(a) Tir gid thiét suy ra day {a,} don diéu gidm vé 0, hon nita

An  Tn-1—Tn

Tn—1 Tn—1

Do dé6 véi moi s6’ n va p nguyén duong ta cé

Ap+1 Qp4p Tn — Tnt1 Tntp—1 — T'ntp
Tn Tn4p—1 Tn Tn4p—1
Tn —T T

> n n+p -1 n+p

T'n T'n

Cé'dinh n ta cé gidi han lim <1 — r:ﬁ) = 1, stz dung tiéu chudn Cauchy

p—00
ta suy ra chuoi phan ky.

(b) Ta co

Un _ Tno1 —Tn _ (VTr—1 — /Tn)(\/Tn—1 + /Tn)

Tn—1 Tn—1 Tn—1

< 2(«/')"”_1 — \/’I“_n)

St dung bat ding thic nay ta suy ra rang day cdce téng riéng ctia chudi

an
n

o0
7;1 N la Cauchy, tw do suy ra chuoi hoi tu.
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3.2.14. Dadu tién xét truong hop o > 1, thé thi vdi n du lon ta cé

—_

1

St dung phdn (a) cia bai tdp trude ta suy ra chuéi dang xét phan ky.
Vi oo < 1, ton tai s6'p nguyén duong sao cho o < 1 — i, khi do ta co
Qp Qp Tn—1 —Tn

1

< = rl_ .

ro 1—1 T 1 n—1
n-1  (rp-1) P n—

-

Khi cho © = <1) " trong bat ding thiee 1 — 2P < p(1 —2) vdi 0 < x < 1,

ta duoc
an, 1 1
— <plra—mn |-
Tn—l

Stz dung tiéu chudn Cauchy swy ra chubi trong dé bai héi tu.

3215 Vi< a<1cé

an+11n2rn

An41
o
n

=0,

n—oo
~ s 2
stz dung bai tdp trén ta suy ra chuoi Z Qpy1 In 1y, ROT tu.
n=1

3.2.16. Ta biét rang (xem bai tip 2.1.38)

n n+1
(*) (1+l) <e<(1—|—l) .
n n

Gid thiét rang g > 1 va ldy € > di bé sao cho g — € > 1, thé thi ton tai s6

nguyén duong ng sao cho nln aai1 > g —cuvdin > ng Theo (%) ta co

an 1
nln >g—8>nln(1—|——),
Ap+1 n

tw do suy ra
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o0
Do dé6 chudi Y, a, hoi tu theo ddu hiéu da duoc chitng minh & bai tdp 3.2.3.
n=1

Truong hop g = +00 ta cing ldp lugn tuong tu. Chung minh tuong tu cdch
trén ta swy ra chudi phan ky trong truong hop g < 1.

Vi du sau chitng to ddu hiéu dugc néu o trén khong su dung dugc khi g = 1.

1
nln?n

o
Chon a,, = +, thdy rang g = 1 va ), ~ phan ky. Mat khdc khi ddt a, =
n=1

o.]
ta duoc chudi Z ap hoti tu (bai 3.2.29), trong truong hop nay ¢ cing bang 1,
n=1

thdt vy, chi v rang

1 n
—— 1
nln”hi# =In (1 + —) 4+ 2nln
(n+1) In®(n+1) n

In(n+1)
Inn

R6 rang sé hang ddu cta téng ¢ vé phdi tién vé 1, ta con phdi ching minh rang
In(n+1)

lim 2nIn =—= = 0. Thdt vdy, diéu phdi chiing minh la diing do
n—oo
In(n 4+ 1)\" In 2L\ "
lim In(n+ 1) _ lim (1+—2) =€’ =1.
n—o00 lnn n—o00 11’177/
32.17.
(a) Ta co

lim nln—" = lim n(vn+1—+/n)In2 = +oco.

n—oo an—l—l n—oo

St dung bai tap trén ta suy ra su héi tu cua chudi duoc cho.

(b) Tuong tu cdu trén ta co

1 n
lim nln An lim In (1+—) -In2=1n2< 1.
n

n—00 Ant1 n—00
Do dé chudi phdn ky theo ddu hiéu Raabe.

(c) Tuong tu, ti

Qn

lim nln =In3>1,

n=oo Ay

suy ra chuoi hoi tu.
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(d) Ta co
Qn
=Ina.

lim nln
n—0o Gng

Do dé chubi héi tu vdi a > e va phdn ky vdi a < e. Khi a = e chudi duoc

cho sé la mét chudi diéu hoa phdn ky.
(e) Ta co (xem 3.2.16)

Qn

| 1
lim nln = lim nlnw-lna:&

n— oo an—l—l n—oo nn
Do dé6 stz dung ddu hiéu hoi tu da dude xét ¢ bai trude ta suy ra chudi hoi
tu vdi moi a > 0.

32.18. vi |

1
lim nln = lim nlna 7 =In—,
n— 00 Apt1 n— o0 a

Qn

nén chuéi hoi tu khi 0 < a < %, va phan ky véi a > + (tuong tw bai 3.2.16).
Néu a = % thi (xem 2.1.41) ta cé

-1
. €1+%+m+% B
lim ————=¢"",
n—oo —
n

trong do v la hang s6'Euler. S dung ddu hiéu so sdnh va sy phdn ky ctia chubi
o0

diéu hoa % suy ra chudi phdan ky khi a = %
n=1

3.2.19. Si dung bét ding thite i <In(l+2) <zvdiaz>—1tacs

(o)
e gnln(l—i—&—l)gn(an —1).
1+<an _1) Ap+1 Ap+1

An+41

T bét ding thic trén ta thdy rang vdi nhitng T hitu han thi hai déu hiéu
Raabe va ddu hiéu duoc néu trong bai 3.2.16 la tuong duong, dong thoi ta

ciing suy ra rang néu lim nln -2~ = 400 thi lim n (-2 —1) = +oo.
n—00 Gn+1 n—00 Gn+1

Bdy gio ta sé chi ra rang phép kéo theo con lai cing ding. Thdt vdy, néu
lim n “’_‘H — 1) = 400 thi vdi moi A > 0 tén tai ng sao cho bat ding thite
n—oo n

a1 > A Ging véi moi n > ng. Do dé
Ap1 n :

n A n
nln n :ln(1—|— n —1) >ln(1+—) — A.

Ant1 Ant1 n ) n—ooo
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an
An+41

Do A lon tuy ¥ nén ta suy ra lim nln

n—oo

tw cho truong hop r = —oQ.

= +4-00. Ldp ludn hoan toan tuong

3.2.20. Viday {a,} don diéu ting nén

1

0 10,_1 1
O<n| -2 —1)=-""0 < 2
n ap n

An+41
St dung ddu hiéu Raabe ta suy ra chudi da cho phdn ky.

3.2.21. Tw dinh nghia cia day ta suy ra
n—1
—_ Z Q?

an = a1e *=1 vdi n=12 ...

o0
Trudc tién ta sé chitng té rang chudi Y, a® phan ky. Thdt vdy néu chudi hoi tu

n=1
vé S thi lim a, = a;e™® > 0 va do dé lim a® > 0, diéu nay mau thuén vdi
n—oo n—oo
o.]
diéu kién cdn ctia chudi hoi tu, suy ra chuéi » , a phan ky, va ta cé nll)rilo a, = 0.
n=1

Bay gio gid thiét rang 3 > «, ta sé chiing minh rdng trong truong hop nay
chudi dang xét sé hoi tu, tic la sé phdi chitng minh rang

(%) a,“*>an—1) véi n>1.

Bt ding thite la hién nhién khin = 1. Gid thiét rang né dung dén n, thé thi
tw dinh nghia cua day ta cé

-a _ —a aad —a ay _ o —«
a,ty = a, e >a *(1+aay) =a,” +a>an.

Do dé (%) ding véi moi n nguyén duong. Véin # 1, bat d‘c%ng thuc trén tuong
duong voi

a? < (a(n — 1))_5.

n
Do dé st dung ddu hiéu so sdanh ta cé chudi sé hoi tu khi 3 > «a. Xét § < q,
ta dd c6 lim a, = 0 nén véi n di lon, 0 < a, < 1, do dé a® < af, déng thoi

n—oo

o0 o0
chubi Y a2 héi tu suy ra chudi y ag hoi tu.
n=1 n=1

3.2.22. Chu vy rang

. Ay . n
lim n — 1] = lim a=a.
n—00 (p41 n—oon + 1
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St dung ddu hiéu Raabe ta suy ra chudi héi tu khi a > 1 va phdn ky khi
0<a<l

o0
Truong hop a = 1 chudi sé tré thanh chudi diéu hoa » n—_lH
n=1

3.2.23. T ding thite

. a/n . nbn+1 b
lim n -1 =lm —M—— = —
n—00 (p41 n—00 (77, + 1)@ a

va ddu hiéu Raabe suy ra chudi héi tu khi b > a va phéan ky vdi b < a. Truong
hop b = a su héi tu ctia chudi phu thudc vao day {b,}. Thdt vdy, néu {b,} la
o0

1

day hang s6 thi chubi ctia ching ta sé la moét chudi diéu hoa Z p——

n=1

Ta sé chi ra rang vdi b, = a + 1n(721%1) thi chudi sé hoi tu. Thdt vdy, ta cé

n!

2+ 35) (3+%)-...-(n+1+m).

Ay =

Do do

an(n —1)In(n — 1) — apyinlnn

—a, ((n— Din(n — 1) — At Dnlnn ) |

n+ 2 + In(n+2)

Tinh todn ta duoc

lim ((n—l)ln(n— 1) — (n+ Unlnn ) = 1.

2
nmee n+ 2 + In(n+2)

Do dé6 vdi n du lon thi
an(n—1)In(n — 1) — appnlnn > (1 —€)a, > 0.

Véay day duong {a,(n — 1)In(n — 1)} don diéu gidm va do dé hoi tu. T day
ta suy ra dugc sy héi tu ctia chubi c6 s6 hang téng qudt a,(n — 1)In(n — 1) —
Anp1nInn . Stz dung bat dang thite cudi cing va ddu hiéu so sinh suy ra chudi

o0
> ay, héi tu.
n=1
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3.2.24. Tu gid thiét ta c6
an((n—1)Inn—1) —appinlnn = (v, — 1)ay,.
Neuw vy, > 1T >1thi
(%) an((n—1)Inn —1) —appnlnn > (I' — 1)a,.
Két hop (%) vdi bdt dang thize (n — 1)In(n — 1) > (n — 1)Inn — 1 ta duoc
(%) an((n—1)Inn —-1) — appnlnn > (I' — 1)a, > 0.

Diéu nay c¢6 nghia la day {a,(n — 1)In(n — 1)} gidm don diéu, va vi thé né
héi tu. Do dé chudi c6 s6 hang tong qudt la an(n — 1)In(n — 1) — a,ininn
o0
hoéi tu. T (x*) suy ra chudi Z Qy, hot tu.
n=1
Néu v, <T < 1thia,((n—1)Inn—1) = apinlnn < (I' — 1)a,. Do
do

n

1 n—1
lim <F+1n(1——) )—r—1<0,
n—oo n

thdy rang day {a,+1nInn} tang don diéu tric mét s6'n hitu han sé hang, do dé
tén tai s6 thuc duong M sao cho aniinlnn > M. T dé suy ra ani > —2—

nlnn’

1 n—1
an(n—1)In(n — 1) — apyinlnn < (F +1In (1 - —) ) Q.

Vi

o0
va ta rut ra két ludgn rang chudi Z a, phdn ky.
n=1

3.2.25. Taco

n—oo an—l—l n—oo Z—f\l

U
«Q -
limn( n —1): lim%za.

Do dé theo ddu hiéu Raabe ta suy ra su héi tu ctia chubi duoc xét vdi o > 1 va
phan ky voi o < 1. Trong truong hop o = 1 ta suy ra su phdan ky ctua chudi tw
ddu hiéu duogc néu 6 bai trén, vi

An1 1 ﬁn -1 1 Tn
an n n n nlnn’

trong dé vy, = %%1” <TI'<1v6:i I nao do.
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3.2.26. Ta sé st dung ddu hiéu Gauss trong bai tdp trén. Cé

ant1 WP+ (a+Bntaf A
n n?2+ (14+y)n+7 '

Tix dé suy ra chudi duge néu trong bai tdp sé héi tu khi o + 3 < y va phan ky
vdi o+ 3 > 7.

3.2.27. Tuong tu chiing minh trén ta cing sé st dung ddu hiéu Gauss. Ta cé

an—l—l
Qp,

Uy

n?’

=1—

ISEINTS]

Do dé6 chudi phéan ky néu p < 2 va héi tu néu p > 2

—_—~ o0 o
3.2.28. Xét S, Sy la téng riéng thit n cia cdc chudi |, anva Y, 2"agn. Do
dé vdi n < 2%, ta co

n=1

S, < ap + ((7,2 + (7,3) —+ ...+ (a2k + ...+ Aok 1)
<aiy+2a9+...+ 2ka2k = :S'vk

Véi n > 2k,

Sp > ar + as + (a3 + ag) + ... + (age-14.1 + ... + agr)
1~
2 a9 + 2@4 —+ ...+ 2k_1a2k = —Sk

Do do cdc day {Sn} va {fS\;} dong thoi bi chdn hodc khong bi chdn
3.2.29.

(@) Ta sé st dung tiéu chudn nén cia Cauchy (xem 3.2.28). Khi ta xét chudi

sau
RZIQ” In 2n) ; nln2

thdy rang né hoi tu véi o > 1 va phan ky v6i 0 < o« < 1. Néu oo < 0
o0

thi su phan ky ctia chudi » m duge suy ra truc tiép ti ddu hiéu so
n=2
sanh.
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(b) T dang thic

TL

o0 o0 1
Z2” In27Inln2» ;nlnﬂn(nlnm

n=2
va ti (a) suy ra chudi hoi tu.

3.2.30. Ldp ludn twong tu nhu chitng minh cho tiéu chudn nén cia Cauchy

(3.2.28). Vai n < gy,

Sp < 8g, < (a1 4 ag—1) + (ag, + ... +ag,—1) + ...+ (ag, + ... +ag, 1)
< (a1 + .ag—1) + (92 — g1)ag, + - + (gr+1 — gk )ag,-

Voi n > gy,

CS” > ngk > C<a91+1 + ot agz) T+t C<a’9k 1+1 + .+ a’!}k)
> c(ga — g1)ag, + ...+ c(gr — gr-1)ay,
> (g3

— G2)ag, + -+ (g1 — gr)ag,-
Cdc bét dang thite trén da chiing minh bai todn.

3.2.31.
(@) Ta ap dung dinh ly Schlamilch (3.2.30) vdi g, = 3™.

o0
(b) Stz dung dinh ly Schl omilch vdi g, = n® ta duoc hai chubi Z a, va
n=1
o.]

> (2n + 1)ay,2 héi tu dong bac. Vi

2 Da,z
lim 7( n+1ay

n—00 Nayp2

=2

)

o0 o0
suy ra Y nayz va » (2n + 1)a,z cing héi tu dong bdc.

n=1 n=1

(¢) Rut ra tw cdu (b).

o0 o0
(d) Ti cdu (b) suy ra chudi Z 2%/5 va Z 2% héi tu déng bdc. Ta chitng minh
dugc chudi sau héi tu (vz du theo dau hiéu luy thu’a) Be chu’ng minh sw

héi tu hay phdn ky ctua cdc chudi Z 21nn7 Z 31nn va Z lnn, ta s dung

n=1
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dinh ly nhom cdc sé hang ctia Cauchy hodc ddu hiéu néu trong phan (a).

Bay gio ta nghién ciu ddng diéu ctia chudi vdi s6 hang téng qudt al“%"

Néu a > 1 thi su héi tu cua chudi dang xét sé tuong duong vdi su hoi tu
o0

cta chubi Z Q?Tn Ta ¢6 thé dé dang kiém tra rang chubi dé phén ky,
n=1

bang ddu hiéu so sinh s6’ mii chang han. Diéu nay chitng té cho ta rang

o0
chuéi al“%" phén ky véi a > 1. Cha ¥ rang néu 0 < a < 1 thi chudi
n=2

dang xét sé khong thod man diéu kién can cia chudi héi tu.
3.2.32. Ti bai tdp 2.4.13 (a), ton tai mét s6' € > 0 sao cho

l—e

(an)ﬁ <e %, n>k

Do dé ——Ina, < —1 — ¢, va do d6 a, < —4r=. S dung ddu hiéu so sdnh ta
Inn nlt

o0
suy ra chubi Z Qy, hot tu.
n=1

3.2.33. Tuong tu bai trén ta cé

1
angil, vdi n>k wvavdi >0 naods.
n(lnn)t+e

o0
Do dé theo bai tap 3.2.29 (a) suy ra chudi Z a, hoi tu.

n=1

3.2.34.

Song+k_1 — Sono_1 = (azno + agnoqyq + ...+ a2n0+1_1)
(a2n0+1+1 4+ ...+ a2n0+2_1) + ...
<a2n0+k—1 + ...+ a2n0+k_1)
"0 ong + 2n0+1a2n0+1 + ...+ 2”°+k_1a2n0+k-1

2
g<an0 + Ong1 + .o+ a’no-f-k—l)'

ININ + +

Do dé véi k du lon

2notk 1 2n0—1 2notk_1 2m0 —1
(1—g9) E an < g E Ay, — E a, | <g E .
n=2"0 n=ng n=ng+k n=ng

o0
Vi vdy day téng riéng ciia chudi Z @y, bi chdn, do do chubi hoi tu.
n=1
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o0
3.2.35. Gid sit chudi Y a, hoi tu, thé thi

n=1
2n+1
lim E ar = lim E ap = 0.
n—oo n—oo
k=n+1 k=n+1

Do dé6 vi tinh don diéu cia day {a,} ta c6

Z ap > Z Qon, = NQoy = ;(Qnagn)

k=n-+1 k=n-+1
va
2n+1 2n+1
n+1
E ap = E A2ny1 = (2n + 1)agnt1.
2n+1
k=n-+1 k=n-+1

T dé suy ra lim na, = 0.

n—oo
Dat a,, = m Thé thi chudi c6 s6" hang téng qudt a,, sé phdn ky va

li = 1li !
im na, = llm ——— =
nooo ' n—oo ln(n -+ 1)
3.2.36. Dt
Lowei n=kLkE=1,2,..,
an =<
=5 trong cdc truong hop con lai.

n

Thé thi chudi Z a, sé hoi tu nhung gidi han hm a,, khong ton tai.

n=1

o0
3.2.37. Vén dé ta can tim la su héi tu ctia chubi Y, /ar,. That vdy, néu chudi

n=1
o0
Z \/Qn héi tu, ta cé thé dat b, = /an,.
=
Bay gio gid st ton tai day {b,,} sao cho cd hai chudi Z b, va Z dn = hoi tu.
n=1 =

Ta suy ra rang

o0
va do dé chudi Z /@y, hoi tu.
n=1
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3.2.38. Gid st rang ton tai day {a,} sao cho cd hai chudi Z ay va Z

2
n?an
n=1

cung hoi tu, dat

A:{nSGN:i< 21 } va A':N\A.
Nng — nian,
Dods ), - < +00vadods Y, ;- = +00 (tdt nhien A c6 th la tap
ns€A ns€A’
rong).
o0
Bay gio chi y rang Apy > nl—s vdi ng € A, ta suy ra rang chudi Z ay, phdn
n=1

ky, tite la trdi véi gid thiét.
3.2.39. Tacé

o0 o0 o0
R D I D
— n Ay, — nany, — nany,

o0
Ta sé chi ra rang sy hdi tu cia chudi sé kéo theo sy phan ky clia chuéi y #
n=1 "
Theo ddu hiéu ddanh gid Cauchy, ton tai k € N sao cho vdi moi n nguyén duong,
k+n k+n

> a’+1<— Dodé +k Z a’+1<— Voin > k ta cé

i=k+1
k
n Qi1 1 k+n 1
T
A na; 4 n 2
i=k+1

T moi lién hé gitta trung binh cong va nhdn, ta cé

Apynt1 1 . ) Q41
p = <~ vadods  Apini < ,
Af+1 2 AL

1 2"
> .
(k+n+1Dagnir — (K+n+1ag

suy ra

o0
Véy chudi Z % phén ky.
n=1 "

o0
3.2.40. Tét nhién chudi Y ¢, c6 thé phan ky (vi du nhu néu a, < b, vdi
n=1

n € N). Tuy vdy né hoi tu. Thdt vy, xét chudi cé cdc s6 hang c6 dang
11 1 1 1 1 1 1
9 2_27 2_27 2_27 2_27 2_27 %7 8_27 9_27
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va
1 11 1 1 1 1 1 1
17 2_27 3_27 4_27 5_27 6_27 %7 8_27 8_27 (RS 8_27
—_——
82+1 ldn

Mbéi chuébi trén chita vo han doan s6 hang cé tong lon hon 1, do dé chiing phén
o0

ky, trong truong hop ¢, = n% va do do Z Cp, hoi tu.
n=1

3.241. Ta s dung tiéu chudn nén cia Cauchy (3.2.28). Su phan ky cia chubi

o0
Z %" twong duong vdi sy phdn ky ctua chudi c6 s6" hang tong qudt

n=1
1
bon = mi n, ——— .
2 mln{a2’nln2}

o0
Thdy rang chudi Y, ban phan ky khi va chi khi chudi cé dong ciia né vdi s6 hang

n=1
2"b in 4 2" !
n = IMIin Ao2m, ——
22 22", n 2

tong qudt

o0
phan ky. Ta sé chi ra rang chudi nay phan ky. Thdt vay, néi chuéi Y, d,, phdn

n=1

o)
ky thi chuéi Y, min{d,, c} vdi ¢ > 0 sé cing phdan ky, néu min{d,, c} = ¢

n=1

o0
d6i vdi mot s6'vo han s6 hang d,, thi sy phan ky ctia chudi Y, min{d,,, } dugc

n=1
o0
suy ra ti sy phan ky ctia chudi Y, d,.
n=1
3.242. Tacé
1 — Qnp, _ Qp+1 — Ap S Ap+1 _an.
An+1 An+1 ay

o0
T khang dinh trén va su hoi tu cua chudi Z (an+1 — an) ta suy ra su hoi tu

n=1
cua chuoi da cho.
3.243. Taco
1 — Qp _an—f—l_an
An1 An1
o _ . N _ bp  __ Gn41—an
Ddt b, = a1 — apva S, = by + by + ... + by, ta duoc Sutar = ann Do

do ta suy ra chubi phdan ky dua vao bai tip 3.2.10.



3.1. Téng cua chudi 273

3.244. Néu day {a,} khong bi chdn thi sy héi tu cia chudi duge suy ra ti
bai 3.2.11, dé thdy duoc diéu nay ta cé thé lap ludn tuong tw nhv lip ludn trong
bai tdp trén. Xeét truong hop {an} bi chdn, ta co

Apy1 — Ap < 1

= (an—i—l - an)-
(p 108 azaf

o0
Do dé su héi tu ciia chudi dang xét duoc suy ra tic sy hdi tu ctia chudi Y (an41—

n=1
).

o0
3.245. Ta chi can ldy ¢, = SL vdi Sy, la tong riéng thit n ctia chudi Y a,
" n=1

nhu trong bai 3.2.10.

3.246. Ta cé thé dit c, = ﬁ VO Ty = Qpy1 + Apyo + ..., va tic do s
dung két qua cia bai 3.2.13 (b).

3.247. Day {rn} la don diéu giam, theo bai 3.2.35 ta suy ra lim na, = 0,

do dé o
lim na, = lim n(r,—y —r,) = lim ((n — 1)r,—1 — nry, +1r,-1) = 0.
3.248.

(a) Vi lim a,, = +00, a, > 2 vdi n di lon. Sy héi tu cua chudi dudc suy ra

n—oo
tir bt ddng thite = < 5= vdi n dii lon.
b) Nhu trong (a), n cé thé duoc chon di lon sao cho % < %n Vay, theo
ahn 3
3.2.17(c),chudi hoi tu.

(¢) Chudi c6 thé hoi tu hodc phdn ky, phu thudc vao ddy {an}. Néu a,, =
o0
Inn,n > 2, thi chudi Y —=iww phan ky(xem 3.2.2(e)). Mdt khdc, néu

n=1
a, =n, thi n > €,

1 1 1
= < — vdi o > 1.
nOé

Inlnn Inlnnnn
anp, €n

Trong truong hop nay, chuéi dang xét hoi tu.

3.2.49. Chubi phén ky vi diéu kién can a,, — 0 cho su héi tu khong duoc thod
man( xem 2.5.25).
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3.2.50. Trude hét, gié s&: p = 0. Khi dé, theo 2.5.22, ta ¢6 lim \/na, = /3,

n—oo
va vi thé chudi phan ky. Bay gio, gid s p > 0. Khi do lim a, = 0. Tw do
n—oo
. Qpal . sina 1
lim —* — lim L. =0.
n— oo an n—oo an np

Chudi héi tu theo tiéu chudn ti so.

2.z LA Ul vay

3.2.51. Quan sdt rang a, € (nw,nm + w/2). T dé a% <

o.]
. 1 e
chuoi E ) Z héi tu.
n—

3.2.52. Dit b, = \/a,; khi dé b, € (nm,nw+7/2) . T dé chudi Y, - =
n=1

o0
> b% hoi tu (xem 10i gidi ctia bai todn trudc).
n

n=1

3.2.53. Chuébiphdn ky do lim na, = 2 (xem 2.5.29).

n—oo

3.2.54. Dé don gidn, ta dua ra ki hiéu sau:
L,=a1+as+ ...+ as—1va M, =as+as+ ... + aop

Do tinh don diéu cia {a,},

(*) L,>M, va L,—a <M,.

T dé 2M,, = M, + M, > M, + L, —a1 = Y a,. Vay

n=2
(*%) lim M, = -o0c.
Keét hap (¥) va, (+%), ta c6
ﬂ—1:L”_]M” >£—>O(n—>oo)
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3.2.55. Tw dinh nghia cia ky ta c6 0 < Sy, —n < ;-. Biét rang lim (S, —

n—oo

Ink,) =, ¢ day v la hang s6 Euler ( xem 2.1.41), nén

lim (n —Ink,) = lim (n+1—1Ink,1) =1,

n—oo n—oo

tw do suy ra

. kn—f—l
| 1-—1 =0
nllilo( L ) ’
Vay
. kn—f—l
lim =
3.2.56.

(a) [A. J. Kempner, Amer. Math. Monthly 23(1914), 48-50] M¢t s6 c6 k chir
s6's6"hang A c6 thé duoc viét dudi dang

105" ay + 10" 2ay 4+ ... 4ar, éday 0<a; <9,i=1,2,... k.

Véi k cho trude, ton tai 9 s6'cé k chit s6'trong A, va méi s6'lén hon 10871,

Vi vay
Z Z 10k 1=

nEA

(b) Nhu trong (a), ta co
> <
o a(k—1)"
neA n k=1 10 )

NP P N - 1 A .- N
Vi vdy néu a > log,, 9, thi chuoi % —a hot tu. Ngoai ra, tw
n

Z ne = Z 10k Z 10ko¢

neA

;_A

chubi Z < phan ky néu o < log 9.
nEA

Nhan xét. Goi Ay la tap con cia cdc s6 nguyén duong khong chita chi
s6'k trong khai trién thdap phdn ciia ching. Theo cung cdch nay, ta cé thé

5 z- 1 A A
cht ra chuoi ZA — hoi tu néu o > logy 9.
ne



276 Chuong 3. Chudi sé thuc

3.2.57. Gid st rang—o0 < g < lwvaldy € > 0 dit nhé dé g + ¢ < 1. Khi

dé, véi n di lon,In = < (g +¢)Innva a, > —=. Vivdy chudi phan ky. Néu

ngte:
g = —00 thivdi n dii lén, In = < —1-Inn. Vay a, > n va chubi phan kj.
" N o0 o0
Chitng minh tuong ty cho g > 1. Ching ta xét hai chuoi: 21 % va 22 ﬁ
n= n=

Chudi ddu tién phdn ky va chudi thit hai hoi tu mdc du g = 1.

3.2.58. Su tuong dwong cia cdc tiéu chudn nay da duge cho trong loi gidi cia
bai tdp 3.2.19. Do 2.5.34, néu tiéu chudn Raabe két lugn duoc thi tiéu chudn

ctia bai todn trude cing vdy. Dé chi ra diéu nguoc lai khong duing ching ta xét
1

chudi vdi s6 hang a,, xdc dinh bdi aop_1 = nl—g, aon = 73

3.259. Cho b, = \/2+ 24 ... +V2, ¢ bn = 208 557 (s0 sdnh vdi

n - can

2.541). Do dinh nghia cia {a,}, ta cé a% = 2 — by_1, va do vdy a, =
2sin 557 < 5. Vi thé chudi trong bai ra hji tu.
3.2.60. Gia sv K la mét s6 duong sao cho

(a1 —an) + (a2 —ap) + ... + (ap—1 —a,) < K véi neN
T dé véi méi n € Ntacé a; + as + ... + a, — na,, < K. Chon m € N bat
ky. Vi day {an} don diéu va hoi tu vé 0 nén téon tai ng € N sao cho :

1 .

(%) a, < iam voi  Vn > nyg.
Ta co :

ai + ... + @y — may + i1 + oo+ ap — (n—m)a, < K.
Lai do su don diéu cua {a,},

i1 + o+ ap > (n—m)a, va ap+ ...+ @y > Map,.

Vi the m(am, — an) = Mmay, — ma, =< a1 + az + ... + @y, — ma, < K. Tir
day va tir (%) suy ra %mam < m(am — a,) < K. Cubi cung,

S = a1+ as + ... + ay, = Sy — May, + ma,, < K + ma,, < 3K.
3.2.61. T quan hé
Ap = Gpt1 + Apy2 + Apys + .oy Appl = Gpi2 + Qg3 + -

Suy ra Qpy1 = %an. Sv dung phuong phdp quy nap ta c6 a, = 2%, n € N,
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3.2.62. [20] Cho Tn) = Qp + Qpy1 + ... + Ay, = 1,2, ..k =0,1,2, ..,
va cho klim Tk = Tn,n = 1,2,.... Gid thiét rang s € (0,5) va an, la sé
—00

hang ddu tién ciua day {a,} thod man a,, < s. Ngugc lai tén tai ki sao
cho Ty i, < 8 < Tpyky+1, hodc 1y, < S. Trong truong hop thu hai, ta co
s < ap,—1 <1y < Svadovdy rn, = S. Trong truong hop ddu ta tim a,, la
$6 hang ddu thod man na > ny + ki, T'ny g, + an, < S. Nguoc lai ton tai ks sao
cho Tny by + Thgky < 8 < Ty ky T Tngke+1, hOdC Ty 1y + Tny = S. Ta lap lai
qud trinh nay dén khi truong hop dau xudt hién tai moi budc thi két ludn rang
S =Tniky T Tngky T -one

o0
3.2.63. [20] Gid st nguoc lai, sé c6 k € N sao cho ap = 2p + > ap,
n=k+1

o0 o0

ddayp > 0. Licds a, —p = p+ Y, an = Y, Enay, 6 ddy €, nhdn
n=k+1 n=1

gid tri 0 hodc 1. Béi tinh don di¢u cia {a,}, €, = O véin < k. Do dé

o0 o0
ar—p= > €nan < Y. an = ay — 2p, mdu thuén!
n=1 n=k+1

3.2.64. Theo dinh ly Stolz (xem 2.3.11), ta c6

o oaST 4 asSy 4 apSTt . a, St
lim —— 272 "Tn . — lim e =1
n—00 In Sn n—oo — In (1 — anS;l)

Bc%ng thitc cudi suy ra tit ,chc%ng han 2.5.5.

3.2.65. Dbata,=1, neN.

n
3.2.66. Vi w > L nén chuéi w héi tu vdi moi day
i=1

n
duong {an}. Su héi tu nay doc lap vdi su hoi tu cua chudi Z Ay, -

i=1
3.2.67. Vi gid thiét,
on on—1
1
az < ay, Z Ak S 5oy Z Q.
k=2n—141 k=1

Vi vy

2 1 1 1
;ak§2(1+§) (1+2—2) TR (1+2n_1)a1.
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Hon nua,

1 1 1 Zln I+op Y ok
(1+§) (1+ 22) + ...+ (1+ 2n—1) = ek=1 ( ) Sek:l 2k < e.

3.2.68. Bt c, = " =n ()" n e N. Thi

n

(*) 1 =(n+1)" va ¢, <ne
Dung bat d‘c%ng thie lién hé gitta trung binh cong va trung binh nhén ta duoc

a101 + ...+ ayc,
n(n+1)

v a \"/alcl A Cp <

Vi vay

N

N
Z i an < Z a1y —|—n +—|—1ancn

n=1 i=1

1 1 1
—alcl(ﬁ—kﬁ—i—...—l—m)—%

1 1 1
asC —_—F .+ — | + ... FanNCN—/———
“(2-3 N~(N+1)) VNN +1)

1 1 1
< ayc + a202§ + agcgg + ...+ CLNCNN < 2a1+eas+ ...+ eay.
Bt ding thite cudi cung cé dude do (x). Cho N — 00, ta ¢é bat ddng thitc cén
chitng minh.

3.2.69. Viét c,, dudi dang

(n+D)" .. (n+k-=1"(n+k)"
ntleo(n+ k=21 (n+k—1)"1

_ (”Zk)nn(nﬂ).....(wrk—1),

Cp =

ta duge ¢y - ... ¢, = (n+1)" - ...- (n+ k)" Vivdy, nhu trong l0i gidi ctia bai
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toan trude, ta duodc

N

Z"al‘ — <§N: aicy + ... +anpcy,
A ey <

nn+1)-..-(n+k)

n=1 n=1

= e (g 1 )

SO S Tk T TN N+ D). (Nt k)
1 1

+ asca( +

N~(N+1)...~(N+k))

i, 1
A N P T

+ o !
CTNONALD (Nt k1) NV

Bt ddng thite cudi cung duge suy ra ti bai tap 3.1.4 (a). Vi

l(l+1)~...1~(l+k—1)cl: (#)l

cho N — 00, ta duge bat dang thite cén chitng minh.

32.70. Pat T, = ai+as+ ...+ ay, va S, laténg riéng thiz n cia chudi cin
tim. Khi do

N N
1 n*(T, — T,,_ 1 n*(T,, — T,,_
SN:_+§ %§_+§ g

a1 n—2 n a 9 TnTn—l
B 1+§N: n? inQ_ 1 N_l(n—i-l)2 i'rﬂ
ai n—2 Tn—l 9 Tn a1 n—1 Tn n—2 Tn
N-1 N-1 N N
5 2n 1 5 2n 1
S—+) ZH)) <=+ 4y —
TR PE APl TR 3 PP

Hon nita theo bdt d‘c%ng thie Cauchy (xem 1.2.12),

Nop . n2a, o~ 1
(F) Smr s
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o0
AT 1 e oa
voi M = - Vivdy
n=1
N

%§\/5N~m.

n=1

Nén, Sy < % + 2/ SNV M + M, va

2
Sy < (VM—F\/QM—FGE) .
1

3.2.71. Theo bt ding thite trung binh diéu hoa (xem 1.2.3)

2k
Z 1
Pt nan—(n—1)an—1 - Qk_l
k-1 — ok
S [nan — (0 — Dag
n=2k—141
k-1 1
_ > .
QkGQk — 2k_1a2k—1 2a2k
Vi vay
2k
1 2k
> .2
ey T — (n—1Day—1 — 4ag
Nén
k 21
Sgk 2 4 .
—1 Aol

Su phén ky ctia chudi suy duoc tic dinh ly nén ctia Cauchy (xem 3.2.28).

o0
3.2.72. Ta sé chi ra rang chuéi » pi phén ky. Néu héi tu thi ton tai n sao
n=1""

o0
cho ZH If < 3. Ddt a =py-po... pp Khidssé'l+ kavsik €N céthé
m=n

viét thanh tich cdc s6 nguyén t6. Su phan tich nay khéng chita sé nao trong cdc
S0 P1, ..., Pn. Vi vdy

o0

/;1+1ka<l§;<i ﬁ>l<i(%)l=1,

m=n-+1

mdu thuan.
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3.2.73. Suy ra tir bai 3.2.71 va 3.2.72.

3.2.74. Ta co
1 . .
LB )
im — = lim o0 = -,
T

vi téng trong ngodc hoi tu vé 1 khi n dan tdi vo cung. Do

o0

2n+1 2n+1 " 1
3n+1 + 4n+1 t.. = 2 Z kn—l—l'

Hon nua,

k=2 k=3
Nén o
00 2\ 1
on+1 Z 1 (5) + o
n+l — 1 ?
k=3 k ( 2")
va vi vay
o0
2n+1 §
kntl p—oco 0
k=3

o0
3.2.75. Trudc hét gid thiét rang chudi y  a, hoi tu. Khi d6 s hoi tu cia

n=1

chudi da cho dudc suy ra tic bat dang thue —a < —=. Néu chubi Z a, phdn ky
T n=1

thi tén tai dday tang chdt n.,, cdc sé nguyén du’dng sao cho Sy, -1 <m < Sy,,.
Khi do
m(m+1
Tnm = Sl + ...+ Snm > Sn1 4+ ...+ Snm > %
Vi vy

oo Mm41— 1 Sn

i1 —1 — Snp—
Z Z TOé - - 71"04 1

m=2 k=n,, Nm,

nng”

o0

=1
Z?<Z m2+m
m=

m=2
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Vi vdy chudi da cho hoi tu néu o > % Chudi nay cé thé phan ky néu o < %
Vi du chon a, =1, n € N.

3.2.76. Theo bai 3.2.35, lim = = 0. Lay 0 < K < 1. Khi d6 ton tai ng sao

n—oo “n

chon < Ka, véi moi n > ng. Vi vdy

In* a, > 1k 1\ Infn
n" | — )
- K

Qn Qn

o0 o0
N A A X 1 k A X 1 k A2
Vi vdy sw hoi tu ctia chudi = suy ra sy hfi tu cua chuoi > . De
n n
n=1 n=1

chitng minh ta dat
I={neN: q, <n"?} va I,=N\L.

Khi dé véin € Iy ta c6 Ina,, < (k + 2)Inn va vi vay tir sw hoi tu cia chudi
k 2 X k ~, . 2 2 A
> " suy ra sw héi tu ctia chudi > lnaﬂ Hon nita, khi n du l6n thuée 1o

a
nely " nely
)
_k_
n*a, af" 1
< < =
Qn Qn nk+1

k
Vivdy, >, hlaﬂ<oovi%>1.
nely "

3.2.77. Trudc hét gid thiét rang

fle(m)(p(n +1) — p(n))

<g<l
f(n)
Khi do theo (1) trong bai trudc,
p(1)—-1
Sgo(n)—l < Z f(k) + an—l-
k=1
p(1)-1

Vivay o(n) >n, (1 —¢q)S—1 < >, f(k). Suy ra chudi Y f(n) héi tu.
k=1 n=1

Su dung bdt d‘c%ng thite (2) trong bai trude va chitng minh tuong tu ta duoc phan
thit hai ctia ménh dé.

3.2.78. Su dung két qua cua bai trude véi p(n) = 2n.

3.2.79. Su dung két qud bai 3.2.78 vdi p(n) = 2™
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3.2.80. Su dung két qud bai 3.2.77 tuong ung vdi

p(n) =3", p(n) =n’, vap(n)=n’

3.2.81.

(1) Ta ¢6 apby, — Api1byi1 > canyr. Vivdy {anb,} la day sé duong giam
o0

vi vy hoi tu. Vi vay chudi Y, (anby, — ani1bni1) hoi tu. Sw hi tu cia

n=1
o)
chudi Y, a, suy ra ti tiéu chudn so sdnh.
n=1
(2) Ta co
1
an—f—l > bn+1
a = 1
n bn

o0
Vi vdy su héi tu cia chudi Y, a, swy dugc ti tiéu chudn dd chi ra trong
n=1
bai 3.2.3.
3.2.82. D& c6 tibu chudn DIAlembert (tiéu chudn ty sé) ta chon b, = 1 vdi moi

n=1,2,... Néuchonb, =nvdin=1,2, .. tacétiéu chuin Raabe. Chon
b, =nlnnuvdin = 2,3, ... ta cé tiéu chudn Bertrand.

3.2.83. [J. Tong, Amer. Math. Monthly, 101(1994), 450-452]

o0
(1) Bt S, = > a, va ddit

n=1

n
S— 2 ax
k=1 Tn
b, = —— = —.
Qp Qp
Tét nhién b, > 0 véi n € N. Hon nita
Qnp, Tn Tn+1 An+1
b — by = — = = 1.
(p41 (p41 (p41 (p41

(2) Trong truong hop nay dat

n
> ay
bn — k=1 — _TL.

Qn Qn
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o
Khi do chudi Y, 3= phan ky (xem bai 3.2.10). Hon nita
n=1 "

Qnp, Sn Sn+1 Qp+1
— bn+1 —= — = — —= —1
(p41 (p41 (p41 (p41

bn

3.2.84.

(a) St dung tiéu chudn ty sé cho méi chubi:
o0 o0 o0
E Qkn,, E A14kny - E a(k—l)-i—kn-
n=1 n=0 n=0

(b) Chi can dp dung tiéu chudn Raabe (xem 3.2.19) cho méi chudi trén.

3.2.85. Theo gid thiét ton tai hang sé duwong K sao cho
1
on < K—  n>2.
Inn

Ta dinh nghia 2 tdp cdc s6 nguyén duong N1 va Ny nhu sau:
n2

1
N1 = {n: ang —} UdNQZN\Nl.

Véi n € Ny du lon ta co,

n

1 I—L In _g}( eK Inn €2K
(]) an_ﬁon S an Inn anlnn — _ S .
Hon nita véi n € Ny du lon ta co,

K
1_30Tl K In
a — 1 n 2K
(2) n < an Inn — (—) S Nnn — €2K.

Qn

o0
Két hop (1), (2) cung vdi sy hoi tu cia chudi Y a,, ta duge

n=2

Z a) " < 400 va Z ay”" < +o00.

neNy nENy
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3.3  Ddu hiéu tich phdn

331. Voik—1 <z < k k > 2tacé f(x) > f(k). Mdt khdc vdi
k<x<k+1thi f(x) < f(k). Vivdy
k+1 k
f(z)dr < f(k) < f(x)dx, k=2,3, ..
k k—1

Céng theo vé ctia cdc bat ding thie trén tit k = 2 t6i k = n ta duoc

/ [(@)de < F2)+ (3) + ..+ f(n /f

Tiéu chudn tich phan da duge chitng minh.

3.3.2. Chuy rang fT/ duong va don diéu tdng vi vdy theo tiéu chudn tich phan
su héi tu ctia chudi da cho tuong duong vdi tinh bi chdan ctiia day {fln f’(x)dx}

va {fl J;((gf dx} Vi

[ s = - fyve [T L ar = g - ),

nén hai day cung bi chdan hodc cung khong bi chan.

N+1

3.3.3. Tacé SN — IN — (SN+1 — IN—H) = f(l')dl' — f(N + 1) 2 0.

N
Hon nita, f(n) < [ f(x)de < f(n —1)véin =2,3,...,N. Cong cdc bdt

ding thic trén tie n = 2 dénn = N ta duoc Sy — f(1) < Iy < Sy — f(N).
Vivay 0 < f(N) < Sy — In < f(1), d6 la diéu phdi chitng minh.

3.34. Su héi tu ctia day da cho dudc suy ti bai todn trude. Bay gio ta can chi
ra rang gidi han cia day thuée (0, 1).

(@) Vi f(x) = < la ham tdng chdt trén khodng (0,+00), Sy—In < So—1I5 <
f(1) =1véi N > 2va

f2)+ fB)+ ...+ f(N—-1)+ f(N)
> Q)+ f3) + .+ FIN—1) > /2N f(z)dz,
hodc tuong duong, Sy — f(1) > Iy — I5. Cudi cung,
0<1_I2§]}EEO<SN_IN)§S2_[2<1-

(Xem 2.1.41 va 3.1.36).
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(b) Chung minh tuong tu nhu (a).
3.3.5.

(@) Su héi tu cia chudi Z
n=

o)

W tuong duong vdi tinh bi chdn cua day

s m(lnm ————dx. Véi o # 1

/” ( 1 J (Inn)=@*  (In 2)_0‘“.

xlnx)o‘x_ —a+1 —a+1

Vi vdy chudi héi tu néu o > 1 va phdn ky néu 0 < o < 1. R6 rang
néu o < 0 thi chudi phéan ky. Cuéi cung, néu o = 1 thi f2 S5dr =
In(lnn) — In(In2). Vivdy, day f2 —5dx khong bi chdn va do do chudi

phén ky.

(b) Trong truong hop nay ta co

/3n ;da: =In(In(Inn)) — In (In (In 3)).

zlnzln(Inx)

Vi vdy theo tiéu chudn tich phdn chudi phén ky.

3.3.6.

(a) Ta co

N N )
Ap+1 _ Sn+1 Z/ n+
— S, In .S, — S, In S T ln:c

=Inln Sy —InlnS; — .

N—oo

(b) Tuong tu cdu (a) ta co

a a Sn Sn 1 Sn
nzsms :; SIS, Z/ xlnxx
1

- _IHSN * 11’151 ]\:c:o oo

3.3.7. Néu

' (x)f(p(x))

<g<1, Vx>,
f(x) '
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thi

o(x) - N
ST p ]
/@(mo) f(t)dt /xo O () f(p(t))dt < q/mo F(t)dt

(1—q)/oj:: t<q</ f(t dt—[pj::))f(t)dt>
—q ( / :’Wf( it — [ " >dt> <af :’Wf(t)dt.

o0
Vi vdy bang tiéu chudn tich phan chubi Z f (n) héi tu. Bay gio néu

¢'(x)f(p(x))
f(x)

thi [ t)dt > f;; f(t)dt. Cho nén

o(zo)
o(x) ¢(wo)
/ f(t)dt > / f(t)dt.

o

Vi vay

> 1 véi moi x > x,

Hon nita, vi vdi n bt ky ton taik, € N sao chon < p(n) < n+ ky, ta cé
n+kn ¢(n) ¢(x0)
I+ ky— I, = / F(t)dt > / F(t)dt > / F(t)dt.
n n o

Cho nén day {[n} khong phai la day Cauchy nén né khong bi chdan. Theo tiéu
chudn tich phan chubi phan kj.

3.3.8.
(@) Néu lim <—g(3:) J;/((;C)) = g’(:c)) > 0 thi ton tai o va 0 > 0 sao cho
f'x) .
—g(z — g (x) > 0 véi moi x > xy.
@~ o)

Vivay —(g(z)f(x)) > df(x), > x0. Cho nén vdi n du lon ta cé
| rwr < 5 [ ~trwgtayas
— L glaw) 1 (a0) — gl ) <

Theo tiéu chudn tich phdn chudi hoi tu.

9(wo) f (o).

S| =
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(b) Giong nhu (@) ta c6 —(g(z)f(x)) < 0vdi moi © > xo vi vdy gf la ham
tdng trén [xo, 00) nén g(x)f(x) > g(xo) f(xo) néu x > xo Diéu nay c6
nghia la f( ) > %‘qgmo) vdi moi x > xg. Do do day fl d:lt khong
bi chdn vi theo gid thiét day fl e d:L“ khong bi chdn.

3.3.9. Su dung két qud ciia bai trude vdi g(x) = .
3.3.10. Trong bai 3.3.8 ldy g(x) = zInx.
3.3.11. (a) Dt

_Jo [0t
Khi dé —g(x)%;”)) —g¢(z)=1>0.
o [, F)d
o) = 212
g(x) ()

thi fl gl dx = lnf1/2 t)dt— lnf1/2 t)dt, diéu dé cé nghia la day fl o) dx
bi chdn. Hdn nwa,

/
@2 @)= -1 <0
3.3.12. Ta sé dung tiéu chudn da duoc ching minh trong bai 3.3.9. Ldy
f(2) = (Inz)~""2)" 2 > 1, ta duge
/
@
f(x)

Néu~y > 1thi lim (Inz)" ! (yInlnz + 1) = +00 va vi vdy chubi héi tu. Mt
rT—00

= (lnx)”‘l(”y Inlnz +1).

khdc néu 0 < v < 1, thi ta ¢6 lim (Inz)" '(yInlnx + 1) = 0, diéu dé co
r—00
nghia la chudi phan ky.

3.3.13. Dat .
= 1 5 > e.
/(@) 1Tz Ing roe

Ta c6 thé chiing minh dige li_mm_m( «! ((;f))) — 1. Vivay khong thé dp dung

tiéu chudn trong bai 3.3.9. Ta sé dp dung tiéu chudn trong bai 3.3.10. Vdi v di

lon thi Fa) 1 1 1
T nw nw
. ~ N zlnz = - 1>2
( f(x) :L“) T g (Inlnx)? L

NN Inz Inz
vi lim < — ) = 4o0.
oo \InInz (Inlnx)?
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‘ 1 An
33.14. Tacé (A1 — )\n)m < fy +1 tf(f)dt Vi vdy

= An 1 < 1
Z (1 B )‘n+1) f()‘n—I—l) = />\1 Wdt =

n=1

Ta dd chitng minh dugc rang chudi Z < ) f(k 0w héi tu. Ky higu {S,}

X n+1

va {S{l} twong ung la day tong rzeng ctia chuéi da cho trong bai todn va chudi

g trén. Thi
al A 1 1
Sy — Sy = _ -
Z (1 >\n+1) (f(An) f()‘n+1))

1 1 1
S;;Qmm‘ﬂMHQ<f@n

Véy chudi da cho hoi tu.

3.3.15. Véi ham don diéu f,

An+1
() IO =) < [ < SO0 = )
(a) Vi bat ddng thite bén trdi va gid thiét ta cd,

Mif(AnH) < [ fyat < .

A1

o0
(b) Tw bdt ding thite bén phdi trong (%) suy ra chudi Y f(\,) hoi tu.

n=1

o
3.3.16. Trudc hét ta gid thiét rang chubi > ﬁn) héi tu. Khi dé, bang ticu
n=1

chudn tich phan, tich phdn suy rong floo ﬁt)dt héi tu. Tich phén ting phan va
doi bién ta duoc

S IR S B L)
lfm“*hwu>fw+1 _p“
(%) = ! ! + <t>dt.

t—’oo ) f@) ray
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Ta sé chi ra rang

K% lim — =0
Sw héi tu cua tich phdn suy rong suy ra hm ft )d =0 Vi %f(22tt) =

(2t) dr < f f(ac - l(t) dt, dang thite (x*) dung. Vi vdy tich phdn
100 I e (t) dt héi tu.

Hon nua, ta cé

S~ /7l éf) / F0y [ f‘;(t)dKOO’

o (n+1)2 12

) héi tu. Hién nhién la chudi Z

n—

cung héi tu.

()

DPé chitng minh diéu nguoc lai, gid thiét la chudi Z f héi tu. Bang

cdch tuong tu ta cé thé chi ra rang tich phén ff(l) )dt hét tu, va vi vdy tich

phdn floo ﬁt)dt ciing hoi tu. Bang tiéu chudn tich phan chubi 21 o) héi tu.
n—

3.3.17. Trudc hét ta thdy rang ham  dinh nghia dudc trén toan khodng
le, 00). Khi dé p(x ) = 1 vdi moi x € [e, ), p(x) = 2 vdi moi x € [e°, ).

DPé don gidn ta ddt el=cvac®=e¢" wvoik>1 Vi vay ta co

o(r) =kvdi x € [Ak Ak+1)
Dat
N 1 )
flz) = r(Ing z)(Inp z) - ... (Ing)r)’
thi 1
flx) = véi w € [65,841) .

z(Iny z)(Ing z)...(Iny )
Baéy gio bang tiéu chudn tich phdan chuéi da cho hoi tu vi vdi n > e,

=3

In:/enf(:c)dxz/jk f(x)dx:/jgxlixder/E: mdas

dr =k — 1.
L /gk—l z(Inz)(Ingz) - ... - (Ing_1 x) ‘
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34 Hoitu tuyét doi. Dinh Iy Leibniz
34.1.

(a) Ta co

Vi v@y chubi hoi tu tuyét doi néu |a| < 1 va phdan ky néu |a| > 1. Néu
|a| = 1 thi chudi phan ky vi

" ) 1 1

nme (1+ Lyn — e

an

lim
n+1

n—oo

(Inz)* (a—Inz)

®) it f(zr) = "2 vz > 0. Khi dé f'(z) = - < 0véi z >
maX{l, e“}. Vz vy theo tiéu chudn Leibniz chudi hoi tu véi moi a € R.
Bay gi[f ta kiégm tra xem liéu chudi cé héi tu tuyét doi hay khong tic la

chudi Z hoz tu? Dung tiéu chudn Cauchy (xem 3.2.28), su hoi tu

o0
ctia chudi tuong duong vdi su héi tu cia chudi Yy, n®(In2)% Vivdy chudi
n=2
da cho héi tu tuyét doi néu a < —1.

(¢c) Néu a > 0 thi chudi hoi tu theo tiéu chudn Leibniz. Néu a < 0 thi
Z(—l)” sin — = Z(—l)”+1 sin —.
n n
n=1 n=1
Lai dp dung tiéu chudn Leibniz ta thdy rang chudi héi tu véi moi a € R.
Chudi khong héi tu tuyét doi néu a # 0 vi
|a|

sin &

l
n

lim = |al.

n—oo

X+ 7 oAs PN > 2_4a-8 P N
(d) Chuoi hoi tu khi va chi khi —1 < % < 1, tic la

néu a € [—4, 5) [3,00). R6 rang chudi hoi tu tuyét doi
néu a € ( 4, g) (3, 00).
(e) Vi

=0 néu |a| > 1,
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nén chudi héi tu tuyét doi néu |a| > 1. Néu |a| < 1 thi diéu kién cdn dé
chudi héi tu khong thod méan vi lim s = +00.

n—oo la|™

(f) Thdy rang

(1n n)lnn

lim = lim """ = 40,
n—oo n¢ n—oo

Vi vdy diéu kién can dé chubi héi tu khong duoe thod man.

34.2. Néul|a| < 1 thi véi n du lon,

n—1

- < o,

na™ 1 +1Inn
Vi vdy chudi hoi tu tuyét doi. Néu |a| > 1 thi

a1 1

na"! +lnn 2 1 4 -Ann

na"— nan—1

Vi vdy véi n di lon cde s6 hang cia chudi duong va bang tiéu chudn so sinh sw
o0

héi tu ctia chudi swy duge ti su héi tu ctia chudi » %

n=1

34.3. Trudc hét gid thiét rang a, > 0 vdi moi n € N. Diang dao ham ta cé
> 2 N . 3 e N A 51 N
thé chi ra rang sinx > v — & vdix > 0. Vivay 1 — % < %ai. Vi ai < anp
o0
vdi n dit lon chuéi Yy ai tie la chudi da cho héi tu. Néu bo qua gid thiét a,, > 0
n=1

thi chudi c6 thé héi tu hay phdn ky. Thuc ra ta ldy a, = (—1)”71% voi a > 0.

o.]
Khi dé chudi <1 — sm“") phan ky néu 0 < « < va héi tu néu o > =
n=1

34.4. Khong, ta chi ra phdan thi du sau:

1" 1 —1"
(=1) N ’ bn:( >,n22.
n nlnn n

Ay =

34.5. Tacéa, = p,— Qn va |an| = pn —i—qn Chii y rang p,, va G, khong am.

o)

Vi vdy hai chudi Z Pn va Z Qn phén ky, vi Z an, hot tu va Z |a,,| phan ky.

n=1

34.6. Dat S, = ai+ ...+ a,. Theo bai trudc ta cé

P Sh
lim — = lim 1—}——)21.
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34.7. Chudi khong héi tu tuyét déi. Ta sé chi ra rang né hoi tu ( héi tu cé
diéu kién ). Ta nhém cdc s6 hang cung ddu va duoc

“(-niE 3 & 1 1 1
== )" | — :
Z n 2+7< ) 3n+3n—|—1+3n+2

Vi vdy theo dinh ly Leibniz chudi hoéi tu.

34.8. R6 rang chudi héi tu tuyét doi néu a > 1 va phdan ky néu a < 0.

Ta sé chi ra rang néu 0 < a < 1 thi chudi héi tu c6 didu kién. Thdy rang

s6" hang ddu tién ciia chudi la Gm, ndm s6 hang tiép theo dwong, v.v. Bay gio
o0

nhém cdc s6 hang cung ddu ta dugc chuéi dan ddu sau Yy, (—1)"A,, trong dé

n=1
(n+1)2-1
A, = > k% Hon nita véi a # 1,
k=n?
1 (nt1)* 1 1 2-2 2-2
A, < —+ —dt = — n—+ 1) —n“°9).
"Tp2e te n? = 1— a<( ) )
Vivdy (xem 2.2.3), lim A, =0néu t <a< 1l Véia=1tacs 2 < A, <
N 00 2 n+1
27;1, va vi vay, lim A, = 0 vdi % < a < 1. Ta sé chi ra rang véi a nhw trén

n—oo

thi day {A,} don diéu giam. Thuc vay,

(n+1)2-1 1 (n+2)2-1

Ap=Ap= ) i > o

k=n? k=(n+1)2
= ke = (k' +2n + 1)°

T 1 1 1
- (E‘ (k/+zn+1)a) C(n+22-20 ((n+2)2—1)

2 1 1 1
= ((n2 Tk ((n+1)? +k>a) ((n+2)2—-2)

1 1 1
HCEP I (2n+1) ((n2 Yon)e  ((n+ 12+ 2n)a)
1 1
)

(427 —19  (n+2? 1)
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trong dé bat dang thite cudi cung suy ra ti tinh don diéu cia ham
1 1
n?+z)* ((n+1)2+x)

trén doan [0, 2n). Vi vdy, vdi n di lon,

g(z) = (

1 1 2
A”_A“1>@n+w(oﬂ+2ma_«n+ml+%w)_Kn+U%

2 1 2\ 4 1\ 1\
n4a 2 n non n
>n"2"(2a — 1) > 0,
vi(l+z)*>1—azrve (14+2)*< 1—ax—i—”(“T+1)x2 vdi a,x > 0 (hai bdt
d‘c%ng thiic nay cé thé chitng minh bang dao ham). Vi vdy dung dinh ly Leibniz,

chubi . (—1)"A, héi tu néu 5 < a < 1.
n=1

Neu 0 < a S %, tht vi An > (277/ + 1)@, didu klén C&n d’é? chu6~l
o0

> (—=1)"A,, héi tu khong thod man.

n=1

34.9. Giéng nhu i gidi cua bai 3.4.7 va 3.4.8, ta nhém cdc s6 hang cung ddu
va viet lai chudi dudi dang sau:

2 (Erer - w)
Ta ciing thdy rang
_ 1 R S () el s I e
e+ 1 + ...+ o] > o] 1 e

Hon nua vi

i (1) 2t
o (1) =1

nén diéu kién can dé chudi hoi tu khong duoc thod man va do dé chudi phan ky.

34.10.

(@) C6 thé viét chudi dudi dang

o] on+1l_1

Z(—l)”An, trong do A, = Z %

n=0 k=2m

N 1 1
Vi An > QRW e By
n—oo

nén chudi phan ky.
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(b) Ciing giong (a), ta viét chudi dudi dang

S , 1
Hon nua, )
0< A, <2" )
27 In 27
Suy ra nll_)filo A, = 0. Ta sé chi ra rang {A,,} don diéu gidm. Thuc vdy,
on+1l_1 on+1_1 1
An+1 =
Z_H klnk ; (2n+1 + l) ln<2n+1 4 l)
= 2 (27HL 4 20) In(27+1 +20)  (27HL 20 + 1) In(27+! + 21 + 1)
2m—1 on_q

1
— A,
<;(2n+l+2z)1n(2n+l+2z <2 27+ 1) ln @y

34.11.

(—1)'—————=sin— =

(D" +vn i
(s D g L Vg

vn o on—1 "vn n-1 /n

LN A . . . X
Theo tiéu chudn Leibniz cd hai chuoi

Vi 1 ) (-1
(=1) (1 RS

i( 1) SinL va i smi
~ Vn —n—-1n

héi tu. Nhung chudi

Sl ——

n:2n—1 Vn

phdn ky va vi vy chudi da cho phdan ky.

> vn . 1
Z\f

34.12.

(a) Chudi hoi tu tuyét doi (xem 3.2.1 (f)).
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(b) Tw tiéu chudn Leibniz chubi hoi tu. Chudi héi tu c6 diéu kién (xem 3.2.1

().

(¢) R6 rang day {{/n}, n > 3 don dié¢u gidm vi v@y chudi héi tu. Hon nita né
khong hoi tu tuyét doi (xem 3.2.5 (b)).

(d) Su hoi tu cia chudi suy ra ti tinh don diéu cua day { (1 + %)n} va day co
gidi han la e (xem 2.1.38). D¢ chitng minh chubi khong héi tu tuyét doi
ta ding bat dang thic

1 1
ln(1+:c)<x—§:c2—|—§:c3, x>0,

o1 ) 1\" 1—4
vdzx—n,vataco(l—i-n) <e

\" a1 1 .
e— |1+ — >e<1—e 2n 3n2)>e<1—e 4n) vdi n > 1.
n

T 2.5.4 (a) suy ra véi n du lon

a
3n?, VI vdy

1
4 (1— —ﬁ)>—.
n e 2

Vi vdy chudi i (e — (1 + %)n)phdn ky.
n=1

2 X N - LN 2 X 1 N N

(e) Su hoi tu cua chuot suy ra tw tinh don diéu cua chuoi { (1 + %)n+ } va tw

gidi han e cua chudi (xem 2.1.38). Theo bai 3.2.5 (c), chudi khong hoi tu
tuyét doi.

34.13.

(a) Ham
Inx)® 1
f) = B v e (¢h 1o0)

don diéu giam tdi 0 khi © — o0. Vi vdy theo tiéu chudn Leibniz chudi
hoi tu. Ta chitng minh rang vdi b > 1 chubi hoi tu tuyét doi. Dung dinh
ly Cauchy (xem 3.2.28) ta chi can chiing minh su hoi tu ciia chudi

RZIQ”%.

Bay gio dung tiéu chudn cin chudi héi tu néu b > 1 va phdn ky néu
0 < b < 1. Ré6rang néu b= 1 chubi phén ky.
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(b) Chii y rang
(ln n)lnn e(lnn)(ln Inn) nln Inn

nb nt nt
Vi vdy diéu kién can cua hoi tu khong duoc thod man.

3.4.14. Do tinh don diéu cia day {a,} ta cé

Ton = (@241 — G2n42) + (A2n43 — A2n1a) + ... > 0,
Tont1 = (—Qant2 + Gants) + (—a2n4a + a2ny5) + ... <0

va

Ton = Gant+1 + (—A2nto + Q2nts) + .. < G2pt1,
— Topt1 = Aopt2 + (—Qont3 + A2pga) + ... < Gopyo

34.15. Chuy rang

n n

Z(ak + ak—f—l) — QZak = aps+1 — A —> —aj.

k=1 k=1 e
34.16. Chu vy rang
Z(aak + bags1 + cagro) — (a+b+c) Z ag
k=1 k=1

= b(ant1 — a1) + c(ant1 + anio — a1 — az) — —bay — c(ay + as).

n—oo

3.4.17. Theo gid thiét ton tai cdc hang sé duong c va C sao cho vdi n du ldn,
c < lan| < C. Vivgy,

1 1 1
——| < —2|an+1 - an|7
Gni1 Gn c
1 1
2
|any1 —an| <C - —
An+1 an

Stz dung tiéu chudn so sdnh ta suy ra diéu phdi ching minh.
34.18. Ky hiéu S, va S, tuong tng la cdc téng riéng thi n ciua cdc chudi

o)

o
Y anva Y n(ay, — ani1). Thi,
n=1 n=1

Sp = Z k(ay — apy1) = Z kay — Z (k+1)ars + Zak—f—l
k1 k=1

=1 =1
= —(n+1)ant1 + Sny1,

tw doé suy ra diéu phdi chiing minh.
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34.19. St dung tiéu chudn Leibniz dé suy ra chudi hoi tu.

3.4.20. Néu |a| < 1 thi chudi héi tu tuyét doi. Thuc vay,

. a _a n
nlsinasin — - ... sin —| < |a|".
2 n

Xeét truong hop |a| > 1. Trong truong hop nay chudi phdn ky vi diéu kién
cdn khong thod man. Thdt vdy, vdi a cé dinh ton tai ng sao cho % < 1

Khi ds, dit C' = (ng — 1)!

sinasin g - ... - sin %

va dung bdt dang thie
ST o 1 — FQ, x > 0, ta duoc

. ..a . a . al . al
’n!smasm—~...~sm—’:Cn0~...-n51n—~...-51n—
2 ng n

1
>Cng-...-nsin — ——C 1——
> Cng - omsin . msin H( sz)

>CII(Lm—):COm_Um+1)—»C@:i>0.

non n—00 Un

34.21. Theo 2.5.4 (a),

n Vbt Ve n
o — e Va—1 b—1+3/c—1

1 a
=Ilna — =(Inb+1nc) =In —.
5 ) m

Vi vdy néu a > /b, thi bat dau ti chi s6'n nao do cdc s6 hang cia chudi duong
va theo tiéu chudn so sdnh chubi phdn ky. Néu a < \/bc thi cde s6"hang ctia
chudi &m va né cing phan ky. Vdi a = \/be ta cé

= \/_+{l/5 1 > 2n 2 2
> va- T ) = g o (V- we)
n=1 n=1
Vi
2n _1_ 2n 1
lim b T vedt = (Inb—Inc)?
n—oo %

o0
nén sy héi tu cia chubi suy ra ti sy héi tu ctia chudi » , =5

n=1
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34.22.

(a) Theo 1.1.14, tén tai day s6 nguyén {p,} va day s6 nguyén duong {q,} sao

cho
' pa| 1
T——| < —.
an| 4
Vivay | cosp,| = | cos(mq, —pn)| > cosqin = 1—25in2i >1-— ﬁ.
Do do »
1\ Pn 1
COS P p">(1——) >1—-——-.
(I ) 2 "2

Diéu nay chiing t6 rang day con {(cosp, )P} cia day {cos™n} khéng
hoi tu vé 0 nén diéu kién can khong duoc thod man.

(b) Theo bai 1.1.22 ta biét rang day {pn} va {Qn} trong (a) c6 thé chon sao cho
moi s6 hang ctia {q,} 1é. Khi dé ding bdt ding thie

T  Dn 1
2 @l @
ta dugc |sinp,| = [cos(5qn — pn)| > cosqin >1-— ﬁ. Vi vdy giong

nhu (@) chuéi (sin p, )P khong héi tu vé 0 va do dé chudi phan ky.
34.23.

(a) Theo gid thiét (xem 2.4.13 (b)), ton tai ng va o sao cho

a
n( - —1)>04>0v6in2n0.
(p41

Vivgy 224 < 2 < 1 diéu dé ching té rang bat dau ti chi s6 ng day

an n+o

{a,} don dié¢u gidm. Ta sé chi ra rang lim a,, = 0. Theo trén ta cé
n—oo
4 OGntl On Ung+1 n(n —1)...ng
n+1l — : BRI ) no -
Ap  Gp—1 ny (+n)...(a+ng)

Bdy gio chi can chitng minh rang lim n(n—1)..n0__ _ () Thuc vay,

n—oo (a+n)...(a+no)

. n(n —1)...ng ' 1
lim = lim
we ot m) (o) e (g ey (14 a)

no

=0,
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vl (xem 1.2.1)

« « « «
(1+—)-...-(1+—)>1+—+...+——>oo.
Un n ) n n—oo

o0
Vi vdy theo tiéu chudn Leibniz chubi Z (—1)”an hét tu.
n=1

(b) Theo gid thiét n ( Gn_ 1) <0, day {a,} don dié¢u ting va vi vdy chudi

An+41
o0
> (—=1)"ay, phan ky, vi diéu kién can cia héi tu khong duge thod man.
n=1

34.24. Theo gid thiét, lim n ( On_ 1) = . Voi a # 0 ta c6 thé dp dung

n—oo On+1
tiéu chudn da chitng minh trong bai trude. Vi o = 0 diéu kién can dé héi tu
khong dugc thoa man. That vdy, ta co
1 . 1 a; a2 QAp—1

a, ap as as  ap
1 51 52 ﬁn—l
=— 1 1 ol —].
( *11%)( *21%) ( UL

Hon nita tén tai 3 sao cho |(,| < (. Vi vdy

> ! > 4
an pu— eﬂA’

B (1+11‘%)(1+21‘%)...<1+#)

&8
trong do A =Y —=.
n=1

34.25. Theo bai 2.5.34, su tén tai gidi han lim nln

n—oo

an 4
p— tuong duong voi
sw tén tai gidi han lim n (a—"l — 1) va hai gidi han nay bang nhau. Ddt

n—00 An+

a, = 2. Khi do Jim nln g2 = p— 1. Vivdy theo 3.4.23 chubi héi tu néu

P> % va phdan ky néu p < % Trong truong hop p = % diéu kién cin dé chudi
héi tu khong duoc thod man vi theo cong thite Stirling lim a,, = V27 .

n—oo
34.26. Dt S, = ai + as + ... + a,. Dung phép bién doi Abel ta duoc

n—1

@ip1 + azpy + o+ anpy = Y Sk(pr — Prr1) + Supn,
k=1
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va ta co

n—1
a1p1 + APz + ... + AnPp _g ZS Dk+1 — Pk
= n — k‘ .
Pn — Pn

Bay gio chi can dp dung dinh ly Toeplitz (xem 2.3.1).

o0
3.4.27. Dung két qud trong bai trén vdi chudi Y, a,by, va chon p, = (%

n=1

34.28. Day la mét truong hop ddc biét ctia bai trudc.

3.4.29. Néu chudi khong héi tu tuyét doi, thi chudi con tdt cd cdc sé hang
duong va chubi con tdt cd cdc s6 hang Gm phan ky (xem 3.4.5).

3.4.30. [20] Khong, ta sé chi ra vi du dé chiing to diéu nay:

o0
Xét chudi hoi tu tuyét doi » by, dit

n=1

bg 63
a1 :bl, (7,2:(13:—‘, a4:a5:...:a9:§,...,

Q14214+ (n—1)14+1 = QU424+ (n—1)!142

bn,
= .. = Q124 (n=1) 40! = TR
n.

o0

Khi d6 chudi Y, a, hoi tu c6 diéu kién. Nhung vdi méi k > 1val > 2 thi
n=1

chudi con

ax + Qg+ Qpyo + ...

hoi tu. Thuc vay, véin > 1 cé ”T' s6 hang dang % Nhém nhitng s6” hang nay
lai, ta duoc chudi hoi tu

1 — .
Co+ 7 Z b,, Coy la mét hang s6 nao dé.

n=ngo
34.31. Xét chubi
1+1+1 1++1++11+
22 2v2 W2 T ndm T ndm ¥n

n lan
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34.32. C6. Xét chudi

I ! 1 Lt L1 1
2In2  2In2 In2 7 nlnn 7 nlnn Inn
n lan
Khi do
N2413N-—2 N 1 1 ’ -
2 1+ (nk—llnkn + lnkn) néu k chan.
n N
n=1 1+ (nk—llln’“n - lnin) néu k lé.
n=2

o0

Theo dinh ly Cauchy (xem 3.2.28) chubi Z ﬁ

phan ky véi moi k € N. Mt khdc, chudi m héi tu véi k > 2.
n=2

3.4.33. [20] Gid thiét ngugc lgi lim SF2tedEn — 20 > 0. Khi do, theo

n—oo

2.4.13 (b), ton tai ng sao cho vdi n > N,
(*) e1+er+ ...+, >an

Pt B, = c1 + &9 + ... + &,. Tinh téng ting phan ta nhdn dudc

n—1
€1a1 + €1a0 + ... + epan, = E Erx(ar — ags1) Enan,.
k=1
Vi vdy theo (%) ta co,
g1a1 + E2a9 + ... + Enay
no n—1
> E Ek(ak — ak+1) + o k(ak — ak+1) + ana,,
k=1 k=no+1
n
= hang s6' + « E ar,
k=no+2

Diéu nay la vo ly.

34.34. [20] Dgt E,, = 1+ €3+ ... +e,, n € N. Day {E,} c6 tinh chdt la
giita hai phén ti trdi ddu c6 mot phan ti triét tieu. Xet hai truong hop:
(1) S6'phan ti triét tiéu cua { E,} la hitu han,
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(2) S6'phan ti triét tiéu cia {E,} la vé han.
(1) chinh la mét truong hop ddc biét cua 3.2.35. Trong truong hop (2), theo tiéu
chuén Cauchy, vdi méi € > 0 ton tai mot ng sao cho néu n > m > ng, thi

n
£ > E ELak
k=m+1

n

= Z (Ek - Em)(ak - ak—l—l) + (En - Em>an+1
k=m+1

n

Y (Bx—Ep) = (Ex1 — Ey))a

k=m+1

(*)

Gid stt F,, = 0 va cde phan t@ E, i1, Emo, ... By, cung ddu, khi doé tic () va
su don di¢u ctia day {a,} ta cé

E,a,|<e, n>m+1
| ,

3.4.35. Viéc chitng minh tuong tu nhu 3.4.33. Pat E,, = p1b1 + ... + ppb, va
gid sit rang lim PE=tPabs — 90 > 0. Khi d6 vdi n > ng ta ¢6 piby + ... +

n—oo

Pnbn > an, va do dé

1 1
(p1b1) + .. + —(pnbn)

by +...+0b,=—
n P
n—1 n
1 1 1 . , 1
:ZEk(———)+En—>hdngsé—a Z —,
1 P Dk+1 Pn kg2 PP

Diéu nay la vo ly.

3.4.36. Trudc hét ching ta chitng minh néu p = q thi chubi da cho héi tu. Ta

co
Sy, =1+ L + ...+ L ! + ...+ !

141 1 1
+...+(—1) (mﬁ-—l—@)

Vi Slp la téng riéng cia mét chudi dan ddu. Theo tiéu chudn Leibniz ton tai gidi
han llim Sip- R6 rang, méi téng rieng cé dang Sipik, k = 1,2,...,p — 1, tién téi
—00
cung mét gidi han khi | — 00.
Gid st chudi (cua ching ta) (ban ddu) hoi tu. Khi dé theo 3.4.34,
i np—nqg p—q
im = =
n—oonp+ng  p+q

0,

diéu nay chitng té6 p = q.
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34.37. Ta nhan thdy néu diéu kién (i)-(iii) thod man thi vdi moi day hoi tu
{an}, day chuyén vi {bn} duoc xdc dinh. Viéc chitng minh cé nhiéu cdch nhu
trong loi giai bai todn 2.3.1 va 2.3.26.

A A2 . . N oA A
3.5 Tiéu chuan Dirichlet va tiéu chudn Abel

3.5.1.

(@) Vi % = i(l — cos(2n)), ta xét cdc chudi

i — cos (2n).

Theo tiéu chudn Leibniz, chudi thi nhdt hoi tu. Chudi thi hai cing hoi
tu theo tiéu chudn Dirichlet (xem [12], trang 105). Thdt vdy, ti cong thic
6 thé duoc chiing minh bang qui nap sau:

o0

> (-

n=1

§|>—‘

(ntl)a
sin 22 cos
(1) Zcoska— 2 véi a #2rn, | €Z,

sin 5

ta nhdan duoc

n

Z(—l)k cos(2k)

k=1

=) cos((r — 2)k)

(m—2)n
2

(n+1)(m—2)

5 1

~ cosl’

sin CcoS

cos 1

o0
Vi ddy cdc tong riéng cia chuéi y  (—1)" cos(2n) la bj chdn. Hon nita

n=1
o.]
day {%} don dié¢u tién tdi 0. Nhu vdy chudi Y (—1)”% cos(2n) héi tu.
n=1
(b) Dy
1+14+.. 414
n

Ay =

cdc gid tri trung binh cta {%} hoi tu tdi 0 (xem 2.3.2). Dé dang kiém tra
rang day {an} don diéu giam. Theo cong thiic cé thé ching minh bang
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qui nap sau:
u sin 2 sin ("tha
(2) Zsinka: 2 - 2 véi a # 2w, €7,
sin 5
k=1 2
ta co
sin F sin ”+1 1
Z sink| = T < -
sin 5 sin 3
Nhu vay chudi hoi tu theo tiéu chudn Dirichlet
(¢) Ta thdy rang
n? nm . T
cos [ T = cos | nm — =(=1)"cos | m—
n+1 n+1 n+1

= (=1)"*! .
(=1) 1

nhu vy chuéi da cho cé thé viét dudi dang

o.] ™
Z(_l)n"’l COS Y
—
o In“n
Cdc chubi trén héi tu theo tiéu chudn Abel (xem [12], trang 106), vi chudi
o0
S (1) ) dom
n=2
diéu va bi chan.
(d) Ta co
- onm - nr sin %
sin =~ _ sin - 1 na4
n® + sin “F no 14 S
Chudi
=L sin 2%
Z , a>0,
na
n=1

héi tu theo tiéu chudn Dirichlet. Xét chudi vdi cdc phdn ti duong

2 nm
00 sin vi
2

2

=1
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Tén tai cdc hang s6 ¢ va C, sao cho

1 smg%r
Co—g < — o < Ca——, n#4k,keN.
n 1+ 4 n-a
na

Nhu vay, chudi héi tu vdi a > va phan ky véi 0 < a < %

352. Tacé
isin(n—l— %) _ ismncos% +icosnsm—
gt Inlnn gt Inlnn = Inlnn

Theo cong thlZ’c (2) trong bai gidi 3.5.1(b) va theo tiéu chudn Dirichlet ta thédy

rang chubi Z fm” hoi tu. Vi day {COS %} don diéu va bi chdn nén chudi

N
> % héi tu theo tiéu chudn Abel. Nhu vdy ti cong thiic (1) trong loi

n—

cosn 5111

gidi 3.5.1(a) va tiéu chudn Dirichlet suy ra chubi Z 2 hoi tu.

353. (a)Taco

n

2 Z sin(k?a) sin(ka)| = Z[cos(k(k —1)a) — cos(k(k + 1)a)]
=|1—cos(n(n+1)a) |< 2

Nhw vay chubi da cho héi tu theo tiéu chudn Dirichlet.

(b) Tuong tu (a), dp dung tiéu chudn Dirichlet.
3.54. Tw cong thic
cosnsin(na)  1sin(n(a +1)) N Lsin(n(a — 1))

n 2 n 2 n

cdc chudi déu héi tu theo tiéu chudn Dirichlet (s& dung cong thite (2) trong bai
gidi 3.5.1(b)).

3.5.5. Néua = km, k € Z, thi moi s6 hang ctia chudi déu bang 0. Néu a # km
thi theo bdt ding thie | sinx |> sin® x = (1 — cos 2x), ta c6

|sm na) 1 cosQna
R I

Do v@y trong truong hop nay chudi héi tu khong tuyét doi.
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3.5.6. Trudc hét gid st rang 0 < a < 7, va ddt m = [@} Khi dé, vdi n du

lon,
n . k n n . k
Z S E{a ) S Z Z S E{a )

k=1 k=1 k=m-+1
Vi |sint| < [t| vdi t # 0,

m

(*)

k>'<§:%—magﬁ.

k=1 k=1

Hon nita, ti2 (2) trong bai gidi 3.5.1(b) va ti bat dang thite sint > %t, 0<t<3

ta co

1 1
< . <gﬁ:ﬁ'

(m + 1)|sin §|

"\ sin(ak
5o e

k=m+1

(%)

™ a

K&t hop (%) va (%%) chiing ta thdy rang bdt ddng thitc thod man vdi a € (0, ).
Do ham sin la ham Ié nén né ciing thod méan véi a € (—m,0). Hon nita sin km =
0 va ham sin la tudn hoan nén bat dang thite thod man véi moi a € R.

o0
3.5.7. Chuéi da cho hgi tu theo tiéu chudn Abel vi chudi (—1)”% hoi tu

va {arctg n} la day don diéu tang va bi chdn.

o0
3.5.8. Theo tiéu chudn Abel chudi da cho hoi tu. That vdy, chudi »  (—1)"

n=1

héi tu va day { V/Inx} bi chdn, gidm chdt véi © > e va tdang chdt voi 1 < x < e.
3.509.

3=

(o) Trudc hét ta thdy rang chudi Z hoz tu theo tiéu chudn Abel. Hon nita

o0
vi chudi Z a, hoi tu nén day {Tn}, VoL Ty, = Z ay, dan tdi 0. Vi vy,
n=1 k=n

vai p > n,

Tk+1

1 L) e
b b)) b

REAE
b,) by

1
bp
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trong do €, = sup |7”k| Vi vdy,
k>n

(b) Xem 3.4.26.

3.5.10. Nhén xét rang

- k
; (k+ Dy = ;m(nJrk— 1)cpir—1-

—_

o)

Theo tiéu chudn Abel chudi Y (k + 1)c,1x héi tu véi méi n € N. Dt r,, =
k=0

ne, + (n+ 1)epy1 + ..., ta cé

tn=> (k4 Denr = (k—n+ e
k=0 k=n

Do do

1 > 1 1
tal < =1 -1 — =
tal < ~fral 4+ sup |ril(n—1) Y7 (,H k)

kzn+1 k=n-+1
—1

1 n
< —|rp| + sup |rg|
n k>n+1

Két hop véi lim r, = 0tacé lim ¢, = 0.

n—oo n—oo

3.5.11. Tinh téng tung phén,

Sy = iaibk Z Ay(bF —bF ) + ALbE,
i=1
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0. ]
vdi Ay, la tong rieng thit n ctia chudi Y, a,. Vdi e > 0 cho trudc ton tai ng sao
n=1

cho |b;| < e vdi i > ng. Nhw vdy, néu m > n > ngva |A,| < L, thi

m—1
S — Sn| = ZA (bF —bF. ) — AbE + A, bE

<Z|Allbk biga |+ [Anby| + [Ambl|

m—1

S (b = b 0F " 4 B 2liga + o O (O] 4 (B
- m—1

=L kék_12|bi—bi+1|+28k

o0
Vi vdy chudi Z anby, hoi tu theo tiéu chudn Cauchy.

n=1

3.5.12. Tinh téng ting phdn

n n—1
(*) Sp = Zaibi = ZAi<bi — biv1) + Anby,
i=1 i=1
o0 ~ o0
Trong dé A, la téng riéng thé n cia Y an. Vi chudi Y (by, — bni1)
n=1 n=1
héi tu tuyét doi va day {A,} bi chin nén chudi Y An(b, — bpi1) hoi tu
n=1

o0
tuyét doi. Su hi tu cua chudi Y, (b, — b,11) ching té rang lim b, ton tai vi

=1 n—00

(bl — bg) -+ (bg — bg) + ...+ (bn—l — bn) =b; — bn Do do lim Anbn cung ton

n—oo

o0
tai va theo (%) ta c6 chudi Yy anby, hoi tu.

n=1
35.13. v6i 0 < x < 1day {x"} don diéu gidm va bi chdn vi vdy cé thé dp
dung tiéu chudn Abel. de —-l<z< O cd hai day {z*"} va {z*"'} la don
diéu va bi chan. Vivady, Z 22" va Z Aopq 221 hoi tu. Su héi tu cia hai

=1 n=1
chudi nay xudt phdt tw dang thue

[eS) [e9) [eS)
E anxn — E a2nx2n 4 E a2n_1x2n—1
n=1 n=1 n=1
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3.5.14. Ta thdy néu x > x¢ thi

0
an an 1
T 0 prT—T0
nto n 0
n=1 n=1

Nhw vdy ta c6 thé dp dung tiéu chudn Abel.
35.15. Tacé

o0 o0

Z nla, B Z an nln
—r(x+l)..(z+n) =n® z(z+l)

T

. S e 2 P A, 2 - A 'nac < A ~ 2 N
Chu y rang vdi n du lon tdt ca cde sé 7(m+1) oin) cung ddu. Ta sé chi ra rang
ching tao nén mot day don diéu. Nhin xét rang ti lé cia cdc phan ti thie n+ 1
vanla

(n+ (27 _ elrrintip

z4+n+1 1+ 2

Dat R, = ela+)In(+3) _ 1 _ mT—H Tz két quad trong 2.5.7 ta thdy rang

1 1 1 9 1
R, = (z+1) (ln(1+5) ——) —|—2‘(x+1) In (1+5)

1 1
3'(374— 1)% In’ (1 + ﬁ) R
1 r+1 1 9 1

- (- S(r+1)2+0(=
nQ( 5 +2(:c—|— )"+ (n))
1 1
+3 —(z+1)*In’ (1 + 5) 4+

Trong do O(an), biéu thi biéu thite phin du chia cho a,, bi chdn khi n — oo.

Diéu nay cho thdy rang vdi n du lon, R, duong néu x(x + 1) > 0 va am néu
x(x + 1) < 0. Do dé, véi moi n dii lon ti I¢ cia hai phdn ti lién tiép cud day

n!n®

m} cung lon hon 1 hodc nhé hon 1. Ching ta sé chi ra rang ddy
nay hoi tu véi x # 0, —1, =2, .... Mubn vdy ta viét

nln® 1 n = (1 + %)m

e +1)..(x+n) zrx+n+ 1+3

Trude hét gid sit x > 1. Vi méi x chung ta c6 (1 + +)* > 1+ £. Do do,

m n

1HH 1+k kj(xln( )—ln(l—i—%)),
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trong dé moi sé hang ctia tong déu duong. Hon nita,

. xln(l—i—%)l— In (1+%) _x(z— 1).

Dén dén két qud la ton tai gidi han

n—1 1\
lim In u

k 1+ 2
IR +k

o0
do chudi kl—g hoi tu. Nhu vy day dang xét héi tu véi x > 1.
k=1

Bay giv gid st rang x € (0,1). Khi d6 véi méi xta 6 (1+1)" <1+ 1%
nén ta cé thé dp dung cdc lip ludn nhu trén vdi day cé cdc phén ti

Cuéi cung, xét truong hop x < 0, x # —1,—2,—3,.... Chon kg la mét sé
duong sao cho 1+ £ > 0 vdi k > k. Pé chi ra rang day sau hoi tu

ta chi y rang

1 xX
(14-%) <1+% vei k> ko

va xiZ li nhu trong truong hop x > 1.
R - o0
3.5.16. Theo tiéu chudn Abel vdi |x| < 1 su héi tu ciia chudi Y, a,x" chi ra

n=1

o0
rang Z anx" héi tu (xem 3.5.13). Vi {ﬁ} la don diéu va bi chdn, tw d‘c%ng

n=1
Z an = Z (an T ant’ 71 —13:2”)

va tiéu chudn Abel ta c6 chudi Z U7 héi tu.

n=1

thite
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o
3.5.17. [20]. Gid sz . by la mét chudi héi tu c6 didu kién. Pat F(z) = 2%

n=1

o0
va dinh nghia chudi mdi Z a,, bang cdch ddat

n=1

a—a—b—la— bm
T T BPm) = F(m— 1)

véi F(m—1) <k < F(m).

Chudi nay ciing hoi tu cé diéu kién. Bdy gio chung ta sé chi ra rang moi chudi
con c¢o dang

(*) ag + Qg + agpz + ...

hoi tu. Trude hét chi ¥ rang vdi moét s6 nguyén duong n bét ky ton tai duy nhdt

mét tp, ty = [logl %m)}, sao cho

ki < F(m) < k',

Theo dinh nghia cta t,,, bt ddu tw chi s6'm nao dé chudi con (%) ¢6 ty — tm—1

b 3 Nhém cdc s6 hang nay lai ta chuyén (%) thanh

56 hang c6 dang o Ee Ty

chuot

- tm - tm—l
o+ Y Flm) = F(m —1)™

trong do co la mot hang sé nao dé. Chudi nay héi tu theo tiéu chudn Abel vi day
vdi cde phan tw

tm — tim—1
F(m)—F(m—1)

Cm =

la don diéu giam. Thdt vdy

(2m —1)log,2 -1 (2m +1)log 2+ 1
om? _ 9(m—1)2 va Cpy1 < om+1)2 _om?

Cm >

Do dé6 véi m du lon ta ¢6 Cpy1 < Cpy UL

(2m + 1)log,2+1 27 —2m-1° 0
=

I :
mivoo (2m — 1) log, 2 — 1 20m+D)7 — gm
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3.6 Tich Cauchy cua cdc chuéi vé han

o0
3.6.1. Gid st chudi Y ay, héi tu tuyét doi. Ki hiéu A,, B, va C,, la cdc téng
n=0

00 00 00
riéng thi n tuong ing clia » |, an, Y by va Y. ¢,. Khi dé
n=0 n=0 n=0
Cn = agpby + (a061 + albo) —+ ...+ (aobn + a1by,_1 + ... + anbo)
= aan -+ aan_l + ...+ anBo.
Néu viét

B=B,+r, wvé limr,=0.

n—oo

Thi
C,, = BA,, — (agrn + a17p—1 + ... + anro).

Bay gio ta sé chi ra rang

(%) lim (agry, + a1mp—1 + ... + a,ro) = 0.

n—oo

Muén vay, chon mét gid tri € > 0 tuy y va m, M nhu sau

o0
lrnl <m véin >0, M:Z|an|.
n=0

Khi db ton tai k € Nva l € N sao cho néu n > k thi |r,| < 357 va néu
n > 1+ 1thi|a| + ... + |an| < 55. Nhw véy véi n > | + k ching ta c6
|agrn + @17n—1 + ... + anrol
< (laollrn| + .. 4 larllral) + (Jarsal[rn—1-2] + . + |an[ro])
€
< (laof +fas| + .. +lar) 577 + (Javr ] + .. + [an)m

Tw day (%) da duoc ching minh.

Theo nhitng suy ludn trén ta thdy rang néu hai chuéi da cho héi tu tuyét
déi thi tich Cauchy ctia chiing ciing hoi tu tuyét do.

3.6.2.
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o)
(@) Theo dinh Ii Mertens néu |x| < 1 thi tich Cauchy cta chuéi Y, x" vdi
n=0
chinh né sé héi tu. Hon nua,

cn=a"4+z" 4 2" = (n4 1)

Do do

inx”_lz( L )2
— 1—2)

1 1

o0 o0
(¢c) Chudi da cho la tich Cauchy ctia hai chudi 21 m va 21 # Téng cua
n= n=
chudi thit nhét la 1 (xem 3.1.4(b)) va tong clia chudi thit hai la € — 1 (xem
2.5.6). Do dé téng cia chudi da cho la e — 1 theo dinh Ii Mertens.

3.6.3.

(a) Ta co

2k 1 1 n\ .p 1 1 1"
C”_ZH'Qn—k(n—k)!Hz(k)zzn—k_H(QJri) '

5
2

Theo 2.5.7 téng ctia tich Cauchy la e2.

(b) Tich Cauchy la chudi

o0 n

1 —3)*
Ygady

Theo 3.1.32(a) tong cta né la —% In 2.
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(c) Ta co
2n+1
Conir =Y ()RR +1)(2n+1 -k + 1)
k=0

= g2t (Z(—l)’“(ls +1)2n+1-k+1)
k=0
2n+1

+ 3 (- k+1(2n+1—k+1)>

k=n+1

= g2t (i(—m’f(k +1D)2n+1—k+1)

k=0
—Z k'+1(2n—|—1—k'—|—1)>20

Hon nita, vi Copy1 = O ta co

Con = 72" - (=) " (k+1)(2n — k 4+ 1)
= 7" (nz_(—m’“(k +1)(2n—1—k+1)

2n—1

+Z Bk 4+1) + (2n+1)>

= x2”(0 +(=n)+ (2n+1)) = (n+1)z°
Cuéi cung theo 3.6.2(a),

o0

1

n=0

o0 o0
3.64. Ta cé thé thdy rang chudi Y, A,x™ la tich Cauchy cia Y, ™ va

n=0

o0 o
> an", do d6 né héi tu vdi |x| < 1vdi téng la T > ana™

3.6.5. D& ching minh ding thic da cho ta can bdng cdc hé sé ciia x" trong

cong thite (1 + 2)"(1+ z)" = (1 + 2)*". Nhw vdy,

o <n1!>2 > @2 = (= (n1!)2 (27? )
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3.6.6. T quan hé

11-3-20-1) 1 1 1-3-...(20-3)
cn=1|— —
a 2-4-...-2n 2a+22-4-...-(2n —2)

R S AF TS OO VA
a+2n 2-4-..-(2n) ’

ta chitng minh dugc d‘c%ng thue

11-3-..-(2n—1) 1 1 1-3-..-(2n—3)
@ 2.4-..2n ' 2at22-4-.-(2n-2)
I 1-3-...-2n—-1) (a+1)(a+3)...(a+(2n—1))

+m+a—|—2n 2-4-...-(2n) B a(a+2)(a+4)...(a+2n)

Pé dan dén diéu dé ching ta phdn tich vé phdi ciia biéu dién trén thanh

(a+1)(a+3)...(a+(2n—1)) o Q,

ala+2)(a+4)...(a+2n)  a L R

Nhan cd hai vé'vdi a(a+2)(a+4)...(a+2n) va thay the a =0, a = =2, ...,
a=-2k ..,a=—2n, taco

~ (2n =1
RGP
120 —3)
NT o — o)
C(=2k 4 1)(=2k +3).(~1)1-3..(2(n— k) — 1)
T ok (—2k + 2).(-2) - 2 4(2(n— k)
2k = DN2n — k) — 1!
QN2 — k)T 7
o - (2n — 1N
"oopll

va d‘c%ng thue duoc ching minh.
R o0 o0
3.6.7. Kihiéu A,, B, C, la téng riéng thi n tuong éng cia Y G, Y. by,
n=0 n=0

o0
va Y ¢p. Dé dang kiém tra dugc rang
n=0

Cn = (l()Bn + aan_l + ...+ anBo.
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Do vay
Co+Ci+...+C,=AyB, + A1B,,_1 + ... + A, B,.

Chia hai vé ctia dang thite cudi cing cho n + 1, siz dung 2.3.2 va 2.3.8 ta nhdn
duoc C' = AB.

o0 o0
3.6.8. Goi Z cn la tich Cauchy cua Z (—1)”_1% vdi chinh né. Khi dé

n=1 n=1

e = (—1)"! I I S
" ln 2n—1) 7 kn—-k+1) 7 n-1)

Vi

1 1 1 1
= -+ — ok =1,2..
k(n —k+1) n+1(k+n—k+1) v Pl

, A‘) . A7
ta co theé viét

2 11 1
n = (—1)" ! I+ -+ 4. +—.
e =(=1) n+1(+2+3+ +n)

o0
Ta biét rang > (—1)”_1%: In2 (xem 3.1.32(a)) va chudi

n=1
o0
21(—1)”_171—_%1(1 + % + ...+ %) hoi tu (xem 3.4.19). Nhu vay theo két qud cua
e

bai toan trudc,

o0

Z(—l)”‘lni : (1 + % + ..+ %) = (In2)%.

n=1

o0 o0

3.6.9. Néu 21 n la tich Cauchy cia chudi Zl(—l)”_lﬁ vdi chinh né, khi
n—= n=

do

1 1 1
= (1" ——=+ ..+ +...+—).
=) (1~\/ﬁ VE-vVn—k+1 Jn-1
Vi méi s6"hang trong ddu ngodc lon hon %, ta thdy rang |c,| > 1véin > 1. Do

o.]
vay chubi Z Cn phdn ky.

n=1

3.6.10. Ta co

cp = agby, + ar1b,—1 + ... + a,by > aobn,

o0 o0
do vdy néu chudi »_ by, phan ky thi chudi tich Cauchy »_ ¢, ciing phan ky.
n=0 n=0
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3.6.11. Khong. Xét hai chubi phdn ky sau

n=1 2 . n=1 2 2”"’1 .
khi do .
Cn = aObTL + bOG/n + Z akbn—k7
k=1

trong do ap = by =1, a, = —(2)", b, = ()" (2" + 37). Do do
3\" ! 1 3\"
= | = o — (=
w=(3) (=rmm)-(3)
3 n—1 n—1 . 1 3 n
-(3) S -(3)
k=1

3.6.12. Goi A,, By, C, la téng tiéng thit n clia cdc chudi Y, an, Y. by va
n=0 n=0
¢y, tuong ung. Khi do,
n=0
Cn = aan -+ aan_l + ...+ anBo.
suy ra,
Z ak<bn + bn—l + ...+ bn—k—l—l)
k=1
= a1<Bn - Bn—l) + GQ(Bn - Bn_g) + ...+ an(Bn - BQ)
= Bn<An - G,Q) - aan_l - aan_g — . anBo = BnAn - Cn
3.6.13. Goi Y ¢, latich Cauchy ctia chuéi Y (—1)"a, vdi Y, (—1)"b,. Khi
n=0 n=0 n=0
do

¢n = (=1)"(aoby + arbp—1 + ... + anbo).

o0
Trude hét gid s chudi Y, ¢, hoi tu. Khi dé lim ¢, = 0. Vi cde day {a,} va

n=0 n—o00
{bn} don diéu ta c6

len| = bu(ag+ ... +an) va |en| > an(bo + ...+ by)
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Nhu vay
lim a,(bg + b1+ ... +b,) =0 wva lim by(ag+ a1+ ... + a,) = 0.

n—oo n—oo

Gid st hai ddng thite trén thod man. Khi dé dua vao cde bai todn trude ta cé

thé chi ra rang
lim Y *(=1)%ar((—=1)"bn + (—1)" " bpy + .+ (1)) = 0.
k=1

Chi y rang
|(_1)nbn + <_1)n_lbn—1 + ...+ (_1>n_k+lbn—k+1| < bn—k+17

Do vay
n

S D ar((— 1)+ (<1 by e (<1 b, )

n
< E arbp k11
k=1

n
Bay gio ta sé chi ra rang lim > agb, 1 = 0. Thdt vay,

n—o0 k=1

2n
0< Z arbop_p1 < (a1 + ...+ an)bn -+ (bl + ..+ bn)an,
k=1

2n
diéu nay chitng té rang lim > agben_k11 = 0. Tuong tu ta ciing c6 thé chi ra

0 k=1
2n—1
rang lim Y agbo,—x = 0, tiv d6 ddn tdi diéu phdi chitng minh.

nee =)

3.6.14. Trude hét ta nhdn thdy rang chi can xét truong hop o va 3 khong
vwot qud 1. Ta sé chi ra rang

li ! 1+ ! + ...+ ! 0
im — —+ .+ — | =
n—oo N& 26 n?

néu va chi néu o+ [ > 1. Theo dinh li Stolz (xem 2.3.11)

i ! 1+ ! + ...+ ! i !

im — — 4+ ...+ — ) = lim

n—oo N 26 nP n—oo NP (n® — (n —1)%)
1

= li .
nH{}o netf(1 — (1 — %)a)
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Theo qui tic LIHopital

I ! i
s—too 70 8(1— (1= L)a) — ihoh T— (1 — 1)

) (O[_i_ﬁ)toc—h@—l
= lim ————
t—o+ ol —t)et

Do do

=}

. néu o+ 3 > 1,

. o l " o
Jl_{gona—h@(l_(l_l)a)_ - ne}uoz—l—ﬁ—l,
" +o0 néua+ [ <1

Tw bai todn trén ta suy ra diéu phdi chiing minh.

o0

3.6.15. Gid sit chuéi »_ anby, héi tu. Theo két qud bai 3.6.13 c6 thé chi ra
n=0

rang

lim a,(bp +b1+..+b,) =0 va lim b,(ap+a; + ..+ a,) =0.

n—oo n—oo

Vi mét gid tri € > 0 tuy y cho trude tén tai mét gid tri kg € N sao cho
ko+10kg+1 + Qrgr2big2 + ... < % Nhu vay véi n > ky,

An (b1 + ...+ by) < an(by + ...+ by,) + %.

Mt khdc, vi lim a,, = 0, tén tai mét gid tri ny > ko sao cho

n—oo

9
n <
2(bo + ... + byy,)

a néu  n > ni.

diéu dé chi ra rang an(bo + ... + by) < £ vdi n > ny. T dé ching ta chitng
minh duge lim a,(by + ... + b,) = 0.
n—oo

Bay gio gid st tich Cauchy hoi tu. Theo 3.6.13 lim a,(by + ... + b,) = 0

n—oo

T dé suy ra véi n du lon,

(n+ Dapb, < an(bo+ ... +b,) <1

1 1+a
(anbn)' T < ( ) .

n+1

va do do
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3.7 Sdp xép lai chuéi. Chudi kép

o0
3.7.1. Goi S, =ai+ as+ ... + ay, la téng riéng thit n cia Y, a,. Khi dé

n=1
bl—i-bg—i-...—i-bnzsmn vdi n>1

Vi méi day con ctia day déu héi tu tdi cung mét gidi han, lim S,,, = lim S,.
n—oo n—oo

3.7.2. Kihiéu {T,} la day cta cdc téng riéng ctia chuéi dugc sap lai. Khi dé

1N 1 /1 1)\ 1
Typ=(1-z)—-+(==-2)-=
’ ( 2) 4+(3 6) g "

+

1 1 1
2n — 1 4n — 2 4n
1 1 1 1

1

1T s T T2 T m

' 1+1 1+ . 1 1
23 4" T on—1 o)

Do dé theo 3.1.32(a), ta c6 lim T5,= %ln 2. Hién nhién rang lim Ty, =

n—oo n—oo

DO~ N = T N

lim 75,41 = lim 73,19, suy ra
n—oo

1
P . = Zn?
+ $T5 o

3.7.3. Goi {T,} la day téng riéng cia chudi dugc sap lai. Pt f(n) = 1 +
1+i+1+ .+ 5+ 21 Knids

1 1 1 1

1
Toig=ldotod— == e —
A S P S R 23

Chitng minh bang qui nap

Toop) = F(200) = 3 f(na) — £ f(nf).
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Nhu da chi ra, ding thite ding véi n = 1. Néu né ding véi n € N, thi
T F(2na) = < f(na) — 5 f(nf) + ——+ —
i (ass) = f(2na) — = f(na) — = f(n
(nt+1)(a+h) 2 2 2na+1  2na+3

1 1 1 1

2n+Da—1 206+2 2+4 7 2n+1)5

+ ...+

Do do, theo 2.1.41

n—oo

lim Th(aq8) = nh_)rglo (f(Qna) — In(2na) — %f(na))
g hatna) = 3 f(0) + 3100) )
+—@g1(hﬁQna)—-%OHOMD-%hﬁnﬁ»>
. 2na 1«
_Jl_{goln\/m —ln2—|—21nﬁ.

Ro6 r‘dng, VoL k = 17 27 37 ceey (Oé -+ B) —1 ta co hm Tn(a+ﬂ)+k == hm Tn(a+ﬂ)

Nhu vdy téng cua chudi la In2 + % In %

3.74. Két qua nhan duoc chinh la mét truong hop ddc biét (o = 1 va = 4)
cua bai todn trén.

3.7.5. C6 thé dp dung két qud bai todn 3.7.3 vdi o« = 4 va 3 = 1.

3.7.6. Xét chubi

11
(1) l—=+-+

1 11 1 1
2 3 5

1
A TR

> 9 - . . - 2 X & —1)n-1
nhdn dugc bang cdach sap xép lai cdc s6 hang cua chuoi Z % theo n,
n=1
n=1,2,3, ..., cdc s6 hang duong theo sau mét sé' hang am. Nhém cdc sé hang

cta chudi (1) theo cdch sau:

114_14_11_1_1_’_1_‘_1 1+
2 3 5 4 79 11 6/ 7



3.7. Sdp xép lai chubi. Chudi kép 323

ta co

- 1 1 1 1
2 =1
(2) Z(nQ—n+1+n2—n+3+ +n2—|—n—1 Zn)

n=1

Goi S, va T), la téng riéng thit n cia chudi (1) va (2) tuong ing. Khi doé

" k 1 11
Tn:Snln T . 5 - T A4 - - .
%L+n>;(k2+k—1 2k)>4;k7:§o+°o

3.7.7. Nhém cdc s6 hang cud chudi ta viét lai dudi dang

n=1
Hon nua,

1 1 1
Jin=3 Vi1 von
V(4n —1)2n + /(4n — 3)2n — \/(4n — 3)(4n — 1)
VAn = 34n — 1v2n
W VI =1 _ 2o — VI 2-3
T I 1vIn  Vin—1ven  Vin—1

Do dé lim Ss, = +00, vdi {S,} la day téng riéng ciia chuéi da sdp lai. Nhu
n—oo

vay chudbi phdn ky.

o0
3.7.8. Gid st chudi Y a, héi tu tuyét doi, goi S, la tong riéng thi n clia
n=1
chuéi dé va dat S = lim S,,. Ki hiéu {T,,} la day cdc tong riéng cia chudi da

n—oo

o0

sap lai. Tir s hoi tu tuyét doi cia y  ay, vdi € > 0 cho trudc, ton tain € N
n=1

sao cho

(1) |an+1|+|an+2|—|—...<5.

Goi m la s6'di lon dé moi s6 hang a1, Qs,...,a, xudt hién trong T,,. Khi dé, theo
(1)
|S — Tl <|S — S| 4+ S0 — Tin| < 2e.
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3.7.9. [4] Trudc hét gid s rang | > Ova dit n = d + u, d > u, sau dé sdp
o0

lai chudi Y (—1)""! f(n). Téng riéng thit n ciia chubi mdi la
n=1

To=Torw = (f(1) = f2) + f(3) — ... = f(2u))
+ (fQu+1) + f(2u+3) + ...+ f(2d — 1)).

Téng nay cé cdc s6 hang am chita u va moi s6 hang con lai chita d trong doi sé’
la duong. Téng cia nhém thit hai chita d — u s6 hang, va nhu vdy tong nay
sé nam trong khodng (d — u) f(2u) va (d — u) f(2d). Vi téng trong ngodc thit
nhédt hoi tu toi S khi uw — 00, su thay doi trong tong bang vdi gidi han cia tong
trong ngodc thit hai. Bt v(u) = d — u. Khi dé

(1) v(u)f(2d) < fu+1)+ fRu+3)+ ...+ f(2d—1) < v(u)f(2u),
va sy don di¢u cia day {nf(n)} chi ra rang

u f(2u+2v(u))

o S few

(2)

Chon v(u) sao cho

(3) lim v(u)f(2u) = .

U—00

(vi du c6 thé chon v(u) = [ [L} ) khi d6 lim X = 0 vi

f(2u) U—00
1v(u
[ = lim §Q2uf(2u) va lim 2uf(2u) = +o0.
U—00 u U—00
X > N - fut2v(u) N N A .
Nhu vdy (2) chi ra rang lim “rew . = 1. T (1) va st dung nguyén Iy kep

ta suy ra

lm (f2u+ 1)+ fRu+3)+ ...+ f(2d—1)) = L.

Nhw vdy ta da chitng minh dvoc rang Jil?o Tougvwy = S +1.
Bay gio chii y rang néu 2u + v(u) < k < 2(u+1) +v(u+ 1) thi
0 < Tk — Touyuqw + f(2u + 2) < Toutotu(uit) — Toutww) + [(2u +2).
Vi f(2u + 2) — 0 khi u — o0 ta thdy rang ;}LI?OT’“ =S+1

Trong truong hop | < 0 ta c6 thé doi vai tro cua d va u va thuc hién tuong
tu.



3.7. Sdp xép lai chubi. Chudi kép 325

3.7.10. Cho € > 0, tw mét chi sé6 ng nao dé ta cé

g—¢ g—+e
(1) < f(n) < .
n n
Xét chudi nhin duoc sau khi thay déi thanh phdn thi n cé dang (xem loi gidi
bai 3.7.9)
To=Topuw = (f(1) = f2) + FB) — .. — f(2u)) +

+ (fRu+1)+ f(2u+3) + ...+ f(2d - 1)).

Hon nita gid sv rang sé d cdc sé hang duong thod man lim g = k. Khi dé
n—oo
trong truong hop d > u,

L + L + .+ L
u+1 2u+3 7 2d—1

:(1+1+...+ Lot —ln(2d—1))
2 2u + 1 2d — 1
—~ (1+1+...+ ! —ln(2u—1))
2 2u — 1

1 n 1 — 1 | 2u—1
— [ = —1In .
2 2u+2 2d — 2 2d — 1
Theo bai 2.1.41, hai biéu thitc trong ngodc don tién dén hang s6’Euler . Ta da
chi ra rang (bai 2.5.8 (a)) thanh phan thi ba tién dén % In k. Vivay

li ! + ! + ...+ ! L Ink
im = —Ink.
n—oo \2u+1 2u+3 2d — 1 2
Tw do suy ra (1) cho ta

. 1

lim (f(2u+1) 4+ f(2u+3) + ...+ f(2d - 1)) = iglnk.
Vi vdy tong S sé sai khdc mot luong % g Ink so véi chudi da cho. Lap ludn tuong
tu cho truong hop d < u.

3.7.11. S dung két qud cia bai 3.7.9 véi v(u) = [(2u)?].

3.7.12. Su dung két qud cia bai 3.7.10 véi lim g =q.
n—oo
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o0
3.7.13. Khoéng. Thdt vay, xét chudi Y, an, la mét chudi nhdn duge ti viéc
k=1

o.]
doi ché chubi phan ky Z ap. Tinh don diéu cua day {an} chitng to rang
k=1

Any + Qpy + oo Fap,, < a1+ az+ .o+ Q.
Vi vdy khong thé ting do phdn ky clia chudi.
3.7.14. [20] Chon mét ddy con {a,,} ciia day {a,} sao cho
ar, <min (27", Qn — Qn-1), n=1,2,..., vdi Qy = 0.
Khi do
r, + Qpy + .+ 0, < Qn va Ay, + apy + ... +a,, <1

Do dé6 vi lim Q,, = +oo nén day {Q, — (ar, + G, + ... + )} ciing phdn
n—oo

ky vé v6 han. Bady gio ta cong cdc s6 hang khong xudt hién trong day con {a,, }
ctia chubi ) ay vao tong Ay, + Gy, + ... + ay, theo cdch dudi day sao cho

n—oo

ay+ay+ ...+ a1 +a, +ap+ .. taita, +...+a, <Qp,

trong dé a; la s6 hang thich hop cuéi ciung. Diéu dé co nghia la néu ta thém mot
56 hang khong xudt hién trong day con {a,,} ¢6 chi s6'lon hon i thi bdt ding
thic trén sé khong con dung nua.

3.7. ]5 [W. Sierpiriski Bull. Intern. Acad. Sci. Cracovie, 1911, 149-158] Hai
chudi Z Pn VG Z (n la hai chudi con bu clia chudi héi tu cé diéu kién Y, a,

n=1 n—00

chita moi s6 hang khong am va dm lién tiép tuong ng. o la sé thuc cho trude.
Vi chudi Z D, hGn kY tdi +00 nén ton tai mot chi s6" k1 sao cho

n—oo

pL+p2+ ...+ pp >o0.
Ta chon dude mot chi s6 ny nhé nhdt sao cho

mt+pt+..+tp, +tq@ g+ .+ g <O

Xét mét chi s6 ks sao cho

Pr+p2t .o+ Pt TG+ o+ oy T Pky+1 + Diy+2 oo+ PRy > 0.
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va mot chi s6 Ny nhé nhdt sao cho
Prtpet..t D +q1 @t T Gny TPk 41+ Dl T g1 Gy, <O

Tiép tuc qud trinh trén ta tim duoc hai day ki1, ko, ... va 11, ne, ... va phép doi
ché tuong wng doi vdi chubi dang xét. Pdt S, la téng riéng thi n cia chudi.
Khi do

S, <o védi n<kinhung S,>ocvdik <n<k +n.
Hon nua

Sp <o vl ky A, <n < kpgr A+ o,
Sn >0 v km—i—l + Ny Sn < km—i—l + N+t

véi m = 1,2, .... Tit cdch xdc dinh day {kp} va {nm,} ta cé

| Skir—14mm = O < Phpis >

[ Skmirtrm = O < Phops

|Skiitnmtl — O < Drpyrs 00 1 =12, g — Ny — 1,
|Skm+1+nm+1 - U| < |Qnm+1|a

|Skiitnmir+l — O <], véi 1=1,2, . kpgo — Ky — 1,

Vi hmpn— hm Gn = 0suy ra lim S, = o.

n—oo

3.7.16. Ky hiéu {Sy.}, {T\n} la cdc day tong riéng ctia Z ap, va Z p,, tuong

n=1

ung. Vz{nk—k}ladaybzchannentontazlGNsaochok—l<nk</€+l
vdimoi k € N. Neum > lvany <m—I1thik—1<n,<m-—I[ Vivay
k <m, va t dé suy ra

(1) {1,2,...,m—l} C{nl,ng,...,nm}.

Thét vay, néu s la mot s6 nguyén duong khong lon hon m — | thi tén tai duy
nhdt mét s6' nguyén duong k € N sao cho s = ny. Pidu dé cho ta khang dinh
k < m hay néi cich khdc s € {ny, ng, ...,nm}. Theo (1) ta thdy rang cdc phdn
te a,, n=12,..,m—1[déuxudt hién trong T,,. Mdt khdc, néu k < m thi
ne < k+1<m+1, vatacé thé suy ra rang moi 6’ hang an,, Uny, -, An,,
déu xudt hién trong Sy,11. Vivdy

|Sm — Tm| < |am—is1| + oo + l@mst], véi m > 1.
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Suy ra lim S,, = lim T,.

m—0o0 m—0o0
Néu day {ny — k} khong bi chdn thi cdc bai tdp 3.7.2 - 3.7.6 cho ta cdc vi
du vé viéc khi doi ché moét chudi cé thé lam cho né phén ky hodc thay doi tong
ctia né. Ta dua ra mét vi du khong lam thay déi téng cia moét chubi khi doi

ché cdc phdn ti cua ching. Ta xdy dung day {ny} bang cdch déi ché cdc vi
n(n+1l) . n(n+3)
2 V@ T

= n ta c6 day {ny — k} khong bj chdn. Hon nita

tri 1ng vdi cde chi s6 nguyén duong
n(n+3)  n(ntl)
2 2

, con lai giw nguyén. Vi

~ _ n(n+3)
0, néu m= —-

A~ +1 +3
An(n+3)/2 — Qn(n+1)/2, heu n(nT) <m < n(nT)

Y

T — S =

3.7.17. [R. P. Agnew, Proc. Amer. Math. Soc. 6(1995), 563-564] Ta si dung
m m

dinh Toeplitz (xem 3.4.37). Ddt S, = > ar va T, = ) ayn,. Gid thiét
k=1 k=1

rang m di lén sao cho 1 € {ni,ng, ...,y }, va sdp xép cdc phdn ti clia tap
{nl, N9, ..., nm} dé tao thanh mot day tang

1, 2, 3, ceny Bo’m, Oél’m + 1, Oél’m + 2, ceny ﬁl,ma
Oég’m + 1, Oég’m + 2, ceny ﬁ2,m7 ceny ajm,m + 1, ajm,m + 2, ceny Bjm,nﬁ

trong do

0< ﬁo,m < A1, < ﬁLm, <o, < ..., < ﬁjm,m-
Do dé téng riéng T, ciia day viva nhin duoc sé dudc viét la

Tm = Sﬂo,m + (Sﬂ1,m — Sal,m) 4+ ...+ (Sg].m’m — Soc]'m,m)-

m
Suy ra Ty, = Y Cpi Sk, trong doé
k=1

1 néu kzﬁl,ma l:O,l,...,jm,
Cmk = —1 néu kE=opm, [ =0,1,..., 5,
0 trdi lai.

o0
Vi lim By, = 400, lim ¢, = 0 véi moi € N. Hon nita | ¢ = 1 vdi
n—oo

n—00 k=1
o0
m=1,2,..,va Y |cmi| = 2B — 1, trong dé By, la s6 cac khéi s6" nguyén
k=1

duong khong giao nhau trong tdp {nl, na, ..., nm}. Cuéi cung su dung dinh ly
Toeplitz ta c6 lim T, = lim S,, khi va chi khi tén tai s6’ N sao cho B,, < N

n—o0 n—oo

véi moi m € N.
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o0

3.7.18. Gid st rang chudi Y, ¢, la héi tu tuyét doi va cé tong la S. Khi dé
k=1

vdi moi € > 0 ton tai ko sao cho

o0
9 9
|cl+02+...+cko—5|<§ va E |cl|<§.
I=ko+1

Véi m,n di lon sao cho véimoi l € {1,2, ... ko} tontaii, k, i € {1,2,...,m},
ke {1,2,...,n}, sao cho ¢, = a; . Thé thi
0o
S =S| < ler+eat e — S|+ D ol <e.
I=ko+1
Vi vdy chudi kép S hoi tu. Twong tu nhu vdy ta chiing minh duoc tinh hoi tu
tuyét doi ctia chudi kép.

3.7.19. Dat
o0 o.]
S =" laixl, T =" leal,
i,k=1 n=1
m n n
S =D D laial, Ti=2 lenl,
i=1 k=1 k=1

Cho trudc cdc sé thuc duong € va sé nguyén duong | € N bat ky. Xét cdc chi sé

m,n du lén sao cho moi s6"hang cia T, déu thuée S;,, va |S* — Sk | < e

o0
Thé thi T < S}, < S* + ¢, ¢ nghia la chudi > ¢, héi tu tuyét doi. Dt

n=1

o0
tong riéng thit n va tong ctia chudi Y , ¢, lan luot la T, va T. DEé chiing minh

n=1

00 00
§ Qi = § Cn,
n=1

i,k=1

ding thite

ta c6' dinh € > 0 va xét | dii lon sao cho
g g
17T <= va |I-T|<=.
2 2
m n
Néu Sy = . > aix va néu n,m di lén sao cho moi s6"hang cua 1) déu
i=1k=1

nam trong Sy, thi ta cé

S — T| < |T = Ti| + |T* = Ty < e.
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3.7.20. Day la hé qud ctia hai bai tdp trén.

o0 o0
3.7.21. Khoéng mdt téng qudt ta cé thé gid s rang chudi lip Z (Z |az‘,k|)
‘ 1

0. ] 0. ]
héi tu. Dat > |a; x| = 0;va Y 0; = 0, thé thi méi chudi Z ik, t=1,2,.
k=1 i=1 k=1
o0 o0
déu héituva |y a;x| = |Si| < 0. Tir két qud nay va su hoi tu ciia chudi » |, 0;
- =1
k ! o0 o0 o0 o0 ’
ta swy ra su hoi tu tuyét doi cia chuéi Y S;, vasuyra », S; = >, (Z az}k)-
i=1 i=1 i=1 \k=1

3.7.22. Dgt Z Qg = S, Z |az~7k| = S* va dat Smm = Z Z Q) va

i,k=1 ik=1 i=1k=1

n
> |aik|- Ta sé chi ra rang chudi lip
1 k=1

Ms

[

> Zlaml

i=1

hoi tu vé S*. That vy, véi moie > 0, ton tai s6ng sao cho S*—e < Sy v < S*
vdi m,n > ng. C6 dinh m, day {S;;m} sé tang don diéu va bi chan, vi vdy no
héi tu va lim S = S* . T bai tdp trén ta c6 mot chudi lap héi tu tuyét doi

n—oo

o0

thi hoi tu, vi vay chudi Z a; i ROl tu vdi moi i tdi S;, tic la véi moi € > 0 ton
k=1

tat mq sao cho

|(51+52+...+Sm)—5|<8 vol M > My.
T gid thiét rang chudi kép hoi tu tuyét doi ta co
8 N * * 8 P
|Sm7n—5|<§ va |Sm’n—5|<§ vdi M, n > my.

Suy ra véi m > My ta co

(St 4 Sy + ... + S,) ZZ aig— S
=1 k=

< |Smn = SI+ D Z ik < |Smm — S|+ S5, — S| <.
i=1 k=n-+1

Chitng minh tuong tw déi vdi cdc truong hop con lai.
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[e.9]
3.7.23. Chi y rang chubi ) (an1+ Gn12+an-23+ ...+ a1,) la mot chubi

kép duoc sip. Néu mét trong cdc chudi

o0 o0
Z |aikl, Z(|an,1| + |an-12| + [an—23| + ... + [a1n])
i,k=1 n=1

héi tu thi ta nhan duoc diéu phdi chitng minh tw bai tap 3.7.18, 3.7.19 va 3.7.22.
Vi thé ta chi can ching minh rdang tie tinh hoi tu tuyét doi cia mét trong cdc

chudi ldp ta sé suy ra tinh hoi tu tuyét doi cua chudi kép duge sip. Ta gid thiét
o0 o0

rang chudi Y > |a; x| hoi tu tdi S*. Xét day {c,} gom cdc phdn ti cia ma
i=1 k=1
tran v6 han (a;k)ik=12,.. The thi véil € N tén tai hai s6'm,n di lén sao cho

el + fea] + o+ el <D0 ai] < 5.

i=1 k=1

o0
Vi v@y chudi Y ¢, héi tu tuyét doi, tic la chudi kép héi tu tuyét doi (xem bai

i=1
tap 3.7.18).
3724, Vi Y (Tl:) =2"tacs Y, # = %L Vi vdy
k=0 nk=0 )
k+n=m
A= nlkl(n+k+1)  (m+1D)
k—lzn:m
Su dung két quad bai 3.7.23 ta suy ra
nkZ n'k'(n—i—k—i—l Z()nkZO n'k'n—i—k—i—l)
7 n+k=m
0 om 1 0 om+1 1
S AT ke,
— (m+1)! 2 — (m+1)! 2

ddng thite cudi cung suy ra tic bai 2.5.7.
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3.7.25. Tuw bai tap 3.7.23 ta c6

e S ()
o nk(n +k + 2) n:Onk:1n+2 kK n+k+2
—i ! 1+=-+-+4+ —i——l
- = n(n+2) 2 3 +2

nlk!

B D

n,k=0

(MH <7ffi?£i>;>!)

k! i
Lokt k+1 — (k+1)?

Mg

T bai 3.1.28 ta suy ra diéu phdi chiing minh.
3.7.27. Chi y rang téng cia méi hang trong ma tran la hitu han. That vdy
téng ctia hang ddu tién la , hang thit hai la (1 — 1) , hang thit ba la x(1—x)?,

v.v. Hon nua
r+r(l—z)+ax(l—z)+.. =1

Mt khdc téng cdc ¢t chi cé thé bang 1 hodc -1 lién tiép, vi thé chudi ldp sé hoi
tu. Theo bai 3.7.23 ta suy ra chudi ldp khong thé héi tu tuyét doi.
3.7.28.

(@) Tw sy hi tu tuyét doi ciia chudi Z 7' va Z y* ta suy ra duge sy hoi

tu twyét doi cia chudi lip Z (Z Ty ) bai vi Z (Z |x’yk|)
k=0

1 N o PRV
Z |:1: | (1 |y|) = RN Tw do suy ra su héi tu tuyét doi cua

chuoz kép da cho.
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(b) Tz chubdi ldp ta cé thé suy ra chudi cia ta hoi tu khi va chi khi o >

1L, 6>1
(c) Xét cdc s6 hang sao cho i + k = n ta cé
=~ 1 & 1
MZI (i + k)P = ;(n — 1)5.
Vi vdy chudi kép hoi tu khi va chi khi p > 2 va phdn ky trong truong hop
p< 2
3.7.29.

(@) Ta chi cdn tinh téng clia chudi lip. Ta cé

gy 1 > 1 1 1
Z@W):Z(pww—l)‘m-

=2 k=2 =2

(b) Tuong tu (a) ta di tinh téng ciia chudi ldp

= 1 - 1 - 1 1
2 (Z (2k)z‘> =2 (2k)(2k —1) 2 (Qk -1 %)
k=1 \i=2 k=2 k=2
- 1
=) (-1)f'—=In2.
St =
k=2
Bc%ng thie con lai duoc suy ra tw 3.1.32(a).
(¢) Tuong tw (b) ta co
= [ 1 - 1 1
T EEEEE—— = . < = — In 2.
> (Cat) Sy
3.7.30. ViSpmn=>.>" a;) = by, ta thdy rang
i=1k=1
ail = 51,1 = 51,1,
1 = S1n— Sin-1 =b1y— b1, n>1,
Am1 = Sm1 — Sm—11 = bm—11 — b1, m > 1.
Tuong tv véi m,n > 1 ta c6
Amn = Sm,n - Sm—l,n - (Sm,n—l - Sm—l,n—l)
— (bm,n—l — bm—l,n—l)y n,m > 1.

- bm,n - bm—l,n
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3.731. Tacé Sy = (—1)m+”(% + 2%) Vi vy vdi € > 0 ton tai ng sao
cho vdi m,n > ng ta cé |Smn| < €, tite la chudi kép sé hoi tu vé 0. Tuy nhién

cd hai chudi ldp déu phdan ky. Thdt vy, ta cé

. . o i+n i+n
gl at, k = Si,n - Si—l,n = (—1) 5 + (_1> on—1"

o0
cho ta thdy rang moi chudi Y a;y, i € N déu phan ky.

k=1
3.732. Taco
5 (S - Sty
= k=1 i=1

Ta c6 thé thi rang vé phdi ctia ding thic trén la héi tu, didu nay cé nghia chudi
ldp sé hoi tu tuyét déi, do dé theo 3.7.23 thi

o o
ik z*
>t =)
A 11—z
i,k=1 k=1

Chon cdc cdp (i, k) c6 cung tich ik ta c6

o0 o0
E z'* = E O(n)z",
i,k=1 n=1
do s6 cdc boi ctia n bang s6 cdc cdp (i, k) véi ik = n. Hon nita véin = 2,3, ...
ta co
Sn,n - Sn—l,n—l -
2 -1 2 ~1 2
L B T i
2
" — " 2
=2— + 2"
1—azn

Hién nhién ta c6 S11 = & = 27~ + . Do dé ta tinh dugc
Sn,n = (Sn,n - Sn—l,n—l) + (Sn—l,n—l - Sn—2,n—2) + ...+ 51,17

ta thdy rang

[ee] n_ n2 [ee]
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3.7.33. Tuw bai tap trén ta chi ra duoe rang chudi ldp hoi tu tuyét doi, do dé
d‘c%ng thite ddu tién dudc suy ra truc tiép tiw 3.7.23. Dé chitng minh dc%ng thie
con lai ta xét moét sw sap xép lai cia chudi kép dudc trinh bay trong bai 3.7.32.

3.7.34.

(a) T 3.7.23 ta cé

D 5=

p=2

NE

n=2

i
o}

J R | - 1

(b) Cang nhu cdu (a) ta co

> , > 1 1
;;_U S = ; kk+1) 2

3.7.35. Dat B la tap cdc s6 tu nhién khong phdi la luy thita cia mét sé nao
do thé thi
A={k":neNn>2 keB}

o
Z nL > 2, st dung két qua cta bai 3.7.23 va 3.7.34 ta c6

1 <1 © >® 1

”EAn_l ”EAjlﬁ_keBn2jZ1W
- ZZW:ZZ?Zl

kEB j=1 n=2 h—2 n—2

3.7.36. [G. T. Williams, Amer. Math. Monthly, 60 (1953), 19-25] V& trdi cua
ddng thite bang

N N
i L1 11 11
(%) 1\}1_{%022(/{2 o2 +Fj2”—4 ++W?)
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S

rang

336

Chi y

[N 1E
i
=z Il
i
l_l
[a\]
'
— ||
[a\]
=2
[a\]
|1
[a\]
=
ey
[N 1E

Do do

<
- |
T~
PN
— " N
< —
™ |
S _
= S
. i
~— [a\]
+ T
< — _
o o
A ~
RINEEN iy
A
s | 9_~
T — |3
N N
— e ﬂ
=1 =IAT
- /l\
Z [l
Zy .mm
=8 =z
1\—
—= I
-
*
*
*
N—

S

rang

Bady gio nhdn xét

-
— |t
s
I_l
. n
=& ~
+ +
) '~
Tl S T
~ + l_l
SN
- .+
— | =2 IT
) — -+ .
_Zk — | - _j
+ + =
e e
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Tir d6 stz dung (* * *) ta nhdn dugc

i iﬁ—% k2—2n+< - ) 1
2 52 2n
S\ B J°
k]
N N
1 1 1 1 1
= (n+-= S , , +o =,
( 2)29” ;ﬁ”‘l (N—J+1 N+J)

Hon nita vi 0 < 57—~ j+1+ +N—+3<N ) ta thdy rang

N
1 1 1
0<Y = (=gt )
j=1

N—-j+1 N+

N N
1 1 1 1
<22j2n—2N_ <2 N
=1

j+1 7 jzle—j—l—l
1 1
-+t
> (G v=re)
<

N
N

2
N +
4
N +

[ =

12 : Nil(”erln(NJrl)),

7=1

<

trong dé vy la hang s6' Euler (xem 2.1.41). Cudi cung theo (*) ta c6
N N
11 11 11
B e ==
=1k

2n—2 52
=1 k J
N
. 1 1 1
= (rg) o= ()

3.7.37. Thay gid tri n = 2 trong bai todn trén ta duoc

0262 = (243 ) <)

Vi ((2) = = (xem 3.1.28(), ta dugc (xem 3.1.28(b))

o0

((4) =

1
—4— .
—n 90
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Tuong tu khi cho n = 3 ta duoc

Va tuong tu co

3.8 Tich vo han

3.8.1.
(a) Ta co
& —1k+1) n+1 1
P: _ = = —.
I -1 o
k=2 k=2

(b)
ﬁk k2+k+1
L k(R —k+1
ﬁ Dk+1)?2—=(k+1)+1 2(n*+n+1) 2
_ _ L c
P (k+1)(k2—k+1 3n(n+1) n-co 3

() Véi x = 0 gid tri cia tich la 1. Neu x # 2™ (5 + kn), thi cos 557 # 0 va
sin 5, # 0 do do

H x 1sin 55— sinx sinx
Cos — = e = - — .
2k 2 sin 5 27 sin 5 nooo 1

(d) St dung cdc cong thiic

sinh(2z) = 2sinhzcoshx  va lim =1

tuong tu cdu trén ta co

sinh z A~
AL néu r#0
| | cosh { e ) '

néu x =0,
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(e) Ta co
- A 1
1 ka) = = .
H<+ Hl—ka -2 nowl—a
k=0 k=0
®
- 1 ST k+1D)? 2(n+1
H(1+kk 2)_ ]<€I€+ )2 -2 +2> S
e (k+2)) o kE+2) n42 noe
g Vi
L o =
a k = k=1 ,
k=1
st dung tinh lién tuc cia ham luy thia va 3.1.32(a) ta suy ra rang
ot —In2
[[a™ =a ™
n=1
(h)
1 n
n e% ekgl k > %— Inn n
H 1 1 — 1 = ek=1 . 1
iy +E n —+ n +
Do dé st dung bai 2.1.41, ta coé
00 el
[[{—==¢
1 s
n=1 1 + n

trong dé 7y la hang s6 Euler.

(i) Ta co

T (3k)? T (3k)3 _3(nl)?
r=11 (B3k—1)(3k+1) |1 (3k — 1)3k(3k +1)  (Bn+ 1)l

k=1 k=1

St dung coéng thiic Stirling
n\" .
n! = a,Vv2mn (—) , véi  lim o, =1,
e

n—oo

ta nhdan duoc

33”(27r)3/2n3”+3/2e_3”
lim P, =
00 (27r)1/2(3n + 1)3n+1+1/2€—3n—1

ore 1 3n \*" n 3/2 2
= 27e lim = —.
T n—oo \ 3n + 1 3n+1 3v3
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3.8.2.
(@)
2n
(—1)’“ 3 2 5 4 1
P, = 14— ) === - = 14+ =
? kHZ( Y% ) T23715 o
1+ ! 1
= _— —
2n n—oo
3 2 5 4 2n—12n —2
P2n—1:_ ''''''' el e
2 3 4 5 n—22n—1
(b) Ta co
- 1 3 4 n+1
P, = 1+=-)]=2-=—-—=. = 1 ,
;H( +k) 23 PR

o
do dé tich ] (1+ %) phan kj.

n=1

o0
(c) Tich T] (1 — 1) phan ky, that vay,

n=1

" 1 1 23 n—-1 1
P, = 1—=—)==.2.2. =— — 0.
IH( k) 2 3 4 n n n—oo

3.8.3. Trude hét chi y rang doi vdi cdc sé hang khong Gm a,, ta cé
(1) a;+as+ ... +a, < (14 a1)(1+ag)...(1+ ay).
Hon nita sz dung bét dang thite e* > 1+ x, x > 0 ta duoe
(2) (14 a1)(1 + as)...(1+ a,) < ertoet—taon

T cdc bat dang thite (1) va (2) va tinh lién tuc cia ham luy thiva ta suy ra su

héi tu cua tich H (14 ay) la tuong duong vdi su héi tu clia chudi Z Qp.

n=1 n=1

o0 o0
3.84. Gid thiét rang chudi » , a, hoi tu, tic la véi N di lon thi Y, a, <
n=1 n=N

ﬁ (1—ay) >1—Zak>—
k=N

1
5
Tw 1.2.1 ta co
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n n
Vi P, = [[(1—ax) = Pv-1 ][ (1 —ax) nén cé thé suy ra rang day {PiNl }
k=1 k=N B
don diéu gidm bi chdn dudi, tic la né hoi tu, gid thiét rang chudi dé hoi tu vé

P, thé'thi P € [3,1]. Tir dé suy ra lim P, = Py_1P # 0. D& chitng minh

diéu con lai ta gid thiét Z a, phén ky. Néu day {an} khong hoéi tu vé 0 thi
n=1
day {1 —ay} khong héi tu vé 1 va khi dé diéu kién can cho tinh héi tu cia tich

H (1—ay,) khong duge thod man. Vi thé ta gid thiét ran lim a, = 0, va dong

n—1 n—00

thoi 0 < a,, < 1 vdin bdt dau tir mot chi s6' N nao do. Ti cong thite (xem 2.5.7)

2 xs xt xb

taduocl —x < e vdi 0 < x <1, vicde s6 hang trong cdc ddu ngodc don la
duong. Tw doé suy ra

n Za

- k
Hl—ak <e =N | mn>N,
k=N

va duong nhién lim H (1 —ax) = 0. T dé ta két lugn rang H (1 —ay,)

n—0o0 1N n=1

phén ky.
3.8.5. Chuy rang

2n

H(l + ak) = H(l + agk_l)(l + agk)

k=1

ol
—_

(= 5) (-50) -0 - 7)

Do dé sz dung 3.8.4 ta suy ra tich héi tu.
3.8.6.

(a) Vicos% =1- (1—005%) val#1 —cos% > 0, n €N, s dung két
qua cua bai 3.8.4 suy ra su héi tu cua tich sé duoc suy ra tic su hoi tu cia

chuéi (1 — cos %) (xem 3.2.1.(e)).

(b) Tuong tu cdu (a) ta cé su héi tu cia tich dude suy ra tic su hoi tu cia chudi
o0
> (1 —mnsind) (xem 3.2.1.(d)).

n=1
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(¢) Ta co
m 1 1 +tan+ 2tan 1
tan [~ +— ) =—-2 =14-— 12
(4 n) 1 —tan+ 1 —tan+
N 2tan
Vi >Ovdzn>20a
1—tan
2tan%
. 1—tan +
lim no=2
n—00 1 ’

n

theo cdu 3.8.3 ta suy ra tich phan ky.

PR . 1_n1n<1+l> 1 N 9 A 2 2 N
(d) Chuyrang lim ———=+ = 5 va su dung két qua cua bai 3.8.4 ta suy

n—oo n
ra tich dang xét la hoi tu.

o0
(e) Sw phan ky cta tich duge suy ra tic tinh phan ky ciia chudi | (/n—1)

n=1
(xem 3.2.5(a)).
L1
A Vi lim "\/ﬁ = 1, stz dung két qud bai 2.5.5 ta suy ra rang hm "\;/_nn =
n—oo
1. Do d6 su hoi tu cua tich duge suy ti sy héi tu cia chudi Z T
n=2

o0
3.8.7. Ti gid thiét ta swy ra chudi Y, a, héi tu va khong mdt tong qudt ta
n=1

c6 thé gid thiét rang |a,| < 1. Vi

(1) lim = —

va chudi Z an, héi tu, nén sy hoi tu cia chudi Z a? twong duong véi su héi tu

n= 1 n=1

cua chudi Z In(1+ ay,), tige la twong duong vdi su héi tu cua tich H (1+ap).

n=1 n=1

o0
Chii y rang néu Z a% hoi tu thi theo (1), vdi n du ldn ta co

n=1

—_

2
n

—In(1+a,) > —a

I

o) o0
Do dé chuéi Y, In(1 + a,) phan ky téi —oo, tic la [] (1 + ay,) phan ky t6i 0.
n=1

n=1
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3.8.8. Két qua duoc suy ra tw 3.8.7.
3.89. Si& dung 3.8.7 va 3.8.8.

3.8.10. Si dung ding thitc

n—oo |an|3 n 3
va tién hanh nhu cdch gidi ctia bai 3.8.7.

3.8.11. Khong. Thdt vdy, s dung két qud bai trude ta thdy rang tich duoc
néu trong phan goi y sé héi tu khi o > % Mt khdc cdc chudi

1 N 1 N 1 1 N 1 N 1 1 N
Qo Qo 2204 3o 3o 3204 Qo
va

L0 R R S T R S T O (0
2a 2a 220 R R 3204 Jo o

cung héi tu khi o < 3.

3.8.12. Chu y rang néu lim a, = 0 thi

n—oo

. |In(1+ an) — a, + a2 — 3a% + ...+ (_;)kafﬂ 1
e G = ET

3.8.13. Su dung cong thicc Taylor

1
2 2
S0y = n — O,a

n’

In(1 = -
n(l+a,) = a, 2010

trong do 3 < ©,, < 2néu |a,| < 5. Do dé vdi n1, ng dii lon va ny < ny thi

n2

nzg In(1+a,) = Z -0 i ai, trong do © € (3,2) .

n=ni n=ni n=ni

o0
T doé suy ra chudi Z ay, héi tu theo tieu chudn Cauchy.

n=1
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3.8.14. Néucdctich [ (1+ay)va [ (1—ay,) cing héi tu thi tich [ (1—a?)
n=1 n=1

n=1

o0
ciing hoi tu. Tic dé suy ra chudi Z a?

n

héi tu . Diéu phdi chiing minh duoc suy
n=1
ra tw bai tdp trén.

3.8.15. Cé, that vay vi day {a,} don diéu giam vé 1 nén ta viét duge a, =
1 + v, trong dé {a,} la mét day don diéu gidm ddan vé 0. Sy hoi tu ciia tich
dang xét tuong duong vdi su héi tu clia chuoi

o0

D (=1 (1 + ag).

n=1
R6 rang chudi dang xét la hoi tu theo tiéu chudn Leibniz vé chuéi dan déu.
3.8.16.

(@ Vi lim (a, + b,) = 1+ 1 = 2 nén tich dang xét khong thod man diéu
n—oo

kién can cua tinh héi tu.

o0 o0
(b) Tinh héi tu cia tich || a% dugc suy ra ti sy héi tu ctia chudi » |, In ai.

n=1 n=1

(c), (d) Su héi tu cua cdc tich duoc suy ra tit su hoi tu clia cdc chudi

i In(anb,) = i Ina, + i Inb,
n=1 n=1 n=1
va

iln(Z—n) = ilnan — ilnbn.
n=1 n n=1 n=1

o0
3.8.17. Gid st ta c6 chubi _, x2 hoéi tu , khi dé lim x,, = 0, tinh héi tu clia

n—1 n—00

hai tich v6 han duodc suy ra tw 3.8.4 va tw d‘c%ng thie

sin xy,

. l—cosz, 1 R S 1
lim ———— == va lim —=2 = —.

Bay gio gid thiét rang mot trong hai tich hoi tu, thé thi lim x,, = 0 va tinh hoi

n—oo

o0
tu cua Z 113721 ciing duoc suy ti cdc dang thic ké trén.

n=1
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3.8.18. Chu vy rang

n - n Sk
. H (1 - Sk—l) - H Se1 Sn-
=2

k=2

3.8.19. Xem bai tap 3.1.9.
3.8.20. Xem bai tap 3.1.9.

3.8.21. Su dung bai tdp trén véi a, = x".

o0
3.8.22. Gid st rang tich || a, héi tu, tic la lim P, = P # 0, trong do

n—1 n—00

n
P, = [] ax. T diéu nay ta suy ra tén tai mét s6’« > 0 sao cho |P,| > « vdi
k=1
n € N. Day héi tu {P,} la mét day Cauchy, do dé vdi moi € > 0 ton tai s6'tu

nhién ng sao cho | Py — Py—1| < ecvvdin > ngva k € N. Thé thi

Pn—f—k
Pn—l

<e  vd n=ng.

- 1' <

|Pn—1|
Gid thiét rang vdi moi € > 0 ton tai s6 tw nhién ng sao cho
(%) |anGni1 - oo Ay — 1] < €

vdin > nova k € N, ChonEZ%tacé

Pn—l
b,

< < vdi M > ny.

(%)

N | —
NNV

0

Trong (*) thay € bang 35.%5 ta tim duoc mét s6 tu nhién ny sao cho
70

véin >ny, keN.

P?’H—k‘ _ ' < 2e
Pn—l 3|Pno|
Do dé véi n > max{ng, n} ta dugec

2e
3

Pn—l
P,

|Pn+k _Pn—1| <

Diéu nay c6 nghia la day {Pn} la day Cauchy, hon nua tw (**) ta suy ra gioi
han cua né khdc 0.
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3.8.23. Taco

2n

2n i 2n 1— 33'2k kli[1<1 - x2k>
k=1 k=1 H (1 — l'k)

B kﬁl(l — 22F) kﬁl(l — 22k 1) - kﬁl(l _ ka—l).

Stz dung tiéu chudn Cauchy (xem bai 3.8.22) ta suy ra diéu phdi ching minh.
3.8.24. Day la mét hé qua cia 3.8.3.
3.8.25. Chu y rdang védi aq,as, ...,a, € R thi

(T4 a1)(1+a2)...(1+an) — 1] < (14 ]ar])(1 + |ag|)...(1+ |an]) — 1
va s dung tiéu chudn Cauchy (xem 3.8.22).

3826. bat P, = (1+a1)(1+az)...(1+a,), n € N. The'thi P, — P, =
Pn_lan va
P=P+P—P)+..+(P,— P,1)
= P1 + P1a2 + Pgag... —+ Pn_lan.

Cho nén

P, = (1+a1)+as(l+a1)+as(l+a)(l+az)
+ .ot ay(1+a1)(1+az)...(1+ an_),

hay la tuong vng

P, =14+ a1)+ (az + araz) + (a3 + aras + asas + ajasas)
+ .o+ (an + @10, + a2a, + ...ap_10y,

+ o T Ap—2Qp—1Gpy + ... + A1G2...Ap—1Cp,.

o0
Chi y rang ti su héi tu ciia tich |] (1+ ay,) ta kéo theo sw hdi tu tuyét doi cua

n=1

chuéi 1 + a1 + > an(1 4+ a1)(1 + a2)...(1 + an—1). Chudi nay tao thanh tir

n=2
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viée sap xép chudi kép cé cdc s6 hang thudc mét ma tran vé han

3] a2 as 4y
a1a2 a1a3 a20a3 104
a10a2a3 a1a2a4 a10304 A20304

T 3.7.18 ta suy ra chudi kép hoi tu tuyét doi va tw 3.7.22 ta duoc chudi lap
dang xét la héi tu, va tw do chung minh duodc d‘c%ng thicc trong dé bai.

o0 o0
3.8.27. Tw sy hoi tu tuyét doi ctia chudi Y, a, ta suy ra chudi y , a,x héi tu
n=1 n=1

tuyét doi véi moi v € R. Stz dung két qud bai trén ta suy ra diéu phdi chiing
minh.

o0
3.8.28. Hién nhién véi |q| < 1va x € R thi tich [] (14 ¢"x) hoi tu tuyét

n=1
o0
doi. Trong bai trén chon a, = ¢" ta duge ham f(x) = [[(1 4+ ¢"x) =
n=1

1+ Ayw + Agx® + ... Bay gio chii y rang f(z) = (1 + qz) f(qx) va dong nhat
hé s6'ta duoc

n

q
Al=—— wva A,=A,_
1 1—gq va ll—q”

vdi n=2,3....

Cuéi cung ta chi dudc ra rang (st dung quy nap)

n(nt1)
_ q
S (s E
3.829. bat f(x) = ﬁ1<1 + ¢*" ) va chu y rang (1 + qx) f(¢?z) = f(x)

ta bién luan nhu & cau 3.8.28.

3.830. Taco
00 an, 00 u>14k
}_[1(1 + a,x) <1 + ?) = (1 + ;Awk> (1 + ; F)
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T sy héi tu tuyét doi cia i A va i %;‘1 ta suy ra su hoéi tu cua tich
Cauchy cta ching (xem bai kg:iclii cua 3.6'.1k)f1ChL2 ¥ rang tich Cauchy nay tao
thanh mot chudi kép tuong ting vdi ma trdn vo han
A1A1 AQAQ ABAB
Ay (051)  Ada(s+2)  Ada(e 4D

Ay (22 + %) Auda (024 5) Asdy (2 + )

Do do tw 3.7.18 va 3.7.22 ta suy ra
o.] o0 A
DAY T SE = (AL + AsAs + AsAs + ) + (AsAr + Az + )
k=1 k=1 z

1 1
(:c + —) + (A3A; + AgAs + ..) (x2 + —2) + ...
T T

3.8.31. [4] Tw 3.8.30 ta c6

0 2n—1 o 1
H(1+q2”_1x) (1+ q:c ) :BO+ZBn (x”—l——)

n=1

Dt

ER | (E (1 + Q)

n=1

va s dung dang thic qrF (q*x) = F(x) ta duoe
By = Bog, Bn=B, 14",

s dung quy nap suy ra

Khi do

Dé xdc dinh By ta st dung két qud bai 3.8.29 va 3.8.30. Pt P, = [] (1—¢**)

k=1
va P = [](1— ¢*), thé thi
n=1
) qn2 q(n+1)2+1
Boqn =B,=A,+ AlAn—H +. .. ==+ =+ ...,

Pn PnPn—l—l
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ta duoc
2n 4an
q q

Cho n — oo ta dugec By = %

3.8.32. Su dung két qud bai 3.8.30 vdi

(@) v=—1
®) =1
(¢c) r=q.

3.8.33. Chu y rang véi n > 1 ta cé

1 z—k U
a”:§<H:c+k Herk)

Vi the . . .
1 1 1
Sp = ay = + ay = - — =
n L Z k=57 5 H
k=1 k=2 k=1
Néu x la mot sé6 nguyén duong thi véi n dft lon ta c6 S, = % Ta phdi chiing
minh rang vdéi v # 1,2, ... thi lim S, bcing cdch nhdn xét rang vdi k du
n—oo
lon tht } +k} =1- m Do dé siz dung két quad bai 3.8.4

h_)m H

ta duoc diéu phdi chitng minh.

:c—l—k'

o.]
3.8.34. Gid thiét rang [] (1 + cay,) héi tu vdi ¢ = ¢y va ¢ = ¢4 ma ¢y # ¢,
n=1
Khi do cdc tich

€0

i @ (1+ cian)
}_[1(1 +cra,)r va }_[1 T
cung hoi tu. Hon nita
)
1 L)e _
(14 cra,)= _1+co(co Cl)ai(l—l-é‘n),

1+ CoQp, N 2
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trong dé €, — 0 khi n — 00. Do dé s dung bai 3.8.3 va 3.8.4 ta suy ra chuoz
Z a hoi tu. Thém niia khi st dung két qua bai 3.8.13 ta duge chudi Z an

n= n=1
o0

cing héi tu. Tw dé suy ra vdi ¢ € R bdt ky cd hai chudi Y (ca,)? va chudi
n=1

o0
Z ca,, héi tu. Ta suy ra diéu phdi chiing minh ti bai 3.8.7.

n=1

o0 n
3.8.35. R6 rang chudi Y. a, [] (z* — k?) hoi tu téi 0 vdi x la s6 nguyén
n=1 k=0
duong. Gid st né hoi tu téi mét gid tri xo khong nguyén duong. Voi x € R ta
xét day {b,} ma

n

[1(* = k?)

b k=0
[T (25— #2)
k=0
Khi do
Ay R x? — 2}
b”_ng_k2 :H(1+x2—k2)
k=0 k=0

Tw dé suy ra bat dau tie mot chi s6 nao dé day sé don diéu. Hon nita vi tich
n

H ) kg héi tu nén day {b,} bi chdn, ta ciing c6

k=0
D n
E anH:c — k) = E anH(xg—
n=1 n=1 k=0

Theo tiéu chudn Abel chubi dang xét héi tu véi moi © € R.

3.8.36.

(a) Ta co
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/
trong dé E la ky hiéu téng trén cdc sé tu nhién cé cdc wdc sé chi la cdc
s6 nguyén té p1, p2, ..., pN. Khi do

o<TM(1-4) - iy b

Pr k= PN+1 k=pn+1

Vi lim Z k% = 0 ta dugc

N—)OOk, pN+1
0 ( 1)—1 o] 1
[Mii-=) => —.
i nm

n=1 Pr

(b) Tw (i) trong phan (a) ta suy ra

ﬂ(l——)_l>pZN%

n=1 k=1

o0

T sy phdn ky ctia chudi Z % ta suy ra tich
n=1

o0

H <1 — —) phén ky vé 0, tic la tuong duong vdi su phdan ky cua tich
n=1
o0

I1 an (xem 3.8.4).

n=1

3.8.37. [18]

(a) Dung cong thicc De Moivre cosmt + isinmt = (cost + isint)™ cho
m =2n+1tacé

sin(2n + 1)t = (2n + 1) cos® tsint — (Zn;— 1) cos®™ % tsin® t
+ oo (=1)"sin®" T ¢
Hay la ta viét duoc thanh
(1) sin(2n + 1)t = sin tW (sin?t),

trong dé6 W (u) la da thLZ’c bac < n. Vi ham & vé trdi cia ding thitc bang
, N déu thudc vao khodng (O, g) ta

0 tai cdc diém t, = 5 +1’
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suy ra da thice W (u) bang 0 tai cic diem uy = sin®ty, k = 1,2,...,n,

va ta co
u
W =A 1— )
(U) H ( sin2 tk)

k=1

Do vay su dung (1) ta duoc

n . 2t
2) sin(2n + 1)t = Asint [| (1 - %) .

P sin” 5 7
Ta can phdi di tim A. Ta c6 A = PHOI %Z;H)t =2n+ 1, thay gid tri A
vao (2) va chon t = 27;:1 ta duoc
n a2

€T S Y]
3 sinz = (2n + 1) sin 1— —2+ .
(3) ( ) n+1 H sin? AT

k=1 2n+1

béi véi x € Rva m € N nao dé cho trude sao cho |z| < (m + 1) ta ldy
n lon hon m, theo (3) ta duoc

(4) sinx = Pm,an,n7

trong do

Pyn=(2n+1)sin
0 " sin? ST
mn= ][ (1 — W) :
Cho n — o0 dugce
m 22
(5) lim By, = kal (1 — kw) .

T (4) véi x # k7 ta duge lim Q. = Q. DE ddinh gid Q. ta chi y
n—oo

rang ti gia thiét d trén,

|| km nm

0< < <
2n + 1 2n+1 "~ 2n+1

g, vt k=m-+1,...,n.
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Stz dung cdc bat ding thie %u <sinu < u, 0 < u < 3, ta thdy rang

n D
[1 (1= 25) < Qua <t visich [T (1~ ) hoi tu taco
k=m-+1 n=1

n 1'2

k=m+1

Tw do suy ra

(6) lim Q,, = 1.

m—00

Cudi cung ding thitc can tim duge suy ra tic (4), (5) va (6).
(b) St dung (a) va chi y rang sin 2x = 2sin  cos .
3.8.38. Thay v = 5 trong biéu thite néu trong 3.8.37(a).

3.8.39.

(a) Sy héi tu ctia tich duoc xét sé tuong dwong vdi su hoi tu clia chudi

S () -)

n—

con su héi tu tuyét doi cua chudi duoc suy tiw d‘c%ng thue

(b) Ta co
(1+2)° z(z —1) 1
-~ =14+ —>F0|—= .
1+= + 2n? * n?
T 3.8.3 ta suy ra tich hoi tu tuyét doi.

o0

3.840. Ré rang tich [[(1 + an), an, > —1 héi tu khi va chi khi chudi
n=1

o0

In(1 + ay,) héi tu. Hon nita néu P la gid tri ctia tich va S la téng ctia chudi
n=1
thi P = e”.
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Gid st rang tich hoi tu tuyét doi, i dang thic

(1) lim =1, (v lim a, = 0.

n—oo |an| n—oo

o.]
chuéi » In(1+ a,) héi tu tuyét doi. Hién nhién la ( ti 3.7.8) ts c6 moi thay
n=1

doi ctua chubi déu héi tu vé mot tong. Cudi cung st dung chi y tiw ddu chiing
minh ta swy ra moi thay doi cdc phén ti ciia tich déu khong lam thay déi gid
tri cua tich.
. o0
Bay gio gid thiét rang gid tri cua tich ] (1+ a,) khong phu thudc vao trdt
n=1

o0
tu ctia cdc i nhan ti ctia tich, diéu nay cé nghia la tong ciia chudi Y, In(1+ay,)
n=1
cung doc lap vdi trat tu cdc s6 hang cua minh. St dung dinh ly Riemann ta suy
o0

ra chudi hoi tu tuyét doi, tic la tic (1) ta suy ra chudi Z |1 + an| héi tu, ta co

n=1
diéu phai chiing minh.
y 3.5 7 2n+1 2n+1)!! )
3841 [201Pat Ry, =337 25 = Bpbl 1q e

) ()
(=3) (5) - () = m

Thé thi tich riéng thi « + (3 cia tich dang xét sé bang };—"‘;. Sv dung cong thiic
Wallis (xem 3.8.38) ta duoc

2 Hn 2
g 2Rt 2

n—00 (271)”\/ﬁ - ﬁ’

va tw do ta duoc
lim Bna _ a

n—00 Rnﬂ o ﬁ

o0
3.842. Néu tich ] (1+ ay,) héi tu nhung khong héi tu tuyét doi thi chudi

n=1
o0
Z ln(l + an) héi tu co diéu kién (xem 3.8.40). Tw dinh ly Riemann ta suy ra
n=1
cdc s6 hang ctia chudi c6 thé sdp lai dé tao thanh mét chudi mdi héi tu cé téng

la mét s6" bat ky cho trude S hodc phan ky (tdi £00). Diéu phdi chitng minh
duge suy ti bidu thite P = e° (xem 3.8.40).
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