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Phin 1
MOT SO LOAI HE PHUONG TRINH THUONG GAP

§ 1. HE PHUONG TRINH GIAI BANG PHEP THE.

Cach giai h¢ phuong trinh bang phép thé 1a dua nhiéu rang budc vé it rang bugc, dua
hé nhiéu phwong trinh vé hé it phuong trinh hay 1a dua hé phu’(mg trinh vé phu’ong trinh.
Boi vay, day la cach lam ty nhién nhat, theo quan diém dua cai phuc tap vé cai don gian.

Dau hiéu nhan dang d6i v6i hé phuong trinh giai bang phep thé 1a it nhat mot trong
cac phuong trinh c¢6 thé ri¢ duge mot 4n qua cac an con lai; viéc thé vao nhimg nhiing
phuong trinh kia cho ta phuong trinh hay hé phwong trinh c6 thé giai duoc.

Vi du 1. Giai h¢ phuong trinh

\/2x+y+1 —\/x+y =1
3x+2y=4

( Trich d@é thi dw bi s6 2, dé thi TS PH khéi A nam 2005).

Giadi. H¢ phuong trinh da cho tuong duong voi

\/2x+y+1—\/x+y:1 Jx+6-Ja—x =12

3x = 3x
2—— =2-—
YT YeeTy
_6<x<4 X+6=6—x+2V8—-2x x=~8-2x
eVr+6=2+J4-x = y:2—37x = y=2—37x
y=2—37x —-6<x<4 —-6<x<4
x* =8-2x x=—4
x>0 x*+2x-8=0 x=2
=2
< y=3—§ < =3—3—x y=2—3—x < *
2 2 2 y=-1
—-6<x<4 0<x<4 0<x<4
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Nhdén xét. 1. Ddu hiéu nhén ra phirong phdp thé trong bai todn loai ndy la dé thay nhdt. Ti uy
nhién, ngay cd trong vi du trén, do khong phdi la lwa chon duy nhat. Chdng han, viét

phuwong trinh thur hai thanh (2x+ v+ 1) (x+y) =5r0idit u=2x+y+1;v=\Jx+y.

2. Khi day bai todn nay, ching téi khéng quén nhdc nhé hoc sinh vé diéu kién ciia
phuwong trinh, diéu kién cua mot phép bién doi twong duong. Ngoai ra, khuyén khich cdac em
tim thém cdch giai khac.

Vi du 2. Biét rang hé phuong trinh
a(x2 +y2)+x+y=b
y—x=b
c6 nghiém véi moi b. Chirng minh rang a bing 0.
( Bé thi DH Ludt Ha ngi nam 1999)

Gidi. Phuong trinh tht hai cua hé tuong duong véi
y=x+b
Thé vao phuong trinh tht nhét, ta duoc

a[(x+b)2+xﬂ+2x:0
& 2ax’ +(2ab+2)x+ab2 =0,
+) Néu a # 0, phuong trinh ¥ ¢6 A'= (ab+1)2 ~2a’h’ = 2—(ab—1)2.

Liy b=— thi A'=2-9=-7 <0, phuong trinh ” v6 nghiém. Piéu nay trai v6i gia thiét hé c6
a

nghiém v&i moi gia tri cua b.
. R . . {x +y=>b
+) V6i a =0, hé phuong trinh tuong duong voi ,
—-x+y=>b
ludn c6 nghiém (O;b) vO1 moi gia tri cua b.
Vay a=0.

Nhén xét. 1. Nho phép thé, ta dwa diéu kién cé nghiém ciia hé phwong trinh vé diéu kién c6
nghiém cua phuwong trinh bdc hai.

2. Khi day bai nay, chu y ren luyén cho cdc em hoc sinh ky nang Ilap ludn logic.
Chiing ta phii dinh ménh dé chira lwong tir véi moi bang cdch chi ra né khéng ding véi mot gid
tri cua b.

Vidu 3. Cho hé phuong trinh

x+y=1
{x3 -y = m(x—y)
m 1a tham sb.
1. Giai h¢ phuong trinh khi m =1.
2. Vi gia tri nao cua m, hé da cho c6 ba nghiém phan biét.
Gidi. H¢ phuong trinh tuvong duong véi

Nguyén Vin Thiém — https://toanmath.com/



x+y=1
{ ()
x—y=0
< 1
X+y=
D
X +xy+y -m=0
1 1
Hé (I) cho nghiém x=—, y=—.
e (D ghig V=3
.. y=1l-x x=0_ _ [x=
L.Véim=1,(Il)= <, < hodc
x—x=0 y=1 Y=

Vay hé ban dau c6 ba nghiém (%;%),(0;1),(1;0).

2. Xét f(x)zx2 —x+1-m
Hé ban dau c6 ba nghiém phan biét khi va chi khi phuong trinh f (x) =0 c6 hai nghiém

phéan biét khac % . Nghia la

3
Sm>=.
f(lj:%—m;to 4

. 3
Vay m > 1
Vi du 4. Giai hé phuong trinh
slogsy 4 yloggx —4
{log4 x—log,y=1
( Trich dé thi PH Tai chinh ké todn Ha néi nam 2000)

Gidgi. Voi diéu kién x>0,y >0, phuong trinh tht hai twong dwong voi log4£ =l x=4y.

Thé vao phuong trinh thi nhat ta dugc

<4y)loz‘>’xy +ylog84y — 4<:>4log8y'ylog8y +y10g84'y10g3y — 4
2 2
R o, 710g2 og Py A 1 A r.e
Déy: 4°%7 =23 = y3, y"°%* =33 nén phuong trinh trén tuong duong véi

2 2
—+logg y

203 )8 =4 3 =2& (§+log8 yj.loggy =log, 2

2 1
< (log, y)2 +§10g8 y=3= 0
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—loggy:_l
= 1 &
loggy:§

N oo |m—

y
Y

\ . 11

T do, hé ban dau c6 nghiém (8;2), E,gj
Nhén xét. O vi dy 4, ta rit x =4y khong phdi tir phwong trinh bdc nhdt hai an ma tir phwong
trinh logarit. O vi du sau, dé thwc hién phép thé ta khéng chi rit mét an ma la mét biéu thire
chura an.
Vi du 5. Giai h¢ phuong trinh

¥ +2xX°y+x7y? =2x+9

x> +2xy=6x+6
Gidi. H¢ phuong trinh da cho tuong duong véi

(x2 + xy)2 =2x+9 (1)
2

xy=3x+3—% (2)

Thé xy & (2) vao (1) ta dugc phuong trinh
2 2
(x2+3x+3—%J =2x+9

o xt +12x° +48x7 +64x=0 S x(x+4) =0
{x =0
=
x=-4
Thay x =0 vio phuong trinh (2) ta thay khong thoa man.

Thay x =-4 vao (2) taduoc y = 117

Vay hé phuong trinh da cho c6 nghiém (—4;%}.

Nhdan xét. Vi du sau ddy, hoc chi rut duwoc an sau khi da thwe hién budc phdn tich mot biéu
thire thanh tich.
Vidu 6. Giai h¢ phuong trinh
Xy+x+y=x -2y
X\2y —yNx—1=2x-2y
Gidi. Diéu kién x>1, y>0.
H¢ phuong trinh da cho tuong duong véi
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X2y —yNx-1=2x-2y (2)
Do x+y >0 nén (1) twong duong véi x =2y +1.
Thé vao phuong trinh (2) ta duge (y+1)y/2y =2(y+1)&2y =2 (do y+1>0)
Tordosuyra y=2, x=4.

{(x+y)(x—2y—1)=0 (1)

Vay hé phuong trinh da cho c6 nghiém (4;2).

Vidu 7. Cho hé phuong trinh
x+ay—a=0
X+ —x=0
a) Tim tat ca cAc gia tri ctia a dé phuong trinh trén c6 hai nghiém phan biét.
b) Goi (xl; yl), (xz; yz) la hai nghiém phan biét ciia hé phuong trinh trén, tim gia tri 16n
nht (GTLN) cua biéu thirc P = (x,—x, )2 +(», - )2 .
Gidi. ’
a. Viet lai hé phuong trinh da cho dudi dang
x+a(y—1):O )

IR 2)
x—— | +y’ ==
( 2) ¥
Phuong trinh V' 13 phuong trinh dudng thang (A) di qua 4(0;1), phuong trinh ® 1a phuong
trinh duong tron tam / (%;Oj ,ban kinh R = %
Hé phuong trinh ¢6 hai nghiém khi va chi khi khoang cach tir I dén (A) nhé hon ban kinh

1
——a

R, tic 13 <1@3a2-4a<o@0<a<§

1+ a?

Vay h¢ phuong trinh da cho c6 hai nghi¢m khi va chi khi 0 <a < %

b. Nghiém ctia hé chinh 1a toa d giao diém cua dudng thang va duong tron. Gia st M (xl;yl ) ,
N(x;y,). M,N déu thugc duong tron nén MN < 2R =1
Trdétaco P=MN><1

Déu bang xdy ra khi va chi khi MN 1a duong kinh ctia dudng tron, tic 1a [ € (A) = a = %
Khi d6, h¢ phuong trinh da cho thanh
{2x+y—1=0 {2x+y—1:0
=

X +y —x=0 5x° =5x+1=0
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Nhdan xét. Ddy la loai hé phwong trinh c6 mot phwong trinh bac nhdt hai an, thong thuong s
dung phwong phdp thé. Nhieng riéng bai nay, phép thé sé lam cho bai todn tré nén phikc tap ¢y
b), do vdy chiing ta sir dung phwong phdp do thi.

Day giai bai toan nay, chung ta cho hoc sinh mot bai hoc sinh dong vé tinh linh hoat va
sang tao trong gidi todn.
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§ 2. HE PHUONG TRINH POI XUNG KIEU 1

1. Pinh nghia va cach giai.
Hé phuong trinh hai an déi xtg kiéu 1 1a hé phuong trinh hai 4n ma khi ta hoan d6i vi tri

hai 4n, hé khong doi.
Dang

g(x»)=0
Trong do, f(x,y) = f(y,x); g(x,y) = g(y,x).
Cach giai: dit x+ y =s,xy = p v6i didu kién s* >4p.
Tat nhién, , khong phai bai toan nao cling don gian nhu vy, c6 nhing tinh huong, S, p

khong phai la tong, tich hai 4n ma la hai biéu thirc ddi xtmg chua an. O day, déi xitng duoc
hiéu 1a binh dang vé quan hé dai sb.

{f@d0=0

2. Mt s6 vi du.

Vi du 1. Giai h¢ phuong trinh

xt oyt Xyt =21
( Bé thi PHSP Ha ngi khoi B nam 2000)

{x2+y2+xy=7

Gidai. H¢ phuong trinh twrong duong voi

(x+y)2—xy=7 (x+y)2—xy=7
2 < 2 2
<x2+y2) -x’y* =21 [(x+y) —2xy} -x’y* =21
(
(

x+y)2—xy:7 o (x+y)2=7+xy o (x+y)2:9
xy =2

xy=2
i x+y=3
{xy=2

{x+y=—3

=2
Tir d6, hé ban dau c6 cac nghiém (1;2), (2;1),(-L-2),(-2;-1).

Vi du 2. Giai h¢ phuong trinh

Nguyén Vin Thiém — https://toanmath.com/



X h% 7
—+,[==—+I1
O

Xy/Xy + yJyx =78 (x>0;y>0)

( Dé thi DPH Hang hai TP HCM nam 1999).
Gidi. V6i x>0,y >0, h¢ phuong trinh da cho twong duong voi

{x+y—7+\/g

(x+y) xy =178

(x+y)+(—\/g):7

=

(x+ y)(—\/g) =-78

Tir d6 suy ra (x+y), —/xy 14 hai nghiém cta phuong trinh bac hai > —7¢~78 = 0.

Suy ra _@:_6 @{XJFy:B
x+y=13 xy =36
H¢ c6 hai nghiém (4;9), (9,4).

Vi du 3. Cho hé phuong trinh

x+y=xy+l1
1. Giai h¢ phuong trinh khi k=0.
2. Tim tat ca cac gia tri cia k dé€ h¢ c6 nghiém duy nhat.
Gidi.
1. V6i k =0, hé tré thanh

{«/x”—flk(ﬁl)—l

{\/x2+y21 =0
x+y=xy+l1
Véi didu kién x? + y* > 1, hé twong duong véi
X’ +y =2 x+y2=2+2xy
{x+y=xy+1 <:>{Ec-|—y=)xy+l
bat x+ y =u, xy =v, hé trd thanh

u=2
u® =2u v=1
=
u=v+l1 u=0
v=-1
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Tir d6, hé ban dau c6 nghiém (1;-1),(-11),(L1).
2. Timk dé hé c6 nghiém duy nhat.
Diéu kién cta h¢ phuong trinh

x+y=0
X' +yt =1
Do vai tro ctia x, y 1a nhu nhau trong c hai phuong trinh nén néu hé c6 nghiém (x; y) thi cling

c6 nghiém ( y;x). Do d6, dé hé c6 nghiém duy nhét thi phai ¢ x = y. Thay vao phuong trinh

J2x? - —k(@—l)ﬂ

2x=x"+1 =>x=1
Thay x =1 tré laichota £ =0.
Nhung v6i £ =0, theo cau 1. phuong trinh c6 dén ba nghiém.
Vay khong ton tai £ dé hé phuong trinh c6 nghi¢m duy nhat.

thtr hai cua hé ta duoc

Nhdén xét. 1. Trong loi gidi y 2. ta sir dung diéu kién can va du dé gidi va bién ludn hé phwong
trinh co chira tham s6. Tuy nhién, hoc sinh hay gap thiéu sot la khong kiém tra diéu kién du.

2. Bai todn ndy cé thé gidi dwa vao phdn tich x+y = xy +1 <:>(x—1)(y —1) =0, day
la dong nhdt thire rdt hay gap.

Vi du 4. Tim m dé hé phuong trinh sau c¢6 nghiém

NN
x+y—\/E=a ")

Gidi. Diéu kién x>0, y>0.
Clx=Vx=o0
bat
Y=y>0

Hé © thanh
X+Y=a X+Y=a X+Y=a
2 2 _ = 2 _ < _l 2 _
X +Y'-XY=a |(X+Y) -3XY =a XY—3(a a)

Suyra X,Y 1a hai nghiém cua phuong trinh ¢* —at +§(a2 — a) =0 O

Hé da cho c6 nghiém khi va chi khi phuong trinh " ¢6 hai nghiém khong am. Diéu nay co
nghia la

10
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A>0 4a—a*>0
S>>0 -a>0 <

F£a£4
P>0 a>0

a=0
Nhu vay, h¢ phuong trinh ¢6 nghiém khi va chi khi @ =0hodc 1<a <4.

Vi du 5. Tim m dé hé phuong trinh sau ddy c6 nghiém
x+y+x’+y° =8
{xy(x+1)(y+1)m
Gidi. Viét lai hé dudi dang
x(x+1)+y(y+1)=8
{x(x+1).y(y+1)—m

bat
2
u=x(x+1)=(x+lj —lzl
2) 4 4 .
1Y 1.1 ®
’ y(y ) (y 2j 4 4
H¢ phuong trinh thanh
u+v=_8
uv=m

Tl d6, u,v 1a hai nghiém cta phuong trinh f(¢)=7-8t+m=0 . Déi chiéu véi
diéu kién ) ta thay, hé phuong trinh c6 nghiém khi phwong trinh ¥ ¢6 hai nghiém 16n

hon hodc bang —%. Piéu nay tvong duong véi

A'=16-m=0

S 1 33
— ()20 = = S—-——<m<lé6.
5 (4) 1 1 33 T m

paAne
4 4

Viy hé phuong trinh c6 nghiém khi va chi khi —ﬁ <m<l6.

Nhén xét. Viéc dat diéu kién (*) doi véi an phu la bat budc, néu khong sé khong thé
dwa ra diéu kién co nghiém cua hé.

11
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Vi du 6. Tim a dé hé phuong trinh sau ddy c6 nghiém duy nhat
{a (x+y)+z=a

X +y =z

Gidi. RO rang h¢ doi xung véi x,y. Do d6, néu co (x,;y,;z,) 1a nghiém thi (y,;x,;z,)

cling 1a nghiém. Vi vay, dé hé c6 nghiém duy nhét thi cdn c¢6 x, = y,. Thé vao hé di cho

ta co:

2x," +2ax,—a =0

Pé hé c6 nghiém duy nhat thi x, phai 1a nghiém duy nhat ctua phuong trinh ), tirc 1
a=-2

a=0

Thur lai voi cac gia tri a tim duogc.

+ a =0, hé tré thanh:

A=a2+2a=0<:>{

z=0 0
Sx=y=z=
22+y2:0 4

H¢ c6 nghiém duy nhét, thoa mén yéu cau bai toan.
+ V61 a =-2, hé da cho tré thanh
{2(x+y)+z—2 {x2+y2—2x—2y+2=0
S

X+yt=z z=x"+)’

<:>{()c1)2 +(y—1)2 =0 <:>{x=y:1
z=x"+y’ z=2
H¢ c¢6 nghi¢m duy nhérlt,‘thoé mén yéu cau bai toan
Tom lai, cac gid tri can timctiaala @ =0 hoac a =-2.
Vidu 7. Biét ring hé phuong trinh
x>+ +z7 =8 (1)
{xy +yz+zx=4

C6 nghiém (x,y,z). Chimg minh rang —% <x,y,z< g

Gidi. Tim x dé hé c6 nghiém véi x,y. Hé P tuong dwong vai
x’ +(y+z)2 —-2yz=8
{x(y+z)+yz—4
bat S =y+z,P=yz, hé tro thanh
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X’ +Sx—-2P=8 M
xS+P=4 )

T suy ra P =4-xS, thé vao phuong trinh " ta dugc
S +2xS+x*-16=0 ©

s s S,=-x+4=>B=x"-4x+4
A'=x —(x —16):>
S2:—x—4:>]’2=x2+4x+4
. S, =4-x y+z=4-x
+) Voi , S ,
B=x"-4x+4 yz=x"—4x+4
Khi do y,z 1a nghiém cta phuong trinh #* —(4—x)t+x* —4x+4=0
Phuong trinh nay c6 nghiém t khi va chi khi
5:(4—x)2—4(x2—4x+4)20<:>0£x£§ @)
S, =—4-x y+z=-4-x
=
P =x"+4x+4 yz=x"+4x+4

Khi d6 y,z l1a cac nghiém clia phuong trinh #* +(4+x)t+ x> +4x+4=0

+) Voi

Phuong trinh nay c6 nghiém khi va chi khi

§=(x+4) —4(x* +4x+4)2 o@—gsmo (5)
Tu @ va® suyra —gﬁxﬁg.
Tuong tu, ta cling chimg minh duoc bat dang thic ddi véi vy, z.

, .. .~ \ 8 8
Tom lai, voi (x;y;z) thoda man D thi -3 <x,y,z< 3
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§ 3. HE POI XUNG KIEU 2

1. Dinh nghia. H¢ phuong trinh d6i xtmg kiéu 2 14 loai hé phwong trinh ma khi ta hoan
doi vi tri cac bién thi phuong trinh nay thanh phuong trinh kia va nguoc lai

Dang:
{f ()=

¢(x)=0 voi f(x;y)=g(y:x).

2. Cach giai. Trir tirng vé hai phwong trinh, dwa vé phuwong trinh tich.
Thong thuong, néu f'(x;y),g(x;y) 1a cac da thuc, ta bién d6i nhu sau:

f(xy)-g(xy)=0 C>{(x—y)-h(x;y)=0
f(xy)+e(xy)=0 [f(xy)+g(xy)=0
Chii y: Néu biéu thirc trong hé khong cé dang da thirc thi dau tién cé thé dat an phu.

H¢ tuong duong voi : {

3. Mot s6 vi du minh hoa.

Vidu 1. Giai phuong trinh

2x+l—E
y X
Xy

( Bé thi PH Quéc gia Ha ndi — khoi B niam 1999)

Gidi. V6i diéu kién x # 0,y = 0, hé phuong trinh di cho twong duong véi
2x°y+x=3y (1)
2xp° +y=3x (2)

X=Y)

Trr timg v€ hai phuong trinh ta dwoc (x—y)(2xy +4) = O<:{ 5
Xy =—

+) x=y, thé (1) ta dugc 2x’ —2x=0< x=0,x=-1,x=1. Loai nghiém x=0, hé ¢
nghiém (1;1),(-1;-1).
+) xy=-2, thay vao phuong trinh (1) ta c6 —4x+x=3y<x=-y. Thay vao (2) co
y=0
y=1/2
Loai nghiém y =0, hé¢ c6 nghiém (—\/5;\/5), (\/E;— 2)_
Toém lai, hé da cho c6 cac nghiém (1;1),(—1;—1),(—\/5;\/5),(\/5;—\/5)_
Vi du 2. Giai h¢ phuong trinh

2y’ +y=-3ye y3—2y=0<:>{

14
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_x2+2

3y— 2 (1)
X
2
=212 (g
y

( Trich dé thi tuyén sinh BDH khoi B nam 2003)

Gidi. Diéukién x=0,y=0.
Tu (1) va(2) suyra x>0,y >0, h¢ trong duong véi
3px* =y° +2 3px* =y° +2
3P =x"+2 & f‘bcy(x—y):xz—y2

x>0,y>0 x>0,y>0
3yx’ =7 +2 3yx? =" +2
= (x—y)(3xy+x+y):O & 9x—y=0
x>0,y>0 x>0,y>0
x=y>0
Q{(xl)(3x2+2x+2)—0<:>x:y:1
Vay hé phuong trinh ¢6 nghiém duy nhat (1;1).
Vi du 3. Giai h¢ phuong trinh
log (6x+4y)=2
{logy(6y+4x)—2

Gidi. Biéukiénx>0,x¢1,y>0,y¢1.
H¢ tuong duong voi
6x+4y=x" 6x+4y=x" (1)
=
(x—»)(x+y-2)=0
+) Truong hop 1: x =y, thay vao (1) ta dugc x> -10x=0 <x=10, y=10.

6y+4x=y’

+) Truong hop 2 : x+ y —2=0, thay vao phuong trinh (1) duwgc x* —2x-8=0

{x:4
=
x=-2

Véi x=4=y=-2; x=-2=y=4.Ca hai nghiém nay bi loai do diéu kién x, y duong.

Vay hé da cho c6 nghiém (10;10).

Vi du 4. Giai h¢ phuong trinh
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Jx+9 +\/y—7 =4
{\/y+9 +\x—7=4
Gidgi. Didukién x>7, y>7.
V6i didu kién do, ta thdy x+9>16= Vx+9 +/y -7 >4
Dau bang xday ra khi va chi khi x=7,y=7.

Twong tu, \/y +9 ++/x—7 >4, dau biang xdy ra khi va chi khi x=y=7.
Tém lai, h¢ phuong trinh da cho c6 nghiém duy nhét (7;7).
Nhdén xét: Bai nay giai bang phwong phdp déanh gia. Hoan toan ¢ thé giai bang cdch
trir tieng vé cua hai phwong trinh. Tuy nhién, cdch gidi trén la gon gang nhat.

Vi du 5. Cho hé phuong trinh
{\/;+ l-y=m+1

\/;+\/S:m+l

Tim m dé hé phuong trinh ¢6 nghiém duy nhét.
Gidi. Ta thiy, néu (x,,y,) 12 mot nghiém cta h¢ phuong trinh thi (1-x,,1-y,) ciing 14
nghiém. Vi vay, dé hé c6 nghiém duy nhét thi ta phai co:

x, =1-x
{O " Xy =y =1
Yo =1-y,
Thay vao h¢ ta duoc m=2-1.
Vi gia tri nay cua m, hé da cho thanh

{fﬂﬁ
{ x?f}f

r+l=x+y+f1-y =242 (%
Theo bat dang thirc Bunhiacopsky thi

{J}Nﬁsﬁ

\/;+\/ES\/§
Suy ra Vx +V1-x +./y +1-y <22

Dau bang xay ra khi va chi khi x=y= % Tir @6, phuong trinh (*) c¢6 nghiém duy nhat
(%;%), do d6 hé c6 nghiém duy nhit.

Vay, hé c6 nghiém duy nhat khi va chi khi m =~/2 1.
16
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Vi du 6. Tim m dé hé phuong trinh sau ¢6 nghiém duy nhat
X =y +7x" —mx (1)
{y3 =x"+7y" —my (2)
C6 nghiém duy nhat. ‘ ,
, ( Trich dé thi Pai hoc Vinh khoi A nam 1999)
Gidi. Tru tirng vé hai phuong trinh (1) cho phuong trinh (2) ta dugc

(x—y)[x +xy+y° —6 x+y +m]
@(x—y)[x2+(y—6)x+(y —6y+m)]
Twr do, h¢ da cho twong duong véi hai hé

{x:y 4) v {xz+(y_6)x+(yz_6y+m)zo(B)

3 2
— — 3 2 2
X 8x mx X' =y +7x° —mx

0

Xét hé (A), s6 nghiém cuia no chinh 14 s6 nghiém cua phuong trinh x(x2 —8x+ m) =0(3).
Néu A'=16-m>0 thi phuong trinh x> -8x+m=0 c6 hai nghiém khac x,x, voéi
X, + x, =8 nén it nhat mot nghiém khac 0, vi vay (3) 6 it nhat hai nghiém.
Néu A'=16—m <0< m >16 thi phuong trinh (3) v6 nghiém, hé (A) c6 nghiém duy nhat.
Néu m > 16, xét phuong trinh th nhat cia hé (B)

x° +(y—6)x+(y2 —6y+m)=0 4).
Ta c6 A=(y—6) —4(y"—6y+m)==3y" +12y-36-4m=-3(y-2) —4(m-12)<0 véi

moi m >16. ,
Tu do, h¢ (B) vo nghiém, hé c6 nghiém,duy nhat.
Vay hé phuong trinh c6 nghi€ém duy nhat khi va chi khi m >16.

Vidu 7. Tim m dé hé phuong trinh sau c6 nghiém

{2x+\/f—
2y+\/T—

I x>1
Gidi. Diéu kién {
y=>1
. {X—\/XIZO {X2+l=x
bat

Y=Jy-120 |V +l=y
Khi d6, hé (I) thanh

17

Nguyén Vin Thiém — https://toanmath.com/



2X*+1)+Y=m ()
2V +1)+X=m (2)
Trir ting vé cua hai phuong trinh ta duoc
2(X-Y?)+Y-X =0
S (X-7)(2X+2Y-1)=0
{X:Y
=
2X +2Y-1=0

+) V61 X =7, thay vao phuong trinh (1) ta dugc
2XP—X+2=m (3)

+) Véi 2X +2Y =1 @Y:%—XZOQ OSXS%,thévélo (1) ta duogc

2X2—X+§:m (4)

H¢ phuong trinh c¢6 nghiém khi va chi khi, phuong trinh (3) c6 nghiém X >0 hodc phuong
trinh (4) c6 nghiém X thod man 0 < X < % .
1) Xét ham s6 f(X)=2X"+X+2 véi X20. Ta c6 f la ham s dong bién trén
[—%;+ ) nén dong bién trén [0;+00). Tir d6 véi moi X €[0;+w) tacod f(X)> f(0)=2.
Nhu vay (3) c6 nghiém X >0 khi va chi khi m>2.
2) Xétham s6 g(X)=2X"-X +§ trén [o- } :

2
g'(X)=4X -1 g'(X) =0 X =
s (1) 5 (1) 19
O =, — =, — | =
8(0)=3 g(zj 2g(4j 9
o 5 19
Tir d6 suy ra max g(X)==; ming(X)=—
O R

Tur do, (4) c6 nghiém khi va chi khi % <m< %

Tom lai, hé phuong trinh ¢6 nghi¢m khi va chi khi m > % .

18
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§4. HE PHUONG TRINH PANG CAP HAI AN
1. Khai niém.
Hé phuong trinh dang cip hai 4n 13 hé phuong trinh dang
ax’ +bxy+cy’+d =0 0
a,x’ +bxy+c,y’ +d, =0
Trong do x, y 1a an, a,a,,b,b,c,c,,d,d,laciché $0.
2. Cach giai.
+) Xét truong hop x=0.
+) Xét truong hop x # 0, dat y =1x, thé vao h¢ dugc hé mdi véi an ¢, x .

+) Khtr x, dugc phuong trinh bac hai theo ¢.
+) Tim ¢, tt do suy ra x, y.

3. Mot s6 vi du minh hoa.
Vi du 1. Giai h¢ phuong trinh
X3 . y3 — 7
xp(x-y)=2
Gidi. V61 x =0, h¢ da cho vo nghiém.
Véi x #0, dat y =tx, h¢ phuong trinh da cho tré thanh

F(1-£)=7 ()
t(l-1)=2 (2)
Ta thiy =0, f =1 khong phai 12 nghiém cta hé nén ta c6 thé chia ting vé phuong trinh thir
nhit cho phwong trinh tht hai va duogc
1-7

t(1-1)

N |

<:>2(1+t+t2)=7t

S22 -5t+2=0 <
[:

N |-

+) Véi t:%,tir(l) suy ra x° :%:8:>x:2. Suyra y=1.
l_i
8

+) Vi t =2, thay vao (1) ta dugc x =£=—1:>x:—1 =>y=-2.

Tém lai, hé phuong trinh ¢6 hai nghiém (-1;-2),(2;1).

19
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Nhdn xét. Ta c6 thé giai hé bang cach khir hé s6 tw do ( d,,d,), dwa vé phirong trinh vé trdi

dding cdp.

Vidu 2. Giai hé phuong trinh
{x2 +2xy+317=9 (1)

2x° +2xy+y =2 (2)

Gidi. Khir s6 hang tu do ta duoc phuong trinh
16x> +14xy+3y° =0 (3)

bat x =¢y, phuong trinh (3) thanh
¥ (167 +141+3)=0

y=0
1
S|t=——
2
3
f=-=
8

V6 nghi¢m.
+) Véi ¢ = —% = x= —% y. Thay vao phuong trinh (2) ta dugc

:—2 .X'Zl
V=4 o Y &
y=2 y=2
i x=-1
(3
J17
8 y 8
y=——= =—=
) 17
+) V('Tltz—g,tl'l’clélxz—éy,(2)<:>y2=ﬁ<:> 17 = 7
8 8 17 » 8 3
e — X=—
17 J17
L8
I J17

20
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Tom lai, hé c6 cac nghiém: (1;-2),(-1;

Vi du 3. Giai hé phuong trinh sau

- F ) 7)

{(x—y)2y=2

x’ -y’ =19
( Dé thi Pai hoc Néng nghiép I, khéi A nam 2001)

Gidi. H¢ phuong trinh da cho twong duong véi

|

(x=y)y=2 )
(x—y)(x2 +xy+y2) =19 (2)

Tt phuong trinh (1) suyra x—y #0, y > 0.
Chia tirng vé cua phuong trinh (2) cho phwong trinh (1) ta duoc
x>+ xy+y° _19

2
Datizt, (*)Qt +t+1:19
v t—1 2

¢
S22 -17t+21=0 <

+)Vc’)rit:g
2

+) Voi t =7 < x =Ty, thay vao phuong

(Ty-y) y=T7e 36y3=2©y3=i©y=

18

xy—y2 2

— < 2(F +t+1)-19(¢-1)=0

~ oW

=

, X = % v, thay vao phuong trinh (2) ta duoc

3
(Eyj —y3=19<:>%y3=19 oSy=2 =>x=3.

trinh (1) duoc
1 7
=>x= :
J18 /18

b

J18 /18

Toém lai, h¢ phuong trinh da cho cé nghiém (3;2),( 7.1 j

Vi du 4. Giai hé phuong trinh
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{x2+2xy—2y2=0 1)
x|x[+ylyl==2 (2
Gidgi. Vi y =0 khong phai 1a nghi€ém cua hé nén ta c6 thé dat x =1¢y. Khi do, phuong trinh
(1) tro thanh
t=1
' +2t-3)y’ =0 <
(Fras)ste0 <) 7)
+) Véit=1=2x=y=22y|yl=2=y=-1=-1.

) Vi t=—3:>x:—3y:>8y|y|=2:>y:%:x:_%,

Tém lai, hé c6 cac nghiém (-1;-1), (% —%)

Vidu 4. V6inhiing gia tri nao cia m thi hé phuong trinh sau day c6 nghiém
xy—-y' =12 ()
x*—xy=26+m (2)

( Trich d@é thi PH Kinh té TPHCM 2001)
Gidi. Trir timg vé hai phuong trinh ta dugc (x—y)’ =14+m (3).
Mit khac xy —y* =12 <:>y(x—y):l2:>y¢0,x;ty.
Cho nén tur (3) ta suy ra di€u kién can dé h¢ c6 nghicmla 14+m>0<<m>-14.
Khi d6, (3) x—y=2\14+m.
Tu (l)suyra y= 12 = 12

x—y Jld+m

H¢ c6 nghiém

12
X=——=1%+14+m
14+ m

12

14 +m

Vay, vé1 m > —14 thi hé da cho c6 nghiém.

Nhén xét. Vi bai nay, ta hoan toan cé thé giai bang cdch dat x =ty nhw dd néu trén. Tuy
nhién, theo ddc diém bai todn nén ta chon cdch trir tung vé hai phwo’ng trinh dé loi gidi hay vd
gon hon. Boi vay, khi ditng trudc mot bai toan cy thé, mdc di di c6 duong hudng giai quyét
van nén tim hiéu ky dé bai, xét yéu t6 ddc biét ciia bai todn chiing ta ¢6 thé “nhin” ra cach gidi
tot.

Vidu 5. Cho hé phuong trinh

22
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X —4xy+y =k (1)
¥ =3xy=4 2)
Chtrng minh réng voi moi k, hé da cho c6 nhgiém.
Gidi. (2) <:>y(y—3x):4 = y#0.
bat x =ty, hé phuong trinh tré thanh
(2 -4t+1)y =k
(1 — 3t) Y =4
Chia tirg vé hai phuong trinh ta duoc

P —4t+1 k
T R
1-3¢ 4 )
. -4t +1 =317 +2¢ -1 1
Xét ha 0 t)=———. t)=———<0 VIt #—
éthamso f'(¢) Y £'(2) (1—3t)2 < ¢3

Lai ¢6 lim f(¢)="Foo, lim f(r)=Foo, ham s6 f(¢) lién tyc trén mdi khoang x4c dinh

x—>to

nén dudng thang y :g ludn cat do thi f(¢) tai hai diém phan biét 7,,z, : ¢, < FRLT

2 21,

J1=31 L J1-3

Vay h¢ phuong trinh da cho luon c6 nghi¢m.

Khi do, véi =1, (2)= y*(1-34)=4 o y=+

U
=
!
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Phdn 2
MOT SO PHUONG PHAP GIAI HE PHUONG TRINH

§ 1. PHUONG PHAP BIEN POI PAI SO.

K§ ning bién doi dai sb cua hoc sinh dugc hinh thanh sém va khong ngimg duoc bdi dép
qua cac ndm hoc boi sy quan trong ciia nd ddi véi sy hinh thanh va phat trién nang lyc giai
toan. Trong chuong trinh toan hoc THPT, ky ning bién dbi dong nhat cang dugc chu trong.
Kinh nghiém cho chung t6i thiy ring, mot hoc sinh dugc rén luyén tot k¥ ning nay thi viée giai
nhiéu 16p bai toan s& thuén loi hon.

Noi riéng, v6i h¢ phuong trinh, cach giai bang phuong phap bién dbi dai s6 chiém mot vi
tri quan trong, bao gom bién d6i trong duong, bién d6i dua vé hé phuong trinh hay phuong
trinh hé qua; bién ddi thanh tich, bién d6i can thic,..

1. Bién déi mot phwong trinh.
Phuwong phap chung: - - Bién doz mot phu’O’ng trinh thanh tich hodac thanh phuong trinh da
thire sao cho c6 thé biéu dién mét dan theo cdc én con lai.
- Thé vao cdc phwong trinh con lai.
Nhén xét: Diing cdich nay khi thidy mét phwong trinh ¢é yéu t6 thudn loi dé bién doi, tinh
todn hodc cdc phwong trinh trong hé it ¢6 moi lién hé véi nhau.

Vidu 1. Giai h¢ phuong trinh
X —6x"y+9x° —4y° =0 (1)
NX—YHJx+y =2 (2)

e 2 ‘ n X2y
Giai. biéu kién Sx2y|
xz-y

2 X=Yy
(1) <:>(x—y) (x—4y) = Oc{x _4y
+) Véi x =y, thay vao (2) ta dugc x=y=2.
+) V6i x =4y, thay vao (2) ta dugc x=32-815,y=8-24/15.
Doi chiéu véi diéu kién thiy hai nghiém déu thod man. Vay hé c6 cac nghiém (2;2),

(32—85;8—2\/3).

Vi du 2. Giai hé phuong trinh
y' =(5x+4)(4-x) (1)
{yz —5x’ —4xy+16x-8y+16=0 (2)
Giai. (2)< > —(4x+8)y—5x"+16x+16=0.
Xem phuong trinh ndy nhu phuong trinh bac hai, an y, tham s x.
Tacod A'=(2x+4) +(5x" —16x-16) =9x’
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=5x+4
Suy ra {y ¥

+) V61 y =5x+4, thay vao (1) ta duoc :
(5x+4)" =(5x+4)(4—x) =6x(5x+4)=0

y=—-x+4

x=0=>y=4
S 5
x=——=y=0
it

+) V6i y=—x+4, thay vao (1) ta co
(—x+4)" =(5x+4)(4—x)=6x(4—x)=0
x=0=>y=4
x=4=y=0
Vay hé phuong trinh c6 cac nghiém la (0;4),(4;0),(—%;0j )
Vi du 3. Giai h¢ phuong trinh
X+ xXy+9y =y x+x*»" +9x (1)
x(y3—x3)=7 (2)
( HSG tinh Hung Yén 2010).

(2 (x —xy) (xBy xy) y):O
Giai. (x y)[ ( ‘rxy+y° )+xy 9} 0

2 x=y=0
& (v #(r+y) _9}:0{:’L(x+y)2=9 3)

Tt phuong trinh (2) ta suy ra x = » chonén (1)< (3).

Ta co x(x3—y3)=7<:>y3—x3 :Z<:>y:,3/x3+Z
X X
7 2
Thay vao (3) ta dugc x(x+ 3/x3+—J =9. (4)
X

Ta chimg minh vé trai cta (4) 1a ham ddng bién. That vy,

2
f(x)= x(x+$/x3 +ZJ =X +2x3/x° +7x° +,3/x(x4-|r7)2
X

tlr (4) suy ra x>0, trong bicu thic f(x), cac lu§ thira ctia x déu duong nén f(x) dong bién.

Tir d6, (4) c6 nhiéu nhat 1a mot nghiém. Lai thdy, x=1 13 nghiém nén d6 1a nghiém duy nhat
cua (4),khidé y=2.
Vay hé ¢6 nghiém duy nhét (1;2).

25
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Nhén xét. C6 thé chimg minh £ (x) ddng bién trén [0;+w0) bing dao ham.
Vi du 4. Giai h¢é phuong trinh

{22“ Ly =g 1)

log, (x> +3y+1)-log, y = -2x" +4y—1 (2)
Giai. Piéu kién: y>0.

Chia ca hai vé phuong trinh (1) cho 2% > 0, ta c6
220 42 =2 220 42 2220
@{2”_1 S22 =0y=x
2" =-2(<0) '
Thay vao phuong trinh (2) ta dugc
log, (x2 +3x+1)—10g5 x=-2x"+4x-1

<:>10g5(x+l+3J:1—2(x—1)2. 3)
X

1 1
Do x =y >0 néntheo BBT Cosytacd x+—=>2,dodo logs(x+—+3j210g55:1.(4)
X X
x—l
(3) va (4) cho ta: X &x=1=y=1 (thoa min didukién y>0).
(x-1) =0

Vay hé¢ c¢6 nghiém (1;1).

Vidu 5. Giai hé phuong trinh
1

Np M
y(\/x2+1—1): 3¢ +3 ()

Giai. Piéu kién xac dinh: x>0,y # 0.

e pdx+3 =2xx + 2017 + p(x =2x) = 2x/x =0

() e pdx+y Yy +y

Xem phuong trinh cudi 13 phuong trinh bac hai an y, x 13 tham s, ta co:
2 2
A=(Vx=2x) +8xfx =x+4xx +4x" = (Vx +2x) >0

. (\/;—Zx)—(\/;+2x) :_\/;

2

(\/;—Zx)+(\/;+2x)

Néu y= —\/;, thay vao phuong trinh (2) ta dugc:

+Z:&+2
X 2
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~r (Vo +1-1) =3 +3

Phuong trinh nay v6 nghiém vi vé trai am, vé phai duong.
Neéu y =2x, thay vao phuong trinh (2), ta co6:

2x(\/ﬁ 1) \/E@\/x—+(2x ) 2x (3)

3
Xét voi x = 7 , khong thod man (3).

.. 3 3 2x
\% =——, (3) e +l=—+~ (4
i x2S (e =T @
Xét ham s6 f(x)zx/x2+1 , f'(x): X >0 Vx>0 nénhamsb ddng bién.
VX' +1
Lai xét ham s6 g(x)zi, g'(x)— 243 < 0 nén ham sd ngich bién.
2x—f3 (Zx—\/g)

Tir d6 két luan phuong trinh (4) c6 nhiéu nhat mot nghiém. Mt khac ta thdy x = \/§ nghi¢m ding
(4) nén d6 1a nghiém duy nhat. Khi d6, y =2+/3.

Vay h¢ c6 nghiém <\/§,2\/§) .

Vi du 6. Giai hé phuong trinh
logﬁy—logﬁx:(y—x)(xz—xy+y2) (1)
2 2

Xt + y2 =4 (2)
Giai. Piéu kién x > 0,y > 0.

2
3
Taco) x* —xp+y° =(x—§j —i—Zy2 >0 véimoi x>0,y>0.

Xét x>y =log ;x> log ; y.Khido vé trai (1) am, vé phai (1) duong, (1) v6 nghiém.
2 2

Xét x <y =log ; x<log ; ¥ Khido vé trai (1) duong, vé phai (1) 4m, (1) v nghiém.
5l 5l

0=0

2x*=2y" =4

ox=y=42.
Y

Khi x = y, thay vao hé ta c6 {

Vay h¢ c¢6 nghiém duy nhét (\/5 ; \/5 ) .

Nhén xét. Khi gidi mét phiong trinh rit, ra dwoc mét an theo cdc an con lai lam cho viéc gidi hé
tré nén don gian hon han, thuong la giam di mot phuong trinh (va mot an ). Tuy nhién khong phai lic
nao cing thudn loi nhw vay. Doi khi, viéc bién do6i mét phirong trinh ciia hé khéong di dén dich, hodc
gitta chung, ta phat hién moi lién hé voi phwong trinh con lai, hoac phwong trinh lai cua hé dang phirc
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tap, co co hoi bién doéi dé thudn loi hon cho viéc két hop voi phwong trinh thw nhat, ta tién hanh bién
doi dong thoi cac phwong trinh.
Vidu 7 Giai h¢ phuong trinh

x2+1+y(y+x):4y )]

(x2+1)(y+x—2)=y (2)
Gidi.
+) V6i y =0, hé phuong trinh tré thanh

x> +1=0

v6 nghiém.
(¥ +1)(x-1)=0

+) Vi y # 0, chia hai vé cia mdi phuong trinh cho y ta dugc hé twong duong

x*+1

+(y+x—2)=2

x*+1

y

(y+x—2):l

+1
Khi do, XT, ¥+ x—2 1a cac nghiém cta phuong trinh > -2t +1=0= ¢ =1.

{le

+1

aERLEY y=x"+1 y=2

& =
y=3-Xx {x=—2

+x-2=1
Y y=5

Vay hé c6 cac nghiém 1a (1;2),(-2;5). )
Vi du 8. Giai hé phuong trinh
2log, , (—xy—2x+y+2)+log,, (¥ —2x+1)=6 (1)
log, . (y+5)-log,,  (x+4)=1 (2)
Gidi. Diéu kién
—4<x<l,x#0
y>-2y#1
H¢ phuong trinh tuong duong véi
2log,_, (1-x)(y+2)+log,,,(x- 1)2
log, . (y+5)-log,,, (x+4)=1
2+log,  (y+2)+2log,,|x-1=6
log, . (y+5)+log,,, (x+4)=1
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log, . (2+y)+log,, (1-x)=2 |log; (2+y)-2log, . (2+y)+1=0
e {loglx (y+5)+ log,,, (x+4)=1 c}{log” (y+ 5)—10g2+y (x+4)=1
log,_, (2+y)=1 y=-x-1
“ {log” RIS (A

Vay hé c6 nghiém (-2;1).

2. Phwong phdp cong dai sé, phép thé.

Chung ta thyc hién cach nay khi thiy cac vé ciia cac phuong trinh ¢6 méi lién hé rd rang vé
hinh thirc, khién cho viéc thuc hién phép thé hay cong dai s6 1am xuét hién phuong trinh méi
don gian hon.

Phuong phadp chung: - Giit nguyén mot phuong trinh cua hé.

- Céng hay trir timg vé ciia hai phiong trinh, hay thé mét phwong
trinh vao phirong trinh con lqi,.. dé dwoc phwong trinh méi.
- Gidi hé bao gom phwong trinh dwoc giit lai va phirong trinh méi.

Vi du 1. Giai hé phuong trinh
x*+5y=6 (1)
{xzy2 +5x=6 (2)
, ( Dé thi chon déi tuyén HSG Pong nai 2010)
Giai. Tru tung vé hai phuong trinh cta hé, ta duogc:

xt—x7y? +5(y—)c):0(:)(x—y)[x2 (x+y)—5]:0
X=y
<:{xz()ﬁy):S
+) x =y, thay vao phuong trinh (1) ta dugc
x4+5x—6=0<:>(x2—x+3)(x+2)(x—l)=0

Tuong ing, tacd y=1 hodac y=-2.
+) x’(x+y)=5, thay vao (1) ta duoc

2

x* +5(i—xj:6©x6 -5x -6x*+25=0 (3)
x

T phuong trinh (2) cho ta 5x=6-x"y’<6=x S%
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e a2 (6) . (6 432
Do do: 5x° +4x” <5. 3 +6. 3 :§<25 Suy ra phuong trinh (3) v6 nghi¢m.
Viy hé phuong trinh ¢6 cac nghiém: (-2;-2),(-1-1).

Vidu 2. Giai h¢ phuong trinh

4x* +y* —4xy’ =1 (1)
4x° +2y° —4xy =2 (2)
( Bé thi HSG Lam dong 2010)
Giai. ,
Trur ting vé (1) cho (2) ta dugc
Yt =2y" —4xp’ +4xy+1—0<:>( 4xy
¥ -1 )
< (¥ =-1)(y -1-4xy)=0 < =S
(1) -1-40) L I [
y 1+4xy 0

+)Néu y=1, thay vao (1) ta duoc 4x* +1-4x =1 x(x-1)= O<:>

+) Néu y=-1, thay vao (1) ta duge 4x* +1+4x=1x(x+1)= 0@{

2

+)Néu y* —1+4xy =0 x= 1=y , thay vao (1) ta co:

Tom lai, hé c6 nghiém (1;1),(0;1),(-1;-1),(0;-1).

Vi du 3. Giai hé phuong trinh
V2x + \/Z =4
{\/2x+5 +42y+5=6
(Pé thi HSG Ba ria — Viing tau 2010)

Gidi. Piéukién x>0, y>0.
Cong ting vé hai phuong trinh cua hé ta dugc
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(\/2x+5 +\/E)+(,/2y+5 +\/Z) =10
Trir ting vé hai phuong trinh ta duoc

(\/2x+5—2x)+(«/2y+5—2y)— > 2

= =2
\/2x+5+2x+\/2y+5+\/5

Pit a=vV2x+5+~2x >0, b=2y+5 +\/Z>O,ta co hé

a+b=10 b=10—-a {b:IO—a {a:S
_2<Z> =

55 <35 5

—+2=2 ~+ 50=20a—-2a* b=5
a b a 10—a
a=52x+5+2x =52x+5=5-2x
V2x<s J2x <5 J2x <5 ,
= = = <X =
2x+5=(5—\/§)2 2Xx+5=25-102x+2x |J2x=2

Tuong ty, b=5 cling cho ta y=2. Vay hé¢ da cho co nghiém (2;2).
Nhdén xét: Hé phuong trinh trén con c6 thé giai kha ngdn gon bang cach st dung bit dang thirc
Bunhiacopsky.

Vi du 4. Giai hé phuong trinh
x -y =35 (1)
{sz +3y" =4x-9 (2)
Gidi. (2) < (6x” —12x+8)+(9)” +12y+27) =35, thé vao phuong trinh (1) ta dugc
¥ =y =(6x7 =12x+8)+(9y* +12y+27)

= ()c—2)3 =(y+3)3 &Sx=y+5.
Thay vao (2) ta dugc
2(y+5) +3y7 =4(y+5)-9y=5y* +25y+30=0
& (y+2)(y+3)=0c{y:_2
y=-3
Véi y=2=x=3; y=-3=x=2.
Vay hé c6 cac nghiém (-2;3),(-3;2).
Vidu 5. Giai h¢ phuong trinh
l+L=2(x2+yz)
x 2y
%—%:yz _ 2
Gidi. Diéu kién: x#0,y #0.
Trir ting vé phuong trinh thir nhit cho phwong trinh thir hai ta duoc
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1
) y
Cong ting vé hai phuong trinh ta co

=3x"+y  =1=3x"y+’.

Z=xX+3y" ©2=x"+3x"
X
Tur do ta co hé
2=x"-3x)°
1=y’ +3x"y
Lai cong roi trir timg vé hai phuong trinh ctia hé vira thu duoc , ta c6

{3:x3+3xy2+y3+3yx2 {3=(x+y)3 {x+y=3/§
= =

1=x"+3xp> =y’ =3x°y lz(x—y)3 x—y=1

_%/§+1
2
S
Bl
4 2
3 37
Vay hé c6 nghiém \/52“;\/52 IJ.

Nhén xét. RG rang la ta thwc hién phép todn cong, triv tieng vé khi phat hién thday néu lam vy
trong cdac phuwong trinh, mot s6 hang tu dong dang co thé gian woc duoc. Tuy nhién, co nhitng
hé phwong trinh, ta lai thuc hién viéc nhan hay chia tung vé dé thuc hién viéc rut gon.

Vi du 6. Giai h¢ phuong trinh
2y(x2 —yz) =3x (1)
x(x2 +y2) =10y (2)
Giai. Xét x=0=y=0; nguoc lai, y=0=x=0. Vay (0;0) la mot nghiém cuia h¢.
Xét x.y#0, cd hai vé cua (2) khac khong, chia tirng vé cua (1) cho (2) ta duogc

2y(x*=»") 3
x(()c2+y2)) :10); <:>20y2(x2—y2):3x2(x2+y2)

& 3x —17x°y" +20y* = 0> (x* =4y )(3x° =557 =0

x2 _—4y2

— 5
2 2

==
X 3y

+) V&i x* =4y*, hé da cho thanh
2y.3y% =3x 2y’ =x 2y =x {x:iZ
2 & ey, e
x.5y" =10y xy=2 2y" =2 y==lI
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1) Véi % = % »?. hé da cho tré thanh

2
2y.=y* =3x ) 417 =0 y=
3 ©{4y =9x @{y—x 2

<
— 2 _

15 135 ( 15 35
1357 2 )L #h3sT o2 )

Vay hé c6 nghiém (0;0),(2;1), (—2;—1),(
Vi du 7. Giai h¢ phuong trinh
x+3y=x’-12 (1)
~y+4z=)"-6 (2)
9z+2x=2"+32 (3)
Giai. H¢ da cho twong duong voi
346 =X —x—6 3(y+2)=(x-2)(x" +2x+3)
4z+16=)"+y+10 < 14(z+4)=(y+2)()* -2y +5)
2x-4 =2"-9z+28 x 2 z+4)(z2 4Z+7)

Nhén timg vé cac phuong trinh ctia hé vira thu duogc ta co
24(x 2)(y+2)(z+4) —( y+2 z+4)(x2 +2x+3)(y2 —2y+5)(22 —4Z+7)

{(x—2)(y+2)(z+4)—0

- (¥ +2x+3)(y* —2y+5) (27 —4z+7) =24
+) (x—2)(y+2)(z+4):0

x=2
Sly=-2
z=-4

Véi x=2, thay vao (1)tacod y=-2, thay vao (2) ¢ z=-4. H¢ c6 nghiém (2;-2;-4).
Tuong tu, xét y=-2,z =4, ta déu dugc nghiém nay.
+) V6i (x* +2x+3)(y* -2y +5) (2" —4z+7) =24 (4)

Tacd (x*+2x+3)(y7 ~2y+5)(22 =4z+7) = (x+1) +2 || (v=1) +4][ (z-1) +3]2243=24
Déu bdng x4y ra khi va chi khi x=—-1,y=1,z=2. Vay nén (4) c6 nghiém duy nhét: (-11;2).
Thir lai, ta thiy chi c6 nghiém th& nhat thoa man. Vay hé c6 nghiém duy nhat (2;-2;-4).

Luu y: Noéi chung, phép nhan timg vé cac phuong trinh cua h¢ khong phai la phep bién doi
tuong duong. Do do, thir 1ai nghiém la cong viéc bat budc.
x—1=2 (x - 1)

Cho rd van dé nay, ta xét hé .,
y(x +y +2) =y
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RS rang hé chi c6 nghiém x =1, y =0 nhung néu nhin timg vé hai phwong trinh ta duoc:
()c—l)y(x2 +y° +2):2(x—1)yc:>(x—1)y(x2 +y2):0

x=1
< y=0
x2+y2=O

x*+y* =0 x=y=0 1a nghiém ngoai lai, xuat hién trong phép nhan timg vé hai phuong
trinh.

§ 2. PHUONG PHAP PAT AN PHU

Phuong phap dat an phu duoc ding va to ra rat c6 hiéu lyc trong nhidu ndi dung cua
chuong trinh Dai s6 va Giai tich THPT. Viéc phat hién an phy, dit an phu, xac dinh dung dleu
kién an phu doi khi quyét dinh viéc giai dugc hay khong giai duoc, giai tét hay khong giai tot
bai toan.

Day giai hé phuong trinh bang phuong phap dit 4n phu mot mit giup cac em tién toi biét
cach giai mot 16p kha rong rai hé phuwong trinh ma nhitng cach giai trén day to ra bat lyc hoic
khong hiéu qua. Quan trong hon, qua d6 rén luyén cho cac em k¥ ning phat hién an phu, dat an
phu - mét yéu t6 quan trong cau thanh nang lyc giai toan ciia hoc sinh.

Vi nhirng hé phuong trinh khéng qua taim thudng c6 thé giai bang phuwong phap dit an phu,
ching ta thdy c6 thé chia thanh hai loai. Thir nhdt 1a dé phat hién an phuy, hé phuong trinh méi
thu duoc thuong van kho giai. Thir hai 1a kho phat hién an phu, loai nay hoic 1a hé phuong
trinh kho giai hodc “cai kh6” dit ¢ tim dit an phyu nén hé méi thu duoc thudng 13 hé phuong
trinh co ban hodc c6 10i giai dé hon. Tuy su phan chia nay tuy chi c6 tinh wdc 1é song van co
tac dung t6t d6i voi hoc sinh trong viée linh hi tri thirc phuong phép ciling nhu nang cao kha
nang phan tich, phat hi¢én, lya chon cach giai h¢ phuong trinh sau nay.

1. Bai todn dé phat hi¢n in phu.

Do la bai toan ma cac dai lugng bén trong dé “ma hod” triét dé qua mot hay mot sd 4n sb.
Thong thuong do la tinh huong dat an phu dé “bo” biéu thirc rudm ra vé mot an, dua phan thire
vé da thirc, dua cin thirc vé da thirc hay biéu thirc chira logarit, lugng giac vé da thic,..

/x+ +x+y-3=3

2x+y+—=
y

( Dé thi HSG tp Hai phong — bang A 2010).

R N 1
Giai. Piéu kign: y #0,x+—>0,x+y>3.
Y

Vidu 1. Giai hé phuong trinh
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Dﬂaz/x%ib: x+y-3,a20,b>0.
Yy

H¢ da cho thanh
a+b=3 a=2,b=1
o
a’+b*=5 a=1b=2

+)Véi a=2,b=1, taco h¢
1
/x+—:2 x+l=4 X+ ! =4
Yy = y &

4-x
Jx+y-3=1 x+y=4 y=4-x
x*—8x+15=0,x# 4 x=3,y=1
= =
x=5y=-1

y=4-x
+)Véi a=1,b=2,tacd hé
1
y & y s

7T—x
x+y-3=2 x+y=1 y=T-x

- {x2—8x+6=0,x¢7 - x=4-410, y =3++/10
x=4+10,y=3-4/10

=1

y=T-x
Dbi chiéu véi diéu kién ta thdy cac nghiém déu thoa méin
Viy h¢ c6 cac nghiém (3;1),(5;-1),(4-10;3++/10),(4+/10;3-+10).

Nhdn xét. Voi cac hé phuong trinh chira can thuc, nén xem xét kha nang dat can thirc lam
an phu.

Vidu 2. Giai h¢ phuong trinh

Gidi. Piéukién: x+y>0,x—y>0.

g [x+ -
bat u= xzy,v: xz}guZQvZO.Tamwrax=u2+vay=u2—ﬁ.

H¢ phuong trinh tré thanh
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[ (u+v=0
{(u+v)(u3—v3—7)—0 w+v* =9
=

w+v'=9

u+v=0
+) { 9 H¢ nay v6 nghiém.

3 3 3 x+y:2
{u v =7 {Zu =16 {uzZ 2 {x+y=8 {x=5
+) =S & S S &

Py 2v' =2 v=1 /x_y_l x-y=2 |y=3
2

u+v =9
Déi chiéu v6i didu kién thay thoa man. Vay hé c6 nghiém (5:3).

Vi du 3. Giai h¢ phuong trinh:

2x+1+1—§

xX+y x—y_ 3

1 100

2 + 2 =
(x+y)” (x=»)° 9
(Dé thi HSG lop 11, Tinh Quang Binh 2011)

2(x2 + yz) +

Gidi DPidukién: x #+y
H¢ phuong trinh tuong duong vai
1 16
+ =—
x+y x-y 3

X+y+x—y+

1 100
(x+)" +(x=y)"+ + =
(x+)° (x=»)° 9
bata=x+y+ b=x—y+ (|lal,|b=2)
X+ y X—y
a+b=% a=2 a—m
Tacod = 10 vV 3
@ —24p —2=10 b:? b=2

Tur d6 suy ra h¢ phuong trinh c6 bén nghiém

(2;—1),(%;%),(2;1),(%;—%).

Vidu 4. Giai hé phuong trinh
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{31/510g3y =5-log,x

3/log;x—1=log, y—1
‘ ( Dé thi HSG tinh Hoa binh 2011-2012)
Giai. bieukién: x>5, 0< y<243.
béit a =/log,x-1,b=,/5-1log, y;a>0,b=0.
Khi d6 h¢ phuong trinh tr¢ thanh
3b=4-a> (1)
{361 =4-b (2)
Trir ting vé hai phuong trinh ta duoc
3(a—b) =b’-a’ <:>(a—b)(a+b—3) =0

b=a
&
b=3-a

=1
+) Véi b =a, thay vao phuong trinh (1) ta duoc a’ +3a—4 = OC{a

a=1 (do diéu

x=25

y =8I

+) V6i b =3—a, thay vao (1) dugc a’ —3a+5=0. Phuong trinh nay vo nghiém.
Vay hé c¢6 nghiém duy nhit (25;81).

Nhén xét. Trong badi todn nay, ching ta chon cdan thirc chita biéu thire logarit lam an phu.
Trong vi du sau chung ta chon biéu thurc ham so6 mii lam an phu.

kién a>0). Véi azbzl@{

Vi du 5. Giai hé phuong trinh

41083 w_9— 210}53)0/

log4(4x2 +4y2) :%+log4x+log4 (x+3y)
Gidi. Diéu kién x >0,y > 0.
Dit =2 ¢ >0, phuong trinh thir nhit cta hé trd thanh

t
£ —t-2=0 @{ ot=2 (dodk £>0)

t=22"" =2 s log,xy =1l xy =3y _3
x

Thay vao phuong trinh thir hai cia hé, ta c6
log, (4x2 +i—?} :%+10g4x-|-10g4 (x+%}<:>4x2 +3—?: 2x(x+2j_

X X
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=3 x=\/§:>y=\/§
Sx -9’ +18=0 ., e

Vay hé phuong trinh c6 hai nghiém (\/5 ;\/5 ),[\/g ,ﬁj

Nhan xét. Trong cdc vi dy trén, chung ta dat hai an phy khién cho hé méi khéng con an cti.
C6 nhitng hé phwong trinh, chi dat mét an phu, con an kia giit nguyén. Hé méi chiva cd an méi

lan cil.
Vi du 6. Giai h¢ phuong trinh

V2x—T-p(1+2V2x 1) = -
y2+ym+2x=13
Gidi. Diéu kién: x> %
Pat 1 =+2x—1,¢>0, hé phuong trinh trd thanh
{t—y(1+2t)=—8 @{t—y—2yt=—8 (1)
(t-y) +3y=12 (2
t—y=0

(1)va(2)chota 2(1—y) +3(t—y)=0s 3

f—y=—2
Y=

YV +yt+tt =12

+)Véit=ytacot=y=2,khidod v2x— :2<:>2x—1=4<:>x=§.

3+\/_

+)y—t+% 4 +6t-13=0< (#>0). Khi do, ta co

3 34461 3+4/61

y
2 4 - 2 4

o 3tVel | s 43-3V61
4 16
43-361 3+J_J

16 4

Vay h¢ c6 cac nghi¢m (3 2) (

Vidu 7. Giai hé phuong trinh
x +8y° —dxy’ =1
{2x4 +8y*—2x-y=0
Giai. Bat t =2y, hé da cho thanh
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X+t —xt=1 t3—1:x(t2—x2) (1)
{4)54 f—dimi=0 4x(x’ —t)+t(£-1)=0 (2)
The (1) vao (2) ta dugc phuong trinh
4x(x3 _1)+xt(t2 —x2) @{4()9 —1)+t3 2 =003)
Nhan thiy x = 0 khong thoa man hé nén chi xé phuong trinh (3).
(3) A+ -’ =4 (4)
Mit khéc, (1) < 4x’ +41° —4xt®> =4 (5) .
(4)va(5)suyra 3t —4xt> +1x° =0 (6)
Tathdy ¢=0 khong thoa min hé.

2
V6i t # 0, chia hai vé (6) cho #° ta duoc (fj —4§+ 3=0

X
—=1 &x=t¢
o t
§=3 ox=3t
+) V61 x =1, thay vao h¢ ta dugc
x =1
ox=1
5x*=5x=0
Khidé,t=x=1<:>y=%.
+) Vi x = 3¢, thay vao hé ta dugc
278 +£ =3 =1 25¢ =1 1 35
= <t = =—
324t  ++' —12t—t=0  |325¢ =13 25 5
3 3
Khid(’),x=3\/§,y=£
5 10
3 3
Vay, hé cb cac nghiém 1;l , ﬂ,ﬁ .
2 5 10

2. Bai todan dat an phu sau mgt vai budc bién doi.

Khi théy céc biéu thirc trong hé phuong trinh cé mdi lién hé dic biét vé hinh thire, ta nghi dén viéc
dat an phy. Tuy nhién, mdi lién hé d6 khong phai lac nio ciing 1 rang, do d6 can ¢ nhimg budc bién
d6i dang thirc 1am an phu xuat hién. Ciing c6 nhitng hé phuong trinh kho giai, chung ta budc c6 nhitng
bién d6i lam thay ddi hinh thirc bai hinh thirc dé tim 10i giai, c6 thé khi d6 méi phét hién an phu.

Vidu 1. Giai hé phuong trinh
39
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X +1+y +xy=y
y

1+ x°
Giai. Tathdy y =0 khong thod méan hé phuong trinh. V&i y # 0, chia ca hai vé phuong trinh thir nhat

X+y—-2=

cho y, ta duoc

2

al +1+x+y=4

y
y
xX+y-2=
4 1+x°
5 x*+1 N
bit a = , b=x+y hé trd thanh
a+b=4 b=4-a h=4—q a=1
1 < 1 2 A
b-2=— a+——2=0 (a—1)" =0 b=3
a a
Khi do ta co
2 (-
+1
=T x*+1=3-x X’ +x-2=0 y=2
y = = =
y=3-x y=3-x x=-2
x+y=3
L W=3

Vay hé phuong trinh da cho c6 cac nghiém la (1; 2), (—2; 5) .

Vi dy 2. Giai h¢ phuong trinh

X2+y2+%+—2:5
Xy

(Xy—l)2 =x" -y’ +2
( Dé thi HSG tinh Nghé an 2012-2013)

Gidi. Piéukién x#0,y#0.
Ta c6 hé phuong trinh da cho twong duong véi:

1Y 1Y
(X—I——j +[y——j =5
X y
(x2+1).(y2—1):2xy
( 1)2 ( 1}2 1
X+— | +|y——| =5 u=Xx+—
* Y (*), dat X

(x+lj-[y_lJ:2 V=Y
X y y
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2 2 2_
Hé phuong trinh (*) tr(ythénh{u v 5®{(u+v) =9

uv =2 uv =2

u+v=3 u+v=-3
= () hoac )
2 uv =2

uv =

Ta co: (I)@{u:1 hoac {uzz
v=2 v=1
(H)@{uz_l hodc {u:—2

2 v=-1

V= =—

. 1 ) o |u=2 fju=-2 .
V1u=x+—:>|u|22 nén chi co va thoa man.
X v=1 v=-1

5 x+l=2 x =1
{ _ taco ’1‘ &1 1+45 (thoa man PKXD)
y
_ x+l=—2 x=-1
{ " Ttaco ’1‘ &1 _1+45 (thoa man PKXD)
v=-1 y-—=-1 Y77,
y

Vay hé phuong trinh da cho c6 nghiém:

1.1+\/§ 1.1—\/3 1.—1+\/§ 1.—1—J§
2 L2 L 2 L 2 )

Vi du 3. Giai h¢ phuong trinh

6x4—(x3—x)yz—(y+l2)x2 =—6

5x* —<x2 —1)2 Y =11x* =-5

Giai. Xét x =0 khong thoa man hé phuong trinh.
Vé6i x # 0, chia hai vé cua ting phuong trinh cho x* ta duoc

6x2—(x—ljyz—y—l2:£2 6(x2+izj—(x—ljy2—y—12:0
x x x

X
2 A 2
5x2—(x—l] yz—llz—iz 5(x2+i2j—(x—lJ y =11=0
X X X X

1 1
batt=—-x=>x"+—5=1"+2.
X X
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H¢ phuong trinh da cho tr¢ thanh
6(t2+2)—ty2—y—12=0 6t' —1'y* — y=0
5(£+2)-1y* -11=0

Xét ¢ =0 thay khong thoa man hé

Vi ¢ # 0, chia hai vé cta hé cho 7%, ta duoc

2 2 y 1
6-2-2=0 |L+L=o |T|Vyt-|=6
t 1 - 21 o 4 4
s—y-L_o  |yslos y+i s
t? t’ t t

Y
t
H¢ phuong trinh tré thanh

1
Dat a:y+;, b=

a’-5
ab=6 a 7 =6
612—2b=5<:> a’ -5
b=
2
3_5q-12= ~-3)(a’+3a+4)=0
a 52a 12=0  [(a-3)(a’ +3a+4) L3
b:a -5 < b:a2_5 = b—2
2 2
Khi @6
L3 1 =l
Y= 24-=3 {2t2—3t+120 1
= t = | t=—
t y=2t
i . \ 2 1+£+5
+H)Véit=1,taco y=2va x——=1 ©x —x-1=0& x= 2
x

] 1£17

+) Véi tzé,tac() y=1va x—l=—<:>2x2—x—2:O<:>x:

X 2
S5 )57

2 2 2
Nhan xét. Trong vi du 3, an phu tuong doi khé phat hién. Tuy nhién, ta dwa vao nét dac biét

Vay hé da cho c6 cac nghiém 14 : [#;ZJ{

’ ’ , » 2 »
« A Y ’ A 14 A A 4 4 \ , A , , 3 2 2 2 A
hiem hoi la cac bo tri hé so 6x",—6; 5x",-5 va cac biéu thuc chira x: x° —x,x ;(x —1) , X de

A ’ . . X 2 A A .9 e A \
nhan ra buoc chia hai vé cho x”dé dwa hé don gian hon voi an y va t.
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Cdch bién doi twong dwong roi dat an phu ciing hay gédp véi hé phwong trinh chiva biéu thirc
miu va logarit. Khi phat hién cdc biéu thirc dwoi logarit co nhitng moi lién hé “kha nghi”, ta
thuc hién dai so6 hod roi dat an phu.

Vi du 4. Giai h¢ phuong trinh
log,\/x+y =5log,, (,/x—y +2)

\/x2 +y2+1—\/x2—y2 =3
Gidi. Piéu kién: x+y >0, x—y>0.
H¢ phuong trinh twong duong voi

{ X+y=24+yx—-y

\/x2+y2+1—\/x2—y2 =3

bat a=\/xT,b: x-y,a=0,b>0 tasuyra x:angzjy:ngbz .
Hé phuong trinh di cho tr& thanh
i a=2+b
(2 (5 s s = LT3
2 2 2
a-b=2 a’ +b*=2ab+4

= \/2[(2ab+4)2 200 |+4-2ab=6 = \/2[(a2 w0 —2a2b2}+4 ~2ab=6

a’+b*=2ab+4 a’+b*> =2ab+4
< 2 272 <
J2B2ab+4)-—2ab }+4—2ab=6 Ja4a*b> —32ab+36 —2ab =6

a’+b* =2ab+4 a’+b* =2ab+4
= =
Ja?b* —8ab+9 =ab+3  |a*h* —8ab+9=a’h> +6ab+9

@’ +b*=2ab+4 _[a*+b’ =4 _|(a+b) ~2ab=4
= < =
ab=0 ab=0 ab=0

a+b=2 a=0
& & (doa>0,b>0)
ab=0 b=2

x+y=0 {x+y:O {x=2
= =
Jx-y=0 (x-y=0 |y=-2
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Vay hé c6 nghiém (2;—2).
Vidu 5. Giai hé phuong trinh
9" -4" =17
log,; (3" +2”)~log, (3" -2") =1
Giai. H¢ phuong trinh da cho tuong duong voi
(31 +27)(3"-2")=17 1)
log,, (3" +2”)~log; (3" -2") =1 (2)
Logarit héa 2 vé cta (1): log,, (3x +27 ) +log,, (3x - 2y) =1
Bién d6i (2) veé cung co so 17:
log,, (3x - 2y)
log,, 5
bat u =log,, (3x +27 ); v=1log,, (3x - Zy) . Khi d6, h¢ phuong trinh tr¢ thanh:

log,; (3" +2")~log, (3" —2") =1 <> log,, (3" +2" ) - =1

u+v=1 u=l-v
u=1
% = 1 <
u+ =1 1- v=0 v=0
log,, 5 log,; 5

10g17(3x_2y)20 37-2" =1 {3":9 {x=2
= R = =
10g17<3x+2y):1 3F+27 =17 27 =8 y:3
Vay hé c6 nghiém (2;3).

Nhdén xét. Piém dang chii ¥ trong hé nay la cau tric biéu thire dudi logarit :  3°—27,3" +27.
Hai biéu thirc nay lai c6 mat mot cach thudn loi trong phwong trinh con lai. Viéc bién doi dira
hai l6garit vé cung co s6 la tdt yeu va khong kho khan gi va dn phy chung ta chon ciing giong
nhur nhdn xét da néi trén: dat biéu thirc chira logarit lam an phu.

Duéi ddy, ching ta xét vai vi du dét an phu dé gidi phwong trinh bang hrong gidc héa. Mot
phwong phap thu vi, tao dot pha va dwoc dung khd nhiéu trong todn hoc.

Vi du 6. Giai hé phuong trinh

1=4 +2%J1-log*, y =1

log, 3
(1-log, y)(1+2%)=2
Giai. Diéu kién
O<y=#1
2" <1
|log, x|<1
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bat 2 =cosa, log, y =cosf, a, § €[0; ] . Hé phuong trinh dé cho tré thanh

{\/1 —cos’a.cos B ++J1—cos’ f.cosa =1

(l —cosﬂ)(l + cosa) =2

sina.cos 3 +sin B.cosa =1 sin(a + 8) =1
(I-cosp)(1+cosa) =2 < (1-cosf)(1+cosa) =2
r
o a+ﬂ:5

cosa —cosff—cosa.cosff—1=0 (*)
2

" Khi d6 phuong trinh (%)

bat ¢t =cosa—cosp,t e [—ﬁ,ﬁ] = cosa.cosff = 1=

thanh
t=1
z2+2z—3=0©{ 3 st=1 (dot:—3¢[—x/§;x/5]).
tzl@ﬁsin(ﬂ—%}zl@ﬁz%@azo.
. 2" =1 x=0 o .
Khi @6 = Khong thod man diéu kién ban dau, vay h¢ phuong trinh vo
log,y=0 y=1
nghi¢m.

Nhin xét. Ban dau, dé nghi dn phu la 2" =u,log,y=v, phwong trinh thir nhdt chira

N1=u? N1=V* . RG rang hai can thire trén chira ddu hiéu lwong gidc hod va cdch ddt an phu trong
1o gidi trén xudt hién. Ngodi ra, dau hiéu ddt sin, cosin con thdy ngay trong diéu kién xdc dinh ciia hé.
Chung ta nghi déen kha nang lwong gidc hoad khi cac biéu thirc cua hé co dang ( hodcco thé dwa vé

u+v
dang ) mot vé cia hang dding thive lwong gide nhw 1—u”, 1+ u’ yer

1—uy

Vidu 7. Giai hé phuong trinh
-1 (1)
y=2z"-1 (2)
z=2x" -1 ( )
Gidi. Khong mét tinh tong quat néu gia sir x 1a s6 16n nhét trong ba sd x, y, z.

Khidé (3)=2x"-1=z<x :—%sml

Pit x = cost, ( te {0,%}) (3) = z=2cos’t—1=2cost,

(2) < y=2cos’(2t)—1=cos 4z, (1) <2cos’ (4t) -1 =cos 8¢

45

Nguyén Vin Thiém — https://toanmath.com/



Tu do tacoO cost =cos&t <

) 2
Do diéu kién te{O;Tﬂ} néntaco t {0, —,—,—,—,—}

Vay, hé c6 cac nghiém

2 4 8 1 1 1 27 4 8 o )
(1;1;1), cos—; coS—; cos— |,| ——;——;——|,| cos—; cos—; cos— | va cac hoan
9 9 3 2 2 2 7 7 7

vi ctia chung.

Nhdn xét. Bai nay dau hiéu lwong gidc ta nhdn ra la nho cau triic 2x° —1 twong iing véi cong thire
cos2a=2cos’ a—1.
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§3 PHUONG PHAP HAM SO

L Co sé' Iy thuyét. ,
Chung ta dua vao nhiing két luan sau day.
1.Néuhamsb y = f (x) ludn luén ddng bién hodc ludn ludn nghich bién trén khoang K thi ta cé:
a. f(u)zf(v) Su=v, Yu,veK .
b. Phuong trinh f (x) =m c6 nhidu nhit mot nghiém trén K.
2. Néu f (x) 1a ham sé dong bién va g(x) 1a ham s nghich bién trén tap D thi phuong trinh
f(x) =g (x) c6 nhiéu nhat mot nghiém trén D.
3. Néu f (x) 1a mot ham s6 c6 dao ham dén cdp n va f ) (x) =0 c6 m nghiém thi phuong trinh

f(k_l) (x) =0 c6 nhiéu nhat m +1 nghiém. O day, k <n.
I1. Mt s6 phwong phap giai thwong dung.

1. Bién d6i mdt phwong trinh vé dang f(u) = f(v) .

C6 thé ’khrfm’g dinh, vé6i cac loai hé phuong trinh giai bang phuong phap xét chiéu bién thién ham s6
thi tan suat xuat hién cia loai hé nay trong d€ cac de thi hoc sinh giéi, dé thi dai hoc 1a cao nhat.
Phwong phdp: - Bién doi mot phiwong trinh vé dang f(u) = f(v)

- Chung minh f(t) la ham sé luén dong bién hodc luén nghich bién trén mién xdc

dinh cua cua no, tir do di den ket lugn u=v.
- The u =v vao phuong trinh con lai.

Tuy nhién, ciing can luu ¥ cho hoc sinh 1a ham s6 f (t) khong phai bao gio cling la lya chon duy
nhat, do do6 phai chon ham s6 thé nao dé viéc xét chiéu bién thién don gian va nhimg budc giai sau
phép thé co thé thuc hién dugc.

Ngoai ra, viéc chon ham s f (t) n6i trén khong phai lic nao ciing thuan loi ma c6 thé trude d6 phai
thuc hién nhitng budc bién doi.

Vidu 1. Giai hé phuong trinh
Y +y=x+3x"+4x+2

NI-x? =y =\2-y-1
‘ ( Dé thi HSG tinh Nghé an 2010-2011)
Gidi. Biéu kién

-1<x<1
0<y<2

Phuong trinh thtr nhét cta hé twong duong véi
y3 +y:(x+1)3 +(x+1) (*)

47

Nguyén Vin Thiém — https://toanmath.com/



Xét ham s6 f(1)=£+t,t€R, tacod.Do dd f(¢) luon luon dong bién . Phuong trinh (*)

tuong duong véi f ( y) =f (x+1) & y=x+1. Thé vao phuong trinh thi hai ciia hé, ta dugc

VI-x* —Jx+l=l-x —loVl-x* =Jx+1+/1-x (*%).

2
Pat t=l+x+l-x >0 = £ =2+2J1-x* & —x =1 2
t2_2 2
(**) = S Simler -2=061=2
_1
Khido, VItx+Vl—x=2e2+21-x* =2 <:>1—x2:O<:{x 1
x=-

Voéi x=1taco y=2, x=-1,taco y=0.
Vay hé c6 cac nghiém (1;2),(—1;0) .

Vidu 2. Giai h¢ phuong trinh

(r 1) (i) =1 (1)
xJ6x—2xy+1=dxy+6x+1 (2)

Giai. Diéu kién 6x—2xy+1>0 (*)

(1) ex+Vl+x’ =—y+4/1+)y° (3)
2
Xét ham sb f(t)=t+\/1+t2, f'(t)zl Vi+t™+t  |t]|—t

>
N J1+72

>0

t
_l_
V1+£2
Hamsé f (t) ludn ludn dong bién.
Khi d6 (3)<:>f(x) = f(—y) < x = —y, thé vao phuong trinh (2) ta dugc

2 2
xV6x+2x* +1=—4x* +6x+1 @(\/2)62 +6x+1 —gj _ 2

4

[ 2 +6x+1=3x
=

N2x2 +6x+1==-2x
2x* +6x+1=9x?
+) V2x* +6x+1=3x <:>{ x o x Sx=l=>y=-1

x20

2x* +6x+1=4x -
ST TP Ll bl PO T AT}

x<0 2 2
Doi chicu (*) ta co cae nghi¢m cua hé la (1;-1), [3 _jﬁ = +2\/ﬁj'
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Nhén xét. Hai vi du trén la hai hé phwong trinh dai s6 mdu myc véi phirong phdp gidi dang xét, tir viéc
chon ham s6 f (t ) dén bién doi sau khi thue hién phép thé dwa vé phwong trinh mét an. Vi du sau ddy,
ham s6 viéc xdy dung ham s6  f (t) phiec tap hon.

Vi du 3. Giai h¢ phuong trinh

{\/3x—1+4(2x+1)—\/ﬁ+3y (1)

(x+»)(2x-y)+4=—6x-3y  (2)

Gidi . Diéu kién : x>— >1 (*)
(2)<:>(x+y)(2x y) +4 = 4(x+y)—(2x—y) <:>(x+y+1)(2x—y+4)=0
oY= 4 (dox sy 12150
di—yrd=0 0TI AOETYTISS

Thay vao phuong trinh (1) ta duogc
Bx—1+2x-8=2x+3 & B3x-1+2(3x-1)=2x+3+2(2x+3) (3)
Xét ham s6 f(t) =2t>+t, t>0. f'(t) = 4¢+1> 0 Ham s6 ludn ludn dong bién trén [O; +oo).
Phuong trinh (3) viét thanh
f(@) - f(\/2x+3) S Br—1=2x+3 ox=4=y=12
Vay hé c6 nghiém (4;12).
Nhgn xét. Thoat tién, nhiéu nguwoi nhiéu ngwoi nghi dén viéc xdy dung ham sé f (l‘ ) twr phuong
trinh thir nhat boi hinh thirc cua no. Thuc té chua thé lam dwoc nhu vay. Chung ta thuc hién bien doi
thanh tich phwong trinh thit hai, thé vao phwong trinh thir nhdt, cuéi ciing ham sé f (Z) dwoc xdy dung

daé gidi phuong trinh mot an so.
Tiép theo, ta xét cach sir dung phwong phdp nay dé gidi hé phwong trinh chira mii va logarit.

Vi du 4. Giai h¢ phuong trinh

227 2" = (x4 y)fx+y —(2x—y)2x—y (1)
Yy -2(x-1) +1=0 (2)

( Dé thi HSG tinh Thanh Hod 2011-2012)
Giai. Diéu kién: x+y >0, 2x—y >0 (*¥)

(1)<:>22x7y+(2x—y)q/2x—y =2”y+(x+y)«/x+y 3)

1

Xétham s f (1) =2' +1t, 120, f'(t):2’1n2+%t2 >0Vi>0.
Ham s6 f(t) ddng bién trén [O;+oo).
Phuong trinh (3) <:>f(2x—y) = f(x+y)<:>x =2y
Thé vao phuong trinh (2) ta duoc

Yy +1=2(2y-1) (4)
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Pt 3y =2t 1, (4) tré thanh hé
t=(2y-1)
y=(2t-1)
Trir timg vé hai phuong trinh cta hé ta duoc
(=) 2(29=1) +2(2p=1) (2 ~1)+2(2 1) +1] =0
et=yvi2(2y-1) +2(2y-1)(2t-1)+2(2t~1)" +1>0 V1, .
Thé tro lai hé ta duoc
y=(2y-1) &8y’ -12y’ +5y-1=0c (y-1)(8)’ -4y +1) =0 y=1.
Vé6i y =1 =x =2, thod man (*). Vay hé c6 nghiém (2;1).

Vidu 5. Giai hé phuong trinh

Vet _ x*+1 (1)
' +1

3log,(x+2y+6)=2log, (x+y+2)+1 (2)

e

Gidi. Diéu kién
(*)
(1) e (x2 +1) =e” (y2 +1) 3)

ey
Xéthamsd f(¢)=e€'(t+1),t20. f'(t)=€'(t+1)+e =€ (1+2)>0 Vr20.
Ham s /() dong bién trén [0;+00). Phuong trinh (3) twong duong véi

() =1() o=y = 1

xX+2y+6>0 N
x+y+2>0

X ==y
(2)log, (x+2y+6)' =log,| 2(x+y+2)" | (x+2y+6) =2(x+y+2) @)
+) x =y thay vao (4) dugc (3x+6)3 = 2(2x+2)2
Theo diéu kién ban dau ta c6 2x+2>0=2x+4>2x+2>0.
Taco (3x+6) —2(2x+4)" =(x+2)"(27x+46)>0 = (3x+6)’ >2(2x+2)’ >0

Phuong trinh v6 nghiém.
+) x = —y thay vao phuong trinh (4) ta dugc

(~x+6) =22 (6-x) =8 ©6-x=2 ox=4 = y=—4, thod man (*).
Vay h¢ phuong trinh da cho ¢6 nghiém (4; —4) .

Vi du 6. Giai h¢ phuong trinh
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x3+x+log2(£j:8y3+2y+l (1)
y

, 1
- —=0 2
Vit (2)

x>0,y>0

( Dé HSG tinh An giang 2008-2009 )
Giai.
(1) ox’+x+log,x=8)y+2y+log,y  (3)
Xét hamsd [ (¢)=1 +1+log,1,¢>0.

1
"()=3"+1+——>0 V>0
f() tin2

:>f(t) dong bién trén (0;+o0)
Phuong trinh (3) <:>f(x) = f(Zy) Sx=2y
Thé vao phuong trinh (2) ta duoc

2

y:

=x=1

Sy= (d0y>0)

-
0o | —

1
Vay hé c6 nghiém (1;5)
Nhén xét. Qua cdc vi du dd néu, ching ta thdy kha ndng nhdn biét ham sé don diéu ddc trung
f (Z) hét sitc quan trong. Ngodi ra, phdi c¢é ky ndang bién doi dong nhdt dé bién doi phwong trinh di

dén xdy dung ham sé ddc truong ciing nhw dé gidi phwong trinh mét an sau khi thire hién phép thé.
Chung ta ket thiic muc nay bang mot hé chira tham so.

Vi du 6. Tim tit ca cac gia tri cia m dé hé phuong trinh sau ddy c6 nghiém
¥ —12x-y +6y° -16=0 (1)

4x2+2\/4—x2 —5\/4y—y2 +m=0 (2)

Giai. Piéu kién
—2<x<L2
I
<y<
()ex -12x=(y-2) -12(y-2) @3)
Xéthamsb f(¢) =1 —12t, te[-1;2]. Taco f'(t) =3¢ -12=3(¢ -4) <0Vt &(-2;2).
Ham s6 f(t) nghich bién trén [—2;2] . Ttr (*) ta thiy y—2€[—2;2].
Phuong trinh (3) <:>f(x)=f(y—2) Sx=y-2.
Thay vao phuong trinh (2) ta dugc
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3W4—x"—4x’ =m (4)
H¢ phuong trinh da cho c6 nghi¢ém khi va chi khi phuong trinh (4) ¢6 nghiém trong [—2; 2] :

. —3x 3
Xétham sd g(x)=3v4-x* —4x*, x e[-2;2]. g'(x)z\/i—sz—x( +8j
4-x°

4-x°
g'(x)=0<:>x=0.
g(0)=6, g(-2)=g(2)=-16 :g%%g(x):—m, I[{lz?ﬁg(x):6

Vay hé phuong trinh da cho c6 nghiém khi va chi khi =16 <m <6.

2. Dy doan tap nghiém, chirng minh khéng con nghiém khac nira.

Phuong phdp: -  Puwa hé vé phirong trinh mét an dang f(x) =0.
- Chi ra phuong trinh f'(x) =0 ¢6 k nghiém, chirng to f(x) =0 ¢6 nhiéu
nhdt k+1 nghiém.
- Liétké k+1 nghiém cia f(x) = 0va khang dinh dé la tdp nghiém phwong
trinh. Tir do suy ra tap nghiém cua hé .

Dung ra, day 1a mot phuong phéap giai phuong trinh mot 4n sd, chung t6i trinh bay ¢ day vi n6
duoc su dung kha nhiéu trong vi¢c giai hé phuong trinh.

Vi du 1. Giai hé phuong trinh
y—x+1+2=Vx+1+42-x (1)
{2x3—y3+x2y2=2xy—3x2+3y (2)
( Dé thi chon HSG tinh Qudng Ngai )
Gidi. Picukién —1<x<2. (%)
(2)<:>2x(x2—y)+y2(x2—y)+3(x2—y):O <:>(2x+y2+3)(x2—y):0
Sx'—y=0y=x" (do didukién (*)suyra 2x+3° +3>0 )
Thay vio (1) ¢6 x* —x—vx+1-v2-x+1+42=0 (3)
f(x):xz—x—\/:—m+l+\/§,xe[—l;2]
1

' — —1_ 1 +

S T e
()2 s 1 N 1
fr(x)=2 A(x+1)V1+x  4(2-x)V2-x

>0Vxe (—1;2).
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Do d6 f'(x) ddng bién trén (—1;2) va phuong trinh f'(x) =0 c6 khong qua mdt nghiém.
1 \ .
Mat khac f '(Ej =0 nén f '(x) =0 c6 mot nghiém. Tu d6 phuong trinh f (x) =0 c6 nhiéu nhat

hai nghiém.

X
Mat khac, ta co f(O) = f(l) =0 nén phuong trinh (3) c6 hai nghiém {

x=l=y=1 x=0=y=0
Vay hé¢ c6 nghiém (O;O), (1;1).

Vi du 2. Giai hé phuong trinh
{x +y+2= 3\/m
logxw |:4<x_ y)] =x=y
‘ ( DBé thi HSG tinh Thanh Hod 2009-2010)

Giai. Bicu kién

x+y>0

x+y=#l1

x—y>0
H¢ phuong trinh da cho twong duong véi

Jx+y =1

x+y=2

2
(,/x+y) -3Jx+y+2=0 - [

log.., [4r=r) J=x= log,., [4(x=y)]=x-»
(2)=4(x-y)=4" = 4(x—y)-4""=0 (3)
bit x—y=1>0 , phuong trinh (3) thanh 47 —4' =0 (4)
Xét ham s6 f(t)=4t—4’, t>0,

{x +y=4 Q)
=
4(x—y)=4"_y (2)

f'()=4-4'4. f(t)=0c4-4'M4=0 <:>t:10g4%>0
n

Vay phuong trinh f '(Z) =0 c6 nghiém duy nhat suy ra phuong trinh f (x) =0 c6 nhiéu
nhét hai nghiém, tirc (4) khéng qua hai nghiém.
t=

Lai thdy f (1) =f (%) =0 nén (4) c6 hai nghiém

1
1
2
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5
xX==
. x+y=4 2
+) t=1 kéthop (1) taco = .
x—y=1 _3
4 2
x+y=4 ng
+)t=0 taco 1 & 4
TYES o |y=2
4
Vay hé c6 nghiém la 2,3 , 2,3 .
22)\4 4
Vi du 3. Chimng minh rang hé phuong trinh
¢+ 2 =2013
y -1
¢ +—— =2013
2
x =1
luon co6 hai nghiém phan biét x, y thoaman x>1, y >1
Giai. H¢ phuong trinh da cho twong duong voi
" =2013-—2 (1)
2
y =1
L S | (2)
x’ -1 y' -1

Xét ham so

Do d6 f(t) ddng bién trén (1;+oo).
2)ef(x)=rr)ex=y

Phuong trinh (1) thanh e* + - =2013 (3)
x =1
Xéthamsd g(x)=e"+ j —2013, x e(1;+x).
x =1

'(x)zex—%; "(x)zex+LS>OVx>l.
T e
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Ta co lijgg'(x) = —o0, xlirgog'(x) =400 , ngoai ra g'(x) lién tuc trén (1; +oo) nén c6 ding
mot nghiém Xx, trén khoang nay. Tur do ta két luan phuong trinh g(x) =0 c6 nhiéu nhat hai nghiém
trén (1;+00).

RO rang g(x) lién tuc trén (1; +oo) ,

li_r)?g(x) = 400, g(Z) =e’-2011<0, xlirgog'(x) = 400

Nén phuong trinh (3) c6 nghiém thudc (1;2) va c6 nghi¢m thudc (2; +oo). Nghia 1a (3) c6 it

nhét hai nghiém trén (1; +oo) :
Tur d6 ta két luan phuong trinh ¢6 (3) c6 dung hai nghiém va do d6 hé c6 ding hai nghi¢m.
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