Loi giai dé nghi VMO 2010

Tran Nam Diing — Truong PH KHTN — PHQG TP.HCM
(Chu y day chi la dap an tham khao, khong phai la dap an chinh thirc)

Bai 1. Giai hé phuong trinh
xt—y* =240
X —2y3 = 3()62 —4y2)—4(x—8y)
Gidi.
Céch 1. Nhan phuong trinh thtr hai v6i -8 r6i cong véi phuong trinh tht nhét, ta
duoc
x*— 8x* +24x* — 32x + 16 = y* — 16y’ + 96y - 256y +256
@ (x2)' =4’
& x-2=y-4vx-2=4-y
& x=y-2vx=6-y
Thay vao phuong trinh dau, ta duoc
(1) -8y’ +24y* =32y + 16 =240 &y’ —3y* +4y+28=0
& (yH2)(y>-5y+14) = 0. Suy ra y = -2 va x =-4.
(2) =24y’ + 216y — 864y + 1296 =240 <y’ —9y* +36y—44=0
O (y-2)(y*-Ty+22)=0.Suyray =2 vax = 4.
Vay hé di cho c6 2 nghiém 1a (x,y) = (-4, -2) va (x, y) = (4, 2).

Céch 2. (Theo y tudng ctua Vo Qudc Ba Can) Bit y = 2t thay vao phuong trinh va
viét lai h¢ dudi dang

x*+16=16(t* +16) (1)

' =3xT+4x=16(t> -3t +4t) (2)
Nhan chéo 2 phuong trinh nay, ta dugc

(x*M16)(-3t+4t) = (t+16)(x-3x*+4x)  (3)

D& thiy néu (x, t) 12 nghiém cua hé thi xt # 0 nén ta chia hai vé ctia phuong trinh
trén cho x*t* thi duoc

(x? +¥)(r—3+i):(t2 +¥)(x—3+i)
X t t X

T day néu dat u=x+4/x vav=t+4/t thitacé phuong trinh

(u>-8)(v-3) = (v>-8)(u-3)
& ulv—viu -3V + 8(u-v) =0
& (u-v)(uv-3@utv)+8)=0 (4)
Tir (1) ta suy ra rang x va t cung dau. Do d6 4p dung bat ddng thitc AM-GM ta d&
dang suy ra u, v hodc cung > 4 hoac cung < -4. Suy ra (u-3) va (v-3) luoén 1én hon
hay bang 1 hodc luon nho hon hay bang -7. Suy ra uv — 3(u+3) + 8 = (u-3)(v-3) —
1 > 0. D4u bang chi c¢6 thé xdy ra khiu=v =4.



Tur 1y ludn trén va tir (2) ta suy rau = v, tr d6 suy ra x =t hodc x = 4/t.

Trudng hop x = t. Thay vao phuong trinh (1) ta duge t* + 16 = 16(t*+16), vo
nghiém.

Trudng hop x =4/t. Thay vao phuong trinh (1), ta duoc 256/t" + 16 = 16(t*+16)
&+ 15t =16 =0 < (t*-1)(t*+16) =0 Suyrat== 1. Tir d6 ta dugc cac nghiém
(x,y)=(4,2)va(-4,-2).

Nhén xét. Loi giai 1 kha ngin gon nhung do6 la 1 y tuong khong dé nghi ra. Néu
nhu dat x = 2u, y = 2v va dua vé hé phuong trinh

ut—v* =15
2’ —=2v’) =3’ —4v*) = 2(u —8v)
thi c6 1& s& dé nhin thﬁy céc hé sd nhi thirc hon.

Du sao thi day 1a mét y tuong khong méi. N6 déa dugc sir dung & VMO 2004, bang
B. Tham chi xét vé 1 mét nao dé thi bai VMO 2004 con khé hon bai nam nay.

Cu thé bai VMO 2004 nhu sau:

Giai hé phuong trinh sau :
x* +3xpy® =49
x* —8xy+y’ =8y—17x.

Cach giai dap an cua bai nay nhu sau: Datx +y =u, x -y =v thi x =(utv)/2,y
=(u-v)/2 va h¢ c6 thé dua vé dang
u +v’ =-98
{— 3u® +5v* = —9u —25v
Sau d6 nhan phuong trinh thir hai voi 3 r6i cong v6i phuong trinh thir nhét thi
duge (u-3)° +H(v+5)° = 0.

R rang cach giai ndy twong ing voi cach giai thir nhat cia VMO 2010.
Tuy nhién, bai VMO 2004 con ¢6 1 cach gidi don gian hon 1a nhan phuong trinh
thir hai (ctia hé ban dau) voi 3 161 cong vdi phuong trinh thir nhat va dua vé dang

(x+1)((x-1)*+3(y-4)%) =0.

Bai 2. Cho diy s (a,) x4c dinh boi

a;=5, a,=4%/a’ | +2""+23"" v6imoin=2,3,4, ...

a) Tim cong thic tong quat tinh a,,.
b) Chung minh day (a,) giam.



Gidi. ‘
a) Tu cong thuc truy hoi ta suy ra
al =al +2"+23""
Thay n bang n-1, n- 2 ., 2 ta dugc
a;jf—an ;42" 423"
a; =a; +2'+2.3'
Cong cac dang thirc trén vé theo vé rdi gian wdc cac s hang bang nhau & hai vé ta
duoc

al =a; +y (2" +23)=542"-2+3"-3=2"+3"
k=2

Trdoésuyra a,=4%2"+3".
b) Dé chimg minh a, 14 diy giam, ta viét
(@)™ =42" +3" (2" +3")>3(2" +3")>2"" +3". (Do 42" +3" >3)
Tur day suy ra

_ nt n+l n+l
a,="N2""+3"" =¢q_,

Nhén xét. Gidng nhu bai 2 ndm ngoai, bai nay la bai cho diém. Loi giai phan b)
trinh bay trén day co thé coi 1a gon gang nhit. Co thé chirng minh bat dang thirc a,
> a,;1 bang nhiéu cach khac nita nhung déu ruom ra hon.

Bai 3. Cho duodng tron (O). Hai diém B, C ¢6 dinh trén dudng tron, BC khong phai
duong kinh. LAy A 1a mot diém trén duong tron khong trung véi B, C. AD, AE la
cac duong phan giac trong va ngoai ciia goc BAC. I 1a trung diém cua DE. Qua
tryc tim tam gidc ABC ké dudng thing vudng goc voi Al cit AD, AE tai M,N.
a) Chtng minh ring MNIuén di qua mét diém cé dinh.
b) Tim vi tri diém A sao cho dién tich tam giac AMN 16n nhat.
Gidi. Goi 2a. 14 d6 16n cung nhé BC. Khi d6 goc BAC bing a hodc 180%-a. .
a) Goi X 1a diém ddi xtng ciia O qua BC suy ra X c6 dinh.
Ta c6 OX = 2d(0O;BC) = 2Rcosa = AH, OX // AH (vi cung vudng goc voi BC)
nén AOXH Ia hinh binh hanh. Suy ra AO // HX (1).
Lai c6 (CBDE) = -1 nén theo hé thirc Newton
=> JD* = JBIC, ma IA = ID (tam gidc ADE vuéng tai A)
=> J4* = [B.IC => 1A tiép xuc (O)
=1A 1L OA (2)
Tu (1) va (2) suyra XH L Al, ma MN di qua H va L Al =>M, N, X thang hang.
Vay MN di qua X ¢6 dinh (dpcm).
b) Ta c6 ZOAC = (180°-A0C)/2 = 90° - ZABC = ZHAB va AD la phan giac
/BAC.



Suy ra AD ciing 1a phan giac goc OAH. Ma AE L AD suy ra AE la phén giac
ngoai goc OAH => (AO; AH; AD; AE)=-1. Ma AO //MN suy ra H Ia trung diém
cua MN.

Suy ra SAMN = 2SAHN = HAHNSIH(ZAHN)
Ma tam gidc AMN vudng tai A nén HN = HA = 2Rcosa khong ddi. Hon nita

Tir d6 suy ra Sawn dat gid tri 16n nhét bang 4R’cos’a khi ZAHN = 90°. Diéu nay
xay ra khi va chi khi ZAOX = 90°. Tir d6 suy ra c6 hai vi tri 3 SAMN dat gi4 trj
16n nhat 1a hai dau mut cia duong kinh vudng goc voi OX (tirc 1a song song voi
BO).

Nhan xét. Loi giai trén day dung dén hang diém diéu hoa va chum diéu hoa.
Chung ta c6 thé khong dung dén céac kién thurc nay ma chi sir dung cac tinh toan
vé goc.

Bai 4. Chiang minh rang v6i moi n nguyén dwong, phuong trinh x> + 15y = 4" ¢o
it nhat n nghiém ty nhién.

Gidi.
Ta chimg minh bang quy nap theo n. Véin = 1 ta c6 nghiém (2; 0),véin =2 ta c6
nghiém (4 ;0) va (1 ;1). D& thy rang néu (x, y}), (X2, ¥2) -..(Xn, ¥a) 1a n nghiém
phan biét cua phuong trinh

x>+ 15y> =4"
thi (2x, 2y1), (2x,, 2y2) ...(2X,, 2y,) 1a n nghiém phan bi¢t cua phuong trinh

X2 + 15y2 — 4n+l
Va cac nghiém nay déu co x, y ciing chin. Do d6 dé thuc hién phép ching minh
quy nap, ta chi can chirng minh b dé sau:

B6 dé: V&i moi n > 2, phuong trinh
x>+ 15y° = 4"

c6 nghiém (x, y) ma x, y cung 1¢é.

Chtng minh. Vi n = 2 ménh dé dang (x=y=1). Gia sit (x, y) 12 nghiém cta

phuong trinh
x>+ 15y* =4"
voi x, y 1. Xét cip cac sb (x+215y;‘ x;y |j, (| x—215y kx;yj' D@ dang kiém tra

dugc chung déu 1a nghiém tir nhién cta phuong trinh
X2 + 15y2 — 41’1+1 w
Bay gio, do x, y cung 1¢ nén chi c6 thé xay ra hai truong hop.



1. x vay cing dong du véi nhau theo modun 4 (d6ng du 1 hodc 3). Khi d6 cip
nghi¢m thr hai 1a cap nghi€ém Ié.

2. Trong haisb x vay c6 1 sb chia 4 du 1 va 1 s chia 4 du 3. Khi d6 cip
nghiém thr nhat 13 cip nghiém 1¢é.

B6 dé duoc chirng minh va bai toan dugc giai quyét hoan toan.

Nhén xét.

R rang ¥ twdong nhan doi nghiém cua phuong trinh voi tham sé n dé duoc nghiém
cua phuong trinh v6i tham s6 n+1 1a khé hién nhién. Piém mau choét cua 101 giai 1a
tim thém 1 nghiém khéc.

Y tudng xét bd nghiém nhu trong 161 giai dén tir hing dang thire Fibonacci quen
thude (x*+Dy?)(z*+Dt%) = (xz+Dyt)* + D(xt-yz)* = (xz-Dyt)* + D(xt+yz)".

Bai to4n ndy c6 18 c6 xudt xi tir bai Moscow MO nam 1985. Cu thé nhu sau:

, . N . A & A <A 1y r. 2 2
Chitng minh rang moi so 2" voi n > 3 deu biéu dien dwoc dudi dang 2" =7x" +y
VOl x, y la cac so nguyén le.

Y tuong giai trong dap an MMO gidng nhu bd dé & trén (hay nguoc lai thi dung
xty, Tx-y 0 (Ix—yl.| Tx+y 0
2 b b M

2 2 72

hon!): Xét cac cdp nghiém (

Chinh bai toan nay sau nay con dugc su dung tai vong 3 cia Bulgarian MO nam
1996.

Bai 5. Cho bang 3 x 3 va n 1a mét s nguyén dwong cho trude. Tim sb cac cach to
mau khong nhu nhau khi t6 mdi 6 béi 1 trong n mau.

Hai cach t6 mau goi la nhu nhau néu 1 cach nhin dugc tir cach kia boi 1 phép
quay quanh tam.

Giai.
Bl | Al | B2
A4 | C | A2
B4 | A3 | B3

Ta danh s6 cac 6 vudng nhu hinh v&. Ta nhan thdy chi ¢6 3 phép quay bién hinh
vuong thanh hinh vuong la cac phep quay cac goc 90°, 180° va 270° theo chiéu
kim ddng hd (phép quay 360° giit nguyén hinh vudng).



Qua cac phép quay noi trén thi C luon khong dbi. Vi phép quay 90° thi A; > A,
2> As; 2 Ay 2 A;va By 2 B, 2 B; 2 By 2 B,. Tuong tu vdi phép quay 270°
thiAl 9A49A39A29A1VE‘1 B1 9B49B3 éBzéBlDOd(’)CéCphép
quay nay sé& tao ra mot phép to gidng nhu cii khi va chi khi cac 6 A dugc to clng
mau va cac 6 B dugc t6 cung mau.

Véi phép quay 180° thi Aj <-> A3, Ay <-> Ay, By <-> Bs, B, <-> B, do d6 phép
quay nay tao ra mot phép té6 giong nhu cii khi va chi khi cac cap 6 (Aj, Aj), (A,
Ay), (By, B;3), (B,, By) dugc t6 cung mau.

Bay gio ta bat dau dém s6 cach t6. C6 n cach t6 mau 6 C. Trong s6 cac cach to
mau 8 6 xung quanh, ta chia lam 3 loai.

Loai 1. Gom céc cach t6 ma cic 6 A dugc to cing mau va cac 6 B duoc to cling
mau. C6 n cach chon mau dé to cac 6 A va n cach chon mau dé to cac 6 B. Suy ra
c6 n” cach to loai 1. V6i loai nay thi cac phép quay ndi trén khong tao ra cach to
md&i nén sb cac cach to loai 1 khong thu duoge tir nhau qua cac phép quay la n’.

Loai 2. GOm cac cach t6 ma cac cap 0 (A, Aj), (As, Ay), (Bl, B5), (B,, B4) duogc to
cung mau nhung cac cach t6 nay khong thude loai 1. D& thdy C6 n* — n’ cach t6
nhu vy (chua ké dén su trang nhau qua phép quay). Vi loai nay thi phép quay
cac goc 90° va 270° s& tao ra cac cach to méi (s& phai loai di bét) nhung hai cach
t6 nay trung nhau. Nhu vy c6 (n*-n®)/2 sb cach t6 loai 2 khong thu duoc tir nhau
qua phép quay.

Loai 3. Gom céc cach to ma it nhat 2 6 trong 4 cip noi trén duoc to khac mau. D&
thdy c6 n® — n* cach t6 nhu vay. Tuy nhién, mdi mot cach to s& twong tng thém
v6i 3 cach t6 khac thu dugc qua phép quay 90°, 18° va 270°. Nhu vay sb cach to
loai 3 khong thu duoc tir nhau qua phép quay 1a (n® — n*)/4.

Nhu vy, s0 cach t6 can tim la

N 2+n4—nz+ng—n4 n’ +n’ +2n’°
=nln = .
2 4 4

Nhén x¢ét. Bai nay c6 thoi gian va binh tinh thi khong kho. Tuy nhién trong ap luc
phong thi thi phai rat ban linh méi dam lam. Va day cling thudc dang bai de sai
dap sb.

Vé dang bai tuong tu thi c6 mot sd bai sau (tuy nhién d& hon bai VMO ctia minh
kha nhiéu).



(AIME 1996) Hai 6 cua hinh vuong 7 x 7 dugc t6 bang mau vang. Cdc 6 con lai
dwoc t6 bang mau dé. Hai cdch té dwoc coi la twong duwong nhau néu chiing cé the
thu dwoc tir nhau bang mét phép quay trén mdt phang ciia hinh vuéng. Dém sé
cdc cach té mau khong tuwong duwong.

(Kvant, trong bai bdo viét vé dinh Iy nhé Fermat ciia Senderov va Spivak). Buong
tron dwgc chia thanh p cung bang nhau, trong dé p la sé nguyen t6. Hoi co bao
nhiéu cdch t6 cac cung bang a mau. Hai cdch t6 dwoc coi la giong nhau néu cé
thé thu dwoc tir nhau bang mét phép quay.

Ci,—24 24

Dap sb bai AIME 1a 7 =300 (ban co thdy c6 nét giéng?).

p_ 7
¢ +a.Chu y tir ket qua nay ta suy ra dinh ly nhé Fermat.
p

Dap s6 bai Kvant 1a ¢




