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GIGI THIEU

Ky thi Olympic Toan hoc 14n thit 27 danh cho sinh vién cac trudng dai hoc,
cao ddng, hoc vién va hoc sinh phé théng cac trudng chuyén trong ca nudc
da dién ra tai Tru’(‘jng Dai hoc Nha Trang tu 1-7/4/2019. Quyén ky yéu nay
cht yéu danh dé tap hop lai mot so bai dé xuét clia cac trudng tham du ky
thi v6i mong mubn cung cip thém mét tal liéu tham khao cho nhiing nguoi
quan tam. Do thoi glan bién tép kha ngin nén ngoai mét sb bai duge bién
tap tuong dbi ky cang, c6 mot sb bai ching t6i gilt nguyén cach trinh bay
nhu dé xuét, cong tac bién tap trong trufdng hop dé 1a danh may lai, kiém tra
tinh chinh xac vé ndi dung va chinh ta.

Nhom bién tap



THONG TIN VE KY THI

Ky thi Olympic Toan hoc Sinh vién - Hoc sinh 14n thtt 27 di dudc Hbi Toan
hoc Viét Nam va Trudng Dai hoc Nha Trang phoi hop t8 chiic trong cac ngay
1-7/4/2019 tai Trubng Dai hoc Nha Trang, Khanh Hoa. C6 2 bang A-B danh
cho 77 doan sinh vién dai hoc va mét bang danh cho 12 truong phc; thong
chuyen Tong cong da c6 797 ludt thi sinh du thi. Ban t6 chitc da quyét dinh
trao so lugng giai thudng nhu sau:

Khéi sinh vién: Mén dai sb c6 33 gidi nhit, 51 gidi nhi, 81 giai ba. Mén Giai
tich c6 30 gidi nhit, 52 gidi nhi, 75 giai ba. C6 06 giai dic biét cho cac sinh
vién dat th khoa mdt mén hoic gidi nhit cd hai mon. dic biét nim nay ban
Vuong Dinh An (Pai hoc Bach Khoa Ha Néi) dat thti khoa ca hai mén.

Khéi hoc s1nh C6 6 huy chuong vang, 13 huy chuong bac va 17 huy chu’dng
ddng. Ban t6 chiic phbi hop v6i Quy Lé Van Thiém trao phan thudng cua quy
cho 9 hoc sinh c6 thanh tich tbt nhit hodc da vuot khé dat thanh tich tht.

Ngoai ra, 108 nit sinh (sinh vién va hoc sinh) dat giai da dugc nhéin phan
thudng cta GS. TSKH. Pham Thi TrAn Chéau, cha tich Hoi Phu nit tri thic
Viét Nam.
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Phan I

DE THI






DE THI CHINH THUC

1 Dai sb
1.1 BangA

BAI 1. Cho cc sb thuc a, b thod min a + b > 2 va ma trin

1 a 1 b
al b1
A_lbla
b 1 a 1

Bién luin theo a, b hang cia ma tran A.
BAI 2. M6t nha mdy san xuét nidm loai san phdm A, B, C, D, E. M&i loai phai
qua nam cong doan cat, got, dong goi, trang tri va dan nhan véi thdi gian
cho moi céng doan nhu trong bang sau:

Cit Got | bdéng goi | Trang tri | Dan nhan
Sdn phdm A | 1gio | 1 gio 1 gio 1 gio 1 gio
San phdam B | 4 gid | 3 gio 3 gio 2 gio 1 gio
San phdm C | 8gio | 12gi6 | 6 gio 3 gi6 1 gio
San phdm D | 12 gid | 15gid | 10 gio 4 gi6 1 gio
San pham E | 20 gio | 24 gio | 10 gio 5 gio 1 gio

Cac bd phén cit, got, déng g6i, trang tri, dan nhan c6 sb gid céng toi da trong
mot tuan lan lugt 1a 180, 220, 120, 60, 20 gid. Trong thiét ké ban d4u ctia nha
may co phuong an vé sb lugng mbi loai san phadm nha may phai san xuét
trong mot tuan dé st dung hét cong suat cac bd phan. Tinh s6 luong mbi loai
san phdm dudc san xudt trong mét tuin theo phuong an do.

BAI 3. Trong khong gian véc to V gbm cac da thitc hé sb thuc ¢ bic nhé hon
7, cho cac da thtc

Bi=2'(1—2)%"%i=0,1,...,6.

Chitng minh rang



(a) Céc da thitc By, By, ..., Bg 1a dbc 14p tuyén tinh trong V;
(b) C6 thé bd di mot da thite B; ndo dé sao cho cac dao ham By, ..., B4,
B! ., B} 1a dbc 1ap tuyén tinh.

Z+17 ..
BAI 4. Mot day so nguyén ay, as, . . ., a, dudc goi la rdng cua néu a; < as,
Ao > Az, Az < A4, ..., hay noi cach khéc, Aop—1 < Ao vGi m01 0<2k<n va

Qo) > A9k+1 vOi 1’1'101 1<2k4+1<n.
(a) Co6 bao nhiéu day rang cua a,as, a3 sao cho 1 < a; < 5 v6i moi

i=1,2,3?
(b) Cb bao nhiéu day rang cua ay, as, as, as, as sao cho 1 < a; < 5 véi moi
i=1,...,5?

BAI 5. Cho c4c ma trdn thuc A, B ¢6 n x n thod man A = A*B. Gia st A, B
c6 cung hang. Chiing minh rang
(a) Cac hé phuong trinh AX = 0 va BX = 0 c6 cung tap nghiém trong
R";
(b) AB = (AB)?
(c) B = B*A.

1.2 BangB

BAI 1. Tinh hang ctia ma trin

35 79
5 8 11 14
7 11 15 19
9 14 19 24

BAI 2. M6t nha mdy san xuit nim loai sdn phdm A, B, C, D, E. Mdi loai phai
qua nam cong doan cat, got, dong goi, trang tri va dan nhan véi thoi gian
cho moi céng doan nhu trong bang sau:

Cat Got | Dong gobi | Trang tri | Dan nhan
San phdm A | 1gio | 1 gid 1 gio 1 gio 1 gio
San pham B | 4 gio | 3 gio 3 gio 2 gi6 1 gio
San phdm C | 8giv | 12gi6 | 6 gio 3 gid 1 gio
San pham D | 12 gid | 15gio | 10 gio 4 gi6 1 gio
San pham E | 20 gio | 24 gio | 10 gio 5 gio 1 gio

Cac bd phén cit, got, déng g6i, trang tri, dan nhan c6 sb gid céng tdi da trong
mot tuan 1an lugt 1a 180, 220, 120, 60, 20 gid. Trong thiét ké ban dau ctia nha
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mdy c6 phuong 4n vé sb lugng mbi loai san phim nha mdy phai san xuét
trong mot tuan dé st dung hét cong suat cac bd phan. Tinh s6 luong mbi loai
san pham dudc san xuit trong mét tuin theo phuong an dé.

BAI 3. Trong khong gian véc to V gbm cac da thitc hé sb thuc ¢ bic nhé hon
7, cho cac da thtic

Bi=2'(1—2)"%i=0,1,...,6.

Chitng minh ring

(a) Cac da thtc By, By, ..., Bg la doc 1ap tuyen tinh trong V;

(b) C6 thé bd di mét da thitc B; nao d6 sao cho cac dao ham By, ..., B._,,

Bi,1, ..., Bgla doc lap tuyen tinh.

BAI 4. Mot day sO nguyén ay, as, ..., a, dudc goi la rang cua néu a; < as,
as > as, az < ay, ..., hay noi cach khac, as,_; < ag v6i moi 0 < 2k < nva
Qo) > A2k+1 vGi m01 1<2k+1<n.

(a) Co6 bao nhiéu day rang cua a;,as, a3 sao cho 1 < a; < 5 v6i moi

1=1,2,3?
(b) Co6 bao nhiéu day rang cua a,, as, as, as, as sao cho 1 < a; < 5 v6i moi
i=1,...,5?

BAI 5. M6t ma trin thuc c6 cac phan ti chi gdbm cac s6 0 va 1 dugc goi 1a ma
tran 0 — 1.
(a) Ky hiéu o va 3 1a cac gia tri nhd nhét va 16n nhit cda dinh thic cac
ma trdn 0 — 1 vudéng ¢6 3 x 3. Tinh « va 3.
(b) Cho Alamotma trdn 0 — 1 ¢d 3 x 3. Gid st A ¢o ba gia tri riéng la cac
s6 thuc duong. Chting minh ring cac gia tri riéng ctia A déu bang 1.

2 Giai tich

2.1 Bang A

BA1 1. Cho (z,,)2, 1a ddy sb dugc xac dinh bdi cac diéu kién

Tn

2+ x,

x1 =2019, zp1 =In(l+2z,)— Vn > 1.

1. Chitng minh rang (Tn)nzy la mot day s6 khong Am.
2. Chting minh rang ton ta1 s6 thuc ¢ € (0,1) sao cho

|Tpi1 — zp| < |y —xp_q| VYN >2.



3. Chitng minh ring day (z,)>, c6 giéi han hitu han. Tim giéi han do.

BAI 2. Goi D 1a tip hop tht ca cac ham sb f : R — [0, +00) sao cho
f(x) = fY)l < |z —y| véimoiz,yeR.
Vi 20, yo 12 hai s thuc di duge cho trude, hiy tim

max|f(zo) = f(yo)|-

feD

BAI 3. Mot doanh nghiép san xult 6-t6 c6 ham san xuit 13 ham Cobb-
Douglas:

Q=K3iL3;
trong d6, K va L 1an luot ky hiéu s6 don vi vén tu ban va sb don vi lao dong
ma doanh nghiép thué dudc, con Q ky hiéu sb 6-t6 san xuit ra duoc.
Gi4 st gia thué mot don vi von tu ban 13 wy, gia thué mét don vi lao dong
13 w, va, ngoai chi phi thué lao dong va vén tu ban, doanh nghiép con phai
chiu mot chi phi ¢b dinh 13 C. Khi d6, ham sb

C:ka+wlL+C’0

mo ta tong chi phi ma doanh nghiép phai bé ra, thudng dudc goi 1a ham chi
phi sdn xudt.

Ni#m 2019 doanh nghiép du dinh san xut 2000 chiéc 6-t6. Néu ban 1a chi
doanh nghiép, d€ chi phi san xut 13 thAp nhAt, ban sé thué bao nhiéu don vi
v6n tu ban va bao nhiéu don vi lao dong trong nim 2019 biét réng C, = 100,
w; = 4 va Wy, = 8?

BAI 4. Cho f 13 mét ham sb kha vi lién tuc trén [0, 1] va ¢6 f(1) = 0.
1. Chiing minh rang

/ @)l < / (@) de

2. Tim vi du v& mét ham s6 f kha vi lién tuc trén [0, 1], v6i f(1) = 0, sao
cho

[ 1ieiar < [

BAI 5. Cho f : [0,400) — [0,400) la mOt ham s6 lién tuc va don diéu
khong tang.
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1. Gi4 st ton tai gi6i han:

T——+00

lim (f(x)+/0xf(t)dt> < +o0.

Chiing minh rang
lim zf(x) =0.

T—r+00

2. Tim vi du vé mét ham s6 f : [0,400) — [0, +o0) lién tuc, don diéu
khoéng tang, sao cho

T—>+00 T—+00

lim (f(x)—i— /0 ' f(t)dt) ~ oo va  lim zf(z) = 0.

2.2 BangB

BAI 1. Cho (z,)>, 1a ddy sb dudc xac dinh béi cac diéu kién

2x
— 2019, .4 =In(1+z,) — —" Yp > 1.
1 , Tpyr = In(1+x,) o n >

o0

Chitng minh riang (74)nzy la mot day s6 khong am.
2. Chtng minh rang ton tai so thuc ¢ € (0, 1) sao cho

—

[Tt — xn| < clx, — x| VYn > 2.

3. Chitng minh ring day (z,)>, c6 giéi han hitu han. Tim giéi han do.
BAI 2. Ham s6 f : R — R dudgc cho bdi cong thitc

1 7
In(1+ 2?)cos— néuxz # 0,
o) = ( ) cos — #

0 néu x = 0.

Tim f'(x) khi z # 0.
Tim f'(0). )
. Xét tinh lién tuc ctia ham s6 f’ tai diém 2 = 0.

wn e

BAI 3. M6t doanh nghiép san xuit 6-t6 c6 ham san xuit 13 ham Cobb-
Douglas:
2 1
Q = K3L3;
trong d6, K va L 1an luot ky hiéu s6 don vi vén tu ban va sb don vi lao dong
ma doanh nghiép thué dudc, con Q ky hiéu s6 6-td san xuat ra dugc.
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Gia st gia thué mot don vi von tu ban 13 wy, gia thué mét don vi lao dong
la w; va, ngoai chi phi thué lao ddng va von tu ban, doanh nghiép con phai
chiu mot chi phi ¢6 dinh la €. Khi d6, ham so

C:ka+w1L+C’0

mo ta tong chi phi ma doanh nghiép phai bé ra, thudng dudc goi 1a ham chi
phi sdn xudt.

Nim 2019 doanh nghiép du dinh san xuit 2000 chiéc 6-t6. Néu ban 13 chi
doanh nghiép, d€ chi phi san xut 13 thip nhAt, ban sé thué bao nhiéu don vi
vbn tu ban va bao nhiéu don vi lao dong trong nim 2019 biét ring C, = 100,
w; = 4 Vél Wy = 8?

BAI 4. Cho f 1a mét ham sb kha vi lién tuc trén [0, 1] va ¢6 f(1) = 0.
1. Chitng minh rang

/ | f(@)lde < / (@) de

2. Tim vi du vé& mét ham sb f kha vi lién tuc trén [0, 1], v6i f(1) = 0, sao
cho

[ 1ieide < [ airwis

BAI 5. Cho f: [0,+00) — [0,+00) la mét ham s6 lién tuc va don diéu
khong tang.
1. Gia st ton tai gi6i han:

lim (f(x) +/Ox f(t)dt) < +o0.

T—>+00

Chitng minh rang
lim xf(z) = 0.

T—>+00

2. Tim vi du vé mét ham sb f : [0,400) — [0, +00) lién tuc, don diéu
khong tang, sao cho

T—+00 T—+00

lim (f(x)—k/oxf(t)dt) =400 va lim zf(z)=0.
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I\? n
3 Pho thong

3.1 Daisbd

Thi sinh duodce st dung két qua clia cdc ciu trudce trong ching minh clia ciu
sau. Néu mot cidu dudce chiing minh khong dua vao két qua cia cac ciu trude
thi c¢6 thé dung dé chiing minh cac cau trudc.

Quy tac dau Descartes va mot so ung dung
A. Quy tac diu Descartes

Cho
P(z) = ap + arx + agx® + - - + apa” (D)

13 mot da thitc hé s6 thuc. Sb thuc r dude goi 1a mét nghiém béi m ctia P(z)
néu P(z) = (z — r)"Q(x), trong d6 Q(z) 1a mot da thitc ma Q(r) # 0 va m
13 mot sb nguyén duong (dugc goi 13 sb bdi ctia nghiém r). Gia st tit ca cac
nghiém duong (d6i mot khac nhau) caa da thic P(z) bao gém X1, T, .., T
(k > 0), v6i s6 boi tuong ting 13 my, ms, ..., my. Khi do, ta goi dai lugng
N(P) = my +my + - - + my, 1a s6 nghiém duong, tinh ca bdi cua P(x) (di
nhién, N(P) = 0 khi k = 0). S5 nghiém duong, tinh ca bdi ctia da thitc khong
(da thttc P(x) = 0) dudc quy udée la N(0) = 0.

Ta dinh nghia s6 1an d6i dau cta diy sb thuc ag, ai, . . ., a, 14 s6 bd (i, j) véi
0<i<j<nsaochoaa; <Ovaa,=0khii <k <j. Sb 1an d6i diu caa
day s6 thuc ag, ay, .. ., a, sé dude ki hiéu 12 W (ag, a1, . . ., a,). V8i P(z) 1a da
thitc duge cho & (1), ta dat W(P) = W(ag, ay, - . ., a,). NOi cach khac, W (P)
13 s6 14n d6i diu ctia ddy cac hé sb clia da thitc P(x).

Cac ki hiéu va dinh nghia trén dudc sit dung cho toan bo cac bai toan sau.

BAI 1. Chiing minh ring

a) Wiag,as,...,a,) =W(—a,,—a,_1,...,—ag).
b) Wi(ag,as,...,a,) = W(poag, p1a1,- .., Ppnan) néu po, pi,...,pn 12 cac sb
duong.

BAI 2. Chitng minh ring

a) W(P) > W (P'), trong d6 P'(x) ki hiéu dao ham cua da thic P(z).

b) N(P)la mot s6 chin néu aga, > 0; N(P) la mot s6 18 néu aga,, < 0.
BAI 3. Chiing minh ring néu W(P') = N(P') (mod2) thi W (P) = N(P) (mod?2).
BAI 4. (Quy tic diu Descartes) Chiing minh ring
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a) W(P) = N(P);
b) W(P)— N(P)1a mot s6 chin.
B. Ung dung vao viéc tinh s6 nghiém ctia mét da thic
BAI 5. Da thiic #'° — 22 — 2 — 1 ¢6 bao nhiéu nghiém duong?
BAI 6. Chting minh rang da thitc
Q(z) = 3027 — 42% — 19752 — 302% — 42 — 2019

c6 ding mot nghiém thuc.

BAI 7. Cho sb nguyén duong n > 4. Dit
P, (z) = 2?1 — 27 330 gt _5ant ol gt 47

Chiing minh rﬁng P,(x) > 0v6imoiz > 0.

BAI 8. Cho da thtic hé sb thuc R(x) = ¢y + c12™ + coz™ + - - - 4 ¢,,2™", trong
d6 0 <my <my < ...<m,théa man m; =i (mod 2) v6i moi 1 < i < n.
Gia st ¢y # 0. Chiing minh rang R(z) c6 khéng qua n nghiém thuc.

BAI 9. Cho cac s6 nguyén duong m; < ms < ... < m,. Chting minh rang tén
tai cac so thuc ¢y, ¢, o, . . ., ¢, sao cho da thiic co+c1 2™ +cox™ + - - -+ 2™
c6 dung n nghiém duong.

3.2 Sbhoc

A. Bang Stern

Bang Stern:

e e
w Ww Ww
ot Ot
NN DN DN
ot Ot
W W W

— s

la bang v6 han dong dudc x4y dung theo cach nhu sau:
— Viét tai dong thit nhét hai s6 1; va sau khi d4 x4y dung dudc dong thi
n(n>1),
— Viét lai dong thtt n tai dong tht n + 1; ddng thdi chén vio giita hai sb
hang lién tiép bt ki mét s6 méi, bing tng clia hai s6 hang do...
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BAI 1. Chting minh rang dong thit n ctia bang ¢6 2"~ + 1 sb.
BAI 2. Trung binh c6ng cta cac sb trén dong tht n bang bao nhiéu?

BAI 3. Chitng minh rang
a) SOthtkvasbtht2" ' +2— k(1 <k<2"!'4+1)trén dong thi n la
bang nhau;
b) Hai s lién t1ep tren m01 dong la nguyén tb cung nhau;
¢) Néu a,b,c1a 3 sb lién tlep, theo thit tu d6, trén moét dong nao dé cla
bang th1 bla+c.

B. Day Stern

Trong bang Stern 4 trén, ta xda di cdt ngoai cung bén phai (gdbm céc so 1,
roi liét ké cac s6 con lai ciia bang tuan tu tur trai sang phai, ti trén Xuong
dudi:

1,1,2,1,3,2,3,1,4,3,5,2,5,3,4,1,5, . ..
Ngudi ta goi day (s,,),>1 thu dugc 6 trén la day Stern.

BAI 4. Chiing minh ring day Stern (s,) dudc xac dinh bdi cac diéu kién:
S1 = 1va

I R néu n chan
n - A rd
S(n-1)/2 + S(n+1)/2 NEUN le

v6i moi n > 2.

BAI 5. Gia tri ctia sb thtt 304 trén dong th 2019 ctia bang Stern bang bao
nhiéu?

BAI 6. Chiing minh ring s,; bing sb cach biéu dién n thanh tng cta cac
lity thita v6i s6 mil nguyén va khéng 4m ctia 2, ma méi luy thita 6 méit khong
qué hai l4n trong téng (khong ké thi: tu gifta cac hang tit trong téng; ching
han, 4 =22 =2' 4+ 2 =21 4+ 29 1 20 v3 55 = 3).

C. Mét sb tinh chit ctia bang va diy Stern

BAI 7. Chting minh rang
V4 A 3 ’ N
b) Gia tri 16n nhat cta cac so trén dong thit n cia bang Stern béng F,..
O day, () la day Fibonacci quen biét, dugc cho bdi F; = F, = 1 va quan hé
truy hoi:

a) Sjm) = Fy, trong do6 j(n) =

F,=F,_1+F,_» VnZ=>3.
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BAI 8. Chitng minh rang moi s6 hitu ty duong déu xuit hién mét va chi mét
lan trong day vo han cac phan so:

S1 S2 S3 Sn

ST T e e ye
S2 83 84 Sn+1




CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (PH Béch Khoa TP H6 Chi Minh). Cho X 1 ma trdn vuéng cip n
théa X**" = 0. Chiing minh rang

rank(X) = rank(X + X2+ X3 + ...+ X"
v6i moi s6 nguyén duong k.
Bai 1.2 (PH bai Nam). Cho A = (a;;)
khac ma trdn khong, thoa man diéu kién a;a;, = agpay; Vi j,k=1,..., n.
Chting minh rang:
(@) tr(A) # 0, biét ¢ (X) 1a vét cia ma trdn X, n6 bang téng cac phan ti

duong chéo chinh cta ma tran do.

(b) A = AT, biét X" 1a ma trdn chuyén vi cia ma trdn X.
(c) rank (4) =1, biét rank (X) la hang ctia ma trén X.

Bai 1.3 (PH Pai Nam). Chitng minh rang: néu AB — BA = A thi det(A) = 0.

13 mot ma tran vudng thuc cip n

nxn

Bai 1.4 (PH Déng Thap). ho A 1a ma trdn vudng. Téng cac phan ti trén
dudng chéo chinh ctia A dudc goi 12 vét clia A, ki hiéu 14 tr(A). Chiing minh
rang véi hai ma trdn vudng A, B bit ky ta ¢ tr(AB) = tr(BA). Ung dung
két qua trén dé tinh tr (A2") véi

3a 0 —a
A= 0 6a O
—a 0 3a

trong d6 a 13 sb thuc khac 0 cho trude.

1 1
Bai 1.5 (DH Giao thong VAn Tai). Cho hai ma trdn A = | a b|, B =
1 1

S = Q

o O O
S = O
N OO

a) Tim a, b d€ hai ma trin A va B dong dang. (Hai ma trin dong dang néu
ton tai ma trin T khong suy bién théa man B = T ' AT).
b) Véi a, b tim dudc, tim mdt ma trdn 7" sao cho B = T AT.
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Bai 1.6 (DH Giao thong Van Tai). Cho A la ma tran Vuong cap 3 kha nghlch
thda man d1eu kién: tong cac phan tit cia mbi hang, téng cac phan td cla
méi cot, va tdng cac phan td trén cac dudng chéo bang nhau. Chiing minh
rang ma trdn A" ciing théa méin diéu kién trén.

Bai 1.7 (DH Hung Vudng). Gia stt A, B la hai ma trdn vudng thuc cip n va
C = AB — BA la ma tran giao hoan dudgc véi ca A va B Ton tai hay khong
mot sO0 s € N* thda man C* = 0.

Bai 1.8 (PH Hung Vuong). Gid stt A, B la hai ma trdn vudng thyc cp n va
C = AB — BA la ma tran giao hoan dugc véi ca A va B Ton tai hay khong
mot sO s € N* thda man C® = 0.

Bai 1.9 (DPH Kinh té Québc dan). Gia st 1a cdc ma trin thuc cip théa man cic
diéu kién ABT va CD” 14 hai ma trin dbi xing va AD” — BC” = I, trong
d6 114 ma trin don vi cAp n, ki hiéu M7 13 ma trdn chuyén vi clia ma trin
M. Chting minh rang: A”D — C"B = 1.

Ba1 1.10 (PH Kinh té Qubc dan) Cho A la mot ma tran Vuong thuc “ky dieu”
cap 3, nghla 13 tén tai mot sb thuc S khac O sao cho tong cac phan tl trén
moi dong, tong cac phan td trén mbi cdt, tdng cac phan t& trén mbi dudng
chéo clia A déu bang S.

a) Chttng minh rang néu A kha nghich thi A~
b) Chiing minh rang

cling la ma tran “ky diéu”.

S+ +
—+u ——u+v - =0
3 3 3
S S S
A= g—u—v 3 §+u+v
S+ S—i—
— 4w —+u—v - —u
3 3 3

trong dd, u va v 14 cac sb thuc bat ki. Hon nita, A kha nghich khi va chi khi
2 4 2
u® # v,

Bai 1.11 (PH Kinh té Qubc dan). Cho ma trin thuc A cip 6 x 3 va ma trin
thuc B cap 3 x 6 sao cho

2019 0 0 —2019 0 0

0 2019 0 0 —2019 0O

0 0 2019 0 0  —2019

AB=1 o019 0 2019 0 0
0 —2019 0 0 2019 0

0 0 —2019 0 0 2019

Hay tim ma tran BA.
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Bai 1.12 (PH Nha Trang). Tim tit cd cic ma trdn giao hoan v6i ma trin
A= -1 2 -1

Bai 1.13 (PH Nha Trang). Cho A 13 ma trin vudng cp n thda man A> —
2A 4 I3 = 0. Chitng minh A% = 34 — 23, A* = 44 — 3.

Bai 1.14 (DH Pham Van Déng). Cho cac ma tran I = ((1) (1)) ,J = ((1) 8) ,
01

(1)

V6i mbi s6 thic a, tim ma tran X sao cho X = (al + J)**" + (al + K)*.

Bai 1.15 (PH Quy Nhon). Cho cac ma tran A € Matsx2(R), B € Matay3(R)
va

8 2 =2
AB = 2 5 4
-2 4 5
Chiing t6 rdng BA = 91..
Bai 1.16 (DH Quy Nhon). Cho ma trin
21 0
A=11 2 -1
01 2

Tinh A*",

Bai 1.17 (PH SPKT Vinh Long). Cho hai ma trin A, B vudng cip n. Chiing
minh rang: Néu A + \B la ma tran ldy linh v6i n + 1 gia tri A khac nhau, thi
A va B la cac ma tran liiy linh.

2 DINH THUC

Bai 2.1 (PH Béich Khoa TR Hb Chi Minh). Cho A 13 ma tran cép n ¢ cac

X1
phin titbing 1. B= | ™ [ (yu v ... w.). Tinh det(A + B).
Tn

Bai 2.2 (DH Bach Khoa TR Hd Chi Minh). (a) Cho X la ma tran vuong cép
2019. Chiing minh rang det(X — X7) = 0.
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(b) Tinh chéit trén con ding khéng néu X 1a ma trin vudng cap 2020?

Bai 2.3 (PH Déng Thap). Chitng minh rang véi cac sb thuc a, b, ¢, d tly ¥ ta
co:

1 a & o 1 a o o
1 b v v 1 b v b
1 ¢ &2 :(a+b+c—|—d) 1 ¢ & &
1 d & & 1 d & &

Bai 2.4 (DH Giao thong VAn tai). Cho A 1a ma trdn vudng cip 2 véi cac phan

aA bA .
A dA) vOi a,b,c,d € R.

2
a) Chitng minh det(B) = (ad — cd)? det(A).
b) Gia st A kha nghich va ad # bc. Chling minh rang

Bl 1 dA™t  —pAT?
T ad —be \—cATY aATl )

Bai 2.5 (DH M6 - Dia chit). Tim d6 dai ctia khodng 16n nhét gitta cic nghiém
thuc ctia phuong trinh

tlt thire. Xét ma tran khéi B = <

z 1 2 ... 2018
1 = 2 ... 2018

= 0.
12 3 ... =z

Bai 2.6 (DH Nha Trang). Cho day sb (z,),~, dudc xac dinh véi: z; = 5,25 =
19, va z,, (n > 3) la dinh thtc cap n cho béi

5 3 0 0 - 00 0

2 5 3 0 - 00 0

0 2 5 3 - 00 0
xn: DY

0o 0 0 O > 3 0

0o 0 0 O 2 5 3

0o 0 0 O 0 2 5

. a) Tinh 5.
b) Chttng minh z,, = 5z,,_; — 679 v6i moi n > 3.
¢) Chitng minh x,, — 1 chia hét cho 4 véi n 1€.
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Bai 2.7 (PH Nha Trang). Cho A, B 1 cic ma trin vuéng cung cip va la
nghiém ctia da thiic f (z) = 2% — 2.
a) Tinh (I + A)" v6i va I la ma tran don vi cung cap véi A.

b) Gid st AB + BA = 0. Tinh det (A — B), det (A+ B).

Bai 2.8 (DH Pham Van bong). Cho f,(z), f2(x), . .., fu(z) 14 cac da thitc bac
khong qua n — 2 va ay, as, . . ., a, € R. Tinh dinh thtic

(@) fila) o filan)
folar) Dolas) o folan)|
fulm) falas) -+ fulan)

Bai 2.9 (PH SPKT Vinh Long). a) Cho ma trdn A € M,, (R). Chiing t6 réng
det (1, + A%) > 0.
b) Cho cac ma trdn A, B € M, (R) théa man AB = O,. Chitng minh rang

det (I, + A* + B*?) > 0,
v6i moi p,q € N.

Bai 2.10 (Hoc vién KTQS). Gia st A 1a ma trin thuc vudng cAp n thda min
2A~! = A. Tinh det(A*" — A).
b) Tinh dinh thiic ma tran

1 V2 V3 2
Al -v2 1 2 B

V3 =2 1 V2

-2 V3 —v2 1

Bai 2.11 (Hoc vién KTQS). Ma tran A € M,(R) goi la Ity linh cip k € N*
neu A*' £ 0, A* = O. Gid stt A, B € M, (R), A lity linh va giao hoan véi B.
Chting minh rang det(A + B) = det(B).

3 HE PHUONG TRINH TUYEN TiNH

Bai 3.1 (PH Béch Khoa TR Hb Chi Minh). Gii hé phuong trinh

T+ 12 =1
$2+$3:2

Tpo1+x,=n—1
Ty +T1 =N



20

Bai 3.2 (PH Bach Khoa TR H6 Chi Minh). Gia stt ¢4 1000 ngudi st dung mang
dién thoai Viettel(V), Mobi(M), Vina(N) Biét rang sau moi thang, trong s6
nhiing ngu‘01 dung V ¢6 10% chuyen sang dung M va 20% chuyen sang dung
N; trong sO nhiing ngu01 dung M co6 15% chuyen sang dung Vva 10% chuyen
sang dung N; trong s6 nhitng ngudi dung N ¢6 20% chuyén sang ding V va
5% chuyén sang dung M.

(a) Gia st ban dau ca 1000 ngudi nay déu dung V. Héi sau 3 thang, sb
lugng khach hang dung moi loai mang dién thoai la bao nhi€u?

(b) Hdi thoi diém ban dau s6 ngu01 dung mbi loai mang di dong la bao
nhiéu d€ cho qua m01 thang, so luong khach hang 4 mdi nha mang 1a
khong d6i? Biét rang, téng sb6 khach hang dung 3 loai mang ludn la
1000 va khong c6 khach hang mdi nao va khong c6 khach hang nao
bb dung. Két qua dugc 1am tron dén sb nguyén.

Bai 3.3 (DH bai Nam). Cho A = (a;;) 1a m6t ma tran vuodng thuc cap n xac
dinh béi:

5) néuz’:j
L) 2 méui=j+1
4 3 néui=j—1
0 néui¢{jj+1,j—1}

(a) Tinh dinh thic ma tran A khin = 1,2, 3.
(b) Tinh dinh thiic A cap n.

T 8

i) 10

ve 1 . T3 10

(c) Giai hé phuong trinh: A . = .
Tn—1 10

Ty 7

Bai 3.4 (DH Dai Nam). Hiy cho biét nhiing ménh dé sau 1 ding hay sai?

Néu ménh dé ding hiy chl'rng minh, néu ménh dé sai hay dua ra phan vi du.

(a) Heé phuong trinh tuyen tinh khong thuan nhit vo nghlem thi hé phuong
trinh tuyén tinh thuin nhat lién két chi co nghiém tim thudng.

(b) Néu hé phuong trinh tuyen tinh n 4n sb c6 ma trin mé rong la mot ma
trin vudng khéng suy bién thi hang ctia ma trdn hé sb ctia hé phuong
trinh d6 bang n.

(¢) Cho phuong trinh ma trdn AX = B, v6i B 1 ma tran kha nghich cap n.
Néu A 12 ma trén vudng c6 det (A) = 0 thi phuong trinh trén v6 nghiém.

Bai 3.5 (DH bong Thap). M6t nha may san xuit nim loai san phdm A, B, C,
D, E. Mo6i loai phai qua ndm c6ng doan la cat, got, dong goi, trang tri va dan
nhan v6i thoi gian cho moi cong doan nhu sau:
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San pham A | San phdm B | San Phdm C | San ph4m D | San phdm E
Cit 1 gic 1 gic 1 gic 1 giG 1 giG
Got 1 gic 2 gio 3 gio 4 gio 5 gio
bong goi 1 gio 3 gio 6 gio 10 gio 15 gio
Trang tri 1 gio 4 gio 10 gio 20 gio 35 gio
Dan nhan 1 gio 5 gio 15 gio 35 gio 70 gio

Cac bo phan cat got, dong goi, trang trl, dan nhan c6 s6 gio cong nhiéu nhdt
trong mot tuan lan luot 1a 15, 35, 70, 126, 210 g10 Hoi nha may phal san
xuét mbi loai san phdm 1a bao nhiéu trong tuan dé€ st dung hét cong suét

ctia nha may?
Bai 3.6 (DH Hung Vuong). Giai hé phuong trinh tuyén tinh sau:

2$1—3$2+$3:1
2.%’2—3£L‘3+$4:1

272018 — 3T2019 + T2020 = 1

Bai 3.7 (DH Khanh Hoa). Cho hé phuong trinh tuyén tinh thuin nhét

=0

a111 -+ 122 + e
a21T1 + Q229 + - - -

+ @1(2019)T2019
+ @2(2019)T2019

trong d6 a;; € C, i, j =1,2,...,2019 va thdéa man

2.

1<j<2019, j#i

|CL“'| > |CLZ']", 1=1,2,...,2019.

Chitng minh ring hé phuong trinh di cho ¢6 duy nhat nghiém tim thudng.

Bai 3.8 (DH Kién Trtic Ha N6i). Cho a 1a mét sb nguyén chin; by, by, bs, bs, bs, b

13 cac sb nguyén 18. Cho hé phuong trinh

((axy + baxy + bsxs + byxy + bszs + bgzg = 9
biz1 4+ axs + bsrs + byxy + bsxs + bgrg = 9
bixy + baxe + axs + baxy + bszs + bgrg = 9
bix1 4 boxs + b3z + axy + bsxs + bgrg = 9
b1z + baxg + b3xs + byxy + axs + bgrg = 10
b1z + baxg + b3xs + byry + bsxs + axg = 10.
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a) Giai hé phuong trinh trén khi a = 2;0; = by = by = by = b5 = bg = 1.
b) Chitng minh rang hé da cho c6 nghiém.

Bai 3.9 (PH Kinh té Qubc d4n). Cho 3n sb nguyén ay, as, ..., an; b1, b, ...,bp:  c1,Co, ...

théa man a;b;, + asbs + - - - + anb, = 0 . Chitng minh rang hé phuong trinh sau
luén c6 nghiém nguyén:

a1bixy + arboxs + - - - + a1bpx, = 1 — 14
ngll‘l —+ (12621’2 + -+ GanfEn = Cy — X2

anbix1 + apboxe + - - + anbnr, = ¢ — Ty,
Bai 3.10 (DH Nha Trang). Giai hé phuong trinh sau

Ty 4+ 2109 — 3T3+ T4+ 225 = 3
21’1+3$2+3$3+2I4—|—(L’5:5
3r1 +To+ 2203+ x4 — 205 = 6
dxy + 219 — 203+ 314 + 45 =7
5$1+4LL’2+4])3+6Z‘4—5J}5 = 8.

Bai 3.11 (DH Pham Van Déng). Cho cac sb thuc a, as, . . ., asy d6i mot khac
nhau. Giai hé phuong trinh

2019 2018 2020 _
ay Ty ap Txo 4 ...+ Tog0 + a3 = 0
2019 2018 20
a3™zy 4+ a3y + .. 29020 + a0 = 0

2019 2018 2020
A3020T1 + Ao000T2 + - - .+ T2020 + A5p50 = 0

Bai 3.12 (DH SPKT Vinh Long). Cho hé phuong trinh

)\xl “+ axry + b:(,’g + cry = 0
—axy + Axg +drs —exy =0
—bxy —dro + Ax3+ fry =0
—cx1+exrs — frs+ ey =0

Hiy tim diéu kién cAn va d dbi véi cac hé sb thuc A, a,b,c,d,e, f d€ hé
phuong trinh ¢6 nghiém khong tam thudng.

Bai 3.13 (Hoc vién KTQS). Gia st A € M, «n(R). Chitng minh ré”lng néu hé
phuong trinh Az = 0 chi ¢6 nghiém tAm thudng thi A” A kha nghich.



4. KHONG GIAN VEC TO VA ANH XA TUYEN TINH 23

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (DH Hung Vuong). Cho f, g 1a hai tu déng cAu ctia khong gian véc
t6 hitu han chiéu V théa man fg = af =0 va Im (f) N Ker (f) = {0},
Im (¢g) N Ker(g) = {0}. Chtng minh rang:

rank (f) + rank (g) = rank (f + g).
Bai 4.2 (bH ,Kién Trac Ha No6i). Trong khong gian vecto V = Ps[x] cac da
thtic véi hé so thuc khong véi qua 3 va da thic 0, xét hé
S =A{pi(@) = Lips(z) = 2=1Lps(x) = (z—1)(2=2); pa(z) = (2—1)(2—2)(x—3)}.
a) Chiing minh rang S 1a mét cos6cua V.
b) Cho da thiic p(z) = az®+ ba® + ba + 2019, trong d6 a, b 1a hai sb nguyén.

Goi (m1; ma; ma; ma) 1a toa do ctia vectd p(x) theo cd s6 S. Chiing minh
rang ms + 2ms + 2my 13 mét s6 nguyén chia hét cho 3.

Bai 4.3 (bH Kinh té Qubc dan). Ki hiéu M;3(R) la khong gian cac ma tran
thuc vuong cap 3. Cho ma tran

A=

o O =
o NN O
_ o O

Xét phép bién d6i tuyén tinh L : M3(R) — M;(R) xac dinh bdi
1
LX) = 3 (AX + XA).

Hay tinh dinh thitc ma trén cta L.

Bai 4.4 (DH Quy Nhon). Gia st V = Clz] 1a mdt C-khdéng gian véc to va
f ( ) € V 1a mot da thitc cho trude bacr > 1, V1, la khong glan con cua V
gdm cac da thiic ¢6 bic < n. Xét anh xa tuyén tinh ¢ : V — V xac dinh bi

elg)=rfd = fg
v6imoi g € V, trong d6 f, ¢’ 1a dao ham cuda f va g tuong ung.
1. Tim ker .
2. Chiing t6 rang ¢(V;41) = ¢(V,).
Bai 4.5 (PH SPKT Vinh Long). Trong khong gian R" xét hé vectd v, =

(V11 -y V1) e o5 Up = (Up1y -+, Upn ), P < m, €6 tinh chit
| oii [> > vy |-
J#

Chiing t6 ring hé nay ddc 14p tuyén tinh.
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5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (PH Béch Khoa TP H3 Chi Minh). Cho A = (;) Z) B = (2 _82)

va X thdéa AX +mX = B. Tim tt ca cac gia tri thuc m sao cho X ¢ tri riéng
bang 1.

Bai 5.2 (DH Giao thong Van tai). Cho ma trdn A = (CCL b) v6ia,b,c,d € R.

d

X

Gia st véc-to (1> la mot véc-to riéng ctia ma trn A. Tinh gia tri x theo cac
) a,b,c,d.

Bai 5.3 (PH Hung Vuong). Cho ma tran

A:<g§>

Tim ma trin cé céc gia tri riéng duong sao cho B* = A.

Bai 5.4 (PH Quy Nhon). Cho déy sb z,, xdc dinh bdi
Tng3 + 2%pq2 — O%py1 — 62, =0
va Ty = 1,I1 = —1,I2 = 11. Tinh 2019

Bai 5.5 (Hoc vién KTQS). Xac dinh tit ca cac sb phtc A sao cho ton tai sb
nguyén ducng n va ma trin A € M, (R) théa man A* = A, trong d6 ) 1a tri
riéng cua A.

6 DA THUC

Bai 6.1 (PH Hung Vuong). Tim tit ca cac da thitc P (z) € R [z] théa mén
2
P(P(x))+1:[PQ(x)+(x2+x+1)2} : Vo € R.

Bai 6.2 (PH Kién Triic Ha N6i). Cho P(z), Q(x) 1a hai da thitc v6i hé sb thuc
va c6 bac duong sao cho da thic P(z*) + 2Q(x*) chia hét cho da thitc 2% + 1.

a) Hay chi ra hai da thitc P(z), Q(z) c6 cting bic nhit théa man dé bai.
b) Tim sb du trong phép chia ctia da thitc P(2)Q(z) cho da thitc 2% —2z+1.
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Bai 6.3 (DH Kinh té Qubc dan). Tim tit ca cac da thitc
P(z) =a,z" + a, 12"+ etz +ag (an #0)

théa man cac diéu kién sau:
i) (ag,ai, ..., a,) 1a hoan vi caa cac s6 (0,1,2,...,n).
ii) Tat ca cac nghiém cta P(x) la s6 hitu ti.

Bai 6.4 (DH Nha Trang). Tim tAt ca céc da thiic P (x) théa man déng nhét
thuc
xP(x—1)=(x—26)P(z).

Bai 6.5 (DH Pham Vin Déng). a) Ton tai hay khong mot da thiic c6 hé sb
nguyén P(z) thoa man P(10) = 400, P(14) = 440, P(8) = 520?

b) Cho da thiic P(z) = 22"'® — a2?™'% + o trong d6 « 13 s6 thuc khac 0. Biét
rang P(z) c6 2018 nghiém thuc. Chitng minh ring tén tai mot nghiém z,
ctia P(z) sao cho |zo| < v/2.

Bai 6.6 (Hoc vién KTQS). Cho da thttc P(z) bac n khong c6 nghiém thuc.
Chting minh rang Q(z) = P(z) + aP'(z) + ... + a"P™(z) khong cé nghiém
thuec.

7 TO HOP

Bai 7.1 (DH Ddng Thap). Trong mdt ciu lac bd ¢ 2019 thanh vién, mbi
thanh vién ban dau cé mét chiéc mil. Sau dé méi thanh vién gi mii cda
minh cho mét thanh vién khac (mbi thanh vién cé thé nhan dude hon mot
chiéc mil). Chiing minh ring sau khi giti mii sé tén tai mét nhém 673 thanh
vién sao cho khong cé ai trong nhom d6 nhan dudec mii tit cac thanh vién
khac trong nhém.

Bai 7.2 (PH Giao théng VAn tai). a) Mit phang dudc chia thanh » mién bdi
hai ho dudng thing song song. Xac dinh s6 dudng thang ti thiu d€ sé mién
n > 2019.

b) Mit phing dugc chia thanh n mién béi ba ho dudng thing song song. Xac
dinh sb dudng thang t6i thiéu dé s6 mién n > 2020.

Bai 7.3 (DH Kién Trtic Ha N6i). Trén doan duong tu mot truong dai hoc vé
ki tic x4, c6 11 cOt dién, cac cot dién thang hang va khoang cach gifta hai
cdt dién lién tiép déu cach nhau 50m. O hai cdt dién & hai ddu da dugc 1dp
béng dén. Nha trudng lap dit mot sb béng dén chiéu sang (giébng nhau) cho
9 c6t dién con lai, mbi cot dién lap khong qua 1 béng deén.

a) Co bao nhiéu cach 1ip 6 béng dén vao 9 cot dién da cho?
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b) Mét cach 1ip deén dudc goi 13 "da sang" néu cé it nhit 7 béng deén dudc
14p va khodng cach giita 2 béng dén lién tiép (bao gdbm ca hai béng dén
& hai c6t dién & hai ddu) khéng qua 100m. Héi c6 bao nhiéu cach lip
deén du sang?

Bai 7.4 (PH Kién Tric Ha Noi). Cho H 13 tip hdp gom 7 di€m phan biét
A1, A, ..., A7 bat ki thuOc hinh tron tdm O, ban kinh R = 1. V6i moi 4, ] €
{1,2,...,7}, ki hiéu d(A;, A;) 1a khodng cach gifta hai diém A,, A;. Goi

e(H) =min{d(A;,A4;) |1 <i<j <T}
a) Chung minh ré‘mg e(H) <1.
b) Tim gia tri 16n nhét ctia e(H).
Bai 7.5 (PH Pham Van Dﬁng). Cho da gi4c déu 30 canh noi tiép trong mot
duong tron (O). Hdi ¢6 tat ca bao nhiéu t giac ma 4 dinh cta t giac la cac
dinh cta da giac va 4 canh cua t giac la 4 dudng chéo cua da giac?

Bai 7.6 (DH Quy Nhon). C6 9 ngudi tham gia mot biia tiéc va ngdi chung
mot ban. Chiing td rang luén cé 4 ngudi quen biét nhau hodc 3 ngudi khong
quen biét nhau.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH TayBac) Cho ham so fo(z) =2" —2—2019,n € N n > 2.

1. V6i moi n > 2, chiing minh rang phuong trinh f,(z) = 0 c6 nghiém duy
nhét u, € [1; 2019}.

2. Chitng minh tinh don diéu caa day {u,}.

3. Xét tinh hoi tu hay phan ky va tim gi6i han néu c6 ctia {u,}.

Unp—1

2019

Bai 1.2 (DH T4y Bic). Cho ug = 0, u,, =

1. Xét su hoi tu cta {u,}.
2. Tinh lim 2.

n—0o0

+ (=1)",Vn > 1.

Bai 1.3 (bH Déng Thap). Cho day sb {u,} xac dinh bdi u; = 1 va u,; =
w2 +2018u2’ + u,, v6i moin > 1.

(a) Chitng minh ring rang {u,} khéng bi chin trén.

b h u%OlQ %019 u2019
Tinh i ( .. n—>
®) w35 \up 1+ 2018 us + 2018 T ey + 2018
Uy =a
Bai 1.4 (CD Su pham Nam Dinh). Cho Uy,
Upy1 = Vn >1

1+ 2n+1)u,
a) Chting minh rang: néu a > 0 thi ddy (u,,) gidm va bi chin duéi.

1
b) Tinh bieta = ———
) 1N U9p19 le a = 2019

. 4
c) Tinh lim (u; +us +---+u,) bieta = -

n——+00 3
Bai 1.5 (PH Pham Vin Dong). Chting minh ring véi mdi sb nguyén duong

n thi phuong trinh
2019%(2* — n?) =1

c6 mot nghiém du0ng duy nht.
Ki hiéu nghiém cta phuong trinh 1a z,,. Tinh lim ($n+1 Tp)-

n—-+
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Bai 1.6 (PH Thiy lgi Ha N6i). Cho {a,}>%, va {b,}>2, 1a hai diy sb xac
dinh béi

, . L 89
Chtng minh rang max(asg19, bao19) > 5

Bai 1.7 (DH SPKT Vinh Long). Cho day $6 uy, us, ...,, xac dinh béi:

Uy = 1
1
Up = Up_1 + , n=273..
Un—1

Chting minh rang 63 < us1y < 78.

Bai 1.8 (PH Nha Trang). Cho (z,,)>°, 1a diy sb dudc xac dinh béi cac diéu

v x2 + 2019z, n
rr + 5 Tn+2 Wi > 1.

klén T = 17$n+1 =

"1
a) baty,, = —. Tinh i -
) baty ZxQ im -y

— i n—+o0o
1=

b) Tinh lim "

n—+oo N

Bai 1.9 (PH Nha Trang). Cho (z,,)>, 1a diy s6 dudc xac dinh béi cac
diéu kién

2
xlzé, xn+1:mn—§Vn21.

. oy 1
a) Chiing minh rang: 5 < < 0, Vn > 2.
b) Chitng minh (x,,)7°; hoi tu va tim gidi han do.

Bai 1.10 (PH GTVT ). Cho day s6 {u, } xac dinh béi

Uozoa
1
Ulzi,
1 3 .
Upt1 = 3 (1 + up, +un_1) , vOin=1,2,..

Chting minh rang day {u,} c6 giéi han va tim lim u,,.

n—oo



2. CHUOI SO 29

Bai 1.11 (DH Hang Hai). Cho f : (—o0,+00) — (—00,+00) 1a ham s6 lién
tuc co tinh chat:
f(f(z)) >z (Vx eR).
bat z1 = f(0), zps1 = f(zn) (VR € N7).
a) Chung minh rang T > 0 (Vn € N);

Th+2 — Tk
b) Tim gidi han lim E 2 R
n—00 $k$k+1$k+2

Bai 1.12 (PH Hang Hai). Cho f : (—oo,+00) — (—00,+00) 12 ham s6 bi
chan duéi. Chiing minh rang tim dugc mét day so thuc {z,,}>° , thda man:

Flan +2019) — f(2,) < % (¥n € N*)

Bai 1.13 (PH KT Ha No6i). Cho diy sb thuc {z,} dudc xac dinh nhu sau:
r1 = a, 2019z, = 20192, + (v, — 2019)* v6i moi n > 1.

a) Chting minh diy s6 {z,} 1a mot diy don diéu.
b) Khia < 2019, chiing minh rang dy s {z,} khong bi chin duéi va tinh
gi6i han
L= lm 5 22019
n—+00 1 Tnt1 — 2019

¢) Tim diéu kién clia o d€ day sb ¢ gi6i han hitu han. Trong trudng hop
nay, hay tim giéi han sau lim n(z, — 2019).

n—-+o00

Bai 1.14 (DH HV Pht Tho). Cho déy s6 (u,) 6 uy = 2,up = 20,u3 = 56 va
Upss = TUpyo — 11uyiq + Su,, — 3.2" v6i n € N*. Tim so6 du khi chia us9;; cho
2011.

2 CHUOI SO

Bai 2.1 (DH Thuy loi Ha Néi). Cho f 1a ham s6 xac dinh béi:

2 )

n=0

Chitng minh rang v6i moi z € R ta ludn c6: f”(z) + f'(x) = ¢* — f(z).
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3 HAM SO

Bai 3.1 (DH Tay Bac). Cho flaham s thure lién tuc trén R thda mén | f(z)| <
|z|, Va # 0. Chltng minh rang:

1. Phuong trinh f(z) = 0 luén c6 nghiém trén R.

2.Néu 0 < a < b thi ton tai sb K € [0,1) sao cho |f(z)| < K|z|,Vz € [a,b].

Bai 3.2 (PH Ty Bic). Cho ham sb f : (—a,a) \ {0} — (0,+00),a > 0

théa man !
glgi_% (f(x) + m) = 2.
Hay tim ili% f(x).
Bai 3.3 (PH Dbng Théap). Cho f 1a ham sb c6 dao ham trén R, thda man
f'(x) — 2019(1 + f(z)) > 0 véi moi # € R va f(0) = 2017. Chitng minh rang

f(1) > 20181 — 1.

Bai 3.4 (DH Dong Thap). Tim cac ham s6 lién tuc f : R —s R sao cho

F(90) = 2(60) + 5 (4) = 62 ©
v6i moi z € R.

Bai 3.5 (CD Su pham Nam Dinh). Gid stt f : (0;+00) — (0;+00) sao cho
N 1

3f(z) > 2f(f(x)) + x v6i moi x > 0. Ching minh rang: f(x) > P vGi moi

x > 0.

Bai 3.6 (PH Pham Vin Déng). Cho f : (1,400) — R la ham s6 dugc xac
dinh bdi

v6i moi x € (1,+400). Tinh gidi han lim f(x).

r—1t

Bai 3.7 (DH SPKT Vinh Long). Cho ham f kha vi trong khoang (0, +c0), thda

lim ((In2019)f(z) + f(z)) = 2019.

T—+00

Tinh lim f(z).

T—-+00
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Bai 3.8 (DH Nha Trang). Cho ham sb
LF—2019
-

a) Tim dié\\u kién ctia k @€ f(z) lién tuc tai z = 0.
b) Tim diéu kién cta k dé f(x) kha vi tai z = 0.

T
cos—|,
X

0

s, . 7 2 . . 2 N
c) Voi k = 2021, f(z) c6 kha vi tai z = —— khong?

2019

Bai 3.9 (DH BK Tp HCM ). Cho ham s6 f(z) xac dinh trén [1, +00) théa min

cac diéu kién sau:

i) f1)=a>0

i) f(z+1) =2019(f(2))* + f(x),Vx € [1, +00).
e[S f(@2) f(n)

Tlmnh_)fglo M—FW—F...—FW .

4 PHEP TINH VI PHAN

Bai 4.1 (PH Ty Bac). Trung tAm cta thi xd X nam & vi tri giao nhau ctia
hai con duéng vuéng goc véi nhau tai O (nhu hinh vé). Mot dia danh lich st
c6 vi tri dat tai M, vi tri M cach vi tri dudng (I) doan M E = 125m va cach

duong (I1) doan M H = 1km.

A

o

N

M

H

B

1. Vi ly do thuc tién, ngudi ta mubn lam mot
doan dudng thing AB di qua vi tri M. Hay
x4c dinh d6 dai ngin nhit cta doan dudng
cin lam.

2. Tt O ngudi ta cling mudn 1am mot con
duodng hién dai t6i M. Ho chon mét diém K
trén OF va 1am con dudng méi tit M dén K
sau d6 ning cip con dudng tit K dén O. Hoi
vi tri clia K cach O bao nhiéu dé dé chi phi
]am con dudng nay thip nhit. Biét trén mdi

km dudng chi phi 1am dudng méi bang Z 14n
chi phi ning cip dudng cii.

Bél\i 4.2 (DH Tay Bic). Cho f 13 ham sb thuc lién tuc trén [a, +00) thda man
diéu kién lirJ]rn f(z) = ¢ € R. Chting minh rang:
T—r+00
1. Ham f bi chan trén [a, +00).
2. Ham f lién tuc déu trén [a, +00).
3.Neuc > f(a) thiton tai mot diém zy € [a, +00) sao cho f(zo) = inf f(z).

z€[a,+00)
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Bai 4.3 (PH Tay Bic). Gia dinh 6ng A mubn xay mét cai bé hinh hop véi day
la hinh vuong c¢6 canh la 2,z > 1 (don vi mét).

1. Gia st 6ng A can chiéc bé c6 thé tich 13 10m?, cho biét gia thanh khi x4y
mbi m? cac mit ddy va cic mit bén tuong Gng clia mit trong cta bé 1an lugt
la 700.000d va 500.0004d.

a) Héy tinh t6ng chi phi 6ng A bd ra dé x4y chiéc bé theo chiéu dai canh .
b) Tim kich thu6c ctia chiéc bé d€ chi phi xdy dung ma éng A bd ra dé xay
bé 1 nhé nhét.

2. Sau khi x4y xong bé, 6ng A do thiy téng dién tich xung quanh bén trong
ctia bé 1a 150m>.

a) Hay tinh thé tich V ctia bé théng qua chiéu dai canh z.

b) Tim mién bién thién cta thé tich V va thé tich 16n nhit ma b€ c¢6 thé
chtta dudc.

Bai 4.4 (DH TAy Bic). Cho f 13 ham sb kha vi trén m6t khodng mé I C R
chtta doan [0,1] sao cho f(0) = f(1) = 0, f(0) = f'(1) = 1. Chling minh
rang:

1. Phuong trinh f(z) = 0 ludn co it nhat mo6t nghiém khac O va 1 trén /.

2. Phuong trinh f'(z) = 0 ludn c6 it nhét 2 nghiém phan biét trén /.

Bai 4.5 (DH Ddng Théap). C6 hai 6t6 xult phét cung mot lic, chay nguagce
chiéu nhau trén doan dudng AB. Biét riang ca hai xe dén dich cung thoi
diém. ChUng minh rang trong qua trinh chay, c6 thoi diém hai xe c6 cling
van tbe nhung ngudc chiéu nhau.

Bai 4.6 (CD Su pham Nam Dinh). Tit cang A doc theo dudgc sat AB, c6 mot
cang D cach cang A mét khoang L, khodng cach tit cdng D dén dudng st
AB bang h (h < L). Ngudi ta cAn xdy dung mot tram trung chuyén C' nim
trén dudng sat va 1 con dudng bd di tit C t6i D. Goi o 1a goc tao bdi CD va
AB.

a) Tinh t6ng quing dudng di chuyén hang tit A dén D theo L, h, o

b) Tim « sao cho thdi gian di chuyén hang tit A dén D 13 ngin nhit (biét
van toc trén duong sat la vy, van toc trén duong b 1a vy, v; > vy).

Bai 4.7 (PH Pham Vian Dong) Cho ham s6 f lién tuc trén [0; 1], c6 dao ham
trén khoang (0;1) va théa man f(0) = f(1) = 0. Chting minh ring ton tai

€ (0;1) sao cho
N C
Jle) = c+1

Bai 4.8 (DH Thuy Igi Ha Noi). Cho ham s6 f 1 [0;1] — [2019; +00) c6 dao
ham dén cip 3 trong (0;1). Gia st phuong trinh f(z) = 2019 c0 it nhét
2 nghiém trong (0;1), khi d6 hiy chiing minh ring: luén ton tai sb thuc
¢ € (0;1) sao cho f"(¢) = 0.

f(c).
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Bai 4.9 (DH SPKT Vinh Long). Cho ham f lién tuc trén [1,2019], kha vi trong
khoang (1,2019) va f(2019) = 0. Chltng minh rang ton tai ¢ € (1,2019)

sao cho 2019¢ — 2020
o= () o,

Bai 4.10 (PH Nha Trang). Cho f : [0, 1] — R la mot ham sb kha vi lién tuc,
thda f(0) = 0, f(1) = 1. Chting minh ring, ton tai c;, ¢y, ¢35, V6i 0 < ¢; < ¢3 <

c3 < 1, sao cho
1 4 2014

- -
fle)  filea) — files)

Bai 4.11 (DH BK Tp HCM). Cho f : (0,+00) - R 1a mdt ham s6 lién tuc théa

tinh chat: Va € (0,400),Vn,m € Nvan,m > 1:n <m = f(na) < f(ma).

Chting minh f 1a ham khéng gidm trén (0, +o0), tlc Va,y € (0,+00),z <

y= flz) < f(y).

Bai 4.12 (DH GTVT). Cho f khé vi dén cAp 2 trong (a,b) va f'(a) = f'(b) = 0.

Chiing minh rang ton tai ¢ € (a, b) sao cho

4

(b—a)

Bai 4. 13 (DH Hang Hai). G1a st ham f kha vi hai 14n trén R . Dit g(x) =
@)+ f(z) . Chting minh rang néu phuong trinh ¢(z) = 0 v6 nghiém thi
g(z) khéng d6i diu trén R .

= 2019.

()] = £ (b) = f(a)].

Bai 4.14 (PH KT Ha N6i). Cho ham s6 f : [0;1] — R lién tuc trén [0; 1], kha
vi trén (0; 1) va cho 2019 s6 duong ay, as, . . . , aso1o. Chu’ng minh rang ton tai

2020 so thuc ¢y, 1, ¢a, . . ., c2019 thuodc (0; 1) trong do cac so ¢y, co, . . ., Cogg dO1
2019

mf)t phén blét va th6a man (a1 + a9+ ...+ (l2019 Z Clkf Ck

Bai 4.15 (DH KT Ha Nbi). M6t nha dia chit dang 6 tai vi tri A trong sa mac,
anh ta mudn dén vi tri B (bing 6 t8), v6i AB = 100 km. Nhung trong sa mac
thi xe chi c6 thé di chuyén véi van tbe 13 30 km/h. Cach vitri A vé phla Bac
20 km c6 mot con duong nhua A'B’ chay song song v6i duong thang nbi tu
A dén B. Trén dudng nhuya thi xe ¢6 thé di chuyén véi van toc 50 km/h. Do
vy nha dia chit du kién di theo dudng gip khiic ACDB (v6i C va D 1a cac
vi tri trén con dudng nhua, tham khao hinh vé).

a) Tinh thoi gian nha dia chit can di trong trudng hop A'C’ = 30 km va
DB’ = 20 km.

b) Pit A'C =z, CD =y, DB’ = 2. Tinh thdi gian T'(z, y, z) nha dia chat d6
can bo ra dé di tir A t6i B theo z, y, ~
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¢) Chitng minh rang Va2 + 024V + d? > \/(a+ ¢)2 + (b+ d)? v6ia, b,c,d €
R va

V100 — )2+ 1600y
30 50
Tt d6 tim thoi gian it nhat d€ nha dia chat d6 can bd ra d€ dén dudc B.

T(x,y,z) >

A z C Y D z ﬁl

mm e e e e e e == =0 ™~

5 PHEP TINH TICH PHAN

Bai 5.1 (PH T4y Bic). Cho ham sé f(z) = 2z — [z],2 € R, & d6 [2] 13 phin

nguyén cua z.

1. Xét tinh lién tuc ctia ham sé f(z) véi z € R.

2. Chitng minh ham sb f(z) kha tich trén doan [0, 3]. Tit d6 tinh tich phan
3

/ f(@)dz.

Bai 5.2 (DH Tay Bac). Cho f : R — [0, +oc) 12 ham kha vi lién tuc. Chting
minh rang

/1 1 (@)da = *(0) / f()de| < goas |() ( / f(x)dm) )

Bai 5.3 (PH bong Thap). Cho f 1a ham sb lién tuc trén [0,1], kha vi trén
(0,1) va thoéa man
1/3

f(1) = 3/el_z2f(a:)dx.
0
Chting minh rang ton tai ¢ € (0, 1) sao cho f'(c) = 2¢f(c).

Bai 5.4 (CD Su pham Nam Dinh). Cho\ f :]0,1] — R kha vi lién tuc trén
doan [0, 1], f(1) = 0. Chitng minh rang ton tai ¢ € (0, 1) sao cho:

2019f'(c). / F@)dz = — f(c). tan(2019 £(c))
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Bai 5.5 (CD Su pham Nam Dinh). Cho f:10,1] = [0;+00) kha vi lién tuc
R 1
trén [0, 1], £(0) = 0, max f(z) =6, / fl)dr =
a) Chung minh ré“lng: 0< f(1) <
1

b) Chting minh rang: /[f(x)]%lx <

0

Bai 5.6 (DH Pham Vin Ddng). Cho hai ham s6 ¢ va f dudc x4c dinh trén R
béi

) b

2 né . ea:% / t)dt néu r 0,
o INEES
’ 0 neuz = 0.
Biét rang ¢ lién tuc va kha vi trén R, va f 13 ham 1é trén R.
1. Chting minh rang f kha vi tai moi z # 0 va tinh dao ham f'(z) clia
no.
2. Chiing minh ring v6i moi z > 0, ta c6 dang thitc

x 1,3 3 x 9
p(t)dt = () — 5 | the(t)dt.
0 0
Tit d6 chting minh ring f kha vi tai 0 va f'(0) = 0.

fla)

3

3. Tinh gi6i han lim
z—0

Bai 5.7 (DH Pham Vin Dong). Gid st f 1a ham sb kha vi lién tuc trén doan
[a, b]. Tinh gi6i han sau

nl—1>I—&1:loo /ab f(z) sin(nz)dx

1
Bai 5.8 (DH Thuy loi Ha Néi). Cho f € C[0; 1], / VA + 2203 f(z)dz =
0
Hay chtng minh rang:

1
E.

1

/0(1+x2) P(a)de > -

Bai 5.9 (DH Thuy lgi Ha No&i). Liéu c6 hay khéng mot ham s6 f kha vi trén
[0; 2] va thda man cac tinh cht sau: f(0) = f(2) =1, |f/(z)| < 1 v6imoiz €

02\/f )dz| <
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Bai 5.10 (PH Thuy loi Ha N6i). Cho f 1a ham s6 duong va lién tuc trén [0; 1].
Hay tinh tich phan

- /o CES D

Bai 5.11 (DH SPKT Vinh Long). Cho ham f lién tuc trén doan [0, 1], kha vi

trong khoang (0, 1); thoa méan:
1 1

F(1) =0, /(f’(ac))2dx _ g va / (z+ F(2)dz = 3.
Tinh /f(x)dm

Bai 5.12 (PH Nha Trang). Cho ham sb f(x)] kha vi lién tuc trén [0; 2019],
2019 2019
£(0) = 0. Chitng minh / (). (@) dz < @ (F'(x))da.

0

Bai 5.13 (PH GTVT ). a) Cho ham f lién tuc va chan trén R, a > 0.
Chiing minh rang

1+ SO g /f t)dt,Vz € R.

—T

b) Tinh tich phan

™

/ sin nx .
(14+2019%)sinx

—T

Bai 5.14 (DPH GTVT ). Cho f lién tuc trén [0, 1]. Tim

Jim_ ( / f<:c>“dx)
0

Bai 5.15 (PH Hang Hai). Chof ( ), () 1a cdc ham thyc lién tyuc trén khodng
doéng [a, b] (a < b) , théa man cac diéu kién sau:

a) g( ) >0 (Vx 6 [a,0]);

b)/f dx—/ 2)de.
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Chiing minh b4t déng thic:

[G@)™ ™
| ey > | e

Bai 5.16 (PH KT Ha Néi). a) Chting minh rang v6i méi ciip sb thuc ¢, d bat
ky théa méan 0 < ¢ < d < 1, ton tai it nhat mét da thitc bac hai P(x) thda

man m[h}l] P(z) > 1> P(x) > 0v6imoiz € [0;¢c) U (d;1].
z€|c;

b) Cho f : [0;:1] — R 13 mét ham s6 kha vi lién tuc théa méan cac diéu kién
1

f(1)=0va /f’(x)x"dac — 0 v6i moi sb tu nhién n > 1. Hay chiing minh
. 0
rang
1
1 / F(@)[Q(@)]™dz = 0 véi Q(x) 1a mét da thite bic 2 bt ky va m
0

13 s6 tu nhién bat ky.
2) f(z) =0 v6imoi x € [0;1].
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6 PHUONG TRINH HAM

Bai 6.1 (DH SPKT Vinh Long). Tim tit cd ham kha vi f : R — R, thda mén
£(2019z + 2018) = 2019f(z) + 2018, Vz € R.

Bai 6.2 (DH SPKT Vinh Long). Tim tit cd ham f kha vi trén [0, 1] thoa

f(0) =0, f(1) = —2In2,
/1 (f’(x))de < 4.

ef(w)
Bai 6.3 (DH GTVT ). Tim tit ca cdc ham f lién tuc théa man

£(0) = 2019,
f(2019z) — f(x) =z, VzeR.

Bai 6.4 (DH KT Ha No6i). Tim tét‘ ca cac ham sb f(x) kha vi lién tuc dén cip
hai trén [0; 1] va théa man cac diéu kién:
2019 2019
0) = ——, f'(0) = —;
2 70) = 22, o) = 22
b) f"(x) <6057 v6i moi z € (0;1);

1
c) / f(z)dz > 2019.
0



Phan II
HUGNG DAN GIAI

39






1. PAISO 41

DAP AN DE THI CHINH THUC

1 Daiso
1.1 Bang A
BAI 1.
Cach 1: Tinh dinh thitc cia ma trn A ta dudgc
det(A) = (a — b)*((a +b)? — 4).

Via+ b > 2nén det(A) = 0 khi va chi khi a = b.
TH 1: Néu a # b thi A kha nghich. Do d6 rank(A) = 4.
TH 2: Néu a = b thi bang cach cong don cac cot lai cot 1 ta co

2+2a a 1 a 1l a=-1 0 a-1
24+2a 1 a 1 1 0 a—1 0

rank(A) = rank 949 a 1 a = rank L aml 0 a-—1 =2
2+2a 1 a 1 1 0 a-1 0

Cach 2: Tru c6t 2 cho a.cot 1, cot 3 cho cot 1, ¢ot 4 cho b.cOt 1, ta suy ra
1 0 0 0 2

1—a® b—a 1—ab
a 1—a®> b—a 1—ab
L bua 0 Wb = l4rank | b —a 0 a—>b

o _ _ 2
b 1—ab a—b 1—1b l—ab a=b 1-0
TH 1: Néu a = b thi
rank(A4) = 1 4 rank (1 — a®)

Via+b>2néna > 1. Do dorank(A4) = 2.
TH 2: Néu a # b thi

rank(A) = rank

1 1—a®> 1—ab

rank(A) =1+ rank [ 0 1 —1
-1 1—ab 1-0?
1 0 0
=1+rank | O 1 —1
—1 2—a’>—ab 2—0b*>—ab
1 0 0
=1l+rank | O 1 0

—1 2—a’>—ab (2—a—b)(2+a+b)
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Via+b > 2 nénrank(A) = 4.
Ket luan

k() =0 néwa—b

{4 néua;«é b,

BAI 2.
Goi s6 san pham cta ting loai A, B, C, D, E 14n ludt 1a 21, 2, x5, 74, x5. DE st
dung hét céng suat ctia nha may thi

r1 + 4x9 + 8x3 + 1224 + 2025 = 180
Ty + 31’2 + 121’3 + 15.1‘4 + 24ZL’5 = 220
I + 31’2 + 61’3 + 10%‘4 + 10[E5 = 120
r1 + 229 + 3x3 + 4dxy + bdrs = 60
Ty + x> + x3 + x4 + x5 = 20

St dung phép thé dua ma trin hé phuong trinh vé& dang bAc thang. Giai hé
ta dudc
T = X9 =3 =24 = x5 = 4.

BAI 3.
(a) Cac da thtic B; dudc goi la da thiic Bernstein.
Cach b1: Xét mot quan hé

boBo + b1 By + ba By + b3 Bs + by By + b5 B5 + bg B6 = 0.

VGi by, ...,bg € R. Thay z = 0 ta suy ra by = 0. Chia hai vé cho
x, sau do6 tiép tuc thay z = 0 ta dudc b; = 0. Tuong tu suy ra

bQI...:bGIO.
Cach b2: Ma trdn ctia hé cac da thic By, By, . . ., Bg d0i v6i ¢o s chinh
tac 1,z,...,2°% cia V 1a ma trin tam gidc dudi v6i cac phan t trén

dudng chéo bang 1:

—_
_
o O
o O
o O
o O
o O
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Vi vy hang clia ma trdn nay bang 7 va hé da thic 1a déc 14p tuyén
tinh.
(b) Co thé lap luan theo hai cach
Céch b1: Tinh toan truc tiép ta c6

(B = —6(1 — 2)°,

By = (1—x)(1 - 6x),
By = z(1 — 2)*(2 — 62),
Bl = 2*(1 — 1)*(3 — 62),
B} = 2*(1 — x)(4 — 62),
B = 2*(5 — 6x),

Bj = 62°.

\

Ta chi ra sau khi bo di B|, cac da thtic con lai 1a doc lap tuyén tinh.
That viy gia st c6 mot rang budc tuyén tinh

ag(1 — 2)*(1 — 62) + a1z(1 — 2)*(2 — 62) + az®(1 — x)*(3 — 62)
+ azx*(1 — ) (4 — 62) + asx*(5 — 62) + 6asx® = 0. (3)

Thay z = 0 suy ra ao = 0. Thay vao ding thtic trén rdi chia hai vé
cho . Tiép tuc thay z = 0 suy ra a; = 0. Bang cach tuong tu suy
raay=a; = = a5 = 0.

Cach b2: Ta ch1 ra sau khi bd di B cac da thic con lai 1a doc 1ap
tuyen tinh.
Ma tran cua hé cac da thtc B, ..., B} dbi véi co sé chinh tic
1,x,...,2° cia V 1a ma trdn tam giac du’01 vGi cac phan t trén
dubng cheo bang 1,2, 3,4, 5, 6:

) 2 0 0 e
D
© <06 0 1

Do d6 hé 1 doc 14p tuyén tinh.
Cach b3: Goi k la so 16n nhat cac ham ddc 1ap tuyen tinh trong so cac
dao ham By, ..., B} va gia st k < 8. Bang cach ky hiéu lai cac ham
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la fi,.. f10, ta gia st fis.-., fi 1a doc lap tuyén tinh. Nhu vay,
f2, fi, ¢6 cac biéu dién tuyén tlnh

fé :alf{—i_--'_'_akf]é?f{o :blf{—i_—i_bkfléa
v6i a;,b; € R, hay

(fg —aifi _.-'_aszk)/ = (f10 —bifi _~~_bkfk)/ = 0.

Nhuvay, fo—aifi = .. —apfy = c1 fo=bify = = bpfi = ¢, V6i
€1, 2 13 cac hang sb nao dé. RG rang ¢; # 0, ¢, 7é 0 do tinh doc lap
caa fi, ..., fio. Nhung khi dé

c1(fio—bifi—... —befr) —c2(fo—arfi — ... —apfr) =0
1a mot quan hé phu thudc gifta fi, ..., fio, mau thuln.

BAI 4.
(a) Co hai cach trinh bay.
Cach1: V6 imbiay, = k (1 < k < 5), sb bo (ai,a3) sao cho a; <
k,as < k bing (k — 1)%. Do d6, sb day ring cua a;, as, a; bing

5
> (k=1 =1+4+9+16 = 30.
k=1

Cach 2: Goi s, la s6 cac day rang cua a;,as,a3 ma az = kva 1l <
al, ay < d. NhlIVé\ly, as =1, VOl i = k+1,,5VéV61 moi Ay =1
thi a; c6 thé dugc chon trong tap {1,2...i — 1}. Suy ra

5
k(k—1)
Sk = 1—1) =10 — ———=.
= Y =0 M

i=k+1
Nhu VEAly, 51 = 10,80 = 9,53 = 7, S4 = 4, s5 = 0. Vi thé tf;ng Sé cac

5

déyrénchacﬁntimléZsk =10+9+7+4 = 30.
k=1

(b) Mbi day ring cua a,, as, as, as, a5 c6 thé dude hiéu nhu dudc tao ra tit
cac day rang cua aq, a, az va a3, a1, s, noi cach khac, dudce tao thanh
tlI 2 day rang cua ay, as, az va ay, ay, a3 ma ag = a1 Do tinh d01 xurlg,
s6 cac day rang cua aq, az, a3 véias =k cung r6 rang bang sb cac day
rang cua a},ay, ay v6i aj = k. Theo cach giai thit 2, chung bang sy,
trong d6 s; = 10,50 = 9,83 = 7,5, = 4,55 =0. Vi thé tong s6 diy ring

cua aq, a9, a3, a4, as can tim la

5
Zsk~sk:102+92+72+42:264.
k=1
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BAI 5.

(a) Gia st X € R" la nghiém ctia phuong trinh BX = 0. Khi d6 AX =
A’BX = 0 nén X ciling 1a nghiém ctia phuong trinh AX = 0. Vi A
va B c6 cung hang nén hai khong gian nghiém c6 cting s6 chiéu. Dan
dén hai khong gian phai bang nhau, ky hiéu 1a W.

(b) Co6 hai cach trinh bay:

Cach bl: V6i moi u € R" ta ¢ A(u — ABu) = Au — A’ Bu = 0. Theo
ciu (a), ta ¢6 B(u — ABu) = 0. Din dén Bu = BABu v6i moi
u € R". Viy B = BAB va do d6 AB = (AB)>.

Cach b2: Dé thuan tién ta ky hiéu S(A) = {Au : véi moiu € R"}.
V6iu € R", datv = AButacd Av = A’Bu= Aunénu—v € W.
Do d6 R" = $(AB) + W. D& thiy (AB)? = AB hay AB 1a phép
chiéu.

(¢) Ti lap luén b1/b2, ta cling c6 R" = S(AB) + W (vi du, tit (b2) thi

v6i moi u € R", u — ABu € W). Do dé

dim (AB) > n — dim(W) = rank(A) = dim(S(A)).
Ma S(AB) C S(A) nén suy ra J(AB) = I(A). )
Tiép theo ta ching minh A = ABA: V6i u € R" bat ky, vi (A4) =
3(AB) nén Au = ABv v6iv € R" nao dé. Khi do
(ABA)u = (AB)(Au) = (AB)(ABv) = (AB)*v = (AB)v = Au.
nén ABA = A.

Tit 46 suy ra A(I, — BA) = 0, hay S(I,, — BA) C W. Dan dén B(I, —
BA) = 0. Viy B = B*A.

1.2 BangB

BAI 1.
Lan lugt 14y cot 4 trit cot 3, cdt 3 trit cdt 2, cdt 2 trit cbt 1 ta dude

3 5 7 9 3 2 2 2 3 2
5 &8 11 14 5 3 3 3 5 3

rank 2 11 15 19| = rank T4 4 4] rank -l = 2
9 14 19 24 9 5 5 5 9 5

BAI 2.
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Goi s6 san pham ctia ting loai A, B, C, D, E 14n ludt 1a =1, 2, x5, x4, x5. DE st
dung hét céng suat ctia nha may thi

r1 + 4x9 + 8x3 + 1224 + 2025 = 180
r1 + 3x9 + 1223 + 1524 + 2425 = 220
Ty + 31’2 + 61’3 + 10%4 + 1OZL’5 = 120
r1 + 229 4+ 3x3 + 4x4 + Dbxs = 60
Ty + 3 + x3 + x4 + x5 = 20

St dung phép thé dua ma trin hé phuong trinh vé& dang bAc thang. Giai hé
ta dudc
.1]1:1’2:.133:1'4:1'5:4.

BAI 3.
(a) Cac da thtc B; dudc goi la da thiic Bernstein.
Cach b1: Xét mét quan hé

boBy + 0181 + by By 4 b3 Bs + by By + b5 B5 + bg B6 = 0.

VGi by, ...,bg € R. Thay z = 0 ta suy ra by = 0. Chia hai vé cho
x, sau doé tiép tuc thay z = 0 ta dudc b; = 0. Tuong tu suy ra

bQI...:bGIO.
Cach b2: Ma trin ctia hé cac da thic By, By, . . ., Bg d0i v6i ¢o s chinh
tac 1,z,...,2°% cia V 1a ma trin tam gidc dudi v6i cac phan t trén

dudng chéo bang 1:

(@)
(@)
(@)
[a)
[a)

¢ )
)00

Vi vy hang clia ma trdn nay bang 7 va hé da thtc 1a déc 14p tuyén
tinh.
(b) C6 thé 14p luan theo hai cach

—_ N /\N @/\H
\_/\_/
VR
me
N
—
~_
[—
»—tvr—t
\/
— o
o

-1 1
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Cach bl: Tinh toan truc tiép ta c6

(B) = —6(1— 2",

By = (1-z)"(1-6x),
By = x(1—x)32 — 62),
By = 2*(1 — 2)*(3 — 62),
B} = 2*(1 — x)(4 — 6x),
B. = 2*(5 — 6x),

Bj = 62°.

\

Ta chi ra sau khi bé di B}, cac da thitc con lai 1a déc 1ap tuyén tinh.
Thét vy gia st ¢c6 mot rang budc tuyén tinh

ap(1 — 2)*(1 — 62) + a1z(1 — 2)*(2 — 62) + az*(1 — 2)*(3 — 6z)
+ a3z (1 — x)(4 — 62) + as2*(5 — 62) + 6asz® = 0. (4)

Thay z = 0 suy ra ao = 0. Thay vao ding thtic trén roi chia hai vé
cho z. Tiép tuc thay z = 0 suy ra a; = 0. Bang cach tuong tu suy
raagg=a;=...=as=0.

Cach b2: Ta chi ra sau khi b6 di Bj cac da thtic con lai 1a déc 1ap
tuyén tinh.
Ma trin ctia hé cac da thitic B, ..., B} dbi véi co sé chinh tac
1,2,...,2° cia V 12 ma trin tam gidc dudi véi cac phan ti trén
dudng chéo bang 1,2,3, 4,5, 6:

1
_2() > 0 0
5
3
2
_4(
5
5
4

(@)
o
[e)
o O
o O

|

w
R
W
~_

w

o

o

(@]

e}
S

) ) )

~_
|
ot
~— N
W =~
~__
ot
O\
o N W
.
|
ot
VR
— N
~
ot
o

I
o
|
I
=)
=)

Do d6 hé 1 ddc lap tuyén tinh.

Cach b3: Goi k 14 s6 16n nhit cac ham ddc 14p tuyén tinh trong sb cac
dao ham B}, ..., B} va gid stt k < 8. Bang cach ky hiéu lai cic ham
14 fi,..., fio, ta gid st fi,..., f, 1a dbc 1ap tuyén tinh. Nhu vay,
f2. fi, ¢6 cac biéu dién tuyén tinh:
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fo=afi+. . Fanfi, flo=bfi+ .. +befy,
v6i a;, bj S R, hay

(fo—arfi—...—arfe) = (fro—bifi— ... —bpfi) =0

Nhu vay, f9—@1f1 _akfk—claflo_blfl .= b fr = 2, VOI
€1, €2 13 cac hang sb nao dé. RS rang ¢; # 0, ¢s ;é 0 do tinh doc lap
caa fi, ..., fio. Nhung khi dé

ci(fio=bifi— ... =bpfe) —co(fo—arfr — ... —arfr) =0

13 mot quan hé phu thudc gitta f1, . . ., fio, mau thuln.

BAI 4.
(a) Co hai cach trinh bay.
Cach1: VW6imbia, = k (1 < k < 5), sb b6 (ay,a3) sao cho a; <
k,as < k bang (k — 1)%. Do d6, sb day ring cua a;, as, as bing

5
> (k=1 =1+4+9+16 = 30.
k=1

Cach 2: Goi s 1a sb6 cac diy ring cua aj,as,a3 ma a3 = kva 1l <
aj,as < 5. Nhuvay, ay =i, v6ii =k +1,...,5 va v6i moi ay = 1
thi a; c6 thé dudc chon trong tap {1,2...7 — 1}. Suy ra

Nhu VEAly, 51 = 10,80 = 9,53 = 7, S4 = 4, s5 = 0. Vi thé tf;ng Sé cac
5

déyrénchacﬁntimléZsk =10+9+7+4 = 30.
k=1

(b) Mbi day ring cua a,, as, as, aa, s c6 thé dugce hiéu nhu dudc tao ra tit
cac day rang cua aq, a, az va a3, a4, a5, noi cach khac, dudce tao thanh
tlI 2 day rang cua ay, as, ag va a, ay, a3 ma ag = a1 Do tinh d01 xurlg,
s6 cac day rang cua aq, Gz, a3 véias =k cung r6 rang bang sb cac day
rang cua a},ay, ay vi aj = k. Theo cach giai thit 2, chung bang sy,
trong d6 s; = 10,50 = 9,83 = 7,5, = 4,85 =0. Vi thé tong s6 diy ring
cua ay, as, as, ay, as cAn tim 1a

5
Zsk~sk:102+92+72+42:264.
k=1
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BAI 5.

(a) Cach 1: bat

ay as as
A=1b by b3
1 C2 C3

Ta c6
det(A) = a16203 — a1b3C2 + ngng — a2b301 + agblCQ — agbzcl.

Do d6 —3 < det(A4) < 3.Cu thé hon det(A) € {—3,—2,-1,0,1,2,3}.
Néu det(A) = 3 thi suy ra

(lleCg = a2b103 = a3b102 = 1,

a1b302 = CLngCl = ClngCl =0.

Tl cac ddng thiic phia trén suy ra a;, b;, ¢; # 0 v6ii = 1,2, 3. Do d6
dang thic phia dudi khong xay ra.
Tt d6 suy ra det(A) < 2. Ta c6 thé kiém tra

det = 2.

O~ =
— = O
_ o =

Vay 3 = 2.

T mét ma trin 0 — 1 bat ky A, bing cach ddi chd hai cot clia ma
tran dd ta dugc mot ma trdn méi, ky hiéu la B. Khi d6 det(A) +
det(B) = 0. Vady a = —f8 = —2.

Cach 2: Ky hiéu M la tap tAt ca cic ma trdn 0 — 1 ¢4 3 x 3. Bang cach

d6i hai c6t cia mot ma tran trong M ta nhin dugc mot ma tran
trong M. Hai ma trin ndy c6 dinh thitc ngude diu nhau. Vi viy
B = —a. CAu héi duge quy vé tim gié tri 16n nhét cta dinh thic
cac ma tran trong M.

Xét moOt ma tran trong M,

a; az as
A=1|b by b3
Ci C2 C3

Ta co det(A) = a1A; — b1 By + a0y, trong do A, B,C 1a phan bu
dai sb cla ai, by, c; tuong Ung. D& thay —1< A,,B;,C; <1.Do db
det(A) < 3.

Néu det(A) = 3thia; = by =¢; = 1va A = C, = 1,B; = —1.
Céc ma trin ting v6i A;, C; 12 ma trdn 2 x 2 gdbm cAc phan ti 0 va
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1 nén c6 dinh thiic bing 1 khi va chi khi cic phin td trén dudng
chéo chinh bang 1 va cé it nhit mét phan t con lai trong ma trin
béng 0.DAndénay = by =1, by = c3 = 1 VA ag = ¢y = 0. Nhung
khi dé B; = 1 vadet(A) = 1. Vay det(A) < 2.

Dé thiy ma trin

— = O

1 1
A=11 0
0 1
¢6 dinh thitc bang 2. VAy 8 = 2 va a = —2.
(b) Gid stt cac gia tri riéng ctia Ala a,b, ¢ > 0. Ta c6 det(A) = abc > 0, do
do det(A) € {1, 2}.
Mit khac vét ctia A thod man trace(A) = a+b+c < 3. Tit bat dang thiic
Cauchy ta c6 trace(A) = a+ b+ ¢ > 3vabe > 3. Din dén trace(A) = 3
va det(4) = 1. Do dé a + b+ ¢ = 3V abe.
Vaya=b=c=1.

2 Giai tich

LGi giai cac bai |A.1] |B.1
— 1. bat f(z) =In(1 +x2) - Qixx’

4 / X
pu— > > .

ta co f'(z) (1+x)(2+x)2_0 Ve >0

— Vay, f don diéu khong giam trén [0, +oc). Do do, f(z) > f(0) =
0 Vz > 0. Ma x; > 0 nén (bang quy nap) x,.1 = f(z,) xac dinh
va khong am v6i moi n > 1.

1,2

<
(1+2)(242)2
1 N\ /I\ 14 . 4 /I\ . o /. N e . 4 ./ .
1 Va > 0. Vi the, ap dung dinh ly s6 gia gidi néi (dinh ly gia tri trung

— 2.Taco (1+xz)-(2+2)*>x-4v = 42° nén f'(z) =

binh) cua Lagrange, ta ¢
1
) = fl@] =)l |b—al < 7]b—a @)

v6i moi a,b € [0, +00) (c 6 gitta va phu thudc vao a va b).
— Tu (1), suy ra

1
|xn+1 - xn| - ’f(xn) - f(xn—l)l < Z|xn - .I‘n_1| Vn > 2

(diéu phai chitng minh).
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— 3. Cach 1: Ta sé chitng minh bang quy nap theo n > 1 rang

2] < 2019
T,

< T )

Hién nhién, (2) dung khi n = 1.
— Giastt n > 2 va (2) da dang dén n — 1. Khi d6, theo (1) va gia thiét
quy nap,

1 2019
|20 — 0] = | f(zn1) — F(O)] < Z|~’Un—1 - 0] < T

vay, (2) dung v6i moi n > 1.
— Tu (2),tacdé lim z, =0.

n—-+o0o

— 3.Cach 2: Tty 2., ta thay

|l’2 — X1].

1 1
|xn+1 - xn| S Z|5Bn - wn—1| S e S 4n71

Vi thé, véi moi n, p € N* ta co:

P P 1
Tpgp — Tn| < Z |Tptk — Tpgr—1]| < Z WWQ — @I
k=1

k=1
1 "1
:4n—1|x2_I1’.ZF
k=1
1 1 )
§4n_1|$2—x1|-—1—>0 khi n — 4o0.
1— =
4

Vay, (z,) la mot day Cauchy nén né hoi tu.
— DPita = lim , > 0. Chuyén cong thitc truy hdi qua giéi han ta dudc

n—-+oo

azln(l+0¢)—21—aa<:>g(a):0; (3)

, 2 Lt . X
trong do, g(z) = z — In(1 + z) + - f(z) v6i moi z > 0. Dé

] 24+
thay o = 0 thoa (3). Mat khac,

1,2

g@)=1-f(z)=1- (ETICETE >0 Vz>0.

Tl do, g tdng ngdt trén [0, +00). Vay, o = 0 la nghiém (khoéng 4m) duy
nhat caa (3); suy ra: lim z, = 0.

n——+
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LOi giai bai[A.2
— Theo dinh nghia ctia D, ta c6 | f(zo) — f(v0)| < |ro—yo| v6imoi f € D.
— Suyra

sup|f(xo) — f(vo)| < |zo — yol- (D
febD

— Cach 1: bit g(x) = |z — 29| > 0 v6i moi z € R.
— Theo bat dang thttc tam giac, ta c6

9(x) = g(y) = |z — xo| =y — xo| < [(z —z0) = (y — 20)| = [& — ¥
véi moi z,y € R.
— Bang cach hoan déi vi tri clia = va y, ta thay |g(z) — g(y)| < |z — y| v6i
moi z,y € R. Do do, g € D. )
— Suyra ;ug|f(xo) = f (o)l = lg(zo) — 9(yo)| = |zo — yol. Két hop véi (1)
S

ta co
rjglea]%clf(:to) — (o)l = |zo0 — wol-

— Cach 2: bét g(x) = max{z — yo,0} > 0 v6i moi = € R.
— Xéttuy y z,y € R. Ta sé chiitng minh rang

l9(z) = g(y)| < |z =yl (2)

That Vay, néu z va y cling 16n hon Yo thi (2) tré thanh déng thitc. Néu
x va y cung bé hon Yo thi vé trai bang 0 nén (2) hién nhién ding.

— Trong trudng hop con lai, khong méit tinh t6ng quat, xem z < yo < y.
Khi do, |g(z) — g(y)| =10 — (y — yo)| = |yo — y| < |z — y| nén (2) ludn
dung. Do @06, g € D.

— Tuong tu, néu dit h(z) = max{z — zo,0} v6i moi z € R, ta ciing c6
h € D.

— Suyra

?gg|f($0) — f(yo)| = max{g(xo) — g(v0), h(v0) — h(x0)} = max{g(zo), h(yo)}

> max{zo — Yo, Yo — Lo} = |0 — Yol-
Két hop véi (1) ta c6

f;leag\f(%) — f(yo)| = [ro — wol-

Li giai bai[B.2

— 1.Khiz #0,taco f(z) = (1+x)coslvé
T

2x 1 1 1
, f— — — 2 . 3 —
f (x) =1 5 " Cos — + — ‘In(1+ 2 ) sin —.
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In(1 + 2?) 1

— 2. Xét gi6i han limM = lim———~= - x cos —.
x—0 xr — 0 x—0 332 x

. \ .. .. % AT 1
— Viz — 0va cos — bi chan (bdi 1) nén lim (x cos —) =0.
x x—0 X
In(1 + 22
— Do lim %)

1 5 — 1, nén gi6i han & trén bang f/(0) = 1-0 = 0.
r—r €T

( 2 1 In(1+2?) | 1)-

- COS — + ————= - sIn —

’ « 7 . / — i
3. Xét gi6i han glclil(l)f (x) = lim 52 - 22 .

z—0

1
— Chon day z,, = o 0 khin — +oo. Taco lim f'(x,) = 0.

nm n—-+o0o

. 1 : .
— Chon day y, = m———— — 0khin — 4o0. Talaic6 lim f'(y,) =

- + 27T7’L n—-+oo

(\]

1 # 0, nén }clil(l) f'(x) khong ton tai. VAy, ham s6 f” khéng lién tuc tai
r = 0.
LGi giai cac bai |A.3| B.3
— Theo dé bai, ta ¢ ham chi phi7 san xué\t: C = 8K +4L+100. VA ta cin
tim K, L sao cho C dat cuc tiéu véi diéu kién rang budc

K3 L5 = 2000.
(2000)3

— Cach 1: Theo diéu kién rang bubc, L = o> nénta biéu dién dugc

(2000)3

C=8K +4 "5

-+ 100

nhu 1a ham cia mot bién sb K € (0, +o0).

Tacs O(K) = 8 —5- 2000 gy oy

: B

(0, +00).

— Phuong trinh " = 0 ¢4 nghiém duy nhét K = 2000. D€ y: C"(K) > 0
v6i moi K. Do dé, C dat cuc tiéu (tuyét dbi) tai K = 2000.

— VAy, d€ chi phi san xuat 13 thdp nhit, nim 2019 doanh nghiép cin
thué K = 2000 don vi vbn tu ban va L = 2000 don vi lao déng.

— Cach 2: Ap dung b4t ding thitc TBC-TBN cho 3 s6 duong va st dung
diéu kién rang budc ta c6

(2000)3

K4

v6i moi K €

C =8K +4L+100=4- (2K + L) 4+ 100 > 4- 3K L5 + 100 = 24100;

— dAu "=" x4y ra khi va chi khi K = L = 2000.
— VAy, dé€ chi phi san xuat la thap nhat, ndm 2019 doanh nghiép cin
thué K = 2000 don vi von tu ban va L = 2000 don vi lao déng.

LGi giai cac bai |A.4| B.4
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— 1. bét F(z) = /1 |f'(t)|dt, ta cod F(1) = 0va F'(z) = —|f'(z)| (Vx €

[0, 1]).
— Hon nia,

F(:E)Z/ f(t)|dt > / f’(t)dt‘=|f(1)—f(x)|=|f($)l (Vo € [0, 1]).

(1)

— Laico

1

/OIF(I)dx=er(:c) —/leF’(x)dx:/01x|f’(x)|dx. 2)

0

T (1) and (2) suy ra bat dging thiic cAn chiing minh.
— 2.Dit f(x) = z(1 — z), ta c6 mot ham f kha vi lién tuc trén [0, 1], v6i
f(1)=0va

/0 |f(x)|dz = é /0 z|f'(z)|dz = }l

VAy, f thda yéu ciu dé bai.
N\, e &) ’ \ o
Lai giai cac bai |A.5| |B.5
— 1. Ham f lién tuc, don diéu khéng ting va bi chin duéi béi 0 nén ton
tai gi6i han hitu han lirf f(2).

— Tt gia thiét suy ra su héi tu cta tich phan suy réng

—+o00 x
dt = lim dt.
f(Hdt = 1 / f(t)at

0 T—+400

T

— Vi F(z) = / f(t)dt, ton tai gi6i han hitu han hrf F(x). Do do,
0 T—r+00
lim (F(2x) — F(z)) = 0.
r—+00
— Tu tinh don diéu khéng tdng caa f > 0, ta ¢d

F(2x) — F(z) = /Qxf(t)dt >zxf(2x) >0 V>0

nén lim zf(2z) =0.Suyra lim zf(z) = 0 (diéu phai chitng minh).

T—+00 T—+00
1 ~ g
— 2. Cach 1: bat = v6i moi x > 0. Dé thay f la
it f(z) (x + 2) In(xz + 2) = v/
mot ham duong, lién tuc va giam trén [0, +00), v6i lirf zf(x) = 0.
T—>+00

Hon nta:
1 r=-400

400 +o0
i (z)dx = /o Tt Q)dx =Inln(z + 2) » = +o0.
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2(x +1)
) [(z+1)2+ 1] In[(z + 1)% + 1]
thay f la mét ham duong, lién tuc trén [0, +c0), va 1ir+n zf(x) =0

— Cach 2: bat f(z) = v6i moi « > 0. Dé

nén lim f(x)= 0. Hon nta:
r—r+00

400 +0o0 2(x +1) >l
dy = dv=J = d
0 (@)dz /0 @+ D2+ Tl + )2+ 1] /m u
u=+0o0
=Ilnu = +00;
u=In2

trong d6, u = In[(z + 1) + 1]. Vay, lirf (f(x) +/ f(t)dt) = +o0.
T—>+00 0

A: A Ly 1 2
— Cuoi cung, trén [0, +00), cAc ham g(z) = v

CE LR R G g s gy
duong va giam nén f(z) = g(x)h(z) cling giam.



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (PH Bach Khoa TP H6 Chi Minh). Goi ) 13 tri riéng clia ma trn X
va x la vecto riéng tuong tng. Ta c6: Xz = Az

= X0 = N0 — 0= N9 =0 = A =0.

VAy X chi c6 tri riéng A = 0, do d6 da thitc f(X) =T+ X +---+ X" chicé
tririéng ' =1+0+0+---4+0=1.

= f(X) kha nghich.

=r(X)=r(Xf(X)=r(X + X%+ + XF),

Bai 1.2 (DH Dal Nam). (a) Dét AAT = (Cij)nxn. Ta co Cij = Zaikajk =
k=1

n

Z agrai; = tr (A) a;Vi, j.
]k):ol dé: AAT =tr(A).A
Vay néu tr (A) = 0 thi AAT = 0. Suyrac, = 0,Vi,j = ¢;; = Zn: {ai.} =
0,¥i = tr(A) # 0. =
(b) Do: tr(A) #0= A= 1/tr(A).A.AT = (1/tr(A).A.AT)T = AT (dpcm).
(c) Do: tr(A) # 0 => dksao cho: ay, # 0 => aij:Z—’iajkW,j. Nghia
13 cac dong clia ma trdn A déu dudc biéu dién tuyén tinh qua vecto

(alka Agky - - - aank)°

Vay r(A) = 1 (dpcm).

Bai 1.3 (DH Dai Nam). Theo gia thuyét, ta cé:
A=AB - BA=AB— ABA+ ABA—-BA=AB(I - A)+(A—1)BA
= A=(AB—-BA)(I -A) = A=A (I—-A)= A>=0= det (A) = 0.

Bai 1.4 (PH Dbéng Thap). + Goi n 1a cip clia A va B ta cb tr(AB) =

D (AB)i =Y > (A)y(B)ji =YY (B)i(A)i; = > (BA);; = tr(BA).

i=1 i=1 j=1 j=1 i=1 j=1
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+ Tinh dudc 2a, 4a, 6a 1a cac gia tri riéng ctia A. Vay ton tai ma trdn P vudng
cap 3 khong suy bién dé A = PC'P~! trong d6

2 0 O
C= 0 4a O
0 0 6a

+ Theo két qua trén ta c6
tr (A2019) = tr (P02019P—1) = tr (P—IPCQOIQ) — tr (CQOIQ) — (22019 + 42019 + 62019) a2019'

Bai 1.5 (PH Giao thoéng Van tdi). a) Ta ¢c6 B = T 'AT suy ra det(A) =
det(B). Tt dé ta c6 —(a — b)* =0 = a = b.

Talaic6 B—1 =T (A~ 1T suy radet(A —I) = det(B — I). Tt d6 ta ¢
2ab = 0.

Két ludn: a = b = 0.

1 01
b)Khia=b6=0,A=[0 1 0

1 0 1
Da thic dic trung det(A4 — ) = —\* + 3\% — 2.

Cac gia tri riéng va véc-to riéng tim dudc la

/\1 = 0, ap = (—1,0, ].)
)\2 = 1, a9 = (O, 1,0)
A3 = 2, a3 = (1a071)

—1
MatranT = | 0
1

O = O
—_ O =

Bai 1.6 (PH Giao thdéng Van tdi). a) Ta ¢c6 B = T 'AT suy ra det(A) =
det(B). Tt do ta c6 —(a — b)> = 0= a = b.

Talaic6 B—1 =T (A~ 1T suy radet(A —I) = det(B — I). Tir 6 ta ¢
2ab = 0.

Két ludn: a = b = 0.

101
b)Khia=b=0,A= |0 1 0
101

Pa thtic dic trung det(A — M) = =A% 4+ 3\% — 2\
Cac gia tri riéng va véc-to riéng tim dudgc la
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)\1 = 0, [ (—1,0, 1)
/\2 = 1, a9 = (O, ].,0)
)\3 = 2, as = (].,0,1)

-1 0 1
MatranT=| 0 1 0
1 01

Bai 1.7 (DH Giao thong Vén tai). Gia st tong chung cia mdi hang, moi cot,
moi dudng chéo bang s. Pit e = (1,1,1)", khi d6 Ae = s.e, nén s 1a gid tri

A A 2 3 N ~ 1 7 J— A
riéng. Do ma trin A kha nghich nén s # 0. Pdtr = =, ta c6 A~ 'e = re. Nén
s

~ 4 A > X \ 2 — 3 1
tong cac phan tlt theo mo6i hang ctia A~ bang r = —.
s
Thay ma trdn A béi ma trAn A’ ta c6 tong cac phan ti trén moi cot bang

nhau va bang —.
s

Goi cac gia tri riéng khac cia A la A va —\ (do Tr(A) = s), v6i A # 0. Cac
A R B B | C o2 A oA \ ,
gi4 tri riéng cia A~' 1a -, OISR Do do6 tong cac phan tu trén dudng chéo
s

N 1
chinh bang —.
s

0 01
patP= |0 1 0] va B= AP.Haima tran A va B c6 ciing t6ng theo mdi
1 00

hang, cot, duong chéo. Dudng chéo phu ctia A la dudng chéo chinh cia B va
\ 7 7 R 4 A > A \ 7 ¥ 1
B™' = PA'. Tit d6 ta c6 téng cac phan tii trén dudng chéo phu bang —.
s

Bai 1.8 (PH Kinh t& Qubc dan). Cho c4c ma tran: Tit gia thiét AD”—BCT = I
tasuyra DA” — OB" = Iva ABT = BAT, D" = DC". Do d6,

A B Dt -BT"] [TI 0

C D —ct AT |70 I
DT BT 13 ma tran nehich dao cf wan | 4 B
T g7 a ma tran nghich dao cua ma tran D

vatacd C'B+A"D =1 = DTA— B"C = I, 14y chuyén vi hai vé ta dugc
A"D-C"B=1.

Bai 1.9 (PH Kinh té Quéc dén). Dat

suy ra ma tran [

11 Aaiz2 A3
A= Q21 dg2 (23
a31 daz2 G33
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Theo gia thiét ta c6

ag = S — a1 — ass (1
ag = S — a13 — as (2
A = S — a1 — a3z (3
A = S — g1 — Qa3 (4

. . S . S
Tu (1),(2) va (3) ta suy ra ag = 3 Ket hop véi (1) suy ra a;; = 3 + u,

S . . . ,
Q33 = g—u. Tu (2) suyra a3 = §_U vaas, = §+v. Mat khac, ai;+aa+a3 =
S
S = a12:§—u—|—v.

a11+a21—|—a31:S — 421 — — —U—U0
S 5 S
Tu (3) va (4) suyraa32:§+u—vve‘1a23:§+u+v.

Vay, ta dudc ma tran

§+u g—u—i—v - =
3 3 3
S
A= g u—v 3 g Tutv
§—|—v §—|—u—v §—u
3 3 3

Ta tinh dugc |A| = 3S(v? — u?) suy ra A khé nghich khi va chi khi u* # v?.
Ta tim dudc ma trdn nghich dao cta A la

uS =’ +ut S—u—v vS+v -’ ]
(3v2 = 3u?)S  SBu+3v (3v?—3u?)S
e S+v—u 1 _S-v+u
N (3v — 3u)S S3 (3v — 3u)S
vS—=v*+uw? Stutv uS+vP -’

(3v? —3u?)S  (3v+3u)S (3v?—3u?)S |

Dé dang kiém tra dudc A" cfing 1 ma tran "ky diéu’".
Bai 1.10 (PH Kinh té Quédc dan). Dat
_ |4
4]
B=[B B].

trong do A;, B;, (i = 1, 2) la nhitng ma tran vudng cip 3. Theo gia thiét ta c6:
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A, By = 20191
Ay By = —20191
AyBy = —20191

Ay By = 20197

Suy ra B; = 2019A;", By = —20194; ", Ay, = —2019B; ' = —A;!
Do do,

BA=[ B Bg}[ﬁ;}:BlAl—i—BgAg:QOlw.
2 -1 0 100
Bai 1.11 (PH Nha Trang). TacoA=| -1 2 -1 | =210 1 0 | —
0o -1 2 0 0 1
010
1 01 |=2I[-B
010
a b c
Goi X = | d e f | lama tran giao hoan v6i A. Ta ¢c6 AX = XA &
Ty z
BX = XB.
010 a b c d € f
TathéyBX: 1 01 d e f|=|a+z b+y c+2z |,
010 rT Yy z d e f
a b c 010 b a+c b
XB=|d e f 1 01 |=|ed+f e
T Yy 2 010 y z+z2 vy
a b c
. Cho hai vé trén bang nhautadudc X = | b a+c b
b
Bai 1.12 (DH Nha Trang). = — Chitng minh A% = 34 — 2E: Tt gia thuyét

A*—2A+FE=0tasuyra A’ =24—F , A= A?> - A— E. Nhén tuong
{ing 2 vé trén, ta dugc A> = (24 — E) (A> — A~ E) = 2A4° - 342 +
3A—E=A*=34>-3A+E=3(2A—~FE)-3A+FE=3A-2F.
— Chting minh A* = 44 — 3E: Ap dung cau trén, ta dugc A* = A% A =
(3A—2E)A=3A*-24A=3(2A - F) — 24 =4A - 3E.

Bai 1.13 (PH Quy Nhon). Cho cac ma tran A € Matsx2(R), B € Matay3(R)
va

8§ 2 =2
AB=1| 2 5 4
-2 4 5

Chiing t6 rang BA = 915.
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— Tinh (AB)? = 9AB va rank(AB) = 2. Suy ra
rank((AB)?) = 2.

— Vi BA € Matyx2(R) nén rank(BA) < 2.
— Hon niia,

2 = rank((AB)?) = rank(ABAB) < rank(ABA) < rank(BA).
Do d6 rank(BA) = 2. VAy ma trdn BA la kha nghich. Tt 6 suy ra

(AB)> =9AB = A(BA—91,)B = 03
— BA(BA —91,)BA = B03A = 0,
— (BA)"'BA(BA —91,)BA(BA)™ =0,
— BA -9, =0,
— BA =91,

Bai 1.14 (DH Quy Nhon).  — Da thitc dac trung ctia A la
p(A) = det(A — \l3) = (2 — \)>.

— Tacod p(A) =0, tcla (A — 213)* = 0.
— Khai trién Taylor ctia ham s6 f(z) = 2" tai z = 2:
)

'(2 @)(2 (n)

" = f(2) + il )(:v—2)+f ( )(:v—2)2+---+ / (2 —2)" + -
1! 2! n!

— T do suyra
—1)2n2
f(A) = A" =2"I;+ n2" " (A —2[3) + %(A —20I)%.
7 2019 2019 2018 2019 * 2018 ° 22017 2
Do dé A®™ = 27 [342019-27°(A—-215)+ 5 (A—-2I3)".

Bai 1.15 (DH SPKT Vinh Long). Ma trén liy linh A + \B cAp n nén (A +
AB)" = 0. Ma tran (A + AB)" c6 thé biéu dién duési dang

(A+AB)" = A" + \Cy + ... + A" 'Cp_y + \"B",

trong do6 C4, ..., C,_; khong phu thuoc vao \. Goi a,cy, ..., ¢, 1,b la nhitng
phan tr tuong Gng cua cac ma trdn A", C,...,C,_1, B" d vi tri (7, 7). Khi d9,

a+ g+ ... N, 1+ AN =0

vGi n + 1 gia tri A khac nhau. Chung ta thu dudgc mét hé n + 1 phuong trinh
véin+1biéna,c,...,ca1,b. Dinh thitc ctia hé 14 dinh thic Vandermonde va
khéc 0. Do dé, hé thu dugc chi c6 nghiém tAm thudng. Néi riéng, a = b = 0.
T d6, A" = B" = 0.
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2 DINH THUC

Bai 2.1 (PH Béch Khoa TR Hb Chi Minh). Ta c6: r(A) = 1,
x1

X2

B = (y1 Y2 .- yn):X'K

Tn
=r(B) <r(X)=1,
=r(A+B)<r(A)+r(B)<1+1=2.
Truong hop 1: n > 2 = det(A+ B) = 0.
Truong hop 2: n = 2

1+zyr 1+ 71y 1+zy1 x1(y2 — 1)
= |A+ B| = =
| | ‘1+x2y1 L+ azoys| |1+ 201 22(y2 — 1)
1 x«
= ()| xl = (12 — 1) (w2 — 71).
2

Bai 2.2 (DH Bach Khoa TR Hd Chi Minh). (a) Ta coé: det(X—XT) = det(X —
XN =det(XT — X) = (—=1)*"det(X — XT) = det(X — XT) =

o o0 -~ 01
o o0 --- 10 0 I )
(b) Chon X = | --- = (_; O"): la ma trn phan doi
O -1 --- 0 0 e
-1 0 0 0
xung.

= X - XT=2X
= det(X — XT) = det(2X) # 0.

Bai 2.3 (PH Déng Thap). Xét da thic theo bién 2 nhu sau:

1 a o o

a

1 b b b b
f@y=|1 ¢ & & " | =up+uzw +uga® + usa® + uya’.

1 d & & 4
1z 22 2% 2!

D& thiy a, b, ¢, d 1 cac nghiém cta f(z).

Theo Dinh liViéttacoa+b+c+d = 1,

Uy

Mt khac, khai trién dinh thiic f(z) theo dong cudi ta c6

1 a o o 1 a o o
1 b v b 1 b6 v v
Us = 1 ¢ & ) Ua = 1 ¢ & &
1 d & & 1 d & &



2. PINH THUC 63
Suy ra diéu phai chitng minh.

Bai 2.4 (DH Giao thong Van tai). a) Ta ¢
_[aA bA\  [al bI A O
\cA dA) \el dI O A

2
Ta 6 det(B) = det (‘” b1 ) det (A O) = (ad — bc)* det(A).

o
~

dl O A
b) Kiém tra truc tiép ta c6 BB~ = B~'B = 1.

Bai 2.5 (PH M3 - Dia chét). Pinh thitc clia ma trin da cho 1a da thtc bac
2019. V6i = = 1, 2,...,2018 dinh thtic ¢6 cac dong bang nhau, nén béng
khong. Nhu vy cac sb da cho chinh la nghiém cla phUOng trinh. D€ tim
nghiém thi 2019, ta cong tAt vao cot diu tién tit ca cac cot con lai va thu
dugc nhan ti chung (13 cic phan ti ctia cdt dAu) 13 (z + 1+ 2+ ... + 2018).
Tic 1a nghiém tht 2019 ctia phuong trinh la

2018 x 2019

= —(14+2+...42018) = = —2037171.

So v6i nghiém gn nhét 14 = 1, thi khoang dai nhét giita hai nghiém c6 d6
dai la 2037172.

Bai 2.6 (DH Nha Trang). 1.1. a) Tinh dugc

= 665

Iy =

S O N Ot
O N Ot W
N Ot O
Tt w o O
w o O O

000 25

.b) Khai trién dinh thtc theo dong 1, ta dugc két qua z,, = 5x,_1—62,_3, n >
3 ¢) Tu cong thic x, = 5x, 1 — 62, o, (n >3),tacd x,, — 22,1 = 32,1 —
62n2 = 3(Tp1 —22p_2) = 3*(¥p 0 —2, 3) = ... = 3" (5 —21;) =
3"29=3" (1)1,—3Tp1 =27, 1—6T 9 =2 (Tpn_1 — 3Tp_2) = 2% (Tp_2 — 32,_3) =

= 2" (29— 37;) = 2"7%4 = 2" (2) Giai hé (1) va (2), ta dugc =, =
3”*1 2”Jrl TrufOng hop n1é suyran+1chan, dit. Tacd z, —1 = (4—1)%* —

—1= Z Codi (=17 —d4F 1= (1 - Cd + CH4% — C5.43 + ..+ 4%) -

4k 1 = —c;k4 + 0242 — C3,43 + .. + 4% — 4F VAy v6i n 1@ thi z,, — 1 chia
hét cho 4.
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Bai 2.7 (PH Nha Trang). Tinh (I + A)" v6i va I 1a ma trin don vi cling cip
voi A. Tac6 A> = A, A> = A?. A = A, ..., Dung phuong phap quy nap, ta
dudc A" = A, n>2.Tacod (I +A)" =+ CLA+ C2A2 + C3A% + .+ Cn A
=1+ (Ch+C2+Co+...+Cp)A=1+(2"—1)A.b) Gid st AB+ BA=0.

Tinh det (A + B), det (A— B).Taco
(A+ B> =A4+ AB+ BA+ B>=A*>1+ B*= A+ B,
(A-B)Q:AZ—AB—BA+32:A2+BQ:A+B.
2 _
bat det (A+ B) = a, det (A — B) = b, ta cd hé { 2 . Suy ra (a,b) =
0, 0), (a,b)=(1,1), (a,b) = (1, —1).
Béi 2.8 (DH Pham Van DSng). Glé Sﬁ fl (l') = b’i,O —+ bi,l +...+ biyn,2$n72. Khi
do
filar)  fi(as) fi(an)
f2( 1) f2(a2) fz(an) _
fn<a1) fn a’2 fn an
bio b1 bin—2 1 1 1 1
b2,0 b2,1 b2n 2 a1 a2 ap—1 Ay,
bn,O bn,l nn 2 aT_l ag—l CLZ:% a:rnl_l
Cho nén
fi(a fi(az) fi(an)
fola D e o .
fn(al) fn(&2) fn(an)

Bai 2.9 (PH SPKT Vinh Long). a) Ta ¢ I, + A* =

i> = —1. Khi dé

det (

DAan t6i C2D?

Do doé

I, + A?)

CD

— APBY

p

(A—il,) (A+il,), véi

det [(A —il,) (A+il,)] = det (A —il,) det (A +il,)
det (A +4l,) det (A + il,,)
|det (A +iI,)|*> > 0.

b) it C = AP, D = B9 thi C* =

=AA.A . BB.B=AA..
—_— =

— det (A +il,) det (A +il,)

B?. Tacé

(AB)B...B = O,.

A D? =

q

—C.C.D.D=C(CD)D = O,.

Theo két qua trén thi det (I, + C?) > 0,det (I, + D*) > 0.
0 < det (I, + C?)det (I, + D?) = det [(L,, + C?) (I, + D?)]
= det (I, + C* + D* + C*D?) = det ( n+02+D )
= det (I, + A* + B*).
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Bai 2.10 (Hoc vién KTQS). a) Ta c6 A% = 2F do dé det(A) = +v/27. Mit
khac A% — A = A(2'%%° — 1)E, do d6 det(A) = +£v/27(2!1°% — 1)™.
b) Ta c6 det(AAT) = 10E tit @6 det(A) = 100.

Bai 2.11 (Hoc vién KTQS). BS dé: a) Néu A lity linh cip & thi chi ¢6 tri
riéng 0.

b) A cé tririéng A thi I, + A c6 tri riéeng 1 + \.

Chting minh bai toan.

Néu det(B) = 0.

(B+ A)f=B"+CBA* ' +... 4+ OF !B 1A 4 AF

=B +CIBAM ' + ...+ CF' B A=B (B + )

= det (B + A)* = (det(B + A))* = det (B) det (B* ' +---) =0
= det(B + A) = 0 = det(B).

Néu det(B) # 0, khi d6 dé thiy AB~! = B~'A va B~'A ciing lity linh. Ta c6

det(I, + B™'A) =1 = det (B + A) = det (B) det(I, + B~'A) = det (B).

3 HE PHUONG TRINH TUYEN TINH

r1+ 29 =1
To + X3 = 2
Bai 3.1 (PH Bach Khoa TP H6 Chi Minh). Hé phuong trinh
Tp1+xp=n—1
Ty +X1="n
Trudng hop 1: n chan
Cong vé theo vé cac phuong trinh chin va phuong trinh 1é:
T+ wet e+, =14+34+5+ 4+ (n—1)
T+ Tyt =24+44+64+-+n
Truong hop 2: n 1é: n = 2k + 1.
Liy phuong trinh thi (i + 1) trit phuong trinh tht i, ta cé:
Toky1 — Tog—1 = Tog—1 — Top—3 ="+ =3 — 1 =1
Tok — Tog—2 = Tog—2 — Tog—4 =+ =Ty — Xy = 1
= {wop}r va {zops1}x 12 cép sb cong co cong sai d = 1.
T phuong trinh (1) va (n):

= Hé vo nghiém.

T+ x0=1 131:—:>132¢+1:—+Z', ZZO? ’
1 2 N 2 %
T +x+k=2k+1 . 1—-k 1= . o —
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Bai 3.2 (PH Bach Khoa TP H6 Chi Minh). Goi X,, = | v, | 14 sb ngudi dung
Zn
v
M | sau n thang khdo sat.
N

Tpi1 = 0.72, + 0.15y,, + 0.2z,
Taco ¢ yni1 = 0.1z, +0.75y, + 0.05z, < X, = AX,, v6i
Zn+1 = 0.2z, + 0.1y, + 0.752,

0.7 0.15 0.2
A= (01 0.75 0.05
02 0.1 0.75
1000 464.75 465
(a) Sau3thang: Xs=4° 0 | = |185.75| ~ | 186
0 349.5 349
xr
(b) Gidstt X = [ y | thod yéu ciu bai toan
z

AX =X x4y + 2= 1000
—-0.3 0.15 0.2 0
0.1 —-0.25 0.05 0

{x+y+z:1000 {(A—I)X:O
~ 54

<1 02 01 -025| 0
1 1 1| 1000
x =377

el y=230 .
2 = 393

Bai 3.3 (DH Dai Nam). (a) Tinh dinh thitc ma tran A khin =1,2,3
Dit D,, = det (A). Khi dé ta dé c6: Dy = 5, Dy = 19, D3 = 65.

(b) Tinh dinh thiic A cép n
Khai trién Laplace theo c6t dAu tién, ta ducc: D, = 5D,,_; — 6 D,_.
Tt d6 dé tim dudc sb hang téng quat ctia diy hédi quy tuyén tinh cip 2
nay la: D, = 3" — 2nt!

(c) Giai hé phuong trinh: Vi D,, = det(A) # 0 nén hé da cho la 1 hé
Crammer, tdc 12 chi ¢c6 mot nghiém duy nhit. Hon nita, dé thdy = =

(1,1,...,1) 1a nghiém nén day 1a nghiém duy nhit ctia hé di cho
.. . . At A 1.1 A \ r+y=1
Bai 3.4 (PH bai Nam). (a) Sai. That vay, xét hé phuong trinh { 9 + 2y = 3

Hé phuong trinh nay v6 nghiém nhung hé phuong trinh tuyén tinh thuin

A 1en 1A r+y=0 , A & n
nhat lién ket{ 9 + 2y = 0 co6 vO sO nghiém.
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(b) Pung. Gia thiét ta c6 ma trin hé sb mé réng A = (A|B) ctia hé phuong
trinh AX = B.Dodet(A4) #0=>r(A)=n+1.Vi A = (A|B) => r(A4)
< 7 (A) + 1. Néur(A) < n thi r(A) < n+ 1 miu thudn. VAy r (4) = n.
(c) bung. That vay g1a st ton tai ma trdn X thod man AX = BviBvaAla
ma trdn vudng cap n nén X la ma tran vudng chpn.Tacon =r(B) =
r(AX) < r(A) < n mau thuan. Viy khong ton tai ma trdn X thod man
yéu ciu dé bai.
Bai 3.5 (DH Dong Thap). Goi sb san phdm cla ting loai A, B, C, D, E lan
1uot 13 21, 2o, x3, 24, 5. DE st dung hét cong suit clia nha may thi

Ty + 3 + x3 + x4 + x5 = 15
Ty + 21’2 + 31’3 + 4$4 + 5%5 = 35
r1 + 3x9 + 623 + 10xy + 1525 = 70
Ty + 41’2 + 101‘3 + 20%4 + 35ZL’5 = 126
I + 51’2 + 15ZL‘3 + 35ZL‘4 + 7OZE5 = 210

Giéihétadu’OCl’1:5 1'2:4 ZE3:3 l’4:2 5135:]_.

Bai 3.6 (DH Hung Vu’Ong) Nhéan xét rang hé da cho c6 2018 phudng trinh
va 2020 4n va hang clia ma trin cac hé sb bang 2018. Do d6 sb chiéu ctia
khong gian nghiém ctia hé thuin nhit bang 2. Hé phuong trinh tuong duong
vG6i

2.’13'1 — Ty = 21’2 — I3

21’2 — X3 = 2%3 — X4

2T2018 — T2019 = 2T2019 — L2020

bat 2z, — 2o = u. Khi d6 ta c6

x2:21:1—u:2(x1—u)+u
T3 =219 —u=2*(v; —u)+u

Togzo = 22" (21 — u) + u

Do d6 hé nghiém co ban ctia hé da cho la {(1;1;....;1), (1;2; 2%....;2%0"%) }.
Nghiém riéng cta hé da cho la (—2; —3; —4; ...; —2020; —2021).
Do d6 nghiém cta hé phuong trinh da cho la

a(l; 1; .. 1)+b(1; 2: 2% 22019) +(=2; =3; ...; —2021), Va,beR.

Bai 3.7 (PH Khanh Hoa). Gia stt phan ching hé dé cho c6 nghi¢m khéng
tam thu?éng T = (1'1, o, .. 1’2019) 7é 0.

bat |z;| = ma2>§19{|x5|} The thi |z;| # 0. Xét phuong trinh thi i trong hé da

cho:
;11 + Aoy + + - + Q5% + -+ ai2019)T2019 = 0.
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Khi do
Q;;; = — E aijxj.
1<5<2019, j#
Suy ra
anzi =] ) al <D ||
1<5<2019, j#i 1<5<2019, j#i
Suy ra

ZLj

I’,
aal < Yy =

1<j<2019, j#i

< Y ayl (do

1<j<2019, j#i

<1).

Piéu nay 1a miu thuln véi gia thiét |a;| > Z lai;], i =1,2,...,2019.
1<5<2019, j#i
Nhu vay, hé da cho c6 ¢6 duy nhat nghiém tam thuong.

% %

Bai 3.8 (PH Kién Tric Ha Néi). a) St dung phuong phap bién d6i Gauss
trén ma trdn mé réng cac hé s6 ctia hé phuong trinh dé dua vé ma trdn tam
giac trén:

211111 19 111111 |8
121111 |9 0100001
112111 ]9~ ]001000 |l
111211 |9 000100 |1
111121 |10 000010 |2
111112 |10] 000001 |2

(1’1:1

.1'2:1

=1

NP

ZE4:1

l‘5:2

.1'6:2.

b) Goi A 12 ma trin c4c hé sb cta vé tri cia ma trin da cho.
Ap dung tinh chat cta dinh thitc: Néu cdng (trir) moi s6 hang a;; cho mot so
chén thi tinh chén, 1é ctia dinh thitc khéng thay déi (a,; € Z).

01 1111

1 01111

, - o 110111

Do d6: det(A) = det(B)(mod 2) v6i B = 1 11011
1 11101

11111 0
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Ta co

55505055 111111
101111 101111
110111 110111

det(B) =1, 1 { 01 1/=%°1 1101 1
111101 111101
111110 111110
11 1 1 1 1
0 -1 0 0 0 0
_s00 -1 0 0 0
20 0 -1 0 o0
00 0 0 -1 0
00 0 0 0 -1
=5.(—1)> = —5.

Suy ra det(A) la mot s6 18, do dé det(A) # 0. VAy hé phuong trinh luén c6
nghiém duy nhat.

Bai 3.9 (DPH Kinh té Québc dan). Hé phuong trinh d4 cho tuong duong véi hé

(a1by + D)xy + a1boxs + -+ - + a1bpx, = ¢
szll'l + (a262 + 1)1’2 + -+ agbnl'n = Co

xét dinh thiic

Cllbl +1 CL1b2 cee (llbn
D,=| h wbetloe b,
an,b1 anby ceeapb, +1

D, =1+ aiby + asby + - - - + a,b, = 1. Do do, hé da cho la hé Cramer. Vay hé
6 nghiém duy nhéit.

D! 1a dinh thiic c6 dudgc tit dinh thitc D, bang cach thay cot thit i bang cot
(c1,¢2,...cp)". Ta cd D! 14 cac s6 nguyén v6i moi i = 1,n nén hé di cho ¢

(2
n

D,
Bai 3.10 (DH Nha Trang). a) Xét hé AX =0, ta ¢

duy nhét nghiém nguyén z; =

det A =3abc—a® —b* —* = —(a+b+c) (a® +b* 4+ —ab—bc —ca) .

Vi a, b, ¢ 1a nghiém ctia phuong trinh 2* — 20192 +5=0néna+b+c =0, vi
vay, det A = 0.
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Suy ra hé c¢6 v6 s6 nghiém nén ton tai it nhat 1 nghiém khéc 0.

b) Tacédet A =0 = r(A) < 3.Talai cd = ac—b% Via,b,clanghiém

a b
b ¢ '
clia phuong trinh 2* — 20192 + 5 = 0 nén a, b, c khac 0 va abc = —5. Xét
b(ac—b%) = abc — b = =5 — b®> = —2019b # 0. Suy ra ac — b° # 0 nén
r(A) =2.

Bai 3.11 (PH Nha Trang). Lip ma trdn (A|B), dung phép bién déi so cip
dong dua vé ma tran tam giac trén, ta dudc nghiém z; = 2,25 = 1,23 =
0,24 =—1,25 =0.

Bai 3.12 (DH Pham Vin Dong). Xét f(u) = u? 2 +zu®"+. . +2og10u+T2020.
Khidé f(a;) =0v6imoii=1,2...,2020. bat g(u) = (u—ay).(u—az)....(u—
a2020) = w4 biu? 4 L+ bagrgu + bagao. ) L

Khi d6 g c6 2020 nghiém ay, as, . .., as va co hé so cao nhat bang 1 nén
theo dinh ly Vi-et thi

b1 :—(a1+a2+...+a2020)
by = a1a3 + agaz + ... + a2019-G2020
b2020 = a1.a9..... 2020

bat h(z) = f(z) — g(z) thi h(z) c6 bac 2019 c6 2020 nghiém nén h = 0.
Vi vay

.Il:bl :—(a1+a2+...+a2020)
To = by = a1a2 + a2a3 + ... + A2019-02020
T2020 = b2o20 = aj.aa. .. .. 2020

Bai 3.13 (DH SPKT Vinh Long). Gia st hé da cho c6 nghiém (1, z, 73, 14) #

0.

Nhan phuong trinh tht nhét véi Az, phuong trinh thit hai v6i Az,, phuong

trinh th ba v6i Azs, phuong trinh thit tu v6i Az, roi céng cic phuong

trinh lai ta dudc A\zy (Az1 — awy — brg — cxy) + Axg (axy + Axo — dws + exy) +

Azs (bt 4 dxy + Avg — fra)+Axg (cxs — exs + fas + Axy) = 0, hay 20* (2] + 25 + 25 + 27) =
0. Suyra A = 0.

Khi d6 hé phuong trinh thudn nhit d4 cho c6 ma tran hé s6 1a

0 a b c
—a 0 d —e
A= b —d 0 f
—c e —f 0
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Piéu kién cAn va di dé€ hé phuong trinh thuin nhit Az = 0 ¢6 nghiém khéng
tAm thudng z # 014 det A = 0.

Bang khai trién Laplace ta dudc det A = (af + be + cd)
VAy diéu kién can va di d€ hé phuong trinh di cho c¢6 nghiém khéng tim
thuong (1, z2, x3,74) # 0la af + be + cd = 0.

Bai 3.14 (Hoc vién KTQS). B = A”A € M, (R), ta can chitng minh ker B =
{0}. Ky hiéu A; la c6t thit i cha A, theo gia thiét cac cot nay doc 1ap tuyeén
tinh. Khi d6

2

AT
A=[Ay, ., A= AT = | ..
AT
AlTAl AlTAn T
= AT Az = . .. | =0

ATA o AT TAN T,
AlT (.I‘lAl —+ ...+ ZL‘nAn)
S| =0
AT (0 AL+ 2, AY)

néu Ax # (0 suy ra
{Ay, ..., A,, Az}

doc lap tuyén tinh. Mit khdc Az = 1AL+ o+ 2, Ay, tle Az lai biéu dién
tuyen tinh qua Ay, ..., A,,. Suy ra mau thuan. Vay KerB = {0}.

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (PH Hung Vuong). D& thiy rank (f) + rank (g) > rank (f +g).
Gia st ey, eq, ..., €, VA Uy, Us, ..., Us 12 hai ¢ s6 tuong Uing caa Imf va Img.
Khi d6 ey, ey, ..., ex, U1, Us, ..., us $€ 12 c0 s6 cta Im (f + g) . Do d6 rank (f) +
rank (g) < rank (f + g) . VAy ta c6 diéu phai chitng minh.

Bai 4.2 (DH Kién Tric Ha N6i). a) Gia st ar.1+agps(z)+az.ps(x)+as.ps(z) =
0 (%), trong d6 ay, as, as, as 12 nhitng hang s6.
Lan lugt thay z = 1,2 = 2,z = 3 vao dang thic (x) ta lan luct suy ra
a1 = 0,as = 0, a3 = 0. Tt d6 suy ra ay = 0. VAy hé S ddc lap tuyén tinh.
Mt khac hé S c6 4 phan ti, bang véi sb chiéu ctia khong gian vects V nén
ta suy ra S la mét co sG caa V.

b) Theo gia thiét ta c6

p(x) = mip1(x) + mapa(x) + maps(x) + maps(z).
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Suy ra: p(4) — p(1) = (mq + 3my + 6mg + 6my) — my, ti d6 ta dugc:
me + 2ms + 2my = 21a + 6b

13 mét s6 nguyén chia hét cho 3.

Bai 4.3 (DH Kinh té Qubc dan). VX = (z;; € Ms(R) ta cb

3
x11 §I12 x13
3 3
L(X) = 5o 2799 5T
3
x31 §I32 X33

Dé thay E;; (Cac ma tran vudng cp 3 chi c6 phan tit thudc dong i cot j bang
1 con tat ca cac phan ti con lai bang 0) 1a cac véc to riéng clia L.

L<E11 = 1E11), L(Elg = 1E13), L(E31 = 1E31), I\/(Egg = 1E33) suy ra cac véc
to riéng F1, F13, F31, F33 Gng v4i gia tri riéng bang 1.

Es1, Ey5, B3y, Eos la cac véc to riéng Uing vGi gia tri riéng béng 7"

E», 1a véc to riéng ting véi gia tri riéng bang 2.

3 81

Bai 4.4 (DH Quy Nhon). 1.
— Taco ) = ff — f'f = 0.
— \,/i V. C Vg nén (V) C o(Viga).
— Ap dung phép chia v6i du, v6i moi g € V,.,, ta cod

g=af +q

véia e Cvag, €V,.
— Suy ra p(g) = ap(f) + ¢(g1) = ©(g1) € ©(V2).
— Vay o(Vii1) = o(V2).
2.
— kerp={g €V |p(g) =0}
— Vip(f)=0nén f €eker pva< f >={af | a € C} C ker ¢.
— V6i moi g € ker ¢, gid st g # 0 va

g=cox® +erz" 4, VOicy #£0

f=dox" +dix"  +---+d,, v6id,#D0.
U0 = fg' — f'g = codo(k—7)x"*~ +cac sb hang béc thip hon, ta suy
rak =r,dodd g € V,,,. Stt dung phép chia da thiic ta dudc g = af+g;

v6i g1 = 0 hodc deggi < r. Vip(g1) = (g9 — af) = ¢(g) — ap(f) =0
nén g; € ker ¢. Diéu nay chiing t6 g; = 0. VAy ker p =< f > .
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Bai 4.5 (DH SPKT Vinh Long). Bang cach b6 sung cac vectd don vi thi
p+1,...,n, tacé thé gid thiét p = n. Xét ma trdn vudng A cip n véi cac cot
la cac vecto da cho. Ta sé chitng minh ma tran nay c6 cac vecto dong doc lap
tuyén tinh. That vay, goi cic vecto dong 1 uy, . . . , . Gid ST cyur+. . .4-Cptty =
0, trong d6 ¢; khéng ddng thoi bang 0. Goi ¢; ¢ gia tri tuyét d6i 16n nhét trong
$6 ¢y, ..., c,. Khi do,

i [=1 ) cjuig [<maxju | ¢ | vy |<] ciois |-
i i

V6 1i. VAy | A | 0. Tit d6 suy ra cac vecto cdt ciing ddc 14p tuyén tinh.

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (DH Bach Khoa TP H6 Chi Minh). Ta ¢6: AX + mX = B < A(X —
D4+m(X—-I)=B—A—ml.
S A+m)(X—1)=B—A—ml.
Vi X cotririeng 1 néndet(X — 1) =0=det(B—A—mI)=0
1—m 6
3 —6—m
nhan m =3V m = —8.

=0em?+5m—24=0<m=3Vm=—8. Thi lai

Bai 5.2 (DH Giao théng Van tai). Dat u = (T) Do u la véc-td riéng nén
{Au,u} 12 hé phu thudc tuyén tinh.

- ar+b x\ 2 o
det([Au, u]) = det (cz L d 1) =0 cr"—(a—d)x—b=0.
Truong hop ¢ = 0,a = d. Khi doé b = 0, Vz € R.
Truong hop ¢ = 0,a # d. Khi d6 x = —b/(a — d).
(a —d) ++/(a — d)? + 4bc

2c

Truong hop ¢ # 0. Khi d6 = =

Bai 5.3 (PH Hung Vuong). Cho ma trin

(52,

Tim ma trin cé céc gid tri riéng duong sao cho B? = A.

Bai 5.4 (PH Quy Nhon). =~ — Xét phuong trinh dac trung
N +20 -5\ —6=0,
co 3 nghlém la AL = -1, Ay = 2, )\3 = —3.
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— Sb hang téng quat ctia day {z,} c6 dang
Ty =c1(—=1)" + 2" 4 c3(—=3)"

VGi ¢, ¢o, 3 1a cac hang so.
— Vizg =1,y = —1,29 = 11 nén ta suy ra

cg+cat+ceg=1
—Cl+262—363 =-1
Cl+462+903 = 11.

2. A N 2 2
Giai hé phuong trinh ta dudc ¢; = —3:0 = 3 03 = 1.
2 2 o 2 2
— Vay z, = —g(—l)n + 52" + (—3)". Tt d6 suy ra xa19 = 3+ g22019 +

(—3)2019,
Bai 5.5 (Hoc vién KTQS). Ta c6

A= (ATY? = () = (A7) = 4
Do d6 A* — A = O. Tu déay tri riéng théa man A\* — \ = 0. Phuong trinh cé cac
nghiém 0, 1, %\/57;, c6 thé chi ra cac ma trdn nhan cac tri riéng nay thda

mén gia thiét:

T0 0 0 0 7

-1 3 01 0 0

A =101, 4, =[], 4= | 2. 2 | A, = -1 V3
0=1[0],4; =[1], Ay V3 1 4 00 - 5
2 2 Ooig__l

L 2 2 J

6 DA THUC

Bai 6.1 (PH Hung Vuong). Vi P (z) = ao khong théa man diéu kién. Do d6
P(x) c6 dang:

P(z) = apa" + an—lxn_1 + .. t+azr+ay, a,F0.

. JN A oA ~ N A 7 A 7, A A e 1N
Khai trién diéu kién da cho thi so6 hang c6 bic 16n nhat cua vé traila a, (a,z™)" =
2 A 4 A 7, A A [N
a™ 2™ SO hang c6 bic 16n nhat ctia vé phai la

n

28 neu n <2

(a? +1)2® néu n=2
at i neu n > 2

n
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Néu n < 2 thita c6

n2

™ =28 n?=8

Vi n € N nén diéu trén khong xay ra. Vay n > 2 va o™ 2" = a2

Suy ra ay'' =, = n=4

y n? =4n a, =1
Do vy ta cin tim da thitc c6 dang P (z) = z* + a32° + as2® + a1z + aq.
TaditG (z) = P (z)— (2* + 2 + 1)2+ 1. Khi d6 diéu kién d4 cho tuong duong
vG6i

P(P(x)+1=[P?(2)+ P(z)+1-G ()]

Khi d6
P(P(2))— (P*(z)+ P(z) +1)* +1 =G (2) [G(z) — 2 (P*(x) + P () + 1)]

Néu G(z) #0thitadit k = degG (), k<3.Tacoddk =k+8, volyvikla
sO tu nhién. Vay G(z) = 0, Vz. Tt do ta cd

P(x)= (x2—|—w+1)2—1: (® +2) (2 +2+2).

Bai 6.2 (PH Kién Trtic Ha Néi). Trude hét ching ta dé chi ra dudc rang véi
hai da thic P(z), Q( ) ta c6: P(z*) — P(1), Q(x4) — Q(1) chia hét cho 2* — 1,
va do do6 chung cung chia hét cho da thitc 2 + 1. Mit khac ta co:

P(1) +2Q(1) = P(z*) + 2Q(z") — [P(a") — P(1) + 2(Q(z") — Q(1))]

Do do P( N+ zQ(x ) chia hét cho 22 + 1 khi va chi khi P(1) + 2Q(1) chia
hét cho z? + 1. Diéu nay tuong duong véi P(1) = Q(1) = 0.

a) Ta c6 thé chon P(z) = a(z — 1), Q(z) = b(z — 1), trong dé a, b 1a nhiing
hing sb khac 0.

b) Do P(1) = Q(1) = 0 nén ta suy ra P(z), Q(z) cling chia hét cho z — 1,
do d6 s6 du trong phép chia da thitc P(z)Q(x) cho 2> — 2z + 1 bang 0.

Bai 6.3 (DH Kinh té Qudc dan). Do tht ca cac nghiém cta P 1a hitu ti nén P
c6 thé dugc viét nhu la tich cta n da thiic tuyén tinh hé s6 hitu ti. Do d6, P
c6 thé viet dudi dang

ku$+0k b, cr € Z
k—1

Hé sb bAc cao nhét clia P 13 s6 duong nén ta c6 thé gia st b, > 0, Vk. Cac hé
s6 ctia P 1a khong am, vi vy P khong thé c6 nghiém duong. Tit dé suy ra
¢x > 0Vk. Nhung khong thé xay ra dong thoi hai gia tri ¢, = ¢; = 0(k # 1) vi
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néuc,=c¢=0thiag=a;, =0 = ck>Oitnhétvéin—1Sé.Béygiéthé
r =1 tasuyra

+1 -
P(l):an+"'+a0=0+l+---+n:n(nz ):H(bk—i-Ck)ZQn_l (%)
k=1
1 - . 1 A
M > ol — 5 < 4. Jown nita, ti (x) suy ra%phan

tich dugc thanh it nhéit tich cia n — 1 sb nguyén tb 16n hon 1.

Truong hop 1: Néu n = 1 thi ta ¢é da thic P(z) = 1z + 0.

Truong hop 2: Néu n = 2 tacd P(1) = 3 = 1- 3. Do d6, nhén ti clia P(z) la
x vax + 2 hoac 2z + 1.

VAy P(z) la cac da thiic 2(x + 2) = 22 + 2z; 2(22 + 1) = 222 + =.

Truong hop 3: Néu n = 3 thi P(1) = 6 = 1-2-3. VAy mot nhan td ctia P(z) 1a
x, nhan t thit hai 1a z + 1, nhan i thit ba 1a « + 2 hodc 2z + 1. Truéng hop
nay da thic P(x) la z* + 32° + 2z hodc 22° + 32° + z

n(n+1)

Trudng hop 4: Néu n = 4 thi = 10 khong phan tich dudc thanh tich

clia 3 sb nguyén 16n hon 1.

VAy ¢6 5 da thiic thda man dé bai.

Bé@ 6.4 (DH Nha Trang). Tim tht cd cac da thtc P (z) th\(’)a mér} déng
nhat thtc zP (zr —1) = (z —26) P(z). Thay * = 0 vao dong nhat thtc

zP(x—1) = (x—26)P(z) (1) ta dugc P(0) = 0. Suy ra P (z):x nén
P(x)=2P (z),vivay P(x —1) = (x — 1) P, (x — 1) . Thay vao (1), ta dugc
z(z—1)P(x—-1)=(x—26)zP (z) =(x—1)P(zx—1)=(z—26)P (x)
Thay z = 1 vao (2), ta dude P, (1) =0 =P, (z) = (z — 1) P, (). Tiép tuc Iy
luan nhu trén ta dudc

P)=z(xz—-1)(z—-2)...(x—25)Q (z) (3)
Thay = bang = — 1 vao (3), ta dudc
Pz—1)=(x-1)(z—=2)(z—3)...(x —26)Q (z — 1)

=zPr—-1)=z(x—-1)(r—2)...(2—26)Q (v — 1)

= (z—26)P(z) = gg; (- 26)Q (z — 1)
= QD) = Q). Talai 8 QW) = Q) Q) = Q). Q1F) -
Q(2),.batQ(0) =a,tacdQ(x) =a, v6izx = 1,2, 3,..Suyra Q (z) =
a, Yx.Vay

Px)=z(x—1)(z—2)...(x —25)a.
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BM&S@HH@mme&@.@DﬁP@%z@—&@—i@@—LMW@+
ar® + bx + c. Stt dung gia thiét P(8), P(10), P(14) thi

:_¢Z

a
b — _9g Vaykhong tdn tai P(z) théa man yéu ciu bai toan.
c

— 475
b) Tit gia thiét suy ra P(1) = 1, P(=1) = 1. Gid sl ¢1,cs,. .., Co015 12 cac
nghiém cuda da thitc. Khi do6
{1 —P(1) =(1—c1)(1=cs)... (1= cons)
1=P(-1) =(-1—c¢).(-1—=¢)...(—1 = con1s)
Cho nén ton tai k € {1,2,...,2018} sao cho ¢ — 1 < 1. Hay |¢;| < 2.

Bai 6.6 (Hoc vién KTQS).  — Dé& thiy P(x) bic chin, va Q(z) ciing c6

bacchan. Tacé Q' (z) = P’ (z)+aP" (z)+...4+a" 1 P™ (z)va aQ' (z) =
aP' (z) + a*P" (z) + ... + a"P™ (2). Tt d6 P(z) = Q(x) — aQ'(2). Vi
P(z) khong c6 nghiém thuc, nén P(z) > 0,Vz hodc P(z) < 0, V.

— Neu P(z) = Q(z) — aQ'(z) > 0, Vx, khi do he sb cao nhét ctia Q(z) la
s6 duong. Vi Q(z) béc chan, c6 hé sb cao nhét duong nén ton tai z,
théa man min Q(z) = Q(zg) va Q'(zo) = 0. Khi d6 Q(zo) = P(xg) +
a@'(zg) > 0, do d6 Q(z) > 0, V.

— Néu P(z) = Q(x) — aQ'(z) < 0,Vz, chling minh tuong tu.

7 TO HOP

Bai 7.1 (PH bdng Thap). Goi S 14 tip hop 2019 thanh vién néu trong bai
toan. Ta xét cac tap con A C S ma khong cé thanh vién nao trong A nhéan
duge mii ctia thanh vién khéc trong A. Vi tdp S 1a hitu han, nén tip A ¢ hitu
han tap con.

Trong sb cac tip con A nhu véy, ta goi 7" 1a tip con c6 sb phan ti 16n nhit.
Ta sé chitng minh rang |T'| > 673.

S\ (TUU)

Goi U C S 1a tAp hop gdm tht cd nhitng ngudi nhin dudc mil cla nhiing
nguoi thude 7, khido UN'T = 0.
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Bay gio ta xét phan t bt ky 2 € S\ (T UU). Tit = ¢ U, suy ra khong c6
thanh vién nao ctia 7' gtii mi cia minh cho z. Do d6 khong c6 thanh vién
nao ctia 7' glti mil cta minh cho cho céac thanh vién trong tip T U {z} . Néu
T khong glii m{i ctia minh cho mot thanh vién nao dé cta 7, thi tép T'U {z}
c6 so phan tt nhiéu hon tap T, diéu nay trai véi gla thiét vé tap T.

Do d6 z phai giti mil ctia minh cho mét thanh vién nao dé ctia 7. Nhu vay
tAt ca cac thanh vién ctia S\ (7' U U) phai gti mii cia minh cho thanh vién
nao dé caa 7.

Do d6 cac thanh vién trong tép S\ (T UU) sé khong nhén dugc mii ctia nhau.
Suyra |S\ (TUU)| <|T|, ma|U| <|T|suyra

1
T) 2 S\ (TUD)| = |S|-ITI=[U] 2 |S|-IT|~[T| = |T| = 5 |S| = |T| = 673.

VAy, sau khi gtii mil ton tai mot nhém 673 thanh vién sao cho khéng c6 ai
trong nhom d6 nhan dudc mi tu cac thanh vién khac trong nhom.

Bai 7.2 (DH Giao thong VAn tai). a) Gia st ¢6 hai ho duong song song khac
nhau c6 z v y dudng. Khi d6 s6 mién ctia mit phang dudc chia thanh (z +
1)(y + 1) mién.

Ta tim z, % sao cho min(z + y) d& (z + 1)(y + 1) > 2019.

Tir d6 ta tinh dudc x = y = 44.

b) Gia st c6 ba ho dudng song song khac nhau ¢6 =,y va z dudng. Khi d6 sb
mién ctia mat phang dugc chia thanh

@+ Dy+D+z@e+y+1)=@+y+z)+(@y+yz+zz)+1
mién.
Ta tim z, ¥, z sao cho min(z + y + z) dé (x+y+z)+(xy+yz+zx)>2019

Dita =2 +y+ 2, a® >3(xy+yz+zx)nena+§>2019 Ta c6 a > 76.34.

VAy gia tri « nhé nhit 13 77 v6i z = 26,y = 26, z = 25.

Bai 7.3 (DH Kién Trtic Ha N6i). Ta goi 9 ¢dt dién 1an luct 1a C'1, C2, ..., C9.
a) CS.
b) C6 ba truong hop:
Truong hop 1. Lap 9 bong vao 9 cbt dién, trong trudng hop nay c6 1 cach
lap.
Truong hop 2. Lap 8 béng vao 9 cot dlen trong tru0ng hop nay hién nhién
khoang cach gitra hai bong den lién t1ep khong vugt qua 100 m. Trong trudng
hop nay ¢6 C5 = 9 cach lap.
Trudng hop 3. Lap 7 béng dén vao 9 cot. C6 CJ cach lap 7 béng dén bét ky.
Co 2 cbt dién khong dude 1ap bong, do dod khoang cach gitta 2 béng dién
(lién tiép) déu khong qua 150m. Ta xét tinh hubng cé hai béng dén lién tiép
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cach nhau 150 m. Diéu nay x4y ra khi va chi khi ta khong lap cac béng deén
vao cac cot C'1 va Cy; C2va Cs; C3va Cy; Cdva Cs; C5va Cg; C6 va Cyr; C7
va C8; C8 va C9. VAy trong trudng hop 3 c6 C7 — 8 = 28 (cach).

VAy c6 tit ca: 1+ 9 + 28 = 38 cach 14p béng dén da sang.

Bai 7.4 (PH Kién Tric HANb6i).  a) Liy B, B,B; B, B; B; 1a luc gide déu noi
tiép dudng tdm O, ban kinh R = 1. Ta c¢6 by diém A;, A, ..., A; thudc sdu
hinh quat BlOBg , BQOBS, BgOB4, B4OB5, B5OB@, BGOBl, do do t(A)n ta1 hai
diém A;, A, trong by diém dé cling thuéc mét hinh quat nao do, ching han
la quat B;OB,.
Taco Wj < B,0B, = 60°. Do d6 trong hai goc con lai ctia tam giac OA; A;
c6 mot goc 16n hon hodc bang 60°. Suy ra 4;4; < max(OA;, OA;) < 1. Do
dée(H) < 1.

b) Khi A; trung véi B; (i € {1 2...,6}) va A7 trung voi O ta cé e(H) = 1.
Két hop v6i phén «) ta suy ra gia tri 10n nhét cta e(H) bang 1.

Bai 7.5 (PH Pham Vin Déng). Goi , v, z, ¢ 1a sb canh cta da gic ma canh
cta t giac chita. VAy x,y,2,t > 2vax +y + z +t = 30.
bDita=x2-1,b=y—1,c=z2—-1,d=t—1thia,b,c,d > 1vaa+b+c+d = 26.
S6 tit giac tai 1 dinh clia da gidc 1a C3,.

A A L7 Ny 2 ~ A A \ . ; \ 30
Vay s0 tt giac thoa man yéu cau bai toan la ZC’QSE) = 17250.

Bai 7. 6 (bH Quy NhOn) Xét mot db thi day dt ¢ 9 dinh trong dé mdi dinh
dudc nbi véi tht ca cac dinh con lai bang mot canh. Mdi dinh ky hiéu cho mét
ngudi tham du tiéc. T6 mau cac canh cta dd thi v6i hai mau xanh va dé sao
cho hai ngusi quen biét nhau ting v6i canh t6 mau xanh va hai ngusi khong
quen biét nhau ting véi canh t6 mau dé. Ta chitng minh rang hodc ¢6 mot t
gidc diy dd mau xanh (4 dinh véi tit ca duge nbi véi nhau bing mau xanh)
hodc c6 mot tam giac mau do.

Ky hiéu B, = {y | (z,y) td mau xanh}, R, = {y | (z,y) t6 mau dd}.

Khang dinh 1: Néu |B,| > 6 thi d6 thi c6 mét tam gidc mau dé hodc mét tit
giac mau xanh.

Vi B, 1a mét db thi day dd véi it nhit 6 dinh va méi canh dugc t6 mau xanh
hoéc dé nén né chira mot tam giac mau dé hodc mot tam gidc mau xanh (sb
Ramsey R(3,3) = 6). Néu n6 c6 mot tam giac mau dé thi coi nhu ta da chUng
minh xong. Néu né c¢6 mét tam giac mau xanh thi 3 dinh cta tam giac d6
cung véi dinh x 14p thanh t giac day da véi tit ca cac canh mau xanh.
Khéng dinh 2: Néu |R,| > 4 thi d thi ¢ mét tam gide mau ddé hodc mot tit
giac mau xanh.

Vi R, 12 mét dd thi diy dd véi it nhat 4 dinh va méi canh dugc t6 mau xanh
hoidc d6. Néu c6 mét canh t6 mau dé thi canh d6 cung véi hai canh nbi tit
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dinh z tao thanh mot tam gidc dd. Trai lai ta ¢6 mot hinh 4 dinh day du véi
tAt ca cac canh mau xanh.

Khang dinh 3: Trong mét d6 thi ddy da véi 9 dinh ta ludn c6 hodc |B,| > 6
hodc |R,| > 4. N6i cach khéc, khong tdn tai mot db thi ddy dt 9 dinh ma moi
dinh déu c6 ding 5 canh mau xanh va 3 canh mau d4 di ra tit dinh dé.
Thét véy, gid st ton tai mét db thi diy di véi 9 dinh ma moi dinh déu ¢
dtng 5 canh mau xanh va 3 canh mau dé di ra tit dinh d6. Khi d6 s céc

\ \ 95 <A \ A 2
canh mau xanh la 5 = 22, 5. Diéu nay khong xay ra.

Két ludn: cac khing dinh 1,2,3 chiing td két lun clia bai toan.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH TAy Bic). 1. Chitng minh phuong trinh f,(z) = 0 c6 nghiém
duy nhét u, € [1;2019).

Xét f, (r) = 2" — x — 2019 trén (1;2019). Ta ¢6 f,/ (v) = na" ' —1 > 0 v6i
(neN,n>2).

Vay f, () la ham don diéu tang.

Hon nita ta c6 f, (1).f, (2019) = —2019. (2019" — 2.2019) < 0 va f, (z) 1A
ham lién tuc nén f, (z) c6 nghiém duy trén [1;2019].

2. Chiing minh tinh don diéu cta day {u,}.

Xét day {u,} 1a nghiém cua f, (z) ta co

for1 (uy) = u =1, —2019 > v —u,,—2019 = 0 = f, 41 (tny1) (do u, > 1v6iVn)

Mat khac theoy 1, f,, (z) la ham don diéu tang do do f,, 11 (u,) > fri1 (Uni1) &
Up > Upy1 = {u,} 1a diy don diéu giam.
3. Xét tinh hoi tu hay phan ky va tim giéi han néu c6 cta {u,}.
Do u, > 1 v6i ¥n = {u,} bi chdn dudi va don diéu giam nén {u, } hoi tu.
Ta co
frr1 (Uny1) = fo (un) =0
= u" — w1 — 2019 = U — u,, — 2019

n+1 _.n
<:>Un —un+1—un—un

Cho n — oo thiu, — [ > 1. Do d6 "™ = [", din dén | = 1. VAy {u,} héi tu
ve 1.

Bai 1.2 (DH Tay Bic). 1. Xét sut hoi tu ctia {u,, }.
Nhan hai vé v6i 2019" ta dudc 2019™u, = 2019" u,_; + (—1)"2019".
bat v, = 2019"u,, thi v, — v, 1 = (—1)"2019"

n

Suyra v, = (v, — Vp_1) + (Vn—1 — Up_2) + -+ (v1 —vg) + V9 = Z(—l)i2019i
i=1
v =14 (=1)"2019"
2019 20197712020

Vay u, =
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Ta thiy
. . =1+ (=1)*2019%"
lim wuy, = lim
n—00 n—00 20192n—12020
1
—5o7gam + 1
— hm 201927
2020
n—o0 m
~ 2019
2020
Mit khac

-1 + (_1)2n+120192n+1

lim wug,41 = lim

nms00 noe 201972020
_ . g — 2019
2019
~ 2020

Chiing t6 khéng ton tai lim wu,,.

n—o0

Bai 1.3 (PH béng Thap). (a) Bang qui nap, ta chitng minh dudc u,, > 1 v6i
moi n > 1. Hon niia, ta ¢6 u, 1 — u, = u20? + 2018u2"" > 0 hay {u,}
la day tidng. Gia st {u,} bi chan trén. Khi d6, day {u,} c6 gi6i han hitu
han. bat L = lim u,. Viu, > 1 v6éimoin > 1 nén L > 1. Khi do, tit hé

n—oo

thite u, 11 = ul> + 2018u;""” + uy, ta duge L = L* + 2018L*°" + L.
SuyralL =0 hoac L = —2018. biéu nay mau thuln v6i L > 1. Vi vy

day {u, } khong bi chan trén.
(b) Theo Céu (a), ta ¢6 lim u,, = +oo. Ti gia thiét, ta ¢6
n—0o0

o w0 (wy + 2018)

Upsr + 2018 (upgr + 2018)(uy + 2018)

Uk+1 — Uk

(uk+1 + 2018) (Uk + 2018)

1 1

Do do,

Uy 4+ 2018 wpyq + 2018

ey 12018 T wp 2018 T £ 2018

1 1

= lim < — )
1 1

u; + 2018 2019
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Bai 1.4 (CP Su pham Nam Dinh). a) +) Vi a > 0, bang phuong phap quy

nap ta c6 thé chttng minh u,, > 0 véi moi n > 1.
Uy, — (2n+ 1)u?
14+ (2n+ Du, tn = 14+ ©2n+1)u,

+) Do d06 w41 — u,

n > 1.
VAy u,, 1a day giam va bi chdn dudi bdi 0.
1 1
b) ——=2n+1.
Un+1 Un

, 1 1 1 1 1 1 1 1
Dod6 —=|—— + — EUE [
U, Up  Up—1 Up—1  Up—2 U U Uy

1 1
=2n—1)+(2n—=3)+ - +3+—=n"—1+—.
N 1
Vay u, = 1
n?—1+ -
a
1 1
20192 — 1 — 2019 4074341
) 4d 4 1 1 1
@ a=gaocotn= 1" n—1/2 nt1/2

n2 — —
4

1 1 1 1 1 1

Vay uo019 =

Véyul—i-uQ—l—"'—i—un:

1 1
n—1/2 n+1/2
1
:2_n+1/2'
Vay lim (up +ug+ -+ uy,) = 2.

n—-+o0o

12732 32 R T s a1

Bai 1.5 (DH Pham Vin Déng). Viét phuong trinh vé dang

1 2 2

20100 C T
Lo & 1 A . as
Xét ham so f,(z) = 010" 2% 4+ n? trén (0; +00). Khi d6

In 2019
/

— _9 .
fi(z) 50107 <0, Ve >0

Do d6 f,(x) 1a ham s6 nghich bién trén (0; +c0). Hon nita,

< 0 v6i moi

+
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1
Jaln) = g1gn > O

Vi vy, phuong trinh ¢6 nghiém =, € (n;n + 1). Do d6, phuong trinh ¢6 mét
nghiém duong duy nhat.

Tt chitng minh trén thin < x, va 22 —n? = v6i moi n nguyén duong.

2019%n

1 1
< .
(T, +1)2019% ~ 2n.2019%n

Do d6 lim(z,, — n) = 0. Cho nén

Suy ra

O<z,—n=

lim (zp41 —2,) = lim ([p41 — (n+1)] — (x, —n) + 1)

n—-+00 n—-+o0o
= lim ((zar1 — (n+ 1) = L (z,—n) +1
=1.
Bai 1.6 (DH Thiy loi Ha N&i). + Dt f(an, by) = % Khi d6
Flamsrbon) = 5B B 01
Ap+1, nJrl_bn_'_i_bn_ An,0n), NM=U,1,2,..
\ ’ an aO \ 7
+ Tu do suy ra b= flan, b,) = f(ag,by) = 50 va ta co
n 0
1 agp 1 b(]
n = Up 5. 1 bn = bn .
Gnt1 n Qan bo + + 2bn Qo

+ Taco,v6in=0,1,2,...

2 2 2 ) ap , bo 1 ag 1 b(2) 2 2
b — b — 4+ = —_——t——=] = b 2
Ay g+ 0,4 = @, + "+(b0+a0)+(4a%bg+4biag Za, +b, + 2,

néna, ., +b2,., =>2n+1)+al+b;>2(n+1), n=0,1,2,...
+ Mat khac, day la hai day duong nén:

[ a2 b3 89
maX((l201g, b2019> = (12019#—}_2019 > v2019 > 44,9 > 7

Bai 1.7 (PH SPKT Vinh Long). Tit gia thiét ta dugc:

1
Ui =ui g+ —5— 42 2)
unfl
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Tt d6 suy ra
u? >ud | +2 (3)

Mait khac, tur (2) ta co

2
-3 = —1

Uy, Up—1 + U?L_l
Laicou, =1=u,_1 >1, Vn=2,3...
Suy ra

ul -3 =ul |+ 5 —1<u
Up—1

Do do

u?l 3> uR>ud |+ 2 4)

Lan lugt thay n = 2,3, ..., k vao (4), ta dudc

uf +3>us > ui+2
uy +3 > ul > us+ 2

wp o +3>ui > up g +2
Cong ting vé k — 1 bit dang thic trén ta c6 bit ding thiic méi
uf +3(k—1)>ui >ud +2(k—1) (5)
Thay u; = 1 vao bat dazmg thice (5) ta dugc:

3k—2>ui >2k—1
= V3k —2>u, > V2k—1, Vk>2

V6i k = 2019 ta dudc

78 > 1/3.2019 — 2 > ugp19 > v2.2019 — 1 > 63

Véy 63 < U019 < 78.

1 4 1 1
Bai 1.8 (DH Nha Trang). a = —— ) Vn>1.
( 8)-a) = 501 <xn+1 xn> =
L A1
In =T o019\ s m )
00 . A . 1. A . . 2023
(z,){° tang khong bi chan trén, ngrfoo T, = +00 = nElekloo Un = 3010
Vo2 +2019z,, —x 2019

b | - = i n n n g .

) i (Tnes = o) = Hm 2 1

i z, 2019

llm — = ——
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Bai 1.9 (DH Nha Trang). a) Chitng minh bang phuong phap qui nap.

< 1—-+v3 , 1
b) Pat o = \/_,taco:a:of—é.

3
Tni1 — af = |2 — &*| = |z, + ol |z, — af < 7|xn—a|

V3

n—1
0 < |z,—0a] < (—) |z1 — «f, suy ra (z,)s2, hoi tu va lim z, =

2 n—-+oo
1-+v3

2
N I3 <A 1 13 \
Bai 1.10 (bH GTVT ). Theo gia thiét, ug =0 < u; = 5 < uy = 21 va
1 1
Up4+1 — Up = g (un - un—l) + g (ui—l - U’EL—Z) :

Dung phuong phap ching minh quy nap, ta dudc w1 > u,,¥n=10,1,2,-
Mt khac, dé thiy ug, ui,us € [0,1) nén theo quy nap ta ciing chitng mmh
dugc

1
Upy1 = 3 (1+un+ui_1) €[0,1),Vn=1,2,3,---

Véy day s6 {u,} 1a diy don diéu ting va bi chin trén nén c6 gi6i han hitu
han.

1
bat lim u, =a. T0 Uy 1 = = (1 + U, + Ui—1)s cho n — 400, ta dudc
n—-+o0o 3
1 —1 5) —1—=+5
:§(1+a+a):>a:1,a:+\/_, a:T\/—.
A aal 1a , . . —1+5
beén day, dung phuong phap quy nap ta lai chttng minh dudc u,, < 5 ,Vn =
—1 ) —1 )
0,1,2,--- Viy0 < a < i,nén lim un:i.
2 n—+o0 2

Bai 1.11 (PH Hang Hai). a) Ta khang dinh ring phuong trinh f(z) = = v6
nghiém. Thuc vy, gia st tréi lai, ton tai s thuc a sao cho f(a) = a . Néu viy
ta co:

a < f(f(a)) = f(a) = a.
Mau thuin.Vay phuong trinh f(z) = z v6 nghiém. Do f(z) — z 1a ham lién
tuc trén (—oo, +00) nén chi mdt trong hai kha ning sau cé thé xay ra:
D) f(z) —2 <0 (Vz e (—o00,+0));
i) f(z )—m>0 (Va € (—o0, +00)).
Néu x4y ra kha ning thi nhat tasé cd f(z) <z (Vo € (—o0,+00)) . Tt do
suy ra:

f(f(x)) < flz) <z (Vo € (—00,400)).
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Trai véi gid thiét f(f(z)) > = (Vz € (—o0, +00)). VAy chi ¢6 thé xay ra kha
nang tht hai f(z) —x >0 (Vz € (—o0, +00)) . Nbi cach khéc:

f(z) >z (Vo € (—o0,+00)). (3)

Tit bt dang thiic (3) tasuyra 0 < f(0) = 21 . Gid st di c6 0 < z,, (n > 1)
. Khi @6 tlt (3) ta ¢6 x4, = f(2,) > z, > 0. VAy bang quy nap ta di chiing
minh rang z,, > 0 (Vn € N*) .

b) Tit bt dang thiic (3) ta ¢é 2,41 = f(2n) > 2, (Vn € N*) . VAy day {z,}°%,
thuc sy ting. Ta khiang dinh rang day {z,}°°, khéng bi chin trén. Thuc viy,
néu trai lai ta suy ra ton tai giéi han hitu han nh—>nolo r, =x*.Suyra:

o= lim @ = lim fon) = f(lm z) = F(27).

Mau thuln véi (3). VAy diy {z,,}°°, khong bi chiin trén, do dé ta 6 lim z, =

n—oo

+00 .
Tiep theo ta co:
Z”:xk+2—xk_"(1 1 1
i1 ThTk+1Tk+2 o1 TkTk+1 Tpr1TE42 T1X2 Tp41Tny2
Suy ra
hmz Thez — Tk 1 — lim ! _ b 1
oo S LTy Tppr T2 o0 Tpp@nge w122 f(0).F(f(0))

Bai 1.12 (PH Hang Hai). Gia st trai lai ring khang dinh cta bai todn khong
dung. Khi do ton tai mot so nguyén duong n, sao cho bat dang thitc sau dung
v6i moi = € (—o0, +00) :

Fo+2019) — fz) > —. @

o
Pit m = inf{f(z) : # € (—00,4+00)}.Vi ham f bi chin dudi nén m 1a mét sb
thuc. Tur (4) ta suy ra:

Fo +2019) > f(z) + ni (Vzr € (=00, +00)). )
0

Léy infimum hai vé ctia bét dang thitc (5) ta dudc:

inf{ f(24+2019) : x € (—o0,+00)} > inf{f(z) : v € (-0 —|—c>o)}+7;L =m > m+ni
0 0

M4u thuln. VAy khang dinh cta bai toan 1a ding.
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Bai 1.13 (DH KT Ha No6i). a) Tac6 x,.1 — z,, < 0 v6i moi n > 1. Suy ra day
don diéu giam.

b) Chiitng minh z,, < 2019 v6i moi n > 1. Suy ra limz,, = —oo va do d6 day
khong bi chén duéi.

Tinh dugc Z

2019
2019 —a
c)
+) a < 2019, theo cau b, ta c6 day khong c6 gidi han hitu han.
+) a > 4038, ta chi ra 7, < 2019, do d6 day so6 khong c6 gi6i han hitu han.
+) a = 2019, ta c6 z,, = 2019 v6i moi n > 1. Suy ra lirf n(x, —2019) = 0.

n—-+0oo
+) a = 4038, ta tinh dudc z,, = 2019 v6i moi n > 2. Do do lirf n(x, —
n—-—+0oo
2019) = 0.
+) a € (2019;4038), ta chttng minh dudc z,, € (2019;4038) v6i moin > 1. Do
do day co gi6i han hitu han va lir}rl x, = 2019.
n—-—+0oo
Mit khac, ta c6 z,, — 2019 > 0 va 4038 — x,, > 0 v6i moi n > 1, do do
1 (N
Tpir — 2019z, — 2019 4038 — 2,

—2019 2019 2019
‘1 — 2019 xpp — 2019 @ — 20197

Suy ra gi6i han la

véimoin > 1.

| 1 1
S I - S
e e (:an 2019 1, — 2019) 2019
Ap dung dinh 1y Stolz, ta ¢

1 _ 1 1 1
11 —_———————C hm — = .
n—too n(xy — 2019)  n—rtoo \ Tpey — 2019z, — 2019 ) 2019

Suyra lim n(z, — 2019) = 2019.
n——+oo

Bai 1.14 (bH HV Phu Tho). bat u, — 2" = v, ta thu dudc day méi v, =
0,09 = 16, v3 = 48 vVa v,13 = TUpyo — 11,41 + 5vn,Vn e N*.
bat v, o — 2vn+1 + Up = Tp thu dugc z, = 16 va x,,,1 = 5z, Vn € N*.
Nén (z,,) 1a cap sb6 nhén va z,, = 16.5" ",
Suy ra vpy9 — 2041 + v, = 165771, Vn € N*,
Ditv,—5""! = y,,¥n € N*tathududcy; = —1, 9o = 11 Va ypi0—2Un+1+Yn =
0,Vn € N*.

< Yn+2 — Yn+l = Ynt1 — ynavn € N

S Ypy1 — Yp = 12,Vn € N*

Yo =—14+12(n—1) =12n — 13,¥n € N*
Do do,

Uy =5"" 4y, =5""1+12n — 13,Vn € N*,

Up = 2"+ 5"+ 12n — 13,¥n € N*.
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Ap dung dinh 1y Fermat v6i sb nguyén t6 p = 2011 ta thu dugc 22010 =
22011 = 1(mod2011) va 5% = 52011 = 1(mod2011). Tt d6 suy ra s =
92011 | 52010 4 199011 — 13 = —10(mod2011) = 2001(mod2011).

VAy s6 du khi chia us;; cho 2011 13 2001.

2 CHUOI SO

Bai 2.1 (PH Thuy loi Ha Noi). + Trude hét ta chting minh ring: Mién hi tu
ctia chudi ham Z la R.

3n
+ bat u,(z) = G- Vi z € R, xét
Un+1($o)‘ _ |73
un (o) (Bn+1)(3n+2)(3n+3)°
+ Ta théy: lim M‘ =0 < 1 v6i mbi 2o € R, do d6 mién hoi tu clia

chudi ham d cho 14 R, hay 13 mién x4c dinh cta f (x) laR.
+ Khi do, v6i moi z € R ta co

3n+2

;0 3n +2)!

n

& 3n+l
nZ:; 3n+1)!
+ Do vay v6i moi z € R ta luén co:
e 3n+1 > $3n+2 & x3n 0 "
14 oz — P 1;.
[+ nz 3n+ 1) z%(3n+2)!+nz:%(3n)! ;n! ‘

3 HAM SO

Bai 3.1 (DH Ty Bic). 1. Phuong trinh f(x) = 0 luén cé nghiém trén R.
Chon mot day bat ki {u,} sao cho lim u, = 0.

Khi d6 tit bat ddng thitc ctia f ta dude f(u,) — 0.

Mét khac do tinh lién tuc cta f tai 0 nén ta dudc lim f(u,) = f(0).

Ngoai ra ciing tit bit dang thitc d cho va tinh lién tuc tai 0 ta dudc f(0) = 0
va ta dugc 0 ludn la nghiém cta phuong trinh f(x) = 0.
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2. Néu 0 < a < b thi ton tai sb K € [0,1) sao cho |f(z)| < K|z|,Vz € [a, D).
V6i moi = € [a,b], dat g(z) = Lx) Khi d6 ¢ lién tuc trén [a,b]. Do vay
T
K = sup |M| = max M| < 400
z€fap] T z€lab) T
Hon nita, tOn tai zo € [a, b] dé
K= |f(x“>| < 1Vi|f(z)| < |z|,Vz #0.

Zo
Tu dé tasuyra |f(z)| < K|x|,Vz € [a,b].

Bai 3.2 (DH T4y Bic). Do gia thiét ta c6 f(x) > 0 nén ap dung bat dang thiic
Cauchy ta dugc

f(a:)—l—L > 2.

fx) —
Ngoai ra, do lir% (f(x)jt%)) = 2 nén v6i moi ¢ > 0,30 > 0 sao cho
T— T
1
0< f(x) + ——2<¢e, V0 < || <.
F@) + 1 o

Mait khac, ta lai co

F@) 4 —2<ee [fz) 1]+ [—— —1] <& (1)

f(x) f(z)

T (1) ta dudc
1
—[f(z) - 1“% -1 <e (2)
Binh phuong hai vé ctia (1) ta dudc
2 L qp 2) 1] 1] < &2

Suy ra

2 L —_ 112 ) — L _ 2

(@) =1+ [y~ 0P 200 ) Ul ~ 1 << @)

Thay (2) vao (3) ta dudc

flz) — 1P + [%x) AP < 42

Hay noi cach khac

[f(z) =1 <e* + 2 = ilir[l)f(x) =1.
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Bai 3.3 (DH Dong Thap). Tit gia thiét, ta c6 f'(x) — 2019 () > 2019. Suy ra

f/<x>€—2019w o 2019f<x>6—2019w Z 20196—2019‘%‘
1 1

! /
Suyra ( f(x)e—”l%) > 2019¢~29% Do dé / < f(:v)e_mlgz) dz > / 2019¢~ 2019

0 0
Suyra f(1)e 2 — £(0) > 1 — e 2" hay f(1) > 2018e*** — 1.

Bai 3.4 (DH Ddng Thap). it f(z) = g(z)+ cz véi ¢ 1a hang s6 can tim. Thay
f(z) = g(x) + cx vao 2, ta dudc

D 1 14
g9(9zx) — 69(617) + ég(4x) + 3= 6.

N 14 9 N
Ta can chon ¢ sao cho 3¢= 6 hay ¢ = = Nhu vay, bang cach dat f(z) =

9 A R
g(x) + = diéu kién 2 tré thanh

o(01) — g(62) + co(da) = 0

v6i moi x € R. Thay 4z bdi z, ta dudc

o(3) — 2(5) + col) =0,

476 6
S
o 9 134 13 1
l9(52) = 59G0)] = 5[9Gw) = 59@)] = 0.
bat h(x) = g(g:v) - %g(:v) Khi d¢,

h(gx) - %h(x) = 0.

N 2 1 2 A 2
Bang cach thay z béi 30 1 dugc h(x) = §h(§x). Tiép tuc thay = bdi 30t

dudgc
)= (5)W(G))

Két hop diéu nay véi tinh lién tuc tai 0 ctia h, ta cd

h(z) = lim h(z) = lim (%)”h((g)") — 0.4(0) = 0.

n—o0 n—oo

3 1 9
Do do, g(§x) — gg(x) = 0. Lap luan tuong tu, ta dudc g(z) = 0. Vay f(x) = =
vG6i moi z € R.
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Bai 3.5 (CD Su pham Nam binh). +) Theo gia thiét f(z) > 0 v6i moi z > 0.

1
Do dé 3f(x) > 2f(f(x)) +x >z va f(x) > gzalwvéi moiz > 0,a; = —.

3
Ta cb f(f(x)) > a1 f(x) > alz, 3f(x) > 2air + z,

.. ) 203 + 1
f(z) > agr v6imoi z > 0, ag = 13 .
0 , , .. 202, +1 1
Tong quat ta ¢ f(z) > a,z (1) v6ia, = Tl’ a =z
1 \
+) Ta chting minh 0 < a,, < 2 (2) v6i moi n > 1 bang qui nap.
Oi 1,0 P
véin=1,0<a; = - < -.
n aq 3 9

G" 2 O 1 1’ O 2 hY O k

Vay 0 < agyq < %vé (2) dang v6in =k + 1.

Theo nguyén 1y qui nap ta dudc diéu phai chiing minh.
(an —1)(2a, — 1)
3
tdng va bi chin trén bdi 1/2. Do d6 ton tai nEToo a, =1> 5
202 +1

+) app1 — a, = > 0 v6i moi n > 1. Do d6 day (a,) la day

Theo gia thiét ta ¢6 | = ,vay | = 1 hodc ! = 1/2. Vil < 1/2 nén

[=1/2= lim a,.

n—-+0o0o

+) Vi f(z) > a,z v6imoix > 0, n > 1.

1
Cho n — +oo ta dudc f(x) > 7%

Bai 3.6 (PH Pham Vin Dong). Cach 1. V6i moi ¢ > 1, st dung khai trién
Taylor tai 14n cin diém 1, ton tai ¢ € (1,t)

mt:m1+hﬂmﬁ—1%%m;d@—lf

t—1)?
=(t-1)— u
2¢2
7, LAY N /,\ sy . . ~ \ N ]‘
Trudc tién nhan thay Int < ¢—1,v6imoit > 1. Hon nua, vic > 1 nén — < 1.
C
Tu do, v6i moi ¢ > 1

(t—1)°

Int > (t—1)— 5
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Do vay, v6i moi t > 1

(t

t—1)2
—1)—( 2) <lnt<t-1
1

1 Int 1
<

= ———-< :
t—1 2 (t—12 t—1

St dung danh gia tich phin

2

@1n(a:+1)—l-g—

T dd, ta két luan

2

[ (F-3)esmos [ 5

: < f(z) <In(z +1).

lim f(z) =1n2.

z—1t

Cach 2. St dung cdng thtc tich phan ting phén,

fla) = / (tlil—i)Zdt: —/ Intd (5)

=In(zx+1) —

Tt do,

2

Int
t—1

+/$2 dt
. tt—1)

Int
IR

2

x

Inz.
T+

1
lim f(x) =In2— §ln1 =In2.

r—1t

Bai 3.7 (DH SPKT Vinh Long). Ta ¢

lim f(z)

r—-+00

] 2019" f(z)
= lim ———~
z—4o00 20197
— m 20197 ((In2019) f(x) + f'(z))
T 254 2019%In 2019
!
— lim (In2019) f(z) + f'(x)
z—+o0 In 2019
2019

In2019°

93
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Bai 3.8 (DH Nha Trang). a) lin% f(x) = f(0), tuong duong voi

lim #2019 cosE’ = 0.
x—0 X
Tk day suy ra k > 2019.
b) f/(0) = lim f@) = 10) _ lim g*~2020 cosz‘
z—0 x r—0 x
f(r)khavitaix =0 & k > 2020.
¢) Ta cod
P
f/ 2 — hm v ’COSI' f(2019) —
12019 2 \* 2 '
I‘ _ —
T (m) 2019
Tuong tu,

/ 2\ _
f_ (M) = —T.

Ay 2 . . 2
Vay f(z) khong kha vi tai 2019 °

Bai 3.9 (DH BK Tp HCM ). Tir gia thuyét suy ra dy {f(n)} ting va f(n) >
f(1) = a > 0,Vn € N. Néu lim f(n) = ¢ < +oo thi tu ii) suy ra ¢ =

20192 + ¢ = ¢ = 0 (mau thuan). VAy lim f(n) = +oco. Mit khéac,
n—oo

flk+1) =2019(f (k) + f(k) = 2019(f (k))* = f(k + 1) — f(k)

2019(f(k))* _ f(k+1) — f(k)

TR fE+) . fR kT 1)

L k) 1 ( 11 )
f(k+1) 2019 \ f(k) f(k+1))"
Ti do suy ra

ORI fin) 1 L1 R
@ @ T T 2019[<f(1) f(2)>+(f(2) f(3)>+'”+
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4 PHEP TINH VI PHAN

Bai 4.1 (PH T4y Bic). 1. Vi Iy do thuc tién, ngudi ta mubn lam mot doan
duong thang AB di qua vi tri M. Hay xac dinh d6 dai ngan nhat cta doan
duong can lam.

Chon hé truc toan d6 Oxy ¢6 Ox = OA;0y = OB = M (%, 1).

Goi A (0;a), B (b;0) khi d6 PT cta AB la % +Y dudng thang nay di qua

a

1 1 1 8b
M _'1 —:1—— = —
(8’ ):>a 8 T 8-1
o 8h—1
1 2
AB? =0+ (14 ——
= b +< +86—1)
2 1
=1+b+ +
8—1 " (8b—1)
Xét f(b) =1+ + + véib >+
B 8b—1  (8h—1)° 8

Ta co
gy 6 16
(8b—1)>  (8b—1)°

4

8b— 1)

= =1=1d

(
5:> )
— a = —
8 4

Ta c6 bang bién thién nhu sau:
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A ) 125 5

2. Tit O ngudi ta ciing mudn 1am mot con dudng hién dai t6i M. Ho chon
mot diém K trén OF va lam con dudng méi tit M dén K sau d6 ning cap
con dudng tit K dén O. Héi vi tri ctia K cach O bao nhiéu dé d€ chi phi 1am
con dudng nay thdp nhét. Biét trén mbi km dudng chi phi lam dudng méi

bang 1 14n chi phi ning cAp dudng cil.
Gia st K cach E mot doan bang x(km) véi 0 < z < 1.

, 1
TacoMK:\/x2+6—,KO:1—x;

Goi chi phi nang cip dudng trén 1km dudng 13 r thi chi phi lam mbi km
duong méi la Zr vay chi phi lam doan duong M KO la

5 1
C:Zr.\/ﬁ—l—@—kr(l—x).

Ta c6 C thip nhit khi ham

dat gia tri nho nhét.

Ta co
5 €T
!
=Z —1
g () I
£B+6—4
5 T 1
"(2)=0< —. =l=x=—.
g () T T=g
ST
1
T 0 — 1
6
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2 7 \ 7 \ .7 . 2 A . 1 A R
Khao sat ham ¢ (z) ta c6 ham g (z) dat gia tri nho nhat tai x = 5 Vay diém
A , . 1 5
KcantimcachOla KO =1- 6= 6<km)'
Bai 4.2 (DH Tay Bac) 1. Ham f bi chan trén [a, +00).

Theo gia thiét, lu6n tdn tai b > a sao cho

Vay | f(x)] <1+ |c| khiz > b.

Mat khac do f lién tuc trén [a, b] nén f bi chan trén [a, b]. Dat M = sup |f(x)| <
z€[a,b]
+o00.

Tu d6 ta ducc
|f(z)| < max{M, 1+ |c|},Vz € [a,+00).

2. Ham f lién tuc déu trén [a, +o0).
Do gia thiét lim f(z) = c € R nén v6i moi ¢ > 0, ton tai zy > a sao cho
r—r+00

|f(x) —c| <e/3,Vr > x.

Vi f lién tuc trén [a, o] nén f lién tuc déu trén doan nay. VAy ton tai § > 0
sao cho

[f(z) = f(y)| <e/3,Vz, € [a, z0].
Tiép theo ldy z,y € la, +00) sao cho |r — y| < §. Khong mét tinh t8ng quat,
gid stt < y. Khi d6 ta c6
i) Néu 2,y € [a, o] thi theo trén béi tinh lién tuc déu trén [a, x| ta cb | f(x) —
fy)l <e/3<e
2i) Néu z,y > z, thi

[f(2) = F)l < [f(2) — el +|f(y) — o] <2/3e <¢;

3i) Néu z € [a, zo), y > 0 thi

[f (@) = fW)] < |f(@) = flwo)l + [f(x0) = fy)] <2/3e <e.

Vay f lién tuc déu tr\én la, +00).

3.Neuc > f(a) thiton tai mot diém z € [a, +00) sao cho f(zg) = [inf )f(;z:).
re|a,+00

Vi f(a) < ¢ nén ton tai b > a sao cho f(x) > f(a) v6imoix > b.

Mat khac do ham f lién tuc trén [a, b] nén ton tai zy € [a, b] sao cho f(zg) =

inf f(x) = min f(z).

z€[a,b] z€|a,b]

Khi d6 ro rang
f(xo) < fla) < f(z),Vz > 0.
Vay ta dudc
fzo) = inf f(z).

z€[a,b]
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Bai 4.3 (PH T4y Béc). 1. Gia sit 6ng A can chiéc bé c¢6 thé tich 13 10m?, cho
biét gia thanh khi xdy cac mbi m? cac mit day va cac mit bén trong long bé
tuong tng 14n lugt 13 700.000d va 500.000d.

a) Tinh tong chi ph1 ong A bd ra dé x4y chiéc bé theo ch1eu dai canh z.

Ta goi chiéu cao ctia b€ 13 y > 0 thi theo gia thiét 2%y = 10, do dé ta c6

Theo gi4 thiét vé gia thanh khi x4y cic mdi m? cdc mit ddy va cac mit bén
trong long bé, ta dugc ham chi phi

10 200
C(z) =2.7.2° +5.4.0.— = 142 + — don vi 100.000 d, z > 1.
T X

b) Tim kich thuéc cta chiée b€ d€ chi phi xdy dung ma éng A bd ra dé xiy
bé 14 nhd nhét.

Bai toan tuong duong v6i viée tim gia tri nhd nhét cda C(z), z > 1.

St dung bit ding thitc Cauchy, ta dudc

2 1 1 , 100 1
Cla) = ta? + 20— 14g2 ¢ 10 105 501400 DO IO 0017,
T T T T i

DAu bing xay ra khi va chi khi z = { 5—70
2. Sau khi x4y xong bé, éng A do thiy téng dién tich xung quanh mit trong
ctia bé 1a 150m>.
a) Hay tinh thé tich V cta bé théng qua chiéu dai canh .
Ta tiép tuc goi y 1a chiéu cao ctia bé. Khi d6 ta c6 dién tich xung quanh bén
trong bé 13

S = 227 + 4dxy.

x 75
Do S =150 = —(— —ux).
0 nény = Q(x )

Tir d6 thé tich cha b€ 1A V = V(z) = §<75 — 2?).

b) Tim thé tich V va thé tich 16n nhit cta bé ¢6 thé dat dugc.

D& tim mién bién thién cta V theo z, ta tim mién bién thién cda z.
75 N

Doy = g(— — ) >0,z >1nénz e [1,5V3).
s

Lap bang bién thién dbi v6i ham thé tich V = V(z),z € [1,5v3) ta dudc
Vinax = V(5) = 125.

Bai 4.4 (DH Tay Bic). 1. Phuong trinh f(z) = 0 ludn c6 it nhit mét nghiém
khacOva 1 trén I.
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flz) = f(0) _ f(=@)

That vay, v6i moi = € (0; 1], — f/(0)=1>0khixz — 0%.

Xz
Vay ton tai a € (0;1) dt nhd dé Vz € (0;a), f(z) > 0. Dic biét ta chon dudgc

e

0.
2>

— f(1
. r—1 r—1
x — 17.Vay ton tai 8 € (0;1) dd nhd dé Vz € (1 — 3;1), f(x) < 0. Ddc biét ta

chon dugce f(1 — g) > 0 (6 day ta c6 thé chon «, 8 dt nhd dé % <1- g).

Tuong tu, v6i moi z € [0;1),

Do f kha vi nén f lién tuc trén I, ap dung dinh ly gia tri trung gian cho ham
lién tuc trén doan [%, 1— g}, ta tim dudc ¢ € (%; 1— g) : f(e) =0.
2. Phuong trinh f/(z) = 0 ludn c6 it nhat 2 nghiém phan biét trén /.

Do ham f khd vi lién tuc trén 7 va 0 < ¢ < 1 thu¢c khodng md I nén f
théa man cdc diéu kién ctia Pinh ly Rolle. Khi d6 ap dung Pinh ly Rolle
lan lugt vao cac doan [0;c] va ¢;1] (b6i f(0) = f(c) = f(1) = 0) ta cd
Jey € (0; %) : f'(e;) = 0vatdn tai ¢, € (1 — g; 1) : f'(cz) = 0. Tt d6 6 diéu
phai chitng minh.

Bai 4.5 (DH Dong Thap). it xe 1 13 xe 6td xuét phat tir A va xe 2 1 xe 6t6
xuét phat tit B. Goi f(t), g(t) 14n luot 13 quing dudng tit A dén hai xe. Goi s
1a d6 dai quing dudng AB va t, 13 thdi gian hai xe di hét quing dudng. Dt

h(t) := f(t)+g(t). Khido ta co h(0) = s, h(ty) = s. Ap dung dinh li Rolle ta cé
su ton tai cta mot dlem c€ (O to) sao cho h'(c¢) = 0, nghia la f'(¢) = —¢(c )
Chii ¥ rang ham s6 vén tbc clia xe 1 va xe hai 14n luot 12 U1( ) = f'(t) va
vs(t) = ¢'(t). Do do tai thoi diém c hai xe c6 cting d¢ 16n vé van tbc nhu’ng
ngudc chiéu nhau.

Bai 4.6 (CD SlI/pharn Nam binh). a) (2 diém) Goi F 1a chan duong vuéng
goc tit D xuong AB. Khi d6 C' sé nam gitta A va E.

h
—VIZ_h,0D=—— AC=AE —CE =vVI? - 1% —

sin o tan o’

Viay S = AC+CD =+ L?>—h?— h.cota+

SIHCY
b) (4 diém).
AC CD L?—h2—h.cota h

I,. 7T
T(a) = + = + —V0i0 < a< —.
U1 Vg U1 Vg. SIN (¢ 2

h v
T'(0) = ———. <—2 — o8 a) .
Vo SIN~ & U1
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o ) ™ \
bat ¢ = arccos — € | 0; = | vaT"(c) = 0.
(%1 2

4 7.‘—
Vi ham cos nghich bién trén (O; 5) nén:
néu 0 < o < ¢ thi 7(a) < 0,

. 7r
neuc < a < §thi T'(a) > 0.

Vay T'(«) — min khi av = ¢ = arccos 2
U1
‘. A o r+1 . ez
Bai 4.7 (DH Pham Van Dong). bat g(z) = f(x). . Khi dé
6.1’

9(0) =g(1) =0
g(z) lién tuc trén [0; 1] va c6 dao ham trén (0; 1)
f@)(w+1) —af(x)

el‘

g'(x) =

nén theo dinh 1y Rolle thi ton tai ¢ € (0; 1) sao cho ¢'(¢) = 0.

Bai 4.8 (DH Thuy lgi Ha No6i). + Gia stt 0 < x; < 2, < 1 1a hai nghiém ctia
phuong trinh f(z) = 2019, khi d6 f(z1) = f(z2) = 2019.

+ Ap dung Dbinh ly Rolle cho f(x) trén [x;x5] C [0;1]: khi d6 ton tai ¢, €
(x1; x2) sao cho f'(cg) = 0.

+ Do f lién tuc va f(z) > 2019, Vz € [0; 1] nén f(x) dat cuc tiéu tai z; va z,,
cung vdi tinh kha vi ta ¢6 f'(z1) = f'(z2) = 0.

+ Ap dung Rolle dbi véi f'(z) 1an ludt trong [z1;co] VA [co; x2] sé tOn tai
c1 € (T1;¢0), 2 € (o3 72) sa0 cho f"(c1) = f"(c2) = 0.

+ Lai ap dung Rolle véi f” trong [c;; ¢2], s€ ton tai ¢ € (¢1;¢2) C (0;1) sao cho
f///(c) —0.

Bai 4.9 (DH SPKT Vinh Long). Pit g(z) = (x — 1)f(z)e 2%, thi ¢ lién tuc
trén [1,2019], kha vi trong khodng (1,2019), va ¢g(1) = g(2019) = 0.

Do d6, theo dinh 1y Rolle, tdn tai ¢ € (1,2019) sao cho ¢'(c) =0

Ma g'(z) = ((z — 1)f'(z) + f(z) — 2019(z — 1) f(x)) e "

Nén ((c—1)f'(c) + f(c) —2019(c — 1) f(c)) e " = 0

suyra (0) = (222 £

Bai 4.10 (PH Nha Trang). Ja € (0; 1) : f(a) = ﬁ, b€ (a;1): f(b) =
)

2019°
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Theo dinh ly Lagrange

Jer € (05 a), o € (a3 b), cs € (b,1): fl(ar) = fla) ; 10 _ 2019&7
, B , B 2014
fle2) = m> files) = m

Tu day ta c6 dpem.

Bai 4.11 (PH BK Tp HCM ). PAu tién ta chitng minh f khéng giam trén Q7.
‘ i} m n_,. e
Layzr,y e QL e <y=x=—;y=—Vvlim,n,p € Nym <n.Khido
p p

f(w)zf(m-%) <f(n-3) ~ 1)

By gio 14y 2,y € (0,+00), 2 < y. Khi d6 ton tai 2 day s6 hitu ty {r,}, {g.} C
(0,400) : limr, =z, limq, =y. Viz <y = 3Ny € N:Vn > Ny, ta cod
n—oo n—ro0

n < ¢pn. Theo phan trén: f(r,) < f(qn),¥n = Ny. Cho n — +oo, vi f lién tuc
= lim f(r,) = f(z) < lim f(g.) = f(y) (dpem).

Bai 4.12 (DH GTVT ). Viét khai trién Taylor cta f tai a va b, ta ¢6
a+by) f'(a) (b—a ) (b—a\’
f(T)_f(a)+ 1! ( 2 >+ 91 ( 2 )
e (b—a\? . a+b
:f(@)—l-Tl( 5 ) ,V0101€<G,T). (6)
a+by) f'(b) (b—a fler) (b—a\?
f<2>_f<b)+ 1!(2)+ 2! (2)

f(es) (b—a\® . a+b
= f(b) + 2!2 (T) , V6icy € <Tb> (7)

Tu (6) va (7), ta co

b— a>2 [f"(c2) = ["(e1)]
2 2

£ = Fla)] = (

< (*52) mestis bl el

bat | f"(c)| = max{|f"(c1)|, |f"(c2)|}, ta ¢ ¢ € (a,b) thoa man

710 2 G 110 = F@).
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Bai 4.13 (PH Hang Hai). Gia st 0 < x5 — z; < 7 . Ta chting minh ¢(z,) clung
dau véi g(x,) . Gid st ngudc lai, g(z) trai dau véi g(xy). Vi0 < 29 — 3y < 7
nén ton tai x sao cho

T < T <Xy < T+ (8)
Dt
h(t) = f (z +t)sint — f(x + t)cost.
Ta c6
B (t) = ( @t + flz+ z)) sint,
hay

W (t) = g(z + t)sint. 9)
Diatt;=x; —x,i=1,2. Do (8) ta cd

0<t;i <ty <. (10)

Tu (9) suy ra

W (t;) = g(x + t;)sint;,
hay

W (t;) = gla;)sint;,i =1, 2.
Do (10) ta c6 sint; > 0, do d6 h'(t;) cung dAu véi g(x;),i = 1,2 . Ma g(xy)
trai dau vei g(z) , suy ra K (t,) trai dau véi h'(t,) . Theo dinh ly Darboux,
ton tai ¢ € (t1;t2) C (0;7) sao cho h’ﬂ(c) = 0 hay g(z + ¢)sinc = 0 . Tu do ta
¢6 g(z + ¢) = 0 vi sinc # 0 . MAu thuan gia thiét ca bai toan.
Gia stt @ < b. Chia doan [a; b] thanh n doan nhé bang nhau béi cac diém chia

a=aqy<a; <..<a,=>b,

sao cho d6 dai mbi doan nhd nhé hon 7. Vi0 < a; —a;_; < 7 nén theo chitng
minh trén g(a;_;) cing dau véi g(a;) v6i moii = 1,n . Tit d6 suy ra g(ag) cing
dau véi g(a,) , hay g(a) cung dau véi g(b) . Bai toan dudc chiing minh.

a1+ ag+ ...+ ag
ay + ag + ... + a2019

Bai 4.14 (DH KT Ha Noi). Dit by, = véik=1,2,...,2019

va bo = 0.

Ap dung dinh 1y gié tri trung binh trén [by; be,1] Vi k = 0,1,...,2018, ton tai
S (br+1) — f(bx)

Cr+1 € (bk;7 bk—i—l) sao cho f’(ckH) =

o b1 — by
Suy ra Zakf/(ck) = (a1 + as + ...+ agmo).(f(1) — £(0)).
k=1

Ap dung dinh 1y gia tri trung binh trén [0;1], ton tai ¢, € (0;1) sao cho

f(1) = £(0) = f'(co)-
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Bai 4.15 (PH KT HAN6i).  — Thoi gian can thiét 12
V400 4 22 4 /400 + 22 LY

30 50

St dung bat dang thitc
Va2 + 22+ /0 + 3% > \/(a+b)2 + (z +y)?

thi

Ve+2)2+402  y /(100 —y)2 +1600 y
t > A A )
= 30 T30 30 50 = 9W)

2 7 \ A \ 46 .
— Khao sat ham so ¢(y) tim dudc ¢, = I khi y = 70 km.

5 PHEP TINH TICH PHAN

Bai 5.1 (DH Tay Bic). 1. Xét tinh lién tuc ca ham sb f(z) véi z € R.

Xét f (x) = 2z — [z] trén R.

V6izg ¢ Z = n < x9 <n-+1v6in € Z. Taluén tim dugc ¢ > 0 sao cho
n<zg—e<zo<Tote<n+l=[ryg—e] =[x =[xo+¢] =n.

Vivay ta co lim f(x) =2z, —n = f (x0). VAy f (x) lién tuc véi zy ¢ Z.

Tr—TQ

VGi 2y € Z ta co

llm f(z) =2z, — 2z, =20 = f(20)

lim f(x):2I0_(xo_1):x0+17éf(x0)

=T
VAy f (z) chi lién tuc phai tai x(, khéng lién tuc trdi z, € Z nén f (r) gian
doan tai xy € Z.

2. Chting minh ham sb f(z) kha tich trén doan [0, 3] va tinh / f(x)dx

0
Trén doan [0, 3] theo y 1, thi f () chi gian doan tai 1,2 va 3 do d6 f (z) kha
tich trén [0; 3].
Ta co

1

/3]” / dZL’—I—/f dm—i—/gf(x)da:

1 3

:/dex—l—/ 2x—1dx+/ (2x — 2
0

1 2
—1+243=6
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Bai 5.2 (DH Ty Bac). bat M = max | f'(z)|. Khi d6 ta ¢6 —M < f(x) <

M,z € [0, 1]. o
Do f > 0 nén nhéan hai ve bat dang thtc trén véi f(z) ta dugdc

~Mf(z) < f(2)f(z) < Mf(2),Vz € [0,1].

LAy tich phan bat ding thitc trén tit 0 t6i z ta dugc
M [ it < 37 - 50 < M [ flodeva e o)
0 0
Tiép tuc nhan cac vé bat dang thitc trén véi f(z) ta dudc
M) [ 50t < 370 - SO ) < M) [ Fedve € o1
0 0

Bay gid ta tich phan trén [0, 1] bAt dang thitc kép cubi cling trén déy ta dugc

-M (i f(t)dt)2 < /lf?’(a?)dzv—fQ(O)/lf(x)dx <M (j f(t)dt)Q,V:Jc € [0,1].

T do
1 1

[ @i £0) [ s

0 0

<M ( / f(t)dt)
— max |/(z) ( / f(t)dt) .

Bai 5.3 (DH Ddng Thap). it g(z) = ¢!~ f(z). Khi d6 g(1) = f(1) va

2

g(z) =" (f(z) — 22f(x)) Yz € [0, 1].

4 > ’ A ) \ N 1
Ap dung dinh li gia tri trung gian cua tich phan cua ham ¢ trén doan [0, §]’

X 1 5 )
ta suy ra ton tai zy € |0, 5] sao cho g(zg) = 3/3 g(z)dr = f(1) = g(1). Ap

0
dung dinh ly Rolle cho ham g trén [z, 1], ta suy ra ton tai ¢ € (¢, 1) sao cho
¢'(¢) = 0 nghia la
f'(e) = 2¢f(c).
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t

Bai 5.4 (CD Su pham Nam Dinh). Dat F(t) = /f(a:)d;z:.
0

Do d6 F'(t) = f(t) va F(0) =0, F'(1) = f(1) = 0.
bat g(t) = sin(2019F"(t)).F(t) trén doan [0, 1].
Do f(t) kha vi lién tuc trén [0, 1] nén ¢(¢) kha vi lién tuc trén doan [0, 1].
g'(t) = F'(t).sin(2019F"(t)) + 2019F (t).F” (t). cos(2019F"(t))
g(0) = F(0).sin(2019F'(0)) = 0, g(1) = sin(2019F'(1)).F(1) = 0 (Vi F'(1) =
F(0) = 0)
Viy ham ¢(¢) thda man cac diéu kién ctia dinh ly Rolle.
Véy ton tai ¢ € (0,1) sao cho ¢/(c) = 0.
Do dd F'(c).sin(2019F"(c)) + 2019F (¢).F” (¢). cos(2019F"(c)) = 0.
Néu cos(2019F"(¢)) = 0 thi F'(¢) = 0 hoic sin(2019F"(c)) = 0. Ca 2 trudng
hop thi sin(2019F"(¢)) = 0. Mau thuén vi sin? a + cos® a = 1 v6i moi a € R.
Vay cos(2019F"(¢)) # 0. Vay F'(c). tan(2019F"(¢)) = —2019F (¢).F” (c).

C

Do dé ta co f(c).tan(2019f(c)) = —2019f’(c)./f(a7)da:.
0

Bai 5.5 (CD Su pham Nam Dinh). a) Theo gia thiét ta ¢6 f'(x) <6va f(x)>
0v6imoiz € [0,1] va f(1) > 0. Do d6 2f'(z).f(x) < 12f(x).
Liy ¢t € [0,1] bAtky vata c6

t t

/ 2 (@) f(x)dx < / 124 (2)da.

0 0

Do doé

t t

[2r@itre) <12 [ fayd

0 0

t
Tuong duong véi fQ(x)}(t) <12 / f(z)dz. Hay
0

F2(t) = f2(0) < 12/f(x)dx.

t

o ) < 12/f(:c)d:c.

0
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1
Cho t = 1 ta dugc f%(1) < 12./f(a:)d:1: =4.Dodo 0 < f(1) < 2.

0

t
b) Theo ciu a) ta ¢ f3(t) < 12f(t)./f(x)dx (1).
0

Pit (1) — / F@)dz, do d6 F'(t) = f(t) va F(0) = 0, F(1) = 1/3,

F/(0) = £(0) = 0.
Tir (1) ta c6 / Pyt < 12 / F(1).F(t)dt.

& /f3(x)da: < 12/F(m)d(F(x)) = 6F2(m)\; =6F%*(1) — 6F2(0) = ;

Bai 5.6 (DH Pham Vin Pong). 1. V6i moi = # 0, o(z) lién tuc nén / (t)dt
0

kha vi tai z, va e=* kha vi v6i moi x # 0. Do dé f(x) kha vi v6i moi z # 0.
Khi d6, v6i moi x # 0,

s, . . 14 !/ —_—— 2 \ 7 /4
2.V6imoit # 0, tacd ¢ (t) = Z = t—ggo(t). Tut d6 2p(t) = t°¢/(t). Do dd,

—€
3
lay tich ph&n va st dung cong thic tich phan tiing phan, véi moi z > 0,

) /0 " o(t)dt = /O "B ()t = /O B (1))
= t3p(t) :— 3/036 t2o(t)dt

= 2°p(z) — 3 /Ox t2p(t)dt.

T dé, suy ra ding thic cAn ching minh.
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Ta ¢6, v6i moi x > 0,

- (1D

Nhan thiy 0 < ¢ < 2 thi 0 = (0) < o(t) < ¢(z). Do dé

3

0< /Oxt2<p(t)dt < /Oz Po(z)dt = %go(a:‘).

Tu do

/ tot)dt
o<

X
ro(x) =3 (12)

Chinh vi thé, (11) va (12) cho ta dao ham phai f/ (0) = 0.

Mic khac, vi f 1a ham 1é nén dé dang ta ciing c6 dao ham trai f* (0) = 0. Tit
d6, ta két ludn diéu phai chiing minh.

Co thé st dung quy tac PHospital cling v6i 2°¢ () = 2¢(z), v6i moi z # 0,

/0 ' t2p(t)dt

lim 20— — Jipm — A
=0+ xp(x) =0t p(z) + ¢! (2)
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3. St dung quy tac PHospital cting véi 2°¢' () = 2¢(x), v6i moi « # 0,

lim @ = lim —/0 P = li ()

=0 a8 b adp(n) e BaPp(a) T %9/ (a)

Bai 5.7 (PH Pham Vin béng). Sit dung céng thiic tich phén ting phén,

/abf(w) sin(nx)dxr = ——/ f(z)d (cos(nx))

=~ fa)cos(oa)]| + 1 [ ) costna)da

= %(f(a) cos(na) — f(b) cos(nb)) / f'(z) cos(nz)

Vi f va f’lién tuc trén doan [a, b] nén theo dinh ly Weierstrass, f va f" bi chén
trén doan [a, b]. Tdc la, ton tai M > 0 sao cho |f(z)| < M va |f'(z)| < M, véi
moi z € [a, b]. Do dd

M(b—a)

x) sin(nz)dz

(If @)+ 1 ®)) +

§I>—‘

T d6 ta két ludn

lim /b f(z)sin(nz)dx = 0.

n—-+o0o a

Bai 5.8 (PH Thuy loi Ha Néi). Ap dung Bat dang thiic Schwarz ta 6

! 23 = 1 z?)? 96;37
_:/Omf(x)dx—/o(lJr )"/ ( )md

<([us mzwdx)i ([ 1;962%)5

~([asras ) 4
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<2 (/01(1 +x2)2f2(x)dx>§ \/7%

1
N 1
Tu’do:/o (1 + 22 () > 5
Bai 5.9 (DH Thiy 1oi Ha Néi). + Gié sit ton tai ham f kha vi trén [0;2] va
théa man cac tinh chat da néu.
+ V6i © € (0;2), ap dung Dinh ly Lagrange cho f(x) trong [0; x]: ton tai
flx) = f(0) _ f(z)—1

c1 € (0:2): f'cr) = 0 > —1,tudosuyra f(z) >1—=x
T — T
+ Tuong tu, ton tai ¢, € (z;2) : J(@) = 5(2) = /() _21 = f'(co) < 1, va tlt
r — r —
do f(z) > » — 1.

+ Két hop lai ta cé: véi z € [0;2] thi f(z) > |z — 1], tit d6

/OQf(:U)de/02|m—1]d:1::/01(—x+1)d;c+/12(x_1)d$:1_

2 2
+ Tit tinh lién tuc ctia f va gia thiét |/ f(x)dz| < 1suyra |/ flx)dz| =1,
0
diéu nay xay ra khi va chi khi f(z) = |z — 1|. Tuy nhién ham f(z) = |x — 1

~

khong kha vi tai = 1, vAy nén khong thé ton tai ham f thda man céc tinh
chét da néu.

Bai 5.10 (DH Thuy lgi Ha N6i). Ta ¢6

/f +f1—xd“/f 1_@@;

/ dz +/ fa=a) . _1

T = .
flx +f 1—x f(z +f 1—2x) 2
Bai 5.11 (DH SPKT Vinh Long). Ta ¢

1 1 1 1

3:/(x+f'(x))2dx = /x2dx+2/xf’(x)dx+/(f’(x))de

0 0 0



110

1 1
Hay/asf’(x)dx = 1. Xét /:L'f’(x)dx. Dat
0 0

Dan den

Ta dudc

Suy ra /f(m)dw =—1.

0

Bai 5.12 (bDH Nha Trang). |f(z).f'(x)| = Af (o) §/]f’(t)|dt.|f’(x)\.

0

719|f x)|dr < 719<7f )ldt.|f'(x ) %(/xf/(t)dt)g

2019 2019 "
(/f daz) <¥ (f'(z))dz.

Bai 5.13 (bH GIVT). a)

2019

0

Il
|
B

fl=w) g ]1f(t) "

1+au + at
[ fwar )
—/1+audu+/1+&tdt
0 0
:/f(t)dt
0
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m ™

, A sin nx sin nx
b) Apd ong thic pha taco I, = dr = dx.
) Ap dung cong thuc phan a), ta c / (14+2019%)sinx * / sinz

—T

V6in > 2, thi

sin(nx) = sin(nx — 2x) cos 2z + cos(nx — 2z) sin 2x

= sin(nx — 2z)(1 — 2sin’2) + 2 cos(nx — 2x) sin z. cos =

( )
( )
= sin(nx — 2x) + 2sinz [cos(nz — 2z) cos  — sin(nz — 2z) sin 7
= sin(nx — 2x) + 2sinz cos(nz — x).

Do dé
I = / signxdx
sin
0
™ . - 2
= / (w + 2 cos(nx — x)> dx
sin
0
=1, o+ ] sin(zn —z)| = I,_2, Vn > 2.
- 0
Vay

;=0 néun = 2k,
" L=m néun =2k +1.

Bai 5.14 (PH GTVT ). Do f lién tuc trén [0, 1] nén tn tai ¢ € [0, 1] sao cho
|f(c)] = max |f(x)] = M. V6iu > 0, ta cd

z€[0,1]

1 u 1 u
/|f(a:)|“dx < /M“dw =M.
0 0

Do f lién tuc tai ¢ nén véi Ve > 0, ton tai [o, 8] C [0,1] sao cho | f(z)]—|f(c)| >
—G,V.T S [Oé, 6} Véy

|f(z)| > M —€,Vz € o, f].



Cho u — 400, ta dude

1 u
(M —¢) < hIJP (/f(x)“dx) < M, Ve > 0.
0

Cho € — 0, ta dugc

;g;(/ff %m) = M = max |f(a)].

Bai 5.15 (DH Hang Hai). Ta c6 cac dong nhét thitc sau (dung gia thiét b)):

Jute _/U@Wmd_/rﬂwm0<ﬂmMjm

J @(»w““ Q(M@Pm J [lol@)™® ™ (g™

2019 2019]

(e )
e

2019 [f(l’) - g($)]

/
/ |
j @) - gt fa

D}? y rang [(f( ))2019 — (9(@)*|[f(z) —g(2)] = 0 (V2 € [a,b)) vaa < bta
CO:

(W™ (g

j{uﬂmww—w@»m%

O vu»—m@@dxzo

a

Vay:

(g(x))2 (g(x))>®

/b(f(rc))zomdx . /b ()22,
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Bai 5.16 (PH KT Ha Noi). a) Da thitc P(z) = A.(x — ¢)(d — z) + 1 véi
1 1 2 ~ 7 <A oA > N e ’

0<A<min | —, , thoa man cac diéu kién cua bai toan.
c.d (1—c¢).(1—d) '

1 1
b) Chira / f(z)2"dx = 0 v6i moi s tu nhién n. Suy ra / f(2).[Q(x)]"dx =0
0 0

v6i Q(x) 1a mét da thitc bac 2 bat ky va m 1a s6 tu nhién bat ky.

Phan chiing ton tai ¢ € [0;1] sao cho f(c) # 0. Vi bai toan ding véi f(z) thi

cling ding v6i — f(x) va ngudc lai, do do ta coi f(c) > 0.

B6i tinh lién tuc ctia f(z) trén [0;1] va f(¢) > 0 nén ton tai a,b théa min

0<a<b<1vaf(z)>0véimoiz € [a,b]. LAy c¢1,c, théda min a <

¢, < ¢y < b. Ap dung cau a), tim dudc da thiic bac hai P(z) théa méin
min P(z) > 1> P(z) > 0v6i moi z € [0;¢;) U (¢3;1]. Theo tinh chat ham

x€lcr;ez]

bac hai ta c6 m[ax} P(x) < P(a) <1va m[%x]P(a:) < P(b) < 1.
z€(0;a z€(b;1

Mt khéc, v6i mbi sb tu nhién m > 1, ta c6

o:!ﬂmwwwwI:!ﬂmW@WWm+/ﬂmwuwwm+/ﬂ@W@WWm
z/?uwmmwm+/ﬂmqume/ﬂ@wwwwx
0 c1 b

> /af(fv)[P(ﬂf)]mdﬂ?+7f($)dﬂf+/lf(fﬂ)[P(fL')]mdx-
0 c1 b

Ta lai c6: v6i moi m > 1,
a

J1r@lP@)ds < Pl [ 1f@)ds,

va
1

[1s@ir@iras < e [ 17wl

b

Vi khi m — 400, ta céd [P(a)]” — 0va [P(b)]™ — 0 nén /f(x)[P(:U)]mdx —

0,
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Va/f x)|™dz — 0 khi m — +o0.

T cac két qua trén, ta nhin dudc
0> / f(x)da
C1

Vi f(z) lién tuc va nhan gia tri duong trén [c;; ¢o] nén / f(z)dz > 0. Piéu nay
C1

mAu thuln véi bt thang thitc ngay trén. Suy ra f(z) = 0 v6i moi = € [0; 1].

6 PHUONG TRINH HAM

Bai 6.1 (DH SPKT Vinh Long). Cho z = —1, ta dudc f(—1) = 2019f(—1) +
2018

Suyra f(-1) = -1
Dao ham hai vé, ta dudgc

£/(20192 4 2018) = f(x)

A 2. - 2 1
Lan lugt thay x boi v — 2018
2019
— 2018
/ —
fla) = 2019 )
x — 2018
B f/ 2019 — 2018 B f/ xr—2019%2 +1
B 2019 a 20192

_ (a:—2019”—|—1)
2019
Cho n — oo, ta duge f'(z) = f'(—1) = a = const
Suy ra, f(x) = ax +b.
Ma—-1=f(-1)=—a+b=b=a—1.
Nén f(z) = ar +a—1, Yz €R.
Kiém tra lai ta thiy ding.
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Bai 6.2 (DH SPKT Vinh Long). Ta co:

1 1 1 1

0< / (e‘éf(x)f'(x)+2)2dx = /e_f(x)(f’(x))2dx+4/e_§f(x)f’(x)dx+4/dx

0 0 0 0

1
_ /e‘f(x)(f’(x))Qd:v —8(e~ /W — 2/ 4 4

0

_ /ef@)(f'(x))?dx —4

1
Suy ra /e_f(x)(f/(x))zda: >4
0

1
Ma theo gia thiét /e‘f(w)(f’(x))zdx < 4, nén suy ra
0

1

[ @y =1

0

1

2 1
Do dé / (e*%f(x)f’(x) + 2) dr =0vae 2@ f(z) = -2

0
Hay —2e 2@ = _2p 4 C
Ma f(0) =0nén C = —2.
Vay, f(z) = —2In(z + 1).

Bai 6.3 (DH GTVT ). Tu gia thiét, véi Vz € R:
X X
fz) = f <2019> 2019
i X i
/ (2019) _f<20192> 20192
X

/ (W) _f<20f93> 20?93

X e X
! (2019%1) —f (2019n> T 20197
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Cong vé véi vé, cac dang thitc trén, ta dudce

f<x)_*f<20f9n>:::” ” <éﬁ%§)k'

k=1

Cho n — +o00, do f lién tuc nén

+o0 1 n 1
fla) =10 =2} (m) =301’

Va = 201 R.
ay f(z) 0 9+2018 Vo €

Ngudc lai, dé dang kiém tra f(z) = 2019 + m Vz € R thda man cac diéu
kién ctia dé bai.

Bai 6.4 (DH KT Ha N6i). Tu gia th1et va ap dung khai trién Taylor cho ham
s6 f(z) tai x = 0, v6i mbi = € (0;1], ton tai ¢ nam gitta 0 va = sao cho:

{L‘2

f(x) = fO) + [0+ [ (e)- -

2019 2019 ST . A
Suy ra f(z) < e + — T + 6057.% v6i moi z € (0;1]. Vi f(z) lién tuc

trén [0; 1] nén bat dang thitc diing cho moi z € [0; 1].
1

, , 2019 2019 2
Dodo,tacoog/(f(x)—T—Tx—GOW—)d:ESO.

2019 2019 z?
Suyra f(x) = e +T$+6057?V01m01:13€[0 1].

2019 2019 2
Dé thiy ham s6 f(z) = — t—5 7t 6057. % thda man cac diéu kién bai

toan.



