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Nguyén Thanh Tra

1 Mot s6 dinh nghia va tinh chat

Pinh nghia 1.1. Cap ctia mo6t s nguyén.
Gid st a va m la cdc s6 nguyén duong nguyén to cung nhau. Khi dé s6 nguyén duong x nhé

nhat sao cho a® =1 (mod p) dugc goi la cip clia a modulo m.

Ta ki hiéu bac ctia a modulo m béi ord,,a
Nhu vay, dé dang suy ra ord,,a la uéc ctia ¢(m) véi moi a.

Dinh nghia 1.2. Can nguyén thuy.
Néu s6 nguyén duong g cé cap la ¢(p) mod p thi g duge goi la can nguyén thuy mod p

Tu dinh nghia can nguyén thuy, ta c6 cac tinh chat

Tinh chat 1. Néu g la can nguyén thuy mod p thi ta c6 thé biéu dién hé thing du thu gon
mod p duédi dang sau:
{1.g,¢% ...g""}

Tinh chat 2. Néu p la s6 nguyen t6 thi p ¢ ding ¢(p — 1) can nguyén thuy.

Tinh chat 3. Gia sit p 1a mot s6 nguyen to 1é, ¢6 cin nguyen thuy g. Khi do, hoac ¢
hoac g + p 1a mot can nguyén thuy mod p?.

Tinh chat 4. Gia st p la mot s6 nguyen t6 18. Khi dé p* c6 cin nguyén thuy véi moi
s6 nguyén duong k. Hon nita néu ¢ 1a mot can nguyéen thuy mod p? thi ¢ la cin nguyéen
thuy mod p* v6i moi s6 nguyén k.

Tinh chat 5. Néu n = 2pf, p 1a s6 nguyen t6 1é, t nguyen duong thi n c6 can nguyen
thuy. Cu thé 14, néu ¢ la can nguyén thuy mod p! va r 1é thi né la cin nguyén thuy

mod 2pt, con néu r chén thi r + p’ 14 can nguyén thuy mod 2pt.
Tinh chat 6. S6 nguyéen duong n ¢é can nguyén thuy khi va chi khi:
n = 27 4apta th
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trong do, p la s6 nguyeén t6 18, ¢ 1a s6 nguyén duong.
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2 (Can nguyén thuy-nhitng tng dung

2.1 Bai tap vé tinh chat can nguyén thuy

Nhu ta da biét, cin nguyeén thuy la mot khai niém quan trong, c6 nhiéu ting dung manh
trong gidi toan. Trong muc nay toi xin gi6i thieu mot s6 bai tap vé tinh chat cia cin nguyén
thuy.

Vidu 1. Cho p = 2" + 1 la mot s6 nguyén to. Chitng minh rang 3 la can nguyén thuy
mod p.

Loi gidgi. Dat p=2"+1
Dau tién, ta sé chiing minh 3 khong 13 binh phuong mod p.
That vay, ta cha ¥ rang p =1 (mod 4) va 2" + 1 = —1 (mod 3) (do n phai la luy thua cta

2). Khi dé, ta c6: ; 1
(0-()-()-

Nhu vay, 3 khong 1a binh phuong mod 3.

Do ¢(p) = 2" nén ord,3 = 2F (do ord,3 = 2*|¢(p)). Gia st k < n ta c6 3> =1 (mod p).
Ma 3 khong 1a binh phuong mod 3 nén (i) = 32" (mod p) suy ra 3*" " = —1 (mod p).
Do d6, p|1 — (—1) = 2, diéu nay vo li. [

Vi du 2. Cho p la mot s6 nguyén to c6 dang 4k + 3 va g la mot can nguyén thuy mod p
thod man g*> = g+ 1 (mod p). Chitng minh rang g — 2 ciing la mot can nguyén thiy mod p

Loi gidi. Dé chiing minh bai toan, trudc hét, ta can mot bo deé.
Bé dé 1. Cho p la mot s6 nguyén t6 va g la mot can nguyén thuy mod p. Goi ¢ la s6
nghich ddo ciia g mod p. Chiing minh rang g’ cing la mot can nguyén thuy mod p.

Loi gidi ctia bo de 1. Gia st ¢’ khong la can nguyen thuy mod p. Khi dé, ton tai sé nguyen
p—21
3

=S (mod p)
p—1 p—1
Do ¢’ 1a nghich déo cia ¢ mod pnén g¢' =1 (mod p) = (g¢') 7 =1 (mod p) =g 7 =1

duong j sao cho ¢’

(mod p)
Diéu nay trai vdi gid thiét ¢ 1a can nguyén thuy mod p. m
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Tré lai bai toan, dau tién, ta sé ching minh p — 1 14 mot can nguyén thuy mod p.

That vay, ta c6 g =g+ 1 (mod p) = g(g —1) =1 (mod p)

Theo bd dé 1, ta c6 g — 1 I can nguyén thuy mod p. Do d6 (g — 1)pr1 = —1 (mod p) hay
(g —1)**' = —1 (mod p)

Mit khéc, tir gid thiét, ta c6: g =g+ 1 (mod p) = (¢ —1)> =2 — g (mod p)

Suy ra (¢ — )**? = (g—-1)* (¢ - 1) = -1 (2~ g) (mod p)

Nhu vay, dé chiing minh g — 2 14 cin nguyén thuy mod p ta chi can chiing minh (2k +
3, p—1)=1.

That vay, ta ¢c6 (2k+3,p—1) = (2k + 3,4k +2) = 1.

Tém lai g — 2 la can nguyén thuy mod p. O

2.2 Mot sb6 dng dung ctia can nguyén thuy

Dé mé dau cho nhitng tng dung ctia cin nguyén thuy, ta hiy dén véi mot sé vi du don gian.

Vi du 3. Tim cdc s6 nguyén n > 1 sao cho:

25

nla® — a vdi moia € N
Loi gidi. Dt
p—124
N=]] p=2-3-5-7-13
peEP

Ta sé chitng minh n thod man diéu kién ctia dé bai khi va chi khi n 13 mot wée s6 ctia N.
Theo dinh li Fermat, ta co:

a® —a=a(a**—-1)=0 (mod N) véi moi a € Z*

Do d6, moi udc s6 nguyén ctia N déu thod man dé bai.

Gia st ton tai mot s6 nguyen duong n khong 1a uéc s6 ctia N thod man diéu kien dé bai.
Néu n c6 mot ude s6 nguyen p khong 1a wée ctia N, thi ton tai mot s6 a 1a can nguyén thuy
ctia p. Khi d6, a®® —a = a(a®** — 1) =0 (mod p) khi va chi khi 24 =0 (mod p — 1). Vo Ii.
Néu n c¢6 mot uée s6 chinh phuong dang p?, véi a = p, ta co:

p® —p=0 (mod p?)
nhu thé, khong ton tai p thod man.

Nhu vay, n la mot ude ciia N. O
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Trong bai toan trén, ta nhan thay rang gia thiét vdi moi a € N lam cho bai toan yéu di. Ta
hay suy nghi theo mot huéng khac. Ta ¢6 bai toan:

Vi du 4. Tim wdc chung lén nhat cia cic so6:
' —a, véia=2,34,.., 561

Loi gidi. Tuong ty nhu trén, ta sé ching minh rang:
p—1560

N = H p=2-3-5-7-11-13-17-29-41-71-281

peP

13 w6c ching 16n nhat clia tat ca cac sb6 noi trén.
Gia st u6c ching 16n nhat cta a®%! — a, véi a = 2,3,4, ...,561 1a d. Ta xét hai truong hop:

Trudng hop 1. Néu d khong c6 u6c nguyen t6 16n hon 561.

Goi p 1a mot uwée nguyen t6 bat ki clia d, ta c6 p < 561.

Goi g 13 mot can nguyen thuy ctia p, suy ra g < 561 nén ¢°° — 1 =0 (mod p). Do g la can
nguyén thuy ctia p nén p — 1|560.

Mat khéc, dé dang chiing minh duge néu p — 1560 thi a**! —a = 0 (mod p) véi a =
2.3.4, ... 561.

Gia stt n ¢6 mot ude sé6 dang p* véi p 1a s6 nguyen t6. Khi d6 p°* — p =0 (mod p?), vo 1i.

Trudng hgp 2. Néu d c¢6 mot uée nguyén t6 16n hon 561. Ta xét da thic f(x) = 259 — 1
la mot da thitc bac 560 ¢6 560 nghiém mod p.

Mat khéc da thic (x —2)(z —3) - - - (x — 561) cing la mot da thic bav 560 va ¢6 560 nghiem
mod p.

Dong nhat hé s6 cia %%, ta co:

2+3+44+---4+561=0 (mod p)
@&;62—150 (mod p)
& 561-561-281=1 (mod p)
& pl2°-5-7-563

= p = 563
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Mit khéc, trong truong hgp a = 2, ta c6 2°1 = 282 £ 2 (mod 563).
Toém lai, tir hai truong hop 1 va 2, ta cé

p—1/560
N = H p=2-3-5-7-11-13-17-29-41-71-281

peEP
13 w6c chung 16n nhat ctia
a®® —a, véia=2,3,4,...,561

O

Nhan xét. Tu vi du trén, ta nhan thay s6 561 khong c6 vai tro quan trong trong bai toan.
Ta hay tong quat bai toan:
Bai toan 3.1. Tim udc chung lén nhat ciia cic so:

a* —a, véia=2734,.. k

T mot huéng nhin nhan khéc, ta ¢6 mot bai toan

Vi du 5 (SP TST 2008). Tim cdc s6 nguyén to p,q thod mdn:

@ =qa (mod 3pq) Va€Z

Loi gidi. Gia st p < ¢ 1a cac s6 nguyén t6 thod man dé bai.

Do a7 = a (mod 3) Va € Z nén néu chon a = —1 suy ra p,q déu la cac so 1é.

Do a*? = « (mod 3p) Va € Z nén néu chon a la mot can nguyen thuy clia p, ta sé c6
3pg—1=0 (modp—1)=3¢—1:p— 1.

Do a*? = a (mod 3¢) Va € Z nén néu chon a la mot can nguyen thuy clia g, ta sé c6
3pg—1=0 (modg—1)=3¢—1:p—1.

Néup=¢qthi3p—1:p—1nénsuyrap=gqg =3 Thay vao khong thod man vi 4*7 = 1
(mod 27).

3p—1
4 ] <3mnén3p—1=2(¢—1) hay 2¢ =3p+ 1, do dé:

Néu g > p + 2 thi

90+ 1. .
3g—1= p; p—1 va (9p+1)—(9p—1)=10ip—1

suy ra p = 11, ¢ = 17. Thay vao, ta thay thod man dieu kién dé bai. O
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Nhan xét. Ta thay trong bai toan trén, so 3 cling 1a mot sd nguyén t6. Nhu thé, ta hay
nghi céch tong quat bai toan. Va ta co dude két qua sau.

Vi du 6. Tim cdc s6 nguyén to p,q,r thod mdn:
o’ =a  (mod pgr) Vo €Z
Loi gidi. Tuong tu cach chiing minh bai toan trén, ta cling c6 két qua sau:
pg—1:ir—1 gr—1:p—1 sp—1:q—1 (1)

Nhu vay bai toan da cho dugc dua tré vé dang gidi phuong trinh nghiém nguyén véi cac sd
nguyéen to p, ¢, 7 thod man diéu kien (1)

O
Ta hay nghi mot cach mé rong méi cho vi du 5
Vidu 7. Tim cdc 56 3 sao cho ton tai cdc s6 nguyén to p,q thod man:

o’ =af (mod 3pq) VacZ

Loi gigi. Truée hét, ta chi ¥ t6i b dé sau:
B6 dé 1. Cho p la mot s6 nguyen to, a,n la cic s6 nguyeén duong, (a,n) = 1. Khi dé phuong
trinh " = a (mod p) hodc cé (n,p — 1) nghiém hodc vo nghiém, tuy theo:
aGr D = 1 (mod p)
c6 thod man hay khong.
Céch chitng minh bd trén la kha dé dang, xin khong néu ra & day.
Tré lai bai toan, ta co:

a® =qaf (mod 3pq) Va €7Z
khi v& chi khi phuong trinh 237! = 3 (mod 3p) c¢6 p — 1 nghiém mod p va phuong trinh
23971 = 3 (mod 3q) c6 ¢ — 1 nghiem mod gq.
Suy ra:
{(3pq—1,p—1)=p—1 . {ﬁwzl (mod p)
Bpg—1,q—1)=q—1 B TeD = 1 (mod q)
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Tu 3pg—1,p—1)=p—1,3pg—1,g—1) =q—1, tacoé p=11,q = 17. Thay vao, ta dugc:

=1 (mod 17)
=1 (mod 11)

Ta thay 8 = 1 1a s6 duy nhat thoid man.
Nhu vay, cac s6 3 thod man dé bai la =1 O

Ta nhan thay ring bai toan tréen con nhiéu huéng mé rong, ching han véi ba bién p,q,r.
Tat nhién 13 ching ta van giai duge cac bai toan theo phuong phap trén. Tuy nhién, trong
cac truong hop nay tinh toan tuong déi phitc tap, toi khong tién néu ra.
Ching ta xét them mot s6 vi du khéc.
Vi du 8. Tim s6 nguyén duong n thod man:
2" —1:n

Loi gigi. Bai toan trén cé thé giai rat dé dang nho phuong phap cap clia s6 nguyen.
Goi p 1a u6c nguyén t6 nhé nhat ctia n. Ta co:

2"—-1=0 (modn)=2"—-1=0 (mod p)

Mit khéc do p 1a s6 nguyén t6 nén 2P~1 — 1 =0 (mod p)

Suy va 2" —1 =0 (mod p) va 2" —1 =0 (mod p) suy ra 2"*~Y —1 =0 (mod p).

Néu (n,p—1) =1 ta co6 p|1, suy ra n = 1.

Néu (n — 1,p) # 1 thi n sé& chia hét cho mot s6 nguyén t6 nhé hon p (trai véi gia thiét p 1a
u6c s6 nguyen to6 nhé nhat cia n.

Nhu vay, n = 1 thod man dé bai. O

Ta hay nghi mé rong vi du 9. Ta c6 dude ta cé bai toan:
Vi du 9. Tim cic s6 nguyén n thod man:

n?2" 4+ 1
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Loi gidi. Gia st n > 1 thod man n?|2" + 1, khi d6 2" + 1 i n? nén n 1a mot s6 1&.

Goi p 1a u6c nguyen t6 nhé nhat ctia n Goi p 1 wée nguyén t6 nhé nhat cia n. Ta co:

2"—-1=0 (modn)=2"-1=0 (mod p)

Mit khéc do p 1a s6 nguyén t6 nén 2P~ — 1 =0 (mod p)

Suy va 22" — 1 =0 (mod p) va 2! —1 =0 (mod p) suy ra 227~ —1 =0 (mod p).

Do p la u6c nguyén t6 nhd nhat ctia n nén (2n,p — 1) = 2.

Nhu vay, ta c6 p|3. Suy ra p = 3. Gia stt n = 3¥d v6i (k,d) = 1. Vi2"+1 =0 (mod n?) nén
22" =1 (mod 3%).

Do 2 1 céin nguyén thuy ctia 3* nén ¢(3%)|2n hay 2 - 32*712.3% . d. Suy ra k > 2k — 1 hay
k<1 Vay k=1,n=3d véi (d,3) = 1.

Goi ¢ la uéc nguyen t6 nhd nhat cta d. Khi d6 do (3,d) = 1 nén ¢ > 5. Dat k = ord,2 = k.
Do 22" =1 (mod q) nén k|2n = 6d va k|q — 1 hay (6d,q — 1)=k. Do (6d,q — 1) = 2 nén k|2,
suy ra k = 2.

Nhu vay, 22 =4 =1 (mod ¢) suy ra ¢ = 3 (vo li).

Vay diéu gia sit 1a sai nén d = 1 va n = 3. Thit lai thay n = 3 ding.

Vay s6 nguyén duong n thod man dé bai 1a n = 3.

Nhu ta da thay, viéc bién hoa s6 chia cho ta mot bai toan rat tha vi. Tiép tuc mdé rong, ta
dudce bai toan: O

Vi du 10. Tim tat cd cdc so nguyén n > 1 sao cho ton tai duy nhat so nguyén duong a vdi
0 < a < n! thod man:
a"+1=0 (modn!)

trong dé n! la tich clia cdc s6 nguyén duong ti 1 dén n

Loi gidi. Ta thay n = 2 thod man.

V6i n > 4, n 1a s6 chin, suy ra a™ 1a s6 chinh phuong va 3|n! nhung 3 fa™ 4+ 1. Nhu vay, n
1a s6 18.

Dat n! = plfl p’2“2 -+ pkr v6i p; 1a cac s6 nguyen t6 phan biet. Theo dinh li Trung Hoa vé phan
du, phuong trinh a” +1 = 0 (mod n!) ¢6 nghiém a duy nhat néu phuong trinh a” +1 = 0
(mod p;*) c6 nghiem duy nhat véi i = 1,2,...r.

Ta sé chitng minh rang phuong trinh a” +1 =0 (mod 2¥) c6 nghiém duy nhat.
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Ta co:
n—1

a'+1=(a+1) (Z(—l)iai) =0 (mod p)

i=0
Ma S0 (—1)%a’ 1a s 18 nén ta c6 a +1 =0 (mod 2)

Ki hiéu s6 mil ctia p trong phan tich thanh thita s6 nguyen to ctia n! 1a v,(n!). Ta xét hai
truong hop:

Trudng hgp 1. n > 3, n 1a mot s6 nguyen t6. Ta ¢6 v,(n!) =1
Goi p > 3 1a mot ude s6 nguyeén t6 cia clia nl, p # n va goi k = v,(n!)

Goi g 1a mot can nguyén thuy mod p*
o(p")

Suyrag 2 = —1 (mod p)
Do (a,n) = 1 nén ton tai x € {1,2,...,¢(p")} thod man a = ¢* (mod p*)
. k
Nhu vay a® = —1 (mod p*) & ¢"* = g% (mod p*) & nx = ¢(]29 ) (mod ¢(p*))

Do d6, a c6 nghiém duy nhat mod p* khi v& chi khi 2 ¢6 nghiém duy nhat mod ¢(p*) Mt
khac do ged (n, ¢(p*)) = ged (n,p**(p — 1)) = 1 nén z ¢6 nghiem duy nhat mod ¢(p")
Suy ra a c6 nghiém duy nhat mod n! véi n > 3 14 s6 nguyén to.

Trudng hop 2. n 1a hop s6, n > 3.

Goi p 1a mot wée s6 nguyen t6 phan biet véi n, p > 3 (p luon ton tai do n 1a mot hgp s6 18).
Suy ra k = v,(n!) > 2

Goi g la m6t can nguyén thuy mod p*

k
Suy ra g = (mod p*)
Do (a,n) = 1 nén ton tai x € {1,2,...,¢(p")} thod man a = ¢® (mod p*)
k
Nhu vay a" = —1 (mod p*) & ¢ = g¢2 (mod p*) & nx = ¢(§) (mod ¢(p*)) hay
k—1 -1
=27 od pip— 1.
k 1 -1 k—1 -1
Mit khac, do p|n nén ged(n %) # 1 suy ra phuong trinh nx = Z#
(mod p*~!(p — 1)) ¢6 nhiéu hon 1 nghiém.
Tém lai n 13 s6 nguyén t6 thod man de bai. O

Ta hay xét cac bai toan ¢6 dang khac.
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Vi du 11 (Balkan 1999). Cho p la mot s6 nguyén té c6 dang 3n + 2. Dit:
S ={y* —2° — 1|z,y la cdc s6 nguyén, 0 < x,y < p — 1}

Chaitng minh rang cé nhiéu nhat p phan ti trong S chia hét cho p

Chimg minh. Ta c6 nhan xét: Néu p 1a mot s6 nguyen t6. Khi do cac s6 18,25, ... (p — 1)*
lap thanh mot hé thing du thu gon mod p khi va chi khi (k,p — 1)=1.
Chitng minh nhan xét trén rat don gidn, xin danh cho ban doc.

Tré lai bai toan, do 1,2, ...p— 1 1a mot hé thang du  mod p ma (3,p) = 1 nén {13,23,...(p —
1)3} 1a mot he thang du thu gon  mod p.
Khi d6, v6i mdi 0 < y < p—1 ton tai duy nhat sé nguyén 2,0 < z < p—1sao cho 23 = y?—1
(mod p) tiic 1a trong tap S c6 nhiéu nhat p phan tit chia hét cho p

]

Nhan xét. T bai toan trén, ta c6 thé mé rong thanh bai toan sau day:
Bai toan 11.1. Cho p la mot s6 nguyén té c¢é dang kl + 2. Dt

S ={y —a* —alj, k la cic s6 nguyén, 0 < j,k <p—1}

Chitng minh rang trong tap S cé nhiéu nhat p phan t& chia hét cho p.

Ching ta hay dén v6i mot vi du khéc.

Vi du 12. Ching minh rang ton tai mot phan hoach cia tip hop A = {13,23,...,2000%}
thanh 25 tap hop con thod man tong tat cd cdc phan ti trong mot tap hop con chia hét cho
20012

Loi gidi. Goi a; 1a cac s6 nguyén duong phan biet 1 < a; < 2001 thod man a; + a; # 2001.
Xét:

> (af + (2001 — ay)?)

i=1
n

= (2001% - 3-2001%a; + 3 - 2001a;)

=1

=2001) a} (mod 2001°)
=1
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Suy ra Y 1 (a? 4+ (2001 — a1)?) =0 (mod 2001%) < >°"  a? =0 (mod 667).

zlz

Goi p 1a mot s6 nguyen t6 bat ki, dit g 1d mot cin nguyen thuy cta p va lay k > 2, klp — 1.

. p—1 )
V6i moi T,OSTST, ta co:

k‘
,_.

2p-1);
(9 +r> —~ 92’"29 ' (mod p)

=0
2-1) _1q
r9 _
g5 -1
~ 2(p - 1) N 2(p—1 ~ P4 N 2 ~, X o 2 X
Tu — <p—1vag ® —1% 0 nén tong binh phuong ctia nhitng phan ti clia moi
p—1

T + 1 tap con cua tap hgp cac hé thang du modulo p.

ludn co

Do d6, ta ¢6 {0} = Sppo VA Sppr = {070 <i<p—1} véimdi 1 <7 <
tong cac phan ti chia hét cho p.
Vi moi 0 < i <23 < j <30, goi 1 < r(4,5) < 2001 1a cac s6 thod man r(i,j) = i
(mod 23),7(i,7) = j (mod 29),7r(i,j) = 1 (mod 3). Nhu thé, ta thiy rang cac sb r(i,7) la
duy nhat véi méi i, j
V6i moi 4, j, k, I thod man r(i, j) + r(k,1) =2 (mod 3) thi r(i,5) + r(k,1) # 2001.
Ta xét tap hop: X (a,b) = {r(i,j)|i € S2311a AN J € S204p}N V610 <a<2va0<b< 7T, ta
c6 24 tap hop, cac tap hop doi mot khong c6 phan ti chung .
Mat khéac, ta co:

Z 72=29-0=0 (mod 23)

z€X(a,b)
d 2°=23-0=0 (mod 29)
zeX(a,b)
> 2°=0 (mod 667)
z€X (a,b)
nén:
Z =0 (mod 2001%)

z€X (a,b)V(2001—z)|z€X (a,b)
Mat khac, ta co
(| S(a,b) N S{2008 — z|a € S(a,b)} C {1,2,3,...2000}

0<a<2,0<b6<7
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Ma:

200 /B NT 90012001\
;z = (;z> = (T) =0 (mod p)
Nhu vay ta c6 cach chia tap hgp A = {12,23,...,2000%} thanh 25 tap hop con thod man tong
tat ca cac phan tit trong mot tap hop con chia hét cho 20012 O]
Vi du 13. Cho p la mot s6 nguyén to 1é va dat S = {ny,ny,...ny} la mot tap hop bat ki clia
cdc 86 chinh phuong nguyén to cung nhau vdi p. Tim s6 k nhé nhat sao cho ton tai mot tap
con A cia tap S thod man tich cdc phan ti cia A dong du véi 1 mod p

1& s6 can tim.

Loi gidi. Ta sé ching minh k& = b

. —1 . , .
Néu k£ < pT, ta xét tap hop S = {¢?, ¢?,...¢°} ctia k phan tit g?. Khi d6, tich moi phan
tlt ctia S déu c6 dang ¢** vé6i a < ’%1. Do g la cén nguyén thuy ctia p nén ¢** khong dong
du v6i 1 mod p.

p—1
Nhu vay k > —
Xét tap hop S = {ny, ny,...nx} va ta viét n; = g% v6i moi 1.
Tich cac tap hop bat ki ciia S c6 dang ¢4 v6i A la tong mot sé6 phan tit clia tap hop
J = {Oél, Q9, Ckk}

Ta chiing minh rang v6i moi tap hop c6 16n hon d phan ti ta c6 thé chon ra mot tap

con c¢6 tong cac phan ti chia hét cho b

That vay, xét cac so:

0417041+Oé27041+062+0437---;&1+Oé2+"'+OépT—1

s6. Néu trong tap hop trén c6 mot phan tit chia hét cho b

Ta thay c6 tat ca b , ta co

diéu phai chiing minh.
p—1

Néu trong tap hgp trén khong c6 phan tit nao chia hét cho ,suy raton taii,j, @<}
sao cho:
ar+ar+-o=a;+ar+ - (mod p)
Suy ra ; + @41 + - =0 (mod p).
Tom lai trong tap hop J = {ay, as, ...a.} Tuon chon duge mot s6 phan tit sao cho tén cac

p_l A 2 A X N N p_]‘
Vay so nho nhat can tim la k = — O]

phan tt nay chia hét cho
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Nguyén Thanh Tra

Nhan xét. Bing phuong phap tuong tu, ta cé thé ching minh duge bai toan:

Bai toan 13.1 Cho p la mot so6 nguyén t6 1é va dat S = {n}*,ny',..n{"} la mot tap hop bat
ki cla cdc so nguyén to cung nhau véi p. Tim s6 k nho nhat sao cho ton tai mot tap con A
ctia tap S thod man tich cdc phan ti cia A dong du véi 1 mod p

P PN —1
Giai tuong tu nhu trén, ta c6 so6 k£ nhé nhat can tim la k:p—

m

Lai két. Can nguyen thuy 1a mot 1i thuyét rdt manh, c6 tinh tng dung cao trong giai
toan s6 hoc. Nhung vi dung luong ctia bai viét khong nhiéu nén t6i chua thé gidi thieu hét
cac tng dung cia n6. Cacvan dé con lai sé duge trinh bay trong thoi gian sém nhat cé the.
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Nguyén Thanh Tra

3 Mot s6 bai tap

Dé két thic chuyén dé, toi xin gisi thieu mot s6 bai tap dé cac ban sit dung cin nguyen thuy

mot cach thanh thao.

Bai tap 1. Cho n = 2" + 1. Chiing minh ring n la s6 nguyén té néu va chi néu 3% =1
(mod p)

s 1 N ~, £ A P . . > L. Py ¢(p - 1) P » ~
Bai tap 2. Cho p la mot so nguyén to. Ching minh rang cé it nhat B s0 g thod man

0<g<puwag lamot can nguyén thiy cia p* vdi moi s6 tu nhién k.

Bai tap 3. Gid st rang 4™ + 2" + 1 la mot s6 nguyén to. Ching minh rang n la luj thia
cua 3.

¢(p—1
ctia p—1. M la mot s6 nguyén bat ki. Chiing minh rang trong tap hop {M+1, M +2, ..., M +
—1 . .
2 [hﬂs\/ﬁ] — 1} ton tai it nhat mot can nguyén thuy mod p
p _—

Bai tap 5. Tim cdc bo ba so nguyén to (p,q,r) thod man:

2
. . —1 ) .
Bai tap 4. Cho p la so nguyén to vdi p > ( b )> 22k wdi k la s6 cde wde nguyén to

plg"+1 qr"+1 rlp?+1

Bai tap 6. Cho p la mot so nguyén to va k > 2 la mot so nguyén duong. Gid si q la udc
50 nguyén to nho nhat cia k. Chitng minh rang:

k
P —ps > o(pF —1)
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