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Cau 1. (4, 0 diém)

24/x

; 9vx+14
iéu thirc P= :
1. Cho biéu thtrc e+3

x+3V;+2

1
+
J;+2

Rut gon biéu thue P va tim céc gia tri cua x d€ biéu thuc P c6 gid tri 1a s6 ty nhién.

1+ voi x>0,

2. Cho céc s6 thyc a, b, ¢ thoa man dong thoi a*+2=b"; b*+2=c"*; *+2=a".

Tinh gia tri biéu thirc B=a’+b*+c*+a’b*c*—|a*b*+b*c*+c? a*|+2022

Ciu 2. (4,0 diém)

1. Giai phuong trinh 4 x’+13x*—14x=3—15x+9 .

2. Gidi h¢ phuong trinh XZ_X;:;j_‘ yyj;’ ggy:_oﬁx

Ciu 3. (4,0 diém)

1. Tim tat ca cac bo s6 nguyén (m, p, q) théa man: 2". p’+1=g" trong d6

m>0; p,qla hai sb nguyén td.

2. Cho a, b 13 hai s6 nguyén thoa mén a khac b va ab(a +b) chia hét cho a*+ab+b".
Chung minh rang |a—b|>¥ab .

Céiu 4 (6,0 diém). Cho tam giac ABC nhon néi tiép duong tron O ban kinh R. Puong
tron tam I duong kinh BC cit canh AB va AC lan luot & M va N. Céc tia BN va CM
cat nhau tai H. Goi K 1a giao diém cua IH va MN. Qua I ké duong thing song song véi
MN cit cac duong thang CM va BN lan luot ¢ E va Q.

1, Chimg minh tam giac ANM dong dang v&i tam gidc ABC va BQI=ECI.

2

2. Chimg minh IQ.IE = IC* va

KN _| HN
KM |\ HM

3. Goi D 1a giao diém cta AH va BC. Ching minh rang

1 1 1 4
+ + <
AD.BN BN.CM CM.AD ?,(R—OH)2 '

Ciu 5. (2,0 diém)
Cho ba s a, b, ¢ >1 thoa mén 16 abc+4|ab+bc+ca|=81+24(a+b+c).

. . 1 1 1
T\ s . h» h/\ 5 R h/ Q: + +
im gi4 tri nho nhat cua bi€u thirc al [@—1+a) bl /—b2—1+b) o /—c2—1+c)




DAP AN VA HUONG DAN GIAI
Cau 1. (4,0 diém)

24/x

. 9Vx+14
iéu thae P= :
1. Cho biéu thtrc Tx+3

x+3¢;+2

1
+
\/;+2

Rt gon biéu thirc P va tim cac gia tgrij x dé biéu thic P ¢6 gia tri 1 s6 ty nhién.

1+ voi x>0

biéu kién x>0. Ta co:

2vx 1),
Vx+37| 7 Vx+2

. 2Vx(Vx+1] L 9x+14
Wx+1]Vx+2) [Vx+2)[Vx+1]

2x+11Vx+14  (Vx+2)(2Vx+7) _(2Vx+7)

“Wxr2lWa+l] | Was2lxtl]  [Waxl]

9/x+14

P=
x+3Vx+2

1+

(2Vx+7)
Viy P=——vdix>0
ay (\/;+1)
2/x+1)+5 5 5
Tacd P=— =2+ vix>0 nén 0<——<5suyra2<P<7
(Vx+1] Vi1 Va1
DoP ENnénP€3;4;5:6;7 « —2—€l1;2;3;4;5 o x+1€|5;2;2,21
Vx+1 2’34
oxela;2;2: 00l xeli6;2;2, L0
234 47916
X , e 2N CA X 6941 0 e, .+ A N
Keét hop vdi diéu kién ta thay x €1 '1°9° 18 la gia tri can tim.
A A Yy ep e K n \ 9 4 1
Vay d¢ P co gia tri 1a so ty nhién thi x € 16;2;§;E;0 :

2. Cho céc s6 thuc a, b, ¢ thoa man dong thoi a*+2=b";b*+2=c"*; *+2=a".
Tinh gia tri biéu thirc B=a’+b’+c*+a’b*c*—|a’ b+ b’ c*+c* a*|+2022.
a’+1=b"—1=(b’-1)(b*+1)

Tir gia thiét ta suy ra: | b*+1=c*—1=(c’~1)(c’+1)
c*+1=a*-1=(a’-1)(a*+1)

Nhan vé véi vé 3 dang thure trén voi nhau ta duoc:

|@?+1)[b2+1)[c*+1)=(b*=1)(c*=1)(®=1)(b*+1)(c*+1)(a*+1)



Do (a*+1)(b*+1][c*+1)>0nén(b*—1)[c*—1][a*~1]=1

Khai trién ta dugc

ab’’—a’b’ b’ = a+d’+b*+cP—1=1 = a2b2c2+c12+b2+c2—(azb2+b2c2+cza2 =2.
Vay B=2 +2022 =2024

Céiu 2. (4,0 diém)

1.Giai phuong trinh: 4 x*+13x*~14x=3—/15x+9

DKXD: XZ—% .

Pt d3 cho 4x*+13x°~14x—3+/15x+9 =10
= 4x°+13x°—12x—(2x+3)+/15x+9=0
= (4x*=3x)(x+4)—[[2x+3|-V15x+9]=0

[2x+3)2—(j15x+9)_0
(2x+3)+V15x+9

1
=0
2x+3+V/15x+9

= (4x°=3x)(x+4)—

o (4x*=3x)(x+4—

(4x*-3x)=0(1)

= 1
xX+4— =0(2
2x+3+V/15x+9 (2)

x=0
Pt(1) = Xzi(a‘éuthéam&nDKXD)
4

1
5 i =0
Xt ) 4 3+ VI5 x40
3 17 9 1 5

i x>——=x+4>—va2x+3+V15x+9>—-= <—
Vixemg 5 5 2x+3+V15x+9 9
S x+4— 1 >128>0 én pt (2) vo nghié

uy ra Y x+3+/15xs0° 45 o nénp (2) vO nghiém.

A X ~ A A 3
Vay phuong trinh da cho co tap nghiém S={o; 2l

xX’+3xy°+49=0

2. Giai h¢ phuong trinh
anep gt x*—8xy+y’=8y—17x

Nhén hai vé ctia phuong trinh (2) véi 3, rdi cong voi phuong trinh (1) vé theo vé ta
duge pt: x*+3x y*+3x° =24 xy+3 y*+49=24 y—51x



o X #3X°+3x+143 Y (x+1)-24 y(x+1)+48(x+1)=0
o [x+1][[x+1/+3 y*—24 y+48|=0
o x+1)[[x+1P+3(y—4|*+48]=0

x+1=0
(x+1/+3(y—4/=0

~

x=—1 x=—1

THI: ' +3x y'=—49 - Y=ty

(x+1+3[y—4F=0 _x=-1

TH2:
xX’+3xy’=—49 y=4

Vay hé da cho c6 hai nghiém (x,y) € |(—1;4),(—1;-4)]

CAu 3. (4,0 diém)

1. Tim tat ca cac sd nguyén (m,p,q) théa man: 2", p*+1=q" trong do
m>0; p,qla hai s6 nguyén td.

Vim>0 va p nguyén t6 nén 2", p*+1 1é =qlé

2m+2

Néup=2thi 2"™*+1=¢" = [q—1|lq*+’+q*+q+1|=

m+2

Viq 1é =q*+q’+q*+q+11¢ 16n hon 1 =2"** ¢6 udc 1é 16n hon 1, vo 1y.

Dodéplé
Ta viét phuong trinh d3 cho dudi dang (q—1)(g*+¢*+g*+q+1)=2". p?
Do g*+q’+q*+q+11é valon hon 1 nén q*+q’°+q°+q+1=p

hoic ¢*+q°+q*+q+1=p’

+ Xét truong hop ¢*+¢’*+q°+q+1=p=q—1=2".p. Do
2". p>pnénqg—1>q*+q’+q°+q+1(vd 1y)

+ Xét truong hop
q4+q3+q2+q+l=p2=>4q4+4q3+q2<4p2=4q4+4q3+4q2+4q+4
(4q'+4q¢°+9q*+4q+4=(2q"+q)’<4 p°<(2q¢*+q+2)’. T 6 suy ra

4p°=(2q°+q+1)" . Ta dugc phuong trinh 4(

¢+’ +q*+q+1)=(2¢*+q+1)* = °—2q—3=0, ma q nguyén 5, suy ra q = 3, tir d6 tim
dugec p=11; m = 1. Vay ta c6 bd ba sd nguyén thoa min yéu ciu bai toan 1a: (m,p,q) =
(1;11;3).

2. Cho a, b 13 hai s6 nguyén théa mén a khac b va ab(a +b) chia hét cho a*+ab+b".



Chung minh rang |a—b|>¥ab .
bat d = UCLN(a,b) suy ra a=xd, b =yd véi UCLN(x,y) = 1 khi do:

ab(a+b) _dxy(x+y)

= €Z
a’+ab+b> X’ +xy+y’

Ta c¢6 UCLN(x*+xy+y*;x)=UCLNy*; x|=1
Tuong tu UCLN(x*+xy+y*; y)=1
DPit d’ = UCLN(x+y,x’+xy+y°)

r

x+yid'

2 : (x*+xy+y*)—x(x+y)id' _ xz:'d':d'zl
X +xy+y-id'

id
(x*+xy+y’)—y(x+y)id' |y*id’

= =

Do d6 d: x*+xy+y’=d>x"+xy+y’

Mit khac [a—b['=d’|x—y['=d’|x—y[".d>d>.1(X*+xy+y*)>d". xy=ab.
Vay |a—b|>Vab

CAu 4. (6,0 diém)



1. Ching minh A ANM d6ng dang véi A ABC va BQI=ECI.

AN AB
5 ANANM ~ A AM ; —=—
Ta co: Clg g):AM AC

Xeét AANM va AABC ¢o:

- Ac’ Ala goc chung
=AANM ~A ABCl|c.g.c|(dpcm)
Vi A ANM ~ A ABC = ANM = ABC

Ma ANM + MNB=ABC+MCB=90° (Do BN
L AC;CM 1 AB)= MNB=MCBma MNB=BQI(2 goc so le trong)

= BQI = MCB hay BQI = ECI(dpcm)



2
2. Chirng minh IQ.IE = IC* va —— KN (HN)

KM |\ HM
Theo cau a, BQI=ECI lai ¢6 BIQ=EIC ( 2 goc d6i dinh) = ABIQ ~AEIC (g.g)

_IQ_1IB
TICTIE

- {0

Ap dung & qua Ta — Lét ta co:

—=]Q.IE=IC.IBmalB=IC|i.|=1Q.IE=IC’

KN _HK_KM _ KN _IQ @
IQ HI IE KM IE )

Tir (1) va (2) = (ICZ

KM\ IE

Trén canh EM l4y P sao cho IP = IE( P# E) = A IPE cantai I = IPC = IEP
Ma [EP=HNM (2 gbc so le trong, MN//EQ) = HMN = IPE hay = HMN =IPC

IC _ HN

Lai c6: HNM =ICP = IP=IE (cach lay diém P) = IE_HM (

4)

Tir (3) va (4) = 0= (HN ) (dpem)

3. Goi D 14 giao diém ctia AH v6i BC. Ching minh rang

1 1 1 4
+ + <
AD.BN BN.CM CM.AD 3(R—OH)2

Vi BN LAC;CM L AB; |[H/=BN nCM = H 14 tryc tim A ABC
=AH L BChay AD L BC

HD HN HM S S S
Do d6 ta ¢o: +——+ = =1
AD BN CM S,,o Sic Hane

AD—HD BN—-BH CM-CH AH BH CH
= + + =] + + =2
AD BN CM AD BN CM

Do H 1a tryc tin A ABC nhon nén H nam trong A ABC

AH>AO—-OH=R—-0OH>0 .
=!BH>BO—-OH=R—-0OH>0 (BDPT ba diém)
CH>CO—-—OH=R—-0OH>0

—o= AH BH CH >(R—OH)
AD BN CM

1 1 1 1 1 1 2
+ + = + + < (%)
AD BN CM) AD BN CM R-OH

V6imoi X, ytaco: (x+1/°20 = x*+y*>2xy

Ching minh tuong tu: y’+2°>2 yz; 2 +x°>2zy



Cong theo timg vé ba BPT trén ta duoc:
2(x2+xy+y2)22(xy+z+zx) = x2+y2+222xy+yz+zx
- (x+y+z]223(xy+yz+zx)

. A e 1 1 1 )
Ap dung BDT trén Vo1 X=—r0 y =g 2= mpr ta suy ra dugc:

2

1,1t , 1 < 4
AD.BN BN.CM CM.AD| 3(R-OH) (npem)

1.1 .1
+—+
(AD BN CM

€9

Dau “=" xdy ra = dau cua cac bat dang thuc trén dong thoi xay ra = tam gidc

ABC déu.
Ciu 5. (2,0 diém)

Ta co:

_ va’—1—a + Vb’—1—b Vel—1—c

+
a(la*~1-a’) b(b’-1-b*) c(c’—1-c°)

. \/az—l—a+\/b2—1—b+\/c2—1—c
—a —b

—C

Q

63—
a b c

\/a2—1+\/b2—1+\/c2—1)

\/a2—1+\/b2—1+\/c2—1

=—P. V61 P=
a b c

2 2 2
0—3=— Va'-1_Vb'-1 W1
a

b c

str dung bat dang thirc: Vi x,y,z >0, ta ludn ¢ Vx+Vy+vVz</3(x+y+z)
Dau “=" xay ra khi va chi khi x =y =z.

Ttr bat dang thice di cho ta co:

1 1 1)
a b c

PS\/9—

Tir gia thiét 16abe +4(ab+betca) = 81 +24(a+b+c)

= 16:£+24
abc

1 1 1
ab bc ca




1 1 1 1
TacO —+—+—=<-.

ab bc ca 3 A bc 21

2
1 1+1)V‘ 1 _1

Q|
S| =
+

a |

'

w

Dau “=" xay ra khi va chi khia=b =c.

1.1.1
Pgtt=—+,+-;0<t<3(Via,b, ¢ >1). T (*) ta c6

16<3t°+8t°—4t = 3t°+8t°—4t—1620 = (3t—4)(t+2)’20 = tZ% (Vio<t<3)

Suy ra Ps\/9— 11,1
a b c

2 2
S\/9—(%) :@:Q—3:_p2_@ - ng—:;/%

Déu “=" xay ra khi va chi khi
16 abc+4|ab+bc+ca|=81+24(a+b+c) 9
a=b=c @a:bzczz
a,b,c>1

9—65
3

Vay gia tri nhé nhat ctia Q 1a khia=b=c=

MO



