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PE HOC SINH GIOI
MON TOAN LOP 9 CAC TINH NAM HOC 2018-2019

LOI NOI PAU

Nham ddp ing nhu ciu vé ctia gido vién toin THCS va hoc sinh luyén thi hoc sinh gidi
mon todn 16p 9, website tailieumontoan.com gidi thigu dén thidy cd va cdc em bg dé thi hoc sinh gidi
todn 16p 9 ctia cdc tinh trén cd nwéc cé hwdng dan gidi cy thé. Day la by dé thi mang tinh chét thuc
tién cao, gitip cdc thidy cé va cdc em hoc sinh luyén thi hoc sinh gi6i 16p 9 c6 mot tai lidu bam sdt dé
thi dé’ dat dwgc thanh tich cao, mang lai vinh dw cho ban thin, gia dinh va nha trieong. B§ dé gom
nhiéu Cau todn hay dwoc cdc thiy cd trén cd nwedc swu tdm va sang tdc, on luyén qua sé gitip cic
em phit trién tw duy mon todn tir dé thém yéu thich va hoc gioi mon hoc nay, tao dwgc nén ting dé
c6 nhitng kién thirc nén tot dap 1rng cho viéc tiép nhdn kién thirc o cdc 1op, cdp hoc trén diegc nhe
nhang va hiéu qua hon.

Cic vi phu huynh va cic thidy c6 day todn co thé' dung cé thé' ding tuyén tdp dé toin nay dé
gitip con em minh hoc tdp. Hy vong Tuyén tdp dé thi hoc sinh gioi 16p 9 cdp tinh nim 2018-2019
nay sé cé thé giip ich nhiéu cho hoc sinh phdt huy ngi lwc gidi todn néi riéng va hoc toin noi
chung.

Bé dé nay duoc viét theo hinh thic Bé dé on thi, gom: d@é thi va hwéng ddn gidi dé ngay
dudi dé thi d6 dwa trén cdc dé thi chinh thire da tirng dwoc sir dung trong cac ki thi hoc sinh gisi
toan lop 9 ¢ cac tinh trén ca nuoc.

Mdc dir di c6 sw dau tie I6n vé thoi gian, tri tué song khéng thé tranh khéi nhing han ché,
sai s6t. Mong dwot sw gOp Y cua cac thay, ¢d gido va cac em hoc!

Chc céc thay, cd gido va cac em hoc sink thu diroc két qua cao nhdt tir bg dé nay!

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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MUC LUC
Phan 1. Dé thi
PE SO TINH THANH
1. Pé thi hoc sinh gioi toan 9 tinh Dién Bién nam hoc 2018-2019
2. Pé thi hoc sinh gioi toan 9 tinh Lang Son ndm hoc 2018-2019
3. Pé thi hoc sinh gioi toan 9 tinh Nghé An nam hoc 2018-2019
4. Dé thi hoc sinh gioi toan 9 tinh Quang Binh ndm hoc 2018-2019
5. Pé thi hoc sinh gioi toan 9 tinh Déng Nai nam hoc 2018-2019
6. Pé thi hoc sinh gioi toan 9 tinh Thanh Héa nam hoc 2018-2019
7. Pé thi hoc sinh gioi toan 9 tinh Binh Phudc nam hoc 2018-2019
8. Pé thi hoc sinh gioi toan 9 tinh Son La nam hoc 2018-2019
9. Pé thi hoc sinh gioi toan 9 tinh Ninh Binh ndm hoc 2018-2019
10. Pé thi hoc sinh gioi toan 9 tinh Nam Dinh ndm hoc 2018-2019
11. Pé thi hoc sinh gioi toan 9 tinh Bic Ninh nim hoc 2018-2019
12. Pé thi hoc sinh gioi toan 9 tinh Binh Dinh nam hoc 2018-2019
13. Pé thi hoc sinh gioi toan 9 tinh Da Ngmg nam hoc 2018-2019
14. Dé thi hoc sinh gioi toan 9 tinh Dk Lk ndm hoc 2018-2019
15. Pé thi hoc sinh gioi toan 9 tinh Déng Nai nam hoc 2018-2019
16. Pé thi hoc sinh gioi toan 9 tinh Gia Lai ndm hoc 2018-2019
17. Pé thi hoc sinh gioi toan 9 tinh Ha Noi nam hoc 2018-2019
18. Pé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2018-2019
19. Pé thi hoc sinh gioi toan 9 tinh Hai Phong nam hoc 2018-2019
20. Dé thi hoc sinh gioi toan 9 TP. H6 Chi Minh nam hoc 2018-2019
21. Pé thi hoc sinh gioi toan 9 tinh Ba Ria Viing Tau nam hoc 2018-2019
22. Pé thi hoc sinh gioi toan 9 tinh Hung Yén nam hoc 2018-2019
23. Pé thi hoc sinh gioi toan 9 tinh Lai Chau nam hoc 2018-2019
24. Pé thi hoc sinh gioi toan 9 tinh Lam Déng nam hoc 2018-2019
25. Dé thi hoc sinh gioi toan 9 tinh Long An ndm hoc 2018-2019
26. Pé thi hoc sinh gioi toan 9 tinh Phti Yén nam hoc 2018-2019
27. Pé thi hoc sinh gioi toan 9 tinh Quang Tri nam hoc 2018-2019
28. Pé thi hoc sinh gioi toan 9 tinh Quang Ngai nam hoc 2018-2019
29, Dé thi hoc sinh gioi toan 9 tinh S6c Trang nam hoc 2018-2019
30. Dé thi hoc sinh gioi toan 9 tinh Thai Binh ndm hoc 2018-2019
31. Pé thi hoc sinh gioi toan 9 tinh Thira Thién Hué nam hoc 2018-2019

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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32. Pé thi hoc sinh gioi toan 9 tinh Tién Giang ndam hoc 2018-2019
33. Pé thi hoc sinh gioi toan 9 tinh Quang Nam nam hoc 2018-2019
34. Pé thi hoc sinh gioi toan 9 tinh Tra Vinh ndm hoc 2018-2019

Phian 2. Dap 4n
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH DIEN BIEN LOP 9 THCS NAM HOC 2018 — 2019
MON THI: TOAN

PE THI CHINH THUC .
Ngay thi: 09/4/2019
bé so 1 Thoi gian lam bai 180 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (5,0 diém)
1. Cho biéu thirc P=(1+ \/;J( 1 2 J—l.

x+1) (x-1 xfx+x—x-1

a) Rut gon biéu thirc P.
b) Tim cac gia tri ctia x d&biéu thitic Q =+/x —P nhén gi tri nguyén.
2. Cho (x+\/x2 +1)(2y+«/4y2 +1)=1. Tinh g trj biéu thitc x* +8y° +2019.

Ciu 2. (4,0 diém)
1. Gidi phuong trinh: 2x* +x+3 = 3x+/x + 3.

N

2. Giai hé phuong trinh: y

3x—i=—2.

3

y
Cau 3. (3,0 diém)

1. Chttng minh: ! 1 s L <1-—L_(vneN)
22411 3¥3+242 7 (n+1)vn+l4nvn Yo+l

2. Tim gid tri nho nhét ctua biéu thic: A =5x* +9y” —12xy +24x - 48y +82.

Cau 4. (6,0 diém)
1. Cho AABCc6 ba goc nhon, noi ti€p duong tron (O). Ké cac duwong cao BE, CF
ciia AABC (E € AC;F € AB). Cac duong cao BE, CF cat (O) Tanluottai M va N.

a) Chting minh rdang MN song song v6i EF; OA vuong gdc voi EF .
b) Goi H 1a triec tim cia AABC . Chting minh rang: CH.CF + BH.BE = BC”.
2. Cho diém O thudc mién trong cua AABC . Cac tia AO, BO, CO cit cac canh ctia BC,
OA OB OC

AC, AB lan lugt tai G, E,F. Chting minh tong —— +——+—= khong phu thudc vao
AG BE CF

vi tri diém O.

Cau 5. (2,0 diém)
1. Chiing minh ring P = x* —3x> —3x+3 12 mét s chinh phuwong khi x=1+32+3/4.
2.Tim x,y €eZ thoa man: x* -2y’ =5.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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~ SOGIAO DUC VA DAO TAO KI THI CHON HOQC SINH GIOI TiNH
// TINH LANG SON LOP 9 THCS NAM HOC 2018 - 2019
- - , MON THI: TOAN
DE THI CHINH THUC o
Ngay thi: 23/3/2019
bé s6 2 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (4 diém)
wioz 2Vx-3) Kig
x2x3  Yx+l 33
a) Rut gon biéu thic A.
b) Tinh gia tri nho nhat ctia biéu thic A.
Cau 2. (4 diém)
Cho phuong trinh x* - 2(m + 4)x + m*+ 8m - 9 = 0.

Cho biéu thitc A = voi X=>0; x#09.

a) Chiing minh rang phuong trinh ludn c6 hai nghiém phan biét véi moi gia tri cia m
b) Tim m nguyén dwong d€ phuong trinh da cho c6 hai nghiém x,, x, sao cho
2 2
P= X X, ~60 dat gia tri nguyeén.
X, +X,

Cau 3. (4 diém)

a) Giai phuong trinh x— 4& +———=+5=0.

x J—
b) Tim tét ca cac cap (x;y) nguyén thoa man x*y® +(x-2) +(2y—2)" ~2xy(x+2y—4)=5.
Cau 4. (6 diém)
Cho tam giac nhon ABC (AB < AC) ndi ti€p trong duwong tron (O), cac duong cao
BE,CF citnhau tai H (E€ AC,F e AB).
a) Goi K=EFNBC, L=AKnN(O) véi L#A. Chiing minh tr giac AEHF ndi tiép va
HL L AK.
b) Chting minh rang duong thang HL di qua trung diém ctia BC .
) Goi T la diém trén doan thing FC sao cho ATB=90". Chting minh ring cac
duong tron ngoai ti€p hai tam gidc KLT va CET tiép xtic v6i nhau.
Cau 5. (2 diém)
Cho da gidc déu 30 dinh. Chiing minh rang trong cac dinh d6, bat ki mot bd gom co
9 dinh nao déu chita 4 dinh tao nén mot hinh thang can.

Hét

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI TINH
LOP 9 THCS NAM HOQC 2018 — 2019

TINH NGHE AN
DE THI CHINH THUC Mbén thi: TOAN - BANG A
Thoi gian: 150 phiit (khong ké'thoi gian giao dé)
bé s6 3
(D@ thi co mot trang)

Cau 1. (3,0 diém)
a. Tim nghiém nguyén ctia phuong trinh: 2y —xy +x—2y+5=0.
b. Chitng minh riing A =2 +4" +16 chia hét cho 3 v6i moi s6 nguyén duong 7.
Cau 2. (6,5 diém)
8x° +4x .
2x+5

a. Giai phuong trinh: v2x+3 =

2
b. Giai hé phuong trinh: {(X - 1) + (y -3) =1

Cau 3. (2,5 diém)
Cho a,b, C 1a cac s6 thuc duong. Tim gid tri nho nhat ctia biéu thuc:

4 4 4
a b c
P= + +— .
(a+bj [b+c) (c+aj
Cau 4. (6,0 diém)

1. Cho tam giac nhon ABC ndi tiép dwong tron (O). Goi D, E, F Ian luot la chan cac
duong cao ké tit ba dinh A, B, C ctia tam gidc. Puong thang EF cat duong tron (O)
tai diém thit nhat M (M khdc phia véi O so v6i duwong thang AB), duong thang BM
cat duong thang DF tai N. Chting minh rang:

a. EF 1 OA.
b. AM = AN.
2. Cho tam giac nhon ABC, D la diém trong tam giac d6 sao cho ADB = ACB +90°

AB.CD
=2.
AC.BD V2

va AC.BD = AD.BC. Chting minh

Cau 5. (2,0 diém)
Trong hinh vudng canh bang 1 c6 2019 diém phan biét. Chiing minh rang ton tai

mot hinh tron bén kinh bang % nam trong hinh vudng d6 ma khong chita diém

nao trong 2019 diém da cho.
Hét

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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~ SOGIAO DUC VA DAO TAO KI THI CHON HOQC SINH GIOI TiNH
// TINH QUANG BINH LOP 9 THCS NAM HOC 2018 - 2019
- - , MON THI: TOAN
DE THI CHINH THUC o
Ngay thi: 14/3/2019
bé s6 4 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (2.5 diém)

1 3 2
a. Cho biéu thirc A = - + véi x > 0. Rat gon va tim gia
x+1 xfx+1  x-/x+1

tri 16n nhat caa A.
b. Khong dung may tinh cam tay, hay rat gon biéu thic

B y4+10+245 44104245 .

Cau 2. (2.0 diém)
a. Xac dinh céc hé 8 a va b dé da thie P(x)=x" —2x° +3x” +ax+b labinh
phuong ctia mot da thic.
b. Giai phuong trinh: v/3 —4x +V4x+1 = -16x% —=8x+1 (1).
Cau 3. (2,5 diém)
Cho duodng tron (O) va day cung BC=a khong d6i (O ¢ BC). A la mot diém di

dong trén cung l6n BC sao cho tam gidc ABC c6 ba goc nhon. Cac duong cao AD, BE,
CK cat nhau tai H (D e BC,Ee€ AC,K € AB).
a. Trong truong hop BHC = BOC, tinh AH theo a.
b. Trong trueong hop bat ki, tim vi tri ctia A d€ tich DH.DA nhan gia tri 16n nhat.
Cau 4. (1.0 diem)
Tim t4t ca cdc s6 tw nhién 1 sao cho C=2019" +2020 1a s6 chinh phuong.
Cau 5. (1.0 diém).
Cho ba s6 thuc duwong x, y, z théa man X +Y + 2z +2 =Xyz. Chitng minh rang;

x+y+z+622(\/;+ zX +\/;)

Cau 6. (1.0 diém)
Cho tam giac vuéng ABC ¢c6 AB=3,AC=4,BC=5. Xét cac hinh chi* nhat MNPQ
sao cho M, N thugc canh BC, P thu¢c canh AC, Q thudc canh AB. Hay xac dinh cac
kich thudce ctia hinh chir nhat MNPQ dé né ¢ dién tich 16n nhat.

Heét

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PONG NAI LOP 9 THCS NAM HOC 2018 — 2019
MON THI: TOAN

PE THI CHINH THUC .
Ngay thi: 29/3/2019
bé s6 5 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (4,5 diém)

x—y=m+1

1) Cho (x, y) la nghiém ctia hé phwong trinh { (v6im la tham sO thuec).

2x-3y=m+3
Tim m d€ biéu thitc P =x* +8y dat gi tri nho nhat.
2 + 2 — 1
2) Giai hé phuong trinh {X3 y3 . (vdix, y thudc R).
X' -y =-—
Ciu 2. (4,5 diém)
1) Giai phwong trinh x* —9x° +24x*> -27x+9=0 (x€R)
2) Cho ba s6 thyc dwong a, b, c. Chirng minh:
i+E+£+324 24 b S
b c a a+b b+c c+a

Cau 3. (4,5 diém)
1

1) Cho a, b, c1a ba s6 nguyén khac 0 thoa — = %+ 1 Chting minh rang: abc chia hét
a c

cho 4.
2) Tim s6 cac sO nguyén duong khong vuot qua 1000 nguyeén t6 cung nhau véi 999.
Cau 4. (2 diem)
1,2 3 . P
1442 V2443 V3444 V99 ++/100
B=+2+3+/4+...++/100 1a tong cua 99 s6 hang.
Tinh A +B
Cau 5. (4,5 diém)
Cho tam giac ABC ngoai ti€p dwong tron (I). Goi D, E lan lwot 14 hai tiép diém cua AB,
AC véi duong tron (I). Biét ba goc EA\C, A/BE, ]3/CTA, déu la gbc nhon. Goi M va N Tan
luot la trung diém cua hai doan BC va AC.
1) Chtng minh: 2AD = AB + AC -BC
2) Chiing minh rang ba duong thang BI, DE, MN dong quy.

Cho A=

la tong cua 99 sd hang va

Hét

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

"~ SO GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI TINH

TINH THANH HOA LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC o
Ngay thi: 22/3/2019
bé s6 6 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (4,0 diém)

1. Rat gon biéu thiee P :(

Jx _x—\/;—l]'[\/;+2_ x—5
Vx-2  x=2x ) (Wx+1 x—x-2
2. Cho a=3/7++/50 ,b=3/7-/50. Khong diing may tinh, hay chimng minh cac bidu
thtte M=a+b va N=a’ +b’ ¢6 gia tri déu la s& chan.
Cau 2. (4,0 diém)
1. Gia st x,,x,1a hai nghiém ctua phuong trinh x* +2kx+4 =0 (k la tham s§ ). Tim

J,Véi x>0,x#4.

2 2
A, 2 14 ./ . ? X X
tat ca cac gia tri caa k sao cho: [—1] +(—2J <3
X X
2 1

x+Vx*+1=2y+1

y+ay +1=2x+1 .
Cau 3. (4,0 diém)

1. Tim nghiém nguyén ctia phuong trinh x*y’ (x + y) +Xx=2+ y(x - 1)

2. Giai hé phuong trinh {

2. Cho neN'. Chttng minh rang néu 2n+1 va 3n+1 la cac s§ chinh phuong thi n
chia hét cho 40.
Cau 4. (6,0 diem)

Cho dudng tron (O,R) va mot diém A ¢ dinh 6 bén ngoai duong tron, OA =2R.
Tir A keé céc tiép tuyén AB,AC dén duong tron (0)(B,Cla cic tiép diém). Duong thing
OA cét day BC tai I. Goi Mla diém di dong trén cung nho BC. Tiép tuyén tai M cuta
dwong tron (O) cit AB,AC Tan lwot o E,F. Day BC cit OE,OF Ian luot tai cdc diém P,Q

1. Chting minh ABI=60° va tir gidc OBEQ ndi tiép.

2. Chttng minh EF =2PQ.

3. Xac dinh vi tri diém M trén cung nhd BC sao cho tam gidc OPQ c6 dién tich
nho nhat. Tinh dién tich nhé nhat dé theo R.
Cau 5. (2,0 diem)

Cho X,Y,z la cac s6 thuc duong thdéa man x+y—-z+1=0. Tim gia tri lon nhat caa
X3y3

bidu thirc: P = :
(x + yz)(y + xz)(z + xy)

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH BINH PHUOC LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
DE THI CHINH THUC o
Ngay thi: 06/3/2019
bé s6 7 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)
Cau 1. (5.0 diém )
1. Chobiéu thtec p_| _YX-1 xX+8 S Syx—1+1 1 |
3++/x-1 (3—\/x—1)(3+«/x—1) x-1-3Vx-1 +/x-1

a) Ratgon P .
b) Tinh gié tri ctia biéu thic P khi x=3+2v2 ~(V5 +1)3-2v2 +V5[1-12|.
2. Cho x,y la cac so thye thoa man: x+y =1.
Tim gia tri nho nhat cta P =2x* +x° (2y —1)+ y’ (2x—1)+ 2y*.
Ciu 2. (5.0 dién )
1. Giai phuong trinh: V3x+5-x+2 =/ax —2x-3 .

Xy —2x+y=6
(x+1) +(y-2) =8
3. Cho ham s6 (P):y:xz. Tim c4c gid tri cia m dé& duong thang (d):y=2x+m—1

2. Giai hé phuong tr‘mh:{

cat d6 thi ham s8 (P) tai hai diém phéan biét A(x,;y,),B(x,;y,) théa man
V.Y, = XX, =12.

Cau 3. (5.0 diém )
Cho tam gidc ABC ndi ti€p duong tron (O), D la mot diém trén canh AB, (D= A, B).

Goi M, N Ian luot la trung diém cua CB,CA. Dudng thang MN cit (O) tai hai diém
P,Q (P,QIan luot thudc cung CB va CA ). Duong tron ngoai tiép tam gidc BDP cat BC
tai | (I #B).Cac duong thang DI va AC cdtnhau tai K.

a) Chiing minh t gidc CIPK noi tiép.

b) Ching minh PK.QC =QB.PD.

) Duong thing AP cat duong tron ngoai tiép tam gidc BDP tai G (G = P). Duong thing

IG cat BA tai E.Chting minh rang khi D di chuyén trén BA thi % khong doi.

Cau 4. (2.0 diém )

Cho hinh chit nhat ABCD vé6i AB=a, AD =b. Trén ciac canh AD, AB,BC,CD Tlan luot
lay cac diém E,F,G,H sao cho ludn tao thanh t giac EFGH . Goi ¢ 1a chu vi cta t giac
EFGH . Chting minh c>2+/a*+b*.
Cau 5. (3.0 diém )

1. Tim nghiém nguyén dwong ctia phuong trinh : 4y* +6y” —1=x.

2. Chiing minh rang véi moi s6 nguyén n chan thi: n* +20n+96 chia hét cho 48.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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' SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TINH SON LA LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC o
Ngay thi: 18/3/2019
bé s6 8 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (3,0 diém)
6x+4 J3x
33X’ —8 3x+243x +4
Tim cac gia tri nguyén cta X dé€ biéu thitc A nhan gia tri nguyén.
Cau 2. (4,0 diem)
Cho phuong trinh x* —2(m-1)x+3m-3=0 (1)

Cho biéu thiac: A =

a) Tim M sao cho phwong trinh (1) ¢ hai nghiém phan biét X, X, thoa man biéu
thiec M=x+x,” +5x,x, dat gid tri nho nhat.
b) Xac dinh M d€ phuong trinh (1) c6 hai nghiém phan biét 16n hon 1.
Cau 3. (5,0 diém)
2x 13x
2 o -
2x" =5x+3 2x"+x+3

a) Giai phuong trinh:

i . {x3+2xy2+12y=0

b) Giai hé phuong trinh: .
8y  +x" =12
Cau 4. (6,0 diem)

Cho 3 diém A, B, C ¢ dinh nam trén duong thang d (B nam giita A va C). Vé
dudng tron tdm O thay d6i nhung luon di qua B va C (O khong ndm trén duong thang d).
Ké AM va AN la cac ti€p tuyén véi duong tron tam O tai M va N. Goi I la trung diém cta
BC, AO cit MN tai H va cit duong tron tai cac diém P va Q (P nam gitta A va O), BC cat
MN tai K.

a) Chting minh 4 diém O, M, N, I cung nam trén mot duwong tron.

b) Cht'ng minh diém K ¢6 dinh khi duong tron tam O thay doi.

c) Goi D 1a trung diém HQ, tir H ké duong thang vudng goc véi MD cat duwong thang
MP tai E. Chitng minh P la trung diém ME.

Cau 5. (2,0 diem)

Cho hinh vudng ABCD va 2019 duong thang phan biét thoa man: méi duong thang
déu cat hai canh d6i ctia hinh vudng va chia hinh vudng thanh 2 phan c6 ty s6 dién tich la
%. Chting minh rang: trong 2019 dudng thang trén c6 it nhat 505 duong thang dong qui.

Hét

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH NINH BINH LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC o
Ngay thi: 13/3/2019
Pé s6 9 Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé
(DE thi c6 mot trang)

Cau 1. (4,0 diém)
1. Goi X;,X,,X; la 3 nghiém ctia phuong trinh x° —5x* +5x—1=0. Tinh gia tri bi€u
1 1

, 1
thixc S=—2+—2+—2.
Xl XZ X3

2. Rat gon biéu thire A = [

1_x—3\/;]

x—-9

(3—\/;+&—2_ 9-x
Vx=2 3+dx  x++/x-6

] voi x>0, x#4

, X729,
Cau 2. (4,0 diem)
—2x)(1-y —x)=2x* —x
1. Giai hé phuong trinh (y=29=y =9 .
x(y-1)+3x* -y =2

2. Giai phwrong trinh x? +x +24 - 2xy/2x+3 = 63/12 - x .
Cau 3. (4,0 diém)

1. Tim tat ca cdc nghiém nguyén ctia phuwong trinh x*y? —x* +5y” —22x-121=0.

2. Cho cac s0 thuec duong x,y,z thoa man x+y+z=2019. Tim gia trji nhé nhat ctua

1 3 3 3

x* +y* +2° +4xy +4yz +4zx .
Cau 4. (6,0 diém)

1. Qua difm M ndm trong tam giac ABC ké DK//AB, EF//AC, PQ//IBC (E,P € AB
; K,FeBC; D,Q e CA). Biét dién tich cac tam giac MPE, MQD, MKEF Tan luot 1a x*,y?,z?
véi X,Y,z 1a cac s6 thye dwong. Tinh dién tich tam giac ABC theo X,V,Z.

biéu thiec P =

2. Cho tam giac ABC céan tai A, ndi tiép duong tron tam O. M la diém bat ky trén
day BC (M khac B, M khac C). V& duong tron tam D di qua M va tiép xuc véi AB tai B, vé
duong tron tam E di qua M va ti€p xtic véi AC tai C. Goi N la giao di€m thtt hai cta hai
duong tron (D) va (E).

a) Chiing minh rang t& gidc ABNC 1a t giac noi tiép. Tl d6 chiing minh diém N
thudc duong tron (O) va ba diém A, M, N thang hang.

b) Chting minh rang trung diém I ctia doan thang DE ludn ndm trén mot duong
théang c8 dinh khi diém M di dong trén day BC.

Cau 5. (2,0 diém)

1. Tim tat ca cac bo ba s6 nguyén t& (p;q; r) sao cho pgr=p+q+r+160.

2. Cho 8 doan thang c¢6 d6 dai 16n hon 10 va nhé hon 210. Chiing minh rang trong 8
doan thang d6 ludén tim dwoc 3 doan thang dé ghép thanh mot tam giac.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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~ SOGIAO DUC VA DAO TAO KI THI CHON HQC SINH GIOI TINH

TiNH NAM DINH LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 10
(D@ thi co 2 trang)

Cau 1. (3,0 diéin)
4 1-/9+42

J2i47-2410 7-+J89_28410

1. Rut gon biéu thirc P =

z2+1

2 +Z= . Chttng minh rang

z
z+Nz2+1 Y y

1.

2. Xét ba s0 thuc duwong X, Y,z thoa man

1 1 1
Sy xfyz i1 Jyzay +1 Noxiz+l

Cau 2. (5,0 diéin)

1. Giai phuong trinh x® +x* +2x = %(X2 +2)\/x4 +4.

(x—y)z—l 2(x+y—1)_ 4
2. Giai hé phwrong trinh xy  x+y

4 +5y +4x+y—1+64/x =13

Cau 3. (3,0 diém)

1. Cho cac da thuirc P(x) va Q(x) thoa man P(x)=%(Q(x)+Q(1—x)) VxeR. Biét
rang cac hé s3 ctia P(x) la cac s6 nguyén khong am va P(0)=0. Tinh P(3P(3)—P(2)).

2. Tim tat ca céc cdp s6 nguyén (x; y) théa man phuong trinh

(x—y—l)(x+1—y)+6xy+y2(2—x—y)=2(x+1)(y+1).

Cau 4. (7,0 diém) Cho t gide ABCD ndi ti€p duong tron (O;R), vé dudng tron (O R")
(R'<R) ti€p xtic véi canh AD tai H, tiép xtic v6i canh BC tai G va tiép xtic trong voi
duodng tron (O) tai M (diém M thudc cung CD khéng chita diém A). Vé duong thing tt'
1a tiép tuyén chung tai M cua hai duong tron (O) va (O') (tia Mt nam trén ntra mit phing
bo 1a dwong thang MA chita diém D).

1. Chting minh DHM = DMt+AMH va MH, MG Ian luot la tia phan gidc cua cac goc
AMD va géc BMC.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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2. Duong thang MH cat duong tron (O) tai E (E khac M ). Hai duong thang HG va
CE cétnhau tai |. Chitng minh EHI = EIM.
3. Chitng minh duong thang HG di qua tam duwong tron noi tiép tam gidc ACD.
Cau 5. (2,0 diéin)
1. Cho ba s8 thuc duong a,b,c. Chiing minh rang

CR . E—— sl[l+l+ij

c(c+a+3b)+c* a(a+b+3c)+a’ b(b+c+3a)+b’ 6la’ b’ )
2. Cho mot da giac c6 10 dinh nhu hinh vé ¢ bén (bon A B
dinh: A, B,C, D hoidc B, C,D, E hoac C, D, E, F hoac ...
hoac J, A, B, C duoc goi la bon dinh lién ti€p cua da giac).
Céc dinh ctia da giac duwgc danh s6 moét cach tuy y boi cac s6
nguyén thudc tap hop {1 2;3;4;5;6;7;8;9;10} (biét mdi

dinh chi duoc ddnh boi mot sO, cac so6 dwoc danh & cac dinh

1a khac nhau). Chiing minh rang ta luén tim dugc 4 dinh lién
tiép cua da gidc duwoc danh s6 ma tong cac s6 d6 16n hon 21.

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TiNH BAC NINH LOP 9 THCS NAM HOC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Pé s6 11
(D@ thi co 1 trang)

Cau 1. (4,0 diém)
1) Rat gon biéu thic:

P:{ 2(a+b) Ja J.[\/a—3+2\/g

Ja° —2J20° a+2ab+2b )| 2b++2ab

2) Cho ham s8 y =(m® —4m—4)x+3m -2 c6 do thi 1a d. Tim tat ca cic gi trj clia

—\/_J véi a>0,b>0,a2b.

m dé duong théng d cit truc hoanh va truc tung lan luot tai hai diém A, B sao cho tam
giac OAB co6 dién tich la 1 cm® (O la goc toa do, don vi do trén cac truc la cm).
Cau 2. (4,0 diém)

1) Cho phuwong trinh x* —(3m —2)x+2m2 —5m-3=0, z la 4n, m la tham sO. Tim
tat ca gia tri cua m d€ phuong trinh c6 it nhat mot nghiém dwong.

2) Gidi hé phuong trinh \/2X_Y_1 +\/3y+1 =\/;+1/x+2y
x> —3x+2=2y° -y’

Cau 3. (4,0 diém)
1) Cho céc s6 thwee dwong a,b, ¢ thdoa man cac diéu kién (a +c)(b+c) = 4c’. Tim gid
a b ab
+ + .
b+3c a+3c bc+ca
2) Tim s& nguyén t& p théa man p’ —4p+9 1a s6 chinh phuong.
Cau 4. (7,0 diém)
1) Cho tam giac ABC ndi ti€p trong duong tron (O)(AB < AC) va duong cao AD.

tri I6n nhat, gia tri nho nhat caa biéu thiee P =

Vé duong kinh AE ctia duong tron(O).

a) Chting minh rang AD.AE = AB.AC.

b) Vé day AF cua duong tron (O) song song véi BC,EF cit AC tai Q,BF cit AD
tai P. Chitng minh rang P() song song véi BC .

c) Goi K 1a giao diém ctia AE vaBC. Chting minh rang:

AB.AC - AD.AK =+/BD.BK.CD.CK

2) Cho tam giac ABC c6 BAC=90", ABC =20°. Céc diém E va F lan luot nim
trén cac canh AC,AB sao cho ABE =10° va A/C’\F = 30°. Tinh C/'FE
Cau 5. (1,0 diéin)

Trong ki thi Olympic ¢6 17 hoc sinh thi mén Toan dugc mang sd bao danh la s6 tu

nhién trong khoang tit 1 d&n 1000. Chting minh rang cé thé chon ra 9 hoc sinh thi todn
o tong cac s6 bao danh duoc mang chia hét cho 9.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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" SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TINH BINH PINH LOP 9 THCS NAM HOC 2018- 2019

PE THI CHINH THUC

MON THI: TOAN

Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

Dé s6 12

(DE thi c6 mot trang)

Caul:

Cau 2:

Cau 3:

Cau 4:

(5,0 diém).
1.Tinh gia tri bi€u thiec A =x>+ y*—3(x + y), biét rang

X=33+242+ Y3-22; y =317 +12J2 + Y17 -122

2. Cho hai s0 thttc m,n khac 0 thoa man % + % = %

Chting minh rang phwong trinh (x2 + mX + n)(x2 +nxX + m) =0 ludn 6 nghiém

(5,0 diém)
X+xy+y=1

\/Y—Q/V+4x=5

2. Tim nghiém nguyén ctia phwong trinh: ~ 2xy*+ X + y + 1= X"+ 2y* + xy

(3,0 diém)

1. Trong mat phang cho 8073 diém ma dién tich ctia moi tam gidc véi cac dinh la
cac diém da cho khong 16n hon 1. Chiing minh rang trong s6 cac diém da cho co
thé tim duoc 2019 diém nam trong hodc nam trén canh ctia mot tam gidc c6 dién
tich khong 16n hon 1.

1. Giai hé phuong trinh {

2. Cho a,b,c¢ 1a cac s6 thuc khong am théa mana+b+c =3 Ching minh rang

ab®+1+byc+1+c\a’+1<5

(7,0 diém).
1. Cho tam giac ABC vudng can tai A. Goi D la trung diém cua canh BC . Lay
diém M bat ky trén doan AD (M khong trung véiA ). Goi N,P theo tht tu la
hinh chi€u vuéng goc ctia M trén cac canh AB,AC va H la hinh chiéu vuong
géc cia N 1én duong thang PD.
a) Chttng minh rang AH vudng géc véi BH
b) Puong thang qua B song song véi AD cit dwong trung triec ctia AB tail .
Chttng minh ba diém H,N,| thang hang.
2. Cho tam gidc nhon ABC ndi ti€p duong tron (O), duong cao AH. Goi M 1a
HB MB S 9 AB

giao diém ctia AO vaBC. Chiing minh rang +

> . Dau déng thitc
HC MC ~AC

xay ra khi nao?

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PA NANG LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé
Peé s6 13
(DE thi c6 mot trang)

Caul: (1,0 diém)

1 2 23
2-4J3 3-43 3~

Cau2: (2,0 diém) Trén mit phing toa &6 Oxy, cho hai diém B(6;0), C(0;3) va duong

Tinh A=

thdng d, c6 phwong trinh y =mx—2m+2, véi m 1a tham s6, m;tO,m:—%.

a) Tim toa d6 giao diém cta hai dwong thang d, va BC.
b) Tim tat ca cac gia tri cia tham s8 m sao cho dwong thang d_ chia tam gidc
OBC thanh hai phan c6 dién tich bang nhau (O 1a gbc toa do).
Cau3: (2,0diém)
a) Tim x bidt: y24+8v9—x* = x+2v3—x +4.
L2 7
b) Giai hé phuong trinh: |+ Y +3
2X+6 N 3y+14 _
x-1 y+3

19

18

Cau4: (1,0 di¢in) Diém s8 trung binh ctia mot van dong vién ban sting sau 100 Ian ban
12 8,35 diém. Két qua cu thé duoc ghi trong bang sau, trong d6 ¢ ba 6 bi mo & chit s§ hang
don vi khong doc dwgc (tai vi tri danh ddu *).

Piém s6 ctamdilanban |10 | 9 |8 | 7 | 6|5
56 Ian ban 2* 40| 1*|1*]9|7
Em hay tim lai cac ch s6 hang don vi trong ba 6 d6.

Ciaub5: (3,0 diém) Cho tam gidc nhon ABC ndi tiép trong duong tron tam O. Goi M 1a
trung diém cta AB. Lay hai diém D,Elan luot nam trén cic canh AB, ACsao cho
DB < DA< AB, EA<EC va OD=C0CE.

a) Chttng minh rang: MA? - MD? = DADB .

b) Chiing minh rang: OA? ~OD? = DADB va DADB =EAEC.

c) Goi G,H,KIan luot 1a trung di€m caa doan BE, CD va ED. Ching minh

rang duong thang ED 1a tiép tuyén ctia dudng tron ngoai tiép tam gidc GHK .

Cau 6: (1,0 diéim) Cho ba s8 x,y,z thoa cac hé thite (z-1)x—y=1 va x+zy=2. Ching

minh ring (2x - y)(z2 ~z +1) =7 va tim tat ca cac s6 nguyén X, Y,z thoa hé thic trén.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PAK LAC LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
DE THI CHINH THUC o , :
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé
Péso 14
(DE thi c6 mot trang)

Cau7: (4,0 diém)
a) Rut gon biéu thire: A=(3+ Jé)\/33—12\/5 ~3/37-3043 .

XX —6X+124/x —8 = y\/y
x—2x -1=2,fy.

b) Giai phuong trinh {

Cau8: (4,0 diém)
a) Cho phuong trinh X’ —4x=2|x-2/-m-5 (m la tham s&). Tim t4t ca cdc gi4 tri
cua m d€ phuong trinh c6 4 nghiém phan biét.
b) Trong mat phang toa d6 Oxy, mot duong thang d c6 hé s6 goc k di qua diém
M (0;3) va cat Parabol (P):y=x* tai hai diém A, B. Goi C,D Ian luot la hinh
chiéu vudng gbc ctia A, B trén truc Ox. Viét phuwong trinh duong thang d, biét
hinh thang ABCD c¢ dién tich bang 20.
Cau9: (4,0 diem)
a) Giai phwong trinh nghiém nguyén 2x* + y* + 2xy + 6x + 4y = 20,
b) Tim t4t ca cac s6 tw nhién c bdn chit s8, biét rang sd d6 bang 1ap phuong cta
tong cac chit s6 cta nd.
Cau10: (40 di¢m) Cho diém A nam ngoadi duong tron (O). V& hai tiép tuyén
AB, AC (B, C la c4c tiép diém) va mot cat tuyén ADE ctia (O) sao cho ADE ndm gifta hai
tia AO va AB (D, E thudc (O)). Duong thang qua D song song véi BE cat BC, AB lan
lwot tai P, Q.
a) Goi H 1a giao diém ctia BC véi OA. Chiing minh ring t gidc OEDH noi ti€p.
b) Goi K 1a diém d6i xting ctia B qua E. Chitng minh rang A, P, K thang hang.
Cau11: (2,0 diém) Cho hinh vudéng ABCD. Trén cac canh CB,CD Ian luot 1dy cac diém
M, N (M khac B va C,N khac C va D) sao cho MAN =45°. Chéng minh ring dudng
chéo BD chia tam gidc AMN thanh phan cé dién tich bang nhau.
Cau12: (2,0 diém)
a+l b+l c+1
—t——+———23.
b*+1 c°+1 a"+1

Cho a,b,c >0 thoaman a+b+c=3. Chtng minh r:?mg

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH PONG NAI LOP 9 THCS NAM HOC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 15
(DE thi c6 mot trang)

Caul: (4,5 diém)
X—y=m+1

(véi m la tham s6
2x-3y=m+3

1) Cho (x;y) la nghiém ctia hé phuong trinh {

thuee).

Tim m débiéu thitc P =x*+8y dat gia tri nho nhat.
X¥ty'=1
s g (voi x,yeR).

2) Giai hé phuong trinh {
X'—y’ =

Cau2: (4,5 diém)
1) Giai phuong trinh x* —9x* +24x* -27x+9=0 (x€R)

2) Cho ba s6 thuc duong a, b, c. Chitng minh: %+%+§+32 4(aib + b-ti)—c + ciaj
Cau3: (4,5 diém)

1) Cho a,b,c 1a ba s6 nguyén khac 0 thoa éz %4‘% Chting minh rang: abc chia hét

cho 4.

2) Tim s0 cac sd nguyén duong khong vuot qua 1000 nguyén t6 cung nhau véi 999.
Cau4: (2 diem)
L + 2 + 3 + +L la tong cuia 99 s6 hang
1442 V2443 3+44 T 99 +4100 o
B =+2++/3+v4+..4++/100 1a t5ng ctia 99 s& hang.

Tinh A+B.

Cho A=

Cau5: (4,5 diéin) Cho tam gidc ABC ngoai tiép dwong tron (1). Goi D, E Ian luot 1a hai
ti¥p diém ctia AB, AC véi duong tron (1). Biét ba géc BAC, ABC, BCA, déu la géc nhon.
Goi M, N Tan lwgt 1a trung diém cta hai doan BC,AC .

1) Chitng minh: 2AD = AB+ AC -BC
2) Chitng minh rang ba dwong thing BI, DE, MN dong quy.

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH GIA LAI LOP 9 THCS NAM HOC 2018 - 2019
MON THI: TOAN
Ngay thi: 7/3/2019
bé s6 16 Thoi gian lam bai 150 phut, khong ké'thoi gian giao dé
(D@ thi co 2 trang)

PE THI CHINH THUC

Cau 1. (3,0 diém)
Ttr cac ch®s6 0, 1,2,3,4,5,6,7,8,9. Co thé 1ap dwoc bao nhiéu s6 tu nhién c6 4

chir s6 d6i mot khac nhau 16n hon 2019
Cau 2. (5,0 diém)
1) Chitng minh rang véi moi s6 nguyén 1, s8 A= 3n° +15n chia hét cho 18.
2) Mot doan hoc sinh di tham quan quang truong Dai Doan Két tinh Gia Lai. Néu mdi 6
to cho 12 nguwoi thi thira 1 nguoi. Néu b6t di 16 t6 thi s6 hoc sinh ctia doan duoc chia déu
cho cac 6 t6 con lai. Hoi c6 bao nhiéu hoc sinh di tham quan va c6 bao nhiéu 6 t6? Biét
rang mdi 6 to chd khong qua 12 nguoi.
Cau 3. (6,0 diém)
1) Mot cay nén hinh lang tru ding day luc giac déu cé chiéu cao va do dai canh day
[an lwot la 20 cm va 1 cm . Nguoi ta x€p cay nén trén vao trong mot cai hdop cé dang
hinh hop chi nhat sao cho cdy nén nam khit trong hop. Tinh thé tich cai hop.
2) Cho duong tron (O; R)va diém | ¢§ dinh nim bén trong duong tron ( 1 khac O ),
qua | dung hai day cung batki ABva CD. Goi M, N, P, QO Ian luot la trung diém cua
IA, IB, IC, ID.

a) Chtrng minh réng bdn diém M, P, N, O cung thudc mot duongtron.

b)Gia st cac day cung AB va CD thay d6i nhung ludén ludén vudng gdc véi nhau tai
I . Xac dinh vi tri cac day cung AB va CD sao cho tit giac MPNQ c6 dién tich 16n
nhat.
Cau 4. (4,0 diém)

Jx+1 + a2y + \/5+2y—(x—1)2 —5

1) Gidihéphuong trinhsau: |, (x=y)" =(10€ +y)y

2) Cho x, y, z la cac sd thuc khong &m thoa man diéu kién x* +y* + 72 + 2xyz = 1.
Tim gia tri 16n nhat cua biéu thiec P=xy +yz + zx—2xyz.

Cau 5. (2,0 diém)

Trong ky thi chon hoc sinh gioi THCS cap Tinh, doan hoc sinh huyén A c6 17 hoc
sinh du thi. Mdi thi sinh ¢4 s6 bdo danh la mot s& tu nhién trong khoang tir 1 dén 907.
Chting minh rang c6 thé chon ra 9 hoc sinh trong doan c6 tdng cac s8 bao danh chia hét
cho 9.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké' thoi gian giao dé

PE THI CHINH THUC

bé s6 17
(DE thi c6 mot trang)

Cau 1: (5,0 diém)
a) Giai phuong trinh: J2-x =1-+/x-1.

b) Cho S = 1—i 1—i 1—# la mot tich cua 2019 thtra s6. Tinh S
2.3 3.4 2020.2021

(két qua dé duoi dang phan so toi gian).

Cau 2: (5,0 diém)
a) Biét a;b 1a cac sd nguyén dwong thoa man a’-ab+b? chia hét cho 9, chiing
minh rdng ca a va b déu chia hét cho 3.

b) Tim tat ca cdc s6 nguyén duong n sao cho 9" +11 la tich cia k (keN,k>2) s0
tw nhién lién tiép.

Cau 3: (3,0 diéin)
a) Cho x;y;z la cac s6 thiec dwong nho hon 4. Chitng minh rang trong cac s
1 N 1 1 1 1

1 A A ./ A, A NG 4 v M
— , —+ , —+ ludn ton tai it nhat mot s6 1on hon hoac bang 1.
X 4-y 'y 4-z z 4-X

b) Vi cac s thiee duong a,b, ¢ thay d6i théa man diéu kién a’ +b* +c? +2abc =1,
tim gia tri I6n nhat cuia biéu thirc P =ab+bc+ca—abc.

Cau 3: (6,0 diém) Cho tam gidc ABC vudng tai A (AB < AC). Buong tron (I)néi tiép tam
giac ABC tiép xuc véi cac canh BC,CA, AB Ian lwot tai D,E,F. Goi S la giao diém cua Al
va DE.

a) Chttng minh rang tam giac IAB dong dang véi tam gidc EAS .

b) Goi K 1a trung diém cia AB va O la trung diém ctia BC.Chiing minh rang ba
diém K,O,S th:?mg hang.

¢) Goi M la giao diém ctia KI va AC. Puong thang chita duwong cao AH clia
tam giac ABC cit dwong thang DE tai N . Chiing minh rang AM = AN .

Ciu 4: (1,0 diéim) Xét bang 6 vudng cd 10x10 gom 100 hinh vudng ¢ canh 1 don vi.
Nguoi ta dién vao mdi 6 vudng ctia bang mdt s6 nguyén tuy y sao cho hiéu hai s§ duwoc
dién 6 hai 6 chung canh bat ky déu cé gia tri tuyét d6i khong vwot qua 1. Chitng minh
rang ton tai mot s6 nguyén xuat hién trong bang it nhat 6 lan.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2018 — 2019

MON THI: TOAN

DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé
bé s6 18
(DE thi c6 mot trang)
Cau 13: (2,0 diém)
1) a)Cho P= Jx \/g 3z va Xyz=9. Tinh

Cau 14:

Cau 15:

Cau 16:

Cau 17:

+ +
\/W+\/§+3 \/E+\/§+1 Vxz +34z7 +3
Vv10P-1.

b) Cho X,y,z la cac s6 duong thoa man: x+y+z+./xyz =4.
Chting minh rang: \/x(4—Y)(4—Z)+\/y(4—z)(4—x)+\/z(4—x)(4—y) =8+./Xyz .

(2,0 diém)

X2

a) Giai phuong trinh: +3=3x* —6X.

(x+2)2

X2+ Y+ Xy +1=2x

2) b) Giai hé phuwong trinh: ) .
{x(x+ y) +x-2=2y?
(2,0 diém)
a) Tim tt ca cdc nghiém nguyén ctua phuong trinh X* + X+ 2y* +y = 2xy? + xy +3.
b) Chting minh rang a’+a’+a+..+a’ chia hét cho 3, biét a,a,,a,,...,a, 1a cac
chit s& cua 2019%°.
(3,0 diém)
Cho tam giac MNP c6 3 goc M,N,P nhon, noi ti€p duong tron tam O, ban kinh
R. Goi Q la trung diém cua NP va cac duwong cao MD,NE,PF ctua tam giac
MNP cit nhau tai H .
Chting minh rang:
a) MH =20Q.
b) Néu MN +MP =2NP thi sinN +sinP =2sinM .
¢) ME.FH +MF.HE =+/2R? biét NP =R+/2.
(1,0 diém)
ab®> bc*  ca’

Tim gia tri nho nhat cua biéu thic: P = + + biét a,b,c la cac s6
a+b b+c c+a

duwong thoa man i+ —+i =3
bc ca ab

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI PHONG LOP 9 THCS NAM HOQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 19
(DE thi c6 mot trang)

Bai 1. (2,0 di€m)

(&_ﬁ)3+2x\&+ yﬁ+3JX7y_3y

XX +y.Jy X—y
Chting minh rang gia tri ctia biéu thitc A khong phu thuoc gia tri ctia bién.
b) Chiing minh ring x, =/9+4v5 +39-4y5 1a mot nghiém ctia phuong trinh
sau (x* ~3x-17)" ~1=0.
Bai 2. (2,0 diém)
a) Goi X;;X, la nghiém ctia phuong trinh x*—2mx+2m-3=0 (1) (véi m la tham
2X X, + 7

s0). Tim gia tri I6n nhat cta biéu thitc B =——— :
X+ X +2(XX, +1)

a) Cho biéu thitc A= vOi X,y=>0va x=#Y.

b) Giai h¢ phuong trinh {XSZS ra=10c,
Xy“ +Yy=-6X
Bai 3. (2,0 di€ém) a) Cho bi€u thitc P=a,+a, +a,+...+ 4 VOi 8;8,;8,}...;8,, 12 cdc sO
nguyén duong va P chia hét cho 30. Chitng minh rang Q =a’ +a5 +a5 +...+ a3, chia hét
cho 30.
b) Cho a,b,c >0 thoa man abc =8. Chtiing minh rang
1 1 1

+ +
Vi+a® V1+b® V14
Bai 4. (3,0 diém) Cho hai duong tron (O,) va (O,) tiép xtic ngoai nhau tai diém | . Vé

>1.

dwong tron (O) ti€p xtc trong véi (O,) va (O,) Ian lwot tai B va C. Tl diém | vé
duong thang d vudng goéc véi 0,0,, d cit cung 16n va cung nhé BC caa (O) lan luot tai
diém A,Q.Cho AB cit (O,) tai diém thithaila E, AC cdt (O,) tai diém thit haila D.
a) Chiing minh rang t& gidc BCDE ni tiép ;
b) Chttng minh rdng OA vudng gbc véi DE;
c) Vé duong kinh MN ctia (O) vudng géc véi Al (di€m M ndm trén AB khéng
chtta diém C). Chitng minh rang ba duwong thing AQ,BM,CN dong quy.
Bai 5. (1,0 di€m)
Bén trong dueong tron c6 duong kinh AB =19 cho 38 doan thang, mdi doan thang
c6 d6 dai bang 1. Chitng minh rang ton tai duong thang vudng géc hodc song
song voi AB va giao it nhat hai doan trong 38 doan da cho.

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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' SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TP. HO CHi MINH LOP 9 THCS NAM HOC 2018 — 2019

MON THI: TOAN

DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

Dé s6 20
(DE thi c6 mot trang)

Cau 1: (4,0 diém)

Cho x,y la cac s6 thuc sao cho 2 1__1 . Tinh gid tri ctia biéu thtc — +y—2.
X 'y 2X+y y> X

Cau 2: (3,0 diém)
3) Cho a,b,c 1a ba sd thiec sao cho a+b=c—2va ab=2¢*-3c+1. Tim gia tri l6n
nhat ctia biéu thite P =a’+b’.

Cau 3: (3,0 diém)
An khoi hanh tit Sai Gon di Bién Hoa. Sau d6 5 phut, Binh va Cuong khéi hanh
tte Bién Hoa vé Sai Gon. Trén duwong di, An gdp Cuong ¢ dia diém C roi gap
Binh & dia diém D. Tinh van tSc ctia mdi nguredi biét rang quang duwong Sai Gon —

Bién Hoa dai 39 km; CD =6 km; van tdc cua An b:?mg 1,5 van toc cua Binh va

M 3 A ~ 2 \
bang ribal toc caa Cuong,.

Cau 4: (6,0 diem)

Cho tam gidc ABC can tai Andi ti€p duong tron (O). Tir Bké duong thang

vudng géc véi OC, duong thang nay cat AC tai D va cat (O) tai E (E khac B).

Cho biét AB =8 cm va BC =4 cm, tinh d6 dai cac doan théng DE, OA va OD.

Céu 5: (4,0 diém)

Hop pho mai cé dang hinh try, duwong kinh day 12,2 cm va chiéu cao 2,4 cm.

a) Biét rang 8 miéng phd mai duoc x&p nam sat bén trong hop va do day cta
gidy goi timg miéng khong dang ké. Hoi thé tich ctia mbi miéng phd mai la
bao nhiéu ?

b) Tinh dién tich gidy goi duoc stt dung cho mot miéng pho mai.

(Ghi két qua giin dving chinh xdc dén 1 chir s6 thdp phin sau diu phdy)

&% Tp

"), . “

0 Y

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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~ SOGIAO DUC VA DAO TAO KI THI CHON HQC SINH GIOI TINH

TINH BA RIA VUNG TAU LOP 9 THCS NAM HOC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 21
(DE thi c6 mot trang)

Cau 1: (3,0 diém)

1) Rat gon biéu thire: A= B8 [ x B
x> +x/3+3 x*-27 3 X
1 1 1 1 1 1
2)Tinhtong: B=, 1+ =+ =+, 1+ =+—=+---+,/1+ +
: & \/ 1 2 \/ 2> F \/ 2018”2019’

Cau 2: (3,0 diém) giai phuong trinh va hé phuwong trinh sau

x2+x+—[1+—J:4
1) VA+5x+ x> =5x=%x"+2; 2) A

Cau 3: (3,0 diém)
1) Cho n 1a s6 ty nhién lé. Chtiing minh: 46" + 296.13" chia hét cho 1947
2) Cho A 1a s6 chinh phuong gom 4 chit s6 théa man néu ta cong thém vao moi
chit s6 cua A mot don vi thi ta dugc s6 chinh phwong B cling gom 4 chit s6 . Tim
hai s6 A va B.
Cau 4: (4,0 diém)
1) Cho hai duong thang (d,):mx+(m-2)y+m+2=0 va
(d,):(2-m)x+my-m-2=0
a) Tim diém ¢8 dinh ma (d,) ludn di qua va di€ém c6 dinh ma (d,) luon di qua
vOi moi m
b) Chting minh hai duong thang (d,), (d,) ludn cat nhau tai mot diém I va khi m
thay doi thi diém I ludn thuéc mot duong tron cd dinh.
2) Cho cac s6 thwc a, b, ¢, d thbaman a>1, b>1, ¢ > 1, d > 1. Chiing minh bat ddng
a?  b* ¢ d’
b1 c1 d-1 a1
Cau 5: (5, 0 diém).
Cho duong tron (O) duong kinh AB ¢6 dinh. Goi C 1la mot diém di dong trén (O)
sao cho C khéc A, C khac B va C khong nam chinh giita cung AB . V& duong kinh

thirc: >16

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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CD ctia (O). Goi d 1a tiép tuyén ctia (O) tai A . Hai duong thang BC, BD cat d tai
E, F.
1) Chting minh t giac CDFE noi ti€p dwoc duong tron
2) Goi M la trung diém cua EF va I la tam duong tron ngoai tiép t& giac CDFE .
Chiing minh : AB =2.IM
3) Goi H la tryc tam ADEF . Chting minh khi diém C di dong trén (O) thi diém
H ludn chay trén mot duwong tron ¢d dinh.
Cau 6: (2, 0 diém).
Cho hai duwong tron (O;R) va (I;r) tiép xtic ngoai tai A(R>r). Vé day AB cua
(O;R) va day AC cta (I;r) sao cho AC L AB . Goi MN 1la tiép tuyén chung
ngoai cua 2 duong tron véi M € (0), N € (1)
1) Chitng minh ba duong thang BC, OI va MN dong quy.
2) Xac dinh s6 do AOB dé& dién tich AABC 16n nhét.

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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* SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HUNG YEN LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 22
(D@ thi co 2 trang)

Caul: Tinh gid tri ctia biéu thiec A= \/3+\/§ +\/3—\/§ )
Cau 2: g) Giai phurong trinh (\/x +2 +1) =2(x+1).

X—2y= E—1
b) Giai hé phuong trinh X :
2 4
X ——+1=4y(x-y)
X

Cau3: ) Trong mit phing toa dd Oxy cho duong thang (d,):y = (m2 —5m)x+ 2m (m la

tham s6) va dwong thang (d,):y=-6x+m+3. Tim m d¢€ hai duong thang d6
song song voi nhau.
b) Mot robot chuyén dong tit A dén B theo cach sau: di dwgc 5m thi ding 1
gidy, roi di tiép 10m dung lai 2 gidy, roi di ti€p 15m thi ding lai 3 gidy,...Ct
nhu vay, robot di tit A dén B ké ca nghi hét 551 giay. Tinh quang duong robot
chuyén dong tir A dén B. Biét rang khi di, robot chuyén dong véi van tdc 2,5m
/giay.

Cau4: Cho ba diém c8 dinh A,B,C thing hang theo thit tu d6. Mot duong tron (O)
thay do6i luoén di qua B va C. V& cac tiép tuyén AD va AE vdi duong tron (O),
D va E la céc tiép diém.

a) Chting minh rang AD =+ AB.AC, tit d6 suy ra D thudc mot duong tron 8
dinh.

b) Goi MN la duong kinh cua duong tron (O) vuong goc véoi BC. Goi K la giao
diém caa AM véi duong tron (O) . Chiing minh rang ba duong thang AB,DE va
NK dong quy.

Cau5: a) Cho tam gidc ABC c6 goc A 1a goc tit. Chting minh rang:
sin(B+C) =sinB.cosC +cosB.sinC .

b) Trén mit phang c6 25 diém phan biét, biét rang trong 3 diém bat ky da cho
bao gio cling tim duwgc 2 diém c6 khoang cach gitra chung nho hon 1. Chiing

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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minh rdng ton tai mot hinh tron c6 ban kinh 1 chita khong it hon 13 diém trong

25 diém ndi trén.

2 2 232
Ciu6: Cho ab.c>0 theaman | 22 T | <2019a%%.
2018
a b c

Tim gia tri 16n nhat cua P =— +— +— :
a“+bc b"+ca c"+ab

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH LAI CHAU LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 23
(D@ thi co 1 trang)

Cau 1. (4,0 diém)

Cho biéu thirc: P =

742 Jz 1| (Vz-1
x\/;—1+x+\/;+1+1—\/;].[ 2 ]

a) Rat gon biéu thic P.
b) Tim x dé Pz%'

Cau 2. (4,0 di€ém)
a) Tim nghiém nguyén ctia phwong trinh: 2x* +4x =19 -3y?.
b) Tim du trong phép chia: x*® —2x* +1cho x* -1.
Cau 3. (5,0 diém)
a) Cho phuong trinh: x—(2m+3)x+m=0. (m la tham s0). Tim cac gia tri cia m
d€ phueong trinh 6 2 nghiém x1, x2 sao cho: X7 + x> dat GTNN (min).
x> —2y? —xy+2y—-x=0
b) Gidi hé phuong trinh: yooymey
X —y*+6x+12=0
Cau 4. (5,0 diém)
Cho ntta duong tron (O), duong kinh AB = 2R va C la mot diém ¢ dinh nam
gitta A va B. L4y diém D thudc (O) (D khac A, B). Qua D vé mot duong thang
vuodng gbc véi CD cét tiép tuyén Ax, By tai M, N. Goi P la giao diém ctia AD va
CM, Q 1a giao diém ctia BD va CN. Chitng minh rang;
a) Tt giac CQDP noi tiép.
b) AM.BN = AC.BC.
c) Qua D ké tiép tuyén ctia (O) cat Ax, By Ian luot tai E, F. Tim gia tri nho nhat
cta S, + Sgep-
Cau 5. (2,0 diém)
Cho céc s8 thie dwong x, y, z théa man xyz = 1. Chting minh rang:
2 2 2 2 2 2
\/1+x +y +\/1+y +2 +\/1+z +X > 3.3,
Xy yz ZX

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH LAM PONG LOP 9 THCS NAM HOC 2018 — 2019

MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 24
(D@ thi co 1 trang)

Cau 1: (2,0 diém)

2\/3+\/5—\/13+JE
Cho A=
J6++/2

, chiing minh A la mot s6 nguyén.

Cau 2: (2,0 diém)
Chttng minh rang 2n®+3n° +n chia hét cho 6 véi moi s8 nguyén n.
Céu 3: (2,0 diém)
Cho tam gidc ABC can tai A, dwong cao BH va duong phan gidc AE cat nhau tai
M. Chting minh rang EH 1a tiép tuyén cta duong tron duong kinh AM.
Cau 4: (2,0 diém)
Tim nghiém nguyén ctia phuong trinh 2x+5y—-3xy =1.
Cau 5: (1,5 diém)
Cho a+b+c=0 va a’>+b*+c? =1. Tinh gia tri cua bi€u thire M =a* +b* +c*.
Cau 6: (1,5 diém)
3x+4
X% +1

Tim gia tri I6n nhat va nhé nhdt cua biéu thiee B =

Cau 7: (1,5 diem)
Quang duong tir A dén B gom doan 1én ddc AC, doan nam ngang CD, doan
xudng ddc DB, tong cong dai 30 km/h. Mot nguoi di tr A dén B roitlr B vé A
hét tat ca 4gio 25 phut. Tinh quing dwong nadm ngang, biét van toc 1én ddc (ca
ltc di 1an lac vé) 1a 10 km/h, van tSc xudng doc (ca lac di 1an ltic vé) 1a 20 km/h,
van toc trén doan duwdong nam ngang 1a 15 km/h.
Cau 8: (2,0 diéin) Trén cac canh BC, CD ctia hinh vudng 1ay lan luot hai diém N, E sao cho
EAN =45°. DPuong thang BD cat AN va AE lan luot tai H va K. Chting minh rang cac
diém H, N, C, E, K ndm trén cung mot duong tron.
Cau 9: (2,0 diém)
Cho a,b,c la ba so thiec duong thda man abc =1. Chitng minh
a b c 3
+ + >—.
(@+h)(b+1) (b+(c+l) (c+D(a+1) 4

Cau 10: (1,5 diém)

Giai phuong trinh v4x? —=15x+20 = 4x—10+ 7+/x-1.
Cau 11: (2,0 diém)
Cho tam giac nhon ABC ¢6 truc tam 1a diém H .Chang minh

HA+HB+HC S%(AB+ BC +CA).

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH LONG AN LOP 9 THCS NAM HOQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 25
(D@ thi co 1 trang)

Cau 1: (4,0 diém)

V35426 —411-6+2
J2 -6+ 245 +47-2410
b) Cho ba sd duong X, y, Z thoa man diéu kién: xy + yz + zx = 673.
X y z 1
> +— +— > .
X“—yz+2019 y°-zx+2019 z°-xy+2019 XxX+y+z

a) Rut gon biéu thiee: A=

Chting minh rang:

Cau 2: (5,0 diéim)

a) Do bi bénh bai ndo nén tay chan ctia Canh (11 tudi, ban Ta Ot, xa Chau Hanh,
huyén Quynh Chau, tinh Nghé An) bi co quép, khong di lai dwoc ttr [dc méi chao doi. Lén
6 tudi, nhin ban bé cap sach dén truong em cling mudn me cho di hoc. Thuong con ham
hoc, nhitng ngay dau Canh duwgc ngudi than cong dén truong. It ngay sau, ching kién
canh nguoi than cta ban phai vat va bé bé cong viéc, Khanh da quyét dinh cong ban vuot
qua con duong dai 1,8 km nhiéu soi da dé tdi truong.

Lic vé, trén quang duong dai 1,8 km, troi nang, Khanh cdng ban véi van toc it hon lac di
0,2 m/s. Do d6, thoi gian cong ban ltc vé ctia Khanh cham hon luc di 1a 12 phat 30 giay.
Tinh van tdc ltc cong ban di caa Khanh.

X} =2x+

b) Giai hé phuong trinh: Y

y =2y +x
Cau 3: (5,0 diém) Cho tam gidc ABC c6 ba goc nhon (AB < AC) ndi ti€p duong tron
(O;R). V& duong tron tam K dwong kinh BC cit cac canh AB, AC lan luot tai cac diém
F, E. Goi H 1la giao diém cua BE va CF.

a) Ching minh OA vudng goc EF .

b) Tt A dung cac ti€p tuyén AM, AN voéi duong tron (K) (M, N la cac tiép

diém va N thudc cung nhé EC). Chting minh rang: M,H,N thang hang.

Cau 4: (3,0 diéim) Cho tam giac déu ABC ndi tiép duong tron (O;R), diém M di dong
trén cung nho BC. Xac dinh vi tri cia M d€ S =MA+MB+MC dat gia tri 16n nhat va khi
dotinh S.

Cau 5: (3,0 diéim) Cho duong tron (O) duong kinh AB. Tte moét diém C thudc dwong tron
(O) ké CH vudng goc AB (C khac A va B; H thudc AB). Duong tron tam C ban kinh
CH cit duong tron (O) tai D va E.Chting minh DE di qua trung diém caa CH .

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH PHU YEN LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 26
(DE thi c6 mot trang)

Caul:
(VX3 x-1)(Vx73+2)

x-1

Cho biéu thirc: A=

a) Rat gon biéu thuc A.
b) Xac dinh x d&€ A<-1.

Cau 2:
Giai phuong trinh sau: 2x* —6x—5(x—2)vx+1+10=0.
Cau 3:
a) Tim hai s6 nguyén t& p, g sao cho 8q+1= p°.
b) Chttng minh rang n°—n chia hét cho 30 véi moi neN.
Vi a,b,c la 3 s6 duwong thoa man diéu kién a+b+c+ab+bc+ca-6abc=0.
Tinh gia tri nho nhat ctia biéu thirc P = iz + b_12 + iz
a c
Cau 4
Cho duong tron (O) béan kinh R va M 1a mét diém c§ dinh ndm bén trong duong
tron. Qua di€ém M, vé hai day lvu dong AB va CD vudng goéc véi nhau.
a) Chting minh rang AC® +BD? = AD” + BC’va AD” + BC’khéng ddi.
b) Goi | 1a trung diém ctia BC . Chttng minh OI” +IM? = R?. Suy ra quy tich
trung diém I.
Cau 5:

Cho hinh thang ABCD (AB // CD). Goi E va F lan luot la trung diém ctia AC va
BD. Goi G la giao diém ctia duong thang di qua E vuodng goc véi AD véi duong thang di
qua F vudng goc véi BC. So sanh GA va GB.

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH QUANG TRI LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 27
(DE thi c6 mot trang)

Cau 1: (4,0 diém)

Cho a:\/4+\/10+2\/§ +\/4—\/10+2\/§.

a) Chting minh a la nghiém phuong trinha’ —-2a—4=0.

a'-4a’+a*+6a+4

b) Tinh gia tri ctia biéu thic T = >
a“—-2a+12

Cau 2: (4,0 diém)
3 3 _
a) Giai hé phuong trinh: X +y =8
X+Yy+2Xy =2

b) Giai phuong trinh (x+1)(x+2)(x+3)° (x+4)(x+5) = 360.

Cau 3: (4,0 diem)
a) Choa , b, cla cac s thuc bat ki. Chtirng minh a’+b’+c?*>ab+bc+ca.
b) Cho a, b, ¢ la cac so thyc thoa man: a>1,b>1,c>1va ab+bc+ca=9.
Tim gid tri nho nhat va gid tri I6n nhét cta biéu thire P =a® +b? +c?
Cau 4: (6,0 diém)
Cho tam giac ABC vudng tai A (AC < AB);Goi H la hinh chiéu caa Atrén BC,
D1la diém nam trén doan thang AH (D = A, D = H ) . Duong thang BD cat duong
tron tdm C béan kinh CA tai E va F(F nam gitta Bva D ); M la diém trén
doan thing AB sao cho ACF =2BFM ; MF cit AH tai N .
a) Chiing minh BH.BC = BE.BF va t giac EFHC ndi tiép duong tron.
b) Chitng minh HD la phan giac goc EHF
¢) Chttng minh F 1a trung di€m MN
Cau 5: (2,0 diém)
? . ¢ _ 2
a’+b® a’+c® b+c

Cho cacsdO nguyén a , b, ¢ théa man . Chttng minh bc la

mot s6 chinh phuong

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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* SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH

TINH QUANG NGAI LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN

Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 28
(DE thi c6 mot trang)

Cau 1: a) Cho a, b, ¢ 1a cac s6 nguyén théa man a+b=c’®-2018c. Chitng minh rang
A=a’+b®+c’ chia hét cho 6.
b) Tim c4c sO nguyén X, Y thoaman 4*=1+3".
¢) Cho B=1.2.3+2.34+3.45+..+n(n-1).(n-2) véi neN". Chting minh rang
B khong la s6 chinh phuong.
Cau 2: a) Giai phuong trinh 3x* —4x—11=(2x-5)v3x+7.
X*+Xx=y*+y+5

b) Giai hé phuong trinh: .
X +y =X’y +xy’ +6

2

5 +—2 véi x>0.
(x+1)° x+1
b) Cho cac s6 thuc a,b,c,thda man a+b+c=1. Tim gia tri l6n nhat cua
D=ab+ac.
c) Véi X, Y, z la d6 dai ba canh ctia mot tam giac.
Chting minh rdng (y+z-x)(z+x-y)(x+y-2z)<xyz.
Cau 4: Cho tam gidac ABC nhon (AB<AC), duwong phan giac AD (D thudc BC). Cac
diém E va F lan luot chuyén dong trén cac canh AB va AC sao cho BE =CF . Trén canh
BC lay cac difm P va Q sao cho EP va FQ cung song song véi AD.
a) So sanh BP va CQ.
b) Chting minh rdng trong tim G cua tam gidc AEF thudc mot duong thang ¢
dinh.
Cau 5: Cho ntta duong tron tam O dwong kinh AB=2R. Goi C 1a trung diém cua AO, vé
tia Cxvudng goc voi AB cat nita duong tron tai | . Lay K 1a diém bat ky trén doan CI (K
khac C va |). Tia AK cit nita duong tron (O) tai M, tia BM cét tia Cx tai D. V& tiép
tuyén véi duong tron (O) tai M cdt tia Cx tai N .
a) Chting minh rang AKMN can.
b) Tinh dién tich AABD theo R khi K la trung diém cta CI .
) Khi K di dong trén Cl . Chitng minh rang duong tron ngoai ti€p AAKD di
qua diém cd dinh thit hai khac A.

Céu 3: a) Rut gon biéu thirc C = \/1+ X% +

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH SOC TRANG LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 29
(DE thi c6 mot trang)
V2
VX+/X° -1
a)Ratgon P.

b) Tim x d€ P? =2++/1-+/x* —x*.
Cau2: a) Chiing minh rang tdng cac chir s§ cua mot s§ chinh phuong bat ky khong thé
béang 2019.
b) Nha ban An ¢6 mot cai bé chita nwdce hinh tru ¢ chiéu cao h =1(m) va duwong kinh mat

day (khong ké bé day thanh bé) la d = 4—0(dm). Ban dau b€ khong c6 nudc, An da sw
T

Cau1l: Cho biéu thtc P = +X=1 vdi x>1.

dung 2 cai thung d€ xach nwdc d6 vao bé, mot thung loai 7 lit va mot thung loai 4lit. Sau
nhiéu lwgt d8 nuwéc vao bé, nhung An khdng nhé minh da xdch méi loai thiing trén bao
nhiéu lan. Em hay tinh gitip xem An da xach mdi loai bao nhiéu Ian? Biét rang thung ludn
duoc dong day nudc truede khi d6 vao bé chira.

Cau3: a) Tim m d€ phuong trinh 2x’—(m+1)x-18=0 ¢4 hai nghiém thuc phan biét
X;, X, 520 cho biéu thire Q = (x{ +4)(x} +25) dat gid tri nho nhat.

2 2

b) Giai h¢ phuong trinh {XZ e

X'y+Xy=3x"-y
Cau 4: Cho tam giac déu ABC. Trén tia doi cta tia CB ldy diém D sao cho CAD =15°.
Puong thang vudng goc véi BC tai C cat AD tai E. Tia phan giac trong ctia B cat AD &
K . Chitng minh rang AK =ED.
Caub5: Cho tam giac ABC vuodng can tai A c6 AH la duong cao. Trén doan HC lay diém
M (M khac H va C). Goi I;J lan lwgt la chan duwong vudng goc ké tt M dén cac canh
AC va AB, N la diém d6i xting cia M qua 1J.
a) Chttng minh rdng ABCN ndi ti€p duong tron (T).

1 1

s N 1
b) Kéo dai AM cat duong tron (T ) tai (P) (P khac A). Chu inh rang — < —+—
) Kéo dai cat duong tron (T) tai (P) ( ac A). Chttng minh rang YR

c¢) Goi D la trung diém cua AH, ké HK vudng goc véi CD tai K.

Chttng minh rang BAK = KHC .

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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' SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TINH THAI BINH LOP 9 THCS NAM HOC 2018 — 2019
” - ; MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé
Peé so 30
(DE thi c6 mot trang)

Cau 1. (3,0 di#m) Cho biéu thtic P = &+1+\/X_y+‘/;+1 : 1_\/’(_3’*&_ Vx+1
Py +1 1=y Sy -1 Dy e+t

voi x>0,y=>0va xy =1.
a.Ruatgon P.
b. Tinh gi4 tri ctia bidu thitc P khi x=34-2v6 + {4+ 26 va y=x2+6.

Cau 2. (3,0 diém) Trong mit phang véi hé truc toa dd Oxy, cho duong thing(d):
(mM-1)x+y=3m-4

va (d'):x+(m-1)y=m.Tim m d& (d)cat (d"') tai difm M sao cho MOx =30°.
Cau 3. (4,0 diem)

a. Giai phuong trinh: +/3x +1—+/6 — x +3x* —14x -8 =0.

X2 —2X° +2Xx+ 2y + X’y -4=0

X2 —xy—4x—1=3x—y+7

Ciu 4. (2,0 diém) Ching minh r:?mg néu a, b, ¢ la d¢ dai ba canh ctia mét tam giac c6 chu
vi bang 3 thi 3a” +3b° +3c” + 4abc >13.

b. Gidi hé phuong trinh: {

Cau 5. (3,0 diém) Cho tam giac ABC c6 ba goc nhon, vé cac duong cao BE va AD. Goi H
la triec tam va G 1a trong tam tam gidc ABC.
a. Chttng minh: néu HG//BC thi tanB.tanC =3.
b. Chttng minh: tan A.tan B.tanC =tan A+tanB +tanC.
Cau 6. (3,0 diém) Cho tam giac ABC vudng tai A, duwong cao AH, goi I, J, K Tan luwot 1a
tam cac duong tron noi ti€p cac tam giac ABC, ABH, ACH . Goi giao diém cua cac duong
théng AJ, AK vdicanh BC Tan lwotla Eva F.
a. Chttng minh: | la tam duwong tron ngoai ti€p tam giac AEF.
b. Chttng minh: dwong tron ngoai ti€p tam giac IJK va dwong tron noi ti€p tam giac
ABC c6 ban kinh bang nhau.
X+ y~+/2019 13 s
y +2+/2019

Cau 7. (2,0 diéim) Tim t&t ca cic bd s6 nguyén duong (X; Y;z)sao cho httu
ti va x>+ y? +z* 1a s8 nguyén td.

Heét

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH THUA THIEN HUE LOP 9 THCS NAM HOQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 31
(DE thi c6 mot trang)

Bai 1. (3,0 di¢in)

(x>0;x=1)

Jx-1  1-x Jx+1

Rat gon P va chitng minh P >1 .
b) Khong dting mdy tinh chitng minh dang thtec PR2-1= i/g - i/% + i/g .

Bai 2. (2,0 diéin)

a) Cho P=(

x-1 +JF—1J_ (X =1)? +/x

a) Giai phurong trinh v/3x+8+6v3x—1 +/3x+8—643x -1 = 3x + 4.
2b% 2¢° 2a’
73 b= 71 0= 2
1+b 1l+c l+a

b) Tim a,b,c biét a =

Bai 3. (2,0 dién)

Dbé'lién hoan cudi ndm,16p 9A da mua 22 gdi keo gom 3 loai :chudi ,chocola va dira
hét 445000d. Biét 4 géi keo chudi gia 11000d; 3 gdi keo chocola gid 50000d va moi
g6i keo dira gia 15000d. Hoi 16p 9A da mua bao nhiéu goéi keo moi loai?
Bai 4. (3,0 diém)
Cho tam giac ABC vudng tai A, duong cao AH.
a) Biét HC - HA = 4cm, tan ACB = % . Tinh d6 dai AB,AC.

b) Goi E, F Ian luwgt 1a chan cac duwong vuong goc ké tir H dén AB, AC; M la trung
diém cta BC. Ching
minh EF L AM.
AH*
HE.HF -

c) Goi S la dién tich tam giac ABC. Chitng minh 2S =

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH TIEN GIANG LOP 9 THCS NAM HOQC 2018 — 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 32
(DE thi c6 mot trang)

Cau 1: (4,5 diem)
1. Cho a>0, a=#1. Rat gon biéu thitc sau:

s =J6-4v23/20+1442 + 3f(a+3)Va-3a-1:| — 2L __1|+2019

2(Va-1)
2. V6i mbi s6 thue X, ta dinh nghia phan nguyén cta X, ki hiéu [x] 1a s§ nguyén

16n nhat khong vuot qua x. Hay tim phan nguyén cua:

B= \/x2 + \/4x2 ++/36%* +10x+3 trong d6 x la sd nguyén duong.
Xy (x+y)=2

3. Giai hé phwong trinh:
9xy(3x—y)+6=26x>-2y°

Céu 2: (2,0 diém)
Mot xe tai ¢6 chiéu rong la 2,4 m va chiéu cao la 2,5 m mudén di qua mot cai
cong c6 hinh parabol. Biét khoang cach gitra hai chan cong la 4m va khoang ti
dinh c8ng (dinh parabol) téi chan cdng 12 2+/5 m (b6 qua d6 day ctia cong).
a) Trong mit phing toa d6 Oxy, goi parabol (P):y=ax* (véi a<0) la hinh
chiéu biéu dién cdng ma xe tdi mudn di qua. Tim a.
b) Hoi xe tai c6 thé di qua cdng dwgc khong? Tai sao?

Cau 3: (4,0 diéin)
1. Cho x, Y,z 1a cac s8 thuc duong thoa man dang thirc Xy +yz+2x=5. Tim gia tri
nho nhat ctia biéu thiec sau:

3X+3y+2z2

_\/6(x2+5)+\/6(y2+5)+\/22+5
2. Cho a va b 1a cic s6 thuc thoa man cic diéu kién 6a®+20a+15=0,
b3
ab?-9(ab+1)’

15b° +20b+6 =0, ab#1. Tinh gia tri biéu thirc: A=

Cau 4: (3,0 diém)

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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1. Tim s6 ty nhién n biét rang khi bo di ba chit sO tan cung bén phai cua né thi
dugc mot s8 méi ¢6 gia tri bang In .

2. Tim ndm s& thuc dwong sao cho mdi s8 bang binh phiong ctia tdng bdn s& con
lai.

Cau 5: (3,0 diém)

Cho tam giéc ABC can tai A c6 A=36°. Tinh ti s Q—g.

Cau 6: (3,5 diém)

1. Cho AABC ngi tiép trong duong tron tam O, ban kinh R. Chang minh
BC =2R.sinA (Xét ca 3 truong hop: tam gidc vudng, tam gidc nhon, tam gidc th).
Cht y: Néu a va B 1a hai géc bu nhau thi sina =sinp.

2. Cho hai duong tron (O;;R,), (0,;R,) cit nhau tai 2 di€ém A va B.Mot duong
thang (d) bat ki qua A cat 2 duong tron (O;R), (O,;R,)Ian luot tai M, N.
Tiép tuyén tai M cta (O;R,) va tiép tuyén tai N caa (O,;R,) cit nhau tai I .
Tim gia tri 16n nhdt cta ban kinh dwong tron ngoai ti€p tam giac IMN khi (d)
quay quanh A.

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH QUANG NAM LOP 9 THCS NAM HOQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé 56 33
(DE thi c6 mot trang)

Cau 1. (5,0 diém)

x+8 1 +\/x+4—4\/§
xVx+8 x—2x+4 X—4
Rut gon biéu thitc A. Tim cac s6 nguyén X dé A la s6 nguyén.
b) Cho ba sd thuc a,b,c thoa 1<a,b,c <2.Chténg minh :
3+9 c a c b

+—4+—F+—+—=7.
b ¢c a ¢ b a

Cau 2. (4,0 diém)
a) Cho phuwong trinh X —2Xx+3-2m=0. Tim M d& phuong trinh c6 hai nghiém

a) Cho biéu thiec A = voi 0<x<4.

phan biét X, X, trong d6 mot nghiém bang binh phirong nghiém con lai.

b) Giai phwong trinh 2J1— X +41-x? =3—x.
Cau 3. (4,0 diém)

a) Chtimg minh rang véi moi s6 tw nhién n>1 thi (n+2)(n+1)(n+8) khong thé
la 1ap phuwong ctia mot s6 twe nhién.

b) Cho s& nguyén t& p (P >3)va hai s8 nguyén duong a,b sao cho p*+a”=b*.
Chtmg minh @ chia hét cho 12 va 2(p + a+1) 1a s8 chinh phuong.
Cau 4. (3,5 diém)

Cho hinh vudng ABCD canh béng 4 cm. E 1a diém nam trén canh BC (E khac
B va C). Mot duong thang qua B, vudng géc véi duwong thing DE tai H va cit duong
thang CD tai F. Goi K 1a giao diém cua AH va BD.

a) Chting minh tt gidc KDCE ndi tiép duong tron va ba diém K, E, F thang hang.

b) Khi E la trung di€ém canh BC, tinh dién tich t& giac BKEH .
Cau 5. (3,5 diém)

Cho hai duong tron (C,),(C,) cét nhau tai hai diém A, B. Tiép tuyén tai A ctia (C2)
cat (Cl) tai M (M khac A). Tiép tuyén tai A cua (Cl)crflt (Cz)tai diém N (N khac A).
Duong thang MB cat (Cz) tai P (P khac B). Duong thang NB cat (C1) tai Q (Q khac B).

a) Chiing minh céc tam gidc AMP , ANQ ddng dang.

b) Chting minh MB.NA? = NB.MA? .

swu tam va téng hep zalo: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH TRA VINH LOP 9 THCS NAM HOQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 34
(DE thi c6 mot trang)

Bai 1.(4.0 di€m). Giai cdc phuong trinh

1/ x= /1-%+ /x—% 2/ \/4x+20+\/x+5—%\/9x+45=4

Bai 2.(4.0 di€m). Giai cc hé phuong trinh

X+ XY+ 0 2+ 1:1

= X— -

1/{ Ty 2/ Y
X°+y =8

Bai 3.(3.0 diém). Cho phuong trinh: 2x* — 2mx +m? —2=0(1) (m la tham sd). Gia st phwong
trinh (1) c6 hai nghiém khong am (0 < x, < x,)Tim gia tri cia m d€ nghiém 16n nhat ctia
phuong trinh dat gia tri 1on nhat.

Bai 4.(3.0 di€m). Cho 4, b, ¢ 1a d6 dai ba canh ctia tam gidc ABC. Gia st phuong trinh:
(x—a)(x—b)+(x—b)(x—c)+ (x—c)(x—a) = 0 cd nghiém kép. Tinh s& do cac goc ctia tam giac
ABC.

Bai 5.(2.0 diém). Chiing minh rang khong ton tai cac s6 nguyén x, y, z théa man

X+ v+ 28 =x+y+2z+2017

Bai 6.(4.0 di€m). Cho tam gidc ABC vudng can tai A, CM la dudng trung tuyén. Tt A vé

duong thang vudng goc véi CM cat BC & H. Tinh ti s6 % .

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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HUONG DAN GIAI

Pé so 1

Cau 1.
1. a)Diéukién: x>0;x=1

(o Ax )1 2
P_(1+x+1}(\/§—1_x\/§+\/§—x—1j_1

P:(x+1+«/§_ 1 2 1
x+1 ) Vx-1 (x+1)(vx-1)

C(x+1++4x ). x—1

P_[ x+1 ] (x+1)(\/§—1)}1

_ £x+1+\/;J (X+1)(‘/;_1)
gy

:x+1+\/§_1: X

\/§+1 \/§+1

_ e x o Wx+la
Q_&_P_& X+l Ux+1 Ux+l Wx+l

b) P& QeZ thi Vx+11a wécctal
{\/;4.1:1 {Xzo (théamﬁn DK)

-1

P

R
x+1=-1  |[Jx=-2 (VN,)
Vay x=0 thi QeZ
2. Ta co:

(x*=x* —1)(2y+w/4y2 +1) = X=X 1= -2y —J4y? +1=x—X* +1

x+2y=\/x2+1—\/4y2+1 (1)

Tuong tu ta co:
(4y2—4y2—1)(x+\/x2+1)=2y—,/4y2+1:>—x—\/x2+1=2y—\/4y2+1
X+ 2y=\/4y2+1 ~Jx+1 ()

Cong vé voi vé ctia (1) voi (2) ta dwoe 2(x+2y)=0< x+2y =0

Mt khdc x° +8Y° +2019 = (x+2y)(X* —2xy +4y*)+2019=2019 (vi x+2y =0)

Cau 2.
1. it x=a; Vx+3=b>0
Ta c6 PT: 22’ +b*-3ab=0 < (a-b)(2a-b)=0
THIL: a=b= x=+/x+3
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x>0
x>0 N RN
X —x-3=0" 2 =X
L 1-V13
2
TH2: 2a=b=2x=+/x+3
x>0
x>0 Xx=1
=1 o x=1
4x*-x-3=0 { -3
X=—
4
Vay PT da cho c6 hai nghiém TH1: x=1+;/1_3; x=1
x3—E=2(1)
2. y DK: y=0
3x—%=—2 )
y

Cong PT (1) voi PT (2) ta duwoc

@[x3—%j+(3x—%]=0 @(x—é](xz +2—;+%+3]=0

TH1: X =§ thay vao phuong trinh (1) ta duoc:

%—2:2:2y3+6y2—8=0<:>(y—1)(y+2)2:O

y -y

y=1l=x=2; y=-2=x=-1

TH2: <:>(x2+2+iz+3j=0<:>(x2+2+i2]+i2+3=0
y |y y |y y

2

= (x+1j +i2+3= 0 ( PT vo nghiém)
y y

Vay hé PT da cho c6 nghiém (x;y) = (2;1), (-1;-2)

Cau 3.

1. Ta co:
(n+1)ﬁ+n\/ﬁ>n n+1+(n+1)\/ﬁ@(\/n_+1—\/ﬁ)2 (Jﬁ+\/ﬁ)>0(Vn eN)

1 1 1 1
(n+1)\/n+1+n\/ﬁ ) n n+1+(n+1)\/ﬁ “dn U+l
1 1 1 1
202+l eV lenvn 22 (ned)Yn+(n+1)vn

1 1 1 1 1 1
==

A 2 BT I

=
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1 1 1
+..+ <1-
22 +11 (n+1)\/n+1+n«/ﬁ Jn+1
2. Ta cé:

A=5x*+9y® —12xy + 24x — 48y + 82
A=[9y” —12y(x—4) +4(x—4)" |- 4(x—4)* + 5" — 24X +82

A=[3y-2(x+3)]" + x* —8x+18
A:[3y—2(x+4)]2 +(x—4)2 +2
A=[3y-2x-8] +(x—4)"+2>2

16
A22.Dé'ub§ngséyrakhi: {3y—2x—8_0 o y=?
x—4=0
X=4
? . 16
GTNN cta A=2 khi x=4;y=?
Cau 4.
A
M
N o)
H
C
B D

1.a) Ta c6: Tk giac BFEC noi tiép

BCF = FEB (cting chan cung BF ctia duong tron ngoai tiép ti gidc BFEC)
BCF =BMN (cing chan cung BN ctia duong tron (O)

BMN = FEB = MN // FE (dpcm) (*)

Ta co: OM =ON =R (1)

Mat khac: ECF = FBE (cing chan cung EF ctia duong tron ngoai tiép ti gidc
BFEC)

ECF = FBE = AM = AN = AM = AN (2)
T (1) va (2) OA la dwong trung triec cia MN (**)
Tt (*) va (**)OA L EF

1.b) Goi D la giao caia AH véi BC.Taco AD L BC

ACDH ~ ACFB (C chung, D=F =90°)

CH _CD

bl — CH.CF =CB.CD (3)
CB CF

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

ABDH ~ ABEC (B chung, D=E =90°)
BH BD

=
BC BE
CH.CF +BH.BE=CB.CD +BD.BC

CH.CF + BH.BE = BC(CD + BD) = BC?

— BH.BE =BC.BD (4).Cong v€ véi vé€ (3) va (4) ta duoc:

G C

Dat S,05 = 5,;Su0c =5, Sgoc =Ss

Ta cé: 5 :BO; 5, :BO: S, _ S _$,+S,_BO M
e BE Sgc BE Spe Sgec S asc BE

S, [CO. S, CO_ S _ S _5+5_CO
SBCF CF ’ SACF CF SBCF SACF SABC CF
S _A0.S, A0 S _ 8, _$,+8_AO 4
SABG AG SAGC AG SABG SAGC SABC AG

AO  BO CO _2(S,+85,+8,)

Cong vé véi vé =2
AG BE CF Sasc
Vay tong AO BO CO khong phu thudc vao vi tri di€m O.
AG BE CF
Cau 5.
1—%/5)(1+€’/§+§/Z) 1
1. x=1+%/§+§/7==( -
1-32 21
1

X =

<:>(€/§—1)x=1<:> 2x° =(x+1)3

Y2-1
= 2%° —(x+1)3 =0 x*-3x*-3x-1=0
< X -3x*-3x+3=4
P =4=2% lamot s6 chinh phuong
2. xX*-2y*=5 (5).TePt(5) =>x1é x=2m+1(meZ)
Thay vao PT (5) ta dugc: (2m+1)° —2y? =5 4m? +4m-2y* =4 < 2m(m+1) - y* =2 (6)
T PT (6) = ychany =2k (k € Z)
Thay vao (6): 2m(m+1)-(2k)* =2 < 2m(m+1)-4k* =2
om(m+l)=2k*+1  (7)
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Ta thady VT phuong trinh (7) chdn; VP phuong trinh (7) 1é.
Vay PT da cho khong c6 nghiém nguyén.

Pé s6 2

Cau 1.
a. Ta co:

Ao xvx -3 _2(\&—3)_\&+3
X +DEx-3)  x+1  x-3

CxX=3-2(/x =3)% - (x +3)(/x +1)

- X +D(/x =3)

_ xa/x = 3x+8Vx - 24

- X +D(/x -3)

_ (x=3)(x+8)

(X +D)x-3)

X+8

) (x +1)

b. Tace: A=XF8 _ u1s 2 o

\/§+1 \/§+1

Vi /X +1>0,Vx>0;x #9 nén ap dung BDT C6 - Si ta c6:

Az 2\/(&+1).\/;9+1-2=4.

Déng thtic xay ra khi Jx+1=

9
< X=4.Va =4 khi x=4.
\/;_'_1 Y A
Cau 2.
a. Taco: A'=(m+4)>~(m?+8m-9)=25>0
= Phuong trinh luén ¢6 2 nghiém phan biét v&i moi gia tri cia m

) X +Xp =2(M+4)=2m+38
b. Ap dung dinh li Vi - ét ta co: 5
X1 Xo =M +8m-9

p_ 12+x§—60_(x1+x2)2—2x1x2—60
X1+ X2 X+ X2
2 2
| _(2m+8) ~2(m®+8m=9)-60 12, gm .11 I
2m+8 m+4 m+4
5

P nguyén < nguyén = M+4 lauwdccuas

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

= m+4 € {+1;#+5} Ma M nguyéndwong=m = 1.

Cau 3.
a. Diéukién: x>0

Pat t :\/;+i2 2= X+£=t2 —2 di dén phuong trinh: t2 —4t+3=0
JX X
Giai phwong trinh nay duoc nghiém: t =1 (loai), t =3

J;:3+J§ . 7+3J5

Do d6 VX +—==3= x-3/x+1=0= 2 o 2
Vx 3-5 7-35
\/;:— X =
2 2
Két hop diéu kién, phuong trinh cho ¢6 2 nghiém X = ! +23\/§ X = ! _:\/g

b. Ta co:

x2y? +(x—2)2+(2y—2)2 —2xy(x+2y—4)=5

= x2y2+x2—4x+4+4y2—8y+4—2x2y—4xy2+8xy=5
<:>(x2y2 —4xy2 +4y2)+(x2 —4x+4)+(—2x2y+8xy—8y)=5—4
= yz(xz—4x+4)+(x2—4x+4)—2y(x2—4x+4)=1

<:>(x2—4x+4)(y2+1—2y)=1<:>(x—2)2(y—1)2=1
TH1:(x-2)=(y-1)=1l<x=3va y=2
TH2:(x-2)=(y-1)=-1<x=1 vay=0
TH3:(x-2)=—(y-1)=1=x=3 va y=0
TH4:(x-2)=—(y-1)=-1lx=1va y=2

Vay phuong trinh c6 céc cap (X;y) nguyen la: (3;2) ;(1;0); (3;0) ;(1;2).
Cau 4.
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a.Tacé AFH = AEH =90° suy ra t& gidc AEHF ndi tiép dudng tron duong kinh AH .
Ta c6 tir gide ALBC noi tiép = KB.KC = KL.KA (1).

Vi tt gidc BFEC noitiép = KB.KC = KF.KE (2).

T (1), (2)= ti gide ALFE noi tiép duong tron duong kinh AH .

Do d6, LH L AK .

b.Goi M =HLN(0).Vi LH L AK = AM la duong kinh.
{MC 1 AC
Ta co

= MC//BH (3)
BH L AC

CH L AB
Ta c6 = CH //MB (4)
MB L AB

Tt (3) va (4) = Tu gidc BHCM 1a hinh binh hanh = HL di qua trung diém cua BC.
c. Ap dung hé thtic lwong tam gidc vudng ABT thi AT? = AF.AB va chii y BFEC
ndi ti€p nén AF.AB = AE.AC.
Do d6, AT? = AE.AC nén AT 1a ti€p tuyén cua duong tron (CET).
Hon nita, KFB = ACB = KLB nén suy ra KLFB néi ti€p, do d6 AF.AB = AL.AK nén
AT? = ALAK tircla AT 1a tiép tuyén cua (KLT).
Vay (CET) tiép xtic v6i (KLT) vicé AT la tiép tuyén chung.

Cau 5.
Ta goi cac canh song song véi nhau la cing mot hiedng. Cht ¥ rang hai canh hodc hai
durong chéo song song voi nhau tao thanh moét hinh thang can.

Ta thay rang mot da gidc déu N canh gom c6 N hudng (cu thé nhu trén hinh vé thi
AB,MN,CE cting mot hudng, trong khi d6 AB, AC khéc hudng).

doan théng, néu so doan thr?mg nay lon

V6i moi bo gom c6 k dinh sé sinh ra

hon N thi sé ¢ it nhat hai canh c6 cung mot hudng nén ching tao thanh hinh thang
can.
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Do d¢, diéu kién dé€ k diém co thé chira bon diém tao thanh hinh thang can néu

k(k-1 2
u>n<:>k2—k>2n<:> k—l >2n+£<:>k>,/2n+1+1.
2 2 4 4 2

Bay gio ap dung bai toan cho N =30 ta suy ra k > ‘/60+%+%:> k=9, suyract9

dinh thi sé c6 4 dinh tao thanh hinh thang can.
bé s6 3

Cau 1.
a. Tach: 2y2—xy+X-2y+5=0< x(y—-1) =2y?> -2y +5
= x:2y+i
y-1
(v =1 khong thoa man PT)
Vi x, y 1a cac s nguyén nén y -1 la wéc caa 5.
THl1:y-1=1=2y=2=x=9.
TH2:y-1=-1=2y=0=Xx=-5.
TH3:y-1=5=y=6= x=13.
TH4:y-1=-5=y=-4=x=-0.
Vay PT c6 cac nghiém nguyeén (x;y) la: (9;2), (-5;0), (13;6), (-9;-4).
b.Tacs A=2" +4"+16 =(2% —1)+(4"-1)+18
pat 2% =2% (keN") suyra 2% —1=2% -1=4*-1:3
Do d6 vdi moi n nguyén duong ta co: 2% ~1:3:4"-1:3;,18:3
= A=2% +4"+16: 3
Cau 2.
a. Diéu kién: X>—

3
\2X + =&2(—+L:(<:>(2x+5)\/2x+3=8x3+4x
X+

o (V2x+3)% + 24/2x+3 = (2%)® + 2(2X)
biat a=+/2x+3>0, b=2x

Ta co:
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3 3 by,  3b°
a’+2a=b"+2b<(a-h) (a+§) +T+2 =0<a=b

2x>0
2X +3=4x?

Suyra:\/2X+3:2X<:>{
1+4/13
4

< X=

b. Hé phuong trinh da cho twong duwong voi
{(X—l)z +(y-3) =1
(x=1)y-3)=(x-1)+(y-3)+1
Dat a=x-1,b=y-3- Ta dugc hé phuong trinh
{a2+b2=1 Ci>{(a+b)2—-2ab=1
ab=a+b+1 ab=a+b+1

bat S=a+b;P =ab, diéukién S? > 4P . Heé trén tré thanh

>t -2h=1 = (théa man) hodc (loai)
P=S+1 P=0 P=4

a=-1

S=-1 ([a+b=-1 |[|b=0
= =

P:O ab=0 a:o

lb=-1

a=-1 x-1=-1 x=0
+) = =
b=0 y—-3=0 y=3

+) & &
b=-1 |y-3=-1 |y=2

Vay hé da cho co6 hai nghiém 1a (0;3), (1,2)

Cau 3.
Tacé: P= 1b + 1C + 18.
@+ @+ @)
a b c
bat: x=2,y:£,z:2:> X,¥,2>0, xyz=1.
a b c
1 1 1

P= T+ T+ Z
+x)" @+y) (@+2)
Ap dung bét dang thitc Bu-nhi-a-c&p-xki, ta cé:

1{ 1 1 1 T
> + +
3| A+x)? (1+y)Y (@1+2)°
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Ap dung bat dang thiic Bu-nhi-a-c&p-xki, ta c6:

FN@HF[\%T] >(14x) = (1+1X)2 > Xy)y(H 7

X
2
@+y)  @oxy)(x+y)
+ L 2 L
@+x)?  @+y)* 1+xy
D&u bang xay ra khi va chi khix =y =1

Tuwong tu:

Ttr 2 BDT trén ta co:

1 1 1 1 1
Tuong tu: >+ 52 = = > =
@+z2) @+1H° 1+z (@+2)° 1+z 4
1 1 1 1 1 1 z 1 1 3
= >+ >+ 5= + — ===
@+x) (@A+y) (@A+2)° 1+xy 1+z 4 1+z 1+z 4 4
Tacé:PZi, P:£<:>x:y:z:1<:>a:b:c
16 16

3
Vay gia tri nhé nhat caa P 1a: 6 .

Cau 4.

a) Qua diém A vé ti€p tuyén xy véi duong tron (O) suy ra OA L xy
Xét tir gide BCEF c6 BEC =90° (GT); BFC =90°(GT) do d6 t gidc BCEF Ia t
gidc noi ti€p suy ra ACB = AFE (1)

—_—— 1 —_
Mit khac BAX = ESd AB (g6c tao bai tia tiép tuyén va day cung)

ACB = %Sd AB (g6c noi tiép) do d6 BAX = ACB) (2)

Tt (1) va (2) suy ra AFE = BAX o vi tri so le trong nén EF // xy hay EF 1 OA.
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b) Duodng thang EF cat (O) tai diém thit 2 1a P, BP cat DF tai Q.
AD, BE, CF la cac duong cao cua tam gidc ABC nén BCEF, ACDF ngi ti€p, do d6
ACB = AFP

Mat khdc ACB = Sd AB =S (BM + VIA|

AFP =%Sd(éﬁ+ AP)

Do d6 SdAM = Sd ABsuy ra BA 1a tia phan gidc cua RTBTQ va = AM = AP (1)
Tt gidc BCEF noi tiép suy ra ACB = BFM , tt gidc ACDF ndi tiép nén ACB = BFQ
do do @ =BFM = PTCTB, suy ra FB la tia phan giac cuaa @
AMFB = AQFB = MB = QB = ABMP = ABQN = BP = BN .

Do d6 AABN = AABP nén AN = AP (2)
Tt (1) va (2) suy ra AM = AN.

Dung tam gidc vudng can BDE tai D sao cho E thudc ntta mat phang c6 bo BD khong
chira C.
Ta c6 ADE = ACB va DE = DB
Tt gia thiét AC.BD = AD.BC
AD BD DE AB AC

Suy ra = = AADE ~AACB, trd6 —=——
AC BC BC AE AD

Mait khac @\E = EA\B, suy ra CTA\B = B/ATE .Do &6 ACAD ~ ABAE
AC _ CD _ CD N AB.CD =\/§
AB BE BD+2 ~AC.BD

Cau 5.

. . 1
Chia hinh vudng da cho thanh 2025 hinh vuong nho cé canh bang nhau va bang 25
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Goi (Cy), (Cy),..., (Cygp5) 1a cac hinh tron noi ti€p cdc hinh vudng nho ¢ trén,
1

ching c6 ban kinh bang nhau va bang %"

Goi (Cy), (Cy),..., (Copps) 1an Iuot 1a cac hinh tron dong tdm véi céc hinh tron 6

trén c6 ban kinh la: o Khi d6 cac hinh tron nay ndm trong hinh vuong va d6i mot

khong cé diém chung (roi nhau).
Trong hinh vudng da cho cé cdc hinh tron roi nhau (Cl'), (CZ'), . (C2025') va co
2019 diém nén ton tai mot hinh tron trong cac hinh tron nay khéng chira diém nao
trong 2019 diém da cho.
Dé s6 4
Caul.a) Vi X >0 ta cé:
1 3 2

Jx+1 _ (X +D)(x-Vx +1) ' X-~/x +1
_X- X +1-3+2y/x +2

XV X +1

:x/;(\/;ﬂ) _ Jx

XV X +1 _x- X+1
2
X- x+1=(\/—-%) +%>O,Vx20

IX>0.vx>0

Ta co

va (x/i-l)2 >0,VX>0 o X-2JX+1>0,vx>0

N

X=X +12 VX, VX200 —=—<LVXx20 & A<1 x>0
X-vX+1
A=lex=1.
Vay gid tri 16n nhat ctia A bang 1 khi x=1.
b) Ta co:

B’ :4+W+4—M+2J(4+MJ(4—MJ
8+2\/16—(10+2\/§)=8+2m

_842 (\/5—1)2 =8+2(V5-1)=6+2V5
:>B=m (do B>0)
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Cau 2.
a) Ta co P(x) la binh phwong ctia mot da thire thi:

P(x) = (x2+cx+d)2 = x“+2cx3+(c2+2d)x2+2cdx+d2, vx e R.

Ma: P(x) = x* —2x* +3x* +ax+b
Do d6 ta c6 hé phuong trinh:
¢’+2d=3 |d=1
<
2cd =a a=-2
d2=b b=1
Vay:a=-2,b=1.

1 3
b) PKi—-=<x<— (*
) 4 4 O

, 2
Ta c6 (\/3—4x +\/4x+1) =3—4x+2/(3=4X)(L+ 4X) +1+4x

=442 JB-4X)1+4X) 24 = 3—4x +1+4x > 2 (2)
Lai c6:-16x> ~8x+1=2—(4x+1)" <2 (3)
T (2) va (3) ta co:

0 {\/3—4x +1+4x =2 - {3—4X+2\/(3—4x)(1+ 4X) +1+4x=4

—~16x% —8x+1=2 16x> +8x+1=0

(JB=4x)(L+4x) =0
AT
X=—
4
3
X=—
4
&ilx=-2 ox=-1 (théaman()
4 4
1
X=-=
4

Vay phuong trinh cé nghiém la x = —%

Cau 3.
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a. Xét ik gidc AKHE c6 K = E =90° = BAC + BHC =180°

ma BHC = BOC va BOC =2BAC = 3BAC =180° = BAC = 60°

Ké dwong kinh BI, suy ra t¢ gidc AICH la hinh binh hanh= AH = CI (1).

Goi M 1a trung diém ctia BC = IC =20M (2) (Duwong trung binh).

Tir (1) va (2) = AH =20M.

Do M la trung diém ctia BC = OM L BC va OM I tia phan giéc cia BOC =

MOC = 60°.
OM=MC ’t600—3i_a—\/§ AH—@
= = .CO —2\/5 6 j = 3 .
DB DH
. 5 ADBH ~ ADAC => —=—— . = DB.
b. Ta co DA DC < DA.DH =DB.DC
2
(x+y)

Ap dung bat dang thiac XY < a1 (Dau “=" xay rakhix=Y)

(DB+DC)* & (Kiéng 461
~————=— (Khdng doi).

4 g 8
(D&u “=" xay ra khi DB = DC hay D la trung diém ctia BC)

2

a
= DA.DH nhan gia tri 16n nhat la N khi D la trung di€ém cua BC. < AABC can

ta co: DA.DH=DB.DC <

tai A < Ala diém chinh gitra ctia cung BC.
Cau 4.

Véi moi s te nhién a thi a® khi chia cho 8 chi cé cac s6 duw 1a 0; 1; 4.

S6 2019 chia 8 dw 3; 2020 chia 8 duw 4.

Suy ra 2019" =3" (mod 8)

-Néu n chinthi n=2k,ke N = 2019" =3" =1 (mod 8)

= C=5(mod 8)
= C khong thé'la s chinh phuwong.
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-Néu n léthi n=2k +Lk e N = 2019" =3"*"=3.3% =3 (mod 8)
= C=7(mod 8)
= C khong thé'1a s6 chinh phuwong.

KL: Khong ton tai n thda yéu cau bai toan.

Cau 5.

. 1 1 1 s

bat a= , b= , C= khi dé x+y+z+2=xyz<a+b+c=1
1+Xx l+y 1+z

. 1 l-a b+c c+a a+b

va X=—-1= = , Y= V2= .
a a a b c

Vay x+y+z+6_b+c c;a a+b 6o Z(c+a a;bj

cyc Cc

25 /W 22 oK )

Déng thitc xdy rakhi a=b=c hay x=y=z=2
Cau 6.

wl -l [
B M H N c

Goi H, K Ian luot 1a hinh chiéu vudng goc ctia A trén BC va PQ.
ABAC 12
BC 5

Tam gidc ABC vuong tai A nén AH =

bat PN=x, PQ=y

Vi AAPQ ~ AACB suy ra — PQ &@121_5 = 25
CB AH 5 12 12

25 25(  6Y
Syen = XY =BX——x?=3-"2| x——| <3
wnpg = XY =9X =0 12( 5)

N | o

Véy gid tri 16n nhét ctia S0 bing 3 khi x =g vay-
Dé s6 5
Caul.
1) Ta co:
x-y=m+1 3x-3y=3m+3 X=2m
& =
2x-3y=m+3 2x-3y=m+3 y=x-m-1
X=2m
<:>{ (Vm € R)
y=m-1

Ta co:
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P=x*+8y=4m’+8(m-1)=4m’+8m -8
=(2m+2)2—122—12

Ddu “=" xay rakhi2m+2=0 & m=-1
Gia tri nhd nhat caa P14 -12 khi m =-1

2 2 ) _
2) Giai: {X ty =1 @{(X y) +2xy =1

X oy'=-1 0 (x-y) -3xy(x—y)=-1
Dit X-y=S5
xy =P
1-8° 2
[s?+2P=1 P== p_1=S
Ta co: s _acp = 1 g = 2
5 -35P= S?_ 33, ‘2 1 |25°+35°-35+2=0
2 _ Q2 Q2
P=1_S P=1 S =1 S
= 2 = 2 = 2

P
55°-35+2=0 |(S+1)(55*~55+2)=0  |(S+1)(5S*~55+2)=0

P_l—S2 x=0
2 P=0 x—y=-1 y=1
= = = =
(S+1)=0 S=-1 " |xy=0 y=0
55> -55+2=0 (vn) x=-1

Cau 2.
1. Gidi: x* —9x” +24x> -27x+9=0 (¥)
V6ix=0, (*)< 0x+9=0 (phuong trinh v6 nghiém.
Véix # 0, chia 2 v€ cua phuong trinh (*) cho x* :

2
(*) < x*-9x +24 270 =0<:>(x+§j —9[x+§j+18:0
X

X2 X X

3
3 X+;—3—0
X X

= x+§—3j(x+——6 =0

x+§—6=0
X

(x> =3x+3=0 (VN) |x=3+/6
=
| X*—6x+3=0 x=3-6

2. Ta cé:

i+E+£+324 a_. b +-<
b ¢ a a+b b+c c+a

<:>3+1+E+1+£+124 4 +b+C
b C a a+b b+c c+a
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a+b_ 4a +b+c_ 4b +c+a_ 4c
b a+b C b+c a c+a

y 2 2 2
' -b b- -
(@b (o= (ema)
b(a+b) c(b+c) a(c+a)
Luon ding vi a, b, ¢ 1a cac s8 dwong. Dau bang xay rakhia=b=c.
Cau 3. (4,5 diém)

>0

1) Taco: l=l+l<:> bc=a(b+c) (1)
a b c
TH1: Néu a la s& nguyén chan, suy ra a(b+c) :2, theo (1)Suy ra: b.c :2
Vay abc chia hét cho 4
TH2: Néu a la s6 nguyén 1é. V6i b va cla hai s6 cing 1é thi: b+c:2 = a(b+c):2
Ma a.b.C khoéng chia hét cho 2 (vi a, b, ¢ déu 1€). Suy ra mau thuan.
Vay trong hai s6, b, c ton tai it nhat 1 s6 chén.

+ Vi b chdn, ma a 1é nén ¢ chan (vi b.c chdn nén a(b + c) chdn suy ra c chan, vi a 1é)

Suy ra abc chia hét cho 4
+ Vi c chdn, twong tuw abc chia hét cho 4
Cach khac: = %+1 & be=a(b+c) < abc=a’*(b+c)(2)
a c

Ta thay a, b, c khong thé déu 1a s& 1é vi néu vay thi abc 1a s8 1é, con b+c 1a s6 chén.
Vay trong 3 s0 ton tai it nhat 1 s6 chan.

Néu a chdn thi a?chia hét cho 4, ti (2) suy ra abc chia hét cho 2.

Néu b chdn, do alé nén b + ¢ chan (vi abc chén) suy ra c chan. Vay abc chia hét cho 2.
Twong tir cho triedng hop c chan.

2. Dung ham Ole:

Phan tich s m ra thtta s6 nguyén t6: m =p,*.p,”.p,"...

S6 cac s6 nguyén duong khong viegt qua m va nguyén t6 cung nhau véi m la

“"m):m'(l‘é}'(l‘ﬂ(l‘ﬂm

Ta cd: 999 = 3°.37 = ¢(999) = 999.(1 —lj.(l —L] =648
3 37
Cdb 648 s6 nguyén td cung nhau véi 999 va khong vuot qua 999.
Vay c6 649 sO nguyén t6 cung nhau véi 999 va khong vuot qua 1000.
Cach khac:
Goi A la sd cac sd nguyén duong khong vuot qua 1000. Suy ra A = 1000
B la s6 cac s6 nguyén duong khong vueot qua 1000 ma khong nguyén td cuing nhau
voi 999.
C la s8 cac sd nguyén duwong khong vuot qua 1000 nguyén t6 cung nhau véi 999
Ta c6: 999 =3°.37
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B = (S6 cac s6 nguyén duong khong vt qua 1000 va chia hét cho 3) — (S6 cac s6
nguyén duong khong vuot qua 1000 va chia hét cho 37 ma khong chia hét cho 3)
999 -3

+ 58 cac s6 nguyén duwong khong vuot qua 1000 va chia hét cho 3 1a: +1=333

+ 80 cac s6 nguyén duong khong vuot qua 1000 va chia hét cho 37 la:

999—374_1:27

+ S0 cac s6 nguyén duong khong vuot qua 1000 va chia hét cho ca 37 va 3 (chia hét

999 -111
_—+

cho 111) la: 1=9

+ S0 cac s6 nguyén duwong khong vuot qua 1000 va chia hét cho 37 ma khong chia
hét cho 31a:27-9=18
Suy ra B=333+18=351. Vay C=A -B=1000 - 351 =649

Cau 4.
2 3 99

o A= + + tont————
Taco.A—l_l_\/E Ta+ds et oo s fio
= (V2-1)+2(\3-V2)+3(v4-V3)+....+98(/99 ~98 )+ 99(+/100 ~/99
= 1-v2 -3 -4 -...-/99 + 994100
B=+2++3+v4+..++/100

= A+B=100+100 -1=999
Cau 5.

va

a) GoiF la tiép diém cua BC véi duong tron (I)
Theo tinh chat 2 tiép tuyén cit nhau ta c6:
AD = AE; BD =BF; CE=CF
Suy ra: AB + AC - BC = (AD + DB) + (AE+ CE) - (BF + CF)
= AD + AE=2AD.
b)

TAI LIEU TOAN HOC
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Goi S 1a giao diém ctia BI va MN. Ta can chting minh: D, E, S thang hang.
That vay:
Do MN la duong trung binh ctia tam giac ABC néen MN//AB

= ]§; —BSM (hai goc so le trong);]gz = 1/3\1

L BSM =5,
Suy ra tam giac MBS can tai M nén MB = MS = MC.
Tam giac BSC c6 duong trung tuyén SM=1/2BC nén tam giac BSC vudng tai S.
Ta co:
Tt giac IECF va IESC la cac tit gidc ndi ti€p (duong tron duong kinh IC)
Nén5 diém [ E, S, C, F cung thudc duwong tron duong kinh IC
Ta co:

— —~

— SEC=SIC ; SIC=B, +C, (g6c ngoai clia tam gi4c)

—SEC=B,+C, (1)

Lai c6 tam gidc ADE can tai A
—_— —_ 0 —_ A

n&uAED:ADE:39545:9W—

Tt (1) va (2) suy ra SEC=AED ma A, E, C thang hang nén D, E, S thang hang.

Vay ba duong thang BI, DE, MN déng quy.

Cach khac: Goi P 1a giao diém ctia DE va BIL Di chitng minh M, N, P thang hang.

Pé s6 6

Cau 1.1) Vi diéu kién x >0, x #= 4, ta co:

I ox=ax-1 | Vxs2 X—5
-2 Jx(Vx-2) | Vx+1 (Vx+1)(Vx-2)

P=
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1) (e (x5)
x(Vx=2) - (Vxr1)(¥x-2)

fon (g

x(Vx-2) 1
()
=
Vay P = (\/;\/il)z (x>0,x#4)

2) - Chting minh M 1a s6 chén

a=3/7+750 =§/7+5v2 = §l(1+2) Y1442

b =3/7-50 =37-5v2 = (1 _1J_)
M=a+b= (1+\/—) ( \/_)=

- Chtrng minh N 14 s6 chdn
a+b=2;a.b:(1+\/§).(l—\/§)=—1; a’ +b? :(a+b)2—2ab:6

N=a’+b' =(a7 +a“b3)+(b7 +a3b“)—(a“b3 +a3b4)

a*(a® +b3)+b4(a3+b3)—a3b3(a+b)
( +b3).(a4 +b4)+2

(a+b)(a®+b? - alo)[(a2 +0?) - ZaZbZ} +2=2(7.34+1):2
Vay M, N 1a c4c s6 chan.
Chi y :
- Hoc sinh c6 thé’tinh M bing cich dwa vé phwong trinh bic 3: M*+3M —14 = 0 gidira
dwoc nghigm M = 2. M6i yj dwéi diy cho 0,5 diém.

M? :(%/7+\/% +%/7—\/%)3 —14+337++/50 .%/7—\/%(%/7+\/% +%/7—\/%)

M?®=14-3M < (M -2)(M?*+2M +7)=0

SM=201 M2+2M +7=(M +1)° +6>0

- Hoc sinh c6 thé' chitng minh N la s6'chdn bing cich dit :
Sy =(1+2) +(1-V2) ysi xdy dueng cong thite Sna =25, + S, 14¢chira $; la 50

7 7
chin hodc ¢6 thé khai trién (1+ J2 ) + (1— J2 ) dé'tinh N thi déu cho 0,54,
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1) Vi Phuong trinh X* + 2kx +4 =0 ¢ hai nghiém X, X, nén A >0.

2 2 N . . X1+X2:_2k
< k-4>0< k>4 (1); Theo hé thirc Vi-et ta c6 : .
XX, =4
Do do:
2 2 2, 2 \? 2 2
X —
[ﬁj +(ﬁ] <3 X1+X2<3 MSS@ (a+x) =2x% | g
X, X X X, X X, X%,

2 2
<:>[4k4_8J SS@(k2—2)2£5@— 5<k?’-2</5<0<k?<2++5(2)

Tir (1) va () suyra: 4<k?<2++/5 < —J2+/56 <k <-2

Hodc 2<k </2++/5
Vay tat ca cac gid tri cta k can tim la: —y2++/5 <k <-2 va 2<k<y2++5

Vay hé c6 nghiém duy nhat: x=y=0.
2) Trir theo v€ cac phuong trinh (1) va (2) ta duoc:

(\/x2+1\/y2+1)+3(xy)=0<:>(xy)[ X+Yy +3J=0

VX +144y? +1

X+Yy
\/x2+1+\/y2+1
Treong hgp 1: x—-y=0< x=y.Thay y=X vao (1) ta dwgc phuong trinh:

VX +1= x+1<:>{x2 +1=(x+1)

Xx>-1

< x—y=0 hoac

+3=0 *)

Giai hé ta duvoc:x=0=x=y=0.

. X+Y
Truong hop 2: +3=0.
&P \/x2+1+\/y2+1
X+y (3\/x2+1+x)+(3 y2+1+y)
U +14+4y? +1 U +14+4y? +1

Ta c6: 3WXE +1+ %> 3x? +x = 3[x|+x =2|x|+ (|x|+x)

Tuong tu: BM +y>0

Suy ra: A>0. Truong hop 2 khong xay ra.
Vay hé c6 nghiém duy nhat: x=y=0.
Cach 2:
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x+\/x+ =2y+1 VXP+1=2y—x+1
=
y+ y +1=2x+1 Jy +1=2x-y+1

2y —x+1>1 (1)
2x—y+1>1 (2)
X2 +1=4y* +4y +1-4xy - 2x+ x> (3)

Y2 +1=4x> +4x+1-4xy -2y +y> (4)
Trtr theo vé€ cac phuong trinh (3) va (4) ta dwoc phwong trinh :
(x=y)[4(x+y)+6]=0< x=y hodc 4(x+y)+6=0:
Cong theo vé€ cac bat phuwong trinh (1) va (2) ta duoc: x+y >0, suy ra truong hop
4(x+y)+6=0 khong xay ra.
Truong hopx =Yy , thay vao (3) ta degc:x=y=0.
Cau 3.
1.Dit a=xy,b=x+y=—aeZ,beZ,b’*>4a (¥
Phuong trinh (1) tro thanh: a’b+b=a+2.

a+2

&h= 5
a-+1

—a+2'a’+1=>a’-4:a’ +1:>(a2+1)—55a2 +1=5'a’+1

=a’+le{l,5}=>a’e{0;4} = aec{0;-2;2}

Néu a:0:>b:2:>{ Xy =0 = (x,y)e{(0;2),(2,0)}

X+y=2
_{X:\E
- Xy =—2 =— e 1A , -
Néu a=—2:>b=0:>{ < (loai vi khong théa manx,ye Z)
X+y=0 X =—J2
y=+2

Néu a=2=b =%, loai vi khong thoa man be Z.

Vay nghiém nguyén (x, y) ctia phuong trinh da cho la: (0;2),(2;0).

Cach khac: Dua phuong trinh vé dang : (x+ y)(xy)2 —Xy+(x+y-2)=0
Dit t=xy,te Z ta dwoc phuong trinh an t: (x+y)t? —t+(x+y-2)=0 (1)

Néu x+y=0:>xy:—2<:>{Xy =1 V2 Hoac \/_(Loai)
X+y=0 y=—/2 y=+/2

*) Néu x+y =0, ta co phrong trinh bac 2 an t:
(x+y)tP—t+(x+y-2)=0  (2)
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5
4

= A=1-4(x+Yy)(Xx+y-2)20 <= (x+ y—1)2 <

< (x+ y—1)2 e{01} o (x+y-1)e{-101} = x+ye{l;2}

1-5
y=—

2

X

Néu x+y=1= loai
) 1+¢§( )
Xy =
2
xy=0
) Néu x+y=2= Xy_1:>(x,y)e{(o;2),(2;o)} (thoa man )
2

Vay nghiém nguyén (x, y) ctia phuong trinh da cho la: (0;2),(2;0).
2. Cho ne N". Chting minh rdng néu 2n + 1 va 3n + 1 1a cac s6 chinh phuong thi n
chia hét cho 40.
Gia st 2n+1=m’,3n+1=k* (mkeN’) = m’lass1é = mlassle.
=2n=m’-1=(m-1)(m+1):4 , Suy ra:n chan, k 1¢
Vik1asd'1é nén k -1,k +1 1a hai s8 chan lién tiép va (3, 8) = 1 nén
Tir 3n+1=k’>=3n=k*-1=(k-1)(k+1)i8=ni8 (1
Khi chia mot s6 chinh phwong cho 5 thi s6 du chi c6 thé1la 0; 1 ; 4. Ta xét cac
treong hop:
Néu n chia cho 5 duw 1 thi2n + 1 chia cho 5dw 3. (vo 1i)
Néu n chia cho 5 du 2 thi 3n + 1 chia cho 5dw 2. (vo i)
Néu n chia cho 5 du 3 thi 2n + 1 chia cho 5dw 2. (vo i)
Néu n chia cho 5 du 4 thi 3n + 1 chia cho 5dw 3. (vo 1i)
Vi (5, 8) =1 nén tir (1) va (2) suy ra n chia hét cho 40.
Vay n:i5  (2)
Cau 4.
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1. Tl tinh chat cta hai tiép tuyén cat nhau, suy ra: Ol L BC.

// :@zB/O\I(Vicﬁngphuvc’riB/AB).
— c0s ABI = cos BOI = 08 i:1:>KI§=B/&=600 )
OA 2R 2

Tt tinh chat ctia hai tiép tuyén cat nhau suy ra OF, OF Tan luot 1a cac tia phan giac
cuia cac géc COM va MOB. Suy ra:

F’om_COTM I\WO\E—MTOB:E/O\F F’omm\E_COM;MOB Bgc_ga @)

Tix (1) va (2) suy ra : ABI = EOF =60° hay QBE = QOE = Tt gidc OBEQ ndi tiép.
2. Ta c6: OQB =OEB ( cting chéan cung OB ctia duong tron (OBEQ) ).

OEF =OEB ( tinh chat hai tiép tuyén cat nhau ).

= (TQ\B - OEF hay 6QTD - OEF

= AOQP ~ AOEF (g.g) (vicé OQP =OEF,QOPla géc chung) :§:¥ ?)

Vi tir gidc OBEQ ndi tiép va OBE =90°, QBE = 60° nén:
OQE =180° - OBE =90°; OEQ =OBQ = OBE — QBE = 30°
= AOQE vudng tai Q va 6E\Q =30°.
:%:sin(ﬁi\Q:sin%O:1 (4)

OE 2

PQ 1

T (3) va (4) suyra: E=_® EF =2PQ.

3. Vi AOQP ~ AOEF theo ti s0 dong dang IE_(FQ =2 nén

S 1 S OM.EF R.EF
L= O S =A== (9).
OEF

Ké qua O mot duong thang vudng géc véi OA, cat AC, AB theo thtt tu tai H, K. Ta

co:
BKO = BOI =60° (Vicﬁngphuvéigb\\o )
HC = KB = OB.cot BKO = OB.cot60° =

J3
EF = FM +EM = FC +EB = (HF —HC ) +(

= (HF +KE)-2HC > 2J/HF KE -

KE —KB) = (HF + KE)~(HC +KB)

2R

— 6

7 (6)

Mt khac, FHO = AOC = 60°, EKO = AOB = 60°nén d& chiing minh duoc
AHFO ~ AKOE ( vi cung dong dang véi tam giac OFE)

2
~HF _HO o FKE-OKOH =OK? = _R = |= 2R (7)
OK KE sin 60 J3
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(4R 2Rj

. REF J3 3 R?

Tw (5), (6), (7)suyra: S, =

(), (6), (7) suy oPQ 8 8 4\/5

Déu “ = xay ra khi va chi khi KE =HF =OH =OK < FM =EM < MC = MB < M
la diém chinh gitra cung BC.

Vay dé tam giac OPQ c6 dién tich nho nhat thi M 1a diém chinh gitta cung nho BC.

2

Gid tri nho nhat ban :
& 473
Cach khéc: Vi AOQP ~ AOEF theo ti s6 dong dang % —2 nén
S 1 S 1 1(1
ﬁ:ZQ SOPQ :%:g(SABOC _SAEF) S(ZOA BC - SAEF) (R f SAEF)

St dung cong thic : Hé-Rong. Tinh dién tich S ctia tam giac c6 d6 dai ba canh a, b, c.
(a+b+c)(a+b—c)(b+c—a)(c+a-b)

=87 =

<(a+b+c)[(a+bc)+(b1—f:ca)+(c+ab)]3{(a+b+c)2J2©S<(a+b+c)2
16.27 4343 433

S R [R\/_ (AE+4F3|:£FA)ZJ

:% 2 5 LA+ ( EI\Z;\/M_F +AF]J L " [AE+(EE;;|;§:)+AF]2J

:% 5 [AE+EB43\(/§F+FC)]2J=%(R2\/§_%j

R e

Cau5. Tacd X+Y+1l=zz+Xy=x+y+1+xy=(x+1)(y+1)

X+yz=X+y(X+y+1)=x+xy+y* +y=(x+y)(y+1)
y+X2=y+X(X+y+1)=(x+y)(x+1)

:>P_ X3y3
(x+ y)z(x+1)3(y+1)3'
(x+y)224xy . )
Vi x>0 =P< Xy3 5= x3y 5
y>0 4xy(x+1)"(y+1)  4(x+1) (y+1)
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Ap dung bat dang thixc AM — GM cho ba s8 thue duwong, ta cé:

2 2 2
x+1=5+5+1233x—<:>(x+1)3227x =0<—2 3si.
2 2 4 (x+1) 27
2
4
Tuong tu: 0< y 7<—
(y+]_) 27
2y? 14 4 4 X_¥Y_ vy
P= X3y 7 <——.—-=-—-Dau”“="xdyrac< 2 2 1<:> X=y=2
4(X+1) (y+1) 4 27 27 729 Zox+y+l z=5
X=y=2
Vay MaXP:i, dat duoc tai y
729 z2=5
Cach khac:
1 (x+y2)(y+x2)(z+xy) x+yz y+xz (z+xy) (x y z Y
—= 33 = . = =tz =tz || —+1
P X’y y X X’y y X Xy
2 2
l=[1+ﬂ+ﬁ+22](i+1j =[1+(1+5jz+22}(i+1)
P Xy Xy Xy Xy
V‘1—+X22; iz 4 >y X+y=z-1nén:

L4242 4z, 2: A B 2: M+z+ 2
prli? )[<x+y>z 1J ¥ )(ulf 1} [(21)2 1j

2 2
:>£2(6+E+§2+tj = 6+(E+§j+(%+£+£j
P t t t 4 t~ 8 8

2
4 729

8
Diu “="xayra <t=4x=y< x=y=2,z=5.
X=y=2
z=5

Pé s6 7

Vay MaxP =—~, dat duoc tai
729

f_/;\

Cau 1.
1. a) Diéu kién xac dinh: 1< x#10
Diat a=+/x-1L0<a=3
Khi d6
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a a’+9 ( 3a+1 1}
P= + : -—
3+a (3-a)(3+a)) \a*-3a a

() s
(( )3+a) ) (a(a-3)
3a+9  3a+l-a+3  3(a+3) | 2a+4

(3-a)(3+a) a(a-3) (3-a)(3+a) a(a-3)
3(a+3) a(a-3) -3a  -3J/x-1

=(3—a)(3+a)' 2a+4  2a+4 2Jx—1+4
b) Ta cé:

x=\/3+2J§—(\/§+1)\/3—2J§+\/§‘1-\/§‘
[ - e
=\/§+l—(\/§+l)‘l—\/§‘+\/§‘l—\/§‘

= 2+1—J§\1—\/§\—\1—\/§‘+J§‘1—\/§\

=V2+1-(V2-1)=2.
A 32-1 1
Vay P=—2 - =
22-1+4 2
2. Taco

P=2x"+x°(2y-1)+y*(2x-1)+2y*
=2x" +2x3y =X+ 2xy® —y* + 2y*
=x*(2x+2y)+y* (2x+2y)—(x*+V°)
=(2x+2y)(x3 + y3)—(x3 + y‘°’)
=(2x+ 2y—1)(x3 + ys): X +y°

Do x*+y°=(x+ y)(xz—xy+ y2)=x2—xy+ y? =%(x2+y2)+(

= PZ%(X2+y2)

Ma
x+y=1:>x2+y2+2xy:1:>2(x2+y2)—(x—y)2=1
1 1
2(x*+y*)>1 vy )2 P>
=2(X’+y?) :>(x+y)2:> 7
Ddu “=" xay ra khi X=y=%.

Vay gid tri nhé nhat cua P la % khi X:y:%.

&

ol

TAI LIEU TOAN HOC
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Cau 2.

1. Diéu kién: x Z%

(1) & VaX ++/x+2 =/3x+5 +4/2x -3

& 4X+ X+ 2+ 24X (X +2) =3x+5+2x—3+2,/(3x+5)(2x - 3)
<:>\/4x(x+2) :\/(3x+5)(2x—3) < 4x(x+2)=(3x+5)(2x-3)

x=5  (n)
& 2X2-7x-15=0< _3
x=— (I
2
Vay phuong trinh c¢6 nghiém: x=5.
Xy—2X+y=6 {x(y—2)+y—2—4 {(x+1)(y—2)—4
< 2

(*)

2-Taco {(x+1)2+(y—2)2=8<:> (x+1) +(y-2)"=8  |(x+1) +(y-2)" =8

bat a=x+Lb=y-2 ta cd hé phuong trinh.

*) ab=4 ab=4 ab=4
( <:>{.':12+b2=8<:> (a+b)2—2ab=8<:> (a+b)2=16

ab=4 a=2 X+1=2 x=1
ab=4
a+b=4 b=2 y—-2=2 y=4
Sqla+bh=4 & = = = .
ab=4 a=-2 X+1=-2 X=-3
a+b=-4
a+b=-4 b=-2 y—-2=-2 y=0

Nghiém ctia hé phurong trinh S ={(1;4);(-3;0)}

3. Phuong trinh hoanh d6 giao diém cua (d) va (P) la x* =2x+m-1 hay
x*—2x-m+1=0 (1)

(d) va (P) cat nhau tai hai ¢i€m phan biét khi va chi khi (1) c6 hai nghiém phan biét
< A'=1-(-m+1)>0<m>0

Do A,B thudc (P) nén y, =x’;y, = x; . Theo dé bai ta c6

ViYs = XX, =12 & (%%, ) =% X, ~12=0 = 2: z L_l3

Theo hé thtic Viet ta ¢o : {Xi tX =2

XX, =—m+1
Néu x.X, =4 thi -m+1=4=m=-3(loai).
Néu x,.x, =—3 thi -m+1=-3=m=4(nhan). Vay m=4 la gia tri can tim.

Cau 3.

TAI LIEU TOAN HOC
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a) Tt giac BDIP noi tiép. Suy ra PIK =180° - PID = PBA
Ma t&r giac CPBA noi tiép. Suy ra PCK =180°— PCA=PBA = PIK = PCK . Suy ra t&
giac CIPK noi tiép.

b) Tt gidc CIPK noi tiép va tix gidc PBDI noi tiép. Suy ra PKI =PCl va
PK PD _PK PC
=TT ()
PC PB  PD PB
Ma i gide CPBQ noi tiép suy ra QPB = BCQ hay MPB = MCQ miit khac PMB =CMQ

PDI = PBI = APKD ~ APCB (g—g)=

(d6i dinh)
PB MP
AMPB ~ AMC - —=— (2
= Q (9-9)=5c=wc @
Chting minh twong tw = AMCP ~AMQB (g-g)= %:% (3)

Tir (2) va (3) kéthop MB=MC = 2 - "¢ PC_Q8 -
QC QB PB QC

o PK QB
Tir (1) va (4) :ﬁ=8—c:» PK.QC = QB.PD

o) Do t gidc BDGI va ti gidc CPBA noi tiép. Suy ra PGl = PBI va

PBC - PAC = PGI = PAC = I6//CA= 22 =2 (5)

Trén BC 1dy J sao cho KPI =CPJ . Ttr giac CIPK noi ti€p, co IPK =180° — KCI = BCA
khong doi.
NPT CB .. . -
Suyra J la diém c8 dinh= o khong doi (6).
Lai c6 = APKI ~APCJ (g-g) va APKD~APCB (g-g)

KI PK KD KD CB
> — = = s = —
CJ PC CB KI CJ

(7).Twe (5), (6) va (7) suy ra % khoéng doi.
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Cau 4.

D H C
Goi |,K,M theo thtt tw 1a trung diém ctia EF,EG,GH . AAEF vuong tai A vacd Al la

duong trung tuyén nén Al = % EF.

Tuwong ty MC = %GH . IK la duong trung binh cia AAFGnén IK = % FG. Tuong ty

KM :EEH
2

c=EF+FG+GH +HE =2( Al + IK+KM +MC).
Tacod Al +1K+KM +MC > AC ( vi duwong gap khiic AIKMC > AC ). Suy ra

c>2AC =2Va?+bh?

Cau 5.
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1. bit JVx=a,a>0, y2=b,b>0.
4y* +6y* —1=x

< 4b* +6b-1=a’

& 16b% +24b—4 = 4a°

& 16b° +24b+9-4a* =13

& (4b+3)° —4a2 =13

< (4b+3-2a)(4b+3+2a)=13

Lap bang

4b+3-2a 1 13
4b+3+2a 13 1

a 3 -3
b 1 1

Nhan Loai

X 9

y 1

Vay phuong trinh c6 nghiém nguyén la (x;y) la (9;1).
2. Tacé n chan =>n=2k,keZ.Suyra

n® +20n+96 = (2k)° + 40k +96 = 8(k* +5k) +96 =8| (k* —k ) + 6k | +96 =8(k’ —k)+ 48k +48.2
Do k-1 k;k+11a 3 s6 nguyén lién tiép nén (k —1).k.(k +1) chia hét cho 6

= k®—k=(k-1)k.(k+1):6=8(k*~k):48,VkeZ .
Vay v6i moi s8 nguyén n chin thi n°+20n+96 chia hét cho 48.

Dé s6 8
Cau 1.

Ta co: 3x+2\/3_x+4=(\/3_x+1)2+3>0; Vx>0

nén diéu kién dé A cé nghia 1a (J3_x)3 ~8=(\/3x—2)(3x+21/3x +4) % 0; ¥x>0

x>0 0< 4

= SUSX#E—

J3x—2#0 3
6Xx+4 \/&

(@)3_8_3x+2\/3_x+4

6x+4—(\/3_x—2)\/3_x
(@—2)(3x+2\/§+4)

A=
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3x + 4+ 2+/3x 1
(\/3_—2)(3x+2\/3_x+4)_\/3_x—2

+ V6i x nguyén dwong, dé'biéu thirc A nhin gid tri nguyén.

A=

Véi OSX;«r&i
3

thi nguyén. Khi do:

V3X =2

X =
J3x-2=+1l \/&_39 3X_g<:>
Px=1 |3x=1 |x=

Vi x nguyén duong nén X =3 khido A=1.
Vay X=3

Wl W

Cau 2.

a) PT (1) c6 hai nghiém phanbiétkhi A'=m’>-5m+4>0 (*)

(haym <1v m>4)
Véi DK (*) PT ¢6 hai nghiém X, X, .
+X, =2(m-1
Ta cd % 2 ( )
X.X, =3m-3

M:x12+x22+5x1x2:(x1+x2)2+3x1.x2:4(m—1)2+3(3m—3)

1)2 81_ 81

=M :4m2+m—5:(2m+Z

1
D&u “=" xay ra khi m = 3 (thdéa man DK (¥)).

Vay M dat gia tri nho nhat khi m:—%.
b) PK: A'=m*-5m+4>0 (%
bit X—1=t= X =t +1 thay vao phuong trinh (1) ta dwoc:
(t+1)" -2(m-1)(t+1)+3m-3=0
St?+2(2-m)t+m=0 (2)
PT (1) 6 hai nghiém phan biét x 16n hon 1 khi PT (2) ¢ hai nghiém phan biét ¢ 16n
hon 0.
A'>0 [m’-5m+4>0 [(m-1)(m-4)>0
S P>0<im>0 < m>0
S>0 2m-4>0 2m—-4>0

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

m<lvm>4
<sm>0 <> M >4 thdéa man DK (¥).
m>2

Vay m>4.
Cau 3.
a) Vi x =0, phrong trinh (1) c6 dang: 0 =6 (vO ly).
Vay x = 0 khong la nghiém cua PT (1).
2 13
X¢0,taco’(1)<:> + 3=6

2X—=5+— 2X+1+—
X X

Dit 2 3 PT (1 hanh 2 + 13 =6
v +_: 2 \ - _ =
at 2X ~ t, PT (1) tro than £5 t+1

t=1
—6t2-39t+33=0<= _u
2

+)Véit=1tacoPT 2x+§:1<:>2x2—x+3:0
X

Cé A <0 nén PT v6 nghiém.

+)V0'it=1—21 ta c6 PT 2x+§:1—21<:>4x2—11x+6=0
X

PT 6 2 nghiém X =2;X = % thoa man bai toan.
x*+2xy° +12y =0 (1)
8y’ +x*=12 (2)

Thé (2) vao PT(1) ta duoc X° + X°y + 2xy> +8y* =0
Néu Yy =0 thiti (1) suy ra X =0 khong thoa man PT (2).

b) Giai hé phuong trinh: {

3 2
Xét y#0 PT (3)<:>[5J +(i) +2.218=0
y y y

X 3 2
Dit §=t tadwoc t° +1° +2t+8=0

, t+2=0
<:>(t+2)(t —t+4):0<:> , St=-2
t°—t+4=0
Véi t =-2=>X=-2Y, thay vao (2) duoc Yy’ =1 y=1vy=-1

Voi y=1=x=-2
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y=-1l=x=2
Vay hé phuong trinh da cho ¢6 2 nghiém (—2;1); (2; —1).
Cau 4.

a) Chitng minh 4 diém O, M, N, I cing nam trén mot dwong tron.
113 trung diém ctia BC (day BC khong di qua O) = Ol 1. BC = OIA=90°. Ta c6
AMO = 90° (do AM la tiép tuyén (O))
ANO =90° (do AN 14 hai tiép tuyén (O))
Suy ra 4 diém O, M, N, I cung thudc dwong tron duong kinh OA
b) Chitng minh diém K c6'dinh khi dwong tron tdm O thay doi.
Ta c6 AM, AN la hai tiép tuyén véi (O) cat nhau tai A nén OA la tia phan giac
MON ma AOMN can tai Onén OA L MN.

+) AABN ~ AANC (vi A/|\W3=A/C|\\|:% sd NB va CAN chung) =>

AB_AN = AB.AC=AN?(1)
AN AC
+) AANO vuong tai N duwong cao NH nén ta co6 AH.AO = AN? (2)

Tt (1) va (2) suy ra: AB.AC=AH.AO (3)
+) AAHK ~ AAIO (vi AHK = Al0=90° va OAI chung)
L AH_AK L ALAK=AH.AO. (4)

Al AO

AB.AC

Tt (3) va (4) suy ra: ALAK = AB.AC = AK=

Ma A,B,C c6 dinh nén I ¢6 dinh suy ra AK c6 dinh, K 1a giao diém cua day BC va day
MN nén K thudc tia AB suy ra K c6 dinh.

c) Goi D la trung diéim HQ, tir H ké dwong thang vudng goc véi MD cat dwong thang MP
tai E. Chitng minh P la trung diém ME.
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Ta c6 F’/I\/IT?=900 (g6c noi tiép chan nira duong tron).
Xét AMHE va AQDM c6 MEH = DMQ (ciing phu véi DMP), EMH = MQD
(cung phu véi m)
Suy ra: AMHE ~ AQDM (g-g) = E = w *)
MQ DQ

APMH ~ AMQH (vi MHP =QHM =90°, PMH = MQH )

MP MH MH
o = =

MQ HQ 2DQ

(*)

o MP 1ME
Tt (*) va (**) suy ra =— = ME =2 MP
MQ 2 MQ
= P la trung diém ME.
Cau 5. g Al/ 2 5

Goi MN; EF 1a duong ndi trung di€ém hai canh d6i ctua hinh vudng (hinh vé)
Gia st duong théng d1 cit canh AB tai A1 cit MN tai I va cit canh CD tai B1. Ta ¢
cac ti giac AA1B1D va BCB1A:1 1a hinh thang va ¢ MI, NI Ian luot la cdc duong trung

binh ctia hai hinh thang do.
Khi dé
1
S EAD(AA1+ DB,) C2IM M

1
Saece, ;BC(AiB+BlC) 2IN- N2

Suy ra M _1 nén Ml o MN vay diém I ¢ dinh.
MN 3 3
Lap luan tuong ty ta tim dwoc cac diém H; J; K ¢6 dinh.
(I, ], H, K chia cac doan thang ¢ dinh MN, NM, EF, FE theo ti s& 1:2)
C6 4 diém c§ dinh ma c6 2019 duong thang di qua nén theo nguyén ly Dirichle it
nhat phai c6 505 duong thang dong qui.
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Pé s6 9

Caul.
1) x*-5x*+5x-1=0< (x—l)(x2 —4x+1) =0
x> —4x+1=0 (*)
f— .
x=1
Phuong trinh (*) c6 A'=3> 0 nén c6 2 nghiém phan biét.
Khong mat tong quat coi X, =1 thi X;, X, la 2 nghiém cua (*).

) 1 1 1 x*+x2 1
Ta co S:—2+—2+—2: L 22 —
X, Xy X (X1X2) X3

Ta c6 X2+ X2 = (X, +X,) = 2X.X,.
_ X +X, =4
Theo Viet ta c6
XX, =1

Thay s6: X + X5 =14.
Thay s6: S=15.

K(x-8) Jfa-Vx Vx-2.  x-9
i) |5z s [

_(4 IX _(3—&)(&+3)+(&—2)2+x—9
B '_J§+3J (Vx+3)(vx-2)
B \/;+3—\/;j_9—x+x—4x/;+4+x—9
U3 ) (Vx+3)(Vx-2)
3 X —4JX +4
_\/;+3'(x/§+3)(«/§—2)
s ()
_\/;+3'(\/§+3)(\/§—2)

3 Jx-2

Jx+3 Jx+3

3 XJ§+3
Ix+3 Jx -2

2) A=|1-
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(Yy-2x)1-y-x)=2x*-x (1)
X(y-)+3x*-y=2 (2)
(1) = (y-2x)A-y)—x(y—2x)-x(2x-1) =0

@(y_zx)(l_y)_x(y_l):o@(1-y)(y-x)=o@Bj(.

Véi y =1, thay vao (2) dugc: Ix° -1=2 < x> -1=8 < x =43,

Véi y =X, thay vao (2) duoc: X(X-1)+Ix* =x =2 x* =x+Ix* =x -2 =0.
Ditt =</x* —x , phuong trinh tro thanh:

t=1

t+t-2=0= (t-D(t*+t+2)=0<= .
(=T t+2) L2+t+2=0 3)

Phuong trinh (3) c6 A=-7 <0 nén vd nghiém.

Dodét=1=x’-x=1lx’-x-1=0<x=

1+J§:y_1+J§ .. 1-45 1-5
2 2

Véi x =" = y="""
> y

Voi X =

Vay hé phuong trinh da cho c6 4 nghiém:

(x;y)e {(—3;1)’(3;1),(“2\/5;1+2\/§j,[1_2£;1_2\/§j}

2. Phuong trinh xac dinh khi —% <x<12.

Phuong trinh da cho teong duwong véi

(x2—2x\/2x+3+2x+3)+(9—6\/12—x+12—x)=0
@( _J2x+3 ) (3—\/12 x) -0

—v2x+3=0 ()
3-V12-x =0 (2
x>0 x>0
()= x= J2x+3 & o x=3.
x?—2x—-3= O X=-1vx=3
(2)<:>\/12—x=3<:>12—x=9<:>x=3.
—/2x+3=0 =3
Vay X X <:>{X < X =3 (tmdk).
3-V12-x=0 [X=3

Két luan: Phuong trinh da cho c6 nghiém duy nhét x = 3.
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Ta co:
x%*y? —x* +5y? - 22x -121=0 < y*(x* +5) = x> + 22x +121
<y (x* +5) =(x +11)2.

Vi v (x +11)2 13 céc s6 chinh phuong nén X* +5 ciing 1a s6 chinh phuwong.

Dodédst x>’ +5=22 <o x*-7’=-5< (|x| —|z|)(|x| + |z|) =-5

Ta co |X| + |Z|;|X| —|Z| 1a cic wdc sO cta —5; X| + |Z| khong am nén |X| —|Z| l1a sO am.

{IXI+IZI =5 {IXI+IZI =1
Suy ra hoac .
[X|=fzl=-1""" {x|-[z/=-5

{|x|+|z|:5
THI: =|x|=2e x=%2.
x|=[z=-1

Véi x=2=y*x9=1F o y° =% (loai).
Véi X=2=y'x9=9" =y =9 y=13.
X +[z]=1
TH2: = |x|=-2 (loai).
[X|~[z]=-5
Vay phuong trinh da cho c¢6 hai nghiém nguyén (X;y) € {(—2; 3);(=2; —3)}.

, 1 1 1 1 5(1 1 1
2. Tacd: P=———F——+ + + S e I Tl
X°+y +z° 3xy 3yz 3zx 12\ xy yz zX
16 5 9
> T
X2 +y?+2° +3(Xy+yz+2x) 12 Xy+yz+2X
16 15

+ :
(x+y+z)2+xy+yz+zx 4(xy +yz+2x)

Hoc sinh chitng minh véi VX,y,z: (X +y+ Z)2 > 3(xy+ yZ + ZX).

(x+y+z)2
Suy ra xy+yz+zxsT.
16 15 16 15
=P 2 7= 20197 | 2019°
(xtysz)+ XHYFR (v 2] gnpge, 4.
3 3 3 3
P> 31 .Dé’u"="xéyrakhiX=y=2=%=673.
5435148 3
A 31 .
Vay P = khi X=y=2=0673.
5435148
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A
D
E
P Q
B//\ c
K F

1. D4t S,p. =a°.
T giac MQCF c6 MQ//FC; MF//IQC (gia thiét) = MQCF la hinh binh hanh
= MQ =FC. Chttng minh twong tu ta c6 PM = BK..

, . . . Seoy  (PMY’
Taco AEPM dong dang voiA ABCnén ——~=| — | .
ABC BC

a

x? (ijzjm_x
BC a

“(BC

2

7

Chting minh tuong tw, ta cd: + ADMQ dong dang véi A ABC nén % =Y,
a

+ AMKF dong dang véiA ABC nénﬁzz.
BC a
:>x+y+z_PM+KF+MQ_BK+KF+FC_BC_l
a BC BC BC
2
= X+Yy+z=a=S,5 =(X+y+2) .
2.
A
O
J
B D C
|
N\ K
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a) Trong (E) c6 MCA = MNC (1) (g6c gitta tia tiép tuyén va day cung va géc noi
tiép cting chan MC ).

Trong (D) c6 MBA = BNM (goc gitra tia ti€p tuyén va day cung va goc noi ti€p

cting chan MB )-

— — e — e~

— — _—

Do d6 BNC + BAC = MBA + MCA + BAC
=180° (tong ba gdc trong mot tam giac)
= Tt gidc ABNC ndi tiép (O).
= N thudc duong tron (O) do AABC noi tiép duong tron (O).
Tt gidc ABNC noi tiép (O) nén ANC = ABC (hai géc ndi tiép cting chan AC ).
Ma ABC = ACB (do AABC can tai A)
nén ANC = ACB hay ANC = ACM (2).
Tt (1);(2) suy ra m =m
= Ba diém A,M,N thang hang.
b) Vé duwong kinh AK ctia duong tron tam O. Goi J la giao diém caa AK va BC.
ABK = 90° (g6c noi tiép chan nira duwong tron tam O), ABD =90° (vi duong tron
tam D tiép xtic véi AB tai B) = B,D,K thang hang.
Chting minh trong tw: C,E,K thang hang.
Ta c6: AB=AC;0B=0C = A,O thudc duong trung truc caa BC
= AO L BC= BK = CK = BK = CK = AKBC can tai K = KBC = KCB
ADBM cén tai D (vi DB = DM )= DBM = DMB
AEMC cén tai E (vi EC=EM)= ECM =EMC
= KBC = EMC; KCB = DMB = KB//EM; KC//DM.
= Tt gidc DMEK 1a hinh binh hanh.
Ma | la trung di€ém cua DE nén | 1a trung diém cta MK.
AIMK vuong tai J c6Jl la duong trung tuyén = JI = KI.

JK ¢8 dinh nén | thudc duong thang cd dinh la duong trung truc ctia doan JK .

1. Khong mat tong quat giase p<q<r .

Voi p=2:2qr=q+r+162<4qr—-2q-2r=324

& 2q(2r-1)—(2r-1) =325 < (29 -1)(2r-1) =325=5-13.
3<29-1<2r-1=9<(29-1)* < (2r-1)(29-1) < 9< (29-1)* <325 3<2¢-1<18.
Do 2q—1 1a wéc ctia 5°-13 nén 2q—1e{5;13}.

va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Néu 2q-1=5< q=3=r =233 (loai).
Néu 20 -1=13 <> ¢ =7 = r =13 (théa man).
par=p+q+r+160 < p(qr—-1)—q-r=160
< (gqr-1)(p—1)+agr-1-q-r=160 < (qr-1)(p—1)+a(r—1)—(r—1)—2=160
< (gqr-1)(p—1)+(q-1(r—1) =162.
Néuple =q;r lé = (qr—1)(p—1)+(q—1)(r—1):4 ma 162 khong chia hét cho 4=
Vo ly.
Vay bo ba s& nguyén t6 can tim 1a (2;7;13) va cac hoan vi.
2. Ta x&p cac doan thang theo thtt tu c6 do dai ting dan a, <a, <....<a,.
Néu ton tai 3 doan thang a,;a,,,;d,,, thod man a, +a,,, >a,,, thi ba doan thang
nay c6 thé ghép thanh tam giac.
Gia st nguoc lai
a,+a, <a,
a,+a,<a,
a;+a, <a,
a,+a;<a,
a; +a, <a,
a, +a, <a,
Khi d¢6, theo gia thiét:
a, >10;a,>10=a,>20=a,>30=>a,>50=4a,>80=a, >130=a, > 210
, mau thuan vdi gia thiét.
Vay ton tai 3 doan thang a,;a,.,;a,,, Ma a, +8,,, >a,,,-

Do d6 ton tai 3 doan thang d& c6 thé ghép thanh tam gidc.

Pé s6 10
Caul.

1 Tacd 7-2J10=(\5—2); 9+42=(1+2/2)
va 892810 =(7-2J10)

A 11 +242) 4 1-(1+242)
Vi \[5—v2)] 71— |[7-2di)  V2HVBN2 7-(7-2410)
=i+£=i+i:\/§. Vay P =1/5.
5 2410 5 5
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2. Ta co:

[ 2 , 2
x__ L N2 +1c> x__ Nz +1_Zc>xyz=(z+\/zz+1)(\/22+1—z)c>xyz=1.
2+~22 41 Y y 2+~2% +1 y
Ta co: 1 = ! = L
Sy Exyz+1 xy I xyz 1 Sxy +/x+1

\/ﬁ+\/§+1 ﬁ(\/ﬁ+\/§+l) M+\/X_y+\/; 1+\/x—y+\/§

Jox +4z +1 \/X_y(\/ng/erl) \/xzyz+\/@+ﬂ \/§+1+\/x_y
R SR S S S AR

\/W+\/§+1 \/ﬁ+\/§+1 Jix++z+1 \/@+ x+1 1+ xy+\/§ \/;+1+\/@
1 . 1 N 1

y \/@+x\/ﬁ+l \/ﬁ+\/§+1 \/&+ z+1

Xz +£=\/22+1

z+VZ22+1 Y y

Cau 2.

1. Diéu kién xac dinh: xeR.

Va

Do dé6

Va =1 khi x,y,z>0 thoa man

2
+)Nhan xét x*+2>0 VxeR; Jx'+4>0 VxeR, x2+x+2=(x+%j +%>0 vxeR.

Do d6 ttr (1) suy ra x>0.

2 ﬁ( 2] X +4

Ph trinh (1 1+== =
uwong trinh (1) < x+ +X 15 X+ >

X X
2
<:>x+3+1=£ x+2 x2+i2c>x+g+1=£ x+2)[[x+2] -4
X 15 X X X 15 X X

Dit a=x+2 (diéu kién a>2+/2)
X

Khi d6 ta c6 phuong trinh < 15(a+1)=4+5ava’ -4 < 45(a+1)’ =16a* (a’ —4)
«16a‘ ~109a° ~90a—45=0<> (a—3)(16a° +48a” +35a+15)=0

<a=3(vil6a’+48a’+35a+15>0 Vva>22)

+) V6i a=3 ta co x+3:3c>x2—3x+2=0<:>[§:12 (thoa man dk).
X =
Vay phuong trinh c6 2 nghiém x=1, x=2.
xy =0
2. Dieu kién: 1 X+y21 (*),
x=0
2 2
Xx-y) -1 2(x+y-1 X -1 2(x+y-1
(x=y) -1, , 2x+y-1) . (x+y) -1 2(x+y-1)
Xy X+Y Xy X+Yy

Phuong trinh (1) <
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- - X2+ Y2+ X+
<:>(x+y D(x+y+1) 2(x+y 1)=0c>(x+y—1)( y y):0
Xy X+Yy xy(x+y)

S X+y-1=0< y=1-X (vivéi X, Yy thoa man dk (*) tacd X* +y>+x+y>0)
Thay Y=1-X vao phuong trinh thit (2) cua hé pt ta thu dwoc pt
4% +5(1-x) ~13+6v/x =0 < 4x2 ~5x —8+6y/x =0

<:>4x2—4x+1:x—6\&+9c>(2x—1)2 :(\/;—3)2

@[2x—1=\/§—3 [2x+2=&

<
2X—1=3-+x |4-2x=+/x

2
+) 2x+2=\/;<:>x+£+(\/_—%j =0 (phuong trinh v6 nghiém vi x >0).

X<2
4-2x>0 <2 174433 B
) 4-2=x & A o= ey
(4-2x)"=x  [4x*-17x+16=0 8
X=17—\/§
8
V6i xS V389 o man dicu kién (%),
17-+/33 /33-9
Vay hé pt da cho cé nghiém (x; y) lé:( 3 ; 3 ]

Cau 3.

1. Tw gia thiét ta co P(O)=%(Q(O)+Q(l))=0(1) va P(l):%(Q(1)+Q(O)) (2).

Tw (1) va (2) suyra P(1)=0.

Gia sit P(x)=a,+ax+a,x* +..+a,x", trong d6 a,,a,a,,..,a, 1a cdc s& nguyén khong
am.

Ta c6 P(l)=a,+a +a,+..+a,=0 vl a,a,8a,,..,8, la cac s6 nguyén khong am suy ra
a,=a,=a,=..=a,=0 dodo P(x)=0 vxeR.

Vi P(x)=0 ¥xeR=P(2)=0, P(3)=0 do d6 3P(3)-P(2)=0=P(3P(3)-P(2))=0.
2.Tacod (x-y-1)(x+1-y)+6xy+y*(2-x—y)=2(x+1)(y+1)

& (x—y) —1+6xy - Y2 (x+y-2)=2(x+y+xy+1) & (x+y) —y*(x+y-2)=2(x+Yy)+3

& (x+y)(x+y-2)-y* (x+y-2)=3 o(x+y-2)(x+y-y’)=3

Vi x,yeZ nén x+y-2; x+y-y* lacac wdc cua 3

4 X+y-2=1 y>=0 x=3
= N .
X+y-y> =3 x+y=3 |y=0
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X+y-2=-1 = = X+y—-2=3 2 _ =2
+) y 2 y =4 +) y , & y =4 = y .
X+y—y’= 3 X+Yy= 1 { = X+y-y =1 X+y=5 {X=3
y=2 y=2
=1
=0

4 {x+y—22=—3 {y =0 @{x
Xx+y-y'=-1|[x+y=-1ly
Vay cac cdp s6 nguyén (x; y) la (3,0); (3;-2);(-12); (7:-2); (3:2); (-10).

Cau 4.

1. Xét AHAM ta c6 DHM = DAM +AMH  (1).
Xét dudng tron (O) ta cd DAM =DMt (2)
T (1) va (2) ta c6 DHM = DMt + AMH.
Vi Mt va DH 1a céc ti€p tuyén cua (0')nén DHM =HMt  (3).
va HMt=HMD+DMt  (4)
T (1), (2), (3), (4) suy ra AMH = HMD suy ra MH la phan giadc cua goc AMD
Chttng minh tuong tw ta c6 MG la phan giac ctia goc BMC.

2. Xét (0°) c6 HGM = ANt (=%sdﬁ—l\/l\j.
Xét (0) c6 ECM = EMt (=%sd E’MJ
Suy ra HGM = ECM hay IGM = ICM = tu giac IMCG ndi ti€p.
Ta c6 EHI = EHA+ AHG (4).
va EIM =180° — MIC =180° - MGC = MGB = MGH +BGH (5).
Lai c6 AHG =BGH (6) (vi AH va BG déu la tiép tuyén cta (0'))
va EHA=DHM =MGH (7).

Tix (4), (5), (6), (7) suy ra EIM = MGH + BGH = EHA + AHG = EHI =EIM .
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3. Ta c6 CE la tia phan giac cia goc ACD (*) (vi EM 1a tia phan giac trong ctia goc

AMD :sdg&:sdﬁ))
Ta ¢4 EHI =EIM (chttng minh ¢ cau 4.2); AEHI va AEIM cé6 HEI = MEI va
EHI =EIM
El  EH
= AEHI ~AEIM(g—g):>m=E:>EI2=EH.EM (8)
Lai c6 EDH = DMH (vi EM 1Ia tia phan giac cua goc AMD = sdEA=sdED);
AEHD va AEDM c6 HED = MED va EDH = DMH = AEHD ~ AEDM (g—g)

D B D _EHEM (9)
EM ED
Tix (8), (9) suy ra El = ED nén tam giéc EID can tai E = EDI = EID (10)

DI cit (O) tai K, ta c6 EDI =%(sd@+sd AK) (11)

va ET):%(sdEﬁ+sdEé) (12)

Tir (10), (11), (12) va do sdEA=SsdED suy ra sd AK =sdKC = DK Ia tia phan gidc goc
ADC (**).
T (*) (**) suy ra | la tdm duwong tron noi ti€p tam gidc BCD.
Ro rang, HG diqua | 1a tam duwong tron ndi ti€p tam gidac BCD.
Cau 5.
1

1. Ap dung BDT (x+y+x)(£+£+—j29<:> L £1(1+E+EJ X,y,z2>0.
X Yy z X+y+z 9

X yr ot oxy yz oxz

Vi ab,c>0 ta co iz+i2+i2i+i+i, bat dang thic (1) dung ta can ching
a” b® ¢ ab bc ca

minh
1 1 1 1/ 1 1 1
=+ =+ - S—(—+—+—) (2).
ac+3bc+2c° ab+3ac+2a° bc+3ab+2b° 6lab bc ac
Taco (2)= ! =+ ! ~+ 1 2£1(a+b+cj
ac+3bc+2c® ab+3ac+2a° bc+3ab+2b° 6 abc
ab bc ac a+b+c
& + + <
a+3b+2c b+3c+2a c+3a+2b 6

. ab ab ab( 1 1 1) 1[ ab ab a)
Ta co = <= + = = < 2
a+3b+2c (a+c)+(b+c)+2b 9la+c b+c 2b) 9la+c b+c 2

Véy ab sl ab N ab +E (3)
a+3b+2c 9\a+c b+c 2
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Tuwong tu ta co

bc 1 ( bc bc b
< + —
b+ta c+a 2

<= 4);
b+3c+2a 9 " )()

ac sl ac N ac +£ (5)
c+3a+2b 9lc+b a+b 2

Cong theo vé (3), (4) va (5) taco

ab . bc L a 1 ab+bc+ab+ac+ac+bc+a+b+c _a+b+c
a+3b+2c b+3c+2a c+3a+2b 9 a+c  c+b  a+b 2 6

Vay BDT (2) dung do d6 BDT (1) dung.

2. GOi X, Xy, Xg,..., o la cac s6 phan biét duoc danh lién ti€p cho 10 diém phan biét
thugc duwong tron (O), X%, X5 ... X €{1:2;3,4;,5;6;7;8,9;10} . Gia st nguoc lai la
khong tim duoc 4 dinh nao thoa man khang dinh cta bai todn. Khi d6 ta cé:

X+ X+ X +X%, <21

X, + X+ X, + % <21

1%+ X, X+ X <21

‘xlo+x1+x2+x3§21

Ttr d6 suy ra 4(X + X, + X; +...+ X, ) <10.21= 210

10.11

Mat khactalaicd X +X,+X;+...4+ X, =1+2+3+...+10= 55

Suy ra: 4.55<210 < 220 <210 (v0 ly), do d6 diéu gia 1a sai.

Vay ta ludn tim duoc 4 diém lién ti€p dwgc danh sd ma tong cac s6 d6 16n hon 21.

bé s6 11
Cau 1.
1. Ta co \/aT’—Z 2b° =(\/;)3—(\/E)3 =(\/;—\/£)(a+ 2ab +2b).
Suy ra

2(a+b) Ja 2(a+b)-+a(va-2b)

Ja’ —22b°  a++2ab +2b (va~v2b}(a++2ab +2b)

a++/2ab +2b 1

(\/g—\/%)(a+\/ﬁ+2b) ) Ja—-+2b

\/a—3+2\/ﬁ_\/;:(\/g+\/%)(a—\/ﬁ+2b)_\/;
2b+x/% \/E(\/E+\/g)

_a—\/ﬂﬂb_\/g_a—%/ﬁub_(\/g— 2b)2
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Ja-) i
Tt dosuyra P= L ( ) =\/g \/E

Va-2b  2b V2b

Cach 2: bat X=\/;;y=\/g ta dwoc

2 2 3 3

P=(2X3 +}; -— X 2]{x2+y —x] voi x20,y>0,x#y.

X'—y X +xy+y )y +xy
2. Viba diém O, A,B tao thanh moét tam gidc nén m’>—4m-4#0 va 3m-2=0.
Toa do giao diém A cta d va Oz la A 22_&;0 =0A= 22_& .

m°—4m-4 m”-4m-—4

Toa 9 giao diém B cua d va Oy la B(0;3m-2)= OB =[3m-2|.
Do tam giac ABO vuong tai O nén S, , :%OA.OB :l‘i‘pm—ﬁ =1

2m*-4m -4

(3m—2)2 9m2—12m+4=2(m2—4m—4)
Do ds, 2 =2 &
m —4m—4| 9m”~12m+4=-2(m” —4m—4)
2 m=2
/m - —-4m+12=0 , -
= 2 (thda man)
1Im?*-20m—-4=0 m=——
11
Cau 2.

1.A= (3m—2)2 —4(2m2 —5m—3) =m’+8m+16 :(m+4)2 >0,vm. Do d6, phuong
trinh luon c6 nghiém, cac nghiém la x, =2m+1;x, =m-3.
Phuong trinh c6 it nhat mot nghiém dwong khi va chi khi
x; >0 2m+1>0
[xz >0 {
Cach 2: Do A>0,Vm nén PT luén c6 hai nghiém. Ta c6 thé giai bai toan nguoc:
“Tim m d€ PT c¢6 hai nghiém khong duong” DK nay tuwong duong véi
S<0 1
{PZOQ...QmS—E.
Cach 3: Do A>0,¥Vm nén PT ludn c6 hai nghiém. Yéu cau bai toan tuwong duong
X, 22X, >0
v6i PT c6 nghiém x,,x, théa man | x, >x, 20
X, >02x,

) {\/ZX—y—1+\/3y+1 —x+yfx+2y

x*=3x+2=2y" —y*(*)
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biéu kién: < x>0

Nhan xét:

=0 w 1A
\2x—-y-1 +\/x:0<:>{x , Khong thoa man diéu kién.
y=-LI

2
X==
3

\/3y +1+ \/x +2y =0 . Khong théa man phuong trinh (*) .

=73

Do d¢, ta co \/2x—y—1+\/3y+1=\/;+./x+2y
&\ 2x—y-1-Vx + By +1-/x+2y =0
- x-y-1 B x-y-1 _
J2x—y—T1+4x By +1+x+2y
< (x-y-1) L - 1 =0
Y 1/2x—y—1+\/; \/3y+1+\/x+2y
y=x-1
@ 1/2x—y—1+\/;:\/3y+1+\/x+2y

Véi y=x-1 thay vao phuong trinh (*) ta co

0

(x=1)2(x+2) = 2(x=1)° = (x—1)? @(x—l)z(x—5)=0@[x
X

x=1=2y=0x=5=>y=4

V6i \2x—y—1++x =By +1+/x+2y

s J2x—y -1+ By +1=x+/x+2y
J2x—y—T+Vx =By +1+x+2y

Cong v& véi v& hai phuong trinh ta dugc Vx =By +1 < y = XT_l

Thay vao (*) ta duoc (x—1)*(x+2) =22—7(x—1)3 —%(x—l)z

& (x=1)}(25x+59) =0 < x =1 do (x> 0).

Vay hé c6 cac nghiém (x;y) =(1,0);(5;4).

Cach 2: Binh phuong hai vé& PT th nhat

PT thir nhat < \[(2x—y—1)(3y +1) = /x(x+2y)
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& X —4xy +3y" —2x+4y+1=0< (x—y-1)(x-3y-1) =0.
Cau 3.
1. Bdta=x.c,b=y.c,(x,y >0). Tt diéu kién suy ra (x+1)(y+1)=4.

2 2
Khido, P=—X 4+ Y Xy X4y +3x+y) Xy

y+3 x+3 x+y xy+3(x+y)+9 x+y

3 (x+y)2 +3(x+y)—2xyJr Xy
Xy +3(x+y)+9 X+y

Do (x+1)(y+1)=4=xy=3—-(x+Yy).
Pat t=x+y,(0<t<3)=>xy=3-t va

2 2
3—t=xy£(xzy] :tz<:>t2+4t—1220:>t22 (do t>0)

t* +3t-2(3-t) 3-t t 3 3
+ =—+

Khi do, P= ——— v0Oi 2<t<3.
3-t+3t+9 t 2 2
Taco P>2 E.E—E:\/——E.
t 2 2

x+y=\/g
xy=3—\/g.

+1<1 (do 2<t<3).

Do do, P = J6 —% dat dwoc khi t=+/6 hay (x;y) 1a nghiém cua hé {

Talaicd P=

£-3t+6 t-5t+6+2t (t-2)(t-3)
2t 2t - t

X+y=2

Do do, P =1 dat duoc khi t=2 hay (x;y) la nghiém cua hé{ Sx=y=1

xy =1
2.Dit p’—4p+9=+t’(teN)

Bién d6i thanh p(p® —4)=(t-3)(t+3) (1)=p!(t-3)vpl(t+3)

Trieong hgp 1: Néu plt-3

Dt t—3=pk(k e N)

Khi d6 thay vao (1) ta co:

p(p2 —4) = pk(pk +6) < p> —pk> =6k -4 =0

Coi day la phuong trinh bac hai an p diéu kién can d€ ton tai nghiém cua phuong
trinh la:

A=Kk*+4(6k+4)=Kk*+24k+16 1a mdt s6 chinh phuong.

Mit khéc véi k>3 ta dé ching minh duoc (K?) <k* +24k+16 < (k> +4)
Suy ra cac trueong hop:

4 (1.2 2 2 _ .
k'+24k+16 = (K +1) < 2k* -24k-15=0 (loai)
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4 (12 2 2 _ .
k' +24k+16=(k* +2) < k*~6k-3=0 (loai)

2
K*+24k+16 =(K* +3) < 6k’ —24k-7=0 (loai)
Do d6 phai cok <3. Thw truc ti€p duwgc k=3 thoa man.
Tirdotacd t=36;p=11.
Luu §: HS c6 thé 1am nhw sau khi thay vao (1)
p(pz—4)=pk(t+3)<:>k(t+3)=p2—4:>p2=kt+3k+4
Mt khac ta ¢6 (t—3)° =p’k® = t* =6t +9 =k*(kt + 3k +4)
ot —t(6+k3)+9—3k3—4k2:0

Coi day 1a phuong trinh bac hai an n diéu kién can d€ ton tai nghiém cua phuwong
trinh la:

A=(6+K) ~4(9-3K ~4k?) =K® +24K° +16k> =k* (k* +24k +16) 1a mot 55 chinh
phuong. Mudn vay thi k* +24k+16 phaila mot s6 chinh phuong.
Sau d¢6 cach lam giong nhu trén.
Truwong hop 2: Néu plt+3
Dat t+3=pk(keN)
Khi d6 thay vao (1) ta c6: p(p” —4) = pk(pk —6) < p* —pk’ +6k -4 =0
Coi day la phuong trinh bac hai 4n p diéu kién can d€ ton tai nghiém ctia phuong
trinh la: A=k*-4(6k-4)=k*-24k+16 la mot s§ chinh phuong.
Mit khdc v6i k >3 ta dé chimg minh duoc (k*—4) <k -24k+16<(k*)" Suy ra
cac truong hop:

2
k*-24k+16=(k*~1) < 2k* -24k+15=0 (loai)
k' —24k +16 = (K* - ) ~6k+3=0 (loai)

k*-24k+16 = (k- )<:>6k2 24k +7 =0 (loai)

Do d6 phai ¢6 k <3 Thuw truc ti€p duwgc k=3 thda man.
Tir d6 suy ra t=3;18 tuwong tng p=2;7.
Vay tap tat ca gia tri p can tim la {2;7;11}
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A F
0
P Q
L~ \\
K
B 15 C
M F

1.

a. Xét hai tam gidc ADB va ACE co ACE = 90° (chan % dwong tron) nén

ACE = ADB = 90°.
Hon nita ABD = AEC (ciing chin AC ). Suy ra AADB o AACE

Ttr day ta co ti 1 thirc AD = AB = AD.AE = ABAC.
AC AFE

b. Ta C(')P/FTQ: BAE (cing chan 1/3_;'7)

Mit khic BAE = BAD + DAE ma BAD = EAC vi AABD » AAEC
Nén BAE = BAD + EAC = DAC.

Do do6 %:}%

—_—

Suy ra t& gidc APQF njiti€p= FAQ = FPQ

Vi FAQ = FBC (cung chan Z/TE’)nén FTDZ) — FBC suy ra PQ / /BC.
c.Taco ABAC = AD.AFE.

Suyra ABAC — AD.AK = AD.AE — AD.AK = AD.KE.

Kéo dai AD cit (0) taiM .

Xét AAKB va ACKE = AR = % = AK.KE = KB.KC

CK

AD _ cp

AADC » ABDM = BD = AD.MD = BD.CD.

Mat khac AME — 90° (chin %du’(‘mg tron)
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Suyra ME 1 AD ma DK 1 AD nén DK / /ME.

Ap dung dinh ly Talet trong AAME ta duwoc AD _ A—K
DM  KE
Do dé AK.DM = AD.KE .

— BD.BK.CD.CK = (BD.OD) . (CK.BK).
— (AD.MD).(AK.KE) — (AD.KE).(AK.MD) — AD>.KE>

— VBD.BK.CD.CK = AD.KE
Vay AB.AC — AD.AK =\BD.BK.CD.CK .

—

2. Xét AABC ¢6 BAC =90°,ABC =20" = ACB =170°

—

AACF c6 CAF = 90°, ACF = 30° = FC = 2.AF
Goi D la trung diém ctia BC va G la diém trén AB sao cho GD L BC'.
BD BA

Khi d6, AABC ©» ADBG = — = —
BG BC

GOB = GBC = 20°= GCF — 20°.

B 'D

—_

Do d6 CG va BE lan luot 1a tia phan giac ctia BCF va ABC nén

FC BC BA AE
FG BG BC EC

1 1
car P 5BC  Bp A AE  AF  AE

Do do¢, = = = = = = =
FG FG BG BG BC EC FG EC

Tt d6 suy ra CG / /EF (DL Talet dao)= CFE = GCF = 20 .

Cau 5.
V6i 5 s6 ty nhién d6i mot khac nhau tuy y thi ¢ hai truong hop xay ra:
+TH1: C6 it nhat 3s0 chia cho 3 ¢6 sd du gidng nhau = Tong ba sd tuong ting chia
hét cho 3.
+TH2: Cé nhiéu nhét 2 sd chia cho 3 ¢6 sd du gidng nhau = Co it nhat 1 sd chia
hét cho3, 1 sd chia cho 3 dwl, 1 s6 chia cho 3 du 2. Suy ra ludn chon dwgc 3 s6
6 tong chia hét cho 3.
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Do d6 ta chia 17 s0 1a s6 bao danh cua 17 hoc sinh thanh 3 tap c6 lan luot 5,5,7
phan ta.

Trong moi tap, chon duoc 3 s6 co tong lan lwot 1a 3a,,3a,,3a, (al, a,,a, €N )
Conlai 17 —9 = 8 s0, trong 8 s con lai, chon tiép 3 sd c6 tong la 3a, .

Con lai 5 s6 chon ti€p 3 s6 c6 tong la 3a, .

Trong 5 s6 a,,a,,a,,a,,a, c6 3 sO a,,a,,,a., co tong chia hét cho 3.

Nén 9 hoc sinh trwong tng cd tdng cac sd bao danh la ?)(ail +a,, + ai3)39

Dé s6 12
Caul:
1. D4t x = §3+ 242 + Y3 - 242 =a+bkhi dé
X =(a+b) =a'+ b+ 3ab(a+b) =3+ 242 +3- 242+ 3(3+ 22)(3 - 22) x

= x’=6+3x < x*-3x=6 (1)

Dt y = 317 + 1242 + {17 - 1242 =c+d khi d6

y=(c+d)=c+d*+3cd(c+d)=17 + 122 +17 - 122 + 33/(17+12\/§)(17—12\/§).y
=>y'=34+3y oy -3y=34 (2
Te(l)va@)suyraA= X+ Yy’ =3(x+y)=x+y’—=3x -3y =6+ 34 =40

2.Tacéi+1:1<:>2(m+n): mn < 2(m+n)=mn
m n 2 2mn 2mn

Taco (X +mx+n)(x+nx+m)=0< Xz+ mx+n =00
X“+nx+m=0 (2)

Phuong trinh (1) 1a PT bac hai ¢ A, = m’ - 4n

Phuong trinh (2) 1a PT bac hai ¢§ A, = n* - 4m

Do dd A+ A,=m?—4n+n?—4m=m?+n*-4(m+n)=m?+n®-2mn=(m-n)" >0

Suy ra trong A, va A, c6 it nhat mot s8 16n hon hoéc bang 0.

Vay phuong trinh da cho lu6én cé nghiém

Cau 2:

. {x2+ xy+y=1 (U
CVx-gfy+ ax=5 (2)

Cach 1:

PT(1) & x*+xy+y—-1=0 (3)

PT (3) la phuong trinh bachaidnx c6 A = y* -4y + 4 =(y - 2)2 >0

.Dbiéu kién x>0
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Do d6 PT (3) c6 hai nghiém x = -1 (loai vi x20), Xz—g =1-y (diéukiény < 1vix > 0)

= y=-x+1. Thay y =-x+1 vao PT (2) ta c6

VX =3 x+1+4x=5 X -1+ x-1+4x-4=0
X—1 3(X_1)2 [ 2

o +3x-1+4(x-1)=0 < 3x-1|——"—+1+4}(x-1) |=0
\/§+1 ( ) \/;+1 ( )

3Ix-1=0

“ X 1 +1+4,3/

x+1

= x =1 (TMPK) suy ra y =0 (TMDK)

Vay hé phuong trinh ¢6 nghiém (x ; y) 1a (1; 0)
Cach 2: dat diéu kién nhu cach 1

PT(1) & xX°+xy+y-1=0

< (x+1)(x-1)+y(x+1)=0

o (x+1)(x-1+y)=

{x = —1(loai)
=
y=1-x

Thay y=1-x vao (2) ta dwoc
Jx-3-x+4x=5
Ux=1+4x=5 (3)
Ta thay x=1 la nghiém cua pt (3) khido y=0
Néu x>1 thi v€ trdi 16n hon 5 nén pt (3) khong c6 nghiém 16n hon 1.
Néu 0<x<1 thi v& trai bé hon 5 do d¢ pt (3) khong c6 nghiém 0<x<I.
2. 2x° + X+ y+1=x2+ 2y +xy & X =x(2y -y +1)+ 2y’ -~y -1=0 ()
Cach 1:
Dat 2y>— y +1=a,khi d6 PT (1) tro thanh < xX*—ax+a—-2=0 (2)
Phuong trinh (2) c6 A =a?-4a+8=(a—2) +4
Phuong trinh (1) c6 nghiém nguyén < Phuong trinh (2) ¢ nghiém nguyén
= A la s6 chinh phuwong
Dit (a-2)'+4=k* (keN) ok~ (a-2)=4 o (k+a-2)(k-a+2)=4
Vi (k+a-2)+(k-a+2)=2k lasd chdn va co tich cling 1a s8 chan nén (k+a-2) va
(k—-a+2) la sd chan.

 |k+a-2=2__ |[k+a-2=- k=2__ [k=-2
Do d6 hoac & hoac
k-—a+2=2 a=2 a=2
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a+vk? 2+2

= 2
Vay phuong trinh (2) c6 2 nghiém la 2 2
a-+k? 2-2
= = =O
2 2
Tacd 2y’ —y—-l=a=2< 2y°-y-1=0 ©2y°-2y+y-1=0
y=1
< (y-1)(2y+1)=0<|  1.Tachon y=1(viy e Z)
S22

Vay nghiém nguyén (X ; y) cua phuong trinh 1a (2; 1) va (0; 1)

Céch 2: C6 thé phan tich dwa vé phuong trinh wéc s6 (cac ban tw giai)

Cau 3:

1. Goi AA, lahai di€m xa nhau nhat trong cac diém thudc tap hop 8073 diém da cho.
Gia st A, 1a diém cach xa doan thdng A A nhat. Khi d6

Tam giac AA, A la tam giac 16n nhat va cé dién tich khong lén hon 1

V& cac duong thang di qua cac di€ém A, A;, A Ian luot song song véi cac canh ctia
AAA A,

Ta dugc 4 tam gidc nho bang nhau va mot tam gidc 16n chita ca 4 tam gidc nho

Tam giac 16n c6 dién tich khong qua 4 don vi. Do d6, tam gidc 16n chira tat ca 8073 diém
da cho

Ta c6 8073 chia cho 4 duwgc 2018 va dw 1a 1 nén theo nguyén ly Dirichlet suy ra c6 it nhat
1 trong 4 tam giac c6 1 tam giac chira 2019 trong 8073 diém da cho.

2.Dat P=a\b®+1+byc+1+ca*+Lsuyra

2P =2a\° + 1+ 2b\/c® + 1 + 2c\/a’ + 1=

2a,/(b +1)(b*~ b +1)+ 2b,[(c +1)(c*— ¢ +1) + 2¢,(a + 1)(a* - a +1)

<a(b’+2)+b(c’+2)+c(a’+2)=ab’+bc’ + ca’+6=Q +6
Khong mat tinh tong quat, ta gia skt b <c < a tacd
b(a—c)(c—b)>0« abc + b’c > ab®+ bc? < ab®+ be® + ca’ < abc + b’c + ca’

Do d6 QSabc+bzc+ca2s2abc+b2c+caZ:c(a+b)2:4caJ2rb.aJ2rb

4

4( a+b a+b) 4(a+b+c) 43
<—|C+ + = = =
27 2 2 27 27
Do d6 2P <10 < P<5.Dau “=" xayra < a+b+c=3, b<c<a, 2c=a+bh, abc=2abc
<b=0,c=1 a=2.

Cau 4:
a) Taco AD L BC tai D (vi AABC vuong can tai A)
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~ ANM = APM = 90° nén AMNP 13 tir gidc ndi tiép (1)

NAP = NHP = 90° nén NAPH 1a tir gidc noi tiép (2)

Tk (1) va (2) suyra N, A, P, H, M cung thuoc mot duong tron
— AMH + APH =180° va ANM = APM = 90° nén

AMNP 12 t& gidc noi tiép (1)
Ta cé APC = MDC = 90° nén AMNP la ttr gidc ndi tiép

— ~

Suy ra I/:’;: C/Z\l ma 61 = MBD (vi AD la trung truc ctia BC)
— MBD =P,

1

Ta c6 AMB = ADB + MBD = 90°+ MBD ma MBD = P

Suy ra AMB =90° + P = APM + P, = APH = AMB + AMH = APH + AMH =180°

Do d6 B, M, H thang hang = AH | BH
b) Ta c6 IBA = BAD = 45° (vi Bl // AD )

Tam giac ADB vudng tai D c6 DI la trung truc nén DI 1a phan gidc goc ADB
= ADI = BDI = 45°. Do d6 IBA = IDA (= 45°) = A, I, B, D cing thudc mot dwong tron

©)

Ta c6 AHB = ADB = 90° nén A,/ H, D, B cung thu¢c mét duong tron (4)
T (3) va (4) suyra A H, D, B, | cung thu¢c mét duong tron

— IHD + IBD =180° = IHD = 90° (vi IBD = 90°) lai c6 NHD = 90°

Do dé H, N, I théng hang.

2.

v Céch 1:

Ké AD la dudng kinh ctia duong tron (O)

Xét 2 tam giac vuong AHBA va ACDA

6 B, = D, (vinéi tiép ciing chin AC)
nén AHBA» ACDA (g.g) = HB = ﬁ: HB.AD = AB.CD
Ch AD
Tuong tw AHCA = ABDA (g.g) = H< = 2 _ {ic AD = ACBD
BD AD
HB _AB DC

HC AC DB

Do do (1)

Ta c6 AAMB @ ACMD (g.g) = NB = AB = MB.CD = MD.AB
MD CD

Tuong tu MCE _AC _ MC.BD = ACMD
MD BD
MB _ AB DB

Do dé6 = .
MC AC DC

)

TAI LIEU TOAN HQOC
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. HB _MB _AB(DC DB)_ AB, |DC DB AB
Ta co + > 2. . = 2.
HC MC AC\DB DC) AC VDB DC AC
Ddu "=" xayra & DB = DC < AB = AC < AABC can tai A
v/ Céch 2: (Cach nay ai khong thich thi x6a di nha. Do minh copy nén dé nguyén trang)
Goi I 1a giao diém cua AH véi duong tron (O). Ké duong kinh AD.
Ta co ABD = ACD = AID = 90°. Do d6 BC // DI = BI =CD

_—~ o~

= A=A T2
Ta c6 DIBC la hinh thang can nén CD =BI, CI=BD
Xét AAHB va AACD ¢6 A = A,, AHB = ACD (= 90°)

B H \M ¢
HB
= AAHB »AACD (g.g) = EZE (1) \M

Xét AABD va AAHC c6 BAD = HAC, ABD = AHC (= 90°)

BD AD
= AABD »» AAHC - ==

(8-8) e - AC ()
HB BD AB AD AB HB AB CD

. = . = = = .
CD HC AD AC AC HC AC BD

Tt (1), (2) suy ra

3)
Xét AABIva AAMCc6 A = A,, AIB = ACB (: %sdz—c\j

B
AABI &2 AAMC _
= (g-g) = e - AM ( )

Xét AABM va AAIC c6 BAM = IAC, ABC = AIC (: %sdﬁj

MB AM
= AABM 2 AAIC (g.g) > —=—— (5

(8-8) Cl AC()
BI MB AB AM_AB:MB ABQ()
MC CI AM AC AC ~MC AC Bl

HB MB AB? CD Cl AB2 CD CI AB?

Tt (4), (5) suy ra

Tt (3) va (6) suy ra = 1CD=BI, CI=BD
(8) va (6) suy HC MC AC2 BD BI C?2'BI BD AC? (v )
Ta 6 1B fHB MB _ f

HC 'MC
Dau “=" xay ra < = HB _MB < H=M

HC MC HB + HC MB + MC BC BC
< AABCcantai Al
Dé s6 13
Cau1:
Ta co:

1 2+4/3
= =2+3
2-J3 4-3
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5 _2(3+\/§)_1 NE
3.3 9-3 3

= A=2+.3- (1 gj—i—z ++/3- 1—i

= A=1

Cau 2:
a) Phuong trinh BC c6 dang y=ax+b di qua B va C nén c6 hé phuong trinh

3=Db
0=6a+b
1 \ \ \ < \ 1
= a= -5 va b =3=phuong trinh duong thang BC la y = _EX +3
Phwong trinh hoanh d¢ giao diém cta d,va BC la: mx-2m+2= L X+3

& (2m+1)x=2(2m+1)< x=2 do m¢—% nén giao diém la K(2;2).

b) Ta c6 Sgge = %OC.OB - %.3.6 =9 (dvdt)

Néu d,, cat canh OC tai D thi d chia thanh hai
phan d6 1a tam gidc CDK va t& giac DOBK ma:

Scok <Scok = %|XK |OC =3< SO% nén khong thé

0 B
nhan duoc. /E

Khi d, cat canh OB tai E thitacéd: y. =0 va X, = Z—Ed‘f)ng thoi thoa:
m

O<2—£<6

m
= Syes = | |EB— 2.|%g — Xg|
d_ chia tam gidc OBC thanh hai phan c6 dén tich bang nhau khi va chi khi:
Sues = 4+% = % < m=4 (thda diéu kién).

Cau3: a)Diéukién: 9-x*>0 va 3—X20<:>|X|S3<:>—3SXS3

Ta co

244849 X =4(3-x+ 23 x\3+x +3+x) =4(VB-x +4B+x)
Nén phuong trinh tré thanh: 2(v3-X+v/3+X) =x+2J3-x+4
Hay 2+/3-x = x+4

& 3+x-231x+1=0 (V3-x 1) =0 3+x =1 x=-2(thoa)

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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b) Diéu kién: x #1;y # -3, bién d6i phuong trinh thit hai thanh: il-'_% =13
x-1 y+
12X +7Y =19 X =1
bat X = L;Y = ta c6 hé phueong trinh =
x-1 y+3 8X +5Y =13 Y =1
1

1 —2
Vay Xl 1 = {yx_ S = hé ¢ 1 nghiém (2;-2)
L -

Vi3 =

Tong cdc s6 tai cac 0 bi mo s6 1a 100—(40+9+7) =44

Tong s& diém trong 100 Ian bén 1a 8,35.100 = 835

Tong s diém tai cac vi tri 6 khong bi mat sd la 9.40+6.9+5.3 =449

Suy ra tong s diém ban dwoc tai vi tri cdc 6 bi mat 13 835—449 =386, day la so

chan

Suy ra tai 6 7 diém s& Tan ban chi c6 thé 1a s chén, vi vay chi c6 3 kha nang 1a 10,

12, 14.

Goi x, y lan luot la s6 Tan bin duoc 10 diém va 8 diém

Diéu kién: x,y e N;20<x<30;10< x < 20

Truong hop 1: O 7 diém nhan gid tri 10, khi d6 theo d@é bai ta c6 hé phuong trinh.

{ X+y=34 { X+y=34 {x:22
=S =S

thoa diéu kién
449+10x+8y+70=835 10x+8y =316 y=12

Truong hop 2: O 7 diém nhan gia tri 12, khi d6 theo dé bai ta c6 hé phuong trinh

{ X+y=32 { X+y =32 {x=23

< & loai
449+10x +8y+84 =835 10x+8y =316 y=9

Truong hop 3: O 7 diém nhan gia tri 14, khi d6 x =20 va y = 10 suy ra
Tong s& diém ban duoc la:
20.10+9.40+8.10+7.14+6.9+5.7 =827 khong phu hop

Vay chit s6 hang don vi tai cac 6 10 di€ém, 8 diém, 7 diém lan luot la 2, 2, 0

a) Ta c6 MA? ~MD? =(MA+MD)(MA-MD)

Ma MA+MD=DAMA-MD=MB-MD=DB nén
MA? — MD? = DA.DB

b) Do M la trung di€m AB nén OM 1 AB

= OD?=0M?+MD? va OM? = OA? - MA?

= OD’ = OA’ —(MA’ ~MD? ) = OA’ ~DADB (1)

= OA?-0D? =DADB
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Tuong tu ta cling c OA* —OE? = EAEC (2)
Ma theo gia thiét ta c6 OD = OE nén ttr (1) va (2) cho ta: DA.DB =EAEC
¢) Do G,H,K Ian luot 1a trung diém ctia cac doan BE, CD va ED nén

KG//AB va KH //AC = GKH = DAE (3)

Madc khac theo tinh chdt duong trung binh ta cé:

KG 1 , KH 1 , KG DB

—=—va——=—nén —=—— (3)

DB 2 EC 2 DB EC

DB EA KG AE
SR a 0

EC DA KH AD

Tt (3) va (4) cho ta hai tam giac AED va KGH dong dang nén KGH = AED.

Ma KH //AC nén EKH = AED.

Theo cau b: DA.DB =EAEC =

Suy ra KGH =EKH nén ED la tiép tuyén ctia duong tron ngoai tiép tam giac
GHK

T hai hé thirc da cho, xem zla tham s6 giai hé phuong trinh 2 an X,y theo z ta

duwoc
7+2 . 272-3
= —F—-Va -
22-z7+1 22-7+1
=2X-y= 222+4 2278 __ 7 = diéu phai chitng minh.

22741 22-z+1 22-z+1
1) 3
Do ZZ_Z+1:(Z_E) +Z>O nén tir hé thic (2x—y)(zz—z+1)=7 cho ta
2x—-y>0.
Ma x,y,z€Z suyra z°-z+1=7 hodc z° -z+1=1.
Truong hop 1: 2°—z+1=7
Tacd 2°-7-6=0<(2-3)(z+2)=0=>2=3;z=-2.
Véi z=3= x=g (loai).
Véi z=-2=x=0 va y=-1 (nhan).
Truong hgp 2: 2°-7+1=1<7"-7=012(z-1)=0=12=0;z=1.
V6i z=0=x=2 va y=-3 (nhan).
Véi z=1= x=3 va y=-1 (nhan).
bé s6 14

a) Ta c6 A=(3+2\/§)\/33—12\/5—,3/(1—2\/5)3 =(3+2J§)\/33—12\/4+2\/§
=(3+2J§)\/33-12 (J§+1)2 =(3+2v3)v21-1243 =(3+23) (3—2J§)2
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=(3+2V3)(213-3)=3

b) DKXD: X, y=0. Ta co
X3/x —6x+12+/x 8= y\/y@(x/;—Z)S =(\/§)B ey =vx-2

Thé  vio  phuong  tinh  th¢  hai  ta  duwoc
x—zﬁ—lz2&—4@(\&—1)(&—3):0@{:;

V6i x=1 thi \Jy=-1 (loai). Véi x=9 thi \Jy=ley=1 Hé 6 nghiém
(xy)=(91).

a) Ta c6 phuong trinh tuong duong (x—2)" —2|x-2+m+1=0. Dat

x—2|=t>0.
1) Ta ¢6 phuwong trinh t*-2t+m+1=0(*). D€ phuong trinh ban dau c6 4
nghiém phan biét thi phuwong trinh (*) phai c6 2 nghiém duwong phan biét. Khi do

A'>0
-m>0

2>0 = & -1<m<0.
m>-1

m+1>0

2) b) Goi phuong trinh duong thiang (d):y=ax+b. Vi (d) di qua M (0;3) nén
(d):y=ax+3. Hoanh d giao diém cta (d) va (P) la nghiém cta phwong trinh
x* —ax—-3=0, do 1.(-3)<0 nén phuong trinh x*-ax-3=0 ludn c6 hai nghiém
phén biét hay (d) cat (P) tai hai diém phan biét A va B c6 hoanh d6 x, va X,.

xA+x_B:33. Khi d6 toa do A(x,ix2), B(Xsix5), C(x4:0),

XaXg

3) Theo Vi-ét thi {
D(xg;0).

(AC+BD)CD (X +%)y(Xs—%)’
2 - 2

5) = [ (X% ) =26 | (%% ) 4%, =40=> (a® +6)a? +12 = 0.

6) Dit Va’+12=t tacd t°—6t—40=0<> (t-4)(t*+4t+10) =0

4) Tacd Suuep = =20

7) e (t-4)[(t+2) +6|-0ot-4=Va+12 =4 a=12
8) Phuong trinh duong thang (d):y=-2x+3;(d):2x+3.
a) Ta c6 phuong trinh twong duong (x+1)° +(x+y +2)” = 25.

9) <:>(|x+]4)2+(|x+ y+2|)2 =25=0?+5% =3?+42

10) Xét cac treong hop sau
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11) THI1: {|X+y+2| = (xy)e{(-5-6),(-14)}.
12) TH2: {|X+y+2| =(xy)e{(-6:4).(4-6)}.
13) TH3: {|X+y+2| = (% y)e{(2-8).(2,0),(-46),(-4-2)}.
14) TH2: {|x+13tz|= = (xy)e{(3-8).(3-2),(-5-6),(-5:0)}.

15) b) Goi sd tw nhién can tim la M=(a+b+c+d)3 theo bai ra
1000 < abcd < 9999.

16) Dat a+b+c+d=n=1000<n°<9999 < 10<n<21.

17) Mt khac %:999a+99c+90+n:n3:>(n3—n)59<:>(n—1)n(n+1)59. Do d9,
trong ba s6 n-1L,nn+l phai ¢c6 1 s6 chia hét cho 9, két hop vdi
10<n<21=ne{10;17;18;19}.

18) Véi n=10=>a+b+c+d =10=> abcd =1000 (loai).

19) Véi n=17 = a+b+c+d =17 = abcd = 4913 (théa man).

20) Véi n=18=a+b+c+d =18 = abcd =5832 (thda man).

21) Véi n=19= a+b+c+d =19 = abcd = 6859 (loai).

Cau3: a) Ap dung phuong tich duong tron B
ta cd6 AB? = AD.AE. Ap dung hé thitc trong tam = | o
giac ABO vuodng tai B, AH la duong cao c6 K D
AB? = AH.AO 0 D E
= AH.AO = AD.AE
=>— AH _ AD = AAHD # AAEO
AE  AO c
— AHD = AEO nén t& gidc OEDH
ndi tiép.
b) Goi | la. giao diém cua AE va BC. Ta 6

AHD = DEO = ODE = OHE = BHD = BHE.
Suy ra HI la phan gidc ngoai cita ADHE ma HI L AH nén HA la duong phan
giac ngoai cia ADHE.

HD _DE _ID

Do dé ma PQ// BK nén A, P,K thing hang.
HE AE IE

Cau 4:
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Puong chéo BD cit AN, AM Tan luot tai P va Q. Ta cé PAM = PBM =45° nén
t& gidc ABMP noi tiép. Suy ra PMA=PBA=PAM =45° = AAPM vudng cAn.
Twong  tw NDQ=NAQ=45° nén t& giac  ADNQ ndi  tiép
:CT@\:CTDTA\:@N:%" = AAQN vuong can. Ké PH_LAM tai H
= HA=HM =PH hay AM =2PN.

Swo PH.AQ PHNQ 1 e

Ta co = _ 1o L
SAMN NQ-AM NQ_ZPH 2 AMN APQ

Cau 5:
Ap dung bat dang thikc Co-si ta 6

a+l (a+1)b? (a+1)b* ab+b
bz+1_(a+1)—Ws(a+l)—T_(a+1)— >

1 bc+c c+1 ca+a
Twong tu ta cting co <(b+1)- : <(c+1)- )
Cong theo v€ duoc
a+l b+l c+1 ab+bc+ca+a+b+c ab+bc+ca+3
——+——+——2>a+b+Cc+3- >6—
b°+1 c¢“°+1 a“+1 2 2

Mit khéc ta c6 BDT (a+b+c)2 >3(ab+bc+ca) < ab+bc+ca<3.

a+l b+1 c+1

Do d6 ——+——+—
b°+1 ¢ +1 a“+1

>3. Ddu “=" chi xay ra khi va chikhi a=b=c=1.

bé s6 15
Caul: (4,5 diém)
1) Ta co:

{x—y:m+1 {3x—3y=3m+3 {x=2m {X:Zm

& =S = (YmeR)
2X—-3y=m+3 2X—-3y=m+3 y=x-m-1 y=m-1

Ta co: P=x*+8y=4m’+8(m-1) = 4m’ +8m -8 =(2m+2)’ 12> -12

Dau “=" xay ra khi 2m+2=0 < m=-1 Gid tri nho nhat caa P la -12 khi

m=-1
22 —y) +2xy =1 2xy =1—(x—yY
%) Ta 6 X +y° =1 - (x—y) +2xy ol (x-y)
X -yi=-1  |(x-y)(L+xy)=-1 [(x-y)(2+2xy)=-2

Suy ra (x—y)[2+1—(x—y)z}:—2<:>(x—y)3—3(x—y)—2:0
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<:>(x—y—2)(x—y+1)2:0

Xét x—y=2:>xy=—g:>x(x—2)=—g<:>2x2 —4x+3=0 V6 nghiém.
Xét X —y =—1= Xy =0. Suy ra hé c6 nghiém (X; y)e {(0;1),(—1;0)}

Cau2: (4,5 diém)
1. Ta co:

X' —9x*+24x* —27x+9=0 (*)
Véi x=0, (*) < 0x+9=0 (phwong trinh v6 nghiém).

Véi x#0 chia 2 vé& ctia phuwong trinh (*) cho X*.

2 X X

2
*) < x2—9x+24—£+i=0=<:>(x+§j —9(x+§j+18=0
X X

x+§—3=0

<:>(x+§—3j(x+§—6j=0<:> X
X X 3
X+——6=0

X
x* —3x+3=0 (vo nghiem)
x=3+J€
x=3-6

=
x2—6x+3:0<:>[

2. Ta co:

E+E+£+324( a + b + ¢ j
b ¢ a a+b b+c c+a

@(E+1j+(9+1)+(£+1j24( a + b + ¢ j
b C a a+b b+c c+a

a+b 4a b+c 4b c+a 4c
- + - + - >0
b a+tb ¢ b+c a c+a
2 2 2
(a—b) +(b—c) +(c—a) >0
b(a+b) c(b+c) a(c+a)

Ludn dang vi a, b, cla cac s6 duong. Dau bang xdy rakhia=b=c.

Cau 3:

1) Céch1:1:£+1<:>bc:a(b+c) 1)
a b c

TH1: Néu a 1a s6 nguyén chdn, suy ra a(b+c) :2, theo (1)Suy ra: b.c :2
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Vay abc chia hét cho 4

TH2: Néu a 1a s6 nguyén lé. VGi b va c 1a hai s6 cling 1é thi: b+c:2=a(b+c):2
Ma ab.c khong chia hét cho 2 (vi a, b, c déu 1é). Suy ra mau thuan.

Vay trong hai s8, b, ¢ ton tai it nhat 1 s& chn.

+ V6i b chdn, ma a 1é nén c chdn (vi b.c chdn nén a(b+c) chan suy ra c chdn, vi a

1é)
Suy ra abc chia hét cho 4
+Véi c chdn, trong tw abe chia hét cho 4

Céch 2:

D |~
ol

<be=a(b+c) < abc=a’(b+c) (2)

ol

+
Ta thdy a, b, ¢ khong thé déu la s 1é vi néu vay thi abc 1a s6 1€, con b+c 1a sd
chan.

Vay trong 3 s ton tai it nhat 1 s6 chén.

Néu a chén thi a?chia hét cho 4, tir (2) suy ra abc chia hét cho 2.

Néu b chdn, do a 1é nén b + c chdn (vi abc chdn) suy ra ¢ chdn. Vay abc chia hét
cho 2.

Twong tu cho treong hop c chan.
2. Cach 1: Dung ham Ole:

Phan tich s6 m ra thira s6 nguyén t6: m= p,*.p,”.p,"...

S6 cac s6 nguyén duong khong vugt qua m va nguyén t6 ciing nhau véi m 1a
p(m) = m.(l—i}(l—ij{l—i}....
P P, Ps
. 3 1 1
Ta c6: 999 =3°.37 = ¢(999) = 999. 1—§ . 1—5 =648

C6 648 s6 nguyeén t6 cung nhau véi 999 va khong vueot qua 999.
Vay c6 649 s nguyén t6 cung nhau véi 999 va khong vueot qua 1000.
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Goi A la s6 cac s6 nguyén dwong khong vuot qua 1000. Suy ra A = 1000

B 1a s6 cac s6 nguyén duong khong vuot qua 1000 ma khong nguyén to cung

nhau voi 999.
Cla s6 cac sd nguyén duong khong vuot qua 1000 nguyén to cung nhau véi 999
Ta c6: 999 =3°.37

B = (506 cac s0 nguyén duong khong vuot qua 1000 va chia hét cho 3) — (56 cac s0

nguyén duong khong vueot qua 1000 va chia hét cho 37 ma khong chia hét cho 3)

+ S0 cac sO0 nguyén dwong khong vuot qua 1000 va chia hét cho 3 la:

999‘3+1=333

+ S0 cac sO0 nguyén duong khong vwot qua 1000 va chia hét cho 37 la:

999-37 1= 97

+ S0 cac s6 nguyén duong khong vuot qua 1000 va chia hét cho ca 37 va 3 (chia

hét cho 111) 1a: 220111 1 g
111

+ 508 cac sd nguyén duwong khong vuot qua 1000 va chia hét cho 37 ma khong chia
hét cho 31a:27-9=18

Suyra B=333+18=351.Vvay C = A— B =1000-351=649

Cau 4:
A= ! + 2 + 3 +....+L
1442 V2+43 3+4/4 /99 ++/100
=(V2-1)+2(3-+2)+3(4~3) +....+ 98(~/99 /98 + 99(+100 /99
=—1-2-3-4-..-/99 + 99100
Va B:\/§+\/§+\/Z+...+«/ﬁ
— A+ B =100+100 —1=999
Cau 5:

a) Goi F 1a tiép diém cua BC véi duong tron (1)
Theo tinh chat 2 tiép tuyén cit nhau ta co:
AD = AE; BD = BF; CE =CF Suy ra:

AB+AC -BC =(AD+DB)+(AE +CE)—-(BF +CF) ’A
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= AD + AE = 2AD.
b) Goi S 1a giao diém cta BI,MN . Ta can chtiing minh: D, E, S thang hang.

That vay:

Do MN la dwong trung binh ctia tam giac ABC nén MN//AB

= é\z = BSM (hai goc so le trong);é\2 = §1

BV -

Suy ra tam giac MBS can tai M nén MB=MS =MC.

Tam giac BSC c6 duong trung tuyén SM=1/2BC nén tam giac BSC vudng tai S.
Ta co:

T giac IECF, IESC la cac tt giac ngi tiép (duong tron duwong kinh IC)
Nén5diém I, E, S, C, F cung thudc duong tron duwong kinh IC

Ta co:

—  —~

= SEC =SIC ; SIC = /B\l +61 (goc ngoai cua tam giac)
= SEC=B,+C, (1)

Lai c6 tam giac ADE can tai A

~

~90°-2-8,+C, @

— — 0 — A
nén: AED = ADE = 180 —A

Tw (1) va (2) suy ra SEC=AED ma A, E,C thang hang nén D, E, S thing hang.

Vay ba duong thang BI, DE, MN dong quy.
Cach khac: Goi P la giao diém cua DE, Bl Di ching minh M, N, P théng hang.

Dé s6 16
Céu 1: Goi s8 can 1ap c6 dang abed > 2019
Truonghop 1.a>2
C6 7 cachchona. a€{3,45,6,7.89}.
C6 9 cach chon b ( Trir chir s6 da chon cho a )
C6 8 cach chon ¢ ( Trtr cac chir s6 da chon choa, b)
C6 7 cach chon d ( Trir cac chit s6 da chon cho g, b, ¢)

Truong hop nay c6 7.9.8.7 = 3528 ( s0)
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Truonghop 2.a=2,b>0

Co6 8 cach chon b

Co 8 cach chon ¢

Co6 7 cach chon d

Truong hop nay c6 8.8.7 =448 (s0)
Truonghop3.a=2,b=0,c>1

Co6 7 cach chon ¢

Co 7 cach chon d

Truong hop nay c6 7.7 =49 (s0)
Nhu vay, s0 cac s0 ty nhién théa man yéu cau bai toan la
3528 + 448 + 49 = 4025 ( s0)

Cau 2:
1) Tacé: A= 3n®+15n=3(n*—n+6n)= 3|(n—1)n(n+1)+ 6n |

Vi moi s6 nguyén n, (n—1)n(n+1)+6n chia hét cho 6
Vay A= 3[(n ~1)n(n-+1)+6n ] chia hét cho 18

2) Goisdotdlucdaulaxvdixe N ;x>2

S6 hoc sinh di tham quan 1a 12x +1

Theo gia thiét néu s6 xe la x — 1 thi sd hoc sinh cua doan dwgc chia déu cho tat ca cac xe.
Khi d6 mbi xe cho dwocy hocsinh vdiy e N; 0<y <16

Taco: (x—1)y =12x+1
:12X—|-1:12+ 13
x—1 x—1
Vi x, y €N nén x—1eU(13)={1; 13}
VéiX -1 =1 X =2 suy ray =25 (loai)
Vi X —1=13 < X = 14 suy ra y = 13 (thoa man)

Vay doan tham quan c6 14 6 t6 va 169 hoc sinh.
Cau 3:
1
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0

Day hop 1a mot hinh chit nhat cé cac kich thwdc la
MQ=BE=2.1=2(cm)

V3
P=FD=21.—=3(cm
Q 5 _3(om)
Chiéu cao ctia hop bang chiéu cao ctia cay nén.

Thé tich ctia khdi hop 1a V = 2.3.20 = 120 cm®
2a)

a) Ta c6: MQ la duong trung binh ctia tam giac AID.
Suy ra MQ//AD suy ra DAB =QMN . Tuong ti BCD = NPQ
c6 D DAB=BCD (hai goc ndi tiép cing chdn mot cung)
Suy ra QMN = NPQ
Suy ra ti gidc MPNQ noi tiép
Vay bén diém M, P, N, Q cung thudc mot duong tron.
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2b) Vi AB LCD nén S, :%.MN.PQ =%.AB.CD g%(ABZ +CD2)

KéOH L AB taiH,OK L CD taiK, tacé:
AB’+ CD*=4(AH?+ CK ?) =4(R°~ OH *+ R°-~ OK ?)
= 4(2R*-KH?) = 4(2R*-0I?)

Suy ra Sypyg g%(sz ~0I?)  (khong ddi)

Vay S, dat gi tri16n nhat bang %(ZR2 —0l 2)

dat duoc khi va chi khi: AB=CD < OH = 0K < OKIH la hinh vuéng
nén AB va CD lap véi OI cac goc bang 45°.
Cau 4:
Xx>-1
1) biéu kién: {y <2
542y > (x—1)

Ttr phuwong trinh (2) ta co:
5x* —10x°y + x> —2xy =0
& 5% (x=2y)+x(x—2y) =0« x(x—2y)(5x2 +1) =0

x=0
X=2y

V6ix =0 thay vao (1) ta c6: 144 —2y +J4+2y =5 J4—2y +J4+2y =4
S\4-2y =4 J44+2y & 2442y =4+ye Yy =0 y=0
Véi: x =2y . Thay vao phuong trinh (1) ta duoc
XLVA—x 435 x— (x—1) =5 Jx+1+va—x+ [x+1)(4—x) =5 (%)
Dit t =+/x+1 +/4—x >0:>\/x—+1.\/4T=t22_5
Thay vao phuong trinh (*) ta co:

t* -5

=5(:>t2+2t—15=0<:>[:i:_5

t+
X =
X

Khit=3=+Jx+1lJd—x=2<-—x*+3x=0<

Tém lai, hé c6 nghiém (x;y) = (o;o),[s,-g]

TAI LIEU TOAN HOC
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2) Néu chia truc s6 thanh hai phan boi s6 0, thi trong 3 s& (2X —1),(2y —1),(22 —1) ludn ton
tai hai s6 nam vé ciing phia, khong mat tinh tdng quét gia st

(2x=1)(2y—1)> 0= 2(x+ y)—4xy <1= z(x+ y)—2xyz§E

Tt X* +y? +2° +2xyz =1 suy ra
1- 22 =2xyz+ X° +y* > 2xy +2xy2 = 2xy (2 +1) = xy < =——

Vivay P:xy+yz+zx—2xyz§1_—z+§:%

Véi x—y—z— % thi P bing % Vay gid tri 16n nhi cita P bing —
bé s6 17
Cau 1:
a) Phuong trinh: J2-x =1-vx-1 (%)

DKXD: x>1.

=32-x
voi a<l, b>0.
Vvx—1

!
bat
{b

a’=2-x
=a’+b’=1.
b?=x-1

T (*) tacd: a=1-b =b=1-a.
Thay b=1-a vao thé thic a’+b’=1= a’+(l-a)’=1 <a’+a’-2a+l=1

oa’+a’-2a=0 <a(a’+a-2)=0 <a(a+2)(a-1)=0.
-x=0 .
< Xx=2 (Thoa man DKXD).

*Néu a=0 (Thoa man) = b=1. Ta dwoc {x
. -x=-8 s
*Néu a+2=0<a=-2 =b=3.Taduwoc {X 1- < Xx=10 (Thoa man BDKXD).
2-x=1 ) .
< X =1 (Thoa man DKXD).

*Néu a-1=0 <a=1 :b:O.Taduoc{
X—-1=

Vay phuong trinh ¢6 tap nghiém la S ={1;2;10} .
by s=(1-2 12 [1-—2 ],
3.4 2020.2021
TAI LIEU TOAN HOC
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2 J—
Vé6i neN tacod: 1- 1 _n +n—2:(n 1)(n+2)
n(n+1) n(n+1) n(n+1)

Ap dung két qua trén ta co:

s=2 2222 - = ==
2.3'3.4°4572020.2021 (2.3.4..2020).(3.4.5..2021)  2020.3 1010

14 2536 2019.2022 (1.2.3..2019).(456..2022) 12022 337

1010

Cau 2:
a) Ta co: (a’+ab+b?):9 = 4(a’+ab+b’):9

=|(2a-b)" +30” |i9

Ma 3b%:3nén (2a-b)’:3 ma 3 1a s6 nguyén t& nén (2a-b):3.

(2a-b):3 nén (2a-b)*:9.

T (1)va (2) = 3b*:9 = b*:3 ma3lasdnguyéntd =b:3.

(2a—b):3 va bi3 = 2ai3 ma (2;3)=1nén a:3.

Vay ca a vab déu chia hét cho 3.

b) Ta c6 tich cua tir ba s6 tu nhién lién tiép tro 1én thi chia hét cho 3.
Theo dé bai 9" +11 la tich k s6 tu nhién lién ti€p ma 9" +11khong chia hét cho 3 nén k = 2.
bt 9"+11=a(a+1) voi ala sd nguyén duong.

9"+11=a(a+1) < 4.9"+45=4a’ +4a+1

o (2a+1) —(23") =45 © (2a+1-2.3")(2a+1+2.3")=45.

Vi a,n nguyén duong va 2a+1+2.3" > 9 nén xay ra cac truong hop sau:

2a+1-2.3"=9 (1)

Truong hop 1.
2a+1+2.3"=5 (2)

Ti(l)va (2) tac 4a+2=14 <a=3 =9"+11=12 < 9"=1 < n=0 (Loai).
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2a+1-23'=15  (3)
2a+1+23'=3  (4)

Truong hop 2. {

Tt (3) va (4) taco 4a+2=18 < a=4 =9"+11=20 <9"=9 < n=1 (Thoa mén).

2a+1-23"=45  (5)

Truong hop 3.
2a+1+2.3"=1 (6)

Tt (5) va (6) taco 4a+2=46 < a=11 =9"+11=132 9" =121 =ned.

Vay n=1.
1 1 1 1
>0
Theo bat dang thitc Cauchy Schwarz ta co:

36 = (\/_ +*/4—\/—+*/—\/’+\/—\/_+\/—\/_\/_J_x]2

s(x+4—y+y+4—z+z+4—x)[1+4i+l+41 +1+41 j
X 4-y y 4-7 7 4-X

Gia stt ba s0 i+i,£+ L ,1+ ! déu nho hon 1
X 4-y y 4-7 7z 4-X
S S S I (S I +(£+LJ<1+1+1:3 (Tréi véi (*))
X 4-y y 4-z zZ 4-X
1 1 1 1 1 1 A A .7 A A ~ 7 2 M
Do d6 trong cac s6 —+ —+ —+ ludn ton tai it nhat mot s6 16n hon hoac bang
X 4- y y 4- 2’z 4-x
1.

b) Ta c6 2P =2(ab+bc+ca)—2abc

=2(ab+bc+ca)+a’* +b®+c’ -1 (Vi —2abc =a’ +b* +¢* -1)
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=(a+b+c) -1.

Mait khac: a® +b® +c? +2abc =1

< a’b+2abc+c’=1-a*-b*+a’’

e (ab+c) =(1-a%)(1-b?).

T a2 +b?+c?+2abc=1 = a’<1, b’<1l = 1-a?>0,1-b*>0

Theo bat dang thitc AM —~GM véi hai s§ 1-a?, 1-b’ta cé:

2-a’ b\
b+c) =(1-a?)(1-b?)<| Z—=——
(b +c) = (1-a)( )[ : j
2 2
—abrc<id P
2—(a+b)’

Mt khéc theo bat déng thitc AM ~GM véi hai s6 (a+1)° va 1 ta c6:
(a+b)’+1>2./(a+b)’.1=2(a+b)

:>a+bs(aL)2Jr1 .

2 2
T (1) va (2) ta co: a+b+cg(a+b) +1+2—(a+b) 3

2 2’
Do d6 ZPSg—l ZE :>PS§.
4 4 8
1-a? =1-b?
Déu “=" xay ra khi {(a+b)" =1 <:>a:b:C:%.

a’+b?+c*+2abc=1
Vay MaxPzgca:b:c:%.

Cau 4:
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a) Tacd Al latia phan giac caa géc BAC nén IAB = % BAC,

Bl la tia phan gidc cua goc ABC nén IBA= % ABC .

Theo tinh chat tong ba gdc trong AAIB ta cé:

AIB =180° (IAB + BA) =180° - 22T ABC

=180°— 1802_ ¢ (Do BAC + ABC =180°—C theo tinh chét téng ba géc cuia tam giac)
=90°+ ¢ .
2

Theo tinh chat hai ti€p tuyén cit nhau ta c6: CE =CD => ACED can tai C

_ D/E\C:180 —C‘

Lai c6: AES =180°—DEC (Hai goc ké bu)

—~180°-

180°-C g, & |
2 2

~

:KE:KES:QO%%

Mt khéc EAS = IAB (Tinh chét tia phan giéc).

Do dé: AIAB# AEAS (g - g).
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e~

b) Ta c6: AIAB# AEAS = ASE = ABI =IBD.

Tt gidc IBDS c6 IBD+ ISD = ASE + ISD =180° = Tt gi4c IBDS ndi ti€p.

— ISB = IDB=90° (Géc néi tiép ciing chin Bl nho) ma IAB = % BAC = 45° (Tinh chét tia
phan gidc) = AASB vudng can tai S.

AASB vudng can tai S ¢6 SA la duong trung tuyén nén SA la duong trung truec ciia AB.
()

Mat khac AABC vudng c6 AO la trung tuyén nén OA=0B = % BC

= O thudc dudng trung truc ctia AB. (**)

Tk (*)va (**) = Badiém K,0,S thang hang.

c) Vi Al la tia phan gidc cia AAMK nén AR (1)
AM IM
\ A e IK FK . , .
IF//AM (Cung vudng gdoc véi AB )= M EA (Dinh 1y Ta 1ét). (2)
T (1) va (2) > oK _FK_ AR _AM (3)
AM  FA FK AF
< L1 . A s AN SA . . .. , .
Mat khac ID//AN (Cung vuong goc voi BC) = DS (Hé qua dinh ly Ta lét)

SA AK . AN AK

a IF/IKS (Ct 0 5cvoi AB) = —= = . 4
ma (Cung vudng gbc véi AB) sT =B N TRk (4)
Tir (3)va (4) taco M _ AN

AF ID

Tt gidc AEIF c6 EAF = AFI = AEI =90° nén i gidc AEIF 1a hinh chit nhat

= AF=El =1D.

Ta co AF =ID va M:ﬂnén AM = AN .
AF ID

Cau5:

Ta thay hai 6 vuong ¢ hai goc doi ctia hinh vuoéng 10x10 1a xa nhau nhat.

Goi cac s6 dugc dién vao moi 6 vuong do lan luot la a,,a,,a,,...,a,.
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Ta co

< -l<a, —a,<1.

Twong tu ta co:

Cong ting vé& cac bat dang thic trén ta co:

~18<a, —a, <18 < |a, —a,|<18.

Vi a,a,,a,,...,a, la cac s nguyén nén chi co t6i da 19 s6 nguyén khac nhau duoc dién vao
trong bang.

C6 100 6 vudng trén bang nén theo nguyén ly Dirichle thi sé c6 mot sd xudt hién trén bang

it nhat Ia {%} +1=6 (fan).

Dé s6 18
Cau6: (2,0 dién)

Jx Jy Sz
\/_+\/—+\/M \/ﬁ+\/_+1 \/—X+M\/E+ Xyz
1 Jy Jyz o1

=1 10P-1=3.
Ty yiey el Leyiedy

b) Tacod X+Y+zZ+.Xyz =4=>4x+4y+4z+4,xyz =16.

a)Taco xyz=9=P=

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Do d6

X(4-y)(4-2) = Jx(16-4y =42+ y2) = [x(4x+4 xyz+yz):\/x(2\/§+\/ﬁ)2
:x/;(Zx/;+ yz).

Tuong tw ta cd (X(4-y)(4-2) +4/y(4-2)(4-x) +z(4-x)(4-y)
=\/;(2«/§+ yz)+\/§(2 y+\/§)+ﬁ(2ﬁ+\/x7y):2(x+y+z)+3 Xyz
=2(4-xyz)+3.yz =8+ xyz (dpem).

Cau7: (2,0 diém)
a) DKXD: x# 2.
Phwong trinh da cho twong dwong x* + 3(x2 +4X+ 4) = (3x2 — 6x)(x2 +4x+ 4)

<3 +6x3-16x2 —36x-12=0
o (x2 —6)(3x2 +6x+2) =0
Xét phuong trinh x2 —6=0< x =+/6 .

—3+3
5

Xét phuong trinh 3x* +6x+2=0< X =

Vay phuong trinh c6 tap nghiém S = {J_r\/g ; _32\/5} .
b) Tl phuong trinh x* +y® + Xy +1=2X < 2x* + 2y + 2xy + 2 = 4X.
Khi d6 ta c6 2x* + x(x+ y)2 FX=242XY+2=4X & x[(x+ y)2 +2(x+ y)—3} =0
< X(x+y-1)(x+y+3)=0.
Xét x =0 thé vao phuong trinh x*+y?+xy +1=2x ta dwgc y*+1=0. Phuong trinh v6
nghiém.
Xét x+y-1=0< y=1-x thé vao phuong trinh x* + y*+xy +1=2x ta duoc
x* —3x+2=0
= x=1hoac x=2.
e Véi x=1=y=0.
o Voix=2=y=-1
Xét x+y+3=0< y=-x-3 thé vao phuong trinh x* + y*+xy +1=2x ta duoc
X’ +X+10=0. Phuong trinh vd nghiém.
Vay hé phurong trinh c6 tap nghiém S ={(1,0);(2;-1)}.

Cau8: (2,0diém)
a)Taco X*+X+2y> +y=2xy> +xy+3 < X* =X+ 2X—-2+2y* = 2xy’ +y—xy =1
<:>(1—x)(2y2+y—x—2)=1.
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Ta xét cac treong hop sau:

1-x=-1 X =2 X =2 X=2
THI1: ) & ) & hoac 3. Chon nghiém
2y°+y—x-2=-1 2y°+y-3=0 y=1 y=E
X=2
y=1
1-x=1 x=0 x=0_ x=0
TH2: ) 9, = hoac 3 (loai)
2y*+y—-x-2=1 2y°+y-3=0 y=1 =—

Vay phuong trinh ¢6 nghiém nguyén duong (x;y)=(2;1).
b) Vi 2019°*:3 nén (a, +a, +..+4,)3. Xét hiéu:
(a8 +a) +...+a])—(a,+a, +..+a,) =(a -1)a,(a,+1)+(a, ~1)a, (a, +1) +..+(a, -1)a, (a, +1)
chia hét cho 3. Do d6 &’ +aj +a’ +...+a’ chia hét cho 3 (dpcm).
Cau9: (3,0 diém)
a) Ké duong kinh MK ..
Ta c6 MPK = MNK =90° hay KP L MP va KN L MN.Suy ra KP//NH va KN //
PH nén &t gidc KPHN 1a hinh binh hanh. Suy ra H,Q,K thang hang.
Xét AKMH c6 OM =0K, OH =QK nén OQ la dwong trung binh cia AKMH .
Suy ra MH =20Q (dpcm).

b) Ta co sinm:sinM/K\P:E:m :>2R=M—/P.\.
MK 2R sin MNP
Tuwong tu ta cling c6 2R =M—/N-\ va 2R=N—/P-\.
sin MPN sin NMP
., MN MP NP MN + MP
Do do6 = = — = — —
sinMPN  sin MNP sin NMP  sin MPN +sin MNP

3 2NP
sin MPN +sin MNP
= sin MPN +sin MNP = 2sin NMP (dpcm).

¢) Ta ¢6 NP:RJE:NQ:RT*E.
, . : TNe? . |p2 RE_RY2
Ap dung dinh li Pitago ta c6 0Q =4/NO“-NQ* =, /R —7=T:NQ.

Khi d6 ANOQ vudng can tai Q = NOQ =45° = NOP =90° = NMP = 45°
— NHF = PHE =45°. Do d6 cac tam giac NHF va PHE vuodng can. Suy ra
NH =+2FH va PH =+/2HE.

Theo cau a) MH =20Q =R+/2.
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Mat khac ANDH «> AMEH = ND _NH _ J2FH _FH = ME.FH =R.ND.

ME MH RJ2 R
Tuong tu APDH ©©AMFH = MF.HE =R.PD.

Suy ra ME.FH + MF.HE = R.(ND+ PD) =R.NP =+/2R? (dpem).

Cau 10: (1,0 diém)

Tt gia thiét i+i+i—3:>a+b+c 3abc .

bc ca ab
Ap dung BDT Cauchy ta c6
ab?> bc? ca? \/ ab?> bc? ca’ 3abc
= + + >3 .
a+b b+c c+a a+b b+c c+a \/(a+b)(b+c)(c+a)

a+b+b+c+c+a 2(a+b+c)
3

Lai c6 g/(a+b)(b+c)(c+a)s =2abc.

Suy ra PZ%.

Vay GTNN cta P la g, dat duwockhi a=b=c=1.

Dé s6 19
Bai 1. (2,0 diém)

(\/_ \/_) +2xx +y\fy 3\/_ 3y
XX + iy X—
x\/_ 3x\/§+3y\/— y y+2x\/;+y\/_ 3\/—(\/—_\/_)

(Ped)irey) ()
__Byry) gy
)
Jx 3\/_

x+( N
_3\/§+3\/—

NEEND

Vay gia tri cua biéu thirec A khong phu thudc vao gid tri ctia bién vdi X, y>0 va
X#Y.

Ta c6 X =(%/9+4\/§ +#9—4\£)3
=X =9+4\/§+9—4\/§+3§/(9—4\/§)(9—4\/§).xO

< X3 =3x,+18

a) A= voi X,y>0 va x#Yy
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2019
201
) =121

& (x5 —3%, 17
2019

(% -3%-17) -1=0
~1=0.

Vay X, la mot nghiém ctia phuong trinh (X3 —3x —17)2019

Bai 2. (2,0 diém)
a) Xét phuwong trinh x* —2mx+2m-3=0 (1)

Ta thdy A'=m?-2m+3=(m-1)"+2>0 vm.

L N T T XX =2m
Ap dung hé thirc Vi-ét ta co:
XX, =2m-3
2(2m-3)+7
Khi d6 B—— 2;(1x2+7 _2( : )+7 _ 4n12+1
X+ X5 +2X X, +2 4m* +2 4m* +2

2, 9 _Am?2 — 2m-1)° 2m-1)°
g 4m’+2 42m +4m 1:1_( : ) sl(vi%zo vm).
4m°+2 4m°+2 m”+2

Vay gid tri 16n nhét cta biéu thic B 13 1 khi m= %
x*y® +1=19x°
xy? +y =—6x°

Ta thay x=0 khong thoa man hé phuong trinh, suy ra x #0.

3
%+y3:19 (£+yj —31(1+yj=19
X X x \x

b) Xét phuwong trinh (I ){

e

y ¥’ y(1
—+—=-6 A el =—
X2 X x(x+yj 6
bat 1+y:u;l:v ta co
X X

1

—+y=1 2 4 1\ =
X @{GX +X 1_0©{(2x+1)(3x 1)=0
y

X

Vay hé phuong trinh (1) c6 hai nghiém (—%;3); (% —2)

Bai 3. (2,0 di€m)
a) Xétx la sd nguyén duong, ta thdy
X* —x=x(x-1)(x +1)(X2 +1) :6 (1) (vichta tich ctia ba s6 nguyén lién tiép)
Véi x=5q (qeZ,) thi X’-xi5

Véi x=5q+1(qeZ,) thi X’—x:5
TAI LIEU TOAN HOC
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Véi x=5q+2(qeZ,) thi X’-xi5
Suy ra x°—xi5(2) ma (5,6)=1 (3)
Tt (1), (2), (3) suyra X° =X :30
Xéthigu Q-P =(a; —a,)+(a;—a,)+(a5 —a, ) +...+ (@315 — Bypss )
Vix°-x:30nén Q—-P:30
Ma theo bai ra P:30 nén Q :30
b) Ta co:
1 _ 1 S 2 _ 2
Vit+a® \/(1+a)(1—a+a2) (L+a)+(l-a+a’) 2+a’
Tuong tw ta c6
1 2 1 2
J1+b? ; 2407 Ji+c? ; 2+¢°
Bai toan trd vé
L =+ 1 =+ 1 221<:>612+b2+02212
2+a° 2+b° 2+c° 2
Ap dung bat dang thitc Cauchy cho ba s§ a°,b?,¢? ¢ a +b? +c? > 33a’h*c? =12
D&u bang xay rakhi a=b=c=2.

Bai 4. (3,0 diém) A

P

a) Chiing minh AABI ~ AAIE (g.g) :%:%: Al? = AE.AB
Twong tw Al = AD.AC

Suy ra AE.AB = AD.AC = AAED -~ AACB (c.g.c)
— AED = ACB = Tt gidc BCDE néi tiép.
b) Vit gidc BCDE ndi ti€p suy ra ADE = ABC
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ma @E:%K&::/ﬁ:%ﬁo\c
Vi AAOC can tai O suy ra OAC _180° - AoC

Suy ra ADE + OAC = 90° . Vay OA L DE.

) Goi P la giao diém ctia BM va CN .

Vi 0,0, //MN = BO,I = BON (hai géc dong vi)
Do AQBI can tai O, suy ra @ _180°-BOI

Tuong tw OBN =w :@ =OBN .

Suy raba diém B, I,N thang hang. Suy ra BN L BM.

Chttng minh twong tw ba diém C,1,M thang hang = CN 1L CM
Do @6 | la truc tam cua APMN = Pl L MN

Ma Al L MN nén ba diém A,I,P théng hang.

Vay ba duong thang AQ,BM,CN dong quy.

Bai 5. (1,0 di€m)

Caul:

Goi 3o dai hinh chiéu ctia EF trén AB,CD la x,,Y,. D

Tacd X +Y, >1. ﬂm{':
AK e

Goi d6 dai hinh chiéu ctia 37 doan thr?mg con lai trén AB la
Xyy.y Xgg trén CD 12 Y, ..., Vsg -

Khi d6 ta €O (X, + X, +++ Xy )+ (Yo + Yo+ + V55 ) 2 38 C

Do vay ton tai mot trong hai téng 16n hon hodc bang 19, gia st

X, + X, +0 4 Xgg 219

Do d6 trén AB ton tai mot di€m M thudc it nhat hai trong cac hinh chiéu trén
AB . Puong thang di qua M vudng géc véi AB la duong thang can tim

Dé s6 20
(4,0 diém)
Pkxd: x;y#0; y#-2X
Tt gia thiét:
2 1 1 2y —X

= = 2v—x)(2 =
Xy 2x+y<:> Xy 2x+y<:>(y X)( x+y) Y

S AXY+2Y* —2X" =Xy =Xy < 2Xy+2y° —2x* =0
Sxy+y —-x2=0 (*)

Vi X;y # 0 nén chia ca hai vé€ ctia phuong trinh (*) cho xy, ta duoc:
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2
1+1—5=o@——1=1:>[5—1j 1o XL Y L, u XY
X y

Cau2:  (3,0diém)
Tacé (c-2)° =(a+b) >4ab=4(2c*-3c+1) = ¢’ —4c+4>8¢° -12c+4

<:>7cz—8cso<:>c(7c—8)s0©0£csg

Do d6 P=a*+b? :(a+b)2—2ab=(c—2)2—2(2c2—30+1)=—302+2c+2

D4u “=" xay ra khi ¢ =% (t/m)
Ao s ei1s Ny A 1
Vay gia tri lon nhat cua Pla 3 khi c= 3

Cau 3: (3,0 diém)
Goi d6 dai quang duong AC la x (km). Diéu kién: 0<x <33, khi d6 quang
duong BD Ia 33-x (km).

Goi van toc cua An la y (km/h), diéu kién: y >0, khi d6 van téc cua Binh la 2—3y

(km/h) v ctia Cuong 14 % (km/h).

X+6

Thoi gian An di ttr Sai Gon dén C la X (gio) va ttr Sai Gon dén D la (gi0).
y
\ . . \ . \ o« A \ A \ 99 - 3X .\
Thoi gian Binh di tir Bién Hoa dén D la (gi0).
Thoi gian Cudmg di tir Bién Hoa dén C 1a T2 =X (gio).

Vi Cueong va Binh xudt phat sau An 5 phat = é gio nén ta c6 hé phuong trinh

x 117-3x _ 1 x _117-3x 1
y 4y 12 y 4y 12 117-3x 87-3x
= - =
X+6 99-3x 1 5_87—3x+i 4y 2y
y 2y 12 y 2y 12

< 117-3x=2(87-3x)

= x =19 (thdéa man diéu kién).

Ta co e =M+i = E=E+i = 4_1 = y =48 (thdéa man diéu kién).
y 4y 12 y 'y 12 y 12

Vay van toc cua An, Cwong, Binh Jan luot la 48 (km/h), 64 (km/h), 32 (km/h).
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Cau4: (6,0 diem)

Ké duong cao AH ctia AABC, tia AH cdt (O) tai M .
Vi AABC can tai A nén AM la duong kinh va
HB = HC =2 (cm).

Tam giac ABM vudong tai B nén
AB? = AH.AM

= 64 =+ AB* - HB*.AM

— 64 =/60.AM = AM =ﬂ=M
J60 15

= Aoz% (cm)

—

Taco CBD =CBK, COM =COH ma
CBK =COH (cung phu (/3\1 ) nén suy ra
CBD =COM

Lai c6 AAOC c6 OA=0C =R nén AAOC cantai O, COM 1a goc ngoai ctia
AAOC tai dinh O nén COM = 2CAM = CAB.

Suy ra CBD=CAB

Xét AABC va ABDC c¢:

Cla goc chung;
CBD =CAB (chttng minh trén)
= AABC ~ ABDC (g.g)

_AB_ BC AC BC? 42
=CDh= =—=2 (cm) va BD=BC =4 (cm)
BD DC BC AC 8
— AD=AC-CD=8-2=6 (cm).
Xét ACBD va AEAD c¢:

CDB = EDA (hai géc ddi dinh)

DBC = EAD (hai géc ndi tiép cuing chan cung EC )
= ACBD# AEAD (g.g) = BD_ED L pe-A2ED _02_3 (m)
AD DE BD 4
Ta c6 BD.DE =(BK +KD)(EK -KD) =(BK+KD)(BK -KD) = BK? - KD*

=(OBZ—OK2)—(OD2—OK2) = OB? - 0OD?

= 0D =+/0B*-BD.DE \/@—3 2285 (cm).

15

Cau5: (4,0 diém)
a) Ta cé ban kinh day hinh trula R=12,2:2=6,1 (cm)
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Do d6 thé tich hinh tru V = zR*h = 7.(6,1)* 2,4 =89,3047z (cm?)

Vay thé tich ctia mét miéng phd mai 12 Vg _5, ‘:’304” ~11,1637 (cm?)
b) Mot miéng phd mai la mot hinh gom hai mdt ddy 1a hai hinh quat tron bang
2 2 2
nhau nén c6 dién tich 1a §, = 2. 8L _p ER745 _ 7R
360 360 4
Hai mat bén la hai hinh cht nhat br?mg nhau nén dién tichla S, =2.hR
Mot mit bén 1a hinh chit nhat dang cong nén 6 dién tich 1a S, = 2% = "%h
nR? nRh =«

Dién tich gidy phai goéila S, +S,+S, =

+2hR+——==R(R+h)+2hR
4 4 4

:3%.6,1(6,“ 2,4)+2.6,1.2,4~ 70 (cm?).

Peé so 21

Cau 1 (3,0 diém)
1) Ta co

A= \/5 + 3 i+£+l

T xex/3+3 x*=v27 /1B x

A ﬁ(x‘*@)*?’ X2 +3+x43  3x-3+3 1
_(x2+x 3+3)(x—\/§)' 3  x=+3 x/3
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1

2)Tinht6ng:B=\/1+12+i+\/1+i+i2+ ..... +\/1+ 12+ >
1 3 2018° 2019

2 2°

Véix >0, ta co:

1 1 1 2 1 2
1+—+ s=|1+—=+— |+ > ——
X" (x+1) XT X)) (x+1)° X
2
:(1 ij + 1 2_3
X (x+1)" X
B x+1)2 ( 1 jz_z x+1 1
X X+1 X X+1
_ X_H_L]Z_(l E_L)Z
X X+1 X X+1
1 1 ‘ 1 1
= l+S+—"Fg=l+-———
X (x+1) X X+1
Vix>0:>O<X<X+1:>l>—:>l+l—i>0
X X+1 X X+1

= 1+i2+ L 2=1+£—i *)
X (x+1) X Xx+1

Ap dung cong thiic (*), ta co:

B= 1+1—1 + 1+1—l +ee | 1+
1 2 2 3

= B =2019 _
2019

E
2018 2019

Cau 2 (3,0 diém)

1) tept (1) < X*+5x+2—Xx*+5x+4 =0

Pitt=vX* +5x+4 (dk: t>0) =>t* =x*+5x+4

t=2 (n)

Tacopt: t° —t—-2=0< (t+1)(t-2)=0
acodp < (t+1)( ) Q{t:—l(l)

TAI LIEU TOAN HOC
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X =
Véit=2, ta co: \/x2+5x+4=2<:>x2+5x=0<:>x(x+5)=0<:{ .
X=—

Vay pt c6 hai nghiém: Xx=0, x=-5

2)
s X X1
X +—+—+—5=4
y 'y y
bk: y#0

Khi d6 hé pt < |

Dit a:x2+i2, b:x+1
y y
a+b=4 (b=4-a b=4-a a=2
Tir d6 hé pt c6 dang: & S <
ab=4 a(d-a)=4 |(a-2*=0 [b=2
X+ =2 X +(2-x)'=2 [2(x-1)"=0
o y? x=1
Khi dé: <91 <91 = (n)
_ —=2-X —=2-X y=1
X+—=2 y y
y

x=1

Vay nghiém cta hé pt: { L
y =

Cau 3 (3,0 diém)
1) ta c6: 1947 =3.11.59
Dit A=46"+296.13"

. |46"=1"=1(mod3)
13" =1" =1(mod3)

Suy ra: A=1+296 =297 =0(mod3) = A:3 (1)
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, |46"=2"=1(mod11)
13" =2" =1(mod11)

Suy ra: A=2"+296.2" =297.2" =11.27.2" =0(mod1l) = A:11 (2)
* 46" = (-13)" =-13"(mod13)
Vin la sO ti nhién 1é

— A=-13"+296.13" = 295.13" =5.59.13" = 0(mod 59)
— A59 (3)

Ma 3; 11; 59 d6i mot nguyén td cuing nhau nén twr (1), (2), (3)
= A:(3.11.59) = A:1947
Cach 2:

Ta c6: 1947 = 33. 59
Dit A=46"+296.13" = 46" —13" + 297.13" = (46" —13") + 297.13"
A=(46-13).A +33.9.13" =33(A +9.13"):33
Lai co:
A=46"+296.13" = 46" — (-13") + 295.13" = 46" — (~13") | ++295.13"
A=[46-(-13)].A, ++59.5.13" (vin1é)
=59.(A, +5.13"):59
Ma (33;59) =1 nén A:(33.59) =1947
2) it A= m’ va B=n®, véim, nla cic s8 nguyén dwong (m<n)
Tacd: A+1111=B < m?* +1111=n?
< (n—m)(n+m)=11.101

Dom<n =n-m ;n+m lahaisé nguyén duong va n—m <n+m

Ma 11 va 101 la hai s6 nguyén t6 nén 1111 chi c¢6 cac cach phan tich thanh tich 2 s6 nguyén

duong 1a : 1111 = (1).(1111) = (11).(101)
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Ma n—m <n+m nén co hai treong hop:

n-m=1 n =556 . o o
* TH1: = (loai vi A=m* c6 nhiéu hon 4 chit sO)
n+m=1111 m =555
n-m=11 n=5 _ . A=2025
*TH2: khi d6
n+m=101 m =45 B =3136
Cau 4 (4,0 diém)
Ly

a) Xét A(-2;1) taco: m(-2)+(M-2).1+m+2=-2m+m—-2+m+2=0,Vm
= Ae(d,) véimoi m
Do (d,) 1a duong thang thay d6i nén (d,) chi qua diém c8 dinh A(-2;1).
Tuong tu: XétB(1;,2) tacd: (2-m).1+m2-m—-2=2-m+2m-m—-2=0,Vm
= Be(d,) véi moim

= (d,)1udn di qua diém cb dinh B(L;2)
b) ta chting minh 2 duong thang (d,)va (d,) ludn vudng goc véi nhau
*Néum=0: (d,): =2y +2 =0 la dudong thang song song véi Ox

(d,): 2x—2 =0 la duong thing song song véi Oy

Suy ra: (d;) L (d,)
*Néum=2: (d,): 2x+2 =0 la duong thang song song véi Oy

(d,): 2y —2=0 la duong thang song song véi Ox

Suy ra: (d,) L (d,)

*Néeum=0vam=2:

(d,) c6 pt: yz(zf‘ij ?fnz] ; (d,) <6 pt: y:[mT‘sz m+2

Tich hé 8 goc ctia (d,)va (d,)1a ( m Mm—zjz_l
2—-m m
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Suy ra: (d,) L (d,)
Vay ta ludn ¢/minh dwoc (d,) L (d,) = (d,)ludn cat (d,)tail

Va IA L IB, A va B Ia hai diém c8 dinh = AIB =90° =1 thudc dudng tron duong kinh
AB c& dinh.

2) Cho cac s6 thuyca, b, ¢, d thbamana>1,b>1, ¢>1, d> 1. Chtiing minh bat déng thirc
2 2 2 2
a + b + ¢ + d >16
b-1 c¢c-1 d-1 a-1

Via,b,c,d>1néna-1>0,b-1>0,c-1>0,d-1>0

Ap dung BDT AM - GM ta c6:

ba ,/ -A4b-1) =4a (1)
4/ (c 1) =4c (2)
d°2 +4(d - 1)>2,/ AW -D=dc (3
,/ ~4(a-1) =4d (4

Tt (1), (2), (3), (4) ta co:

a’ b? c? d?
+ + +
b-1 ¢c-1 d-1 a-1

+4(a+b+c+d)-16>4(a+b+c+d)+

a?  b? c? d?
= + + +
b-1 ¢c-1 d-1 a-1

>16

Diu“="xayra < a=b=c=d=2
Cach 2:

Tacd:
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2

(b—2)220:>b224(b—1)>0:>b—1$b7

2 2 2 2 2 2
Tuong tw, ta co: b > 42 ; ¢ > 4C2 ; d > 4d2
c-1 ¢ d-1 d a-1 a

Do do:
a’ b? c? d? a? b* c¢* d?
+ + + > — 1t —2+—2
b-1 ¢c-1 d-1 a-1 b ¢ d a
a’ b? c? d?
-8 3+£]216
c a

Dau“="“xayra < a=b=c=d=2

Cau 5 (5, 0 diém).

1) Chting minh t giac CDFE noi ti€p dwoc duong tron

Ta c6: BCD = BAD (cting chan cung BD )

Do: d la tiép tuyén cta (O) tai A =d L AB

Va ADB = 90° (g6c ndi tiép chan nira d.tron) = AD | BF

Suy ra: BAD = BFA (cung phu ABF )

TAI LIEU TOAN HOC
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Do dé: BCD = DFE

— DCE + DFE = DCB + DCE =180°

Suy ra: t& giac CDFE ndi tiép.

2) Ching minh : AB =2.IM

Ta c6: ME = MF (gt)

= MI L EF (T/c duong kinh va day cung)
AB L EF (EF la t/tuyén cta (O))

= MI //AB hay MI// OB (1)

Xét AFBE vuong tai B, trung tuyén BM = MB = MF

— MFB = MBF

Vi ttt giac CDFE ndi tiép = BDC = BEF

= MBD + BDC = BFM + BEM =90’

= BM L CD

Laico 10 L CD (T/c duong kinh va day cung)
Suy ra: BM // 10 (2)

Tix (1) va (2) = BMIO 1a hinh binh hanh
— IM =BO :%AB hay AB = 2.IM

3) Vi H la truc tam cua ADEF , ta ¢6 DH // AB (cung vudng goc v6i EF)
AD // BH (cung vudng goc voi FB)

Suy ra tit giac ABHD la hinh binh hanh AH = AD

Ma AD = BC (vi ADBC la hinh ch nhat) = BH = BC

Lay N doi xtiing v6i O qua B, ta c6 t& giac OHNC 1a hinh binh hanh

= NH =OC =R khong d6i va N 1a diém 6 dinh (Vi O va B ¢6 dinh)

Vay khi C di dong trén (O) thi H chay trén duong tron (N ; R)
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Cau 6 (2, 0 diém).

B

1) Chting minh : BC, OI, MN dong quy

Goi E 1a giao diém ctia duong thang BC va OI

Ta c6 O, A, I thang hang (t/c deong ndi tam)

AIAC can tai I = AIC =180° — 2.IAC

AOAB can tai O = AOB =180° — 2.0AB

— AOB + AIC =360° — 2.(OAB + IAC) = 360° — 2.90° = 180°
= IC// OB

» El IC r

Ap dung dinh ly Talet trong AEOB tac6: —=—=—

p dung dmnh ty & EO B R

Goi E’ la giao diém ctia OI va MN

AEOM ¢4 IN // OM (cting vudng géc véi MN). Ap dung dinh ly Talet ta cé:

El IN r

EO OM R
Suy ra : E tring E’. Vay ba duong thang BC, OI, MN dong quy.
2) Xac dinh s6 do AOB d& dién tich AABC 16n nhat.

Vé OH L AB(H € AB) ; IK L A(K € AC)

Ta c6: OAH = AIK = o (cung phu véi KAl )
AB=2.AH=2.0A.cos OAB =2.R.c0Sa.

AC =2.AK=2.1A.sin AIK =2.7.sin o,
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Vi AABC vudng tai A, ta co:

_ABAC 1

S = — - E.2.R.cos a.2.r.sino = Rr.2.coso.sino

M3t khac: 2.coso.sina <sin®o+cos’ o =1
Dodd: S,z <RI

Dau “ =" xay ra <> Sina = cosa < a = 45°
Vay dién tich AABC 16n nhét khi géc o = 45°

Peé s 22

Caul: Taco: v2A=1/6+25 +/6-25 =\/(J§+1)2 +\/(J§—1)2 .

V2A=\5+1+/5-1=25.
:>A=\/1_O.
Cau 2: a)Diéu kién xac dinh: x> -2.

Ta cé: (\/x+2 +1)(4—x) =2(x+1) & (X +1)(4—X) = 2(x +1)(\/x+2 —1).
& (X+1)(4-x) = 2(x +1)(\/x+ 2 —1).

Vi x=-1=6=0 (vOly), do ddé x=-1.

-2<X<6
Khi do: 4—x:2(\/x+2—1)<:>2\/x+2:6—x<:> S X=2
x*—16x+28=0

Vay phuong trinh c6 nghiém x=2.
b) Diéu kién xac dinh: x #0.
x—2y=g—1 x—2y=g—1
X - X
2 4 24
X —7+1:4y(x—y) (x—2y) —7+1=0

2
:{E— j —i2+1:0<:>£=2<:>x=2.
X X X

Thay vao phuong trinh thi nhat duoc y =1.

Vay hé phuong trinh c6 nghiém: (X;y)=(2;1).

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Cau 4:

Website:tailieumontoan.com

m2—5m=—6<:>{(m_2)(m_3)=0:>m=2.

bé (d,)//(d,) thi
a) D€ (d,)//(d) 1{2m;«tm+3 m=#3

b) Goi s6 an di cua robot tit A dén B 1a x, diéu kién xac dinh: xe N’ .

Thoi gian robot di la: i+£+£+...+2: 2+4+6+...+2x=x(x+1) (gidy).
25 25 25 2,5
\ e . 2 1) (X_l)x oA
Thoi gian robot nghi la: 1+2+3+...+(x-1) = (giay).

(x=1)x

Theo dé baira ta cé: x(x+1)+ =551 ¢ 3x2 +Xx—-1102=0

Giai phuong trinh bac hai, ta duoc: x = —5—5 (loai); x =19 (thoa man).

Quéang duong robot chuyén dong tiv A dén B la: 95m.

a) Xét AADC va AABD c¢:

A chung

ADB = DCB (Goc tao boi tia tiép tuyén va

day cung va goéc ndi ti€p) M
D

Do d6: AADC  AABD (g.g) .

AD AC 2
= —=——= AD"=AB.AC = AD =+ AB.AC

AB  AD °
) A B I i
Do A,B,C c6 dinhnén D c6 dinh. N/

E N

b) Goi J la giao di€m ctia MN véi AC. Day
DE cit AO tai H vacat AC tai | .

Ta cé: AD = AE (tinh chét ctia hai tiép tuyén cit nhau) va OA=OE =R.
= AO la duong trung triec cua DE .

— AO L DE tai H

= IHO = 1J0 = 90° = AAHI > AAJO .

:ﬁ=ﬂ:> AH.AO =AIl.AJ.
Al AO

Ap dung hé thitc lugng trong tam giac vudng ADO c6: AD® = AH.AO.
= AD? = AH.AJ .
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Ta lai c6: AAKD > AADM = AK _AD = AD’ = AK.AM .

AD  AM

= AK.AM =AlLAJ .

— AR _ AL AAHI o5 AAIM = AKI = AJM = 90° hay MKI =90°.
Al AM
Ma MKN =90°.

Do d6 K, I,N thing hang hay ba dwong thing AB,DE va NK déng quy.

K A c
1) Ké BK L AC (K thudc duong thang AC), ké AH L BC (H €BC)

AH CH BH ~AH
AB AC AB AC

AH.BC AC.BK BK
ABAC ABAC AB

Ta c6: sin B.cosC +cos B.sin C =sin ABC.cosC +cos ABC.sin C =

sin B.cosC +cosB.sinC = AHC (CH+BH)=

Mit khac: Sin(B +C) =sin KAB = %.

Tt d6, ta c6 sin(B+C) =sinB.cosC +cosB.sinC .

b) Goi 25 diém trén mat phang lan luot1a A, A,, A,,..., A, phan biét.

Gia st AA, la d6 dai 16n nhat trong cac d¢ dai néi 2 diém bat ki trong 25 diém
da cho.

Néu AA, <1. Vi trong 3 diém bat ky da cho bao gio cling tim dwgc 2 diém co
khoang cach gitta ching nho hon 1 nén v6i moi diém A (k =3;4;...;25) ta ludn ¢
AA <1.Xét duong tron (A;1) sé chira toan by 25 di€ém da cho, ta c6 diéu phai
chttng minh.

Néu AA, >1. Xét diém tuy y trong A di€ém con lai, gia st A,. Vi trong 3 diém
bat ky da cho bao gio ciing tim dugc 2 diém c6 khoang cach gitta chiing nho hon
1 nén AA, <1 hodc AA <1.Suy ra cé it nhat 12 doan thang xuat phat ttr A c6
dd dai nho hon 1, hogc it nhat 12 doan thang xudt phat tir A, c6 d6 dai nhé hon
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1. Do d96, ton tai duwong tron (A;1) hodc (A,;1) s€ chira it nhat 13 diém trong 25
diém da cho. Vay ton tai mot hinh tron ¢ ban kinh 1 chita khong it hon 13 diém
trong 25 diém noi trén.

Cau 6:

Ap dung bat dang thic Cauchy cho hai s§ duong a va bc (vi a,b,c>0), ta cé:

a?+hc>2avbe o — & <@ —lz.i.

1 1/1 1
< ==. <D 4z
a’+bc 2avbc 4 b ¢ 4(b Cj

Tuong tw, ta cling co: ZLSE(E-‘-EJ - ¢ 33(14_&)
b+ca 4\c a/c°+ab 4\a b

2 2 2
Suy ra: Pgi 1+1+£ :ab+bc+caga +b%+c
2\a b c 2abc 2ahc

2 2 2\2
Mit khac tir | 272+ | 2 20198772
2018

2 2 2
S A HC 2019

2018
2 2 2
S DT 100942019
2abc

Do d6: P <1009+/2019 suy ra gia tri 16n nhat caa P 1a 1009v/2019 dat dwoc khi

3
vachikhi a=b=c=—F——.
2018v2019

Dé s6 23
Cau 1. (4,0 diém)
DKXD: x>0,x#1.

a)P:( X+2 Jx 1 J{&—l}

x\/;—1+x+\/§+1+1—\/; 2
p_ X+2 N ‘/;(‘/;_1) B X+4/X+1 _[ﬁ—l}
- (ﬁ—l)(x+ x+1) (&—1)(x+&+1) (&—1)(x+ x+1) ' 2 )

X+2+ X=X —X—~/x -1 _(ﬁ—l}
(ﬁ—l)(x+ x+1) o2 f
(V1) o

x—24x+1 | [/x-1)_
) e 9
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p-— 2
X++4/X+1
x=2(T™M
b) pePle—2 2 yifx-6=0c Vx=2 (M)
7 x+/x+1 7 JX =-3 (KTM)
o X=4.

Vay x=4th‘1P=$

Ciu 2. (4,0 diém)
a) Tim nghiém nguyén ctia phuong trinh: 2x° +4x =19-3y?.
Ta cé: 2X° +4x=19-3y” < 2x* +4x+2=21-3y°
< 2(x+1)°% = 3(7— yz)
Vi 2(x+1)° 12 =>3(7-y*):2hay 7-y* i 2 (1)
Ma: 2(x+1)* 20=>3(7-y*) 2 0= y*< 7=y ={1,4} (2

Tir (1) va (2) =Y =1=y=%1

Vi Y=F1los 2(x+1)° =3(7-1) < 2(x+1)? =18<:>{X

Vay pt c6 nghiém la: (%¥)=(21); (-4 1); (2-1); (-4-1)
b) Tim dw trong phép chia: x** —2x™ +1 cho x* 1.
Giastr: f(x)=x"*-2x"+1; g(x)=x*-1
F() =% =2x" +1=(x=1) (X + X® + X7 + 4% = x* —x-1)

Ta théy: {g(x) =x? -1=(x-1)(x+1)
. f(x) _ XX x4 —xP—x-1 _h(x)

g(x) x+1 x+1
=>50 du cta f(x) cho g(x) chinh la s6 dw caa h(x) cho x +1.
Ma: h(=D)=((=D"* + (-D)* +..+ (-1)° + (-D* )+ (-1’ ~ (-D)* - (-D -1

=04+ (-1° ~ (-D? ~ (- -1=—-2
Vay s6 du trong phép chia trén la -2.
Cau 3. (5,0 diém)
a) Phuong trinh: x—(2m+3)x+m=0.
Coé: A=(2m+3)° —4m=4m*>+12m+9—-4m =4m* +8m+9
=(2m+2)’+5>5(vm)

Vay phuong trinh ludn cé 2 nghiém phan biét véi moi m.

+X,=2m+3
Theo Vi-Et ta co: X +%
X, X, =M
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Ma: X+ =(x, +x2)2—2x1x2 =(2m+3)" —2m = 4m* +12m+9-2m

2
=4m* +10m+9 :(Zm +§J +1T4121741(V m)

Vay Min(xf + Xf):%. Déu "=" xay ra <=>m = -5/4.

2_2y? —xy+2y-x=0 (I
b) Gidi hé phuong trinh: %~ =) ¥ +2y=x=0(0)
X*—y*+6x+12=0 (1)
Tt phuong trinh (I) ta cd: X* —2xy —2y? + Xy +2y —x=0
< X(x=2y)+y(x—2y)—(x—-2y)=0
& (x-2y)(x+y-1)=0
(x=2y)=0 x=2y ()
=N N
(x+y-1)=0 x=1-y (2)
Thay (1) vao (II) ta duoc: (2y)° —y? +6(2y)+12=0 <3y* +12y +12=0
=3(y+2) =0 y=-2=x=-4 (TM)
Thay (2) vao (II) ta dwoc:
(1—y)2—y2+6(1—y)+12:0 <:>—8y+19:0<:>y:%:>x:_711(l'M)
Vay hé phueong trinh c6 cdp nghiém la: (-4; -2) va (-11/8; 19/8).
Cau 4. (5,0 diém)

A o] C B
P
Q
M F
D

N
E
M y

a) Xét tir giac MACD cé: MDC = MAC=90°,
— T& gidc MACD noi tiép.
Twong ty: Tt giac CDNB noi tiép.

MAD = MCD =MD
CBD = CND =ECD
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L —

Ma: ABD — m%zﬁzm _ MCD =CBD = CND.

Mgt khac: DNC + DCN=90°(MN L CD) = DCN + DCM=90" (DNC =DCM).
— DCN + DCM=90° ([ﬁ:ﬂﬂ):@:go(’

_> Ttz gidc PCQD ndi tidp (Vi: PDQ + PCQ=180°)

b) Ta c6: MCN = 90° (cmt) = NCB +MCA = 90°

Ma: AMC +MCA =90° = AMC = BCN (ciing phu v6i MCA)

— AAMC ¢ ABCN (g.g) = M _ AC _ AM.BN = ACBC.

BC BN
¢) Qua D ké tiép tuyén ctia (O) cit Ax, By lan luot tai E, F. Tim gia tri nho nhat
cta S,gp + Sprp-

Ta c&: Spep + Sarp = Ssre + Spco =%(AE +BF).AB —%AD.BD

=£EF.AB 1 AD.BD
2 2

>1 AB.AB —EAD.BDzi(AB2 _ AD.BD)
2 2 2

2 2 2
Zl Agz_w :l ABZ_AB =1ABZ
2 2 2 2 4

D&u "=" xay ra <=> AD = BD. Hay D nam chinh giita cung AB.

Khi d: Min(Saeo + Sero) = AB° =Z(2R)2 =R’

Cau 5. (2,0 diém)
Ap dung bt dang thiic C5 - Si ta co:
[ 2 2
Lrx +y 2\/1+2xy:\/ 212+£=\/22+22=\/z(x+2) (Do:z=ij
Xy Xy X°y© Xy Xy
Tuong tu:
VT >/2(2+2) +X(x+2) +4/y(y +2)
23.3/\/xyz.(x+2)(y+2)(z+2) =3.Q/(xy+2x+2y+4)(z+2)

:3.2/xyz+2(xy+ yZ+2X)+4(x+y+2)+8
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:3.5/9+ 2.3.3/xy.yz.zx +4.3.3/xyz =389 +6+12
=38/27=34/327 =33

D&u "="xay ra khi va chikhix =y =z=1.

Dé s6 24
Cau 1: (2,0 diém)

A_Z\/3+m_2\/3+\/5_\/m
B2 e

C2y3444-2J3 22443
B2 VB2

2\ar23 V2(VB+1)
ez oz

) 2\/3+ \V5—+13++/48
Vay A=
J6++2
Cau 2: (2,0 diém)
Ta cé: 2n° +3n° +n=n(2n* +3n+1) =n(n+1)(2n+1) .

+ n(n+1)la tich cta hai s6 nguyén lién ti€p nén chia hét cho 2.

la mot s6 nguyén.

+Xét 2n® +3n* +n=n(2n° +3n+1) = n(n+1)(2n+1) tac co:

- Néu n chia hét cho 3 thi 2n® +3n’ +n chia hét cho 3

- Né&u 1 chia 3 dw 2 thi n+1 chia hét cho 3 nén 2n°+3n*+n sé chia hét cho 3
- Néu n chia 3 dw 1 thi 2n+1 chia hét cho 3 nén 2n°+3n* +n sé chia hét cho 3
Vay trong moi treong hop thi 2n° +3n” +n sé chia hét cho 3.

Ta c6 (2;3)=1nén 2n°+3n’ + n chia hét cho 6 v6i moi s& nguyén n.

Cau 3: (2,0 diém)

AABC can tai A, AE 1a duong phéan giac nén AE dong thoi la A
duwong cao = M la triec tam caia AABC.

-Tacé: AHB= AEB=90°

=Tk gidc AHEB noi tiép (Hai dinh ké cuing nhin canh AB
duéi modt cip gbéc bang nhau — BAE =BHE ma H
BAE = EAH va duong tron duong kinh AM  chinh 1a duong
tron ngoai ti€p AAMH nén MAH = MHE nén theo hé qua cta

tiép tuyén va day cung suy ra EH la tiép tuyén cua duong tron &
duwong kinh AM .
Cau 4: (2,0 diém)
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Ta co:

2X+5y—-3xy=1< 6x-9xy +15y =3

< 3x(2-3y)-10+15y =-7

< 3X(2-3y)-5(2-3y) =-7

< (3x-5)(2-3y)=-7.
3x-5=1 {x:z

Neén: &
{2—3y=—7 y=3

2-3y=-1 y=1

« -2

3x—-5=-7 T3
3 (loai).

2-3y=1 y_l

3

Vay nghiém nguyeén (X;y)cua phuong trinh la (2;3) hoac (4;1).
Cau 5: (1,5 diém)
Ta co:

(at+b+c)2 =0 a’+b*>+c*+2(ab+bc+ac)=0

<:>ab+bc+ac::_71

< a’b? +b*c? +c’a’ +2abc(a+b+c) :%

< a’h® +b%*c? +c%a’ = 1 < 2(a’h® +b%c? +c?a?) =%

Vay M =a*+b*+c* =(a2+b2+cz)—2(a2b2+bzcz+cza2)=1—%=%.
Cau 6: (1,5 diém)
Ta co:
_3x+4_ 6x+8 _-9x*+6x-1+9x+9 9 (3x-1)° 9
X*+1 2x2+2 2x% +2 2 2(x*+1) 2

Vay gid tri 16n nhét ca B 1a % , d&u "=" xay ra khi x= %

Lai co:
_3x+4  6x+8 _x2+6x+9—X2—1_(X+3)2_£>__1
x2+1 2x2+2 2x2 +2 2x2+2 2 2

Vay gid tri nhd nhat cua B 1a %, dau "=" xay ra khi x=-3.
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Cau 7: (1,5 diém)

Goi AC=s;CD=s,;DB=s,;s,>0;s,>0;s,>0.

Ta co: s, +5s, +5, =30(km).

Goi van toc lén, van tdc xudng doc lan luot la v,;v,;v,.
Thoi gian di va vé 13 4 gid 25 phit = i—;’ i

Theo dé bai ta c6 phuong trinh:

S3

$.%,8%,8,5,8 88 (1 1) (1 1) 2 53
v, v, v,ov, v, v 120 Ty v ) Clv, v )y, 12
(1 1) (1 1) 2s, 53
S| —+— |+S| —F+— |[+—E="—
10 20 20 10) 15 12
< (s, +s )(i+ij+ﬁ—§
*\10 20) 15 12 c
S2
3 2s, 53
< —(s, + —Z ==
20(31 ) 15 12
S1
<:>i(30— 2)+ﬁ=§
20 15 12
-s, -1
T T A
60 12
< s, =5(km).

Vay quang duong ngang CD bang 5 (km).

Cau 8: (2,0 diém)

Vi ABCD 1la hinh vuéng , AC va BD la hai duong chéo cta hinh
vudng ABCD

= BDC =45° hay HDE =45°; DBC = 45°hay KBN =45°.

Xét tir gide AHED c6: HDE = HAE =45° =Tt giac AHED noi tiép
(Hai dinh ké cung nhin canh HE duéi mdt cip géc bang nhau)
= ADE + AHE =180° = HAE =90°.

Xét tir gidc AKNB co:

B

N (o}

KBN = NAE =45° =T giac AKNB ndi ti€p (Hai dinh ké cung nhin canh KN dudi mot

c3p goc bing nhau )= ABN + AKN =180° = AKN =90°.
Tir d6 ta c6:  ADE = m=ﬁ-|\E=KK\N=900.

Tt gidc EHNC c6 EHN + ECN =90°+90° =180°

= EHNC ndi tiép duong tron duong kinh EN .

(1)

Tt gidc EKNC c6 EKN +ECN =90° +90° =180°
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= EKNC ndi tiép duong tron duong kinh EN .

(2)

T (1) va (2) suy ra ti giacEHNC va EKNC noi ti€p duong tron duwong kinh EN . Vay cac
diém H, N, C,,E cung nam trén mot duong tron.

Cau 9: (2,0 diém)

Vi abc =1 ta dy doan dang thiic xay rakhi a=b=c=1.
Vay

a N b N C
@+D)Mb+1) Md+Y(c+) (c+h(a+l)
o a(c+1)+b(a+1)+c(b+1) ZE.

@+)(b+1(c+1) 4

Ta co:
(@+)(b+1)(c+l) =(ab+a+b+1)(c+1)
=abc+ab+ac+a+bc+b+c+1=2+(ab+bc+ac)+(a+b+c)

>3
4

(1)

va: a(c+1)+b(a+1)+c(b+1) =(ac+bc+ab)+(a+b+c)
vay (1) teong duong voi

(ab+bc+ac)+(a+b+c) >§
2+(ab+bc+ac)+(a+b+c) 4

< 4[(ab+bc+ac)+(a+b+c)]|>6+3[(ab+bc+ac)+(a+b+c)]

< (ab+bc+ac)+(a+b+c)>6(*)

Lai co:

a+b+c>3¥abc =3

ab+bc +ac > 3Ya’h’c* =3 nén (*) ludén ding

Vay bat ding thikc da dwoc chiing minh

Ddu "=" xay rakhi a=b=c=1.

Luwu y: Bai nay cd thé chitng minh theo cich khdc dé la nho sw rang bugc abc =1

ta 6 thé dit a=—~;b=Y:c=2 khids =.L.Z =1 ta vin c6 diéu cin chimg minh.
y z X y Z X

Cau 10: (1,5 diém)

Ta co:
2U0X-1-2Xx+5=0< 2/x-1=2x-5
5
X2>—
= 2 = x:6+2ﬁ.
4(x-1) = (2x-5)*

+7

Thtt lai ta co x = % khong la nghiém cta phwong trinh nén loai.
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ta c6:24x-1-2x+5=0. Do d6 v6i diéu kién x >1 ta co:

Xét x #

6+/7
2

V4x? —15x+20 = 4x-10+7+/x -1
& VAx* —15x+20 —3Jx-1-2(2Jx-1+2x-5)=0
4x* —24x+29 2(4x* —24x+29)
= + =0
JAx2 —15x+20 +3Vx -1 2Vx-1-(2x-5)
4x* —24x+29=0

<~
8v/X—1+2x—5+2y/4x’ —15x+20 =0
6-7

Giai phuong trinh 4x° —24x+29=0 va chi nhan nghiém x = —

Giai phuong trinh 8Vx-1+2x-5+ 244x% -15x+10 =0 ta nhan vo nghiém vi

8vX—1+ 2x—5+2/4x% —15x+20 =8/x—1+ 2(x—1) +(2\/4x2 —15%+20 —3) >0.
Vay phuong trinh da cho c6 nghiém duy nhat S = {%} .

Cau 11: (2,0 diém)

Qua H vé duong thiang song song véi AC cat AB tai M, vé duong thang song song véi
AB cit AC tai N.

- T giac AMHN la hinh binh hanh (AM//HN ; AN//MH ) nén AM =HN

AHAN c6 HA< AN + HN = AN + AM

Vi MH //AC;BH L AC = BH L MH = HB<BM

HN//AB;CH L AB=CH L NH = HC <CN

Ta c6: HA+ HB+HC < AN + AM + BM +CN

= HA+HB+HC <AB+AC (1)
Chtrng minh twong tu:

HA+HB+HC < AC+BC (2)
HA+HB+HC < AB+BC (3)

Tt (1); (2);(3) ta suy ra:

3(HA+HB+HC)<2(AB+ AC +BC)
< HA+HB+HC <§(AB+ AC +BC)

Ddu "=" khong xay ra khi tam gidc ABC nhon.
Dé s6 25

Cau 1: (4,0 diém)

V35426 —11-6v2 _ V3-(v2+3)" -3~ 2)’
V2 -\6+25 +7-2010 V2 (5 +1)? +(\5 -+/2)*

a)Taco A=

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

V3-[N2+43-3-v2| V3-(V2+3)-(3-42)
J2-[\B+1+[V5-2| V2 ( V5 +1)+(v5-2)
V3-+2-3-3+2

B v

b) Chting minh bat dang thuic:
a® b ¢ (a+b+c)2
X y z = X+Y+1z

(*) véia, b,ceRvaxy, z>0.

Véi a, beR va x, y>0 ta co:

2 2 2
@ @)

X Yy Xty
< (azy+b2X)(X+ y)>xy(a+b)’ < (bx-ay)’>0 (luén dung).

2 p? 2 b)Y (2 b 2
Ap dung bat dang thic (**), ta c6: a_+b ¢ _M_FC_ZM'
Xy z Xty Z  X+y+2

Vi Xy +yz + 2x = 673 nén x(x* —yz+2019) = x(x* + Xy + 2x+1346) > 0.
Tuong tu: y(yz—zx+2019)>0 va z(zz—xy+2019)>0.

Ap dung bét dang thic (*) ta co:
X y z
2 + 2 + 2
X°—yz+2019 y°-zx+2019 z°-xy+2019
X2 y2 Z2

B X(x? —yz+2019)Jr y(y? —zx+2019)Jr z(2° —xy +2019)

N (x+y+2)’ (1)
X°+y° +2° —3xyz +2019(x+y +2)

Bién doi:

X+ y? 28 =3xyz = (x+y) —3xy(x+y)+ 2} —3xyz
=(x+y+z)[(x+y)2—(X+y)Z+ZZ}—3Xy(X+Y+Z)
=(x+y+z)(x2+y2+22—xy—yz—zx)

Tt d6 suy ra:

X+ y° +2° —3xyz+2019(X+ y+2)= (x+y+2)(X2+y2+22—Xy—yZ—ZX+3-673)

=(X+y+2)
[x2+y2+22—Xy—yZ—ZX+3.(Xy+yZ+ZX)]
= (x+y+2) (x+y+z) =(x+y+2) 2)

Tt (1) va (2) suy ra
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2
X z X+y+12 1
> +—; y +— 2( )3: (dpcm).
X“—yz+2019 vy -zx+2019 z°-xy+2019 (x+y+z) X+Yy+1z

Cau 2: (5,0 diém)
a) Goi x (m/s) la van t6¢ ltic cong ban di ctia Khanh.
Diéu kién x>0,2.
Van tdc ltc cdng ban vé ctia Khanhla X-0,2.
Theo dé bai, ta c6 phuong trinh:

1800 1800

x—Q2_ X

<> 750x* =150 —360 =0 (hay 25x° —5x-12=0)
Giai phuong trinh ta dwoc X, =0,8 (nhan); x, =-0,6 (loai)

=750

Vay van toc ltuc cong ban di cia Khanh la 0,8 (m/s).
b) Ta co
X} =2x+y X—yl=x-y (X=Y)(X*+xy+y*) =x—-y
o =S
y =2y +x XX+ vy =3(x+Y) (X+Y)(X* =xy +y?) =3(x+Y)

- (X=yY)(X*+xy+y* -1 =0
(x+ y)(X* =xy+y*—=3)=0.

Xx—y=0 {x:y - [x:\@,y:\@
x=—3,y=—3

2 2 _ = X=— =1’ =—1
TH&{X +xy+y -1 O@{ y @{x y

x*-1=0 x=-1Ly=1

X +xy+y*-1=0
X2 —xy+y’-3=0

S=x
Dit {P ) X;y (S?—4P >0). Ta c6 hé phuong trinh
52_p-1=0 {P:—l
=
5?-3p-3=0  |S=0
X+y=0 [x:l,y:—l
=

Khi d6
{x.y:—l x=-1Ly=1
Vay nghiém (X;y) ctia hé phuong trinh 1a: (0;0); (+/3;+/3); (—/3;—/3); (,-1); (-11).

Cau 3: (5,0 diém)
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a) Chitng minh OA vuong goc EF .

Dung tiép tuyén Ax cta (O). Ta co:

+ ACB = BAX (hé qua ctia goc tao boi tia tiép tuyén va day cung)

+ ACB = AFE (cling bt v6i BFE, do t giac BFEC ndi tiép)

— BAX=AFE = Ax // EF

Ma OA L Ax = OA L EF.

b) Chitng minh rang: M,H,N thing hang.

AABC c6 BE,CF la hai duong cao va H la truc tam.

Ké duong cao thit 31a AS ctia AABC.

M,N,S cung thudc duong tron dwong kinh AK.

= AMN = ASN (g6c ndi tiép cling chan cung AN).

Ma AMN = ANM (AAMN can vi AM = AN theo tinh chat hai tiép tuyén cit nhau).

Do &6 ANM = ASN 1)

Ta cé: AANE dong dang AACN (g.g) = AN?=AE.AC

AAEH dong dang AASC (g.g) = AH.AS = AE.AC

= AN’ = AH.AS

_, AN _AS
AH AN

= ANH = ASN ()

Tir (1) va (2) suy ra ANM = ANH = M, H, N thing hang.

= AASN dong dang AANH (c.g.c)

Céau 4: (3,0 diéim)
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Trén tia d6i cia MB 1dy diém D sao cho MD =MC

BAC =60° (AABC déu) = BMC =120° = CMD = 60°

=AMCD déu = CM =CD

AACM =ABCD (c.g.c)=> AM =BD.

Ma BD =MB+MD =MB+MC

= S=MA+MB+MC =2MA

Ma AM <2R

Vay S dat gia tri 1on nhat khi MA la duong kinh < M 1a diém chinh gitta cia cung nhd

(2
T

Khi do6 S=2.2R=4R.
Vé duong kinh CM ctia dwong tron (O). Goi N, | Tan lwot la giao diém cta DE véi CH

va CM .
(O)va (C) citnhau tai D,E = OC 1 DE

Cau 5: (3,0 diém)

ACEM vubng tai E, El 1a dwong cao nén CE* =CI.CM
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CH?

Ma CM =2CO va CE =CH nén CH? =2CI.CO hay > =CI.CO (1)
" Cl CN
ACIN dong dang ACHO (g.g):C—H:a =CN.CH =CI.CO (2)

Tt (1), 2) suy ra CH =2CN = N la trung diém ctaa CH .
Vay DE di qua trung diém ctia CH .

Peé so 26
Cau 1:
1-x)(Vx+3+1
a) bKXb: x>-3; x;tl.Tacc’)A:( )< 1 ) =—X+3-1.
X_

b)Tacod: A<—1=—/x+3-1<-1 < —/x+3<0< x> -3 x=1.
Cau2: a)DKXD: x>-1. Phuong trinh < 2(x—2)°" =5(x-2)/x+1+2(x+1)=0
& 2(x-2) ~4(x~2)Vxr1-(x-2)Vx+1+2(Jx+1) =0
& 2(x=2)[ (x=2) = 2x+1 |- x+1| (x=2)-24/x+1]=0
& (x-2-2Jx+1)(2x-4-x+1)=0
@l:Z\/m=X—2
Jx+1=2x-4

Xét 2\/x+1:x—2<:>{

X>2
x(x—8)=0
X>2
4x*> -17x+15=0

& x=8(TMDK).

Xét\/x+1=2x—4©{ & x=3(TMDK).

Vay phuong trinh c6 nghiém x=3; x=8.

Cau3: a)Tacod p®chiacho 3 dw0hodc 1.
Xét p’®chia cho3dw0, viplasdnguyénténén p=3,suyra q=1, voli.
Xét p®chia cho 3 dw 1, suy ra 8q chia hét cho 3 ma (8;3)=1nén q=3= p=5thoa
man.
Vay p=5;q=_3thoa man bai.
b) Tacod:
n®—n=n(n*-1)(n*+1)=n(n?-1)(n* —4+5)=n(n’ -1)(n* —4)+5n(n* -1)
=(n-2)(n-1)n(n+1)(n+2)+5(n-1)n(n+1) chia hét cho 5 va 6 nén chia hét cho
30.

Cau 3: Tur gia thiét a+b+c+ab+bc+ca—6abc=0 <:>£+1+l+i+i+i=6
a b c ab bc ca
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Ap dung BDT xy+yz+2x< x* + y* +2° ta co i+i+i<i+i+i(1)

ab bc ca a* b?

< 1 1 1Y 1 1 1
Ap dung BPT Bunhiatacd | =+—+=| <(1*+12+12 (—+—+—j
pcung (a b cj ( )a2 b* ¢?

<:>:+ +— <\/_‘/1 2(2)

Cong theo vé (1) va (2) ta duoc:

6= l+1+l+i+i+i<i+—2 — \/—‘/—+—+—<:>P+\/_\/E>6.
a b c ab bc ca a® b
@(\/5—\/5)(\/5+2\/§)20@\/5—\/§zo@st.

D&u “=" xay ra khi a=b=c=1.

|
A/r B

Cau 3:

D

a) Ta cé6 AC?+BD? = MA? + MC? + MB? + MD?.

= (MA? + MD? ) +(MB? + MC? ) = AD? + BC?.

Ké duong kinh CE ta c6 CDE =90° hay CD L DE.

= DE// ABnén t¢ gidc ABED la hinh thang can.

= AD = BE. Tacé AD?+BC’ =BE’ + BC? = CE” = 4R’ khong déi.

b) Vi IB=IC=IMnén I0*+IM?*=0C*-IM*+IM?* =R%.

Goi J 1a trung diém ctia MO . Ap dung cong thiic dudng trung tuyén trong

AIMO ta co:

. =\/I02+IM2 ~MO* _ [R? MO?
2 4 2

chay trén dwong tron tam J ban kinh 1J khong doi.

khong doi (vi O, M ¢ dinh). Do d¢, |

Cau 4:
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D C
Goi H la trung diém cua AB.
Taco HA=HB va FD = FBnén HF la duong trung binh cia AABD .
= HF // ADma EM L ADnén EM L HF.

Tuwong tu HE cling la duong trung binh cia AABC nén HE // BCmaFN L BC nén
FN L HE. Do d6 G la truc tam cuia AHEF = HG L EF(2)

Goi M, N lan lwgt 1a trung diém ctia AD va BC.

Ta c6 ME la duwong trung binh cia AACD nén ME //CD.

Tuong tw NF //CD va MN //CD hay M,F,E,N thang hang.

Suy ra EF // AB (2). T (1) va (2) suy ra HG L ABma HA=HB.

Do d6 tam giac GAB can tai G suy ra GA=GB (dpcm).

Dé s6 27
Caul: a)Taco a’=8+216—(10+2y5) =8+26- 25
=8+2(V5 -1 =6+2v5 = (V5 +1)

Do a>0 nén a=+5+1
a=+5+1=(a—-1)?=5hay a’-2a-4=0
Vay a la nghiém ctia phuong trinh a’-2a—-4=0

a‘-4a’+a’+6a+4 a'-2a’-4a’-2a’+4a’+8a+a’-2a-4+8

b)Tacd T = > 2
a’—2a+12 a-—2a-4+16
2002 940 A\ _ 2_9q 2_929—
_a‘(a’-2a-4) 22a(a 2a-4)+a‘-2a 4+8=£:1(V\1 a?—2a-4=0)
a’-2a-4+16 16 2
Cau 2: (4,0 diém)

a)Ta co

X +y°=8 - (X+y)* =3xy(x+y)=8

X+Yy+2Xy =2 X+Yy+2xy =2
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S=xX
Dét{ ™Y (s ~4P>0). Ta c6 hé phuong trinh

P=xy
2—
{83—38P=8 "= P=22
_, < 2-$ = ;
S+2P=2 §°-35.-=-8-0 [25%+35°-65-16=0
_2-8 P=0
< 2 Ts=2
(S-2)(25%+75+8)=0 -

(Vi 2S8°+7S +8:2(S+£)2+%>0 )

Khi dé {x+y=2c> {x=2,y:0
xy=0 x=0,y=2
Vay tap nghiém ctia hé phuong trinh 1a: S = {(0;2);(2;0)}.
b) Phuong trinh: (x+1)(x+2)(x+3)2(x+4)(x+5)=360
<:>(x2+6x+5)(x2+6x+8)(x2+6x+9)=360
Dit y=x*+6x ta cé phuong trinh: (y+5)(y+8)(y+9)=360
& y(y2+22y+157)=0
< y=0
(Vi y?+22y+157 = (y+11)* +36 > 0)
x=0

Ta co: x2+6x:0<:{
X=-6

Vay phuong trinh da cho c6 hai nghiém: x=0;x =-6

Cau 3: (4,0 diém)

a) Taco: a® +b*>>2ab , b*>+c®>>2bc, ¢®+a”>2ca
Cong vé theo vé ta duoc:

2(a”+b* +¢*) > 2(ab+bc+ca) < a’ +b” +¢* > ab+hc+ca
b) Tir cAu a) ta cd: (a2+b2+cz)2(ab+bc+ca)=2.9=18:>2P >18=P>9

D&u bang xay ra khi: a=b=c=+/3
Vay MinP=9 khi a=b=c=+/3
Via>1,b>1,c21lnén (a-1)(b-1)>0<ab—-a-b+1>0<ab+1l>a+b

Twong tu ta cé: bc+1>b+c, ca+l>c+a

Do do: ab+bc+ca+322(a+b+c)<:>a+b+cs%=6

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Ma P=a’+b?+c?=(a+b+c) —2(ab+bc+ca)=(a+b+c)’ 18

a=4b=c=1
= P <36-18=18 . Ddu bing xay ra khi: |[b=4;a=c=1.
c=4a=b=1
a=4b=c=1
Vay MaxP =18 khi: |[b=4;a=c=1.
c=4a=b=1
Cau 3: (6,0 diem)
C
H
E
D
F
B
A M

a) AB la ti€p tuyén ctia duong tron (C;CA) = BA* = BE.BF (1)
AH 1a dwong cao cta tam gidc vudng ABC = BA? = BH.BC (2)
T (1) va (2) suy ra: BE.BF =BH.BC
Ta c6: BE.BF =BH.BC DE=E

BF BC
Tir %:B—CE: va HBF = EBC = AHBF ~ AEBC = BHF = BEC
Suy ra t& gidc EFHC noi ti€p duong tron.
b) Ta cé: BHF = BEC = EFC = EHC = EHD = FHD (vi AH L BC )

Do D nam giita E,F nén HD la phan gidc ctia goc EHF
c) Ta c6: BFM :%A/C\F = AEF = AE//MN (3)

Theo cau b) va vi HD L HBnén HB la phan gidc ngoai ctia EHF. (4)
MF _BF HF DF FN

= = = = = FM =FN.
AE BE HE DE AE

T (3) va (4) suy ra:

Cau 4: (2,0 diém)

2 2 2

+02=20<:>a_c+c_c=

a’+b*> a*+c®* b+c a*+b* b+c a’+c® b+c

az(b+c)—c(a2+b2)+cz(b+c)—c(a2+cz)_
(b+c)(a*+b?) (b+c)(a®+c?)

Ta co: 0
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b(a* —bc) . —c(a®-bc)
(b+c)@®+b?) (b+c)@+c?)

<:>a2—bc( b L jzo
b+c \a’+b*> a*+c?
(a®>-bc)’*(b—-c)
(b+c)(@® +b*)(a® +c?)
Xét a* —bc = 0= bc =a* 1a s chinh phuwong
Xét b—c=0=b=c.Khido bc=c? la sd chinh phuong

=0=(a’*-bc)(b-c)=0

Dé s6 28

Cau1:

a) Tacé a+b=c’-2018c < a+b+c=(c-1).c.(c+1)—2016c chia hét cho 6. Mt khac
(a®+b°+c’)—(a+b+c)=(a-1)a(a+1)+(b-1)b.(b+1)+(c—1).c.(c+1) chia hétcho 6
Do d6 A=a’+b’+c’chia hét cho 6.
b) Xét x=1=y=1.
Xét x22 thi 48. Néu y chin, dit y=2k(keN")=1+3" =1+9"=2(mod8),
vo li
Néu y 1é y=2k+1(keN")=1+3" =1+9"3=4(mod8), vo .
Vay X=Yy =1 thdéa méan yéu cau bai toan.
) Tacé 4B=1.234+234.(5-1)+345.(6-2)+...+n.(n-1).(n-2).[(n+3)-(n-1)]
=n.(n+1).(n+2).(n+3)=n*+6n°+11n" +6n < n*+6n° +11n* +6n+1=(n’ +3n +1)2
Mat khac
n*+6n°+11n*+6n>n*+6n°+9n* = (n2 +3n)2 = (n2 +3n)2 <4B< (n2 +3n +1)2
Do d6 B khong phai la s6 chinh phwong.
Cau 2:

—7
a) DKXD: x2 3 Khi d6 phuwong trinh tueong dwong

3X% +3X—3X\/3X+ 7 —4X =4+ I3X+ 7 = X+/3X + 7 +/3x+7 —3x—7
<:>3x(x+1—\/3x+7)—4(x+1—\/3x+7)—\/3x+7(x+1—\/3x+7):0
<:>(x+1—\/3x+7)(3x—4+\/3x+7)=O.
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3x+7=(x+1)2 .

Xéttru_’c‘ynghqp:\/3X+7=X+1<:>{ . x=3.
X2
3x+7=(4-3x)’
] 3-\5
Xét treong hop : V3X+7 =4-3X< 3 _7 4 =X=—0.
“ax<=
3 3

Vay phuong trinh da cho c6 hai nghiém.

b) Hé phuong trinh <:>{ b=x_y’

(x+y)(x=y) =

(x=y)(x+y+1)=5 {a=x+y {(a+l)b=5
Dat ta co

ab’=6

6
Néu b=0= x=y, vd nghiém. Vay b= 0ta c6 ab2:6:>a=b—2.Thé’vao

b=
(a+1)b=5 duoc b*-5b+6=0= -

3

X+y=—
Véib=22>a=§:>< oy 2 <9
2 2

—-y=

Véib:3:>a=%:> Xry=

2
3&
_y:3

7 1)\(11 7
Vay hé ph trinh ¢6 hai nghiém : | —;— |,| —;——|.
ay hé phwong trinh c6 hai nghiém (4 4) (6 6]

Cau 3:

, , 2X24+2x+1 X ,  2X 1 X
a)Taco C= X"+ — + = X"+ + >+
(x+1) x+1 X+1 (x+1) x+1

( 1 jz X 1 X
=/ X+ + =X+ + =x+1
X+1 X+1 Xx+1 x+1

b) Ta c6 D=a(b+c)=a(1—a):—a2+a:_(a_1j2 1 l
2 4 4

1 1 1

Vay gia tri 16n nhat ctia D bang — f khi a—E—O<:>a—E

¢) Vi X, ¥, la ba canh cuia mdt tam giac nén y+z-X>0
X+y-2>0.

; Z+x-y>0 ;

TAI LIEU TOAN HOC
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Ap dung BDT CauChy ta c6 /(Y +2-X)(z+x-y) <z; (z+x-y)(x+y-2) <X;

Cau 4:

Cau5:

\/(x+ y-z)(y+z-x)<y.

Nhén theo v€ cac BDT nay ta dugc diéu can chiing minh.

a) Vi AD la phan gidc nén A
BD_BA_ BD_CD
CD CA BA CA
Laicoé PE//AD//QF
_ BP BP _BD _CD_CQ
BE BA CA CF
Ma BE =CF nén BP=CQ B P D M Q c

b) Goi M, N Ian lwot la trung diém cua BC va EF . Khi d6 MN la duong trung
binh ctia hinh thang PEFQ nén MN//PE//AD. Ma AD 8 dinh, M ¢& dinh nén

MN c6 dinh .
Goi O la trong tam tam giac ABC , ta co AG_AO 1L = OG//MN. Ma O cd
AN AM 3

dinhnén G di dong trén duong thang qua O song song véi MN ¢6 dinh .

a) Taco KMN = MBA (1) D

T gidc BMKC c6

BMK = BCK =90° N

— - M

nén ndi tiép = MKN = MBA |

()

T (1) va(2) suyra: K

KMN = MKN _ -

= AKMN can tai N . A c O B

b) Ta co KAC = BDC; ACK = BCD nén AACK ~ ADCB = AC _KC
DC CB

L
_ pc_ACBC (R 3R 4 _ri
KC 272 2
Do déd S, 5 = DC2.AB = R\/E'ZR =R%J3.

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

c) Goi E la diém ddi xting véi B qua C. Ta c6 CDE =CDB =CKA nén ti gic
AKDE noi tiép. Do d6 duong tron ngoai ti€p AAKD cing la duwong tron ngoai
tiép ti gidc AKDE .

Tacd A, C, B cd dinh nén AE c6 dinh. Vay duong tron ngoai tiép AAKD di qua
diém c6 dinh th hai khac A 1a E.

Dé s6 29
Caul:
a)Tacd P= 2 +4x-1= 2 =+ x—1
\/x+1+2\/x2—1+x—1 \/(\/x+1+\/x—1)
2(\/x+1—\/x—1)
2
_ I +Vx-1=+x+1
VX+1+4/x-1 2
b) Tacd P? =2+ 1+Vx —x* = x-1=41-vx* =x* & (x=1)" =1-Vx* —x?
SxYX-1=x(2-x) VX -1=2-x & x=% (vi x>1).
Cau 2:

a) Ta biét réng tong cac chlt s6 ciia mot sd ty nhién thi ¢d cung sd du véi s6 ty nhién do
khi chia cho 9. Ma mot s& chinh phuong khi chia cho 9 ¢6 s6 dw la 0;1;4hodc 7. Nhung

2019 chia cho 9 du 3. Do d6 tong cac chit s6 ctia mot sd chinh phuong bat ky khong thé
bang 2019.

2
b) Ta ¢6 thé tich cia b&1a V = Sh= ;{% 4—°j 10 =100(dm®) =100 lit.
T

Goi X,y theo thir tw la s6 Tuot d6 thung loai 41it va 71it vao bé (x,y e N7).
Theo bai toan thi 4x+7y=100 = 7y:4 = y:4.
Mit khac 7y =100-4x<96 <4< y<12.
Xét y=4 thi x=18, xét y=8 thi x=11, xét y=12 thi x=4.
Cau 3:
a) Vi 2.(-18) =-36 <0 nén phuong trinh ¢4 hai nghiém phan biét véi moi m.

_m+1

Theo Vi-et thi X% = 2
XX, ==9
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Ta c6 Q =(X} +4)(X; +25) = X/X} +4x] +25x] +100

=(2%,)" +(5%,)" +181 > 2,(2x,)".(5% )" +181 = 20|x,X,| +181=180 +181=361.

2x,|=[5x| (2%, =5 J
Déu "=" xay ra khi va chi khi {' x| =| Xi':{ TNy =20
XX, =-

XX, =-9 5
Vi &:@szz_i Cx o X2:—91\(/)E :m;1=_91F®m=_gJ?_5-

3J10 3J10 9V10  m+1 9410 910 -5
S X E—— X t+X, = = = Sm= .
5 2 10 2 10 5
x(y2+1):2y2 { >0
= .
y(x“+x2+1)=3x3 y=0

Véi X, =—

b) Hé phuong trinh {

Ap dung BDT Cauchy ta cé:

2 2

x(y2+1):2y2:>x: iy

3x° 3x°

X'+ %2 +1 3«3/)(4 x2.1

Vi 4y =2y? {y(y—1)2=0
=N

va y(x +x*+1)=3x" =y = —X= y<X.

Do dé X:ytaco’{

Y4y =3y -y |y(y-1)(y*-1) =0
=y=0y=1.
Vay hé phuong trinh c6 nghiém x=y=0;x=y=1.
Cau 4:
A
K

E

B¢ c D

Ta c6 ACB =CDA+ADC
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= ADC =60°—-15°=45°, suy ra ACDE vudng can.

Duong thang qua E vudng goc véi CE cat duong thang qua D vuodng goc voi CD tai

F . Suy ra tt gidc CDFE la hinh vudng, suy ra AD la trung tryc ctia CF
= KC = KF = AKCF can.

Mat khac BK 1a trung triec cia AC nén KA=KC = AKAC can.

Do d6 KCF = ACD —(ACK + DCF ) = (180° - 60°) — (15° + 45°) = 60°

= AKCF déu = KC=CF =ED.Do d6 AK =ED.
Cau5:

a) Ta c6 tie gidc AIMJ 1a hinh chi nhat. Do d6 AIMJ noi ti€p duong tron duwong kinh AM
va IJ. Vi N d6ixtng véi M qua I3 nén INI = IMI =90°

hay N thudc duwong tron dwong kinh 1J va AM = ANM =90°.

Mat khéc | thudc trung trec MN, AMIC vuong cannén | thudc trung truec MC

suy ra | la tam duong tron ngoai tiép AMNC

— 1

— MNC =E|\7E: — 45° Do dé ABC + ANC = 45°+90° + 45° =180°

hay tit gidc ABCN ndi tiép duong tron (T).

PM PC__PM MB

= (1)
MB BA ~ PC BA

b) Ta c6 AMPC »» AMBA =

TAI LIEU TOAN HOC
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AMBP > AMAC = - _PB m='\"—C()
MC CA  PB

Cong theo vé (1) vdi (2) duoc:
PM PM |V|B MC MB MC BC o1 1 1 1

= .
PC PB BA CA BA BA BA PC PB PM

DA _ DK
DC DA

¢) Ap dung hé thikc leong ta c6 DH? = DK.DC = DA? = DK.DC =

— ADKA o ADAC = AKD = DAC = 45° = ABH + AKH = 45°+ 45°+ 90° =180°

suy ra t giadc ABHK noi tiép

= AKB = AHB =90° = HKC ma ABK = AHK = KCH nén suy ra BAK = KHC .
Dé s6 30

Cau 1. (3,0 diém)

ATa cod: P = Jx+1 y+\/_ \/_y+x/_ Jx +1
! P[Jx—yu = Ml Jo-1 MHJ
:(\/§+1)(1—\/W)+(\/x7y+\/Q)(«/xy+1)+1—xy_

1-xy '

xy—l—(\/x—y+\/;)(\/x—y+1)—(\/§+1)(\/W—1)
Xy —1
~ (\/;+1)(1—\/x_y)+(\/x_y+x/;)\/m+l—xy ~ 2(\/;+1) 1
_1—xy+(\/x_y+\/§)(\/ﬁ+1)+(\/§+l)(\/x—y—l)_2(\/x_y+x\/§)_\/g.

Vay véix>0;y>0 va xy =1 thi Pz% .
Xy

b. Ta c6: X° :(%/4—2\£+3/Z+2\@)3 =8+3(§/4—2\/6+§/4+2\/€)(3/4—2\/5~§/4+2\/€)
=8-6X

= x*+6x=8< X(X* +6)=8 <> xy =8 thoa man diéu kién xa dinh.

Thay vao ta co P:%.Véy P:%.

Cau 2. (3,0 diém)

Toa dd giao di€ém (néu cd ) cua (d)va (d')la nghiém cta hé phuwong trinh:
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(m-Dx+y=3m-4 Xx=m-(m-=1)y
{x+(m—1)y:m ) Q{m(m—Z)yz(m—Z)z(l)

; m=0
D& (d)cat (d') < hé (*) c6 nghiém duy nhat < (1) c6 nghiém duy nhat <:>{m 5
#*
3m-2
m=0 X= m
Vi he ph trinh cé nghiém d hat
i {m¢2 € phuong trinh c¢6 nghiém duy nha N0
y=—">"
m
Litc 6 M(Bm—z;m_—Zj'
m ' m
m-2
Tir gia thiét MOx =30°nén M c6 hoanh do dwong va tan MOX = o
m
m-2
tan MOX = tan 30" = |=— <:>i= m-2 :>3m—2=+\/§(m—2)
3m-2| /3 |3m-2 N
m-2
<:>m:i¥ thoa man.

Céu 3. (4,0 diéin)
a) Didu kién x dinh ‘?1 <x<6(*).

Phuong trinh da cho < (V3x+1-4)-(V6-x~1)+3x’ ~14x-5=0

3 1
+
V3x+1+4 6-x+1

3x-15 5-X

@ —
V3x+1+4 6-x+1

X =5(t/ m(*))
= 3 1
V3x+1+4 6-x+1

+(x=5)(3x+1)=0 <:>(x—5)[ +(3x+1)}=0

+(3x+1)=0 (1)
VT ctuia phuong trinh (1) 1udn ludn 16p hon 0 véi moi x théa man (*) nén (1) vo nghiém.
Vay tap nghiém cuia phuong trinh 1a S={5}.
b) Diéu kién cac dinh 3x—y+7>0.
(RS (x2 +2)(x+ y—2)=0
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& x+y-2=0ey=2-x (dox*+2>0vXx).

Thay y = 2 — x vao (2) ta duoc

X2 —X(2—X)—4x—1=/3x— (2= X) +7 < J/4x+5 = 2x* —6x -1
& 24X +5 =4x2 —12x -2 < (2x—3)% = 24/Ax+5+11.

Dit VAx+5=2t-3

2
(-3 maxss  [(aafaxes |2 =

Ta co = =
{(2x—3)2—4t+5 {(t—x)(t+x-2)=0 [

t=x
t=2-x

\ x> —4x+1=0
Truong hop 1: t = x < J4x+5=2x-3 < oy 350 o x=2+43

=y =3 théa man diéu kién x4 dinh. H¢ cd nghiém (x;y)=(2++3;-/3).

2-2x-1=0
Trueong hop 2: t=4—-Xx < J4x+5=1-2x @{: ) );0 o x=1-42
—2Xx2

=y =1+/2 thoa méan diéu kién x4 dinh. Hé c6 nghiém (xy) =(1-2;1++2).
Vay hé c6 nghiém (x; y):(2+\/§;—\/§); (x;y)=(l—\/§;1+\/§).

Cau 4. (2,0 diém)
Dit T =3a®+3b%+3c?+4abc. Do vai tro ctia a, b, ¢ binh dang nén khong mat tinh tong
quat ta co thé giasi 0<a<b<c.

Tl‘ra+b+c=3véa+b>Csuyra1SC<%

T = 3(a2 +b2)+3c2 +4abc = 3[(a+b)2 —2ab}+3c2 +4abc =3(3—c)’ +3c? —2ab(3-2c)

2 2
Do 3-2¢ > 0 va abg(a;bj :(3_0) , suy ra

2

T>3(3-c) 43¢ —%(a+b)2 (3-2c)

=3(c*—6c+9)+3c’ —%(3—0)2 (3—2c)

=C3 _ECZ +£=C(C—l)2 +£(C—1)2 +13>13
2 2 2

D&u bang xay rakhi a=b=c=1.
Cau 5. (3,0 diém)
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a. Goi M la trung diém BC, ta c6 tam gidc ABD vudng tai D nén tanB = %
2
Tuwong tu: tanC = AD =tanBtanC = AD .
CD BD-CD

Ta c6 BHD = EHA=> HBD = HAE

= ABDH ~ AADC = BD.CD =AD.DH = tanB-tanC =%.

Ta cd HG//BC:E:m:tan BtanC =3.
DH GM

b. Goi S, S, S,, S, lan luot la dién tich cac tam giac ABC, HBC, HCA, HAB, ta

co
tanBtanC = AD = 1 = DH :i.
DH tanB-tanC AD S
Tuong tw :;=i,;=i
tanC-tanA S tanA-tanB S
N 1 N 1 N 1 :Sl+82+8321
tanB-tanC tanC-tan A tan AtanB S

tan A+tanB+tanC 1

tan A-tanB-tanC
Cau 6. (3,0 diém)

a. AEC+EAH =90",CAE + EAB = 90°, EAH = EAB = AEC = CAE
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= AAEC can tai C, = CI la trung triec cua AE.
Tuwong tw Bl la trung truc cia AF = | la tdm dwong tron ngoai ti€p tam giac AEF.
b. Goi M la hinh chi€u vuéng goéc ctia | trén BC = M la trung diém cta EF va
Ml =r.
Tam gidc ABF can tai B, tam giac ACE cantai C nén EF = AB + AC - BC.
Goi r la ban kinh dwong tron noi tiép tam giac ABC, do tam giac ABC vuodng tai A ta
chiing minh dwoc AB + AC - BC = 2r= EF = 2r.
A va E d6i xttng nhau qua Cl nén KEC = KAC, ma KAC =KAH,
KAH + KFH =90° = KEC + KFE =90° = AKEF vudng tai K = MK:%:r
= MJ =Ml =MK =r = diéu phai chitng minh.

Cau 7. (2,0 diém)

§ XEWVZOL9 M1 o () =1)

0O —m—m——— =
y+24/2019 n
nx-my=0 x vy

= mx—my = (mz—ny)+/2019 :>{ >-=Z=xz=y°
mz—-my=0 'y z

Tac

x2+y2+22=(x+z)2—2xz+y2=(x+z)2—y2=(x+y+z)(x+z—y).
Vi x+Yy+z1as6 nguyén lén hon 1 va x* +y® +z%1a sd nguyén t& nén
{x2+y2+22:x+y+z

X—y+z=1
Trdosuyrax =y =z = 1.

X+ Yy~/2019
y +2+/2019

Kétluan (x;y;2)=(LL1).

Thu lai =1va x*+y®+2z? =3 thdaman yéu cau bai to4n.
beé s6 31
Bai 1.

a) Voi x>0;x #1ta co:

[ ox=1 1) (x=12 X Cx+x L) (X =D% X
P_L&—f 1-x J Jx +1 =| Vxet Jx+1 ) Ux+l

_x+2\/;+1—x—\/§—1 Ix+1 B Jx
ﬁ+1 'x—2\/§+1+ﬁ X—+X+1

Véi x>0;x#1ta co:

o
_x—\/§+1

L (X1

B 1., 3
(\/;_E) +Z

P-1 <0 nén P<1.
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b) Dat 2 =x=x*=2
Do dé6

Y32 - iﬁ_iﬁ s—@J_—J_ %" \/_ & (x-1) =x2-x+19(x-1) = (x> —x+1)° 1
Tacd VP = (x* —x+1)° = (xX* =x+D*(x* = x+1) = (X + x*+1-2x>=2x+2x*)(X* = x+1)

=[X(X* =2) = 2x> +3x* +1](x* = x+1) = 3(x*—1)(x* = x +1) = 3(x-D)(x*+1)

= 3x=D[(x* —2) +3] =9(x~-1) = VT

Bai 2. .

a) \/3x+8+6\/3x—1 +\/3x+8—6\/3x—1 =3x+4c>\/(\/3x—1+3)2 +\/(\/3x—1—3)2 =3x+4 (xz%)

& 3x—1+3+‘\/3x—1—3‘ =3x+4 (1)

Véi x 2%, (1) = 243x-1=3x+4 < 9x* +12x+20=0 (VN)

V('YiESXSE,(1)<:>6=3X+4<:>X=E(UTI)

3 3 3
b) TH1. Néu mdt trong 3 s0 a, b,cb:?mgOthi cac sO con lai b:?mg 0. Do vay
a=b=c=0
TH2. Xét a, b, c khac 0:
Ta co
1 1 1 1+b% 1+4¢® 1+a® (1-b)® 1 (1-c)? 1 (1-a)P® 1_1 1
=t —— = T+ =+ =>4
a b c¢c 2 20 2a 2b b 2¢° ¢ 2a a a b
Ddu “="xay rakhi 1-b=1-c=1-a=0<a=b=c=1
Vay a=b=c=1hodc a=b=c=0

1
+_
C

Cau 3: Goix, y, z lan lugt 1a s6 goi keo chocola, keo chudi va keo dira 16p 9A da mua (goi,

0<x,y, z <22, nguyén)

| xryrz=22 20% + 20y + 202 = 440(1)
Theo dé taco 1y X &
-110000-+.50000-+150002 = 445000 | 20x +33y +152 =534(2)

13y-94

Trwr (2) cho (1) theo v€ vdi vé ta dugc:13y—22=94 <> 2=

13y -94

Vi0<z<22nén 0< <22 7<y<11 may nguyén suy ra y €{8,9,10}

Chi ¢6 y =8 thi tim dugc x=9,z=5
Vay 16p 9A mua duoc 9 goi keo chocola, 8 goi keo chudi, 5 goi keo dira.
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Bai 4. a) Tinh AB, AC.

Tam gidc AHC vudng tai Hnén tanC = % = é—g

_ C
CH = AH = CH — AH =4.Do dbé AH =12cm va CH = 16cm
4 3 4-3
Tam gidc AHC vudng tai Hnén AC =+ AH? + HC? = 20 (pytago)

— M
Tam gidc ABC vuong tai A nén tan ACB = % = % = AB = 3AC =15

Suy ra

b) Chting minh EF 1L AM.
Tt gidc AEHF 6 EAF = AEH = AFH =90° nén 12 hinh chit nhat. 11

Suyra A =E (1) "
Tam giac ABC vuong tai A c6 AM la duong trung tuyén nén AM = MB suy ra tam
giac AMB can tai M suy ra MAB = B (2)
Tam giac AHB vudng tai Hnén A + B =90°(3)
Tw (1), (2) va (3) suy ra MAB -+ El =90°suy ra EF L AM.
AH*
HE.HF
Vi AEHF la hinh chi nhéat nén AE = HF va AF = HE
Ap dung hé thitc gifta cach va duong cao ta c6

2
AE.AB = AH’ = AB = AR
AE

¢) Chting minh 28 =

2
AF.AC = AH? = AC = A1
AF
4 4 4
Do d6 AC.AB = AR _ _AH hay 2S = AH (dpcm)
AE.AF HE.HF HE.HF
bé s6 32

Caul: (4,5 diém)

1. Ta co:

*6—4\/5=4+2—2.2\/§=(2—J§)2
Suyra:m=m:‘2—x/§‘=2—\/§

*20+14V2 =8+12+ 242 11242 = 2° 4322 +32.(V2) +(v2) = (242
Suyra:m=mz2+\/§

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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*3f(a+3)va-3a-1=3/ava+3/a-3a-1-= g/(ﬁf ~31:Va+3.14a+(Va) = g/(l—JE)B
=1-+a

_a-1 _(\/5—1).(\/5%)_1:\/5_1
2(Va-1) 2(Va-1) 2

Vay ta c6: S =(2+J§).(2—J§)+(1—J5):(‘/52‘1}2019 =4-2-2+2019=2019

2. Ta c6: 36X% < 36x° +10X+3 < 36X* +10x +1+2x = 36X +12x+1 (vi X nguyén duwong)

= 6X </36X° +10X+3 <6x+1

S A HAX+1<AXP +4X + 2X < AX? +4/36X2 +10X +3 <4X* +6X+1<4x* +8x+4

= (2x+1)° <4x® +4/36x +10x+3 < (2x+2)°
:>2x+1s\/4x2+\/36x2+10x+3 <2X+2
= X*+2X+1< X2 +\/4x2 +4/36X% +10X+3 < X* +2X +2

:>(x+1)2 <x? +\/4x2 +4/36X* +10x+3 < X* +4x+4

:>x+1s[B]<(x+2)2

Ma xeN" nén [B]=x+1
; {xy(x+y):2
~|9xy(3x—y)+6=26x° —2y°
3xy(x+y)=6
<:>{9xy(3x—y)+6+x3+y3:27x3—y3
X+ Y +3xy(x+y)=6+x+y°
Q{Qxy(?;x—y)+6+x3+y3:(3x—y)(9x2+3xy+ y?)
(x+y) =6+ +y?
{(3x Y)(9X* +3xy+y? —9xy) = 6+x° +y°
@{(x+y)3=6+x3+y3
(3x—y) =6+x +y°
Suy ra: (x+y)3:(3x—y)3:>x+y:3x—y:>x:y
Thay x =y vao phuong trinh xy(x+Yy)=2 ta duoc:
xX(x+x)=2 & x*2x=2o2=2<x=1<x=1.Suyray=1
Vay nghiém cua hé phuong trinh da chola x=y=1.

Cau2: (2,0 diéin)
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a) Gia st trén mat phang toa do, d6 dai cic doan thang duwgc tinh theo don vi mét.
Do khoang cach gitra hai chan congla 4 mnén MA=NA=2 m.

Theo gia thiét, ta c6: OM =ON =2/5

Ap dung dinh ly Py-ta-go, ta duoc: OA=4.

Vay M (2,-4); N(-2,-4)

Do M (2;-4) thudc Parabol (P) nén toa do diém M thoa man cdng thic y =ax’ hay
~4=a2*=a=-1.

Vay (P):y=-x"

b)

D& dap ting chiéu cao triede xe tai phai di vao chinh gitta cong, ta xét dwong thang
3 7 ) aA b \ < 1 g . . A7 7 A
(d):y= -5 (tng voi chiéu cao cua xe). Duong thang nay cat Parabol tai 2 diém co toa do

thoa man hé phwong trinh:

32
3 2
y=—x° x2 ==
3 = : = X:_ﬂ
YZ—E y=—§ 2
2 3
Ve
Suy ra toa d0 giao diémla T {—%;—g]; H {#,—g}

Suy ra: HT = 3224

Vay xe tai c6 thé di qua cong.

Cau3: (4,0 diem)

1. Ttr gia thiét xy+yz+2zx=5 tacd: X’ +5=x>+Xy+yz+2x =(X+Y)(z+Xx)

Ap dung bét dang thitcc AM - GM, ta co:

swu tAm va téng hop zalo: 039.373.2038 TAI LIEU TOAN HOC
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2

2
Cong theo vé& cac bat dfmg thitc trén, ta duoc:

9x+9y+62z
\/6(x2 +5)+\/6(y2+5)+\/z2 +5 <=

6(x2+5) =\/6(x+ y)(z+X) S3(X+ y)+2(z+x) _5x+3y+2z

2

Chtmg minh twong tw, ta duwgc: | /6(y2 +5) < w; Jzii5 < XEY*eZ y2+ 22

Suyra P=

3x+3y+2z >2(3x+3y+22)

Vay gid tri nho nhét ca bicu thite P 1a %

Déng thitc xay ra khi va chi khi x=y=1z=2.

2. Taco: a=0, b=0

{ea2 +20a+15=0 _ {Gazbz +20ab? +15b* =0
15b* +20b+6=0 15b* +20b+6=0

= (6a’h” —6)+(20ab” —20b) =0

< 6(ab—1)(ab+1)+20b(ab-1)=0

< 6(ab+1)=-20b (vi ab=1)

= ab+1=_T10b

Tuwong ty: ab+1= _?4a

. |ab +1:_—10b :_—4a
Vay: 3 3
2a=5b
b* b*

A: =

ab®-9(ab +1)3 ab? —9(—b3).1000

27

A b b 6

a+103E)0 b 2b+1000 p 2015

Cau4: (3,0diém)

1. Theo dé bai ta c6 s6 phai tim ¢6 ttr 4 chir sO tro 1én.

\/6(x2+5)+\/6(y2+5)+\/22 45 9Xx+9y+6z

_2
3

Gia str sau khi bo ba chi s6 tan ciing abc cta n ta dugc sd x thi: n=10*x+abc
Theo dé bai, ta cé: x =3/1000x +abc <> x® =1000X + abc <> x(x2 —1000) = abc
Néu x >33 thi vé trai 16n hon hodc bang 33.(1089-1000) = 33.89 = 2937 > abc

Do abc 13 s8 ¢6 ba chit s& nén X < 33 (1)

swu tAm va téng hop zalo: 039.373.2038
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Néu x<31 thi x* <961 nén x(x*-1000)<0.
Lai c6: abc >0 nén x> 31(2)
Tt (1) va (2) suy ra x=32.
That vay, véi x =32 thi 32.(1026-1000) = abc hay abc =768.
Do d6: n=10°32+768 = 32768
Vay s6 can tim 1a 32768.
2.Goinamsd cantimla a, b, c,d, e vdi a, b, c, d, eeR"
Taco: a=(b+c+d+e)’ vab=(a+c+d+e)
Suy ra: a~b=(b+c+d+e)’ —(a+c+d+e)’
< a-b=(b-a)(a+b+2c+2d +2e)
< (a—-b)(a+b+2c+2d+2e+1)=0
{a—bzo
a+b+2c+2d+2e+1=0

Véi a+b+2c+2d+2e+1=01avolivi a b, c,d, eeR". Vay a=b.

Tuwong tw ta co: a:b:c:d:e:%

Cau5: (3,0 diem)

Ta c6: AABC can tai A nén B=C=72°.

K¢ tia phan giac géc C cat AB tai D nén (/3\1 = (/3; =36°

AADC co A:(/I\z =36° nén AADC cantai D.

Ké DH vuong goc voi AC. Khi do: AH vira la duwong cao vira
la duwong trung tuyén.

bat BC=1 cm, AH =X (cm) vdi x>0.

Ta co: AB=AC =2x; BD=2x-1; AD =1.

Ta co: CD la tia phan giac nén % = %

1+\/§
X=

4
1-45

4

1 :ﬁc 2x(2x-1)=1le
2x-1 1

hay
X

Taloai x= vi x>0.

1-+5
4

. AB 2x 145
BC 1 2

Cau6: (3,5 diéin)
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// ‘ 1. Trwong hop 1: Xét AABC vudng tai A.
' Ta c6 AABC noi ti€p trong duong tron tam O véi O la trung diém
cua canh huyén BC.
Vi sin A=sin90°=1
— BC =2R;sin A=2R.1=2R (ludn dung).
Vay BC =2Rssin A

Trwong hop 2: Xét AABC vdéi goc A nhon.
Ta vé duwong kinh BD cta duong tron ngoai ti€p AABC va khi d6 vi tam
gidc BCD vuodng tai C nén ta co BC =BD.sinD hay a=2R.sinD

Ta c6 BAC = BDC vi d6 1a hai géc ndi tiép cting chdn cung BC . Do d6
a=2R.sin A hay BC =2RssinA.

Truwong hop 3: Xét AABC véi goc A tu.

Ta vé duong kinh BD ctia duong tron ngoai ti€p AABC.

Tt giac ABDC ndi tiép dudng tron tAm O nén D =180°- A.

Do dé: sin D =sin(180°— A).

Talai co6 BC =BD.sinD hay BC =BD.sinA

Vay BC =2RssinA.

2. Ta c6: IMN = MBA (tinh chét goc gitra ti€p tuyén va day cung)

INM = NAB (tinh chat géc giita ti€p tuyén va day cung)
=180°—MIN

Suy ra tt gidc IMBN ndi tiép.

Céc goc AMB va ANB la nhitng gdc ndi tiép chan cung AB c8
dinh cta (O;;R,),(0,;R,) nén AMB, ANB khong déi.

Suy ra: MBN khong d6inén MIN =180°— MBN khong ddi.
Goi R 1a ban kinh duong tron ngoai tiép tam giac MIN thi MN = 2R.sin MIN

o MN

2sin MIN

Do d6 R16n nhat khi va chi khi MN 16n nhat.
Goi E,F la hinh chiéu vuéng géc caa 0,0, 1én (d), K 1a hinh chiéu vudng goc ctia O, 1én
O,F thi: MN = 2EF = 20,K < 20,0,
Dau bang xay ra khi va chi khi EF //0,0, hay (d)//0,0,.
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bé s6 33

Caul:

a__Xx+8 1 +\/(\/i—z)z

_(&)3+23 x-2/x+4  x-4

~ X+8 R S \\/;—2\
WX+ 2)(x=2x+4) x-2x+4 (x-2)(/x+2)
X+8 1 Jx =2

T Wkt (2% 4)  x—2dx+4 (Ix-2(/x+2)
(ViOSX<4nénO£\/;<2)

~ X+8 1 1 x+8+(Wx+2)—(x-2x+4)

T WKt —2x+4)  x—2dx+h Ix+2  (Ix+2)(x—2vx +4)

~ 3Jx+6 3

(WX +)(x=2UXx+4) x-2Jx+4

Taco: X—24/x+4=(/x-1)?+323 = 0<A <1

+ D& A la s8 nguyén (khi d6 A =1) thi x—2+/x+4=3 hay x=1

Cha y: Cac hoc sinh c6 thé dat t = Jx (0 <t<2)— thuc hién cac bién d6i dai s0. Cac thay cod
cho diém thich hgp theo cach cho diém ting phan trén day.

b) Cho bas6 thuc a,b,C thoa 1< a,b,c <2.Chiing minh :
a b c a c b
—+—+—+—+—+—<7.
c a ¢ b a
Via,b,c cd vai tro nhw nhauva 1<a,b,c <2 néngiast 2>a>b>c>1

Khi d6: (b-a)(b-c) <0

= b? +ac < ab+bc (¥) = %+ E <1+ E( chia 2 vé& (*) cho bc)
C c

va 9+££1+£ ( chia 2 v& (*) cho ab)
a a

a b b c¢c a c a ¢
= —+—+—+—+—+—<=2+2(—+-)
c a b ¢ a cC a

b€ chiing minh (1) ta ti€p tuc chitng minh 2+2(i+£) < 7<:>2+££g ()
C a C a
Tacs: 22a2c>1= 1<x=2<2
C

Q) < N g © 2x-5x+2 < 0 < (x-2)(2x-1) <0 (dtng vi 1< x < 2
X

(2) dueoc chttng minh = (1) dwoc chitng minh.
Déau “="xay rakhia=2,b=c=1hodca=b=2, c=1 va cac hoan vi cua no.
Cau 2:
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a) Cho phuong trinh X —=2X+3-2m=0. Tim d¢phuong trinh cé hai nghiém phéan biét X, X,

trong dé mot nghiém bang binh phwong nghiém con lai.

Cach 1:
e Diéu kién pt c6 2 nghiém phan biét la A” >0 = 2m-2 >0 = m>1.

eTaco: X +X, =2, X.X,=3-2m
X = X5 =% =2X, +2m—3

= X +X, =3X,+2m -3

= 3X, =5-2m = 3x, =1+2m
= Ix.X, =(5-2m)(1+2m)

= 9(3-2m) =-4m*+8m+5

— 4m?—26m+22=0 = m=1, m:1—21 - chon m:1_21

Cach 2:
Diéu kién : A’ >0 = 2m-2 >0 = m>1.
eTacd: X, +X, =2, X.X,=3-2m

Dé phuong trinh ¢ mot nghiém bang binh phuong nghiém con lai thi
(% =%;)(X%, — %) =0

= XX = (X + %) +X%; =0

= XX, — (X + %)% +3%X %, (X, + X,) + X' x5 =0

= X' X5 +TXX, —8=0=> XX, =1, XX, =-8.

+ XX, =1=3-2m=1= m =1 (loai)
1
+X.X, =—8:>3—2m:—8:>m:?(thoaman)

Cach 3:
e Diéu kién : A’ >0 = 2m-2 >0 = m>1.

Phurong trinh ¢6 2 nghiém 1a X, =1+~/2m-2, x, =1-y/2m-2

Dé phuong trinh c6 mot nghiém béng binh phurong nghiém con lai thi X, = X2
( khong xay ra treong hop nguoclai X, =X’ vi 0<x, <1, X’ >1 (1))

= 1+y/2m-2 = 1-22m-2+2m-2

= (2m-2)-3J2m-2=0=+2m-2=0v~2m-2=3

=> m=1v m:1—21-ChQn m=1—21

b) Gidi phwrong trinh 24/1— X +1-x* =3—-x (1)
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y Cach 1:
~ Dbiéukién: -1<x<1

T e 2T x4V xAlix =3 x ()

bat Vl1-x=a;J1+x=b (= ab>0)

.(2) viét lai: 2a+ab =4-Db?

=a(2+b)=(2+b)(2-b) => a=2-b (do 2+b>0

— X+ v1+x =2 = x=0 ( C6 si — hoac binh phuong...)

x=0 thoa diéu kién = x=0 la nghiém duy nhat ctia phwong trinh da cho.

Cach 2:

Piéu kién: -1<x<1

D) < 2VI-x —(1-X)]+[V1-x2 = (1+Xx)] =0

2N 2\/1—x(1—\/1—x)+\/1+ X(V1-x—+1+x) =0

o 241 +X. —2X =0 < Xx( L L+x )=0

+\/ J1-x+~/1+x 1+\/1 X VI-x+1+x

vi-x 1+ X *)

1+\/1—x S VI-x+1+x

o 1+ xP-2x=1+x < x=0,x =3 (loai)

Két luan: x=0 la nghiém duy nhat.

Cau 3:

a) Chitng minh ring vdi moi s6' tw nhién n > 1 thi (n+2)(n+1)(n+8) khong thé'la ldp phuong cia
mot s6'tw nhién.

Ta co: (n+2)< (n+2)(n+1)(n+8) < (n+4)? (*)

< ¥+ 6n*+12n+8 < (n*+3n+2) (n+8)=n’+ 11n*+26n+16 < n3+ 12n*+48n+64 ( dung)

Gia st coneN, n>1sao cho (n+2)(n+1)(n+8) 1a 1ap phuong ctia médt s6 ty nhién, khi do,
tte (*) suy ra: (n+2)(n+1)(n+8) =( n+3)3

= n’+ 11n?+26n+16 = n3+ 9n?+27n+27

1++/89

=>2n’-n-11=0= n= 2 gN (1)

Vay Vn =1, n € N thi (n+2)(n+1)(n+8) khong la 1ap phuong ctia mot sO tw nhién.

b) Cho s’ nguyén t6' p (p > 3) va hai sd nguyén dwong a, b théa man phwong trinh p* +a’ =b’.
Chitng minh a chia hét cho 12 va 2(p +a+1) la s6'chinh phwong.

Tacod: p°+a’=b*< p°=(b—-a)b+a).

Cacudccuap?lal, p vap?; khong xay ra truong hopb+a=b-a=p

Do d¢6 chi xay ra truong hopb+a=p*vab-a=1.

2

p--1

2
Khi dé b= pT-l-l va a= suy ra2a=(p-1)(p +1).

Tieplésuyra p+1, p-11ahaisd chdn lién ti€p = (p ~1)(p + 1) chia hét cho 8.
Suy ra 2achiahétcho8 (1)
Tt p nguyén t6 16n hon 3 nén p khong chia hét cho 3. Do d6 p c6 dang 3k+1 hoac 3k+2.
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Suy ra mot trong hai s& p + 1; p —1 chia hét cho 3 . Suy ra 24 chia hét cho 3 ()
Tte (1) va (2) suy ra 2a chia hét cho 24 hay a chia hét cho 12 (dpcm).

2-
Xét 2(p +a+ 1) =2(p+p71+1J =2p+p2+1:(p+1)2 la s6 chinh phuong.
Cau 4:

a)Chitng minh tit gide KDCE ndi tiép dwong tron va ba diem K, E, F thing hang.

A B
K
H
E
D C =

(Khong co hinh vé khong chim bai)
+ Hai tam gidc BKA va BKC bang nhau = BCK = BAK .
+Laico A, B, H, D cung nam trén mot duwong tron nén BAK = KDE.
Suy ra BCK = KDE Do d6 giac KDCE noi tiép trong duong tron.
+ Trong tam gidc BDF c6 BC va DH la hai duong cao. Suy ra FE L BD (1).
T giac KDCE ndi ti€p trong dwong tron va ECD =90° nén EKD = 90° hay EK L BD (2).
Tt (1) va (2) suy ra K, E, F thang hang.
b) Khi E la trung diéin canh BC, tinh dién tich tir gidc BKEH .
Ta c6 A BKE vudng can, BK= KE =2

Shxe = %BK.KE :%x/i.\/i -1

Xét ABHE ta c6 BH = BE. sinE = 2. sinE = 2.2C _p_ 4 _ 4
DE 25 5
HE?<BE2 BH2= 40 _4 _pgp-2
5 5 5

SgHE = iHE.BH =£
2 5

Seken = Spke +SsHE =l+g = % (cm?)

Cau 5:

al Chitng minh cdc tam gidc AMP va ANQ dong dang.
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N
(Khéng cé hinh vé khong chim bai)
Tt giac ABNP ndi tiép = ANB = APB
Tt gide ABMQ noi tiép = AQB = AMB
Suy ra: A ANQ dong dang A APM

b/ Chitng minh: MB.NA> = NB.MA?.
AM 1a tiép tuyén, MBP la cat tuyén cua (C2) —chttng minh MA? = MB.MP

Twong tw AN la tiép tuyén , NBQ la cat tuyén cua (C1), ta c6: NA?=NB.NQ
MA> MB MP
= - (1)
NA® NB NQ
D€ c6 (1), ta chiing minh MP =NQ
( AMP va ANQ dong dang , chirng minh A M= AP = AAMP = A AQN
Cin chitrng minh A M = AP hay APN = ANB)

+Ta co E’; = ANB = MAB ( chén cung AB cua (C2))
+Ta co |/3; = NAB ( chan cung NB ctia (C2) )
NAB = A/I\E( chan cung AB cta (C1))
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+Suy ra |/3\1+ﬁ’;:l\m+A/I\ﬁ3

— APN = ABP ( G6c ngoai bang tdng 2 goc trong khong ké no)
+ Mat khac ABP = ANP ( chan cung AP cua (C2))

Suy ra: APN = ANP.

Tac: APN = ANP = A ANP can tai N = AN= AP

Tam giac AMP va AQN dong dang két hop AN= AP

= A AMP=A AQN = MP=NQ (2)

2
T (1) 2) = MA2 _MB hay MB.NA? = NB.MA?.
NA> NB
Dé s6 34
Bai 1.(4.0 diém).
1/ DKXD: x>1

a+b=x 2 _
Pat a=\/1—1;b=\/x—l tacohpty =a’ —(x—a)’ :1—x<:>a:X—XJrl
X X a‘—b =1-x 2X

2_
Xox+1_ 1—1 SX -2 - +2x+1=0< x2—2x—1+g+i2=0
Dodé: %X X X X

o (X +i2)—2(x—1)—1:0
X X

Dit t=x—+ o t? =x2+i2—2ta Opt: t?—2t+1=0<t=1
X

X

X, = 1+«/§

VO'it=1th‘1X—1=1C>X2—X—1=O<:> 2

X 1-5, .
X, = (loai)
2

Vay pt c6 mot nghiém x= 1+2\/§

2/ Tu giai

Bai 2.(4.0 diém).
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X+xy+y=0(1 2X+2xy+2y=0
yry ()<:>{ yrey = (x+Yy)*+2(x+y)-8=0

1/{x2+y2:8(2) X2+y2=8

x=1++/3

X+y=2 =2-X X*—2x-2=0
c{ Y c{y thé vao (1) ta duoc: & Lzl_\@
X+y=—4 |y=—4-x x> +4x+4=0 )

X=-—

Vay hpt c6 ba nghiém: (1++/3;1-+/3), (1-+/3;1++/3) va (-2;-2)
2/ Ty giai
Bai 3.(3.0 diém).

Phuong trinh: 2x* —2mx+m? =2 =0 ¢4 hai nghiém khong 4&m

A'>0 -m*+4>0 |-2<m<2
S IX%+X20<m20 <im=0 SVJ2<m<2
XX, =0 m2—2>0 m>+2vm<—/2
—

m++-m?+4

Do 0<Xx <X, nén X, = >

.Ma x, +X, =m nén x> dat GTLN < x2=m
m =+/2(nhan)
2 = m = —/2(loai)
Vay khi m=+/2 thi GTLN ctia x2 1a +/2
Bai 4.(3.0 diém).
(x—=a)(x=Db)+(x=b)(x—c)+(x—c)(x—a) =0 < 3x>2(a+tb+c)+ab+bct+ca=0
A’=[-(atb+c)]?*-3(ab+bc+ca)=a?+b*+c2-ab-bc-ca
Do phuong trinh c6 nghiém kép nén A’=0<«> a*tb*+c?-ab-bc-ca=0

a-b=0
< 2a%+2b*+2c2-2ab2-bc-2ca=0 < (a-b)*+(b-c)*+(c-a)>=0 <= ib-c=0<=a=b=c
c-a=0

Vay ABC déunén A=B=C =60’

Bai 5.(2.0 diém).
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Néu x,y,z chan thi x3,y?%z? chdn
Néu x,y,z 1é thi x3,y%,z% 1é
Suy ra x+y+z va x*+y*+z3 ciing tinh chn, 1é nén (x*y3+z%)-( x+y+z) lu6én chdn
Do d6 (x3+y3+2%)-( x+y+z)=2017 la vo li
Vay khong ton tai cdc s6 nguyén x, y, z thoa man x°+y* +2° = x+y+z+2017
Bai 6.(4.0 di€m).
Ké HK L AB tai K,
Ta c6 HK//AC (cung L AB)

_, BH _BK dinh 1i Ta-let
HC KA

Ma ABHK vuong can tai K nén BK=HK

LB HK
HC KA

Ma A AKH 9 ACAM (g-g)

A M K B HK MA MA 1
KA~ AC AB 2

BH 1
Te(l)va@2) =——==
M)va@ ===
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