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50 PE HOC SINH GIOI
MON TOAN LOP 9 CAP TINH

LOI NOI PAU

Nham ddp 1tng nhu ciu vé cia gido vién todn THCS va hoc sinh luyén thi hoc sinh gidi
mon todn 16p 9, website tailieumontoan.com gidi thiéu dén thdy co va cic em bg dé thi hoc sinh Qioi
todn I6p 9 ciia cic tinh trén cd nwéce ¢ hwdng dan gidi cu thé. Dy la by dé thi mang tinh chit thyc
tién cao, gitlp cdc thidy cd va cdc em hoc sinh luyén thi hoc sinh giéi 16p 9 c6 mot tai liéu bam sit dé
thi dé'dat dwoc thanh tich cao, mang lgi vinh dw cho ban thin, gia dinh va nha truong. B¢ dé gom
nhiéu Cau todn hay dwoc cdc thiy co trén cd nwdc swu tdm va sang tdc, on luyén qua sé gitip cic
em phit trién tw duy mon todn tir dé thém yéu thich va hoc idi moén hoc nay, tgo dwoc nén tang dé’
co nhirng kién thirc nén tot dap 1eng cho viéc tiép nhan kién thirc ¢ cdc I6p, cdp hoc trén dwgc nhe
nhang va hiéu qua hon.

Cdc vi phy huynh va cic thiy c6 day todn c6 thé ding cé thé ding tuyén tdp dé toin nay dé’
gitip con em minh hoc tdp. Hy vong Tuyén tdp 50 dé thi hoc sinh giéi 16p 9 cdp tinh nay sé cd thé’
Qitip ich nhiéu cho hoc sinh phit huy ngi lyc giai toan noi riéng va hoc todn noi chung.

B dé nay dwoc viét theo hinh thitc B dé on thi, gom: dé thi va hwéng dan gidi dé ngay
dwdi dé thi @6 dwa trén cdc dé thi chinh thite da tirng dwoc sir dung trong céc ki thi hoc sinh gigi
toan lop 9 ¢ céc tinh trén ca nuoc.

Mdc dit dd c6 s dau tw Ion vé thoi gian, tri tué song khdng thé tranh khéi nhizng han ché,
sai sét. Mong duroC sur gop y cua cac thay, co gido va cac em hoc!

Chuc cac thay, cd giéo va cac em hoc sinh thu duwoc két qua cao nhat tir bg d@é nay!

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH DIEN BIEN LOP 9 THCS NAM HOC 2018 — 2019
MON THI: TOAN

DE THI CHINH THUC
Ngay thi: 09/4/2019
Péso 1 Thoi gian lam bai 180 phiit, khong ké’thoi gian giao dé

(Dé thi c6 mot trang)

Cau 1. (5,0 diéin)
1. Cho biéu thtic p = (1+ Vx J[ 1 2 ]—1.

x+1 \/;—1_x\/;+\/;—x—1

a) Rat gon biéu thic P.
b) Tim cac gia tri ctia x d& biéu thitc Q=+/x —P nhan gia tri nguyén.
2. Cho (x VA 1)(2y + Ay 1) —1. Tinh gia tri biéu thtic x* +8y> +2019.

Cau 2. (4,0 diém)
1. Gidi phuong trinh: 2x* +x+3 = 3x+/x+3.

x3—é=2

2. Giai hé phuong trinh: y

3x—£=—2.

3

y
Cau 3. (3,0 diém)

, | 1 1 1 ,
1. Chimg minh N RN AN A (n+1)Vn+1+nvn T (vn<t)
2. Tim gia tri nho nhat ctua biéu thic: A =5x +9y” —12xy +24x—48y +82.
Cau 4. (6,0 diém)
1. Cho AABCc6 ba gbéc nhon, ndi tiép duong tron (O). Ké cac duong cao BE, CF
ctia AABC (E € AC; F € AB). Cac dudng cao BE, CF cat (O) lanluottai M va N.
a) Chtrng minh rang MN song song véi EF; OA vuong goc véi EF .
b) Goi H 1a tree tim ctia AABC. Chting minh rang: CH.CF+BH.BE = BC?.
2. Cho diém O thudc mieén trong ctia AABC . Cac tia AO, BO, CO cét cac canh ctia BC,
OA OB OC

AC, AB lan lugt tai G, E,F. Chting minh tong — + — + == khong phu thudc vao
AG BE CF

vi tri diém O.

Cau 5. (2,0 diém)
1. Chitng minh ring P =x* —3x* —3x+3 12 mot s6 chinh phuong khi x=1+32+3/4 .
2.Tim x,y €[] thoa man: x*>-2y* =5.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH LANG SON LOP 9 THCS NAM HOC 2018 — 2019
” - 5 MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 23/3/2019
beé s 2 Thoi gian lam bai 150 phiit, khong kéthoi gian giao dé
(Dé thi c6 mot trang)

Cau 1. (4 diem)
x/x -3 2(\/;_3) Jx+3
v—2dx—3  Jx+l  3-x
a) Rut gon biéu thic A.
b) Tinh gia tri nho nhat ctia bi€u thac A.
Cau 2. (4 diém)
Cho phuong trinh x* - 2(m + 4)x + m*+ 8m - 9 = 0.

Cho biéu thirc A = voi X=>0; x#09.

a) Chiing minh rang phuong trinh ludn c6 hai nghiém phan biét véi moi gid tri ciia m
b) Tim m nguyén duwong d€ phuong trinh da cho ¢6 hai nghiém x,, x, sao cho
P= M dat gia tri nguyeén.
X, +X,
Cau 3. (4 diéin)
a) Gidi phuong trinh x— 4\/; +———=+5=0.
E
b) Tim tét ca cic cip (x;y) nguyén thoa man x*y® +(x-2) +(2y —2)" —2xy(x+2y—4)=5.
Cau 4. (6 diéin)
Cho tam gidc nhon ABC (AB<AC) ndi tiép trong dudng tron (O), cac dudng cao
BE,CF catnhau tai H (E<€ AC,F € AB).
a) Goi K=EFNBC, L=AKn(O) véi L# A. Chitng minh ti gide AEHF néi tiép va
HL 1 AK.
b) Chting minh rang dwong thang HL di qua trung diém ctia BC.
c) Goi T la diém trén doan thang FC sao cho ATB=90°. Chttng minh rang cac
duong tron ngoai ti€p hai tam giac KLT va CET tié€p xtic v6i nhau.
Cau 5. (2 diéin)
Cho da giac déu 30 dinh. Chitng minh rang trong cac dinh d6, bat ki mot bd gom c6
9 dinh nao déu chta 4 dinh tao nén mot hinh thang can.

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI CHON HOC SINH GIOI TINH
LOP 9 THCS NAM HOC 2018 - 2019

TINH NGHE AN
PE THI CHINH THUC Mén thi: TOAN - BANG A
Thoi gian: 150 phiit (khdng ké'thoi gian giao dé)
bé s6 3

(Dé thi c6 mot trang)

Cau 1. (3,0 didin)
a. Tim nghiém nguyén ctia phuong trinh: 2y* —xy +x—2y+5=0.
b. Chting minh ring A =2 +4" +16 chia hét cho 3 v6i moi s8 nguyén duong 7.
Cau 2. (6,5 diéin)
8x” +4x .
2x+5

a. Giai phuwong trinh: V2x+3 =

2

2
-1 -3) =1
b. Giai hé phwong trinh: (x=1) +(y
(x-1)(y-3)-x-y=-3.
Cau 3. (2,5 diém)
Cho a,b,C 1a cac s6 thye dwong. Tim gid tri nhd nhat caa biéu thitc:

4 4 4
a b C
P= + +— .
(a+bj (b+c} (c+a)
Cau 4. (6,0 diém)

1. Cho tam giac nhon ABC ndi tié€p duong tron (O). Goi D, E, F Ian luot la chan cac
duong cao ké tit ba dinh A, B, C ctia tam gidc. Puong thang EF cat duong tron (O)
tai diém thtt nhat M (M khac phia véi O so véi duong thang AB), duong thang BM
cat duong thang DF tai N. Chitng minh rang:

a. EF L OA.

b. AM = AN.

2. Cho tam giac nhon ABC, D la diém trong tam gidc d6 sao cho ADB = ACB + 90°

va AC.BD = AD.BC. Chiing minh ~2C0 _ /7
AC.BD

Cau 5. (2,0 diém)
Trong hinh vudng canh bang 1 c6 2019 diém phan biét. Chitng minh rang ton tai

y 1 :
mot hinh tron ban kinh bang o1 nam trong hinh vuéng dé ma khong chtra diém

nao trong 2019 diém da cho.
Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH QUANG BINH LOP 9 THCS NAM HOC 2018 - 2019
- - , MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 14/3/2019
beé s6 4 Thoi gian lam bai 150 phiit, khong kéthoi gian giao dé
(Dé thi c6 mot trang)

Cau 1. (2.5 diém)

1 3 2
a. Cho biéu thite A= - + véi x > 0. Rat gon va tim gia
x+1 xafx+1 x-x+

tri 16n nhat ctia A.

b. Khéng dung may tinh cam tay, hdy rat gon biéu thirc

B=\/4+\/10+2\/§ +\/4—\/10+2\/§.

Cau 2. (2.0 diém)
a. Xéac dinh cac hé sd a va b d€ da thic P(X) =x"-2x%+3x* +ax+b 1a binh phuong
cua mot da thire.
b. Giai phuong trinh: /3 —4x +V4x+1 = -16x> —8x+1 (1).
Cau 3. (2,5 diém)
Cho duong tron (O) va day cung BC=a khong do6i (O BC). A la mot diém di

dong trén cung 16n BC sao cho tam gidc ABC c6 ba goc nhon. Cac duwong cao AD, BE,
CK cat nhau tai H (D eBC,Ec AC,K € AB).
a. Trong treong hop BHC =BOC, tinh AH theo a.
b. Trong treong hgp bat ki, tim vi tri ctia A d€ tich DH.DA nhan gia tri 16n nhat.
Cau 4. (1.0 diem)
Tim tat ca cac 6 tu nhién n sao cho C=2019" +2020 1a s6 chinh phuong.
Cau 5. (1.0 diém).
Cho ba s6 thiee dwong ¥, y, z thoa man X+Y +2z+2=Xyz. Chitng minh rang;

x+y+z+622(@+@+@).

Cau 6. (1.0 diém)
Cho tam giac vudéng ABC ¢c6 AB=3,AC=4,BC=5. Xét cac hinh chit nhat MNPQ
sao cho M, N thudc canh BC, P thu¢c canh AC, Q thudc canh AB. Hay xac dinh cac
kich thwdc ctia hinh chit nhat MNPQ dé no co dién tich 16n nhat.

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PONG NAI LOP 9 THCS NAM HOC 2018 — 2019
MON THI: TOAN

DE THI CHINH THUC
Ngay thi: 29/3/2019
Pé sd 5 Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
(Dé thi c6 mot trang)

Cau 1. (4,5 diém)

x—-y=m+1

1) Cho (x, y) la nghiém ctia hé phuong trinh { (v6i m 1a tham s thyec).

2x-3y=m+3

Tim m dé biéu thitc P =x* +8y dat gia tri nho nhat.

x? + y2 =1
3 3

(voi x, y thudc R).
X' -y =-1

2) Giai hé phuong trinh {

Cau 2. (4,5 diém)
1) Giai phwong trinh x* —9x® +24x* —-27x+9=0 (xeR)
2) Cho ba s6 thye duong a, b, c. Chtrng minh:

E+E+E+324 a_. b 4+
b ¢ a a+b b+c c+a

Cau 3. (4,5 diém)

1) Cho a, b, c1a ba s6 nguyén khac 0 thoa 1_ % + 1 Chiing minh rang: abc chia hét
a c

cho 4.
2) Tim s6 cac sd nguyén duong khong vuot qua 1000 nguyén t& cung nhau voi 999.
Cau 4. (2 diem)
L + 2 + 5 +....+L la tong cua 99 s6 hang va
1442 V2443 3+a 799 ++/100
B=+/2+3+V4+...+100 1a tong ctia 99 s6 hang.
Tinh A+B
Cau 5. (4,5 diém)
Cho tam giac ABC ngoai ti€p duong tron (I). Goi D, E lan luot 1a hai tiép diém caa AB,
AC véi duong tron (I). Biét ba goc BAC, ABC, BCA, déu la géc nhon. Goi M va N Jan
luot la trung diém cua hai doan BC va AC.
1) Chtng minh: 2AD = AB + AC -BC
2) Chiing minh rang ba duong thang BI, DE, MN dong quy.

Cho A=

Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH THANH HOA LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 22/3/2019
Pbeé s6 6 Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé

(Dé thi c6 mot trang)

Cau 1. (4,0 diém)

1. Rat gon biéu thiec P :[

\/; _x—\/;—lj (\/;+2_ X—5
Jx=2  x=2¢x ) [ Wx+1 x=x-2

2. Cho a=37+/50 ,b=37-+/50. Khong dung mady tinh, hay chitng minh cac biéu
thttc M=a+b va N=a’ +b’ c6 gia tri déu 1a s8 chan.
Cau 2. (4,0 diém)

1. Gia st x,,x,1a hai nghiém cta phuong trinh x* +2kx+4=0 ( k la tham s8 ). Tim

1772

], voi x>0,x #4.

2 2
A 2 /4 L4 . 2 X X
tat ca cac gia tri ctia k sao cho: (—1J +[—2J <3
X
1

X,

x+\x*+1=2y+1

y+{y +1=2x+1 '
Cau 3. (4,0 diém)

1. Tim nghiém nguyén ctia phuong trinh x’y? (X + y) +X=2+y (x - 1)

2. Giai hé phuong trinh {

2. Cho nell”. Chitng minh rang néu 2n+1 va 3n+1 la cac s6 chinh phuong thi n
chia hét cho 40.
Cau 4. (6,0 diém)

Cho duong tron (O,R) va mot diém A o8 dinh ¢ bén ngoai duwong tron, OA =2R.
Tir A keé cdc tiép tuyén AB,AC dén duong tron (O)(B,Cla cic tiép diém). Duong thing
OA cat day BC tai I. Goi Mla diém di dong trén cung nhé BC. Tiép tuyén tai M cua
dwong tron (O) cat AB,AC Ian luot & E,F. Day BC cat OE,OF lan luot tai cdc diém P,Q

1. Chting minh ABI=60° va t gidc OBEQ ndi tiép.

2. Chting minh EF =2PQ.

3. Xéac dinh vi tri diém M trén cung nhé BC sao cho tam giac OPQ c¢6 dién tich
nho nhat. Tinh dién tich nhé nhat d6 theo R.
Cau 5. (2,0 diém)

Cho X,Y,z la cac s6 thuc duong thoéa man x+y—-z+1=0. Tim gia tri 16n nhat cta
X3y3

biéu thttc: P = .
(x + yz)(y + xz)(z + xy)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH BINH PHUOC LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 06/3/2019
bé sg 7 Thoi gian lam bai 150 phiit, khong kéthoi gian giao dé

(Dé thi c6 mot trang)
Cau 1. (5.0 diém )

1. Cho biéu thic p—| YX=1 x+8 (3x—1+1 1 ),
3++/x-1 (3—\/x—1)(3+\/x—1) x—1-3x-1 x-1

a) Ratgon P .
b) Tinh gia tri ctia bidu thtic P khi x=\/3+2\/E—(J§+1)\/3—2\/§+J§‘1—J§‘.
2. Cho x,y la cac s6 thyc théa man: x+y=1.
Tim gid tri nho nhét ctia P=2x* +x*(2y —-1)+y’ (2x-1)+2y*.
Cau 2. (5.0 diém )
1. Giai phuong trinh: 3x+5 —fx+2 = Jax -2x-3 .

Xy —2X+y=6
(x+1)2+(y—2)2=8
3. Choham s§ (P):y =x*. Tim cdc gi4 tri cia m d€ duong thang (d):y =2x+m-1

2. Giai hé phueong tr‘mh:{

cat do thi ham s6 (P) tai hai diém phan biét A(x,;y,),B(x,;y,) thoa man
V.Y, — XX, =12.

Cau 3. (5.0 diém )
Cho tam giac ABC néi tiép duong tron (O), D la mot di€ém trén canh AB, (D= A, B).

Goi M, N Ian luot 1a trung di€ém cua CB,CA. Duong thang MN cit (O) tai hai diém
P,Q (P,QTan luot thudoc cung CB va CA ). Duong tron ngoai tiép tam giac BDP cat BC
tai | (I B).Cac duong thing DI va AC citnhau tai K.

a) Chiting minh t& giac CIPK noi tiép.

b) Chung minh PK.QC =QB.PD.

) Duong thang AP cit dudng tron ngoai tiép tam gidc BDP tai G (G = P). Dudng thang

IG cat BA tai E.Chtng minh rang khi D di chuyén trén BA thi % khong doi.

Cau 4. (2.0 diém )

Cho hinh chi* nhat ABCD véi AB=a,AD =Db. Trén cdc canh AD, AB,BC,CD [an lwot
1dy cac diém E,F,G,H sao cho ludn tao thanh t& giac EFGH . Goi ¢ la chu vi ctia t& giac
EFGH . Chting minh c>2+a”>+b*.
Cau 5. ( 3.0 diém )

1. Tim nghiém nguyén dwong ctia phuong trinh : 4y* +6y” —1=x.

2. Chiing minh rdng véi moi s6 nguyén n chan thi: n® +20n+96 chia hét cho 48.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH SON LA LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 18/3/2019
Pbeé s6 8 Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé

(Dé thi c6 mot trang)

Cau 1. (3,0 diém)

6x+4 J3x
33x’ -8 3x+2y3x +4
Tim céc gid tri nguyén cua X dé€ biéu thitc A nhan gia tri nguyén.
Cau 2. (4,0 diém)
Cho phuong trinh x* —=2(m-1)x+3m-3=0 (1)

Cho biéu thirc: A =

a) Tim M sao cho phuong trinh (1) c6 hai nghiém phéan biét X, X, thoa man biéu
thite M=x+x,” +5x,x, dat gia tri nho nhat.

b) Xac dinh M d€ phuong trinh (1) c6 hai nghiém phan biét 16n hon 1.
Cau 3. (5,0 diém)

2x 13x

+ =

2x* —5x+3 2x*+x+3
x*+2xy* +12y =0
8y’ +x* =12

a) Giai phuong trinh:

b) Giai hé phwong trinh: {

Cau 4. (6,0 diém)

Cho 3 diém A, B, C ¢8 dinh nam trén duong thang d (B nam gitta A va C). Vé
duong tron tdm O thay d6i nhung ludn di qua B va C (O khong nam trén duong thang d).
Ké AM va AN la cac ti€p tuyén voi duong tron tam O tai M va N. Goi I la trung di€ém cua
BC, AO cit MN tai H va cit duong tron tai cac diém P va Q (P nam gitta A va O), BC cit
MN tai K.

a) Chitng minh 4 diém O, M, N, I cting nam trén mot duong tron.

b) Chttng minh diém K ¢6 dinh khi duong tron tam O thay doi.

¢) Goi D 1a trung diém HQ, tir H ké duwong thang vuong géc véi MD cat duong thing
MP tai E. Chiing minh P 1a trung diém ME.
Céu 5. (2,0 diém)

Cho hinh vudng ABCD va 2019 duong thang phan biét théa man: mdi dwong thang
déu cat hai canh d6i ctia hinh vuéng va chia hinh vuéng thanh 2 phan cé ty s6 dién tich 1a

1 y . 7
> Chang minh rang: trong 2019 dwong thang trén cé it nhat 505 duong thang dong qui.

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TiNH NINH BINH LOP 9 THCS NAM HOC 2018 — 2019
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 13/3/2019
Pé s6 9 Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

(Dé thi c6 mot trang)
Cau 1. (4,0 diem)
1. Goi X;,X,,X; la 3 nghiém ctia phuong trinh x° —5x* +5x—1=0. Tinh gi4 trj bi€u
1 1

i 1
thirc S=—2+—2+—2.
Xl X2 X3

2. Rat gon biéu thiee A = [

1_x—3\/;J

x—9

{3—&+\/§—2_ 9-x
Jx-2 3+dx x++/x-6

J voi x>0, x#4

, X#£9.
Cau 2. (4,0 diém)
(y=2x)(1-y—x) =2x> —x

x(y-1)+3x* -y =2
2. Giai phuong trinh x? + X+ 24— 2xv/2x+3 = 64/12 - x .
Cau 3. (4,0 diém)
1. Tim tat ca cdc nghiém nguyén ctia phwong trinh x*y* —x* +5y” —22x-121=0.

1. Giai hé phuong trinh {

2. Cho céc sd thiee duwong X,y,z théa man x+y+z=2019. Tim gia tri nhé nhat cta
1 3 3 3

———t—t—+—.

X" +y +z° 4xy 4yz 4zx

Cau 4. (6,0 diém)

1. Qua diém M nam trong tam gidc ABC ké DK//AB, EF//AC, PQ//BC (E,P € AB
; K,FeBC; D,Q e CA). Biét dién tich cac tam giac MPE, MQD, MKEF Ian luot 1a x*,y?,z?
véi X,Y,Z 1a cac s6 thye duwong. Tinh dién tich tam giac ABC theo X,Y,Z.

2. Cho tam giac ABC can tai A, ndi ti€p duong tron tam O. M la di€ém bat ky trén
day BC (M khac B, M khac C). Vé duong tron tam D di qua M va tiép xtc v6i AB tai B, vé
duong tron tam E di qua M va tiép xtc véi AC tai C. Goi N la giao diém thtt hai cta hai
duong tron (D) va (E).

a) Chiing minh rang t& gidc ABNC la t& giac noi tiép. Tl d6 chiing minh diém N
thudc duong tron (O) va ba diém A, M, N thang hang.

b) Chttng minh rang trung diém I ctia doan thang DE ludn nam trén mot duong
thang c8 dinh khi diém M di dong trén day BC.

Céu 5. (2,0 diém)
1. Tim tat ca cac bd ba s6 nguyén t& (p;q;r) sao cho pgr=p+q+r+160.

biéu thirc P =

2. Cho 8 doan thang cé d6 dai 16n hon 10 va nho hon 210. Chitng minh rang trong 8
doan thang d6 luoén tim dwoc 3 doan thang dé ghép thanh mot tam giac.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH NAM PINH LOP 9 THCS NAM HQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 10
(D@ thi co 2 trang)

Cau 1. (3,0 diéin)

1—\/9+4\/_
«/_+\/7 210 7-+/39-28410
Jz2 +1

>z = . Chting minh rang

z
—+_
z+Nz*+1 Y y

=1.

1. Rat gon biéu thic P =

2. Xét ba s6 thuc duwong X, Y,z thoa man

1 1

\/_y+x yz+1 \/y_z+\/§+l ZX + z+1

Cau 2. (5,0 diéin)

1. Giai phuong trinh x° +x* +2x =%(x2 +2)\/x4 +4.

2
o ‘ (x—y) —1_2(X+y—1)=_4
2. Giai hé phurong trinh Xy X+y

4 +5y +fx+y—1+64x =13

Cau 3. (3,0 dién)

1. Cho cac da thuc P(x) va Q(x) thoa man P(x) = %(Q(x)+Q(1—x)) vx ell . Biét
rang cdc hé s6 cua P(x) 1a cac s6 nguyén khong am va P(0)=0. Tinh P(3P(3)—P(2)).

2. Tim tdt ca cac cdp sO nguyén (x; y) thoa man phwong trinh

(x—y—l)(x+1—y)+6xy+y2 (2—x—y)=2(x+1)(y+1).

Cau 4. (7,0 diém) Cho ti giac ABCD noi ti€p dudng tron (O;R), vé dudng tron (O R’)
(R'<R) tiép xtic véi canh AD tai H, tiép xtic v6i canh BC tai G va tiép xtic trong véi
dudng tron (O) tai M (diém M thudc cung CD khong chira diém A). V& duong thing tt'
14 tiép tuyén chung tai M ctia hai dudng tron (O) va (O') (tia Mt ndm trén ntra mét phang
bo 1a duong thang MA chiza diém D).

1. Chting minh DHM = DMt+AMH va MH, MG TIan luot la tia phan gidc cta cac goc
AMD va géc BMC.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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2. Dudng thang MH cit duong tron (O) tai E (E khac M ). Hai dudng thang HG va
CE citnhau tai |. Chting minh EHI = EIM.
3. Chttng minh duong thang HG di qua tam duong tron noi tiép tam gidc ACD.
Cau 5. (2,0 didin)
1. Cho ba s8 thuc dwong a,b,c. Chitng minh rang

1 1 1 (1 1 1
c(c+a+3b)+c +a(a+b+3c)+a2 ’ b(b+c+3a)+b’ Sg(a_2+§+c_2j'
2. Cho mot da giac c6 10 dinh nhu hinh vé & bén (bon A B
dinh: A, B, C, D hoidc B, C, D, E hoac C, D, E, F hoac ...
hodc J, A, B, C duoc goi 1a bdn dinh lién tiép cua da giac).
Cac dinh cta da gidc dwoc danh s6 mot cach tuy y boi cac s6
nguyén thudc tap hop {1; 2:.3.4:5.6,7,8,9; 10} (biét mdi

dinh chi duoc danh boi mot so, cac s6 duwoc danh ¢ cac dinh

1a khac nhau). Chting minh rang ta luén tim duoc 4 dinh lién

tiép cta da gidc dwoc danh s6 ma tong céc s6 d6 16n hon 21.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TiNH BAC NINH LOP 9 THCS NAM HQC 2018 - 2019
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 11
(D@ thi co 1 trang)

Cau 1. (4,0 diém)
1) Rat gon biéu thuc:

p_[ 2@+  \a Ja? +242b°
Ja® —2\2b° a++2ab+2b )| 2b++2ab

2) Cho ham s6 y =(m2 —4m—4)x+3m—2 c6 do6 thi la d. Tim tat ca cac gia tri cua

—\/_J véi a>0,b>0,a#2b.

m dé duong th:fmg d cit truc hoanh va truc tung lan luot tai hai diém A, B sao cho tam
giac OAB co diéntichla 1 cm? (O 1a goc toa do, don vi do trén cac trucla cm).
Cau 2. (4,0 dién)

1) Cho phuwong trinh x* —(3m —2)x+2rn2 —-5m-3=0, X la 4n, m la tham s6. Tim
tat ca gia tri cia m dé€ phuong trinh c6 it nhat mot nghiém dwong.

2) Giai hé phuong trinh \/2X_y—1+\/3y+1 :\/;+«/x+2y
X3—3X+2=2y3—y2

Cau 3. (4,0 diém)
1) Cho c4c s8 thiee dwong a,b, ¢ thoa man cac diéu kién (a+c)(b+c)=4c’. Tim gia
a b ab
b+3c +a+3c +bc+ca '
2) Tim s& nguyén t& p thdéa man p’ —4p+9 1a s6 chinh phuwong.
Cau 4. (7,0 diém)
1) Cho tam gide ABC ndi ti€p trong dudng tron (O)(AB < AC) va dudng caoAD .
Vé duong kinh AE ctia duong trbn(O).
a) Chting minh rang AD.AE=AB.AC.
b) Vé day AF ctua duwong tron (O) song song véi BC,EF cat AC tai Q,BF cat AD

tri 16n nhat, gia tri nho nhét caa biéu thiee P =

taiP . Chttng minh rang PQ song song véi BC .
c) Goi K 1a giao diém ctia AE vaBC. Chting minh rang:
AB.AC- AD.AK =+/BD.BK.CD.CK
2) Cho tam gidc ABC c6 BAC=90",ABC=20". Cac diém E va F Tan luot nam

trén cdc canh AC,AB sao cho ABE = 10° va ACF = 30°. Tinh CFE .
Cau 5. (1,0 diéin)

Trong ki thi Olympic c¢6 17 hoc sinh thi mén Toan dugc mang sd bao danh 1a s6 tw
nhién trong khoang tir 1 dén 1000. Chting minh rang cé thé chon ra 9 hoc sinh thi todn
o tong cac s6 bao danh dugc mang chia hét cho 9.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HUNG YEN LOP 9 THCS NAM HOQC 2017 - 2018
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé 5012
(Dé thi c6 mot trang)

Cau 1. (4 diem)

a) Cho hai s6 thyc dwong a, b thoa man: 1 +l = L Chting minh rang;
a b 2018

Ja+b =+/a—2018 +/b—-2018

b) Cho a 1a nghiém dwong cta phwrong trinh 6x” + J3x-/3=0
a+2

Va*+a+2-a’
Cau 2. (4 diém)
a) Gidi phuong trinh: (1—\/1—X)\/3 2-x=x

b) Tim tat ca cac cdp sd nguyén (x; y) thoa man: (X - 2018)2 =y*' -6y’ +11y* -6y
Cau 3. (4 diém)

Tinh gia tri biéu thtcc A =

(x-y)

V2x+1+,2y+1=
(3x+2y)(y+1)=4-x*

a) Giai hé phuong trinh:

b) Cho ba s0 thieec duwong X,y,z théa man2,/y + Jz = 2y +Vz = \/% Chtrng minh

-

3yz N 4zx N 5xy -
X 'y z
Cau 4. (6 diem)
Cho dudng tron(O; R )va diém A ¢§ dinh véi OA =2R; dudng kinh BC quay quanh O sao

rang:

cho tam gidc ABC la tam gidc nhon. Puong tron ngoai tiép tam giac ABC cat duong thang
OA tai diém thit hai 1a I. Cac duong thang AB, AC cat (O;R) lan luot tai diém thit hai la D
va E. Goi K la giao di€ém cua DE véi OA.

a) Chtng minh AK.AI=AE.AC

b) Tinh d¢ dai doan AK theo R

¢) Chting minh tdm duwong tron ngoai tiép tam giac ADE luon thudc mot duong thang

cd dinh.

Cau 5. (2 diéin)
Ttr 625 s6 tw nhién lién ti€p 1; 2; 3; ...; 625 chon ra 311 sd sao cho khong c6 hai sd nao cé
tong bang 625. Chting minh rang trong 311 s6 dwoc chon, bao gid cling c6 it nhat mot s&
chinh phwong

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH KHANH HOA LOP 9 THCS NAM HOC 2017 - 2018
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 14/3/2018
bé s6 13 Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

(Dé thi c6 mot trang)

Cau 1. (4,00 diém)
Giai phuong trinh 2(5x+3 x? +x—2) =27+3Vx-1+x+2.
Cau 2. (4,00 diém)

a) Chting minh rang i’/ 70—+/4901 + 3/ 70++/4901 la mot s6 nguyén.
b) Chitng minh rang véi moi s nguyén duong n, ta c6
1 1 1 1

—+ + oot
2 32 B (n+1)dn

<3.

Cau 3. (2,00 diém)
Cho hai s8 thuc X va y théa man x* +xy+y> =1. Tim gia tri 16n nhat ctia biéu thitc
P=xy+y°x.
Cau 4. (2,00 diém)
Cho p 1a mdt s6 nguyén t3 théa man p=a’—b’ véi a,b 1a hai s§ nguyén duong
phan biét. Chitng minh réng néu 13y 4p chia cho 3 va loai bo phan duw thi nhan dugc
mot sO la binh phuong cia mét s6 nguyén lé.
Cau 5. (6,00 diéem)
Cho tam giac ABC nhon ndi tiép duong tron (O). Goi E,F lan luwot 1a cac chan
duong cao ké tir B va C cta tam giac ABC. Duong tron (1) di qua E,F va tiép xtc
DB’ BF.BE
DC* CF.CE

v6i BC tai diém D . Chting minh rang

Cau 6. (2,00 diéin)
Trén ban c6 n(nel,n>1) vién bi. C6 hai nguoi lan luot 18y bi. Moi nguoi dén luot
minh dugc 1ay mot s6 vién bi tuy y (it nhat 1 vién bi) trong nhitng vién bi con lai
trén ban, nhung khong vuot qua s8 vién bi ma nguoi 18y triede vira 1y, biét rang
nguoi 1dy dau tién 1ay khong qua n—1 vién bi. Nguoi nao 1dy vién bi cudi cung
dugc xem 1a chién thang. Tim cac s8 N sao cho ngudi 1y triede 6 chién lugc thang.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH KIEN GIANG LOP 9 THCS NAM HOC 2017 - 2018
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 13/3/2018
bé s6 14 Thoi gian lam bai 150 phiit, khong kéthoi gian giao dé

(Dé thi c6 mot trang)

Caul.  (3diém)
1) Chobiéu thitc A=n*+4n+5 (neN) (n 1¢). Ching minh A khong chia hét cho 8.
2) Choso X (x ell; x> 0) théa man diéu kién: x* +l2 =7 . Tinh gia tri ctia: B=x +l

X x°

cau2. (3 diém)

1 1
+ + :
2017>  2018°

Rat gon biéu thic: X = \/1+l+i +\/1+l+i +\/1+i+l +...+\/1
1" 2 2° 3 3" 4

Cau3. (4 diém)
1)  Giai phwong trinh: 3x+2v27x> +8 =9x* +6.
2) Tim 2 s§ M, N cung dau thoa méan diéu kién: |m|+2|n| dat gi4 tri nho nhat sao
cho hai phuong trinh sau c6 nghiém chung: x> + mx+2=0; x> +2nx+6 =0.

Caud. (3 diem)
1) Cho phuong trinh: x> + 2(m - 3)x -m-3=0. Tim cac gia tri cia m d€ phuong
trinh c6 mot nghiém nhé hon 2 va moét nghiém lén hon 2.

2) Cho X,y,z,t>0.Ch1’mgminhr§mg: X + y + z + t >2.
y+z z+t t+x Xx+y

Cau5. (3,5 diém) D€ c6 duoc to gidy khd A4 (kich thude xap xi 21cm x 29,7 cm) nguoi
ta thuc hién nhu hinh vé minh hoa bén. F =
Budc 1: Tao ra hinh vudéng ABCD canh a=21cm. e o
Budc 2: V& cung tron tam A ban kinh AC cat tia AD tai F .
Buwdce 3: Tao hinh chir nhat ABEF .
Khi d6 hinh chit nhat ABEF chinh la to gidy A4 thong dung
hién nay.
Ban An ngbi nghich xé&p to gidy A4 nay theo duong thang AE
, 16i x&p theo duong thang FM (M 1a trung diém BE) khi
mo to gidy ra. An ngac nhién thay hai duong thang FM va
AE vuodng gbc voi nhau. Em hay chiing minh giup ban An vé
diéu do.
Cau 6. (4 diém) A B
Cho hinh vudéng ABCD ndi tiép duong tron tam O,
trén day cung DC 14y diém E sao cho DC=3DE, ndi AE cat cung nho CD tai
M . Trén cung nhé CB 14y diém N sao cho cung nhé DM bang cung nho CN,
ndi AN cat day cung BC tai F.Chting minh rang: F 1a trung diém cta BC.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH THANH HOA LOP 9 THCS NAM HOC 2017 - 2018
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 10/3/2018
bé s6 15 Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

(Dé thi c6 mot trang)

Cau 1. (4,0 diém)

X_Z\/;+ \/;+1 +1+2X_2\/;,Véi x>0,x#1. Rat gon
xx -1 xlx+x+4x X =+x
P va tim tat ca cac gia tri ctia X sao cho gia tri cua P la mot s6 nguyén.
4x+ DX =2 1 2x+1 1 3
> tar x= - .
2x +3x 2V3-2 2{3+2

1. Cho biéu thirc P =

2. Tinh gid tri ctia P =

Cau 2. (4,0 diém)
1. Biét phwong trinh (m-2)x*> —2(m-1)x+m =0 c6 hai nghiém twong tng la do

dai hai canh goc vudéng ctia mot tam giac vudéng. Tim M dé€ dd dai dwong cao ting

7. A ” .7 A 7 M 2
v0i canh huyén ctua tam giac vuong do bang T
5

(x+y)*(8x* +8y* +4xy —13)+5=0
2. Giai hé phuong trinh 1

2X + =1

X+y

Cau 3. (4,0 diem)
1. Tim nghiém nguyén ctia phuong trinh y* -5y +62 =(y —2)x* +(y” —6y +8)x.
2. Cho @, bla céc s nguyén duong thoa man p=a’+b* 1a s nguyén t& va p—5
chia hét cho 8. Gia st X,y la cdc s6 nguyén thoa man ax®-by® chia hét cho p.
Chting minh rdng ca hai s§ x,y chia hét cho p.

Cau 4. (6,0 diem)
Cho tam gidc ABC c6 (O),(I),(I,) theo thtt tu 1a cdc duong tron ngoai ti€p, duong
tron noi ti€p va duong tron bang ti€p doi dién dinh A cua tam gidc v6i cac tam
twong ung la O,LI . Goi D la tiép diém caa (I) véi BC, P la diém chinh gitta
cung BAC cua (O), PI, cat (O) tai diém K. Goi M la giao diém ctia PO va BC, N
la diém d6i xting v6i P qua O.
1. Chting minh IBI C 1a t& giac noi tiép.
2. Chting minh NI, 1a ti€p tuyén cua dwong tron ngoai ti€p tam giac 1,MP.
3. Chttng minh DAI=KAI .

Cau 5. (2,0 diém)

2

Cho x,y,z>0 thoa man x > z. Chirng minh rf?mg: Xz + y + X+2z > §

y +yz xz+yz x+z 2

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH VINH PHUC LOP 9 THCS NAM HQC 2017 - 2018
MON THI: TOAN
Ngay thi: 10/3/2018
beé s6 16 Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé
(D@ thi co 2 trang)

PE THI CHINH THUC

Cau 1. (2,0 diém)

Ja +2018 Ja—zolsj\/aﬂ

a+2Ja+l a-1 | 2da

2) Cho ba s6 thuc dwong X, Y,z thoa man x+y:(\/;+\/§—\/;)2;

L ey
y+(\/§—«/?)2 Jy -z

1) Rat gon biéu thiee P = (

\/;+\/§¢\/E;y¢2.Ch1’rngminhr5ng

Cau 2. (2,0 diém)
1) Tim s6 tw nhién abed sao cho abed +abc +ab +a = 4321,

, 1 11 N
2) Cho a,b,c 1a cac s6 thiee dwong thoa man 2 + b + < < 2. Chtng minh rang

1 1 1
+ +
J5a% +2ab+2b%  /5b% +2bc+2c?  +/5¢% + 2ca + 2a°

<z
3

Cau 3. (2,0 diém)
a) Giai phuong trinh v1-X++/4+x =3.
(M-1)x+y=2

(vdi M la tham s6 va X,y la an s0).

b) Cho hé phuong trinh
X+2y=2

Tim céc gid tri M nguyén dé€ hé phuong trinh ¢ nghiém (X, y) nguyén.

Cau 4. (3,0 diém)
1. Cho tam gidc ABC vudng tai A, AB=12cm, AC =16cm. Goi | 1a giao di€ém cac
duong phan giac tron cua tam giac ABC, M 1a trung diém cua canh BC. Ching
minh rang Bl vudng goc véi duong thang MI.
2. Cho hinh thoi ABCD c¢6 BAD =50°, O 1a giao diém hai dwong chéo. Goi H 1a
chan duong vudng goc ké tir O dén duong thang AB. Trén tia ddi cta tia BC 13y
diém M (M khacB), trén tia d6i ctia tia DC 14y diém N sao cho duong thang
HM song song véi duwong thang AN.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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a) Chting minh MB.DN = BH.AD;

b) Tinh s& do MON.
3. Cho duodng tron (O) ¢8 dinh va hai diém phan biét B,C ¢8 dinh thudc duwong

tron (0).Goi A la mét diém thay ddi trén duwong tron (A khéng trung véi B vaC
), M 1a trung diém cta doan thing AC. Tir diém M ké dudng thing (d) vuéng
gbc v6i duong thang AB tai diém H. Chting minh rang khi diém A thay ddi trén
duong tron (O)thi diém H luén nam trén mot duong tron ¢ dinh.

Céu 5 (1,0 diém).
Cho hinh vuéng ABCD va 2018 duong thang thoa man dong thoi hai diéu kién:
1) Mbi duong thang déu cat hai canh ddi ctia hinh vudng;
2) Mbi duong thang déu chia hinh vudng thanh hai phan c6 ti 1é dién tich bang %

Chting minh rang trong 2018 duwong thang cé it nhat 505 duong thang dong quy.

Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2017 - 2018
= - - MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 13/3/2018
bé s6 17 Thoi gian lam bai 150 phiit, khong kéthoi gian giao dé
(Dé thi c6 mot trang)

Cau 1. (2,0 diém)

2 2
a) Cho biéu thtc A = VX + X +x _Rétgon B=1-v2A—4Jx+1 (véi 0<x <)
X+Ux+1 x—x+1 4

b) Cho x,y,z#0 va doi mot khac nhau thoa man 1 + 1 + 1_ 0. Chttng minh rang
X y z

1 1 1 2016 |, 2017 , 2018 %
+ + X710+ +z =Xy +VyZ+2zX
(x2+2yz v’ +2zx zz+2ny( Y ) Y ( )

Ciu 2. (2,0 diém)

a) Giai phuong trinh: (vx+5 -/ —2)(1 3% +3x —10) =7.

et A . x* +y* —xy =2
b) Giai hé phuong trinh:
X’ =xX+y

Cau 3. (2,0 diém)

a) Tim cac s6 thuc x sao cho x++/2018 va 7 —+/2018 déu la sd nguyén.
X

b) Tim cac s0 tw nhién c6 dang ab. Biét ri“ing %2 —EZ 1a mot sO chia hét cho 3267.
Ciu 4. (3,0 diéin) Cho hinh binh hanh ABCD ¢6 BDC=90°, duong phén giac cua goc
BAD cit canh BC va duong thing CD tai E va F. Goi O va O’ Tan luot la tim duong
tron ngoai tiép ABCDva ACEF-.
1) Chttng minh rang O’ thudc duong tron (O);
2) Khi DE vuéng goc véi BC
a) Tiép tuyén cua (O) tai D cat BC tai G. Chitng minh rang BG.CE = BE.CG;
b) Duong tron (O) va (0°) citnhautai H (H khacC). Keé tiép tuyén chung IK (1 thuoe
duong tron (O), K thudc duong tron (O’)va H, I, K ndm cling phia bo OO’. Dung
hinh binh hanh CIMK. Chting minh rang OB +0O’C > HM.
Cau 5. (1,0 diém) Cho x,y,z>0 théaman x* +y* +z” <3xyz. Tim gid tri I6n nhat cta

x* v 7’

P=4 +— +— .
X' +yz y +zX 2z +Xy

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH THANH HOA LOP 9 THCS NAM HOC 2016 — 2017
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 18
(Dé thi c6 mot trang)

Cau 1. (4,0 di¢in)

Cho biéu thite: P = X _ Y N Xy

(\/;+\/§)(1—\/§) (\/;+\/§)(\/;+1) (x/;+1)(1—\/§)
1. Rat gon biéu thirc P.
2. Tim cac gia tri X,y nguyén théa man P = 2.
Cau 2. (4,0 diém)

1. Tim m d€ phuwong trinh (X - 1)( )(X + 5) =M ¢4 4 nghiém phan biét

r.r.1,1_4
X Xy

X1/X2/X3/X4th6amén X X

1 2

x> =2+xy”
2. Giai hé phwong trinh : y2 —24 XZy
Bai 3. (4 diéin)
1. Cho p la s6 nguyén t8 16n hon 5. Chting minh p*'® —1 chia hét cho 60.

s oson . UVt B B B
2. Cho X, Y, Z la cic s6 duwong khac nhau d6i mot va X +Y +Z chia hét cho

X y z’ . Tim thuong cta phép chia X + y +z° Xzyzzz

Cau 4. (6,0 diém)

Cho tam giac ABC c6 ba géc nhon ndi tiép duong tron (O) va AB < AC. Cac tiép
tuyén tai B va C ctia (O) cat nhau tai D. Qua D ké duodng thing song song véi AB,
cit BC va AC Ian luottai M, N.

1) Chung minh t& giac BONC noi ti€p va tam gidc ANB can.
2) Pudng thang AD cit duong tron (O) tai I, Bl cit DM tai K. Chimg minh
K la trung diém caa DM.
3) Trén doan thing BD 14y diém P sao cho IP//DN, AP cit BC tai Q. Goi G 1a
trung diém ctia DK. Chting minh ba diém Q,|,G thang hang.
Cau 5. (2,0 dién)
Cho céc s6 thuc X, Y, Z théa man : 0<x,y,z<2 va x+y+z=>5. Tim gia tri nho
nhét cta bidu thitc: A =x+.Jy +vz.
Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH NGHE AN LOP 9 THCS NAM HOC 2016 — 2017
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 19
(Dé thi c6 mot trang)

Cau 1. (4 diém)
a. Tim cac hé sd b, c ctia da thirc P(x) =x*+bx+c bietP (X) o gia tri nho nhat
bang —1 khi x=2.
b. Giai hé phwong trinh {2 (szj :)iy;ﬁ((yy;y:;i N
Cau 2.(4 diéin)
a. Gidi phuong trinh x+2 = 3V1-x2 +41+x.

b. Cho cac s6 duong a, b, c théa man ab+bc+ca=1. Tim gia tri 16n nhat caa biéu
2a N b L_c

Ji+a? J1+b2 1+

Cau 3. (3 diém) Cho tam giac ABC c6 BAC=135°, BC =5cm va duong cao AH = lcm.

Tinh d6 dai cac canh AB va AC.

Ciu 4.(5 diéim) Cho tam giac ABC nhon ndi tiép duong tron tam O, D 1a diém trén cung BC

khong chita A. Dyng hinh binh hanh ADCE. Goi H, K Tan lwgt 1a tryc tam ctia cac tam giac

ABC, ACE ; P, Q Ian luot 1a hinh chiéu vudéng goc ctia K trén cac duong thang BC, AB va I

la giao diém caa EK véi AC.

thtc P =

a. Chttng minh ba diém P, I va Q thang hang.
b. Chitng minh duong thang PQ di qua trung diém ctia doan HK.
Cau 5.(4 diém)
a. Tim tat ca cac s6 nguyén t6 khac nhau m, n, p, q thdéa man
1 1 1 1 1
ettt
m n p q mnpq
b. Trén mot bang cd ghi hai s6 1 va 5. Ta ghi cac s6 tiép theo 1én bang theo quy tic:

=1.

Néu c6 hai s8 x,y phan biét trén bang thi ghi thém s8 z =x+y +xy . Chting minh rang cac

sO duoc viét trén bang (trtr sd 1) ¢6 dang 3k +2 (v6i k 1a s6 tu nhién)

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH QUANG NAM LOP 9 THCS NAM HOC 2016 - 2017
” - 5 MON THI: TOAN
PE THI CHINH THUC
Ngay thi: 10/4/2017
bé s6 20 Thoi gian lam bai 150 phiit, khong kéthoi gian giao dé
(Dé thi c6 mot trang)

Cau 1. (5,0 diém)

a) Cho biéu thitc P = [

x—4 _2x—5«/§—1(
2x+3Jx -2 4x-1

Rat gon biéu thirc P va tim X dé P < % .

x 1 .. . 1
XNVX+2+=+—| vOi x>0 va x;tz.

K

b) Cho ba s8 thic duwong a, b, ¢ théa ab+bc+ca=3abc. Tim gia tri nho nhét cua
biéu thite A= 2 + b + 3 .
c+a’ a+b® b+c’
Cau 2. (4,0 diém)
a) Giai phuong trinh x> +1+x+4V1-x-2=0.

xy’ +2x—4y =-1

b) Giai hé phuong trinh <~
x*y® +2xy* —4x+3y =2

Cau 3. (4,0 diem)

a) Tim tat ca cc cap s6 nguyén duong (a,b) théa man dang thirc:

a’-b’+3(@*-b*)+3(a-b)=(a+1)(b+1)+25.

b) Cho hai s6 nguyén a va b théa 24a” +1=Db’. Chitng minh rang chi c6 mot s§ a
hoac b chia hét cho 5.

Cau 4. (2,5 diem)

Cho tam giac nhon ABC can tai A va ndi tiép trong duong tron (O) dwong kinh AK; 18y
diém I thudc cung nho AB cuia duong tron (O) (I khac A, B). Goi M 1a giao di€ém cua IK va
BC, duong trung triec ctia doan thang IM cat AB va AC Tan luot tai D va E. Chting minh t
giac ADME la hinh binh hanh.

Cau 5. (4,5 diém)

Cho tam giac nhon ABC (AB<AC) ndi ti€p trong duong tron (O) va cé tryc tam la H.
Goi D, E, F Ian luot 1a cac chan duong cao vé tir A, B, C ctia tam giac ABC.

a) Goi K 1a giao diém ctia hai duong thang EF va BC, goi L 1a giao diém cua duong
thang AK va duong tron (O) (L khac A). Chizng minh HL vudng gbc véi AK.

b) Lay diém M thudc cung nhé BC ctia duong tron (O) (M khac B, C). Goi N va P Tan
luot 1a hai diém d8i xtng ctia diém M qua hai duong thang AB va AC. Chiing minh ba
diém N, H, P théng hang.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2016 — 2017
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 21
(Dé thi c6 mot trang)
Bai 1. (2,0 di¢n)
a) Cho biéu thuc: P=\/1—x+(1—x)m+\/1—x—(1—x)m (v6i ~1<x <1).

Tinh gi4 tri ctia biéu thike P khi x = ———
2019

2. Cho a,b,cla ba s6 thuc khdong &m thoa man a+b+c= \/;-l- \/B-i- \/_ =2.
b e o

1+a 1+b 1+c  f11a)(1+b)(1+c)

Chting minh rang

Bai 2. (2,0 diéin)
a) Giai phuong trinh: 2x* ~2x-+1=(2x+1)(Vx* —x+2-1).

2 2
b) Giai hé phuwong trinh : {X +(y+1) B xy+x+1'
2x° =x+y+1
Bai 3. (2,0 diéin)
a) Tim céc cdp s6 nguyén (X;y) thoa man: 2x* +2y” +3x—6y = 5xy —7.
b) Tim cdc s6 tuw nhién N sao cho n® +2n++/n”+2n+18 +9 1a s8 chinh phuong.
Bai 4. (3,0 diéin)
1) Cho tam gidc nhon ABC(AB < AC) ndi ti€p duong tron (O;R). Cac duong cao
AD,BE,CF cit nhau tai H (De BC.E € ACF e AB).Tia EF cit tia CB tai P, AP cit
duong tron (O;R) tai M (M khac A).
a) Chting minh PE.PF =PM.PA va AM vudng goc véi HM;
b) Cho canh BC ¢6 dinh, diém A di chuyén trén cung 16n BC. Xac dinh vi tri cia A d€
dién tich tam giac BHC dat gid tri 16n nhat.
2) Cho tam giac ABC c6 goc A nhon, ndi tiép dwong tron tdam O. Mot diém | chuyén
dong trén cung BC khong chita diém A(l khong trung véi B,C). Puong thang vuong
gbéc v6i IB tai | cat duong thang AC tai E, duong thang vuong goc véi IC tai | cat
duong thang AB tai F. Chting minh ring duong thang EF luon di qua mot diém c6
dinh.
Bai 5. (1,0 diém)
Cho a,b,¢ 1a ba s§ thuc dwong thoa man a* +b* +¢? =3. Chitng minh rang
a’ +3ab+b’ . b? +3bc+c’ . ¢’ +3ca+a’
V6a® +8ab+11b*>  \J6b? +8bc+11c> V6 +8ca +11a’

<3.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH BAC NINH LOP 9 THCS NAM HQC 2016 — 2017
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 22
(D@ thi co 2 trang)

Cau 1. (3.0 diém)

1) Rut gon biéu thirc B = \/13+30\/2 9 +442

2) Cho céc s6 thiee a,b,c théaman a+b+c=0;a*>+b*> #c*;b’ +c” #za’;c> +a” #b’.
, s 1 a’ b? c?
Tinh gia tri biéu thitc P= —F—+ 55—+
a--b°-c® b°-c"-a”~ c¢c"-a"-b

Cau 2. (4.0 diém)

1) Trong hé truc toa do Oxy hdy tim trén duong thang y=2x+1 nhiing diém
M(x;y) thoa man diéu kién y’ —5y\/;+6x =0.

2) Cho a, b, ¢ la cac sO thuc thoa man diéu kién %+g+i=0. Chting minh rang

phuong trinh ax® +bx+c=0 ludén c6 nghiém.

Cau 3. (4.0 diém)
1) Cho cac sd thuc dwong a, b, c. Chiing minh réng:
? + f + 28 ra?+betxo 8 8
(a+b) +4abc (b+c) +4abc (a+c) +4abc a+3 b+3 c+3

2) Tim cac sd nguyén td a, b, ¢ va s6 nguyén duwong k thoa man phuong trinh
a’+b*+16c” =9k* +1
Cau 4. (6.0 diém)

Cho doan thang AB=2a c6 trung diém la O. Trén cing ntra mit phang bo AB
dung ntta duong tron tam O dwong kinh AB va ntta duong tron tam O' duong kinh AO.
biém M thay doi trén nita duwong tron (O ) (M khéc A va 0), tia OM cat duong tron (O)
tai C. Goi D la giao diém tht hai cua CA v6i duong tron (O ) .

1) Chting minh rang tam giac ADM can.

2) Tiép tuyén tai C ctia dwong tron (O) cat tia OD tai E, chiing minh rang EA la tiép
tuyén chung ctia hai dudng tron (0)va (0').

3) Puong thang AM cat OD tai H, duwong tron ngoai tiép tam gidc COH cat duong
tron (O) tai diém thit hai 1a N. Chitng minh rang ba diém A, M, N thang hang.

4) Tinh d6 dai doan OM theo a biét ME song song véi AB.
Cau 5. (3.0 diém)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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1) Cho hinh vuéng MNPQ va diém A nam trong tam gidc MNP sao cho
AM? = AP? +2AN?. Tinh s6 do ctia géc PAN.
2) Cho céc da thtrc P(x) =x’+ax’ +bx+c; Q(x) =x%+2016x+2017 thoa man cac diéu
kién P(x) =0 c6 ba nghiém thyc phan biét va P(Q(x)) =0 vO nghiém.
Ching minh rdng P(2017) > 1008".
Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH DPONG NAI LOP 9 THCS NAM HQC 2016 — 2017
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 23
(D@ thi co 1 trang)

Céu 1. (3.0 diém) Cho a, b, c 1a cic s thuc duwong thoa a® +b” +c” +2abc=1.

Tinh gid tri biéu thiic P=a,[(1-b*)(1-c?) +b,[(1-a%)(1-c*) +¢,[(1-b*)(1-a* ) ~abe
Cau 2. (4.0 diém) Giai cac phuwong trinh sau:
a) (x-9) =12x+1 b)x+2=x2 2

Cau 3. (5.0 diém)
a) Cho a, b 1a hai s8 thyrc va x, y 14 hai s6 thuc duong. Chiing minh rang:
a’ b (arb)
X Yy  X+y
b) Cho x, y 1a hai s8 thic dwong sao cho x+y =1. Chting minh rang:

X y o

Cau 4. (5.0 diém) Cho tam giac ABC c6 AB=5,BC=6,CA=7.

a) Goi G va Ilan luot la trong tam va tam duong tron nodi ti€p tam giac ABC. Chiing
minh rang IG song song v&i BC.

b) Goi M, N Tan lwot 1a trung diém ctia AB va AC. Chttrng minh rang bon diém A, M,
I, N cing ndm trén mot duong tron.
Cau 5. (3.0 diém) Cho tam giac vuong cé do dai ba canh la s6 nguyén. Chting minh rang

ban kinh duong tron ndi tiép ciing la sd nguyén.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HUNG YEN LOP 9 THCS NAM HOC 2016 — 2017
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 24
(D@ thi co 1 trang)

Cau 1. (2.0 diéim) Cho a = ;b= .Tinh a’ +b’.

V-1, 2+1
2 2

Ciu 2. (4.0 diém)

a) Cho ham s§ y =ax+b(a=0)cé do thi (d) Lap phuong trinh duong thang (d),
biét (d) di qua diém A(1;2) va cét truc hoanh tai diém B ¢é hoanh do dwong, cit truc
tung tai diém C c6 tung d6 duong va thoa man OB + OC nhd nhat (O la gdc toa d9).

b) Tim t4t ca cac nghiém nguyén ctia phwong trinh 3x—16y —24 =\9x* +16x+32 .
Cau 3. (3.0 diém) Giai phuong trinh 4x” +5x% +1=+/3x +1-3x.

y*2x—1++3 =5y* —J6x—3

Cau 4. (3.0 diém) Giai hé phuong trinh il
2y* (5x* ~17x+6) =6 -15x

Cau 5. (6.0 diém)

Cho diém M thudc nira dudng tron (O)duong kinh AB (M= A,M #B,MA <MB).
Tia phan gidc ctia géc AMB cat AB tai C. Qua C vé dwong vudng goc véi AB cat duong
thang AM, BM thtt tu tai D, H

a) Chttng minh rang CA = CH.

b) Goi E 1a hinh chiéu vudng goc cua H trén ti€p tuyén tai A cua duong tron (O), F
la hinh chiéu vudng goc cta D trén ti€p tuyén tai B ciia duwong tron (O) Chting minh rang
E,M,F théng hang.

¢) Goi S,,S, thit tw 1a dién tich t& gidc ACHE va BCDF. Chting minh ring
CM? < m
CAiu 6. (2.0 diéim) Cho ba s a,b,c>1 thda man 32abc = 18(a +b+ c) +27.

\/a2—1 +\/b2—1 +\/C2 -1
a b C

Tim gia tri 16n nhat cua biéu thic: P =

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TP. HO CHI MINH LOP 9 THCS NAM HOC 2016 — 2017

MON THI: TOAN

PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé

bé s6 25
(D@ thi co 1 trang)

Cau 1. (3.0 diém) Cho ba sO a, b, c thoa cac diéu kién saua—b=7;b—c=3.

a’+b*+c*—ab—bc—ca
a’—c*—2ab+2bc

Cau 2. (3.0 diém) Giai phuong trinh (2x—1)v/x+3 =x"+3.

x(y—1)+y(x+1)=6
(x-1)(y+1)=1

Tinh gid tri ctia biéu thiec P =

Cau 3. (3.0 diém) Giai hé phuong trinh {

Cau 4. (4.0 diéin)
2y

1. Cho céc s6 thye dwong x, y thoa man diéu kién X %Y 1 Tim gia tri l6n
1+x 1+y

nhat ctia biéu thire P =xy?

2. Tim cdc s6 nguyén X, y thoa man phwong trinh (x + y)(x + 2y) =x+5
Caub. (5.0 diém)

1. Cho tam gidc nhon ABC ¢6 H 1a truc tam. Goi M, N Ian lwot 1a trung diém cuia BC
va AH. Puong phan giac trong goc A cat MN tai K. Chitng minh rang AK vudng goc voi
HK.

2. Cho tam gidc ABC ndi ti€p duong tron (O) Goi AH, AD Ian luot la duwong cao.

duong phan giac trong ctia tam giac ABC (H,D thudc BC). Tia AD cat (O) tai E, tia EH cat
(O) tai F va tia FD cat (O) tai K. Chting minh rang AK la duong kinh cta (O) .
Cau 6. (2.0 di¢in) Trong tuan, mdi ngay Nam chi choi mdt mon thé thao. Nam chay ba ngay
mot tuan nhung khong bao gio chay trong hai ngay lién tiép. Vao thtt Hai, anh ta choi
béng ban va hai ngay sau d6 anh ta choi bong da. Nam con di boi va choi cau 16ng, nhung
khong bao gio Nam choi cau 16ng sau ngay anh ta chay hodc boi. Hoi ngay nao trong tuan
Nam di boi?

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s0 26
(Dé thi c6 mot trang)

Cau 1. (2,0 diém)
a) Cho x=3- 5 . Tinh gid tri ctia biéu thire A =x"—8x* +17x° +6x> —116x+104.
b) Cho x, y 12 hai s8 thiee dwong. Chiing minh rang:

\/2(,/x2 +y° —x)(,/x2 +y’ —y) =X+y =X +y>.

Cau 2. (2,0 diém)
a) Giai phuwong trinh: x> —20x+24 +8./3(x—1) =0.
b) Giai hé phuong trinh: {Xz Ay +3 =34X . .
X" +12x+8y” =6x"+9
Cau 3. (2,0 diém)
a) Tim c4c s6 nguyén X, y thod man: 5x* +5y” +6xy —20x—20y +24 =0.
b) Tim tat ca cac s nguyén duong n sao cho n*+n’+1 1a s§ chinh phuong.
Cau 4. (3,0 diém)

1) Cho tam giac ABC c6 AB=c, AC=b, BC=a.Chttng minh rz?mg: simé <2
2 " 2be
2) Cho tam giac ABC c6 AB=c, AC=b, BC=a (c<a, c<b). Goi M, N Ian luot la cac
tiép diém ctia canh AC va canh BC v6i duong tron tam O ndi tiép tam giac ABC. Buong
théng MN cit tia AO tai P va cit tia BO tai Q. Goi E, F Ian luot 1a trung diém cua AB va
AC.
MP NQ PQ
a b ¢

b) Trén doan thang NC 14y diém I sao cho MF = NI. Chttng minh IQ di qua trung

diém caa NF.

Cau 5. (1,0 diém) Cho x, y, z la cac s6 thuc dwong. Tim gia tri I6n nhat ctia biéu thic:

P= X + Y + z
y+z+2x \z+x+2y \x+y+2z

Hét

a) Chting minh rang:

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH VINH PHUC LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé 50 27
(Dé thi c6 mot trang)
Cau 1. (2,0 diém)

Cho biéu thirc A = L

Yx+4 1| [ 2Vx+5

x—4  x-2) 1 Jx+2 )

a) Rat gon biéu thic A,

b) Tim cac gia tri x nguyén d€ biéu thitc Anhéan gia tri nguyén.

Cau 2. (2,0 diéin)

a) Giai phurong trinh: (x+1)(x—2)(x+6)(x—3) =45x".

b) Tim cac cap s6 nguyén (x;y) thoa man: x(x2 +x+1) =4"-1.

Cau 3. (1,0 diém)

Cho cac sd nguyén X,y thoa man 3x+2y =1. Tim gia tri nho nhat cua biéu thirc
H=x*—y* +|xy|+[x+y|-2.

Cau 4. (3,0 diém)

Cho hai diém A, B phan biét, 1dy diém C bat ki thudc doan AB sao cho 0< AC < % AB; tia

Cx vuong goéc voi AB tai C. Trén tia Cx ldy hai diém D,E phan biét sao cho

CE_cA

CB CD

BEC cat nhau tai diém thtt hai H (H khong trung véi C).

a) Chttng minh rang ADC = EBC vaba diém A H,E thing hang;

b) Xac dinh vi tri cia C d€ HC L AD;

c) Chttng minh rang khi diém C thay d6i thi dwong thang HC luén di qua mot diém ¢ dinh.

Cau 5. (1,0 diém) Cho ba s8 thuc khong am X, Y,z théa man x+y +z = 2. Chitng minh rang
X+2y+z2> (2—x)(2—y)(2—z).

-\3. Puong tron ngoai tiép tam giac ADC va dwong tron ngoai tiép tam giac

Ciu 6. (1,0 diém)

Trén m4t phang cho ndm diém phan biét sao cho khong c6 ba diém nao thang hang va
khong c6 bon diém nao cuing thudc mot duwong tron. Chiing minh rang ton tai mot duong
tron di qua ba diém trong nim diém da cho va hai diém con lai c6 ding mot diém nam
bén trong duong tron.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH NGHE AN LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s0 28
(Dé thi c6 mot trang)

Cau 1. (3 diém)
a. Chia 18 vat c6 khéi luong 2016%;2015%;2014%;..;,1999° gam thanh ba nhém ¢4
khéi legng bang nhau. (khong dwoc chia nho cac vat do).
b. Tim nghiém nguyén duong ctua phuong trinh: 3* +171=y>.
Cau 2. (6 diém)
a. Giai phwong trinh: x* +6x+1= (2x + 1)m
4x* +1=y* —4x

2

b. Gidi hé phuong trinh: s
X +xy+y =1

Cau 3. (3 diem)

Cho a,b,c >0 théamana + b + ¢ =3. Chiing minh rang; a2+1 + b2+1 i C2+1 >3
b +1 ¢ +1 a“+1

Cau 4. (6 diem)

Tt di®m M nam ngoai duong tron tam (O; R). V& hai tiép tuyén MA, MB véi duong
tron (A, B 1a cac tiép diém), cat tuyén MPQ khong di qua O (P nam gitta M, Q). Goi H 1a
giao diém cua OM va AB.

a. Chtng minh: HPO = HQO
o A , 11
b. Tim diém E thudc cung 1én AB sao cho tong EA + EB o gia tri nho nhat.

Cau 5. (2 diém)
Tim hinh vudng c6 kich thudc nhé nhat &€ trong hinh vudéng d6 c6 thé sap xép
dugc 5 hinh tron c6 ban kinh bang 1 sao cho khong ¢ hai hinh tron bat ki nao trong chting

c6 diém trong chung.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH THANH HOA LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 29
(Dé thi c6 mot trang)

Cau 1. (4,0 diém)

o ~3Ja a+3va [ 9} ..
Cho biéu thirc A = a - . \/;—— voi a>0;a#9
L\/a_+3 Ja_—3J &) :

a) Rut gon biéu thiec A;
b) Tim cac gia tri biéu thite M= A +a.
Ciu 2. (4,0 diém)

a) Giai phueong trinh: 2 X _ 1.

o \V2x* +9
b) Giai hé phuong trinh sau: {’i‘f 2: 4(4X—Y)_
y —-5x" =4
Cau 3. (4,0 diém)
a) Tim cac nghiém nguyén (x;y) ctia phuong trinh: 54x° +1=y°.
b) Tim cac gia tri nguyén duong cia m dé phuong trinh x> —mxy+y’+1=0 cd
nghiém nguyén dwong véi X,y la an s6.
Cau 4. (6,0 diém)
Cho duong tron tam O ban kinh R. Tam giac nhon ABC ndi ti€p duong tron (O;R)
c6 B,C c8 dinh. Duong cao AD, BE,CF cua tam gidc ABC cat nhau tai H. Duong
thang chtta c4c tia phan gidc ngoai ctia géc BHC cat AB, AC Ian luot tai diém M, N.
a) Chtiing minh tam gidc AMN can;
b) Xac dinh vi tri cia A d€ chu vi tam gidc DEF 16n nhat;
c) Puong tron ngoai tiép tam gidc AMN cat dwong phan giac trong ctia géc BAC tai
K (K khac A). Chttng minh rdng duong thang HK ludn di qua mot diém ¢ dinh
khi A thay doi.
Cau 5. (2,0 di¢im) Cho céc s8 duwong a,b,c théa man: ab? +bc? +ca® =3. Chiing minh rang;
2a’ +3b’ N 2b° +3c” N 2¢° +3a°
ab bc ca
Heét

215(a3+b3+c3—2).

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HUNG YEN LOP 9 THCS NAM HOC 2015 - 2016
= - - MON THI: TOAN
DPE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Pé s6 30

(Dé thi c6 mot trang)

Cau 1. (2,0 diém)

Cho x=1+2%2+%/4.. Tinh gia trj ctia biéu thitc A=+/x* —3x? —3x+2018..
Cau 2. (5,0 diém)

a) Cho duong thang (d) cé phuong trinh y=mx+1-m(m=0). Tim m d€ khoanh
cach tir g6c toa d6 O dén (d) la 16n nhat.

b) Tim cc s8 6 2 chit s§ ab (a# b) sao cho s8 n=ab—ba la mot s§ chinh phuong.
Cau 3. (2,0 diém)

1 Jx+8

Giai phuong trinh: X2 +3x3/3x+2 —12+ ==

Jx X

Cau 4. (3,0 diém)

2X° +y? —3xy—4x+3y+2=0

X =y +3+y—x+1=2

Ciu 5. (6,0 diém) Cho tam giac ABC déu ndi tiép duong tron tam O, ban kinh R. Lay

Giai hé phuong trinh: {

diém M bat ky trén cung nhé BC. Puong thang qua A va vuong géc véi CM tai
H cittia BM tai K.
a) Chttng minh H la trung diém cua AK;
b) Chiing minh rang diém K ludn nam trén moét duong tron ¢ dinh khi M thay
d6i. Tinh ban kinh dwong tron d6 khi R = 34/3;
c) Goi D 1a giao diém cua AM véi BC. Tim vi tri cia M sao cho tich hai ban kinh
cua duong tron ngoai ti€p hai tam gidc MBD,MCD dat gi4 trj I6n nhat.
Cau 6. (2,0 diém)
Cho cac s6 duong a,b,¢ thoa man a+b+c=3. Tim gia tri lon nhat ctia biéu thiec:
a’ b’ c’
= + +
3a—ab-ac+2bc 3b-ba-bc+2ac 3c-ca-ch+2ab

+3abc.

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PHU THOQ LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 31
(Dé thi c6 mot trang)

Cau 1. (3,0 diém)
a) ChoS=123+234+..+n(n+1)(n+2) vdi n la s6 ty nhién khac 0.
Chting minh rang 4 S+ 1 1a s§ chinh phuong.
b) Tim cac sé nguyén x va y théaman x* +2y° +2xy =y +2.

Cau 2. (4,0 diém)
x° —4x® —17x+9 & x 1

Vo1 =—.
x*+3x* +2x+11 x> +x+1 4
b) Cho a,b,c 1a céc s6 thue duong théa man a+b+c=5 va va +b ++/c =3. Ching

b e s

a+2 b+2 c+2 fa+2)(b+2)(c+2)

a) Tinh gia tri biéu thiec P =

minh rang

Cau 3. (4,0 diém)
a) Giai phuong trinh (3x+1)v2x* -1 =5x" + %x -3.

2> -y +xy +y-5x+2=0
b) Giai hé phuong trinh Z( }2’ AR, .
X +y +x+y-4=0

Cau 4. (7,0 diém)

Cho duong tron tam O duong kinh AB = 2R. Goi M 1a mot diém bat ky thudc duong

tron (O) (M khac A, khac B). Céc tiép tuyén véi duong tron (O) tai A va M cat nhau o E.

Vé MP vuong goc véi AB (P thudc AB). V€ MQ vuong goc voi AE (Q thudc AE).

a) Chting minh rang AEMO la t giac ndi tiép va APMQ 1a hinh chir nhat.

b) Chting minh réng PQ, OE, MA dong qui.

¢) GoiK la giao diém ctia EB va MP. Chting minh rang K 1a trung diém MP.

d) Dat AP = x, tinh MP theo R va x. Tim vi tri cia M trén dwong tron (O) d€ hinh chi
nhat APMQ c6 dién tich 16n nhét.

Cau 5. (2,0 diém) Cho cac s6 thuc phan biét a,b,c. Chiing minh rang

(a2+b2+c2)( 1 ~+ 1 =+ 1 2)22.
(a-b)” (b—c)® (c-a) 2

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH NAM DPINH LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 32
(DEé thi c6 mot trang)
Ciu 1. (3,0 diém)

1. Tinh gi4 trj biu thic P = V5433 +5-3 11-642 .
\/5+\/Z

2. Cho cac s0 thuc x, y, z théa man dong thoi cac diéu kién x+y+z=2,

1 1 1
+ + :
xy+z—-1 yz+x-1 zx+y-1

x*+y*+z° =18 va xyz=-1. Tinh gid tri cia S =

Cau 2. (5,0 diém)
1. Giai phuong trinh 242x—1++/x+3 —/5x+11=0.

y’ —y(ﬂﬂ)m/ﬁzo

x> +y—-V7x* -3 =0.

2. Giai hé phuong trinh

Cau 3. (3,0 diéim)

1. Tim t4t ca cac s6 nguyén x, y théa man x* +y° +xy —x—y =1.

2. Chting minh v6i moi s6 nguyén duong n 1én hon 1 ta cd \/2\/3\/4...,/(n —1)\/H <3.

Céu 4. (7,0 diéin) Cho tam giac nhon ABC ¢6 AB<AC, ndi tiép duong tron (O) va ngoai

ti€p duong tron (1). Piém D thudc canh AC sao cho ABD=ACB. Pudng thing Al cat
duong tron ngoai tiép tam giac DIC tai diém thi hai 14 E va cit duong tron (O) tai diém
thtt hai 1a Q. Puong thang di qua E va song song véi AB cat BD tai P.

1. Chting minh tam giac QBI can;

2. Chung minh BP.BI =BE.BQ;

3. GoiJ la tdm duong tron noi ti€p tam gidc ABD, K la trung diém cuta JE. Chiing minh

PK//JB.
Ciu 5. (2,0 diém) Cho mot 16p hoc ¢6 35 hoc sinh, cac hoc sinh nay t& chitc mét s6 cau lac
bd mon hoc. Moi hoc sinh tham gia ding mot cau lac bg. Néu chon ra 10 hoc sinh bat ki thi
ludn c6 it nhat 3 hoc sinh tham gia cung mot cau lac bg. Chitng minh ¢6 mot cau lac bd
gom it nhat 9 hoc sinh.
Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PAK LAK LOP 9 THCS NAM HOC 2015 - 2016
— - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Dé s6 33

(Dé thi c6 mot trang)
Cau 1. (4.0 diém)
o . x—=5y=-20
a) Giai hé phuong trinh {(1+x)(1+2x)(1+ 3x) = (1+3y)(1+3y +2x°)
b) Tim t4t ca cdc s thyc m d& phuong trinh x* -2(2m+1)x+3m+4=0 c6 hai
nghiém dwong phan biét.
Cau 2. (4.0 diém)
a) Cho x, y, z la cac s6 thuc thoa man \/;+\/§+\/_=2 va x+y+z=2. Tinh gia tri

cua biéu thtrc:

x+1 y+1 z+1

P—\/(X+1)(y+1)(z+1).[ Ay, &}

b) Viét phuong trinh dudng thing di qua diém M(1;2) va cit hai tia Ox, Oy
[an lwot tai hai diém A va B khéc gdc toa dd O ma thoa man OA+OB=6.
Ciu 3. (4.0 diém)

a) Tim cac s6 ty nhién c6 hai chit s6 ab thoa man ab+6= (a+b)

b) Cho a=111...1 va b=1000...05 . Chting minh rang s6 M=ab+1 la s§ chinh phuong.
2017 cs1 2016cs0

Cau 4. (4.0 diém)
Cho tt gidc ABCD noi tiép duong tron duong kinh AB =2R. Biét BC=CD va hai
duong thang AD, BC cat nhau tai F. Trén duong kinh AB 1dy diém E sao cho
AD = BE. V& EH vudng gbc véi AD tai H. Hai duwong thang AC, EH cat nhau tai K.
Goi I 1a trung diém cua AE.
a) Chttng minh rang AD.AF+BC.BF =4R?.
b) Chitng minh rang ba diém D, I, K thang hang.

Cau 5. (2.0 diém)
Cho & gidc ABCD c6 hai dwong chéo cat nhau tai O va dién tich tam gidc AOB
bang 9cm?, dién tich tam gidc COD bang 16cm?. Tim gid tri nho nhat ctia dién tich
t giac ABCD.

Ciu 6. (2.0 diém)
Cho a, b, c la cac sd thuc thay doi thoa man ab+7bc+ca=188. Tim gia tri nho nhat
ctia biéu thirc P =5a® +11b* +5¢°.

3

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH VINH LONG LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 34
(D@ thi co6 mot trang)
Cau 1. (4.0 diém)
\/4+2\/§—\/§ , ) 2016
a) Cho x = .Tinh P=(x"+x-1
(V5+2)3175-38 -2 ( )

b) Cho x=y=-5 va x* +y”> =11. Tinh x* +y*.
Cau 2. (4.0 diém)
a) Giai phuong trinh x* +4x=242x+3-5

o . 5x° +2y? +2xy —2x — 4y = 24
b) Giai hé phuong trinh
3x+(2x+y-1)(x—y+1)=11

Ciu 3. (2.0 diém)
Cho phuong trinh x* + (m - l)x —6 =0 (m la tham s8). Tim cac gia tri cia m dé phuong
trinh trén cé hai nghiém x,,x, sao cho biéu thiic A = (xf -~ 9)(x§ — 4) dat gia tri lon
nhat.

Ciu 4. (2.0 diém)

Cho a, b la cac s6 duong thoa man ab =1. Tim gia tri nhé nhat ctia biéu thic

A=(a+b+1)(a2+b2)+

a+b
Cau 5. (3.0 diém)
a) Cho p va q la cac s6 nguyén t6 16n hon 3 va théa man p=q+2. Tim sd du khi
chia p+q cho 12.
b) Tim cac cdp s6 nguyén (x; y) thoa man phuong trinh x(x + 1) =y’ +1.
Cau 6. (3.0 diém)
Cho tam gidc ABC déu ndi tiép dudng tron (O;R) va H 1a mét diém di dong trén
doan OA(H khac A). Duong thang qua H va vudng gdéc véi OA cat cung nho AB tai
M. Goi K 14 hinh chiéu ctia M trén OB.
a) Chiing minh rang HKM =2AMH.
b) Céc ti€p tuyén ctia duong tron (O;R) tai A va B cit tiép tuyén tai M ciia duong
tron (O;R) lan luot tai D va E. Goi giao diém ctia OD, OE v6i AB lan luot 1a F va G.
Chttng minh rang OD.GF = OG.DE.
Cau 7. (2.0 diém)
Cho duong tron tam O ban kinh R =5cm va mét diém P ¢6 dinh trong duong tron sao

cho OP =3cm. Hai day cung AC va BD thay d6i nhung ludn vudng goc véi nhau tai P. Khi
dién tich cua ti gidc ABCD dat gid tri 16n nhat, hay tinh dién tich d6 va s6 do goc OPD.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO HA NOI LOP 9 THCS NAM HOC 2015 - 2016
— - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Dé sé6 35

(DEé thi c6 mot trang)
Cau 1. (5.0 diém)
a) Cho cdc nguyén a, b, ¢, d thoa man diéu kién a’ +b° = 2(c2 —8d3) )
Chttng minh rang a+b+c+d chia hét cho 3.
b) Tim tat ca cac s nguyén t8 x sao cho 2 +x* 1a s& nguyeén t6.
Cau 2. (5.0 diém)
a) Giai phuong trinh 2x2 +11x+19 +2x2 +5x +7 = 3(x+2)

X+y+z=3

PN ~ , . /11 1 1
b) Tim tat ca cac bd ba so (x;y;z) thoaman {—+—+—=—
Xy z 3

X +y?+z? =17
Cau 3. (3.0 diém)

a) Cho ba s6 thuc x, y, z thdéa man O<x,y,z<73 va xy+yz+zx=%. Tim gia tri

nhoé nhat ctia biéu thic:
P 4x - 4y - 4z :
3-4x" 3-4y° 3-4z

b) Cho a, b, c 1a &6 dai ba canh ctia mdt tam giac. Chitng minh rang:
2016 b2016 C2016

a

+ + 2&2015+b2015+C2015
b+c—-a c+a-b a+b-c

Caiu 4. (6.0 diém)

Cho tam gidc déu ABC c6 canh bang a. L4y diém Q bat ki trén canh BC (Q khac B
va C). Trén tia d6i cua tia BA 14y diém P sao cho CQ.AP =a’. Goi M la giao diém ctua AQ
va CP.

a) Chtrng minh bon diém A, B, C, M cung thudc mot duong tron.

b) Goi I, J, K Tan lwot 1a hinh chiéu ctia M trén AB, BC, CA.

1. X4c dinh vi tri cia Q dé IK c6 do dai 1on nhat.
2. Chtmg minh MI* + MJ* + MK? khong d6i khi Q di chuyén trén canh BC.
Cau 5. (1.0 diém)
Cho bang 6 vuong kich thuwdc 10.10 gom 100 6 vudng cé kich thude 1x1. Dién vao
mdi & vudng ctia bang nay mot s6 nguyén duong khong vuegt qua 10 sao cho hai s8
& hai 6 vudng chung canh hodc chung dinh nguyén t& cing nhau. Chirng minh rang
trong bang 6 vuong da cho c6 mot sd xuat hién it nhat 17 lan.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO DA NANG LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 36
(Dé thi c6 mot trang)
Cau 1. (1.5 diém)
3a+v% -3 a+l Ja-2
aiva-2 Na+2 1-+a

a) Rat gon biéu thirc M.

Cho biéu thttc M = voia>0,a=1

b) Tim tat ca cac gid tri nguyén cua a d€ biéu thitcc M nhan gia tri nguyén.
Cau 2. (2.0 diém)

a) Giai phuong trinh \/x+3+4\/x—1 +\/x+8+6\/x—1 =9.

x> +xy +2zx =48

b) Giai hé phuong trinh < y* +xy +yz=12.
2’ +zx+yz =84

Cau 3. (2.0 diém)
a) Cho a= 2222 vab=2:22..42. Chting minh rang hai s a va b c6

2016ts2 3016ts+2
cung chit s6 hang don vi.
b) Cho ham s6 y=ax+a+1 vdialathamsd, a=#0 va a=—1. Tim tat ca cac gia tri
cua a dé khoang cach tir géc toa dd O dén do thi cua ham s6 dat gia tri 16n nhat.
Cau 4. (3.5 diém)
Cho tam giac déu ABC ndi tiép duong tron (O) Trén cung nho BC 1dy diém M tuy
y. Buong tron (M,' MB) cat doan thang AM tai D.
a) Chting minh rang tam gidc BDM la tam giac déu.
b) Chting minh rang MA = MB+MC.
c) Chttng minh rang khi diém M thay d6i trén cung nhé BC thi diém D luén nam
trén mot duong tron ¢ dinh ¢6 tam thudc duong tron (O)
Ciu 5. (1.0 diém)

Cho cac s0 thuc x, y, z khac 0 théa man x+y+z=0. Tinh gia tri ctia bi€u thuc:

P 1 . 1 1
X2+y2—Z2 y2+Z2—X2 ZZ+X2—y2
Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO AN GIANG LOP 9 THCS NAM HQC 2015 - 2016
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 37
(Dé thi c6 mot trang)

Cau 1. (4.0 diém)

2+B-2-43
Cho x= \/E

) 2016
. Tinh gia tri ctia biéu thitc P = (1 +3x° —x5) :
Cau 2. (4.0 diem)

Cho Parabol y = ixz (P) va diém A(O;l) )

a) V& Parabol P trén mat phang toa do Oxy.
b) Chttng minh rang néu diém M nam trén Parabol P thi d6 dai doan thang AM
bang khoang cach tit M dén duong thang y =—1. Biét rang khoang céch gifta hai

diém C(x¢;yc ), D(xp;yp) bt ky trén mit phing toa do Oxy duoc tinh theo cong

thiee CD = \/(XC -Xp )2 +(yC -V5 )2 .
Cau 3. (4.0 diem)

Cho phuong trinh x* +bx* +cx+1=0 trong d6 ¢, d 1a cac s8 nguyén. Biét rang
phuong trinh c6 mot nghiém x, =2+ J5.Tim ¢, d va cac nghiém con lai cia phuong
trinh.

Cau 4. (3.0 diem)

Tim x, y biét \/2(\/;+y—2) — WXy

Cau 5. (5.0 diém)

Ttr mot di€m M nam ngoai dudng tron (O) vé hai tiép tuyén MB, MD véi duong
tron(B, D 1a tiép diém) va mot cat tuyén qua M cat duong tron tai hai diém phan
biét A, C.

a) Chiing minh rang hai tam gidc MAB va MBC d6ng dang véi nhau.

b) Chiing minh rang AB.CD=BC.AD.

c) Goi d 1a duong thang qua D va song song véi MB. Puong thang d cat BA, BC
Tan luot tai I va J. Ching minh rang DI=DJ.

Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

THANH PHO HO CHI MINH LOP 9 THCS NAM HOC 2015 - 2016
MON THI: TOAN

Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 38
(Dé thi c6 mot trang)

Cau 1. (2.0 diem)
Cho hai s0 thuc a, b phan biét théa man ab=a—b. Tinh gia tri cta bi€u thiec
a b

A=—+—-ab.
b a

Cau 2. (3.0 diém)

Giai phuong trinh Bx—1—+/x+2= X3 .

Cau 3. (3.0 diém)

\ /4 A 2 \ AV \ . 1 \
Cho x,;X, la cdc nghiém ctia phuong trinh x* +ax+b =0, dong thoi x; 5 va

X5 i 12 cdc nghiém cua phuwong trinh x* +| a’ e x+b? . 0. Tim cacsd a vab.
* 2 2 2

Cau 4. (4.0 diém)

a) Cho hai s8 thuc x va y théa man x+y # 0. Chitng minh rang

2
x2+y2+[1+XyJ >2
X+y

b) Trong mdt hinh vuéng c6 canh bang 1 18y nam diém tuy y. Chitng minh rang
ludn ton tai hai di€ém c6 khoang cach khong vugt qua 72 .

Cau 5. (5.0 diém)
Cho tam giac ABC nhon (AB < AC) ndi tiép duong tron (O) Mot dwong tron (K)
di qua A va tiép xuc véi BC tai D, cit hai canh AB, AC Ian luot tai P, Q va cit
duodng tron (O) tai diém E khéc A. Tia ED cat duong tron (O) tai F khac E.

a) Chtrng minh rang CAD =FAB.

b) Chting minh rang PQ_DP.DQ .
BC DB.DC

Cau 6. (3.0 diém)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Chiéu ngay 13 thang 3, Cong ty khai thac thay loi hé Dau Tiéng — Phudc Hoa cho
biét da két thic dot xa nuwéc ddy man xudng song Sai Gon. Pay la [an xa nuwdc thi 5
tt dau ndm, gitp nguoi dan Sai Gon dam bao nudce sinh hoat, phuc vu ndong nghiép.
Dot xa nudc cong suat 3O(m3 / s) kéo dai trong 3 ngay, man da dwoc day ra cac ctra

song. Theo don vi nay, sau dot xa, muc nudce trong hé cao khoang 20m, trix lwong
nudc gan 850 triéu m*.
Tuy gitp cac nha may nudc ha lvu hoat dong dwgc nhung nhiéu chuyén gia bay to
lo léng boi trir luwong tai cac ho dau nguodn thap trong khi du bao dot han man c6 thé
kéo dai dén thang 5. Hién cac ho phai can kéo trong viéc xa nwdc day man d€ phuc
vu cho ndng nghiép va hoat dong san xudt nudc.
Vé nguyén nhan xam nhdp man, 6ng Pham Thé Vinh - Vién Khoa hoc Thuay loi
mién Nam - cho r%mg, han mén dién ra manh vi El Nino kéo dai khién khu vec Nam
bo rat it mua. Ngoai ra, viéc triéu cuong kéo dai dén thang 2; 3 khién nudc man di
sau vao cac ctra song. Ong Bui Thanh Giang — Phé tong giam ddc Cong ty cap nudce
Sai Gon (Sawaco) — cho biét, ndm nay trit lwgng nudc vé cac hd dau ngudn giam
manh. Trong d6, lwong nudc tich trir ctia hé thong hd Dau Tiéng — Phudc Hoa trén
thwong nguodn song Sai Gon con hién tai chi dat 70%. Luu lwong ctia ho Tri An trén
song Pong Nai chi dat khoang 80% so véi trung binh hang nam. Vé giai phap lau
dai, Sawaco kién nghi UBND TP.HCM cho phép xay dung ho trir nude thd cho
nguodn nwde song Sai Gon voi von thuc hién tir ngan sdch. Ngoai ra, don vi cling dé
xuat nang cao cong nghé xtr ly nwéc nhung viéc nay doi hoi chi phi dau tw, van hanh
cao.(Ngudn vnexpress.net)
a) Hay cho biét lwgng nuwdc ma ho Dau Tiéng da xa trong 3 ngay qua?
b) Néu tiép tuc xa 20% luwong nudc hién c¢6 dé ngan man (véi téc d6 xa nhw
trén) thi cong viéc nay sé mat bao nhiéu ngay.
c) Gia st viéc xa nudc chdng man dién ra lién tuc tir hom nay (22/3) dén hét ngay

15/5, tinh lwong nuwdc ma ho da xa trong khoang thoi gian nay.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HUNG YEN LOP 9 THCS NAM HOC 2014 — 2015
= - - MON THI: TOAN
PE THI CHINH THUC o . o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Dé s6 39
(DEé thi c6 mot trang)

3
Y63 -10
Cau 1. (3,0 diéin) Cho X =y2+/3 - % Tinh gi4 trj ctia bidu thitc
+

2019
A :(x4 +x°—x2 —2x—1)
Cau 2. (4,0 diém)

1. Cho Parabol (P) 'y = X va duong thang (d) :y=mx+1 (mla tham s thiec). Tim m

dé (d) cat (P) tai hai diém phan biét A, B théa man AB=+10.
2. Tim tat ca cac nghiém nguyén duong X,y thoéa man phwong trinh

5x% +6xy +2y” +2x+2y—40=0.

Cau 3. (5,0 diém)
3

1. Giai phuong trinh S +8x* =40 .
V5-x*

X’ —y*~15y ~14=3-(2y’ -x)

2. Giai hé phuong trinh s
4x” +6xy+15x+3=0

Cau 4. (6,0 diém) Cho hinh chit nhat ABCD ¢6 AB=5a va AD=2a (a>0). M 1a diém
bat ki trén canh AB (M khéac A va khac B). Goi H, K Ian luot la hinh chiéu vuong goc cta
M trén AC va DC.

1. Chting minh rang 5 diém B, C, K, H, M cling thudc mdt dueong tron. Xac dinh tam

O ctia deong tron do.
AH-MK
2. Tinh ——— theo a.
MH

3. Khi AK 14 tiép tuyén cua duong tron (O). Tinh AM theo a.

Ciu 5. (2,0 diém) Cho ba s6 thuc duong a, b, ¢ thoa man ab+ac+bc=3.Tim gia tri nho
19a+3 19b+3 19c+3

> T 2 -
1+b 1+c 1+a

nhat ctia bidu thee 1T =

Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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KI THI CHON HOC SINH GIOI TINH

SO GIAO DUC VA PAO TAO
LOP 9 THCS NAM HOC 2014 - 2015

TINH NGHE AN
- - , MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé

Dé s6 40
(Dé thi c6 mot trang)

Cau 1. (4 diém)
a. Cho hai s0 ti nhién a, b thoa man diéu kién: a2+ a=2b2+b.
Chting monh rang a—b va a+b + 1 déu la cac s6 chinh phuong.
b. Tim s6 tw nhién n sao cho s& 2015 c6 thé viét duogc thanh tdng cua n hgp s6 nhung
khong thé viét duoc thanh tong ctia n + 1 hgp s6.
Cau 2. (5 diem)
a. Giai phuong trinh: J6x—1+v9x> —1 =6x—9x>

A . x2+y2+xy=2
b. Giai h¢ phuong trinh: < . 7,
X" +y  =2x+4y
Cau 3. (3 diém)
Cho a, b, c la cac s thuc duwong thoa man: abc = 1.
Tim gia tri 16n nhat caa biéu thic P = L + L - L
a+2b+3 b+2c+3 c+2a+3

Cau 4. (6 diem)
Cho tam giac ABC c6 ba goc nhon noi tiép dwong tron (O). Trén cung nhé BC cua
duong tron (O) 1dy diém M (M khong trung véi B, C). Goi D, E, F lan luot 1a cac diém
ddi xting v6i M qua BC, CA, AB. Chitng minh rang;
a. Badiém D, E, F théng hang .
AB N AC _BC
MF ME MD
Cau 5. (2 diém)
Cho 121 diém phan biét nam trong hodc trén cac canh ctia mot tam gidc déu c6 canh

bang 6 cm. Chitng minh rang c6 thé vé dugc mot hinh tron duwong kinh bang J3em

chita it nhat 11 diém trong s6 cac diém da cho.

Heét

TAI LIEU TOAN HQC

Trinh Binh swu tim va téng hep
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PHU THOQ LOP 9 THCS NAM HOQC 2014 - 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s0 41
(Dé thi c6 mot trang)
Cau 1. (3,0 diém)
a)Tim cdc sd nguyén x, y théa man phwong trinh: X* + y? —xy=X+y+2.
b) Chitng minh rang véi ba s tw nhién a,b,c trong d6 c6 ding mot s6 1é va hai sd
chdntaludén c (a+b+c)’ —(a+b-c)’ —(b+c—a)’ —(a—b+c)’ Chiahét cho 96
Ciu 2. (4,0 diém)

a) Chting minh rang véi moi s6 nguyén duong n ta c6

[1 1 jz 1 1
1+ - +—| =1+————
n n+2 n n+2

b) Tinh tong

S = \/1+(1+ ljz +\/1+(1+1j2 +\/1+(l+1j2 +..... +\/1+[L+L}2
3 2 4 3 5 2014 2016
Cau 3. (4,0 diém)
a) Giai phwong trinh
J2x? —x = 2x—x2
b) Giai hé phuong trinh
{(x2 —1)y + (y2 —1)x = 2(xy-1)

4x* +y? +2x—-y—-6=0

Céu 4. (7,0 diém)
Cho BC la day cung c6 dinh caa duwong tron (O; R) ,( BC<2R),A la diém di dong
trén cung 1é6n BC,( A khong trung B,C). Goi AD, BE, CF la cdc duong cao ctia tam
giac ABC;EF cat BC tai P ,qua D ké duong thang song song véi EF cat AC tai Q va
cat AB tai R .
a) Chung minh tt gidc BQCR la tt gidc ndi tiép
b) Goi M la trung diém canh BC .Chiing minh hai tam giac EPM,va DEM la hai
tam giac dong dang.
¢) Chitng minh rang duwrong tron ngoai tiép tam giac PQR ludn di qua mdt diém cd dinh
Cau 5. (2,0 diém)

Cho céc s8 thuc duwong x,y,z thoa man x* +y? +z? =3

Chting minh rang X 4

y z
+
Yy xa 3fxy

> XY+ YZ + XZ

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH THANH HOA LOP 9 THCS NAM HOC 2014 - 2015
= - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peé so 42

(Dé thi c6 mot trang)

-1

SRR
I-x 1+xvx . 20X -1

Cau 1. (4,0 diém) Cho biéu thirc A = (

1. Rut gon biéu thiec A

1
2. Tim X dé7A<—;

Cau 2. (4,0 diém)
3x

X
1. Gidi phuong trinh — -2=0.
p & x> —x-2 x*-5x-2

2. Giai hé phuong trinh {XZ By
(x+y)(1+xy)=4x"y
Cau 3. (4,0 diém)
1. Tim cdc nghiém nguyén (x; y) cua phwong trinh: 5(x2 +Xy + yz) =7(x+2y)
2. Tim tdt ca cac s6 nguyeén t6 p, g sao cho ton tai sO tw nhién m thda man :

pq m’+1

pP+q m+1’
Cau 4. (6,0 diém)

Cho 3 diém A , B, C ¢§ dinh nam trén mot duong thang d (B nam gitra A va C).

Vé duong tron tam O thay d6i nhung ludn di qua B va C (O khong thudc duong
thang d). Ké AM va AN la cac tiép tuyén véi duong tron tim O tai M va N. Goi I 1a trung
diém ctia BC, AO cat MN tai H va cat duong tron tai cac diém P va Q (P nam gitta A va
0), BC cit MN tai K.

1. Chitng minh 4 diém O, M, N, I cing nam trén mot dwong tron.

2. Chtng minh diém K c§ dinh khi duwong tron tam O thay doi.

3. Goi D la trung diém ctua HQ, tir H ké duong thang vudng goc véi MD cat duong
thang MP tai E. Chttng minh P la trung diém ctia ME.

Cau 5. (2,0 diém)
¢ o a b a b R
Cho céc so6 thuc duong a,b,c thoa man 2(E+Ej+c(§+a_2J =6. Tim gia tri nho
bc ca 4ab

nhat ctia biéu thie P = a(2b+c)+b(2a+c)+c(a+b)'

Heét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH VINH PHUC LOP 9 THCS NAM HOQC 2014 - 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 43
(Dé thi c6 mot trang)
Cau 1. (1,5 diém)

Cho biéu thirc A = (

3x+\/ﬁ—7_\/§+1_\/§+7]-[2_£j
x+2x -3  x+3 x-1) 1 x-1)
a) Rut gon biéu thiec A;
b) Tim x dé A=-6
Cau 2. (1,5 diéin)

mx—2y =2

Cho hé phuong trinh { (v6i m la tham sd).

2x+my=>5
a) Giai hé phuwong trinh khi m =10;
b) Tim m d€ hé phuong trinh da cho c6 nghiém (x; y) thoa man
—2015m” +14m — 8056
m’ +4 '

X+y—2014 =

Cau 3. (3,0 diém)
a) Cho ba s6 thuc duwong a,b,c théa man a+b+c=1. Tim GTLN cta biéu thtec:
_ a N b N C
9a’+3b*+c 9b°+3c®+a 9c’+3a’+b
b) Tim cac cap s6 nguyén (x;y) thoa man: x(1+x+x2) =4y(y-1).
Cau 4. (3,0 diem)
Cho doan thang AC c6 dd dai bang a. Trén doan AC ldy diém B sao cho
AC =4.AB. Tia Cx vudng goéc v6i AC tai diém C, goi D la di€ém bat ki thudc tia
Cx(D khoéng trung v6iC ). Tir diém B ké duong thang vuong géc véi AD cat hai
duong thang AD va CD & K, E.
a) Tinh DC.CE theo a;
b) Xac dinh vi tri diém D dé€ tam giac BDE c¢6 dién tich nho nhat;
c¢) Chting minh rang khi diém D thay d&i trén tia Cx thi duong tron duong kinh
DE 1uén c6 mét day cung cd dinh.
Cau 5. (1,0 diém)

Cho day gom 2015 s6: =; ;1;1;....;L;L.
2014 2015
Nguoi ta bién d6i day ndi trén bang cach xéa di hai s8 u,v bat ki trong day va viét
thém vao day mot s c6 gia tri b?mg u+v+uv vao vi tri cia u hodc v. C¢ lam nhu thé
déi voi day mdi thu duoc va sau 2014 Tan bién d6i, day cudi cung chi con lai mot so.
Chting minh rang gi tri cta s cudi cung khong phu thudc vao viéc chon cac s§ u,v dé
x6a trong mdi [an thuc hién viéc bién d6i day, hdy tim s& cudi ciing dé.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2014 - 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s0 44
(Dé thi c6 mot trang)

Cau 1. (2,0 diém)
b) Tinh gi4 tri ctia biéu thiec: A = 2x° +3x” —4x+2

voi x=\/2+1/5+2\/§ +J2— 5+45 —J3-45-1

2
b) Cho x, y thoa man:
VX +2014 +/2015 - x — /2014 —x = \Jy +2014 +,/2015—y —[2014 —y
Chtrng minh: x=y
Cau 2. (2,0 diém)

a) Giai phuong trinh x3+(x+1)\/x+1+2\/§:(x+ x+1+\/5)3

3x +xy —4x+2y =2

b) Giai phuong trinh sau: {x(x N 1) . y(y . 1) 4
Cau 3. (2,0 diém)
a) Tim s6 nguyén t6 p sao cho cac sd 2p” —1; 2p” +3; 3p”° +4 déu la s6 nguyén td.
b) Tim cac sd nguyén duong x, y, z thoa man: 3x* —18y” +2z* +3y’z> —18x =27 .
Cau 4. (3,0 diém)
Cho duong tron (O;R) duwong kinh BC. Goi A la diém thdéa man tam giac ABC nhon.
AB, AC cat dwong tron trén tai diém thtt hai twong tng 1a E va D. Trén cung BC
khong chita D 18y F(F # B, C). AF cat BC tai M, cat duong tron (O;R) tai N(N = F) va
cat duong tron ngoai tiép tam gidc ADE tai P(P # A).
a) Gia st BAC =60°, tinh DE theo R.
b) Chiing minh AN.AF = AP.AM
c) Goi I, H thit tu 1a hinh chiéu vudng géc ctia F trén cc duong thang BD, BC. Céac
duong thang IH va CD cat nhau & K. Tim vi tri ctia F trén cung BC dé biéu thic

BC + BD + cb dat gia tri nho nhat.
FH  FI  FK
Cau 5. (1,0 diém)

Cho cac s6 duong x, y, z thay d6i thoa man: xy +yz+zx=xyz. Tim gia tri 16n nhat caa

biéu thitc: n = 1 + 1 + 1 .
4x+3y+z x+4y+3z 3x+y+4z
Hét

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH KHANH HOA LOP 9 THCS NAM HOQC 2014 - 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 45
(Dé thi c6 mot trang)

Cau 1. (4,0 diém)

a) Khong dung may tinh cam tay. Chiing minh dang thtc \3/3/5 -1= i/g - i/g + i/% .
b) Tim nghiém nguyén duong cta phuong trinh sau

(1+x1)(1+x2)...(1+x

=22 Ix x...x

2015) 17727772015 ¢

Ciu 2. (4,0 diém)

1 2 =y-1 -2 -
Giai hé phuong trinh VATV 2# e 3 =y —T4\y -2+4y =3
x> +y*> =10
Cau 3. (3,0 diem)
Cho cac s8 thuc dwong X, y, z thoa man x +y + z = 4. Chiing minh rang
1 + 1 >1.
Xy Xz

Cau 4. (3,0 diém)

Tim céc s& nguyén duong x, y, z thoa man x* =2x+yzz4.
Cau 5. (4,0 diém)

Cho duong tron tam I ndi tiép tam giac ABC ti€p xtc vdi ba canh BC, CA, AB theo
thit ty tai D, E, F. Qua E vé duong thiang song song véi BC cat AD, DF Tan lueot 6 M, N.
Chting minh M la trung diém EN.
Cau 6. (2,0 diém)

Nguoi ta xép 16 sd nao dé vao mot hinh vudng c6 4x4 6 (hinh |X |y

bén) sao cho tdng cac s 6 moi hang, moi cot, hai duong chéo déu bang | z

nhau va bang s6 s. Chtiing minh rdng s ciing 1a tong 4 s6 dit ¢ 4 goc hinh

vuong.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2014 - 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s0 46
(Dé thi c6 mot trang)

Cau 1. (2 diém)

N (I T )
2-1-x*

b) Cho a va b1a cdc sd thdaman a>b>0va a’—a’b+ab’—-6b°=0.
a*—4b*

Tinh gid tri ctia biéu thite B=———.
& b*-4a*

a) Rut gon biéu thic A = voi —1<x<1.

Cau 2. (2 diém)
a) Giadi phuwong trinh X*(X* +2) =4 —x/2x* +4.

o . {x3:2x+y
b) Giai hé phuong trinh ¢ .
y’=2y+X
Cau 3. (2 diem)
a) Tim cac s§ nguyén duong x, y thoa man phuong trinh Xy’ +2xy +Xx =32y
b) Cho hai s6 tie nhién a4, b théa man 2a*>+a=23b*+b.
Chitng minh rang 2a+2b+1 1a s8 chinh phuong.
Cau 4. (3 diem)
Cho tam giac déu ABC ndi ti€p duong tron (O, R). H la mot diém di ddng trén
doan OA (H khéc A). DPuong thang di qua H va vudng gdc véi OA cat cung nho AB tai M.
Goi K 1a hinh chiéu cua M trén OB.
a) Chting minh HKM =2AMH.
b) Céc tiép tuyén caa (O, R) tai A va B cat tiép tuyén tai M caa (O, R) [an luot tai D
va E. OD, OE cat AB Ian luot tai F va G. Chting minh OD.GF = OG.DE.
c) Tim gid tri 16n nhat cta chu vi tam gidc MAB theo R.
Cau 5. (1 diém)
Cho 4, b, ¢ 1a c4c s8 thuc duwong thoa man 2ab+6bc+2ac=7abc . Tim gid tri nho

4ab N 9ac +4bc
a+2b a+4c b+c’

nhat ctia bieu thiee C =

Heét
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH THANH HOA LOP 9 THCS NAM HOC 2014 - 2015
= - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Dé so 47

(Dé thi c6 mot trang)

Cau 1. (4,0 diéi) Cho bidu thirc A =| +1 pP e ) el e,
S+l 1-xy Sy-1 Jy+1

1. Rat gon biéu thirc A.
2.Cho L + L —6. Tim gi4 trj 16n nhat ctia A.
ey
Cau 2. (5,0 diém)
1.Cho phuong trinh x* + 2(m - Z)X +m”’-2m+4=0.Tim m d€ phuong trinh
e A A A s 2 1 1
6 hai nghiém thyrc phan biét x,, x, thbaman —; - =

> .
X;+x; XX, 15m

x+y+z=1

4

2. Gidi hé phuong trinh { . 4 .
x"+y' +z" =xyz

Cau 3. (4,0 diéin)

1. Tim tat ca cac cdp s6 nguyén duong (a; b) sao cho (a + b?) chia hét cho (a%b - 1).

2. Tim x,y,zeN thoa man \/x+2\/§:\/§+\/;.

Cau 4. (6,0 diéin) Cho ntra duong tron tam O duong kinh AB. M6t diém C ¢6 dinh thudc
doan thang AO (C khac A va C khac O). Duong thang di qua C va vudng goc véi
AO cat ntta duong tron da cho tai D. Trén cung BD 1dy diém M (M khac B va M
khac D). Tiép tuyén ctia nira duong tron da cho tai M cat duong thang CD tai E. Goi
F la giao diém cua AM va CD.
1. Chttng minh tam gidc EMF la tam giac can.
2. Goi I 1a tam duong tron ngoai ti€p tam gidc FDM. Chiing minh ba diém D, I, B
thang hang.
3. Chtitng minh goc ABI ¢6 s6 do khong d6i khi M di chuyén trén cung BD.
Cau 5. (1,0 diém) Cho x, y 1a cac s6 thye dwong thod man x +y =1.

1 1
NI

X"+ y Xy
Heét

Tim gid tri nho nhat ctia biéu thiee B=
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HUNG YEN LOP 9 THCS NAM HOQC 2014 - 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 48
(Dé thi c6 mot trang)

1 [\2-1

Caul.(3,0diém) Cho x= . Tinh gi4 tri ctia biéu thic sau:
2\ 2 +1

2014
3 —_—
A=A +4x" =X +1)" +(\/4X5 +4x* —5x° +5x+3) J{ﬂ} '

\V2x2 +2x

Cau 2. (5,0 diém)
1. Tim c4c sd nguyén X,y théaman 2xy+4x+2y+1 > 5x° +2y°.
> Gidihé oh " 4° -y’ =x+2y
 Giai ha trinh:
1AL Te PATONE T 502 —82xy +21y? =9

Cau 3. (4,0 diém)
1. Cho parabol (P): Y = -2x* va duong thing (d): y=ax+a—2. Tim s8 nguyén a
sao cho (d) ct (P) tai hai diém phan biét A, B thoa man AB = /5 .

a,b,c>0 . 3 9 1>13
] inhréng: a+b+c+—+—+->"—
2. Cho a42b+3c>10 " chttng minh rang : a C P TR

Cau 4. (6,0 diem)
Cho tam gidc ABC nhon ( AB < AC) c6 cac duong cao BD va CE cat nhau tai H

( D thudc canh AC, E thudc canh AB). Goi I la trung diém cua canh BC. Cac duong
tron ngoai tiép tam giac BEI va tam giac CDI cat nhau tai K (K khac I). Goi M la giao
diém ctia DE va BC. Chting minh rang;

1. Cac diém A, E, H, K, D thuéc mot duong tron.

2. A, K, I thang hang.

3. £ MEC = £ MKC (Kihi¢gu £ ABC lasd'do goc ABC)

Cau 5. (2,0 diém)
Cho 19 di€ém nam trong hay trén canh ctia mot luc gidc déu canh bang 4 cm. Chiing
minh rang luén ton tai 2 trong s6 19 diém da cho ma khoang cach gifta chiing khong

. 43
vuot qua —— cm.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH PHU THO LOP 9 THCS NAM HOC 2014 - 2015
— - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peé so6 49
(Dé thi c6 mot trang)

Ciu 1. (3,0 diém)
a) Giai phuong trinh trén tap s6 nguyén x> +5y” —4xy +4x—8y—12=0.
b) Cho P(x)=x’-3x"+14x—2. Tim s6 cac s& ty nhién x nho hon 100 ma P(x) chia
hét cho 11.

Cau 2. (4,0 diém)

3_
a) Tinh g tr bidu thiie P= == f’agz - biét a=3/55-+/3024 +3/55—/3024.
a —4a +oa-—

b) Cho céac so thuc X, Y, Z d6i mot khac nhau thdéa man
x> =3x-1,y’=3y-1va z’°=3z-1.
Chtmg minh rang x* +y* +2z* =6.
Cau 3. (4,0 diém)
a) Giai phuwong trinh 3x-1+ 2—_)(1 =3x+1.
3x* +2y” —4xy +x+8y-4=0

2

b) Giai hé phuong trinh { Xy +2x4y 320,
Cau 4. (7,0 diém)
Cho duong tron (O; R) va day cung BC khong di qua tam. Goi A la diém chinh gita
ctia cung nho BC. Géc ndi tiép EAF quay quanh diém A va c6 s8 do bang « khong
d6i sao cho E, F khac phia véi diém A so véi BC; AF va AE cat dwong thang BC lan
lwgt tai M va N. Lay diém D sao cho t& giac MNED la hinh binh hanh.
a) Chtrng minh MNEF la t& giac ndi tiép.
b) Goi I 1a tam dwong tron ngoai tiép tam giac MDF. Chiing minh rang khi goc ndi
tiép EAF quay quanh diém A thi I chuyén dong trén mot duong thang cd dinh.
¢) Khi & =60° va BC =R, tinh theo R d6 dai nho nhat ctia doan thang OI.
Cau 5. (2,0 diém) Cho cac s6 thiee duong x,y,z thoa man x+y+z=3.

2 2 2 2 2 2 2 2 2
Chiing minh rang Xty tz +2y Tz TX +2Z X Ty > 4xyz.
4-yz 4—zx 4 —xy

Heét
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH VINH PHUC LOP 9 THCS NAM HOC 2014 - 2015
= - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Pé s6 50

(Dé thi c6 mot trang)

Cau 1. (2 diéin)
2Ja-16 Ja+4 2Ja+l
a-6Ja+8 Ja-2 4-Ja

cua a d€gia tri M la mdt s6 nguyén.

a) Cho biéu thitc M =

Tim tat ca cac gia tri nguyén

b) Cho da thitc P(x)=ax’+bx+c thoa man dong thoi cac diéu kién
a+b+c
_a '

P(x)>0Vx;b>a. Tim gia tri nhé nhét ctia Q =

Cau 2. (2 diém)
Xx+1 X

Tim cac gid tri ctia tham s6 m d€ phuong trinh sau v ghiém = .
X—m+1 X+m+2

Cau 3. (3 diem)
Cho p 1a s8 nguyén t& 16n hon 5. Chitng minh rang s§ 0" _1 chia hét cho 60.
Cau 4. (3 diem)

Cho duong tron tam O ban kinh R. Hai diém phan biét B,C c¢§ dinh nam trén
dwong tron (O;R) sao cho BC=a<2R. Goi A la diém bat ki thudc cung 1én BC ctia
(O;R), A khong trung véi B,C. Goi D la chan duong phan giac trong ké tie A ctia
tam gidc ABC. Hai diém E,F lan luot la tam dwong tron ngoai tiép cac tam gidc
ADB, ADC.

a) Chtrng minh hai tam gidac AEO va ADC déng dang;

b) Tinh dién tich t&t gidc AEOF theo a va R;

¢) Chting minh rang khi diém A thay ddi thi E di chuyén trén mot duong thang 8 dinh.
Cau 5. (1 diem)

Trén mot duong tron cho 21 diém phan biét. Mdi mot diém duoc td boi mot trong 4

mau: xanh, do, tim, vang. Gitta moi cap diém ndi véi nhau boi mot doan théng

dwoc to boi mot trong hai mau: nau hodc den. Chitng minh rz‘?mg ludn ton tai mot
tam gidc c6 ba dinh dugc t6 cing mdt mau (xanh, do, tim hodc vang) va ba canh
dwoc to cung mot mau (nau hodc den).

Heét
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HUONG DAN GIAI

Pé so 1

Cau 1.
1. a)biéukién: x>0;x=1

()1 2

P_(1+x+1J'(\/;—1_x\/;+\/;—x—l]_l

:£x+1+\/§_ 1 3 2 1
x+1 )| Vx=1 (x+1)(Vx-1)

:[Hxl:l&} (x+1 (\/1§ 1)J
o= (2157 ) ((fliﬁ(ffl}) N

x+1+\/§_1= X
\/;+1 \/;+1

~ Y~ o x4l
Q_&_P_\/_ \/_+1 \/_+1 \/§+1 \/§+1

b) P& Qe thi VX +11a wécctial

x+1=1 x=0 (thdam-n§K)

[\/;+1=—1<:>[\/§=—2 (VN,)

Vay x=0 thi Qell

2. Ta co:

(xz—xz—l)(2y+\/F+1)=x— x2+1:>—2y—\/£T+1=x—\/m
x+2y=\/x2+1—\/4y2+1 (1)

Tuong tw ta co:
(4y2—4y2—1)(x+ X? + ) 2y —\J4y? +1=> —x—X* +1=2y /4y’ +1

X+ 2y=\/4y2+1 —JX+1 (2)
Cong vé voi vé ctia (1) voi (2) ta dwge 2(x+2y)=0<x+2y=0

P=

Mit khac x° +8y° +2019 = (x+2y)(X* —2xy +4y®)+2019=2019 (vi x+2y=0)

Cau 2.
1. bat x=a; /x+3=b>0
Ta c6 PT: 2a* +bh*-3ab=0 < (a—b)(2a—b)=0
THIL: a=b=x=+x+3

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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x>0
x>0 MR SV RN
, = 2 & X=
X°—x-3=0 2
L 113
2
TH2: 2a=b=2x=+/x+3
x>0
x>0 Xx=1
, = = x=1
4x°—x-3=0 -3
X=—
4

Vay PT da cho c6 hai nghiém TH1: x = 1+;/1_3; x=1

N (1)
2. y bK: y#0
3x—%=—2 )

Cong PT (1) voi PT (2) ta dwoc

@[XS—%j+(3X—§J=O @(X—EJ[x2+g+iz+3j=0
y y y y |y

TH1: x= % thay vao phuong trinh (1) ta duoc:

E—§=2:>2y3+6y2—8=0<:>(y—1)(y+2)2 =0

3

y y
y=l=x=2; y=-2=x=-1

TH2: <:>(x2+2+i2+3J=0c>[x2+g+i2j+i2+3=0
y 'y y 'y y

2
<:>(x+%j +%+3=0 ( PT vo nghiém)

Vay hé PT da cho c6 nghiém (x;y) = (2;1), (-1;-2)

Cau 3.

1. Ta co:

(n+1)ﬁ+n n>n n+1+(n+1)\/ﬁ©(\/M—\/ﬁ)z(\/M+\/ﬁ)>O(VneD )
1 1 1 1

(n+1)\/n+1+n\/ﬁ< n n+1+(n+1)\/ﬁ:ﬁ_ n+1
1 1 1 1
22+ (nal)dnalendn 2viaz T (ned)Yn+(n+)n

1 1 1 1 1 1

=
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1 1 1
+.o.+ <1-
242 +1\1 (n+1)vn+1+nvn Jn+1

2. Tacé:
A=5x*+9y® —12xy + 24x — 48y +82
A=[9y* —12y(x—4)+4(x—4)" | - 4(x—4)" +5x* —24x+82

A=[3y-2(x+3)]" +x* —8x +18
A=[3y-2(x+4)] +(x—4)" +2

A=[3y—2x-8] +(x—4)" +2>2

16
A>2.Dau b::fmg say ra khi: {3y_42XO_8_0 PN {y e
X—4=

GTNN ciia A=2 khix=4;y=%

Cau 4.

1.a) Ta c6: Tk giac BFEC noi tiép

BCF = FEB (cting chan cung BF ctia duong tron ngoai tiép tit giac BFEC)
BCF = BMN (cing chan cung BN ctia duong tron (O)

BMN = FEB = MN //FE (dpcm) (*)

Ta c6: OM =ON =R(1)

Mit khac: ECF =FBE (cling chan cung EF ctia duong tron ngoai tiép i giac
BFEC)

ECF =FBE= AM =AN = AM =AN (2)

Tt (1) va (2) OA la dwong trung triec cia MN (**)

T (*) va (*)OA L EF

1.b) Goi D la giao cia AH véi BC. Taco AD L BC

ACDH [1 ACFB (C chung, D=F =90°)

= cH _¢cb = CH.CF =CB.CD (3)
CB CF
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ABDH [J ABEC (B chung, D=E=90%)
BH BD
= —
BC BE
CH.CF +BH.BE =CB.CD +BD.BC

CH.CF +BH.BE = BC(CD + BD) = BC?

= BH.BE =BC.BD (4).Cong vé v4i vé€ (3) va (4) ta duoc:

a

B o o

bat S,05 =5,;S0c = 5,5 Sp0c =S5

Ta c6: Sy ZBO; S :BO: S, _ Sy _S$+S5,_BO M
e BE Sgec  BE Spge Sgec S psc BE

S, €08 _CO_ 8 _ S _$+8_C0 .,
Seer CF’SACF CF Sece Sacr Spc CF

S _A0. S, AO_ S _ S, _5,+5_AO o

Siec AG'S,c AG  Sps Spe  Swc  AG

AO , BO CO _ 2(S,+S,+S;) _
AG BE CF Saac

AO BO CO
AG BE CF

=2

Cong ve€ véi ve

Vay tong khong phu thude vao vi tri diém O.

Cau 5.

1. x=1+32+3Y4==

1
Y21

o 2x3—(x+1)3 =0 x*-3x*-3x-1=0

(1-32)(2+32+34) 4
1-32 321

(3/5—1)x=1© 2x° =(x+1)3

& x*-3x*-3x+3=4
P=4=2% lamot s& chinh phuong
2. x2-2y?=5 (5). TuPt(5) = x 1& x=2m+1 (mel)
Thay vao PT (5) ta duoc: (2m+1)° —2y? =5 4m? + 4m—2y* =4 < 2m(m+1)-y* =2 (6)
T PT (6) = ychany =2k (k)
Thay vao (6): 2m(m+1)—(2k)* =2 < 2m(m+1)—4k* =2
em(m+l)=2k>+1  (7)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Ta thay VT phuong trinh (7) chdn; VP phuong trinh (7) 1é.
Vay PT da cho khong c6 nghiém nguyén.

Pé s6 2

Caul.

a. Taco:

A xx-3  2(x-3) x+3
Wx+)(/x-3)  Vx+1 x-3

xX=3=2(x =3)% — (x +3)(Vx +1)

) (Vx+D(/x-3)

_ xa/x =3x+8x - 24

C (Wx+D(x-3)

_ (x=3)(x+8)

- (Wx+D)(x-3)

X+8

" (Wx+)

b. Ta cé: A=X—+8=\/;+1+L—2

\/§+1 \/;+1

Vi \/;+1> 0,VXx=0; X #9 nén ap dung BDT C6 - Si ta co:

A 2\/(\/}+1).\/;9+1—2=4.

Déng thtic xay ra khi Jx+1=

9
< Xx=4.Vay A,, =4 khi x=4.
\/;+1
Cau 2.
a. Tacs: A'=(m+4)%(m+8m-9)=25>0
—> Phuong trinh luén ¢6 2 nghiém phan biét v&i moi gia tri cia m
) X +Xp =2(m+4)=2m+8
b. Ap dung dinh li Vi - ét ta co: )
X Xo =M~ +8m-9
p_ 12+x§—60 _ (x1+x2)2—2x1x2—60
X1+ X2 X+ X9

(2m+8)° ~2(m® +8m-9)-60 112 g\ qg c
2m+8 m+4 m+4
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P nguyén < nguyén = M+4 la wéccua s

= m+4 € {£1;+5} Ma M nguyén dwong=m = 1.

Cau 3.

a. Diéukién: x>0
Détt=\/_+722:> X+l—t2—2 di dén phuong trinh: t2 - 4t+3=0
Giai phwong trinh nay duoc nghiém: t =1 (loai), t =3

) \/;:3+2\/§ X:7+§\/§
Do dé /X +—==3=x-3/x+1=0= = :

Jx 3-5 7-3\5

2 2
Két hop diéu kién, phuong trinh cho ¢6 2 nghiém X = 7+§\/§;x= 7_3\6
b. Ta co:
x2y2+(x—2)2+(2y—2)2—2xy(x+2y—4):
c>x2y2+x2—4x+4+4y2—8y+4—2x2y—4xy2+8xy=5
<:>(x2y2—4xy2+4y2)+(x2—4x+4)+(—2x2y+8xy—8y): -
<:>yz(x2—4x+4)+(x2—4x+4)—2y(x2—4x+4)=1
<:>(x2—4x+4)(y2+1—2y)=1©(x—2)2(y—1)2=1
TH1:(x-2)=(y-1)=1l<>x=3va y=2
TH2:(x-2)=(y-1)=-1l<x=1 va y=0
TH3:(x-2)=—(y-1)=1<x=3 va y=0
TH4:(x-2)=—(y-1)=—1l<x=1va y=2
Vay phuong trinh c6 cac cap (X;y) nguyeén la: (3;2) ;(ZL'O); (3;0) ;(ZL' 2).
Cau 4.
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a.Ta c6 AFH = AEH =90° suy ra t& gidc AEHF noi tiép duwong tron duong kinh AH .
Ta c6 tir giac ALBC noi tiep = KB.KC = KL.KA (1).
Vit gidc BFEC noi tiép = KB.KC = KF.KE (2).
T (1), (2)= tu gidc ALFE ndi tiép duong tron duong kinh AH .
Do d6, LH 1 AK.

b.Goi M =HLN(0).Vi LH L AK = AM la duong kinh.
{MC 1 AC
Ta cod

= MC//BH (3)
BH L AC

CH L AB
Ta ¢ = CH //MB (4)
MB 1 AB

Tt (3) va (4)= T giac BHCM la hinh binh hanh = HL di qua trung diém cua BC.
c. Ap dung hé thiec leong tam gidc vuong ABT thi AT? = AF.AB va cht y BFEC
ndi tiép nén AF.AB = AE.AC.
Do d6, AT? = AE.AC nén AT 1a ti€p tuyén cua duong tron (CET).
Hon ntta, KFB = ACB = KLB nén suy ra KLFB néi ti€p, do d6 AF.AB = AL.AK nén
AT? = ALAK tircla AT la tiép tuyén cta (KLT).
Vay (CET) ti€p xtic v6i (KLT) vico AT la tiép tuyén chung.

Cau 5.
Ta goi cac canh song song véi nhau la cting mot hiedng. Cht ¥ rang hai canh hodc hai
duwong chéo song song vdi nhau tao thanh moét hinh thang can.

Ta thay rang mot da giac déu N canh gom cé N hudng (cu thé nhw trén hinh vé thi
AB,MN,CE cung mét hudng, trong khi d6 AB, AC khac huéng).
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Véi moi bo gom ¢6 K dinh sé sinh ra doan thang, néu s6 doan thang nay 16n

hon N thi sé ¢ it nhat hai canh c6 cing mot huedng nén ching tao thanh hinh thang
can.

Do d6, diéu kién dé€ k diém co thé chira bon diém tao thanh hinh thang can néu

2
M>n<:>k2—k>2n<::>(k—1j >2n+1<:>k> 2n+£+1.
2 2 4 \/ 4 2

Bay gio ap dung bai toan cho n=30 ta suy ra k>,/60+%+%:>k:9, suy ra ct 9

dinh thi sé cd 4 dinh tao thanh hinh thang can.
Dés6 3

Cau 1.
a. Taco: 2y° —xy+X—2y+5=0<x(y-1)=2y?-2y+5
<:>x:2y+i
y-1
(y =1 khong thoa man PT)
Vi x, y1a cac sd nguyén nén y -1 la wéc caa 5.
TH1:y-1=1=y=2=x=0.
TH2:y-1=-1=y=0=x=-5.
TH3:y-1=5=y=6=x=13.
TH4:y-1=-5=y=-4=x=-9.
Vay PT c6 cadc nghiém nguyén (x;y) la: (9;2), (-5;0), (13;6), (-9;-4).
b.Tacs A=2" +4"+16 =(2° —1)+(4"-1)+18

Pat 2% =2% (kell ) suyra 2% —1=2% -1=4“-1:3
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Do d6 v6i moi n nguyén duong ta co: 2% _1:3;4"-1:3,18:3
= A=2" +4"+16: 3

Cau 2.

a. Diéu kién: X > _?

3
J2Xx+ :%©(2x+5)\/2x+3:8x3+4x
X+

o (W2x+3)° +242x+3=(2%)% + 2(2%)

Pbat a=+/2x+32>0, b=2x

Ta co:
3 3 by, 3b°
a’+2a=b+2b<(a-b) (a+§) +T+2 =0 a=b

2x>0
2X +3=4x>

Suyra:\/2X+3=2X<:>{
_1+\/1_3

4
b. Hé phuong trinh da cho twong dwong voi
(x-1)+(y-3)" =1
(x=1Ny-3)=(x-1)+(y-3)+1
bat a=x-1,b=y-3- Ta duoc hé phuong trinh
a’+b?=1 C)(a+bf—2ab=1
ab=a+b+1 ab=a+b+1

<X

bat S=a+b;P=ab, diéu kién S? > 4P . Hé trén tro thanh

22P=1 ([S=-1 $=3
S & (thoa man) hoac (loai)
P=S+1 P=0 P=4

(a=-1
=-1 a+b=-1 b=0
P

= =
ab:0 a:o
b=-1

Vay hé da cho c6 hai nghiém la (0;3), (1,2)
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1 1
C * a
A+ @+
a b C

N
Il

E:>x,y,z>0, xyz =1.
c

1 1 1
P= s s 7
1+x)" @+y)" (@+2)
Ap dung bét dang thitc Bu-nhi-a-c&p-xki, ta co:

[ 1 1 1 7
> ~+ -+ -
3|(1+x)° (A+y)” (@A+2)
Ap dung bat dang thitc Bu-nhi-a-c&p-xki, ta co:

[1+(JW)Z}{“[@Z}“”)Z:(1+1x)2 T

X
Ty Toy)xry)

Tt 2 BDT trén ta co: 1 >+ 1 -2 1
@+x) @Q+y) 1+xy

D4u bang xay ra khi va chi khix =y =1

Tuwong tu:

1 1 1 1 1 1
Twong tu: >+ > 2 = > =
@+2)° @+)° 1+z (A+2)° 1+z 4

1 1 1 .1 1 1 z 1 1.3

A+x)? (A+y)’ (1+2)* 1+xy 1+z 4 1+z 1+z 4 4

Ta@:PZEqFE>§¢>X=y=Z:L©a=b=C
16 16

3
Vay gid tri nho nhat cua P la: E .

Cau 4.
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a) Qua diém A vé ti€p tuyén xy voi duong tron (O) suy ra OA L xy
Xét tir gide BCEF c6 BEC =90° (GT); BFC =90°(GT) do d6¢ tt gidc BCEF 1a t
gidc noi ti€p suy ra ACB = AFE (1)

1
Mit khac BAX = 5 Sd AB (g6c tao boi tia ti€p tuyén va day cung)

ACB = %Sd AB (gbc noi tiep) do d6 BAX=ACB) (2)

Tw (1) va (2) suy ra AFE = BAX & vi tri so le trong nén EF // xy hay EF L OA.
b) Duong thang EF cat (O) tai diém thit 2 1a P, BP cat DF tai Q.
AD, BE, CF la cac duong cao cua tam gidc ABC nén BCEF, ACDF ndi tiép, do d6

ACB = AFP
o 1 1
Mst khic ACB =~ Sd AB = Sd (BM + MA)

AFP=%Sd(BM +AP)

Do d6 Sd AM = Sd AP suy ra BA la tia phan gidc caia MBQ va = AM = AP (1)
Tt giac BCEF noi tiép suy ra ACB = BFM , tt gidc ACDF noi tiép nén ACB = BFQ
do d6 BFQ=BFM =ACB, suy ra FB la tia phan gidc cua MFQ
AMFB = AQFB = MB = QB = ABMP = ABQN = BP = BN .

Do d6 AABN =AABP nén AN = AP (2)
Tt (1) va (2) suy ra AM = AN.
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c
Dung tam giac vuong can BDE tai D sao cho E thudc nita mat phing c6 bo BD khong
chtra C.

Tac6 ADE = ACB va DE =DB

Tt gia thiét AC.BD = AD.BC

AD BD DE AB AC

— AADE ~ AACB, tir d6 —— =~
AC BC BC AE ~ AD

Mit khac BAC = EAD, suy ra CAD = BAE . Do d6 ACAD ~ ABAE
AC CD CD AB.CD
AB BE BD+2 = AC.BD V2

Cau 5.
\ . 1
Chia hinh vudng da cho thanh 2025 hinh vudéng nho cé canh bang nhau va bang 15
Goi (C)), (Cy),..., (Cypo5) 1a cdc hinh tron ndi ti€p cac hinh vudng nhod 6 trén,

. . 1
ching cé ban kinh bang nhau va bang %"

Goi (C;), (Cy),...s (Cypp5) Tan luot 1a cac hinh tron dong tdm véi cac hinh tron ¢
trén c6 ban kinh 1la: —. Khi d6 c4c hinh tron nay nam trong hinh vudng va d6i mot

khong c6 diém chung (roi nhau).
Trong hinh vudng da cho c6 cc hinh tron roi nhau (C;), (C,),..., (Copps ) va c6
2019 di€ém nén ton tai mot hinh tron trong cac hinh tron nay khong chita di€ém nao
trong 2019 diém da cho.
bé so 4
Cau1.a) Véi X 20 ta co:
3 2

1
A= - +
Ix+1 (WX +)(x-4/x +1)  x-/x +1
X=X #1-3+2x +2
XA/ X +1
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_XWx+) _ Vx

XA/ X +1 X-4/X+1

1 .2
}'X-x/?+1=§\/§-12 320 x50
Ta co 1 2@ 4
1
.{ \/;3 01" X3 0
2
va (VX-1)72 0 X2 0 sx- 20X+ 0" X 0

x

o X- X+ X" X3 0 ———£1" x30 o AEL" X3 0
x-\/§+1

A=10 x=1.
Vay gia tri 16n nhat ctia A bang 1 khi x =1.
b) Ta co:

B? =4+M+4—M+2J{4+M}(4_\/MJ
_g, 2\/16—(10+ 2J§) —8+26-25
=8+2(v5-1) =8+2(v5-1)=6+2V5

= B=6+25 (d0B>0)

=+45+1

Cau 2.
a) Tacé P(x) la binh phwong cia mot da thirc thi:
P(x) = (x2+cx+d)2 = x*+20x° +(¢® +2d ) x* + 2cdx+d°, Vxell.
Ma: P(x) = x* —2x* +3x* +ax+b
Do dé ta c6 hé phuong trinh:
c’+2d=3 d=1
=
2cd =a a=-2
d2 =b b:l
Vay:a=-2,b=1.

1 3
b) PK:—=—<x<= (*
) Rk 4()

, 2
Ta c6 (\/3—4x+\/4x+1) =3—4x+2,J(3—4X)(L+ 4x) +1+4x

=4+2/3-4x)(1+4x) >4 = J3-4x +1+4x 22 (2)
Lai cé :-16X%- 8x+1=2- (4x+1)2 £2 (3)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

Tt (2) va (3) ta co:

J3oax +V1+4x =2 - {3—4x+2\/(3—4x)(1+ 4X) +1+4x =4
~16x? —8x+1=2 16x° +8x+1=0
J(B-4x)(1+4x) =0

AT
X=—

@ <:>{

Alw B

= X:_Z <:>X=—% (thoa man(¥))

Vay phuong trinh c¢é nghiém la X = —%

Cau 3.

a. Xét tr gidc AKHE 6 K =E=90° = BAC +BHC =180°

ma BHC =BOC va BOC =2BAC = 3BAC =180° = BAC =60°

Ké dwong kinh BI, suy ra ti gidc AICH la hinh binh hanh= AH = CI (1).

Goi M 1a trung diém cta BC = IC =20M (2) (Puwong trung binh).

T (1) va (2) = AH=20M.

Do M 1a trung diém ctia BC = OM L BC va OM la tia phan giac caa BOC =

MOC =60°.
P OM=MC 600 E—l __a 3 AH —a 3
= .cot —2-\/5 6 = = 3
DB DH
5 ADBH [0 ADAC = — = —— -
b. Ta c6 DA DC < DA.DH=DB.DC

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

) 7 (x+y)’
Ap dung bat dang thire Xy < 2 (Dau “=" xay rakhix=Y)

DB+DC)* a2
ta c6: DA.DH = DB.DC < (DB+DC) _a* (Khong doi).
4 4

(Ddu “=" xay ra khi DB = DC hay D la trung diém cua BC)
2

a
= DA.DH nhan gid tri 16n nhat la 7 khi D la trung diém cua BC. < AABC can

tai AU Ala diém chinh gitta ctia cung BC.

Cau 4.
Véi moi s6 tw nhién a thi a® khi chia cho 8 chi ¢6 cac s6 dwla 0; 1; 4.

S6 2019 chia 8 du 3; 2020 chia 8 du 4.
Suy ra 2019"° 3" (mod 8)
-Né&u n chdnthi n=2k,ki 0 b 2019"° 3*° 1(mod 8)
b C° 5(mod 8)
b Ckhoéng théla s6 chinh phuong.
-Néu nléthi n=2k+L,ki 0 b 2019"° 3**"° 3.3*° 3(mod 8)
b C° 7 (mod 8)
b Ckhong théla s6 chinh phuong.

KL: Khong ton tai n thoa yéu cau bai toan.

Cau 5.
5 1 1 1 as .
bat a= , b= , C= khi d6 x+y+z+2=xyzU a+b+c=1
1+Xx 1+y 1+z
. .1 _ 1-a_b+c _c+a __a+hb
vax=—-1l="—=—— y=—— 7=——
a a a b c
. _b+c c+a a+b . , &+a a+bod
Vay x+y+z+6= + + +6=q g—+—=
a b C cyc C b ¢
c+a)(a+b
' 23 (—)b—(—lzz(\/ﬁ+\/§+\/@)
cyc C
Déng thiic xay rakhi a=b=c hay x=y=z=2.
Cau 6.
A
Q K P
B M N ¢

Goi H, K Ian luot 1a hinh chi€u vudng goc ctia A trén BC va PQ.

TAI LIEU TOAN HQOC
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Tam gidc ABC vuong tai A nén AH = ABAC _12
BC 5
bat PN =x, PQ =y
Vi DAPQ 1 DACB suy ra ﬂz&fj Y1 iXIAJ y=5- §X
CB AH 5 12 12
25 25& 6
Synpo = XY =5X- —x*=3- —gXx- -+ £3
e = EY TN 5 128 55
A g1 o o S . 6 . 5
Vay gia tri I6n nhat caa S, bang 3 khi x =§ vay =§.
bé s6 5
Cau 1.
1) Taco:
x—y=m+1 3x-3y=3m+3 X=2m
= =
2x-3y=m+3 2x-3y=m+3 y=x-m-1

X=2m

<:>{ (Vm € R)
y=m-1

Ta co:

P=x"+8y=4m’+8(m-1)=4m* +8m -8

=(2m+2) ~12>-12

Ddu “=" xdy rakhi2m+2=0 ©&m=-1

Gi4d trinhd nhatctaPla-12khim=-1

2
2) Giai: {X2+y2 :11@{(X_y) taxy =1

X oy’ =-1 | (x—y)’ =3xy(x~y)=-1
—v=S
Pt {X y
xy =P
1-§* )
 [st+2p=1 P== p-1-5
Ta co: 3 _agp_ 1@ g < 2
57 =38P =~ 53—35._2 =1 |25°+35°-35+2=0
2 _Qq2 _ Q2
p_1-5 p_1-5 p_1=5
= 2 = 2 = 2
55°-35+2=0 |(S+1)(55’~55+2)=0 |(S+1)(55*~55+2)=0
p_1-8 [x=0
- 2 - P=0 - x—y:—1<:> y=1
(S+1)=0 S=-1 Xy=0 y:O
55> -55+2=0 (vn) x=-1

Cau 2.
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1. Gidi: x* —9x° +24x> —=27x+9=0 (*)
Véix=0, (*)< 0x+9=0 (phrong trinh vo nghiém.

Véix # 0, chia 2 v€ ctia phuong trinh (*) cho x* :

2
("“)<::>x2-9x+24-z+22 =0<:>(x+§j —9(x+§j+18=0
X X X X
3 3 x+§—3=0
SN x+——3j(x+——6j=0<:> )3(
X X x+2-6=0
X
(x> -3x+3=0(VN) |x=3+6
SN =
| x*—6x+3=0 x=3-6

2. Ta cé:

i+E+£+324 a + b + ¢
b ¢ a a+b b+c c+a

<:>3+1+E+1+£+124 a+b+c
b C a a+b b+c c+a

a+b 4a b+c 4b c+a 4c
- + - + - >0
b a+b C b+c a c+a

_b 2 b_ 2 _ 2
o) (b ()
b(a+b) c(b+c) a(c+a)
Ludn ding vi a, b, ¢ 1a cac s6 duong. D&u bang xay rakhia=b=c.
Cau 3. (4,5 diém)

1) Tacé: 1 =l+1<:>bc =a(b+c) (1)
a b c
TH1: Néu a la s& nguyén chén, suy ra a(b+c) :2, theo (1)Suy ra: b.c :2
Vay abc chia hét cho 4
TH2: Néu a la s6 nguyén lé. V6i b va c 1a hai s6 cling 1é thi: b+c:2=a(b+c):2
Ma a.b.c khong chia hét cho 2 (vi a, b, ¢ déu 1é). Suy ra mau thuan.
Vay trong hai s, b, c ton tai it nhat 1 s6 chin.
+ Vi b chdn, ma a lé nén ¢ chan (vi b.c chdn nén a(b + c) chdn suy ra c chn, vi a 18)
Suy ra abc chia hét cho 4
+ Vi c chan, twong tw abc chia hét cho 4
Céch khac: i :%+% &be=a(b+c) <abc=a’*(b+c)(2)
Ta thay a, b, c khong thé déu 1a s& 1é vi néu vay thi abc 1a s8 1é, con b+c 1a s6 chén.
Vay trong 3 s ton tai it nhat 1 s6 chan.
Néu a chén thi a?chia hét cho 4, ti (2) suy ra abc chia hét cho 2.

Néu b chén, do alé nén b + ¢ chén (vi abc chan) suy ra c chan. Vay abc chia hét cho 2.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

Twong tw cho treong hop c chan.
2. Dung ham Ole:

Phan tich s6 m ra thira s6 nguyén t6: m=p,*.p,”.p,"...

SO cac so nguyén duwong khong vuot qua m va nguyén t6 cung nhau véi m la

‘P(m):m'[l‘pﬂ'(l‘pﬂ{l‘é]w

Ta c6: 999 = 3°.37 = ¢(999) = 999.(1 —%Ml —3—17j = 648

C6 648 s6 nguyén t6 cung nhau véi 999 va khong vuot qua 999.

Vay c¢6 649 sd nguyén t6 cung nhau véi 999 va khéng vuot quéa 1000.

Cach khac:

Goi A la sO cac sO nguyén duwong khong vuot qua 1000. Suy ra A = 1000

B la sd cac sd nguyén duong khong vugt qua 1000 ma khong nguyén td cung nhau
voi 999.

C la s6 cac s0 nguyén duong khong vuot qua 1000 nguyén td cung nhau véi 999

Ta c6: 999 =3°.37

B = (S6 cac s6 nguyén duong khong vwot qua 1000 va chia hét cho 3) — (S8 cac s6
nguyén duong khong vueot quéa 1000 va chia hét cho 37 ma khong chia hét cho 3)

999 -3

+ 50 cac s0 nguyén duong khong vugt qua 1000 va chia hét cho 3 la: +1=333

+ 50 cac sO nguyén duwong khong vuot qua 1000 va chia hét cho 37 la:
999 -37

+1=27

+ 50 cac sO nguyén duwong khong vuot qua 1000 va chia hét cho ca 37 va 3 (chia hét
999 -111
_+
111
+50 cac s0 nguyén duong khong vuegt qua 1000 va chia hét cho 37 ma khong chia
hét cho 31a:27-9=18
Suy ra B =333+18=351. Vay C=A —B=1000 - 351 = 649
Cau 4.

cho 111) la: 1=9

1 2 3 99
1+\/§+\/E+\/§+\/§+\/Z+'m+—\/®+\/ﬁ
=(V2-1)+2(V3-+2)+3(Va-3)+....+98(y09 /98 ) +99 (4100 -9
=—1-\2-3-1-..-99 +99100
B=\/§+\/§+\/4_+...+\/ﬁ
= A +B=100+/100 —1 =999
Cau 5.

Taco: A=

va
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a) Goi F 1a tiép diém cuaa BC véi duong tron (1)
Theo tinh chat 2 tiép tuyén cat nhau ta c6:
AD = AE; BD =BF; CE=CF
Suy ra: AB + AC — BC = (AD + DB) + (AE+ CE) — (BF + CF)
=AD + AE=2AD.
b)

Goi S 1a giao diém cta BI va MN. Ta can chitng minh: D, E, S thang hang.
That vay:
Do MN la duong trung binh cta tam gidc ABC nén MN//AB
= B, =BSM (hai goc so le trong);B, =B,
= BSM =B,
Suy ra tam giac MBS can tai M nén MB = MS = MC.
Tam gidc BSC c6 dwong trung tuyén SM=1/2BC nén tam giac BSC vudng tai S.
Ta co:
T giac IECF va IESC la cac t gidc noi tiép (duong tron duong kinh IC)
Nén 5 diém [ E, S, C, F cung thudc duwong tron duong kinh IC

Ta co:
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= SEC=SIC; SIC=B, +C, (gdécngoai ctia tam gidc)
= SEC=B,+C, (1)
Lai c6 tam giac ADE can tai A
0 —_—

1802 A _gg0 —% =B,+C, (2
Tt (1) va (2) suy ra SEC=AED ma A, E, C thang hang nén D, E, S thang hang.
Vay ba duong thang BI, DE, MN dong quy.
Cach khac: Goi P 1a giao diém ctia DE va BIL. Di chitng minh M, N, P thang hang.

nén: AED=ADE=

Pé so 6

Ciu1.1) V6i diéu kién x>0, x # 4, ta co:

:\/;_x\/_—l_\/;+2_ X—95
V=2 Jx(Vx-2) || Vx+1 o (Vx+1)(vx-2)
(B o) -(x)
B2 ()
Fo (-2

UEI
()

K

Vay Pzﬁ (x>0,x%4)

2) - Chttng minh M 1a s8 chén

a=37+150 = 37+52 = §l(L++2) =1+42

b=37-50 = J75f—~/— P_1-42)
M=a+b= (1+\/_)( \/_)
- Chtrng minh N 1 s& chdn
a+b=2;ab=(1+v2).(1-v2)=-1;a° +b* =(a+b) ~2ab =6
N =a’'+b’ =(a’+a'%’)+ (b’ +a’h*)-(a%’ +a%*)
=a*(a’+b’)+b*(a’+b°)-a’b*(a+b)
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(a3 +b3).(a4 +b4)+2

(a+b)(a®+b* - ab)[(a2 +b?) - 2a2b2} +2=2(7.34+1):2
Vay M, N 1a c4c s6 chén.
Chiiy:
- Hoc sinh c6 thé’tinh M bang cich dwa vé phwong trinh bic 3: M®+3M —14 = 0 giaira
dwoc nghigm M = 2. Méi yj dwéi ddy cho 0,5 diém.

M3:(%/7+\/% +%/7—\/%)3:14+3.%/7+\/%.€/7—\/%(3/7+\/% +%/7—\/%)

M?®=14-3M < (M -2)(M*+2M +7)=0

SM =20 M24+2M +7=(M +1)" +6>0

- Hoc sinh c6 thé'chirng minh N la s6'chéin bang cich dat :
n n
Sn = (1+ '\/E) + (1— \/E) 101 xﬁy dwng Céng thirc Sn+1 = ZSn + Sn_ldé7Chl7 ra S7 la s

chiin hodc ¢6 thé khai triéh (1+ J2 )7 + (1— J2 )7 dé'tinh N thi déu cho 0,5d.

Cau 2.
1) Vi Phuong trinh X* +2kx+4 =0 c6 hai nghiém X, X, nén A >0.

2 2 X, + X, = =2k
< k-4>0= k>4 (1); Theo hé thirc Vi-et ta c6 : .
XX, =4
Do d6:
i i f X 252 ) P —2xx, )
[ﬁ) +(§J 3o Xt c3e 8] 2 j) s | (i) Z2 | g
X X Xy X, X %, XX,

2 2
@[4k4 8) <5 (k-2) <5 Bk’ 250k <245 (2)

Tee (1) va (2) suy ra: 4<Kk? S2+\/§<:>—\/2+\/§SKS—2

Hoac 2£k£\/2+\/§
Vay tat ca cac gia tri cia k can tim 1a : —\/2+\/§ <k<-2va 2<k S\/2+\/§

Vay hé c6 nghiém duy nhat: x=y=0.
2) Tru theo v€ cac phuwong trinh (1) va (2) ta duoc:

(\/xz+1—\/y2+1)+3(x—y)=0<:>(x_y)[ X+Yy +3J=0

\/x2+1+\/y2 +1

X+Yy
\/x2+1+\/y2+1

< x—Yy=0 hoac +3=0 *)
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Treong hgp 1: x—-y=0< x=y.Thay y=X vao (1) ta deoc phuong trinh:

[ alexiles {xz +1=(x+1)

Xx>-1

Giai hé ta duwoc:x=0=x=y=0.

\ X+Y
Truong hop 2: +3=0.
nenop X +1+y? +1
X+ (3\/x2+l+x)+(3 y2+1+y)
DX +1+4)y? +1 X +14+4y2+1

Ta c6: 33 +1+x> 33X +x= 3|X|+x=2|x|+ (|x|+x)

Tuong tu: BM+ y>0

Suy ra: A>0. Truong hop 2 khong xay ra.
Vay hé c6 nghiém duy nhat: x=y=0.
Cach 2:

X+Vx2+1=2y+1 VX2 +1=2y—x+1
=S
y+yy +1=2x+1 JY2+1=2x-y+1

2y —x+1>1 (1)
2x—y+1>1 (2)
X>+1=4y* +4y+1-4xy-2x+ x> (3)

Vo +1=4X" +4x+1-4xy -2y +y> (4)
Trtr theo vé€ cac phuong trinh (3) va (4) ta duwgc phuong trinh :
(x=y)[4(x+Yy)+6]=0< x=y hojc 4(x+y)+6=0:
Cong theo vé€ cac bat phuwong trinh (1) va (2) ta dwoc: x+y >0, suy ra truong hop
4(x+Yy)+6=0 khong xay ra.
Truong hopX =Y , thay vao (3) ta dugc:x=y =0.
Cau 3.
1.Dat a=xy,b=x+y=aecZ,beZ,b’*>4a (¥
Phuong trinh (1) tré thanh: a’b+b=a+2.

a+2

b= 5
a“+1

—a+2'a’+1=>a’-4:a? +1:>(a2 +1)—5§a2 +1=5a%+1
=a’+le{lb}=>a’ {04} =>ae{0;-22}
Y20 L (xy)el(0:2).(20)]

Néu a=0:>b:2:>{
X+y=2

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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_{x=\/§
Néu a=—2:>b:0:{xy = y=2 (loai vi khong théa manx,ye Z)
X+y=0 {x:—\/f
Ly=v2

Néu a=2=b= %, loai vi khong théa man be Z.

Vay nghiém nguyén (x, y) cia phuong trinh da cho la: (0;2),(2;0).

Cach khac: DPuwa phuong trinh vé dang : (x+ y)(xy)2 —Xxy+(x+y-2)=0

Dit t=xy,teZ ta duoc phuong trinh dn t: (X+y)t* —t+(x+y-2)=0 (1)

Néu x+y=0:>xy=—2<:>{xy el V2 Hoac \/_(Loai)
X+y=0 y=—/2 y=+2

*) Néu x+y#0, ta cé phwong trinh bac 2 an

(x+y)t?—t+(x+y-2)=0  (2)

= A=1-4(x+Yy)(x+y-2)=20 < (x+ y—1)2 <

Nl

< (x+ y—1)2 {0l o (x+y-1)e{-10;1} = x+ye {12}

1-5
1B

2

X

I Néu x+y=1= (loai)

_1+\/§
==
Xy =0
) Néu x+y=2= " 1= (xy)€{(0:2),(2,0)} (thoaman)
2

Vay nghiém nguyén (x, y) cua phuong trinh da cho la: (0;2),(2;0).

2. Cho ne N". Chting minh rang néu 27 + 1 va 3n + 1 1a cac s6 chinh phuong thi n
chia hét cho 40.

Giastr 2n+1=m’,3n+1=k’ (mkeN") =>m’lasdle = mlassle.

—=2n=m?-1= (m—l)(m+1)§4 , Suy ra : n chan, k 1é

Vikl1asdlénén k -1k +1 1a hai s& chan lién tiép va (3, 8) =1 nén

Tt 3n+1=k? =3n=k>—1=(k-1)(k+1):8=ni8 (1)

Khi chia m¢t s6 chinh phuong cho 5 thi s6 du chi c6 théla 0; 1 ; 4. Ta xét cac

treong hop:

Néu n chia cho 5 du 1 thi 2n + 1 chia cho 5 du 3. (v6 1)

Néu n chia cho 5 dw 2 thi 3n + 1 chia cho 5 duw 2. (vo 1i)
Néu n chia cho 5 du 3 thi 2n + 1 chia cho 5dw 2. (v6 1i)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Néu n chia cho 5 dw 4 thi 3n + 1 chia cho 5duw 3. (vo 1i)
Vi (5, 8) =1 nén ttr (1) va (2) suy ra n chia hét cho 40.
Vay ni5  (2)

Cau 4.

1. Tl tinh cht ctia hai tiép tuyén cat nhau, suy ra: Ol L BC.
= ABI =BOI (vicung phu v6iBAO ).
= cos ABI = cos BOI =%:£:1:> ABI =BOI =60° (1)
OA 2R 2
Tt tinh ch&t cta hai tiép tuyén cit nhau suy ra OF, OF l4an luot 1a cic tia phan giac
cta cac goc COM va MOB. Suy ra:
Fom = M moe =MOB _ eor - Fom + mog = COM +MOB _ BOC
2 2 2
Ttr (1) va (2) suy ra: ABI = EOF =60° hay QBE = QOE = Tt gidc OBEQ nJdi ti€p.
2. Ta c6: OQB =0OEB ( cuing chan cung OB ctia duwong tron (OBEQ) ).
OEF =OEB ( tinh chat hai tiép tuyén cat nhau ).
— OQB =OEF hay OQP = OEF

=BOI (2)

— AOQP ~ AOEF (g.g) (vi cé OQP =OEF,QOPla gbc chung) = g _ g_CE? 3)

Vi tt gidc OBEQ noi tiép va OBE =90°,QBE =60° nén:
OQE =180° —OBE =90°; OEQ = OBQ = OBE — QBE = 30°
= AOQE vudng tai Q va OEQ = 30°.

oQ . . o 1
= —=SinOEQ =sin30" == 4
OF Q 5 (4)

Tix 3) va (4) suy ra : §=%@ EF = 2PQ.

3. Vi AOQP ~ AOEF theo ti s0 dong dang % =2 nén

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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S
SOPQ _ % & Sepo = STF _ O|V|8.EF _ R.8EF
OEF

(®)-

Keé qua O mot duong théng vuong goc voi OA, cit AC, AB theo thit tu tai H, K. Ta
co:
BKO =BOI =60° ( Vi cung phu v6i BAO )

HC = KB = OB.cot BKO = OB.cot 60° = R
3
EF =FM + EM = FC + EB = (HF —HC)+(KE - KB) = (HF + KE)—(HC + KB)
:(HF+KE)—2HC22\/HF.K —% (6)

N

Mit khac, FHO = AOC =60°, EKO = AOB = 60°nén dé chitng minh duogc
AHFO [ AKOE ( vi cuing dong dang véi tam giac OFE)
HF _HO

R 2R
:>———<:>HF.KE=OK.OH=OK2=(_—OJ= L@
OK KE sin60 J3

(%-%)

N R.EF 3 3) R

Tw (5), (6), (7) suy ra: Sy = > =

(5), (6), (7) suy 0PQ 8 8 4\/§

Dau “ =" xay ra khi va chi khi KE=HF =OH =0K < FM =EM < MC=MB < M
la diém chinh gitra cung BC.

Vay dé tam giac OPQ c6 dién tich nho nhat thi M la diém chinh gita cung nhé BC.

2
Gia tri nho nhat bang R_.
43
Cach khac: Vi AOQP ~ AOEF theo ti s6 dong dang E—g =2 nén
S 1 S 1 1(1 1
SOPQ = 2 < Sopq = % = g(SABOC — S ner ) = g(EOA-BC =S ner j = g(RZ\/g_ S ner )
OEF

St dung cong thirc : Hé-Rong. Tinh dién tich S ctia tam gidc c6 d6 dai ba canh a, b, c.
, (a+b+c)(a+b-c)(b+c-a)(c+a—h)

=S =
16
(a+b+c)[(a+b—c)+(b+c-a)+(c+a-b)] ((a+b+c) 2 S<(a+b+c)2
B 16.27 T asls | 777 138

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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4.3\3
1 , = [AE+(EM +MF) +AF] , = [AE+(EB+FC)+AF]
=§ R \/§' \/_

Sorg = (R\/_ SAEF) {R\/_ (AE+EF+FA)2]

433 433
1 o5 [(AE+EB)+ AF+FC)]ZJ_1(R2\/§ [AB+AC]J

|-

433 8 433

1, (ZAB) 1 o _(Z.ZR.Sin IAFB‘)Z R?
8" RV3- 43\/_] RV 433 43

Cau5. Tacd X+Yy+l=z<z+xy=X+Yy+1+xy=(x+1)(y+1)
X+yz=X+y(X+y+l)=x+xy+y>+y=(x+y)(y+1)
y+xz=y+x(x+y+1)=(x+y)(x+1)

. P_ X3y3
(x+ y)z(x+1)3(y+1)3'
(x+ y)224xy ,
Vi x>0 =P< X )/3 5= xsy 3
y>0 Axy(x+1) (y+1)  4(x+1) (y+1)

Ap dung bat dang thixc AM — GM cho ba s8 thiee dwong, ta cé:

2 2 2
x+1:§+§+1233%©(x+1)3227x X 4

< ~<—.
(x+1) 27
2
4
Tuongtu:0<y—3£—,
(y+1) 27
2,,2 i_l_ =V =
P= Xsy 33&_;,21:%.Dé’u”=”xéyra<:> 2_2_1 <:>{X y
A(x+1)(y+1) 421 21 7 z=x+y+1 z2=5
A 4 . Jx=y=2
Vay MaxP=_——, dat duoc tai )
729 z=5
Cach khac:
1 (x+yz)(y+xz)(z+xy)2 X+YZ y+Xz (z+xy)2 X y z Y
—= T3 = . = =tz || =+ || —+1
P X’y y X X7y y X Xy
2 2
l=[1+ﬂ+z+zzj(i+lj =[1+(X+ljz+zz}(i+lj
P Xy Xy Xy Xy
Vil+£22; iz 5, X+y=z-1nén:

Xy Xy (x+Y)

Trinh Binh swu tim va téng hep
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1 12 8 Y 12 3t) (8 t t
= —2|6+—++t| =6+ —+— |+| S+ +=
P t ot t 4 t? 8 8

6ro [RGB UL 129 4
t 4 t° 88 4 729
Dau “="xayra <t=4,x=y<x=y=2,2=5.
Vay MaxP =—, dat duoc tai S5
Dé s6 7

Cau 1.
1. a) Diéu kién xac dinh: 1< x =10

it a=+x-1;0<a#3

Khi do
_[a a’+9 ( 3a+1 _1]
3+a (3-a)(3+a))\a’-3a a

R

3a+9 3a+l-a+3_ 3(a+3) | 2a+4

“(3-a)(3+a)  a(a-3) (3-a)(3+a) a(a-3)

_ 3(a+3) a(a-3) -3a _ -3Jx-1
(3-a)(3+a) 2a+4 2a+4 2x-1+4
b) Ta co:

x=+3+242 —(\/§+1)\/3—2\/§+\/§|1—\/§|

1/( 2+1 5+1,/ J’|1 2

- 2+1—( 5+1)‘1—\/_‘+\/_‘1—\/_‘
= V2 +1-\B1-2|-[1- 2|+ B [1- 2]
=V2+1-(V2-1)=2.

Trinh Binh swu tim va téng hep
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\ 32-1 1
Vay P=—2 = =
22-1+4 2

2. Tacod
P=2x"+x*(2y-1)+y*(2x-1)+2y*
=2x" +2x°y = x* + 2xy° —y® 4+ 2y*
=x*(2x+2y)+ ye’(2x+2y)—(x3 + y3)
=(2x+2y)(x3 + ye’)—(x3 + y3)
=(2x+2y-1)(X°+y°)=x*+y°

1 X y ?
Do xX}+ ¥’ =(x+y)(X* —xy+y*)=X"—xy+ Yy’ ==(X* +y?* )+| —=——=
o X4y =(x+y) (X —xy+y?) Xy +y == y)L\/E\/Ej
1
PZ— 2 2
= 2(x +y?)
Ma
x+y=1:>xz+y2+2xy:1:>2(x2+y2)—(x—y)2=1
1 1
2(xX*+y?*)>1 +y )22 P>
=2(x+y?) :>(x+y)2: n
Ddu “=" xdy ra khi X=y=2.
NV Sl 1
Vay gia tri nho nhat cua P la 2 khi X=y=§.
Cau 2.
1. Diéu kién: XZ%
(1) © Vax+Vx+2 =/3x+5+2x-3
& A%+ X+2+2,[Ax (X +2) = 3x+5+2x—~3+2,/(3x+5) (2x-3)
& \J4x(x+2) = [(3x+5)(2x—-3) < 4x(x+2) =(3x+5)(2x-3)
x=5  (n)
&2 -7x-15=0 < _3
x=—(I)
2
Vay phuong trinh c6 nghiém: x=5.
[xy-2x+y=6 x(y-2)+y-2=4 (x+1)(y-2)=4
2. Ta co X , & , , & , , (*)
(x+1)" +(y-2)" =8 |(x+1) +(y-2) =8 [(x+1) +(y-2) =8

bat a=x+1Lb=y-2 ta c6 hé phuong trinh.
ab=4 ab=4 ab=4
*) <= & &
()= e 4bt -8 (a+b)’'—2ab=8  |(a+b) =16

TAI LIEU TOAN HQOC
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ab=4 a=2 X+1=2 x=1
ab=4
a+b=4 b=2 y—-2=2 y=4
Sqla+b=4 & = = = .
ab=4 a=-2 X+1=-2 X=-3
a+b=-4
a+b=-4 b=-2 y—-2=-2 y=0

Nghiém ctia hé phuong trinh S = {(1, 4);(-3 O)}
3. Phuong trinh hoanh d6 giao diém cua (d) va (P) la x* =2x+m-1 hay

x* —2x-m+1=0 (1)
(d) va (P) cat nhau tai hai diém phan biét khi va chi khi (1) c6 hai nghiém phan biét

< A'=1-(-m+1)>0<m>0
Do A,B thudc (P) nén y, = x/;y, = X;. Theo dé bai ta c6

VYo = XX =12 & (%%, ) =% X, ~12=0 & {22 Z 4_13
Theo hé thtic Viet ta ¢o : {Xl X =2

XX, =—m+1

Néu x,.x, =4 thi -m+1=4=m=-3(loai).

Néu x,.x, =—3 thi -m+1=-3=m=4(nhan). Vdy m=4 la gia tri can tim.
Cau 3.

a) Tt giac BDIP ndi tiép. Suy ra PIK =180° — PID = PBA

Ma tir gidc CPBA néi tiép. Suy ra PCK =180° — PCA=PBA = PIK = PCK . Suy ra tir
giac CIPK noi tiép.

b) T giac CIPK ndi tiép va t& gidc PBDI ndi ti€p. Suy ra PKI =PCl va

PK PD_PK PC

PDI = PBlI = APKD ~ APCB - = =—
= (9 g):>PC PB:>PD PB @)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Ma tie gidc CPBQ noi ti€p suy ra QPB =BCQ hay MPB =MCQ mat khdc PMB =CMQ
(461 dinh)

PB  MP
= AMPB ~ AMC )= —="—"= (2
Q (9-9)=c"mc ?
Chting minh twong tw = AMCP ~AMQB (g—g)= pc _MP (3)
QB MB
Tir (2) va (3) kéthop MB=MC = 2 - P&, PC _Q8 - )
QC QB PB QC
\ \ PK QB
Tir (1) va (4) = — =<2 — PK.QC =QB.PD
w () va (4) = 2=, proe-0
¢) Do t giac BDGI va t giac CPBA ndi ti€p. Suy ra PGl =PBI va
PBC = PAC = PGl = PAC = IG/ /CA= 22 _ KD 5
AE KI
Trén BC 14y J sao cho KPI =CPJ. T gidc CIPK noi tiép, c6 IPK =180° — KCI = BCA

khong doi.
\ - A7 ~ . C B A A%
Suy ra J la diém c6 dinh= o khong doi (6).

Lai c6 = APKI ~APCJ (g—g) va APKD~APCB (g-—g)

_KI_PK_KD_ KD _CB
“ciTPc B K QI

K

(7).Ttx (5), (6) va (7) suyra % khong doi.

AN

Cau 4.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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A F B

D H C
Goi |,K,M theo thtt tw la trung diém ctia EF,EG,GH . AAEF vuong tai A vacd Al la

duong trung tuyén nén Al = % EF.

Twong tu MC = %GH . IK la duong trung binh cuia AAFGnén IK = % FG. Tuong tw

KM :EEH
2

c=EF+FG+GH +HE =2(Al +IK+KM +MC).
Tacé Al +1K+KM +MC > AC ( vi duong gap khuc AIKMC > AC ). Suy ra

c>2AC =2a? +b?

Cau 5.
1. Dt Vx=a,a>0, y’=b,b>0.
4y* +6y* —1=x

& 4b* +6b-1=a’

<> 16b* +24b—4 =4a’

< 16b* +24b+9-4a* =13

< (4b+3)° —4a% =13

< (4b+3-2a)(4b+3+2a)=13

Lap bang

4b+3-2a 1 13
4b+3+2a 13 1

a 3 -3
b 1 1

Nhan Loai

X 9

y 1

Vay phuwong trinh c6 nghiém nguyén la (x;y) la (9;1).

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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2. Tacd n chdn =>n=2k,keZ.Suyra

N® +20n+96 = (2k )’ + 40k + 96 =8(k® +5k ) + 96 = 8[ (k* —k ) + 6k |+ 96 =8(k® —k ) + 48k +48.2
Do k-1Lk;k +1 1a 3 s6 nguyén lién tiép nén (k —1).k.(k +1) chia hét cho 6
=k®—k=(k-1)k.(k+1):6=8(k*—k):48, vk Z .

Vay véi moi s6 nguyén n chén thi n°+20n+96 chia hét cho 48.

Pé so 8
Caul.

Ta cé: 3X+2\/3_X+4=(\/3_X+1)2+3>0; Vx>0

nén dieu kién dé A c6 nghia Ia (JB_x)3 —8:(\/3_x—2)(3x+ 2\/§+4) £0; Vx>0

x>0 0< 4

= SUS X#E—

J3x=2%0 3
6X+4 \/3_x

(@)3_8_3x+2\/3_x+4
6x+4—(+/3x —2)/3x

A:(\/s’_—z)(sx+2\/§+4)
Ao 3%+ 4+ 24/3x _ 1 veio<x22
(Js*_—z)(3x+2d?)_x+4) J3x -2 3

+ V6i x ngquyén duong, dé’biéu thirc A nhin gid tri ngquyén.

thi 1 nguyén. Khi do:

J3x -2
X=3
3Xx=3 3x=9
\/3_x—2:i1<:> \/_ = & 1
J3x =1 3x=1 X:§
Vi x nguyén duong nén X =3 khidé A=1.
Vay X=3
Cau 2.
a) PT (1) c6 hai nghiém phan biétkhi A'=m’—-5m+4>0 (*)
(haym<1v m>4)

Véi DK (*) PT c6 hai nghiém X, X, .

{xl +X, =2(m-1)
Ta cé
X.X, =3m—3

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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M =x2+%,? +5%%, = (¥ +X%,)" +3%.x, =4(m-1)° +3(3m-3)
2
=M :4m2+m—5:(2m+ij —§2—§
4 16 16

1
Dau “=" xay ra khi m= —g (thoa man DK (¥)).

1
Vay M dat gia tri nho nhat khi m= "8

b) PK: A'=m’-5m+4>0 (¥
bit X—1=t= X=t+1 thay vao phuong trinh (1) ta duoc:
(t+1)° —2(m-1)(t+1)+3m-3=0

St +2(2-m)t+m=0 (2)
PT (1) c6 hai nghiém phan biét x 16n hon 1 khi PT (2) c6 hai nghiém phan biét ¢ 16n
hon 0.

(A'>0 [m°-5m+4>0 [(m-1)(m-4)>0
<iP>0<<m>0 <im>0

S>0 2m—-4>0 2m-4>0

(m<lvm>4
<&Sim>0 <> M >4 théa man DK (¥).

m>2
Vay m>4.

Cau 3.
a) Vdi x = 0, phuwong trinh (1) co6 dang: 0 =6 (v0 ly).
Vay x = 0 khong la nghiém ctia PT (1).
2 13

X;tO,tacé(l)C:’ + 3:6
2X=5+— 2x+1+—
X X
v 3_ 2 \ i+£:6
Dbit 2x+;—t,PT(1)tr0’thanh t-5 t+1
t=1
<:>6t2—39t+33=0<:>t 11
2

+)Voit=1tacoPT 2x+§:1<:>2x2—x+3:0
X

C6 A <0 nén PT vo nghiém.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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+)Véit:1—21 ta c6 PT 2x+§=1—21<:>4x2—11x+6=0
X

PT ¢6 2 nghiém X=2;X= 3 thda man bai toan.
x> +2xy’ +12y =0 (1)
8y* +x* =12 (2)

Thé (2) vao PT(1) ta duoc X° + X’y +2xy° +8y* =0
Néu y =0 thit (1) suy ra X =0 khdng thoa man PT (2).

b) Giai hé phuong trinh: {

3 2
X X X
Xét y =0 PT (3)@[—} +(—) +2.—+8=0
y y y

X 3 2
Dit §=t ta dwoc t° +t° +2t+8=0

5 t+2=0
e (t+2)(-t+4)=0<| St=-2
t°—t+4=0

Véi t =—2=>X=-2Y, thay vao (2) dugc Y’ =1l<> y=1vy=-1
Voi Yy=1=x=-2

y=-1=x=2

Vay hé phuong trinh da cho ¢6 2 nghiém (—2;1); (2;—1).
Cau 4.

a) Chitng minh 4 diém O, M, N, I ciing nam trén mot duwong tron.
113 trung diém ctia BC (day BC khong di qua O) = Ol 1. BC = OIA=90°. Ta c6
AMO =90° (do AM la tiép tuyén (O))
ANO =90° (do AN 12 hai tiép tuyén (O))
Suy ra 4 diém O, M, N, I cung thudc dwong tron duong kinh OA
b) Chitng minh diém K 6 dinh khi dwong tron tdm O thay do6i.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Ta c6 AM, AN la hai tiép tuyén véi (O) cat nhau tai A nén OA 1a tia phan giac
MON ma AOMN can tai O nén OA L MN.

+) AABN [I AANC (vi ANB=ACN=% sd NB va CAN chung) =>

AB_AN = AB.AC=AN’(1)
AN AC
+) AANO vuong tai N duong cao NH nén ta c6 AH.AO = AN? (2)

Ttr (1) va (2) suy ra: AB.AC=AH.AO (3)
+) AAHK [] AAIO (vi AHK=AIO=90° va OAI chung)

Al AO
Tir (3) va (4) suy ra: ALAK = AB.AC = AK= AIZAC

Ma A,B,C c¢6 dinh nén I ¢6 dinh suy ra AK c6 dinh, K 1a giao diém cua day BC va day
MN nén K thudc tia AB suy ra K cd dinh.

c) Goi D la trung diém HQ, tie H ké dwong thang vuéng géc véi MD cit dwong thing MP
tai E. Chitng minh P la trung diém ME.

Ta c6 PMQ=90° (gbc ndi tiép chén nita duong tron).

Xét AMHE va AQDM c6 MEH = DMQ (cuing phu véi DMP), EMH = MQD
(cung phu véi MPO)

Suy ra: AMHE [] AQDM (g-g) :ﬁ—w *)
MQ DQ
APMH [ AMQH (vi MHP = QHM =90° , PMH=MQH)
MP ~_MH MH o
MQ HQ ZDQ
. . MP 1 ME
Tt (*) va (**) suy ra =— = ME =2 MP
MQ 2MQ
= P la trung diém ME.
Cau 5. 3 Al/ ; i
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Goi MN; EF la duong néi trung di€m hai canh d6i ctia hinh vuéng (hinh vé)

Gia st duong thang d1 cat canh AB tai A1 cat MN tai I va cat canh CD tai Bi. Ta ¢6
cac ti giac AA1B1D va BCB1A:1 1a hinh thang va c6 MI, NI Ian luot la cac duong trung
binh ctia hai hinh thang do.

Khi do
1
Sanso ZEAD(AA1+DBl) 2M M _1
Sagce, ;BC(AlB+BIC) 2IN- N2
Suy ra M _1 nén Ml VY vay diém I ¢6 dinh.
MN 3 3

Lap luan tuong tu ta tim dwoc cac diém H; J; K ¢d dinh.

(I, J, H, K chia cac doan théng c6 dinh MN, NM, EF, FE theo ti s6 1:2)

Co 4 diém c8 dinh ma c6 2019 duong thang di qua nén theo nguyén ly Dirichle it
nhat phai c6 505 duong thang dong qui.

bé s6 9
Cau 1.
1) X° =5x* +5x —1=0<> (x—1)(x* ~4x+1) =0

x> —4x+1=0 (¥
e .
x=1
Phuong trinh (*) c6 A'=3>0 nén c6 2 nghiém phan biét.
Khong mat tong quat coi X, =1 thi X,, X, la 2 nghiém cta (*).
1 1 x+x 1

Tacé S=S+—+— —

XX X5 (xx,) X5

Ta 6 X2 +X2 = (X, +%, ) —2X,X,.
. XX, =4
Theo Viet ta co
XX, =1
Thay s6: X + x5 =14.
Thay s0: S=15.

&(\/;—3) 13- +&—2+ X—9
(\/;—3)(&+3) 1 Vx-2 Jx+3 («/;+3)(\/;—2)

<

2) A=|1-

X
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1—

X }_(3—&)(\/}+3)+(\/§—2)Z+x—9
Ix+3) (Vx+3)(vx -2
~ \/;+3—\/;J:9—x+x—4\/;+4+x—9

Jx +3 (&+3)(&—2)

_ 3 . x-4/x+4
\/;+3.(\/;+3)(\/;—2)

3 (k-2
_&+3'(&+3)(&—2)
_ 3 x-2
_\/;+3'\/;+3
__ 3 Ix+3
CUx+3 Ix-2

3
" x-2

Cau 2.

1. Ta co:

{(y— 2x)(1-y-x)=2x>-x (1)

X(y-D+3x’-y=2 (2)

(1) = (y-2x)A-y)—x(y—2x)-x(2x-1) =0
<:>(y—2x)(1—y)—x(y—1):0<:>(1—y)(y—x):0<:>{

Véi y =1, thay vao (2) dugc: Ix* —1=2 < x* -1=8 < x =13,
Véi y =X, thay vao (2) duoc: X(X—1)+3x* —x =2 & x> —x +{x* —x -2 =0,

Datt = Yx? — X, phuong trinh tré thanh:
t=1

tP+t-2=0< (t-D(t*+t+2)=0<= .
(t-B{(E+t+2) L2+t+z:o (3)

Phuong trinh (3) c6 A=-7<0 nén vd nghié¢m.

1++/5

Do d6 t:1:>x2—x:1<:>x2—x—1:0<:>x:T.

Véi x:1+2\/§:>y=1+2\/§. Véi x=#:>y=l_\/g

2
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Vay hé phuong trinh da cho c6 4 nghiém:

(x;y)e{(—B 1),(31), (H\/_ 1+2\/_J [1_f;1_f]}

2. Phuong trinh xac dinh khi —g <x<12.

Phuong trinh da cho twong duong véi

(x2 —2x\/2x+3+2x+3)+(9—6\/12—x +12—x)=o
<:>(x—\/2x+3)2+(3—\/12—x)2:0
{x—m )

0
3-J12-x=0 (2)

x> —2x-3=0 X=-1vx=3
(2)<:>\/12—x:3<:>12—x=9<:>x:3.

Vay {X—MZOQ{X=3
7 13-V12-x=0  [X=3
K&t luan: Phuong trinh da cho c¢6 nghiém duy nhat X =3.
Cau 3.
1. Ta cé:
X’y? —X? +5y* —22x —121=0 < y*(X* +5) = x* + 22x +121

< YA (x* +5) =(x +11)2.

(1
>0
() ex= 2x+3<:>{X {XZO o x=3.

< X =3 (tmdk).

Vi ¥’ (x 4—11)2 1a cac s8 chinh phrrong nén X* +5 ciing 14 s8 chinh phuong.
Do d6 dit X2 +5=22 o x?*-72*=-5< (|x| —|z|)(|x| + |z|) -

Ta cé |X| +|Z|;|X| —|Z| 1a cic wdc s caa —b; |X| +|Z| khong am nén |X| —|Z| 1a s6 am.

{|x|+|z| =5 {|x|+|z| =1
Suy ra hoac .
x| [z =-1 [x|-|7 =5

{IXI+IZI=5
THL: =X =2 x=12.
X ~z|=-1

Véi x=2=y°x9=13% =y’ =% (loai).

Véix=-2=y'x9=9" <y’ =9 y=13,
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X|+]z|=1
TH2: = |x|=-2 (loai).
x| ~z|=-5

Vay phwong trinh da cho ¢6 hai nghiém nguyén (X;Y) € {(—2; 3);(-2; —3)}.

, 1 1 1 1 5(1 1 1
2. Tacé: P=—————+ + + + = ==+ =
X“+y“+z° 3xy 3yz 3zx 12\ Xy yz zX
> 16 >S9
XAy +Z2+3(xy+yz+2zx) 12 Xy+yz+2X
16 15

+ :
(x+y+z)2+xy+yz+zx 4(xy +yz +2x)

Hoc sinh chttng minh véi VX,y,z: (X +y+ Z)2 > 3(xy+ yZ + ZX).

(x+y+z)2
Suyra Xy+yZ+zZX<-——.
16 15 16 15
=P 2 2= 20197 T 20197
(xrysz)+ XFYF2 Xy 2] gy, 4.
3 3 3 3
P> 31 .Dé’u"="xéyrakhiX:y:Z:@=673
5435148
Vay P, = khi X=y=2=673.
5435148
Cau 4.
A
D
E
/P /\ X
B C
K F

1.Dit S, =a’.
T gidc MQCF c6 MQ//FC; MF//QC (gia thiét) = MQCF la hinh binh hanh
= MQ = FC. Chttng minh twong tw ta c6 PM =BK..

, . y o Seow _(PMY
Taco AEPM dong dang véiA ABCnén ——=| — | .
ABC BC

NG (PM)Z PM X
=>—==—| = —.
BC a
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Ching minh twong tw, ta c6: + ADMQ dong dang véi A ABC nén '\él—g = X,'
a

+ AMKEF dong dang véiA ABC nén ;—g "

a
:>x+y+z_PM+KF+MQ_BK+KF+FC_BC_1
a BC BC BC
2
=>X+Y+z=a=S, =(X+y+2) .
2.
A
o}
J
B D C
|
N\ K

a) Trong (E) c6 MCA =MNC (1) (goc giita tia tiép tuyén va day cung va géc noi
tiép cung chan MC).

Trong (D) c6 MBA =BNM (goc gitra tia ti€p tuyén va day cung va goc ndi tiép

cting chan MB).

= MBA +MCA = BNM + MNC = BNC.

Do d6 BNC+BAC = MBA + MCA + BAC

=180° (tdong ba gbc trong mot tam giac)
= T gide ABNC noi tiép (O).
= N thudc duong tron (O) do AABC noi tiép duong tron (O).
Tt giac ABNC ndi tiép (O) nén ANC = ABC (hai géc ndi tiép cling chan AC).
Ma ABC = ACB (do AABC can tai A)
nén ANC = ACB hay ANC=ACM (2).
Tir (1);(2) suy ra MNC = ANC
= Ba diém A,M,N thing hang.
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b) V& duong kinh AK cua duong tron tam O. Goi J la giao diém cua AK va BC.
ABK =90° (géc noi tiép chan nira duong tron tim O), ABD =90° (vi duong tron
tam D ti€p xtic v6i AB tai B) = B,D,K thang hang.

Chttng minh tuong tu: C,E,K thang hang.

Ta c6: AB=AC;0B=0C = A,O thudc duong trung truc cua BC

= AO L BC= BK =CK = BK =CK = AKBC can tai K = KBC = KCB
ADBMcan tai D (vi DB =DM )= DBM = DMB

AEMC can tai E (vi EC=EM)= ECM =EMC

= KBC = EMC; KCB = DMB = KB//EM; KC//DM.

= Tk giac DMEK 1a hinh binh hanh.

Ma | la trung diém cua DE nén | 1a trung diém cua MK.

AIJMK vuong tai J c6Jl la duong trung tuyén = JI =KI.

JK 8 dinh nén | thudc duong thang cd dinh la duong trung truc ctia doan JK.
Cau 5.

1. Khong mdt tong quat giase p<q<r .

Véi p=2: 2qr=q+r+162 < 4qr—-2q—2r =324

< 2q(2r-1)—(2r-1) =325 < (29 -1)(2r—-1) =325=5-13.
3<20-1<2r-1=9<(29-1)*<(2r-1)(29-1) < 9<(29-1)* <325 < 3<2q-1<18.
Do 29 -1 lauéc ctia 5°-13 nén 2q-1e {5;13}.

Néu 20-1=5<q=3=r =233 (loai).

Néu 2q-1=13 < q =7 = r =13 (thoa man).

par=p+q+r+160 < p(qr—-1)—q-r =160

< (ar-1)(p-1)+ar-1-q-r=160 < (qr-1)(p-1)+q(r—-1)—(r—-1)-2=160
< (ar-1)(p-1)+(q-1)(r-1) =162.

Néuplée =q;r 1é =(qr-1)(p-1)+(q-1)(r—1):4 ma 162 khong chia hét cho 4=
Vo ly.

Vay bd ba s8 nguyén td can tim la (2;7;13) va cac hoan vi.

2. Ta x&p cac doan thang theo thit tw cé dd dai ting dan a, <a, <....<a,.

Néu ton tai 3 doan thang a,;a,,,;d,,, thod man a, +a,, >a,, thi ba doan thang
nay c6 thé ghép thanh tam giac.

Gia st nguoc lai
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a,+a,<a,

a,+a,<a,
a,+a, <a,
a, +a, <a,
a;+a, <a,
a, +a, <a,
Khi d6, theo gia thiét:
a, >10;a,>10=a,>20=a,>30=a, >50=4a,>80=a, >130=a, > 210
, mau thuan véi gia thiét.
Vay ton tai 3 doan thiang a,;a,,,;a,., ma a, +a,,, > a,,,

Do d6 t6n tai 3 doan thang d€ c6 thé ghép thanh tam giac.
Pé s6 10
Cau l.
1. Tac 7- 2410= (VB- ¥2); 9+4y2=(1+2J2)

va 89- 28J10= (7- 2/10)
- [+ 22) i 4 1- (1+ 242)

4
Do d6 P= - = -
2+ [(JB- N2) 7- [(r- 2] ¥2* B~ V2 7o (7- 24i0)
4 22 _ 4 1 A
= —+ = —+-—==4/5. Vay P= /5.
NN RN V5. Vay p=5
2. Ta co:
’2 '2
@z Nzl ox vz +1_Z<3xyz:(z+x/zz+1)(\/22+1—z)©xyz:1.
z+NZ2+1 Y y 2472 +1 y
Ta co: ! = ! = L
\/W+x yz +1 \/W+\/§Q/xyz+1 xy+\/§+1

\/ﬁ+\/?+1 \/;(\/y_z+\/y+1) M+\/@+\/; 1+\/W+\/;

T S R
Jox +4z +1 \/W(\/&+\/E+l) W+M+\/@ x+1+ fxy

Dodé .t ., t .t oty
\/ﬁ+\/§+1 yz+\/§+1 \/5+ z+1 xy+«/§+1 1+ xy+\/§ «/§+1+\/@
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1 1 1
+ +
\/@+x yz +1 JE+J§+1 Jox+47 +1
Xz +E_\/zz+1
z+Z2+1 Y y
Cau 2.

1. Diéu kién xac dinh: xel .

Vay =1 khi x,y,z>0 thdéa man

2
+)Nhan xét x*+2>0 vxel; Vx*+4>0 vxell, x2+x+2=(x+%) +%>0 vxell.

Do d6 tte (1) suy ra x>0.

4
Phwong trinh (1) <:>x+1+2=%(x+g) X ;L4
x 15 X X
2
<:>x+g+l_4\/_( ) X +i©x+2+1_4\/§(x+gj (x+gj -4
X 15 X X X 15 X X

bat a=x+z (diéu kién a>2/2)
X

Khi d6 ta c6 phuong trinh < 15(a+1)=45ava’ -4 < 45(a+1)° =16a*(a’ —4)
< 16a* ~109a’ —90a—45=0 <> (a—3)(16a° + 48a’ +35a +15) =0

< a=3 (vi 162’ +48a% +35a+15>0 Va>2y2)

s . 14 :1 2 ~
+) Vi a=3 tacd x+2-3o x2—3x+2=0<:>[x ) (théa man dk).
X X

Vay phuong trinh ¢6 2 nghiém x=1, x=2.
xy =0

2. Didu kién: { X+y=1 (*).
x>0

2 2
(x-y) —1+4_2(x+y—1)20<:>(x+y) —1_2(x+y—1):
Xy X+Y Xy X+Yy
<:>(x+y—1)(x+y+1) 2(x+y-1) 0 (xy- 1)(X2+y2+x+)’)
Xy X+Yy xy(x+Y)

& X+y-1=0<y=1-X (vivdi X, Y théa man dk (*) tacd X* +y*+x+y>0)

Phuong trinh (1) <

Thay Yy=1-X vao phuwong trinh th (2) ctia hé pt ta thu dwoc pt
4%° +5(1-x) ~13+6/x =0 <> 4x> ~5x —8+6/x =0

o 4x° —4x+1:x—6\/§+9<:>(2x—1)2 :(&—3)2

[2x 1=x-3 [2x+2=&
2x-1=3-+/x |4-2x=+/x

2
+) 2x+2=\/;<:>x+%+(\/_—%j =0 (phuong trinh v6 nghiém vi x>0).
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X<2
4-2x>0 <2 174433 _
+) 4-2x=x & , & Xz =k 8 <:>x=17 \/@
(4-2x)"=x  [4x°-17x+16=0 8
X:17—\/£
8
Vi x=17_8\/§:>y=\/3_?;_9 thoa mén diéu kién (*).
17-4/33 /33-9
Vay hé pt da cho c6 nghiém (x; y) lé:( 8\/_;\/_8 ]
Cau 3.
1. Tirgia thiét ta c6 P(O):%(Q(O)JrQ(l)):O(l) va P(1):%(Q(1)+Q(o)) 2).

Tk (1) va (2) suyra P(1)=0.

Gia st P(x)=a,+ax+a,x’+..+a,x", trong d6 a,,a,,a,,...a, 1a cac s6 nguyén khong
am.

Ta cé P(l)=a,+a +a,+..+a,=0 Vi a,a,8a,,.,a, la cdc s6 nguyén khong am suy ra
a,=a,=a,=..=a,=0 dodd P(x)=0 vxel.

Vi P(x)=0 Wxell =P(2)=0,P(3)=0 do d6 3P(3)-P(2)=0=P(3P(3)-P(2))=0.
2.Tacd (x—y-1)(x+1-y)+6xy+y*(2—x—y)=2(x+1)(y+1)

o (x=y) —1+6xy - Y2 (x+y-2)=2(x+y +xy+1) & (x+y) —y?(x+y-2)=2(x+y)+3

e (x+y)(x+y-2)-y’(x+y-2)=3 o(x+y-2)(x+y-y*)=3

Vi x, yell nén x+y-2; x+y-y’ la cac wdc ctia 3

X+y-2=1 2-0 Xx=3
+) =1 < .
X+y-y*=3 Xx+y=3 |y=0

X+y-—2=-1 2_ =-2 X+y-2=3 = =-2

g rym2=tt Ly =2 g rym2=3 fyr=a [ |y="2
X+y-y =-3 x+y=1 Xx=-1 X+y-y =1 X+y=5 x=3
y=2 y=2

Vay cac cdp s6 nguyén (x; y) la (3,0); (3, -2); (-12); (7;-2); (3:2); (-1,0).
Cau 4.
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1. Xét DHAM ta c6 DHM = DAM + AMH  (1).
Xét dwong tron (O) taco DAM =DMt (2)
Tt (1) va (2) ta c6 DHM = DMt + AMH.
Vi Mt va DH la cac tiép tuyén ctia (O')nén DHM =HMt  (3).
va HMt=HMD+DMt  (4)
T (1), (2), 3), (4) suy ra AMH =HMD suy ra MH la phan giac ctia goc AMD
Chttng minh twong tw ta c6 MG la phan gidc cua géc BMC.

2. Xét (O') c6 HGM = HMt (:%sd HM).
Xét (0) c6 ECM = EMt (z%sd EMj.

Suy ra HGM = ECM hay IGM =ICM = t& gidc IMCG ndi tiép.
Ta cé EHI = EHA+ AHG (4).
va EIM =180° — MIC =180° - MGC = MGB = MGH + BGH (5).
Lai c6 AHG=BGH (6) (vi AH va BG déu la tiép tuyén cta (O'))
va EHA=DHM =MGH (7).

Tir (4), (5), (6), (7) suy ra EIM = MGH + BGH = EHA+ AHG = EHI =EIM .
3. Ta c6 CE la tia phan giac caa goc ACD (*) (vi EM 1a tia phan giac trong ctia goc
AMD = sdEA=sdED)
Ta ¢c6 EHI =EIM (chiing minh ¢ cau 4.2); AEHI va AEIM c6 HElI =MEIl va
EHI =EIM

El EH

— AEHI [ AEIM (g-g)= —— =— " — EI?=EH.EM (8
(9-9) VIR T ®)

Lai c6 EDH =DMH (vi EM la tia phan gidc ciia goc AMD = sdEA=sdED);
AEHD va AEDM c¢6 HED = MED va EDH =DMH = AEHD [ AEDM (g—g)
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ED EH
=>——=—

EM ED
Tt (8), (9) suy ra El = ED nén tam giac EID can tai E = EDI = EID (10)

— ED?=EH.EM (9)

DI ct (O) tai K, ta cé EDI =%(sd EA+sd AK) (11)

va EID =%(sd ED+sdKC) (12)

Tte (10), (11), (12) va do SAEA=SdED suy ra sd AK =sdKC = DK la tia phan giac goc
ADC (**).
Tt (*) (**) suy ra | latam duong tron noi ti€p tam giac BCD.
RO rang, HG diqua | 1a tAm dwong tron noi ti€p tam gidc BCD.
Cau 5.
1

1. Ap dung BDT (x+y+x)(%+%+;]29<:>

1 1(1 1 1)
<= =+=+=1] Xx,v,z>0.
X+y+z 9{x y z

minh

1 1 1 1( 1 1 1
~+ ~+ <= —+—=+—=1 (2).
ac+3bc+2c- ab+3ac+2a° bc+3ab+2b° 6lab bc ac

1 1 1 <1(a+b+c)

+ + <=
ac+3bc+2c® ab+3ac+2a® bc+3ab+2b®> 6\ abc

ab bc ac a+b+c
& + + <
a+3b+2c b+3c+2a c+3a+2b 6
, ab ab ab( 1 1 1 1/ ab ab a
Ta co <— + +— —_—t—+—
a+c b+c 2b a+c b+c 2

Taco (2) =

a+3b+2c=(a+c)+(b+c)+2b_ 9 9

Véy ab sl ab N ab +g (3)
a+3b+2c 9\la+c b+c 2

Tuong tw ta cO be sl( be + be +EJ (4);
b+3c+2a 9\b+a c+a 2

ac sl ac N ac +g (5)

c+3a+2b 9\c+b a+b 2

Cong theo vé (3), (4) va (5) taco

ab  bc  ac <1(ab+bc+ab+ac+ac+bc+a+b+c)_a+b+c
a+3b+2c b+3c+2a c+3a+2b 9\ a+c c+b  a+b 2 6

Vay BDT (2) dung do d6 BDT (1) dung.
2. Goi X, %,,%;,..., X la cac s6 phan biét duoc danh lién tiép cho 10 diém phan biét
thudc duong tron (O), X,%,Xs,.... %, €{1,2;3,4,5,6,7;8,9;10} . Gia st nguoc lai la
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khong tim duoc 4 dinh nao thoa man khang dinh cta bai todn. Khi d6 ta co:
X+ X+ X+x £21
X, ¥ X+ X, + % £ 21
X;+ X, + X+ X £ 21

Xpt X+ X+ X £ 21

Ttr d6 suy ra 4(X +X, +X; +...4+ %, ) <10.21=210

Mat khactalai co X +X, + X, +...+ X, =1+2+3+...+10=%=55

Suy ra: 4.55<210 < 220<210 (vd ly), do d6 diéu gia la sai.
Vay ta luon tim dwoc 4 diém lién ti€p duoc danh s6 ma tong cac sd d6 16n hon 21.

bé s6 11
Cau 1.
1. Ta cd \/a_3—2 2b° :(\/5)3—(\/%)3 :(\/a_—\/%)(a+x/ﬁ+2b).

Suy ra
2a+b) Ja ~ 2(a+b)—\/a_(\/a_—\/%)
Ja'-242b" a+2ab+2b  (Va—2b)(a++2ab+2b)

a++/2ab +2b _ 1
(\/;—\/Z_b)(ew 2ab+2b) Ja—\2b"
Vo2 o [ae2b(aaab 20)
b ab(2b++h)

_a- 2ab+2b_\/a—_a—2\/ﬁ+2b_(‘/;_\/2_b)2
2 RN T

1 () e
u:osuya—\/a__\/%. I

Cach 2: Dat x=x/a_;y=\/% ta duoc

s

2 2 2 3 3
P:( X3+}; -— X 2J.(x2+y —XJ voi x>0,y >0,x#y.
X' =y’ X +Xy+y y~+Xy
2. Viba diém O, A,B tao thanh mot tam gidc nén m”>—-4m—-4=0 va 3m—-2=0.
Toa d6 giao diéfm A cuad vaOx la A E_A;O :OAzzz_&.
m-—4m— m-—4m-—4

Toa do6 giao diém B cta d va Oy la B(O; 3m —2) =0OB= |3m —2| .
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Do tam gidc ABO vudng tai O nén S, ~loaos-1 3_& Bm-2|=1
2 2lm”—-4m -4
(3m-2)’ 9m’ —12m+4 =2(m’ —4m —4)
Do d6, ————=2<
m —4m—4| 9m2—12m+4:—2(m2—4m—4)

7m?—4m+12=0 |M™=2
=
11m?>-20m-4=0 m=——

Cau 2.
1.A=(3m-2) -4(2m’-5m-3)=m”+8m+16=(m+4) 20,¥m . Do d6, phuong
trinh ludn c6 nghiém, cadc nghiém la x, =2m+1;x, =m-3.
Phuong trinh ¢6 it nhat mét nghiém dwong khi va chi khi
{xl >0 {2m+1>0
X, >0
Cach 2: Do A>0,Vm nén PT ludn c6 hai nghiém. Ta cé thé giai bai toan nguoc:
“Tim m  d& PT c¢6 hai nghiém khong duong” DK nay tuong duong véi

S<0 1
S ...oms——.
P>0 2

Cach 3: Do A>0,Vm nén PT lu6n c6 hai nghiém. Yéu cau bai toan twong duong
X, 2%, >0
v6i PT c6 nghiém x,,x, théaman | x, >x, >0

X, >0=x,

5 JN2x—y-1+\By+1 = x+fx+2y
x* =3x+2=2y° -y (*)
2x—y-120

x+2y =0
biéu kién: < x >0

y2-—

Nhan xét:

=0 w1
J2x—y-1 +\/x:0<:>{x 1 Khoéng thoa man diéu kién.
y=-1-

X =

By +1+x+2y =0

WIN

, Khoéng théa man phuong trinh (*)

Y=—§

Do do, ta co \/2x—y—1+\/3y+1 =\/;+«/x+2y
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& \2x—y—1-x+ By +1-x+2y =0

o x-y-1 _ x—y-1 =0
\/zx—y—1+\/; \/3y+1+\/X+2y
1 ].
—v-1 - =0
A {sz_y—n& J3y+1+JX+2YJ

{y:x—l
&

ﬂ/2x—y—1+\/;:\/3y+1+\/x+2y
Vé6i y=x-1 thay vao phuong trinh (*) tacod

(x=1)*(x+2) = 2(x~1)° ~(x~1)? <:>(x—1)2(x—5)=0<:{x
X

x=1=2y=0x=5=y=4

V6i \[2x—y —1++x = By +1+/x+2y

Ta cb \/2x—y—1+\/3y+1=\/;+,/x+2y
«/2x— —1+\/;= 3y +1+x+2
y y y

Cong v€ véi vé hai phuong trinh ta dugc JIx = Yy+ley= XT_l

Thay vao (*) ta duoc (x—1)*(x+2) = %(x—l)3 —%(x—l)2

< (x=1)*(25x+59) =0 < x=1 do (x>0).

Vay hé c6 cac nghiém (x;y) =(1;0);(5;4).

Cach 2: Binh phuong hai vé& PT thit nhat

PT thir nhat < \[(2x-y-1)(3y+1) = x(x+2y)

& X —4xy +3y° —2x+4y+1=0< (x-y-1)(x-3y-1)=0.
Cau 3.
1. Pata=x.c,b=y.c,(x,y >0). Ttr diéu kién suy ra (x +1)(y +1)=4.

Khido Pe X 4 Y XV X4y +3(x+y) Xy
, y+3 x+3 x4y xy+3(x+y)+9 x+y

3 (x+y)2 +3(x+y)—2xy+ Xy
- xy +3(x+y)+9 X+y

Do (x+1)(y+1)=4=xy=3—-(x+Yy).
Dat t=x+y,(0<t<3)=>xy=3-t va

2 2
3—t=xyS[X;yJ =tZ<:>t2+4t—1220:>t22 (do t>0)
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t2+3t—2(3—t)+3—t _t.3

Khi @6, P= +——é voi 2<t<3.
3—t+3t+9 t 2 t 2

t3 3 3
Taco P22, |52 2 _Jg-2.
aco 2t 2 Ve 2

cry=o
xy=3—«/g.

+1<1 (do 2<t<3).

Dodo, P = \/g—g dat dwockhi t= \/g hay (x;y) la nghiém ctia he {

Talaicod P=

£ -3t+6 £ —5t+6+2t (t-2)(t-3)
2t 2t - t

X+y=2

DOdé’ Pma @X:yzl

X

=1 dat dwoc khi t=2 hay (x; y) la nghiém ctua hé{ 1
Xy =

2. D3t p’ —4p+9=t’(teN)

Bién di thanh p(p*—4)=(t-3)(t+3) (1)=pl(t-3)vpl(t+3)

Truwong hop 1: Néu plt—3

Dit t—3 = pk(k € N)

Khi dé thay vao (1) ta co:

p(p2 —4) =pk(pk+6) < p* —pk®>-6k-4=0

Coi day la phuwong trinh bac hai an p diéu kién can d€ ton tai nghiém cua phuong
trinh la:

A=Kk*+4(6k+4)=Kk"+24k+16 la mot s6 chinh phuong.

Mit khéc v6i k>3 ta dé chitng minh duoc (k) <k*+24k+16 < (k> +4)
Suy ra cac treong hop:

2

k' +24k+16=(k* +1) < 2k* —24k—-15=0 (loai)
2

k*+24k+16 = (k> +2) < k> —6k—-3=0 (loai)

2
K*+24k+16 =(k* +3) < 6k*~24k—=7=0 (loai)
Do d6 phai c6k <3. Thit tryc tiép duwoc k=3 thoa man.
Tl ddtacod t=36,p=11.
Luu y: HS c6 thé lam nhu sau khi thay vao (1)
p(p® —4)=pk(t+3) < k(t+3)=p’ —4 = p’ =kt +3k +4
Mit khac ta c6 (t—3)* =p°k® = t* -6t +9 =k*(kt +3k +4)
&t —t(6+k*)+9-3k’ —4k* =0

Coi day 1a phuong trinh bac hai an n diéu kién can d€ ton tai nghiém ctia phuwong
trinh la:
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A=(6+K) —4(9-3K> ~4k?) =K® +24K° +16K* =Kk (k' +24k +16) 1a mot s chinh
phuong. Mudn vay thi k* +24k+16 phai la mot sd chinh phuong.

Sau d6 cach lam giong nhuw trén.

Trwong hop 2: Néu plt+3

Dt t+3=pk(keN)

Khi d6 thay vao (1) ta co: p(p2 —4) =pk(pk—-6) < p* —pk® +6k—-4=0

Coi day 1a phuong trinh bac hai an p diéu kién can d€ ton tai nghiém ctia phuwong
trinh la: A=k*—4(6k-4)=k*—-24k+16 1a mot s§ chinh phuong.

Mit khéc véi k > 3 ta dé chimg minh duge (k*—4) <k*-24k+16<(k*) Suy ra
cac treong hop:

2

k*-24k+16 =(K*~1) < 2k* 24k +15=0 (loai)
K24k +16=(k*~2) < k* ~6k+3=0 (loai)

2 _ 2 2 2 _ .
k? =24k +16 =(k* =3} < 6k” —24k+7 =0 (loai)

Do d6 phai ¢ k<3 Tht truee tiép duwgc k=3 thoa man.
Ttr d6 suy ra t=3;18 tuwong ing p=2;7.
Vay tap tat ca gia tri p can tim la {2;7;11}

Cau 4.
A F
o}
P Q
|~ \\
K
B D C
1.

a. Xét hai tam gidc ADB va ACE c6 ACE = 90° (chan % duwong tron) nén

ACE = ADB = 90°.
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Hon nita ABD = AEC (cung chin AC ). Suy ra AADB -~ AACE

Tur day ta cé ti l¢ thic AD _ ﬁI) ADAE = ABAC.
AC AE

b. Ta c6 PFQ = BAE (cuing chin BE )

Mit khac BAE = BAD + DAE ma BAD = EAC vi DABD -~ DAEC
Nén BAE = BAD + EAC = DAC.

Do d6 PAQ = PFQ.

Suy ra t& gidc APQF noi ti€pP FAQ = FPQ

Vi FAQ = FBC (cung chin BT )ynén FPQ = FBC suyra PQ//BC .
c. Taco ABAC = ADAE.

Suy ra ABAAC - ADAK = ADAE - ADAK = ADKE.

Kéo dai AD cat (0) taiM .

Xét DAKB va DCKE P AK _ @b AK.KE = KB.KC
CK KE
DADC -~ DBDM P AD _ CD b ADMD = BDCD.
BD MD

Mt khac AME = 90° (chin %du’ﬁmg tron)

Suy ra ME ~ AD ma DK * AD nén DK / /ME .

Ap dung dinh ly Talet trong DAME ta dwoc AD _ AR .
DM KE

Do d6 AK.DM = ADKE.
P BDBKCDCK = (BDCD).(CK BK).

= (AD.MD).(AK KE)= (ADKE).(AK.MD)= AD*KE”*

p VBDBKCDCK = ADKE
Vay ABAC - ADAK = VBDBK CDCK .

2. Xét DABC 6 BAC = 90°,ABC = 20°p ACB = 70°

DACF 6 CAF = 90°, ACF = 30°P FC = 2AF
Goi D 1la trung diém ctia BC va G 1a diém trén AB sao cho GD * BC .
BD BA

Khi &6, DABC -~ DDBG b —= —
BG BC

GCB = GBC = 20°bP GCF = 20°.
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B D

Do d6 CG va BE Ian luot la tia phan gidc caa BCF va ABC nén
FC _ BC BA _ AE
FG BG'BC EC

1FC 1BC
2 2 —

AF

Do ds, AF BD _ BA _AE AF _AE
FG

FG BG BG BC EC FG EC
Tt d6 suy ra CG / /EF (DL Talet dao)P CFE = GCF = 20°.
Cau 5.

Vi 5 s0 ty nhién d6i mot khac nhau tuy y thi c¢é hai truong hop xay ra:

+ TH1: C6 it nhat 3 s6 chia cho 3 ¢6 s6 du giong nhau P Tong ba s6 twong ting chia
hét cho 3.

+TH2: C6 nhiéu nhat 2 sd chia cho 3 ¢d sd du gidng nhau P Co it nhat 1 sd chia
hét cho3, 1 sd chia cho 3 dul, 1 s6 chia cho 3 du 2. Suy ra ludn chon duwoc 3 s6
o tong chia hét cho 3.

Do d6 ta chia 17 s6 la s6 bao danh ctia 17 hoc sinh thanh 3 tap c6 lan luot 5,5,7
phan ta.

Trong mdi tap, chon duoc 3 s8 c6 tdng lan lwot 1a 3a,,3a,,3, (al, a,a, Ix )

Conlai 17- 9= 8 s6, trong 8 sd con lai, chon ti€p 3 s6 co tong la 3a,.

Con lai 5 s6 chon tiép 3 s6 co tong la 3, .

a

Trong 5 s0 a,,a,a,3a,3a, c6 3 s0a,,a,,

»a,,a. . co tong chia hét cho 3.

Nén 9 hoc sinh tuong ting c6 tdng cac s6 bao danh 1a 3(a,, +a,, +a, ):9

bé s6 12
Caul. a) Tl‘J.’giélthié’t£+£=L :>2018=a—b
a b 2018 a+b
:>Ja—2018+Jb—2018=\/a—a—b+\/b— ab _a b _a+tb -9
a+b a+b a+b +a+b <a+b

(Vi a,b>0).
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Cau 2.

b) Ta ¢6 a 1a nghiém dwong cta phuong trinh 6x° + J3x—/3=0 nén

6a2++/3a—+3=0

2
=\/§_661 =1—2\/§a2>O:>a<i<:>a2<i<\/§<:>a2—\/§<0

—a
£ 23 12

Do do

a+2 \/a4+a+2+a2)

A:( )4( 7 —Ja'ra+r2+a’=+a*+1-23a2 +2 +a’ =/a' — 23’ + 3+ &2
a"+a+2-a

- (az“/é)z+a2=|a2—«/§|+a2=J§—a2+a2:J§.

a) bKXD: x<1

Ta c6 (1— 1—x)$/m:x<:>x3 2-X :x(1+\/1—_x)

Xét X =0 la mot nghiém cua phuwong trinh.

Xét x#0 ta co phuong trinh
m:1+\/1—_x<:>2—x=1+(1—x)\/1—_x+3\/1—_x(1+\/1—_x)
= 2(1-x)+(1-x)V1-x+3J1-x =0

S VI-x[(1-x)+241-x+3]=0

Vi (1-x)+2/1-x+3>0 nén /1-x =0 x=1

Dai chiéu diéu kién ctia phwong trinh ta cé tap nghiém ctia phuwong trinh la
S ={0;1}.

b) Ta c6

(x—2018) +1=y* +9y? +1-6y° ~6y +2y* = (y? ~3y +1)

<:>(y2 —3y+1)2 —(x-2018)’° :1<:>(y2 —?»y+1+x—2018)(y2 —3y+1—x+2018):1

(y?-3y+1+x-2018)=-1 (x=2018 x=2018
TH1 : =1 e{fy=1
(y*—3y+1-x+2018)=-1 [y —3y+2=0 _
y=2
x = 2018

(y?-3y+1+x-2018)=1 [(x=2018
TH2 : <9, <4 y=0
(y*-3y+1-x+2018)=1 [y —3y=0 y=3

Vay phuong trinh c6 nghiém (x;y) €{(2018;0);(2018;1);(2018;2);(2018;3);.

Cau 3. a) DPKXD X,y > —%

Trinh Binh swu tim va téng hep

Taco (3x+2y)(y+1)=4-x°
Sy +3X+2y* +2y+ X2 —4=0= x(x+y-1)+2y(x+y-1)+4(x+y-1)=0
< (x+2y+4)(x+y-1)=0.
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Vi x,yz—% nén x+2y+4>0 vado dé phuong trinh & x+y-1=0< y=1-x

Thay vao phuong trinh dau ta duoc
4x* —4x+1

V2x+1++/3-2x =

Véi bBKXD —%SXS%.Dét

V2x+1+43-2x =t>0=t* =4+2,/(2x+1)(3-2x)

2

A 1 ax+3 =1

2 8

2 1)? 2 4 g2
4:>_4X2+4X_1=(t 1) g A axal st

t* — 8t?

Do d6 ta cé phuong trinh t= e t(t°-8t+8) =0 t(t—2) (" +2t-4)=0

Vit>0nén t=2 hoac t:\/g—l

= mya-l
Xét t=2 tacd V-4x* +4x+3=0<(2x-3)(2x+1) =0 < . 3
X=—— —> = —
y 2
JB-1) -2
Xét t=+/56-1tacd \/—4X2+4X+3:%Q\/—4X2+4X+3:1—\/§<0(V6H)

Dai chiéu BKXD ctia hé phuwong trinh ta ¢d hé phuwong trinh ¢6 2 nghiém

33
2'2)\2" 2

b) Ap dung BDT Cauchy ta c6
3yZ+4ZX+5Xy=(£+£j+2(£+ﬁ}r3(ﬁ+ﬁj

X y 2 X Yy X y z
>27+4y+6x=4(x+y)+2(x+2)>8 xy+4\/E:4(2 xy+\/ﬁ):4
Vi 2 y+\/_:i<:>2 xy+\/§:1.

Jx

Ddu " =" xay ra khi va chi khi X=y:Z:%.

Trinh Bi
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a) Taco tie giac BCED ndi tiép B
— ABC + DEC =180° ma 7
AEK + DEC =180°
= AEK = ABC . Lai ¢c6 AIC = ABC

= AEK = AIC, IAC chung A \
Nén AAEK « AAIC = 2K _ AE
AC Al ‘\‘

= AK.Al = AC.AE.
b) Taco IBC=1AC, BOI = AOC

Suy ra ABOIl -~ AAOC :%:ﬂ
OA OC
OBOC RR R
OA 2R 2
R _5R

= Al =0OA+ Al =2R+ —=—.
2 2

Ké tiép tuyén AN ctia duong tron tam O. Ap dung phuong tich ta c6
AN? = AE.AC. Xét tam gidc AON vuodng tai N tacd: AN? =0A*-ON? =3R?
AE.AC _6R

Al 5
c) Goi F 1la giao diém cta duong tron ngoai tiép AADE véi Al
Ta c6 AFD = AED theo cau a) thi AED = ABC = AFD = ABC nén tt gidc BDFO noi
tiép. Ap dung phuong tich ctia duong tron ta c6
AF.AO = AD.AB & AN? = AD.AB
AN? 3R* 3R
= == - —const
AO 2R 2
Ma A cd dinhnén F ¢8 dinh. Vay tam dwong tron ngoai tiép luon thudc duong

= AE.AC = AN’ =0OA? ~ON? = 3R’. Theo cau a) ta c6 AK =

= AF.AO = AN’ = AF

trung truc cua AF ¢6 dinh.

Cau 5. Ta phéan chia 625 s0 ty nhién da cho thanh 311 nhém nhu sau :
Céc nhém n,,N,,..., Ny, mdi nhom gdm 2 s& hang (k,625-k) tirc 1a mbi nhém c6 hai
s6 hang c6 tdng bang 625 sao cho k = 49,k # 225
Nhom 311 gém 5 s6 chinh phuong {49, 225,400,576;625}
Néu trong 311 s dugc chon khong cd s6 nao thudc nhém n,,,, nhw vay 311 s6 nay
thudc 310 nhém con lai thi theo nguyén tic Dirichlet phai c6 it nhat mot trong hai s6
thudc cing mot nhém. Hai s8 nay ¢6 tong bang 625. Mau thuan vai gia thiét. Vay
chéc chan trong 311 s6 duoc chon phai c6 it nhat mot s6 thudc nhém n,y, . SS nay la
s0 chinh phuong.

bé s6 13
Cau 1.
TAI LIEU TOAN HOC
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Diéu kién x>1.

Phuong trinh da cho duoc viét lai 10x—7+ 23X +X—2=20+3x-1+Xx+2

<:>(3\/x—1+\/x+2)2—(3\/x—1+\/x+2)—20:O
3x-1+Vx+2=5
SUX—1+/x+2
[3\/ —1+Jx+2=-4 <
10X —7+6VX%+x-2=25
S BUXP+x-2=32-10x < 3Wx2+x -2 =16-5x

XSE XSE

5 = 5 S X=2
9(x2 +X —2): 256-160X + 252 |16x2 —169x+ 274 =0

Vay x=2 langhiém ctia phuong trinh da cho.
Cau 2.

a) Dt A=70-+/4901 + 70+ /4901 .
Ta c6 A®=140+33 702—4901.(%/70—\/4901+$/70+ 4901)
< A*=140-3A

2
o A3+3A—140:O<:>(A—5)<A2+5A+28)=O £A2+5A+28:(A+gj +8747>o VAJ

< A=5 (dpcm).

b) Véi moi s6 nguyén duong k, ta c6

1 e (k+1- k)‘/k_zzs/k_{l 1)

(k+1)¥k  k(k+1)  k(k+1) K k+1

_\/_(

] 1 1 1
K Tei) de Jr(k+1) \/k+1)

(L 1 jl e, 3
Ik k1 Fk(k+1) 3/(k+1)2

S(%_f/klﬂj \/E Jt_j 3[%_%“)
dhe e
[]).Od(;. 1 1

—t—t—F =+t —=<3|l-=+ ==+ =
2 32 4 (n+1)¥n ( 2 32 3 In ¥h+1

Trinh Binh swu tim va téng hep
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< 3[1—Lj <3 (dpcm)
In+1 pety:

Cau 3.

Véimoi X,y taludn co
x2+y222xy<:>x2+y2+xy23xy<:>123xy<:>xy£%.

Tacod P=Xy+yx=xy(x’+y*)=xy(1-xy)=—(xy)" +xy

2 1
P:_ . \ 2 . X g
9 khi va chi khi 3 \/§

, v 2
Vay gia tri l6n nhat cua P bang 9 dat dwockhi x=y==

i

Cau 4.
Tacép=a’-b’ =(a—b)(a2 +ab+ bz).
Vig, b la cdc s8 nguyén duwong nén, ta c6 a*+ab+b” > 1.
Do pnguyén td nén a-b=1=a=b+1= p=3b*+3b+1
= 4p =3(4b*+4b+1)+1=3(20 +1) +1(dpcm).
Cau 5.

Trude hét ta chitng minh bd dé: “Cho duong tron tam O va diém A ndm ngoai
duong tron. Tir A ké mot tiép tuyén véi (O) tai B va mot dwong thang d cat (O) lan
lwot tai 2 diém phan biét 1a C va D. Khi d6 AB*= AC.AD”.

That vay, xét 2 tam gidc ABC va ADB c6 géc A chung va ABC = ADB (cling bang ntra

s0 do cung BC) nén hai tam giac nay dong dang suy ra % = % = AB*=AC.AD.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Quay tro lai bai toan. Goi U, V Ian lugt la giao diém cta cac doan BE, CF véi (I). Khi
DB? BU BE

do, theo b& dé trén ta c6: BD? =BU.BE va CD*=CV.CF nén — =—.—.
DC CV CF

D@ chitng minh bai todn chi can ching to oo = BF
cV  CE

Tt d6 xét hai tam giac BUF va CVE ¢6 UBF =VCE (cung phu goc BAC),
BUF =180° - EUF =180° — EVF = CVE nén hai tam gidc ddng dang véi nhau,

BU BF
suyra —=—.
Cv CE
Vay ta dugc diéu phai chiing minh.

Cau 6.

+ Ta thay rang néu n 1@ thi nguoi di trude luon thang, bang cach & nudc di dau tién,
ngudi d6 chi 1dy mot vién bi, do &6 6 nhitng nudc di tiép theo, mdi nguedi chi dwgc
lay mot vién bi.
+ Xét treong hop n chdn. RS rang ngudi nao 1dy mot s6 1é vién bi dau tién sé thua, vi
d€ lai cho nguoi di nudc tiép theo médt sd 1é vién bi, tré vé truong hop trén. Do do,
nguoi chién thang phai luon 1dy mot sd chan vién bi. Nhu vay, cac vién bi gan thanh
tlrng cip va mdi ngudi dén lwot s& 14y mot s§ cdp nao do.

TH1: Néu chi c6 mdt cap (n = 2) : nguoi di tredce thua vi chi duoc 18y mot vién.

TH2: Néu s cdp 1é va 16n hon 1 (n =2mod 4): ta sé tro vé truong hop n 1é (vi cac
vién bi da duoc gan thanh cip) va nguoi di trede sé thang,
TH3: Néu s8 cip chdn (n = 0mod 4): moi ngrdi mudn thang thi luén phai 1dy mot s&
chin cdp (néu nguoc lai thi tro vé TH2). Khi d6 cac vién bi duoc gan thanh timng
nhém 4 vién. Twong tw TH1 va TH2 ta thdy néu s& nhom la mét (n = 4); néu n>4 va
s6 nhom lé (n=4mod 8) thi nguoi di trude thang. Néu s6 nhém 1a chén (n=0mods8),
ta lai gén cac vién bi thanh tttng nhom 8 vién, ...
+ Nhu vay nguoi di trude ¢ chién luge thang khi va chi khi n khong phai la mot liy
thtra cua 2 (n # 2k).

Pé so 14

Cau 1.
1) Tacéd: n*+4n+5=n"-1+4n+6
=(n-1)(n+1)+2(2n+3).
Do n lénén n—1 va n+11a 2 s8 chan lién ti€p.
= (n-1)(n+1) chia hét cho 8.
Ma 2n+31é = 2n+3 khong chia hét cho 4.
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= 2(2n+3) khong chia hét cho 8.
= (n-1)(n+1)+2(2n+3) khong chia hét cho 8.
= dpcm.

2
2) Taco: x2+%:7 :>(x+§j =9:>x+%:3(do x>0).

3
:{x+1j =27 & x3+i3+3(x+1j:27
X X X

o x3+i3=18
X

= (xz +i2j(x3 +i3j ~18.7=126
X X

=N x5+i5+x+1=126
X X

= X5+i5=123.
X

Cau 2.

2 2 2 P
B TcAfngquét: \/1_'_%_'_ 1 _\/n (n+1) +(n+1) +n

n* (n+1)’ - [n(n +1)]2

=\/[n(n+1)]2+2n(n+1)+1=\/[n(n+1)+1]2
[n(n+2)]’ [n(n+1)]
:n(n+1)+1:n(n+1)+ 1 1, 1

n(n+1) n(n+1) n(n+1) n(n+1)
% Vay:

X=\/1+£2+i2+\/1+i2+i2+\/1+i2+i2+...+\/1+ L >+ L 5
¥ 2 2° 3 3 4 2017° 2018
=1+i+1+i+1+i+....+1 1

+ —_—
1.2\ 2.3 3.4 2017.2018/

—~—

2017 s6'1

=2017+1_%+1_1+1_£+ 111 1

ot - + -
2 3 3 4 72016 2017 2017 2018
1 4072323

2018 2018

=2018-

** Véy

1 1 1 1 1 1 1 1 4072323
X=1+Z+5+ I+ +5+, [t o+ +..+, 1+ >+ > = .
1 2 2° 3 3 4 2017 2018 2018

Cau 3.

1) 3x+2y27x* +8 =9x° +6

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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< 3+ 2\/(3x+ 2)(9x* —6x+4)=9x*+6 (Diéu kién x> %2)

& 9% +6-2,/(3x—2)(9x* —6x+4) ~3x =0

& 9% —6x+4-2,[(3x+2)(9x ~6x+4) +3x+2=0

<:>(\/9X2—6X+4—M)2:0

< Ix2—6X+4=3X+2
< 9Ix2-9x+2=0

= (thoa man)

Vay phuong trinh c6 nghiém la: x e{%,%}

2) Do m, n cung dau nén:

-Néu m>0; n>0 thi: [m[+2|n|=m+2n.

-Néu m<0; n<0 thi: |m|+2|n|=-m-2n=—(m+2n).

+Goi X, la nghiém chung ctia hai phwong trinh ta duoc:
{XCE My +2=0 c6 nghiém chung

Xy +2nX, +6=0
= 2x; +(M+2n) X%, +8=0 cé nghiém X, .
= A=(m+2n)° -4.2.8>0

& (m+2n)° >64
m+2n>8
[m+2ns—8

=|m|+2|n|>8

Vay |m|+2|n| dat GTNN 1a 8 khi:

m+2n=28

{m+2n=—8

+ TH1: m+2n=8, ta dugc: 2x> +8x,+8=0 < X, +4xX,+4=0< X, =-2. Ta cé:

{(—2)2+m(—2)+2=0 m=3

, = 5 (théa man)
(-2)"+2n(-2)+6=0 n=—_—

2
+TH2: m+2n=-8, ta dugc: 2x2 —8%, +8=0 < 2(x,—2)" =0 < x,=2. Ta c6:
2im2+2=0 |M™=73
= -5 (théa man)
224+2n.2+6=0 n=—

2
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Vay véi m=3 va n= g thi hai phuong trinh c6 nghiém chung x; =-2.
Véi m=-3 van= = thi hai phuong trinh ¢é nghiém chung x, =2.
Cau 4.

1) Xét phuong trinh: x* +2(m—-3)x—m-3=0

Gidst: X, <2<X,

« . XX =—m=3
Ap dung Vi-et ta co:
X +X, =—2(m-3)

Dé phuong trinh ¢6 mot nghiém nho hon 2 va mot nghiém 1é6n hon 2 thi:
{A'>0 - (m-3)"+m+3>0
(% =2)(x,=2)<0 " |x.x, —2(x +%,)+4<0
m’> —6m+9+m+3>0
=3
-m-3-2(-2(m-3))+4<0

m?-5m+12>0
o
3m-11<0

=m <% (do m?-5m+12 luén 16n hon 0).

Vay véi m< 1—31 thi phwong trinh c6 mot nghiém nho hon 2 va mét nghiém 16n

hon 2.
2) Dat:
A= X + y + Z + t
y+z z+t t+X X+Yy
M = X + y + z + t
X+y y+z z+4+t t+X
N = y + Z + ! + X
X+y y+z z+t t+X
:M+N:X+y+z+t+y+z+t+X=4.
X+y y+z z+t t4+X X+y y+z z+t t+X
Ta co
N+ A y+t+x+z+y+t+x+z

X+y y+z z+t t+X

=(y+t){i+iJ+(x+z)( 1 jz 4y+1) + 4x+2) =4.
X+y zZ+t y+z t+X) X+y+z+t X+y+z+t
Chttng minh tuwong tw ta cling c6: A+M >4.
=>A+M+A+N28=A22

D&u “=" xay ra khi va chikhi x=y=z=t>0.

TAI LIEU TOAN HQOC
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A

Ta c6: AC = DB =+/AB2 +BC? =21/2 (cm).

Ma AC =AF (C, F thudc duong tron tam A)
= AF =AC=21J2=EB.

Xét AABE vudng tai B.

Ap dung dinh ly Pi - ta — go ta co:

AE = JAB? + BE? = [212 +(21\/§)2 ~ 2143
1 212

Xét AFME vuodng tai E c6: EM =§EB =

Ap dung dinh 1y Pi — ta - go ta c6:

2
FM =+/FE? + ME? =\/212+(21‘/§] _ 26
2

2
\/_ 21J6
AE 21 FM

Ta co: — —e— 3
A EET =3; ME 21\/_ -3
Xét AAEF va AFME ta cé:

AFE = FEM =90°
AE_FM

EF ME
= AAEF « AFME (c.g.0)
= FEA=FME

Ma FEA+HEM =90° = FME + MEH =90°
= FM L AE (dpcm).

Trinh Binh swu tim va téng hep
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A B
o)
E
D
| C
X
M
Goi | la giao diém BM va CD:
EI AB = — = &
AB AM
Ké OX vudng géc véi DM = AOXD -~ AADE (g.g)
_DX_DE___DE 1
OD AE DE?+AD?* 10
1
= DX =——=R
J10
2
=DM =—R
J10
Xét ADEM ~ AAEC = ME _DE _MD
CE AE AC

ME DE MD?
j— . = =
AE CE AC® 1
ME 1 ME 1
6

>—="=
AE 5 AM

1 1 1
= El =EAB=6CD:>ID=EI+DE=ECD.

= ACMI = ABNF (g.c.g)

= BF =CI :%BC

= dpcm.

Pé s6 15
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1. Véi diéu kién X >0,x#1, ta cod:

x—2\/; N \/;+1 N 2x—2\/;+1
(ﬁ—l)(x+\/§+l) ﬁ(x+ x+1) '\/;('\/;—1)(X+ x+1)
&(x—zﬁ)+(\/§+1)(\/§—1)+2x—2&+1
\/;(J;—l)(x+ x+1)

_ &<X+\/;—2)
&(&—1)(x+ X +l)

(F(F2) o

:(\/;—1)(x+ x+1) XX+l

Ta 6 véi ditu kien X >0, X 1= X +/X +1> X +1>1

x+2 x+2 1

< =l+—<?2
X+X+1 \/§+1 \/;+1

\/;+2

DoPnguyénnénsuyra P=1< ———=1< x=1 (loai).
X+4/X+1

P=

=0<P=

Vay khong c6 gia tri ctia X d€ P nhan gia tri nguyén.
Cha y: C6 thé'lam theo cich sau

p_ﬂ

= 1<:> PX+(P—1)\/;+P—2=O, coi day la phuong trinh bac hai cua Jx.
X++/X +

Néu P=0=>—/x-2=0 vdli, suy ra P =0 nén dé ton tai X thi phuong trinh trén c6

A=(P-1)"-4P(P-2)>0 < -3P*+6P+1>0 < P2—2P+1£%<:>(P—1)ng

Do P nguyén nén (P -1)* bing 0 hoic 1
+) Néu (P —1)2 =0< P=1< x=1khdng thoa man.

P=2
+) Néu (P—1)2=1<:{P = P =2 2x+/x =0 x=0 khéng thoa man

Vay khong c6 gia tri nao ctia x thoa man

2. Vi x= 1 __ 3 :\/5_1
2J3-2 2342 2

nén X = 12 nghiém cda da thiec 2x° +2x-1.

2x2°”(2x2+2x—1)+2x+1 2y +1
(2x2+2x—1)+x+1 X+l

3-43.

Do d6 P=

Cau 2.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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1. Phuwong trinh (m—2)x* —2(m-D)x+m=0< (x-1)((M—-2)x—m)=0 c6 hai nghiém

khi va chi khi m# 2. Khi d6 2 nghiém ctia phuwong trinh 1a a=1va b= %

Hai nghiém d6 la d0 dai hai canh goc vuong cta tam gidc vudong suy ra

>0< m<0 hoac m>2.

m-2
A . R ,1 (m=-2?* 5 m-2 1
Ttr hé thttc — + = =-— trong tam giac vuong ta cO = + = ——=t=
i aZ b2 h2 g g g 2 m2 4 m 2
Véi mr;2=%@2m—4=m:>m=4 (théa man)
vei "2 _ L om s mom=2 (loai)
m 2 3

Vay m=4 la gia tri can tim.
2. DKXD: x+y=0

8(X% +y*) +4xy + > =13
X+

2
Chia phwong trinh (1) cho (X + y)® ta dwoc hé 1 (x+y)
2X+——=1
X+Yy
1 1Y
5{(x+y)2+ 2}+3(x—y)2=13 5(x+y+—j +3(x-y)*=23
(X+Y) X+y
=
1 1
X+y+—— [+ (x-y)=1 X+y+—— |+ (x-y)=1
( y X+y] (x-y) ( y X+yj (x-y)

5u +3v® =23 (3)

Datu =x+ y+i,v:x—y(DK:|u [>2), tacdhé
X+Yy u+v=1 4)

T (4) rut U=1-V, thé vao (3) ta duoc

5u° +3(1-u)* =23 < 4u” -3u-10=0<>u=2 hoac u =—%.

Truwong hop u = —% loai vi |u| < 2.

x+y+iz2
Véi u=2=v=-1 (thoa man). Khi do ta c6 he X+Yy
X—y=-1

Giai hé trén bang cach thé X =-1+Y vao phuong trinh dau ta dwoc

2y-1+ 1 . =2 y=1. Vay hé 6 nghiém duy nhat (x,y) = (0:).

1.Taco () < (y—2)(y-3)+56=(y-2)x*+(y—2)(y—4)x
<:>(y—2)[x2 +(y—4)x—(y—3)]=56

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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< (x-1)(y—2)(x+y—3)=56.
Nhéan thay (y—2)+(x—1)=x+y—3, nén ta phai phan tich s6 56 thanh tich ctia ba s6

nguyén ma tong hai s6 dau bang sd con lai.

Nhu vay ta co
+)56=17.8=(xy)=(2,9).
+)56=7.1.8=(x;y)=(8;3).

+) 56 =(-8).1.(-7)=(xy)=(-7;3)
+) 56 =1.(-8).(-7)=(x;y)=(2;-6)
+) 56 =(-8).7.(-1)=(x ¥)=(-7;9)

+)56=7.(-8).(-1)=(x; y) =(8-6).

Vay phuong trinh c6 6 nghiém nguyén nhuw trén.

2.Do p-5:8nén p=8k+5(kell)

Vi (axz )4k+2 _(byz )4k+2 f(aXZ —by? ) D nén a2 . xBed _ptez yeed: g

Nhén thé/y a4k+2 .X8k+4 _ b4k+2 . y8k+4 — (a4k+2 + b4k+2 ) X8k+4 _ b4k+2 (X8k+4 + y8k+4)

Do a**?+b*" =(a’ )2k+1 +(b2)2k+1 (a®+b*)=p va b<pnén x**+y**ip (%)
Néu trong hai s X, y c6 mot s6 chia hét cho p thi tir (*) suy ra s thit hai cling chia
hét cho p.

Néu ca hai sd X,y déu khong chia hét cho p thi theo dinh li Fecma ta c6 :
8k+4

x¥* = xP* =1(mod p), y*** =y"* =1(mod p)
8k+4 8k+4

= x*** 4+ y¥*** = 2(mod p) . Mau thuan véi (*).Vay ca hai s6 x va y chia hét cho p.
Cau 4.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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S

1. Chitng minh: IBI ,C 1a ti gidc noi ti€p

[, la tAm duwong tron bang tiép d6i dién dinh A va Ila tAm dwong tron noi ti€p tam
giac ABC, tt d6é suy raBI, L BI,Cl, LCI

( Phan giac trong va phan gidc ngoai cuing mot goc thi vuéng goc véi nhau).

Xét t giac IBI,C ¢6 IBI, +ICI, =180°

Tl d6 suy ra t& giac IBI,C 1a t& gidc ndi tiép duwong tron duong kinh 11, .

2. Chtrng minh NI, 1a tiép tuyén cta duwdng tron ngoai tiép tam giac

Nhan thay bdn diém A I,N, 1, thang hang (vi cling thudc tia phan gidc caa BAC).
Do NP 1a duong kinh ctia (O) nén NBP =90°, M Ia trung diém cta BC nén

PN L BC tai M

Ap dung hé thizc lugng trong tam giac vuong PBN ta c6 NB? = NM.NP

1
Vi BIN la gdoc ngoai tai dinh I ctia tam gidc ABI nén BIN =E(ABC + BAC) @

BAC .
Xét (O): NBC =NAC = 5 (cung chan cung NC)

— NBI = NBC +CBI :%(BAC+ABC) 2).

Tt (1) va (2) ta c6 BIN =NBI nén tam gidc NIB can tai N
Chiting minh twong tu tam giac NIC can tai N

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Tkt d6 suy ra N la tdm duong tron ngoai ti€p tam giac IBC, cling chinh 1a tam ctia
duong tron ngoai tiép ti giac 1BI,C = NI = NB? = NM.NP

Vay NI, 1a tiép tuyén cua duong tron ngoai ti€p tam giac 1,MP
3. Chitng minh DAI = KAI,

Goi F la tiép diém ctia dwong tron (I) voi AB.

1
Xét hai tam giac AMNB va AFIA c6: NBM =§BAC = IAF
= AMNB dong dang v6i AFIA.

NI
SuyraM:Emé:ID=IF,NI=NBnénM: 2
FI. 1A ID 1A

Ta co:
MN //ID nén ZMNI, = DIAsuy ra ANMI, dong dang voi AIDA

— /NI,M = 2DAI (1).
Do NI, 1a tiép tuyén cua duong tron ngoai ti€p tam giac 1,MP nén
KAI, = KAN = KPN =I,PN =NI,M (2)

Tie (1) va (2) ta c6 DAI = KAI,

2

Xz y 1+22
2 I
Caus5.Taco P= 2XZ + y +X+ZZ: 2yz + yz + X
yi+yz xz+yzo ox+zoyt o X .4 1.2
yz yz X
X
2 y 22
Y 7 1+7_ a’ b?  1+2¢®
N ) 2 2 7
Y1 Xi1 142 b7+l at+l l+c
Z y X

trong do a’ =5, b? =X, 2=2 (a,b,c>0)
y z X

Nhan xét rang a’. b’ =X (do x>1z).
z

c
a  b?  2ap @ (a’+1)(ab+1)+b?(b® +1)(ab+1)—2aba’(a’ +1)(b? +1)
02+l a’+1 ab+l (az+1)(b2+1)(ab+1)

Xét

_ab(a2—b2)2+(a—b)(a3—b‘°’)+(a—b)2
- (a®+1)(b* +1)(ab+1)
2
az+b2 J2ab o 2
b? +1 a2+1_ab+1_1+1_1+c
c

Do dé (1). Déng thttc xay ra khi a=b.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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2 1428 5 2(2(1+¢%)+(2+c)(1+2¢7))-5(1+c)(1+¢?)

Khi d6 —>— 2=
Y e T e 2 2(1+c)(1+¢?)

:1—3c+302—c3: (1—c)3
2(1+c)(1+¢%)  2(1+c)(1+¢?)

>0 (doc<1) (2)

Tt (1) va (2) suy ra diéu phai ching minh.Déng thtic xay ra khi
a=b,c=lex=y=1z
bé s6 16
Cau 1.
a>0
azl

Ja+2018  a-2018 |Ja+1
(Va+1) (Ja-1)(Ja+1)] 2a

_(Va+2018)(va-1)-(va-2018)(Va+1) Ja+1
(Va+1)(Va-1) A
2201742 Ja+1 2017

T (Ja+1)(Ja-1) 2Ja

Diéu kién: {

Khi dé: Pz{

Cau 2.
e I D e )
(T (T e (]
(VX 2y V) (VX V2 ) + (Vx—A2 )
29k Yy V2 ) (Y —2)+ (Y )
(B-VE)(2dr sz -22)
W2k 2 -2t)
-z
Jy-z
Cau 3.

Ta c6: abed +abc +ab+a=4321<>1111a+111b+11c+d =4321 (1)
Viab,c,de// val<a<9,0<b,c,d <9 nén 3214<1111a<4321
= a=3. Thay vao (1) ta duoc: 111b+11c+d =988 (2)

Lap luan tuong ty ta c6: 880 <111b <988
= b =8.Thay vao (2) ta dwoc: 11c+d =100
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Ma 91<11c<100=c=9 va d=1.
Vay abcd =3891.
Cau 4.
Tt phrong trinh thit hai ta c6: x =2 — 2y thé€ vao phuong trinh tht nhat duoc:
(m=-1)(2-2y)+y=2
< (2m-3)y=2m-4(3)

Hé c6 nghiém x,y 1a cac sO nguyén < (3) c6é nghiém y la s6 nguyén.

Véi me// =2m—-3#0=(3) cé nghiém y=2m_4
2m-3
.1
2m-3
2m-3=1
yell &
2m-3=-1
m=2
m=1

Vay ¢6 2 gid tri m thoa man 1a 1; 2.
Cau 5.
1-x=0

< -4<x<1 (*)
4+x=0

Diéu kién xac dinh {

Véi diéu kién (*), phwong trinh da cho twong dwong véi:5+ 21— X A/4+ X =9
< J(1-x)(4+x)=2
<=(1-x)(4+x)=4

< x2+3x=0

< Xx(x+3)=0

x=0
=

X=-3
DaGi chiéu véi diéu kién (*) ta duwge x=0; x =-3.

Cau 6.
A
E
Il |
B ' M ' C

Trinh Binh swu tim va téng hep
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Ta c6 BC =+ AB? + AC? =20cm. Goi E la giao diém ctia BI véi AC.
AE _EC AE+EC 1
AB BC AB+BC 2

Theo tinh chdt duong phan giac ta cé:

:EC:B—;:wcm

Ta co AICE=AICM(c—g—-c) do:EC=MC =10; ICE =ICM ; IC chung.
Suy ra: IEC = IMC = IEA=IMB
Mat khac IBM = IBA= hai tam giac IBM,ABE dong dang

— BIM =BAE =90° = BI L M
Cau?’.

a)Ta co MBH = ADN,MHB = AND

AMBH -~ AADN

MB BH
= —=—

AD DN
= MB.DN =BH.AD (1)
b) Ta c6: AOHB « AAOD = BH = o8 = DO.OB=BH.AD (2)

DO AD
T (1) va (2) ta c6: MB.DN = DO.OB = MB = ﬁ
DO DN

Ta lai c6: MBO =180° —CBD =180° — CDB = ODN
nén AMBO ~ AODN = OMB = NOD.
Tir d6 suy ra: MON =180° —(MOB + NOD) ~180° — ( MOB + OMB)
~180° — OBC =115°
Cau 8.
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Goi D la trung diém cta doan BC, vi tam giac BOC, AOC la cac tam giac can tai O
nén OD L BC,OM 1 AC.
Ta c6: ODC =OMC =90° = Bé&n diém O, D, C, M cung nam trén dwong tron (1) co
tam Icd dinh, duwong kinh OC ¢d dinh.
Goi E 1a diém d6i xtiing voi D qua tam I, khi d6 E ¢6 dinh va DE la duong kinh ctia
duwong tron (1).
Néu H=E,H =B
-Véi M =E = BHE =90°
-V6iM #E, do DM //BH = DMH =90°.
Khi d6 DME = DMH =90° = H,M,E thang hang. Suy ra BHE =90°
Vay ta luon c6: BHE = 90° hosc H =Ehoic H=Bdo d6 H thudc duong tron
dwong kinh BE ¢§ dinh.

Cau 9.

Véi Vx,y,z>0 tacd: X+Yy+2>3%xyz, E+1+1233i
X Yy z \lxyz

= (x+ y+z)[%+%+%}29

1 1[1 1 1)
= <= =+=+=.
X+y+z 9{x vy z

Déng thitc xdy rakhix=y =2
Ta c6: 5a* +2ab+2b* =(2a+b)*+(a-b)*>(2a+b)?

1 1 1(1 1 lj
= < S| =+=4=
J5a’+2ab+2p® 2a+b 9la a b
Déng thitc xay ra khia=b
1 1 1/1 1 1
Tuwong tu: < S| =+—+-=
J5b2+2bc+2c2 2b+c 9\b b ¢
Déng thtic xay ra khib=c
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1 1 1(1 1 1]
< <—|—+—+—
J5c2+2ca+2a? 2c+a 9lc c a
Déng thitc xdy ra khic=a
PN S S W— WY
J5a% +2ab+2b% /5b%+2bc+2c?  +/5c+2ca+2a® 9la b ¢
3la b ¢/ 3
Déng thttc xay rakhi a=b=c=%.Véy bt dang thitc dwoc chiing minh.

Cau 10.

R

D P C

Gia st hinh vuéng ABCD c¢6 canh la a (a>0). Goi M, N, P, Q Tan luot la trung diém
ctia AB, BC, CD, DA. Goi d 1a mot duwong thang bat ky trong 2018 duwong thang da
cho thoa man yéu cau bai toan. Khong mat tinh tdng quat, gia st d cat cac doan
thang AD, MP, BC Tan luot tai S, E, K sao cho S.pe = 3S paxs

Tit Spgx =3Speks ta suy ra duoc: DS +CK =3( AS + BK)

<a-AS +a—BK:3(AS+BK)<:>AS+BK:%a
< EM :%a suy ra E ¢6 dinh va d di qua E.

Lay F, H trén doan NQ va G trén doan MP sao cho FN =GP =HQ =

o

Lap luan tong tie nhue trén ta c6 cac duong thang thoa man diéu kién ctia dé bai

phai di qua mdt trong bon diém ¢6 dinh E, F, G, H.

Theo nguyén ly Dirichlet tit 2018 duong thang thoa man diéu kién ctia dé bai phai
2018 : , : "

o it nhat [T} +1=505 duong thang di qua mét trong bon diém E, F, G, Hco

dinh, nghia 1a 505 dwong thang d6 dong quy.

Peé so 17
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A . x2—Ix X2+l
Cau 1. a) Ta c6 A—)H_\/_+1 W \/_(\/_ )+J_(&+1)

Do dé B=1-+2A—4Jx +1 =1—|2\/§—14 =1—(1—2J§) = 2Jx.

b) Tt gia thiét 1+1+1—0:>xy+yz+zx 0
z

=X +2yz=X*+yz—-xy—2x=(x-y)(x-2)
Tuong tw: Yy +22x=(y-X)(y-2);2°+2xy =(z2-x)(z- )
1 N 1 N 1 _ 1 1 1
X*+2yz  yr+2zx o P+2xy  (x=y)(x-z) (y-x)(y-2z) (z-x)(z-Y)
Y—X+X—Z+Z-Y

(x=y)(x-2)(y-2)

=0

Suy ra dpcm
Cau 2.
a) bPKXD: x>2

Dit Vx+5=a>0;/x-2=b>0=a’-b’=

Ta c6 phuong trinh (a—b)(1+ab)=a’-b* < (a—b)(a—-1)(b—1)=0

Do a#b nén

+)a=1= Ix+5=1= X =—4 (ktm)

+) b=1=Jx-2=1= X =3(tm)

Vay phuong trinh c6 nghiém duy nhat x=3

b) Ta co:

X =x+y=2x"=2(x+y)=2x :(x2 +y° —xy)(x+y)

2 =x+y’=>x’=y’=>x=y

Thé vao phuong trinh x* +y> —xy=2=x*=2=x=+2=y=+/2

Vay hé phuong trinh da cho ¢6 nghiém (x, y) = {(\/E, \/E);(—\/E;—\/E)}
Cau 3.

a) bKXD: x#0

Dt a=x++/2018; b =;—«/2018(a,b el)
7
= /2018 = ab— 2025 = (b—a)+/2018
a—+/2018 (b-a)

Néu a=b thi vé& phaila sd v ti con v€ tri la sd nguyén, vo li.
Néu a=b=ab-2025=0=a=b=445
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7
Véi a=45—=x=——— =45-4/2018
45+./2018
7
Véia=-45=x=—— =_45-./2018
—45+4/2018

b)Taco ab —ba =(10a+b)’ —(10b+a)’ =99(a* ~b?)
Vi 3267 =99.33
—2 —2, .
Nén ab” —ba 3267 = a’ —b*:33 hay (a—b)(a+b) chia hét cho 3 va 11.
Néu a=Db thoa man yéu cau bai toan
Néu a=b vi 1<a;b <9 nén ta dwoc hai so 47 va 74.
Vay cac s6 can tim 1a 11; 22; 33; 44; 47; 55; 66; 74; 77; 88; 99.
Cau 4.

A D

a) Ta c6 BAE = DAE(gt); BAE = EFC; DAE = FEC = EFC = FEC = AEFC cén tai C
—CE=CF.
Lai c6 BEA=FEC = BEA=BAE = AABE can tai BA=CD=BE=CD
ma B=BA=BE
Do d6 BC = DF (1)
Mit khac, AO'CF can O'CF =0O'FC vi CE=CF
nén O'CE=0'CF =O'CE=0"'FC(2)
Va O'C=0"F(3)
Tt (1) (2) (3) suy ra ABO'C=ADO'F
Do d6 O'BC =0'CF suy ra tt gidc BDCO’ ni tiép dudng tron hay O’ (O).
b) Ap dung hé thiic lugng trong tam giac vudng BCD va phuong tich ctia duwong

tron ta co:
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= DG’ - DE? =CG.BG-CG.BG = GE* =CG.BG-CG.BG

DG’ =CG.BG
DE* =BE.CE

= (CE +CG)2 =CG.BG -CG.BG <> CE* +2CE.CG +CG? =CG.BG -CG.BG
= CE’+CE.CG+BE.CE =CG.BG-CG*-CECG
< CE(CE+CG+BE)=CG.(BG-CG-CG) <« CE.BG =CG.BE
¢) Tia CH cit IK tai N. Ap dung phurong tich ctia dwong tron ta c6
NK?=NH.NC = NI* = NK = NI
Ma CIMK 14 hinh binh hanh, do 6 M,N,H,C thing hang.
Goi J la trung diém ctia OO’ thi NJ la duong trung binh ctia hinh thang vuéng
OIKO'.
Suy ra OB+0O’C =0l +O’K =2NJ.
Goi T la diém d6i xing ctia H qua N, P 1a giao diém cua CH va OO’. Ta c6
PH =PC, OO’ LCH
Suy ra NJ >NP=2NJ >2NP=NH+PH+NP=NT + PC+NP=TC =HM
Vay OB+0O’C > HM.

Cau 5.
X2 +y?+7°
Tir gia thiét X* +y* +2° <3xyz = ~—2——<3
Xyz
Ap dung bat dang thixc Cauchay ta cé: X* +yz > 2x*\[yz = X <1
' y ' - X' +yz 2 fyz

Tuong tw ta co PS%{ L L L J

+ +
Dy oy Jx
Mat khac
ab+bc+ca<a®+b*+c?
2 2 2
:>Ps£ 1+1+1 zllxy+yz+zxsllx +y +z SE
2\x y z 2 Xyz 2 Xyz 2

Vay GTLN cta P:g<:>x:y:z:l.

Pé s6 18
Cau 1.
1. Diéu kién dé P xdacdinhla: x>0;y>0;y#1;x+y=#0 .

LX) -y ) -y (VX)) iy ) - (V)

N Ry TN R Ny Ry
BT T x ey o) R )= 1) e R )
(e - ) - R
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WXy ey e YL y) -y (- )
(1= ) (1-)

SN NNy
2.P=2 & «/;+\/E—\/§=2véi Xx>0;y>20;y#1;x+y=0

@&(1+J§)—(J§+1)=1©(&—1)(1+\/§)=1

Taci:1+ [y >1= Yx-1<1 ©0<x<4 =x=0;1;2;3;4
Thay vao P ta ¢6 cac cap gid tri (4; 0) va (2 ; 2) théa man

Cau 2.

1.Tacod:

(x> =) (x+3)(x+5)=m @

< (X+D)(X+3)(X-)(x+5)=m

& (X2 +4x+3)(X* +4x—-5)=m (2)
Dat Y=X +4X+4=(x+2)*>0 (VXeR).Khidé (2)cédang:
(y-D(y-9)=m hay y*-10y+9-m=0 (3
Phuong trinh (1) ¢6 bén nghiém phan biét twong dwong véi phwong trinh (3) ¢ hai
nghiém dwong phan biét Y, > Y, > 0.

A =16+m>0
<4S=y,+Y,=10>0 < -16<m<9 (4)
P=y.y,=9-m>0

Khi Y;, Y, la hai nghiém duong phan biét cia phwong trinh (3) thi phwong trinh (2)
tuwong duong véi :

X* +4X+4—Yy, =0 hojc X° +4Xx+4-y,=0
Goi x1, x2 1a hai nghiém phan biét ctia phwong trinh : X +4x+4— y, =0
Goi x3, x4 1a hai nghiém phan biét cia phwong trinh : X2 +4X+4— y,=0
Ap dung dinh ly vi-et cho cac phwong trinh (3), (5), (6) ta co :

1,1, 0.1 X+% X+X% 4 -4 A +y,)-32
XX X X X Xy X3 Xy 4-y, 4-y, 16-4(y,+Y,)+VY,
40-32 8

T16-40+9-m -15-m
< M=-7 (thda man)
x> =2+xy> (1)

2.Giéihé: {y2:2+xzy (2)
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- Trir ttng v€ hai phuong trinh ctia hé ta duoc;

x2—y2=xy2—x2y<:>(x—y)(xy+x+y):0<:{x:y 3)
Xy+x+y=0 (4)
- Thay y = x ttr (3) vao (1) ta dugc phuong trinh :
X=-1
X2=24x o (X+)( -2x+2)=0<| x=1-2
x=1+2
Vay ta dwoc cac nghiém (x; y) la :

(-L-1); A-+2:1-42); @+2;1+2)

—X
-Tv (4)suyra Y= m ( vi x =-1 khong phai la nghiém ctia (4)). Thay y vao (2), ta

x? —x°
% - _=2+— o x'+xX°—x*-4x-2=0
(x+1) X+1
S (K +2x+2)(—x-1) =0 X2 —x-1=0 (Vi X* +2X+2=(x+1)°*+1>0)
- x=1—\/§
x=1+\/§
J5-1
_Véi le—\/gjy:m:—S—\/g.Taduo’c (x;y)=(1-5;-3-5) 1a
nghiém cta hé.
~J5-1
voi X=1+B=y= 25 =-3+5. Ta duge (;y) =(1+5;-3++5) 1a

nghiém cua hé.

Vay hé da cho c6 5 nghiém :

(-L-1; @-2:1-+2); @+2;1+42);@-5;-3-5);
L+/5,-3+5)

Cau 3.

1.Taco:

P —1=(p*)™ -1 =(p* -D.A=(p-D(p+D(p’ +D.A (1) (AeN)
Vi P 1a s& nguyén t8 1én hon 5 nén p la s8 1&, suy ra p — 1, p +1 12 hai s6 chan lién
tiép

=((P-D(p+D:4 (2
Vip -1, p, p+1 12 ba s8 ty nhién lién tiép nén (P —1) p(p +1):3. Nhung p khong
chia hét cho3nén (p—D(p+1):3 3
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Vi p khong chia hét cho 5 nén p c6 mét trong cac dang 5K 1, 5k +2

“Néu p=5k+1thi p®=25k*+10k+1=5n+1

“Néu p=5K+2thi p>=25k*+20k+4=51-1

Ca hai truong hop trén déu chota p* —1=5q:5  (4) ((n,1,geN)

Vi 3, 4, 5 1a cac s6 nguyén td cung nhau tirng d6i mot nén tr (1), (2), (3), (4) suy ra
P*™® —1 chia hét cho 4.3.5 tirc 1a chia hét cho 60

2. Vivai tro cta x, y, z binh dang nhau, khac nhau d6i mot nén ta co thé gia sw

X<Yy<Z.Khidd, goitlathuwong cta phép chia X +y°+2° X%y Suyra:

3 3 3 3
X X
2yt & 7 =tx°y? — ;y > tx?y? — 2+32/ =tx’y? —x—y (1)

X7y

X +y +7% =tx

-Néu tx’y* —x-y <0 (%) thit<i2+é<2:>t=1
xy> X

Thay t=1 vao (*), ta dugc X°y? —x-y<0=xy-x-y<0= (x-1)(y-1) <1
=>x=1

=y -y<0ey(y-1)<0 (vdly)

Vay tX°y’ —x—y=>0 (2)

- Tt (1), (2) suy ra: 22 > (tx’y* —x—y)* (3)

-Miatkhacvi X3+ y* + 28 =tx’y?’z° nén X3+ v 22 =3 +y3 > 722 (4)
-Tte (3) va (4) suy ra:

X4y > (tXPy? —x—y)°

< X+ Y >y =2ty (X + Y) + X+ 2xy + Y

= X2+ ¥+ 2ty (x + y) > t°x*y*

3 3 2,,2
<:>txy<x +y +2§x3y (x+y)
X’y
S txy <2 1+1 +i3+i3 (5)
x y) ¢ty

-Néu x>2 thi y>3=txy>6>2 1+E +i3+i3>2 1+1 +i3+i3
2 2) t2° t2 X y) tx ty

Diéu ndy mau thuan véi (5).

Vay x = 1. Khi d¢6 (5) tro thanh :

ty<2+g+1+i3 (6)

y t ty
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-Néu y>4 thity>4> 2+z+1+i32 2+E+1+i3 . Diéu nay mau thuan véi
t t4 y t ty
(6).
Vay y e {2;3} (Viy>x=1)
x*+y*=9:7°
+Néuy=2thi{ x<y<z <<x=Ly=2z=3.
x=Ly=2
(%3 +y® = 28172
+Neéuy =3 thi x<y<z .(Loai)
x=Ly=3
- Thir lai ta thay (x, y, z) = (1, 2, 3) va cac hoan vi ctia né thoa man.
Vay thuong ctia phép chia X° + Y +2° 1 X’y*Z°1a
t=1.
Cau 4.

a) + Chtng minh t giac BONC noi tiép.

- Vi BD, DC la cac ti€p tuyén cua duong tron (O)
nén ta co :

OBD =0CD =90°

= OBD +0CD =90° +90° =180°
Suy ra, t& gidc OBDC néi tiép (1)

Mt khac :

BAC = DBC ( Cuing chan cung BC)

BAC =DNC (ViDN // AB)

= DBC =DNC

Suy ra t& giac BDCN ndi tiép (2)

-Tw (1) va (2) suy ra 5 diém B, O, N, C, D cung thudc mot duong tron.
Vay t& gidc BONC la t& gidc ndi tiép

+ Chttng minh tam gidc ABN can

Tacd:
ANO = OBC ( Vi ciing bi v6i goc ONC)
OBC =0OCB (Vi tam gidc OBC can tai O)
OCB =ONB (Vi cting chan cung OB)

= ANO =0ONB
Suy ra NO Ia tia phan gidc ctia goc ANB. (3)

TAI LIEU TOAN HQOC
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Mat khac :
ON L DN (vi OND =90° 13 géc néi tiép chin nira dudng tron)
DN // AB ( gia thiét)

= ON L AB (4)
Tt (3), (4) suy ra tam giac ANB c6 duong phan giac goc N dong thoi la duwong cao.

Vay tam gidc ANB can tai N.

b) - Xét tam giac DBM va tam giac DNB, ta c6 :
BDN 1a g6c chung
BND = MBD ( hai géc noi tiép chan hai cung bang nhau )
= ADBM [1 ADNB (9.9)

:E=%© DB?=DM.DN (5)
DN DB
- - Xét tam giac DIB va tam giac DBA, ta ¢4 :
ADB 1a g6c chung
DBI = BAD ( g4c tao boi tia ti€p tuyén va day cung )
= ADIB[1 ADBA (9.9)

:E:ﬂ@ DB =DI.DA (5)
DA DB
DM DA
: ; . DI.DA=DM.DN & —=—
Tt (4) va (5) suy ra: DI DN -

Tt d6 két hop voi ADN la géc chung suy ra
ADIM [1 DNA (c.g.c)
= DIM =DNA
Suy ra ti gidc ANMI noi tiép
Tacod:
NAD = IMD ( cting bu véi goc IMN)
NAD =CBI ( cting chan cung CI)
= CBI =IMD
Két hgp vdi goc KBM chung, suy ra:
AKMI LI AKBM (c.g.c)

KM KB
->——=—

KI KM
— KM2=KI.KB (6)
Mit khéc:

TAI LIEU TOAN HQOC
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KDI = BAIl (Hai gdcso le trong)
DBI = BAl (Clng chan cung BI)
= KDI =BDI
Két hop v6i géc BKD chung, suy ra:
AKDI LI AKBD (g.9)
_KD_KB

Kl KD
= KD* =KI.KB (7)
Tir (6) va (7) suy ra : KM = KD
Vay K la trung diém caa DM.
c) Gia st PI ¢4t BC tai L, IQ cit AB tai S.

Ta co:

Pl BI IL

DK B BK - KM (viPI//MN ; dinh i ta let) (8)
Pl _Ql IL

AS B QS N BS (viAB//PL; dinh li ta let) 9)

ViDK=KM nén ttr (8) suy ra: PI =1L
ViPI=IL nén ttt (9) suy ra: AS=BS
. ] ' AS SI BS o
Giastt Sl cat DK tai T, suy ra: E = ﬁ = ﬁ ( Binh 1y Talets ; AB // DK) (10)
Vi AS =BS nén ttr (10) suy ra : T la trung diém cua DK, hay G trung véi K.
Vay ba diém Q, I, G thang hang.
Cau 5.
Khéng mat tinh tong quat, ta ¢ thé gia st a>b>c. Khi do6:

5:a+b+c33a£6<:>§sa£2:>(a—l)(2—a)20 *)

Mat khac, vi 0<b,c<2 nén

(b-2)(c-2)>0

< be>2(b+c)-4

< bc>2(5-a)-4=6-2a (*%)
Do dé
A=+a+b+c =a+yb+c+2vbe >+a+y5-a+26-2a (Theo (**))
<:>A2\/5+\/3—a+2\/§\/3—a+2=\/5+«/ J3—a+2)2 =Ja+3-a++2
vi (Va+ 3—a)2=a+2 a(3-a)+3-a=3+2\3a-a’ =3+2/(a-1)(2-a)+ 2
>3+ 22 = (\2 +1)? (vi (a-1)(2-a) =0, theo (*))
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Nén Ja++3-a>+2+1
Vay A=22+1
0<a,b,c<2;a+b+c=5

D4u bang xay ra khi (a-1)(2-a)=0 —a=b=2;c=1
bc=6-2a
Vay gia tri nho nhat cta bidu thitc A 1a 24/2 +1. Dat dwoc khi (a, b, ¢) = (2, 2, 1) va
cac hoan vi.
Pé so 19
Cau 1.
, ( b)z b? b?
a)Tacd6P(x)=| X+—=| +C——2C——
2 4 4
b2
c-7 =1 {b:—4
Suy ra =
c=3.
——=9
2
x? +xy* —xy—y>=0(1)
PK:x >0
2(x* +1)-3Vx (y+1)-y=0(2)
X-y=0
) e (x-y)(x+y*)=0<=
(1) < (x=y)(x+Y?) {Hyzzo

TH1: X +Y* =0, suy ra X =Y =0 khéng thoa man hé.
THZ:x-y=0hayy=xthé'véo(Z)tadu’QC:2(X2+1)—3\/;(X+1)—X=0
& 2x% =3xx =X =3/x +2=0
S (Vx=2)(24x =1)(x +x +1)=0

x=2 [x=

4

= 1< 1
= — X=—.

x 2 4

Véy hé phuong trinh c6 nghiém : (X;y)=(4,4) va (x;y)= G;%).

Cau 2.
a) bK: -1<x<1

Pit a=+1+X,b=+1-X (a,b>0)

Tacé 2a°+b?—1=3ab+a <> 2a°—(3b+1)a+b*-1=0
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a=b+1
< b-1
a=——-.
2
Véia=b+ltacé JI+X =v1—X +1<2Xx —1=21—-X

1
(bK XZE) <:>4x2—4x+1=4—4x<:>x=§ (thda man).

Véi a=

ta cé 1+ X =—‘1_2X_1<:>2\/1+x +1=+/1—-X
< 4J1+x =-5x—4 (BK XS—%)

& 25X +24x =0 X = —z—g (thoa man).

B3

Vay X = Y va X = —2—5 la nghiém cua phuong trinh.
2a b C

J(a+b)(a+c) ' J(b+c)(b+a) ’ J(c+b)(c+a)

b) Taco P =

( 1 1 j 1 1 1 1 9
<a| —+——|+b + +C + =—
a+b a+c 4(b+c) b+a 4(c+b) c+a) 4

.9
Vay GTLN ctia Pbang — khi b=c= a_ @
4 7 15

Cau 3.

K

A
B
H C

Ké CK L AB( Ke AB) ta c6 CAK = 45%suy ra tam gidc AKC vudng can tai K.
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Dit AB=x, AK =y (x, y >0) tao c6: BK? + KC* =BC* < x* +2xy +2y* =25

1)
Ta c6 2 tam giac BHA va BKC dong dang véi nhau

AH AB 1 X
> —=——=D—=—SXY=5(2).
CK CB vy 5

Tir (1), (2) ta tim dwoc (x;y):(\/g;\/g) hodic (x;y):(@;@j_
Vay AB =+/5cm, AC=+/10 cm hosc AB=+/10cm, AC =+/5cm.

Cau 4.

a) Tacé ADC = AEC K Ia tryc tim tam giac ACE nén AKC + AEC =180°.
Suy ra AKC + ADK =180° do d6 ti giac ADCK ndi tiép. Vay K e (0).
Cac tir giac KIPC, KIAQ noi tiép suy ra CIP = CKP va
AlQ = AKQ (1)
Tir cac t gidc ndi ti€p ABCK, BPKQ ta c6 AKC =180° — ABC =QKP suy ra
CKP = AKQ (2)
Tt (1) va (2) tacé CIP = AlQ = P, 1,Q thang hang.

b) Goi M la giao diém ctia AH vdi (O) (M khong trung véi A) va N la giao diém cua
AH va PQ
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suy ra MN // KP.
Bon diém B, Q, K, P thudc mot dwong tron (vi KQB =KPB=90°) va A, B, M, K

thudc (O) = QBK = AMK = QPK..
Suy ra MNKRP la t giac noi ti€p. Do d6 MNKP la hinh thang can suy ra KN = PM.

Mat khac PH = PM suy ra PHM =PMH =KNM = KN//PH suy ra HPKN la
hinh binh hanh.
Vay PQ di qua trung diém cua HK.
Ghi _chii: Néu thi sinh vé hinh trong truong hop truc tim K cua tam gidc ACE nam nam
ngoai tam gidc ACE thi ¢ cdu a van chitng minh bon diém A, D, C, K thudc mot dwong
tron.
Cau 5.
a) Khong mat tinh tong quét gia st m<n<p<d.
1 1 1 1 1 1 1 l 1

Neum>3th1i+ +—+—+ —+= —
mnpqmnpq3571135711

1 1 1 1 1
Vay m=2 va (1) tr6 thanh —+—+—+——=— (2).
n p gq 2npq 2
1 1 1 1 1 1

1 1 1
Néu n>5tacd —+—+—+— <—.
n p g 2npg 5 7 11 25711 2

Vay N =3 va (2)trorthanh:-I-l+i=1 (p—6)(q—6):37

q 6pg 6
suyra Pp=7 va =43.
Vay (m;n;p;q) 1a(2;3;7;43) va cac hoan vi cta no.
b) Cac s6 dwgc viét trén bang 1a 1; 5; 11;...
cac sd dau tién ctia bang ¢6 dang 3m + 2 (trir s& 1) véi m e N.
Néu st dung s 1 d€ viét thi s6 mdi c¢6 dang
3m+2+1+(3m+2).1=6m+5=3k+2(keN).
Néu khong str dung s6 1 d€ viét thi s6 méi c6 dang
3m + 2 +3n + 2+(3m+2)(3n + 2) =9mn +9m +9n + 8§ = 3k + 2
(ke N). Suy ra diéu phai chttng minh.

beé 56 20
Cau 1.
a) Ta co:
~ x—4 2x—5x -1 | 2x% +4x +xa/x +2
{(2& “DWx+2) @x-D@Vx +1)M 2% J
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Vx-2 2x-5Ux-1 ][ @YX+ DX +2)
| 20x -1 (2Jx-)(2Vx +1) 2x

N }[(2\/;+1)(x\/;+2)}

| x-D(x+1) 2/x
_x\/§+2
2x
+Voi x>0, ta co: x\/;+2:x\/;+1+123.\3/x\/§.1.1:>x\/;+223«/;
XNX+2 3\/_
Suyra P= P>— dau bang xay rakhi x=1
y 2 dx 2\/— ( g xay )-

Do d6, dé P Sg thi x=1.

Cach khac:

+Véi x>0, ta cé: P£§<:>X X+2§§@x\/§—3\/§+230 *)

24x
Dit t=+/x,t>0.
Khi d6 (*) tré thanh: t* —3t+2<0
< (t-1)%(t+2)<0
Vit+2>0,(t-1)*>0 nén (t-1)°(t+2)<0<=t-1=0<t=1hay x=1.

1 1 1
b) Theo dé: ab+bc+ca=3abc < —+—+=-=3
a b c
a> (a’+ac)-ac ac
2: 2 =a- 2
c+a c+a cC+a
c+a’>2ac = aczglJEgc_H
c+a” 2 4
s a® |, c+l
uyra 2 = 4
T t b3 > _a_+1 C3 >C_E
COMBMI A R T 4 Tbact 4

3 3
S A>—(a+b+c)——
uy ra 4( ) 2

Dung BDT C6 Si chiing minh dugc: (a+b+c) 1,115
a b c
=(a+b+c)3>9=a+b+c>3

Suy ra Azg, d4u bang xay rakhi a=b=c=1.

: 3
Vay min AZE khi a=b=c=1.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

Céach khac :Ta co: ab+bc+ca:3abc<:>i+%+1=3
a C
1 1 1 X, ¥,2>0
bat Xx=—, y=—,Z=—,khidé:{ yi2> .
a b C X+y+z=3
X y z

Biéu thitc A dwoc viét lai: A= —+ —+ .

y(x+y°) z(y+z°) x(z+x°)
X _(x+y)-y* 1y

Y(X+Y) Y(X+Y) y Xx+y’

N X 1 1

ma X+Yy >2y\/_:> i nen
X+y NN y(X+y) y 2dx

ma—=12 11 1(1+£j nén %Zl—l(1+lj
J_4\/x4x y(x+y?) y 40U x

(ddu bang xdy ra khi x=y=1)

Tuwong tw: y 3_1(14.1) ;ZE—E(HEJ

Taco:

z2(y+z%) z 40U y) x@z+x) x 40 z
Suy ra A—E 1 1+1 —g.
4\x vy z) 4

Dung BPT C6 Si ching minh dugc: (X+Y+2) 1,110,
X y z

<:>3(£+£+£j29<:>1+£+123(v‘1z+y+z=3).
X y z X y z

Do d6 Azg , ddu bang xay rakhi x=y=z=1hay a=b=c=1.

Vay minA:%khi a=b=c=1.

Cau 2.
a) Cach 1:
Diéu kién: —-1< x<1.
Khi d6 ta c6: X2 ++1+X+/1-x-2=0

=S (\/1+ X ++/1— x)2 =(2-x)? < 2J1-x* +2=(2-x%)* (1)

Pat t= \/1—7 , 1>20. Phueong trinh (1) tro thanh:
2t +2 = (t* +1)?
t'+2t*-2t-1=0
e (t-D[E+D(t* +1)+2t|=0 (2)
Vit>0 nén (t+1)({t*+1)+2t>0.
Do d6 phuong trinh (2) c6 nghiém duy nhétla t=1.
+Véi t=1=x=0(thda).
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Vay phuong trinh da cho c6 mot nghiém duy nhatla x=0.
Cach 2:
+Dbiéu kién: -1<x<1.

XAVl X +V1-x-2=0 I+ X +/1-x=2-%> (%)

2 2
+Détt=\/1+x+\/1—x,t20.Suyra t?=2+2 1—x2<:>[t 22] +1=2-%°

Khi d6 phuong trinh (*) tro thanh:
t'—4t° 4t +8=0 (t—2)(t*+2t° —4) =0 (*)
+vit?=2+2y1-x* 22 va t>0nén t>+2.

Do d6 t* +2t* ~4>22+4-4>0.

Suy ra phwong trinh (*) c6 nghiém duy nhatla t=2.

+Voi t=2= x=0(thoa).

Vay phuong trinh da cho c6 mot nghiém duy nhétla x=0.
Cach 3:

+ Dbiéu kién: -1<x<1.

Dit V1+x=a,V1-x=b (a,b>0).Suy ra: 8> +b* =2 (1)
+Hon nita: V1-X° =ab=2-x> =a’b” +1.

+ Phuong trinh da cho tré thanh: a+b=a’h*+1 (2)
a’+b’=2 {ab =1

T (1) va (2) ta co hé: =
(Dva® ' {a+b=a2b2+1 a+b=2

{azl
= = x=0

b=1
b)
{xy2+2x—4y=—1 C>{xy2+(2x+l)=4y &
x2y% +2xy° —4x+3y =2 (X*y? +2xy +1)y — 2(2x +1) = -2y

(lww 3: khong nhat thiét bién d6i dwa vé'phai cua pt thir hai vé —2Y , co thé’ -3y )
2x+1=0 1

- Xét y =0 thay vao hé (*) ta duoc: & X=
-2(2x+1) =0 2
x=_1
Suy ra 2 lamot nghiém ctia hé.
y=0

- Xét y #0, hé phuwong trinh (*) twong duong véi he:
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2x+1
y

=
ﬁy?+mq+1—2[bv4j:—2 uy+nz—2(b$4}:—2

2x+1:5

4 (xy+1)+

Xy +

(*)

2x+1 A . a+b=5
bat a=xy+1,b= ; khi d6 hé phuong trinh (**) tré thanh: (***)
a’-2b=-2
a=2 |(a=-4
+ Giai hé (***) tim duwoc: , .
b=3 |b=9
Xy+1=2 X 2x+1 =1 x=—§
. la=2 . x=1_ 2
*Voi taco < 2x+1 & = hoac
= =3 _2x+1 y=1 y=—2
y y= 3 3

Xy+1l=-4 x(szrlj:—S

s . a:_ 14 9
*Véi taco ¢ 2x+1 =
{b 9 ; =9 y- 2X+1

(vO nghiém)

Vay hé phrong trinh da cho ¢6 ba nghiém:

Cach khac:

xy? +2x—4y =-1 - xy’ +(2x+1) =4y
X2y® +2xy? —4x+3y =2 X2y® +2xy? —(4x+2) = -3y

2xy° +(4x+2) =8
<:>{ Xy (Ax+2) =8y = X’y +xy’* -5y =0

X2y® +2xy? — (4x +2) = -3y
y=0
< xy=1
Xy =-5
+Véi y=0. Suy ra duoc (X; y):(—%;O).

+Véi xy =1. Suy ra dugc (x;y) =(L1) hoac (x;y) = (_g;_%) )

+Véi xy =-5. Treong hop nay khong ton tai cap (X;y).

Vay hé phuong trinh da cho c6 ba nghiém: X= 2,
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a) Ta co:

a®—b*+3(@°-b*)+3(a—b)=(a+1)(b+1)+25

< (@°+3a°+3a+1) - (b°+3b° +3b+1) =(a+D)(b+1)+25
<@+’ —(b+1)° =(a+D)(b+1)+25 (*)

bat x=a+lLy=b+1(x,yeZ;x,y>2).

Khi d6 (*) trd thanh: X° —y° = Xy +25 <> (X— Y)(X* + Xy + y*) = Xy + 25 (**)
+ Tk (*)suyra X>Y=>X—y =1, ma x> +xy+y* >0 nén:
X+ Xy + Y <Xy+25= x> +y*<25=x<4 (1).
+Honntta: X>Y va X,y =2 nén Xy >26.

Suyra X’ =y =xy+25>31=x*>31=x>3 (2)

Tt (1) va (2) suy ra: x=4.Do X>Yy va Y=2 nén ye{2;3}.

4 a=
3 thoa (**). Suy ra {

X =
+ Thtr lai, chi co {

3
5 la cdp sO can tim.

b) Cach 1:
24a° +1=b* = 25a° +1=a’ +b* = a’ +b* =1(mod5) (1)
. |a=0,£1,+2(mod5)
Ta co:
b =0,+1,+2(mod5)
{az =0,1,4(mod5)
j—

i 2
b° =0,1,4(mod5)

. . a®=0(mod5) . _ [a®=1(mod5)
Tw (1) va (2) suy ra: § hodc 4 , .
b° =1(mod5) b° =0(mod5)
Suy ra chi mot sd a hodc b chia hét cho 5.
Cach 2:
248’ +1=b* < 25a° +1=a’+b* = a’ +b* =5k +1 (1)

vneZ=n=5l+r(leZre{01234})
=n*=5l,+r (I, eZ,r7 €{0;1,4}) @

Tt (1) va (2) suy ra: {az B
b* =5k,

Suy ra chi mot s6 a hodc b chia hét cho 5.

Cach 3:

24a° +1=b’ < 24a’ —b* = -1 khong chia hét cho 5 nén a va b khong dong thoi

chia hét cho 5.

+ Gia st a va b déu khong chia hét cho 5.
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a* =1(mod5)
b* =1(mod5)
Néu a’ +b* =0(mod5) thi 25a° +1=a®+b? =0(mod5) ( vO 1i).
Suy ra a* —b? =0(mod5) = 23a% +1=b*—a? =0(mod5) (*)

Vi a khong chia hét cho 5 nén a =+1,+2(mod5).

Theo dinh ly Fermat ta c6 { = (a® +b*)(a* —b*) = 0(mod 5)

Véi a==+1(mod5) = a® =1(mod5) = 23a* +1=—1(mod5) ( trai véi (*))
Vé6i a=+2(mod5) = a® = 4(mod5) = 23a* +1=3(mod>5) ( trai vdi (*))
Vay diéu gia st la sai. Ttr d6 suy ra diéu can chitng minh.

Cau 4.

+Goi N 1a trung diém cua IM, F la giao diém cua DE va IB.
+Taco: L =A=A=F=C = F =B
Suy ra t& gidc BFDM noi ti€p trong duong tron.
—DMB=F, =C,
Suy ra DM // AC hay DM // AE (1)
AED =EDM = EDI . Suy ra AEDI Ia hinh thang can.
(Hodc tir gidc BEFDM va BIAC ngi tiép nén FDM = IAE ;
FDM = FDI = DIA= DIA=IAE. Suy ra AEDI la hinh thang cin.)

Suy ra ADE = IED =DEM nén AD//EM (2)
T (1) va (2) suy ra tt gidc ADME la hinh binh hanh.
Cach khac:

+Goi N 1a trung diém cua IM, F 1a giao diém cua DE va IB.

+Tacd: |, =A =A = F =C, = tt gidc BFEC noi tiép trong duong tron.
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Suy ra FBC = AED (1).

+Mat khac K =C, = F, = B, = t& gidc BFDM ndi tiép trong duong tron.
Suy ra FBC = MDE (2).

Tt (1) va (2) suy ra AED = MDE = AE//DM (*)

Hon ntta AED = MDE = AED = IDE

Ma DE//IA. Do dé t gidc AEDI la hinh thang can.

Suy ra ADE =IED; ma IED =DEM nén ADE = DEM = AD//EM (**)
Tt (*) va (**) suy ra tt gidc ADME la hinh binh hanh.
Cau 5.

a)

Cach 1:

+ Xét hai tam giac AKBF va AKEC co:
K chung, KBF =KEC (vicung bu véi FBC)
Suy ra AKBF va AKEC dong dang.
Suy ra: KB_KE < KB.KC =KF.KE (1)
KE KC
+ Tuong tu: AKBL va AKAC dong dang.
Suy ra: KB_KL < KB.KC = KL.KA (2)
KA KC
Tw (1) va (2) suy ra: KF.KE =KLKA < KF _ &; hon nita FKL = AKE.
KA KE
Suy ra AKFL va AKAE d6ng dang.
Suy ra KFL = KAE.
Do dé4 diém A, L, F, E cung nam trén dwong tron.
Ma A, E, F nam trén duong tron duong kinh AH nén L cling ndm trén duong tron
dwong kinh AH. Vay HL vudng goc voi AK.
Cach 2:
+Ha HL’ vudng goc AK tai L’. Ta di chitng minh L’ thudc duong tron (O).
+5diém A, L', F, H, E cung nam trén dwong tron duwong kinh AH.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

+ Chting minh duoc AKFL' va AKAE dong dang.

= KL"KA=KF.KE.

Tuong tu ching minh duoc: KF.KE = KB.KC

Suy ra KL".KA=KB.KC.

Chting minh duwoc AL’BC noi ti€p. Suy ra L’ trung L.
Vay HL vudng goc voi AK.

b)

. | ANB=AMB
+ Ta co: — ANB = ACB
AMB = ACB

+ Tt giac DHEC ndi tiép nén ACB+ AHB =180°. Suy ra ANB+ AHB =180,
Do d6 t& giac AHBN ndi tiép trong duong tron.
Suy ra NHB=NAB. Ma NAB =MAB nén NHB = MAB
+ Twong tu ta cing chitng minh dwoc: CHP = MAC .
+Suy ra NHB + BHC + CHP = MAB + BHC + MAC = (MAB + MAC) + BHC
=BAC + BHC = BAC + FHE =180°
SuyraN, HvaP théng hang.
Dé s6 21
Cau 1.
a) Ta co:

p:m(J1+J1_7+J1_J1_7)
=P’ =(1- x)(2+2 1—(1—x2)) =2(1-x)(1+|x|)
Ma P = 1= X+ (1= X)V1— X +y1=x—(1=X)V1—x* 0= P =2 (1-X)

Véi x=——t = p=2019 5
2019 2018
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b)
b3t x=«/§;y=\/5;z=\/E:>xy+yz+zx:1:>a+1=(x+y)(x+z).
Tuong tu: b+1=(y+x)(y+2z);c+1=(z+x)(z+Y)

Khi d6 ta co:

\/§+\/B+\/E: 2(xy+yz+2x) 2 |
1+a 1+b 1+c (x+y)(y+z)(z+x) [1+a)l+b)(1+c)
Cau 2.

a) Ta co:

2x° —2x+1=(2x+1)(\/x2 —X+2 —1)
= (x2 —x+2)+(x2 —x—l) =(2x+1)(\/x2 —X+2 —1) (1)

Pit t=+X"-x+2-1= XZ—X+2=(t+1)2thay vao phuong trinh (1) ta duoc

t=x
t—x)(t—x+1)=0 )
R
Xx>-1 1
Véit=x= , S X=—.
x> —x—2=(x+1) 3
Xx>-1
Véit:x—1:>{ ) oS X=2.
X —X—-2=X

X =2.

1
Vay phuong trinh da cho c6 nghiém Véi X = 3

b)
2 2 2 2 _
X +(y+1) =xy+x+1 (e X +(y+1) —-x(y+1)=1 ()
2x° =x+y+1 2x3 =x+y+1
batt=y+1 tacéhé
X*+t? —xt=1 Xt oxt=1 [x=t=1
(e, . = = :
2% = (x+1)(X* +t*=x) " |x=t x=t=-1
Vay nghiém ctia hé phuong trinh la (X; y) = (l; 0) ; (—1; —2).
Cau 3.
a) Tacé 2X* +2y* +3x—6y =5xy—7 < (x—-2y)(2x—y+3) =7
Xét cac truong hop ta ¢6 (X;y) =(3;2);(-5;,-6);(—-7,—4);(L;4).
b) Do n*+2n++/n’*+2n+18+91a s§ chinh phuwong nén n’+2n+18 la s8 tuw
nhién.

bat Vn®+2n+18=k (kell)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC




Website:tailieumontoan.com

<:>n2+2n+18=k2<:>(k+n+1)(k—n—1)=17

Do k,n déulaso tynhiénnén K+n+1>k-n-1

K+n+1=17 k=9
Xét{ <:>{ 7:>nz+2n+\/n2+2n+18+9:81:92(tm)

k—-n-1=1 n=

Vay n=7thda man yéu cau bai toan

Cau 4.
1)
A
M
%
‘\H \
P
B D N C

a) Do BE,CF la cac duong cao ctia tam giac ABC
nén BFC = BEC =90° = BFEC nJi tiép duong tron= PBF = PEC.

Tir 46 suy ra APBF #APEC(g-g)= EE PE = PE.PF =PB.PC (1)
T gidc AMBC ndi tiép duwong tron = PBM = PAC.

Ttr d6 suy ra APBM #APAC(g g) EE I;I\(/I: PB.PC = PM.PA (2)
Tt (1) va (2) suy ra PE.PF = PM.PA

Tt PE.PF =PM.PA= ;\i %

suy ra APMF #APEA(C— g —C) = PMF = PEA= AMFE ni tiép (3)

Do AEH = AFH =90° = AEHF noi tiép (4)

Tk (3) va (4) suy ra 5 diém A,M,F,H,E cung thudéc mot duong tron duwong kinh
AH = AMH =90° = AM 1 HM.

b) Ké duong kinh AK' cuia duwong tron (O).

Goi N 1a trung diém ctia canh BC.

Chting minh duoc t giac BHCK la hinh binh hanh, ¢c6 N la trung diém caa BC nén
N la trung diém caa HK.

Suy ra ON 1a duong trung binh cua tam gidc AHK = AH =20N.
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Ta c6 tam giac OBC can tai O suy ra ON la duong trung tuyén, ciing dong thoi la
duwong cao, deong phan giac.

Khi d6 NOC = % BOC = o khong d6i (vi ba diém O, B,C ¢6 dinh)

Do d6 Sy =%BC.HD=%BC(AD—AH)£%BC(AN —20N)

s <%BC(AO+ON—ZON):%BC(AO—ON)

BHC —

Ma ON =cosa = Sy, < % BC(R—Rcosa) = % BC.R(1-cosa) khong doi.

Dau “=” xay ra <> D =N vaba diém A O,N thing hang
Khi d6 A la diém chinh gitta ctia cung 16n BC.
Vay khi A 1a diém chinh gitta ctia cung 1én BC thi dién tich tam giac BHC dat gia

tri 16n nhat 1a MaxS,,,. = % BC.R(1-cosa)

VA
pa

Goi K 1a diém d6i xtiing cta | qua EF.

Xét treong hop K trung véi diém A

Khi d6 Kl la day cung caa (O). Ma EF la duwong trung truc cua Kl nén EF di
qua O.

Xét truong hop diém K khong trung véi diém A

Ta c6 CIF +BIE =180° = EIF + BIC =180° (1)

Lai c6 tit gide ABIC noi tiép duong tron (O) nén BAC +BIC = 180° (2)

Tt (1) va (2) suy ra BAC = EIF = EAF = EIF

Lai ¢c6 EIF = EKF = EAF = EKF = A E,F,K cung thudéc mét duong tron.

Gia str tr gidc AEFK noi tiép (h.vé)= KAF = KEF = KAB=KEF (3)
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Ma IEF =KEF (4)
Mit khéc IEF =BIK (cting phu véi KIE). (5)
T (3) ; (4) ; (5) suy ra KAB = BIK = AKBI noi ti€p dudng tron = K (0O)

Khi d6 Kl 1a day cung cta (O). Ma EF la dwong trung truc cia Kl nén EF di qua
0.
Vay EF ludn di qua diém O c6 dinh.

a’ +3ab +b? . b? +3bc +c? . ¢’ +3ca+a’
J6aZ +8ab+11b? /6b? +8bc+11c?  ~/6¢ +8ca +11a2
Nhan thdy 6a* +8ab+11b* =(2a+3b)" +2(a—b)’ > (2a+3b)’

a’ +3ab +b? a’ +3ab +b?
= <
J6a? +8ab+11p?  2a+3b
_a’+3ab+b® 3a+2b
< =

Caub5.bat M =

(a—b)2 >0 ludn dung

2a+3b 5
2 2
N a“+3ab+b S3a+2b (1)
J6a? +8ab +11b? 5

Chttng minh tuwong tu:

2 2 2 2
b°+3bc+c <3b+2c 9). c“+3ca+a <3c+2a (3)

Jeb? +8bc+11c> 5 "J6c? +8ca+1la> 5
Cong theo v& ctia ba bat dang thirc (1);(2);(3) ta duwegc
M < 3aJ5er+3bJ5ch+30J;2a Casbac

Miit khac (a+b+(:)2 £3(a2+b2+c2)=9:>a+b+c£3
Suyra M =a+b+c<3.
Dé4u “="xay ra a=b=c=1.
Vay MaxM =3 < a=b=c=1.
bé s6 22
Caul.
1) Ta c6

B:\/13+30\/2+\/9+4\/§ =\/13+30\/2+»\/8+2\/§+1
=\/13+30\/2+\/(\/§+1)2 =\/13+30\/2+ 8+1=13+30V2+242 +1

:\/1:-5+30«/(\/5+1)2 —\18+2:/18.5+25 =,/(x/ﬁ+5)2 =3\2+5

2) Tk gia thiét a+b+c=0 ta duoc

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

a’ b’ c’ a> b> & a’+b’+c
- + - + : =t —+——=
(b+c) -b*-c* (c+a) —-c*-a’ (a+b) —a’-b’ 2bc  2ca  2ab 2abc

Tacod a’+b°+c? —3abc=(a+b+c)(a2 +b*+c? —ab—bc—ca)=0.

T d6 suy ra a’ +b’ +c’ =3abc do vay ta dwgc P =%

Cau 2.
y =2Vx
y=3\/;

+ Vi y=2\/;:>2x+1=2\/;<:>x+(\/;—1)2 =0, khong c6 x thoa man.
\/;zl x=1

=

1) Tacd y*—5yVx +6x=0<

+V6i y=3Jx = 2x+1=3Vx & 1
4

Tir d6 tim dwoc cac diém thdéa man la M (1; 3)hoéc M{% ,%) .

2) Ta xét cac treong hop sau
+ Voi a=0:>b=—%c ta dwoc Zcx=c.
Néu ¢ =0 thi phuwong trinh c¢6 nghiém dung véi moi x el].

Néu c#0 thi phuong trinh ¢6 nghiém x = % .

+Véi a0, khi d6 phwrong trinh c6 bac hai an x. Tir %%i =0 ta duoc

c:—éa—éb. T do
6 5

A=b*—-4ac=b*-4a —éa—éb =b? +Eab+—a2
6 5 5 3

2
RO PONVIC FE UL IV N T P00 I IPC BN
5 25 75 5 75

Suy ra phuong trinh ludn c6 hai nghiém phan biét.
Vay phuong trinh da cho Iu6n cé nghiém.
Cau 3.

1) Ta cod 4ab < (a + b)2 nén ta suy ra dugc

8 S 8 _ 8

(a+b)2 +4abc (a+b)2 +C(a+b)2 (c+1)(a+b)2
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(a+b)2

Laicod a®?+b* > 5 nén

8 a’ +b’ 8 (a+b) 2\2
> + > +
(a+b) +4abc 2 (c+1)(a+b) 4 e+l
2 2
Mt khéc ta lai c6 22 5 2 - 8 Dods 5 ,a+b 8
Je+l 2\/2(C+1 (a+b) +4abc 2 c+3
Tuong tu b+’ 8 8 Jat+c 8

+ > ; > .
(b+c)2+4abc 2 a+3 (c+a)2+4abc 2 b+3
Cong theo vé& cac bat dang thitc cing chiéu trén ta duoc

8 8 8 . . L, 8 8 8
> + > + > +a"+b°+c 2 + +
(a+b) +4abc (b+c) +4abc (a+c) +4abc a+3 b+3 c+3

Vay bat ding thiic dwoc chiing minh. DAu bang xay ra khi va chikhia=b=c=1.

2) Vi 9k* +1 chia 3 ¢ s6 dw la 1 nén a® +b’ +16¢” chia 3 ¢6 s6 du la 1, tir d6 ta suy
ra dugc a® +b” +c” chia 3 cd s6 du 1a 1. Ma binh phwong ctia s6 nguyén td chia 3 thi
cd s6 du 1a 0 hodc 1 nén tir a® +b” +¢” chia 3 c6 s6 dw 1a 1 ta suy ra dugc hai trong
ba s6 a, b, ¢ phai bang 3.

+ Trueong hop 1. Khi a=b=3 ta co
18+16¢* =9k* +1=>17 =9k* ~16¢” = (3k — 4c) (3k +4c).

(thoa

< N . 3k—-4c=1 k=3
Do 17 la s6 nguyén t6 va 3k +4c > 3k—4c nén tir duoc

3k+4C=17<:> c=2
man).

Vay ta dwoc (a;b; c;k) = (3,' 3; 2;3) .

+ Treong hop 2. Khi a=c=3 hodc b=c=3.

Véi a=3 tacd 3°+b* +16.3* =9k +1=>152 =9k’ -b* = (3k—b)(3k +b)=2"19.

Vi 3k—b;3k+b cling tinh ch&n 1é ma tich 1a chdn nén chiing cling chén. Ta dwoc
cac kha nang sau:

. |3k—-b=2 k=13
o Néu = (thoa man).
3k+b=76 b=37

Ta dwoc cac bo (a;b; c;k) thoa man la (a;b; c;k) = (3; 37; 3;13)

.~ |3k—-b=4 k=7 L
o Néu = (thda man).
3k+b=238 b=17

Ta dwoc cac bo (a;b; C;k) thoa man la (a;b; c;k) = (3;17; 3;7)
Tuong twr ta c6 cac bo (a; b; c;k) = (37; 3; 3;13),(17; 3; 3;7) .

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

1) Tam gidc AOC can tai O va ¢6 OD la
duwong cao nén la phan giac trong goc
AOC, do d6 AOD =COD = AD =DM
nén DA =DM. Vay tam gidac AMD can
tai D.

2) D@ thdy AOEA =AOEC(cg.c), tir d6

suy ra ta dwgc OAE = OCE =90"
Do d6 AE L AB. Vay AE la tiép tuyén chung ctia (O) va (O')
3) Gia sit AM cat duong tron (O) tai N'. Ta c6 AOAN' can tai O va OM L AN’
nén OM la duong trung tric cua AN'. Ttr d6 ta duwoc CA=CN'.
Ta c6 CN'A =CAM ma CAM=DOM, do d6 CN'H =COH. Suy ra bon diém
C,N',O,H thudc mot duong tron. Suy ra N' thudc duong tron ngoai ti€p ACHO.
Do vay N' trung véi N.
Vay ba diém A, M, N thang hang.
4) Vi ME song song v6i AB va AB L AE nén ME L AE.
MO MA AO
EA EM MA
Dé thdy AMEO can tai M nén ME =MO. Thay vao hé thtic trén ta dwoc
MA? =OAMO
Pit MO=x>0 tacé MA? =0A? -MO? =a* —x>.
Tir MA? =OAMO suy ra a’ —x* =ax <> x* +ax—a’ =0.

Ta c6 hai tam gidc MAO,EMA d6ng dang nén =MA? = AO.EM.

Tt @6 tim dwoc OM =

Cau 5.
1) Dyng tam gidc ANB vuodng can tai N (A, B M N

nam khac phia ddi véi NP).
Tac6 AB® =2AN?, BAN =45 va B
AAMN = ABNP(cg.c)=> AM =BP.

Do d6 AP? + AB*> = AP> +2AN” = AM” = BP?
nén suy ra DABP vudng tai A.

Nén PAN =PAB+BAN =90° +45° =135°

Q P
2) Goi x;;x,;X, labanghiém cua P(x) ta co P(x)z(x—xl)(x—xz)(x—XB)
Suy ra, P(Q(x)):(Q(x)—xl)(Q(x)—xz)(Q(x)—xa)
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Do P(Q(x)) =0 vO nghiém nén cac phuong trinh Q(x)—xi = O(i = 1,2,3) vO
nghiém.
Hay cac phurong trinh x* +2016x+2017 —x; =0(i=1,2,3) v0 nghiém
Do d6, cac biét thirc tuong ting A, =1008% —(2017 - x, ) < 0 <> 2017 — x; > 1008
Suy ra P(2017)=(2017 -x, )(2017 -x, ) (2017 —x; ) > 1008°.
bé s6 23

Cau 1.
Theo bai ra: a* +b* +c” +2abc=1
Suy ra a’+2abc=1-b” —c*;b* +2abc =1-c* —a*;c* +2abc=1-b* —a*. Tt d6 ta c6
Pza\/(l—bz)(l—cz) +b\/(1—a2)(1—c2) +c\/(1—b2)(1—a2) —abc

—avl-c?—b2+ b2 +by1—-c? —a? +a’c® +cy/1—a? —b? +a’b? —abc

= a\/a2 +2abc + b?c? +b\/b2 +2abc+a’c? +C\/C2 +2abc +a’b? —abc

= a\/(a+bc)2 +b\/(b+ac)2 +c\/(c+ab)2 —abc

=a(a+bc)+b(b+ac)+c(c+ab)—abc=a2 +b*+c?+2abc=1

Cau 2.

a) Ta co:
2
(X -9) =12x+1e x* ~18x* +81 =12x+1
& x +18 +81=36x +12x+1 (x2 +9) = (6x+1)
x> +9=6x+1 x> —6x+8=0 x=2
2= 2= 2=
X*+9=-6x-1 |xX*+6x+10=0 x=4
Vay phuong trinh da cho c6 tap nghiém la S = {2;4} .
b) Diéu kién: x > -2 . Khi d¢:

Jx+2 =x2—2<:>x+2+2.\/x+2%+i=x2+x+%

1 1
( 1)2 ( 1)2 ‘\/X+2+E:X+E |:sz
S| IX+H2+—| =|x+—| & =

2 5.l 1 | xe2=—x-1
2 2
x>0 x>0
+Voi Vx+2 =x < ) = &oSx=2
X =x+2 X" —x-2=0

x+1<0 x<-1 _1_
+ Vi \/x+2:—x—1<:>{ <:>{ X = 1 JE

X2 4+2x+1=x+2 x> +x-1=0 2
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Vay phuong trinh da cho c6 tap nghiém S = {

_1_2*/5,-2}.

Cau 3. a) Do x>0;y >0 nén bién d6i tuong dwong bat dang thitc can chitng minh ta dugc

£+b_22(a+b)zc>a2(x+y) bZ(x+y) (
Xy  x+y X y

a+b)

2 2 2

IR 0. Y. @ﬂ—zab+_>0@[a\/_ be

X Yy X \/_
My 3% . Ny A . A a®> b’ (a+b)
Do bat dang thitc cudi cung ludn dang nén ta dwoc —+—2> .
X 'y  X+y
b) Do x+y=1nén ta duoc x=1-y;y=1-x. Khi d6 ta co
X y _ X y __ X y

Py (—x)(1+x) (1-y)(+y) y(1+x) x(1+y)
Do x>0;y >0 nén theo bat dang thitc Cauchy ta c6

1-x

y(1X+ x) " x(l}-’ky) = 2\/y(1x+x)'x(1}:-y)

X y 1 B 1 B 1
<~ y(1+x)+x(1+y) 22\/(1+X)(1+y) _2\/1+x+y+xy _2\/2+xy

Mat khac ta lai co xy < (

2
x+y) 1 9 1
4

Do d6 ta duoc 2.

> 2.2 4 . Két hop hai két qua trén ta c6
2+xy 3 3

X y 3
y(ox) x(1+y) 4

y
2 2

1-x" 1-y

Hay ta duwoc

> % . Bat dang thitc dwoc chiing minh.

Cau 4.
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a) Goi D, E, F Ian luot la chan cac duwong
phan gidc cta tam gidc ABC Ian luot ha ti
A, B, C. Goi T la trung diém cua BC. Do
AD la duong phan giac ctia tam gidc ABC
nén

BD_CD _BD_CD_BD+CD_6 1
AB AC 5 7 5+7 12 2
Tam gidc ABD c6 Bl la dwong phan giac
nen Al _BA 5

ID BD 25

Do G la trong tam ctia tam gidc ABC nén

AG _,

GT

Tt cac két qua trén ta duoc Al_AG ,
ID GT

Suy ra theo dinh ly Talet thi IG//DT hay

IG//BC.

b) Ta c6 ABMI=ABDI vi BD=BM=2,5; DBl =MBI va Bl la canh chung;
Suy ra BMI = BDI. Chtrng minh twong tw ACNI =ACDI. Suy ra CNI=CDI
Ma BDI+CDI =180° nén BMI+CNI=180° suy ra AMI+ ANI =180’
Nén tit gidc AMIN noi tiép.

Cau 5.

A D c
+ Goi dudng tron (1) la dudng tron noi ti€p tam giac ABC. Goi D, E, F Ian luot 1a
cac tiép diém cua duong tron (I) voi AC, CB, BA.

b+c-a

Theo tinh chdt dwong tron ndi ti€p ta c6 AD = AF =

Ma t giac ADIF 1a hinh vuong nén
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ID:AD:AF=b+§_a _ y_btc-a

Ta chi can chtiing minh b+c—a chia hét cho 2. That vay, theo dinh ly Pytago ta c6
b’ +c* =a’ <::>(b+c)2 —2bc=a’ <:>(b+c)2 —a’ =2bc <> (b+c—a)(b+c+a)=2bc
Do (b+c—a)+(b+c+a):2b+2cnén (b+c—a) va (b+c+a) c6 cling tinh chdn 1é.
Ma (b+c—-a)(b+c+a)=2bc las§ chdnnén (b+c-a) va (b+c+a) cd cling tinh

chin.

b+c-a

Suyrar= eZ

Cach khac. Goi d¢ dai ba canh tam gidc ABC la a;b;cell” véi b<a;c<a.

Dé dang chiing minh dwoc 2r=b+c—a . Theo dinh ly Pitago ta lai c6 b* +c* =a”.
Ta xét cac treong hop sau

+ Truong hop 1. Néu b va c cing chn, khi d6 ttr b* +c* =a” ta suy ra dwgc a chan
nén b+c—a 1a s6 chén. Tl d6 dan dén r 1a s8 nguyén duong.

+ Truong hop 2. Néu b va c cling 1¢, khi d6 tir b® +c* =a” ta suy ra dwgc a chdn nén
b+c—ala s6 chén. Tt d6 dan dén r 1a s8 nguyén duong,.

+ Truong hop 3. Néu b va c khéc tinh chan 1é, khi d6 tir b* +c* =a” ta suy ra dwoc a
1¢, diéu nay dan dén b+c—a 1a s6 chdn. Ttr d6 ta dwoc r 1a s8 nguyén.

Vay ban kinh duong tron thoa man yéu cdu bai toan la mot s6 nguyén.

Pe so 24

Cau 1. T gia thiét ta cé a+b=

\/§—1+\/E+1:\/§;ab:@_\/§+1:1 Lai
2 2 2 2 4
a’ +b” = (a +b4)(a3+b3)—a3b3(a+b)

= {[(a + b)2 — 2ab}2 -2a’b? }[(a + b)3 —3ab(a +b)} ~a’b’(a+b)

Tur do ta dugc
a7+b7—K2—Ej ——][2\/5——\/_} V2 17( [j 217042 2 1692

64 64 64
Vay a’ +b’ = 162—4\/5 :

Cau2a) +Do (d) di qua diém A(1;2) nén thay gia tri x, y vao ta duwgc a+b=2

+ Do (d) cit truc hoanh tai diém B c¢6 hoanh dé duong khi d6 y=0 nén
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+Do (d) cat truc tung tai diém C c6 tung d6 dwong khi d6 x=0 nén OC=b>0

Vib>0 va _—b>0 nén a<0.
a

J— — 2_
Ta co OB+OC=—E+b=—2 a+2—a=M:3+(—a+i).
a a a

Ap dung bit ding thic Cauchy ta 6 —a+£224/—a.£:2x/§ nén
—a

—a

3.2 2531242
a

Suy ra OB+OC >3+ 212 . Theo bai ra thi ddu bang xay ra nén

a=2a’-2-0ea=—2(viaam). Tirdé ta dwoc a=—2 =b=2+12.
a

Vay phuong trinh dwong thang (d) lay= —\2x+2+4/2.
b) D& phwong trinh ¢6 nghiém thi 9x* +16x+32 phai la mot s& chinh phuong.
Khi d6 9x* +16x+32 =t*(t [l ). Phuong trinh trén twong dwong voi
81x* +144x +288 =9t* <> 81x* +2.9.8 + 64 + 224 = 9t
© (9x+8-3t)(9x+8+3t) =224 =-2%14 =-2°28 =—2°56 =-2.112
=2'(-14)=2°(-28) =2%(-56)=2.(-112)
Tacod xeZ;te Nnén Ix+8+3t >9Ix+8—-3t 9x+8—-3t;I9x+8+3t cung tinh chin 1é.

Lai thady 9x+8+3t va 9x+8—3tdéu chia 3 dw 2 khi d¢6 ta cd cac truong hop sau.

9x+8+3t=14 9x+8+3t=56. I9x+8+3t=8 ‘9x+8+3t=2
9x+8-3t=-4" Ix+8-3t=-112

9x+8-3t=-16 9x +8—3t=—28"
Giai cac treong hop trén ta duwoc x € {—7; -2;-1; 2}

+Voi x=-1=-27-16y =5= y =-2(thdéa man).

+ Vi x=—2:—30—16y:6:>y:—%(loai).

+ Vi x=2:>—18—16y=10:>y=£ (loai)

+Véi x=-7 = 45-16y =19 = y = 4 (thoa man)
Vay nghiém nguyén cua phuong trinh la (x; y) = (—1; —2),(—7; —4).

Cau 3. Phuong trinh twong duong voi
3x

\/3x+1+1=

4x3+5x2+3x+1—\/3x+1:O<:>x(4x2+5x+3)— 0

x=0
3
3

— =0,
P3x+1+1 4x° +5x+3———==—=0
V3x+1+1

<:>x(4x2+5x+3—
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Khi d6 x=0 la mot nghiém cta phuong trinh.

Véi 4x2+5x+3—;=0, khi @6 d6 ta c6
\/3x+1+1
4% 4 5x 13- 5 :O<:>(4x2+5x+3)\/3x+1+4x2+5x=0

V3x+1+1
[ (x+1)(4x+1)+2 |V3x+1+4x" +5x =0

)
(4x+1)V3x+1+2v3x+1+4x> +5x =0
(
(

(x+1)
(x+1) Ax + ) 3x+1+4x> +x+4x+1+24/3x+1-1=0
& (x+1)

e (x+1) (Ax+ )X T +x(4x+1) +ax+ 14—

243x+1+1
#}:0
243x+1+1

Vi XZ_—lnén X +11udn 16n hon khong nén (x+1)\/3x+1 +x+1+#>0
3 243x+1+1

<:>(4x+1){(x+1)\/3x+1+x+1+

Suy ra tit phrrong trinh trén ta duoc x = _Zl la mot nghiém ntta ctia phuwong trinh.
Vay nghiém cta phuong trinh la x = _71 va x=0.

Cau 4. Diéu kién: x> % . Phrong trinh thit hai twong dwong voi

2y* (5x—2)(x—3)=3(2—5x)<:>(5x—2)[2y4 (x—3)+3]:0 &
x—3)+3=0

Véi 2y* (x —3)+ 3=0 tadwoc y* = 6 32 —vy’= "6 3 , khi d6 thé vao phuong
— X f—

trinh thtt nhat ta duoc ,/6 32 A2x-1+43 :SJ%—\/6X—3 hay
—2£X — 22X

Jox—3+,[3(6-2x) =5v3 - (6x—3)(6-2x)
V6i phuong trinh trén ta nhan thdy cé cac hudng xtr ly nhw sau

+ Hudng 1. Dat an phu a =v/6x -3 2 0;b = 3(6—2x) > 0. Khi d6 ta duoc hé phuwong

trinh
2 2 _
a’+b" = ) a’+b? =15 3(a+b)’ =45+6ab
= =
a+b=5\/§—a—\/§ \/§(a+b)+ab=15 \/g(a+b):15—ab

Ttr hé trén ta duoc 45+ 6ab = (15 —ab)2 = (ab)2 —36ab+180=0.
Cha y la ab>0 nén ttt phuong trinh trén ta duwoc ab=6 va ab=230.
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Véi ab=30 ta dwoc a+b :—5\/5 , loai
V6i ab=6 ta duoc a+b=3\/§ suy ra a=2\/_;b=\/§ hoac a=\/§;b=2\/§.

J6x—-3 =2
T1‘ra=2\/§;b=\/§tadu’c_)’c \/_ =X= 5
/ 3(6-2x)=+/3
T1‘ra=2\/§;b=\/§tadu’c_)’c _\/_ =x=1
(6 2x) =243

Day la hé phuong trinh d6i xtng nén ta co6 thé giai dwgc hé trén.
+ Hudng 2. Nhan thay phuong trinh ¢6 mot nghiém x =1 nén ta st dung dai lugng
lién hop

VJox=3+,[3(6-2x) =513 - (6x-3)(6—2x)
o V6x—3 -3 +,[3(6-2x) ~24/3 =243 —-12x> +42x - 18

6x-6 6—6x 123 -42x+430
Jox—3 ++/3 \/3(6—2x)+2\/§ 23 +4/-12x2 +42x —18

2x-5
< (6x—-6 =0
(68 s ods /76 ™ +2J’ 2 T8
Xét phwong trinh — =0.

Jox— 3+\/_ ‘/ 3(6—2x +2J_ 23 +4/-12x2 +42x—18

Phuong trinh trén dwoc viét lai thanh.
1 1 2x-5

P2x—1+1 +J6- 2x+2_2+\/—4x2+14x—6_0
o Y6-2x+2-V2x-1-1 5-2x 0
( V2x=1+1)(Vax=1+1) TN oy
o N6-2x-1+2-\2x-1 5-2x o
(m+1) V2x=1+1) PN ey
5-2x N 5-2x
o N6-2x+1 2+42x-1 5-2x 0
(J_ )(J_1+1) 244-4x? +14x—6
1 1

& (5-2x) \/6—2x+1+2+\/2x—1 N 1
(x/Zx—1+1)(\/2x—1+1) 2+4-4x? +14x—6

=0 x=

N | Gt

Tt cac két qua trén ta tim dugc nghiém cta hé phuong trinh la
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Cau 5.

A c O B

a) Ta c6 AMB1a géc noi tiép chan ntta dwong tron nén AMB =90° = AMB = BCH
dong thoi c6 goc MBA chung nén AAMB -~ ABCH = % = Mmﬁ

Ctang c6 MC la phan gidc cia géc AMB nén AC_MA
BC MB

Két hop hai két qua trén ta ¢ HC_AC suy ra CA=CH.
BC BC

b) Tt gidc EHCA c6 ba goc vudng nén la hinh chit nhat lai ¢6 hai canh ké nhau
HC = AC nén t¢ gidc EHCA la hinh vudng.
Khi d6 vi AMB=AMH =90"nén MI = %AH = %EC = EMC =90°
Chtrmg minh hoan toan twong tw ta dwgc FMC =90° nén EMC +FMC =180° suy ra
ba diém M, E, F thang hang
2 2

c)Tacéd S, = CE ;S, = cF =4/5,S, _CECE

2 2 2
Vi E, M, F thing hang nén CM la duong cao ctia tam giac vudng CEF.

Khi do6 ap dung hé thitc lugng trong tam gidc vudng ta co
2 2
12= 12+ 12:>CM2= CE2 .CF2
CM® EC° CF CE"+CF

2 2
CE2 CF < CE.CF _ 5.5,
CE" +CF 2
Suy ra CM’ <,/S,.S, , vi AM < BMnén d&u bang khong xay ra khi dé ta c6 diéu phai

Ap dung bét dang thiic Cauchy ta co:

chtrng minh.
Cau 5. Bién doi gia thiét ta co
32abc=18(a+b+c)+27<:>2 i+i+l +Z.L=
16lab bc ca) 32 abc
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bat l:x

,-l = y;1 =z(x,y,2>0).Khi d6 gia thiét tr thanh
a b C

i(x + z+zx)+zx z=1
AR 3 Y

Va P duogc vigt laila P=y1-x +/1-y* +V1-22

(x+y+z)2

3
J va Xy +yz+zx <

Ap dung bét dang thiic dang xyz < (X " g Tz

Ta duoc 1= 27 <3(x+y+z)2 (x+y+z)3
a dugc —E(xy+yz+zx)+§xyz < 16 + o
(x+y+z)2

Vi x,y,z>0 nén x+y+z>2 suyra x> +y’ +z° > 2%(1)

3
Ap dung b4t dang thitc Bunhiacopxki dang co ban va (1) ta c6

P=v1-x +\/1—y2 +V1-2 S\/3[3—(x2+y2+zz)} <Jo-4=15

Vay gia tri I6n nhat ctia P la J5 . Dau bang xdy ra khi va chikhi a=b=c= % .

Dé s6 25
Cau 1. Nhin vao ttr s6 ctia P ta ¢6 bién d6i quen thudc
(a—b)2 +(b—c)2 +(c—e1)2
2
Ttr day phai bién doi gia thiét d€ xuat hién thém c—-a.
Tacd c—a= —(b—c)—(a—b) =-3-7=-10.Pat T la t&x cua cua P ta duoc T = 79.

a’+b*+c*—ab—bc—ca=

D3t M 1a mau ctia P, khi d6 M cting ¢6 thé phan tich thanh tich dwoc thanh
M = (a—c)(a+c—2b) = (a—c)(a—b+c—b) =40
Vay ta duoc P = 7z .
40

Cau 2. Diéu kién xac dinh cua phuwong trinh la x > % . Phrong trinh c6 cdn nén ta sé kht
cén bang cach binh phuong 2 v& nhung phurong trinh ltic nay bac 4, tuy nhién néu
khong nham duoc hai nghiém cua phuwong trinh bac bon thi ta khong thé st dung
phueong phap nay.

Phuong trinh trong duong véi x* +3—2xy/x+3 +4/x+3 =0

Nhan thay c6 hé s82 & 2xyx+3, cdx* va 3 nén ta nghi dén phan tich thanh binh
phuong.

Phuong trinh lai tvong dwong véi
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x2—2xﬁ+x+3—x+ﬁ=0@(x—ﬁ)z—(X—M)Z =0

x=+/x+3
<:>(x—\/x+3)(x—\/x+3—1)—0<:>{x1=m

. A A, . 1 4 4 \ A
Dén day ket hop voi x> 5 ta xét cac treong hop nhu trén

+VGi x=x+3 c>x2—x—3:0:>x=1+213 XZ%
x>1 /

+VG x=1=+x+3 = , ox=V17
(x—l) =x+3 2

Vay phuong trinh da cho c6 tap nghiém la S = (

3+4/17 1+ J13
2 72 )
Cau 3. C4 hai phuong trinh déu ¢ hang t xy nén ta sé tim cach triét tiéu, ltic nay bai toan
o thé giai dwgc. Hé phuong trinh da cho twong dwong voi

2xy — =6 2xy — =6
XyxTy 1Y xTy :>3y—3x:2:>y=z+x
Xy—y+x=2 2xy -2y +2x=4 3

Thé y = % +x vao phuong trinh thit nhat ta duoc X2 +%X —% =0=>xe {—2;%}

Vay hé phuong trinh c6 hai nghiém Ia (x;y) = (-2;%},(%;2)

Cau 4. 1) Ca gia thiét va két luan déu khong co lién hé gi dén nhau. Tham chi, gia thiét

% + 12—y —1 ta ciing khong bidt nén 4p dung bdt nao phit hop. Do d6 dé ¢ danh
+x 14y

gia hop 1i ta di bién doi gia thiét trudce
_2y :1<:>—X+3Xerzy =l 2xy+y=1
1+x 1+y X+y+xy+1

Dén day quan sat d€'y ki thi xy” =y.xy trong d6 y va xy la hai hang tt trong dang
thiec trén. Ta sé tim cach bién d6i vé tréi dang thiic trén thanh tich bang st dung bat
dang thitc AM — GM.

Ta c6 1=2xy+y>2,2xy.y =2\/§.\/xy2 < 128xy’ < xy’ S%

Vay giac tri 16n nhét caa P la é, xdy ratai 2xy=y < x=y= 1

%
Cach khac:

1L Tacé:

1 Y X Y 5, Xy 1 S 4xy

Try  Tey Tex Ty A0)(I+y)  (1ey)  @0x)(1+y)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

2

X 2y<:>1_4y

Mat khéc: — =1- % = i !
1+x 1+x 1+y (1+x) (1+y)

2

: 1 S 8xy
(x+1)(y+ 1)2 (x+1)(y +1)2

2. Phuong trinh twong duong véi x* +3xy +2y° —x—5=0. nhan thay day la phwong

Do d6

@xyzsé.

trinh c6 bac la hai nén ta sé€ st dung delta d€ giai phwong trinh nghiém nguyén nay.
Phuong trinh tuong duong véi x* +3xy +2y° —=x-5=0< x* +(3y -1)x+2y* -5=0
Xem phuong trinh la phurong trinh bac 2 an x ta duoc
A=(3y-1) —4(2y*-5) =y —6y+21=(y-3) +12
Dé phuong trinh trén c6 nghiém 1a nghiém nguyén thi A la sd chinh phuong.
bat A =(y—3)2 +12=a’ < (a-y+3)(a+y-3)=12 véiala sd nguyén.

Vi a—y+3 va a+y-3 cung tinh chdn Ié nén ta cé bang sau

a-y+3 2 6 ) -6
a+y-3 6 2 6 )

a 4 4 —4 —4

y 5 (TM) 1 (TM) 1 (TM) 5 (TM)

Thay y =5 vao phuong trinh da cho ta duwoc x* +14x+45=0 < x {—9; —5}
Thay y=1 vao phuong trinh da cho ta duoc x> +2x-3=0< xe {—3;1}
Vay phuong trinh cé nghiém la (x;y) = (5; —5),(5,' —9),(1;1),(1; —3)

Cau 5.

1) D€ chiing minh AK vudng goc véi

HK ta sé dung mot tam gidc can bén
ngoai chtta duong cao AK va tim cach
chting minh d6 1a tam gidc can béng
cach ching minh AK la trung truc,
trung tuyén, phan giac. P Q

That vay, goi O la tam duong tron
ngoai tiép tam gidc ABC. Gia st AH cat M

B ¢
\ \ . s g \ \ |
duwong tron tai F va AK cat duong tron i@
F

(0) tai E. Ké duwong kinh AG va . HK cit

AG tai Q. Dé thdy OE la trung truc ctia
BC suy ra OE song song véi AH. Khi dé

ta co
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EOG=FAG= %deG = %FOG =FOE .

Do dé ta dugc FE=EG nén suy ra AK la phan gidc HAQ. Mat khac B] va CD la
duong cao tam giac ABC va MN cit OH tai P. Dé thdy BG vudng goc véi AB va CH
vuong goc véi AB dan dén HC song song véi BG, tiong ti BH song song v6i CG nén
suy ra HBGC la hinh binh hanh hay M la trung diém caa HC. Ngoai ra con ¢6 N la
trung diém cua AH nén MN la dwong trung binh tam giac AHG va PK song song véi
OQ. Mat khac vi N la trung diém ctia AH nén ON la duong trung binh ctia tam giac
AHC hay ON song song vdi HM, ma ta da c6 OM song song véi NH suy ra ONHM
la hinh binh hanh. Do P 1a giao diém hai duwong chéo nén P 1a trung diém caa OH.
Két hop véi PK song song véi OQ suy ra K la trung diém ctia HQ. Bén day la ¢
duwoc AK vuong goc véi HK. Tr d6 ta duoc
+ Cach khac: Dé chirng minh AK vudng goc véi HK hay tam giac AKH vuong ¢ K
ta can ching minh

3. AN=NH=NKhay HNK =2HAK. Ma ta c6 DNH =2DAN nén ta s€ phai chitng
minh dugc DNK =2DAK. Ta c6 2DAK = BAC do dé ta di chitng minh
DNK = BAC.

4. Dé thdy DNK =KNE = %DNE va t giac AOHE noi ti€p nén

BAC= % sdDE = %DNE =DNK. Bai toan duoc chitng minh.

2) . Bé chiing minh AK la duwong kinh duong tron A
(O) ta can chting minh tam gidc AFK vuong ¢ F hay
AFD =90°. Nhan thdy AHD =90° nén ta cling can
tiép tuc phai chtirng minh t&¢ giac AFHD ndi tiép.

That vay E
1 1 1 1 1

HDE = —-sdBE +—sdAC = —sdEC+—-sd AC = —-sdAE B ¢
2 2 2 2 2 H D

Ma ta c& AFE = %sdAE, do d6AK la duong kinh ctia e «

duong tron (O) .
Cau 6. Theo gia thiét thi Nam choi bong ban vao tht Hai va choi bong da vao tha Tuw.
Thit 2 Thit 3 Th 4 Tha 5 Tha 6 Tha 7 CN
Bong Bong da

ban

Do Nam chay 3 ngay mdi tuan, trong d6 khong cé 2 ngay nao lién ti€p nén Nam
chi ¢ thé chay vao thit 3, tht 5, th 7 hodc thit 3, thit 6, chtt nhat hodc thi 3, thit 5,
cht1 nhat
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+ Truong hop 1. Nam chay vao Thi 3, Thit 5, Thir 7

Tht 2 Th 3 Tht 4 Tht 5 Tht 6 Tht 7 CN
Bong Chay |Bongda| Chay Chay
ban

Luc nay, Nam chi ¢6 thé choi cau 16ng vao thit 7 hoac chti nhat, ma Nam khong
choi cau 16ng sau ngay Nam chay nén Nam khong thé choi cau 16ng. Truong hop

nay loai
+ Truong hop 2. Nam chay vao thtt 3, tht 6, chu nhat
Tht 2 Th®3 | Th®4 | Thab The6 | The7 CN
Bong Chay | Bong da Chay Chay
ban

Luc nay, Nam chi ¢6 thé choi cau 16ng vao thit 5 hoac thit7, ma Nam khong choi
cau 16ng sau ngay Nam chay nén Nam choi cau 16ng vao thit 5. Khi d6 Nam boi

vao tha 7
Truong hop 3. Nam chay vao thit 3, thi 5, cht nhat
Thir 2 Thi 3 Thir 4 Th 5 Thir 6 Th 7 CN
Bong Chay |Bodngda| Chay Chay
ban

Luc nay, Nam chi ¢6 thé choi cau 16ng va boi trong thit 6 va thit 7, ma Nam khong
choi hai mon nay trong hai ngay lién ti€p nén khong thé thé duogc. Loai

Qua céc treong hop trén thi ta ¢é thoi gian biéu chinh thirc ctia Nam la:

Tht2 | Tha3 | The4 | Th&5 | Thak6 | Tha7 CN
Bong Chay |Bdéngda| Cau Chay Boi Chay
ban long
Vay Nam boi vao T7

o Nhdn xét. Ta co thé trinh bai cich gidi thich khic nhw sau.

Nam chay ba ngay mot tuin nhung khong bao gio chay trong hai ngay lién tiép, diéu
nay dan dén Nam khong thé chay cd 3 trong bon ngay tiv thir 5 dén chii nhit. Do ngay thir
2 Nam choi bong ban va ngay thir 4 M choi bong da nén trong 3 ngay chay thi cé mot
ngay la thit 3. Do Nam khong choi ciu 16ng sau ngay Nam boi hodc chay nén Nam c6 thé’
choi ciiu luéng vao ngay thir 5 hodc chii nhdt. Tir d6 cd thé chon dwoc ngay choi ciu long
la thiv 5 vi ngay chu nhit la khong thé. Do vdy con ba ngay con lai thi Nam phdi chay vao
hai ngay thit 6 va chit nhdt vi Nam khong thé’chay vao hai ngay lién tiép. Do do thir bay la
ngay Nam boi.

TAI LIEU TOAN HQC
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Pé s6 26

a) Tacd: x=3-6<=3-x=/6=(3-X)2=5=x>—6x+4=0
A=x>—8x* +17x’ + 6x* 116X +104

= (x> —6x* +4x%) = 2(x* —6X° +4x?) + (x* —6X° +4X) + 20(x* —6x+4) + 24
A=x3(X* —6X+4) —2x*(X* —6X+4) + X(X* —6X +4) + 20(x* —6X +4) + 24
A=24

b) Ta co: 2(\/x2+y2 —x)(\/x2+y2 —y)=2[xz+y2—(x+y)m+xy}
=(x2+y2+2xy)—2(x+y)\/m+x2+y2
= (Y =20+ Y+ Y7+ Y= (xy- x2+y2)2 *)
Do x>0, y>0nén (x +y)>=x2+ 1>+ 2xy > x2 + 1

Suy ra: x+y> X2 +y?

Khai can hai v& dang thiic (*) ta duoc diéu phai chiing minh.
Cau 2.
a) Diéu kién: x>1
Ta c6: (1) < (X? —8x+16) —(12x—12—8/3x—3 +4) =0
< (x—4)? = (243x=3-2)?
- {x—4= 2/3x—3-2 {2\/3x—3 =x-2 (2

=
Xx—4=2-23x—3 |23x-3=6-x (3

o X>2 X>2

Giadi (2): (2) < ) = o x=8+4/3
4(3x—3)=x"—4x+4 X°—=16x+16=0

Giai (3): (3 =0 12-46

iai (3): 3) < & x=12-

S X* —24x+48=0
KL: Phuong trinh (1) ¢ nghiém: X=8+43 va x=12-4./6
X2 +4y? +3=4x (1)

b) Giai hé phuong trinh: .
P 8 {xs +12x+8y* =6x*+9 (2)

Ta co: (1) < 9=12x-3x* —12y?, thé vao phuong trinh (2) va thu gon ta dugc:
x> +8y° =3(x* —4y?) & (X+2y)(x* —2xy +4y* —3x+6Yy) =0

X+2y=0
=

X2 —2xy +4y? —3x+6y=0

) THI1: x+2y=0<y= %X, thé vao phuong trinh (1) ta dugc

2X* +3=4x < 2x* —4x+3=0, phuong trinh vo nghiém.
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*) TH2: x* —2xy +4y® —3x+6y =0, trix v€& theo v€ clia phuong nay véi phuong
trinh (1) ta dwoc:

x=3
1
2

+ Neéu x =3 thay vao phuong trinh (1) ta duoc: 4y>=0 < y =0, cap (x;y) = (3;0)
thoa man phuong trinh (2).

—2Xy —3X+6y—-3=-4x <= 2xy—-x-6y+3=0< (x-3)(2y-1)=0<

+Neéu y= % , thay vao phuong trinh (1) ta dwoc: (x -2)2=0 < x =2, cdp (x;y) =

(2; %) thoa man phuong trinh (2).

Vay nghiém cua hé da cho la (x; y) = (3;0) va (x;y) = (2; 1).
Cau 3.
a) Ta co: (*) < 5(x+Yy)? —4xy —20(x+Yy)+24=0.
5a® —20a+24

bédt x + y = a, xy =b thu duoc: 5a2—4b—20a+24:0:>b:f (1)

2
Mit khac: (x—y)? >0= (x+Yy)*—4xy >0=a’ >4b hay bg% ()
Tk (1) va (2) dwoc:

2 2
%‘(?‘E‘Jrz"'<"’ljc;az—5a+6£0<:>(c’:l—2)(a—3)ﬁoc>23""S3

Vianguyénnéna=2hoaca=3.
X+y=2 {x=1
=

+)Véia=2 =b=1taco: .
xy=1 y=1

+)Véia=3 = b= 9 (loai)
4

Vay x =1, y =1 thoa man yéu cau.
b) Dgt A=n*+n’+1
+) Néu n =1 thi A = 3, khong la s6 chinh phuong.
+) Néu n =2 thi A = 25, 1a sd chinh phuong.
+)Néun>2tacod: 4A=4n" +4n* +4=(2n° +n)* +4—-n° < (2n* +n)®
AA=4n*+4n° +4>4n" +4n® +4+n° —8n° —4n = (2n* + n—2)?
= (2n° +n—-2)* <4A < (2n*+n)?
Vi A 1a s6 chinh phuong nén 4A ciing 1a s6 chinh phuong. Do d6 ta duoc:
4A = (2n° +n-1)° < 4n* +4n* +4=(2n* +n-1)* ©3n*+2n+3=0,
vO nghiém. Vay n =2 la s can tim duy nhat.
Cau 4.
1)
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z

Keé Ax la tia phan giac ctia goc BAC
ké BM L Ax tai M, CN L Ax tai N.Twt hai tam gidc vuong AMB va ANC co:

sin MAB = smé=m:>BM—csm§ va Sin NAC = sm§=% NC=b.sin§,do

d6: BM +NC:(b+c).sin§
A A . A a
Taludn c6: BM+NC<BC=a= (b+c)sin—<a<sin—<——
2 2 Db+c

(Dau dang thtic xay ra khi b

Dob+c>2\/_cneni< dodé:sinés a
2 24bc

b+c 2\/_

=C).

2)

a) Ta co (O) noi ti€p tam gidc ABC nén AO va BO la phéan giac
= BOP = %(BAC +ABC); CM = CN = ACMN can tai C.

180° — ACB BAC + ABC

— BNP =180° - MNC =180° — =180° —

= BOP + BNP =180° = t¢ giac BOPN noi tiép.

= OBN =OPM (cung bu vdi OPN ) hay OBC =0OPM (1)

Mt khdc: OMC = ONC = 90° = tiz gidc OMCN ndi tiép

= OMN =OCN hay OMP =0CB (2).

Tt (1) va (2) ta dwoc hai tam giac OBC va OPM dong dang.
PM OP OM

> ——=—==—=.
BC OB OC
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Chitng minh tueong tu ta duoc:

+) Hai tam giac OQN va OAC dong dang
_ QN _ON_ QN _OM
~AC T AC AC_ OC

(do OM = ON)

PQ OP
+)Hai t or OBA dong d = —=—
) Hai tam giac OPQ va ong dang BA - OB
PM_QN_PQ@MP NQ _ PQ

BC AC AB a b

b) Ta ¢ tix giac AOQM noi ti€p = AMO = AQO = AQO = 90° = AAQB vuong tai Q

- QE = BE=%AB:>ABEQ can tai E = EQB = EBQ = EQB = QBC (do QBC =EBQ)

Vay ta duoc: (dpcm)

= EQ//BC
Mat khac: E, F lan lwot 1a trung diém ctia AB va AC = EF //BC
= E,Q,F thang hang = QF //NI (1)

MF NI

Lai c6: CM =CN, MF = NI (gt) = —=FI//MN = FI //NQ (2)
CM CN
T (1) va (2) ta duoc tix gidac FINQ 1a hinh binh hanh, do d6 IQ di qua trung diém
cua NF.
Cau 5.

Chting minh: Véi hai s thuc duong a, b ta cé: 1 5 —= i(; i) (*), dau bang xay

ra khia=b.
Ap dung bat dang thikc Cosi ta co:

X 1.1 X 1 X X 1
— L —t i e < +=
y+z+2x 4 2\y+z+2x 4 y+z+2X y+z+2x 4

] 1 1 1( 1 1
Ap dung (*): = <-— +
Yy+2+2x (X+Yy)+(x+2z) 4{x+y X+z

X 1 x X X 1( x X
= <-— + = <-— + +1
y+z+2x 4\ X+y X+1Z Yy+z2+2X 4\ X+y X+2Z
Tuong ty ta dugc: y Sl y + y +1
Z+X+2y 4\y+z y+x
;<£ L-FL-F].
X+y+2z 4\z+Xx z+Yy

:>Ps1 x+x+y+y+z+z+3:§
4\ X+YyY X+Z Y+X Y+Z Z+X z+Y 2

Vay gid tri I6n nhat caa P la % khix=y=z

Pé s6 27
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x>0
A x>0
a) biéu kién {x—-4+0 = 4
X #
2\/;+5
2— #0
\/;+2

249) (543
x—4 1 Jx+2  2-Jx

b) D& x nguyén ma biéu thitc Anhan gi tri nguyén < 2-+/x 1a wéc ctia 2

@2—&e{i1;i2}.

Néu 2-Vx =1 x=1= A=2(tm)

Taco A=

Néu 2-/x =-1¢ x=9= A=-2(tm)
Néu 2-Vx =2 x=0= A=1(tm)
Néu 2-+/x =-2 & x=16= A=-1(tm)
Vay x€{0;1,9;16}
Cau 2.
a) (x+1)(x—-2)(x+6)(x—3)=45x> <:>(x2 +7x+6)(x2 —5x+6)= 45x?
Nhan thdy x=0 khong la nghiém cta phuwong trinh

Do d6 phuong trinh twong duong voi (X + g + YJ(X + g —5) =45

Datt= X+g+1 ta dugc phuong trinh t* —81=0<t =19

Vc’yit:9:>x+§—8:0<:>xz—8x+6:0<:>x=44_r\/1_0
X

Véit=-9= x+§+10:0<:> X2 +10X+6=0< x=-5++/19
X

Vay phuong trinh da cho c6 4 nghiém x=4=+ V10;x = -5+19.

b) Tacd X(X* +x+1)=4" -1 (x+1)(x* +1) =47

Do x,yell = x,y>0

-Néu x=0=y=0=(x;y)=(0;0) la nghiém ctia phwong trinh da cho.
-Néu x>0=y>0= x+1 chdn, dit x=2k+1(k >0)

Khi d6 (k+1)(2k’ +2k +1)=4y’1

Do 2k*+2k+11as§lénénsuyra k=0=x=1=y=1=(xy)=(L1)
Vay phuong trinh da cho c6 nghiém (x;y)=(0;0);(11)

Cau3.Do Xx,yell va 3x+2y=1= x,y trai ddu
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T 3x+2y:1:>y:—x+1_TX:>1_TX:teD =>x=1-2t;y=3t-1

Khi d6 H =t* -3t +[t|-1
Néu t>0=H =t*-2t-1=(t-1)’ ~2>-2. Ddu “=" xdy ra <t=1,
Néut<0=H=t"-4t-1>-1>-2.

Xx=-1
Vay MinH:—2<:>t:1<:>{ :
y=2
Cau 4.
X
A
E
H
D
A B
I
a) Tu gia thiét ta c6 CE >CD;%=%=\/§:> DCA=BCE =90’

Suy ra AADC #AEBC(g.9)= ADC =EBC (1)
Do t&t giac AHDC noi tiép suy ra AHC = ADC  (2)
Do tt¢ gidc BCHE noi tiép suy ra EBC + CHE =180° (3)

Ttr (1);(2);(3) suy ra AHC +CHE =180° = A, H, E la ba diém thang hang.

b) Ta c6 tanADC:é—g=J§:>ADC=60°:>EDC:60°

Lai ¢6 AD L HC = ACH = ADC = 60"

Mt khéc t& gidc BCHE noi tiép suy ra AEB=HCA =60’

Suy ra tam giac ABE déu= C la trung diém cua AB

¢) Do AHB=90° = H thudc duong tron duong kinh AB ¢ dinh.

Kéo dai HC cat duong tron duwong kinh AB tai diém thit hai | (1 khac H )
Suy ra AHI =60° = | ¢6 dinh

Vay HC luo6n di qua diém | ¢6 dinh khi C thay d6i trén doan AB.
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Cau 5.
Bat dang thttc ta thay c6 thé viét lai duoc thanh x+y+y+z> (y + z) (z + x)(x + y)

bit a=x+y;b=y+zc=z+x.Khi d6 tt x+y+2z=2 taduoc a+b+c=4.
Bat déng thirc duoc viét lai thanh a+b>abc.

Ap dung bat dang thitc Cauchy tacé 4=a+b+c>2 (a +b)c

Hay ta duoc 2> (a+b)c <:>42(a+b)c nén 4(a+b)2(a+b)2c.

Ma ta lai cé (a+b)2 >4ab nén suy ra 4(a+b)24abc hay a+b>abc.

B4t dang thitc duoc chitng minh. Dau bang xay ra khi a=b=1;c=2 hay

x=z=1y=0.

Cau 6.
Tt 5 diém c6 4+3+2+1=10 doan théng. Do d6 c6 it nhat mot doan théng c6 do dai nho
nhat.

Gia st 5 diém d6 1a A B,C,D,E va hai A/B c¢6 d6 dai nho nhat. Khi d6 3 diém
C,D,E c6 hai kha nang sau:
+ TH1: Ca ba diém nay nam cung phia ntra mat phang bo AB

A B

D

Vi khong c¢6 4 diém nao cung thudc mot duwong tron nén C,D,E nhin AB véi cac goc
nhon khac nhau.

Gia st ACB > ADB > AEB, khi d6 duong tron di qua ba diém A,B,D chtta diém C
bén trong va diém E nam bén ngoai duwong tron.

+ TH2: C6 mot diém khdc phia hai diém khac & hai ntta mit phang bo AB.

E
A B
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Gia st E khdc phia hai diém C,D
Vi khong c6 bon diém nao cung thudc duong tron nén C,D nhin AB vdi cac goc
nhon khéac nhau.
Gia st ACB > ADB, khi d6 dwong tron di qua ba diém A,B,D chtta diém C bén
trong va diém E nam bén ngoai.
Vay luon c6 mot duong tron thoa man yéu cau bai toan.
bé s6 28
Cau 1.
a) Nhan xét:
n?+ (n+5)2=2n2+10n+25=X+25
(n+1)>+ (n+4)2=2n2+10n + 17 =X+ 17
(+2)2 + (n+3)2 = 2n2+ 10n + 13 = X + 13
Lan tht nhat, chia 6 vat ¢ khéi luong 19997 ..., 20042 thanh ba phan: A+25, A+17, A+13
Lan tht hai, chia 6 vat ¢ khoi luong 2005? ..., 2010% thanh ba phan: B+25, B+17, B+13
Lan thtt ba, chia 6 vat c6 khoi lugng 20112, ..., 2016 thanh ba phan: C+25, C+17, C+13
Luc nay ta chia thanh cdc nhém nhw sau: Nhém tht nhat A+25, B+17, C+13; nhém
tht hai B+25, C+17, A+13; nhém tht ba C+25, A+17, B+13. Khoi luong cua mdi nhéom
déu bang A +B + C + 55 gam.
b) Viét phuong trinh da cho vé dang: 9.(3* -2 +19) = y* (x>2). D€ y 1a sd nguyén thi
diéu kién can va du 1a 3+-2+ 19 = z2 14 s6 chinh phuong (z 1a s6 nguyén duong)
Néu x —2=2k+11asd1é thi 3%+1+19 = (3%*1 + 1) + 18 = 4.B + 18 chia hét cho 2 nhung
khong chia hét cho 4 nén khong thé la s6 chinh phuong.
Do d6 x — 2 =2k 1a s6 chan

Ta co 3*-2+19 =22 c>(z—3k)(z+3k)=19. Vi 19 1a s6 nguyén t6 va z—3“ <z+3" nén

z7-3 =1 z=10 (z=10
& &
z+3=19 3F=9 |k=2
Vay x =6 vay=30.

Cau 2.
a) TXD: R.

Vi x= _71 khong phai la nghiém, nén phuong trinh da cho tuong duong véi phuong
2
trinh: X0 e okt 3

2x+1

X2 +6x+1
2X+1

X2 +6X+1-2(2x+1)  (VX*+2x+3+2) (VX +2x+3-2)
2x+1 VX2 +2X+3+2

—2=/X*+2x+3-2
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X +2x-1  x*+2x-1

2x+1 X2 42x+34+2
1 1 X*+2x-1=0 )
< (xP+2x-1 — =0<
( )(\/x2+2x+3+2 2X+1J L/x2+2x+3+2:2x+1(2)

PT (1) c6 hai nghiém x,, =—1++/2

PT (2) & VX*+2X+3+2=2x+1 = x* +2x+2=2x-1

1

X>= _3+415

= 2 =2
2 2 3
X" +2x+3=(2x-1)

Vay phuong da cho c6 ba nghiém: x,, =-1+ J2: X, = %
2x+1)" = y? —42x+1
b) Hé phuong trinh < {( +1)" =y - {y

Xaxy+yr=1 (X +xy+y’=1

=2X+1 y=2x+1
Xét hé: {y {

X +xy+y’ =1 x2+x(2x+1)+(2x+1)2=1

y=2x+1 E

X=-

= _ x=0

= y=2x+l = X=0 <:>{ hoac
7x* +5x =0 5 y=1 ~

X=—= y=-—2

7 7

y=-2x-1 {Y=—2X—1

Xét hé:
) e{ X2 —x(2x+1)+(2x+1)" =1

=N
X +xy+y*=1

=-2x-1

y=-2x-1 y X x=0 . |x=-1

= << x=0 = hoac
3x*+3x=0 i y

Vay hé phuong trinh da cho c6 nghiém (x;y) la: (0;1), (—g ; —;j, 0;-1), (-1;1)
Cau 3.
Str dung bat dang thitc C6 si
b? 1 b? 1
Ta c6: a:—Jr1=a+1—@2a+1—(LJF)=a+1—b+"“b (1)
b= +1 b= +1 2b
Tuong tur: b2+1 Zb+1—CerC (1) va C2+1 >c+1-254 (3)
c +1 2 a“+1 2
a+l b+l c+1 _a+b+c ab+bc+ca
T (1); (2) va (3 : + + > +3-
wly@Iva sy T 2

Mt khac a® +b? +c? > ab+bc+ca hay 3(ab+bc+ca)<(a+b+c)’ =9

, a+l b+1 c+1 _a+b+c ab+bc+ca 3
Do d6: ——+—5—+—F—2 +3—— = —
b°+1 c¢°+1 a“+1 2 2 2

+3—g=3
6
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a+l b+l c+1
+

Vay SRR +123. D4&u bang xay rakhia=b=c=1.
Cau 4.
a)
A
Q
0 H M
B

AMPA dong dang AMAQ (g.g), suy ra MA2=MP.MQ (1)
AMAO vuong tai A, c6 dwong cao AH nén MA?2=MH.MO (2)

Tir (1) va (2) suy ra MP.MQ = MH.MO hay % _ m_g )

AMPH va AMOQ ¢6 goc M chung két hop véi (*) ta suy ra AMPH dong dang A
MOQ (c.g.c) suy ra MHP = MQO

Do d6 t& giac PQOH la t& giac noi ti€p = HPO =HQO = %Sd OH (dpcm)

b)

Y

Trén tia d6i cua tia EA 1dy diém F sao cho EB = EF hay AEBF can tai E, suy ra
BFA= % BEA. bat AEB =a khi d6 AFB :% nén F di chuyén trén cung chira goc %

dung trén BC.

Ta co: L + L > 4 .
EA EB EA+EB

+ EF 16n nhat <> AF 16n nhat (**)

Goi O 1a diém chinh gitta cua cung 16n AB, suy ra AO’AB can tai O’ suy ra

O’A=0’B (3)

AO’EB va AO’EF c6 EB = EF, O’E chung va FEO'=BEO' (cung bu véi BAO' = A

O’EB=AO’EF (c.g.c) suy ra O'B=0O’F (4)

Nhu viy é s E—lB nhé nhat khi EA + EB I6n nhat hay EA
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Tt (3) va (4) suy ra O’ la tam cung chtta goc %dl,mg trén doan thang BC. (cung dé

va cung 1én AB cting thudc mot nira mat phang bo AB)
Do dé AF 16n nhat khi né 1a duwong kinh ctaa (O’) khi E = O (***).
Tt (**) va (***) suy ra E la diém chinh gita cung 1én AB thi é+% co gia tri nho
nhat.

Cau 5.
Goi O 1a tam ctia hinh vuéng ABCD canh 1a a > 2 chita 5 hinh tron ban kinh bang 1
sao cho khong c¢6 hai hinh tron nao trong chiing c6 diém trong chung. Suy ra tam
ctia cac hinh tron nay ndm trong hinh vuéng MNPQ tam O canh la (a-2) va MN //
AB. Cac duong trung binh cua hinh vudéng MNPQ chia hinh vudng nay thanh 4
hinh vudng nhé bang nhau.
Theo nguyén 1i Dirichle ton tai mot hinh vuéng nho chira it nhat 2 trong 5 tam cta
cac hinh tron néi trén, chang han d6 1a O1 va O..

Do 5 hinh tron nay khong c6 hai hinh tron nao ¢é diém trong chung nén 0:10:2>2 (1)

Mit khac O10: cling nam trong mot hinh vudng nho c6 canh la a%Z nén
0,0, <8< \/_ 2 (2) ( \/_ 2 1a duong chéo hinh vuong nho)

T (1) va 2) = —«/E >2 < a>2+22. Do d6 moi hinh vuong cb canh 16n hon

hodc bang (2+ 2\/_ 2 ) thoa man yéu cau bai toan.
Vay hinh vuéng ABCD c6 canh (2+2+/2 ) thoa mén yéu cau bai toan.
A 222 B

N
M 2

G : N

1%

Dé s6 29
Caul.

a-3Ja a+3/a 9 (\/5—~'*’>)2—(\/5+3)2 a-9
R e = e e ey e

=a—6£+9—(a+6¢5+9)=12¢5.

b) Cé M = A+a=a—12J5=(J§—6)2—362—36.
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Dau “=" xay ra —Ja-6=0<a=36.
Vay MinM =-36 < a=36.

Cau 2.
a) Diéu kién x#0
9 2x 2x°+9  2x
Tacd 5 +———==1 + -3=0 (*
X J2x? +9 X 2xtt9 ®)
2 2
Dit t=——% _(t20)>ti=-x 1 249
J2x%2+9 2x°+9 X
Khi dé phuong trinh (*) c6 dang
1 t=1
t—2+2t—3=0<:>2t3—3t2+1=O<:>(t—1)2(2t+1)=0c>t 1
2
/e 2 x>0 \ N N
-Véit=1=>x=N2x"+9 =1 phuong trinh vo nghiém
2x°+9=0
1 x<0 x<0 32
-Véi t=—==-2x=2X’+9 < = & Xx=——-. Vay phuon
2 {4x2=2x2+9 {2x2=9 g Y PREOnS
trinh da cho c6 nghiém X=—¥.

b) Thay (2) vao (1) ta duoc
x> —y? :(y2 —5y2)(4x—y)<:> 21x* —5x’y —4xy* =0

x=0
< x(7Tx-4y)(3x+y)=0< x=;y

w=_J

L 3

- V6i x=0thay vao (2) ta dwoc y=+2

-Véi x= ; y thay vao (2) ta duoc —i—; y? =4 phuong trinh v6 nghiém

- Voi X=—%thay vao (2) taduwoc y* =9 < y=43

Vay hé phueong trinh da cho c6 nghiém
(xy)=(0:2):(0:-2):(-13);(L-3)
Cau 3.
a) Néu x=0= y=1 théa man
Néu y=0= x¢[ khong thoa man
Xét x#0;y # 0 phuong trinh da cho cé dang

454x (54X +1) = 4.54°.y° = (4275 +1) =(6xy)° +1
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Diat 4.27x° =a;6xy =b ta duwoc phuwong trinh
(a+1)" =(b +1)(b* -b+1) (*)
Ti (*) ta thdy b+1>0. Goi UCLN(b+1b*-b+1)=d
b+1:d ) : :

:>{b2 batid™ b*-b+1=b(b+1)-2(b+1)+3:d = 3id
Mat khac (a+1)"=(4.27x*+1)khong chia hét cho 3 nén 3 khong chia hét
d=d=1=(b+Lb’-b+1)=1
Tt (*)nhan thdy tich hai s6 nguyén t6 cing nhau la mot s6 chinh phuirong nén phai
, |b+1l=m’ )
co {bz—b+1=n2 (m;neD*;mZZ;m 24)
Tac6 n? =(m?-1)° —(m? -1)+1

ont=(m-1) ~(m*-2) (1);n*=(m*-2) +(m*-1) (2)
Te (1) va 2) = (m2 —2)2 <n’< (m2 —1)2 vO0 ly suy ra phuong trinh (*) vo nghiém.
Vay phuong trinh c6 nghiém duy nhat (x;y)=(0;1).
b) Gia stt phurong trinh da cho c6 nghiém nguyén dwong, xét (x,;Y,) la nghiém ma
(X + Y, )1a nho nhat.
Do vai trd ctia X,; Y, binh dang nén khong mat tinh tdng quét ta gia st X, < Y,
Ta cd X5 —mx,y + Y +1=0= y,1a mot nghiém cta phuong trinh

Y —mgy+x+1=0 (1)
Yo+ Yi=mx, (2)

=y, nguyén
Yoy =x2+1 (3)

Suy ra phuong trinh con mot nghiém y, thoa man {

duong = X, +Y, <X+, = Y, <Y,

2
- Néu x, = y,thay vao phuong trinh da cho ta duoc m= % =2 +% =Y,=1(do
0 0

m; y, nguyén duong) suy ra m=3.
-Néu X, <Y, =Y, thi tlr (3) suy ra y5 =x7 +1<> (Y, —% ) (Yo +% ) =1 (v0 1i)

Yo =X, +1

-Néu x, <Y, <Y, thi { nén tir (3) suy ra (X, +1)(X, +2) < x5 +1<>3%x,+1<0

1=70
vo li

Vay m=3 la gid tri can tim.
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a) Taco AMN = MBH + MHB; ANM = NCH + NHC
Ma MBH = MCH; MHB = NHC

Suy ra AMN = ANM = AAMN can tai A.

b) Ké tiép tuyén AX cta (O) = xAB = ACB

Ma ACB = AFE (vi tt giac BFEC noi ti€p);

= XAB = AFE = Ax//EF = OA L EF.

Tuong tw OB L FD;0C L ED.

Lai co

Sasc = Sacor + Senor + Sepoe = %OA.EF +%OB.DF +%OC.DE

=%R(EF+ DF + DE):%AD.BC

Suy ra chu vi tam giac DEF 1a ADéBC :

Ma R, BC khong d6i, suy ra chu vi tam gidc DEF 16n nhat khi AD 1én nhat < A
la diém chinh gitta ctia cung BC 16n.

¢) Theo a) AAMN can tai A= AKIa duong trung truc cia MN.

Tam O’ cua duong tron ngoai ti€p tam giac AMN la trung diém cua AK

= AMK = ANK =90°

Chting minh dwgc tit gidc HIKJ la hinh binh hanh = HK di qua trung diém G cua
1J.

Nhén thdy IMH = MHF = MHI = AIMH can tai | = MI =1H

Tuwong ty: JN =JH

Chttng minh duwoc

ABIM dong dang v6iACIN (g —g):ﬂzﬁz MM e
BI JC Bl JC
Ma HK di qua trung diém G cua IJ nén cling di qua trung diém P cua BC.
Ma B,C dinh nén P c6 dinh.
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Cau 5.

5 5 5 5 5 5
2a’ +3b +2b +3c +Zc +3a 215(a3+b3+cg_2)_

ab bc ca
Ta chtrng minh % >5a’~10ab’ +10b° Va,b>0 (1)
That vay
% >5a° ~10ab’ +10b° <> 2a° +30° —ab(5a’ ~10ab’® +10b*) > 0
2a° ~5ab+10a%h° ~10ab* +30° >0 < (a—b)' (2a+3b)>0va,b>0
Tuong tu ta co: % >5b° —10bc? +10c° (2); % >5¢®—10ca” +10a° (3)

Cong theo cac vé& ctia bat dang thize (1); (2); (3) ta duoc
2a° +3b° N 2b° +3c® N 2¢® +3a°
ab bc ca

Ma ab®+bc* +ca*=3
2a°+3b° 2b°+3c® 2c¢°+3a°
= + -
ab bc ca
D4u “=" xay ra <> a=b=c=1.

215(a3 +b° +c3)—10(ab2 +bc? +ca2).

215(a3+b3+c3)—30=15(a3+b3+c3—2).

Pé so6 30
Caul.
Co x+1=§/§+§/1+2=§/§(1+3/§+§/2)=3/§x.
:>(x+1)3 =2x° < x*-3x*—3x=1= A=2019
Cau 2.

a) Duong thang (d) cdt truc Ox, Oy tai A(m?_l ; Oj; B(0;1-m)

Xét m=1, (d)diqua diém O nén khoang cach ttr O dén (d) béng 0.
Xét m#1, goi OH la duong cao tam gidac OAB
Ta co OA:‘m—_l;OB:|1—m|:> ! == 12 + 12

m OH® OA® OB

2
= 12= m +12=1+ 2 + 2 2=2(L+1j+121

OH (m_l) m-1 (m_]_) m-1 2) 2 2

= OH <+/2. Ddu “=’ xay ra m=—1.
b) Tacé ab-ba=k> (kell)=9(a-b)=k’

Do d6 a—b la mét s6 chinh phuwong
a-b=1

Talaico a-b<9,azb=|a-b=4
a-b=9
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V6i a-b=1=a=b+1=c09 s thoa man: 10; 21; 32; 43; 54; 65; 76; 87; 98

Véi a—b=4=a=b+4=>cd 6 s0 thoa man: 40; 51; 62; 73; 84; 95.

Véi a—b=9=a=b+9=cb 1 s6 théa man: 90

Vay c6 tat ca 16 s6 thoa man: 10; 21; 32; 43; 54; 65; 76; 87,98; 40; 51; 62; 73; 84; 95; 90.

Cau 3.
43X 2 104 L VX8
Ix o x
3 2
o X 43X 4-0(Dox>0=3x+250)
3x+2 3(3x+2)
Dit t= (t>0) phuwong trinh trd thanh

t3+3t2—4=0<:>(t+2)2(t—1)=0<:{tz_z(ktm)

t=1(tm)

X
Véoit=loo—=1—> X=§[ 3xX+2
«3/(3x+2) ( )

X =-1(ktm

=X’ =3x-2= X’ -3x+2=0 (x+1)(X’ -x-2)=0< (kam)

x=2(tm)

Vay phuong trinh c6 nghiém X=2.
Cau 4.

{2x2+y23xy4x+3y+2=0 (1)

X —y+3+y—x+1=2 (2)

(1) = y*-3(x-1)y+2x* —4x+2=0

X*—y+3>0

biéu kién
y—-x+1>0

=x-1
Tinh A=(x-1)° :(1)@[3'
y=2X-2
Véi y =x-1 thay vao (2) ta duoc
JCx+d=2ex—x=0e|" = y=-1(tm)
x=1 | x=0(tm)
Véi y=2x-2 thay vao (2) ta duoc

X2 =2x+5 +\/x—1:2<:>,/(x—1)2 +4+/x-1=2
Ta cé \(x=1) +4+x—1>2

Dau “=" xay ra <> x=1=y=0(tm)
Vay hé phurong trinh ¢6 cac nghiém (x;y)=(0;-1);(10)
Cau 5.
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a) Tam gidc ABC déu nén ABC = ACB =60°

Do d6 AMB = ACB =60°, AMH = ABC =60° = CMK =60’

= AMH = HMK ma MH 1 AK nén tam gidc AMK can tai M
Suy ra H la trung diém caa AK.

b) Theo trén ta c6 CM la duong trung triec cia AK = CA=CK
Ma A,C & dinh nén K nam trén duong tron cd dinh (C;CA)
Lai c6 tam giac ABC déunén O la trong tam cua

2 AC+3 35 ACV3 AC\/_

AABC = OA—§— = AC=9

Vay K thudc duong tron (C;9)

c) Goi R;R, theo tht ty la ban kinh duong tron ngoai ti€p cta hai tam giac
MBD, MCD.

Dung cac tam giac déu BDF, CFG ra phia ngoai tam gidc ABC.

Ta c6 BFD = BMD =60° = tt gidc BDMF ndi tiép.

Chiing minh twong ty t& giac CDMG noi tiép

= R;;R, lan luot 1a cac ban kinh dwong tron ngoai tiép cac tam giac BDF, CDG.

Ta c6 ABDF;ACDG la c4c tam giac déu nén:

BD\/_ CDJ§ BD.CD
Rl - 2 — = R1-R2 =
3 3
BD +CD)’ 2 2 2
Lai ¢6 BD.CDS( ) :Bj :32 ~R.R, <3%

Ddu “=" xay ra < BD=CD < D la trung diém cta BC
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<M la diém chinh gitta ctia cung nhé BC
2

Vay MaxR,.R, = % < M la diém chinh gitta ctia cung nho BC

Cau 6.

Taco: a+b+c=3=3a—ab—-ac+2bc=(a+b+c)a—ab—ac+2bc=a’+2bc
Tuwong tu: 3b—bc—bc+2ac =b? +2ac; 3c—ca—ca+2ab=c’ + 2ab
a’ b? c?

+ +
a’+2bc b’+2ac c*+2ab
a3 3 3
= —a+ -b+

a’+2bc b? +2ac c’+2ab

Do d6 P= +3abc

—c+3abc

P-3

2abc 2abc 2abc 1 1 1
=—— - -= +3abc = —2abc| — +— +— +3abc
a“+2bc b°+2ac c“+2ab a“+2bc b“+2ac c°+2ab
Mat khac:
S SR S (1+1+1) 9
a’+2bc b*+2ac cz+2ab_(a2+2bc+b2+2ac+c2+2ab) (a+b+c)2
2
Suy ra P—3s-2abc+3abc=abcs[a+b+cj —1=P<4
Ddu “=" xay ra <> a=b=c=1
Viy MaxP=4<a=b=c=1.
Pé s6 31
Caul.
a) Taco

4S=1234+234.(5-1)+345(6-2)+..+n(n+)(n+2)[(n+3)—(n-1)]
=1234+2345-1234+3456-2345+..+n(n+1)(n+2)(n+3)-(n-nn +1)(n+2)
=n(n+)(n+2)(n+3)
Do d6 45+1 = n(n+1)(n+2)(n+3)+1= (n*+3n)n? +3n+2)+1
= (n2 +3n)2 + 2(n2 + 3n)+1

= (n2 +3n +1)2. Vay 4S+1 la s8 chinh phuwong.
b) Ta co
X2 +2y?+2xy=y+2= (x+yf=—-y +y+2=(x+yf=01+y)2-y)
Do (x+y) >0,vx,y nén (1+y)2-y)>0< -1<y<2.Suyra ye{-1012}
V6i y=—1, PT tré thanh x? —2x+1=0<x=1eZ
V6i y=0, PT tré thanh x¥* —-2=0=>x¢Z
Véi y =1, PT tré thanh x* +2x-1=0=>x¢Z
Véi y=2,PT tro thanh xX* +4x+4=0x=-2€c7Z.
Vay ¢6 2 cap (x;y) théa man dé bai (L-1);(-2;2).
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Cau 2.

a) Tacd %=l<:>4x:x2+x+l<:>x2:3x—l
X“+x+1 4

Khi d6 x° = x*.x = (3x—1)x =3x* - x =3(3x—~1)—x =8x -3

x* =x°x=(8x—3)x =8x* —3x =8(3x —1)—3x = 21x - 8

x* = x*.x = (21x —8)x = 21x* — 8x = 21(3x —1)—8x = 55x — 21

x° —4x° -17x+9 _ (55x—21)—4(8x—3)-17x+9

Suy ra P = -
Y e a® s ax+11 | (21x—8)+3(3x—1)+ 2x+11
SO _3 (40 x#0).VayP= .
32x 16 16
b) Ta co

\/5+\/B+\/E=3<:>a+b+c+2(@+ﬂ+\/a)=9c>@+ﬁ+\/a=2
Do d6 a+2=a+«/£+«/%+\/a=(\/5+\/ﬁxx/5+\/€)
b+2=b++ab+ bc+\/a=(\/5+\/5x\/5+\/a)
c+2=c+\/%+\/R+\/a=(\/E+\/5X\/E+x/B)

Suy ra Ja + Vb + e = a + Vb + e
y a+2 b+2 c+2 (\/E+\/BX\/5+\/E) (\/B+\/EX\/B+\/5) (\/E+\/EX\/E+\/B)

~Jalvb ++c)+ Vbl +va)+ VelVa +b)
B Wa ++b Jvb + e Ve +Va)

_ 2{Jab + e + Vea)
~ J@+2)b+2)(c+2)
4
J@+2)(b+2)(c+2)
Va \/5 + JB + JE = 4
YV ar2 b+2 c+2 J@r2b+2c+2)

Cau 3.

a) Diéu kién |x> %

PT < 2(3x+1N2x* ~1=10x" +3x -6

& 4(2x2 —1)-2(3x + IN2x* —1+ 2% +3x—2=0
Dt V2x* —1=t (t>0), ta dwoc 4t —2(3x+1)t+2x> +3x—2=0
Ta co A'=(3x+1f —4(2x° +3x—2)=x* —6x+9 = (x— 3

3X+1-x+3 X+ 2
ft=—— — t=——

nén PT < 4 = 2
t_3x+1+x—3 t_2x—1

4 2

TAI LIEU TOAN HQOC
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X>-2 X>-2
Vi t =XL2th V2x% — —XLZQ ey
42x? -1)=(x+2f ~ |7x*-4x-8=0
X=-2
2+/60
©9,_2£V60 SX=——7—
7
1 1
X>— X2—
Véit="2 12X - —2"2 L 2 =72
42x? -1)=(2x-1  [4x* +4x-5=0
1
Xz —
- 2 <:>x—_1+\/g
L _—1V6 2

Két hop diéu kién |x > 1 ta dwoc nghiém ctia PT la x e {

21\/@_—“«/6}
V2 7 '

2

2x% — y? —5x+2=0 (1
b) Xét hé phuong trinh {7 0TI TR )
X2 +y2+x+y-4=0 (2)
PT ()= 2X° -y +xy+y—-5x+2=0< y* —(x+1)y —2x* +5x—2=0

Tacd A'=(x+1) —4(— 2x* +5x — 2)=9x* —18x + 9 = 9(x — 1)’

_x+1-3(x-1)
Khi d6 PT (1) = 2
_x+1+3(x-1)
2
y=—X+2
=
y=2x-1
Véi y=—x+2, thay vao PT (2) ta dwgc 2x° —-4x+2=0<x=1=y=1
x=1
Véi y =2x -1, thay vao PT (2) ta dugc 5x* —x-4=0< 4
X=—=
5
4 13
Hx=1l=y=1 N Xz Yy =——
) y ) x=—g=y=—1
4 13
Vay nghiém ctia hé phuong trinh 1a (11) va (—g _Ej

Cau 4.
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a) Xét tir gidc AEMO c6 géc £ OAE = £ OME = 90° nén tit gidc AEMO noi tiép.

Xét te gidc APMQ c6 goc £LMPA = ZPAQ = LZAQM = 90°nén t& giac APMQ la
hinh chit nhat.

b) Do APMQ la hinh chi nhat nén hai dwong chéo PQ va MA cit nhau tai trung
diém I caa mdi duong.

Do tiép tuyén tai A va M cit nhau tai E, I 1a trung diém MA nén O, I, E thing hang.
Vay PQ, OE, MA do6ng qui tai I

o) O la trung diém AB, I la trung diém MA nén OI song song v6i MB = ZMBP = £
EOA

Ma ZMPB = ZEAO = 90° nén AMPB dong dang véi AEAO (g.g).

SuyraPB: AO=PM:AE = PB. AE=PM. AO (1)

Do PK song song véi AE nén PB: AB=PK: AE = PB. AE=PK. AB (2)

Tt (1) va (2) suy ra PM. AO=PK. AB = PM. 2A0 =2PK. AB = PM =2PK

(do 2A0 = AB)
Vay K la trung diém MP.
d) Trong tam gidc vudng MPO, ta c6 MP? = OM? - OP?=R? - (R - x)?khi P thudc
doan OA

MP? = OM? — OP2 = R? - (X - R)? khi P thudc doan OB
Khi d6 MP?2= (2R - x)x. Suy ra MP = /(2R — X)X
Dién tich hinh chit nhat APMQ 1a S = MP. AP = /(2R - X)X’
Ap dung BDT a+b+c+d >2vab +2v/cd > 44/abed vé6i moi a,b,c,d >0

(a+b+c+dj4
4

hay abcd < .D4u “=" xay ra <>a=b=c=d
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Roxs X X XY
S= (2R—x)x3=\/27(2R—x).§.§.§g 27. j 3 3 =3;{§R2

Dau “=" xay ra < 2R-Xx= g & X =gR. Suy ra P la trung diém OB. Do d6 ta xac

dinh dwoc M d¢€ dién tich hinh chit nhat APMQ 16n nhat.
Cau 5.

Ta cé (a+b+1j(b+c+1j[c+a+lj:[a+b_ )(b+c_ j(c+a_l)
a-b b-c c—a a-b b-c c—a

a+b b+c+b+c c+a_ c+a a+b
a-b'b-c b-cc—-a c-a a-b

-1

2
Khi d6 (a+b+b+c+c+aj >0
a-b b-c c-a
[a+bj2 (b+cj2 (c+a}2 a+b b+c b+c c+a c+a a+b
= + + > -2, . + . + . =2
a-b b-c c—a a-b b-c b-cc-a c—-a a-b
Suy ra
a’+b*> Db*+c®* c*+a’) (a+b)*+(a-b)*> (b+c)’+(b-c)* (c+a)*+(c—a)’
2. ;T >t 2 |~ 2 + 2 + 2
(@=-b)* (b-c)* (c-a) (a-b) (b-c) (c-a)

2 2 2 2 2 2 2 2 2
:(a+bj +(b+cj +(c+aj 135943-5. 28 +b2+b +C2+C +a2 .5 1)
a-b b-c c—a (a-b)* (b—c)* (c—a) 2

Matichac (b%t:”j(cﬁaﬂj(aib”):(b;:_ LE&— ](aib_ )

a b N b c c a
b-cc-a c-aa-b a-bb-c

2
Khidé(a+b+cjzo
b b

-C Cc—-a a-
2 2 2
<:>a+b+c2—2.a.b+b.c+c.a:2(2)
b-c c—a a-b b-cc-a c-a a-b a-b b-c
Tt (1) va (2) suy ra

(a2+b2+c2{ L -+ ! ~+ ! 2)
(@-b)* (b-c)* (c-a)

a?+b? b?*+c® c?+a’? a Y b Y C 2>5 9
=l et et e [t e Tl o >—+2=—.
(a=b)* (b-c)* (c-a) b-c c—a a-b 2 2
a+b b+c c+a
+ + =
a-b b-c c-a
a b c
+ + =
b-c c—-a a-b

D4u “=" xay ra <
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Chéng han a=0,b=1c=-1.
Pé s6 32
Cau 1.

\/5+\/§+\/5—\/§ TacéM2=10+2@:
54422 5++/22

—M =+/2 (Do M >0)

Ji1-642 = [(3-42) =3-42

Suyra P=3
1.2
Tacd xy+z—-1=xy—x—-y+1=(x-1)(y-1)

1.1 Dbat M = 2

Tuong tw yz+x—-1=(y—1)(z-1) va zx+y—1=(z—-1)(x-1)
Suy ra S = 1 N 1 N 1 _ X+y+2-3
(x=1(y-1) (y-1)(z-1) (z-1)(x-1) (x-1)(y-1)(z-1)
B -1 B 1
Xyz—(Xy+yz+2X)+(X+y+2z)—1 Xy+yz+2x

Ta ¢ (x+y+z)2=x2+y2+22+2(xy+yz+zx):>>q1+yz+zx=—7
1
Suyra S=-=
uy ra -
Cau 2.

. 1
2.1 Diéu kién x > E

202X =1+ X +3=/Bx+11 =0 <> 22X -1+ /X +3 =/5x+11

& OX—14+42X2 +5X—3 =5X+11 <> /2x* +5Xx—3 =3—X

X<3 X<3 Xx=1
= 9 5 = 5 =
2X°+5Xx—-3=9-6X+X X°+11x-12=0 X=-12
DaGi chiéu diéu kién ta duoc X =1 1a nghiém duy nhét caa phuwong trinh.
2.2 Diéukién x=>1,yell

y: — y(\/x—l+1)+\/x—1 =0y’ —y—\/x—l(y—l)=O<:>(y—1)(y—\/x—1)=0
y=1

=S :
y=+x-1

Véi y =1, thay vao (2) ta duoc

X417 -3=0 X2 +1=A7TX -3 X" +2x* +1=7x>-3
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<:>X4—5X2+4:0<:>{);2:l<:>{§i2 (do diéu kién cua x)
Véi y:m,thayvéo (2) ta duwoc X2+\/E—\/m:0
& (% =4)+(Vx=1-1)-(J7x*~3-5) =0

x-2  T(x=2)(x+2)
X=1+1  7x2—3+5

< (x=2)(x+2)+ =0

X=2
1 7(x+2) 0
VX=1+1 7x*-3+5

Véi X=2 suyra y=1.

X+2+

1 7(x+2) =(x+2)[1— 7 )+ 1
VX=1+1 7x*-3+5 N7X?=3+5) ~x-1+1
7x*—-3-2 1

+
N7x? =345 x-1+1

V6i x>1thi V7x2 -3-2>0=(x+2)

Tacd X+2+

=(x+2)

2
7x°—-3-2 50
J7x2—-3+5

7X2_3_2+ 1 -0
J7x3 =345 +x-1+1

Vay hé phuong trinh c6 cdc nghiém (1,1),(2;1).
Cau 3.

Suy ra (X+2)

31Tacod X2+ Yy’ +xy—X—-y=1<(x+ y)2+(x—1)2+(y—l)2 =4

Ta c6 bang gia tri twong ting (hoc sinh c6 thé xét ting trueong hop)

X+Yy x—1 y-1 Nghiém (X;y)
2 0 0 (L1)
-2 0 0 Loai
0 2 0 Loai
0 -2 0 (-11)
0 0 2 Loai
0 0 -2 (1; —1)

Vay cac s (X; y) can tim la (1;1), (—1;1), (1; —1)

3.2 V6i mdi s6 nguyén dwong k ta c6 k = Jk? = 4/1+(k2 —1) = \/1+(k -1)(k+1).

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC




Website:tailieumontoan.com

St dung dang thtic trén lién tiép véi k = 3,4,...,n ta dugc

3424 =1+ 21535 =1+ 21+ 31 46 =~
:\/1+2\/1+3\/1+---\/1+(n—1)(n+1)

- \/1+ 2J1+ 3\/1+---\/1+(n -1)yJ(n+1)° > \/2\/3\/4...\/m

Ta c6 diéu phai chitng minh.

Cau 4.

4.1 Ta c6 Al la phan giac cia BAC nén Q la diém chinh gitta cua cung BC cua (O).
Suy ra BAQ =QAC =QBC

IBQ =1BC +QBC = IBA+BAQ =BIQ

Hay tam gidc QBI can tai Q.

4.2 Tam giac ABD dong dang tam giac ACB

Suy ra AB_AD hay AB®>=AD.AC (1).

AC AB
Tam gidc ADI dong dang tam gidc AEC  (c6 goc A chung va AID = ACE)
Suy ra AD_ AL hay Al.LAE =AD.AC (2).

AE AC
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Ttt (1) va (2) suy ra Al.AE = AB?,
suy ra tam giac ABI dong dang tam giac AEB.

Suy ra AEB = ABI =£2C

Ta c6 AEP = BAE = % (hai goc so le trong),
suy ra BEP = M
BA AB
Theo a) ta c6 BIQ = % suy ra BIQ = BEP

Ta c6 BPE = ABD = ACB = BQI

. e \ " BP BE
Suy ra hai tam gidc PBE va QBI dong dang, suy ra E =38l < BP.BI =BE.BQ, ta
c6 diéu phai chiing minh.
4.3 Tam giac BQI dong dang tam giac BPE va tam giac BQI can tai Q nén tam giac

BAC + ABC

PBE can tai P, suy ra PBE = + va PH L BE véi H la trung diém cua BE.
Do HK la dwong trung binh ctia tam gidc EB] nén HK//BJ]

ACB BAC + ABC

Ta co JBD = va DBE = —5  swym JBE =90° hay JB vudng géc BE.

Suy ra PH//JB, suy ra P, H, K thang hang hay PK//JB.

Cau 5.
Gia st tat ca cac cau lac bd déu c6 khong qua 8 hoc sinh.
Goi N 1a s0 cau lac bd c6 hon 1 hoc sinh.
Néu N >4, tir 5 trong s8 cac cau lac bo nay, chon mdi cau lac b 2 hoc sinh, khi d6
10 hoc sinh nay khong thoa man diéu kién bai toan.
Néu N<4, khi d6 s6 hoc sinh tham gia cac cau lac bd nay khong qua 3.8=24,
nghia 1a con it nhat 35—24 =11 hoc sinh, mdi hoc sinh tham gia 1 cau lac bo ma
cau lac bd nay chi c6 1 hoc sinh. Chon 10 hoc sinh trong sd nay, khong théoa man
diéu kién bai toan.
Vay N=4.
SO hoc sinh tham gia 4 cau lac bd nay khong qua 4.8 =32, nghia la con it nhat 3 hoc
sinh, mdi hoc sinh tham gia 1 cau lac bd ma cau lac b nay chi cé 1 hoc sinh.
Chon 2 trong s6 hoc sinh nay va mdi cau lac bo trén chon 2 hoc sinh, khi d6 10 hoc
sinh khong thoa man diéu kién.

Vay diéu gia st sai, nghia 1a ton tai mot cau lac bd ¢6 it nhat 9 hoc sinh tham gia.
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bé s6 33

Cau 1.
a) Tt phuwong trinh thit nhat ctia hé ta duoc x=5y—-20. Thé vao phuwong trinh thi

hai ta dwoc

(5y-19)(10y—-39)(15y -59) = (1+3y)[1 +3y +2(5y —20)2}
< 750y° —8725y” + 33830y — 34719 =150y° —1141y? + 2006y + 801
& 600y’ ~7584y” 31824y — 44520 = 0 < (y —5)(75y* ~573y +1113) =0
Dé thdy phuwong trinh 75y* —573y +1113=0 v nghiém
Do dé tir phwong trinh trén ta deoc y—5=0<>y =5 nén x=5.
Vay hé phuong trinh ¢6 nghiém duy nhat 1a (5 ; 5) .
Cach khac: Khi thye hién phép thé x =5y —20 vao phuong trinh thi hai thi ta duoc

phuong trinh mét an, tuy nhién phuwong trinh khé phén tich. Do d6 ta c6 thé tim
cach phan tich phwong trinh thit hai thanh tich.
(1+x)(1+2x)(1+3x) = (1+3y) (1+3y +2x*)
& (¢ +3x+1)(3x+1) =(1+3y)(1+3y +2x°)
o (3x+1) +2x7 (3x+1) = (1+3y ) +2x* (3y +1)
x-y=0
< 3(x-y)|2+3(x+y)+2x* |=0 <
(-y)[243 (0 y) 2 24+3(x+y)+2x* =0
bén day ta két hop véi phuwong trinh th nhat dé€ tim nghiém.
Trong hai cach trén thi cach thuc hién phép thé dé thdy hon nhung cdch phan
tich phwong trinh thit hai thanh tich cho 10i giai don gian hon.
b) Phuong trinh c6 hai nghiém dwong phan biét khi va chi khi

A>0 (2m+1)' ~(3m+4)>0  [(m+1)(4m-3)>0
X; X, >0 < 3m+4>0 <144m>-3 Sm>—
X, +%,>0 12(2m+1)>0 2m > -1

Cau 2.
a) Tw \/;+\/§+\/_:2 va Xx+y+z=2 taco

(\/;+ y+\/;)2 :x+y+z+2(@+&+@)
Tir d6 ta dwgc Xy +Jyz ++/zx =1. Khi d6
x+1=x+@+&+&=(&+&)(&+&)

y+1=y+\/;+\/y72+ zX :(\/;+\/§)(\/§+\/;)
Z+1=Z+\/;+\/y_z+\/;:(\/;+\/;)(\/;+\/;)
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Thay vao biéu thitc P ta duoc

P:\/(x+1)(y+1)(z+1){ o Ay, JZJ

x+1 y+1 z+1

2 2 2\/;\/§+\/; +\/§ Jz +x )+z \/;+\/§
R BT ] S e e )

=2(\xy +fyz ++ax) =2

b) Goi dudng thing can tim 1a y =ax+b. Do dudng thing di qua diém M(1;2) nén

tacd 2=a+b.Do duong théng cdt cac truc Ox, Oy lan luot tai A va B nén ta ¢

Khi x=0 thi y=b, do dé ta c B(O;b).Khi y =0 thi X=—E,d0 do ta co

a
A{—E;OJ.
a

Ma ta c6 OA+OB =6 nén ta duoc |b|+

a

=6.

Cht y rang duong thang cat tia Ox va Oy nén ta c6 b > 0;—E >0 dodd b>0;a<0.

a
T d6 b o a+b=2<:> b=2-a b=2-a - a=-1;b=3
uw do ta co —
b—2:6 (2_a)+a 2:6 a’+3a+2=0 a=-2;b=4
a a

Vay cac duong thang théa man yéu cau bai toan 1a y = —x+3 hodc y=-2x+4.
Cau 3.

a. Do s8 cAn im ab nén ta d& dang suy ra duoc 10 <ab<99.

Tir d6 ta c6 16 <ab+6<105. Chti y rang ab+6 =(a+b)3 nén ta duoc

16<(a+b) <105.

Ta tim cac 1lap phuong diang trong khoang tir 16 dén 105 thi duoc (a +b)3 =27 va

(a+b) =64.

Tir d6 ta dugc a+b=3 va a+b=4.Dén day ta dugc ab e {12;21;30;13;22;31}.

3

Tht lan lugt cc truong hop thi duoc ab=21 vi 21+6=(2+1)

b. Chti ¢ dén bién d6i 111..1= 22 1 ta di phan tich céc 55 a va b vé cdc lity thira
nscl
102017 _1
ctia10. Taco a=111..1= 29 =1 03 5=1000..05=1000..0+5=10" +5.
— — —

2017scl 2016¢s0 2017 cs0
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Khi @6 ta duwoc

207 _ 1027)" +4.10%7 -5
M:ab+1:¥.(10“+5)+1=( ) +1=(

3

1027 +2Y
9 J '

2017
X 4a VR +2 A 12 g :
Dén day ta chi can chi ra duoc —5 € N ta ta c6 diéu phai chirng minh.

Tuy nhién # €N hién nhién dung do 10*7 +2:3. Vay M=ab+1 la s chinh
phuong.
o Chu y. Véi dang toan chiing minh sd chinh phwong nhuw trén ta cha y dén phép
bién d6i:

9=10"-1,99=10"-1;,999=10"-1,..;999..9 =10" -1

ncs9

Cau 4.

Tn

a) Ké FM vudng goc voi AB. Khi d6 ta cd6 ADB = AMF =90°. Xét hai tam gidc ADB
va AMF ¢4 ADB = AMF =90" va BAD chung

Do d6 AADB~ AAMF nén ta duoc % = % suy ra AD.AF = AB.AM.

Xét hai tam gidc ACB va FMB ¢6 ACB=FMB=90° va ABC chung

Do d6 AACB-~ AFMB nén ta duwoc BC _BEM suy ra BC.BF = AB.BM.
AB BF

Tir d6 ta dugc AD.AF+BC.BF = AB(AM+BM)=AB* =4R’.

b) Do BC=CD nén BC=CD, do d6 AC la tia phan giac cia BAD . Trong tam giac

ADI cd AK la tia phan gidc nén ﬂ = ﬁ Mait khac do HE//BD nén ta dwoc
AD KD

K _E

KD EB’
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Tt d6 ta duoc % = %, ma theo gia thiét ta c6 AD=BE nén Al =EI hay I’ la

trung diém ctia AE. Do d6 hai diém I va I’ tring nhau. Suy ra ba diém D, I, K thang

hang.
S S
Cau 5. Ta c6 —2%8 = B — OB .Do d6 Sg,-Sopc =Saop-Scop =9-16 =144
AOD COD
Ta co

S 5o = Saos T Scon +Saop T Ssoc = Saos T Scop +2yS aopSsoc =9 +16++/144 =49
D&u bang xdy ra khi va chi khi S hay OA.OD=0B.OC.

biéu nay c6 duoc khi % = % hay AB//CD. Vay gia tri nho nhat cta S, la

AOD — SBOC

49cm” khi AB//CD.
Céu 6. Ap dung bat dang thixc AM — GM ta c6
2a’ +lb2 > 2.%1b;2b2 +Ec2 >14bc; 3a” +lc2 >2.ca
2 2 3 3
Cong theo vé& cac bat dang thirc trén ta duoc
P =5a’ +11b” +5¢* 2 2ab +17bc+2ca =2 (ab +7bc +ca ) =2.188 = 376

Ddu bang xau ra khi

43> =b? 2a=1b
9b* = 4¢? - 3b=+2c¢ - a=2;b=4;c=6
9a’ = ¢? 3a==c a=-2,b=—4;c=—-6

ab+7bc+ca =188 ab+7bc+ca=188
Pé so 34
Caul.

a) Ta c6 yJ4+243 =[3+23+1 = (\/§+1)2 — J3+1. Mit khéc ta lai ¢

a :(\/§+2)«3/17\/§—38 —a’= (J§+2)3 (17\/5—38) - (17J§+38)(17J§—38) -1
Twr d6 ta suy ra duwoc a=1 hay (\/§+2)3 175 -38 =1.

V3+1-43 _ 1

Nhu vay ta duoc x =
1-2 -1

=-1. Tk d6 suy ra

b) Ta c6 x+y=-5 nén ta duoc (x+y)2 =25=x" +y’ +2xy =25.
Ma ta c6 x> +y”> =11, do d6 suy ra 2xy =14 hay xy=7.

Taco x' +y' =(x*+y?) —2(xy) =11 -2.7> =121-98=23.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

a) Diéu kién: 2x+3>0.

Khi d6, hwong trinh da cho twong duong véi:

X4 6x+9=2x+3+ Wt 3 +1 e (x+3) =(Vax+3 +1)

X+3=42x+3+1 x+2=2x+3
= =
x+3:—(»\/2x+3+1) —x—4=«/2x+3

X+2>0 +2>0
0 V6i x+2=4/2x+3 < ) = X2 < x=-1.
(x+2) =2x+3  [X*+2x+1=0
-x—-420 Xx+4<0
0 Véi x—4=+/2x+3 & ) <9, , hé v6 nghiém.
(x+4) =2x+3  [X*+6x+13=0

Két hgp vdi diéu kién xac dinh ctia phuwong trinh ta dwgce x =-1 la nghiém duy
nhat.

Cach khac: Phuong trinh da cho tuong dwong voi

2
X+ 2x+ 14 2x+3-2¢2x+ 3 +1 & (x+1) +(V2x+3-1) =0
(x+1)' =0 [x+1=0 .
= SX=-—
J2x+3-1=0 (V2x+3-1=0
Két hgp vdi diéu kién xac dinh ctia phuwong trinh ta dwge x =-1 la nghiém duy
nhat.
Luu y: Cling d€'y dén 2v2x+3 ta viét phuong trinh vé dang
2x+3+242x+3 -x* —6x -8 =0
Dit t=+/2x+3 >0, khi d6 phuong trinh trén tré thanh 2 +2t—x* —6x—8=0.
Taco A =12 +(x*+6x+8)=(x+3) 20. Tir day phuong trinh c6 hai nghiém la
t=x+2 va t=—x—4. bén day ta giai hoan toan twong ty nhu trén.
b. Ddt a=2x+y-1;b=x-y+1. Khi d6 hé phuong trinh viét duoc lai thanh
a”+b’ =26 a’+b’+2ab-2ab=26 _|(a+b) —2[11-(a+b)]=26
= =
a+b+ab=11 ab=11—(a+b) ab:11—(a+b)

(a+b) +2(a+b)-48=0 [a+b=—8;ab=19
<~ <~
ab:11—(a+b) a+b=6;ab=5

+V6i {“b = hé vo nghiém do (a+b)’ <ab.

ab=19
.. la+b=6 a=1b=5
+ Voi = .
ab=>5 a=5b=1
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oKhia=1,b=5 tacé{

x-y+1=5 y=—2'

2x+y—1:1®{x:2
o Khi a=5;b=1 tacod {2x+y—1=5©{x=2 .
x-y+1=1 y=2
Vay phuong trinh da cho c6 cac nghiém la (2;-2),(2;2).
Cha y- Khi hai phuong trinh cta hé déu khong thé phén tich duoc thanh tich thi
ta nhan mot trong hai phuong trinh véi mét s6 k roi cong theo vé hai phwong
trinh thi duwoc mdt phuong trinh bac hai. Ta can tim hang s8 k &€ phuong trinh
phan tich dwoc thanh tich. Chang han ta viét lai hé phuong trinh nhu
5x* +2y” +2xy —2x —4y =24 5x* +2y? +2xy —2x -4y —24=0
{3x+(2x+y—1)(x—y+1) -1u° {2X2 —y? =Xy +4x+2y —xy—12=0
Khi d6 ta thdy néu nhan phuwong trinh thit hai v6i k=2 r6i cong hai phuong
trinh thi ta thu duoc phuong trinh 9x* +6x—48 =0.
Cau 3.
Taco A = (m —1)2 +24 >0 vdi moi m nén phuong trinh cé hai nghiém phan biét
X5 X, -
Theo hé thitc Vi—ettacd x, +x, =1-m va x,.x, = 6.
Tacd A= (xf —9)(x§ —4) =X} X} +36-9x; —4x] =(xx, + 6)2 —(2x, +3x, )2 .
Do x,x, =6 nén A=—(2x, +3x,) 0. Do d6 gid tri nhé nhét ctia A 12 0.

X, X, =—6
. =3;x,=-2;m=0
Dé&u bang xdy ra khi va chi khi <2x,+3x,=0 < 1T ey
X, =-3;x,=2;,m=2
X, +Xx,=1-m
Vay véi m=0 hodc m=-2 thibiéu thirc A dat gia tri nho nhat.
Cau 4
Ta cod a® +b* >2ab=2.Khi d6 ta dwoc
4
a+b

A=(a+b+1)(a2+b2)+ 22(a+b+1)+ =2(a+b)+2+

a+b a+b

Theo bat dang thitc Cauchy ta lai c6 (a +b)+ ib >4 va a+b>2+ab.Do dé ta
a+
duoc

=a+b+2+a+b+ 4 22\/5+2+4:8

a+b a+b
Vay gia nho nhat cua A la 8 khi va chikhi a=b=1.

A22(a+b)+2+

Cau5
a) Do q la s6 nguyén t6 16n hon 3 nén q ¢6 dang 3k+1 hodc 3k+2 véi ke N”.
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+Néu q=3k+1, khi d6 do p=q+2 nén p=3k+3 chia hét cho 3, truong hop nay
loai do p khodng phai la s6 nguyén to.
+Néu q=3k+2, khid6é do p=q+2 nén p=3k+4. Do p la s6 nguyén t6 nén k
phai la s8 tw nhién lé. Khi d6 ta duoc p+q=6(k+1):12. Vay s§ du khi chia p+q
cho121a0.
b) Phuong trinh da cho twong duong véi
X +x-y =1 ¢ +4x -4y’ =4 < 4 +4x+1-4y° =5

& (2x+1) -(2y) =5 (2x+2y +1)(2x-2y +1) =5

Do x, y 1a cac s6 nguyén nén ta co cac treong hop sau

. .. |2x=2y+1=1 x=1
+ Trueong hop 1. Voi =

2x+2y+1=5 " |y=1
. .. [2x=2y+1=5 x=1
+ Treong hop 2. Vdi = .
2x+2y+1=1 y=-1
. .| 2x=2y+1=-1 X=-2
+ Treong hop 3. Voi = .
2x+2y+1=-5 y=-1
. .. |2x=2y+1=-5 x=-2
+ Trueong hop 3. Vdi = .
2x+2y+1=-1 y=1

Vay phuong trinh c6 cac nghiém nguyén la (x;y) = (1;1),(—2;1),(1; —1),(—2; —1).
Cau 6.

a) V& tiép tuyén tai A v6i dudng tron (0). Khi d6 ta c6 MAX = %MOA. Mit khéc ta

lai c6 Ax//MH nén ta dwoc MAx = AMH. Do d6 AMH = %MOA . Tte giac MHOK c6
MKO + MHO = 180° nén noi tiép duoc, do d6 ta dwgc MKH = MOH . Tt d6 suy ra
AMH = %MKH hay HKM =2AMH.

b) Dé thay t& gidc ADMO noi tiép duong tron.
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Ma ta c6 MAG = %sdBM va MOE =BOE = %sdBM. Do dé6 ta dwgc MAG =EOM,

ma hai géc nay cung nhin doan MG, suy ra tit gidc MGOA noi ti€p duong tron. Tt
do6 ta thdy ndm diém A, D, M, G, O cung nam trén mot duong tron. Do d6 ta dwoc
FGO =0ODA =0ODM.

Xét hai tam gidc OGF va ODE c¢6 GOF chung va FGO=0ODM nén
AOGF -~ AODM.

Tir d6 suy ra o2 = PE 109 ODGF=OGDE.
OD  GF

Cau?’.

B \/\\
H
c

D

Dung OH vudng goc véi AC tai H va OK vudng géc véi BD lai K. Khi d6 ta c6

AH= %AC; BK = %BD . Tt gidc OHKK la hinh chi* nhat nén OP = HK khong doi.

Ap dung dinh Iy Pitago ta c6 AC*+BD? = (2AH)’ +(2BK)’ =4(AH? + BK?).
Lai c6 AH? =0OA” -OH?; BK*> =OB*-0OK?”. Do d6 ta duoc
AC? +BD? = 4(OA2 —OH? + OB? —OKZ) - 4(OA2 +OB2)—4(OH2 +OK? ) — 8R? —40P?

2 2
T dbsuyra S, Sw =2R*-QP? =2.5* - 3? =41<cm2).

Véy gid tri 16n nhét ctia S, 14 41(cm?), d&u bang x4y ra khi va chi khi AC=BD.
Khi d6 ta duwoc OH=OK hay OHPK la hinh vudng, do dé ta dugc OPD = 45" .
bé sd 35
a) Tir gia thiét a’ +b’ =2(c* ~8d*) ta c6
a’+b° +3ab(a+b)+(c3 +d3)+3cd(c+d) =3ab(a+b)+3cd(c+d)+3c’~15d°
SN (a+b)3 +(c+d)3 =3ab(a+b)+3cd(c+d)+3c’-15d°
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Dé thdy 3ab(a+b)+3cd(c+d)+3c’~15d° chia hét cho 3 nén ta duoc
(a+b)’ +(c+d)’ chiahét cho 3.
Mit khac ta lai co (a+b)3+(c+d)3 :(a+b+c+d)3—3(a+b)(c+d)(a+b+c+d)

Ma 3(a+b)(c+d)(a+b+c+d) chia hét cho 3 nén suy ra (a+b+c+d)3 chia hét cho
3.
Do vay a+b+c+d chia hét cho 3.
Chu y: Ban chat bai toan trén chinh 1a bai toan co ban: Néu x® +y°® chia hét cho 3 thi
x +y chia hét cho 3.
b. Ta xét cac truong hop sau
+Khi x=2 ta duwoc 2* +x*> =2 +2° =8 khdng phai 1a s6 nguyén to.
+Khi x=3 ta duwoc 2* +x* =2 +3% =17 la sd nguyén td.
+Khi x >3 thi x 1a s6 nguyén t5 1é. Khi d6 x> chia 3 c6 s6 dwla 1.
Ngoai ra do x 1a s6 nguyén t0 1é nén ta dat x = 2k+1(k eN’ ) .
Tir d6 ta 6 2 =22 =24 =2(3+1)" chia 3 c6 58 du [a 2.
Nhw vay 2%+ x> ludn chia hét cho 3. Do d6 2* +x* luén 1a hop s8 khi x> 3.
Vay x=3 la gid tri thoa man yéu cau bai toan.
Cha y: Véi bai toan sO hoc dang nay ta thuong thit véi mot s6 nguyén t6 nhd
x =2;3. Vdi cac s6 nguyén td 16n hon ta chirtng minh khong thoa man.
Cau 2.
a) Diéu kién xacdinh ctia phwong trinh 1a 2x% +11x+19 > 0;2x” +5x+7 >0.

+Xét x =-2, ta thdy thoa man phuwong trinh, do d6 x =-2 la mot nghiém cua
phuong trinh.

+Xét x % -2, khi d6 ta 6 v/2x? +11x+19 —/2x> +5x+7 # 0. Phuong trinh da cho
tuwong duong voi

6(x+ 2)
V25 +11x+19 =257 +5x+7

=3(x+2) = V2 +11x+19 —2x* +5x+7 =2.

N2 +11x+19 425 +5x+7 =3(x+2)
V22 +11x+19 2 +5x+7 =2

Két hop véi phuong trinh da cho ta c6 hé {

3x+82>0

4(2¢ +11x19) = (s~

T d6 ta dwoc 24/2x* +11x+19 —3x+8<:>{

Két hop voi diéu kién xac dinh ta duoc tap nghiém la S= {—2;2} )

b) Tt x+y+z=3 vé\l+l+l=1 ta duwoc l+l+1= 1
Xy z 3 X 'y z X+y+z

. Khi @6 ta duwoc
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N 1 :0®x+y+ X+y 0

1 1 1

J— _+__

Xy z X+y+z xy z(x+y+z)
@(x+y)(xy+zx+yz+22)=0@(x+y)(y+z)(z+x)=0

+ Xét treong hop x+y =0, khi do6 tit x+y+2z=3 ta duwoc z=3.
Cing tir x+y =0 ta duoc x=—y. Thé vao x* +y* +z* =17 ta dugc
2x* =8 x=12.
Tt d6 ta dwoc hai bd s6 (x; y;z) thoa man la (2; —2;3),(—2; 2;3) )
+ Giai cac treong hop y+z=0 va z+x=0 ta dugc cac bo s6 la hoan vi ctia hai b
sO trén.
Vay cac bo so6 (x; y;z) can tim la
(2:-2;3),(-2;2:3),(2:3;-2),(-2:3;2),(3;2,-2),(3;-2;2) .
Cau 3.
a. Ap dung bat déng thirc Cauchy cho ba s§ duong ta c6

8x* (3—4)(2)2 =8X2.(3—4X2)(3—4X2)S(8X2 $3— 4% +3 -4y ja i

3

2 4 4
Tt d6 ta dwoc X == 8x -2 2 x* nén
(3-4x*) 8x*(3-4x?) 8 3-4x

4
Hoan toan tuong ty ta o6 —— ~ >4y’ ;4—Z2 > 477,
3-4y 3-4z

Cong theo v& cac bat dang thirc trén ta duoc P > 4(x2 +y*+ Zz) >4(xy+yz+zx)=3.

Vay gia tri nho nhat cua P 1a 3, dau béng xay ra khi vachikhi x=y=z= % .
2016 b2016 2016

C
PN _p5
b+c—a c+a—-b a+b-c

22015 a 1 |4p2rs b 1|4 o2 c _1
b+c-a c+a-b a+b-c

_ 2005 a—-b+a-c P2 b-a+b-c L Qs c—a+c-b
b+c-a c+a-b at+b-c
2015 ( 2015 ( 2015 (1, 2015 (1, 2015, 2015 (
a (a b)_b (a b)+b (b c)_c (b c)+a (a c)_b (a c)

b+c-a c+a-b c+a—-b a+b-c b+c-a a+b-c

b. Xét hiéu —c® hay ta duoc

Khong mat tinh tong quat ta gia st a>b>c>0.
Khi d6 ta thay a®° >b*" >¢*” va O<b+c—a<a+c-b<a+b-c.
a2015 b2

Do d6 ta c6 (a —b)(b - bJ > 0. Hoan toan twong tu ta cling co
+c—a c+a-
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c+a-b a+b-c b+c—a a+b-c

(b_c)( p215 2015 ]20;(a_c)[ Q2015 ~ b2t ]20

Cong theo vé& cac bat dang thikc trén ta dwoc
2015, 2015 ( 2015 (1, 2015 (1, 2015, 2015,
a (a b) ~ b (a b) N b (b C) c (b c) N a (a c) ~ b (a C)

>0
b+c-a c+a-b c+a-b a+b-c b+c-a a+b-c
2016 b2016 C2016
Do dé EPUCIE _pI5 — M5 >
b+c—a c+a-b a+b-c
a2016 b2016 C2016

> a2015 +b2015 +C2015 .

Tir d6 suy ra + >
b+c-a c+a-b a+b-c

Vay bat dang thiic duoc chitng minh. Ddu bang xay ra khi va chi khi a=b=c.

Cau 4.
A
A 3
| Q
M
p
a) Tt CQAP =a® ta dwoc CQAP = AC? hay <L = A€
AC AQ

Xét hai tam giac ACP va CQA c¢b E—z = j:—g va PAC=QCA =60° nén

AACP -~ ACQA.
T d6 ta dwgc ACP = AQC. Ma ta c6 ACP = ACB+BCP =60° + BCP
Lai c6 AQC=ABC+BAM =60" +BAM.
Do d6 ta dwgc MAB =BCM, suy ra tit gidc ABMC noi tiép duong tron.
b) + Xac dinh vi tri ctia Q d€ IK c6 do dai 16n nhat.

Do t gidc ABMC va AIMI ndi ti€p nén BMC =IMK =120, suy ra
IMB =KMC.
Ma hai tit gidc BIMJ va CKJM ndi tiép nén ta lai c6 BMI = BJI; KMC =KJC.
Do d6 ta duoc BJI =KJC nén ba diém I, J, K thang hang.
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Dé thay hai tam giac BMC va IMK dong dang véi nhau. Do d6 ta duoc % = ﬂ

MB'
Ma ta c6 IM<MB nén ta duwoc IK<BC hay IK <a, dau bang x4y ra khi MB | AB
hay M nam chinh gitta cung nho BC, khi d6 Q 1a trong diém canh BC.
Vay IK 16n nhat khi Q la trung diém cua BC.
+ Chting minh MI* + MJ? + MK? khong d6i khi Q di chuyén trén canh BC.

Do ti gidc BIMJ ndi ti€p nén ta c6 IMJ = ABC =60° = ACB. Lai c6
MIJ = MB] =MAC

Do d6 hai tam giac IMJ va ACQ d6ng dang, do d6 ta duoc ﬁ{ «Q . Twong tu ta
duge M _BQ
MK AB

Tirdosuyra 29 + 20 QB _ g 1oy ta duoc M] (MI+MK)=MILMK .
Ml MK CA AB

Hay MLMK —-MJ.MI-MJ.MK =0.

Mit khac ta lai 6 S, = %AB MLS,,, = SBCMJS, o, = %MK.AC

79BCM
_ a%
ABC 4

a’\3 a\3 a\3
2

.hay MI+MK =MJ + —<:>M]+MK M]—T.

Mas,.. +S =S.. . +S,..va$sS . Nén ta co

ABM ACM BCM ABC

ABMI+MK.AC=BCMJ+

Do d6 (MI+MK-M]J) = 342

3a2
4

Suy ra MI* +M]J* + MK? +2(MI MK - MILM]J - M]J. MK)
2

Ma MLMK — MJ.MI-MJ.MK =0 nén MI? + MJ? + MK? = 3% khong d6i.

Vay MI” +MJ? + MK? khong d6i khi Q di chuyén trén canh BC.

Xét hinh vudng canh 2x2, do hinh vudéng nay ¢6 mdi hinh vuéng nho ludn chung

canh hodc chung dinh nén ton tai nhiéu nhat 1 s& chn, nhiéu nhat 1 s6 chia hét cho

3 do d6 co it nhat 2 s6 1é khong chia hét cho 3. Bang 10x10 duoc chia thanh 25 hinh

vuong cd canh 2x2 nén cé it nhat 50 s6 1é khong chia hét cho 3. Ttr 1 dén 0 ¢6 3 s6 1é
khoéng chia hét cho 31a 1, 5, 7. Ap dung nguyén li Dirichlet ta dugc mot trong ba s&

trén xuat hién it nhat [530} +1=17 Tan.
Pé so6 36

a) Ta co:
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M=

sasfa-s  (far1)Vart) (va-2)(va+2)
(E)(a2) (o)) ()]
)

3a+3\/_ 3-(a-1)+(a- 4)_ a+3Ja+2 _(\/a_+1)(x/a_+2)_\/a_+1
] T )

J§+1:1+ 2
Ja-1 Ja-1

\/_2 ~€Z hay ta phai c6 Ja-1eU(2).
a_

Tur d6 ta duoc Va -1e{~1;1;2} hay a<{0;4;9}.

b) Vi a>0,a=1taco M=

D&M nhén gia tri nguyén thi

Thr lai cac gia tri cua a trén ta thay thdéa man yéu cau bai toan. Vay cac gia tri can
tim ae {0; 4;9} .

Cau 2.
a) Diéu kién: x > 1. Khi do6:

x=1+4x—1+4+x-1+63x—1+9 =9
<:>\/(\/x—1 +2)2 +\/(\/x—1+3)2 =9<:>‘\/x—1+2‘+‘\/x—1+3‘=
SUX=1424Ux-1+3=92x-1=4Yx-1=2<x=5

Két hop voi diéu kién xdc dinh ta duwoc x =5 la nghiém duy nhét ctia phuwong trinh.

b. Bién d6i twong duong phuong trinh ta duoc
X +xy+zx=48  [x(x+y+z)=48
y+xy+yz=12 < y(x+y+z)=12
2 +zx+yz=84 z(x+y+z):84
Mt khac cong theo v€ cac phuong trinh cta hé ta dwoc
(x+y+z)2 =144 o x+y+z==%12.
+ Vi x+y+z=-12, thé vao phuong trinh trén ta duoc (x;y;z)=(-4;-1,-7).
+V6i x+y+2z=12, thé vao phuong trinh trén ta duoc (x; y;z) = (4; 1;7) .
Thtt vao hé phuong trinh da cho ta dwoc cac nghiém ctia h¢ la
(x; y;z) = (4; 1;7),(—4; -1; —7).
Cau 3.

a. D& thay a=v24242..42 =2 va b=124242..42 =21,

2016t/s42 3016t/s42

Tacda=2"=(2)" =16™ =(..6) va b=2"""=(2*)" =16"" =(...6)

Vay a va b cung c6 chit s§ tan cung la 6 hay ta c6 diéu phai chiing minh.
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b.Do a#0 va a#—-1 nén d6 thi ham sd y=ax+a+1 cit truc tung va truc hoanh tai

cac diém khac goc toa d9 O. Goi cac giao diém do6 1a A(—a—H;OJ va B(O,'a + 1).
a
Khi dé ta c6 cadc khoang cach OA = _atl ;OB = |a +1| . Goi h 1a khoang cach tir O
a

dén do6 thi ctia y=ax+a+1.
Khi dé theo hé thitc lwong trong tam giac vuong ta co
1 1 1 a’ 1

W OAT BT (as1) (as1)

2
a+1 2 2ja 3
(2 ) _a +22a+1=1+ 22a <1+ 2| | <2, dau bang xdy ra
a +1 a +1 a +1 a +1

T d6 ta dwoc h? =

khi a=1

Tt do6 suy ra h<+2.

Vay khoang cach 16n nhat tir O dén duong thang y =ax+a+1 la J2 khia=1.
Cach khac: Ta ciing c6 thé tim gid tri lon nhat ctia h theo cach khac nhu sau

1 (as1)

L L Ja+1]=1.
2

Dién tich tam gidc OAB 13 S =2OA OB = _ard

a [

2
Mat khac ta c6 AB =+OA? +OB? =\/@+(a+1)2 =
a

a+1
a

a’+1.

+1
Tir 46 ta duoe h =22 = a+1]
AB

. Dén day ta tim gid tri 16n nhat cta h tuong ty nhw

trén.
Cau 4.

a) Tam giac BMD c6 MB = MD, mét khac ta lai c6 BMD = BCA =60°. Tt d6 suy ra
tam giac BMD déu.
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b) Hai tam gidc ABD va CBM c6 AB = BC;BD =BM va ABD =60° — DBC = BCM. Do

do ta dugc AABD = ACBM, suy ra AD =CM.

Twr d6 ta dwoc AM = AD + DM =CM + BM hay ta ¢ diéu phai chtiing minh.

¢) Do tam giac ADM déu nén ta c6 BDA =120°. Lai thdy AOB =120°. Suy ra t giac
BDOA noi tiép duong tron. Do ba diém A, O, B ¢d dinh nén dwong tron di qua bon
diém A, B, O, D c6 dinh, suy ra diém D thudc mot dwong tron ¢d dinh. Goi I 1a giao
diém ctia tia phan gidc ctia ACB v6i dudng tron (0). Khi d6 ta ¢ cc tam gidc déu
OIB va OIA nén suy ra 10 = IA = IB hay I la tdim duwong tron di qua cac di€ém A, O,
B, D.
Vay D thudc duong tron ¢S dinh c6 tdm I nam trén duong tron (O)

Cau 5.
T x+y+z=0:>x+y=—z:>(x+y)2 =z > x’+y’ —z" =-2xy.
Hoan toan tuong tu ta duoc y* +z° —x* = 2yz; 2> +x* —y* = -2zx.

1 N 1 N 1 —X+y+Z=O

Thay vao biéu thiic P ta duoc P = =
=2xy —2yz 2zx -2Xyz

Pé so 37
Caul.
s o NAT2B V423 :\/(ﬁ”)Q ‘\/(ﬁ‘l)z =J§+1—(J§—1)=1
2 2 2 '

Do d6 ta duge P=(1+3x —x° )2016 =(1+3.2°-1° )2016 =1,

Cau 2.
a) Vé Parabol P trén mat phéng toa do Oxy. Ta cé bang cac gia tri dac biét
X -2 -1 1 2
e 1 = . 1
Y=y 3

Twr d6 ta vé do thi cia ham s8 y = %xz va duong thang y = 1.
b) Goi toa do diém M la M(XM ;ixi,lj va N la hinh chiéu cta M trén duong théng

y =—1, khi d6 ta co N(xM ; —1) . Tl d6 ta dwoc khoang tir M dén duong thang

y:—l la MN=yM+1=iXi/I+1.

1
Do co M(XM ;in{j va A(O; 1) nén theo cong thirc tinh khoang cach trén ta co
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2
2 2 1 1 1 1
AM:\/(XM_XA) +(YM_YA) :\/X;+(ZX§4_1J =\/RX§,I+EX12\/I+1=ZX§[+1
Tit d6 ta dwoc AM=MN hay dd dai doan AM bang khoang cach tir M dén duong

thang y=—-1.
Chu y: Véi hai diém C(xc; v ), D(Xp;¥o)

bat ky trén mat phang toa dd Oxy ta 6 Yo D
thé chitng minh c6ng thire

2 7
CD= \/ yD) theo cach c Vo M
Gia str toa d6 ctia cac diém C va D duoc Xc 0 X5

cho nhu hinh vé. Khi d6 ta c6
CM = |xC —XD| va DM = |yC —yD| . Do tam

giac CDM vuong tai M nén ta co
CD =+/CM? + DM? = \/x —x,, Vo)
Do x, =2++/5 1a nghiém ctia phurong trinh x* +bx? +cx+1=0 nén ta dugc
(2+\/§)S+b(2+\/§)2+c(2+\/§)+1=0
<:>8+12\/§+30+5\/§+b(4+4\/§+5)+c(2+\/§)+1=O
& (4b+c+17)\/5+(9b+2c+39)=0

Do /5 126 v ty va b, c 1a s8 nguyén nén dé€ dang thic trén xay ra thi ta can phai
co
4b+c+17=0 8b+2c+34=0 b=-5
=3 =3
9b+2c+39=0 9b+2c+39=0 c=3

Khi d6 phurong trinh tro thanh x* —5x* +3x+1=0 < (x —1)(x2 —4x —1) =0.
Giai cac treong hop trén ta dwoc tap nghiém la S= {2 - \/g ; 1,2+ \/g } .

biéu kién xac dinh ctia phuong trinh 1a x>0;y > 0;\/;+y—2 =0.
Binh phuong hai v€ phuong trinh ta duoc

2(\/;+y_2):5’*/;®2\/;+2y—4—y\/§=0
<:>(2\/;—4)—(}7\/;—2}7)<:>(y—2)(2_\/;):0<:{Y=2

x=4
+Khi y =2 thay vao phuong trinh ta duoc V24x =24x, ding véi moi x=0.
+Khi x=4 thay vao phwong trinh ta duoc \/5 = \/5 , dung véimoi y >0.

Vay cac cap s6 thdéa man bai toan la x=4;y>0 va y=2;x>0.
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a) Xét hai tam gidc MAB va MBC c6 goc BMA chung va MBA = MCB
Do d6 ta duwoc AMAB —~ AMBC.

b) Tt AMAB -~ AMBC ta duoc AB _ @
BC MC

Xét hai tam gidc MAD va MDC c6 AMD chung va MDA =ACD nén

AMAD -~ AMDC

Do d6 ta duoc AD _MD _MB . Ttr 6 ta duwoc AB _AD hay AB.CD =BC.AD
DC MC MC BC DC
c) Do IJ song song voi AM nén ta co ADB = MBA = AID va ABD =BDJ .
Xét hai tam gidc IBD va DBA c6 ABD chung va AID = ADB nén AIBD -~ ADBA.
N BD ID AD ID
Teddésuyra — =——hay — = —.
AB AD AB BC
Xét hai tam giac JBD va DBC c¢6 DBC chung va ABD =BDJ nén AJBD -~ ADBC.

BD JD CD JD

Tedotalaicd —=—=—=—.
BC CD BC BD
MétadécéE=£hay£=2néntacé£=£.TfrdésuyraDI=DJ.
BC DC AB BC BD BD
Dé s6 38

Ciu 1. T gia thiét ab=a—b ta duoc (ab)2 = (a—b)z. Ta co

24b*—(ab)’ a2+b>—(a-b)
b a ab ab ab
. o~ 5x-1=0 1
Cau 2. biéu kién: SX>—.
X+2>0 5
=+/5x—1 2=5x-1
Pat{" " (a20b20)=4" T =a’-b’=4x-3.
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Khi d6 phuong trinh da cho trd thanh
a’-b’

a=b
a+b=5

a-b- @(a_b)(a+b_5):o@[

5x-12>0 3
X=—

+Véi a=b ta duwoc «/5x—1:\/x+2<:> = .
5x—-1=x+2 4

+Véi a+b=5 tadugc V5x—1++/x+2 =5. Binh phuong hai v& clia phwrong trinh
ta dwoc

12-3x>0
(5x—1)(x+2) = (12—3x)2

\/(5x—1)(x+2)12—3x<:>{

x<4 x<4
= & &Sx=2
4x* -81x+146=0  |(x—2)(4x-73)=0
Két hgp vdi diéu kién xac dinh ta dwoc tap nghiém ctia phuong trinh 1a S= {% ; 2} .

Cau 3.
Vi x;;X, 1a cdc nghiém cta phuong trinh x* +ax+b =0 nén theo dinh ly Vi —et ta

4 /4 A ’ ~ 1 \ 1 \ 14
6 cc hé thic x, +x, =-a;x,.x, =b. Dat X, =x] —= va X, =x; —=. Tir d6 ta duoc
2 2

1 1
X1+X2:X5_E+X§_E X1+X2=(X1+X2)2—2X1X2—1
=
1 1 _ 2 1 2_ 1
X, X, = [xf —EJ[xi _Ej XX, = (X1X2) > |:(X1 +X2) 2X1X}+ 1
X, +X, =(-a) -2b-1 X, +X, =a’-2b-1

1 1< 1 1
X, X, =(b)’ —E[(—a)2 —Zb}Z X, X, =b'—a® b+

Ma theo bai ra thi X;;X, 1a hai nghiém cta phwong trinh x* + (az —%Jx +b? —% =0.

Nén theo dinh 1y Vi-étta cd X, +X, = % —a%; XX, =b’ —% . Két hop hai két qua ta

duoc hé phuong trinh
2 _1 2 B
< 2 < 2 = 3
polpipilop 1 207 +4b=3" |2 +4b=3 " |b=-"
2 4

A (v} N A \ 2 ~ A A \ . 7 \ 3
Vay cap sO can tim thoa man yéu cau bai toan la (a;b) = (0; —ZJ

Cau 4.

a. St dung phép bién doi tuong duong ta cé
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2 2
x? +y2+[1+xyj 22<:>(x+y)2—2xy+(1+xyj -2>0
X+y

2 2
<:>(x+y)2+(1x++x;lj —2(1+xy)20<:>(x+y)2+(1+xyj Y ()0

2
<:>£x+y—1x++x;lj >0

Bat dang thitc cudi cting ludn ding. Vay bat dang thiee da cho dugc chitng minh.
D&u bang xdy ra khi va chi khi (x+y)2 =l+xy &x’+y’ +xy=1.
Cach khac: Ap dung bat déng thirc Cauchy cho hai s6 khong am ta duoc

(x+y)2+[1+"y}2 >z\/(x+y)2.(1+xyj2 o fLexy|22(1exy)

X+y X+y

2 2
Tt d6 ta dwoc x2+y2+2xy+(1+xyj >2+2xy hay x2+y2+(1+XyJ >2.
X+y X+y

Vay bat dang thirc dugc chitng minh.

b. Day la bai toan hinh hoc t6 hop 4p dung nguyén ly Dirichlet. Chu y bai toan cho
5 diém bat ky va yéu cau chtiing minh ton tai hai diém c6 khoang cach khong vuot

qua 72 nén ta sé€ chia hinh vudng thanh bén phan sao cho khoang cach xa nhat cta
hai diém trong mot phan khong vuot qua 72 Bai toan cho hinh vudng cé canh
bang 1, nhw vay khi chia hinh vudng thanh bén 6 vudng canh % thi d¢ dai duong
chéo la 72 . Diéu nay c6 nghia la ta tim dwoc 10i giai cho bai toan.

Chia hinh vuéng cé canh bang 1 thanh bon hinh vuéng cé canh bang %, khi do
duong chéo mdi hinh vuong d6 1a 72 Vi c6 5 diém bét ky nén theo nguyén ly
Dirichlet thi ludn ton tai hai di€ém cung ndm trong mot hinh vudng canh % Do doé

khoang cach gitta hai di€ém d6 khong vuot qua 72 . Vay bai toan dugc chitng minh.
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A

N7

M F

a) Do t& giac EACF noi tiép duong tron nén ta duwoc EAC+EFC = 180°. Lai c6 t&
gidc EAQD ndi tiép duong tron nén ta dugc EAC+EDQ=180". Ttx d6 ta dugc
EFC=EDQ, suy ra DQ va FC song song v6i nhau. Do d¢ ta lai c6 BCF=QDC.
Mat khac ta lai c6 QDC=CAD va FAB=BCF. Do d6 ta dwgc CAD =FAB.

b) Goi M 1a giao diém khac A cua AD véi duong tron (O)

Ta c6 CAD =FAB nén ta dugc CAF+MAF =BAM +MAF nén CAF=BAM.

Ttr d6 ta duwgc CF =BM nén CF =BM.

Xét hai tam giac PQD va CBF c6 QDP =BFC (cung bu véi géc BAC) va
QPD =BCF =QDC nén suy ra APQD - ACBF, do d¢ ta duoc % = g .Ttr do ta

duoc Q _ PD.DQ .
BC CF.DQ
Xét hai tam giac BDM va QDC ¢6 QDB =BFC va DBM =QCD =CAM.
Do d6 ta c6 ADBM -~ AQDC nén suy ra b _BM hay BD.DC=BM.QD.
DQ CD
Ma CF =BM nén ta duvoc BD.DC = CF.QD
PQ _PD.DQ PQ _DP.DQ

Két hop voi — ta dwoc
BC CF.DQ BC DB.DC

. Ta c6 diéu phai chiing minh.
Cau 6 (3.0 di€m).

a) Thoi gian xa nwdc la 3.24.60.60 = 259200(s)

Do d6 lwong nudc hd Dau Tién x4 trong 3 ngay 1a 30.259200 =7776000(m’ )

b) 20% lwong nudc hién c6 1a 850000000.20% =170000000(m”’ ).

Luong nidc xa ra trong mot ngay la 30.24.60.60 = 2592000(m3)
Thoi gian hoan thanh cong viéc nay la 170000000 : 2592000 = 66 (ngay)
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Vay thoi gian xa la 66 ngay.

) Ttr ngay 22 thang 3 dén 15 thang 5 c6 10+30+15 =55 (ngay)

Luong nuéc ma hd xa ra trong 55 ngay la 55.2592000 = 142560000 (m’ )
Dé 6 39

Cau 1.

x_\/2+\/_— 3—“6\/—10_\/2 \/_ \/\/3\/— 9+3\/_ 1_\/2+\/_—
= B-1 J4+2J' / \/1+J_ 3—1)2_
=23 - \/J_ 1 J2 =2

Thay x=+2 vao A ta c6
A=(x o —xt-2x-1)" = (4 22 -2- 202 1) =120 =1

Cau 2.
1. Hoanh d6 giao diém ctia (P) va (d) 1a x> =mx+1< x> —mx—-1=0
Tacé A=M*+4 (vi m?+4>0 )nén do thi ham s& (P) va (d) lu6n cit nhau tai hai
diém phan biét)
TR , JXtX=m
Theo hé thirc Viete ta co
XX =-1
Goi A (x1; y1) va B (x2; y2) la giao diém cta (P) va (d) ta co:
AB = \/xl X )2+( ) =10
= (% —%,) +(X* =X ) =10
& (% +%) —4x1x2+(x1+x2) -(xl—xz)2 =10
c>(x1+x2)2—4x1x2+(x1+x2)2-[(x1+x2)2—4x1x2J=10

:>m2+4+m2-(m2+4)=10

om+5m?-6=0
smt-m’+6m*-6=0
& (m?-1)-(m*+6)=0
< m’-1=0
Sm=+11

2. Taco
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5X% +6Xy +2y* +2x+2y-40=0

S XY 42Xy + 2X+ 2y +1+4X2 +Axy + Y2 =41
< (x+ y+1)2+(2x+ y)2 =41

o (x+ y+1)2+(2x+ y)2 =4 +5

THI [XPYE X2 TH: [¥FYHE=S X
2X+y=5 y=1 2x+y=4 y
Vay cac nghiém nguyén duong ctia phwong trinh la (2; 1).
Cau 3.

1. PK: 5-x2>0= /5 <x<+5

X3
\J5-x?
<X +8x2-45-x? =40-5-x2
< x3+8- 5—x2-(x2—5)=0

Ta co: +8x2 =40

3
<:>x3—(2- 5—x2) ~0
<:>(x—2~ 5—x2)~(x2+2x-\/5—x2+20—4x2):0
<:>(x—2~ 5—x2)~(2x- 5—x2—3x2—20)=0

TH1: x-2-4/5-x2 =0 PK: x>0
& X’ =4(5-x*)
< 5x2 =20
oS Xx=12
S X=2

TH2: 2x-4/5—x* —=3x*-20=0

< 2x-4/5-x* =3x*+20

< 4x° -(5— x2) =9x* +120x’ +400

< 13x* +100%* +400=0 (v6 nghiém)
Vay phueong trinh c6 nghiém la x = 2.

2. Ta co: X'~ y’~15y-14= 3'(2y2 - X) (2)
4x° +6xy +15x+3=0  (2)
O phuong trinh (1) ta c6:

X* —y°~15y-14=3.(2y* - x)

< X +3x=y*+15y+6y* +14

<X +3x=y*+6y° +12y+8+3y+6
o x2+3x=(y+2)3+3-(y+2)

o x=y+2 (%)

Ttr (2) va (*) ta c6 hé phuong trinh:
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X=y+2 X—-2=y
e
4% +6xy +15x+3=0 | 4x*+6X-(x—2)+15x+3=0

X=2=Yy X=2=y
= 3 2 < 3 2
4X° +6X°+3Xx+3=0 8X° +12X° +6X+6=0

X_—1—i”/§
(2x+1)’ =-5 T2
= =
X=2=y —5—3/5
y=—py—

Vay hé phueong trinh c¢6 nghiém la (

_1_%'_5_%J
S

2
Cau 4.

[

1. Xét tt gidc MHCB ta c6 MHC = MBC =90°
= MHC +MBC =180°
= T gidc MHCB noi ti€p duong tron duwong kinh MC (1).
Xét tix gidc MKCB ta c6 MKC = MBC =90°
= MKC +MBC =90°
= T giac MKCB ndi tiép duong tron duong kinh MC (2).
Tt (1) va (2) suy ra nam diém B, C, K, H, M cung thudc mét duong tron duwong kinh
MC.
= Tam O la trung diém MC.
2. Xét AABC va AAHM cé
MHM = MBC =90° va CAB chung
= AABC dong dang AAHM .
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AB _ BC

22 _ 2~ maMK=BC
AH MH
AB_MK _ g AH-MK 5 AB=5a
AH MH
o AH-MK:561
MH

3. Gia st AK 1a tiép tuyén ctia (O). Dé dang ta c6 tit gidc MKCB la hinh chit nhat nén O
sé nadm trén doan BK.
Xét AABK vuodng tai K duong cao KM ta cd
AM -MB = MK?
= AM -(AB— AM ) = AD?
< AM -5a— AM? =43’
< AM? -5a-AM +4a*=0
< AM?—4a-AM —a-AM +4a* =0
& AM -(AM —4a)-a-(AM —4a)=0
& (AM —a)-(AM —4a) =0
AM =a
C{AM — 4a
Vay AM=4a hodac AM = a.

Cau 5.
Ap dung B4t dang thitc Bunhiacopxki ta co

ab+ac+bcz\/(a2+b2+cz)-(b2+a2+cz)

—=a’+b*+c*>3
= a’+b*+c’+2-(ab+ac+bc)>=3+2-3
:>(a+b+c)229

—=a+b+c>3

19a+3 19 +3 19c+3 a b C a+l b+l c+1
T= —+ —+ —=16- >+ >+ > |+3 >+ >+ 5
1+b 1+c l1+a 1+b° 1+c¢c° 1+a 1+b° 1+c¢° 1+a

a b C ., _a+l Db+l c+1

bat A= + + a = + +
' 1+b* 1+c? 1+a2V 1+b*> 14c¢® 1+a°
Ta lai co:
2 2 2
a) a+b+c—A:a+b+c—( a2+ b >+ ¢ 2)= ab2+ bC2+ Cazsa—b+E+E:§
1+b® 1+c¢c° 1+a 1+b* 1+c¢° 1+a 2 2 2 2

= A2 a+b+c—g *)
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b) a+b+c+3—B:a+b+c+3—(aJr1 b+1 C+1)

+
1+b* 1+¢® 1+a°

_a+ab2—a—1+1+b2+b+bcz—b—1+1+c2+c+a2c—c—1+1+a2
1+b? 1+c? 1+a®
ab’>+b®> bc?’+c® a’c+a® 3 a+b+c
= —+ ~—+ — <=+
1+b 1+c 1+a 2 2

= B2a+b+c+3—§—a+2+C

“B> a+b+c+§ )
2 2

Tr (*) va (**) ta co:

16A+3B 216-(a+b+c—gj+3-(a+b+c+§j

2 2
=T 23—25-(a+b+c)—?233

Vay gia tri nhé nhat cua T 1a 33.
Ddu “=" xay rakhi a=b=c=1.

bé s6 40
Cau 1.

a) Tacé a’+a=2b"+b=a’+a-b’-b=b*=(a-b)(a+b+1)=b* (1)
a+b+1:d b:

Mit khac goi d 1a UCLN (a—b;a+b+1)=<a-bid = {a;d =1ld=d=1
b?:d

—a=Db va a+b+1la hai s6 nguyén t6 cung nhau (2)

Twe (1) 2) =>a—-b va a+b+1 déula cac s6 chinh phuong

b) Gia s&t 2015=4a, +a, +...+4a,, trong d6 a,;a,;...;a,1a cac hop sd

Theo bai ra ta c6

+ Mbi s6 hang a;a,;...;a, khong thé viét thanh tdng hai hop s6 (1)

+ Tong hai hgp s6 bat ki khong thé viét thanh tong 3 hop s6 (2)

Do 2015 1a s6 1é nén ton tai it nhat mot hop s 16, hop s8 &6 phai bang 9 vi

1;3;5;7;11;13 khong phai 1a hop s6.

Néu cé hop s§ 1¢ a, 215=a, =9—(a,—9) véi (8 —9)>6la sd chdn nén a bang tong

hai hop s6- trai véi (1)

Mit khac khong c6 qua mot hop s6 bang 9 vi néu ¢ hai hop s6 bang 9 thi

949=6+6:+6 trdi voi (2)

Do d6: 2015=9+a, +a, +...+a, VOi a,;a,;..;a, 1a cdc hop s8 chdn

=a,+a,+..+a,=2006 (3)
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= cac hop s6 phai nhan cac gia tri 4 hodc 6.
Vinéu a, la hop s6 chan va a, >8=>a, =4—(a,—4)1a tong hai hop s0, trai vdi (1)
SG hop s8 bang 6 chi c6 thé 1a mot vi néu 6 hai hop s6 bang 6 thi 6+6=4+4+4
Giastr a,=6=a,=a,=..8, =4=(n-2).4=2000 = n =502
Vay s0 tie nhién can tim la n=502

Cau 2.
a) bPKXD: x > %

Dit a=+6x-1;b=1/9x’ -1 diéu kién a;b>0
M+mz6x—9x2:>a2—b2:a+b:>(a+b)(a—b—1)=0:>Eig:ozo
Véi a+b=0=a=-b (loai)

Véi a—b-1=0=>Vox—1-0x2 —1-1=0=> /B6x—1=0x* -1+1
@(3x—1)2+2J9xT1=o@{3X_1:0 o x=21(tm)

9x*>-1=0 3

242 4xy=2 X2 +y?—xy =2-2X
b) {X Y @{ Yo $ = (x+y)(2-2xy)=2x+4y

Xy =2x+4y  |(x+Y)(X°+ Y7 —xy)=2x+4y
2 2 2 y=0
& XY+ Xy +y=0<:>y(x +xy+1):0:> X
X“+xy+1=0
V6i y=0= x=+2
Véi X2 +xy+1=0= X2 +xy = -1= y? =/3= y =+/3= x? +/3x+1=0 phuong trinh
vO nghiém
Vay hé phuong trinh da cho cé nghiém (x;y)= (\/E, 0) : (—\/5; 0)
Cau 3.

Ta co a+2b+3:(a+b)+(b+1)+222@+2\/5+2>0:> L

1
a+2b+3 = 2(\/%+\/6+1)

1 1 < 1

1 .
b+20+3S z(JE+JE+1)’c+2a+3_ 2(\/@+\/5+1)

Twong tu:

1 1 1 1
Suyra P<= + +
y 2{\/ab+\/b+1 Jbc+c+1 +Jea+ a+1}
l{ o 1 vbc 1

+ +
1+«/E+\/E \/E+\/E+1 \/E+\/E+1 2

Mat khac abc=1:>\/abc:1:>P£§ -

Ddu “=" xay ra < a=b=c=1

VéyMaxP:%Qa:b:C:l
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a) Goi I,H,K Tan luot la giao diém cua MD, ME, MF cta BC,CA, BA

Khi d6 cac t& gidc MIBK, MCHI, ABMC 1a cac t& giac ndi tiép.

= HIM +HCM =180°

Ma KIM = MBK = ACM = KIM +MIH =180° =ba diém I,H,K thang hang.
Mat khac trong cac tam gidc MEF,MDF c6 KH,KI la cdc dwong trung binh
= KH //EF;KI //FD = ba diém F;D;E

b) Ta co
MAK = MCI = cot MAK =cotMCI =~ _ CL _ AB+BR _Cl__AB | BR _Cl -
MK Ml MK Ml MK MK MI
AH Bl _AC-CH BI _AC CH cClI
Teongtypg —=—=>——=—=>—-——-= (2)
MH M~ MH M _MH MH MI
BK CH
Mit khdc BMK = BIK =CIH = HMC = tan BMK = tanCMH = === (3)

\ . AB AC BC AB AC BC AB AC BC
Tt (1);(2);(3) ta co: + = = + = = + =
MK MH MI 2MK 2MH 2MI  MF ME MD

(dpem)
Cau 5.
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Gia stt tam gidc ABC déu canh bang 6cm. Goi M, N, P Tan lwot la trung diém cta
AB, AC,BC

Suy ra MN,MP, NP chia tam giac ABC thanh bon tam giac déu bing nhau.

Goi 0,0,,0,,0, lan luot la tam cac tam giac déu MNP, AMN, BMN,CMN.

Tt 0,0,,0,,0, vé cac doan thang vudng géc dén cac canh ctia tam gidc déu
MNP, AMN, BMN,CMN.

Khi d6 ABC duoc chia thanh 12 t giac bang nhau va mdi t& gidc déu ndi tiép
duong tron cé duong kinh bang nhau va bang O,A

1 1 643 J(em)

Ma O A=-AP=—.——=
3 3 2

Mt khac ¢6 121 diém thudc 12 t¢ gidc trén nén theo nguyén ly Dirichle c6 mot ti
giac chira it nhat la 11 diém (dpcm)
bé s6 41
Cau 1.
a) Taco:
X2+ Y2 =Xy =X+ Y+2 22 +2y? —2Xy—2X -2y +2=6
S (X=y) +(x-)*+(y-1)* =6
PT c6 6 nghiém (x; ) € {(2,0),(3;2);,(~10)} va 3 hoan vi
b)bData+b-c=zb+c-a=x;atc-b=ythix+y+z=a+b+c
Ta c6 (x+y+z)3 —x*—y® =7’ =3(x+y)(y +2z)(x+z) =3.2c.2a.2b = 24abc
Do 3508 a, b, c o 2 s8 chan nén abc chia hét cho 4 do d6 24abc chia hét cho 24.4 =96
Vay bai toan dugc chitng minh.
Cau 2.

a) Ta co:
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1 1 2 1 1 4 2
=1+—+ >+ =1l+— -+ -
n° (n+2)° n(n+2) n®~ (n+2)° n(nh+2) n(n+2)
1 1 2 2 2 ( 1 1)2
+—+ s +— - =|1+————
n® (n+2)° n n+2 n(n+2) n n+2
2
Nén 1+[1+Lj =1+1—L
n n+2 n n+2
b) S= 1+1—1+1+£—1 1+1—1+ ..... +1+ BTN S =2015+ i1
3 2 4 3 5 2004 2016 2 2015 2016
Cau 3.
X(2x-1)>0 x=0
a) bKXDb: =11
X(2-x)>0 ESXSZ

V2x? =X = 2Xx = X% & 2x? =X = XV2x? =X + (1+ xN2x* =x = x(1+X) =0

V2X% - X =X
(\/ 2x2 — X — XX\/ 2X —x+1+x) O<:>[ T (X+1)

Giairax=1hodacx=1
b) {(x2 —1)y + (y2 —1)x = 2(xy-1); (1)
4x* +y? +2x—y—6=0;(2)
X2y +xy? —(x+y) —2(xy—1) =0 < (x+ y)(xy—1) —2(xy—1) =0
y=2-X
xy=1

te PT (1) ta c6 :
S (X+y-2)(xy-) =0

thay vao PT (2) gidi ra c6 5 nghiém

)

Cau 4.

TAI LIEU TOAN HQOC

Trinh Binh swu tim va téng hep



Website:tailieumontoan.com

a) Do t& gidc BCEF ndi ti€p suy ra ZAFE = ZBCQ ma ZAFE = ZBRQ (sole)
Suy ra ZBCQ = ZBRQ nén tit gidc BQCR ndi tiép
b) EM la trung tuyén tam gidc vudng BEC nén tam gidac ECM can tai M suy ra
ZEMD =2/ACB ma t giac BCEF; ACDF noi tiép nén ZACB = ZAFE = /BFD suy
ra
ZEMD =2/ACB = ZAFE + /BFD = ZEMD + Z/DFE =180° suy ra t& gidc DMEF noi
ti€p suy ra ZBDF = Z/PEM ma /BDF = /BAC = ZMDE nén tam giac EPM,va DEM
dong dang (g.g)
c)do DMEF noi tiép suy ra ZPFD=ZEMD ma ZPDF = ZEDM nén tam giac PFD

dong dang tam giac EMD (g.g) suy ra g = %; do ZRED = ZAEF = ZFRD nén tam
gidc FDR can tai D suy ra FD=DR;twong tu tam gidc DEQ can tai D nén DE=DQ

ma FD=DR; DE=DQ suy ra PD_ E;
DR MD

suy ra tam giac PDR d6ng dang tam gidc QDM ( c.g.c) suy ra ZPRQ = ZPMQ suy ra tt
giac PRMQ ndi tiép nén duong tron ngoai tiép tam gidc POR di qua diém M c6 dinh
Cau 5.
S S _xi/;+y§/§+z§/5
3yz xz i/x_y 3/xyz  3/xyz 3/xyz
Tacd 3=x>+y?+2* >23/x*y*z? & xyz<1
Nén A>x3/x +y3fy + 23z
Ap dung BDT Bunhia cho 2 day day 1: 3{/7;3\/7; Y22

A
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Day 2: ¥x;3/y;¥z
(XW+ y3ly +Z%XW+W+§/?)2(X+ y+2)" >3(xy+ yz+xz)(*)

2 2 2
Ap dung Cbsi 3\/x2.1,1gxJrTlJrl;s/yz_lllS y 4;1+1;MS z +31+1

2, 2, 52
Nen 3. +3fy? 4322 < XY 240 g

3

Thay Vao (*) Ta c6
A= x3/x+y3ly + 28z = xy+yz + xz

Hay

X y z
+ + > XY+ Yz + Xz
e Ve gy
X2:y2222:1
Dau “=” xay rakhi {3/x =3/y =¥z o x=y=z=1

x> +y*+12°=3

Cach khac:
3lyz.1 sy%m;i/xz.l < X+;+1;§/yx.ls y+;(+1
Nén

X y z X y z
A= + + >3 + +
3/yz «3/xz 3/xy (y+z+1 Xx+z+1 y+x+1J
2

2 2
:3[ X + Y + z J:B

Xy +XZ+X Xy+yz+y yz+Xz+z
2 2 2
B> 3(x +y +2z) S 3(x+y+2z) =3(x+y+z)
20Xy +yZ+XZ)+X+y+2z  2(xy+yz+xz)+xX +y +z°  (x+y+z)

=32Xy+yz+Xz

do:(x+y+2z)* <3’ +y* +2*)=9=>x+y+z2<3=x"+y’ +2%;
xy+yz+xz£x2+y2+z2 =3
bé s6 42
Cau 1.
NN 1
1) Diéu kién: XZO;X;&Z;X;tl
Dit Vx=a;a>0= x=a?, ta cé:

2 _ 3,a%2-a) (a®*—a)(1-a
A_[22°-1ta 2a’+a aj.( )(1-a)

1-a’ 1+a° 2a-1

| (aD)(2a-1) | a(a+1)(2a-1) }_a(a—l)(l—a)
(1-a)(a+l) (a+1)(a’-a+1) 2a-1
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(1-a) (a’-a+1) 2a-1
A= Vay: A -1
al-atl X—x+1
2) Ta co
-1 1 1 1
= < eo— >
X—+/X+1 7 X—AX+1 7

e x—x+1<7 (do x—\/;+1:(\/_—%j +%>O)
& X —\/§—6<0<:>(\/;—3)(\/;+2)<0<:>«/;—3<0

< 0<x<9

0<x<9

Da&i chiéu vdi diéu kién ta dwoc: 1
X # 7 X#1

Cau 2.

) X#-1
X —=x—-2#0
1) DKXD: SIX#£E2

2
X" —=5x=2+0 5433
\ 2
Nhén thdy X =0 khong la nghiém ctua phuong trinh.
Khi X #0 thi

X#

Phuong trinh da cho < - -2=0.

batt=x- E, ta duoc phuong trinh biéu thi theo ¢ la ﬁ — % =2
X — i

StP-5t+6=0=t=2:t=3

Véit=2:>x—g:2<:>x2—2x—2:0<:>x:1i\/§ (thda man)

X
+
Véit:3:>x—§:3<:> x2—3x—2=0<:;>x:3_;/1_7

(thoa man)

3+417
o

Vay phuong trinh da cho ¢6 tap nghiémla S = {1J_r J3;
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2) Voi x =y =0 la nghiém ctia hé phuwong trinh
Nhén thdy néu x =0 thi y =0 va ngwoc lai
Xét x #0;y #0 hé phuong trinh twrong duwong véi

iz+i2:2 i2+i2:2 1)

X°y - Xy
Crdar)=4  |C+Der2) @
Xy Xy Xy Xy

Thay (1) vao (2) ta duoc (1+3)3 =8
Xy

Vay hé cé nghiém (x;y)1a (0;0) ;(1;1)

Cau 3.

1) Tacs: SO +xy+y°) =7(x+2y) (1)

= 7(x+2y):5= (X+2y):5. st x+2y =5t (2) (teZ) thi

(1) trothanh X2 +Xxy+y> =Tt (3).

Tt (2)= X =5t —2Y thay vao (3) ta duoc 3y’ —15ty + 25t° ~7t =0 (*), coi day la
PT bac hai d&i véi y c6: A =84t — 75t

D& (*) 6 nghiém <> A >0 <> 84t — 75t >0 @osts%

ViteZ =t=0 hojc t=1.Thay vao (*):
+Véit=0=Yy,=0=>x=0
=3=X,=-1
+Vc’yit=l:{y2 ?
Y;=2=>X%=1
Vay phuong trinh ¢é 3 nghiém nguyeén (x, y) la (0; 0), (-1; 3) va (1; 2)
2(m? +1 4
LU P S S
m+1 m+1
Do mell vaplasdnguyéntdnén 4:(m+1l)=>m=0m=Lm=3 = p=2; p=>5.

2)Néu p=q thi p=

Néu p #(Q thipg va p +gla nguyén t6 cung nhau vi pq chi chia hét cho cac udc
nguyén t6 la p va g con p + g thi khong chia hét cho p va khong chia hét cho g.
Goi r 1a mdt u6c chung cia M* +1 va m+1=> [(m +1)(m —1)]5 r=(m?-1):r

=[(m*+1)—(m* ~1) ;r = 2ir = r =1 hojc r=2.
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+) r=1suyra p+gq=m+1 pg=m’+1= p,q la hai nghiém cta phuong trinh
X —(M+1)x+m’+1=0 v6 nghiém do
A=-3m’+2m-3=—(m-1°-(2m* +2) <0

+) r=2suyra 2pg=m>+1va 2(p+q)=m+1= p, q la hai nghiém ctia

phuong trinh 2X* —(M+1)X+m*+1=0 v6 nghiém do
A=-Tm*+2m—-7=—(m-1)> - (6m’ +6) < 0.
Vay bo cac sd nguyén td (p; g) can tim la (p;q) =(2;2); (p;q) =(5;5).
Cau 4.

1) I1latrung diém cua BC (Day BC khong di qua O) ©
= OILBC = ZOIA=90°
Tacd £AMO =90°
ZANO =90°
Suy ra 4 diém O, M, N, I cung thudc duong tron duong kinh OA
2) AM, AN la hai tiép tuyén cta (O) nén OA la phan gidac £ MON ma AMON can 6
Onén OA L MN
AABN do6ng dang véi AANC (Vi £ZANB = ZACN, ZCAN chung)

AB AN
=>—=—+ = AB.AC=AN?

AN AC
AANO vuong tai N deong cao NH nén AH . AO = AN?
= AB.AC=AH.AO
AAHK do6ng dang v6i AAIO (g-g)
AH AK
Al AO
= Al - AK=ABAC
AB- AC

Al

Nén = Al-AK=AH - AO

= AK =

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

Tacd A, B, C cd dinhnén I c6 dinh = AK c6 dinh

Ma A ¢6 dinh, K 1a giao diém ctua day BC va day MN nén K thudc tia AB = K cd
dinh

3) Tac6 £ZPMQ=90°

AMBE ~ AQDM (gg) =& _MH
% 7MQ DQ
MP MH MH
APNIH AMQH = ——— =" _
MQ QOQH 2DQ
|\/|P 1 ME
I\/IQ 2 MQ
= ME=2MP = P la trung diém ME
Cau 5.
2 2 2 2
Tir: 2(9+9j+c(%+£j:6:6:C(a+b)(a2 ;ab+b ), 2% +b%)
ta co:

2 2 2 | 12
a2+b222ab:>6:C(a+b)(a —ab+b )+2(a +b )Zc(a+b)+4:>0<c(a+b) <

a’b’ ab ab ab

Lai co

be _ac (b0 () | (bctac) (c(a+b))’
a(2b+c) b(2a+c) abc(2b+c) abc(2a+c) 2abc(a+b+c) 2abc(a+b+c)

2
va abc(a+b+c)=abbc+bc.ca+ab.ca< (ab+bc+ca)
c(a+b)
bc ac 3( c(a+h) jz 3 ab

= + e = —ab

a(2b+c) b(2a+c) 2\ab+bc+ca) 2|, c(a+h)

ab

2

c(a+b):>|:,2 3t :

ab 2(1+t1)

. 3t 4 3t? 4 8) 8 -Tt°-8t°+32t+24 8

CO G+ =| ot |t== 5 +—=

2(1+t)° t 21+t t 3) 3 6t(1+t) 3
(t 2)(=7t* —22t - 12) 8

6t(1+1)° 3
(t 2)(=7t* - 22t - 12)>0 Vte(0:2]= (t—2)(-7t* =22t -12) §2§ Vte(0:2].
6t(1+t)° 6t(L+t)° 3 3

D&u "=" xay ra khi va chi khit=2hay a=b=c.

Dit t = +% (véi 0<t<2).

Vay gid tri nho nhat cua P la % khi a=b=c.
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Peé so 43
x>0
x+2\/;—3¢0
a) Ditukién: JVx+320 =x>0xzLx=4
J;—lio
2— \/; #0
L Jx-1

ax eI -7 x4l x+7 (XUEVHT) xo1 (ke
x+2x=3  x+3 Jx-1 (Vx-1)(Vx+3) x+3 Vx-1

Bién doi
26 Vo7 2V¥*8) ka7 o w7 (X9
Ix+3  x-1 Jx+3 Jx-1 Ix-1 x-1
L, X _x=2
va 2- =
Ix-1 Ix-1
Tt do6 suy ra A—\/; 9.Jx-2 =\/;_9
x-1 \/§ X—-2
Jx-9
b) Bién ddi A=—6 < “=— = 6 < X -9=—6(Vx—2) = 7x =21 x=9(tm)
X
Vay x=9thiA=-6
Cau 2.
15
10x-2y=2 10x-2y =2 T 52
a) Khi m=10 hé phuong trinh c6 dang X~y = ey = 52
2Xx+10y =5 10x+50y =25 23
Y=o
52
15 23
Vay khi m=10thi hé phuong trinh ¢6 nghiém duy nhat (x;y)= (52 52)
MX — 2 y_mx—2
2y =2 - -
b)Tacé:{?x y_5¢> y 2 & 2 )
X+my= 2x+my=5 2x+mmX2_ -5
_mX—2 X=2n’l+10
PN y 2 PN m°+4

_mx-2

2 _
(m +4)x_2m+10 5
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2m+10
X=—

m®+4

_ mx-2
2

Vay hé phuong trinh da cho luén c6 nghiém duy nhat

2
Thay vio hé thitc x+y—2014 = —2015m° +14m —8056.

m® +4
Ta duoc 2014m 2+7m 8050= 2015m 42r14m 8056<:>m2—7m+6=0
m-+4 m-+4

m=1
<:>(m—1)(m—6)=0<:{m=6
D61 chiéu vdi diéu kién dé bai ta dwoc m=1,m =6.
Cau 3.
a) Chitng minh (a2+b2+cz)(x2+y2+22)2(ax+by+cz)ZVa,b,c,x,y,z (1)

~ . a b c
Dau “=" xayra < —=—=-=
X y 2

Ap dung bat dang thtic (1) ta c6: (9a3 +3b? +C)(%+%+Cj >(a+b+c)’ =1

B S SN - a . ga(iJrchj
11 . 92 +3p+c 9a 3
9a 3

Tuong tu ta co: %Sb(i+l+aj;%SC(i+l+bj
9b° +3c” +a 9% 3 9c*+3a”+b 9 3

Cong theo vé cac BDT trén ta duoc

(a2+b2+c2)

+(ab+bc+ca)sl+—+—:1
3 3 3

p<3l, 2thic
9 3
Viay MaxP=1<a=b=c=1

b) Ta c6 x(1+x+xz):4y(y—1)<:>(x3+x2)+x+1:4y2—4y+1

o (x+1)(¥*+1)=(2y-1)° (1)
Vi x,yell :>(2y—1)2 >0 nén tr (1) suy ra x>0 va x chan.
x?-1:d

Gia dir (x+Lx* +1)=d =d 1é va C =>2id=d=1
x> +1:d

Vi (X +1)(X2 +1) la s6 chinh phuong ma (X+l; X +1) =1nén (x+1) va (X2 +1)
ciing la hai s6 chinh phuong.

Do x>0 = x?< x2+1£(x+1)2 = x2+1=(x+1)2 =x=0
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Vay hai cdp s6 nguyén(x;y)=(0;0);(0;1)
Cau 4.

N

E

a) Ta co EBC = ADC (cling bu1 v6i KBC); ACD = ECB =90°

= AACD#AECB(g. g)©E=£

BC EC

2
Do AB=2BC-= 3:‘ DC.EC = ACBC—ST

|—\-l>9J

b) Sgoe == BC.DE = S, nho nhat khi va chi khi DE nho nhat.

I'\)

Ta 6 DE =DC +EC > 2/DC.EC = " = a3 (theo a)

f

Ddu “=" xay ra < DC =EC = a

3a%\3 J§

=> Sgpe = ————khiD e CxsaochoCD = ——
8 2

) Goi giao diém ctia duong tron duong kinh DE véi duong thang AC 1la M, N (
M nam giita A vaB ) = M,N d&i xting qua DE.

Ta c6 AAKB#AACD (g.g) = ~n = 2B _ Ak AD=AC.AB (1)
AC  AD
AK _ AM

AAKM #AAND(g.g) = AK.AD = AM.AN (2)

2

Tir (1) va (2) suy ra AM.AN = AC.AB =""T

2

:%:(AC—MC)(AC+ NC)= AC?—-MC? (doMC =NC)

3’ a3

= MC?= —~ MC =NC =2¥°
4 2

Suy ra M, N 1a hai diém cd dinh
Vay duong tron duong kinh DE luén ¢6 day cung MN ¢d dinh.
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V6i hai s6 thue u,v taludn c6 (u+1)(v+1)=u+v+uv+1l=(u+v+uv)+1 (*)
Xét day sO thuc bat ki a;a,;a,;....; 8,5 va ta xét “tich thémT ”

=(a,+1)(a, +1)(a; +1)...(as +1)
Ap dung cach bién ddi day nhu trong dé bai két hop véi nhan xét (*), ta nhan thiy
“tich thémT ” khong thay d6i véi moi day thu dugc.

Vi day ban dau cta bai toan ta xét “tich thémT ”

T :G”)@+1j@+1j(%+1j"”(20114+1j£20115+lj

2345 20152016 .
1'273°4772014 2015
Gia stt sau 2014 Ian bién d6i tuy y theo yéu cau, day con lai mot s6 la x thi “tich

thémT ” d6i v6i day cudila T =x+1= x+1=2016 = x=2015

Vay sau 2014 Ian bién ddi theo yéu cau ctia bai toan, s6 con lai trong day la 2015.

Dé s6 44
Caul.
a)Déta=\/2+ 5+\/§+\/2 5+2\/_
a’=4+2 4—5+2\/§_4+ _f5= 4+,/ 3+J_:>a— 3+\/_
B 6+245  [6-25 J’+1 J5-1
= X =3+ /5 —/3—5 —1= \/ > \/ 5 —T—l J2-1

X=2-1=x2+2x-1=0
B:2x3+3x2—4x+2:2x(x2+2x—1)—(x2+2x—1)+1:1

X+ 2014 ++/2015- X —+/2014— x =]y + 2014 + /2015~y — /2014~y (1)
b) bKXD: —2014 < x;y <2014

(1) & Vx+2014 -y +2014 +/2015- X - /2015y +,/2014—y ~y2014-x =0
Néu x khac y va —2014 < x; y < 2014 thi /X + 2014 + .y + 2014 >0;
V2015 — X + /2015~ y>0;/2014 — X +4/2014— y >0, do d6 (1)

& (x-y) 1 , t_, 1 e
JX+2014 4,y +2014 2015 +/2015-y  2014-X+,2014 -y
. 7 X 7 2 1 1
Khi dé dé ching to - >0

V2014 - x +,/2014—y /2015 X +4/2015~-y
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Ma x—y # 0 nén (2) vo ly vi VT(2) luén khac 0
Néu x =y dé thay (1) dung. Vay x =y.
Cau 2.

3
a) x° +(x+1)\/x+1+2\/§=(x+ x+1+\/§) (1)
DKXD:x > -1
Diat: Y =X+1;2=+2 Khidé (1) c6 dang : ¥+ 17+ 2= (x + y +2)° (2)
Chtng minh duoc (2) < (x+y)(x+z)(z+x) =0

Véiix+y=0 S X+VX+1=0JYX+1l=-X=x=

( Théa man)

Voi:x+2=0 <> X+/2 =0 x=—/2 ( khdng thoa man).
Véiry+z=0 ox+1+4/2=0 - vé nghiém
Vay phuong trinh c6 nghiém: y — 1-5

2

X+ Xy —4x+2y =2
b { y y

X(x+1)+y(y+1)=4
3+ Xy —4x+2y-2=0 [2X*+Xxy—y*-5x+y+2=0
= =
X*+y*+x+y-4=0 X*+y*+x+y-4=0
Ta c6: 2X* + Xy — Y2 —5x+y+2=0<(y+x—-2)(y—2x+1)=0
< y=2-X hoac y=2x-1
Véi y=2-x thay vao (2) ta duoc: x?-2x+1=0suyrax =1
Ta dwoc nghiém (1;1)
y=2x-1 thayvéo(2)tad1r0c:5x2—x—4=0,suyrax=1;x=_?
413,
55
4,13
55

Ta dwoc nghiém (1;1) va (

Vay hé c6 nghiém (1;1) va ( )

Cau 3.
a) Tim s6 nguyén t6 p sao cho cacsd 2p* —1; 2p*+3; 3p° +4 déu la s6 nguyén t6.
+) Néu p=7k+ij; k,i nguyén, i thudc tap{+1;+2;+3}. Khi d6 p’chia cho 7 c6 thé du:
1;4;2
Xét p>2=2p° -1 2p*+3& 3p°+4>7
Néu p°chiacho?7 dw1thi 3p®+4chia hét cho 7 nén trai GT
Néu p’®chiacho?7 dw4thi 2p® -1 chia hét cho 7 nén trai GT
Néu p’chiacho?7 dw?2thi 2p*+3 chia hét cho 7 nén trai GT

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Cau 4.

Website:tailieumontoan.com

+) Xét p=2 thi 3p’ +4=16 (loai)

+) Xét p=7k, vi p nguyén t6 nén p =7 la nguyén t5, co:

2p® —1=97; 2p> +3=10L 3p’ +4 =151déu la cic s6 nguyén t&
Vayp=7

b) Gia thiét < 3(x—3)° ~18y* +22% +3y?z? =54(1)

+) Lap luan d¢ z°:3=17:13=7°19=12*>9(%)

(1)< 3(x—3)* + 22> +3y*(z* —6) =54(2)

(2)=54=3(x—3)* +2z° +3y*(z° —6) > 3(x—3)* + 2.9+ 3y%.3
(x—3)*+3y* <12

=y’ <4 = y?=1y* =4 viy nguyén duong

Néu y* =1« y =1 thi (1) c6 dang:

3(x—3)2+522 =72=57"<72=7° 3%2: 7° =9 = 7 =3(vi c6(*))

Khi dé 3(x— 3)2 =27T= (X —3)2 =9, x nguyén duwong nén tim duoc x=6
Néu y? =4 < y =2(viy nguyén duong) thi (1) cé dang:
3(X—3)2 +147° =126 =147 <126 = 7° < 9= 7* =9 = 7 =3(vi z nguyén duong)

Suy ra (X—3)* =0= X = 3 (vi x nguyén duong)

x=3 [XxX=6
Paps6 sy=2;qy=1
z=3 |z=3
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0_
a) SA BAC =M:sdm§ =60°

Suy ra EOD =60° nén tam gidc OED déu
suy ra ED =R.
b) Ta co: APE = ADE (2 géc ndi tiép chan cung AE)
ABM = ADE (Cung bu v6i géc EDC)
Suy ra: ABM = APE nén tam giac APE dong dang véi tam giac ABM

Twong ty chiing minh tam giac ANE dong dang vé6i tam giac ABF

AE _AF = AE.AB = AN.AF (2)

AN AB

Tt (1) va (2) suy ra: AN.AF = AP.AM

¢) Xét I ndm gitta B, D( Né&u I ndm ngoai B,D thi vai tro K v6i DC sé nhu I véi BD)
Tt giac BIHF, BDCF ndi tiép nén FHK = FCK ( cting bang FBD), suy ra ti giac

CKFH ndi tiép nén FKC =90°.

Ly luan tam gidc DFK d6ng dang tam giac BFH nén: LS = BH
FK FH
Ny " iy . CK Bl
Tuong ty tam gidc CFK dong dang tam gidc BFI nén: K-F
DC BH BI
Suyra: —=———
FK  FH FlI

DC N BD BH N BD_E_E+E
FK FI FH FI FI FH FI
.ID HC DC BD BH HC BC
a— = ra: + = + =
FI  FH FK FI FH FH FH
Vay BC + BD + cb = 2BC nén BC +&+9 nho nhat khi FH 16n nhat khi F 1a
FH FI  FK FH FH FI  FK
trung diém cung BC

Cau 5.

1
Co Z+X=xyz <> —+—+—=1(1
Xy +yz + y VA 1)

2

2 2
Ta chttng minh v6i x, y dwong: — + b_ > _(a +b) *)
X y X+Yy
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a® b’ y
(*)<:>(—+—}(X+y)>(a+b) <:>a2 +b* = >2ab<:> \/:—\/7 >0 ludn
dung; “=" & a\/7 \/7 —0<:>a—b—

(1+1) 22

Ap dung(*) ta co: —+ ("="eovyiz=]
y Z  y+z y+z
2 2 2 2
:>2—+ 2 (2+2) __4 "="eo2y=y+z1oy=12)
2y y+z 3y+z 3y+z
2 2 2
4—+ 4 > 4+4) _ o4 =" 4x=3y+1)
4x 3y+z 4x+3y+z 4x+3y+z
2 2 2 2
:L £, 205088 l(" "SAX=3y+1&Y=1 S x=y=2)
4+3y+z 4x 2y 'y 1 X Yy 1
Tu’ongtu’:LS£+£+§"="<:>X=y=2)
X+4y+3z X Yy z
L<—+—+— =" Xx=y=1)
3X+y+4z x vy
__ 1 1 LT L ey
4x+3y+z x+4y+3z 3x+y+4z 8{x y z) 8

1
Vay M dat GTLN Ia 3 khi x =y =2z=3 (theo (1))
bé s6 45
Cau 1.
a)Dita=32 =a*=2. Dang thitc can chitng minh tré thanh

3a- _1a_+a o3(a-1)=a’-a+le(a’-a+1) =9(a-1)

Bién do6i vé trai ta dwoc

(a® —a+1)3 =(a’ —a+1)2 (a®—a+1)

(a“ +a?+1-2a%+2a? —2a)(a2 —a+1)

(a*—2a°+3a° —2a+1)(a* —a+1)=3(a" -1)(a’ —a+1)
3(a-1)(a’+1)=9(a-1).

b) Vi X;, Xy, .., Xp005 NEUYeN drrong, &p dung bat dang thirc Cosi cho 2 s6 ta duoc
14X, 22X, 14X, 22X, 0 14+ Xy 2 2@

Nhan vé véi v€ cac bat dang thiee trén ta duwoc

(14 % ) (24X, ) (14 X005 ) = 277X X, . Ky

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

D&u “=" xay ra khi va chi khi X; =X, =...= X, =1

Vay phuong trinh ¢6 nghiém nguyén duong duy nhat

(X1 X000 X35 ) = (L1,...,2).

Cau 2.

biéu kién x> -1, y > 3. Ta xét cac truong hop

Treong hop 1: X+1<y-3<y>x+4

Khi d6, VX +1+3X+2 +VX+3<\Jy-1+,y-2+y-3
Suy ra hé v nghiém

Treong hop 2: X+1>y-3< y<x+4

Khi d6, VX +1+3X+2+/X+3>Jy-1+.Jy-2+,y-3
Suy ra hé vo nghiém

Truong hop 3: X+1=y-3 < y=Xx+4

Thay vao phuong trinh thit hai ctia hé da cho, ta duoc
2x* +8x+6=0<=x=-1vXx=-3
So diéu kién ta dwge x =-1=y =3. Vay (x;y)=(-1 3).

Cau 3.
Tacéi+i21<:>l[l+1]21
Xy Xz x\y z
11
< —+—2X do x duong (*)
Yy ¢
Mt khag, ttr gia thi€t x +y +z=4 = x =4 — (y + z). Thay vao (*) ta c6
1

_+124—(y+z)<:>1—2+y+£—2+z20
y 2z y z

2 2

3] 34

Ludn dang véi moi x, y, z dwong, dau béng xayra oy=z=1,x=2.
Cau 4.

Tacd X% = 2X+ﬁ<:> (X—l)2 =E); X, y,zel* vay,Ze {1;2;...;9}

Suy ra X -1 c6 dang ab

Do d6 yzz5=a5 = (10a +5)? =100a(a +1) + 25

Suyraz=2=y+z+z+5=y+9

Vi (x—1)? = yzz5 1a s8 chinh phurong va c6 tdng cac chit s6 bing y +9 nén yzz5

chiacho9du 0,1,4,7.Dodd ye {l; 4;7}

Khi d6 im duoc (X, Y,2) €{(36;1;2);(66;4;2);(86;7;2)} .
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B D - Cc
Qua A dung duwong thang song song BC, cat DF tai P. Ta c6 MN // AP nén theo dinh
MN DM

li Thales thi —— = —— (1)
AP AD

ME AE _ME CD CE DM

Ciing theo dinh li Thales ta ¢ = = = = = (2)
CO AC AE AC CA AD

MN ME
Tw (1), (2 —=—(3
(1), @)suyra — === (3)

Theo tinh chat hai tiép tuyén cat nhau thi AF=AE (4)

Mit khac, tam giac APF ¢6 APF = BDF = BFD = AFP

= tam gidc APF can tai A suy ra AF=AP (5)

Tt (4), (5) suy ra AP = AE (6)

Két hop (5) va (6) ta c6 MN = ME hay M la trung diém NE.

Cau 6.

D€'y rang tong ctia 16 s8 Ay ciing chinh 1a tong ctia 4 hang, tic 1a bang 4s
Tong céc s6 6 hai hang gitra, 2 cot gitta va 2 dudng chéo bang 6s, & cac vi tri nay, tat
ca 16 s6 da cho déu duoc sit dung, mdi s6 ding 1 Tan, ngoai trit & 4 s6 chinh gitta thi
mdi s6 duoc dung 3 Tan
Ki hiéu m 1a tong ctia 4 s8 chinh gitta, ta thay rang 6s—2m=4s=>m=s
Tiép theo, ta €'y rang tong ca 2 dudong chéo bang 2s, va bang tong ctia 4 s3 & chinh
gitta cong voi tong 4 s6 dat & 4 goc hinh vudng. Tt d6 tong cha 4 sO ddt ¢ 4 goc ctia
hinh vudng la 2s—-m=2s—-s=s.

Pe s0 46
Caul.

a) Taco:
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I (5 TR 2 o (VTR )
2—1-x?

_ J(l_m)(mwl_—x)z - 1485 (24248 )
=2 =|x2

b) Ta co:
a’—a’b+ab®-6b°=0< (a—2b)(@*+ab+3b*)=0 (*)
Via>b>0 =a’+ab+3b°>0 néntx (*)tacd a = 2b

a*—4b* _16b* —4b*
b*-4a®  b*-64b*

A=

Vay biéu thirc B =

120t 4
-63b* 21
Cau 2.

a) Dit t = xy2x2 +4 = t2 =2(x4+2x2) =N xz(x2 +2

2 t=—4
ta duwoc phuong trinh %=4—t ot?+2t-8=0< L

x<0 x<0

2(x4 +2x2):16<:>{x4 +2x>-8=0

Véit=-4taco X\/2X2+4=—4c>{

x>0 x>0
Véit=2 tacd x\/2x2+4=2<:>{ <:>{

2(X4+2X2)=4 Xt +2x2-2=0

x>0
=3 { i1 & X =+/3-1. K&t luan nghiém ctia phuong trinh,
x> =+43-

b) Tirhé ta 06 X*(2y +x) = y*(2x+y) < (X —y*) (2xy +x* +y*) =0
X=Yy
X=-y

*Véix =y ta tim duge (x;y) = (0; 0); (v/3;4/3 );(—/3;—3)

* Véix =-y ta tim duoc (x;y) = (0; 0); (1, -1);(-1,1)

Vay hé phuong trinh c6 nghiém

(x;y) = (0; 0); V/3i+/3 );(—V/3;=/3);(~L1);(L-1)
Cau 3.

a) Xy’ +2xy+x=32y < x(y+1)* =32y

< (X+ y)3(x—y):0<:{
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32y
(y+1)°

Do y nguyén duong = y+1#0=x=

Vi (y,y+1) =1=(y+1)° €U (32)
ma 32=2° = (y+1)? =22 va (y+1)? =2*(Do (y+1)?>1)
*Néu (y+1)°=2>=y=1x=8
*Néu (y+1)°=2'=y=3x=6
Vay nghiém nguyén duong ctia phuong trinh la: {);ii va { ); ig
b) Ta cd: 2a* +a=3b"+b < (a—b)(2a+2b+1)=b* (*)
Goi d 1a wéc chung ctia (a-b,2a+2b+1) (d €1 7). Thi

(a—b)id
{(2a+2b+1)2d
=b%*:d* = bid
Ma (a-b):d = a:d = (2a+2b):d ma (2a+2b+1):d =1lid =d =1
Do d6 (a-b,2a+2b+1)=1. Tk (*) ta dwoc a—b va 2a+2b+1 la s6 chinh phuwong
=> 2a+2b+11as0 chinh phuong.

= (a-b)(2a+2b+1):d?

Cau 4.
a) Qua A ké tia ti€p tuyén Ax cta (O). A
X
1 1
Taco A, ==0,==sdAM (1)
2 2
H
Co6 Ax // MH (cung vudng goc voi OA) = A, =M, () M 5

Tt gidc MHOK noi tiép = O, =K, (cing chan MH ) (3)

T (1), (2), (3) tacd M, =%Kl hay HKM =2AMH.

b) Co tt giac AOMD noi ti€p (4)

1 1
A, ==sdBM;0O, =0, ==sdBM

2 2

= A, =0, = tu gidc AMGO néi tiép (5)
Tt (4), (5) ta c6 5 diém A, D, M, G, O cling nam trén mét
duong tron
=G, =D, =D,
= AOGF va AODE dong dang
oG GF

— == == hay OD.GF = OG.DE.
OD DE

¢) Trén doan MC 1ay diém A’ sao cho
MA’=MA = AAMA' déu
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= A, =A,(=60°-BAA')

= AMAB=AA'AC=MB=A"'C
= MA+MB=MC
Chu vi tam gidc MABla MA+MB+AB=MC+AB<2R+AB

Déng thikc xay ra khi MC la dwong kinh ctia (O) => M 1a diém chinh giita cung AM
=>H la trung diém doan AO
Vay gia tri 16n nhat ctia chu vi tam giac MAB la 2R + AB

Goi I la giao diém cua AO va BC = Al = E R = % AB= R\/§

Gié tri 16n nhét ctia chu vi tam gidc MAB 12 2R + AB = (2++/3)R

Cau 5.
T gt : 2ab+6bc + 2ac=7abc vaab,c>0

Chia ca hai vé cho abc >0 :>2+6+E=7
c a b
X,¥,2>0

ciatx_l y:1,2:1:> y

a b c 27+6x+2y=7
Khi dé C = 4ab+9ac+4bc: 4 .9 4

a+2b a+4c b+c 2x+y 4x+z y+z

=C= +2X+y+ +4x+z+—4 +yY+Z2—(2X+Yy+4X+2+Y+12)

2X+Yy 4X+12 y+12

{m \/WJ (m mf{ﬁ— y+zj2+17217

Khi x=§,y=z=1 thi C=17

Vay GTNN cta Cla1l7 khi a=2;b=1;c=1

bé s6 47
Cau 1.

1) Digu kién: /xy #1.
()1 ) (4 R 1)+ 1))
(Vo +2)(2-ky) |
(5 #1159+ (7 + R (5 +1) -4+ 1)

(o +1)(2- )
i) ) )
B Rl

)
)

TAI LIEU TOAN HQC
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_ 1+«/§ __1
NN

2) Theo Cosi, ta cd: 6= >2

+L :LSQ.
N v Wi

. 1
Dau bang xay ra < Aol o= =§.

Py

1
Vay: maxA =9, dat dwockhi: x=y = 5

-
i gk

Cau 2.

1) PT da cho c6 hai nghiém phan biét c¢6 diéu kién:

A'>0 < (m-2) —(m*—2m+4)>0<m<0 (*)

. ) X X, =4-2m
Vi m<0 theo Vi-et ta co: ) .
X X, =m”—2m+4
, 2 1 1 2 1 1

TacdO ———- = = 5 — =

XC+X5 XX, 15m (x4 X, ) —2XX, XX, 15m

(1)

1 1 1

m>—6m+4 m?*-2m+4 ~ 15m

= tl - i :i.Détm+i:tdo m<0=t<0
m+——6 m+—-2 15 m
m m

s 1 1 1 t
Ta cos (1) tr6 thanh — - —=—< =>t=-4(dot<0)

t-6 t-2 15 t=12

Véi t=—4 ta co m+%=—4<:>m=—2 thoa man (*)

2) Ta co:
4 4 4 4 4 4
xX*+yt+zt= Y | yrz zX > XPy? + Y2t +°x% =
2 2 2
2,2 2,2 2,2 2,2 2,2 2,2
Xy rye yrwex ZXEXy > XYYZ + YZZX + ZXXY =
2 2 2
= xyz(Xx+y+z)=xyz (vix+y+z=1).
N1 Y . X=y=1 1
Dau bang xay ra <> SX=y=1==
X+y+z=1 3

Vay nghiém cua hé phuong trinh la: (X = %; y= %; z= %)

Cau 3.
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a) Giastr (a+b*) M (a’b - 1), tacla:a+b>=k(a’b-1), voik e N <

< a+k=bka?-b) < a+k=mb (1)
Odém e Zma: m=ka?-b < m+b=ka? (2)
Te(l)va@)suyra:(m-1)(b-1)=mb-b-m+1<

S m-1)(b-1)=(a+1)(k+1-ka) 3)

Dom >0 (diéunay suy ratir (1)doa, k,b>0)nénm>1 (vim € Z).
Dob>0nénb-1>0(dobeZ)=m-1)(b-1)>0.
Vi thé'tkr (3) suy ra: (a+1)(k +1-ka)>0.

Laidoa>0Onénsuyra:k+1-ka>0=k+1>ka=1>k(a-1) 4)

\ \ o [K@D=0 |

Via-1>0(doaeZ a>0)vak e Z k>0neén tir (4) co: | la=2
k(a-1)=1 K1

m-1=2
b—1=1 b:2
-Véia=1. Thay vao (3) ta duoc: (m-1)(b-1)=2 <

=
m-1=1 b=3
h-1=2

Vay, treong hgp nay taco:a=1,b=2hodaca=1,b=3.

b=1
-Véia=2(vik=1). Thayvao 3)tacé: (m-1)(b-1)=0< {m—l'
Khib=1, taduoc:a=2,b=1.
Khim=1: Tt (1) suyraa+k=b =b=3. Lucnay duoc:a=2,b=3.

Tom lai, 6 4 cdp s0 (a; b) thdéa man bai toan la: (1; 2), (1; 3), (2; 3), (2; 1).
b) Ta c6 x+23 =,y ++/z o x+243= y+z+2\/ﬁ

o (x—y-2)+23=2yz = (x—y-z) +4J/3(x—y—2)+12=4yz (1)
TH1. Néu x—y—7#0 Ta c6 43 = _4((); __3;__22))2 ~12 o) vety

(do x,y,ze N nén vé€ phai cta (2) 1a s6 hiru ty ).

o X-y-2=0
TH2. x—-y-z=0khidé (1)< 3)
yz=3
x=4 x=4
Gidi (3) ra ta dwgc 1y =1 hoac <y =3 th lai thoa man
z=3 z=1

Cau 4.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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H

F_I‘
A c O B

a) Ta c6 M thudc dwong tron tam O duong kinh AB (gia thiét) nén AMB =90° (géc
ndi tiép chan ntra duong tron)
hay FMB =90°.
Mit khac FCB =90° (gia thiét).Do d6 FMB+FCB =180°.
Suy ra BCFM la t gidc noi tiép = CBM = EFM (1) (vi cing bu v6i CFM).
Mit khdc CBM = EMF (2) (g6c noi ti€p; goc tao boi tiép tuyén va day cung cling
chidn AM). Tt (1) va (2) = EFM=EMF.
Suy ra tam giac EMF la tam gidc can tai E.
(C6 thé nhan ra ngay EMF = MBA = MFE nén suy ra EMF can)

b) Goi H la trung diém cua DF. Suy ra IH L DF va DIH = % (3).

Trong duong tron (1) ta c6: DMF va DIF Ian luot la géc ndi ti€p va goéc ¢ tam ciing
chan cung DF. Suy ra DMF = % DIF(4).

Tt (3) va (4) suy ra DMF = DIH hay DMA =DIH.

Trong duong tron (O) ta c6: DMA =DBA (gdc ndi tiép ciing chan DA)

Suy ra DBA=DIH .

Vi IH va BC cung vudng gbc v6i EC nén suy ra IH // BC. Do &6 DBA + HIB =180°
= DIH + HIB =180° = Ba diém D, I, B thang hang.

2 2 1
¢) Viba diém D, I, B thang hang = ABI = ABD = E sd AD.

Ma C ¢6 dinh nén D ¢6 dinh = %sd AD khong doi.

Do d6 goc ABI ¢6 s6 do khong doi khi M thay d6i trén cung BD.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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Ta c6: B= 1 L1 1 1 1-2xy

(X+y)° =3xy(x+y) Xy 1-3xy xy xy(-3xy)’
o (x+y)’ _1
Theo Cosi: Xy < R
. \ N . a1 . _ 1_2xy
Goi Bo 1a mot gia tri caa B, khi d6, 3x, y dé: B, = —xy(1—3xy)

< 3Bo(xy)?— (2 +Bo)xy +1=0 (1)
B, >4+23

D€ ton tai x, y thi (1) phai ¢6 nghiém xy < A=B?-8Bo+4 >0 <
B, <4-243

D& y ring véi gia thiét bai todn thi B > 0. Do d6 ta cd: B, >4+2+/3.

Véi Boz4+2\/§:>Xy:2+B = 3+\/_ :>X(1 X)_ 3+\/_ =

6Bo 2+\/_
5 /zf_l L /zf_l
o XX+ —2TNS 3+ _O<:>x_
6(2+3)
/2f_1 L /2f_1
Vay, B —4+2\/_ dat dwoc khi x = 5 hoac
- /zf_l /zﬁ_l
3
5 )
Pe so 48
Caul.
Tacé x== ——LL-=EJ ~1)2 = —=2x=+2-1 = 2x+1=+/2
2\J2+1 2
= 4x* +4x-1=0 (a)
Do d6:

AX° +4x —x3 +1=x>(4x* +4x-1) +1=1
4x° +4x* —5x% +5x+3= x> (4x° +4x-1) - X (4x* +4x-1)+ (4x* +4x-1D)+4=4

Tt‘x(a):>2X2+2X=1:>\/2x2+2x=\/%; J2-2x=1

N 1—\/§x 1 J_x J_ oy =1
\/2x2+2x 1

Ny

Dodé A= 1°+(Vaf +12 =10
Cau 2.
1 Vi X,y nguyénnén ta cd: 5x*+2y? < 2xy+4x+2y (¥)

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

& (X2 =2xy+ y2) + (4x7 —Ax+ D)+ (y* —2y+1) <2
SX-y)+2x-D)*+(y-D*<2

, 5 , ) x=0
Tacd (2x-1)° <2, 2x-11é = (2x-)° =1 & (=1

=0
Voi x=0thi (*) ©y(y-)<0 <0<y<1 :{y _1 ( thoa man)

V6i X=1thi (*) ©2y*-4y+1<0 < 2(y-1)? <1 = y=1 (thdéa man)
Vay (x,y) =(0,0); (0:1); (11) .
2) Gidi hé {4x3 —y¥=x+2y )]
52x% —82xy+21y* =-9 (2)
Nhan vé trai cta (1) v6i v€ phai cua (2) va nhan vé phai ctia (1) véi vé trai cua (2)
ta co:
(9)(4x® — y*) = (x + 2y)(52x* —82xy + 21y?)
& (9)(4x° —y®) — (x+2y)(52x* —82xy +21y?*) =0
< 8x®+2x°y —13xy* +3y° =0
& (8x® —8xy?) + (2x%y —2xy*) — (3y®* +3y*x) =0
< 8X(X% —y?) +2xy(x—y) —3y*(x—y) =0
< (X—y)(@Bx* +10xy —3y?*)=0
Bién ddi nhan duwoc phuong trinh: (x— y)(4x — y)(2x+3y) =0
Véi x =y tim dwoc (x;y) =(0;0) ( thiz vao hé khong thoa man)
(xy) =(@1); (-3-1) (thk vao hé thdy thoa man)
Véi y =4x tim duoc (x;y) = (0;0) ( thtt vao hé khong thoa man)
Voi y = _?2 x tim dwoc (x;y) = (0;0) (thtt vao hé khong thoa man)
Vay hé c6 nghiem (x;y) = (L1); (-1-1)
Cau 3.
1) Phuong trinh hoanh d giao diém cta (d) va (P) la:
2x* +ax+a-2=0 (3)
3) 6 A=(a—4)>

Véi a# 4 thi (3) c6 hai nghiém phan biét x = -1, 2-a

la hoanh d6 cac diém A, B

2—a_(2—a)2)

Khi d6 A(-L-2); B(——
1do A(-1-2); B( 25—

Do dé AB=5 < AB =5 < (27a+1)2+(u+2j =5

Trinh Binh swu tim va téng hep
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PRY: 2 4ay2
<:>(4 4a) +(a 44a) =5 < a*-8a*+17a*-8a-4=0

a=2
< (a-2)(a®-6a’+5a+2)=0 C{as 68?4 Eal2—0
a nguyén thoaman a’-6a’+5a+2=0 (4) thi alawdccia2 =>a==L+2
Thtt a =£1; £2 vao (4) thdy khong thoa man.
Vay a=2 lagia tri can tim.
2) Str dung bat dang thirc Cosi cho 2 s6 dwong ta cé:

a+£22 :>§(a+1)2§
a 4 a2
9 9
bt >>2/0 =3 51prys3
4b 4 2 4p" 2
c+522\/2=4 :>1(c+ﬂ)21
c 4 c
Cong vé& véi vé 3 bat dang thitc trén ta co: §a+1b+1c+i+i+124 3)
4 2 4 4a 8 c
Tir a+20+3c>10 tacd ta+h4oc= 2T+, 5 @)
4 2 4 4 2
3 9 1_13
Tk (3) va (4 a+b+c+—+—+-2>2— (D
u (3) va (4) suy ra it (Bpcm)

( D&u bang x4y ra khi a:l;b:g;C:Z)

Lwu ¥: Hoc sinh khong nhét thiét phdi chi ra ddu bang
Cau 4.

1. Ta c6: ZAEH = ZADH =90° = AEHD ndi tiép (5)
Lai c6: T giac BEKI noi tiép = ZEKI =180° — ZABC
Tt gidc DKIC noi ti€p = «DKI =180° — Z/ACB
do d6: ZEKD =360° — ZEKI — ZDKI

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC
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=360° — (180° — ZABC) — (180° — ZACB)
= ZABC + ZACB = 180° — ZBAC
— /EKD+ /BAC =180° = AEKD ndi tiép (6)
Tt (5) va (6) suyra A E,H,K,D thudc mot duong tron.
2. Ta co: ZBEC = #BDC =90° = Tu gidc BEDC noi tiép = ZADE = ZABC (7)

Tix (6) = ZADE = Z/AKE (8)
Tix (7) va (8) = ZABC = ZAKE ©9)
Tt giac BEKI ni tiép = LEKI + ZABC =180° (10)

T (9) va (10) suy ra ZEKI + Z/AKE =180° = A, K, | thang hang.
3. ABDC vuong tai D ¢6 DI la trung tuyén = ID = IC = AIDC can
= /ZIDC = ZICD

AAID c6 ZDIA+ ZIAC = ZIDC = ZICD = ZKCD + ZICK

Ma tt gidc DKIC noi tiép = £DIA = ZKCD

Do d6 ZIAC = ZICK (11)
T giac AEKD noi ti€p = ZIAC = ZKED (12)
T (11) va (12) suy ra ZKED = ZICK = MEKC ndi tiép.
Cau 5.
B _Q

Chia luc giac déu ABCDEF tam O thanh 6 tam giac déu canh 4cm (hinhvé)
Theo nguyén ly Diriclé c6 it nhat 4 diém trong 19 diém nam trong hay trén canh
mot trong 6 tam giac d6. Khdng mat tinh tong quat gia st tam gidc d6 la OAB.
Chia tam gidc déu OAB trong tam G thanh 3 tit gidc ndi tiép (hinh vé) véi GM L
AB; GN 1 OB; GPL OA.

AOAB déu canh bang 4 c6 duong cao § =23 =>GA= %
Céc t gidc GMBN, GMAP, GPON noi tiép trong duong tron duwong kinh GB, GA,
GO déu bang —4;/5 .

Theo nguyén ly Diriclé c6 it nhat 2 diém trong 4 diém dang xét ndm trong hay trén
canh mot trong 4 t¢ gidc noi trén, gia st tir giac d6 la GMBN = khoang cach gitta
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hai diém d6 khong vuot qua duong kinh GB = % cua duong tron ngoai tiép tw
giac = diéu phai chitng minh.
bé s6 49
Cau 1.
a) Phuong trinh twong duong véi
(X +4y? —4xy)+4(x-2y) +4=16-y* & (x—2y+2) =16-y;

ma X, y el nén (x—2y+2)° =16,y =0 (1) hodc x—2y+2=0, y* =16 (2).
Tacd () < x=2,y=0 hodc x=-6,y=0.
(2) < y=4,x=6 hodc y=—4,x=-10.
Vay phuong trinh da cho c6 nghiém la (X; y) S {(2; 0), (—6; 0), (6; 4), (—10; - 4) }
b) B6 dé: Cho x, y la cac s6 tie nhién va s6 nguyén t6 p ¢ dang p=3K +2 thi
x*=y*(mod p) <> x=y(mod p).
That vay, X=y(mod p)= x’ = y*(mod p), dung.
véi x° = y*(mod p) = x* = y*(mod p).
Véi X, ¥ cung chia hét cho p thi hién nhién dung.

3k+1 3k+1 (

Véi (x, p)=1 (y, p)=1tacé x"* =y"* =1(mod p) = x*" = y***(mod p)
= xx* = y.y*(mod p)= x=y(mod p)vi x* = y*(mod p).
Ap dung BS d8, ta co
P(x)=P(y)(mod 11) & (x~1)’ +11(x~1)+10=(y-1)’ +11(y —1)+10(mod 11)
& (x-1)* =(y-1)’(mod 11) & x 1=y ~1(mod 11) & x = y(mod 11).
Do d6, P(x)=P(y)(mod 11) < x = y(mod 11).
Suy ra voi moi nell, trong 11 gia tri P(n), P(n +l),..., P(n +10) , €0 duy nhat
mot gia tri chia hét cho 11. Do d¢, trong cac s6 P(l), P(2),..., P(99) c6 dung 9 s6
chia hét cho 11, con P(0) =-2 khong chia hét cho 11.
Vay c6 dung 9 s6 thoa man yéu cau bai toan.

Cau 2.

a’-3a+2 (a-1)’(a+2) _a+2,
a’-4a’+5a-2 (a-1)'(a-2) a-2’
ma a® =110+ 3¢/552 —3024(%/55—@ +{*/55+\/M).

—a*=110+3a<=a*-3a-110=0.

a)Taco P=
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«(a-5)(a’+5a+22)=0«<>a=5.5Suyra Pzg.

b)Tacé x*=3x—1(1), y*=3y-1(2),2°=3z-1(3).
x*—y*=3(x-y) X° +xy+Yy>=3(4)
Tt (1), (2) vaB)suy ra ¢ y° —2° =3(y—z) < | y* + yz + 2> =3 (5)
2°-x*=3(z-X) 7> + 2x+ x* =3 (6).
Tt (4) va (5) suy ra
X =22 +xy-yz=0(x-y)(Xx+y+2z)=0x+y+2=0,
(vix, y, z doi mot phan biét).

Cong (4), (5) va (6) theo v€ véi vé ta co
g(x2+y2+zz)+%(x+ y+z)2 =9=x+y*+7°=6.
Cau 3.
a) Diéu kién xac dinh: x> —%, X#0.
Phuong trinh twong duong véi 12x° —(3x+1) = 4x\[3x+1. D3t a=2x,b=+/3x+1

ta c6 phuong trinh 38’ —b’? = 2ab <> (b-a)(b+3a) =0« b=a hodc b=-3a. Khi

d6 \/3x+1=2x hodc V3x+1=-6X.

+) Vbi /3x+1 = 2x, diéu kién x>0, ta cd
V3X+1=2Xx < 3x+1=4x" < 4x* —3x-1=0 < x =1 hoic x=—%(loai).

+) Véi +/3x+1=-6x, diéu kién —% <x<0,tacd

3-4153 | | 3+4/15
T hoac

X= TB (loal)

3-./153
72

J3X+1=-6x<36x*—3x—1< x =

Vay phuong trinh c6 hai nghiém X =1, X =

b) Nhan ca hai vé cua (2) v6i 2 ta ¢6 hé phuong trinh
{3x2+2y2—4xy+x+8y—4:0(1)
2x° —2y* +4x+2y-6=0 (2
Lay (1) trte (2) theo v€ vdi vé ta co
(x2—4xy+4y2)—3(x—2y)+2:O<:>(x—2y)2—3(x—2y)+2:0
< (x—2y—-1)(x—2y—2)=0<>x=2y+1 hodc X=2y+2.
+) Vi X =2y +1, th€ vao (2) varut gontacod y(y+3)=0< y =0 hodc y =-3.
Suy ra X=1, y=0 hoac x=-5,y=-3.

Trinh Binh swu tim va téng hep TAI LIEU TOAN HOC



Website:tailieumontoan.com

+) Voi X =2y +2, thé vao (2) va rut gon ta ¢6 3y’ +13y+5=0<y=

 —13-/109

6

—7+4109  -13+4109 . | —7-4J109  -13-4109
A 5 hodc Xe—g Y=

6

—13++/109
6

v

hoac y

Suy ra X=

Vay hé c6 4 nghiém x=1, y=0; x=-5y=-3;

—7++/109 -13++/109 —7-~/109 -13-+/109
X = _— y = X = , y = .
3 6 3 6
Cau 4.

a) Ta c6 MNE =% (sd AC+ sdBFE) = % (sd AB + sd

BFE )= AFE = sd AC + sdCE

Suy ra: MNE + MFE =180°

Vay t& gidc MNEF néi tiép.

b) Goi P la giao diém khac A cua AO véi duong tron
(O; R).

L&y G d6i xtng véi E qua AP = D € EG, G €(0O)

Ta c6 MDG = NEG,

AEG + AFG =180° = MDG + MFG =180°

Suy ra tt gidc MDGF ndi tiép (1)
Goi giao diém cta AG va BCla H

Ching minh twong ty a) ¢é t& giac MHGF noi tiép (2) u

Tte (1) va (2) suy ra cac diém M, H, D, G, F nam trén mot ;&%

duwong tron.
Trung triec ctia doan thang FG di qua O va cat duong tron (O) tai J; 1 € 0J, sd JF =sd JG
va sd PG =sd PE nén JOP = & hay I ndm trén duong thang cd dinh. D6 1a duong thang di

qua O va tao véi AO mot goc a khong doi.

¢ Ha IT L BC (TeBC):>TH =TM .Do QH =QN, suy ra IS=%MN

Tam giac vudng OSI c6 10S = a khong d6i nén OI nho nhat khi va chi khi IS nho nhat <
MN nho nhét. Ta chttng minh MN nho nhét khi va chi khi tam gidc AMN can tai A.

That vy, trén BC ldy M’ N’ sao cho M 'AN' = o . Khéng mat tinh tong quat gia st
QM'>QN"'suyra AM'>AN'". Trén doan AM ' lay diém U sao cho AU = AN'

= AAUM =AANN" (c.g.c)= S,ym > Sp: = MM '>NN'=M'N'>MN
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R(2-+/3
Véi ¢ =60°; BC=R suyraAQ:R—Rf: ( > ),

N R(z—\/§).£: R(2v3-3) ol R(2«/§—3).

2 J3 3 6

Cau 5.
Chitng minh duoc: 2X +y* +2° 2 2x(y+2).
Tuong tu ta c6 2y +2° + X* 22y(z+X), 22° + X" +y* 2 2z(x+ ).

x(y+ Z)+ y(z+x)+ z(x+y)
4—yz 4—7x 4 —xy

Do d6 ta sé chitng minh > 2Xyz.

y+2 Z+X X+Yy

Bét déng thiic nay t d i =
#t ding thic nay tong dwong v6i == s mam (A
Ta co ytz o 2\/% 1 e

(4-yz)2yz (Z—Jﬁ)(2+ yz)2yz:(2—\/ﬁ)\/ﬁ(2+\/y_z)r

2 N 1 S 1
0<(2—ﬁ)ﬁ:—(ﬂ—l) +1<1nén (2—\/%)\/%(2+\/ﬁ)_2+ Ve

yxe 1 , tuong tw cod GRS L va
(4-yz)2yz 2+ [yz (4-2x)22x ~ 2++/2x

Xty o 1
(4=xy)2xy 2+ xy’

, y+2 Z+X X+Yy 1 1 1
Do d + + > + + .
© 0(4—yz)2yz (4-2x)22x  (4—xy)xy 2+\/@ 2+\/ﬁ 2++J2x

Véia, b, >0 coO

(a+b+c)(£+%+1j=3+(%+9)+(9+Ej+(£+i]23+2+2+2=9 nén
a

Vay nén

a c c a ¢
£+l+l2 9
a b ¢ a+b+c

1 1 1 9
+ + 2> >1;

2+\/ﬁ 2+\/ﬁ 2+~/2x 6+\/W+\/y_z+\/§
(Vi\/W+\/y_2+\/53X;y+y;_z+z—i2_x:x+y+z:3)'

. y+2 Z+X X+Y
\Y + + >1.

ay (4—yz)2yz (4-2x)22x (4—xy)xy
2x2+y2+zz+2y2+22+x2+222+x2+y2
4—vyz 4 —zX 4—xy

(*)-

Ap dung (*) tacé

Do vay ta co > 4Xyz.
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Déng thtic xay ra khi va chikhi x=y=z=1.
Dé s6 50

Caul.
a) Diéu kién a>0;a# 4;a #16.

M = 2Ja-16 Ja+4 2Ja+1

" a-6Ja+8 Ja-2 4-+a
2\/5—16—(\/5+4)(\/5—4)+(2\/5+1)(\/§—2)

- a—6\/§+8

_a-Ja-2  Ja+1

TR e

foM=‘/a+1=1 S

Ja-aa-4
Dé gid tri cia M nguyén 53(\/5—4)<:>(\/5—4)e{i1;15},
- Néu ‘/5—42—5:%/_=—1(ktm);
-Néu Ja-4=-1=+a=3=a=9(m);
-Néu Va-4=1=+a=5=a=25(tm);
-Néu Va-4=5=a=9=a=81(tm).
Vay ae{9;25;81}.

a<0

b) Tir P(x)>0vxel ta chitng minh duwgc ,
A=b"—4ac<0

2 2

2 2
Do b2—4acs0:>c2b—<:>a+b+c2a+b+b—<:> a+b+c2 4a” +4ab+b
4a 4a b—a 4a(b-a)

4a® + 4ab +b? :16a2—8ab+b2+12a(b—a) 4 (4a—b)° .
4a(b-a) 4a(b-a) 4a(b-a)
Ddu “=" xayra <>b=c=4a>0.
Vay MinQ=3<b=c=4a>0.
Cau 2.
biéu kién xzm-1x = -m-2.

Mat khac

Khi d6 phuong trinh da cho c6 dang
X2 +(M+3)x+m+2=x*+(1-m)x < (2m+2)=-m-2 (1)
- Néu m=-1, phuong trinh (1) c6 dang 0x=-1, v6 nghiém, suy ra phuong trinh da
cho vo nghiém.
m+2
2m+2’

-Néu m # -1, phuong trinh (1) c6 nghiém x=—
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m+2
- =m-1
Do d6 phuong trinh da cho v6 nghiém néu | 2M*?2
m+2
- =-m-2
2m+2
m+2 m=0
Néu — =m-le-m-2=2m’-2<2m*+m=0< 1
2m+2 m=-——
2
m=-2
n m+2 2 2
Néu — =—Mm-2<-mM-2=-2m"-6m-4<2m°+5m+2=0< 1
2m + 2 m= —E

Vay c6 4 gia tri cia m d€ phuong trinh v6 nghiém la: -2 ;-1;0; —%.

Cau 3.
Nhan thdy véi moi s6 nguyén duong mta cd " _1=4m
Ta chiimg minh bai toan tdng quat p*"—1:60 vi moi sd nguyén t& p>5 va mdéi
moi s6 nguyén duong m.
That vay, c6 p™—1=(p*)" -1"=(p*-1).A=(p-1)(p+1)(p?+1).A (VAell)
Do p lénén p-1; p+11ahai s§ chan lién tiép (p-1)(p+1)i4 (1)
Lai ¢6 (p-1)p(p+1)i3 ma p nguyén t6 va p>5 nén p khong chia hét cho 3
=(p-1)(p+1):3 (2)
Do p nguyéntdva p>5 nén p khong chia hétcho5 = p=5k+1,5k +2
_Néu p=5k+1= p?=25k?+10k +1=5n+1
-Néu p=5k+2= p®=25k*+£20k+4=51-1 (Vvk,n,lell)
Suy ra
p*=(5n+1)(51 -1)= p* -1=5q:5=(p-1)(p+1)(p*+1):5 (vael )(3)
Ttr (1);(2);(3) suy ra (p-1)( p+1)( p’ +1)33.4.5 do 3,4,5 la céc s& d6i mot nguyén to
cung nhau = (p-1)(p +1)( p’ +1)560
Vay p*" —1:60 hay dpcm.
Cau 4.
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a) Trong duong tron (O;R) ta c6 ACE = % AOB=ACB (1)

Trong duong tron (E; EA) ta c6
AEO = % sd ADB = %(3600 ~2ADB)=180° - ADB= ADC  (2)

Ttx (1) va (2) suy ra AAEO #AADC(g—g)
b) Twong tw a) ta c6 AAFO #AADB(g—g)
— AEO = ADC; AFO = ADB = AEO + AFO = ADC + ADB =180°

= AEOF ndi tiép duong tron = E,F nam vé hai phia ctia AO, suy ra
Sacor = Saoe +Shor = %(OE.AB +OF.AC) (3)

Lai co 2E 2 A9 o _ AOCD ();E:E:OFzAO'BD (5)
CD AC AC BD AB AB

AOCD o AOBD 0 ()
AB
AB DB

Mit khac AD 1a tia phan gidc ctia tam gidc ABC=>—=—(7)
AC DC

AB

Thay (4); (5) vao (3) ta dugc 4S o =

Thay (7) vao (6) ta duoc

4S,... = A0[ cD.28  BD.AC |- ao[cD. B L gp.EP
ACAB cD BD
— AO(BD+CD)=AO0.BC =Ra=> S, = %(dvdt)

¢) Puong trung truc ctia BC cat cung 16n BC tai H, cung nho BC tai K.

Khi d6 H va K la hai diém c8 dinh va diém chinh gitta cia cac cung tuwong ing.
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Goi M,N twong ting la trung di€émcaa BD, AB = BNE = BME =90°
Do d6 B,M,N,E cung thudoc mot duong tron duong kinh BE.
BEM =BNM = BAD = %sd BKC.

Lai c6 BHK =%sd BKC = BEM =BHK (8)

Mit khac EM //HK (cung vudng goc voiBC), H,E cung phia so véi BC (9)
Goi H’ la giao diém cua BE;HK = BEM =BH’K (10)
Tt (8); (9); (10) suy ra H=H’= B,E,H thing hang = E € BH cd dinh.

F
- Vi cac diém phan biét nam trén mot duong tron nén ba diém bat ky ludn tao thanh
mot tam gidc.

- C6 21 diém duoc to bang 4 mau, do d6 ¢6 it nhat 6 diém c6 ciing mau.

*Gia s 6 diem d61a A, B,C,D,E,F.

+ N6i 5 doan AB, AC, AD, AE, AF va to béng 2 mau nau hodc den, khi d6 ¢ it nhat 3
doan ciing mau, gia s AB, AC, AD duoc t6 cung mau den.

Ta xét tam gidc BCD, xay ra hai kha nang

TH1: Néu ba canh BC,BD,DC duogc td cuing mau nau thi tam gidc BCD ¢6 ba dinh
cung mau doé va ba canh cing mau nau (thda man)

TH2: Néu ba canh BC,BD, DC c¢6 it nhat m¢t canh mau den, gia st BC 1a canh mau
den, khi d6 tam gidc ABC c6 3 dinh cing t6 mau do¢, ba canh cung t6 mau den (thda
man)

Vay ludn ton tai mot tam gidc ¢d ba dinh cing mau va ba canh cing mau.
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