Nguyén Van Linh-Bac Ninh email:lovemathforever@yahoo.com

PHUONG PHAP VE DUONG PHU TRONG HINH HOC
(tham khao: dinh 1y hinh hoc va cic phuong phap ching minh)
http://diendan3t.net/forum

M dau:

Khi chiing minh dinh 1y hinh hoc, phan nhi€u ching ta phai vé thém
duong phu. Dudng phu tao nén mdi quan hé giita gia thié€t véi két luan, lam
cho bai toan tré nén don gian va dé dang hon. Tuy nhién, duong phu c6
nhiéu loai, nén khong c6 mot phuong phap vé cd dinh, dé 1a moét viéc kho
trong chiing minh. V& dudng phu sao cho c6 1gi la van dé can dao sau suy
nghi. Trong bai viét nay, toi xin néu mot s6 nét 16n vé van dé vé dudng phu,
hi vong ¢6 thé gitp cdc ban vugt qua khé khan trong bo mon hinh hoc.

1. Muc dich cua vé duong phu:

1. Pem nhitng diéu kién da cho cua bai toan va nhitng hinh c¢6 lién quan
dén viéc ching minh tap hgp vao moét noi (mdt hinh méi), lam cho ching ¢6
lién hé v6i nhau.

Vi du: Ching minh ring hai doan thang song song va bang nhau thi hinh
chiéu clia ching trén mot dudng thang thit ba cling bang nhau.

]
A / ]
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Suy nghi: Su bang nhau cia AB va CD va su bang nhau cua EF va GH
khong thay ngay duoc la ¢6 lién quan dén nhau.

Huong 1: Quan sat hinh v€ ta thay AE//BF//CG//DL, tur d6 gidp ching ta
nghi ra cach dung thém EK//AB//CD//GL dé tao ra hai hinh binh hanh
ABKE va CDLG. Suy ra AB=CD=EK=GL. Tiép d6 dua vao hai tam giic
EKF,GLH bang nhau theo trudng hop canh huyén géc nhon va cudi cling ¢6
EF=GH.
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Huong 2:

Dé chiing minh EF=GH ta c6 thé tao ra doan thang méi cung bang EF va
GH. Diéu nay dé c6 bang cédch tir A,C 14n luot ké AL,CQ//MN
(Ie BF,Qe DH ). Ti€p d6 AABI = ACDQ (canh huyén-gic nhon) suy ra

AI=CQ=EF=GH.

2. Tao nén doan thang thit ba hodc géc thit ba, lam cho hai doan thang
hodac hai géc can chiing minh trd nén c6 lién hé.

Vi du: Tt gidc ABCD c6 canh AD=BC. Goi M,N 14n luot 12 trung diém
AB,CD. CB,DA cit NM tai E,F. Ching minh rdng ZDFN = ZCEN

E

M
D

Suy nghi: Hai goc E va F trén hinh v€ dudng nhu khong c6 quan hé gi vé6i
nhau. Do d6 ta tim cdch tao ra géc thit 3 cing bang hai géc trén.

Giai: Goi I 1a trung diém AC. Noi MI,NI.

MI,NI lan luot 1a dudng trung binh tam gidac ABC,ADC nén MI//BC,
NI//AD

= ZIMN = ZCEN,ZINM = ZDFN (1)

Mt khac MI=% BC=% AD=IN

Do d6 tam giac MIN céan tai L.
— ZIMN = ZINM (2)
Tix (1)(2)= £DFN = ZCEN (dpcm)
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3. Tao nén doan thang hay géc bang téng, hiéu, gip doi hay bing % doan

thang hay géc cho truéc, dé dat muc dich ching minh dinh Iy.
Vidu: Cho tam giac ABC can & A, trung tuyén CM. Trén tia doi cua BA

14y diém D sao cho BD=BA. CMR: CM:% CD.

A

D

Suy nghi:
Bai toan yéu cau DC=2MC huéng ta tao ra mot doan thang méi baing MC

va bang %DC.M@‘[ khac nhin hinh vé ¢6 B 1a trung diém AD lai lam ta nghi

dén dinh 1y vé dudng trung binh cua tam gidc. Pudng phu can vé 1a trung
tuyén BE ctia tam gidc ABC. BE la duong trung binh tam gidc ADC nén
DC=2BE. Do tam gidc ABC can tai A nén BE=CM. Tu d6 c6 dpcm.

Chii y: Thay vi vé thém doan thang bang 1/2 DC ta ciing c6 thé tao ra
mot doan thang bing DC va gdp 2 lan BE. Diéu nay don gian, c6 thé trén tia
d6i cia CA 14y diém E sao cho CA=CE réi n6i BE, hodc trén tia doi CB lay
diém E sao cho CE=CB réi noi AE...

Bai toan trén c¢6 khoang 5,6 cach. Mong cac ban tiép tuc suy nghi tim
ra cach gidi mdi.
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4. Tao nén nhitng dai luong méi (doan thang hodc géc) bang nhau; thém
vao nhitng dai lugng bang nhau ma bai ra da cho dé gitp cho viéc chiing
minbh.

Vidu:

Chiing minh ring trong mot tam giadc vuodng, trung tuyén ing véi canh
huyén bang 1/2 canh huyén. (*)
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B
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Suy nghi:

DPau bai chi cho CM=BM, nhu vay chua c6 AM=MB. Ta lay N la trung
diém AB thi tao ra dugc cap dai lugng bang nhau 1a BN=AN.
Mait khac MN//AC nén MN L AB

Suy ra MN la trung truc doan AB.
= AM=BM=CM, tur d6 c6 dpcm.

5. Tao nén mot hinh méi, dé c6 thé 4p dung mot dinh 1y dac biét nao do.

Vidu: Cho tam gidc ABC noi ti€p (O). D 1a diém bat ki trén cung nho BC
Ké AH 1 DB,AK 1 DC. Chting minh dudng thang HK di qua mot diém c6
dinh.

D

Suy nghi: Hai duong vuong géc AH,AK lam ta nghi dén duong thang Sim-
son, vi vay néu goi I 1a chan duong vuong goc ké tir A xuoéng BC, thi theo
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dudng thang Sim-son ta c6 H,IK thang hang. Do A ¢6 dinh nén I ¢6 dinh.
Vay HK di qua diém c6 dinh 12 L.
6. Bién déi hinh v&, 1am cho bai todn trd nén dé ching minh hon trudc.
Vidu: Tam gidc ABC can tai A ndi ti€p (O) (LA <60°). M 1a diém bat ki

trén cung nho BC. AM giao BC tai N. CMR: Lt 1
MN MB MC

Suy nghi:
Dé chitng minh

1 1 1

>——+—— ta thir bi€n doi twong duong:
MN MB MC
1 1 1

>——+—— & MB.MC > MN.(MB+MC) (1)
MN~ MB MC

Mit khac tam gidc ABC can tai A nén
AB=AC = AB=AC = ZAMB = ZAMC
Mait khiac ZBAM = ZNCM
=>aBAM ~aNCM (g.g)
MB AM
Mo _4v
MN MC
& MBMC = AM .MN
Thay vao (1) ta dugc AM .MN > MN.(MB+ MC)

& AM >MB+MC

Vay dé chiing minh ——>——+ L chi can ching minh AM>MB+MC Ia
MN MB MC

xong.
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bén day ta nhd lai bai todn quen thudc:

"Tam gidc déu ABC noi ti€p (O). M 1a diém bat ki trén cung nho BC.
CMR:

MA=MB+MC."

TAt nhién c6 thé 4p dung két qua nay vao bai toan ban diu bing cdch dung
tam gidac AB'C' déu noi tiép (O).

Trén AM lay E sao cho ME=B'M

Do 4B'ME=4B'C'A=60°

Suy ra tam gidc BME déu.

= ZEB'M = ZAB'C'(=60")

— /AB'E=/C'B'M

=>aAB'E=ABC'M(g.c.g)

= AE=MC"

=>AM =AE+EM =B'M+C'M

Mit khac BM>BM, C'M>CM nén AM=B'M+C'M>BM+CM

Tu dé c6 dpcm.

Il. Cdc loai duong phu:

Sau day 1a mot so loai duong phu thuong gap:

1. Kéo dai mot doan thang cho truée véi do dai tuy ¥, hodac bing mot do
dai cho truéc, hodc cit mot duong thang khéc.

Vidu:

Cho tam gidc ABC. Trén trung tuyén AM lay diém K bat ki khac A,M.
Qua M lan lugt ké dudng thang song song véi KB, KC giao AC, AB tai F, E.
CMR: EF//BC (*¥)

Kéo dai CK, BK cat AB, AC tai P, Q.
EM, FM la duong trung binh tam giac BPC, BQC
= BE=PE, QF=CF
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Ta c6 AP _AK _AQ
PE KM QF
o, AP+PE _ AQ+QF
PE OF
AE AF
ay ——=—"—
EB FC

= EF //BC (Ta-1ét dao) (dpcm)

2. N6i hai diém cho trudc hodc hai diém ¢6 dinh (gém ca trung di€ém cta
doan thang co dinh), diém nim trén mot doan thang cho trudc va cach mot
ddu cha doan thang d6 mot khoang cho truée)

Vidu:

Ta xét lai bai todn (**)

A

Cdch 2:

Goi EM NnBK ={P},FM NnCK ={Q}

Goi I 1a trung diém AK. Néi PI, QI, PQ.

Dé dang c6 MQ, MP la 2 duong trung binh cta tam gidac BKC nén
KQ:QC:% KC, KP=BP=% BK.

Suy ra PQ la dg trung binh cta tam giac BKC
= PQ//BC (1)
Mat khac PI, QI 1an lugt 1a duong trung binh cac tam giac AKB, AKC nén
PI//AB, QI//AC
EP Al _FQ
PM IM OM
= PQ//EF (Ta-1ét dao) (2)
Tur (1)(2) suy ra EF//BC (dpcm)

(dinh 1y Ta-1ét)
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3. Tir mot diém cho truée dung dudng song song v6i mot dudong thiang cho
trude, hoac dung duong song song véi mot duong, ma ta can ching minh
duong nay song song v46i mot duong nao do.

Vidu: Cho tam gidc déu ABC. M 1a mot di€ém bét ki nam trong tam gi4c.
Ching minh MA, MB, MC la do dai 3 canh ctia 1 tam giac.

A

Nhdn xét: Nhiém vu ctia ching ta 1a tim ra tam giac c¢6 do dai 3 canh Ia
MA, MB, MC.

D€ tao ra tam gidc nay qua M ta ké PQ, KH, EF lan lugt // AB, AC. BC.

Do tam gidc ABC déu nén cic t¢ gidlc APME, PMHC, HMEB la hinh
thang can.

Suy ra AM=EP, BM=EH, CM=PH.

Vay MA, MB, MC la d¢ dai 3 canh cua tam gidc EPH.

4. T mot diém cho tru6e ha dudng vuong géc xuéng mot duong thang
cho trudc.

Vidu: Cho tam gidc ABC, 3 dudng cao AD, BE, CF, truc tam H. Ching
minh H la tam duong tron ndi ti€p tam giac DEF.
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B M O o C

Ké FN, EM 1 BC cit BE, CF tai Q, P.
Do FN// AD// EM suy ra:
FQ _AH _EP _ FQ _FN FQ _AH _EP _ FQ _FN
FN AD EM EP EM FN AD EM EP EM
. DN HF FQ
va =—=
DM HP EP
DN _FN
DM EM
Suy ra aADNF ~aDME(c.g.c)
= ZNDF = Z/MDE , mat khac AD 1 BC
= /FDA = ZEDA, hay DA 1a phan giidc géc FDE.
Tuong tu FC, EB lan luot 1a phan giac cac géc DFE, FED.
Vay H la tam duong tron noi ti€p tam giac DEF (dpcm)
5. Dung duong phan gidc ciia mdt goc cho trudc.
Vidu:
Cho tam gidc ABC c6 «B=22C, 3 canh BC, AC, AB c6 d06 dai lan lugt 1a
a,b,c. CMR: b*=c*+ac

Do do6
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B c
Gidi:
Dung phan giac BD cta goc B.
= ZABD = ZACB
=>aBAD ~aCAB(g.g)
AD AB
—>—=
AB AC
= AB* = AC.AD
Mat khéc theo tinh chat duong phan gidc cia mdt tam gidc:
AD _AB__AD _AD__ AB
DC BC AD+DC AC AB+BC
— Ap=ABAC
AB+BC
2
ABAC* _
AB+BC

= AD.AC =

cr—ég:—=AB
AB+BC

& AC* = AB’ + AB.BC

hay b° =c¢’ +ac (dpcm)

6. Dung dudng thang di qua mot diém cho truée hop thanh véi mot duong
thang khac mot géc bang géc cho trudc.

Vidu I: Cho tit gidc ABCD noi ti€p (O). CMR: AB.CD+AD.BC=AC.BD
(dinh 1y Pto-1é-mé)
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A - B

Dv c
Suy nghi: Poi véi nhitng bai toan chiing minh hé thitc dang ab+cd=ef,
thong thudng ta chia f thanh téng cia m+n, 16i chiing minh ab=em,cd=en
nho cac tam gidc dong dang. Trong bai toan nay, ta sé chia AC thanh 2 doan
nho va tao ra duogc cac tam gidc dong dang. Muon vay phai c6 cac géc bang
nhau va duong phu can vé€ 1a doan DE sao cho ZADB=ZEDC(Ee AC).
Gidi: Lay diém E trén AC sao cho ZADB=ZEDC . Tacé :

aBDA ~ACDE (g.2)

_, BD _BA (2 cap canh ti 1¢)
CD CE

— BD.CE=CD.BA (1)

Do ZADB = Z/EDC = ZADE = ZBDC
—=aADE ~aBDC (g.2)
AD _AE
BD BC
— AD.BC = BD.AE (2)
Tir (1)(2) = AB.CD + AD.BC = BD.EC + BD.AE = BD.AC (dpcm)
Vidu2:
Cho tam gidc ABC, phan gidc AD. CMR: AD’<AB.AC
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B D c
Gidi:
Do ZADC > #Bnén trén AC 14y dugc diém E sao cho ZADE = /B.

=>aBAD ~aDAE(g.g)
AB _AD
AD AE
= AD’ = AB.AE < AB.AC (dpcm)
7. Tt mot diém cho trude, dung ti€p tuyén v6i dudng tron cho trudc.
Vidul:
Cho tam giac ABC ndi tiép (O). Cac duong cao BH,CK. CMR: A0 1KH

Suy nghi:
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Dé chiing minh A0 1KH , ta c6 thé tao ra mot dudng thiang song song Vvéi
KH va vuong géc véi AO, khong khé khan 1am nhan thdy d6 chinh 1a tiép
tuyén Ax cua (O).

Giai: Dung ti€p tuyén Ax ctua (O) = Ax L A0 (1)

Tt gidc BKHC noi ti€p nén LZAKH = ZHCB

Mat khac xAB la géc tao boi ti€ép tuyén va day cung = £xAB = ZHCB
= LxAB = ZAKH

ZADB = ZEDC = Ax//KH (2)

Tu (1)(2) ta duoc dpem.
BC

Vidu?2:Piém A c6 dinh nim ngoai (O, 7).

ABN(0)={D},ACn(0)={E}. Tim quy tich tam duong tron ngoai ti€p tam
gidc ADE.

Phan thudn:

Noi DM. Ta c6 ZDMA = Z/DEA= Z/ABC

Suy ra tit gidc BDMO noi tiép.

= AD.AB=AM.AO

K¢ tiép tuyén AT. Ta c6 AT>=AD.AB=AM.AO

2
AT Yhong déi
AO

= AM =
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Do dé M c6 dinh.

Vay O' thuoc trung truc [AM].

Gidi han:

Khi dudng kinh BC chuyén dong trén (O) thi O' chuyén dong trén trung
truc [AM]

Phan ddo:
AT?
A0’
ABN(0)={D},AC " (0)={E}.Dung dudng tron (O') ngoai ti€p tam gidc
ADM. Ta chitng minh Ee (0").

Gia st M la diém thoa man AM =

2

That vay do AM = iﬁ) = AM.AO = AT* = AD.AB

Suy ra t& giic BDMO noi tiép.

= /ABO = ZDMA = ZAED

= tit gidc ADME ndi ti€p.

= E thudc (O') (dpcm)

Két ludn:

Quy tich tam O' 1a trung truc [AM]

8.Bai ra cho hai dudng tron ti€p xic nhau, ta c¢6 thé dung duoc tiép tuyén
chung hoac duong noi tam.

Vidu I: (1) ti€p xiic trong véi (O) tai A. Day AC,AE ctia (O) cat (I) tai
B,D. CMR: BD//CE
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Giai:

Ke tiép tuyén chung Ax ctua 2 dudng tron.

Dua vao hé qua goc tao bai ti€p tuyén va day cung ta co:

ZLCAx=4BDA=ZCEA

Suy ra BD//CE (hai géc dong vi biang nhau (dpcm)

Vidu?2:

(O) tiép xuc (O') tai L. Keé tiép tuyén chung ngoai AB (A, B1a 2 ti€p
diém). CMR: ZAIB =90°

Giai:

Ke tiép tuyén chung trong IM (Me AB). Dua vao tinh chat 2 ti€p tuyén
cat nhau ta dugc AM=IM=BM, do d6 £AIB =90 (dpcm)

9. Bai ra cho hai duong tron giao nhau, thi ké dugc day cung chung.

Vidu:

Cho tam gidc ABC noi ti€p (O). I 1a diém bat ki thudc cung BC khong
chita A. V& (O,) va (O,) qua O lan luot tiép xtic v6i AB, AC tai B, C.
(0,)N(0,)={K}. CMR B, K, C thang hang.
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Giai:

Keé day cung IK chung cua hai duong tron.

Theo tinh chat ctia goc tao bai tia ti€p tuyén va day cung ta co

ZxBI = ZBKI, £ZyCI = ZCKI

Mat khéc tt gidc ABIC noi ti€p nén:

ZxBl = ZACI

M2 ZACI + £yCI =180°

= ZBKI + ZCKI =180°

Vay B, K, C thang hang (dpcm)

10. Néu mot ¢ gide ¢ thé noi tiép dudng tron, thi ta c6 thé dung dudng
tron ngoai ti€p tir gidc do.

Vidu:

Tam gidc ABC noi ti€p (O). M 1a trung diém AC. Ké MH L AB. Chiing
minh MH luon di qua mot di€ém ¢6 dinh.
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Suy nghi: Dé tim ra diém c6 dinh ta v& mot vai vi tri cia M va nhan thay
riang d6 1a diém K nam trén dudng vuong géc ké tir C voi BC va ZOKC =90°

Gidi:

Goi Q 12 trung diém BC. Tt gidc OMCQ c¢6 thé noi ti€p nén dung (I,O—ZC)

ngoai ti€p ti gidc OMCQ.

QI giao (I) tai K. Ta chitng minh H, M, K thing hang.

That vay

MH | /AB = LZA=Z0MC = LZQKC

— AMH = Z/KQC = /KMC

= ZAMH + ZAMK = ZAMK + ZKMC =180"

Suy ra H, M, K thing hang.

Mat khac K doi xting véi Q qua I, ma Q, I ¢6 dinh nén K ¢6 dinh.

Vay MH luon di qua diém c6 dinh K.

11. Bai cho mot diém nam trén dudng tron, ¢ thé vé thém duong kinh di
qua diém do.

Vidu I:Ta giac ABCD noi ti€p (O;R) c¢6 hai duong chéo vuong goc véi
nhau. CMR AB’*+BC*+CD*+DA? khong doi.
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Suy nghi:

Céc tong binh phuong goi cho chiing ta nghi dén dinh ly Py-ta-go 4p dung
trong tam gidc vuong. Tuy nhién néu dé yén hinh vé thi khong thé dp dung
duoc. Vi vay ta vé thém dudng kinh dé tao ra tam gidc vuodng c6 hai canh géc
vuong 12 hai canh doéi ctia t& gidc ABCD, canh huyén c6 do dai khong doi
(tinh theo R)

Keé duong kinh AE. N6i CE,DE. Ta c6 ZACE =90° do d6 CE//BD (cung
vuong géc véi AC)

Tt giac BCED Ia hinh thang ndi ti€p duong tron nén BC=DE

Suy ra BC*+AD*=DE*+AD’=AE*=4R*

Tuong tu AB*+CD’=4R?

Vay AB*+BC*+CD*+DA?=8R?* khong déi (dpcm)

Vi du 2: Ching minh khoang cach d giita duong tron ngoai ti€p va noi ti€p
tam gidc dugc tinh theo cong thic d>=R*-2Rr (hé thic O-le)
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N C
Giai:

Kéo dai Al giao (O) tai D. Ké duong kinh DE cua (O). Noi CD. Kéo dai
OI cét (O) tai M,N. Ha IH 1 AB

Ching minh dugc aAHI ~aECD (g.2)

= IH.ED = AI.DC

Mat khac £DIC = ZIAC + ZICD = ZICB + ZBCD = ZICD suy ra tam giac IDC
cantai D

= ID=DC

= AI.DC=AI.ID=IM IN =(R-OI)(R+0I)=R*-0I’

. IH.ED =2Rr=R*>-0I’
Do do6 r 0

= OI*=R*>-2Rr

12. Van dung phép doi xting tam, doi xing truc, phép quay, tinh tién...

Vidu:

Cho hai diém A va B cling thuoc 1/2mp bd 1a duong thang d. Tim diém N
trén d sao cho AN+BN Min.
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Gidi:
Goi N 1a diém tuy y trén d.
Lay A' doi xing v6i A qua d. Noi A'B giao d tai M. Noi AM. Ta c6
AN+NB=A'N+NB > A'B=A'M+MB=AM+MB
D4u bang xay ra khi N=M.
Vay diém N cén tim chinh 1a giao diém ctia A'B v6i d (A' 1a diém d6i
xtng v6i A qua d).
Nhdn xét:
Diém A' da gidp chiing ta 1am cho dudng gdp khiic ANB d& "gay" hon, va
gitp viéc tim diém N trd nén thuan 1oi.
13. V& thém mot hinh dac biét (tam gidc déu, hinh vuong r6i st dung tinh
chat ctia cac hinh dé.
Vidu:
Dung lién ti€p 3 hinh vuong ABCD, BEFC, EGHF. Chiitng minh
LAED+ ZAGD =45°
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y M
E
A B G
H
D C F
Suy nghi:

Hai géc AED va AGD duong nhu khong lién quan gi dé€n nhau. Vi vay ta
phai tao ra mot géc 45° bang tong cua hai géc trén. DE c6 gbéc 45°, ta phai ¢o
tam gidc vudng can.

Dung hinh vuong ABNM. Dé dang ¢6 aDMN =aGBN(c.g.c) do dé taco
DN=GN va /MND = /BNG

=aDNG vuong can tai N.

Mat khdc aGBN =aEAD(c.g.c) nén ZBGN = ZAED

Vay ZAED+ ZAGD = ZNGB+ ZAGD = 45" (dpcm)

Chu y:

Thay vi dung hinh vuong ABNM, cédc ban c¢6 thé tao ra cdc hinh vuong
khac dung trén canh CD, CF, FH... Tt d6 ching ta c¢6 nhiing cich gidi méi
rat tha vi.

IIl. Chu y khi vé duong phu:

1. Muon duong phu gitp ich cho viéc chiing minh thi v&€ duong phu phai
c6 muc dich, khong nén vé& tuy tién. Néu khong thi chang gitip dugc gi cho
viéc chiing minh, lai 1am cho hinh vé trd nén réi ren, hoa mat, kho tim ra
cach giai ding.

2. Vé duong phu phai tuan theo cac phép dung hinh co ban. Nhiing duong
khong cé trong phép dung hinh co ban tuyét d6i khong duoc su dung.
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C

Tré lai bai toan (*)

Néu thay cdch néi "ldy trung diém N ciia AB" béng cac cach noi sau:

+VEé trung truc MN ctia doan AB.

+Qua M ké MN song song v6i AB sao cho BN=AN.

+Ké MN L AB sao cho NA=NB.

thi déu khong hop 1y. Trong cach néi thit nhét, M chua chéac thudc trung
truc cta doan AB, con cach néi thit 2 va thi 3 chua xac dinh dugce cac duong
d6 ¢6 di qua trung diém AB hay khong, vi vay trdi v6i phép dung hinh.

3. C6 khi dudng phu v€ thém cung 1a mot duong nao dé, nhung vi cich
dung khéic nhau nén céch chitng minh ciling khéc nhau.

Nhu & trong bai toan (**), néu thay cach vé bang "tir M dung MN//BC" thi
phai str dung dinh 1y dudng trung binh trong tam giac dé suy ra NA=NB,
hodc néu thay bang "tit M dung MN L AB" thi phai st dung quan hé giira
vuong goc va song song dé suy ra MN//AC réi ching minh NA=NB. Thuc ra
trong truong hop nao, MN van chi 1a mot.

THE END



