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LOY THUA CUA SO NGUYEN (POWERS OF INTEGERS)
CHUYEN PE 2.1: SO CHINH PHUONG (SQUARE NUMBER)
1. CO SO LY THUYET

1. Pinh nghia. S6 nguyén a duoc goi la sd chinh phwong néu né la binh phwong cia mét s6
nguyén, tic la a="b’ véi b 1a s6 nguyén.

2. Tinh chat
a) Néu a chan thi a’:4
b) Néu a 1é thi (a*—1)i8
c) Néu a:3 thi a*:9
d) Néu ai3 thi (a*—1):3
e) Néu (a—1):3 thi (a®—1):9; Néu (a+1):3 thi (a’+1):9

f) Néu a la mot s6 chinh phuong, a chia hét cho s6 nguyén t6 p thi a chia hét cho

g) Néu a* chia hét cho s8 nguyén t& p thi a chia hét cho p

h) Néu tich hai s6 a va b la mot s6 chinh phwong thi cdc s6 a va b c6 dang
a=mp*;b=mgq’

i) Gitra hai s0 chinh phwong lién tiép khong c6 s6 chinh phuong nao.
3. M6t s6 két qua “dep”
a) SO chinh phuong chi ¢6 chit s6 tan cung thudc tap hop: {1;2;4;5;6;9} .

b) Khi phan tich ra thira s6 nguyén td, s6 chinh phuong chi chita cac thira s6 nguyén
t& v4i s6 mii chén.

¢) SO chinh phuwong chi ¢é mot trong cac dang 4k hodc 4k +1. Khong ¢ s6 chinh
phueong nao co dang 4k +2 hoac 4k +3 vdi ke N.

d) S chinh phwong chi mét trong cac dang 3k hodc 3k +1. Khong c6 s6 chinh phuong
nao co dang 3k +2 véi ke N
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II. PHAN DANG BAI TAP

DANG 1: CHUNG MINH MOT SO LA SO CHINH PHUONG HOAC LA TONG
CUA NHIEU SO CHINH PHUONG

Vi du 1. Cho n 1a mot s§ tw nhién. Chtrng minh rang: A=n(n+1)(n+2)(n+3)+1 1a s8 chinh
phuong.
Loi giai:
Ta cé:
A=(n?+3n)(n? +3n+2)+1=(n* +3n) +2(n* +3n)+1=(n? +3n+1)
VineN nén n’+3n+1€N. Vay A las6 chinh phuwong.
Vi du 2. Chitng minh rang cac s& sau day la s6 chinh phuong:

a) A=22499...9100...09 b) B=11...155..56

n—2 n n n—1
Loi giai:
a) Ta co:

A=22499..9100...09
—— T

n—-2 n

=224.10" 4+99...9.10""% +10"" +9
=224.10"" +(10"* ~1).10"* +10™" +9
=224.10"" +10*" —10""2 410" 4-9
=225.10"" —90.10" +9

2
=(15.10" -3
Vay A 1a s0 chinh phuong.
b) Ta cé:
B=11...155...56
n n-1
=11...155..5+1

n n

=11..110"+5.11..1+1

n n

101 10" -1

10" +5. +1

- 10" —10" 4+5.10" —5+9
9
10" +4.10"+4
9
2
_(10"+2
3
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Do dé B la sd chinh phuwong.

Vi du 3. Chting minh rang: A=11...1122...225 1a mdt s3 chinh phuong

—_—
1997 1998
Loi giai:
Ta co:
. 1999
A=11..11.10"" 4+22...22.10+5

1997 1998

_i 1997 1999 E 1998
_9(10 1).10 +9(10 1).10+5

_l 996 998 _1 998 i
_9(101 +2.5.10" +25)_‘3(101 +5)]

1997 2

_ 100...005 _ 33 3352

—_—
3 1997

Vay A la s0 chinh phuong.

Vi du 4. Cho X,y € Z. Chting minh rang: A= (x+ y)(x+2y)(x+3y)(x+4y)+ y* 1a s6 chinh
phuong.

Loi giai:
Ta co:
A=(x+y)(x+2y)(x+3y)(x+4y)+y*
= (X* +5xy +4y*)(x* +5xy +6y° )+ y*
Dit u=x*+5xy +5y° € Z
Khido A=(u—y) (u+y) +y" =u?—y*+y* =u?
Vay A la s0 chinh phuwong.

Vi du 5. Chitng minh rang tdng cac binh phuitong ctia 5 s8 lién tiép khong thé' 1a s3 chinh
phuong.

Loi giai:
Giast: n—2;n—Lnn+Ln+2 véi 2<neN la5s0 tu nhién lién tiép
Tacé: (n—2)° +(n—1)° +n’ +(n+1)° +(n+2)" = 5(n +2)
Vi n? khong thé c6 chit 8 tan ciing la 3 hodc 8 nén (n” +2)/5=5(n’ +2) khong la s& chinh
phuong.

Vay tong cac binh phuwong ctia 5 s tw nhién lién ti€p khong phai sd chinh phuong.
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Vi du 6. Cho 2<neN, Chiing minh réng A=n°’—n*+2n°+2n* khong thé 1a s6 chinh
phuong

Loi giai
Taco A=n°—n"+2n°+2n° =n’(n*—n’+2n+2)
= nz[n2<n2 ~1)+2(n +l)]
=n’[n*(n—1)(n+1)+2(n+1)]
=n*(n +1)2(n2 —2n+2)
Véi 2<neN,tacoé n’—2n+2>n?—2n+1=(n+1)’
Van?—2n+2=n’-2(n-1)<n’. Do dé (n—1)° <n’—2n+2<n’

Nhu vay n’ —2n+2 khong phai la s6 chinh phwong nén A khong phai la s& chinh phuong.

Vi du 7. Chitng minh rang tdng binh phuong ctia hai s§ 1é bat ki khong phai 1a mot s chinh
phuong.

Loi giai
Giast: a=2m-+1, b=2n+1,véi mneN
Ta c6: a® +b” =(2m+1)° +(2n+1)° =4(m’ + m+n’ +-n)+2 =4k +2 véi keN.
Khong c6 s6 chinh phwong nao c6 dang 4k +2 vi vay a’+b® khong phai sd chinh phuong.
Vi du 8. (Romanian MO 2003)
Cho k 1a mot s& nguyén dwong va a=3k* +3k +1
a) Chiing minh rang 2a va a’ la tdng ctia ba s§ chinh phuong.

b) Chttng minh rdng néu a la mot wdc ctia mot s8 nguyén duong b va b 1a mot tong gom ba

s0 chinh phurong thi b" la mot tong ctia ba s6 chinh phuwong.
Loi giai
a) Ta 6 2x =6k + 6k +2 = (2k +1)° +(k +1)° +k?
va a% = 9k* +18K° +15k + 6k +1= (K +K) +(2k? + 3k +1)° +(2k* + k) =a’ + a2 +a’.
b) Vi a|b nén dat b=ca.
Vi b 1a tong cta ba s6 chinh phwong nén dit b ="b +b +b?.

Khi d6 b* =c*a’ =c?(a +a; +aj|
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Dé két thic viéc chtiing minh, ta tién hanh nhu sau: cho n=2p +1 ta duoc:

2P+l :<bp)2(b12 +bZ +b32) vacho n=2p+2 ta duoc b" :(bp)2 b2<a12 +a +a§)
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Dang 2. Tim gia tri ctia bién d€ mot bi€u thirc 1a s6 chinh phwong
Vi du 1. (Dé thi vao 16p 10 chuyén, truong PHKHTN - PHQG Ha Ni nam 1992).
Tim tat ca cdc s6 nguyén n sao cho n* +2n°+2n® +n+7 14 s6 chinh phuong.

Loi giai

Vi n*+2n°+2n° +n+7 1a s8 chinh phwong nén:
n“+2n°+2n*+n+7=m?, meN.
Ta co:
m? :(n2+n)2+n2+n+7>(n2+n)2 :>m>|n2+n|:>m2|n2+n|+1
:>m2|n2+n+1|: m? 2(n2+n+1)2.
Khi do
n“+2n3+2n2+n+72(n2+n+1)2 <n+n-6<0<-3<n<2.
Vi neZ nén ne{-3,-2,-10;1;2}.
Thtt [an lwot tirng gid tri ta thu dwgc n=2 thdéa man yéu cau bai toan.

Vi du 2. (Romanian MO 2004). Tim tat ca cac sO nguyén khong am n sao cho c6 cac s6

nguyén a, b théoaman n’=a+b va n’=a*+b’.

Loi giai:
Ap dung bét déng thiic quen thude 2(a’ +b”)2 (a+b)’ tacé duoc 2n° >n* hay n<2.
e Vb6in=0, tachon a=b=0.

e V6in=1 tachon a=1 b=0.
e Vb6in=2, tachon a=b=2.

Vay cac gia tri ctia n can timla 0; 1; 2.

Vi du 3. Tim sd nguyén n sao cho n+1955 va n+2014 la mét s6 chinh phuong.
Loi giai:

Gia sit n+1955=a°; n+2014=b’ véi a, be N va a<b.

Khi d6 b? - a? =59<:>(b—a)(b+a):59<:>{b_a=1 {azzg

b+a=59" |b=30

Dé dang suy ra n=-1114.

Vi du 4. Tim s6 tw nhién n sao cho 2" +9 la s6 chinh phuwong.
Loi giai:
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Giastr 2"+9=m’*, meN < (m-3)(m+3)=2"

. . |m=3=2% . .
Vi m-3<m+3 nén ,voia, beNvaax<h.
m+3=2"

Taco 2°-2* =6« 2% (2" -1)=6.
Vi 2°(2°-1)i2 ma 2°(2"*-1)/4 nén a=1. Diéu nay dan dén m=5 va n=4.

Vidu5. Tim neN" sao cho A=1M2k 34 ...+n! 1a mot s& chinh phuong.
Loi giai:

Xét n=1tacd A=11=1=1* 12 s6 chinh phuong.

Xét n=2 tacd A=142!=1+2=3 khong phai la sd chinh phuong.

Xét n=3 tacd A=1424+31=1+2+6=9=3" la s6 chinh phuong.

Xét n>4 tacd 14+24+34+41=33 va 5!; 6!; ...; n! déu c6 chir sO tan cung la chir s6 0 nén A

6 chit sO tan cung 1a chit s6 3 nén A khong phai la s6 chinh phuong.

Vay n=1, n=3 thoa man yéu cau bai toan.

Vidu 6. Tim 3<aeN saocho a(a-1)a(a—-1)=(a-2)aa(a-1).

Loi giai:

Taco a(a-1)a(a-1)=(a-2)aa(a-1)< a(a—l)2 =(a-2)aa(a-1). (*)
Vi VT(*) 1a s6 chinh phuong nén VP(*) cling la s6 chinh phuong.

Vi s chinh phuong chi ¢6 chit s6 tan cung thudc tap hop {0;1;4;5;6;9}
nén a co chit s6 tan cling thudc tap hop {1,2;5;6;7;0} .

Do a la chitsdnén a<9. Kéthop véi 3<aeN nén ae{5;6;7}.

Tht Tan lwot ting gid tri ta thu dwoc a=7 thdéa man 76° =5776.

Vi du 7. Tim tat ca cac bo ba nguyén duong (X;y;z) sao cho

A=x*+y*+2% +2xy+2x(z—-1)+2y(z+1) 1a s8 chinh phuong.

Loi giai:
Ta ¢ (x+y+zi1)2:x2+y2+zz+2xy+2x(zi1)+2y(zir1)i22+1.
Ma A=x*+y*+2% +2xy+2x(z-1)+2y(z+1) nén ta c6 danh gid sau

2

(x+y+z—l)2 <A<(x+y+z+1)
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Suyra A=(x+y+z).
Khi d6 x*+y*+2z° +2xy+2x(z-1)+2y(z+1)=(x+ y+z)2
S 2y-2x=0<x=Y.

Vay (x;y;z)=(a;a;b) vdi a, b la cac s6 nguyén duwong tuy y.

DANG 3: TIM SO CHINH PHUONG THOA MAN PIEU KIEN NAO PO.

Vi du 1. Hay tim tat ca cac s8 chinh phwong gom bén chit s biét rang hai chit s6 dau 16n hon

hai chtt s6 sau 1 don vi.
Loi giai:
Dit abed = x*, véi 32 < x<100.
Theo dé ta c6 ab—cd =1.
Diéu nay dan dén 100ab+cd = x* <100(cd +1)+cd = x*
¢101cd = x* ~100 <> 101cd = (x—10)(x +10).
Suy ra 101|x+10 hodc 101|x-10.
Lai vi ged (x—10;101) =1 nén 101|x+10.
Ta thdy 32<x<100=42<x+10<110= x+10=101= x =91,
Nhu vay abcd =912 =8281 thoa man yéu cau bai toan.

Vi du 2. Hay tim tat ca cdc s8 chinh phwong 6 bon chit s8 biét rang 2 chit s6 dau giong nhau

va 2 chit s6 cudi giéng nhau.
Loi giai:
Goi s8 chinh phuwong can tim 1a aabb = x?
Vé6i ae{l;2;..;9}, be{l;2;..;9} vaneN.
Khi d6 x* =11.a0b =11(100a+b)=11(99a+a+b). *)
Theo dau hiéu chia hét cho 11 ta dé dang suy ra x*:11. Diéu nay dan dén (a+b)i11.
Vil<a<9, 0<b<9 védia beN
nén l<a+b<l8=a+b=11=Db=11-a.
Thay vao (*) ta dugc x* =11*(9a+1).

Lai vi x* va 11* 1a cac s& chinh phirong nén 9a+1 phai la s6 chinh phuong.
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Thtr Ian luot cac gid tri trong tap {1;2;...;9} chicé a=7(=b=4).
Vay s6 chinh phuong can tim thdéa man yéu cau bai toan 1a 7744 .

Vi du 3. Hay tim s0 chinh phuwong 16n nhat c6 chit s6 cudi khac 0 sao cho khi x6a bo hai chit
s0 cudi thi nhan duwoc mot s6 chinh phuong.

Loi giai:
Goi s6 chinh phuong can tim 1a abc=x>véia, b, ceN vab<0, ¢c<9, c=0.
Theo dé a=y>.
Ta c6é x> >100y* = x >10y = x >10y +1.
Suy ra 100 > bc = x* ~100y? > (10y +1)” ~100y? = 20y +1=> y < 4,
Dén day ta dé dang tim duoc s chinh phuong thda man yéu cau bai toan 1a 1681.

Vi du 4. Tim mot s6 chinh phuong c6 4 chit s6 sao cho chit sO cudi la s6 nguyén td, can bac
hai ctia s6 d6 c6 tong cac chit s6 1a mot s6 chinh phuong.

Loi giai:
Goi s6 chinh phuong can tim 1a abcd véia, b, ¢, deN val<a<9, 0<b,c,d<0.
Vi abed 1a s8 chinh phuong nén d e {0;1,4;5;6;9}. Lai vi d nguyén td nén d =5.
D3t abc5 = x* <10000 = 32 < x <100.

Do x 1a mot s8 c6 hai chit s§ va x* c6 chit s6 tan cling bang 5 nén X cling c6 chit s§ tan cling
bang 5. Téng cac chir s& ctia x 1a mot s§ chinh phiong nén chi c6 thé 1a x = 45. Suy ra
abcd = 45% = 2025.

Vay s can tim 1a 2025.

Vi du 5. Hay tim hai s& chinh phwong phan biét a,a,a,a, va bbb, biét rang
ai_blzaZ_bZ :as_bs :a4_b4-

Loi giai:

Dit aa,a,a, =a’ va bbb, =b” vdéi a, beN.

Gia st rang a,a,a,a, > bbbb,. Khi d6 32<b<a <100 va
a,3,3,3, > bb,b.b, =a’—b* =(a+b)(a—b)=1111c =11.101c (do viéc dit
c=a-b=a-b=a-b=a,-b).

Do 11; 101 la cac s6 nguyén t6 va a+b <200, a—b <100 nén ta c6 hé phuwong trinh

a+b=101 [a=(101+1lc):2
a-b=1l1c b=(101-11c):2
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Vi b>32 nén c<3. Kéthgp vdi a+b=101 (sd 1é) nén ¢ 1é, nghiala ¢ =1 hodc ¢ =3.

AN \ X A a= 56 a= 67
Diéu nay dan dén ; :
b=45 |b=34

Do d6 cac cap s6 chinh phuong phai tim la: 3136 va 2025; 4489 va 1156.
Trong treong hop a+b=11c thi c=1 (bi loai).
III. BAI TAP REN LUYEN

1. (Kurschak 1953). Cho n,d € Z* sao cho d |2n?. Chitng minh rang n’ +d khong thé 1a s&
chinh phuong.

Loi giai:
Ta cé d|2n* = 2n* =kd.
Gia stt ¢6 sO nguyén m sao cho:
n’+d=m? = n’k®+dk® = m’k? :{mTka =k’ +2k € Z.
Suy ra k? +2k 1a 8 chinh phwong. V6 1y vi k? <k? +2k < (k+1)°.
2. C6 ton tai hay khong 2013 s6 nguyén duong @, a,, ..., 8,,; sao cho cac sd
a’+a;, a’+a+al, a’+al+..+a,, déu lasd chinh phuwong?
Loi giai:
Xust phét tir dong nhét thic (2a-+1)° +(2a% +2a) =(2a+2a+1) ;
Tachon a=1va a =3=2a+1, a, =4=2a* +2a, ta duoc:
a/ +a; =(2a"+2a +1)2 =52,
Chon a, =2(a’ +a)2 +2(a’ +a)=12 ta cé:

a’+a’+a’ :(Z(a2 +a)+1)2 +(2(a2 +a)2 +2(a’ +a))2

_ (Z(a2 +a)2 +2(a2 +a)+1)2 =132

Ctt nhu vay ta chon duoc 2013 sd thda man.

3. (Komal - Hungary C.640, 2001). Tim tat ca cac s6 tu nhién thoa man tinh chat sau: Néu
thay doi hai chit sO cudi cung cta binh phuwong s tu nhién do, ta nhan dwoc binh phuong
ctia sO tu nhién lién sau no.

Loi giai:
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Gia st n’ c6 hai chit s6 tan ciing 1a A va B (theo thit tw 1a phai sang trdi) thi hai chit s tan
cling ctia (n+1)" 14 B va A (theo tht tw).
Suy ra: 2n+1=(n+1)’ —n’ =(10B+ A)—(10A+B) =9(B—A).
Suy ra B—A le.
Néu A=0 thi (n+1)" =0 nén phai c6 B=0, tuy nhién 2n+1 khong thé bing 0. Do d6 A= 0.
Suy ra: B>A Ta c6: B<9 nén B-A<9-1=8. Vi B-A 1é nén B—A:{1;3;5;7}. Vi vay
ne{4;13,22;31}. Khi d6: n® va (n+1)’ 1a céc cip: 16 va 25; 169 va 196; 484 va 529; 961 va
1024.
SO ty nhién duy nhat théa man la: 13.
4. (Komal — Hungary C.676, 2002). Tim s3 nguyén a, b sao cho a*+(a+b)’+b* la s5 chinh
phuong.

Loi giai
Khi chia cho 4, mot s6 chinh phuwong (chan, 1¢) cho s6 du 0 hodc 1 (twong tng: chén, 1é). Suy
ra: trong cac s6 @, b va a+b c6 nhiéu nhat la mot sd 1é. Diéu nay xay ra khi va chi khi a, b
déu 1a s6 chan, ticla: a=2m, b=2n.
Suy ra a‘+(a+b) +b* =16(m4 +(m+n)' + n“) va néu sd nay chinh phwong thi
m*+(m+n)" +n* cing 14 chinh phuong. Khi d6 m, n déu 1a s§ chin.

Ta ti€p tuc ly ludn nhuw thé. Tkt d6 suy ra a va b chia hét cho moi liiy thira ctia 2. Diéu nay
chi xay rakhi a=b=0.

Vay ta tim dwgc a=b =0 thdéa man yéu cau bai toan.

5. (APMO 1999). Xac dinh t&t ca cic cip s nguyén (&;b) sao cho hai s§ a*+4b va b*+4a
déu la nhiing s6 chinh phuong.

Loi gidi 1:
Cac cap s6 nguyén thoa man dé bai la:
(a;b)=(k*0), (0;k*), (~4—4), (-5;—6), (-6;=5) va (a;b)=(k;1—k), véi moi k € Z.
Chitng minh:
Khong mét tinh tong quét, ta gia st [a|>|b|.
-Néu b=0 thi a=k’ véi k e Z.

-Né&u b #0, phrong trinh bac hai x* +ax—b=0 sé& c6 nghiém nguyén khac 0 1a X;; X,.
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- , 1 1 1
Hon ntta ta c0: —+—2|—+—=—
% | % %] bl

|X1| <2 tucla x, €{2;-2;1;,—1}. Ta xét cac truong hop sau:

>1 nén mot trong hai nghiém, chéng han X thoa man

THIL: Néu x =2 ta c6 b=2a+4 va b’+4a=4a’+20a+16=(2a+5")-9 la mot s§ chinh
phuong. Ta xét phuwong trinh x* —9=Yy? véi cdc s6 nguyén X, y. Nghiém ctia phuong trinh
nay la (+3;0). Do d6 2a+5=13. Diéu nay cho ta (a;b)=(-4;-4) hay (-12). Nghiém (-1;2)
loai bo vi ta gia thiét |a| > 0.
TH2: Néu x =-2 thi b=4-2a va b’+da=4a’-12a+16=(2a-3)"+7 la mot s chinh
phuong.
Ta xét phuong trinh X +7=Yy® véi cac sd nguyén X, y. Nghiém ctia phuong trinh nay la:
(£3;£4). Do d6 2a—-3=13. Suy ra (a;b)=(3;-2) hay (0;4). Nghiém (0;4) bi loai bo vi ta c6
gia thiét |a|> o).
TH3: Néu x =1 thi b=a+1 va b’+4a=a’+6a—1=(a+3)'~8 la mot s§ chinh phuong. Ta
xét phuong trinh x> -8=y? véi cac s6 nguyén X, y. Nghiém ctia phuong trinh nay la:
(£3;+1). Do d6: a+3=+3. Suy ra (a;b)=(-6;-5) hay (0;1). Nghiém (0;1) bi loai b6 theo gia
thiét [a| > o).
TH4& Néu x=-1 ta 6 b=1-a Bay gid b*+da=a’+2a+l=(a+l)’;
a’+4b=a’-4a+4=(a-2)° déu la nhiing s3 chinh phwong. Tir d6 (a;b)=(k;1-k) véi moi
sO nguyeén k.
Nhan xét: Néu (a;b) 1a mot nghiém thi (b;a) ciing 1a nghiém nén ta suy ra dugc cdc nghiém
da néu ¢ dau bai giai.

Loi gidi 2
Néu a=0 thi b 1a s6 chinh phuong va nguoc lai.

Ta gia stt ca a 1an b déu khac 0. Ta d€ y rang a’+4b va a’ cung tinh chin 1é. Tuong tw
b%+4a va b? cling thé.

Néu b>0 taco: a>+4b>(|a|+2) =a’ +4[a|+4=|b|>a| +1.
Néu b<0 taco: a+4b<(|a|-2) =a? —4|a|+4=>|b|>[a] 1.
Hoan toan tuong tu: a>0=|a|>|b|+1 va a<0=|a|>|b|-1.

Khong mait tinh tong quat ta gia st b>a. Theo trén, néu a va b cung duong ta suy ra:
b>a+1va a>b+1 mau thuan.
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Néu a va b cung am, ta suy ra: hoac b=a hodc a=b-1. Khi b>-5 nén ta chi c6
(a;b)=(—4;-4), (-6;-5) 1a thoa man dé bai. Con néu b <-5 ta c6 diéu mau thuan, béi vi khi

d6 (b+4)" <b®+da<(b+2)’.
Cudi cing a<0 va b>0 ta c6: [o|>|]a|+1 va |a|>|b|-1. Suy ra rang ta phai co:
b|=|a|+1<a+b=1.
Trong truong hop nay moi cip (a;b) déu thoa man diéu kién bai toan, boi vi a® +4b = (a—2)’
va b?+4a=(b-1)’.
Toém lai cac cap sO nguyén thoa man yéu cau bai toan la:
(a;b)=(k*0), (0;k*), (~4—4), (-5;—6), (-6;—5) va (a;b)=(k;1—k), véi moi k € Z.
Loi giai 3:
Ciing nhu trén, d€ y rang a’+4b va a’ ¢ cung tinh chén 1é. Twong tu b*+4a va b’ ciing
thé. Tt d6 a? +4b #(|a]+1)° nén a’ +4b<a’ (1)
Xét 3 truong hop sau:
TH1: a’ +4b=a’. Khi d6 b=0, suy ra a lu6n la s6 chinh phuong.
TH2:¥+4b:ﬂﬂ—2f.Khhi&b=1—h|awrmkf+4a:a2—ﬂﬂ+4a+l
Néu a >0 thi b’ +4a 1a s6 chinh phwong véi moi a nguyén duong.
Néu a=0 thi b=1 mau thuan véi (1).
Néu a<0 tacod: b>+4a=m?-6m+1 voi m=-a>0.
Khi m>8 ta c6: (m—3)° >m?—6m+1>(m-4)°, do dé m<8.
V6i me{1;2;3;4;5} thi m*-6m+1<0.
Véi m=6 tacd: m*—6m+1=11as6 chinh phuong.
Véi m=7 tacd m’*—6m+1=8 khong la s6 chinh phuong.
TH3: a®? +4b < (|a| —4)2 . Khi @6 vi |b| < |a| nén b> —|a|, suy ra: a’ —4|a| <a’+4b< (|a|—4)2 , vay
la|<4.
- Xét |aj=4. Ta cb: 16+4b=0<b=-4, suy ra b’+4a la s§ chinh phuong. Vay
(a;b) =(—4;—4) thoa man dé bai.

9+4b=0
=
9+4b=1

-Xa|ﬂ:3.Taa&a2+4b:9+4bsL3{

Khi d6 b*+4a 1a s& chinh phwrong va suy ra: a=3.
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- Xét |a|=2. Ta c6 a’°+4b=4+4b<4. S6 4+4b chidn nén nd 1a s0 chinh phuong khi
4+4b=4
4+4b=0

b=0
= {b X Tir day ta thu duwoc nghiém (a;b)=(2;-1).

- Xét |a|=1.Tacéd a’+4b=4b+1<9. D& 4b+1 la s6 chinh phuong l¢é, ta cd
4b+1=1 b=0
= :

4b+1=9 b=2

Suy ra nghiém (a;b)=(10) .

- Xét |a|=0 . Vi|b|<|a| nén b=0.

D€y dén tinh d6i xtiing trong vai tro cta a,b ta thu duwoc nghiém nhu sau:

(a;b) =(k*;0),(0;k*),(~4;-4),(-5:-6),(~6;-5) va (a;b)=(k;1-k) , véimoi k e Z .

6. ( Singapore 1995 — 1996). Vi mdi s8 nguyén duong k . Hay chiing minh rang ton tai mot
s6 chinh phuong ¢6 dang: n2* -7 , trong d6 n 1a s6 nguyén duong.

Loi giai
Gia st ton tai s6 chinh phuwong a® ¢6 dang n2" —7 véi n la sd nguyén duong nao d6. Lic d6,
a phai la s§ 1é. Ta chitng minh rdng ting véi k +1 , sé ton tai s§ chinh phiong 6 dang
N, 2" =7 v6i n, la s8 nguyén duong nao do.
That vay néu n 1a s6 chan thi a° = g 2"* —7 la s chinh phwong thoa man yéu cau. Ta gia skt
n 14 s8 1é. Ta mudn chon s8 nguyén duwong m sao cho(a+m)” c6 dang nhw doi hoi.

Ta cc’>:(a+m)2 =a’+2am+m’=-7+n2+m(m+2a) .

Néu chonm=2"" thi m(m+2a) la mot boi s6 cua 2 . Khi d6 ta dwoc (a+ m)2 c6 dang
n, 2" =7 véi n, 1a s6 nguyén dwong nao d6. Pén day ta c6 thé hoan thanh 10i giai bang quy

nap theo k .

7. Chitng minh rang néu x* + 2y 1a mot s8 chinh phwong véi X,y € Z* thi x> +y 1a téng cta

hai s6 chinh phuong.
Loi giai
Tacod: X* +2y>X .
Tir gia thiét suy ra: x> +2y =(x+t)’ voi teZ' =2y =t* +2tx =t chin = t=2k, keZ" .

Do d6: 2y =4k* +4kx = y=2k*+2kx = x2+y=(x+k)2+k2 (dpcm).
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Bai 8. Tim tat ca cdc s6 nguyén m sao cho m*+m?®+1 1a mot s8 chinh phuong.
Loi giai
Tacé: m* +m’+1=n’ < 64m’ +64m’ +64=(8n)’
< (8m?+4m-1) +8m+63=(8n)’ .
Néu m=0 third rang théa man.
Néu m=0 va m>-8 thi: (8m’ +4m—1)2 +8m+63=(8n)" = (8n)" >(8m’ +4m—1)2 :
Do 8m”+4m-1>0, ta c6:(8n)° > (8m’ +4m)2 :
Vay (8m* +4m —1)2 +8m+63 > (8m” + 4m)2 :
Vith€ m*<4 = me{-2,-11,2} .
Kiém tra thdy rdng: me{-2,-1,2} thoa man.
Néu m<-8 thi:
(8m? +4m-1)° +8m +63=(8n)’ = (8n)’ < (8m’ +4m-1)" .
Do (8m? +4m-1)° 20, ta c6(8n)’ <(8m?+4m -2}’ .
Vay (8m* +4m —1)2 +8m+63<(8m” +4m —2)2 va 4m? +4m+15<0 (vo 1y )
Tt d6 ta tim dugc cac nghiém la: me{-2,-1,0,2} .

Bai9.S6 A c6 2m chit s6 va gom toan cac chit s 1. SO B ¢6 m chit s6 va gom toan cac chir
s6 4. Chtrng minh rang A+ B +1 1a mdt s6 chinh phuong,.

Loi giai
2m m
Ta co A=10 1Vé B=4.10 1nén:
2m m m 2
A+B+1= 10"+ 49'10 T4 (10 3+ 2} la mot s6 chinh phuwong.

Bai 10. Cho a,b 1a cac s8 nguyén duong va b<a . Biét rang ton tai cip s6 nguyén duong

(u;v) sao cho u®+v®—auv =b . Chting minh rdng b 1a s8 chinh phuong.
Loi giai
Chon cdp (u;V) sao cho u+v nho nhat. Gia si: u>v .

Xem u?+v?—auv=b la phuong trinh bac hai ddi v6i u va goi u' 1a nghiém thi hai.
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Viu+u=avnén u'eZ .

Viu?+v?<a(u'v+1) nén u'>0

-Néu u'=0 thi b=v* la s6 chinh phuong.
-Néu u'>0 thi uu'=v?-b tasuyra u'<v<u .
-Suy ra: U+v<u+Vv voly.

Bai 11. Cho k e N,k >1 . Xét day s6 {a,} xac dinh boi:

a,,=aa_—2(a+a,,)-a,,+8
Chttng minh rang : 2+ \/;n la s6 chinh phuong véimoi n>0 .
Loi giai
Goi «, # 1a nghiém cua phuong trinh: x* —kx+1=0 .
Theo dinh ly Viet ta c6: a+ g =kK,af =1
Chting minh theo quy nap: a, = (aZF“ + 20 )2 vGimoi n>0 .
Khang dinh trén dting dén n .
Tacé: a,,,-2=(a,-2)(a,,—2)—(a,,—2)
e )
= a4Fn+1 + ﬁ‘“:ml
Suy ra: a, =2+a"*" + g4 = (aZF"” + 2 )2
Khi d6: 2+./a, =2+a*™ + *f = (aF" +p )2 1a s6 chinh phuong.

Bai 12. (WMSETS 2000-2001). Cho a, =14,a, =144 va a,=1444..4 v4i n s6 4. Tim tat ca cac
s0 nguyén duong n sao cho a, 1a s6 chinh phuong.

Loi giai
Ta cé: a, =144=12% a,=1444 =38 , con a khong phai la s6 chinh phuong.
Ta xét voi n>4 . Khi d6 gid st a, =b” véi beZ nao d6. Do n>4 nén a, tan cung la 4444 va
do 10000 chia hét cho 16, s3 du khi chia a, cho 16 bang s& du khi chia 4444 cho 16, ttic bang
12. Suy ra: b 1a s6 chan nhung khong chia hét cho 4. Vay b=2(2c+1) v6i ceZ . T do:

b* =16(c’ +¢)i16 . Dieu nay méau thuan.
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Tom lai chi co n=2,3 thi a, 1a chinh phuwong.

13. Chitng minh rang: N =11...1122...225 1a mot s8 chinh phuong.

1997 1998
Loi giai

Taco N =11..1122...225
) W —

1857 198
Vay N 1a s6 chinh phuong.
Bai 14. V6i mdi ne N , dat A =(10"+10"" +..+10+1)(10"" +5)+1 . Chiing minh rdng A, la
s0 chinh phuong.

Loi giai
A, duoc viét lai nhw sau: A =111..1(10"" +5)+1 ( n+1 chirs5 1). Dat t=111..1 ( n chit s§
1). Suy ra 9t+1=10"" = A=t(9t+1+5)+1=9t>+6t+1=(3t+1)’ . Vay A 1a mdtsd chinh
phuong.

.. n’-1
Bai 15: Cho ne N sao cho

1a tich ctia hai s6 tw nhién lién tiép. Chitng minh rang n 1a
tong cua hai sd chinh phuong lién tiép.
Loi giai

2

.2 7 7 n
Gia st ta ¢o:

=a(a+1) .

T d6 cd n* =3a’+3a+1 = 4n*-1=12a’+12a+3

= (2n-1)(2n+1)=3(2a+1)’" .

Vi 2n+1;2n-1 1a hai s6 1€ lién ti€p nén ta cd cac truong hop:

2n-1=3p?

Truong hop 1:
§hop {Zn +1=q?
Khi d6é > =3p?+2 (Vo 1i ). Vay truong hop nay khong xay ra.

2n—1=p°

Truwong hop 2: .
Ehop {2n+1:3q2

T ddé p las6lénén p=2k+1 .
Tir d6 2n=(2k +1)° +1 = n=k*+(k+1)" (dpcm).

16.( Thi hoc sinh gio6i toan 16p 9, TP.HCM nam 1994).
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C6 hay khong cac s6 x,y phan biét thudc khoang (988;1994) sao choxy+x va xy+y déula

cac s6 chinh phuong ?
Loi giai

Gia st ton tai y>x>1saocho xy+x=m? ,xy+y=n’ véi mneN* . Vi y>x nén xy+x> X’

2

, 2 2
= m’>x*> = m>x = m2x+1.Tacd: y—x=n>-m? = (m+1) -m* = y—x>(x+1) —x°

= y>3x+1.Lacnay y £ (988;1994) . Vay khong ton tai cic s6 X,y phan biét thudc khoang
(988;1994) sao cho xy+x va xy+y déu la cac sd chinh phuong.

17. Gia stt rang 2n+1 va 3n+1 1a cac s6 chinh phuong. Chitng minh rang 5n+3 1a mot hop
s0.

Loi gidi
Gia st 2n+1=a’va 3n+1=b? v6i a,b e N* . Khi dé 5n+3=4(2n+1)—(3n+1)=4a’ b’
=(2a-h)(2a+b).
Do a’?=1(mod2) nén a’=1(mod 4) . Suy ra n=0(mod2) va b=1(mod 2) . Do d6 2a—b>1va
2a+b>1.Vay 5n+3 la hgp s0.
18. Cho a,b la hai s6 nguyén sao cho ton tai hai sd nguyén lién tiép ¢ va d dé
a-b=a’c-b’d . Ching minh réng |a—b| la s chinh phuong.

Loi giai

Vi ¢ va d 1a hai s§ nguyén lién tiép nén d =c+1 . Thay vao dang thtic a—b=a’c—b’d ta
duoc a-b=a’c-b?(c+1) < (a-b)(c(a+b)-1)=b*.

Dé dang chiing minh duoc ged(a—b,c(a+b)—-1)=1 nén |a—b| phai la s§ chinh phuong.
19. Thi HSG TP.HCM 2011 - 2012

Tim t4t ca cac s& nguyén duong a,b sao cho a’h? —4(a+b) la binh phuong ctia mdt s6

nguyeén.
Loi giai
bat a2b2—4(a+b)=x2 voi XeN .Suyra x<ab .
Néu x =ab-1 thi:
a’h?—4(a+b)=(ab-1)" < -4(a+b)=-2ab+1e 4(a+b)=2ab-1(*).
Diéu nay vo li vi 2 vé& cua (*) khong tinh chan 1&.
Néu x<ab-2 thi x* <(ab-2)" .
Hay a’*h’ -4(a+b)<(ab-2)" < ab<a+b+1.
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Gidsr a<b .Vdéia>3thiab>a+b+b>a+b+1:sai

a=1

S .
uy ra {b:Z

*Vé6i a=1thi b’-4(b+1)=x* < (b-2-x)(b-2+x)=8.

. . s . . el |b=2=x=2 b=5
Vib-2-x,b-2+x cung chan va b—2-x<b—-2+Xx nén chi c6 thé la

=3 .
b-2+x=4 x=1
*Voéi a=2 thi 4b*-4(b+2)=x" < (2b-1-x)(2b-1+x)=9 .

Xét hai kha nang sau:
2b-1-x=3 b=2 ([2b-1-x=1 b=3
=3 ; =3 .
2b-1+x=3 x=0" [2b-1+x=9 X=4
Vay céc cap sd (a;b) thoa man bai todn la: (1,5),(5:1),(2;2),(2;3),(3;2) .
20. Tim tat ca cac cdp s6 nguyén duong (m;n) sao cho 2" +3" la binh phuwong ctia mot s§
nguyeén.
Loi giai
Giast 2"+3" =a’ thi a las§1é va a’ =(-1)" (mod 3) .
Do a*=0;1(mod 3) nén suy ra m phai la s§ chdn.
Mit khdc, do (-1)" =2" +3" =a” =1(mod4) nén n ciing phai la s6 chan.
Dat n=2k,k>1,th&thi 2" =(a+3")(a-3") .
Nhw vdy, a+3“=2",a-3“=2° voi r>s>0,r+s=m .
Tacd: 2.3=2"-2° = s=1,dovay 2" +1=3 . Vir+l=mnén r lé.
-1 = \
Khi d6: (2 2 —1}(2 2 +1J =3". Do hiéu cta hai nhan ttr bang 2 va ca hai s6 déu khong chia

r-1

hétcho3nén 22 —-1=1 = r=3,dandén k=1.

Vay cap (m;n)=(4;2) thoa man yéu cau bai toan.

21. (Thi chon HSG TP.HCM 2012-2013)

Gia stt s8 nguyén duong n c6 tat ca k wéc s6 duongla d,,d,,...,d, . Chiing minh rang néu

d,+d,+d,+...+d, +k=2n+1 thi % la s6 chinh phuong.
Loi giai
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Goi I, 1,,...,I; 1a cdc wdc1é cta n va 2" la liy thira 16n nhat cua 2 trong khai trién caa n

(s=1m=>0).
Tt d6 cacwdccaa n la I, l,,...,1,21,21,,...,21,...,2" 1, 2"1,,...,2"|

s *

Theo débaitacd: |+, + 1 +..+1 +2 + 2, +..+ 2l +...+ 2", +..+ 2", +(m+1)s=2n+1 .
& (+h+. 1) (1424 2%+ +2")+(m+1)s=2n+1 . (*)

& (+h+.+1) (2" =1)+(m+1)s=2n+1.

Néu s chén thi v€ trdi ctia (*) chan, vo ly. Suy ra s lé.

Néu s 1é ma m chan thi v€ trdi ctia (*) cling chdn, v ly. Do d6 m 1é tttec m=2t+1 . Suy ra

N, ~ . 1

— ¢0 sO wdc 1é.

2m

PP 6 wbcla (K +1)(k, +1)...(k, +1) suy ra k; chdn (i=1m).

= ZLm 1a s6 chinh phuong = n=2""x* = g:(Z'r)2 voit,reN .

22. (IMO 1996). Gia st a,b la cac sd nguyén dwong sao cho 15a+16b va 16a—-15b déu la s&

chinh phuong khac 0. Tim gia tri nhé nhat cta s6 nho hon trong hai sd chinh phuong dé.
Loi giai 1

Gia st 15a+16b =m?;16a—15b=n” v4i m,ne N .

Dé dang c6 dwoc 15m® +16n* = 481a =13.37a .

D&y rang 15m? chia cho 13 ¢6 s6 dwe 1a 0;%2;+5;+6 va 16n? chia cho 13 c6 s6 du la 0;+1;+3;+4

.Suy raca m va n déu chia hét cho 13.

Tuong ty khi 15m? chia cho 37 ¢ s6 dw 1a : 0;42;+5;+6;+8;+13; +14; +15;+17;+18 va khi 16n°
chia cho 37 ¢6 s6 dw 1a 0;+1;+3;+4;47;+9;+10;£11;+12;+16 . Suy ra m va n déu chia hét cho
37.

Do dé m va n déu chia hét cho 481.

Dat m=481u,n=481v . Khi d6 a=481(15u° +16v*) .

Lai c6 481b =16m* —15n°, suy ra b =481(16u” —16v*) .

Nhu vay gid tri can tim 1a b® =481° = 231361 khi u=v=1.
Loi giai 2

Gia str 15a+16b=m?:16a—15b=n? véi mneN .
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Khi &6 m* +n* =481(a2 +b2).

Ap dung dinh 1y Fermat nho ta dé dang chitng minh dwgc m va n déu chia hét cho 481. Vay
sO can tim la 481> = 231361 .

23. Chting minh rdng véi moi bd ba s6 nguyén (a;b;c) ludn ludn ton tai s8 nguyén duong n
sao cho n®+an’+bn+c khong phai la s& chinh phuong.

Loi giai
bit f(n)=n’+an’+bn+c .

Néu f(n) la s6 chinh phuong thi f(n)=0(mod4) hodc f(n)=1(mod4).

Gia st ton tai bd ba s6 nguyén duwong (a;b;c) sao cho véi moi s6 nguyén duong n thi f(n)

la mot s6 chinh phuong.

Noiriéng, f (1), f(2),f(3), f(4) déula cac s6 chinh phuong.

Taco f(2)=8+4a+2b+c ; f(4)=64+16a+4b+c .

Khido f(2)-f(4)=-56-2a—2b = f(2)-f(4)=—2b(mod4)  (**)
Mt khac, do f(2), f (4) déu la cac s& chinh phuong nén tir (*) ta cé:

f(2)-f(4)=0(mod 4)
f(2)-f(4)=-1(mod 4)
f(2)-f(4)=1(mod 4)

K&t hop v6i (**) ta c6: 2b=0(mod 4) .

Laic6 f(3)-f(1)=24+8a+(2b+2) = f(3)—f(1)=2b+2(mod4)

Nhén thay f(3), f (1) déula cic s6 chinh phwong nén: 2b+2=0(mod 4) .

Tir (1) va (2) suy ra 2=0(mod 4) . Day la diéu v6 ly, tirc gia thiét phan chiing sai.
Loi giai 2

bt f(n)=n’+an’+bn+c.

Gia str ton tai bd ba s6 nguyén duwong (a;b;c) sao cho véi moi s6 nguyén duwong n thi f(n)

la moét s6 chinh phueong.
Taco: f(n+2)=f(n)(mod2) = f(n+2)="f(n)(mod4) véimoin .
Diéu nay dan dén: 6n°+2b=0(mod4) ,VneZ* (vo ly).

Vay f(n) khéng phai la s§ chinh phuong.
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24. Cho P(x) la mot da thikc hé s8 nguyén thod man P(0)=0, P(1)=2. Chtng minh rang
P(7) khong thé1a sd chinh phuong.

Loi giai
Vi P(0)=0;P(1) =2 nén P(x) cd dang P(x)=x(x-1)Q(x)+2 trong d6 Q(x) la da thtrc
v6i hé sO nguyeén.
Ta cd P(7)=2+42Q(7) = 2(mod 3)
Nhu vay P(7) khong thé la s6 chinh phuong.
25. ( diendantoanhoc.net 2014)

Cho cac s6 nguyén a,b,c théa man 1111
a b c abc

Chttng minh rﬁmg: (1+a’)(L+b*)(L+c*) la mot sO chinh phuwong.
Loi giai
1 1

et i oL suy ra ab+bc+ca=1
a b c abc

Khi d6 1+a’ =ab+bc+ca+a’ =(a+b)(a+c)
Tuong tw 1+b* =(a+b)(b+c); 1+c® =(a+c)(b+c)
Nhu vay (1+a*)@+b*)@+c?)=[(a+b)(b+c)(c+ a)]2 la mot s6 chinh phwong.
26. (Komal- Hungary C646, 2001)
Xét mot day s6 gom cac s6 twe nhién lién tiép. Ta thiét 1lap day méi bang cach bd
di cac so chinh phwong. Hoi trong day mdi nay, s6 hang thit 2001 la s6 bao
nhiéu? S6 2001 la s6 hang thit may?
Loi giai
Vi 44% =1936 < 2001 < 2025=45" nén tir 1 dén 2001 c6 44 sO chinh phuong. Suy ra s6
2001 c6 vi tri trong day mai la s6 hang thi 200144 =1957
Sau 2001, s6 chinh phuong dau tién 1a 2025= 457, sd chinh phuong tiép theo la
2116 =46°. Nhu vay trong day cac s ty nhién tiép theo sau so 2001, tinh cho dén
ltc gap so chinh phuong tiép theo 2025 co tat ca 23 sd chinh phuong ( ttr 2002
d&n 2024). S5 2024 ndm & vi tri tht 1957 +23 =1980 trong day méi. Tir 45 dén
46° co tat ca 2115-2020=90 s6 khong chinh phuwong: 2026;2027;...;2115. Chinh
trong day nay, s6 hang th 21 la 2006+20=2046. Vay s6 hang th 2001 trong day
moi la 2046.
27. ( The Winter Mathematical Competitions in Bunlgaria 2000)
Tim tat ca cac s nguyén t6 p va gsao cho p®+3pg+q® la mot sd chinh phwong.
Loi giai
Gid st p®+3pq+q°>=r*> vdi p,q la cac s nguyén to va r la s nguyén duwong
Néu p=#3 va q=3 thi p®+3pg+q° =2(mod3), trong do r* = 2(mod3) . Diéu nay mau
thuan vi vay p=3 hodc q=3. Khong mat tinh tong quat, gia st p=3 khi d6 ta
co:
9+99+0° =r° < 49°+360+36=(2r)* < (2q+9+2r)(2q+9-2r) =45
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V145=1.45=3.45=5.9 va r >1 nén ta xét cac treong hop sau day:
Truong hop 1: 2q+9+2r =15 khi d6 q+r=15 (diéu nay khong thé xay ra)
Truong hop 2: {2q+9+2r =h q=7
2q+9-2r=1
Do vai tro d6i xéng ctia p va gnén ta tim dwoc cac nghiém (p,q) la (3;,7),(7:3).

8 ( The Winter Mathematical Competitions in Bunlgaria 2001)

Ivan va Peter thay nhau viét cac chit s6 0 hodc 1 cho dén khi mdi nguoi viét
dwoc 2001 chit s6. Peter sé 1a nguoi thang cudc néu nhuw anh ta viét dieoc mot s&
trong biéu dién nhi phan sao cho s d6 khong thé viét duoc duéi dang tdng cua
hai s8 chinh phurrong. Chiing minh rang Peter cé chién lirgc d€ dam bao thang
cudc.

Loi giai

Trweéc hét ta chieng minh rang néu biéu dién nhi phin cia hai s6' nguyén dwong cé tin
cing bang hai chi s6°1 va cé mot s6' chin cic chir s6°0 thi s6 nay khong thé viet dugc
dwéi dang tong cic binh phwong ciia hai s6' chinh phirong.

That vay so dé co dang 4*(4x+3)

Gia st nguoc lai x> +y® =4(4x+3). Do x* +y? =0(mod4) néu va chinéu x va y
cuing s& chan. Dan dén ton tai p,q sao cho p?+q? =4x+3 diéu ndy mau thuan.

Tir két qud trén chién lwgc dé' ddm bdo thing loi cia Peter nhw sau:

* Néu mot trong cac chit sO ma Ivan viét cudng la 1 thi Peter sé€ lap lai tat ca cac
chtt s6 ma Ivan viét. Cudi cung sé duoc s6 cd dang 4*(4x+3), sO nay khong thé
viét duoc dudi dang x* +y?

* Néu Ivan viét toan cac chi sO 0 thi Peter viét 3 chi* sO dau tién 1a 1,1,1 va sau
d6 chi viét toan chit s& 0. S6 cudi cling la 0101010...0,,, = 21.4°* . S§ nay khong viét
dwoc dwdi dang p® +q°. Vi 21 khong thé viét duoc dudi dang do.

29. (The Spring Mathermatical Competitions in Bulgaria 2001)
1*+22+3 +..+n

n

Tim s nguyén duwong bé nhat n>1 sao cho la mot s6 chinh

phuong.
Loi giai
Bang phuwong phap quy nap toan hoc dé dang chiing minh dugc:
_n(n+1)(2n+1)

P +22+3+..+n° = 5 (moi neN”)

e€Z nén n(n+1)(2n+1) =6m’

V

) n(n+1)(2n+1)
6

Déy rang 2n+1 1€ = n+1 chan =n 1& ticla n=2k-1

Khi d6 k(4k -1) =3m* = 3|k hodc 3|4k -1

Gid st k=3d khi d6 d(12d-1)=m?. Vi hai sd d va 12d -1 nguyén td cung nhau
nén d =u?;

12d -1=v?. Dé dang nhan thay 12d -1=v? khong thé xay ra.
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Ta xét treong hop 34k —1. Ddt k =3d +1suy ra (3d +1)(4d +1) =m’

Vi god(3d+1,4d +1)=1 nén 3d +1=u*;4d +1=v* v&i u,v>1

Lan luwgt cho u bdi cac gia tri 3;5;7;9;11;13;... ta dwogc cac gia tri cia d tuwong tng
la 2;6;12;20;30;42;56;...

Nhu vay 3d +1€{7;19;37;61,91,127;169;...}

Dé thay 169=13" do d6 s6 n bé nhat can tim 1a 2k -1 v&i k=3d +1=3.56+1=169 suy
ra n=337

30. (http://Juliellty.wordpress.com 2014) Tim cac cdp s6 nguyén duong (x,y)

thoa man x*+3y va y’+3x déu la sd chinh phuong.
Loi giai

*Xét x=y tacan tim k sao cho x*+3x=k*v&i ke N”

Ta cod x> +3x=k*> < (2x -2k +3)(2x+2k +3) =9

Vi 2x+2k +3>2x—2k+3 va 2x+2k+3>0 nén chi co thé'la
2x—2k+3=1 2X—2k =-2 x=1

{2x+2k+3:9©{2x+2k:6 Q{k=2

Do do (x;y)=(11) la nghiém

* Xét x=y khong mat tinh tong quat, gia st x<y

bat y? +3x=a’vdi ae N’

Khi @6 x* <y*+3x=a% < y* +3y < (y+2)°

Suy ra y?+3x=(y+1)’ < 3x=2y+1

Lai vi x* +3y cling 1a s6 chinh phuong nén x*+3y=b’ véi be N’

biéu nay tuwong dwong véi

2 +32 7L Jp? o 2x2 +9x— 32 207 < (4x—4b + 9)(4x+ 4b +9) =105

Giai phuwong trinh wéc sO nay ta dwgc x=1 hoac x=11

Vay cac cap (x;y)can tim la (41);(1116);(16;11)

30. (Dé thi chon hoc sinh gidi 16p 12 tinh Déng Nai nim hoc 2013-2014)

a’+b’
P

eZ.Chobiét p la

Cho céc s6 nguyén td a,b va sd nguyén t6 p thoa man

a’ +b?

tong ctia hai s6 chinh phuong. Chitng minh rang cling la tong ctia hai s6

chinh phuwong.
Loi giai
bat p=c®+d* vdic,deZ
a’+b®  (a’+b?)(c®+d*) (ad+bc)®+(ac+hbd)?
P p’ B p’

_(ad +bcjz+(ac—bd jz _(ad—bcj2+(ac+bd Jz
p p p p

Mat khac (ac+bd)(ac—bd) = a’c® —b*d®

Ta cod
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=a’(c’ +d*)-d*(a* +b*)=[a’p-d°*(a’ +b’) |ip
Suy ra plac+bd hodc plac-hd

2 2 2 2

Truong hop 1: Néu plac+bd thi 2 +h :[ad+bcj J{ao—bdj

Y P p

2 R _

vi @ +b ;ac+bd <7 nén 2 bd
P P Y

a +b?

el

Nhu vay cling la tong ctia hai s6 chinh phuong

2 2 2 2
Truong hop 2: Néu plac-bd thi 2 +h =(ad+bcj +(ac_bdj
Y P p

2 2
Vi Vi & +b ;ac—bd c7 nén ac+hd c7
p P P
L « U : N 1
Nhu vay ctiing la tong cua hai s6 chinh phuong

Vay ta hoan tat chitng minh.
31. (http://juliellty.wordpress.com 2014)

a’+ab+b?

. Chttng minh rang k
ab+1 & &

Cho a,b,k 1a cac s6 nguyén dwong thoa man k =

la mot s6 chinh phuong.
Loi giai
Ko a’+ab+b’ }

CO dinh k vaxéttap hop S={(a,b)ez
. ap hop {( )€ i1

Trong cac phan tte ctia S ta chon ra cap (A;B) thoa man A+B nhoé nhat.
Khong mat tinh tong quat, gia s A>B>0
Xét phuong trinh bac hai dn x nhu sau:

x> +xB+B?

T xB+1

Phuong trinh hién nhién c6 nghiém A va x,
X, +A=kB-B (1)
x,A=B’~k  (2)

< X +(B-kB)x+B? -k =0

Ap dung dinh ly Viet ta co {

Tt (1) suy ra x, nguyén

*Néu x,<0 thi x, <—1= x> —(B—kB)x+ B2 —k > x? + (B—kB)x+ B’ —k >0 mau thuan
*Néu x, =0 thi tir (2) suy ra k =B? la mdt s6 chinh phuwong (loai)

*Néu x, >0 thi (x,;B)eS

2 _ 2 2
B k+B<B—+A<i+A:A+B
A A

Tt d6 x,+B=

Mau thuan véi tinh nhé nhat cta tdng A+B
Vay gia thiét phan chiing sai, tir d6 ta c6 k 1a s6 chinh phuong.
32. (http://juliellty.wordpress.com 2014)
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Cho ba s6 nguyén duong a,b,c ¢ dc chung 16n nhat bang 1 va théa man

11 1. Chting minh réng a—b la mot s6 chinh phuong

b a c
Loi giai
a=da
Goi d =god(a,b)=<b=db, vOi a,b eZ”,god(a,b)=1
god(d,c)=1

Thay vao gia thiét d*ab, =cd(a, —b) = dab, =ca, —cb, = {ij:
Lai c6 god(a,,b)=1 nén a1|cb1|c = abc
Mat khac do dab, =c(a, —b) = c|dab, = c[ay (do god(a,b)=1)
Tk dosuyrac=abh,
Vay d(a,-b)=d° < a-b=d* la mot s6 chinh phuong.
33. (Kvant — Rusia 4/2000)
Cho céac s0 tw nhién a,b,c sao cho a*+b*+c? =(a—b)*+(b-c)* +(c-a)*. Chiing minh
rang cac s§ ab,bc,ca va ab+hbc+ca déu la cac s§ chinh phuong.
Loi giai
Tk a® +b? +c® =(a—b)*+(b—c)* +(c—a)’ suy ra a’+b*+c* =2(ab+bc+ca) (1)
= (a+b+c)* =4(ab+bc+ca)
Vi (a+b+c)* va 4 la nhitng sd chinh phwong nén ab+bc+ca pahir la cac sd chinh
phuong
(1) = (a+b—c)* =4ab
Vi (a+b-c)’ va 4 la cac sO chinh phwong nén ab la sd chinh phuong.
Twong tu be va ca cling la cac s6 chinh phuong.
34. (Junior Balkan MO 2000)
Tim tat ca cac s nguyén duong n sao cho
3" +n? la cac 6 chinh phuong.
Loi giai 1
Giast 3"+n’=m’ v6i meN’
Ta co (m-n)(m+n)=3" :{m_nzgk
m+n=3""
Ma m-n<m+n=k<n-k vivay 2-2k>1
*Néu n-2k =1 thi 2n=(m+n)-(m-n)=3"*-3*=3*(3"* -1) = 2.3
Vivay n=3"=2k+1
Tacod 3"=1+2)" =1+2m+2°C% +..>2m+1 do d6 k=0 hoac k =1 twong ttng voi n=1
hoac n=3
*Néu n-2k>1thin-2k>2vaks<n-k-2=3<3""?
Khi @6 2n=3"*-3“>3"* _3"*2 =3"*2(32 _1) =8.3"**

Lién hé tai liéu word mon toan zalo: 039.373.2038



>8[1+2(n—k—2)] =16n—16k — 24
Diéu d6 co6 nghia la 8k+12>7n
Mt khac n>2k+2 do dé 7n>7k +14 mau thuan
Vay n=1,n=3 thoa man yéu cau bai toan.
Loi giai 2

Pbat 3"+n*=a” vdi aeN” va n=3°q vOi p,qeN,god(3,q) =1
Vin>1nén q>1.Do d6 3°q>2p
Ta suy ra 3**[3"+n* do do 3°|a
bat a=3"k voi ke N, god(k.3) =1
Khi d6 phuong trinh tro thanh g* +3" =k*(*) voi
h=3P.0-2peN",god(3,q)=1god(k,3) =1
Phuong trinh (*) teong duong voi (k-q)(k +q) =3"
Pat k—-q=3*k+q=3" vdi a,beN,a<b,a+b=h
Khi @6 29=3*(3"*-1)
V1 god(3,9) =1 nén a=0
Do d6 2q=3"-1 hay 2q=3""7%"-1(**)
Ta sé chiing minh bang quy nap hai bs dé sau:
B6 dé 1: Véi moi peN thi 3°>2p+1

Chirng minh
*Véi p=0 thi bat dang thitc ding.
* Gia stz bat dang thitc ding dén p, ticla 3° >2p+1
* Ta sé chitng minh bat dang thitc ding dén p+1. That vay
371 =337 >3(2p+1) > 2(p+1) +1
Vay bd dé nay duoc chirng minh. Dau

“_yr

xay ra khi va chi khi p=0 hodc p=1
B6 dé 2: V6i moi ge N thi 3°q>2p+q trong d6 peN
Chitng minh
*V6i q=1 thi 3°>2p+1 dang véi bd dé 1
* Gia stz bat dang thitc diing dén q, titc 12 3°q>2p+q
* Ta sé chitng minh bat dang thitc dting dén q+1. That vay
g+ =2p+g+3°=>2p+q+1
Vay b6 dé nay duoc chitng minh. Dau
q=1p=1
Quay lai (**) theo bo dé 2 ta ¢6 3°q-2p>q=2q+1>3' -1 theobd dé 1 tasuy ra q=1.
Khi d6 3° =2p+1. Ap dung mot Ian nita bs dé 1 ta dan dén p=0 hodc p=1

“_rs

xay ra khi va chi khi q=1,p=0 hodc

Tédm lai n=1,n=3 thao man bai toan.
32. (http://juliellty.wordpress.com 2014)
Tim tat ca cac s ty nhién n 1é sao cho n* +199 1a mot s6 chinh phuong.
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Loi giai
Str dung hai bd dé quen thudc sau:
B6 dé 1: Cho cac s6 nguyén duong x,y va cdc s6 nguyén t p c6 dang 4k +3
thdo man p|x2+y2 .Khi d6 ply va plx
B6 dé 2: Cho cac s6 nguyén dwong x,ythda man god(x,y)=1. Khi &6 moi s6
nguyén to cua x*+y’ khong c6 dang 4k +3
Quay tro lai bai toan
bat n" +199=m? véi meN
Vi n 1é nén n=1;3(mod4)
Néu n=3(mod4) = m*>=3"+199=2(mod4) (VO ly)
Do d6 n=1(mod 4)
Ta cod n" +199 =m® < n" + 2" =m? +43°
& (N+2)(n° —2n° +...-512n+1024) = m* + 43°
& (N+2)b=m? +43
Vi n=1(mod4) nén b=n"-2n°+..-2°n+2" =3(mod4) = b sé it nhat mot wdc nguyén
to
p =1(mod 4)
Theo b6 dé 1 thi b|a2 +43° = p|a2 +43° = p=43=43|p
Nén 43|n+2= n=-2mod(43)
=b=n"-2n°+4n® —8n’ +16n° —32n° + 64n* —128n° + 256n° —512n +1024 = 8 (mod 43)

Diéu nay vo i vi 43|b. Suy ra 43| n+2.

Tac6 a’+43" =(n+2)bi43= ai43=a’ +43°143° = b(n+2):43".
Vi 43| n+2 nén b=43"m v6i meN, ged(m,2)=1.

Hon ntra, vi a:43=a=43q v6i qeN.

Do d6 (n+2)n=a’+43" =43*(q’ +1)

& (n+2)43m=43" (¢’ +1) < q° +1=m(n+2).

Vi gcd(L,q =1) nén theo bd dé 2 thi ° +1 khong c6 wdc nguyén td nao dang 4k +3 nhung
n+2=3(mod4) (vi n=1(mod4). Diéu nay mau thuan.
Vay khong ton tai sO tu nhién n théa man yéu cau bai toan.

36. (http://julielltv.wordpress.com 2014).

Tim s6 nguyén t6 p thdoaman p°—4p+9 1a s6 chinh phuong.
Loi gii

Dit p*—4p+9=t° (*), véi teN.

Lién hé tai liéu word mon toan zalo: 039.373.2038


http://julielltv.wordpress.com/

Khi d6 ta bién d6i thanh p(p*-4)=t"-9< p(p*-4)=(t-3)(t+3).
Suy ra: p|t—3 hodc p|t+3.

Truwong hgp 1: Néu p|t-3.Dat t—3=pk vdi keN.

Thay vao (*) ta duoc

p(p2—4)= pk(t+3) < k(t+3)=p*-4= p* =kt +3k+4.
Mat khéc, ta cd (t—3)2 = p’k? =>t? -6t +9=k*(kt+3k +4)
Hay t*—(k°®+6)t+9-3k*-4k* =0

Xem day la m§t phuong trinh bac hai dn t. Diéu kién can dé€ ton tai nghiém nguyén cua
phuong trinh la A =k*(k*+24k +16) 1a mot s3 chinh phurong. Mudn vay thi k* +24k +16 la

mot sd chinh phueong.
Mt khac, véi k >3 ta dé dang chiing minh duoc:
(k?)" <k*+24k +16 <(K* +4) .
Suy ra cac treong hop nho sau day:
o Kk'+24k+16=(K?+1) o 2k*~24k ~15=0
o Kk'+24k+16=(k*+2) < k?-6k-3=0
o K'+24k+16=(K*+3) <= 6k?-24k-7=0
Do d6 phai c6 k <3. Thit truc tiép thady k =3 théa man. Tt d6 tim duwoc t =36, p =11.
Truwong hop 2: Néu p|t+3.Dat t+3=pk vdi keN.
Thay vao (*) ta duoc
p(p*-4)=pk(t-3)= p* =kt—3k+4.
Mait khéc, ta cd (t+3)2 = p’k? = t* +6t+9=k* (kt —3k +4)

Hay t?+(6—k°)t+9+3k® —4k* =0

Xem day la mot phuong trinh bac hai dn t. Diéu kién can dé€ ton tai nghiém nguyén cua
phuong trinh la A =k*(k* - 24k +16) la mot s8 chinh phuong.

Mudn vay thi k* —24k +16 1a mot s8 chinh phwong.

Suy ra cac treong hop nho sau day:

o Kk'-24k+16=(K? —1)2 < 2k?— 24K +15=0
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. k4—24k+16:(k2—2)2 o k?2—6k+3=0
. k4—24k+16:(k2—3)2 < 6k?—24K+7=0

Do d6 phai c6 k <3. Thtt truc ti€p thay k =3 thoa man. Tt d6 tim duoc t =3;18 twong ting
voi p=2;7.

Vay céc gid tri cia p can tim la 2;7;11.

37. (http://julielltv.wordpress.com 2014).

Cho ba s6 te nhién a,b,c thoa man dong thoi hai diéu kién a—-b la s6 nguyén to va

3c® =c(a+b)+ab. Chirng minh rang 8¢ +11a mot s& chinh phwong.
Loi giai
Gia thiét da cho twong duwong véi 4¢* =c” +ab+bc+ca=(a+c)(b+c).
Dat (a+c;b+c)=d thi d|(a+c)-(b+c)=d|a-b=d=a-b hodc d =1 (chi y rang a-b la
sO nguyén t0).
Truong hop 1: Néu d =1 thi a+c¢ va b+c¢ déula cic s6 chinh phuong.
Pit a+c=m?b+c=n?> véi mneZ.
Khidé m*-n*=a-b=>m-n=1=>m=n+1
Mat khac:
4c? =m’n® = 2c=mn=8c+1=4mn+1=4n(n+1)+1=(2n+1)" 1a 8 chinh phuong.
Truong hop 2: Néu d =a-b thi a+c=(a-b)x vab+c=(a-b)y véi x,yeZ.
Khi d6 (a+c)-(b+c)=(a-b)x—(a-b)y=a-b=(a-b)(x-y)
=>X-y=1l=>x=y+1
Ta c6 4c? =(a+c)(b+c)=(a-b) xy=(a-b) y(y+1).
Do d6 y(y+1) la s6 chinh phuwong. Tich ctia hai s6 tw nhién lién ti€p la s6 chinh phwong khi
tich d6 bang 0. Suy ra ¢ =0. Khi &6 8c+1=1 1a s8 chinh phuwong.
Vay 8c+1 la s6 chinh phuong.
38. (Romania TST 1999).

Chting minh rang vdi moi s6 nguyén duong n,s6 S, =C,, ,.2°" +C2 .22"23+...+C2" .3" 1a

tong cua hai sd chinh phuong lién tiép.

Loi giai
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bat a=1+\/§,b:1_\/§,'|'n :%(a2n+l+b2n+1).

a’ b?
Ta cd ab:—2,7:2+\@,?:2—\/§.
Ap dung khai trién nhi thitc Newton cho (l+ V3 )n ,(l— V3 )n ta duoc

n
T, =>,Ca:3 T, la s6 nguyén dwong véi moi n.
k=0

2n+. n+
Lai ap dung khai trién nhi thitc Newton cho (2 ++3 ) ' , (2 -3 )2 '

(az erH—l [bz jZI’H—l

- + -

2 2 4n+2 4n+2
Ta duoc S, = _a_+b

4 22n+3

2
a4n+2 n 2(ab)2n+1 4 b4n+2 1 (a2n+1 n b2n+1) 1 T 2 1
= +—= +—= z
2n+3 2n+3 2n+1
2 2 2 2 2 2

Suy ra 2°™'S =T7?+2°".Luc dd T chia hét cho 2*" nhung khong chia hét cho 2°™.

SuyraT =2" (mod 2”“) :

2 2
T 2 -2" " g . A ’
Nhu vay, S, = 22:*1 +% = (THZMZ j +[T” 2 } la tong ctia hai s6 chinh phuong.

39. Cho cac s6 nguyén duong X, Y,z thoa man (xy+1)(yz+1)(zx+1) la s chinh phuong.
Chang minh xy +1,yz+1,2x+1 déu la sd chinh phuong.

Loi giai.
Trong cac bd sO (X; y; z) thoa man bai toan , ta xét b0 s6 (X; y; z) sao cho X+ Yy+z nho nhat (1).
Khong giam tong quat gia st z =max(X;y;z).
Goitla sd thoa phuong trinh bac hai:
12+ X2+ Y2 +2° = 2(Xy + yZ + 2t +tX+ Xr +ty) —4xyz -4 =0(2).
St 2t(X+y+z+2xy2) + X+ Yy +2° - 2(xy+yz+12X)-4=0.
Nhan xét rang (2) twong dwong véi 3 phrong trinh sau:
(x+y—z—-t)> =4(xy+1)(zt +1)
(x+z-y—-t)> =4(xz+1)(yt +1)

(X+t—y—2)* =4(xt+1)(yz +1)
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Lai vi t nguyén do phuong trinh (2) cé hai nghiém nguyén:

t,, =X+ Yy+2z+2xyz+2,/(xy+1)(yz+1)(zx+1) nén nhan ca 3 phuong trinh trén vé theo vé, ta

suy ra (xt+1)(yt+1)(2x+1)1a s& chinh phuwong.

Mat khac, tacod xt+1>0,yt+1>0,zt+1>0.

Suy ra t> >—1 (dox =Yy =z =1khong thda man).

max {X, y, z}
Néu t=0thi tir (2) ta suy ra

(x+y+ z)2 =4(xy+yz+2X) < (X+y—12)° = 4(xy +1)

Vi (x+y+2)’va 41a cic s§ chinh phwong nén xy +11a s3 chinh phuong.
Chang minh twong tw ta cling ¢d yz+1, zx+11a s6 chinh phuong.

Néu t>0 thitk (1)suyrat>zvdimoi tthoa (2).

Nhung t chi 6 thé bing t, hodc t, va ta lai cé:

t,t, =X2+ Y2+ X2 —2(Xy +yz+2X) —4 < 22 = x(22 - X) - y(22 — y) < 2 mau thuan .
Vay la ta hoan tat chitng minh.

40.(APMO 2011). Cho céc s6 nguyéna,b,c. Chirng minh rang khong thé xay ra dong thoi ca
ba sda’+b+c,b*+c+a,c’ +a+bdéu la nhitng sd chinh phuong.

Loi giai 1
Gia st cadbas6 a’+b+c,b’+c+a,c’ +a+b déu la nhitng s chinh phuong .
Khi d6 s6 chinh phuong a* +b+clén hona’nén a’ +b+c > (a+1)*.
Suy ra b+c>2a+1
Chtng minh tuwong tw ta thu dwoc c+a>2b+La+b>2c+1
Cong vé& theo vé& ba bat dang thizc nay ta thu duoc:
2(a+b+c)>2(a+b+c)+3<02=3 (vo li).
Vay ta hoan tat chitng minh.

Loi giai 2

Do tinh chét d6i xting cua a,b,c nén cé thé gia sk réng a>bh>c.
Gia st @’ +b+c 1a s6 chinh phiong. Theo 10i giai trén ta c6 dwoc b+c >2a+1.
Mit khac 2a>b+c>2a+1, mau thuan. Vay ta hoan tat chiing minh.

41. (National Team Training Singapore 2006).
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k
Cho kla sd nguyén duong 1é. Gia sw (2 ++/3 ) =m+n/3 v6i m,n 1a cac s8 nguyén duong.
Chttng minh rang m—1 1a s& chinh phuong.
Loi giai

2j-1
Taviéts1é k thanh 2j-1 vadat (2++43) =mj +n,y/3.

Tacd my, +n;,3=(m, +n,3)(2+V3) 1)
Suy ra m;,, =7m; +12n; va n;,, =4m, +7n;

Do d6 m;,, =97m; +168n;.

Két hop véi (1) d€ khte n; ta thu duwoc m,, =14m, , —m,
RO rang m, =1,m, = 26.

Goi {c;} la day xéc dinh boi ¢, =1,¢, =5 va ¢;,, =4c;,, —C;

Ta sé chttng minh rang m, =c¢ +1 véimoi j.

Djau tién, ta st dung nguyén ly quy nap dé chitng minh rang:

2

C,+C] =4c;,C;+6. 2)
o Dé thay (2) dung khi j=1.
e Gia st (2) dung v6i j nao do.
e Tas€ chitng minh (2) dang véi j+1. That vay,
c:,,+c°, =17c?, +cf —8c,,c, =15¢c;, —c7 +12.
Lai c6 4c;,,C;,, +6=16¢7,, —4c,.c; +6=15c —cf +12.
Suy ra (2) dugc chitng minh.

Tiép theo ta cling st dung nguyén ly quy nap d€ chiing minh m; =c} +1.

e Rorangkhi j=12 thi(3) dung.

e Giast (3) dung vdi j.

e Ta s€ chitng minh (3) dung véi j+1. That vay,
ci,+1=16c, —8c,

j+l j+l j+l

=14¢?,, —c? +13 (theo (2))

j+1

= 14(mj+1 —1) —(mj —1) +13 (theo gia thiét quy nap)

C, +cj2+1

=14m;, —-m; =m,,,.
Ta hoan tat viéc chitng minh bai toan nay.

42. (Malaysia 1998).
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Chting minh rang &’ +b® khong thé nao 1a mot s chinh phuong néu a,b 1a cac s6 nguyén lé.
Loi giai

Vi a’ =1(mod 4), b® =1(mod 4) nén a*+b* =2(mod 4).

Thé nhung 0° =0(mod 4),1* =1(mod 4),2* =0(mod 4) va 3° =1(mod 4) nén ta suy ra diéu
phai chitng minh.

43. (Malaysia 2000). Chting minh rang 2°° + 2 khong bao gio 1a mdt s6 chinh phuong véi
p.q la cac sO nguyén khong am.
Loi giai
Khong mat tinh tong quat, gia st p2q. Ta cd 2°P +2% =49 (479 +1).
Vi 4 la s6 chinh phuong nén ta can chitng minh 477 +1 khong phai 1a sd chinh phuong.
Gia stt nguoc lai tirc 1 t6n tai s8 nguyén n sao cho 4" +1=(2n+1)".

Khi d6 ta cé diéu mau thuan 1a 4" =n(n+1), vi n(n+1)#1 va mot trong hai s6 n,n+1 phai
lé.
Vay ta hoan tat viéc chitng minh.

44. (diendantoanhoc.net 2014). Cho ba s8 nguyén duong a,b,c théa man dang thiec:
c(ac+1)" =(5¢+2b)(2c+b).

Chting minh rang ¢ 1a s8 chinh phuong 1é.
Loi giai 1.
Ta c6 c(ac+1)" =(5¢c+2b)(2c+b) < 2b* +9ch +10¢? —¢(ac +1)* = 0.

Xem day la mot phuwong trinh bac hai theo b . Phwong trinh nay c6 nghiém khi
A, = C[C +8(ac +1)2} =x* véi xeN" (nghiala A, phaila s& chinh phurong).

bat d :gcd(c;c+8(ac+1)2):> d |8(ac+1)2. (1)
Hon nita d |c:>gcd((ac+1)2;d):1 )
Tte (1) va (2) suy ra d|8.

Truwong hgp 1: Xét d =8, suy ra (%;%+(ae +1)2J:1
2
Ta c6 c[c+8(ac+1)2} =X’ @%[%Jr(acﬂ)z} =(§) (x € N*).
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Khi d6 8|x. Dit x=8k véi ke N". Suy ra %[%+(ac+1)2}:k2

=12
voit,seN va ng(t,S):l
+(ac+1)2 =g?

biéu nay dan dén

oo o|lo

c =8t
t? +(8t2a+1)2 =?

Chu y vao dénh gid sau: 8t%a+1<t’ +(8t%a+1) <(8t%a+2)
= 8t’a+1<s’ <(8t%a+ 2)2 (méau thuan).
Do d6 treong hop nay bi loai.

Truong hop 2: Xét d =4, suy ra ged (%;%+ 2(ac +1)2) =1
Diéu nay dan dén %;%+ 2(ac+1)" 1a nhitng s6 chinh phuong. *)

~ C g .| C 2 . cC 2 A X
Néu 2 chan thi l:z-i- 2(ac+1) }:2 suy ra gcd (Z;ZJr 2(ac+1) j =1 (mau thuan).

Do d6 % la s51é. Lai vi %la 56 chinh phuong nén —=1(mod 4).

C
4
Mait khic do ¢ chdn nén ac+1 1a sd 1é.

Khi d6 (ac+1)* =1(mod 4) :%+ 2(ac+1)* =1+2.1=3(mod 4) (v6 Ii do (*))

Do d¢6 truong hop nay bi loai.

Trueong hop 3: Xét d =2.

Tuong tu treong hop 2, ta co % lasdlée = % =1(mod 8)

Tac6 ¢ chdn = ac+1 Ié.

= (ac+1)’ =1(mod 8) = %+4(ac +1)’ =1+4.1=5(mod 8) (vo i)

Do d¢6 truong hop nay bi loai.
Truong hop 4: Xét d =1.

Tuong tu treong hop 2, ta c6 ngay ¢ 1é va do (c, c+8(ac +1)2) =1 nén c la s6 chinh phuong.
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Vay ta két thic viéc chiing minh tai day.
Loi giai 2
c=dm

b — dn voi mneN va ged(m,n)=1.

Dat d = gcd(b,c):{

Déng thiic da cho & bai toan tro thanh:
m(dam+1)2 =d(5m+2n)(2m+n). *)

Suy ra d |m(dam+1)°, ma ged(d,dam+1)=1 din dén d [m = m=dk = ged(k,n)=ged(d,n)=1

Khi do6 (%) tro thanh k(d%ak+1) = (5dk +2n)(2dk +n).
Suy ra k |5dk +2n= k| 2n.

Do gecd(k,n)=1nén k|2.Do d6 k e{1;2}.

Truong hop 1: Xét k=2

Khi dé:

2(ad? +1) =(10d +2n)(4d +n) < (ad® +1) =(5d +n)(4d +n)
Vi ged(5d +n,4d +n)=gced(d,4d +n)=ged(d,n) =1 nén

5d+n=x> . .
voi x,yeN va ged(x, y)=1.

4d +n=y?
Suy ra d =x*-y°.

xy—1<:>a: xy -1

Mit khéc 2ad’ +1=xy < a=-—2— —.
2d 2(x* - y?)

D&y rang (x+ y)2 > 4xy > xy—1 va 2(x2 ~ y2)2 —(x+ y)2 =(x+ y)2 [Z(X— y)2 —1} >0.
Do d62(x—y)" >(x+y)’ > xy—1. Diéu nay din dén a <1, trai véi gia thiét.
Thé thi treong hop k =2 bi loai.

Truong hop 2: Xét k =1.

92
Khidéd=m={°"%"
b=dn
Diéng thitc da cho & dé toan trd thanh:
d?(ad?+1)" =(5d° +2dn)(2d? +dn) < (ad?+1)" = (5d +2n)(2d +n) (**).
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5d +2n = x°

Vi ged (5d +2n,2d +n)=ged (d,2d +n)=gcd (d,n) =1 nén { , VOi X,y eN* va

2d+n=y
d=x*-2y*

cd(x,y)=1.Suyra .
ged (x,y) y {n:5yz_2X2

42 9\,2
Néu x=2t véi teN* thi {0 o ~2Y"
n=5y° -8t
Khi d6 (*) tro thanh (ad?+1) = 4t%y? < a(4t>—2y?) +1=2ty ().

Phuong trinh (***) v nghiém do hai vé& ctia né khac tinh chdn 1é. Diéu nay c6 nghia la x 1é.
Suy ra d lé hay c lé.

Nhuw vay ¢ 1a s6 chinh phuong 1é. Vay ta hoan tat chttng minh.

45. Chting minh rang c6 vo s s8 chinh phuwong viét & dang 2n*+2 va 2n® —1.
Loi giai

Xét phuong trinh nghiém nguyén: 2x* -1= y?. (1)

Phuong trinh (1) tuong duong véi 4x* -2 =2y* < (2x)" =2y +2.

Dé hoan thanh bai todn nay ta di chitng minh phuwong trinh (1) c6 v6 s6 nghiém.

Tie (1) suyra y lamoétsdle, tcla y=2m+1 véi me Z*. Thay vao (1) ta duoc:

2x? —1=(2m+1)" & 4m? +4m+1=2x* -1 & 2m? +2m+1=x*. )

Xét day cac cdp sd nguyén xac dinh nhw sau:

m,=3% =5
m,,, =3m, +2%, +1, X, =4x, +3x, +2,Vk>1"

Bang phuong phép quy nap toan hoc, ta sé chirng minh (mkyxk) la nghiém cua (2).
Dé thay (m;,x,)=(3,5) 1a mot nghiém cua (2).
Gia st (mkvxk) la nghiém cua (2).
Ta can chitng minh (mkﬁy Xkﬂ) la nghiém cua (2). That vay,
2m?, ., +2m,,, +1=2(3m, +2x +1)" +2(3m, +2x, +1)+1
=18m,” +8x%, +24m, X +18m, +12x, +5
= (4m, +3x, +2)" +2m? +2m, +1-x>

=x%,, (vi 2m?+2m, +1-x?=0).
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Diéu nay cho thay rang (mm Xk+1) la nghiém cua (2).

Mt khac, m,,, >m,, X, > X voimoi k>1, chonén {m,},{x} la nhitng day tang thuc sy. Vay
(2) ¢6 vO s6 nghiém.

46. Cho a,b 1a cac s6 te nhién théa man hé thiec 2a® +a = 3b? +b. Chiing minh rang a—b va
2a+2b+1 la nhiing s6 chinh phuong.

Loi giai
Tacd: 2a° +a=3b"+b < 2a*-2b* +a—-b=b’> < (a-b)(2a+2b+1)=b’. (1)
Dat d =gcd (a—b,2a+2b+1).
Khi d6 dla—b va d|2a+2b+1.
Suy ra d*|(a—b)(2a+2b+1) =d’[b* =d}p.
Vi dla—b va dJb nén dla.

Laivi d

a, djp ma d|2a+2b+1 nén d|[L ticla d =1,
Do d6 ged (a—b,2a+2b+1)=1 )

Tt (1) va (2) suy ra a—b va 2a+2b+1 la nhitng sd chinh phuong.

47. Cho n la sd nguyén duong sao cho 2n+1,3n+1 1a cac s6 chinh phwong. Chitng minh
rang n:40

Loi giai
Gid st 2n+1=x%, 3n+1=y* véi x,yeN.
Theo c4ch dit nay, dé dang suy ra x 1é va (x—1)(x+1)=2n.
Vi x 1énén (x-1)(x+1)i4 = 2ni4 = n la sd chin.
Do n chdnnén 3n+11as61é =y lasdle.
Mit khdc 3n=y®-1=(y-1)(y+1):8. Do gcd(3,8)=1 nén n:8
D€y rdng véi moi s8 chinh phiong k? ta ludn cé:
k?=0(mod5), k? =1(mod5), k* =—1(mod5). (¥
Lai theo cach dat o trén, ta co:
(2n+1)+(3n+1)=x"+y* =5n+2=x*+y’
:>5n+2:x2+y2(mod5) = x*+y?=2(mod5).

Tte (*) ta suy ra:
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x* =y? =1(mod5) = x* - y*15 =[(3n+1)—(2n+1)]:5 ni5.

Vi ged (8,5) =1 nén ni40.

48. Chting minh ring néu abc 1a s8 nguyén 8 thi b? —4ac khong phai 1a s§ chinh phuong.
Loi giai

Gia st b® —4ac la s6 chinh phuwong thi b? —4ac=k?* v6i k e N*.

Ta c6 4a.abc = 400a” +40ab + 4ac = 400a° + 40ab +b* —k?.

=(20a+b)’ ~k*=(20a+b+k)(20a+b-k).

Vi abc 1a s6 nguyén t8 nén ¢ =0 = ac > 0.
Do dé b>k = 20a+b+k>20a+b-k>20a.

Tir d6 suy ra e — (20a+b—k£)1;20a+b+k) .

Ma 20a+b+k va 20a+b—-k déulénhon 4a nén m va n déu l6n hon 1.
Nhu vy abc 12 hop 6, mau thuan vdi gia thiét.

49. Chitng minh rang néu 2n véi ne N* 1a tdng cta hai s§ chinh phuong thi n ciing 1a tong
cua s6 chinh phuong.

Loi giai

Goi n 1a s6 ty nhién théa man 2n=a’+b” vdi a,beN.

Tt day suy ra a,b cung tinh chén Ié.

Do d6 a+b va a—b 1a cdc s6 chan.

bat a+b=2u, a-b=2v.Suyra a=u+v,b=u-v.

Khi d6 2n=(u+v)’ +(u-v)" < n=u?+Vv2.

Vay ta hoan tat chitng minh.

50. Tim n nguyén duong sao cho X =2°+2"+2" la mot s6 chinh phuong.
Loi giai

Néu X la sd chinh phuong thi:

22424 +42"=x < 2" =(x—48)(x+48) voi x lamdt sd nguyén duong nao do.

Khidé | *"*=2 (ginsos.
X+48=2""
Tir dé suy ra 2"°-2° =96 < 2°(2"* -1)=3.2°.
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s=5 s=5
Nhuvay e 3 H_1o"

51. Chitng minh rang X =1 +9* +19" + 2013" khong phai la s& chinh phuong véi moi k
nguyén duwong 1é.

Loi giai
Véi moi k nguyén duong lé ta co:
1 =1(mod 4);9 =1(mod 4),19" =—-1(mod4), 2013 =1(mod 4).
Suy ra X =2(mod4).
Vay X khong thé'la s chinh phuwong.

52. Cho p latich ctia n s8 nguyén t8 dau tién (n >1). Chting minh rdng p-1 khong phai la
s0 chinh phuong.

Loi giai
Gia sit p—1 la s6 chinh phwong. Do p la tich ciia n s6 nguyén t6 dau tién (n>1) nén p:3.
Do d6 p-1=-1(mod3).
bdt p-1=3k -1. M6t s6 chinh phwong khong ¢6 dang 3k —1.
Vay ta hoan tat chitng minh.
53. Cho k; <k, <k, <... 1a nhitng s6 nguyén dwong, khong cé hai s nao lién tiép va dat
S, =k +k,+k,+...+k , ¥Yn=1,2,.... Chitng minh rang véi moi s& nguyén duong, nira khoang
[S,.S,.1) chita it nhat mdt s6 chinh phuong.
Loi giai
Nhin xét: Ntira khoang [S,,S,,;) chtta it nh4t mot s6 chinh phuong khi va chi khi nira khoang

| \/S04/Sa.1 ) €6 it nhdt mot s nguyén duwong, titc 1a S, ; =S, >1.

Tacd \[S,. —+/S, 21 /S, 2/S, +1 S, =S, +2/S, +1 & S, +K,,, =S, +2,/S, +1
&k 224fS, +1.
Theo dé bai rd rang k., >k, +2, YneN* =S <nk, ,-n(n+1).

n+l —

Ta can chttng minh Kk, > 2\/nk (n+1)+1.(*

Thét vay, (*) < k2., -2k, +1>4nk , —4n(n+1)

n+1

=& ,—2(2n+1)k +(2n+1) >0

n+1

o (k —2n—1)2 >0.
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Bat dang thitc cudi la dung.
Vay moi s6 nguyén dwong n ntra khoang [\/§ N ) chtra it nhat mot s6 chinh phuong.
54. (Polish 2001). Cho a,b la cac s6 nguyén sao cho véi moi n thi 2"a+b déu la sd chinh
phuong. Chiing minh rang a=0.

Loi giai
Giastr a=0.

Néu a#0, b=0 thi 2'a+b va 2’°a+b khong thé dong thoi la s& chinh phwong. Do d6 a va
b déu phai khac 0. Ttr d6 dé dang suy ra dwoc a va b déu dwong.

Xét hai day s& {x,} va {y,} nhu sau: x, =2J2"a+b va y, =242"2a+b.
Dé thay {x,},{y,} 1a hai ddy s nguyén duong, don diéu ting vo han.
Taco (X, +Y,)(X, —y,)=3b.

Suy ra 3b|Xn +Yy, véimoi n =3b>X, +Yy, voimei n (vo li).

Thé thi diéu gia st 1a sai.

Vay ta c6 diéu phai chitng minh.

(17+12v2) (1741242
42

55. Chttng minh rdng véi moi s6 nguyén dwong n, s& la mot s6
nguyén va khong phai 1a s6 chinh phuong.
Loi giai
Ta c6 17+12v2 =(V2+1) va 171242 = (V2 -1} .
(17+12V2) ~(17+12V2)
42

(2" (et (2o (2
2 ' 22 '

R M e e
2 22

St dung nhi thitc Newton ta suy ra: (\/§+1)2n =X+ y\/E va (\/E —1)2n =X— y\/E, véi x,y la cac

Khi d6

bat A=

s0 nguyén duong.

Tir désuyra A=x, B=y.Do d6 A B la cic s6 nguyén duong.
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Mit khac, A® 2B =(A-BV2)(A+ Bﬁ)z(ﬁﬂ)zn (\/5—1)2n 1.

Do d6, A B 1a cac s6 nguyén td cung nhau.

Dé chitng minh AB khong phai la s6 chinh phuong ta chi can chitng minh mét trong hai s6
d6 khong phai 1a s6 chinh phuong.

2

(\/E +1)2n +(\/§—1)2n [(\/EJrl)zn +(\/§—1)2n}

Tacd A= = -1

B

I
I
+
[BEN

Dé dang suy ra A khong phai la s8 chinh phuong.

56.(Romanian Team Selection Test for JBMO 2002). Bon chit s6 cudi cua mdt chi sd chinh
phuong 1a béng nhau. Chitng minh réng chiang béng 0.

Loi giai

Ki hiéu k? 1a s& chinh phuong va a 1a chix s& xuat hién ¢ bon vi tri cudi cung. Dé dang suy ra
rang a<{0,1,4,5,6,9} .

Do d6 k* =a.1111(mod16).
*Néu a=0 thi bai toan dugc chitng minh.

*Gia st rdng a€{1,5,9}. Ttr k» =0(mod8), k* =1(mod8) hodc k* =4(mod8) va
1111=7(mod8) ta thu dwoc: 1111=7(mod8), 5.1111=3(mod8) va 9.1111=7(mod8).

Nhu vay dong thirc du k* =a.1111(mod16) khong thé xay ra.

* Gia sir riing a e {4;6}. Tir 1111=7(mod16), 4.1111=12(mod16) va 6.1111=10(mod16) ta suy
ra dong thite dw k? =a.1111(mod16) khong thé xay ra.

Vay a=0.
57. Tim tat ca cdc s6 nguyén X,y sao cho 4 +4” +4” la mot s6 chinh phuong.
Loi giai

R6 rang bai todn khong c6 nghiém x < 0. Khong mat tinh téng quat, gia st rang x<y <z va
dat 4* +4Y +4* =u?.

Thé thi 2% (1+4” +4° ") =u’. Ta c6 hai truong hop:

Truong hop 1: Néu 1+ 4" + 47 1alé thi 1+ 4™ + 47 =(2a+1)’.
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Suy ra réng AV gt = a(a +1) hay 47 (1+ 4%y ) =a(a+1).
bén day chang ta lai xét hai treong hop nho:
Néu a la chdn thi a+1 1é. Vivay 4" =a va 1+4" =a+1.
Suyra 47 =4" o y-x-1=72-y < 2=2y-x-1

2

Va 4+ 4+ 4 =4 8 4P (264287

Néu a lalé thi a+1 chdn, vivay a=4"" +1, a+1=4""" va 4" —4"Y =2 Suy ra rang
227273 = 2291 11 Khong thé xay ra vi 2x—2y-1=0.

Truong hop 2: Néu 1+ 4 + 47 1a chan, thé thi y = x hodc z = X. D1 sao cling phai c6 y = x
va dan dén 2+ 4" 1a mot s8 chinh phuong. Diéu nay 1a khong thé vi 2+ 4 =2 hoéc
3(mod 4)

58. (Romanian MO 2000)

Cho k 1a mot s8 nguyén. Ching minh ring (2k +1)° —(2k —1)’ 14 t8ng ctia ba 6 chinh
phuong

Cho n 1a mot s8 nguyén duong. Chitng minh réng (2n+1)° —2 ¢6 thé biéu dién dudi dang

tong ctia 3n—-1 s6 chinh phuong 16n hon 1.
Loi giai
a) Ta c6 (2k +1)’ —(2k -1’
= [(2k+2)—(2k=1)][ (2K+1)" +(2k-+1) (2k ~1)+ (2k -1)’ |
= 2] (2Kk+1)"+2(2k +1)(2k~1) +(2k 1)’ |
= (2k+1)"+ (2K =1)"+ | (2k+1)° +2(2k+1) (2K ~1) + (2K -1 |
= (2k +1)° +(2k =) +(2k +1+ 2k —1)’
= (2k +1)° +(2k —1)° +(4k)’ (diéu phai chiing minh).
b) D&y rang
(2n+1)’ -1=(2n+1)’~(2n-1)’~(2n-1)’ —(2n-3)" +..+3 -1*,
Ta co:

(2n+1) ~2= Y[ (2k+1)" +(2k1)" +(4k)" |1 (theo két qua cau )

k=1
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=3%+1% + 42 +Zn:[(2k +1)2 +(2k —1)2 +(4k)2}—1

— 344 +Zn:[(2k +1)° +(2k -1)° +(4k)2] .

Vay (2n +1)3 —2 ¢6 thé biéu dién dwdi dang téng 3n—1 s chinh phuong.

59. (Romanian MO 2003) Cho n >3 la mdt s6 nguyén. Chiing minh rang c6 thé loai bo t&i da
hai phan tt & gitta cac phan ti ctia tap {1,2,3,...,n} sao cho tong cac s6 con lai 1a mot s6 chinh

phuong.

Loi giai
Dt m[ n(nT”)‘Tu m? s@<(m+1)2

n(n+1)

Ta co —m2<(m+l)2—m2:2m+1.

n(n+1
Do d6 ta cé (2 )—mZSZme/2n2+2n£2n—l.

Véimdi k sao cho k <2n-1 ¢6 thé thu dugc bang cach thém vao nhiéu nhat 1a hai con sd ti
{1,2,3,...,n}. Vay ta hoan t4t chttng minh.

60. Tim cac s tu nhién n sao cho n—50 va n+50 déu la s6 chinh phuong.
Loi giai

n-50=a’

£0— p? voi a,b nguyén duong va a>Db.
n+50=

Gia st {

Do b-a<b+a va chiung c6 cling tinh chdn lé nén a+b va b—a phai la cic sd chan.
b-a=2 a=24
=

b+a=50 |(b=26

Do doé {
Vay ta tim dwgc n =626 thoa man yéu cau bai toan.
61.  Tim tat ca cac sO ti nhién m, n sao cho 2" +3" 1a sd chinh phuong.
Loi giai
Giast 2" +3"=k* véi k’ eN'.
Vi k? =0hodc 1(mod3) nén m phaila sd chdn va m>2. Do d6 k*1a s6 1é va
k’ =1(mod4). Diéu nay dan dén 3" =1(mod4), vi vay n la s8 chdn. Datn=2x véi
xeN . Taco 2" =k* -3 =(k+3)(k-3). Vi (k+3")+(k-3")=2k vaklénénliy
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thira cao nhat cua 2 ma la wdc cua ca hai nhan ti chi c6 thé'la 2. Biéu nay dong nghia
vOi
k+3“ =2
k+3=2""
Trit v€ theo vé€ cua phuong trinh thit hai cho phuong trinh thit nhat ta duoc
F+1=2"7 ()
Lai vi mchdn va m= 2 nén 3*+1=0(mod4). Do d¢ x lé.
x=1 . .
Xét x>1tacod 3 +1=3"+1"= (3+1)(Z(—1)' 3“'}
i=0
x=1 x=1

Nhan thay > (-1)'3"*"1a tdng cta xs8 1é. Két hop véi (*) tasuy ra, Y (-1) 3 =1vi

i=0 i—0

vay 2" 2 =4 < m=4.Dan dén n=2,k =5. Thit lai ta thay 2* +32 =52 ludn dung.

Vay m=4, n=2thdéa man yéu cau bai toan.

62.  a) Tim 11 s0 tw nhién lién ti€p ma tong cac binh phuwong cua ching la s6 chinh
phuong.

b) Chiing minh rang khi 3<n <10, khong ton tai n s tw nhién lién tiép cé tinh chat
trén.

Loi giai
a) Mot két qua that thu vi:
18% +19% + 207 + 212 + 222 + 232 + 24% + 25° + 26° + 27° + 282 =77

b) Gia sit ne N sao cho ton tai ns6 ty nhién lién ti€p co6 tong cac binh phuwong la mot
s6 chinh phuong. Khi d6 ton tai X,y € N thoa man dang thiic
(x+1)2 +(x+2)2 +o (X n)2 =y?

Khai trién cac hang dang thikc va thu gon ta duoc:

nx* +n(n+1)x+ n(n+1)6(2n+1) =y>. (¥

Gia st (*) xay ra sé dan dén y*> =m(modn) véi m= ”(”+1)6(2”+1)_

Khi ne{3;4;9} thi y* va mco cling s6 du twong tng 1a 2; 2; 6 (m=14;30;15.19). Luc
nay sé€ khong ton tai y thda man.

Khi ne{5;7} thi n|m va n|y(do n nguyén t5). Dit y=nz va t:x+n7+1.
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63.

64.

65.

Suy ra phuong trinh t* + "1 S -tP= n° -1
12 12

(phuong trinh nay vo nghiém).
(diendantoanhoc.net 2014). Tim sd nguyén a 16n nhat sao cho 4% +4%*° + 4% la s0
chinh phuong.

Loi giai
Dt A=47 4470 447 = 2% (142.27 4 2°0%)
D€ A la s6 chinh phuong ta chon a =2004

Xét a>2004 = 2.2 < 2.2+

= (2077) <1422 4 205 <14 2.0 4 22 = (250 1Y

21977

Suy ra 1+2.2°"" + 2% khong phai 1a s6 chinh phuong.
Do d6 A 1a s6 chinh phuong.
Vay a_, = 2004
(diendantoanhoc.net 2014). Chiing minh rang véi m> 3 thi biéu thizc
A=(m-1)' —4m khong thé viét dudi dang modt s§ chinh phuong.
Loi giai
Taco: m>3=>m=4= 2m(m—4)+1>0:>(m2 —Zm)2 <A
Laic6 A<(m-1)' =(m?-2m+1)".
Cho nén (m2 — 2m)2 <A<(m-1)'= (m2 —2m +1)2 :
Vay A=(m-1)"—4m khong thé viét dudi dang mot s6 chinh phuong.
(diendantoanhoc.net 2014). Chiing minh rang véi ton tai vo s8 boi s& (X,y,u,v) sao
cho xy+1, xu+1, xv+1, yu+1, y+1, uv+1 déu la nhitng s6 chinh phuong.
Loi giai

Chon x=t,y=t+2,u=4t+4,v=4(t+1)(2t+1)(2t+3) véite Z.

Dé dang kiém tra dwgc xy+1, xu+1, xv+1, yu+1, y+1, uv+1 déu la nhing sd chinh

phuong véi moi t € Z.

Co v0 sO gid tri ctia t nén s€ c6 v sd gia tri cua X, Y,u,V.

Vay ton tai v s6 bd s6(x, y,u,v) sao cho xy+1, xu+1, xv+1, yu+l, yv+1, uv+1 déula

nhitng s6 chinh phuong.
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66.  (diendantoanhoc.net 2014). Cho hai s8 ty nhién a va b. Chting minh rang: Néu ab 1a
s6 chan thi ludn ludn tim dwoc s6 nguyén ¢ sao cho a*+b? +c? 1a s& chinh phuong.

Loi giai
eNéu a va b déulasd chin thi a®+b? =4k véi keN.
eChon c=k-1. Tacé a®+b?+c? =4k +(k-1)" =k? + 2k +1=(k +1)".

eNéu a va b khéc tinh chin 1é thi a® +b? =4k +1.
Vay ta hoan tat viéc chirng minh.

67.  (United Kingdom MO 1998). Cho X, Y,z 1a cac s6 nguyén duong sao cho 1.1 l Ki
X y z
hiéu h 1a wéc chung 16n nhat cta X, y,z. Chirng minh rang hxyz va h(y-x) la cac s&

chinh phuong.
Loi giai

Diat x=ha,y =hb,z=hc. Thé€thi a,b,cla cac s6 nguyén duong sao cho gcd (a,b,c)=1.

Dit ged (a,b) =g.

Vivay a=ga',b=gb" va a',b’ 1a cac s6 nguyén duong sao cho
ng (a’, b') = ng (a' -b’, b') = gcd (a" a — b;) —1.

1
Tacdo —=
a

ol

< c(b-a)=abec(b'-a")=ab'g.
Vivay, g|c va ged(a,b,c)=g=1.

Do d6gcd (a,b) =1 va ged(b—a,ab) =1

Nhu vay, b—a=1 va c=ab.

Bay i hxyz = h*abc = (h%ab) va h(y—x)=h?
Vay hxyz va h(y-x) la cac s6 chinh phuong.

68. (Czech-Polish_Slovak Mathematical Compettion 2002). Cho n, p la cac sd nguyén
sao cho n>1 va p la mot s6 nguyén t&. Chitng minh rang néu n| p-1 va p|n®-1 thi

4p -3 1a mot sd chinh phueong.

Loi giai
Ten|p-1,suyra p-1>nva p>n.
Boivi p|n®-1=(n-1)(n*+n+1)

Khi d6 p|n®+n+1 hay pk =n’*+n+1 v4i moi s6 nguyén duong k.
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Mit khéc, n| p-1= p=1(modn) va pk =k(modn)
Tacé n*+n+1=k(modn), do d6 k =1(modn)

Suy ra p=an+1k=bn+1 v4i moi sd nguyén a>0,b>0
Ta c6 thé viét:

(an+1)(bn+1)=n*+n+l<abn’+(a+b)n+l=n’+n+1

< abn+(a+b)=n+1
Néu b>1 thi abn+(a+b)=n+2>n+1
Vivay b=0,k=1p=n*+n+1

Vay 4p-3=4n*+4n+4-3=4n’+4n+1=(2n+1)" 1a s§ chinh phuong.

CHUYEN DE 22: BAI TAP VE SO LAP PHUONG PUNG (PERFECT CUBES)

S0'nguyeén a dwoc goi la ldp phwong ding néu nd la ldp phwong cua mgt s6' nguyén, tirc la

a=b’ véi b la s6 nguyén.

1. a) Chttng minh rang néu n 1a mot s6 1ap phwong dtng thi n® +3n+3 khong thé 1a mot
s0 lap phuong dung.

b) Cho m la mot s6 nguyén duong. Tim mot sO nguyén duwong n sao cho m+n+1 la
mot s6 chinh phwong va mn+1 la mét s6 1ap phuong dung.

Loi giai
a) Gia stt nguoc lai n’ +3n+3 la mot s8 1ap phuong dtng. Do d6 n (n2 +3n+ 3) cling la
mot 1ap phuong ding. D& ¥ réng: n(n”+3n+3)=n’+3n’+3n =(n+1)’ -1 khong phai 1a
mot 1ap phuong dtng. Diéu nay mau thuan. Vay ta hoan tat chiing minh.
b) Chon n=m*+3m+3

Ta co m+n+1:m2+4m+4:(m+2)2

Va mn+1=m?®+3m? +3m+1:(m+1)3

2 2
2. Cho X,y la cac s6 nguyén sao cho A= X+y+6 la s6 nguyén. Chiing minh rang A la
Xy
mot s6 1ap phuong dang.
Loi giai

Gia st X,y>0. C6 dinh A, chon cdp X,y sao cho x+y nhd nhat va x>y. Coi

x> +y? +6— Axy =0 1a phuong trinh bac hai d6i vdix va goi x’'1a nghiém con lai. Ta ¢6
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X+X =Ay, Xx=y"+6 nén X' eZva x'>0. Do cach chon cic cip X,y nén x'>xva

x* < y* +6.
Suy ra x* -y €{0;1;2;3;4,;5;6}

Néu x=y thido A las6nguyénnén x’|6 hay x=1.Khi d6 A=8 lalap phuong

dung.

Néu x >y thi bang cach giai truc tiép phuong trinh nghiém nguyén ta suy ra khong
ton tai Xx,y.
3. Cho day s6 v6 han {u, } x4c dinh nhw sau: u, = 3(n2 + n) +7,neN". Chttng minh rang

khong cé phan t nao cua day la lap phwong cua mot s6 nguyén.
Loi giai

Giastrton tai n d€ u, =a’,aeN".

Ta cé: 3(n° +n)+7=2a’ (1)

Vi 3(n® +n)=3n(n+1)1a mot s6 chdn nén a’s§l¢, suy rala a s61¢, nghia la a= 2k +1

véik e N

Thay a =2k +1vao (*) ta thu dugc: 3(n”+n+2)=8k>+12k* +6k. (2)

Vi 3(n® +n+2):3 nén (8k®+12k” +6k):3

Ma (12k* +6k):3=>8k*:3=k*:3=ki3suy ra k=3I, e N.

Thay vao (2) ta dwoc: 3(n”+n+2)=8.271° +1291* +6.3|

Hay n’+n+2=6(121°+61* +1).

R6 rang vé phai ctia (3) chia hét cho 6. Ta kiém tra va thay rang vé phai khong hét cho
3. Diéu nay vo li. Vay khong cé phan t nao cua day s6 la lap phwong cua mot s6
nguyen.

(Iran National Olympiad Second Round 2008). Cho a la mot s3 tw nhién. Biét rang
v6i moi s8 tu nhién n thi 4(a"+1) 1a mot 1ap phuong diing. Chiing minh a=1.

Loi gidi
Ta 6 4(a’ +1),4(a’ +1)1a 1ap phuong duing.
D&y rang 4(a’ +1)=4(a’+1)(a’ —a’ +1).
Suy ra a° —a’ +11a mot lap phuong ding.

bat a® —-a’+1=t> vdi teN.
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Chit ¥ néuma a>1 thi (a’ -1) <a’~a°+1<(a’) , mau thuin voi a® —a° +1 1a mot 1ap
phuwong ding. Nhu vay a=1.

5. Chitng minh rang khong ton tai s& tu nhién n sao cho 2" -1 va 2"* (2” ~1) dong thoi
la 1ap phwong cua cac s6 nguyén.

Loi giai

Gia st nguoc lai, ton tai n sao cho 2™ -1 va 2"* (2” —1) déu 1a 1ap phuong ctia cac s
nguyén. Khi d6 2”’1(2” -1)=k°.
Ma 2" -1 khdng chia hét cho 2 nén 2" cling phai 1a 1ap phwong ctia mot s6 nguyén
hay n—-1=3m.
T désuyra a° =2""-1=2""?-1=48"-1=3(mod7),vd li vi a’ =0;+1(mod 7).
Vay ta hoan tat viéc chirng minh.

6. Chitng minh rang véi moi s8 nguyén am n thi A=2"+3"+5"+6"khong thé'la lap
phuong ctia mot sd nguyén.

Loi giai
Taco 2°=3°=5° 566(m0d7).
o Néu n=6k y; A=4(mod7), dods A=m’
e Néun=6k+1 gy A=2(2°) +3.(3°) +5(5°) +6.(6°) =2+3+5+6=2(m0d7) dods
A=m®
o Néun=6k+2; A=2°+3*+5°+6"=4(mod7) dods A=m’
o Néun=6k+3y; A=2"+3°+5"+6°=5(mod7) dodo A=m’
o Néun=6k+4 y; A=2'+3"+5'+6"=2(mod7) dods A=m’

o Néun=6k+5y; A=2"+3+5°+6°=4(mod7) dodo A=m’

Vay ta hoan tat chiing minh.

7. (Iran MO 1998). Chttng minh rang khong c6 s8 tw nhién nao cé dang abab trong hé co
s0 10 la lap phuwong ciia mot s6 nguyén. Hay tim co s6b nhd nhét sao cho trong hé co

s0 b ¢ it nhat mot sd c6 dang abab 1a 1ap phuong ciia mét sd nguyén.
Loi giai
Ta c6 abab =101abla lap phuong ctia mot s6 nguyén thi 101|ab (v 1i).

Do d6 abab khong thé la lap phuwong cua mot s6 nguyeén.
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Xét trong hé co sd b ta co abab) = (n2 +1) ab

w =(n°+1)(an+b) véi a,b<n va

n’+1>an+b.

Néun® +1 khong chia hét cho mot s chinh phwong thi:

n’+1=p,p,...p,.

Khi d6 an+b phai chia hét cho (p,p,...p,) v6 1i. Do d6 n?+1 phai chia hét cho mot s&
chinh phuong.

Thz truc tiép thdy n=7 1a s6 nho nhat, nhw vay n® +1=50.

Mt khéc 2626(7) =1000 =10% Do d6 n =714 s8 can tim.

8. (Balkan MO 2005). Tim t4t ca cdc s6 nguyén t& psao cho p® - p+1 la lap phuong cua

mot sO tw nhién.

Loi giai
biat p?-p+1=a’vdi aeN'.
Khid6 p(p-1)=(a-1)(a*+a+1). (1)
Néu p|a-1thi a=pk+1védi keN.
Khi d6 (1) < p? - p+1=p°k®+3p°k? +3pk +1. Vi k > 2 thi VT (1) <VP(1), do d¢6
0<k<1
*Véi k=0 thi p?-p+1=1< p(p-1)=0, mau thuan.
*Véi k=1 thi p*~2p*+4p=0< p?-2p+4=0<(p-1)°+3=0, mau thuln.
Do d6 pla—-1,chonénp|a®+a+1. 2)
Lai c6 a—1| p(p—1)ma gcd(p,a—-1)=1nén a-1| p-1.

a’+a+1l

(a-1)b+1

a’b+ab+b 3b-2-a
—=a+24+——
ab—b+1 ab—b+1

bat p=(a-1)b+1 vd6i beN. Khi do tir (2) suy ra 1a s& nguyén duong,.

biéu nay tuong dwong véi nguyén duong. 3)

Do d6 ta phai c6 [3b—2-a|>ab-b+1.
Truwong hop 1: Néu 2b-2-a>ab-b+1<b(4-a)>a+3.

Néu a>4 thi b(4-a)<a+3, mau thuan. Do d6 2<a<3. Néu a=3 thi phuong trinh
tong dwong véi p(p-1)=26, mau thudn. Néu a =2 thi phuong trinh dau tuong

dwong véi p(p-1)=7,mau thuan.
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Truong hop 2: Néu 2+a-3b>ab-b+1<b(2+a)<a+lmauthunvi a+1>a+2

Truong hop 3: Néu 2b-2-a=0<a=3b-2. Khidd p=3b(b-1)+1 va

2
a’—a+1=(3b—2)" +(30-2)+1=9b* ~9b+3. Do d6 a+—pa+1=3.
b=1
Tacé (1) o p—1:3(a—1)<:>(b—1)(b—3):0<:>{b_?’

*Néu b=1thi p=a, mau thuan vikhidé p’+p+1=p°* < p(pz—p—l):l.

n \ . 2 2 3 a=1
*Néu b=3 thi p=3a-2 .Khidé (1)< 92’ -15a+7=2a’ < 7
Thtt lai thdy a=7 thoa man. Khi d6 p=19.
Vay p=19 thoa man yéu cau bai toan.
9. Chitng minh rang moi s6 nguyén déu 1a tdng cta 5 s6 lap phuong dtng.

Loi giai

Véi moi s6 nguyén n, ta c6 6n=(n +1)3 +(n-1)° +(—n)3 +(—n)3.

Vé6i m la s6 nguyén tuy ¥, ta chon s6 nguyén v sao cho v=m(mod6) véi moi s6
nguyén n.

Khi d6 m-v® =6n v4i moi s6 nguyén n.

Khi d6 m—v® =(n+1)’+(n-1)’ +(-n)’ +(-n)’

e m=v:+(n+1)’ +(n-1)’+(-n)’ +(-n)’.

Vay moi s6 nguyén déu la tong cua 5 s6 1ap phuwong dung.
10.  Chting minh rang moi s6 hitu ti c6 thé viét dudi dang tdng cua 3 s6 lap phuong dtng.

Loi giai

Gia st n 1a mot s6 hit ti. Chung ta sé tim mot mdi quan hé dang:
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