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Ldi né1 dau

Trén bén muoi ndm thuc hién "Chuong trinh ddo tao v bdi hoc sinh ning khiéu
toan bac phd théng" 13 mot ching dudng clia mot chu trinh dic bigt gén vdi su khdi
dAu, trudng thanh va ngdy cing hodn thién xuét phat t¥ mot md hinh dao tao ning
khiéu Téan hoc dic biét tai Pai hoc Tong hop Ha Noi. Huéng ddo tao mii nhon nay
mang tinh dot pha cao, d& dao tao ra céc thé hé hoc sinh ¢6 ning khiéu trong linh vuyc
todn hoc, tin hoc va khoa hoc ty nhién: Vat 1, Ho4 hoc, Sinh hoc va khoa hoc sy sbng.
Trong diu kién thidu thén vé& vt chit kéo dai qua nhidu thap ky v trdi qua nhidu
thach thitc, ching ta da tim ra huéng di phd hop, da di lén ving chic va én dinh, da
tim t0i, tich luy kinh nghiém vA c6 nhidu sing tao dang ghi nhan. Céc thé he Thaiy va
Trd da dinh hinh v& tiép can v6i thé gidi vin minh tién tién va khoa hoc hién dai, cap
nhat théng tin, séng tao phuong phap va tap dudt nghién citu. Gin véi viéc tich cuc dbi
méi phuong phap day va hoc, chuong trinh dao tao chuyén Todn dang huéng tdi xay
dung he théng chuyén d&, dang nd luc va da td chitc thanh cong Ky thi Olympic Toén
quéc té 1an thi 48, nam 2007 tai Viét Nam, duge ban be quéc té ca ngoi.

Sau gin nita thé k¥ hinh thanh v phét trién, c6 thé néi, gido duc mii nhon phd
thong (gido duc ning khiéu) da thu duge nhimmg thanh tyu ryc 18, duge Nha nude dau
tu c6 hieu qud, dude xa hoi thita nhan va ban bé qubc té kham phuc. Céc d6i tuyén
quéc gia tham du céc ky thi Olympic qubc té c6 bé day thanh tich mang tinh én dinh
va ¢6 tinh ké thita. Dic biét, nim nay, céc Doi tuyén Toan va Tin qubc gia tham dy thi
Olympic qubc té da dat dugc thanh tich ndi bat. Doi tuyén Toan Viét Nam da vuon lén
ding thit ba (theo sy sip xép khong chinh thiic) trong s6 95 doi tuyén cdc nudc tham
dy IMO48.

T nhidu nim nay, cic hé ning khiéu To4n hoc v cic Trudng THPT Chuyén thudng
stt dung song song céc sach gido khoa dai tra két hgp véi sdch gido khoa chuyén biét va
séch chuyén dé cho cAc He THPT Chuyén. Hoc sinh céc 16p ning khiéu da tiép thu tét
cac kién thitc co ban theo thdi lugng hién hanh do Bo GD va DT ban hanh.

Hién nay, chuong trinh cai cach gido duc dang budc vao giai doan hoan chinh bd
SGK méi. Thoi lugng kién thic ciing nhu trat ty kién thic co badn c6é nhitng thay di
déng ké. Céc kién thic ndy dang dudc can nhic dé né van ndm trong khudn khd hien
hanh clia cic kién thitc nang cao déi vdi ca¢ 16p chuyén todn. Vi 1é d6, viéc tién hanh- .
viét he thdng cac sach chuyén dé cho cac 16p ning khiéu cin duge tién hanh khan truong
va duge xem xét toan dién tit phia cdc chuyén gia gido duc vd cic cd gido, thiy gido
dang truc tiép gidng day céc 16p chuyén.

Dugc su cho phép ctia B GD va DT, Trudng Dai Hoc Khoa Hoc Ty Nhien, DHQGHN
phdi hop cling véi cac chuyén gia, cdc nhd khoa hoc, cic cb gido, thiy gido thudc
DHSPHN, DPHQG TpHCM, Vién Toan Hoc, Hoi Toan Hoc Ha N6i, Tap Chi Toan Hoc
va Tudi Tré, cac Trusng THPT Chuyén, Cac S& GD va DT,... t8 chic bdi dudng cic
chuyén dé nghiép vu sau dai hoc nh&m bdi dudng hoc sinh gidi cac mon Toan hoc va
khéi kién thitc khoa hoc ty nhién nhu 1a mét th sich dic biet phuc vu bdi dudng hoc
sinh gioi.



Ching t6i xin gidi thigu cudn sich clia nhém céc chuyén gia, céc thiy gido véi su
tham gia doéng ddo clia cic ddng nghiép tham dy Trudng he 2007 vé chuyen dé "Téan
rdi rac vd mot s6 vin dé lién quan".

Cubn séch nay nhdm cung cAp mot sb kién thic chuyén dé bat ding thic 6 muc do
khé vé téan rdi rac, dai s6, sb hoc, va gidi tich. Day ciing 1a chuyén d& va bai giang ma
céc tic gid da gidng day cho hoc sinh cic ddi tuyén thi Olympic Todn hoc quoc gia va
qubc té.

Chung t6i cling xin chan thanh cdm on céc ban doc cho nhitng ¥ kién déng gop dé
cubn sach ngdy cang hoan chinh.
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DO thi t6 mau va mot so bai toan
khéng mau muc

Déng Huy Ruan

Ly thuyét d6 thi n6i chung, dsc bigt dd thi t6 mau duge van dung dé gidi cic bai
todn khong méu muc rit higu qua.

Dé gidi todn thong qua-dd thi cin thuc hién theo hai bude:

Déu tien xay dung d5 thi dé mé ta céc quan he, didu kien duge phét biéu trong bai
toan. Sau do cin c’ vao cc khdng dinh ctia 1y thuyét db thi d8 suy ra dép an.

Trong phan nay chi dé cap dén viéc théng qua dd thi t6 mau dé gidi mot s6 dang
todn khong méu muc.

Déi v6i mbi dang todn khong mdu myc déu dua ra khing dinh tuong tng v& db thi
t6 mau dé c6 thé van dung gidi quyét hang loat bai todn thudc dang dude xét.

D6 thi duge g01 la ddy dt, néu mbi cip dinh cta né déu dudc néi bing mét canh.
Db thi diy da gdm n dinh.

D6 thi ddy di gdm 3 dinh (4 dinh) véi cdc canh duge t& mau bing cling mot mau
duge goi la tam gidc (t giac) cung mau.

1 Dangl

1.1 Bai toan

Bai toan 1 (Dé thi Olympic Todn Quéc té) Mudi bdy nha béc hoc vidt thu cho nhaw.
Mé&i nguoi déu viét thu cho tét cd nguaz khéc. Cdc thu chi trao déi vé 3 dé tas. Tung cdp .
nha bdc hoc chi viét thu trao déi vé cung mot dé tai. Chung minh rdng chi cé it nhit 3
nha bac hoc viét thu cho nhau trao déi vé cung mét vain dé.

Bai toan 2 Trong mot cudc gap 9é qudc té cé 17 nhad ngoai giao tham gia. M&i cdp nha
ngoai giao chi trao doi truc tiép vdi nhau bing mot trong ba ngon ng@: Anh, Phdp, Duc.

Chitng minh rang luén luén tim dudc ba nha ngoai giao, ma ho cé thé trao déi truc
tzep duge bdng mot trong ba ngon ngit ké trén.

Bai todn 3 Méi cip doi tuong cho trude chi cé mot trong ba quan hé: ty,ty,t3. Ching

minh rdng luén luon tim dudc ba dbi tuong, ma moi cdp trong bg ba nay cing cé quan
hét; (1 <4< 3) da cho.



1.2 Khang dinh

Sau day xét 16p dd thi c6 chita tam gidc cing mau.

V6i cac day sb nguyén duong:

a1=2,802=3,...,8041 = (n+ 1).an + 1; (1)
by =3, b3 =06,...,bp41 = (b — 1).n + 2 (2)

c6 céc khéng dinh sau day:

Khing dinh 1 o) D3 thi ddy di ¢6 a, + 1 dinh véi n mau canh luon luon cé dé thi con
déy di K3 vdi canh cing mau (tam gidc ciing mau).

b) D6 thi ddy di c6 bnyi dinh vdi n mau canh ludn luén cé dd thi con day di Ks vdi
canh cing mau.

Chitng minh. Khang dinh a) chitng minh bing quy nap theo chi sé n.

1) Co s6 quy nap: n = 1. D6 thi ddy dd tuong ing gdbm a; +1 =2+1 = 3 dinh lap
thanh mot chu trinh tam gisc. Céc canh clia d6 thi ndy dugc t6 bing mot mau, nén chu
trinh tam gi4c 1ap nén G; cling mau.

) Quy nap: Gia st khing dinh da ding véi n = k, nghia 13, dd thi day du bat ky

Gk g0m ax + 1 dinh véi cdc canh dugc t6 bing k mau da c6 chu trinh tam gidc clng
mau. Cén ching té khdng dinh ding véi n = k + 1.

Xét d6 thi day d0 tly ¥ Gi4r v6i axe1 + 1 dinh va cac canh duge t6 bing k + 1 mau.

Gid st P la mot dinh ty ¥ clia Gy Khi d6 P dugc ndi véi axy = (k + 1)ag + 1
dinh béi céc canh duge t6 bing khong qué k + 1 mau, nén xubt phat tr P phai ¢6 it
nhit ax + 1 canh dudc t6 bing cing mdt mau. Gid sit mau nay 1 mau dé v cic canh
PA,,PAy,...,PAq, 41 dugc td mau dé. Cé hai kha ning xay ra:

1°) Néu mét trong céc canh ndi gitta céc dinh A;, A; (1 <4, j<agp+1) duge t6
mau d4, chang han canh (A;, A2) mau dé. Khi d6 chu trmh tam gidc A;PAs mau do,
nén dé thi Gy c6 chu trinh tam gidc mau dd.

2°) Trudng hop ngude lai, khong c6 canh ndo trong cic canh (A, A)) (1 < 4,7 <
ax+1) duge t6 mau d6. Khi d6 dd thi con diy di Gy, vé6i tap dinh {4, Ay, . . ., Aoy, A1}
c6 cdc canh dugc t6 bang khong qué k mau, nén theo gia thiét quy nap Gk c6 chu trlnh'
tam gidc cung mau. Béi vay Gii1 ¢6 chu trinh tam gidc cling mau.

Khing dinh duge chitng minh.
Khing dinh b) chitng minh tuong tu.

1.3 Giai toan
1°) Xay dyng d6 thi m6 t4 quan hé
Cac dd thi tuong ing véi ba bai tosn da cho duoc xay dung nhu sau:



a) Dinh: LAy 17 diém trén mit phing hofc trong khong gian tuong tng véi 17 nha
bac hoc (17 nha ngoai giao, 17 déi tugng da cho). Dung ngay tén cic nha bac hoc (nha
ngoai giao, déi tuong da cho) dé ghi trén cic didm tuong tng.

'b) Canh: Diing

- Canh d6 dé nbi gitta hai dinh tuong tng véi Hai nha bac hoc trao déi vAn dé thit
nhét (Hai nha ngoai giao trao ddi truc tiép duge bing tiéng Anh; Hai d6i tuong c6 quan

- Canh xanh dé néi giita hai dinh tuong tng v6i Hai nha bac hoc trao ddi vin dé thu
hai (Hai nhd ngoai giao trao déi tryc tiép duge bing tiéng Phap; Hai déi tugng c6 quan
he 12);

- Canh vang d8 nbi gitta hai dinh tuong tng véi Hai nha béc hoc trao déi vin dé thi
ba (Hai nha ngoai giao trao ddi tryc tiép dugc bing tiéng Dic; Hai d6i tugng cé quan
hé ty).

D5 thi G; (1 <@ < 3) mo t& todn bo quan hé diéu kién duge cho trong bai toan i.
2°) Suy ra dap 4n. '

Theo khing dinh 1, trong cac do6 thi G; (1 <1 < 3) déu c6 tam gidc cling mau. Néu
tam giadc nay '

- Mau dé, thi Ba nha bic hoc tuong ting trao ddi vé vAn dé thit nhit (Ba nhi ngoai
giao tuong tng trao ddi tryc tiép dugc véi nhau bing tiéng Anh; Ba déi tuong tuong
tng ¢6 quan hé ¢;);

- Mau xanh, thi Ba nha béc hoc tuong tng trao ddi vé vAn dé thit hai (Ba nha ngoai

giao tuong dng trao déi tryc tiép dude véi nhau bing tiéng Phép; Ba déi tugng tuong
itng c6 quan hé t); ‘

- Mau vang, thi Ba nha bac hoc tudng tng trao ddi v& vAn dé thit ba (Ba nha ngoai
giao tuong tng trao ddi tryc tiép dudc véi nhau bing t1eng Ditc; Ba déi tugng tuong
ing ¢6 quan hé t3).

2 Dang 2

2.1 Bai toan

Bai toan 1 Mgt nhém gom 5 thanh vién, trong dé méi bo ba déu cé 2 ngudi quen nhau
vd 2 ngudi khong quen nhau. Chiing minh rdng cé thé zép cd nhém ngdi zung quanh mot
ban tron, dé€ méi ngudi ngdi gitta hai ngudi ma thanh vien dé quen.

Bai todn 2 Cho 5 s6 nguyén duong tiy ¢, ma cit 8 s6 bit ky dé c6 2 s6 ¢6 ude chung
v 2 sO nguyén t6 cing nhau. Ching minh rdng cé thé ghi § s6 trén léen mot dudng trom,
dé méi s6 déu dung gitta 2 s6 ma né cé udc chung.

Bai toan 3 Cho 5 déi tuong tdy o, ma cit ba déi tugng bét ky, déu cé 2 déi tuong c6
quan het) va 2 doi tugng ¢ quan hé ty. Chiing minh ring cé thé xép tat cd cic dbi tugng



dung trén mot duong vong, dé méi déi tugng déu ding gitta 2 dbi tugng ma né cé quan
het; (1<i<2).

2.2 Khang dinh

Véi day (2) c6 khing dinh sau:

Khéng dinh 2 D3 thi ddy di c6 bnt1 — 1 dinh (n > 2) vdi n mau canh (cdc canh duge
t6 bing n mau), sao cho khong tam gidc cung mau ndo, luén luén cé hinh 5 canh vdi
cdc canh cung mau va cdc duong chéo duge to bing cdc mau khdc.

Chitng minh. Bang quy nap theo n.

1. Co s6 quy nap: Véi n = 2 dd thi tuong ting G, diy dii ¢6 bs — 1 = 5 dinh va 2
mau canh (xanh, dd) khéng c¢é dd thi con K; cung mau. Khi dé6 G, ¢6 thé bidu dién &
dang hinh 5 canh véi canh cing mau dé v3 dudng chéo mau xanh.

That vay, do G5 diy di nén mbi dinh xuét phat ding 4 canh dugc t6 bing 2 mau.
Chinh x4c hon, tai ting dinh, m&i mau dude t6 trén ding 2 canh. Gid st ngudc lai,
tai dinh A mau d6 duge t6 trén 3 canh 13 AB, AC va AD. Khi dé mot trong 3 canh
BC,BD,CD mau d6, db thi c6 tam gisc dé. Nguge lai cd 3 canh ddu mau xanh, d6 thi
c6 tam gidc xanh. Nhu vy mAu thufin véi gid thiét.

Gid st tai A c6 céc canh db 1a AB va AC (dudng lidn nét), con AD va AE 13 xanh,
(dudng nét dut). Khi d6 canh BC phai xanh v ED 1a db (hinh 1).

B L LY T . VS SO

Hinh 1 : Hinh 2

Hai canh BE va CE khong thé cung xanh. Gia st BE dé, thi CE xanh. Suy ra CD
dé va BD xanh. Vay ta duge hinh 5 canh véi canh mau d6 vd dudng chéo xanh (hinh
2).

2. Quy nap: Gi4 st khing dinh dtng véin = k. Xét dd thi Gy day 1 véi bikt1y+1—1
dinh, k + 1 mau canh va khong ¢6 db thi con Kj ciing mau. :

Mb6i dinh clia Giy1 xudt phat (bry; — 1).(k + 1) canh véi k 4 1 mau, nén phai c6 it
nhét by, — 1 canh cung mau. Gia sit tai dinh A ¢6 by, — 1 canh cung dudc t6 bdi mau
™mi. Khi d6 trong céc dinh déi ctia A khong c6 cip dinh nao dudc ndi véi nhau béi canh



mau m; (trai lai thi cé K3 cliing mau m1). Xét do thi con ddy dt Gy lap nén tit bryr — 1
dinh déi ctia A ¢6 canh chi t6 béi k£ mau (trit mau m;) va khong ¢6 K cung maiu, nén
theo gia thiét quy nap, trong Gk ¢6 hinh 5 canh véi canh cling mét mau va dudng chéo
la cdc mau khac (tat cd déu khong 13 mau my). Vay trong Gr1 ¢6 didu cin khing dinh.

3. Giai toan
1°) Xay dung do thi mo té quan he
Céc d6 thi tuong ing véi 3 bai toén da cho dugc x8y dyng nhu sau:

a) Dinh: Ly 5 diém trén mit phéng, khong c6 3 diém ndo thdng hang tuong tng
v6i 5 thanh vién (5 s6 nguyén duong, 5 déi tugng da chon ra). Ding ngay tén céc thanh’
vién (cac t, tén cic dbi tugng) dé ghi trén céc didm tuong iing.

b) Canh: Dung

- Canh dé dé néi gita hai dinh tuong Ung véi hai ngudi quen nhau (hai s6 cé uéc
chung, hai déi tuong ¢6 quan hé t,).

- Canh xanh dé néi gita hai dinh tuong ung véi hai ngudi khéng quen nhau (hai sé
nguyén t6 cting nhau, hai dbi tugng c6 quan hé t,).

D6 thi G; (1 < i < 3) mb ta todn bo quan hé didu kién duge cho trong bai toén i,
nén trong G; khoéng c¢6 tam gidc ciing mau.
2°) Suy ra ddp dn. Theo khdng dinh 2 véin = 2 dd thi G; 1a da gidc 5 canh v6i cac canh
méau dé va cdc dudng chéo mau xanh hogc nguge lai. Khi d6 dua theo dudng ghp khic
khép kin mau d6 ma sip xép céc thanh vien (cac sb; céc dbi tugng) tuong Ung ngudi
xung quanh mot ban tron (1én mot dudng tron), thi mdi thanh vien (méi 8, méi déi
tugng) sé ngdi gitta hai ngudi ma thanh vien c6 quen (ding gitta hai s6 ma né cé wde
chung; ding gitta hai d6i tuong ma né cé quan he t;).

3 Dang 3

3.1 Bai toan

Bai toan 1 Trén mdt phing ldy 6 diém thy g, khéng cé 8 diém nao thdng hang va
khodng cdch gita cdc cip diém khdc nhau tung doi mat. ‘

Chaing minh ring ton tai & nhét mot cip diém ma dogn thing néi giita ching la canh .
ngdn nhit cia mot tam gidc nao dé, ddng thdi la canh dii nhét cia mot tam gidc khdc
¢d dinh la cdc diém da cho.

Bai toan 2 Ching minh ring trong n (n > 6) nguoi tiy ¢ luon chon dugcn — 4 bp ba,
ma trong méi b6 ba nay hodc ting doi mot quen nhau hodc ting doi mot khéng quen
nhau.

Bai toan 3 Ching minh ring trong n (n > 6) s6 nguyén duong tdy ¢ luén luon chon
duge n.— 4 b6 ba, ma trong méi b ba ndy timg cdp s6 6 udc chung hodc nguyén té cing
nhau. ‘



Bai toan 4 Ching minh rdng trong n (n > 6) déi tugng tiy ¢ luon chon ra dugcn — 4
b6 ba, ma trong méi by ba ndy hodc ting cip cé quan hé t; hodc tung cdp cé quan hé t,.

Baitoan 5 Véin =5 thi cdc khdng dinh phdt bidu trong cdc bai todn 2, 4 con ding
nia khong? Néu cdc khdng dinh trén khong ding hay cho phdn vi du.

3.2 Khing dinh

Khing dinh 3 DJ thj ddy dd gdm n dinh (n > 6) va duge t6 bing khong qud 2 mau
canh, thi ludn c6 it nhdt n — 4 tam gidc cing mau.

Chitng minh. Trudng hop 1: »

D6 thi ddy dd G, ¢6 n dinh (n > 6) dugc t6 bang mdt mau canh. Khidng dinh dé
dang dugc ching minh.

Trudng hop 2: D6 thi ddy dt G, ¢6 n dinh (n > 6) v6i 2 mau canh (ching han xanh,
dd). Ta phéi khing dinh G, c6 it nhit n — 4 tam gisc cling mau. Didu nay dugc ching
minh bing quy nap theo s dinh cfia dd thi.

1. Co s6 quy nap: n = 6 thi dd thi tudng ing G ddy d0 v6i 2 mau canh (xanh, dd).
Ta phdi ching minh Gg 6 it nhét (6 — 4) = 2 tam gi4c cling mau. .

Theo dinh 1y 2.19, G ludn ¢6 it nht mét tam gisc cing mau. Do dé ta phai chiing
minh trong Gs ¢6 thém it nhit mét tam gisc cling mau nia.

Khéng méat tinh tdng quat, ta goi céc dinh clia Gg 1a A,B,C,D, E, F v tam giac
cling mau la tam gidc ABC véi céc canh mau dd (nét lidn), (hinh 3).

Hinh 3

Ta xét cac trudng hop sau c6 thé xay ra:
1°) C4 ba canh AD, AE, AF d8u dudc t6 mau dd (hinh 4).

Khi d6, néu c6 it nhat mot trong ba canh DE,EF,DF 46 thi trong Gg c6 thém it
nhét mot tam gisc ciing mau nita (tam giée dd).

Ngugc lai, néu ci ba canh DE, EF, DF xanh (nét dit) thi trong Gs c6 tam gisc
cling mau thit hai (tam gidc xanh).

2°) Cé ba canh AD, AE, AF d&u dugc t6 mau xanh (hinh 5). ~
Ching minh tuong ty trudng hop 1°).
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Hinh 5 : Hinh 6

Néu c6 it nhit mot trong ba canh DE, EF, DF xanh thi trong Gg ¢6 thém it nhét
mdt tam gidc nita ciing mau (tam gidc xanh). '

Ngugc lai, cad ba canh DE, EF, DF db thi trong Gg c6 tam gidc cling mau thit hai
(tam giac do).

3°) Trong ba canh AD, AE, AF ¢6 hai canh d9, chdng han AD, AE dudc t6 mau d6
(hinh 6).

Khi d6, néu c6 it nhat mét trong ba canh CD, DE,CE dé thi trong Gs c6 thém it
nhit moét tam gidc nita cling mau (tam gisc dd). ,

Ngugc lai, cd ba canh CD, DE, CE xanh thi trong Gg c6 tam gidc cing mau thi hai
(tam giac xanh).

4°) Trong ba canh AD, AE, AF cé ding mot canh dd, chéng han AD duge t6 mau
d6 (hinh 7).

Hinh 7 Hinh 8

a) Mot trong hai canh BD,CD d3. Khi d6 trong Gg c6 tam giéc cling mau thit hai
(tam gidc do).

b) C& hai canh BD,CD xanh (hinh 8).

b;) EF xanh: Khi d6 trong G ¢6 tam gidc cling mau thit hai (tam gisc AEF xanh).

by) EF d6:

bo1) BE d6 (hinh 9)

by.1.1) Hodic BF hotic CE d9, ta c6 tam gisc cing mau thi hai (tam gidc do).

ba.1.2) Cé hai canh BF va CFE xanh (hinh 10).

by1.2.1) Hotic DE ho#ic DF' xanh, ta cé tam gidc cing mau thit hai (tam gidc xanh).
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Hinh 10

‘b2‘1_2_2) C4 hai canh DE va DF déu dd, ta c6 tam giéé ciing mau thi hai (tam gisc
DEF d0).

by2) BE xanh (hinh 11).

Hinh 11 Hinh 12

, b272,1) DE xanh, ta ¢ tam gidc cling mau fhl’r hai (tam gidc BDE xanh).
boa2) DE db (hinh 12).
ba2.21) DF d0, khi d6 ta c6 tam gisc cling mau thit hai (tam giéc DEF dd)..
bo222) DF xanh (hinh 13). :

by2.2.2.1) Hode BF hosic CF xanh, ta c6 tam gidc cling mau thit hai (tam giac xanh).

&

b22222) C& BF va CF déu d8, ta c6 tam gibc cung mau thd hai (tam gidc BCF

do).

Vay trong moi trudng hop, Gs déu c6 it nhét hai tam gisc ciing mau.

2. Quy nap: Gid sit dinh 1y dung v6in = k. Xét dd thi Gyyy diy dit véi (k+1) dinh,

dugc t5 biing 2 mau xanh, dé. Ta phai ching minh G4y c6 it nhét (k+1-4)=(k-3)
tam gidc cung mau.

That vay, vi Gey1 day dé gdm (k + 1) dinh (k+ 1 > 7) v6i hai mau canh nén c6 it
nhit mét tam gi4c cling mau.

Gid sit cic dinh clia Gryy 13 A;, Ao, .. .y Ak41 VA tam gisc cling mau 13 tam giac
A1A A3 (chéng han mau d8) (hinh 14).

Loai A; va céc canh xubt phat tit A; ra khdi dd thi Gis1, ta c6 dd thi G véi hai
mau canh (xanh, dé). Nén theo gid thiét quy nap, trong G}, ludn ¢6 {t nhit (k —4) tam
gidc cling mau.
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Hinh 13 Hinh 14

Khoi phuc dinh A; cling céc canh thudc A; ta duge dd thi Gg4q v6i hai mau canh
(xanh, d®) v& Gi41 c6 it nhit (k —4 + 1) hay (k — 3) canh cling mau. Khéng dinh dugc
chitng minh.

3.3 Giai toan

Giai bai toan 1. Xét tht ci cac tam gidc c6 dinh 13 céc diém da cho. Vi khodng céch
gitta cac cip diém da cho khéac nhau timg doi mot, nén mbi tam gisc c6 dinh 13 cac didm
da cho déu c6 canh ngdn nhét va canh dai nhat. Déi véi mbi tam gidc nay ta diing mau
xanh dé to canh ngdn nhéit. Sau khi tit ci cic doan thdng nbi giita cac cap diém da cho
duge phép t6 mau xanh da t6 xong, phin doan thing con lai t6 mau do.

D6 thi G nhan dugc 14 d6 thi ddy dt gdm 6 dinh véi cac canh dudc t6 bing 2 mau
(xanh, dd), nén theo khing dinh 3 trong G c6 it nhéit hai tam gi4c cling mau. Vi tam
gidc ndo ciing ¢6 canh ngin nhit duge t6 mau xanh trude, nén cic tam gic cling mau
déu la tam gidc xanh. Khi d6 canh dai nhit trong m&i tam gidc nay 13 doan thing can
tim. B&i vi trong tam gidc ta xét né déng vai trd canh dii nhét, nhung vi doan thing
niy c6 mau xanh, nén né da la canh ngén nhét clia mot tam gidc ndo d6 trong cic tam
gidc c6 dinh 1a cac diém da cho.

Giai bai toan 2-3.

1°) Xay dung do thi mé td quan hé.
Céc do thi tuong tng véi cac bai toan 2-4 duge xdy dyng nhu sau:

a) Dinh: Liy n diém (n > 6) tuong ing v6i n ngudi (n sb Dguyen, n ddi tugng) da
chon ra. Dung ngay tén ngudi (cac s, ky higu cac dbi tuong) dé ghi trén cic diém tUOng' -
ung.

b) Canh: Dung

- Canh d3 dé ndi gitta hai diém tuong tng v6i hai ngudi quen (hai sb c6 uéc chung,
hai d6i tugng c6 quan hé t;).

- Canh xanh dé néi giita hai diém tuong ng v6i hai ngudi khéong quen nhau (hai sb
nguyéen t6 cing nhau, hai déi tuong c6 quan hé t,).

Do thi G; (2 <i < ) nhan duge mo ta toan bo quan hé dude cho trong bai toén 4
va théa man dleu kién ctia khéng dinh 3.

2°) Suy ra ddp dn. Theo khing dinh 3 trong G; (2 < 4 < 4) ¢6 it nhit n — 4 tam gi4c
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cung mau.

- Néu tam gidc mau dé, thi ba ngudi tuong ing quen nhau ting d6i mot (ba s tuong
Ung c6 uSc chung tliing doi mot, ba d6i tuong tuong tng ting doi mot ¢6 quan hé t1);

- Néu tam gidc mau xanh, thi ba ngudi tuong tng khong quen nhau ting déi mot
(ba s6 tuong ting nguyen t6 cling nhau, ba déi tugng tuong tng ting doi mot ¢6 quan
hé t,).

Giai bai toan 5.

V6i n = 5, thi c4c khéng dinh phét bidu trong céc bai todn 2-4 khong con diing nita.
That vay, néu xuét phat tit dd thi G ddy dt gdm 5 dinh (tuong tng véi 5 déi tuong
duge xét) véi cdc canh duge t6 bang hai mau. :

- Canh dé (nét lién) biéu hién quan hé quen nhau (c6 wéc chung, c6 quan hé t1).

- Xanh xanh (nét dit) biéu hién quan hé khong quen nhau (nguyen t6 cling nhau,
co Quan hé t2). :

Vi d6 thi G khong c6 tam gisc cling mau (hinh 15), nén khéng cé:

Hinh 15

- M3t bd ba ngudi nao tuong tng véi cac dinh ma ho#c quen nhau ting do6i mot hodic
khong quen nhau ting déi mét.

- M6t b ba s6 nao tuong tng véi cac dinh ma hodic cé ude chung titng d6i mot hosc
nguyén t6 cling nhau. . '

- Mgt bd ba d6i tugng tudng tng véi chc dinh, ma timg d6i mét c6 quan hé ¢; hoic
ting déi mot cé quan hé t,. o

4 Dang 4

4.1 Bai toan

Bai toan 1 Ching minh rdng trong 9 nguoi tuy ¥, ma ba nguoi bit ky déu cé 2 nguoi
quen nhau luon tim duoc 4 ngudi déu quen nhau (tung cdp quen nhau).

Bai toan 2 Chiing minh ring trong 9 sé nguyén duong thy ¢, ma ba s6 bat ky déu c6 2
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6 nguyén té cung nhau luén luon tim dudc 4 sb nguyén té cung nhau (ting cdp nguyén
 tb cung nhau).

Bai toan 3 Ching minh rdng trong 9 dbi tugng tiy ¢y, ma mdi cip déi tugng hodc chi
¢6 quan hé t; hodc chi c6 quan hé to, sao cho ba dbi tugng bat ky déu chia mot cip c6
quan hé t1, ludn luon tim dugc 4 dbi tugng, ma ting cdp c6 quan hé ty.

Bai toan 4 DéE mang ngudi con doat gidi trong ki thi Todn Qudc té lan thi 48, mat gia
dinh du dinh moi ban dén du tiéc. Trong sé khdch moi:

a) Ngudi vg mudn cé it nhét 8 ngudi ting doi mot quen nhau.
b) Nguodi chong lai mudn cé it nhét 4 ngudi timg déi mot chua quen nhau.

Héi ho phdi moi it nhit bao nhiéu ban, dé it nhdt mong mubn cia chéng hodc cia
vg duge thda man.

4.2 Khing dinh
D& gidi cAc bai todn trén ta dua vio khing dinh sau:

Khéng dinh 4 1. Do thi ddy di gdm 9 dinh véi hai mau canh: zanh, dd, luén hodc cé
tam gidc zanh (a) hodc cé ti gide ma cdc canh va cdc dudng chéo déu mau dé (b).
2. Néu do thi day di chi gém 8 dinh, thi khdng dinh trén khong ding.

Chiing minh.

1) Xét d6 thi day dt G gdm 9 dinh: z,, T3, 73, T4, T5, Ts, T7, Ts, Tg VOi cc canh dudc
t6 biing hai mau: xanh, dd.

Hai kha ning c6 thé xay ra:
1°) C6 mot dinh thudc it nhét 4 xanh mau xanh (nét dit).

Gid st tai 7, c6 4 canh mau xanh 1a z1%,, 123, 2174, 7175. Khi d6 trong cac canh
ndi doi mot gitta 4 dinh 3,23, z4, T5 tOn tai it nhdt mot canh mau xanh, chng han ,
Zpzs mau xanh. Khi d6 tam giac 17523 mau xanh (hinh 16) Khéng dinh a) thda man.
Ngugce lai, néu céc doan thing ndi timg ciip trong cc diém zo, 23, T4, T5 ddu mau dd
(nét lién). Khi d6 tit gidc zozazazs c6 cac canh va céc dudng chéo déu mau dé (hinh
17). Khing dinh b) dugc théa man.

2°) Khong c6 mot dinh ndo thudc qui 3 canh mau xanh. Khi d6 phai c6 it nhét
mot dinh, ching han z; 14 ddu mat ca khong qua 2 canh xanh (vi néu mébi dinh déu
xudt phét ding 3 canh xanh, thi sb canh clia dd thi sé 1a 89 khoéng nguyén). Béi
vay, tai z; phai xult phat it nhit 6 canh dé. Gid st 6 canh -dd xult phat tit z; 1a
T1T4, T1Ts5, T1T6, T1Z7, T128, 129 (hinh 18).

Xét do thi con diy di Gy gbém 6 dinh x4, x5, 26, Z7,Zg, Tg vOi hai mau canh xanh, dé.
Theo khing dinh 1 véi n = 2 trong G; c6 tam gidc cling mau.

Néu tam gidc d6 mau xanh, thi khing dinh a) thoa man.
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Hinh 16

Hinh 18

Néu tam gidc d6 mau dd, thi ba dinh ciia né hgp véi z; thanh ti gide cé cac canh
va cac dudng chéo déu mau d6, nén khing dinh b) théa man.

4.3 Giai toan
Gii bai toan 1-3. |

1°) Xay dung do thi mé td quan hé. Céc db thi tuong tng véi céc bai toan 1-3 duge
~ xay dyng nhu sau:

a) Dinh: Ly 9 diém tuong dng véi 9 nguoi tuy y da chon ra (9 s6 nguyén duong tiy
¥ da chon ra, 9 d6i tugng tuy ¥ da chon ra). Ding ngay tén cta ho (céc sb da chon ra, ‘
céc dbi tuong duge xét) dé ghi trén céc didm tuong tng.

b) Canh: Dung

- Canh d8 dé néi gita hai dinh tudng tng v6i hai ngudi quen nhau (hai s6 nguyén t6
cung nhau, hai d6i tugng c6 quan hé t,).

- Canh xanh dé ndi gitta hai dinh tuong tng véi hai ngudi khong quen nhau (hai s6
¢ udc chung, hai déi tugng c6 quan hé t,).

D6 thi G; (1 <1< 3) nhan dudc md ta toan bo quan hé duge cho trong bai toén 3
va théa man diéu kién clia khdng dinh 4.

2°) Suy ra ddp dn. Theo khing dinh 4 trong G; (1 < i < 3) hodc c6 tam gide xanh
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hodc ¢ tit gidc véi cac canh va dudng chéo ddu dé. Nhung theo didu kién dit ra trong
cac bai toadn 1-3 v cich t6 mau canh tam gidc bat k¥ trong céc d6 thi G; (1 < i< 3)
déu c¢6 it nhit mot canh dd. Béi vay, trong céc dd thi G; (1 <7 < 3) déu cb tit gidc voi
cic canh va dudng chéo mau dé, nén suy ra khing dinh duge phéat biéu trong cic bai
toan 1-3.

Giai bai toan 4. Db thi diy di gém 9 dinh vdi hai mau canh: xanh, dé luén luén c6
tam gidc xanh hodc ti gidc v6i canh vd dudng chéo déu mau dé. Nhung khi sé lugng
dinh chi con 13 8, thi tdn tai dd thi ddy dd véi hai mau canh: xanh (nét dit biéu hién
quen nhau), dé (nét lién biu hién khéng quen nhau), ma trén dé khong c6 mot tam
gidc xanh ndo ciing nhu khéng c6 mét ti gidc ndo véi cac canh vd dudng chéo déu mau
d6 (hinh 19).

Hinh 19

Bé&i vay, dé hodc thda man y&u cdu cla vg: trong sb khach mdi ¢ ba ngudi quen
nhau ting d6i mot (tuong dng véi ba dinh clia mot tam gidc xanh) hogc théa min yeu
cdu cau clia chong: trong sb khach mdi ¢6 4 ngudi ma timg cip khong quen nhau (tuong
ting véi dinh clia mot ti gidc ma céc canh vA dudng chéo déu mau dé), thi sé khach mai
ti thiéu phai tuong tng véi dinh clia mot dd thi ddy di gdm 9 dinh, tic 13 d8 théa man
yéu cau hoiic clia chdng hoic ciia vg thi phai mdi it nhit 9 khach.
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Logic hinh thitc va ap dung

Nguyén Van Mau

1 M3éE dau

Ly thuyét v céc bai toin td hgp 1& mét bo phan quan trong, hdp dn va Iy thi cha
Toan hoc roi rac. Cé nhidu vin dé& vé& co sé lap.luan va 1y thuyét duge trinh bay duéi
dang rit don gidn nhung pham vi ting dung thi rit phong phi v da dang. Nhiéu bai
toan ctia thyc tién doi séng can dudc gidi quyét thAu déo, cdn dén mot co s6 lap ludn
c6 do tin cay cao v c¢6 kha ning 4p dung mot cich thong dung. Gén chit v6i cic bai
toan td hgp vA céc bai toan rdi rac 13 cac bai toan vé logic, vé quy luat clia nhitng phép
todn v cic tinh chét noi tai cla tap hop.

Céc bai toan so cip lien quan dén t6 hop va logic thudng xuét hién trong rit nhidu
bai toén 1y thii vA thudng rit khé. Trong bai nay trinh bay lai két qud clia Sylvester
vé logic hinh thitc (xem [1]). Phén logic hinh thtc nady khong ndm trong 1y thuyét logic
ménh dé quen biét. Tuy nhién, néu nhin theo géc d6 co sd 1ap ludn ciing nhut cach thic
dan déit vin d8, thi logic hinh thitc hdan toan tuong ddng véi cach liét ké cac phin ti
(luc lugng) cha céc phép tinh tap hop nhu phép hgp, phép giao, cong thic bao ham va
loai trt, ...

2 Tap hdp, cac phép tinh co ban

Trudc hét, ta nhic lai mot s6 khai niém co ban lién quan dén tap hop. Khi cho mét
tap hop tic 1a ta c6 thé chi ra duge cich mo ta tit ca cdc phin t cha né. Céc phin tit -
clia mot tap hop c6 thé mo ta bing céch ligt ké chﬁng (thuong 1 cho tap hitu han phan
t) hodc 1a chi ra céc tinh chit dic trung clia ching.

S6 phan ti trong tap A dudc goi 1a luc lugng ctia tap A va dude k¥ higu béi | 4. M01
tdp B ma moi phan t clia n6 déu thudc tip A déu dugc goi 1a tap con cha tip A va
viét B C A. Tap hop khong chtta mot phan t& ndo dude goi 1 tap hop réng (hay tap
hgp tréng) va thudng duge ky higu bing 0. Ta coi tap hop rbng 13 tap con ctia moi tap
A cho truéec.

Truong hop B la tép con cla tip A va B # A, thi B dudc goi 14 tp con khéng tam
thudng (hay tap con thyc sy) clia tap A va viét B C A.

Gia st tap B la tap con cla tap A. Tap gdm tit ci céc phin t thudc A, nhung
khong thuéc B dugc goi 1a tap phan bl (hay phén bu) clia tap B (dbi véi tap A) va ky
hiéu hodc bing Ca(B).
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tinh chét nao trong sé céc tinh chét o, B, 7,... va A da liét ké la

N=Ny—Ng=Ny—--—Ng—Ny
. +Naﬂ+Na7+"'+NK)\
_Naﬂ’y—'"'_
:I:Na,B'y KA

Ching minh.

Gia sit s6 hIdng cac tinh chét da liét k& o,8, 7,..., & vd A 1a n. Néu mot déi tugng
nao dé trong s6 da cho ¢6 k tinh chét (1 < k < n), thi tdng da néu trong dinh 1y cho ta

()00

don vi. Ngugce lai, néu mot dbi tUOng nao d6 khong c6 bat ctt mot tmh chit ndo trong sb
céc tinh chét da list ke o,83, v,..., & v X thi né cho ta 1 don vi va vi vay bing s6 hang N. O

Hé qua 1 Gid thiét da cho trudc n déi tugng tuy ¥ dude sdp xep theo mot trat tu va cdc
doi tugng d6 c6 cdc tinh chét o,B, 7y,... va X ndo dé. Gid si tét cd cdc déi tugng déu cé
tinh chdt o tru déi tuong ddu tién, tét cd cdc déi tugng déu cé tinh chét 8 tru doi tugng
thit hai, ..., va tdt cd cdc dbi tugng déu c6 tinh chét \ tru dbi tugng zép cudi cung. Khi
dé cong thue trong Dinh lij 1 c6 dang

n=()a-n+(G)m-n- s (%) -, 1)

Chu‘ng minh. That vay, trong trudng hgp dang xét, ta c6 N =n, N, =Ng =N, =

—N)\—TL—I
NaﬁzNa'y: a/\:"'sz\:n_2:
Vay nén

n— <T>(n—1)+ (Z)(n—2)-—---+(—-1)"<Z>(n—-n)=0. (é)

do moi dbi tugng déu cé it nhat mot tinh chit da liat ka. 0
Tiép theo, ta phét biéu mét mé rong ciia dinh 1y 1.

Céc kién thitc da trinh bay lién quan mat thiét dén tinh toan lyc luong ctia tap hop
ma chiing ta da rit quen biét trong chuong trinh phd thong.
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chuyén va béng r6; 8 ngudi tham gia béng chuyén va béng ré; 3 ngudi tham gia cau long,
béng ban va bong ro; 2 ngudi tham gia cdu long, béng chuyén va bong r6; 2 ngudi tham
gia dong thoi cau long, béng ban va béng chuyén; mot ngudi tham gia dong thoi bén mon ‘
cdu long, béng ban, béng chuyén, bong r6. Héi cd bao nhiéu van dong vién tham gia thi

ddu chinh thitc mon bai?

Tuong tu, ta cé 13i gidi cho bai toan tdng quat sau day.

Bai toan 3 Cho bo sé nguyén duong ai,as,...,a, (m > 1) doi mot nguyén t6 cung
nhau. Héi trong cdc sb thudc {1,2,...,n} (n > 1) c6 bao nhiéu sé khong chia hét cho
bét ctit s6 nao thude {a1,az, ..., am}.

Giai. Nhan xét riing sb cic sb nguyén duong khéng vugt qué n chia hét cho s a
(1 < a < n)bing [;—‘-] Tiép theo, sb cic s6 nguyén duong khéng vugt qué n ddng thoi

chia hét cho s6 @ va b (1 < a,b < n va a,b nguyén t6 cling nhau, bing [fg],

Vay nén sb céc sb thudc {1,2,...,n} (n > 1) khong chia hét cho bat cit s6 nao thude
{a1,a2,...,am} tinh bing cong thic

o ([2)+ (2] o+ [3])
v (] [+ + )

n
ol
+ ( ) alazunoam

Nhan xét ring, khi céc tinh chat duge ligt k& nhu trong Dinh 1y Silvester khong cé
tinh doc lap thi cong thitc tinh todn phai thay ddi. Ta xét vi du sau day.

Bai toan 4 Héi trong tap A = {1,2,...,280} c6 bao nhiéu sé khong chia hét cho 2, 3,
4,9, 6,7.

Giai. Nhan xét ring, sb céc sb trong A khong chia hét cho mot trong céc sb 2, 3, 4,5,
6,7 ciing bang mot s6 cac sb trong A khéng chia hét cho mot trong céc sb 2, 3, 5, 7.
Ta xét xem trong tdp A c6 bao nhiéu sb chia hét cho mét trong cic sb 2, 3, 5, 7. Ki
higu A; 13 sb céc sb thudc A chia hét cho 2, A, 13 s6 céc sb thude A chia hét cho 3, Aj
1 sb cac sb thudc A chia hét cho 5 vi A4 14 s6 cac sb thude A chia hét cho 7. Khi d6
AU AU AU Ay 13 tap céc s6 chia hét cho mot trong cac sb 2, 3, 5, 7. Ta ¢c6

280 280 280 280 N
|A| = - = 140; |A,| = [—-—3 ] =093; |As| = - = 56; |A4| = = 40, va
280 2

22



L%nAd:[%g::%J@ﬁAﬂz[%?]zw;
IAﬂWAdz[%?j=1&lAy7Ad=[%?J=8,

va, ) ,
|A1ﬂAﬂw&ﬂ=T%?J=9ﬂAlﬂAﬂﬁA4=[%?}=6,
]AlmAymAd=T%?j=44AgnAQﬁAq=[§¥J=2,
IAJL%OABOA4=T§%J=L

St dung cong thic ciia Dinh 1y Silvester, ta thu dugc trong tap A c6 64 sb khong
chia hét cho 2, 3, 5, 7, tiic trong A c6 64 sb khéng chia hét cho 2, 3, 4,5,6, 7.

Tiép theo, ta phat bidu Dinh ly Sylvester cho trudng hop c¢é trong sb.

Dinh If 8 Gid thiét da cho trude N déi tugng tug §. Gid st Ny la s6 cdc dbi tugng
trong s6 da cho c6 tinh chit o, 8,7,..., X va mdi tinh chét da cho gdn véi mot gid tri sé
(trong s6). Goi Vi, la tong cdc trong s cia céc déi tugng trong sé da cho c6 tinh chét o,
Vi la tong cdc trong sé ctia cdc déi tugng trong s6 da cho cd tink chét 3, V, la tong cdc
trong s6 ciia cdc déi tugng trong sé da cho c6 tinh chét Y,--- v& Vi 1d tong cdc trong sé
cla cdc doi tugng trong sé da cho cé tinh chét . Tuong tu, gid st Vag, Vay, .., Vagy,-..,
Vapy.a la tong cdc trong sé cia cdc déi tugng trong s6 da cho cé ddng thoi cdc tinh chét
a vd B, tuong ung, a va v,..., tuong ung o, va vy, tuong ing o,B, v,... va A. Gid st V
téng cdc trong sé cia tét cd cc ddi tugng dang zét. Khi dé tong cdc trong sé cla cée
déi twong khong c6 tinh chét nao trong sé cdc tinh chét o8, v,... va A da Lét ke la

VVamVp=Vy == Vo=V,
+Val3+Va7+"'+Vn,\
:I:Vaﬁ'y KA

Chitng minh. Phuong phéap chitng minh hoan toan nhu déi véi Dinh 1y Sylvester khi
ta gin méi dbi tuong cling mét gia tri bing 1.
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Cong thic tinh sb phan td& cua mot
hop cac tap hdp

Vi Dinh Hoa

Trong cudc séng nhiéu khi xudt hién nhitng bai todn phéi tinh sb lugng phan ti ctia
mot tap hop thong qua nhing tap hgp con cla chiing. Chéng han:

Vidu 1l Trong mot bai kiém tra todn cé hai bai todn. Trong cd ldp c¢6 30 em lam dugc
bai thit nhdt va 20 em lam dugc bai thit hai. Chi ¢ 10 em lam dugc cd hai bai todn kiém
tra. Hay tinh sé hoc sinh trong ldp.

Goi A 14 tap hop hoc sinh gidi duge bai todn thit nhat, va B 13 tap hop heo sinh giai
dugc bai toan thit hai, thi AN B 14 tap hgp hoc sinh gidi dugce ¢ hai bai toAn. Bai tosn
dugc dit ra 1 phai tinh s6 phin t cia AU B.

Néu A va B 13 hai tap hop rdi nhau, thi thiy d& dang ring:
|AN B| = |A| +|B|.

Trong trudng hgp A vd B ¢6 giao khéc r8ng thi déng thic trén khéng con ding nia,
ma ta sé c¢6 cong thiic

|AUB| = |A]+|B|-|AN B|,

béi vi trong tong |A| + | B] thi cdc phén tit chung trong |A N B| (cia cd A va B) dugc
tinh 13p dang hai 1an.

St dung cong thitc nay, ta thiy sb hoc sinh ciia 16p trong vi du trén cia ta 13 _
30 4+ 20 — 10 = 40 em.

Nhiéu khi, bai toan ta gip trd nén phic tap hon khi phai tinh sé phin ti ca mot
tap hop ¢6 nhidu hon hai tap hop. o

Vidu 2 Ldp 12A phdi lam mot bai kiém tra Todn gdm cé ba bai todn. Bibt rdng mdi
em trong ldp déu lam dugc it nhét mot bai, trong lop c6 20 em lam duge bai todn thit
nhédt, 14 em gidi duge bai todn thit hai, 10 em gidi dugc bai todn thit ba, 6 em gidi duge
cd hai bai todn thi nhdt va thit ba, 5 em gidi dude cd hai bai thi hai va thi ba, 2 em
gidi dugc cd hai bai thd nhat va thit hai, va cé mot em dude 10 diém vi da gidi dugc cd
ba bai todn. Héi rdng ldp hoc cé bao nhiéu em tét cd?

Goi A 14 tap hop céc em hoc sinh giai duge bai toan thi nhit, B 1a tap hdp céc em
hoc sinh gidi duge bai toan thuf hai va C 1a t&p hgp céc em hoc sinh gidi dugdc bai tosn
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tht ba, ta phdi tinh s6 phan ti cla tap hop AU B U C. Trong nhidu trudng hop khéc,
ching ta phai tinh s6 phén ti clia mot hogp gdm nhiu tap hop con, va phin nhidu céc
bai todn nay 14 cac bai toan khé véi hoc sinh khong hé duge hoc cong thitc tinh t8 hop. \

1 Xép c6 liap véi tan sd cho trude

Mot phén ti a; cia mot day k£ phan ti cho trude ajas . . ay, duge noéi 1a c6 tan s6 Lip &,
néu nhu né xuét hién trong day dang k; 13n. Trong muc nay chung ta xét bai todn sau:
Bai toan. Cho trudc mot tap hop A = {a1;as; . ..;as} va k la mot s6 duong nguyén clng
vdi cdc s6 ty nhién ky, ky, . ..k, théa man Erlk = k. Hay tinh s6 P(ky, ks, ..., k) cdc
day k phan ti cila tap hop A $a0 cho phan i a; cla A c6 tan s6 lip la k; cho mois <n
Dé don gzan héa trinh bay, ta sé néi gon la day k phan ti& c6 lgp (ky, ko, ... ,kn) néu k1
la tan s6 ldp cia phin tu a; trong day.

Vidu 3 Cho tdp hop A = {a;b;c;d}. Tét cd cde day co lap (3, 2;0, 0) cta A la

aaabbd, aabba, abbaa, bbaaa, aabab,-
ababa, babaa, abaab, baaba, baaab.

Dinh li 1 Cho truéc mot tdp hop A c6n phan tZ ay,as, ..., an. S8 cdc day cé do dai k
vdi k = X2 k; phdn ti sao cho phan i ai zudt hién ding k lan trong day la

k!

Pky, ks, ... ko) = PR

Ching minh Khong méat tinh tdng quat c6 thé gid st k; > 1 cho moi gid tri ¢t < n. Ta
xét tap hop

1. 2. k k ol 20 ka
B ={aj;a};...;a1';a3;a3; . .. ;a5 ... 0p; G0y .l )
Nhu vay méi day c6 lap (K1, k2, ..., k) 1 mdt hoan vi clia céc phin tit clia B (tht ca co

(k‘1 + kg + - +k,)! = k! hoan vi), trong d6 méi day bi tinh 14p k;'ky!. .. k,! 1n, do khi
ddi chd cac phan t& af (1 < j < k;) v6i nhau ta vAn chi thu dugc chinh day d6 ma thoi.

Vay sb cac day c6 lap (ky, ks, .. ., k,) 1a

k!

Plky, ks, ... k) = Bkl kil

Vidu 4 Tinh s6 cdc sé tu nhién cé bdy ch sb, trong do ¢ ba chit s6 1, hai chit s6 2
vd hai chit s6 3.

Gidi. S6 c4c s6 ty nhién cin tim 1a
|

7!
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2 Khai trién liy thira cta nhi thiic
Ching ta da biét nhing céng thitc khai tridn nhi thic sau

(z+y)? =2 +2zy + 47,
(z+y)® = 2® + 322y + 3zy? + 2.

Néu nhén c4 hai vé clia ddng thic cudi véi z + y, ta nhan dudc cong thic sau:
(z +y)* = z* + 42y + 62%% + 4o + yL.

Chiing ta c6 cong thic tdng quét tinh hé sb cfia (z +y)™ (con goi 13 cong thite nhi thic
Newton) nhu sau: ‘

Dinh li 2 Cho mdi s6 tu nhiénn > 1 ta c6

(z+y)" = Z Charhyk,

k=0

Chitng minh. Dé khai trién (z + y)", ta thyc hién phép khai trién liy thita mot céch
hinh thitc ma khong rit gon chiing. Chéng han

(z+9)* = sz + 2y +yz + yy.

Nhu vay ta c6 thé bidu dién hinh thiec

(m+y)“:£x+y)(z+£)---(z+y))=ZCIC2...cn,

8 d6 c6 tat cd 2" sb hang cica...c, Véi g € {z;y}. Trong khi thyc hién phép rat gon,
ta phdi dem nhém tit c cac sb hang c6 cling s6 mil clia ¢ va y lai v6i nhau. Véi mai
0 < k <'n, ta tinh s6 cdc day n phan t{ trong d6 = liip k 13n cdn y lip n — k 13n. Theo

) ) s . n! <
dinh 1y 1 da biét, thi sb cac day c6 lip theo tin sb nay 1a e chinh bing C*. Do
I(n — k)]
dé ta co: " :
(z+y)" = Z Chan=hyk,
k=0
Vi du 5

(z +9)° = C32® + Cyzy + C3a®y? + Ca’y® + Cloy* + Cly°
= z° + 52y + 102%? + 102%° + 5zy* + 15,
(2z + 3)° = 322° + 2402* + 72023 + 108022 + 810z + 243.
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Luu y. Tam gidc Pascal, trong d6 s bt ddu va két thic ciia mai dong trong tam giac
Pascal 18 56 1, v m&i s6 khac clia méi dong biing téng ciia hai sb ciia dong trén né, cho
céch tinh nhanh chéng hé s ctia nhi thitc Newton.

3 Tinh s6 phan t& cla mot tap hop cac tap hop

Quay lai véi vi du 2 da cho ban diu: Goi A 1a tap hop céc em hoc sinh gidi duge bai
todn thit nhit, B 13 tap hop céc em hoc sinh gidi dugc bai toan thi hai va C la tap
hgp cdc em hoc sinh gidi dugc bai todn thit ba, ta phai tinh s6 phin t clia tap hop
AUBUC.

Khong khé khin, ching ta c6 thé thiy cong thitc sau la dﬁng:
|AUBUC| = |A|+|B|+|C|~|ANB| - |BNC| - |CnA|+ IANBNC|.
Theo cbng thitc cia ta, sb héc sinh trong 16p sé 1a:
20+14+10-6—-5-2+1=32.

Nhung chiing ta c6 thé bit gip nhimg bai toin c¢6 sy tham gia clia nhiéu hon ba tap
hop con, ching han: ‘

Vidu 6 Tink s6 cich treo 5 doi tt tren mot day phoi sao cho khéng cé hai chiée tét
ndo cung doi mot duoc phoi canh nhau.

Dé giai bai toan ndy, cing nhu nhiéu bai todn tuong tu, ta chitng minh dinh 1y sau:

Dinh 1f 3 Cho trudc cdc tap hop A1, Ag, ... A, Khi d6 ta c6

AU A2 U U AL =D 4 - > lAin A+
i=1 1 i<j n

— o+ (DN AN N A, (%)
Chitng minh. Dinh 1y nay c¢6 thé duoc ching minh hai céch:

Céch 1: Chiing minh bing quy nap theo n. Véi n = 1 hién nhién déng thic (*) ding.
Véin = 2, ta ciing dé kiém tra dé thay ring ding thitc (*) dung.
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Ta gid st (*) ding cho n > 2 tap hop tuy ¥.

n

JATUA2 U UAn =D A= Y Ain Ayl +---
i=1 1 i<jn

— o+ (D" AL N AN - N A

Bay gio xét n + 1 tap hop tiy § Ay, As,..., An, Anys. Lutu § riing

(A1U AU UAn) N Any = J(4i N Ana). (**)

i=1

Cho nén ta c6 [(A1UApU- - -UAn) NAnyr] = UL, (4: N Anyy)|. St dung (*) cho vé phai
cta (**), ta thu dugc

(AU UA) N Ann| =) AN A = 3 JAN A3 0 A+
i=1 1.i<j n
+ > JANAN AN Appy—
1 i<j<k n

— o (DMHAIN Ao N N A N An

Dt A = A1UAU- - -UA, va B = Apnyy va 4p dung ding thitc |AUB| = |A|+|B|~|ANB|
(trudng hop n = 2), ta thu dugc didu cin chitng minh -

. n+1
!Alu---UAnUAn+1|=Z|Ai|- Z |[Ai N A + -
i=1 1< n

=+ (CD)MHAIN AN N AN Anyy-

Vay dinh 1y duge chitng minh cho trudng hgp n + 1. Dinh 1y duge chitng minh.

Cdch 2: Ta xét mot phan tlta € A UAU--- U A, bat ky. Gia st ring a thudc vao
r (1 <7 < n) tap hop trong sb céc tap hop nay. S6 lan xubt hign clia a trong cong thic
*) theodinhly 2choz =1vay=—113

Cr=ClHCl = 4+ ()T =1-(1-1)=1.

Vay (*) 1a mot déng thitc ding.
Luu y. Trong trudng hgp dic bist khi

|S|=m, |S—(AiUAU---UA,)| =m.,
|Ail = mq, i=T/n,

[Ai N Aj| = mg,

|Ai N Aj N Ax| = ma,

AN AyN - N Anl = m,
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thi ta co

|[A1U Ao U -+ U An| = Comy — C2mg + C3mg — -+ - + (=) 'Cmm,,
Mo =m — Cimy + C2my — -+ - + (=1)"Cm,,.

Bai todn trong vi du 6 gidi dé dang bing céch sit dung cong thic ciia dinh 1y 1 va dinh
ly 2

4 Baitap

Bai tap 1 Trong mot ky thi hoc sinh gidi Todn, Lyj, Héa cé mot sé em tham gia. Biét
rdng c6 20 em tham gia thi Todn, 1/ em tham gia thi Lyj, 10 em tham gia thi Héa, 6 em
vita thi Todn vita thi Ly, 5 em vita thi Ly vita thi Héa, 2 em thi Todn va thi Héa v cé
mot em tham gia tat cd ba ky thi Todn, Ly va Héa. Héi rang cé bao nhién em tham gia
ky thi hoc sinh gidi nay?

Bai tap 2 Tmh s6 cdc hodn vi cia diy chi ”TOANHOC” sao cho khéng cé hai chit
cdi ndo gibng nhau ding canh nhau.

Bai tap 3 Tinh s6 cdc hodn vi cla day chit "XAXAM" sao cho khéng c6 hai chit cdi
ndo giong nhau ding canh nhau.

Bai tap 4 Bdy da gzac déu ¢ dién tich la 1 ndm trong mét hink vudng c6 do dai canh
la 2 Chzmg minh rdng it nhdt ¢é hai da gidc cdt nhau véi dién tich phan chung khong
nhé hon 1 Z

5 Tai liéu tham khao

[1] Vil Dinh Hoa, Mot sé kién thic co sé vé hinh hoc t6 hgp, Nha xuit ban Khoa hoc va
Gido duc, Ha Nai, 1999.

[2] Vi Dinh Hoa, Ly thuyét t6 hop va bai tap tng dung, Nha xuét bdn Gido duc, Da
Ning, 2002.
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Mang luwéi 6 vudng trén mit phang

Vi Dinh Hoa

1 DPa giac c6 canh khoéng tu cit

Trong hinh hoc phing chiing ta da lam quen véi nhiéu hinh 13i, chéng han céc hinh tam
giac, cc hinh vuéng ... Trong sach gido khoa, cic da gisc 161 duge dinh nghia nhu sau :
mot da gidc duoc goi la da gidc 161 khi né ndm hodn toan vé mét phia cla dudng thing
di qua mot canh bit ki cia da gide. :

Néu trén mit phing cho trudc mot tap hop n > 3 diém thi khi ndi céc diém véi
nhau bdi cic doan thing cé dinh 13 diém trong n didm da cho thi ta thu dugc mot da
gidc 151 hosic mdt doan thdng chita cic diém con lai & bén trong, vA ta goi né (da gisc
161 hotic doan thang ndy) 14 bao 10 clia tap hop n diém nay.

Rét nhidu bai toén ciia If thuyét t8 hop c6 thé gii bing céch van dung bao 13i ciia
céc hinh hodc cla tap hop diém cho trude.

Vi du 1 Trén mit phdng cho trudc mot sé diém khong ciing ndm trén mot duong thing.
Chatng minh rdng ton tai ba diém sao cho dudng tron di qua ba diém ndy khong chia
diém nao cho trudc & bén trong.

Ta xét bao 15i clia tap hop cac diém cho trude nay. Do c6 ba trong sb cac diém nay
khong théng hang, cho nén bao 13i clia ching 1a mot da gisc 18i. Xét mot canh AB clia
da gi4c 101 nay. Trong nhitng dinh con lai, gid sit C 1a dinh nhin canh AB véi mat géc
16n nhit. Khi d6 dudng tron ngoai tiép tam gidc ABC khong chita diém ndo da cho bén
trong.

Ngoai tam gi4c 13 da gidc ¢6 3 dinh ludn 13 hinh 15i, mét n-gidc bat ki véi n > 4 cé
thé khong phai 1a da gidc 16i. Mot da gidc duge goi 1a da gide cé canh khong tu cdt néu
nhu c4c canh ciia né d6i mot khong cdt nhau trit nhitng canh lién tiép c6 thé c6 ddu
mit chung. Moi da giac 10i cling 1 da gidc c6 canh khong ty cit. Cho truéc méot da gisc
c6 canh khéng ti cét, chiing ta ludn c6 thé chia né thanh céc hinh 181, cu thé 14 chia né
thanh cic tam gi4c, bdi cac dudng chéo khong cit nhau trong da gisc. D& ching minh
diéu nay, trudc hét ta ching minh két qud sau:

Dinh li 1 Trong mot da gidc c6 canh khong tu cdt luén cé mot dudng chéo ndm hoan
toan trong né.

That vay, néu da gisc da cho 1a da giac 18i thi khdng dinh cla bai toan 1a hién nhien.
Nguoc lai, néu da gidc da cho khong phai 13 da gidc 15i thi n6é c¢6 mot dinh, goi 1a A,
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c6 goc 16n hon 180°. Tu dinh A nay ta ké mot tia Az nao do, cit bién cha da giac tai
mot didm M. Do A > 180°, cho nén c¢6 mat trong hai canh bén clia A, chdng han AB,
sao cho tia AB (d1 tit A t6i B) khong cit canh clia da gisc c6 chita diém M. Khi ta cho h
tia Az quay quanh A theo chidu tit vi tri ban ddu téi vi tri AB, thi diém M chay trén
bién ctia da gidc vA lGc ndo d6 né phai di chuyén tit moét canh niy sang canh khéc cia
da giac da cho. Tai thoi diém d6, tia Az phai di qua mot dinh C ndo d6 khac A cla da
giac. Lc d6 dudong chéo AC chinh la dudng chéo nim hoan toan trong da gidc.

Dinh li sau day hién nhién 13 hé qué cla dinh I trén:

Dinh li 2 Mgt n-gidc c6 canh khong tu cdt luon cé thé chia thanh n — 2 tam gidc bdi
cdc dudng chéo khong cdt nhau ndm hoan toan trong da gidc.

Ta chitng minh khing dinh bing quy nap theo s6 dinh ctia da gisc.
Véi n = 3 khing dinh ctia dinh 1 hién nhién dtng. Gia s két luan cta dinh Ii dl’mg cho
moi k-giac (k < n) ¢6 canh khong tu cit.
Ta xét mot (n + 1)-gidc c6 canh khong tu cit bat ki. Theo dinh i da ching minh trén
thi ta c6 thé chia n6é thanh hai da gidc véi k va £ dinh c6 canh khéng tu cit bdi mot
dudng chéo ndm hoan toan trong da gidc. Ta ¢6 k,£ > 3 vd k+ £ = n+ 3. Theo gid thiét
quy nap thi cic k-gidc vA f-gidc ndy c6 thé chia thanh k — 2 v £ — 2 tam gibc bdi céc
dudng chéo khéng cit nhau vd hodn todn nidm trong ching. Bing cich d6, ta da chia
(n+1)-gisc da cho thanh k+ ¢~ 4 =n — 1 tam gi4c bdi cac dudng chéo khong cit nhau
va hoan toan ndm trong (n + 1)-gidc da cho. Dinh li duge chitng minh cho trudng hop
(n + 1)-giac.

Ta goi mot tam gidc ¢ cac dinh 1a dinh luéi cia mang luéi 6 vudng 14 tam gide don
néu nhu né khong chita mot dinh luéi ndo khic trén canh ho#ic bén trong tam gisc.

Dinh 1i 3 Céc dinh ctia mot k-gide c6 canh khong tu cit F- (khong nhidt thiét phdi 161)
ndm & cac diém nguyén. Bén trong né cé n diém nguyén, con trén bien m diém nguyén.
Ta ndi cdc diem nguyén lai vdi nhau bing cdc doan thing khong cdt nhau sao cho tdt cd
cdc tam gidc thu dugc la tam gidc nguyén, khi dé sb tam gidc don thu dugc bing nhau
va bing ding 2n + m — 2.

Goi s 1a s6 cac tam gidc don thu duge. Tong céc gée clia s tam gide don nay 1a 7w x s.
Tdéng nay bing ding tdng céc géc quanh cic diém & bén trong F va cac diém trén chu
vi clia F' (gdm céc dinh cta F va céc diém nguyén & trén bién cla né). Tong cic goc
quanh céc dinh ctia F bing 7 x (k —2) (do F c6 thé chia thanh k — 2 tam gisc bdi
céc dudng chéo khong ty cit & hoan toan bén trong né theo dinh Ii trén). Tong cic gbc
quanh mdi diém nguyén & trén canh cfia F 1a 7, vA tdng cic gbc quanh mbi dinh trong
F 13 2. Do d6 ta c6é dang thic:

Tx(k—=2)+7mx(m—k)+2r Xn=m X s.
VA ta thu duge déng thitc 2n+m — 2 = s.

Bai tap
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M.

1. Chtng minh r¥ng mot da gic 1a da gisc 161 khi vA chi khi b6n dinh bét ki clia
chiing tao thanh mét ti giac 161.

2. Trén mit phing cho trudc nam diém sao cho khong c6 3 diém ndo trong chiing °
thing hang. Ching minh riing cé thé chon ra trong chiing 4 diém 14 dinh clia mot
tit gidc 161,

3. Trén mat phing cho truéc n > 5 diém trong d6 khong cé 3 diém ndo thing hang.
Chitng minh ring ton tai it nht C?_, tt gisc 161 ma cic dinh cia chiing 13 4 diém
trong s6 n diém da cho. (Ki thi Toan qudc t& 1an thit 11, nim 1969)

4. Trén m#t phing cho mot sé hitu han diém. Chitng minh ring luén tim dugec mét
diém sao cho gin né nhit c6 khéng qué 3 diém da cho.

5. Trén mit ban dit n hinh vudng biing cit-téng vA n hinh vudng bing nhya sao
cho cic hinh vuéng cling loai bing cit-tong (cling nhu céc hinh vudng cling bing
nhya) doi mot khéng ¢6 diém chung. Sau khi x&p chiing lén mit ban, ngudi ta
nhéan xét thiy riing tap dinh hinh vuéng bing nhya hoan todn trung véi tap dinh
hinh vudng bing cat-tong.

Hay chitng minh ring céc hinh vudng bing Cét—t()ng dugce dit trung hoan toan véi
céc hinh vudng bing nhuya.

2 Mang luéi dinh 6 vudng

Mot hé théng v6 han 6 vudng tao trén mit phing gibng nhu ta lat gach mot cai san bdi
nhitng vién gach 14t & vudng duge goi 1a mang luéi dinh 6 vudng. Cac 6 vudng nady duge
goi 13 cac 6 vudng co sd. Céc dinh 6 vudng chinh 1 cdc diém nguyén (diém c6 ci tung
dd 1&n hoanh d6 la cac sb nguyén) clia mot he truc toa do song song véi cac canh cla
cac hinh vuéng co s& va ¢6 don vi gbc 13 do dai canh hinh vudng co s6. Mat da gisc c6
dinh 1a cdc dinh 1uéi cia mang 6 vudng duge goi 1a da gidc nguyén.

Vé6i mang 1uéi dinh 6 vudng c6 nhidu bai todn kha tha vi. Sau day & mot tinh chét co
ban ctia mang ludi dinh 6 vudng.

Dinh li 4 Da gidc déu duy nhét cé dinh tai cdc diém ludi 6 vudng la hinh vudng.

D& théy ring ta c6 thé dung duge nhimg hinh vudng cé dinh tai céc diém luéi 6
vudng, chdng han hinh vudng cd s3 ctia mang ludi 6 vudng 14 mot hinh vudng nhu vay.
Bay gid ta chitng minh rdng ngoai hinh vudng, ta khong thé dung mot da gidc déu nao
khéc cé dinh tai cc diém luéi ctia mang luéi 6 vudng nao c.

Ta ching minh bing phuong phip phan chiing.
Trudc hét ta ching minh ring khong thé dung duge tam gibc déu cé dinh tai cac diém

lusi 6 vudng. That vay, gid st dung dude tam gisde déu canh a ¢ dinh tai cdc didm luéi
2

clia mang luéi 6 vudng. Khi dé dién tich clia tam gidc déu nay 13 13 mét b v6 ti,

do a? 1& mot sb nguyén. Miat khéc, dién tich cha tam gidc ¢ ba dinh 13 diém 1uéi cha.
mang ludi 6 vudng 13 mot sé hitu ti, vo 1. Vay, khong thé dung dudc tam gidc déu c6
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dinh tai cac diém lusi clia mang 1u6i 6 vudng. .
Bay gid ta chiing minh ring khong thé dung duge ngit gidc ddu c6 dinh tai céc didm

ludi cla hinh vudng. That vay, gid st khdng dinh nay khéng dang, va ton tai ngii gisc _

déu c6 dinh tai diém luéi clia mang 6 vudng, dé gon ta goi d6 1a ngi gidc déu tét.
Xét tap hop: '
A= {a®: a la canh clia ngii gidc déu t6t}.
Do A 1& mot tap con khac réng ciia tap hop céc s6 nguyen, cho nén tdn tai mot phan
t& nhd nhét a clia A. Xét nam dinh clia ngi gide ddu canh a nay.

Ta dem ndi céc dudng chéo clia ngii gidc lai. D& thiy ring méi dudng chéo clia mot

ngi gisc déu song song v6i canh déi dién ciia n6. Do d6 hai dudng chéo tiy ¥ ctia ngii
gidc cling véi hai canh d6i dién ctia chiing lap thanh mdt hinh binh hanh, cho nén giao
diém ctia hai dudng chéo cling 1& mot diém ciia mang 1u6i 6 vudng. D& ching minh didu
nay ta 1ap mot hé toa do cé truc song song véi canh cla 6 vudng cd s va ¢6 do dai bing
do dai clia canh hinh vuéng co s3. Khi d6 céc dinh cla mang luéi 6 vudng cd s& chinh
12 cac diém c6 toa dd nguyén. ,
Ban doc dé dang ching minh ring giao didm nay c¢6 toa dé bing tdng hai toa dd ciia
hai dinh cubi cta hai canh déi dien trir di toa d6 ctia dinh chung ciia hai canh nay. Nhu
viy ndm giao diém clia céc dudng chéo lap nén mdt hinh ngil gide déu ¢6 nim dinh 13
nim diém nguyén.

Hinh 1: Ngii gidc déu
Dé thay ring ngil gidc ddu ndy c6 canh nhd hon a, mau thuin véi gid thiét ring
trong céc ngh gide déu c6 nam dinh 1 céc diém nguyén, ngi gide ddu ¢6 canh nhd nhét

13 a. Mau thuén ndy ching t6 ring khong tdn tai ngii gidc ddu nio c6 cd nim dinh 1a

nim diém nguyén. .

M3t khéc, ta c6 thé thiy riing khong thé dung dugc luc gidc déu c6 dinh tai mang luéi
dinh mang 1u6i 6 vudng, vi néu c6 mét luc gidc ddu nhu vay, thi ciing c6 mot tam gisc
déu (dugc tao bdi ba dinh doi mot khong k& nhau cla luc gidc déu ndy) cé dinh la dinh
luéi chia mang 6 vudng da cho.

Bay gig ta chiing minh r3ing véi n > 7 thi khong thé dung dugc n-gidc dédu cé dinh tai
dinh luéi mang 6 vudng. That vay, gia sit dung duge mét n-giac déu A1 A, - -+ A, ¢6 dinh
tai cdc dinh clla mang luéi 6 vudng. Khi d6 ban kinh R cla dudng tron ngoai tiép n-gisc
16n hon canh a clia n-gidc déu A, A, - - A,. Ta chon mot dinh O cla mang luéi 6 vudng
va chon céc dinh By, By - - - B, sao cho OB;=AiAit1 (Apy = A;). Vicéc dinh A; va O
1a dinh luéi 6 vudng, cho nén cic didm B; ciing la dinh lusi 6 vudng. Ngoai ra, ta thiy
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dé dang 14 By By - - - B,, 13 mot n-gidc déu, ddng dang véi n-gidc déu A;As- - - A, theo hé
s0 & < 1. Cit tién hanh nhu vay, sau mot s6 £ budc hitu han di l6n, ta thu duge mot
n-giéc ddu c6 canh nhé hon canh clia 6 vudng co s 13 didu vo li. Do d6 khong thé dung
dugc n-gidc déu (véi n > 7) c¢6 dinh tai dinh ludi clia mang 6 vudng.

3

Bai tap

. Tim ban kinh 16n nhét cla dudng tron chi di qua céc dinh cla mang luéi 6 vudng

ma khong cit canh 6 vudng ndo & diém trong ctia né.

. Cho truéc mot sb dinh clia mang luéi 6 vudng, ching minh ring ta c6 thé t6 mau

céc dinh ndy bdi hai mau xanh va dé sao cho trén méi dudng ndm ngang v trén
mbi dudng thing ding sb diém duge t6 dd va sé didm duge t6 xanh xAp xi nhau.
(D& thi Toan qubc t& nim 1986)

. Chitng minh riing néu di doc theo cic canh ciia & vudng cd s tit mot dinh bat ki

rdi ta trd vé& dinh ban diu sau hitu han buéc (c6 do dai bing canh hinh 6 vuéng
cd s8), thi s6 budc di clia ta sé 1a mot sb chin.

. Dién vio méi 6 vudng cd s mét sé nguyén sao cho mbi sb ndy bing ding trung

binh céng clia bdén s & bdén & vudng co s& cé canh k& v6i né. Hay chitng minh
rang:

a) Tht ca cac sb dugc dién bing nhau, néu nhu né bi chin.

b) C6 mdt cach dién sao cho céc s6 duge dién khong nhét thiét phai bing nhau
tat ca.

. Trén ban co vo han ta thyc hién mot tro choi nhu sau:

Dau tién xép n? quan vdo mot hinh vudng gdbm n x n 6 vudng canh lién canh sao
cho trong mdi 6 vudng cta hinh vudng chita mot quan cd. Céch di trong trod chai
13 quan cd chi dugc nhiy theo mot chidu ngang ho#c chidu doc qua mdt 6 ¢b chita
quan c3 & ngay sit bén canh sang mot bén mot 6 trong tiép ngay sau dé. Khi d6
quan c3 8 6 bi nhdy qua sé bi loai bo.
Tim céc gia tri cla n dé c6 thé két thac trdo choi sao cho trén ban cd chi con lai
ding mot quan co.

(Ky thi Toan quéc té nam 1993)

Dinh li Picard

Mot tng dung kha thiét thuc clla mang luéi 6 vudng 13 ing dung vao viéc tinh dién
tich ctia c4c hinh phéng. Ta c6 thé thyc hién viéc tinh dién tich cfia mot hinh phing
b3ng cach dem phl né bdi mot lusi 6 vudng di nhé rdi tinh dién tich hinh da cho. Co
s& cho viéc tinh dién tich da gidc nguyén (da gisc c6 dinh 14 céc diém toa do nguyén) la
viéc xac dinh dién tich clia cac hinh tam giac ¢6 dinh 1a cic dinh luéi (con goi la dinh
nguyén) ma khong chda dinh nguyén nao khéc bén trong hodic trén canh clia né (tam
gidc don).
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Dinh 1i 5 Dién tich cia tam gidc don trén mang ludi 6 vudng don vi ding bing %

Truée tién ta thiy dién tich ctia mot tam gidc nguyén khong nhd hon % vi ta c6 thé

noi tiép né trong mot hinh chit nhat bdi cac canh di qua dinh né va song song véi céc
dudng thing ctia mang luéi 6 vuong. Khi d6 dién tich clia tam gisc nguyén bing tong
ho#ic hiéu clia dién tich ctia cdc hinh chit nhat con va céc tam gidc vudng cé canh 13 sé
nguyén dugc tao thanh, nén c6 dang £, véi k 12 mot sé nguyen duong, ttc la it nhét
ciing phai la 1. .

Mit khéc gid st hinh chit nhat pht tam gidc don ABC cho truée theo cich trén cé do
dai hai canh la m va n sé 6 dién tich bing m x n vA chita (m—1)(n—1) diém nguyén bén
trong v& 2(n + m) diém nguyén trén bién. Ta chia hinh chit nhét nay ra thanh cic tam
gidc don béi céc doan thdng ndi céc diém nguyen, bét dau la céc canh ciia tam gidc ABC,
va thu duge nhu dinh 1f 3 clia muc trude cho ta la 2(m —1)(n — 1)+2(m+n)—2=2mn
tam giac don. Do dién tich clia mdi tam gisc don (ciing la tam gidc nguyén) khong nhd
hon %, cho nén dién tich cla hinh chit nhat phd né khong nhé hon mn. Do & day xay
ra déng thitc, nén dién tich ctia mdi tam gidc don thanh phan, dic bigt 13 dién tich cla
tam gidc don ABC, ciing bing ding 1.

Dinh If Picard sau day cho ta céich tinh dién tich cfia cic da giac nguyén cé canh
khéng ty cét:

Dinh 1i 6 Cdc dinh cia mét da gidc F ¢6 canh khong tu cdt (khong nhét thiét phdi 16i)
ndm & cdc diém nguyén. Bén trong né cé n diém nguyén, con trén bién m diém nguyén.
Khi dé dién tich cia né bing
m
SF =n -+ —2— — 1.

. Theo dinh 1f 3 da chiing minh & muc trudc, ta c¢6 thé chia F thanh 2n 4+ m — 2 tam
gidc don bdi cac doan théng ndi cic diém nguyén nim trong hodc trén bién clia né.
Theo dinh li da chting minh & trén, dién tich ctia mdi tam gidc don chinh bing %, nén
dién tich clia F' diing bing '

m
Sp=n+ -5 - 1.

Bai tap

1. Céc dinh clia mot tam gidc nguyen ABC khong chtta mot diém nguyén nao trén
canh ngoai céc dinh clia né va chita ding mét didm nguyén & trong tam giac.
Chting minh ring diém nguyén & trong tam giac ndy 13 trong tam cla tam gisc.

2. Trén mit phing liy nim diém nguyén phan bist. Ching minh rng ton tai trong
ching hai diém nguyén sao cho doan thing ndi hai didm nguyén nay di qua mot
diém nguyén ndo dé.

3. Chiing minh ring trong mot hinh ngii gidc 16i nguyén ludn cé it nhét mét diém
nguyén 1a diém trong.
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4. Hay tinh dién tich nho nh&t ma mot ngi gidc 16i ¢6 dinh 1 cic didm nguyén cb
thé cé. :

5. Trén mot to glay ¢6 ké mang 1udi & vudng c6 n 6 bi td den. Ching minh ring ¢6 -
thé cdt tit to gify nay ra mot sb hitu han cac hinh vudng théa man ddng thai hai
diéu kien:

a) TAt c& cac 6 den déu n¥m trong cac hinh vuéng nay,
b) Ti 18 dién tich bi t6 den va dién tich toan phan trong méi hinh vuéng nay &

lua;lva:4
gita ¢ va &
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Nguyén 1y Dirichlet va mot sbé
bai toan ap dung

Nguyén Duy Thai Son

~ Nguyeén 1y Dirichlet (thuat ngtt tiéng Anh: the pigeonhole principle, cing cé noi goi
13 the drawer principle) - & dang don gidn nhét - dugc phat bidu dau tign bdi G.Lejeune
Dirichlet (1805 1859), mot nha todn hoc Dic gbc Phap, nhu sau:

"Néu nhét 7 + 1 con thd vio n cai chudng (n € N*) thi ludn c6 (it nhat la) hai con
tho bi nhét trong cing mét chudng".

Mot cach tdng quat, ta c6 nguyén 1§ Dirichlet mé rong:

"Néu nhét m con thd vao n cai chudng (m,n € N*) thi ludn tdn tai mdt chudng chita

) m ,
it nhat 1a 1 + [ ] con tho".
O day, ky higu [a] dugc dung dé chi phin nguyén clia sb thyc a tic 13 sb nguyén 16n
nhit khéng vuot qué a.

Dung phung phép phan chitng, ta cé thé dua ra mot cich ching minh khé ngén gon
cho nguyén 1y Dirichlet (ngay cd duéi dang md rong); hoc sinh THPT ciing ¢6 thé lam
dudc viéc ndy; va diéu d6 khong hé 1am gidm di gi4 tri clia badn than nguyén 1. Nguyén
1y Dirichlet ¢6 rit nhidu ing dung (hidu qué dén bit ngd): st dung né, ta c6 thé ching
minh dudc nhidu két qud sau sic clia toan hoc. Chinh vi vdy, tai cac cudc thi hoc sinh
gidi todn (qudc gia vA qubc té), nguyén 1y Dirichlet thudng xuyén dugc khai thic. Dé
minh hoa, duéi day, ta xét mot sd bai toan cu thé.

Bai 1 (Putnam 1998). Cho mot day sé g_o*m' 19 s6 nguyén duong khéng vugt qud 93 ud |
mét day so gom 93 s6 nguyén duong khong vuot qud 19. Chitng minh rdng i hai day sé
dé ta co thé lan lugt trich ra hai day con c6 tong cdc s6 hang la bing nhau.
Giai. Ta xét bai todn téng quét:
Cho hai day (hitu han) céc sb nguyén dung:
T1ST25 - ST <N, NS S Sy <M
Khi d6, tdn tai cdc "chisd" 1 <43 <ip <m, 1 < j1 < o < n sao cho

Ty =

z—zl
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Theo nguyén 1y Dirichlet, ton tai hai tdp con khac nhau c6 tdng nghich ddo céc phan
ti thudc vdo cing mét nita khodng. Loai bé khéi hai tap con dé céc phin tit chung (hai
tdp con 7-phan ti khéc nhau thi ¢6 t6i da sau phin ti chung), ta s& thu dugc hai tap
con k-phén ti (véi k nguyén duong, k < 7), thod y&u ciu clia bai todn: hidu cta hai
tdng nghich ddo c4c phin ti trong hai tap con nay sé sai khéc nhau it hon 1/1000.

Bai 3 (Iberoamerica 1998). Céc dgi dién cia n quéc gia (n € N*\{1}) ngé: quanh mét
ban tron theo cdch sao cho hai ngudi ngoi st bén phdi hai dai dién bit ky vdi cing quéc
tich thi phdi ¢6 quoc tich khdc nhau. Hay zdc dinh (theo n ) $6 l6n nhdt c6 thé cé cic dai
dién ngdi quanh ban tron dé.

Giai. Ta sé dung Xi, Xj,..., X, dé ky hieu n quéc gia ¢6 dai dién ngdi tai ban tron;
cac dai dién c6 quéc tich X; (N* 54 < n) s8 dugc dénh sb 1a 1, 22, . ..

1/ Trudc tién, néu c6 nhiéu hon n? dai dién ngdi tai ban tron, thi theo nguyén ly
Dirichlet ton tai i (N* 3 4 < n) d& québc gia X; c6 it nhit la n+1 dai dién, ma ta ky hiéu

1 zf,2?,..., 57t nhung chi ¢6 n qubc tich, nén vin theo nguyén ly Dirichlet, trong sé
n + 1 nguodi ngoi sét bén phéi cic dai dién z},2,..., 27", phai c6 hai ngudi cé cling

quéc tich; mau thudn véi yeu cAu clia bai toan. Mau thuin dé ching t6 ring cé khong
qua n? dai dién ngdi tai ban tron.

2/ Tiép theo, gid st mdi quéc gia c6 ding n dai dién: céc dai dién cla X; (N* 34 < n)
la zj, 27, ..., 2}; ta s€ chi ra bing quy nap theo n ring c6 mdt cach s8p xép toan bs n2
dai dién d6 vao ban tron sao cho moi yéu cau clia bai todn déu dude tho man.

Méi céch sdp x€p toan b n? dai dign vao ban tron thuc chit 1 mot hodn vi

(al,ag,.. .,an2_1,0,n2) (1)

clia tap hop {zl| 4,5 € N*; 1,5 < n} véi quy udc ring trong cach sip xép nay:

1. a4 1a dai dién ngdi sat beén phai ai (v6i moi k nguyén dung ma k < n?)

2. a1 ngdi sat bén phai a,:

(ta ddng nhAt céc hodn vi c6 thé thu dude tit nhau qua mot phép hoan vi vong quanh).

Khi n = 2 d& thiy céch s&p xép (z1,2?, 2}, 22) thod man moi yéu ciu cia bai todn.
Gid st v6i n € N*\{1} ndo d6 da c6 mot céch sdp xép, ma ta vin gift k¥ higu (1), thod .
mén moi yéu cau clia bai toan. Khi dé, c6 thé ching minh ring:

_ V6imdi i € NN[L,n], ton tai duy nhit j € NN[1;n] sao cho ngudi ngdi sit ben phai
z! ciing ¢6 qubce tich X;.

That vay, néu n ngudi ngdi sat bén phai céc dai dién z}, 22, ..., 7" ddu c6 qubc tich
khéc X; (chi c6 n —1 qube tich nhu thé), thi theo nguyén 1y Dirichlet, it nhét hai ngudi
trong s6 ho phai c6 cling quéc tich; mau thuin véi yeu ciu clia bai toan. Mau thuin nay
ching t6 sy ton tai cla j = j;. Hon nita, néu NN [1; n] 3 k # j;, thi - theo yéu ciu clia
bai toén - ngudi ngdi sit bén phai z¥ s& khong cling quéc tich X; véi ngudi ngdi sét ben
phai zi’. Dieu d6 cho thdy tinh duy nhét cfia j; va (2) da dudc chitng minh.
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lam ctia m&i hoc sinh cé thé duge dit tuong tng véi mot bé z = (x1; T2 T3; T4; Ts) € I
trong d6, z; 13 sb thit ty clia phuong 4n ma hoc sinh da chon dé tra 10i cho cau héi thit
i (i €Z, 1 <1i<5). Ngoaira, néuz € I° ta ciing sé chdp nhan cach viét z = (z,;2')
v6i o’ = (z2;23;74;75) € I*. Bing cach nhu vay, d& thiy I® dugc phan hoach thanh -
4% = 256 tap con (rdi nhau); mdi tap con gdm diing 4 bd chi khéc nhau & thanh phan
thit nhét, tic 1a tap con c6 dang : :

Aw = {(1;); (227); (32); (45 2')} € I° (1)

véi ' € I%. Vi 2000 > 7 x 256 nén theo nguyén 1y Dirichlet ¢6 t4m hoc sinh (kh&c nhau)
Ay, Ag, ..., Ag, ma bai lam cta ho thi tng véi cdc bd thudc cling 'mét tdp con A ndo
d6 (trong sb 256 tap con néi trén). Nhung 2000 — 8 = 1992 > 7 x 256, nén lai theo
nguyén 1y Dirichlet - ton tai tdm hoc sinh (khéc nhau, trong s6 1992 hoc sinh con lai),
la By, Bs, ..., Bs, ¢6 bai lam ing v6i cdc bd thudc cling mot tap con B ndo dé (trong sb
256 tap con néi trén). Cudi ciing, vln c6 1992 — 8 = 1984 > 7 x 256 nén ding nguyén
ly Dirichlet mot 1an nita, tir 1984 hoc sinh cdn lai, ta tiép tuc tim ra tam hoc sinh (khic
nhau), 1a Cy, Cy,. .., Cs, ma bai lam cta ho tng véi cic bd trong cung mot tap con C
nao dé. T bén hoc sinh bat k¥ trong s6 24 hoc sinh

A17A2)-'"AB)BlvB2;"')-88701a027-"108)

ta ludn chon ra dugc hai hoc sinh c6 bai lam tng véi cidc bd thudc cuing mot tap
con (mét trong ba tap con A, B hotic C); gia s, chdng han, d6 1 c4c hoc sinh A; va
A;j (1, €Z; 1 <i< j<8) mabailam tng v6i hai bo trong A. Theo cach xay dung
cAc tap con (1), bai 1am cla hai hoc sinh nay chi c6 thé khéc nhau & t6i da 13 mét cau
héi (chinh 14 cau héi thit nhit, néu hai bai lam khong hoan toan gibng nhau); yéu ciu
ctia bai todn da khong duge thod maéan!

2/ Bay gid, ta chi ra mot tinh hudng ma n = 25 thod yéu ciu ctia bai todn. Mubn
vay, xét

5
S = {m el|> z=0 (mod 4)} (2)

i=1
R0 rang S gbém ding 4 X 4 X 4 X 4 x 1 = 256 bd; hon nita, (2) cho thiy: khi z,y € S thi
| $7£y:>321.7€N*’1’<.7§5’m27£y1ax]#yj (3)

Liy D 13 mot tap con 250 phan ti clia S va xét tinh hudng ma: véi mbi z € D tdn
tai ding 8 hoc sinh ¢6 bai l1am cing tng véi bé z (tinh hudng niy hoan toan cé thé
xdy ra vi 2000 = 8 x 250. Khi &y (do 25 > 8 x 3 theo nguyén Iy Dirichlet, ct 25 hoc
sinh thi tim dugc bén hoc sinh (trong sb 25 hoc sinh nay) c6 bai lam tng véi bén bd
z,y,2,t € D C S d6i mot khac nhau; vd theo (3), hai hoc sinh ndo trong sé bén hoc
sinh d6 ciing ¢6 bai lam khac nhau & it nhit 13 hai cau héi, ding nhu yéu ciu cla bai
toan.

Tt 1/ va 2/, ta thiy: sb tu nhién bé nhat phai tim la n = 25.
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Nguyén 1y Dirichlet va mot sbé
bai toan ap dung

Nguyén Duy Thai Son

Nguyén 1y Dirichlet (thuat ngi tiéng Anh: the pigeonhole principle, cling ¢6 ndi goi
13 the drawer principle) - 8 dang don gidn nhét - dugc phat bidu dau tién bdi G.Lejeune
Dirichlet (1805- 1859), mot nha todn hoc Dt gbc Phép, nhu sau:

"Néu nhét n + 1 con thd vdo n c4i chudng (n € N*) thi luén c6 (it nhét la) hai con
thé bi nhét trong cling mot chudng".

Mot cach tdng quat, ta c6 nguyén 1y Dirichlet md rong;

"Néu nhét m con thd vio n cai chudng (m,n € N*) thi luén tén tai mot chudng chia

2 m ”
ft nhat 1a 1+ [ ] con tho".

n
O day, ky hieu [a] duge ding dé chi phan nguyen clia sb thyc a titc 1 sb nguyén 16n
nhéit khéng vugt qué a.

Dung phung phép phan chitng, ta c6 thé dua ra mot cach ching minh khé ngén gon
cho nguyén 1y Dirichlet (ngay ci duéi dang mé rong); hoc sinh THPT ciing cé thé lam
dugc viéc ndy; va didu d6 khong hé 1am gidm di gi4 tri clia ban than nguyén 1y. Nguyén
Iy Dirichlet ¢6 rit nhidu ing dung (hiéu qué dén bit ngd): st dung né, ta c6 thé ching
minh dugc nhidu két qua sau sdc clia toan hoc. Chinh vi vay, tai céc cude thi hoc sinh
gidi todn (qubc gia vA qubc té), nguyén 1y Dirichlet thudng xuyén dugc khai thac. Dé
minh hoa, duéi day, ta xét mot sb bai toan cu thé.

Bai 1 (Putnam 1998). Cho mét day sé 9577{ 19 56 nguyén duong khéng vuot qud 93 ud '
mét day s6 gom 93 s6 nguyén duong khong vuot qud 19. Chiing minh rdng tit hai day sé
dé ta c6 thé lan lugt trich ra hai dday con c6 tong cdc sb hang la bing nhau.
Giai. Ta xét bai toan téng quét:
Cho hai day (hitu han) céc sb nguyén dung:
1S22S5 S Zm SN, ISP S S Y S
Khi d6, ton tai cdc "chisd" 1 <4, <ip <m, 1 < 71 < j» < n sao cho Z

1—‘1.1 xi -
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;2=j1 )
Giai bai todn tong quét:
Dat ap =37 2 (p€Z 1 <p<m)vab,:= 23219 (@€ Z,1 < g <n). Thay -
dbi vai trd clia céc "ky tu" z,a,m, 4, p tuong tng véi cic ky tu y, b, n, 7,q néu can, ta c6
thé xem ring a,, < b,. Khi d6, véi mbi p € Z M [L,m], ton tai f(p) :=q € ZN[l,n] la
chi s6 bé nhat ma a, < b,. Xét m hicu:

.’L‘j.

bf(l) —ay; bf(g) —as; ... ;bf(m) — Q. ' (1)

Trudc hét, ta c6 nhan xét ring moi hisu déu bé hon m. That vay, néu c6 mot chi sé
P€ZN[1l,m] ndo d6 sao cho m < bs) — a,, thi (m < by nén f(p) > 1 va)

M S b1+ Ui — @ = 0Sm —ys) < b1 — ap
= ap < bypy-1,

mau thudn véi dinh nghia cta f(p). Mau thuin dé chitng td ring: qua thyc, mbi hieu &
(1) 1a bé hon m.

Bay gi%, néu mot trong cac hidu dé trist tisu: by — ap = 0, thi rd rang ta c6 ngay
dpcm véi cach chon i) =1 =: j;, iy := p, J2 := f(p). Trong trudng hop con lai,
theo nhan xét trén, toan b m hidu & (1) déu thuse Z N [1,m — 1], mot tap hop chi
¢ m — 1 phan tit, nén theo nguyén 1y Dirichlet, c6 hai hiéu bing nhau; tifc 13, tdn tai
8 EZN[l,m], r>s, dé

biry = ar =by(s) — as
= bf(r) - bf(s) = Qr — Qs;

va ta cling ¢6 dpem, véi ¢ =5+ 1, iy =7, j; := f(s) +1, 72:= f(r).

Bai 2 (Vo dich Cong hoa Czech 1998). Cho X la mot tap hop gom 14 sé nguyeén duong
phan bigt. Ching minh ring c6 mot s6 nguyén duong k < 7 vd ¢6 hai tdp con k-phan ti:

{ai;a2;. . 5 ak}, {b1;bo;...; b}

rot nhau cua X sao cho
1+1+ +1) (1+1+ +1>l< 1
‘(EI as ar/ \b; ' by b/ | 1000

Giai. Xét C], = 3432 tap con 7-phdn tk clia X. Téng (cac) nghich do clia céc phin tu

. 1 1 1
trong moi tap con nay ré rang 1a khéong vugt qua 7 + 3 +- 4 = < 2,6 nén phai thuse
vao mot trong sb 2600 nita khodng:

(0_ 1]<1_ 2] <2599.2600]
1000’ 1000J” \1000’ 1000J""*** \ 1000’ 1000."
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M.

Theo nguyén 1y Dirichlet, ton tai hai tap con khéc nhau c6 tdng nghich dédo céc phan
t thudc vao cling mét nita khodng. Loai bé khéi hai tap con d6 cic phin tit chung (hai
tap con 7-phén ti khac nhau thi ¢6 téi da séu phin ti chung), ta s& thu dugc hai tap
con k-phan ti (v6i k nguyén duong, k < 7), thod yéu ciu clia bai toén: hiéu cta hai
téng nghich déo cac phin ti trong hai tap con niy sé sai khéc nhau {t hon 1 /1000.

Bai 3 (Iberoamerica 1998). Cdc dai di¢n cia n quéc gia (n € N*\{1}) ngé: quanh mot
ban tron theo cdch sao cho hai ngudi ngdi st bén phdi hai dai dién bét ky vdi ciing quéc
tich thi phdi ¢ qudc tich khdc nhau. Hay zdc dink (theon) sé lon nhét c6 thé c6 céc dai
dién ngéi quanh ban tron dé.

Giai. Ta sé diing X, Xa, ..., X, dé ky higu n qubc gia c6 dai dien ngdi tai ban tron;
céc dai dign c6 qube tich X; (N* 3 ¢ < n) s& duge danh sb 1a T}, 72, ...

1/ Truéc tién, néu cb nhiéu hon n? dai dién ngdi tai ban tron, thi theo nguyén ly
Dirichlet ton tai ¢ (N* 3 i < n) dé quéc gia X; c6 1t nhit 1a n+1 dai dién, ma ta ky hiéu

I zf,z2,...,z7*"; nhung chi ¢6 n quéc tich, nén vin theo nguyén 1y Dirichlet, trong sé
n + 1 ngudi ngoi sat bén phai cic dai dien z},2?,...,27", phii ¢6 hai ngudi c6 cling

qudc tich; mau thuin véi yeu cu ciia bai toan. Mau thuin dé chiing t6 r3ng cé khong
qué n? dai dién ngdi tai ban tron.

2/ Tiép theo, gid st m&i québc gia c¢6 ding n dai dién: céc dai dién ctia X; (N* 54 < n)
la z7,22,...,27; ta s& chi ra bing quy nap theo n rang c¢6 mot cich sdp xép toan bo n?
dai dién d6 vao ban tron sao cho moi yéu ciu clia bai tosn dédu dude tho man.

M&i céch sip xép toan bd n? dai dign vao ban tron thuc chit 13 mot hoan vi
(a17a’21" '7an2—1:a’n2) (1)
cia tap hop {z],7 € N*; 4,5 < n} véi quy udc ring trong cach sip xép nay:

1. axt1 1& dai dién ngdi sat ben phéi a) (véi moi k nguyén dung ma k < n2)

2. a; ngdi sat bén phai a,z

(ta dong nhét cdc hodn vi ¢é thé thu duoc tit nhau qua mot phép hoan vi vong quanh).

Khi n = 2 dé thiy céch sdp xép (z},2?, 23, 22) thod man moi yéu ciu ciia bai ton.
Gid sit v6i n € N*\{1} nao d6 dé cé mot cach sip xép, ma ta van gitt ky hiu (1), thod- .
mén moi yéu ciu clia bai todn. Khi dé, c6 thé ching minh ring:

- V6imdii € NN[1,n], ton tai duy nhat j € NN [1;7] sao cho ngudi ngdi s&t ben phai
z! ciing c6 qubc tich X;.

That vay, néu n ngudi ngdi sét bén phai cac dai dién z},z2, ..., 2" ddu c6 qubc tich
khéc X; (chi c6 n —1 quéc tich nhu thé), thi theo nguyen 1y Dirichlet, it nhat hai ngudi
trong s6 ho phéi ¢6 cling quéc tich; mau thudn véi yéu ciu chia bai tosn. Mau thuin niy
chiing td sy ton tai cla j = j;. Hon nita, ndu NN [1;n] 3 & # j;, thi - theo yéu ciu cla
bai todn - ngudi ngdi sit bén phai z¥ s& khong cling québc tich X; véi ngudsi ngdi sat bén
phdi z{. Diéu d6 cho thay tinh duy nhit cla j; vi (2) da dugc chitng minh.
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Do (2), bing céch hoan vi vong quanh néu can, trong (1) ta c6 thé xem a; vA ay c6
cling qudc tich; tir d6, a; khéc quée tich véi an2: V8, van theo (2), véi mdii € NN[1; n},
ton tai duy nhét k; € NN [1;n2 ~ 1] sao cho Qk; VA a1 €6 cling qubc tich X;.

Bay gig, gid st méi quéc gia X; (N* 3 i < n) c6 them dai dign thit n + 1 la 27*?
ngoai ra, c¢6 thém quéc gia X1 véi n + 1 dai dien la Tots Togys- -, Tl Khi d6, tix
bd (1), bing cach: :

n+l _n+l

+) thay c8p (ak,, ar,4+1) bdi bd nim (aky, zh 20 Th 27 s Ok; 41)

+) thay c&p (ax,, ax.1) bdi bd bén (ake, %51, 271 ak,41) v6i méii € NN [2;n] ta sé
thu dugc mot céch sip xép thod man moi yBu ciu clia bai toan cho truong hop n + 1
qubc gia. Vay 2/ da duogc ching minh theo nguyén ly quy nap.

T 1/ va 2/, ta thiy: sb 16n nhit c6 thé ¢6 cac dai dién ngdi quanh ban tron di cho
2

13 n=.
Bai 4 (Trich dé chon dpi tuyén Vit Nam dus thi IMO, 1999). Cho A = {a1;a0ia3; -} ©
N* thod man diéu kien 1 < apuy —~ ap < 1999 vdi moi p € N*. Chiing minh réng ton tai
cdp chi $6 p,q vdi p < q sao cho a,/ay.

Giai.
bat A(L;j):=a1+7—1 v6i moi j nguyén duong ma j < 1999 va b3ng quy nap, ta

dinh nghia: .

1999
Bi:= [T AG - 1;k), Ali; 5) := B + A — 1;§)

k=1
Vi moi 7,7 nguyén duong ma i > 2, J < 1999. T cach xay dyng trén, dé dang
ching minh A(m; j) < A(n;5), A(m; 7)/A(n; 7) v6i moi bd ba s6 nguyen duong m, n, j
mé j < 1999 va m < n. T cich xay dyng trén, ciing dé thiy (véi mbi 1 € N* :
A1), A(52),..., A(4;1999)) 1a 1999 sb nguyén duong lién tiép (khong bé hon q;) do
d6, theo gid thiét ctia bai toan v& tap hop A, thi tdn tai j; € ZN[1;1999] dé A(i; ;) € A.

Béy gid, vi j1, 42, . .., joosoo € Z N [1:1999], nén theo nguyén 1y Dirichlet, c6 hai sé
nguyén duong m < n < 2000 ma jp, = j, =: J; v6i chiing, ta tim dugc cip chi sé p<gq
sao cho

ap = A(m; jm) = A(m; §)|A(n; 5) = A(n; o) = ¢ (dpem).

Bai 5 (V6 dich Trung Quéc 2000). C6 2000 hoc sinh tham gia mot cudc thi trdc nghiém
gom 5 cau héi; méi cau hdi cé 4 phuong én trd I3i, va mdi hoc sinh chi duge phép chon
1 trong sé 4 phuong dn tung ing dé trd 1oi cho cau héi. Tim sé tu nhién n bé nhit sao
cho cdc hoc sinh c6 thé lam bai thi theo cdch nao dé ma ¢t n hoc sinh thi tim dugc bén
hoc sinh (trong sé n hoc sinh nay) dé hai hoc sinh nao trong sé6 bon hoc sinh dé clng cé
bai lam khdc nhau & it nhét la hai cau héi.

Giai.

1/ Truéc tién, ta ching minh ring néu n < 24 thi trong moi trudng hop (clia bai lam
céc hoc sinh) y8u cdu ciia bai todn ddu khong duge thod man. Xét  := {1;2;3;4}. Bai
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lam ctia mbi hoc sinh c¢6 thé dudc dit tuong Ung véi mot bd z = (z1; z9; T3; T4; Ts) € I3
trong dé, z; 14 s6 thit tu clia phuong 4n ma hoc sinh da chon dé tra 13i cho cau héi tha
i (i €Z, 1 <i<5). Ngoaira, nuz € I° ta ciing sé chép nhan cach viét z = (z1;2’)
v6i 7' = (z2;Z3; x4;T5) € I*. Bing cach nhu vay, d& thiy I° dugc phan hoach thanh
4% = 256 tap con (rdi nhau); méi tap con gdm ding 4 bd chi khic nhau & thanh phin
thit nhat, tdc 1a tap con cé dang : :

Az = {(1;2); (% 2); (3;2"); (4;2")} Cc I® (1)

véi =’ € I*. Vi 2000 > 7 x 256 nén theo nguyén 1y Dirichlet c6 td&m hoc sinh (khac nhau)
Ay, Ag, ..., A, ma bai lam cta ho thi ing véi cic bd thude cling mot tap con A ndo
d6 (trong sb 256 tap con néi trén). Nhung 2000 — 8 = 1992 > 7 x 256, nén lai theo
nguyén ly Dirichlet - ton tai t4m hoc sinh (khéc nhau, trong s6 1992 hoc sinh con lai),
la By, By, ..., Bs, c6 bai lam tng véi cac bd thudc cing mot tap con B nao d6 (trong sb
256 tap con ndi trén). Cubi cling, vAn ¢6 1992 ~ 8 = 1984 > 7 x 256 nén dung nguyén
1y Dirichlet mot 1an nita, tir 1984 hoc sinh cdn lai, ta tiép tuc tim ra tdm hoc sinh (khac
nhau), 1& C), Cy, ..., Cs, ma bai lam clia ho tng véi cac bd trong cung mot tap con C
ndo d6. T bén hoc sinh bat ky trong s6 24 hoc sinh :

AI)AZ)-"7A8aB1’B27-~~;BS1C]JC?)-'-108)

ta ludén chon ra duge hai hoc sinh c6 bai lam tng véi cac bd thudc cling mot tap
con (mdt trong ba tap con A, B hoic C); gid si, ching han, dé 13 cic hoc sinh A4; va
A; (1,7 €Z; 1 <i< j<8) mabailam tng v6i hai bd trong A. Theo cich xay dung
cac tap con (1), bai lam clia hai hoc sinh nay chi c6 thé khac nhau & t6i da 13 mot cau
héi (chinh 1a cau héi thit nhat, néu hai bai lam khéng hodn toan gidng nhau); yéu ciu
ctia bai todn da khong dugc thod man!

2/ Bay gid, ta chi ra mot tinh hubng ma n = 25 thod yéu ciu cta bai todn. Muén
vay, xét

5
S = {x el’|> z=0 (mod 4)} (2)

i=1
R6 rang S gém ding 4 x 4 X 4 x 4 x 1 = 256 bo; hon nita, (2) cho thay: khi z,y € S thi
| z4y > HFEN, i< <5 mty oAy (3)

Lay D 13 mot tap con 250 phdn tit clia S vA xét tinh hubng md: véi mdi z € D tdn
tai ding 8 hoc sinh c¢6 bai l1am cling dng véi bo z (tinh hudng nay hoan todn cé thé
x4y ra vi 2000 = 8 x 250. Khi &y (do 25 > 8 x 3 theo nguyén Iy Dirichlet, ¢ 25 hoc
sinh thi tim dugc bén hoc sinh (trong sb 25 hoc sinh nay) cé bai lam tng véi bén bo
z,y,2,t € D C S d6i mdt khac nhau; vd theo (3), hai hoc sinh ndo trong sé bén hoc
sinh d6 cling c¢6 bai lam khéc nhau & it nhat 13 hai cau hoi, ding nhu yéu cdu cla bai
toan.

T 1/ va 2/, ta thay: sb tu nhién bé nhét phii tim 1a n = 25.
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Bai 6 (Dé nghi, Todn 11, ky thi Olympic 80/4 nim 2006 ching t6: da dua theo ¥ cua
mot dé thi Vo dich Romania 1997). Goi A la tap hop tét cd cdc b6 ba z = (z,, zo, z3) ma
T),T2,23 € [0,7)NZ. Bo z = (r1;79;23) € A dugc goi la tréi hon bo Y= (y1;¥2v3) € A _
néu T #y va T; > y; vdi meii € {1;2; 3}; khi d6, ta viét x > y. Tim s6 tu nhién n bé
nhét sao cho moi tdp con n-phdn tif cia A déu chia i nhét i hai bo T,y ma x > y.

Giai. |

1/ Trubc hét, xét tap hop B := {z € Alz; + 7o + 23 = 11}. C6 thé kidm tra
tryc tiép réng B 1a mot tap con 48-phin tit cta A (B gom ding: 4 phin tit ¢6 dang
T = (0;72; 11 —x5) v6i 4 < 25 < 7; 5 phin tit c6 dang z = (1;22; 10— z) v6i 3 < 2, < T;
6 phan ti ¢6 dang z = (2; zo; 9—122) v6i 2 < 5 < 7; 7 phin tit c6 dang z = (3, 22,8~ x,)
véi 1 < 25 < 7; 8 phén tit ¢6 dang = = (4,2,,7 — To) Vi 0 < 13 < 7; 7 phan ti¥ c6 dang
T = (5;72;6 — z3) véi 0 < 25 < 6; 6 phan t c6 dang z = (65 22;4 — z3) v6i 0 < 29 < 5
va 5 phén tit ¢6 dang z = (7; z5;4 - Za) v6i 0 < 4 < 4.

R& rang B khéng chita hai bd Z,y ndo ma x > y.

2/ Tiép theo, cho N 3 n > 49, va B 1a mot tap con n-phén tit bat ky clia A. Ta sé
ching minh ring B chita it nhit hai bs z,y ma z = y.

Mudn vay, xét céc tap con sau day ctia A:

Gi={z€Als, =0V =7},C := {zEA](a:1=1Va:2§6)V(x121/\x2=6)},
C3 Z={I€AI($1=2V$235)V(.’E1 22/\1132:5)},

4 :
Co:={z € Al(z1 =3A1s <4) V(z; 23/\:1:2=4)},C:=HC,-,
i=1
D:=.A/CE{IEEA|ZE124V.'L'QS3},
Cj={z€Cilza=34}(1,j €Z;1<i<40<;<7), A
Dog:={z€Dlz1=p,22=¢} (g€ Z;4<p<T;0< ¢ < 3);

va chi can khdo sat hai trudng hop:

(i) Néu BN C 13 mot tap hop c6 nhidu hon 32 phan td, thi do chi c6 32 tap con
Cij (1,j€Z2;1<i<40<j< 7), tao thanh mét "phan hoach" ctia C, nén theo
nguyén 1y Dirichlet, B phai chita it nhat 12 hai phan t& z va y (z # y) cha cling mot tap
conCi; naodé (4,5 €Z; 1 <i<4; 0< 5 <7); tit cAu tric cla Ci; ta thiy z v y c6
thé so sdnh dugc v6i nhau theo quan hé "troi", ma ta c6 thé gid st la z > Y. _

(ii) Néu BN C c6 khong qua 32 phén t&, thi BN D chia it nhit 7 — 32 > 17 phan
t&; nhung chf c¢6 16 tap con Dpq (,g€Z;da<p<T:0< g < 3) tao thainh mot "phan
hoach" clia D; nén vin theo nguyen ly Dirichlet, B phéi chia it nhit 13 hai phin t z
va y (z # y) cla cling mot tap con Dpgnao dé (p,geZ;4<p<T;0<q< 3); tir chu
tric cta D, , ta thiy = v y c¢6 thé so sinh dugc v6i nhau theo quan hé "trdi", ma ta
cling c6 thé gid st la z > y (dpcm).

T 1/ va 2/, ta théy: sb ty nhién bé nhit cin tim 13 n = 49.
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Mot s6 phuong phap giai cac bai
toan t6 hdp nang cao

Ding Hung Thing

Trong khoa hoc ciing nhu trong ddi séng chiing ta thudng gip bai todn x4c dinh sé
Iuong céc dbi tuong c6 mot tinh chat ndo d6. Ta goi d6 la bai tosn dém. T8 hop 1 mot
nganh todn hoc nghién citu cAc bai todn mang ciu triic rdi rac trong dé c6 bai toan dém

. K¥ néing va kién thic cla toén t8 hop 13 rét cin thiét cho nhidu khoa hoc tit kinh t&
tdi sinh vat, tin hoc , héa hoc vA qudn tri kinh doanh. Nhe céc phuong phap ma t8 hop
cung cp, chiing ta c6 thé xac dinh dugc sb lugng céc phan ti clia mot tap hop mot cach
nhanh chéng va chinh x4c ma khong can ( va nhidu khi cling khong thé) liet ke duge vi
s6 d6 rat 16n. :

Chuuong trinh phd thong (16p 11) da trang bi cho hoc sinh hai quy tdc dém co
b&n(quy tic cong va quy tdc nhan) , céc khai niém hoén vi , chinh hop, t3 hgp. Nhg dé
hoc sinh c6 thé gidi dugc cac bai toan t hop cd ban, tuong d01 don gidn. Tuy nhién d6i
v6i nhitng bai todn t8 hop phtc tap, cin cé nhu’ng céc phuong phap "cao cp" hon,sic
bén hon. Bai gidng nady nhdm cung cAp mot s6 phuong phép dé c6 thé cong phé duoc
cdc dang toan khé trong td hop.

1 Quy tic céng tong quat

Ban chit toan hoc clia quy téc cong( phat bidu cho cong viéc véi nhiéu phuong 4n ) 1
cong thitc tinh sb phan t& clia hop n tap hop hitu han déi mot khong giao nhau. Cy thé
ta co

Cho n tap hop A, ..., A, doi mot khong gtao nhau. Khi dé

AL U AU Anl =D A

Trong nhiéu bai todn tb hop, ching ta phai tinh sé phén t& clia hop n tap hop bt ky
( khong nhét thiét rdi nhau). Khi d6 ta c6 quy tic cong cho sb phin ti cia hgp cla n
tap hop bat ky , thudng duge goi 13 cong thitc bao ham v loai trit.

Dinh 1y (Céng thic bao ham va loai tri)
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Cho n > 2 tap hop hitu han Ay, ..., 4, . Khi d6 ta c6

|ALU AU, A, =

=D A= >0 AnAd+ Y jAin4;n 4y

i=1 1 i<k n 1 i<j<k n
doe Z (_1)k+1|AilﬂAi2...ﬂAik|
1 41<ig<<i n

+o ()M AIN AL N A,

Dinh 1y nay c6 thé ching minh tuong déi dé béng phuong phip quy nap , xin danh cho
ban doc.

Vi du 1 Trong tap S = {1, 2, ...,280} ¢6 bao nhiéu sé khong chia hét cho 2, 3, 5 77
Gidi

Ta dém xem trong tap S c6 bao nhiéu sb chia hét cho it nhit mot trong cic sb 2, 3,
5 7

Ki higu Ay = {k € S: k chia hét cho 2}, A, = {k € S: k chia hét cho 3} As = {k € S
: k chia hét cho 5}, 44 = {k € S : k chia hét cho 7}. Khi d6 A; U A, U A3 U A4 13 tap '
céc s6 chia hét cho it nhit mot trong céc s6 2, 3, 5, 7

Ta c6 ’
2 28 2 2
1Ay = % — 140; | Ay = L—§9J — 03; [ As] = % = 56; | Aq = 220 = 4
' 280 - 280 280
IAl ﬂA2| - l‘—é—‘l = 46,|A10A3| = I_TO-J = 28; |A1 ﬂA4| = l_—lz'_' = 20,
280 280 280
[ 42N As| = | =] = 18 |42 N Ay| = o] =13 14snAd = | 5] =8
280 280
|A10A20A3[= ]_—é—o—_l =9 ]A10A20A4|= I_—4—2—J =6 £
280 280
AINAsNA = |—]| =4;|A2NA3NA = |2 =
|[AiNAsNAq = | =0 |[A2N A3 N Ay L1308
' 280

Ay N As N A3 N Ay = Lﬁﬁj =1

St dung cong thitc bao ham va loai trit ta tim duge |A; U AU A3 U Ay| = 216. Thanh.
thd, trong tap S c6 280 — 216 = 64 s6 khong chia hét cho 2, 3, 5, 7.

Vi du 2 (Céng thic ham Euler)

V6i mbi s6 nguyén duong n > 1, ky higu ¢(n) 1 sb céc sb nguyén duong bé hon n

va nguyén t6 vdi n. Ham ¢(n) duge goi 1a ham Euler. N6 déng mot vai tro quan trong
trong nhidu bai toin sb hoc.

Chiing minh ring

womsfl (-2

iz=]

trong d6 p1,pa, ..., Pm 14 tht cd cic udc nguyén t6 phan bist ciia n.
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Gidi

Ky higu S = {1,2,...,n}. Ta dém xem trong tap S c6 bao nhiéu sb chia hét cho it
nhét mot trong cic s pi, ..., pm- Goi A; = {k € S: k chia hét cho p;} (1 = 1,2,...,m). .
Khi d6 Ay U Ay...U A,, 1a tap cac sd chia hét cho ft nhat mot trong céc sb pi, ..., Pm.

Ta ¢6
n

A, NA,...NA,| = ———
I ' 2 kl pilpiz"'pik
Do d6 theo dinh 1y 1

|A1UA2U...Am|=

m

DT > o

=1 bi 1 i<k nplpJ 1 i<j<k npzp]plC

n
e+ Z (—)k
1 i1<ip<<ig n DPiyDiy---Piy,
+...+(_1)m+1 n
P1p2.-Pm

Vi ¢(n) chinh bing sb cac sb khong chia hét cho tat ca cac sb py, ..., pm nén
¢(TL)"‘TL—IA1UA2U Amlz

1
w1 - Z 2 pp; 2 Pip;Pk

1 i<k n 1 i<j<k n

Foet Y (——— !

1 f1<in<g <t n pzlptz Pi

P (—1)mm)
Y

2  Thiét ké cac céng doan thich hop

Dé 4p dung duge quy tdc nhan diéu cbt y&u 1 phai thiét k& mot mo hinh gdm viée thyc -
hién lién tiép cic cong doan. Quy téc nhan phét bidu: V6i mdi cach thyc hién & cong
doan trudc thi cong doan thit k c6 thé lam theo my céch. Nhu vay: sb cich thuc hién &
mdi cong doan phai khong phu thudce vao cach ndo da duge thyc hign & cong doan trude
dé.Thanh thi, mudn s dung dudc quy téc nhan , trong mé hinh clia ta gdm viéc thuc
hién lién tiép céc cong doan, sb cach thyc hién & mbi cong doan 13 phai nhu nhau véi
moi cidch da duge thyc hién & céng doan trude dé.

Vi du 3 C6 4 ngudi A,B, C, D cin chon vao chitc giam dbc, k& toan trudng va chi
tich HDQT.Gi4 st viéc chon nhan sy phai théa méan yéu ciu : ong A khong thé dugc
chon lam gidm déc, chitc cha tich HDQT phai 13 6ng C ho#ic ong D. Héi c¢6 bao nhigu
cich chon.
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Giai:

C6 mot 16i gidi nhu sau: Viéc chon ba vi trf giam dbe, ké toan trudng va chi tich
HDQT tién hanh theo 3 cong doan:

Cong doan 1: Chon giam dbc: C6 3 cach chon chitc gidm déc ( chon B,C,D).

Cong doan 2: Chon K& Toén trudng : Cé ba céch chon ké toan trudng tit ba ngusi
con lai . , o

Cong doan 3: Chon Cht tich HDQT C6 hai cich chon ( dng C hotc 6ng D).

Theo quy tic nhan thi s6 cach 1a 3.3.2=18.

Céach nay khéng ding: Vi sé cach thyc hién céng doan 3 phu thudc vao két qua cua
céc cong doan 1,2 trude d6 : Néu & cac cong doan truéc , 6ng C va ng D khong duge

chon thi cong doan 3 méi ¢6 hai cach. Con néu C hogc D da dugce chon thi & cdng doan
3 chi ¢6 mot cach hodic tham chi khéng cé.

Tuy nhién néu ta thiét ke viéc chon ba vi trf gidm dbc, ké toan trudng va chd tich
HDQT tién hanh theo 3 cong doan khéc thi vin c6 thé 4p dung quy t&c nhan. Cuy thé

Cong doan 1: Chon Ch tich HDQT: Luén c¢6 hai c4ch chon: C hoac D.

Cong doan 2: Chon Giadm déc: Ta ludn c6 c6 hai cach chon di 6 két qua cla cong
doan 1 thé ndo .Sau cong doan 1 con ba, nguoi trong dé c¢6 6ng A. Bé éng A ra ta con
hai ngudi c¢6 thé chon vao chic Gism déc.

Céng doan 3: Chon K& Tosn trudng : luén c6 hai cach ( tt hai ngudi con lai )

Vay két qua 13 c6 2.2.2=8 cach chon. Day 1a dap sb dung.

Vi du 4 a) Gi s c6 8 van dong vién béng ban tham dy mot gidi diu. Trong vong
déu clia gidi, ban t3 chitc cdn phan ra 4 ciip dau. Hoi c6 bao nhiéu céch ghép thanh 4
cip dau? '

b) Gié st ¢6 2n van dong vien béng ban tham dy mot gidi ddu. Trong vong diu clia
gidi, ban t8 chitc cAn phan ra n cip ddu. Héi ¢6 bao nhisu céch ghép thanh n cip dau?

c) Tit b) ching t3 riing véi méi n € N* ta c6 (n+1)(n+2)(2n — 1)(2n) chia hét cho
2",

Gidi

a) Ta thiét ké& viec thyc hién chon theo céc coéng doan sau:

Céng doan 1: Chon 2 ngudi trong 8 ngudi lam thanh cip ddu thi nhat. C6 C2 cach
chon. Cong doan 2: Chon 2 ngudi trong 6 nguoi con lai dé lam thianh cdp diu thi hai.
C6 CZ cach chon. Cong doan 3: Chon 2 ngudi trong 4 ngudi con lai dé 1am thanh cip
dau tha ba. C6 C3 céch chon. Cong doan 4: C6 C3 =1 c4ch chon: Hai ngudi codn lai sé
lam thanh cip diu thi tuu.

Theo quy téc nhan c¢6 C2.C2.C2C2 cich chon. Vi thi tu 4 cidp diu khéng duge xét
dén nén sé céch ghép thanh 4 cip déu la
C3.CL.C2.C3

ai = 105.
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b) Ly luén tung tu nhu trén, sb cach ghép thanh n cip diu la

_Ch.C,...CL.C3

T
n!

c) D& bién doi
(2n)!  (n+1)(n+2)(2n —1)(2n)
T — —_—
- nl2n 2n
Vi T la mot s6 nguyén dung nén cong thic nay ching t6 (n+ 1)(n +2)(2n — 1)(2n) chia
hét cho 2™ .

3 Su& dung phép song anh

Cé n ngudi dén dy mot budi néi chuyén trong mét hoi trudng gdm 200 ghé. Gid st méi
ngudi chi chiém mot ghé ngdi vd mbi ghé chi cé nhidu nhit mot ngudi ngdi. Néu ta duge
théng bdo ring moi ngudi déu cé chd ngdi thi ta két luan duge n < 200 Néu ta biét
thém ring khong cé ghé ndo tréng thi ta biét ngay 13 n = 200. Néu c6 mot sb ngudi
phai ding vi khéng c6 ghé thi ta suy ra n > 200. Nhuu vay c6 thé xdc dinh hay wéc
lugng sb6 phan tit clia mét tap hop A ndo d6 théng qua mét tip hop B ma ta da biét
s6 phan tl cha B nhd mot phép tung ing (4nh xa) gitia A véi B.. Day 13 mét phuong
phap dudc s dung rit higu qui dé giai nhiéu bai toan dém nang cao.

Cho énh xa f : A — B..

e Anh xa f dugc goi 1a mot don 4nh néu vé6i hai phan ti bat k¥ a;,ap € A, néu
a1 # a2 thl f(a1) # f(az). Tdc laf(a1) = f(a2) & a1 =az .

e Anh xa f dudc goi 13 mot todn 4nh néu véi moi b € B déu tdn tai a € A dé

f(a) =b.

e Anh xa f dugc goi 14 mot song 4nh néu moi b € B, tbn tai v duy nhit a € A dé
f(a) = b. N6i cach khac f 1a song anh khi vA chi khi n6 déng thdi 14 don 4nh va
toan anh . :

Dinh Iy Cho A va B 13 hai tap hgp hitu han.

e Néu c6 mot don &nh f: A — B thi

Al < |B]
e Néu c6 mot toan 4nh f: A — B thi |A] > |B|

e Néu c6 mot song 4nh f: A — B thi

Al =B

Vi du 5 Cho tap A = {1,2,...,2n}. Mot tap con B clia A goi 13 mdt tap can néu
trong tap d6 sd cac s6 chdn va sb céc sb 18 bing nhau.( Tap rdng 1& mot tap can vi sb
céc sb chan va sb céc sb 1€ trong tap réng déu bing 0). Hai c6 A c¢6 chita bao nhidu
tap can? Ching han véin = 2,4 = {1,2,3,4} . A ¢6 6 tap con can la cic tap sau

0,{1,2},{1,4},{2,3}, {3,4},{1,2,3,4}.
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Gidi: Ky hieu X = {2,4,...,2n} 1a tap hop tht ci céc sb chin cia AwnY =
{1,3,...,2n ~ 1} 1a tap hop tit ca cac sb 18 ciia A. Goi C la ho tit ca cic tap can clia
A va D 1a ho céc tap con clia A ¢6 ding n phén t1.

Ta 1ap mot 4nh xa f t& C vao D nhu sau: Gia st B 13 m6t tap can . Ky higu By, B,y
tuong ung 13 tap céc sb chin vA tap céc s6 18 cla B. Khi dé dst

f(B)=BiN(Y \ By).
Do B la tap can nén]Bll = IBnghz’mh thi f(B)l = IBll-i—lY\BQl = IBll-f-lYI—-'BQ, =
[Y|=n. Vay f(B) € D, .
Tiép theo ta chitng minh f 13 maot song &nh.

+ f la don &nh: Gi st f(B) = f(C). Suy ra B, U Y\ B) =Cin(Y\ ).
Vi B;,Cy 1a tap cac sb chin ; (Y \ By), (Y \ C2) 1a tap céc sb 18 nén tir d6 suy ra
Bl =Cl;(Y\Bg) = (Y\Cg) . Do dé6 Bl = Cl;BQ = Cg — B=C.

+ f 12 mot toan dnh: Gid st M € D 13 mot tap con cla A c6 n phin ti. . Ky higu
M, M, tuong ting 14 tap céc sé chin va tap céc s6 18 ctia M. Dt By = My; By =Y\ M,
vd B = ByUB, . Ta cé ' :

|Bi| = IMuf; | Bal = |Y| = |Ma| = n — | M| = |M| — |Ma| = | M|
Vay |B1] = | B2| do d6 B 1a mét tap can. R rang f(B) = BiN(Y\By) = MyUM, = M.

V1 ¢6 mot song 4nh giita ho céc tap can va ho céc tap con c6 n phin ti cla A nén
theo dinh ly trén sb céc tap can cla A bing s6 cic tap con 6 n phan ti ciia A . VayA
c6 tat ci 1a CP, tap can.

Vi du 6. Cho truéc sé nguyén duong n va s6 nguyén duong r thod. man r < n—r +1.
Gid st X = {1,2,... ,n}. H6i ¢6 bao nhigu tap con A clia X ¢6 r phan t& ma khong
chta hai s6 nguyén lien tiép. Ching han véi n = 7,r=3,X=1{1,2,7} . Céc tap con
A clia X c6 ba phin t ma khong chita hai 6 nguyén lién ti€p c4 thay gdm 10 tap sau
day

{1,3,5},{1,3,6},{1,3,7}, {1,4,6},{1,4,7}, {1,5,7}, {2,4,6}{2, 4,7}, {25, 7H3,5,7}

Gidi: Goi A 13 ho tit ci céc tap con clia Xcé tinh chat da n&u goi B 1a ho tét
cd cic tap con c6 r phin ti cla tap hop ¥ = {1,2,,n — (r — 1)}. Ta thiét 1ap moét
anh xa f : A — B nhuu sau: Gid st A = {a1,a9,...,a,} € A .Ta c6 thé gla thiét
a1 <ax <---<a,.Dit ' -

bizai—(i—l)zai—-i-}—l ’i=1,2,...,’l"

Tacéb,-+1—b,-=a,-+1—a,--—12 1 (doa,—+1—a1~22).Dod()b1 <by<--. <b<n-r+1
Ta dinh nghia f(A)=BTac6BeB , do vay f 1a mét anh xa tit A vao B. Ts sé ching
minh f 1& song anh.

+ f 14 don 4nh: Tfrcéngthfrcbiza,-—(i——l)=a,~——i+1suyraa,-=bi+i—1.
Do d6 néu f(A) = f(A") thi A= A

+ fla todn 4nh: Gid st B = {b; < by < --- < b < n—r+1} € B. Xét tap
A:{al,...,ar}6d6ai=bi+i—1.Tacéa1<a2<---<aT<n—r+l+r—l=n,
vé,a,-+1—ai=b,-+1—b,-+l22dodc’)A€.A,f(A)=B..
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Suy ra |A| = |B| = Cr_,,; Vay c6 tat ca C,_,,, céc tap con clia X c6 tinh chét da
néu.

Vi du 7. Mot cita hang kem c6é ban ba loai kem : kem xoai, kem s6 ¢6 la va kem .
sita. Mot nhém c6é 6 ngudi vao &n kem va goi 6 cbe kem. Hoi
a) Ho c6 tat c4 bao nhiéu sy lya chon?
b) Ho c6 tit cd bao nhiéu sy lya chon trong d6 cd ba loai kem déu c6 mat? Gidi :a)
Ta th liet ké mot vai sy lya chon
+) 2 kem xoai , 1 kem s6 ¢d la, 3 kem stta.
+) 1 kem xo0ai , 4 kem s0 ¢ la, 1 kem sita
+) 2 kem s6 ¢0 la, 4 kem sita
+) 3 kem xo0ai , 3 kem sita
Mot st lya chon : "a kem xoai, b kem s6 ¢6 la va ¢ kem sita " duge ki higu bdi mot bd
ba (a,b,c) trong d6 a,b,c 1a cdc s6 nguyén khong am thod man diéu kién a + b+ c = 6.
Chang han bén sy lya chon & trén duge ky higu 1a cic bo (2,1,3) ; (1,4,1); (0,2,4) va
(3,0,3). Véi mbi bd ba (a, b, c) nhuu vay ta dit tuong tng véi mot ddy nhi phan ( day
gdm cdc chit s6 0 va 1) theo quy tdc sau: viét tit trai sang phai a s6 1 lién tiép , s6 0, b
sb 1 lien tiép, s6 0, rdi c s6 1 lién tiép.
11...10 ll;’..l 011...1
Nhu vay mdi bd ba (a, b, ¢) duge tung dng véi mot day nhi phan d6 dai 8 ( tic 1a gdm -
8 k¥ tu) trong d6 c6 6 ki tu 1 va 2 ky tu 0. Ching han
(2,1,3) — 11010111
(1,4,1) — 10111101
(0,2,4) — 01101111
(3,0,3) — 11100111

R6 rang phép tuong tng d6 1a mot don 4nh. Ngugce lai, v6i mdi day 8 ky tut vdi 6 ky
tu 1 va 2 ky tu 0 khi ta dém tit trai sang phéai ma c6 :a s6 1 lién tiép ,s6 0, b sd 1 lien -
tiép , s6 0 va c chit s6 1 lién tiép thi day d6 sé tng véi bo (a, b, ¢) thod man a+b+c = 6.

Chéng han day 10110111 s& tng véi bd (1,2,3) tic 1a ting véi sy lya chon : 1 kem .
x0ai,2 kem s6 cola va 3 kem sita, Day 01011111 dng vdi bd (0,1,5) titc 1 ing véi sy lya
chon 1 kem s6 c6la va 5 kem sita.

Nhu vay ta da thiét lap mot song anh giita tap hgp cac sy lua chon véi tap hop céc
day nhi phan d6 dai 8 trong dé ¢6 6 k¥ tu 1 v 2 ki ty 0. Do d6 sb céc su lya chon bing
s6 cac day nhi phan d6 dai 8 trong d6 c¢6 6 ky tuy 1 va 2 ky tu 0. Mit khac mot day nhi
phan do dai 8 v6i 6 ky tu 1 va 2 ky tu 0 tudng ng véi cdch chon 2 vi tri trong 8 vi tri
dé ghi s6 0 ( 6 vi trf con lai ghi s6 1). Thanh thit c6 C? = 28 day nhi phan do dai 8 véi
6 ky tu 1 vd 2 ky tu 0. Do d6 sb cac sy lya chon 1a 28.

b) Mot sy lya chon : " a kem xoai, b kem s6 ¢6 la va ¢ kem sita " dugc ky higu bdi mot
bd ba (a, b, c) trong d6 a,b, ¢ 1a céc sb nguyén duong thod man diéu kién a + b+ c = 6.
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V6i méi bo (a, b, c) thod man didy kién trén ta cho tuong tng véi bs (z,y,2) véi
T=a-Ly=b-1,2=c~1 Khids (z,y,2) 1a cac s nguyén khong am thod man
ditukiénz +y+ 2 = g + b +c¢—3 = 3. D& kidm tra ring day 1a mot phép song 4nh

gilta tap céic bo ba (a,b,c) trong d6 a,b,cla cac s6 nguyén dudng thod man didy kien

a+b+c=6. vsi tap céc bd ba (z,y, z) 1a céc s6 nguyén khéng am thod man diéu kién
Tty+z=a+b+c—3 = 3. Bing suy luan tuong tu nhu cau a) ta tim dugc s6 cac sy
Iya chon 1a C2 = 19, ; '

Chi §: Ta ¢6 bai toan téng quat sau:

Mot cita hang kem c¢6 ban m loai kem . Mét nhém ¢6 1 ngudi vao An kem vi goi n
cbe kem. Hoj

a) Ho ¢6 tit c3 bao nhiéu sy lya chon?

Clma BOpy!

n+m—1

4 Diing cong cu sé phirc

Vi du 8 Cho p 13 mot s8 nguyén t6 va m € N*. Gid sit

p-1 ,
E={(k, k1), 0S i Sm— 1 D k=0 (mod )}

i=1
X4c dinh s6 phin ti cia tap |E|.
Gidi '
Véimbir=0,1, +P =1 ta dinh nghia tap E,

p—1
Br=Alby b 0S k<m=1: ik =+ (mod p)}

i=1
Ta c6 E = E,. Dyt f(z) = St ok, F(z) = Hf;llf(xi). Ta c6
m~1
Fla) =2/ (30 2% =
k=1

= E T f_—-: 11 iks

0 /C,' m—1
Gid st F(z) = >N anzn Dat
p~1
An=A{(ki, o) Y ki =} g, = | 4]
i=]
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Khi dé

E, = Un=r (mod p)An

—1El= Y A= Y (1)

n=r (mod p) n=r (mod p)

Goi w 13 mot nghigm phiic tuy ¥ cta gx)=aP14+ . +z24+1=0.Tacow #1 VI
j < p—1 That vay néu w’ =1 thi goi h 12 sb nguyén duong bé nhit d& w" = 1 ta c6
hlp,hlj — h =p — p|j. Mau thuin. Khi dé

wim — 1

wi—1

Flw) = T2 (W) = 1122}

Truong hgp 1. (m,p) = 1. D& thiy néu jm =r (mod p) — w’™ = w". Vi ho {jm},j =
1,2,.,p—11a hé thing du thu gon (modulo p) nén{w’™,i =1,2,..,p—~1} = {wi,j =
1,2,.,p—1}. Suy ra F(w) = 1. D4t b, = |[E,| . Vin =7 (mod p) — w" = w" nén tit (1
) suy ra

1= Fw) =3 ol = 3 b (2)

n=0 r=0

Dit Q(z) = 3P~ byz” + by — 1. Theo (2) véi mbi nghiém w of 9(z) ta ¢6 Q(w) = 0. Do
d6 ton tai hdng s6 a Q(z) = ag(x) — p—1 =+ =by =by— 1. Tt d6

Plb -1

by — 1 = &xr=t O+l
Yy
P b =1 _ SN -1
Y p
F()—-1 mr1—1
p p
Hence 11 o1 .
|Bo| =bp=" "~y Pl
p p :

Truong hop 2 plm. Khi d6 w/™ =1 — f(u’) = ¥2=L = 0 — F(w) =0—-0=Fw) =
D OnW™ = Y5 by” —5 by = -+ = by =by . Do vAy v6i mdir =0,1,2, ... p—1ta
cb

p—1 b N

lEr! — br — r=0 "7 __ Zn:O On
P p
_F(1) mr!
D p

Tém lai

p—1 2
s neu p|m

mP=lip1 A _
|EI={————p néu (m,p) =1



Vidu 9 Cho p > 2 la s6 nguyen t5 1& va sb nguyén dudng n > p. Xéc dinh sé cac tap
con A ciia S = {1,2,...,n} thod méan hai diéu kién sau

i) |Al=p |

ii) S(A) =0 (mod p) trong d6 S(A) 13 tdng céc sb ndm trong A.

Gidi V6i mbir =0,1,2,...,p— 1 goi n, 12 s6 cic tap con A4 clia S thdéa man

i) |[Al=p

ii) S(A) =7 (mod p)

Dit g(z) = Y-P7) «*. C6 dinh mot nghism phitc bét k¥ w ctia f(z). Ta c6 {wi,i =
1,2,..,p— 1} 13 p — 1 nghieém phan biét clia f(z). (That vay nhu trong vi du 8 da chi
raw' # 1, ()P = (wP)' = 1. Néu o' = wf — w4 = 1 — p|i — j mau thuln )

Do dé ’

P

2 1= (2~ Dofa) = ] [(@ - ) @

i=1
Xét da thic Q(z) = [[I_;(z — ') = 3°1, aiz’. Theo dinh ly
Z Ww?. W = (=1)Pa,_,
1 <ii<ip<-<ip n .

Suy ra

E WA = E whtitte — g

ACS,|Al=p 1 <ip<ig<<ip n

Néu S(A) =7 (mod p) — w54 = w". Do d6

p-1
Qn—p = — 5 new”

=0

Ta cén x4c dinh hé s6 a,—,. Dit k = I_-Z;J “n==kp+r0<7 < p—1 Viring véi
i=12,.ptaco W =t i==1,2,..,rand WPt = i [ =0,1,... k-1, = 1,2,...,p
nén ta cé

Q(z) = M (z — w') = IE, (z ~ wi)kHLl (z— wi)
= [xkp — fgE=Dp sz(kﬂ)z’ N (_1)’°] [z7 +bz™ o b,

Virdng lp+i=hp+45,0<i,j<r i = J,1 = h nén vé phai ctia ding thdc trén c6
(k+1)(r + 1) don thic va he sb clia 2" P = g*+~Dptr js _k . Vay

anwr =k (4)

=

Xét da thic R(z) = Y7~ n,a” + ng — k. From (4) ta c6 R(w) = 0 vuéi mbi nghieém w
ctia g(z) Vay ton tai hiing s6 a sao cho R(z) = ag(z) = np_y = -~ = n; = ng — k. Tt
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Pin.4+ng—k
p

Zr—onr"k_ Ct -k
P op

'n,o—'k———

Hence n, = Q;p;k, (r=12,...,p—1),no=k+ C,’;p—k
Thanh thit dap sb6 clia bai todn 1a
C? -k

no=k+=2—" g="
p P

J

Chi 3 Bai todn s6 6 clia IMO 1995 13 trudng hop riéng cfia vi du trén véin = 2p.
Hé qua Néu p 1a sb nguyén t6 va n > p thi

CP=k (modp), 6do k=2

5 Thiét l1ap quan hé truy héi

Vi du 9 (Bai todn thap Ha ndi) Tupong truyén ring tai mot ngdi thap & Ha ndi c6 mot
tam dé bang ddng trén dé c6 dit ba chibe coc béng kim cithg. Lic khai thién lap dia,
trén coc sb 1, Phat t6 Nhu Lai da xép 64 chibe dia b3ng vang cé dudng kinh khac nhau
sao cho céc d' 1a ¢6 dudng kinh 16n hon x&p & duséi, cc dia & phia trén cang & trén cao
cang nhé dan. Cac nha su dUOc y&u ciu chuyén tit ca cac chibe dia & coc s6 1 sang coc
s6 2 véi quy tic sau:

- Méi 1an chi duge chuyén di mot chiée dia.

- Trong qué trinh di chuyén khéng duge dit dia 16n lén trén dia nhd ( do d6 cén
thiét phi c6 theém chiéc coc trung gian thit ba). Gia st méi 1an chuyen mot chiée dia mét
mot glay Héi c4c nha su can it nhét 13 bao nhiéu nim d8 chuyen tit ca céc chiéc dia &
coc sb 1 sang coc sb 27

Gids

Gia sit luc dau trén coc s6 1 ¢6 n chibe dia. Goi u, 1a s6 1an it nhit dé chuyén tét ca,' '
céc chiée dia & coc s6 1 sang coc sb 2. Ta thit tinh mot vai gia tri cha u,.

Véi n = 2. Ta can thyc hign ba phép chuyén sau
-Chuyén dia bé sang coc sb 3.

- Chuyén dia 16n sang coc sb 2.

- Chuyén dia bé v& coc sb 2

Vay ug = 3

V6i n = 3. Ta cén thuc hién theo ba giai doan sau - Chuyén hai dia & phia trén sang
coc s 3. Nhu da thiy & trudng hop n = 2 , ta cin 3 phép chuyén.
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- Chuyén dia 16n nhét sang coc sb 2

- Chuyén hai dia & coc sb 3 v& coc s6 2. Nhu da thiy & trudng hop n = 2 ta cin 3
phép chuyén.

Vay ta cén 3+1+3=7 phép chuyén. Do d6 us = 7.

Trudng hop n = 3 gdi ¥ cho ta thiét lap he thic truy hoi ma day (u,) phai thod man.
Dé chuyén duge n chiée dia theo quy tdc trén ta phai thyc hién theo ba cdng doan sau:

- Cong doan 1: Chuyén (n — 1) dia & phia trén chiéc dia 1én nhét sang coc sb 3 theo
quy tdc trén. Ta cin u,—; phép chuyén. Chibc dia 16n nhit vin git nguyén 3 coc sb 1
khi di chuyén (n — 1) chiéc dia & trén né.

- Cong doan 2:Chuyén dia 16n nhét sang coc sb 2.

- Céng doan 3: Chuyén (n — 1) dia & coc s6 3 v& coc s6 2 va dit lén trén chibe dia
16n nhét Ta cin u,—; phép chuyén. Do vay d8 chuyén n chiéc dia tir coc sé 1 sang coc
$6 2 ta cAn up_y + 1+ Up_q = 2up_; + 1. Vay ta c6 hé thitc truy hoi sau

Up = 2’U,n._1 + 1.

Tu hg thitc truy hoéi nay ta cé thé lap duge cong thitc cla sb hang téng quat cha
day. Bing quy nap dé& ching minh dudc

Up = 2" — 1
Véi n = 64 thl ugy = 18.446.744.073.709.531615

D6 13 s6 lan chuyén dia ma céc nha su phai thyc hién dé hoan thanh cong vigc. Néu
mdi 1an chuyén mot dia mét 1 giay thi cAn dén hon 500 ty ndm cdc nhd su mdi chuyén
duge tat ca 64 chiée dia sang coc sb 2.

Vi dy 10 (IMO 1979, bai s6 6) |

Gid st A va E 13 hai dinh d6i dién clia mot bat gisc ddu. Mot con éch bit diu nhay
t dinh A. Tai mé&i dinh cia bét gisc (trit dinh E) , mbi ct nhiy con &ch chi ¢6 thd nhay
t6i hai dinh k& véi dinh d6. Khi con &h nhéy vio dinh E né sé bi ket vinh vidn & dé.
Cho trudc s6 nguyén duong n . Hoi véi n ct nhiy, cé bao nhigu cich dé con &ch nhay
vao dinh E.

Gidi . Goi a, 1486 cach dé con &ch nhay vao dinh E. D& thly a; = a3 = a3 = 0; a4 = 2.

Gid sit tir A theo chidu kim ddng hé cac dinh lAn lugt W A - B - C — D — E —.

F'— G — H— A Tit A con é&ch dén B phai qua mot s6 1& bude:Tir B con éch dén C
phai qua mot s6 1€ bude. Tt C con &ch dén D phai qua mot s6 1& bude. T D con éch dén
E phai qua mot s6 16 bude. Vay sb budc dén E dut khoat phai 1a mét sé chin. Néi cach
khac néu n 1¢ thi khong c6 cach nao nhay vio E. Vay agk—1 = 0. Ta cin tinh as, k > 1

Xuét phat tit A,véi hai bude nhiy dau tisn con éch ¢ thd ¢ cic céch sau :
)A—-B— A
2)A— H — A
2)A—-B—C
3A—-H -G

o4

b e



Néu theo cach 1) thi sé cach t6i E 1a agk—.Néu theo céch 2) thi sb cich téi E 1a
k2. GO Cn, gn 181 lugt 12 s6 cach dé con &ch, xudt phat tuwong tng tit C, G, nhay vio
dinh E voi n ct nhdy. Vily do déi xtng ta c6 ¢, = g,. Vay néu theo céch 3) thi sb cach
t6i E 13 cox—2; néu theo céch 4) thi sb céch t6i E 12 gar—> - Theo quy tdc cong ta co

| Gok = Qgg—2 + Q2k—2 + Cok—2 + Gok—2 = 2a2k—2 + 2Cok—2 (5)
Xuét phét tit C,v6i hai budc nhdy dau tién con &ch c6 thé cé céc cach sau :
lcy)C—-B—A

2)C—-B—=C

3)C—-D—-C

4¢)C —-D — E

Néu theo cach 1c) thi s cich t6i E 13 agx—2.Néu theo cach 2c) thi sb cach téi F 1a
Cok—2.Néu theo cach 3c) thi s cich t6i E 13 cop—o.Néu theo cach 4c) thi sb cach téi E 1a
0. Theo quy tdc cong ta cb

Cok = Qgk—2 + 2Cok—2 (6)

T (5) va (6) rit ra cor = agk — Gok—2 — Cok—2 = Gok—3 — Ggk—4. Thay vio (5) ta duge
Aok = 4agk—2 — 2a2k—4
Dit ur = agk ta €6 ug = dug_1 — 2up—2,u; = ag = 0; up = a4 = 2. Bing cach gidi phuong
trinh dic trung ta di dén cong thiic sau
(2 + V2)E1 — (2~ V/2)F!
V2

Vi du 11 Cho sb nguyén duong n vd S = {1,2,...,n}. Tim sb céc tap con (ké ci tap
réng) ctia S ma khong chita hai s6 nguyén duong lién tiép.

Q2k = Uk = k=1,2,....

Gidi Goi a, 1a sb phai tim. D& thiy a; = 2,a3 = 3,a3 = 5. Chéng han v6i n = 3 c6
5 tap con thod 1& 0; {1};{2}; {3}; {1;3}. Goi A, 14 ho cac tap con c6 tinh chit da néu.
Mbi tap A € A,4o gbm hai loai : Loai 1 gdm céc tap chita n + 2.Loai 2 gdm céc tap.
khong chtta n + 2. Néu A 1a tap loai 1 thi A khéng chita n + 1. Do d6 néu bd di khéi A
phin ti n +2 ta dudc mot tap con ciia A,. Nguoc lai véi mdi tap con B clia A, thi tap
A= BU{n+ 2} 1a tap loai 1 cia A,4o. Thanh thit sb tap loai 1 1& a,. Mai tap loai 2
o rang 1& mot tap con clia A,y vA ngude lai. Thanh thit s6 tap loai 2 14 apey. Do do
ta ¢6 quan hé sau

Ont2 = Qnyl1 + Qn
Mit khéac véi day Fibonacy ta c6 Fryo = Fop1 + F,. Viay = F3 =209 = Fy = 3;a3 =
Fs =5 tasuyraa, = Fryo. Vay

an+2 _ bn+2
Qn = I'ny2 = —\/_:5—_’
Vi du 12 Cho sb nguyén duong n va S = {1,2,...,n}. Goi c, 12 sb céc tap con clia S
ma chita ding hai sb nguyén duong lién tiép . Chiing minh ring
_ 2nFn+1 - (’I’I, + 1)Fn
)

3dé a 1+\/5_> — 1-v5
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Gidi Goi C, 13 ho céc tap con c6 tinh chit di néu. Msi tap C € Cpy2 gdm ba loai :
Loai 1 gdm céc tap chita n + 2,n+ 1. Loai 2 gdm céc tap khong chtta n + 2 . Loai 3 13
cac tap chia n + 2 nhung khéng chita n + 1.

+) Néu C la tap loai 1 thi C ciing khéng chita n ( vi néu C chia n thi C chia 2 cip

sb nguyén lién tiép la n,n+1 va n+1,n+2) . Bé dikhéi C phin titn,n+1,n+2 ta duac
mdt tép con cla {1,2,...,n — 1} khong chita hai s& nguyén duong lién tiép, do d6 né la
phén tt cta A,_;.Nguoc lai véi mbi tap con A cla A, thitip C = AU{n+2,n+ 1}
1a tap loai 1 clia Cpyn. Phép tuong tng nay 13 song dnh. Thanh thir s6 tap loai 1 13
Qn-1 = Foypy.

+) MGai tap loai 2 r6 rang 1a mot tap con cla C,4+; v nguge lai. Thanh thit s§ tap
loai 2 14 cpyg.

+) Néu C 13 tap loai 3 thi C khoéng chita n+1. Do d6 néu bd di khéi C phéan tit n+2
ta dugc mét tap con cta C,.Ngugc lai véi méi tap con B ctia C, thi tap C = BU {n+2}
1a tap loai 3 clia C,,». Thanh thit ta c6 hé thitc sau

Cnt2 =Cpy1 +Cn + Fropg

Tl d6 bing quy nap, s& dung hé thitc truy héi ctia day Fibonaci ta c6 cdng thic néu
trén.
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Xay duyng song anh giai mot sb
bai toan to hdp

Huynh Tan Chau (THPT Chuyén Luong Vin Chdnh, Phi Yén)

Tré ngai 16n nhat khi gidi mot bai todn t38 hop 1a x4c dinh huéng di. R6 rang dé cé
kha néng dinh huéng t6t thi viéc rén luyén cic phuong phap tiép can 1a rat cin thibt.
Bai viét ndy gidi thigu véi cac ban doc mot phuong phép hiéu qua trong nhidu bai todn
td hop ma ta tam goi 1a phuong phdp song dnh.

Phuong phép nay duva trén két qua hién nhién sau: "Néu c¢6 mot song dnh di tit mot
tap hitw han X t6i mot tap hitu han'Y thi luc ligng (tic s6 phan td) cia X va Y bing
nhau". :

1. Mot céch tu nhién, k&t qué trén huéng chiing ta dén ¥ tudng sit dung song anh d8
so sanh lyc lugng hai tap hop.

Bai toan 1 (V6 dich Liéen Xo) C6 mot nhém ngudi ma trong dé, méi cdp khong quen
nhau ¢ ding hai ngudi quen chung, con mdi cdp khéong quen nhau thi khong c6 ngudi
quen chung. Chiing minh rdng sé ngudi quen cia méi ngudi la nhy nhau.

Loi giai. Gid sit a quen b vA tap cAc ngudi quen clia a va b (khong ké a,b) la A va B.
Mbi ngudi o’ thuge A sé quen véi duy nhit mot ngudi thuse B (do @’ v& b khoéng quen
nhau, hon nita ho da c6 mét ngudi quen chung 13 a). Tuong ty, mbi ngudi thuse B ciing
quen véi duy nhit mot ngudi thudc A. Vay tdn tai mot song anh di tir A téi B , tic a
va b ¢6 sb ngudi quen bing nhau.

Néu a khong quen b thi t3n tai ¢ quen ci a va b, do d6 sb ngudi quen clia a va b bing
nhau do cung bing sb ngudi quen clia c.

Bai toan 2 (Trung Qudc - 1997) Trong cdc zau nhi phan cé do dain, got an, la sb cdc
zdu khong chita qud 3 s6 lien tiép 0,1,0 va by la s6 cdc zau khong chita 4 sé lien tidp
0,0,1,1 hodc 1,1,0,0. Ching minh ring: by, = 2an,.

Ldi giai. Ta goi mot xau thudc loai A néu né khong chita 3 sb lien tiép 0, 1,0 va goi
mot xau thudc loai B néu né khong chita 4 sb hang lien tiép 0,0, 1,1 hoic 1, 1,0, 0.

Véi méi xau X = (z1,2s,...,7,), ta xay dung F(X) = (W1,92, -+, Yns1) nht sau:
Y1 =0, e =21+ 22+ + 241 (mod 2). R6 rang X chita 3 sb lién tiép 0, 1,0 khi va
chi khi f(X) chita 4 s6 hang lién tiép 0,0,1,1 hoiic 1,1, 0,0, titc 1a X thudc loai A khi
va chi khi f(X) thudc B.
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Vay f la mot song 4nh di tit tap cdc xau loai A do dai n dén tap céc xau loai B do
dai n + 1 md bt diu bing 0. Nhung tit mdi xau X thudc B ta nhin dugc mot xau X
ciing thudc B bing cich déi cdc phin ti chia X theo quy tdc 1 — 0,0 — 1 nén sb cic

xiu loai B ¢6 do dai n + 1 gip doi sb céc xau loai B d6 dai n + 1 ma bit ddu bing s6

0. Tt d6 ta c6 dpcm.

2. Tit viéc so sanh lyc luong céc tap hgp, phuong phép song anh cé thé gitp ching
ta dém sb6 phan ti clla mot tap théng qua sy so sanh luc lugng cta tap d6 vdéi mot tap
khic ma ta da biét s phan tif ctia né.

Bai toan 3 (V6 dich Ucraina - 1996) Goi M la cdc s6 nguyén duong viét trong hé thap
phdn c6 2n chit s, trong dé c6 n chit s6 1 van chit s6 2. Goi N ld sé tdt cd cdc sb viét
trong hé thap phan cé n chit sb, trong dé chi c6 chit s6 1,2,3,4 va s6 chit s6 1 bdng s6
chit s6 2. Chitng minh ring M = N.

Lai giai 1. V6i méi sb c6 n chit sb gom céc chit s6 1,2,3,4 vd s6 chit s6 1 bing
86 chit sb 2, ta "nhan doi" thanh sb6 c6 2n chit s6 theo quy tic sau: diu tién, hai
phién ban ctia s6 niy dugc viét k& nhau thanh sb c6 hai chit s6, sau dé cac chit sb
3 & n chit sb ddu va céc chit s6 4 & n chit sé sau duge ddi thanh chit sé 1, cic chit
s6 3 3 n chit sb sau va céc chit sb 4 & n chit s6 ddu duge ddi thanh chit sé 2. Vi du:
1234142 — 12341421234142 — 12121221221112.

Nhu thé, ta thu dugc mét sb c6 ding n chit s6 1 vA n chit sé 2. R6 rang day 13 maot
don anh. Dé chitng minh day la mot song &nh, ta xay dung 4nh xa ngudc nhu sau: véi
méi s6 c6 n chit s6 1 va n chit sb 2, ta cit n chit s6 dau vA n chit sé cudi 13i cong ching
theo cot véi quy téc: 1+1 =1, 242 =2, 1+2=3, 2+ 1 = 4, va ta thu dugc
mot s6 cé n chit sb gdm céc chit s6 1,2,3,4 v6i sb chit s6 1 bing s6 céc s6 2. Vi du
12121221221112 — 1234142 nhu sau:

1212122
1221112
1234142

Nhu thé song 4nh giita hai tdp hop da dugce thiét 1ap va ta c6 M = N. Cach xay
dyng song anh nhu trén khé dep song hoi cau k¥. Chting t5i da tim ra mot 131 giai ngén
gon hon nhu sau:

Ldi giai 2. Vk € S = {0,1,...,n}, ta thyc hién 2 1an (d6c lap véi nhau) viec danh déﬁ |

k trong m vi tri trén mot hang. Sau dé, 8 méi vi tri ta ghi: chit s6 3 néu duge danh diu
3 lan, chit s6 4 néu khong duge danh diu 1an ndo, chu s6 1 néu chi duge dénh diu lan
dau va chit sb 2 néu chi dudc danh diu lan sau.

Ro rang khi cho k chay trén S thi sd tat ci cic sb thu dugc chinh 1& N. Hon nita,
Vk € S thi c6 thé xem sb cach ddnh diu 1an dau 13 sb cach chon k trong sd n vi tri, con
sb cach d4nh déu lan sau 14 sé cach chon n — k vi trf trong n vi tri. Do d6 tdng sb cach
dénh déu khi £ chay trén S ding bing sb cich chon n phin ti tit 2n phin ti (tic la
C#), va sb nay chinh 1a M. Vay ta c6 diéu phai ching minh.

o8

G i ety e e e e




]

Bai todn 4 Cho cdc s6 nguyén duong n,k véin > k. Xét phép todn f dbi vdi by sdp
tht tw X = (z1,...,2n) nhu sau: méi lan chon k s6 lién tiép tuy ¢ trong X va déi déu
cia ching. Tim s6 cdc bo thit ty X = (x4, . .. ,Tn) théa man cdc diéu kién:

i) Moi phan ti cia X déu thuoc tap {0,1}.
i) C6 thé thuc hién hiw han lan phép todn [ dé t& X nhan duge b6 (1,2, ..., 1).

L3i giai. Xét b thit tu X = (z1,...,z,) ty . Ta c6 2 nhan xét sau:

1) C6 ding n — k + 1 nhém k sb lien tiép.

2) Sau mot s6 chén 1an thyc hién phép toén f cho mot nhém k sé lien tiép trong X
thi gia tri k s& d6 khong ddi. ~

Nhu vay, méi phuong én thuc hién hitu han 1dn phép toan f cho X tuong tng véi

mot bd nhi phan A = (ay,as,...,a,), trong dé a; tinh theo modun 2 cta sb l3n thuc
hién f cho nhém k $6 lién tiép (1, Ziy1, ..., Tigs—1), VA X tr6 thanh
((_1)(113;1, ol (_1)a1+---+akmk, (_1)a2+~--+ak+1 Thily - -, (_l)an—k-l-lzn)_

3. Ciing t viéc so sanh lyc lugng céc tap hop, phuong phap song &nh l& mot cong
cu dic lyc dé thiét lap va ching minh céc cong thic t§ hop. Thong thudng, ngudi ta
xay dung mot song anh di t¥ mot tap vio chinh né, va nguyén tic & day c6 thé phat
biéu nhu sau: "Khi dém s phan ti mot tap hop bing nhidu cich thi céc két qué thu
dugdc bing nhau". Chéng han tir bai tosn 3, néu ta tinh N theo cich "truyén théng": cé
CiCt_, cach chon vi trf cho i chit s6 1 v i chit s 2, cdn lai 2™ 2 c4ch chon vi tri cho

. n .
cic chit so0 3 va 4, v6i 1 chay tit 0 t6i [—2—] thi ta da chiing minh dugec mot ding thitc kha

tht vi:
[n/2] > . .
Y Cici o = Cp.
=0

Bai toan 5 Ching minh ring véi n € N thi
Cpn= (O +(CH)+ - + (CB)*.
Ldi giai. Ta dém s6 cach chon n phin t& tit mot tap gdm 2n phin ti theo hai cich.’

Céch thit nhat: méi 14n chon ra n phan t&, khi d6 sé céch hidn nhién 13 C%.. Cach thit
hai: trudc hét ta chia tap 2n phin ti thanh hai tap con, mi tap gdm n phan ti; sau d6

~ chon tu tap con thit nhét & phan t& (c6 C* céch chon) va chon tit tap con thit hain —k
‘phan tit (c6 C2* = C¥ cach chon), ta s8 c6 (C’,’f)2 céch chon; cubi cuing cho k chay tit

0 téi n ta dugc tong sb cach chon cin tim la (C’S)g—l— (0,1,)2+ R (C’,’f)z. T d6 ta c6
dpcm.

Bai toan 6 Ching minh rdng vdi m,n € Z*, m > k thi:

Crl:z+n+l =CrCO + CEL Coppy + o F Cg:.-kc712+k'
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L3i gidi. Ta dém sb c4c bo sb nguyen T = (01,02, ..., Gmint1k) V6i 1 < @y < ay <
* < Gmynt1-k < M+ n+ 1 bing hai cich. C4ch thtt nhét: ta xem do Ia sb cach
chon m+n+1—-ksbtitm+n+1sbdnen s co Crsni1 Cich chon. Céch thi hai:

ta thly s6 cdc b T c6 myp1—k = m+1—i 1 CK7.Ci, do c6 C*=% céch chon cac

1
bo T = (@1, .., Gm—g) thod 1 < g; < -+ < Om—k < m — 1 va C ., cach chon cic b

T2 = (am+2_k, ey am+n+1_k) thod man m+2—'l< U2k < -+ < Cmtntl—k S m+n+1,
tt d6 cho i chay tt 0 t6i k (dom+1—k < Am+1-k S ™+ 1) ta dude tdng sb cach chon
B CrC+CEACL  + -+ CokC¥ . K& qué d6 cho ta dpem.

 Bai todn 7 (V6 dich Trung Quéc - 1994 ) Ching minh ring

doCERCRA Zon yn ezt
=0 ’

Ldi giai. Ta chon ra n sb tit 2n + 1 s6 nhu sau. Trude hét, tit 2n + 1 b, ta chia ra n
ciip va sb z. Sau d6 bude 1: ta chon ra k cdp roi tit mbi cip chon ra mét s, bude 2:
chon [(n — k)/2] cap trong n — k c3p con lai, ngoai ra, sb x sé dugc chon néun — k 18
va khong duge chon néu n — k chin. R6 rang budc 1 ¢6 2’°C’,’f céch chon va bude 2 c6
C,[l(f,: /2 cach chon va ta chon duge tdng cong n sb, trong d6 k chay tit 0 téi n. Lap.
ludn d6 cho ta dpem.

Bai toan 8 Cho trudc cic s nguyeén duong m,n. Tinh

m k n k
T _ Z Cn+k + C'm+k!
- 2m+k 2'n.+k :
k=0 k=0

Ldi giai. Ta ching minh tdng cin tinh bing 1, tdc 13
m » n
Z Orlf+k2m-—k + Z Cv’I;:l+k2n-k — 2m+n+1 .
k=0 k=0

Céc luy thita cha 2 goi ta lien tudng dén sb dén s6 t4p con mdt tap hop.
Trong céc t&p con cla tap S = {1,2,..., m+n + 1}, d& thay c6 Ck,, 2™ * t4p dang

{al,ag,...,an+1}, (1<i<m+1) trong d6 a; < as < -+ < @y Va Gy =n+k+1

v 0 < k< m (doco Cr.x céch chon n phan tit tit tap {1,2,...,n+k}, ngodi ra c6 thé
"bd sung" thém mot trong sd 2™* tap con cia tap {n+k+1,....n+m+ 1}. Nhu vay
2 k0 O 112™ % 12 56 tap con clia S ¢6 nhidu hon n phan ti.
 Tuong tu 30, CF 2% lasb t8p con ctia .S ¢6 nhidu hon m phdn tv, clng tic 1
SO tap con clia S ¢6 khong qué n phan tit.
Vay > i, C’,’f k27 E Y0 CF 27 14 b tAt cd cac tap con cla S, tic 1 2m+n+l,
D6 chinh 1a diéu phai chitng minh.

4. Mot tng dung nita cla phuong phdp song 4nh 13 ding dé tinh tdéng céc phan tit
mot tap hop nao dé. C6 thé xem nhu § tudng nay da dugc dé xuit ngay trong bai tosn
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quen thudc: "Tinh 1+ 2+ --- 4+ 100", v6i cach gidi tuyet vdi ma tuong truydn 1 cia
Gauxg, ¢ day chiing ta c6 thé dién dat lai cAch tinh dé nhu sau: Vi € S = {1,2,...,100},
goi f la anh xa xdc dinh nhu sau: f(¢) = 101 —i. R6 rang f 13 mot song anh tir S t6i
S, do dé:
2) i=Y (i+ f(i)) =|A].101 = 10100
i€ ies

Suy ra téng cin tinh bing 5050.

Bai toan 9 (VMO - 2002) Cho tap S gom tét ¢ cic sé6 nguyén trong doan [1,2002).
Goi T la tap hop tét cd cdc tdp con khong rong cia S. Véi méi X thuéc T, ky hiéu
m(X) la trung binh cong cdc phin t cia X. Tinh

2. m(X)

= —

|T|

(téng ldy theo tét ¢ cdc tap X thugc T).

Lai giai. Xay dung song anh f: T — T nhu sau: f(X) ={2003 —z/z € X},VX €T.
Ro rang m(X) + m(f(X)) = 2003. Do dé:

2% m(X) = > (m(X) +m(f(X))) = |T].2003 = m = Z-IH;I(X) - 20203‘

Bai toan 10 Hay tinh trung binh cong tét cd cdc sé N gom 2002 chit s6 thod man
N "-.99 va cdc chit s6 clia N thudc {1,2,3,4,5,6,7, 8}.

Ldi giai. Goi M 1a tap céc s6 N tho didu kién d& bai. Xay dung 4nh xa f nhu sau: -
Néu N = a10a3 . .. Gap02 thi f(N) = bib,.. .bogoz, V61 b; = 9 — a;. Do N + f(N) =

99...9:99 nén f la song snh M — M.
2002cs9

Tu dé:
2 N=)Y (N+f(N)=|M|J9..3.

NeM NeA - 2002cs9

Suy ra trung binh céng cac s6 N 1a:

102002 —1
99...9= —
2002cs9

Céc ban thiy ddy, 10i gi4i bing phuong phép song anh thudng rat 4n tudng vé su
ngén gon va dep dé. Song dé ¢ dugc nhitng 181 gidi d6, ching ta phai khéng ngimg tim
toi, suy nghi déng ¢6 mot tu duy nhay bén.

Cubi ciing 13 mot sb bai tap dé ren luyen.
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Bai tap 1 Cho m,n € Z*. Ching minh rdng sé cich bidu dién n dudi dang tong cia
nhiing s6 nguyén duong khong lon hon m bing sé cich biéu dién n dudi dang khong it
“hon m sé nguyén duong.

Bai tap 2 Nguoi ta 2ép n nam sinh va n nd sinh thanh mot hang, sau dé tim cdch cdt
hang thanh hai khic sao cho méi khic c6 s6 nam sinh bing sé ni sinh. Goi A 1a sé
trudng hop khong thé cdt hang theo yéu cdu trén, B la sé trudng hop chi cé thé cdt hang
theo yéu cdu trén mot cich duy nhét.

Chitng minh ring: B = 2A.

Bai tap 3 Mot cau lac b0 leo niii ¢é n thanh vién t6 chic 4 cudc leo niiva Ey, Eq, E5, E,4
la cdc doi tham gia vdo cdc cudc leo nali &y. Héi c6 bao nhiéu cdch chia cdc doi sao cho
E\NEy #0,E3NE; #0,EsN Eq # 0.

Bai tap 4 (IMO - 1987) Goi pn(k) la s6 hodn v cia tap {1,2,. .. ,n} ¢é ding k diém

¢6 dinh. Chimg minh réng

> kpn(k) = nl.
k?O

Bai tap 5 Tinh trung binh cong cdc s6 N gdm n (n > 1) chit s8 théa man cdc didu
kién:

i) N gom cdc chi s6 {1,2,4,5} va hiéu 2 chit sé lien tiép lon lon hon 1.

i) N chia hét cho 11. '

Bai tap 6 Dat
Y |
F(k) = ZO: - keN

Tinh
. F(k)

(n— k)

=0
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Phuong phap thiét 1ap hé thuc
‘truy hoi trong td hop

Huynh Tin Chau

Mot trong nhitng phuong phép c6 higu qua dé gidi bai todn t4 hop 12 thiét lap he
thifc truy hdi. Noi dung co ban ciia phudng phap nay nhu sau: Thay vi ta dém tryc tiép
f(n) theo yéu ciu bai todn, ta sé thiét lap he thitc quan hé gita f(n), fn—=1),... 48
tlt d6 tinh duge f(n). ‘

Bai toan 1 (Bungari - 1995) Cho sé nguyénn > 2. Héy tim 56 cdc hodn vi (a1, as,. .., an)
cia 1,2,...,n sao cho tdn tai duy nhét mot chi sé i € {1,2,...,n— 1} théa a; > a;y;.

Bai giai. Goi S, 13 s6 céc hoén vi thoa didu kién bai todn. D& ¥ riing sb céc hodn vi ma
an =n 1a Sp_;. Con sb cac hodn vi (ay, ay, . . H8n) Véiai=n(1<i<n-1)1 cit.
Do vay:

n—1
Sn=8a1+» Cil=8, 4271 1.

=1
Cha yr8ng Sy =1, tr d6tacé: S, =2 —n — 1.

O bai nay ta thiét lap he thic: truy hdi xudt phat tit S, di dén Sn-1. Trong mot b
trudng hop ta lai di theo huéng ngugce lai. Chrfmg han:

Bai toan 2 Gid st Fy la tap hop tét cd cde b0 (A1, A, ..., Ar) trong dé A; (1 =
1,2,...,k) la mot tap con cia {1,2,... ,n} (Cdc tdp Ay, As, ..., Ak c6 thé tring nhau).
Hay tinh

Sp = > JAUA UL U4

(Truong hgp n = 1998 la bai thi APMO 1998)

Bai giai. Do c6 2" tap con ctia {1,2,...,n} nén c6 2™ b (A1, Az,..., Ap). V6i méi k-bd
(A1, Az,..., Ax) cha tap {1,2,...,n— 1} ta c6 thé thém hodc khong them n vio tap A;
dé duge k-bs (A1, As, ..., Ak) clia {1,2, ..., n}. Véi cht ¥ riing sb k-bo (A1, Az, ..., Ap)
cta tap {1,2,...,m — 1} 1a 2Dk v3 ¢4 9% 1 c4ch them n vao k-bo (Ay, Ay, ..., Ay)
cla tap {1,2,...,n — 1} thi ta cé: S, = 2t5,_, + (2% — 1).2k(n=1),

Dé théy: 51 = 25—1. Tt déy biing qui nap ta ching minh dugc: S, = n.2¥-1)(2k_1),
Ciing gibng bai toan 1, ta ¢6 bai todn sau:
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Bai toan 3 Tum s tdp con cda tdp {1,2,... ,n} sao cho trong méi tdp con chia 5t nhét
2 phan ti la hai sé nguyén lién tiép. -

Bai giai. Goi Sy, 1a tap hgp céc tap con khong réng ciia tap {1,2,...,n} ma trong mbi '.

tap con khong c6 hai phan ti nao 13 hai s nguyén lien tiép. Chia cic phin t& cia S,
thanh hai nhém: :

Nhém khong chita {n}: s6 cc tap con nhu vay 13 [S,_;]

Nhém chita phan ti n: {n} hodic {a1,ay,...,an,n} (k > 1). R6 rang a; #n—1 (i =
1,2,...,k) nén sb cic tap con nhu vay 1a: |Sp_p| + 1.

Do vay:
| S| = [Sn-1] + |Sn—a| + 1
V6i chil § |Sp| = 2, |Ss| = 4 ta c6:

5.1 1 [(1 + \/S)m (1 - \/5)714—2]
Y 2 2
Mt khéc s6 tap con khong rdng clia tap {1,2, ... ,n} 1a 2" — 1. Vay sb tap con ma
trong médi tap con khong c6 2 phan tit nao 13 hai sb nguyén lien tiép l1a:

n~ /By n+2 — /By n+2
2 —%Klz 5) _<1 2 5) +]'

Bai toan 4 C6 n qud bong by, bs, ..., by vi 2n hop Ry, ha, ... hy,. Biét rang qud béng
bi (i = 1,2,...,n) chi bd vao duge cdc hop hi,hy, ... ho;. HSi c6 bao nhiéu cdch b
k(1 <k<n) qud bong vao cic hop biét réng méi hop chita nhiéu nhét mot qud béng.
(Hai cdch b béng dugc goi la khdc nhau khi it nhit mot qud béng dugc bd vao hai hop
khdc nhau trong hai cdch dod).

Bai giai. Dit S 12 56 cach bd & qué béng vho cac hop. Gid st 2 < k < n. Néu mot
trong k qud béng dugc chon 13 b, thi (k — 1) qué béng con lai ¢6 thé bd vao cc hop
bing S,—1x-1 cach. Ddng thdi, b, c6 2n — (k—1) = 2n—k+1 céch chon 1 hop trong cic -

hop con lai d8 bd. Do d6 sb cach bd béng trong trudng hop nay 1a: (2n—k+1).5n-1 k1.

Trudng hop qué b, khong dugc chon. Dé rang k < n — 1. Moi qui béng trong cac: -

qué béng by, by, . .., by—1 déu c6 thé bd vio cac hop bling S —1,& céch.
Suy ra:
Snk = Sn-1k+(2n—k—=1)S, 1,1 (n>3,2< k< n)
D& thiy:
Sn,n = (Tl + 1)S ~1,n—1, Sn,l = n(n + 1), 51,1 =2
Tir d6 bang quy nap ta ching minh dudgc:

(n+1).k!(CK)*
n—k+1

Sn,k =
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Bai toan 5 C6n > 1 thi sinh ngoi trén mot bai tron. Héi c6 bao nhiéu cdch phat dé
sao cho hai thi sinh ngoi canh nhau luén c6 dé khac nhau, biét ring trong ngan hang dé
6 ding m (m > 1) dé va hién nhién méi dé c6 nhiéu bén.

Bai giai.
Nhan zét: Do thi sinh ngdi theo vong trdn, nén mét cich tuy nhién chiing ta nghi téi
viéc tim cdch "cit" vong tron thanh hang thing.

Céach 1. Ky higu P, 1a s céch phat dé hop 18 cho n hoc sinh ay, as, . . . , @, Ngdi theo
vong tron (mot cich phét dé duge coi 1 hop 16 néu mbi thi sinh duoc nhan chi mot dé
va hai thi sinh bit ky ngdi gin nhau thi nhan dugc hai loai dé khac nhau).

Ta viét a; = a; (i # j) néu a; va a; clng loai d& va a; # a; trong trudng hop ngugc
lai ta ching minh: :

Pn+1 = (m - Z)Pn + (m - 1)Pn_1 (1)

Xét mot céch phat dé hop 18 cho n + 1 thi sinh a3, as, . . ., Gny1.

Néu a; # an thibd a,4; di ta c6 mot cch phat dé hop ¢ cho n thisinh (a1, ay, . . ., a,)
va ¢6 (m — 2) cach phat d& cho apy;. '

’

Néu a; = a, thi ta bd a,q1 V& a, di ta cé mot céch phét dé hop 1é cho (n — 1) thi
sinh (ay,as, ..., an-1). Ta ¢6 (m — 1) céch phét dé cho (an, @ni1) 48 hop 18 véi a, = a.
Vay ta c6 duge (1). .

Mit khac dé thay: Py = m(m — 1); Py = m(m — 1)(m - 2).

Béing quy nap ta ching minh dugc: B, = (m — 1)™ + (m — (-=1)".

Cach 2. Bai todn tuong duong véi vige dém sé cac day (a:) (1 =1,2,...,n) thda:
aeEM={1,2....m}Vi=1,2,... nvaa F# 02,02 F 43,...,0, # 0.

Trong tap hop céc day (a;) théa a; € M, Vi=1,2,...,nvaa; # ag, ag #az,...,0n #
a1, goi An, B, 18n luot 14 tap hop cac day (a;) md a) # a, V& a1 = a,. . :

Do v6i méi day thuge B,, néu bd di sb a, thi ta duge mot day thudc A,—; nén
|Bn| = |An|. Mat khic, d& thiy |An| + | Bn] = m(m — 1)»! (do a; ¢6 m cach chon, aiy;
¢6 (m — 1) cdch chon khac a; v6i moi 4 = 1,2,...,n — 1)

Vay
|4n] = m(m — 1)"" — |An_y|
Véi chti § Ay = m(m — 1) ta duge: |An| = (m— 1) + (m = )(=1)".
D6 chinh 1& dap sb can tim.
Nhan zét: Thyc chét cd hai 10i gii 1a nhu nhau. Nhung véi 181 giai 2, "dudng nhu" ta
dé hinh thanh nén mot hudng gidi méi. D& thiy ro hieu Iyc clia hudng méi nay, ta dén
v6i bai todn sau:

Bai toan 6 (IMO - 1979) Cho A va E la hai dink déi tam cia mot hinh tdm canh
déu. C6 mot con éch bt ddu nhdy tir A. Tai bét ¢t dink ndo tri E, éch c6 thé tdi mot
trong hai dinh ké. Néu éch nhdy tdi E thi né dimg lai ¢ dé. Goi a,, la s dudng di phan
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biét cia ding n budc nhdy dé éch ﬁhdy t A dén E. Chiing minh réng:

aon—1 =0, ag, = %[(2 + \/i)n_l-—(Q - \/i)n_l].

Bai giai. Ki hiéu c4c dinh nhu hinh veé.

azn-1 = 0 1a hién nhién. Goi b, 1a s6 dudng di tit C t6i E qua 1 buéc nhiy. Qua 2
budc dau tien, &ch c6 thé v& A hodic dén C hoic G. '
Do dé: . .
Aop = 202,,__2 -+ bgn_z Vn>0 (1)

Tt C (hodic G), sau hai buéc nhay é&ch c6 thé v& lai C hozc tdi A, néun > 2, do dé:
Qon = 2bon—2 + Gopn—g VYn>1 (2)

T (1) va (2) suy ra:
Gon = 442n—2 — 2a9n—4.

Cung véi az = 0, a4 = 2 ta dé& dang c6 didu phai ching minh.

Bai toan 7 (Dy tuyén IMO - 1996) Cho bdng o vuong n X n (n > 1). Héi c6 bao
nhiéu cdch ddnh déu cdc 6 vudng trong bing sao cho trong moi hinh vudng 2 x 2 ¢6 ding
2 0 vudng dugc ddnh ddu. (Hai cdch ddnh ddu duge coi lo khdc nhau néu c6 mot 6 vudng
nao dé ma trong cdch ndy thi duge ddnh déu con trong céch kia thi khong).

Bai giai. Goi S, 1a sb cach danh du trong bang n x n. Xét tap T gdm céc o vuéng
ndm trong cot cudi ciing (tinh tit phai sang) va hang cubi cung (tinh tir trén xubng), ta
goi An 1a céc cach dénh diu ma c6 hai 6 vudng k& nhau trong T ciing dugc dénh diu
hogic cling khong duge danh diu va B, 1a céc cach dénh diu ma cic & vubng trong T
duge danh diu xen ké.

D& thay mdi cach dénh diu thude B, sé ing véi mot cich danh diu thudc B,,_1, con
méi cach danh diu thudc A, sé dng véi mot cich danh diu thudéc A,_; v& mot cach
danh diu thudc B,_;. (Didu nay suy ra khi xét bang & vudng (n —1) X (n— 1) ¢6 dudc
tl bdng n x n sau khi bé 7).
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Tu dé ta co:
|Bn| = [Bn-il, |An| = [An-a]| + |Bp-a| (n>2)
Ma S, = |An|+|Bn|Vn>1,nén S, =2S,_1 — S,,_» Vn > 3.
Dé théy rang: S; = 6,53 = 14. T d6 bing quy nap ta c6: S, = 8n — 10, Vn > 2.

Bai toan 8 Tim cdc sb6 nguyén duong n théa man:
i) n cé 1000 chit sb. '
) T4t cd cdc chit 56 cla n la lé.

1) Hiéu cla 2 s6 lién tiép bat ky cia n luon bing 2.

Bai giai. Trong tap hop Sk céc s6 nguyén duong n cé k chit s6 théa (ii) va (iii), goi
Ay, By, Cx, Dy, Ex 1an lugt 1 tap hop céc sb tan cing béi 1, 3,5,7,9.

Tit m&i s6 thude Ay néu ta bd di chit sb tan ciing thi nhan duge mot sb thuse Bi_;,
mt khac tit mdi sd thudc Bi—1 néu ta bd sung thém s 1 lam chit sé tan cing thi nhan
dugc mot s6 thuoc Ak, do d6 |Ax| = |Be—1|. Tit mdi sb thudc By néu ta bd di chit sb tan
cling thi nhan dugc mot sb thude Ax—; hoiic Cr_1, néu ta bd sung thém 6 3 1am chit sb
tan cung thi nhan dugc moét s6 thuoe Bx, do d6: |By| = |Ag—1| + |Cr-1].

Tuong tu: lel = IBk—ll + IDk~1|) IDk' = |Ck_1| + IEk-1' va IEIcI = le—ll (Vk > 1)

St dung 5 déng thic trén, bing céch thé lién tuc, ta cé:

|Skl = |Ae| + | Byl + |Cil + | Di| + | Ex|
= |Ak—1] +2|By-1] + 2|Ch-1| + 2| Di—1| + | Ex-1]
= 2|Ak-2| + 3|Br-2| + 4|Cr—2| + 3| Di—2| + 2| Ex_|
= 3| Ak-3| + 6| Br—s| + 6|Cr—3| + 6| Di—3| + 3| By

Suy ra: | S| = 3|Sk—2 (Vk > 3). Do |Sy| = 8 nén |S1000] = 8.3%°.
Tuong tu nhu trén ta cé:

Bai toan 9 Tim s6 cdc bd s6 nguyén (a1, ay, ..., a,) (n > 1) thda man:
la;] < 1, Vi=1,2,...,n
[ai—ai+1|<1, Vz’=1,2,...,n—1

Bai giai. Trong tap S, gom céc bd n sé nguyén (ay, ay, . . . , a,) théa d& bai, goi An, B,, C,,
14 tap hop céc bd c6 a, bing —1,0,1 tuong tng.

Ta c6 ngay: | S| = |An| + |Ba| + |Cal.

M3t khac, d& thay t mdi by thuoe A, hosic B, ta c6 thé bd sung any; = —1 dé
dugc mot bd thudc Anyy nén |Ayp| = |4n| + | Byl

Tuong tu ta cé: [Cpyi| = |Cnl + | Ba| V& | Bpyt] = |An] + [Ba| + |Cul = |Sal.
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Tu d6 ta co:
Sa41] = [Ansr] + [Brsa| +[Crsr] = (|An] + |Ba| +|Cal) + | Bass + | Ba| = 2|Sa| + |Saiy] ~
Két hop véi |Sy| = 3, |Ss| = 7 ta tinh duge:

(1+v2)" + (1 - v2)rH

ISn| = )

Ta c6 thé phét bidu bai toan dudi dang phic tap hon, ching han:

Bai toan 10 Twm s6 cdc da thic P,(z) bic n chén théa man cdc didu kién sau:
i) Cdc he s6 cia P,(z) thudc tap {0, £1}.

i) Ton tei da thic Q(z) cling c6 cdc hé sé thudc tap {0,41} sao cho P,(z) =
(z* — 1)Q(=)

P ~ . -~ -~ A . ~ 2 ~ ~
Cubi cling xin néu ra mét sb bai tap dé ban doc rén luyén.

Bai tap 1 (VMO - 1997) N dudng tron chia mdit phdng ra lam bao nhiéu phan néu
bét ¢t cip hai duong tron ndo cting cdt nhau tai hai diém phan biét va khong cé ba duong
tron ndo cé giao diém chung.

Bai téap 2 Cho n la s6 nguyén duong. Pit S = ZiY1 + ZoYs + -+ + Tpyn trong dé
ai, ¥ (1 = 1,2,...,n) nhdn gid tri 0 hodc 1. Goi A(n), B(n) lan lugt la s6 2n-bo
(T4 oy Tn, Y1y -+, Yn) €6 S 16 v chén. Chimg minh:

Am) _ (@ -1

B(n) (2»+1)

Bai tap 3 Ky hieu M = {-1,0,1}. Tim 6 cdc b6 (ay, ..., a.) théa:
1. a; thudc M véi moii=1,2,...,n.
2. a; — a4y thude M vdi moii =1,2,... ,n—1.
Bai tap 4 Cho trudc s nguyén duong n. Xét tét cé cdc téng
S=Tiy1 +TaYa + - + Tnyn v0 T,y € {0,1}, Vi=T1,n
Goi S, la s6 tong lé, P, la 56 tong chén. Ching minh:

2n—1
4+ 1

Sn
P,
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Y tudng giai va sy tudng minh 16i

gidi qua mot s6 bai toan td hop

Lé Van Quang

Trong cac ky thi IMO, céc bai toin t8 hop (Combinatorics) duge dat trudc dau bai
bing chit "C". Vi du: Bai 6 IMO 2005 do Rumani d& nghi dugc ghi: C6(ROM).

Khi doc dau bai clia cac BTTH (Bai toan t8 hop) thi hoc sinh ddu c6 thé hidu cac
gid thiét va két luan kh4 d& dang, nhung giai dude chiing la diéu khé khan. Tit bang két
qué diém cho thay s hoc sinh gidi dugc diém téi da rét it, didu dé ching t& day 1a loai
bai todn khé, tham chi c6 trong tay 15i gidi ciia tac gia ra bai toan d6 thi khong phai
hoc sinh ndo ciing hidu day da vA cin ké 15i gidl. Nhitng ngudi tu giai bai toan dé bing
mdt cdch khac thudng hidu duge 13 gidi cla tac gid mot cach kha d& dang. Tai sao lai
nhu vay?

Mot s6 BTTH thudng d& cap mot sb yéu t6 rang budc theo nhitng quy téc nao dé.
Yéu cdu clia bai todn & danh gid mot dai lugng nao d6 lién quan dén cac yéu t6 da dé
cép, hotic chitng minh mét quy tic ndo dé lusn thyc hién dudce, ho#ic chitng minh mot
quy luat ndo d6 nghiém ding.

Lugc d6 ty nhién d€ tiép can viec gidi loai bai toan nay da duge hinh thanh cho hoc
sinh tit cdc 16p duéi gdm cic budce:

1. Chon &n dé md t4 cic yéu t6 trong diu bai thanh mot phuong trinh, mot bét
phuong trinh ho#ic moét hé hédn hop chita an da chon.

2. X1t 1y céc diéu vita mo t4 theo y&u cu clia bai toan bing céch gidi ra nghiém hosc
bién ddi thanh nhiing két qua gitp cho viéc hinh thanh quy tic hay quy luat théa yéu -
cau bai toan.

Tt y tudng gidi nhu thé thi khau then chdt nhat 13 thé hién tudng minh ra mot 1oi |
gidi cu thé. Do bai toan khé, ngudi gidi dugc bai toadn chic chin phai chi ra duge méi
quan hé noi tai clia céc yéu t6 trong bai todn thong qua cac k¥ ning bién ddi tinh xdo
hofic nhiing nhén xét tinh té, ban chét nhét tit he da ms t3 dudc.

Ngay & budc 1, vige khéo chon &n, hosic dit them 4n phu hodc tich hgp céc yéu tb
trong dau bai... 1a sy séng tao rét c4 bigt rieng cla ngudi gidi.

Hoan thanh buéc 1 da la mot thanh cong ma khong phai hoc sinh nao cling lam tét,
nhung diéu cbt yéu 1a xi 1§ thanh cong & budc 2. Trong budc nay thudng ndy sinh mot
s6 vAn dé 1a cac két qua thu duge thudng 12 do cac phép bién ddi he qua. Viec khao sét
ngugc lai 1a can thiét, hodc it ra gidi quyét duge vin da tdn tai tinh hudng ma da chj
ra. Dua ra mot vi du cu thé dé ching t6 tdn tai tinh hudng ciing khong phai dé dang,
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con tao duge mot quy trinh hop 1y, chit ché, c6 hé théng dé x8y dung dugc tinh hubng
dai lac lai khé hon yéu ciu cia dau bai.

Céc BTTH nay déu do céc nha toan hoc limg danh trén thé gidi sdng tac nén trong .

16i gidi ctia ho thudng thong bdo mot kham pha méi vé tri thic todn, mot "bit bién"
nao d6, hoiic kién thiét mot thuat toin nao ds... Doc céc 13 gidi clia ho, hoc sinh hoc
tap dugc nhiing céch dit vén dé mot cach sing tao, nhing k¥ nang bién ddi diéu luyén
bac thay, nhitng hoat dong v& tich hop céc dit kien riéng 1& thanh nhitng két qui sau sic
ma, tir d6 c6 thé dua ra nhing két luan xac déng, cic khdng dinh ma ho thuong dit tén
14 céc "bd dé". v

Clng ¥ tudng gidi nhung c6 thé c6 nhidu cich dé thuc hién sy tudng minh 13i gii.
Trong d6 c6 16i gidi ma hoc sinh cho 1a khé hidu. Viéc gai ¥ cho hoc sinh mét § tudng
gidi va dong vién hoc sinh nd luc thuc hién theo céch ciia minh, dé tuong minh ra mot
16i gidi cu thé cho BT'TH, phai ching 1a cach hgp 1y dé gitp cho cac em hoc sinh méi
b4t ddu 1am quen véi cdc BTTH héc bia nay.

Sau day 1a cdc bai tosn minh hoa cho cic didu vita, dé cap.

- Ba BTTH duogc chon minh hoa n¥m trong cic ky thi: Chon hoc sinh gidi Quéc gia
2005 ctia Viet Nam, USAMO 1an thit 30 va IMO 2005. Ching ta sé xem xét ching & hai
khia canh: § tudng gidi va sy tudng minh 15 giai.

Baj toan 1 (HSGQG 2005, Bai 3) Trong mat phing, cho bdt gidc 13i
A1AsA3AsAsAsArAg ma khong cé ba dudng chéo nao ciia né cdt nhay tai mot diém. Ta
g0t méi giao diém cda hai duong chéo cida bt gide la mot nit. Xeét cée tu gidc 16i ma
méi tit gidc déu c6 cd bdn dink la dinh cida bt gide da cho. Ta 90t moi ti gide nhu vay
la t2 gidc con.

Hay tim s6 nguyén n nhé nhét cé tinh chét: c6 thé t6 mau ndt sao cho vdi moi
i, k€{1,2,3,4,5,6,7,8} vai#k, néu kj hicu s(i,k) la s6 t& gide con nhan A;, Ag lam
dinh va dong thdi c¢é giao diém hai duong chéo la mot nit da dugc t6 mau thi t6t cd cde
gid tri s(i, k) déu bing nhau. ‘

Giai.

Goi n 12 s6 nguyén nhé nhét thod bai tosn. Ta ¢ s(i,k) = 5(1,2) véi moi i,k €

{1,2,3,4,5,6,7,8) va i # k.
Do mét nit tuong tng véi C7 cip dinh nén:
n.Ci =Y s(i,5) = C2.5(1,2) & 3n = 14s(L,2)
i<j

Suy ra n chia hét cho 14. T dé: n > 14.

Céch t0 mau 14 ndt thoid man bai toin sau:

{1,2,3,4H1,2,5,6}{1,2,7,8}{2,3,5,8}{2,3,7,6}{3,4,7,8}{3,4,5,6}{1, 4,8, 5H1,4,7,6}{5,6,

Nhan xét.
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- V6i mot hinh 1ap phuong c6 thé ghi lai méi dinh mat s chon trong t&p {1, 2,3,4,5,6,7, 8},

hai dinh khac nhau ghi hai sé khéc nhau.

- M&i canh hinh 18p phuodng c6 thé tuong Ung véi dang 3 canh song song véi né.

- M&i dudng chéo ctia mit hinh lap phuong c6 thé tuong ing véi ding 3 dudng chéo
clia mit cling ndm trong mit chita né ho#c trong mit d6i dién véi né.

- Méi dudng chéo (chinh) ciia hinh lap phuong c6 thé tuong tng véi ding 3 dudng
chéo (chinh) con lai.

V6i § tudng trén c6 thé hidu 1y do tai sao lai chi ra dugdc cach t6 mau nhu trén.

Bai toan 2 (USAMO 2001, Bai 1) C6 8 cdi hop, méi hop chia 6 trdi banh. Tim sé
nhd nhat sao cho mdi banh tuy § déu duoc 6 mot trong n mau thod man dong thoi hai
diéu kién sau:

1. Trong méi hop, khong cé hai banh nao duoc to cung mot mau.

2. Hai hop bét ky c6 chung khdg qud mot mau.

Giai.
+) Goi z; 12 s6 mau xudt hign ¢ lén. i = 1,2,. ..k, (k <n). Tacé:
n=I1+Tp+ -+ 2 (1)
48 = 1z 4+ 2z9 + -+ - + kay, (2)

+) Goi y 1a sb cach chon hai hop khong c6 chung mau nao. Do hai hop bét ky c6
chung khéng qui mot mau nén:

C§=C§x2+032x3+---+0,3xk+y (3)

+) Vi1 > 1 ta cé:
21, (i-2)(i-3)

1 - 2 —
3t 30 6
z 2 . ’ . 1 .
Lay (1) tru 3 (2) roi cong véi 5(3) ta dugc:
68 1 G-2)(i-3) 1
_ -z ASNA S > 0.
n 3 3-’171 +; 5 x,-l—gy 0
Tu dé:
n = 23.
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+) Céch t6 sau ctia 23 mau thda bai tosn (goi tén mau la: 1,2,...,23)

HopI 1 3 4
HopIl 1 8 9
Hop IIT 1 13 14
HopIV 2 3 38
HopV 2 4 9
HopVI - 2 5 10
Hoép VII 6 11 16
Hop VIII 7 12 17

Nhan xét.

5
10
15
13
14
15
18
19

6
11
16
18
20
22
20
21

7
12
17
19
21
23
22
23 .

+) O hinh dudi, mbéi dudng tuong trung cho mbi hop, céc giao diém & trén dudng

tugng trung cho cic banh.

+) Cé ding 8 dudng, mbi dudng chita ding 6 giao didm va c6 tit ci 23 giao diém. |

Hai dudng bat ky c6 t6i da mot diém chung.

+) M&i céch danh sb 23 giao didm, tir 1 dén 23

banh & 8 hop théa cac didu kieén bai tosn.

1

, cho ta mot cach t6 mau trén céc

Bai toan 3 (IMO 2005, Bai 6) Trong mot ky thi hoc sinh 9161, cdc thi sinh phdi gidi

S Z X 2 Z . . “p.
6 bai todn. Biét rdng vdi hai bas todn bét ky ludn cé nhiéu hon A s0 thi sinh dy thi, gidi -

dugc cd hai bdi todn nay. Ngodi ra khong c6 thi sinh nao gidi duoc cd 6 bai todn. Chiing
minh rdng cé it nhét 2 thi sinh sao cho méi ngudi trong ho gidi dudgc ding 5 bai todn.

Giai.

+) Goi 7 12 s6 thi sinh tham gia ky thi v& z; 13 s6 th{ sinh gidi duge ding k bai todn

(k=0,1,2,3,4,5,6). Ta c6:

ze = 0; n=2Iy+ T+ T2+ T3+ T4+ T5. (4)

Ta cén ching minh: z5 > 2
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+) V6i 4,5 va i # j, goi s(4,5) = s(j,i) 1a sb thi sinh gidi dugc cA bai i va bai

5. (6,5 =1,2,3,4,5,6).

Theo gid thiét ludn cé: 5s(4,5) > 2n. Do dé: 5s(4,5) > 2n + 1. C6 tht c& C2 = 15 .
cdp (i,7) ma i < j nén:

ZSs(i,j) > 15(2n + 1).

i<y
Do dé:
S=> s(i,5) >3(2n+1) (5)
i<j -
+) Ta cling c6:
S = C2zy + Cazs + Clxy + Clas = 15 + 373 + 674 + 1075 (6)

T (4), (5), (6):
ZTg + 3z3 + 624 + 1025 > 6(.‘170+IL‘1+:L‘2+$3+5L‘4+$5)+3
hay
4zs 2 6z + 671 + 572 + 323+ 3 > 3 (7)
Tu dé:
Ty 2 1.
+) Ta ching minh thém zs khong thé bing 1.
Gidstzs =1 Liucdott (7) chozp=2, =29 =23=0,vizs=n— 1.
Tu (6) cho:
S =6n+4. (8)
Trudng hop nay c6 duy nhit mét thi sinh A lam duge dung 5 bai, con lai tit cd déu lam
duge ding 4 bai.

+) Goi bai duy nhit ma thi sinh A khong 1am dugc 13 bai 7 va k 13 sb thf sinh giai
dugc bai r. Mai thi sinh trong k thi sinh nay ngoi “viéc giai duge bai r con gidi dugce _
ding 3 bai nita trong sb6 céc bai toan cdn lai nén:

3k = Z s(r,7) | : (*)' |

j=Ljsr

+) Dit 2n + 1 = 5a. Ta cé: s(3,7) >
Néu a khong phai 14 sé nguyén th1:
s(4,7) > a < 5s(1,7) = 2n + 2.

Suy ra:
> 5s(i,5) > 15(2n +2) < S > 6n+6.

1<j
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Trai véi (8).

+) Néu a 13 s6 nguyen thi higu s(4, ) — a 13 s6 nguyén khong 8m. Tt S = 6n+4 viét

lai 37, ;(s(4,5) —a) = 1, suy ra trong 15 sb hang s(4,7) v6i i < j, phai c6 14 s6 hang c6 .

cung gié tri 1a a va ding mot sb hang c6 gi4 tri 13 a + 1. Goi s(p,q) = a+ 1. Do dé6 gia
tri ctia Z?=1 j#r S(r: ) chi ¢6 thé 1a 5a hodc 5a + 1 tity theo r khang thudc hodc thudc
{p,q}.

K&t hop v6i (*), ta c6 hotic 5a chia hét cho 3 hodic 5a + 1 chia hét cho 3 (**).

+) Vi thi sinh A gidi duge 5 bai, nén t3n tai mot bai ¢ khac véi cic bai P, q, T ma thi
sinh A gidi duge. Goi h 13 sb thi sinh gidi duge bai ¢. Trong s6 h thi sinh nay, thi thi
sinh A gidi dugc bai ¢ va thém ddng 4 bai nita, va h —1 thi sinh con lai cling gidi dugc
bai t va thém ding 3 bai nia.

Vi vay:

6 : 6

4+3(h=1)= > s(tj) hay > st j)=3n+1.
J=1,j#t J=lj#t
Dot ¢ {p,¢q} nén:
6
> s(tg) = 5a.
J=1,j#t

Suyrab5a=3h+1vab5a+1=3h+2
Diéu ndy mau thun véi (**).
Qua 18i gidi bai toan trén, toi cho riing céc bai todn sau cung c6 cung ¥ tudng gidi

va cdc em hoc sinh ¢é thé thuc tap tudng minh 101 giai.

Bai toan 4 Chon la s6 nguyén ldn hon hodc béng 3. Trén méi canh va mdi duomng chéo
cla n-gide déu A1 As ... A, nguoi ta mudn ghi mot sé nguyen duong nhé hon hodc bing
P, sao cho cdc diéu kién sau déu duoc théa man:

i) Moi s6 nguyeén tu 1 dén p déu duoc gha.

i) V&I mébi tam gidc A;A; Ay tiy 4 déu cé hai canh duge ghi hai s6 gibng nhau va s6

nay ldn hon sé dudc ghi trén canh con lai.

Hay zdc dinh s0 nguyén p lon nhét dé cé thé ghi céc s6 théa man cdc didu kién dit
ra. v

Voi gid tri nay cia p, héi c6 bao nhiéu cdch ghi théa man diéu kién bai todn.
Bai toan 5 C6 m + 2 cdi hop, m&i hop chita m trdi banh. Tem sé n nhé nhit sao cho
mdi banh dugc t6 mot trong n mau thée man déng thoi hai diéu kien sau:

1. Trong méi hop, khéng cé hai banh nao duoc to cung mot mau.

2. Hai hop bit ki ¢ chung khong qud mot mau.

Bai toan 6 Trong mot ky thi hoc sinh gidi, cdc thi sinh phd gidi 6 bai todn. Biét ring
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vd1 hai bai todn bat ky ludn cd nhiéu hon R 50 thi sinh du thi gidi duoc cd hai bai todn
nay. Ngoai ra khong cé thi ndao gidi duoc cd 6 bai todn.

a. Goi k la sé thi sinh gidi dugc ding 5 bii todn. Tim gid tri nhd nhét cia k.

X X ]- 2 . . -9
b. Ching minh ton tai ba bai todn ma cé nhiéu hon 5 s0 thi sinh du thi gidi dugc.

c¢. Ching minh ton tai bon bdi todn ma cé nhiéu hon R 50 thi sinh du thi gidi dugc.

Bai toan 7 Cho mot n-gidc 10i cé dign tich S. Ching minh réng ton tai mot canh AB
cia da gidc va mot diém M thudc mién da gidc nay sao cho khodng cdch tit diém M

. , 45
dén dudng thang AB khéng nhé hon ——.
nAB

Tai liéu tham khao

[1] Todn hoc va Tudi tré sb 340/2005; 344/2006: Bai ciia Thay Vi Dinh Hoa (DHSP Ha
Nai). »

(2] Toan hoc va Tudi tré sé 341/2005: Bai ctia Thiy Hoang Ngoc Canh (THPT chuyén
Ha Tinh). _

[3] USA and International Mathematical Olympiads 2001 Titu Andreescu and Zuming
Feng.

[4] http://www.mathlinks IMO Shotlist 2005.

[5] IMO 2006 Solutions.
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Gidi thieéu mot s6 bai toan dai sé c6
xuit x1it tir hinh hoc

Nguyén Dang Phit

Bai viét nay gisi thigu vdi ban doc mat sé bai tosn dai sb ddc thi, ¢6 zudt zr tu hinh
hoc, ma ndi dung bao gdm hai thé loai 13 hé phuong trinh dai sé va cuc tri dai sé.

1 Mot s6 hé phuong trinh dai sé dic bigt c6 xuét
X tU hinh hoc.

Trudc hét, hay xuit phét tit mot sé he phuong trinh dai s6 bac hai don gidn (c6 xubt
X1t tit hinh hoc).

Bai toan 1. Gidi va bién luan he phuong trinh sau:

22 —yz y-—zz 22

- o —;xy, (@#0,b#0, c#0); (1)

L&i giai so lugc

1 ) X
bt 7 la gié tri chung clia ba ty s trong hé phuong trinh (1) roi tinh ¢ (ma ta thudng

goi 1a dn phu) va z,y, z. Ta dude:

a=t(z?-yz), b=1t(y? - zz), c=1t(z%— y).

T d6 suy ra (néu t < oo):

o’ —be=tra(z® + 93+ 23 — 3zyz); (2)

va hai he thic nita tuong tu (d6i véi b2 — ca va ¢ — ab), thu duge nhd hodn vi vdng
quanha—b—-c—aviz -y — z — 2.

Cubi cling ta di dén két qua sau day:

Tra 15i.

1°) Néu ba sb a,b,c khic khong da cho vi khac nhau doi mot thi z,y,z cling vay
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(z#0, y#0, z# 0z, y, zddi mdét khac nhau). Khi do, ¢ cling khac khong va hé
phuong trinh (1) la v6 dinh), c6 bidu thitc nghiém nhu sau:

z oy
az—bc‘b2—ca~cz-—ab(

2°) Néu a = b = c thi hé phuong trinh (1) ciing 1a v6 dinh, vi khi d6 z = y = z va lay
gia tri tiy ¢, ké ca 0.

Nhéan xét: 1°) Biéu thic nghiém cfia hé (1) ¢6 tinh chat déi zing, duge suy ra tir (1)
bing cach thay cac hing sb a, b, c 1an lugt bdi cac &n T,Y, 2, va ngugc lai, thay z,v, 2
bdi a, b, c tudng ting. Ta néi ring hé (1) c6 tinh chét déi hgp.

2°) Tt 16i gidi cha hé (1) ta d& dang suy ra hai hé phudng trinh sau (hé ba phuong trinh
ba 4n) c6 nghiem duy nhét: :

?—yz y -2z 22 —gzy

a b ¢ (1)
z+y+z=a+b+c (abc#0)
2’ —yz y? -2z 2’ —zy
a b ¢ (17)
\zyz = abc; (abc # 0)

Bai toan 2. Giai h¢ phuong trinh (&n 13 1,9, 2):

T—a yYy—-b z-—c

a’—a_b’—bT—c’——c:(x—a)2+(y_b)2+(z_c)2' (*)

Déng thoi, chitng minh ring: Ndu a = b= c =0 vi gita o', ¥, ¢ ¢6 hé thitc
A(a?+b%+ %)+ 2(pa + gb' + rd) + B = 0, (i)

(trong 6 A# 0, B#0; o' #a, ¥ #b, d # ¢ p # 0, g # 0, r # 0) thi gita z,v, 2
cing c6 hé thitc sau day:

B(z® +y* + 2%) + 2(pz +qy+7"z) +A=0, (ii)

Hudng dan. Dat ¢ 1a gia tri chung clia ba t s6 & vé trdi cla (*), cling c6 nghia dat

t=(z—a)’+(y - b)>+ (2 — ¢)* 1 dn phu. Luu ¥ ring d4t 4n phy nhu thé nay clng
14 phuong phép chung dé gidi he phuong trinh dai sé c6 dang (*) nhu hé phuong trinh
trén day. Sau khi thyc hién mot sé phép bién déi dai sb tuong duong ta thu duge dép
s6 clia bai todn. Phin nay danh cho ban doc ty kidm nghiém.

Tra 18i. Biéu thitc nghiém cla hé cé thé dudc viét (sfp dat) dusi dang sau day:

' ¥ —b -
(WP (b4 (¢ — o) ()

T—a y—-b z-c
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Nhan xét. Bidu thitc (**) clia hé (*) c6 tinh chit d6i xing cling gibng nhu bidu thitc
nghiém (3) cfia he (1) duoc chi ra trong bai tosn 1 & trén. Cu thé 1a (**) duge suy ra tir
(*) biing cach giit nguyén cic hing sb dit kién (da cho) a,b, c nhung lai thay cac hang
s o',b,c 1an lugt bdi cac dn x,y, z v ngudc lai, thay z,v, z 1an lugt béi o/, ¥, ¢. ‘

Xuit x¥ cha bai toan 2. T bai todn dai s6 1 trén day, nhan nhan xét vé tinh chét
" 363 lgp" ctia bidu thiic gitta nghiém ("4n") v& hing sb dit kién, tac gid bai viét ndy lien
tudng dén tinh chdt "d4i hop" ciia phép bién hinh nghich déo trong mit phéng ciing
nhu trong khong gian. Trudc hét, viét phuong trinh vécto ctia phép nghich ddo trong
khong gian cyc O va phuong tich p = r? = 1) rdi d& xuét thanh bai toan 2 trén day.

. — — OM oM’
—_— —— —
M.OM = ' ' _
OM.O 1(OM /,/0OM) & OM e = QM DM
hay la:
- L, Z-®m L, w-m
T —x —(?_52)2@ w_%_m'

Sau do, v1et phu’dng trinh vécto clia mit cAu (hay dudng tron trong mit phing)

AT+ 2C’ + B = 0 rdi d& xudt bai toan ching minh tiép theo (Phép nghich dao
bién mit cAu thanh mat cAu hay mit phéng).
Bai toan 3. Gidi va bién lugn hé phuong trinh (&n z,v, 2):

( z)cosatan?a+ (y — b) cos B + (2 —c)cosy = 0,

(a —
(z —a)cosa+ (b—y)cosPBtan? B + (z — c) cosy = 0,
(x —
(

\ a)cosa + (y — b) cos f + (¢ — z) cosytan?y = 0. (***)
cosa#0, cosf#0, cosy#0; 0<a,B,7< 2)
Huéng dan. Thay tan®o = Py 1, tan? 8 = vy i 1, tan?y = o~ 1 vao he
phuong trinh (***) thi dua dugc hé nay vé dang sau day:
zT—a -b z-c :
(z —a)cosa+ (y —b)cosf+ (z—c)cosy = A ; (Y

cosa cosf cosy’

Tra 13i. 1°) Néu o, 8 va v khong c6 mbi lién hé gi v6i nhau, cu thé 1a: cos® o + cos? § + ‘
cos?y # 1 thi hé phuong trinh ¢6 nghiém duy nhét: z =a, y =05, z =c.
2°) Néu cos? a + cos? # + cos? v = 1, hé phuong trinh c6 v6 sé nghiém, dang:

T=a+ Acosa,

y=>b+ Acosf, (trong d6 A 1a mot tham s6 tuy ¥, A € R)

zZ=c+ Acosv,
Xuht x¢ clia bai toan 3. Bai todn trén day duge phét hién dong thoi véi bai tosn 4
(duoc trinh bay ngay sau day), ndy sinh tit viéc diit bai todn 4. Bai toan nay cb nhién
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dé hon nhiéu so véi Bai toan 4.
Nhén xét: Ching ta c6 thé d& dang md rong bai toan cho trudng hop nhidu &n: n 4n
Ty, T3, ..., Tn, dOng thoi cho n géc oy, ay,. .., an.

Bai toan 4 ciing vay.
Bai toan 4. Giai va bién luan hé phuong trinh (n 1a 7,v, 2):

a-z b-y c—z p(:v2+y2+22)+q(mcosa+ycosﬂ+zcos'y)2'
cosa cosf  cosy - (p+a)(zcosa+ycos B+ zcos) ’

(****)

T ' .
trong d6p#0, ¢#0, p+¢#0, 0< ,83,7< 3 va théa man diéu kién sau day:
cos® & + cos® B + cos?y = 1. (i)
Huéng dan giai. Ching minh ring gié tri cla bidu thitc

p(z® 4+ y* + 2%) + g(z cosa + ycos § + 2 cos )2
(p+q)(zcosa+ycosf+ zcosy)

(if)

khéng phy thude vao z, v, 2.
Cu thé, goi —\ 13 gid tri clia biéu thite (ii) & trén, thé thi ta duge: a = 2+ Acosa, b =
Y+ AcosfB, c =z + Acos~y. Tt d6 suy ra:

pla? + b2 + ) +q(acosa + bcos B + ccosy)?

A=
(p+ q)(acosa+bcos f + ccos )

(iii)

Tra 18i. 1°) Néu acosa + bcos f + ccosy # 0, hg (****) ¢6 nghiem duy nhét, bidu dién
dugce dudi dang:

t—a y—b =z—c  pla®+b+c?) +g(acosa+bceosf + ccosy)?

;o (iv)

cosa  cosf cosy (p+q)(acosa + beos B + ccosy)
2°) Néu acosa + beos B + ccosy = 0, hé phuong trinh (****) v6 nghiém.
3°)Néua=b=c=0thl acosa+bcosf + ccosy = 0, hs phuong trinh vé dinh.

Nhan xét. 1°) Biéu thic (iv) chia nghigm cila hé phuong trinh (****) nhan dudc ti cac
he thitc xuét phét cla bai todn bing cich thay trong d6 z,y, z 1an lugt bdi cic hing
s6 a,b, c da cho, va ngugc lai. Nhu vay, quan hé R(z,y,z;a,b,¢) c6 tinh chit déi hop,
nghia la:

R(z,y,2;a,b,¢) = R(a,b,c;z,y,2)

2° Ngoai ra, d& dang thiét 1ap them hé thic déi hop nita sau day:

?+y?+22 4 (x cosa+ycos f+zcosy)® = a®+b°+c*+ (acos a+bcos f+ccosv)?; (v)
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Dé nghi ban doc héy ty kiém tra hé thitc (v) nay, xem 13 mot bai tap.

Xudt xit ctia bai toan 4. Bai toan dai s6 4 tren day dugc tac gid bai viét nay phat

hién nhan quan tam dén mot phép bién hinh déi hop trong hinh hoc "phi Euclide" [Con

bai todn 3 & trén 1a mat trudng hop riéng cla bai todn 4 ndy, khi cho p = 0]. '

Chu thich. Dac biét, néu chon cac géc nhon @, (3, théa man diéu kién (i) v6i nhing
, . 3 4 12

gid tri cu the, chang han cosa = T3 cosf = I3 Co87 = 3 thi Bai todn 4 bay gid ¢6

dang cu thé sau day:

Bai toan 4a. Giéi he phuong trinh 3 4n sau:
a—z b-y c-z 169(z®+y*+ 22) +q(3z + 4y + 122)?
3 4 0 12 169(p + q)(3z + 4y + 122)
(trong d6: p # 0, g # 0, p+ ¢ # 0).
Sau day tac gid bai viét ndy gidi thieu bd sung mot sb bai toan nita v& gidi (va bién
ludn) hé phuong trinh dai sé béc hai cling ¢6 xuit x@ tir hinh hoc dé ban doc ty gidi va
lam quen hon véi thé loai toan nay.

Bai toan 5. Gid st (z,y, 2); («',1/, 2/) 12 hai b ba sé duong, mdi b6 déu thda man bét
ding thic tam giac™®) dong thoi théa man céc déng thic sau day:

2 + y2 + 22 — 2 + y/2 + z/2’ (l)
Chiing minh réng ta ciing c6 cc hé thic sau day:
1°)
:E4 + y4 + 24 — :L"4 + y/4 + 214, (iii)
2°)
E(yQ + 22 . xz)zz — E(y/? + z/2 . 56,2):13,2; (IV)

trong dé X(y? + 22 — 22) la ky hidu tit cla tdng (c6 tinh chit hoén vi vong quanh):
S+ 2% — 22)2? = (42 4 22 — 2222 4 (22 + 22 — y2)y? 4 (22 + 3% — 22)22.
Huéng dian Giai va Nhan xét. Néu "hinh.hoc héa" bai toén dai sb nay ta dudc v, '
dua vé gidi Bai toan hinh hoc khong gian sau day:.

Tuy nhién, bai todn Dai s6 ndy con c6 ¥ nghia nhu 1a "lo7 gidi dai sé cia Bai todn
hinh hoc khong gian" c6 noi dung nhu sau: ‘

Bai toan 5°. Trong khong gian xét mot tam gisc ddu ABC va hai didm D,D’ (n¥m
ngoai mit phing cfia tam gidc ABC) dbi xing véi nhau qua trong tam O clia tam gidc
déu da cho.

Ta ky higu gia thiét nay la: 371 (z,y, 2) va To(2', 9/, 2'), trong d6 T; chi tam giac c6 do dai canh la
T,y,2 d6i v6i Ty va z',y/, 2’ dbi véi T;.
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Ching minh ring hai tam gidc T;(DA, DB, DC) va T3(D'A, D'B, D'C) 1a tuong
duong (ciing titc 1a ¢6 dién tich bing nhau), trong d6 T = T (z,y, z) 1a ky higu tam giac

¢6 do dai cic canh la z,y,z; va 1& duong nhién 3 s6 duong z,y, z thda man bat ding ‘

thic tam gidc.

Cha thich. Sy ton tai céc tam giac T:(i = 1,2) dudc suy ra tir dinh ly Pompiu ma
ta c6 thé d& dang ching minh. Ngoai ra, ta cling lutu ¥ rding S(y? + 22 — £2)22 =
—(z* + y* + 2%) + 2(a?y? + y?2% + 2%22) = 1652, trong d6 S, = s(77) 1a dién tich cta
tam gidc 71(x,y, z). ' '

Cing vay, Z(y”? + 2? — 2%)z"2 = 1652, trong d6 Sp = s(73) 1a dién tich clia 75 =
(', 2).
Bai toan 6. 1°) Chung minh ring céc nghiém dudng z,y, z (néu ¢6) cla hé ba phuong
trinh bac hai: ' :

() 22+ 92+ 22 =a?+ b + &, (a,b,c> 0); (4)
2+ a? =y? + b = 22 + 2 (i4)

théa man hé thic (iii) sau day:
S+ 22— 202 = DB + 2 — a?)a?; (iii)

Cha thich: Khong can phai gidi he phuong trinh

2°) Déo lai, néu z,y, z 13 cc nghiém duong ctia hé phuong trinh (Hs) (gdm 2 phuong
trinh (ii) va& mot phuong trinh (jii)):
Ho = {(i2), (i41)}
thi cing théa mén hé thic (i).

. Tém lai:

Hi{ (@), (1)} & Ha{(3d), (i)}

3°) Chiing minh ring cac he H; (5 = 1,2) c6 nghiem (dwong) khi va chi khi céc s6 duong

a,b,c da cho théa man cac bat ding thitc sau day:
a® <20°+ %), B <2(c+a?), A< 2a?+b?).
Bai todn 7*. Cho 9 s6 duong a, b, ¢; z, Y,2z;7',y', 2’ théa man céc ddng thic sau day:

N0+ — a?)as® = D(b? + 2 — a?)a?z"?, (1)
.’122 + xlz — y2 + y/2 — 22 + 2’2. (2)

'Ching minh ring ta ciing c6 ding thitc sau:

2(b2y2 + C2Z2 _ a2x2)a2x2 — E(b2y,2 + C2zl2 = (1213/2)0421',2. (3)
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Cha thich. Bai toin 7 ¢6 xuét xit tit bai toan hinh hoc khéng gian sau day:

Bai toan 7. Hai tit dien ABCD va ABCD' ¢6 déy ABC chung va hai dinh D, D' déi .
xitng vdi nhau qua tam O cla dudng trdon ngoai tiép day ABC. Chitng minh ring céc
tam gidc 71(BC.DA,CA.DB,AB.DC) va T,(BC.D'A,CA.D'B, AB.D'C) c6 dién tich
bing nhau.

Bai toan 8. Gidi va bién lugn hé phuong trinh sau (4n z,y, z, t déu > 0):

() P+ + 2+ 2=+ P+ A+ @, (@>0,6>0,c>0,d>0); (%)

?+al =y + 0P =22+ =12+ 42 (%)
Xuét xit ctia bai toan 8. Bai toan 8 trén day c6 xubt xi tir bai toin hinh hoc khéng
gian sau day:

Bai toan 8’. Cho tit dién gin déu ABCD (ma td dién déu 13 truong hop ddc bigt),
nghia 1a cac canh d6i dién bing nhau: BC = DA,CA=DB,AB = DC.

Hay xac dinh cdc khodng cach tit mot didm P da cho dén céc dinh clia ti dién
biét réng diém Q, déi xing véi P qua tam O cia mit cdu C(ABCD) ngoai tiép t&
dién d& cho c6 khodng cich dén céc dinh A, B,C, D ciia tit dién theo thi ty bing
QA=a,QB=b,QC =c,QD = d. '

Hudng dan. Ap dung dinh 1y v& dudng trung tuyén trong tam gidc vA tinh chét cia
trong tam cla mot hé diém. Tuy nhién ciing c¢6 thé sit dung phuong phép vecto.

Déap sb. Gidi he H{(*), (+*)}, ta dugc két qua:

1 1
2 _ 32 2 2 2 (a2 2 2_ 12
T ~%(b +c+d*—a?), y 12(c + d? + a? — b?), (o4
2% = 5(al2 +a?+b2-c?), 2= §(a2 +b% + % — d?).

Bai todn luon c6 nghiém (duong) duy nhét, x4c dinh bdi cic hé thiec (***). Mubn
vay, hay ching minh tinh chét sau day, dic trung cho mot i dién gan déu (bao gdm
cd tit dién déu), tuong tu véi dinh ly Pompiu trong hinh hoc phing, dic trung cho mot
tam gisc déu.

Dinh 1y Pompiu (trong hinh hoc khéng gian) ¢6 ndi dung nhu sau:

Binh phuong céc khodng céch tir mot didm P bét k¥ trong khéng gian dén céic dinh
clla mot t dién gan déu ABC D da cho ludn bidu thi dién tich cdc mit clia mot ti dien
(') nao dé. (Digu d6 6 nghia cu thé nhu sau: Binh phudng khoéng cach tit P dén mot
dinh ndo dé cta tit dién gan ddu ABCD da cho khong 16n hon tdng binh phuong cac
khoéng céch tit P dén ba dinh con lai).
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Tit dién (7) ndy suy bién thanh mét t diém phéng (tic 13 c6 thé tich v(7) = 0)
khi va chi khi diém P tring véi diém xuyén tam d6i clia mot dinh ndo d6 cla ti dien
gin déu da cho ABCD trén mit cau C(ABCD) ngoai tiép tit dién dé.

Huéng dan ching minh dinh Iy Pompiu trong hinh hoc khéng gian.

St dung vecto vA tinh chét clia tam ti cy cha méot he diém, chitng minh céc bat ding
thitc hinh hoc sau:

PA? < PB? 4 PC? + PD?, va ba B.D.T tuong tu
< PC? + PD? + PA?,

PC? < PD? + PA? + PB?,

PD?  PA? + PB? + PC2

A~ N N
> (3]
o N N

Déu ding thitc x4y ra khi va chi khi: P € {4/, B',C’, D'}, trong d6 A= Eo(A),B' =
Eo(B), C' = Bo(C) va D' = Ey(D), O 1a tam cau C(ABCD), tuy theo P tuong iing
thudc vao bit déng thic (1), (2), (3) hay (4).

Chi thich bd sung. Trong muc 1.2 trén day, téc gid bai viét nay da gidi thigu them
4 bai todn mdi ciing vé gidi nhitng hé phuong trinh bac hai cé 3 hodc 4 an, trong dé ¢6
chi ré xuét x1t hinh hoc déi véi ba bai todn 5, 7, va 8. Chinh viéc gidi c4c bai todn nay,
céc ban da cho ls gidi das s6 ctia cac bai todn hinh hoc 5, 7’ v& 8, 14 xuét x1¢ hinh hoc
clia céc bai todn dai s6 5, 7 vA 8. Ngoai ra, tic gid cic dé toadn ndy cling dé nghi ban
doc tim tdi them 10i gidi thudn tay hinh hoc clia céc bai todn hinh hoc xuét xit 5°, 7’ va
8’, gbp phan lam phong phti vi da dang cho 1oi gidi cac bai toan d6. Déi véi bai tosn 6,
tdc gid clia né cling xuét phat tir mot bai todn hinh hoc ma d& xubt, nhung lai khong
gidi thidu trong bai viét. Téc gia c6 dung ¥ dé lai, danh cho ban doc phdn dodn, suy zét
vé ngudn goc rudt T ndo tlt hinh hoc ciia bai todn dai sé (bai 6) nay. Tuy nhién, xin
luu ¥ ban doc 1& viéc phdn dodn vé zudt zi hinh hoc cla bai toan 6 thuc ra khéng cé g
khé khén ldm. Céc ban chi cAn quan tam dén ¢ nghia hinh hoc clia céc ding thic (ii) va
(iii) ciing nhu ¥ nghia hinh hoc ctia hai bd s6 duong (a,b,c) va (z,vy, 2). T d6 ban d&
dang chi ra déi tugng hinh hoc khéng gian ndo 4n & ding sau 6 con sd, trong dé a,b, ¢
12 da cho cdn z,y, 2 1a cic 4n sé duong can tim.

Sau cung, x1n gi6i thidu hai bai todn vé hé phuong trinh daz s0 bdc hai phitc tap ho’n
vd chita nhiéu dn (5 hodc 6 @n).

Bai toan 9*. Gidi va bién ludgn hé phuong trinh bac hai ( sdu a@n T, v;,1 = 1,2,3 la
nhiing s6 duong):

H) T1+yYs =22+ ys=z3+y =d, (%)
22+ y? + kTiyy = T3+ Y2 + kzoys = 2% + y3 + kxays = ¢ (%)

trong d6 c vA d 1a nhitng s6 duong vd k € R; ¢, d, k cho trudc.
a) L3i giadi th nhat: Loi gidi gdm hai budc sau day:
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Budc 1: Néu he phuang trinh H{(*), (+*)} c6 nghiém thi z1 = zo = 73 (= z) va
Y1=v2=ys (=v).

Tt (*) thay y1 = d —23,yo =d — 2, Vi y3 = d — 75 Vo (**), sau khi thyc hién céc .
phép tinh roi rit gon ta duge hé ba phuong trinh sau dbi véi ba an z;, T VA z3:

(kl‘l - 2$3)d - (.’E% + kiEgCUl) +X=0 (1)

va hai phuong trinh tuong tu béng cach hoan vi vong quanh cdc chisd: 1 — 2 — 3 1,
trong d6 ta da dgt X =d?> — 2+ 30 27

Tir d6 ta biéu thi duge d bing ba bidu thic khic nhau nhu sau day, trong d6 biéu
thitc sau duge suy tit biéu thic ding trude né nhe hoan vi néi trén
o} +kzozs — X xd+kzazi — X T2 — k1129 — X

d = = = i1
kxs — 24 kx, — 2z4 kzg — 2z, (if)

(v6i quy u6c néu méau sb trigt tieu thi ti sb cling trist tieu).
Sau d6 4p dung tinh chét cla day céc tj sb bing nhau dé khit dai lugng X, ta thu
dugc ba dang thitc sau:
d=1) =ty =1,
trong dé ' ,
T3 — To)(x3 + 29 — kz
. = @ 2@y + 7~ k) i)
2(z3 — z1) + k(z2 — 71) |
va tp nhan duge tit ¢ ciing nhu t3 nhén duge tit £, bdi hoan vi vong quanh cic chi s
1 -2 — 3 — 1. (Lé duong nhién cung dé nhan ra réing dén luot ¢, thi nhan lai tit £5
cling bdi hodn vi vdng quanh céc chi sé nhu da néi & trén). Dén day tit cic cip ding
thic t; = ¢; (1 # j € {1,2,3}) ta du thu dugc sy triet tiéu clia mét bidu thitc c6 dang
mot tam thue bac hai dbéi véi k sau day:

fk)=ak*+Pk+~v=0 (iv)

Chéng han, tit t3 = ¢; thi o, 8 v& 7 1an luot ddu c6 dang 1a nhing da thic bac 3
thudn nhit va déi xing déi véi cac d6i sb Z1, T2, T3 theo nghia hoin vi vdng quanh céc
chi s6 1,2, 3 nhu da néi & trén. Cu thé la:

Q= —I37% — T37% — 7,73 + 32,2073, (v)

B =—2(z3 + z3 + z3 — 3z,7973) + 7, ] (vi).

v = (2% + 28 + 23 — z02? — 237} — 1122) + 2(23 + 23 + 2} — 7422 — 7122 — Tozd) (vii)
Sau vai phép bién ddi don glan nita, cdc hé s6 o, va v trong phuong trinh (iv) con

duge bidu thi dudi dang mot sé bidu thitc khéc nta, thuén tién hon cho viéc xét déu cha.
ching. That vay, ta cé cac bidu thic sau:

—Q = (SEQ - .'131)(333 — iL‘l)iEz -+ (213 - .T2)21E1, (V’)
g = —(231 + I9 + CL'3) [(.’L‘z — .’133)2 + (fL‘3 — (L‘1)2 -+ (iL‘l - $2)2] + 7, (Vi’)
7= (22 = 22) 2063 = 20 + (a3 - D) + (22 - m2) 203 - 2% ~ a3) (v’
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Ngoai ra, cting v6i biéu thiic (v’) clia o vA bidu thitc (vii’) clia v ta con nhan duoc thém
hai biéu thiic nita cla o ciing nhu hai bidu thitc nita cia v nhd hoén vi vdng quanh

1 =2 —3— 1 nhu da néi & trén. Ti d6 suy ra, ngoai (vi’) thi B cling con ¢6 hai bidu

thic khc nita. D6i v6i viee xét déu clia o, 8 va «y, khong mét tinh tdng quét chiing
ta c6 thé gid dinh quy udc ring: 0 < z; < zo < 74 (ho#ic 0 < x5 < 73 < 2, hoic
0 < z3 < 21 < 23). Ching han, véi gid dinh 0 < z; < o < z3 ta thay ngay réng a < 0
vay > 0 cdn f2 > 0. Tt d6 suy ra biét sb cla (iv) khong am: A = 8% — dary > 0. Ngoai
ra, véi céc biu thic (v') va (vii') clia o v «, ta nhan ra ngay ring:

a=0 & 71 =2y = z3; ?y=0 & T) =Ty = T3.

Vado déra=0 ¢ =0, kéo theo £ = 0. Mit khac, d& théy: Tt A = 52 + (—dary)
suy ra:
a=0vafg=0,

A=0e | owmg=o.

Bdi vay, ta di dén két luan:
A =0 21 =12 =13 (= ) va do d6, kéo theo yi =y = y3 (= y).
Nhung A = 0 lai 1a di¢u kién can va di &8 k 1a nghiém duy nhét cia hs phuong trinh

H{(*), (++)} dugc xét (néu hé nay c6 nghiem).

Tom lai 13; 1ap luan trén day ching t6 réing: Néu ha H sau phuong trinh {(*), (%)}
c6 nghigm thi cac &n z, zs, T3 bing nhau (va dat béng z), dong thdi céc &n y1, o, 3
cling bdng nhau (va dit bing y). D6 1a dpem. Va do d6, bai tosn quy vé viéc gidi mot
he hai phuong trinh bac hai déi v6i hai 4n z va y sau day:

Budc 2: Gidi va bién lugn hé hai phuong trink (@n z vay déu duong)

{z-i—y:d, (1)

2%+ y? + kzy = 2. (2)
Tu (1) va (2) ta duge
2—-k)ry=d*—c? : (3)
T d6 dé dang suy ra:

- Néu k = 2 va ¢ # d thi h¢ phuong trinh {(1), (2)} vo nghigm.

- Néu k = 2 v& ¢ = d thi hé phuong trinh c6 vo sb nghiém, mién sao thdéa man (1).

Cu thé 1a
d
$=§+)\, d
O<A< =
{y:%-—)\; ( 2)

- Néu k # 2 thi o
-~ C
W=D TR (4)
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va do d6, T vA y 13 hai nghiém X; ( = 1,2) cla phuong trinh béc hai sau:

2
X2 —d -
X+2 - 0 (5) .

Muén cho phuong trinh bac hai (5) c6 hai nghiem duong (phan biét hogic tring nhau),
diéu kién cidn va du la:

d? — ¢

A=d2—42_k >0va (2 —k)(d®—c?) >0, (6)

Cubi cling, tit cac bat déng thitc (6) d& dang suy ra:
Phuong trinh bac hai (5) ¢6 hai nghiém duong khi va chi khi:

1°) Hodc
2
k§2—4(d CZ))<2, ¢ < d; (7)
2°) Hoic
c? — d? .
E22+4(55)>2, c>d (8)
Con céc nghiem duong z,y cta he {(1),(2)} 12 hai nghigm cfa (5), xac dinh bai:
1 4c? — (2 + k)d? .
{z,y} = {X1, X2} Xi=§(d:i:\/ 2(——19 ) ); (i=1,2) (9)

b) Nhan xét. Sau khi thyc hién hai budc gidi nhu da trinh bay & trén, viéc gidi va
bién luan hé phuong trinh bac hai véi 6 4n dudng z1, T2, Z3; U1, Yo, y3 dén day da hoan
tht. Day 14 mot he phuong trinh dai sb dic bigt, gdm ba phuong trinh bac nhét (*) vi

ba phuong trinh bac hai (**) dong thoi doi héi tAt cd cic &n =i, 1 (4 = 1,2,3) dédu la
nhitng s6 thuc duong. Bay gid chiing ta hdy quan tam d&n qué trinh bién luan v& viéc
gidi he phuong trinh {(1), (2)}. Trudc hét hay dé ¥ dén gi4 tri diic biét k = 2 1am cho hé
phuong trinh hodc v6 nghiém, hodc ¢6 vo sb nghiém. Néu k = 2 v ¢ = d thi (2) dugc
viét lai 1a (d6i chiéu véi (1)):

2+ 4%+ 27y = ¢® = d® hay la 22 4+ y? — 2zycos 7 = ¢ (= d?) (10) |

Khi d6, he thitc (10) biéu thi dinh 1y ham s& cosin déi véi mdt tam gidc "suy bién" c6 .
hai canh vé6i do dai z,y con canh 16n nhit c bing tdng hai canh cé d6 dai = vh y (véi
¢ = d thi tit (10) suy ra: z + y = ¢ (= d). Sau nita, trong hai bit ding thic (7) va (8)
bigu thi didu kién c6 hai nghiém duong (c6 nhién 1a duy nhit) ctia phuong trinh bac hai
(5), ta hay dé y dic biet dén bat déng thitc (7). D6 1a bit déng thitc didu kign quy dinh
mbi lign hé gitta hai s6 thuc duong ¢, d vA sb thuc k dé (5) c6 nghidm duong, ciing tic
13 dé bai toén c6 19i gidi. Dbi véi bat dang thitc kép (7) ta dic bigt chi ¥ dén bat déng
thic k < 2 (v6i ¢ < d). Khi d6 ta c6 thé diit k = —2cos~y (v6i 0 < v < 7), v dugc hoan
todn xic dinh: v = arccos —"2—" va do d6, (2) duge viét lai duéi dang:

z® +y? — 2zycosy = c%; (c < d) (2)
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Liic ndy, hé thtic (2’) bidu thi dinh 1y ham sb cosin déi v6i moét tam gidc c6 mét canh
véi d6 dai ¢, d6i dién véi géc ¢6 d6 16n v va hai canh cla géc v dé c6 do dai z va y.

Ngoai ra, theo (1) thi téng d6 dai = + y clia hai canh dé bing d vA trong céc dai lugng .

z,vy, ¢, d v vy thi cdc do dai c,d va do 16n gbc v 1a da cho.

Nhgn xét néi trén cling dap tng hoan toan cho ca ba déng thitc (**), trong dé z; va
y; (1 = 1,2,3) con thda man ci ba ding thic (*). N6i mét cach khéc, cac déng thiic dai
s6 dé cap dén trong hé phuong trinh H = {(*), (#x)} cla bai todn 9 dugc xét & trén ciing
phén 4nh sy kién mang néi dung hinh hoc lién quan dén ba tam gidc nio dé c6 mot géc
(ba gbéc tuong dng) bing nhau va bing v, canh déi dién (ba canh dbi dién tuong tng)
bing nhau vi bing c va céc canh con lai thi thda man ba déng thitc (*). V6i ¥ nghia
dé, ta c6 thé phat biéu két qua phin chimg minh duge chi ra trong budce 1 cha 1di gidi
bai todn 9-mot bai tosn dai sb vé gidi hé phuong trinh bac hai-sang ngén ngit hinh hoc
nhu sau.

Bai toan 9a. Gid st ba tam gidc A;B;C; (i € {1,2,3}) théa man cdc diéu kién:
Ci=Cs = Cs; A1B) = AyBy = A3Bs vi BiCy + CaAy = ByCh + C3As = ByCs + C1 A,

Chung minh rdng ba tam gide dé bing nhau.

Tiép theo, cling véi ¥ nghia nhu trén, ching ta ciing c6 thé phién dich sang ngén
ngi hinh hoc toan b6 noéi dung cia bai todn dai s6 9 vé gidi hé phuong trinh. N6éi mot
cach khéc, sau day ching ta sé thiét ldp mot mo hinh hinh hoc cia bai todn 9, cling tic
& hinh hoc héa bai toadn dé6.

c) Hinh hoc héa ndi dung bai toan 9, ciing c6 nghia la: Phat bidu sang ngdn ngit
hinh hoc ndi dung bai todn (vé gidi va bién luan mot hé phuong trinh dai s6 bac hai).
Bai toan 9b. Cho mét cung tron AyB chia géc v; AB = c. Tim trén cung dé (khong
k€ hai dau mit A va B ) tdt cé nhing b ba diém Cy,Cs, Cs sao cho

BC1+ ACy = BCy+ AC3 = BC3+ AC, = d, ’ (*)
trong dé6 d 1o dp dai cda mot doan thdng cho trude. Bién luan.

d) Lai giai thi hai (L3i gidi hinh hoc) cta bai toan 9-Ldi giai bai toan 9b.
Ldi gidi gdm cac budc theo trinh ty sau:

Budc 1. Trude hét ta ching té ring: Néu hai trong ba diém Cy, Cs, Cy tring nhau thi

day ding thic (*) dugc théa man khi va chi khi cd hai diém dé trung nhau.

That vay, dit BC; = a;, AC; = b; (i € {1,2,3}). Khi d6 day déng thic (*) dugc viét
lai 1a:

a4+ by =ag9+ b3 =az+ b (1)

Néu chdng han C, = C, thi a; = ap va by = by. Do d6 tit (1) ta dugc: by = bz v ag = ay.
Suy ra: a; = as = a3, dong thdi by = by = bs; nghla 14 C3 = C; = C; (= C).

Budc 2. Ta chiing minh riing: Diéu d6 cling c6 nghia 1a (theo khing dinh dugc chi ra
& bude 1):
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Néu bai todn c6 105 gidi thi, trudc hét ba diém O, Cy, C3 phdi trimg nhau. D& chimg
minh khing dinh ndy, ta cin dén bd dé (bai toan phu trg) sau.
Bb d&. Néu mot i gidc 16i ABCD ¢6 hai canh déi dién AD va BC bing nhau nhung
khong song song thi AB # CD; cu thé la AB lén hon hay nhé hon CD tiy theo hai tia
AD wva BC cit nhau hay hai tia DA va CB ciit nhau (3 diém 0).

(C6 thé chitng minh didu ndy bing céch dung hinh binh hanh BODE (Hinh 1) néu
OC < OD, (hogc hinh binh hanh ADCE néu OD < OC) sau d6 st dung dinh 1y v& so
sdnh canh va géc vao tam gidc ABE thi dudc AB > BE = CD, d.p.c.m).

Bay gid ta tr6 lai ching minh diéu khing dinh tren day bing phuong phap phdn

chiing. That vay, gid st trén cung AyB da cho ta tim dugc ba diém C;, C,, C5 dbi mot
phan biét théa man (*), cling tic la thoa man day déng thic (1). Khong mét tinh tong
quét, ta c6 thé gid dinh riing: a; < ay < a3 v do d6 theo (1) thi dua dén:

b1 < b3 < bg; (2)
Sau d6, ta dung mot géc :E/C’\y = v 10i 18y céc didm Ao, Ay, A, As trén Cz va

BQ,Bl,BQ,Bg trén C’y sao cho CAO = CBO = %; CA, = bi Vé, OBz = Qa; ('L € {1,2,3})
Thé thi ta duge: AA;B;,C = AABC, (c.g.c); do dé: :

AlBl = A2B2 = A3Bg = AB =c. (3)

Va tit cac bat ddng thic (2) suy ra AA4;B;C ndm gon trong cé hai tam gidc A,B,C va
A3B3C. Ta sé chiing t6 ring:

A1B1 < AQBQ hOEC AlBl < Ang.
That vay, tit (1) ta dudc by — by = ay — a; va bs — by = a3 — ay. Do d6 ta cé
A3A2 = BlBQ; (Hinh 2) (4)

va

A1A; = ByBs. (5)

Trén hinh 2 ta dugc hai ti gidc 16i AoByB; As va A3 B3 B, A, tuong ing théa man (4) va
(5), trong d6 hai ciip tia (AyAs, By By) va A3Aq, B3 By) déu cdt nhau & C. Béi vay, theo
bd dé & trén ta dudc : S
Ang > AgBl, (6)

A3Bg > Ale. (7) :
Xét hai trudng hop 6 thé xay ra:

1°) Néu a1 < by (Hinh 2) thi CA, By < CBiA; suy ra A A3y < CAB, < 90° <
B1 A A; va do d6, trong AA; By Az ta c6 A3B; > A, B nén déi chibu véi (6) ta dugc:

AlBl < Asz (8)
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2°) Néu a; > b thi cling lap luan tuong ty (ban doc tu vé hinh tuong ung) ta dudc

Aﬁ?g\Bl < 90° < Al/le\Bg va do d6, trong AA,B,B; ta c6 A1 By > A1 B) nén déi chiéu

v6i bat ddng thic (7) ta dugc: ‘
A131 < A3B3. (9)

Céc bt déng thic (8) hozic (9) thu dugc tir gid dinh c6 céc bat ding thic nghiém
ngit (2), mau thudn véi gid thiét clia bai todn 13 c6 day déng thic (3). Mau thudn dé
chitng t6 hodic a; = az = a3 vd do d6, by = by = b3, [nghia 1a cic diém C; (i = 1,2,3)
triing nhau & mot diém Co ndo d6 trén cung tron AyB], ho#ic it nhét hai trong ba sb a;
bing nhau (hay hai trong ba sb b; bdng nhau, i € {1,2, 3}).

Bay gid ta ching minh rng: Néu hai trong ba s6 a; (i € {1,2,3}) bing nhau thi c3

“ba sb a; d6 biing nhau, do d6 ci ba sb b; ciing bing nhau. That vay, ching han gia si
az = a3, thé thi tit (1) suy ra b3 = b; va bay gid thi day déng thitc (1) thu v& chi con
mét, doé la:

a1+ by =ay+b;. (10)
Bai todn quy vé chi con hai tam giéc, trong dé diéu kién (*) duge thay béi (10). Sau dé
ciing chitng minh tuong tu nhu & phan trén, sit dung bd dé da néu thi ching minh dudc
ring: a; = as = a3 va do d6 b; = by = by, ta duge d.p.c.m.

Budc 3. Rt cude bai todn quy vé bai todn dyng hinh don gidn sau day:

Bai toan 9c. Tim trén cung tron AYB mot diém C sao cho: BC + CA = d, trong dé
AB = ¢, c va d la nhitng do dai cho trudc. Bién ludn:

Kéo dai tia BC v& phia C rdi dyng diém D sao cho CD = CA v do d6, BD =
BC + CD = BC + CA = d. (C6 dang thitc ndy 13 do ta gid sit réing C trén cung AyB
12 diém da tim dugc, thda méin didu kién dat ra). Thé thi ACAD can & C c6 goéc & day
CDA (= BDA = ). Tt 46 suy ra D 13 mot trong hai giao diém D;, D, clia dudng
tron (B, d) tdm B ban kinh d v cung tron ASB chita géc 6 = 1 [c6 tam 1a trung diém
C’o clia cung Aq/B da cho] dlmg trén doan AB va nim clng phla véi AyB

- Tit d6 suy ra céch dyng diém C’ Diém C 13 giao diém cla tia BD vA cung A’yB
trong d6 D € {D,,D,} = (B,d)N ASB. D& thiy réing BC + CA = d. (Hinh 3)
- Bién lugn: Bai toan c6 181 giai (nghiém hinh) khi va chi khi:

AB=c<d< BDy=2BCy= .Clzc.cosecz (11) '
sin § 2
Két lugn: Bai toan ¢6 2 hodc 1 nghigm hinh khi va chi khi ¢ < d < & = c.cosec ]
2
(khi ¢ = dsin  thi bai todn c6 nghiém duy nh4t); vo nghiém néu d < c hoic ¢ < dsin 2.
Dén day bai toan 9c) va do dé, bai todn dung hinh 9b) da dudc gidi zong (vi v& mit

hinh hoc, chiing ta da hoan toan xac dinh duge didm C trén cung tron AvB da cho bdi
cic phép dyng hinh hoc theo trinh tu da dugc chi ra & trén). Tuy nhién, [0 gidi hinh
hoc ctia bai todn dai s6 9 dén day chua hodan tdt.
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Dé hoan tAt 181 gidi hinh hoc cta bai todn 9 ta cin luu ¥ réng bai todn 9c) chinh
12 noi dung hinh hoc cfia bai toédn dai s6, phét biéu trong budc 2 clia 15 gidi bai todn
9. Mubn vay, sau khi da xac dinh duge didm C trén AvB bang nhitng phép dung hinh
hoc 1di, ta cAn tinh d6 dai cc doan BC = z va AC = y theo AB =c¢,d va ACB = .
(Vigc lam nay c6 § nghia tuong duong vdi viée xéc dinh vi trf hinh hoc cta diém C bing
phuong phép dung hinh). Ta chi vigc gidi vA bién lusn hé phuong trinh (&n z,y > 0):

z+y=d zT+y=d
2 4,2 2 = d?—¢? R
T4 4+ y° — 2zycosy =c TY = fomr > 0 (Vic < d)

2 _
cos?® 2

Vay z va y l1a hai nghiém duong X7, X, ctia phuong trinh bac hai:

d? -2
2
—dX = 12
X + 4cos? 2 (12)
Diéu kién cin va dt dé phuong trinh (12) ¢6 nghiém (nghiém duong) 13: Bigt s6
2 __ d2 12 Y .
A:c——ilzo & c>dsintvac<d
cos? 1 , 2
& d>chsin-’2Z (13)

D€ ¥ ring A c6 thé duoc viét lai nhu sau: _

Ao 2¢* — (1 — cosy)d? _ 4P - 2+ k)d? (14)

14 cos~y 2—k

Tt d6 ta dugc két qua (sau khi da thay —2cosy = k, véi |k| < 2)

12— (2 k)d2> 5)

{w,y}={X1,X2}=‘;‘(di\/ 2k

K&t quéd (15) nay tim dugc phi hop véi két qui (9) tim ra & budc 2, tidu myc a).
e) Nhan xét va 18i binh (v& hai 161 gidi cfia bai toan 9).

Hai bai toén hinh hoc 9a) va 9¢c) chinh 1a néi dung hinh hoc tuong ung véi hai bai
todn dai s6 ma 1oi gidi duge d& cap dén trong hai budc gidi (bude 1 va budc 2) lien tiép
cla bai toan 9 vé gidi vA bién luan mot ha phudng trinh dai s6 bac hai. Ching 13 hai
phan cAu thanh bai toan hinh hoc 9b _ ban phién dich sang ngdn ngit hinh hoc clia bai
todn 9 (mot bai todn hoan toan dai sb v& he phuong trinh) ma chiing ta cé thé cho né
mot tén goi 13 "Mé hinh hinh hoc" ctia bai tosn 9, mot bai todn vé gidi va bién luan
mot he phuong trinh béc hai. N6 cho ta m6t hinh &nh truc quan trong hinh hoc vat ly
clia mdt he phuong trinh dai s6 béc hai. Tuy nhién, mo6i 10i gidi cta bai todn 9 mic du
khdc nhau vé phuong phép tiép can nhung ddu thé hien sic thai ddc thi, riéng biét va
rét &n tugng ciia titng 161 gidi. Néu nhu 13 gidi 1 (lo7 gidi dai s6) c6 doi héi kij ning
bién ddi va tinh todn tinh té vA cin phai thyc hién nhiéu phép toén nhung lai cho duge
ching minh tryc tiép diéu khing dinh quan trong phat bidu trong budc 1 cha 13i gidi
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bai todn 9 [va didu d6 ciing c6 nghia 1a chi ra duge cach ching minh truc tiép tinh chdt
hink hoc phét biéu trong noi dung clia bai todn hinh hoc 9a)] thi 10i gidi 2 (I67 gidi hinh

hoc) clia bai todn 9 lai khong doi hoi tinh todn nhung doi héi théng minh séng tao, dung

thém dudng phy, hinh phu vA chi can huy dong vén kién thitc it 6i thudc chuong trinh
hinh hoc 8 cling d&i diing cho viéc chitng minh tinh chét hinh hoc néi trén tuy 15 gidi
ndy lai khong thé cho dudc céch chiing minh tryc tiép ma sit dung phuong phap phdn
ching_mot phuong phap ching minh gidn tiép_dé khing dinh tinh chit hinh hoc nay.

Trén day 1& phac hoa ddi nét v& tong thé khi dbi chiéu, so sanh hai 10i gidi cha bai
todn 9 vé& phuong phdp tiép cdn cling nhu phuong phdp gidi quyét vdn dé cla ting 13i
gidi d6 ma bai viét ndy néu ra nh¥m muc dich trao d8i véi ban doc nhitng suy ngdm,
nhing 7 tudng dé xuét v kinh nghiém xung quanh viéc gidi v khai thac mot bai toén
todn hoc hay (v& dai sb ciing nhu hinh hoc) nao dé.

Néu xem xét ki ludng, chi tiét hon thi trudc hét, phai néi ring: Bai toan hinh hoc
9b) chi 1a mé hinh hinh hoc cia mdt phan bai todn dai s6 9 ma théi. That vay, trd lai

phan bién luan cla 18i gidi thit nhit clia bai toan 9 (trinh bay & bude 2) chiing ta nhan

ra ngay rang 10i gidi thi hai (161 gidi hinh hoc) cfia bai toan nay chi d& cap dén nhiing
gié tri clia tham sb k thoa man bit ddng thic |k| < 2 sao cho c6 thé gan cho k 4 nghia
hinh hoc k = —2cos~y, trong d6 0 < v < 7 14 49 16n clia mdt gée chia mot tam gidc ndo
d6 ma canh déi dién véi géc d6 c6 do dai ¢ vA hai canh cta gbc v d6 ¢6 dd dai z v y
ma tdng cla hai canh dé z +y = d, ddng thai d > c. Nhitng gié tri cla k & day doi héi
|k| < 2 chi 14 m&t tap con nhitng gid tri k£ théa man bit ding thitc (7) chit chua néi téi
nhitng gi4 tri ctia k théa man bit ding thitc (8) dugc chi ra ddy di trong phin bién
lugn thudc bude 2 cla tidu muc a) trinh bay 18i gidi thit nhit clia bai toan 9. Tic gid
bai viét nay con dé tréng, chua thiy duge ¥ nghia hinh hoc clia nhitng gia tri k& khéc,
ngoai |k| < 2.

f) Xuit xit cha cac bai toan 9, 9a), 9b) vA mdt hudng dé xuit bai todn mdéi
khac.

Trong k¥ thi Olympic Toan qubc t& 1an thit 46 (46" IMO, 7/2005) td chue & Mexico
c6 hai bai todn hinh hoc phing, trong d6 c6 bai tosn (Bai 1) sau day:

Trén céc canh cda mot tam gidc déu ABC sdu diém da dugc chon lan lugt: Ay, Ay
trén BC; By, By trén CA; Cy,Cy trén AB. Céc diém nay la cdc dink cia mot luc gz'dc

161 A1A231320102 ¢6 tét cd cdc canh bing nhau. Ching minh rdng cdc dudng thdng

A1By, B1Cs va C1 Ay dong quy.

Chinh t bai todn hinh hoc nay cta k¥ thi IMO, 7/2005 vita qua ma tac gid da dé
xuft bai todn hinh hoc 9a), 9b) va bai toan dai sb 9 & trén. D& dugc thuan tién cho viéc
phat biéu céc bai toan nay dusi dang nhu da trinh bay trong bai viét, tac gid da dit lai
tén nhu hinh 4 da ghi: Tam gidc déu xuét phat dugde k¥ hiéu lai 1a C1CyCs, con luc gisce
16i dugc xét ky hiéu 1a A; By Ay By Az Bs véi cc cap dinh Bsy, As; Bs, A; va By, A 1an luot
trén 0203, 0301 va 0102. Ba dutbng théng duge xét sé la: AlBQ, AQB3 Vi A3B1. Thé thi,
theo gid thiét ctia bai todn va v6i ky higu nhu trén hinh 4 chiing ta thiét lap dugc ngay
day dang thitc (*) néu trong gid thiét clia cac bai toan 9, 9b) va 9a). Tuy nhién, riéng
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vé gbc, gbc 60° & cac dinh C; (ctia A déu C1C,C;s v ciing la ctia ba AA;B;C;) da duge
thay bdi géc c6 do 16n «y téng qudt hon, midn 14 0 < v < 7.

Bai toan 10**.(V Gigi va bién lu@n hé phuong trinh bac hai 5 dn x, Y, 2,u,v sau day

2 2

TZ—yY' Tu—yz TVU-Yu yu—22 2u—yv 2 —u

(Ho) a b - c d e N f ()

trong dé a,b,c,d, e, f la cic sb thuc khdc khong da cho.
A. Ldi giai "so cap" ctia bai toan.
1°) Nghiém tam thuong cda bai todn. «
a) Hé phuong trinh H, (*) c6 thé viét lai dusi dang sau day: Néu dit ) 1a gi4 tri
chung (ma ta thudng goi 1 dn phu ciie he) cla day 5 ti sb bing nhau (*) thi ta c6 6
déng thic sau:

(Ao = 2z — 2
Ab = zu —yz
Ac = zv — yu
(D) { Ad = yu — 22
Ae = zu — yv
A = 2v — u?

b) Nhan théy ring véi z,y, z,u, v tiy ¥, bao gid ta ciing c6 dong nhét thic sau day
(dé dang kiém nghiem):

(zz — yz)(zv - u2) + (:gu —yz)(zu — yv) + (zv - yu)(yu — zz) =0, (Vz,y,2,u,v); (*')
Déi chiéu (I) va (*') ta dugc he thic sau day (néu he (*) da cho c6 nghiem):
M(af +be+cd) =0

Tu d6 suy ra:
1° Hodc A = 0, va do dé6, hé (*) c6 dang don gidn (I’) sau:

{xz—y2=xu——yz=xv—yu=yu—z2=zu—yv:zv'——u2=0}; 1)

2° Hodic A # 0 thi he (*) ciing cdn nghiém khac nita khi cac hing s6 da cho rang -
budc véi nhau bédi diéu kién sau:

af +be+cd =0, (**)

Vay ta can xét hai trudng hop:

Trudng hop 1. Néu cic sb thyc khac khong a,b,c,d, e, f d5 cho 1a tly ¥, khong doi
héi phai théa mén diéu kien (**) thi he phuong trinh (*) dudc xét chi c6 nghiém tim

Bai todn 10** nay da ducc dua vio cudn sich ciia GS. Nguyén Van Mau "Da thitc dai s6 vA phan
thite hitu tj", NXB Giso duc, 2002 (Bai todn 5, trang 48)

92



thuong, Ung véi gié tri A = 0 trong (I). Nghiém d6 13 nghiém cia hé phuong trinh (I’)
nhu da chira & trén.
Tu he (I') nay ta dé dang thiét lap duge day ding thic sau:

z zZ u y oz u

! Y v
= — = S D= = = _—— = . = . (= R

T (1) suy ra he (I') nay c6 nghiém sau day:
x:y:z:u:vzl:t:t2zt3:t4,(vc’)ittﬁy}’r,tER); (2)

Néu dé ¥ riing 1 = ¢° thi z,y, 2, u, v theo thi tu ty 18 véi Ity thra clia t, tit 0, 1,2, 3
dén 4. Diéu d6 goi ¥ ring néu ta thay ddi ky hidu cdc an sé z,y, z,u,v 1an ludt béi
Zo, 1, T2, T3, T4 thi bidu thitc nghiém cta hé (I) duge viét gon lai dudi dang:

z; = pt* (p # 0 bit ky, 7 € {0, 1,2, 3, 4})
hay dic bigt, c¢6 thé cho p = 1 thi:
z; =1, (i €{0,1,23,4}); 4 (3)

Trudng hgp 2. He H, dudc bd sung them didu kien (**) dé trd thanh he (H) =
{(%), (++)}. Tt day khong nhing chi thay ddi ky hieu déi véi céc &n sb nhu trén ma
ciing thay ddi ky hieu dbi véi céc hing s6 da cho; cu thé 13 a,b, ¢, d, e, f 1an luot duge
- thay bdi by, by, by, bs, by, bs. Viée thay ddi nay clng con c6 tic dung gidp chiing ta theo
doi viec giai ha phuong trinh phén ndo duge d& dang hon. Véi quy ude do, ta viét lai
hé phuong trinh (H) = {(x), (x+)} = (H,) U (*¥#) sau khi dugc bd sung them didu kien
(*%):

2 __‘ z x '_ ‘ —:t2 P —_ xT —z2
(’H) 9—'039:0 z . wowablml 2 — Esz_‘”lii = -'L'lz:s 2 = 2z3b4z1z4 = 22;5 & (=X 0) (*)
bobs 4 b1bg + babs = 0 (+%)

Con dong nhét thic (*') & trén thi bay gid dude viét lai nhu sau:
(zozg — zf)(wzm — z2) 4 (zoz3 — T1Z9)(ZoT3 — T124) + (Toz4 — 7123) (7123 — z3); (*')

2°) Tum nghiém khong tam thuong cia bai todn.

c) Ngoai ddng nhat thic (*') lien quan dén céc &n sb z; (¢ €{0,1,2,3,4}) da duge
phét hién & trén, bing nhiing quan st diic biet cic nhi thitc thudn nhit ctia cic an c6 -
cling béc (dong bac) va cé ciing tdng cac chi s8, ta con phét hién thém 5 ddng nhét thiec
nita sau déy (ma ban doc ciing d& dang kiém nghism dugc):

( (11:21174 - .’L‘g)xg + (CCQ.’L‘g - :L‘1:174)£l?3 + (1121.’133 - x%):m; = O, (1)
—2(zomq4 — 23)2) — (ToT3 — T174) T2 + (zoxs — 22173 + 22) 3
—(ZoZ3 — T172)z4 = 0, (ii)
¢ (zoz4 — 23)z0 — (T2%3 — T174)T1 — 2(xozq — T173)To
+(.’L”o.’133 - IL‘1.’E2)IE3 + (.’onz - :Cf)CL‘4 = 0, (iii)
(2273 — £124) T + (ToT4 — 22123 + 23)%1 + (ToT3 — T122) 20 — 2(zoz2 — 22)23 =0, (iv)
\ (2123 — 23) 20 — (ToT3 — T122)2) + (Tozo — z2)ze = 0. (v)
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Bay gio ta thay cac nhi thitc & trong ngodc bdi nhi thitc tuong tng c6 gis tri \b; (i =
0,1,2,3,4,5}) rat t¥ day t{ s6 biing nhau (*) & trén, sau d6 khit 4n phu X ta thu dugc
mot he méi H; gém 5 phuong trinh tuyén tinh thudn nhit véi 5 &n sb To, T1, T2, T3, Ty
ma dinh thic A ciia he trigt tigu (vi A duge phan tich thanh tich haj thita 86, trong d6

mot thita 6 1 bobs + byby -+ bybs (= 0); thita sé con lai, ky higu ®(b;) # 0.

bszy + bizs + byzy = 0 (i)l

—2bsxy - bszs + (bg ~ b3).’L‘3 - by = 0 (11)1

(Hl) b5(L‘o ~baxy - 2byzy + bixs -+ boxza = 0 (iii)1
baro + (bo—bs)zy + bz, —2box3 = 0 (iv),

bszo —biz1 4+ byzy = 0 (V)1

Vi dinh thitc A clia he (M) ¢6 dang: & = (bobs + biby + bybs).8(b) = 0 md B(by) #
nén (M) c6 nghiém khong tim thuong duy nhdt, (x4c dinh sai khac mét thita sé #0).
Giai he (H;) ta thu duge nghism sau day:

(Ao = b2 — by (by + bs),

A1y = boby + bybs,

< ATy = b§ - bobs, (4)
Mzz = ~(bybs + bsbs),

| M1Tq = b2 — bs(by +b3).

[Dé gidi he phuong trinh tuyén tinh thudn nhét H; nay (c6 dinh thic A = 0) ta chi viec
b6 di mot trong 5 phuong trinh cfia hs d6, chéng han bé phuong trinh tht ba (iii); sau
dé chi viée gidi hé {H1\(iii);} gdm 4 phuong trinh con lai véi 5 4n Zo, T1, T2, T3, T4 thi
thu duge nghiém duy nhét c6 bidu thic (4)].

Tém lai la, sau hai budc gidi ta thu duge két qua:

Hé phuong trinh bac hai (H) {(*), (*%)} v6i 5 &n o, 1, To, T3, T4 C6 nghiém tam
thudng (3) va nghiém khong tim thudng (4) nhu da chi ra & trén.
B. Cd s8 Iy thuyét toan hoc din dén hé phuong trinh tuyén tinh thuin nhit
(H,) dé tim nghiém khéng tim thuong ctia hé (H) néu trong bai toan 3.

Ching ta can tim hiéu ngon nganh dé Iy gidi con dudng dan dén 13i gidi "so cdp"
clia bai todn 10** nhu da nau ra trong muc A & trén.

1°) Trude hét, dé i ring cdc hiéu sau day:

Z0T2 = T1, TT3 ~ T1T3, ToTq — T1T3, T1T3 — T, TaTs — T1T4, ToTe — z3

1a cac nhi thitc bac hai thudn nhat cla cac &n x; (i € {0,1,2,3,4}), xuét hién trong day
(*) céc ty s biing nhau ctia he (H,), dugc tao thanh tit cic dinh thitc con (minor) cép

2 rat ti ma tran ch nhat (2 x 4) sau:

o Ty T2 I3
Ty To T3z T4
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C6 thé xem ching 13 cac tog do Phicker clia mot dudng théng xa 4nh trong khéng gian
xa &nh 3 chiéu P; xdc dinh bdi hai didm ¢6 céc toa ds: didm A(zo, 21, T2, z3) v diém
B(zy, o, 3, z4) trong toa do xa dnh thudn nhit.

2°) Cdc § tudng co bdn trong qud trinh tim toi i gidi (nghiém) cia hé phuong trink

(H)  treén. , .
a) Nhu 6 phan A da chi ra: He phuong trinh H, (*) va do d6, he phuong trinh (H)
c6 nghiém tadm thudng ma bidu thic nghiem c6 dang (3)
z; = pt, 1€{0,1,2,3,4}, p+#0.

b) Hé phuong trinh H, (*) véi céc &n z; dude viét lai nhu sau:

\ B o
(r pbo = Tz — 21, pby = Tz — 1T, pby = ToTy4 — 7,73,
_ 2 . _ 2,
pbs = T123 ~ x5, pby = Tox3 — Z1Z4, pbs = Toz4 — Z3;

trong d6 p 1a gid tri chung cla 5 tf s6 bing nhau ctia hs phuong trinh (*) ma gié tri
p = 0 cho ta nghiém tam thuong (3) ctia hg (H) va chua doi héi dén didu kien (**) cta
céc hding sb cho trude b; (i € {0,1,2,3,4, 5}) '

Ciing nhu nhan xét b) phdn A da chi ra: Véi To, Z1, T2, T3, T4 tuy § bao gid ta ciing
c6 ddng nhét thirc (*'):
L Vz; (i=0,1,2,... ,4) : (zozy — 77)(mazg — 22) + (ToT3 — T122) (2973 — T174)+
+ (T0z4 — z123) (1123 — 23) = 0;  (¥)
Chinh ddng nhat thic (*') nay cling véi déng thic didu kien (**) vé céc hing s6 b; (i =
0,1,...,5) 1a co s quyét dinh cho vigc tim nghiém khéng tdm thudng cta he (H)

¢) Ta ching minh didu khing dinh sau:
Néu c6 he thitc (**) nghia 14 céc hing s6 b; (i =0, 1,... ,5) rang budc béi didu kién

bob5 + bioby + babs =0

thi, ngoai nghiém tam thudng (3) (z; = ¢* (i € {0, 1,2, 3, 4})], he phuong trinh bac hai
thudn nhét (H) = {(*), (**)} cdn c6 mot nghiém khong tim thudng duy nhét ma (4) 1a
biéu thitc nghiém da chi ra & phin A. <

That vay, hé thic (**) duge viét lai dusi dang tuong duong sau:
2p(bobs + byby + babs) = 0 (véi p # 0),
hay 13 ‘
bo(pb5) + bs(pbo) +b (pb4) + b4(pb1) + bg(pbgg) -+ bs(pbg) = 0. (*”)
Thay céc gid tri clia pb; (¢ =0,1,...,5) tit (I) vao (*") ta duge hé thitc sau day (sau
khi da nhan hai vé& ctia (*") véi 2): -
2[bo(zoz4 — 23) + bs(zoz2 — 22) + bi(zax3 — T124) + by(zoz3 — T1Z2)+

+ bo(2123 — 23) + ba(woz4 — T123)] = 0. (I
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V6i cac b; (i = 0,1,...,5) 1a da cho thi (I") chinh la phuong trinh trong toa do xa inh
thuén nhat chia mot siéu mit bac hai, suy bién thanh mot sieu nén trong khong gian xa
dnh 4 chiéu P,.

Bay gid ta viét lai phuong trinh (I') dudi dang ma tran zTQx = 0:

4
> @ =0, (g = gjd) (5)

1,7=0

trong d6 céc hé sb gi; c6 cac gia tri cu thé nhu sau:

goo =0, go1 =0, oz = bs, goz = by, o4 = bs;

q0=0, qu=-2bs, quo=-by quz=by—bs, qus=—b;

g20 = bs, o1 = —by, Q22 = —2by, @o3 = b2, gosa = by; (5)
930 = b4, q31=0by—bs, gay = by, Q33 = —2bo,  g3q =0

qao = b3, qu = by, q42 = by, qs3 = 0, qaq = 0.

Vay duéi dang ma tran thi phuong trinh siéu quadric (5) c6.dang:

0 0 b5 b4 b3 To
. 0 —2b5 ——b4 b2 —_ b3 —bl 1
(.’IJQ Ty X9 I3 $4) b5 —-b4 —2b2 bl bo ) = 0, (6)
b4 bg — b3 bl —2b0 0 T3
b3 —b1 bo 0 0 T4

hay viét (6) mot cach ngdn gon hon, dudi dang todn ti:
2TQx =0, Vo # 0 = (0,0,0,0,0) (7)

trong d6: =7 = (z, 21, 2, Ts, z4) 1a vécto hang (chuyén vi ctia vécto cot x(To, . . .,T4q),
va Q = Q(b) 12 mot ma tran vudng cip 5, c6 cdc phin ti ¢i; tao thanh tit cc hing sb
b; da cho (théa man (**)) theo béng (5') & tren).

Sau khi thyc hién phép tinh dinh thitc |Q| clia ma tran Q(b) trong d6 :
b= (bo, bl, b2, b3, b4, b5) thi dugc: |Q(b)| = (bob5 + b1by + b2b3)q)(bz) =0 (Vi theo (**) thi
bobs + b1bg + bobs = 0), nghia 13 Q(b) 1a mdt ma tran suy bién vA c6 hang r = 4. Béi
vay, (6) la phuong trinh cda mot sidu mét bac hai suy bién thanh mot siéu nén bac hai
¢ 0-phing.. dinh, titc phing_dinh nay 13 mot diém, dugc xéc dinh bdi hé phuong trinh
tuyén tinh thuén nhit sau: Duéi dang todn ti, he phuong trinh nay duge viét gon lai la:

Qx = 0. (8)

Vima trén vudng cip 5 Q ¢6 hang r bing 4 nén trong 5 phuong trinh tuyén tinh thuin
nhét ciia he (8) chi c6 4 phuong trinh 13 doc 1ap tuyén tinh. Béi vay, hé phuong trinh
_tuyén tinh thudn nhit (8) x4c dinh cho ta mot diém duy nhat trong khong gian xa anh
bén chidu P;. Diém nay chinh 13 dink cda siéu nén bac hai cé phuong trinh (6) hosc (7)
trong khong gian xa dnh P; nay.
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That vay, vi (*') 1a mot déng nhat thic, két hop véi déng thie didu kién (**) thi (*")
- va do d6, (6) hay (7) ciing 12 mot dong nhét thic. Va tit (7) suy ra (8) 1a mot phuong
~ trinh toédn ti. ‘

Néu viét cu thé ra thi (8) cho ta hé 5 phuong trinh tuyén tinh thudn nhét (H1) nhu
da viét 16 & tiéu muc 2°)c) cla phin A 8 trén.

Sau cling gidi hé phuong trinh tuyén tinh (8) ciing tic 13 gidi he (H;) ta dugc nghiém
khong tam thuong (4) ctia hé (H) nhu da chi ra trong phin A, tidu muc 2°)c) & trén.
Diéu khéng dinh trén day da dugc ching minh. '

d) Véi 151 gidi trén day ctia bai todn dai s6 10 trinh bay & tidu muc c) ta thay ring
viéc giai bai todn nay c6 lien quan dén mot Iy thuyét hinh hoc vé mat bac hai trong khong
gian za dnh, trong d6 c6 mat bac hai suy bién thanh nén bac hai. V& mdt ¥ nghia nao
d6 ma néi thi ciing c6 thé goi 131 gidi nay 1a 167 gidi hink hoc cta bai todn 10** Didu dé
con néi lén réng bai todn 10** chéc hdn con nhing 18i gidi khac nita. Hy vong bai toan
nay con nhan duge 18i gidi hay khac & ban doc.

C. Ngudn gbc lich sit hay xuit x& ctia bai toan 10%*.

Bai todn 10** xut hién cich day da dugc 42 nim. Nam 1965 trong mot bai bao
"Sur un espace riemannien & absolus locaux" dsng & Tap chi Acta Scient. Viet. (Sectio
Math et Phys) Tome II, p. 5-42, nhan mot vin d& nghién cttu diu tién v& mot khéng
gian c6 tuyét d6i dong, gido st Nguyén Canh Toan da dé& xuét va gidi bai todn dai sb
ma bai viét nay da dua vao danh muc céc bai tosn cin khio cttu v8 " Mot 56 he phuong
trinh dai s6 dic biét", bai todn d6 dich thyc 13 bai todn 10. Xuét phét ti mot vin dé
nghign ctu vé hinh hoc, tuy cong cu st dung lai 13 dai s6, téc gid bai bso vén gidu tri
tudng tuong khong gian da gidi bai tosn bing phuong phap "cdt", "chidu",... Va tac gid
bai bdo da cho dép sb nhut ching ta da biét v& hai cong thic nghism (3) va (4) trén
day; tuy nhién ngudi md duong "khdm phd" da cho 16i gidi khé dai (do tinh to4dn nhiéu
va c6 phan phic tap). Nam 1970, 5 nam sau d6 tic gid bai viét nay da cho 1o gidi nhu
da trinh bay & muc B. Khodng 20 nim sau nita, gisdo su N guyén Vian Mau da quan tam
dén bai toan 10 nay va da gidi n6 bing phuong phép "hink hoc hod" (vi c6 stt dung khai
niém va tinh chét cla tich vo huéng). Tac gid bai viét nay hy vong gifo su N guyén Vin
Mau khoi phuc lai 18i gidi d6 dé bd sung mat 10i gidi dep va hay nita cho bai tosn 10%*
nay. 4
D. Bb sung mét bai toan tuong tu: Bai toin dio (ngudc) ctia bai toan 10**.
Bai toan 10'. Gidi hé 6 phuong trinh bdc hai thudn nhat (an yo,y1,Ys, Y3, Ya, ys) sau:

(Yoys + Y1y + yays = 0,
plag = y’f’ ~ Yo(y2 + Ys),
(H2) { ,D/al = YolYs4 + 1ys,

plaz = Y3 — yoys,

plas = —(11ys + ysya),
LO'as = i — ys(y2 + 3);

trong dé a; la nh'&ﬁg s0 thuc khédc khong da cho (i =0, 1,. .. ,4).
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e o i ottt 1 RN A

1°) Chiing minh rdng hé phuong trinh (Hz) ndy c6 mot nghiém duy nhét, tring vdi
nghiém cia hé phuong trinh tuyén tinh thudn nhét (H,) sau day: ~

0 0 0 as as as Yo 0
n 0
0 —Qay as —Qa3 —aso —-2a1 0
Ay=1 a4y a3 —23, 0 —qg a 21 = ol (Hy)
—2a3 - ap a1 —a; Qg 0 zz 0
4
as ay 0 ag 0 0 Vs 0

2°) Gidi hé 6 phuong trinh tuyén tinh thudn nhét (Hy) nay ta thu duge bidu thic
nghiém cia hé (Hz) nhu sau: (T he (H,) suy ra:

( _ 2
PYo = Qpaz — ay,

P = apaz — ajaaq,
4 PY2 = QoG4 — G103,
PYs = a1a3 — ai,
PYs = aoa3 — ajay4,
\ PYs = Q204 — a%-

2 Mot sb bai toan cuc tri dai sb, giai tich va lugng
gidc c6 xuét xit tir hinh hoc

Truéce hét, xin giéi thidu mot bai toan cuc tri gidi tich ¢ xult xit tit hinh hoc.
Bai toan 11. Xét ham ba bién f = f(z1,22,x3) cho bdi bidu thic:

f=(g1—a)?+ (22 - a2)? + (23 — a3)2++/(z1 — by)2 + (T2 — b2)? + (3 — bs)?; *)
trong d6 cdc bién 1, z, x5 rang budc vdi nhau bdi didu kien (cdc ddng thitc) sau:

I —C T9 — Co I3 —C3

] , B ER (1)
Uy U2 U3 :
con ai, by, ¢, ui (i = 1,2,3) 1a nhitng 56 thuc cho trude sao cho cic bo ba sb sdp thu
W (a1, @z, as), (b1, bz, b3), (c1,¢2,c3) doi mot phan biét (ciing c6 nghia la trong ba bs dé
khong cd hai bg nao tring nhau) va u2 + u? + ud #£0.
Hay tim cuc tiéu f cida ham f. Bién luan.

a) Nhan xét. Day 14 mot bai todn cuc try gidi tich (c6 rang bude), cu thé 13 tim cuc
tidu ctia ham (*) ba bién thyc 1, z, z3 rang budc véi nhau bdi hai ddng thic (1). [Tuy
- nhién, cling c6 thé phat bidu khac di d8 dugdc xem 1& mot bai todn v& gidi mot he phuong
trinh dai s6 (bac nhit, ba 4n z1, zo, z3) nhung gén véi mot didu kien khac nita, cu thd
12 biéu thitc (*) phai dat gis tri nhd nhat fm (thay cho viéc bét di mét phuong trinh].
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Chinh vi vy, ching ta c6 thé nghi ngay téi viéc st dung phuong phép giai tich
(cu thé 13 dinh 1y cla gidi tich tosn vé didu kién cin cda cyc tri ciia ham mot bién
sb. That vay, dat gia tri chung clia ba ti sb trong cdc déng thic (1) bing ¢, rdi thay

T = ut+¢ (—oo < t < 4o0; i =1,2,3) vio (1), ta duge f 12 ham méot bién ¢: f = f(¢), ‘

x4c dinh trén toan truc sb.
Cu thé la:

f(t) = \/—(cl —ai+ ult)2 + (C2 — a2+ 'U:2t)2 + (63 — a3 + ust)?+
+v/(e1 — bi + u1t)? + (cp — b + uat)? + (ca — b + ust)?, (2)

Tinh dao ham f’(¢) rdi giai phuong trinh
F'®) =0, | (3)

ta sé tim dudc nhitng gia tri ctia tham s6 t dé f(t) dat cuc tidu f,, (hay cyc dai). Tuy
nhién, ciing cdn phai khéo s&t ham mét bién f(t) (2) dé xédc dinh gi4 tri ndo tim dugc
(rit ra tit f'(t) = 0) cta t s& cho ta gid tri cyc tiéu f,, cAn tim cta f(¢). Trong thyc té,
viéc st dung phuong phép giai tich ddi véi trudng hop bai todn ndy doi héi thyc hién
nhiéu phép tinh cdng k&nh mdi di dén két qua. Vi vay, dbi véi bai toan nay ching ta cén
- tim md&t phuong 4n gidi khac sao cho d6 phai mét nhiéu thoi gian tinh todn ma vin di
dén két qui nhanh chéng hon. Mudn thé, ta hay quay trd lai dé mot 1an nita tim hiéu
dé toan (ndi dung bai toan cuc tri giai tich hay dai sb nay) k¥ ludng hon. Qué that,
truée hét ta nhan ra ngay ring (1) 12 phuong trinh chinh tic clia mot dudng thing A
trong khong gian Oclit ba chidu E3, x4c dinh bdi diém C c6 toa dd C(cy, ¢z, c3) va vecto
chi phuong @ (u1, us,us), @ # 0 (vi u2 + ul + u? # 0 theo gia thiét). Sau nita, bidu
thic clia dai lugng f cho bdi vé phai clia (*) biéu thi tong khodng cach f = MA + M B
t mot didm M (z1, T2, z3) bat ky trén dudng thdng A dén hai diém A v B phan biét
cho truéc trong khong gian ma trong hé toa d6 Dé cic vudng gbc Ozyz da chon thi
(a1,a2, a3) va (b1, by, b3) 1a céc toa do clia hai diém d6. Trén cd s& phan tich nay, chiing
ta da "hinh hoc hod" dudc bai toén cyc tri gidi tich (1) va sau day ching ta hay tim
cach gidi bai todn d6 bing kién thitc clia hinh hoc trén co s6 st dung két hop véi nhing
bit ding thitc co ban cta dai sb.

b) L&i giai 1 (18i giai hinh hoc) chia bai toan 11. Bai todn cyc tri gidi tich 11 sau
khi da duge "hinh hoc hod" c6 ndi dung sau day ctia mdt bai todn cyc tri hinh hoc quen
thude trong khong gian vd dudc phét bidu nhu sau:

Bai toan 11’ Trong khong gian cho mot duong thdng A va hai diém A, B phan biét,
cb dinh. Twm trén A mot diém M sao cho tong khodng cdch MA + MB ti dé dén hai
diém A va B dat gid tri nhé nhét. Tinh gid tri nhé nhét dé theo AB = d va cdc khodng
cdch dy,dy tt A va B dén duong thdng A.

Goi A’ va B’ tuong tng 13 hinh chiéu (vudng géc) ctia A va B trén A. Néu hai diém
A vd B khong n3m trén A thi A’ # A, B’ # B. Tuy nhién du cho {A, B} ¢ A thi van
c6 thé xdy ra A’ = B’ (khi vA chi khi (AB) L A). Khi dé diém M c3n tim hién nhién
triing v6i diém A’ ndy.
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*—) L
Gid st A" # B', ta chon huéng duong clia A 13 huéng cta vécto A’B’. Thé thi:

AB =AM +MFB, (M€ n).

Dt /A = di, BB = dy, 4B = 2 (# 0), AM = u, MB' = v, ta luén c6
u+v = 2c (> 0, khong ddi) véi moi didm M trén (D).
Ta cé:

MA+MB=\/w2+ &+ \/v* + &. (4)

Nhung ta lai ¢6 (bit ding thic Mincopski):

Vet & e rE > ST + o). (5)

Dau ding thitc dat dude khi va chi khi:

U v U d ,
El'—g,ha}’;—a‘z‘- (5)

Tu dé suy ra: uv > 0, nghia la M e [A’B’]. Vay ta duge:

MA+MB = \Ju? + & + /v + d% > VAC + (di + dy)? = /& + ddydy; (AB =d)

Tra 18i. Téng MA+ MB dat gi4 tri nhé nhét £, = VE+4dd; & didm M thudc doan
thing [A’B’] (1a doan hinh chidu ciia doan thing AB trén A) vA chia trong doan d6
theo ti 6 s6 hoc A’M : MB' = di : dy, ciing tic la:

MA dr
AB M)=20 — =2
(A5, M) 2 da | (6)

Trén day l1a i gidi dai s6 (vi phuong phép gidi ddi héi sit dung bit déng thitc dai s8,
cu thé 13 bt ding thic Mincopski) clia bai tosn cyc tri hinh hoc 11’ duge phién dich
sang ngdn ngit hinh hoc tir bai todn gbc (bai todn 11) v& cyc tri gidi tich. Bay gid ta lai
phéi phién dich tré lai két qua clia bai todn 11’ sang bai todn gbc (bai ton 11).

- Dé x4c dinh cic toa do clia diém M theo (6), ta cin x4c dinh céc toa do cta A/, B’
va céc khodng cach dy, d,.

AA L A= A suy ra A’ duge xéc dinh bdi A——)A’ C—'_X’ - 0, trong dé

—_

AA'(c1 — a1 +ust, o3 ~ ag + ust, c3 — az + ust);
—_
C’AI(Ult, ’U,Qt, ’U,3t);

(v6i U da duoc chon sao cho W2 = 1 titc U 1a véc td don vi chi phuong cta A),
nghia 13 vécto w da dugc chon sao cho ﬁ(ul,uz, Uz) ma

Pl =1 uf +u} +uf = | 7P

100



‘Tu dé ta duge gié tri clia tham s6 ¢ = t; tng véi A’; tuong tu ¢ = ¢, ing véi B,
—

ti=WCA (=0 A' =C); t,= WCB.

Chuyén qua biéu thic toa do, ta dugc:

t1 = wi(ar — ¢1) + uz(as — c2) +ua(as — cs) = 3, wila; — c3)
N\ te=wi(by — c1) +ua(b — ¢2) + uz(bs — c3) = Z?:l ui(b; — c;)

T (6) ta duge

(1—k)CM =CA'— kCB'
Thay k = —%1 thi duge
’ dity + doty
1 —
Thrd L | (®)

Vay tham sb t = t3 ing véi diém M phai tim dugc xac dinh béi

—
CM =

dits + doty
=2 2 . 9
di+dy )

i3
Ciing tit d6 ta suy ra diém M phai tim trén A duge xéc dinh bdi
OM =0OC +CM = OC + @ts. (10)
Tit déng thitc vécto (10) ta dugc cac toa do ctia didm M cin tim
T = ¢ +uits, (1=1,2,3). (11)
Céc khodng céch d; = AA’ va dy = BB’ dudc xéc dinh tu

— —

d} = AA® = CA® — CA” = CA? — (WCA)? = WCA? - (WCA)® = (T A CA)?

Nhu vay
— —
d1="JAcA, dzzja*/\ B], (12| = 1); (12)
. — —_—
trong d6 cac tich vécto & A CA va W A CB ¢6 chc toa do nhu sau:
_1?/\ —Z( U2 Us , Uus U ’ U Ug )
Qa2 — Cy Q3 — C3 az—C a1 —C a) —C Qg —Co
(13)

U2 U3z
by —co b3 — C3

U3 U
bs3—cs b1 —c

b} 3.

E’/\@Té(

Uy U9
b1 —C b2 — C2
Tit (13) ta tinh duge

= V(T ACA2, dy=+/(T ACB)? (14)
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Thay gia tri cla dy, ds tlt (14) vao (9) thl dugc ¢3, sau d6 lai tiép tuc thay gia tri cla t3
vao (11) thi xac dinh dugc hoan toan céc toa dd zi,zs, 3 clia "diém cuc tiéu" M trén
A phai tim. Con gié tri cuc tidu f, cla f duge xac dinh béi:

2 = (a1 = b))% + (aa — b2)% + (a3 — b3)? + 4dida (15)

trong d6 d; va dy dude xéc dinh bdi cic hé thic (14).

Chii thich: Phan 13i giai dai s6 clia bai toan cyc tri hinh hoc 11’ chua d3 dong dén bien:
luan clia bai todn dyng hinh nay mic dau da chi ra dap sb ding cla bai todn v& gié tri
cuc tidu f, clia dai lugng f, kém theo vi tri ctia "diém cyc tiéu" M phai tim trén dudng
thdng A, cu thé 1 trén doan A’B’, hinh chiéu clia doan thing AB trén A. Chinh vi
vy, khi ta phién dich trd lai két qua thu dugc trong bai toan cyc tri hinh hoc 11’ sang
bai toan gbc (cuc tri gidi tich 11) ciing chua thiy xuét hién phan bién luan 13 budc cubi
cling clia viéc giai bai todn gbe (bai todn 11 v& cyc tri gii tich). Béi vay, dé hoan chinh
151 gidi bai toan dyng hinh (bao gdm c& bi toan cyc tri hinh hoc) chiing ta cin bd sung
phan bién ludn ma l& ra phan nay phai xem la phan cudi cling cta 13i gidi. Tuy nhién,
dé nhin manh v lam ndi bat didu ndy chiing ta tich khdi 13i giai thanh tiu muc riéng.
c) Bién luan: Trd lai, theo doi 11 gidi (dai s6) clia bai toan cyc tri hinh hoc 1’ ta
thiy ring ti s6 don (A’B’, M) c6 biéu thitc (6) dudc hoan toan x4c dinh khi v& chi khi
&+ 2 # 0. B3i vay, bai todn 1’ c6 nghiem duy nhét khi va chi khi d2 + d2 # 0 tic 13 khi
vA chif khi it nhit mot trong hai diém (phan biét) A va B khong ndm trén A\, ciing tic
1a khi vA chi khi hodc ba diém A, B, C khong thing hang hoic khi C tring A, hojc C
trung B nhung A # (AB). Bai toan c6 vo sé nghiém [vA bt ctt diém M ndo ndm trong
doan AB (ké c& hai ddu mit A va B) ciing 13 diém phai tim] khi vA chi khi cd hai diém
A vd B déu ndm trén duong thing A. Nhu vay:

fdat minf, =AB & {M}=[AB]jcA (f=MA+MB, M€ )

Trén co s két qud phan bign ludn ndy cta bai toan 11’ ta phién dich nguoc lai sang
ngdn ngit clia bai todn gbe 11, ta 6 két qua sau day.

Néi chung, bai toan 11 c¢é nghiém duy nhét va bidu thitc nghieém z; (i = 1,2,3) c¢6
dang (11), trong dé ¢3 c6 biéu thitc (9) va t; (i = 1,2) c6 dang (7) con d; duge xac dinh
bdi (12). Gia tri cye tidu fn, clia f duge xac dinh bdi (15).

Bai toan 11 c6 vé sé nghiém khi va chi khi
a1 —Cr:Qx—Cy:Q3—cC3=by—c; by —cCpiby3—ca=1u;:Uy:us

Gia tri cye tidu f,, clia f dugc x4c dinh béi (15), trong d6 d; = da = 0. d) Ldi binh
bd xung. Vi nhan xét néu ra & muc 2.1 a) trén day bai todn 11 vé cyc tri gidi tich da
duge giai nhd hinh hoc héa ndi dung bai todn cuc tri gbe. Bai todn 11 da dugc phién
dich sang ngdn ngt hinh hoc thanh bai toan cyc tri trong hinh hoc khong gian (bai todn
11’). Chiing ta da s dung mot B. D. T dai s6 co ban (d6 13 B. D. T. Mincopski) dé giai
bai todn cyc tri hinh hocll’ndy. Sau cling chiing ta lai phai sit dung ddng thoi ca kién
thitc vé dai s6 (phuong phap toa dd) va hinh hoc (cy thé 1a tich v huéng vA tich véc
td clia hai véc td trongkhong gian) dé bidu thi két qua tim duge (gia tri cuc tidu f, clia
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ham f) hoan toan theo céc dit kién (céc s6 thuc da cho a;, b;, G, ui(i = 1,2, 3) trong nai
dung bai toan). Cu thé la khong nhitng chi tinh gi4 tri cyc tidu £, cla ham f ma con
phéi x4c dinh gia tri cu thé clia cic bién 1, T, 23 theo cic s6 da cho khi f dat cuc t1eu
fm. V1 vy, 18i gidi khong st dung phuong phép giai tich (cling con duge goi 14 phIIOng
phap ham so) nay thyc ra cling khongduge gon gang va tién loi cho 15m . D8 ¥ quan sat
ky vé 13i gidi 1 (18i gidi hinh hoc) nay chiing ta thay viéc sit dung B. D. T. Mincopski cé )
phén da dugc goi § tit noi dung biéu thic (*) n¥m ngay trong ndi dung bai toan 11 rdi, -k
nhét 1a khi (*) da dugc bién ddi v& dang (2) ctia f = f (t) phu thudctham sé . Didu d6 |
khién ching ta cin quay tré lai thém mot 1an nita tim cach st dung B. D. T. Mincopski
dé gidi bai todn cuc tri gidi tich nay hoan toan bing phuong phép dai sb.
d) Lai giai 2( 181 giai dai s6) ctia bai toan 11. :
Truéc hét dé thyuc hien cac phép todn dugc gon gang ta ludn ludn gid thiét dugc rang: ' r
:

up gy +uf = 1, (1)
va dua (1) vé dang (phuong trinh tham sb):
=c+ut, (1=1,2,3), (i)

trong d6 u; théa man didu kién (1’) vd (~o0 < t < +o0.

Dén day, thay z; boi gié tri & vé phai clia (i) ta duge:

3 3
D (@i—a)’ =+ 2mt+f; D (mi - b)? =1 + 20t + 3 (i)

1=1 i=1

trong dé6 ta da dit:

{ z? ui(ci — ai)’ 7]? =.Z?=1 (C1 - ai)2; ) : k

= 23 ( )’ ’Yg = Z?:l (C, - bi)2; (7‘ =1,2, 3)

Bay gio 4p dung bit ding thiic Cauchy ta dugc 1
2 _ 2 2,.2, 2 2 . 2 - nf

o = [ur(er — a1) + ug(cy — az) + us(cs — as))? < (W+u+ud)[(c — ay) +(c2 — a2)+(c3 — as)’]

roi dé ¥ dén (1") va (') ta dugea? < 42,

Tuong tu ta cing dugea? < 2.

Tuy nhién, 4p dung hing ddng thic Lagrange thi ta c6 chc ding thitc sau:

{7?‘ = of + %

(iii)
% = od+ 6
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trong dé

Y = of = B} = [ua(cs — as) — us(ca — a2)]* + [us(cr — a1) — us(cs — as)]® + [us(cz — a2) — g
% — of = B3 = [ua(cs — bs) — ua(co — by)]* + [us(cy — by) — ua(cs — bs)]? + [ui(ca = ba) — uy(cy
' (iv)
Déi chiéu (ii) va (iii) ta duge:
3
Z (@ — a:)? = (t+ 1) + 2,

i=

3 .
Z (.’Zli - bi)2 = (t -+ 062)2 + ,322,

i==1

v& do d6 thu duge biéu thitc gon clia f nhu sau:

f:\/(t+a1)2+ﬁ12+\/(t+a2)2+ﬁ§, ' (1)

trong d6 o), B; (i = 1,2) déu la nhing hing s6 theo thi ty dude xic dinh béi () va
(iv) nhu da chi ra § trén.

Dén day véi biéu thic (*') da duge thu gon clia f chiing ta c6 thé tim dugc gia tri
cyc tiéu (gié tri nhd nhat) f, cha ham f bing phuong phép gidi tich (st dung didu
kién can dé ham f dat cyc tidu thong qua viéc tinh dao ham f'(t) rdi gidi phuong trinh
f'(t) = 0 dé chira gid tri t =y, 8 d6 f dat cyc tiéu f, ma ta phéai tim.

Tuy nhién vigc gidi phuong trinh f/(t) = 0 ciing chua that sy don gidn nhu ching ta °
mong mubn. B&i vay chiing ta nghi dén phuong phép st dung bit ding thic dai sb dé
tim gid tri nhé nhét f,, cta bidu thic f.

That vay, vi ay, o, f1 v& B, déu la nhitng hing s6 da cho, trong d6 B1 va By déu la
nhitng s6 khong am; béi vay ta nghi dén bét ddng thic Mincopski. Theo bt déng thic
Mincopski, ta dudc:

f=ytt+a)+ g2+ V(t+as)? +‘ﬂ§ >l -+ (B + 6% )

(Dé g ring (t + o)’ + 02 = (—t — o) + $3). Déu déng thiic & (v) dat duge khi va chi
khi
(t+0é1) _ (t+a2)

B B2’
va do d6 dé dang suy ra khi va chi khi

_ a1 + ol (vi)
Pr+062

104



trong dé
3 3
—q; = Z%(Q - ai); Qg = Zuz(Q - bi)
=] i=1

va By, B2 dugde xac dinh bdi ddng thic (iv).

Cubi clng ta thu dugc két qud cho gia tri nhé nhit f,, cta f:

minf = fm = \/(al — )’ + (B1 + fB2)’ (vii)

khi v& chi khi t = g, x4c dinh béi (vi), cdn a4, §; (1 = 1,2) duge xacdinh bdi (1)va
(iv) nhu da chira & trén.

Bién luan. Bai toin c6 nghiém khi gia tri clia ¢ (x4c dinh bdi (vi) duge hoan toan xéc
dinh. Vi 8> 0 (Vi = 1,2) nén f; + B2 > 0. B3i vay bai todn ¢6 nghiém duy nhét khi v
chi khi 32 + 82 # 0, ciing titc 1a khi va chi khi it nh&t c6 mot nghiem 8; (1 = 1,2) # 0 (v
do d6 hosc 5, > 0, hodc B2 > 0). Bai todn c6 v6 sb nghiém khi v& chi khi 81 = 3, = 0.
Va do d6, theo cic hé thic (iv) x4c dinh 87 va G2 & trén dé dang suy ra:

bh=Pr=0c1—ar:ca—az:cs—az=c—by:co—ba:cy—bs =wuy :up: ug. (viii)

Tém lai: Bai tosn 11 c¢6 nghidm duy nhit f,, x4c dinh béi (vii) & 57 + 52 # 0. Bai toén
11 ¢6 v sb nghiém cé clung gid tri f, =| a1 — ap |& B1 = B, ciing tic 1A cic bo sb
ai, bi, ci, u; (1= 1,2,3) théa man diéu kién(Viii).

Cubi cuing, dbi chiéu hai 16i gidi 1 va 2 (hinh hoc va dai s6) clia bai toan 11 ta thay
dugc ¥ nghia hinh hoc cta o; va §; (1 = 1,2) cha 10i gidi dai sb6. D6 laty = t3,0, =
dy, B2 = —dy VA o = —t; (i = 1,2). Sau day 1a hai bai todn cuc tri dai s6 va lugng gidc
d&u c6 xuht xit tit cing mot bai todn cyc tri hinh hoc (trong hinh hoc phéng). Hai bai
toan cyc tri d6, néi khac di chinh 1a %4 gidi dai s6 va 100 gidi lugng gide ctia bai toan
cye tri gbe.

Bdi vay, trude hét xin dé cap bai todn cuc tri hinh hoc gbc, xuht x1 clia hai bai todn
cyc tri dai sb v luong gidc (v& ndi dung ciing nhu 15 gidi) dé ban doc dé theo dai va
déi chiéu.

Bai toan 12. (Bai toan cyc tri hinh hoc gbc)

Trong mit phing cho dudng tron tam O ban kinh a vA mot diém P cb dinh n3m
trong dudng tron (OP = d < a). Trong cac ti gidc 16i ABCD nbdi tiép dudng tron néi
trén sao cho cic dudng chéo AC va BD vudng gbc véi nhau tai P, hay x4c dinh tit gidc
¢6 chu vi 16n nhét va td gidc ¢6 chu vi nhé nhat. Tinh céc chu vi d6 theo a va d.

Cha thich. Bai to4n nay chinh 13 mét bai toan hinh hoc phing (Bai 1) trong ky thi
chon hoc sinh gidi quéc gia mon Todn (Bang A), thang 3 nam 1997.

Bai to4dn nay c6 nhidu cich giai.

Sau day 1a lo7 gidi hinh hoc clia bai todn (Ldi gidi 1).
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a) Ky hieu p = AB + BC + CD + DA 1a chu vi clia t& gisc ABCD, ta tinh
p* = [(AB + CD) + (BC + DA)]2. Ta duge:

p* = (AB*+CD? + (BC*+ DA?) + 2(AB.CD + BC + DA)+
+2(AB.AD + CB.CD + BA.BC + DC.DA).

Vi1 ABCD nbi tiép dudng tron (O, a) nén ta cé (Hinh 1):

AP.PC =BP.PD=-PP/(0,a) =a® - d® = b, (1)
AB.CD + BC.DA = AC.BD (Dinh ly Ptoléms); (2)

Lai vi ACLBD = P nén ta dé& dang thiét 1ap dudc céc hé thic sau:

AB*+CD* = BC? + DA? = 442, (3)

AB.AD _ CB.CD _ BA.BC _ DA.DC — 9 (@)
AP PC BP PD ’

AC? 4 BD? = 4(2a% — d?) = 4(a® + b2). (5)

Dén day, tt (1), (2), (3), (4), (5), va 24C.BD = (AC + BD)? — (AC?+ BD?) ta thu
duoc biéu thite thu gon ciia p? (vé phai ciia bidu thitc (*) sau day):

P’ = (AC + BD)? + 4a(AC + BD) + 4(a? — 1?). ()

b) Biéu thitc (*) ctia p? cho ta bidt : p? va do d6, p dat gié tri 16n nhat pys hay gi tri
nhé nhat p,, khi v chi khi téng AC + BD d5 dai hai dudng chéo cla tit gidc ABCD,
tuong tng dat gid tri max hay min.

Bay gio tir he thitc (5) va hé thitc (6) sau day lien quan dén AC va BD:
(AC + BD)? + (AC — BD)? = 2(AC? + BD?), (6)

ta suy ra: AC + BD dat gia tri max(min) khi va chi khi |AC — BD| dat min(max).
+) T (6) suy ra:

max(AC + BD)? = 8(a® + b?) < AC = BD.
Béi vay, ta dugc:
AC + BD dat gia tri max = 2/2(a2 + %) & AC = BD = V2@ +b2).  (7)
Cubi cling thé gis tri (7) vao (*) ta thu dugc két qué cin tim cla py:

Py = 2aV2+ Va2 +12), (B = a® - d?) (8
© AC=BD= 2@ 1.
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Vi AC va BD la hai day cung clia dudng tron (O, a) nén ching bing nhau khi va chi
khi ABCD la mot hinh thang can & vi trf 4;B,C,D; (hinh 2) nhan (OP) lam truc déi
xing va cling l1a trung truc chung cla hai day B;Cy va A1 D;.

+) Ciing tut (6) suy ra
min(AC + BD)? = 8(a® + b?) — 4(a — b)? = 4(a + b)?
< |AC — BD| dat max = 2(a — b)

va do d6, khi va chi khi mét trong hai dudng chéo (AC ho#c BD) 1a dudng kinh di qua

P cla (O, a), con dudng chéo kia (BD hodc AC) 1a day cung ngin nhit di qua P. Ta
di dén két luan p dat gi4 tri nhd nhét p,,

Pm = 4+v/a(a + b), (9)
khi va chi khi ABCD & vi trf clia tit gisic. A, B,C2 Dy nhan duodng chéo 16n lam truc dbi
xing, trung v6i dudng kinh di qua P cta (O, a); (chdng han A,C; > P & hinh 3).

Loi gidi 2. (Lai giai lugng giac)
a) Ky hiéu do 16n cac goc & tam AOB, BOC’ C’OD va DOA 1an lufdt la 2z, 2y, 2z va

2t. Khi d6 ACB = ADB = z, BAC = BDC = y,CAD = CBD = 2,DBA=DCA =t
(Hinh 1) ddng thdi thod man céc didu kién sau

0<z,y,2,t< er-, (10)
z-{—z:y—l-t:—g. (11)

Ngoai ra, theo dinh 1y ham sin ta cé

AB _BC _CD_DA_,, ‘ (12)
sinr siny - sinz.  sint

Tit (11) va (12) ta thu duge biéu thic (**) sau day v& chu vi p clia ti gidc ABCD
p = 2a(sinz + cosz + siny + cosy). : (**)

Dén day bai todn quy v& tim cyuc dai fir va cuc tiéu fm clia bidu thitc lugng gibe sau
day .

f(z,y) = f(y,z) =sinz + cos z + siny + cosy, (**')
trong d6 ham lugng gidc f(z,y) duge xdc dinh trong mién mé (0, %) cta hai bién z,y

khong doéc 1ap ma theo hé thide (1) duge chi ra trong 13i gidi 1 & trén thi z,y rang budc
v6i nhau bdi didu kign (ding thiic)

, , b
sin 2z.sin 2y = ot (13)

V6i nhan quan ndy ta dé xuit duge mot bai todn mdi vé cuc tri lugng gide sau:
Bai toan 13. Tim cyc dai fu va cuc tiéu f, cla bidu thic lugng gide sau (** ):

f(z,y) =sinz + cosz + siny + cos y,
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N T Dz N
trong d6 f(z,y) dugc x4c dinh trong midn md (0, 5) ctia hai bién thuc z,y rang busc

v6i nhau bdi hé thic (13):
2

sin2z.sin2y = —-
a

b) Nho cong thitc sinu+cosu = /2 sin(u+ ¥), Vu va hai cong thic bién déi cac tdng
sinu + sinv vA cosu + cosv thanh tich, ching ta d& dang dua dude bidu thie (**) clia
f(z,y) vé mot trong hai dang sau

$(@,9) = Valsin(a + ) + sin(y + T, | (19

)- (15)

z—-Yy

f(z,y) = 2[sin(x —2I— y) + cos(z ; y)] cos(

+) Dén day, dé tim gis trj max fy ctia f(z,y) ta sit dung bidu thitc (14)cta né.
Vi0 < z,y < I nén 0 < sin(z + )sin{y + %) <1 va do d6 f(z,v) <2v2. Suy ra:
fM(x,y)z2ﬁ®x=y=z=t=%@dzO@PzO(i)ABCDIAhinhvuﬁng.
Béi vay, néu P = O thi fu(z,y) < 2v/2. T @6 suy ra: Néu d # 0, tizc 1o P # O thi
f(z,y) dat max khi v chi khi hosc z = 7 hodc y = Z. Chéng han, néu z = To = § thi
2z =2z9 = 7, do d6 sin2zy = 1 v& zo = %o = 7. Khi d6 ta dugc:

| max f(z,y) = fur = f(z0,50) = V2 + sinyp + CoSYo, (16)
trong d6 0 < 5 < % duge xac dinh béi:

b2
sin 2yy = ot (17)

T (17) ta tinh dudc sinyo Va cosyg nhu sau:

sin 4o _ COS Yo _ i
\/2((12 —Vat —b4) \/Z(a2 +vat - bY) 2a

Thay gié tri cla sinyg vA cosyp tir (18) vao biéu thitc (16) clia fi; ta duoc:

maxf(:r,y)=f(zo,yo)=fM=\/§+\/'1+§;, : (19)

dat dugc khi va chi khi z = z,, Y = yo, trong d6 zo, Yo duge xéc dinh béi (18).

(18)

Cubi cung, tit gis tri fy, vita tim dugc & (19), thay vio (**) ta tim duoc gié tri l6n
nhét py cla p ding nhu bidu thic (8) clia né da dugc chi ra & tren trong (181 gidi hinh
hoc) ctia bai toan 12.

+) Bay giv, dén lugt tim gis tri min cla f(z,y) ta lai stt dung bidu thic (15) ciia
né. St dung bat déng thitc gitta trung binh cdng va trung binh nhan ciia hai s6 duong,

ta dugc
‘ flz,y) > 2/2sin(z + y) cos(x;y). (20)
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Dau déng thic 6 (20) dat duge khi va chi khi:

. T YN r+y r+y w s
= = — = t = —
sin ( ) = cos ( 5 ) : 7 & ety=zstt=g (21)
& sin(z +y) =sin(z + t) = 1.
Bdi vay, f(z,y) dat gi4 tri nhé nhét
fm = f(xz)ay(l))’
fm = 2v/2cos (332_;_*_?;_0)) (22)
trong d6 :co, Y 12 ngh1em cia hé hai phuong trinh {(13), (21)}. Gii ra ta dugc
cos(zy — Yp) = sin 2y = & 2 roi dé dang tim dugc:
Ty — Yy 1 : 1 by, V2 b
00 = —fala+b) =4/ (14 2) = Y2 2 2
cos ( 5 ) o a(a + b) 2( +a) R AR (23)

Tu dé6 suy ra:

3

b w=x'=——larcéosé, |
=214~ & ST S (24)
a y:y0=3+§arccos;.
Sau dé, tir (24) ta thu dugc pm = 2af, va thiy lai biéu thic (9) cla p,, nhu da chira

trong 13i gidi hinh hoc (Bai todn 12).
Sau day 1a 161 gidi dai sb (Loi gidi 3) clia bai todn 12.

a) Dt b = Vu? — d? PA = z; PC = 2/; PB = y; PD = v/. Ta thu dudc bidu thic

sau day cfa chu vi p cla t¢ gidc ABCD:
p=pz2,y,9) = Va* + 32 + V2 + 22 + \/x'2 +17 + Vy? + a2 (***)

Ngoai ra, dé dang chi ra dugc cic bién sb z, 2/, y, ¥’ rang budc véi nhau bdi chc didu kién
(bao gdm c& bat déng thic v ding thitc) sau day

a—d=a—-vVa-02 <2 yy<a+va:—-=a+d, (i)

ar--yy—b2 (0<b<a), (ii) .

2+ 2% 4+ 9% + 92 = 442 : (iii)

Nhu véy, v6i cach nhin bai toén cye tri hinh hoc (bai todn 12) duéi géc d6 méi nay, ta -

lai thu dugc mot bai todn mdi khac vé cue tri dai s6 ma ndi dung cé thé phat bidu ngin
gon nhu sau:

Bai toan 14. Tim cyc dai py va cuc tiéu pp, cla bleu thic dai s6 p(z, ', y,y') clia cac
bién z,z’,y,y’' rAng budc véi nhau béi (i), (i) vA (iii).

Trude hét ta hay tim céch thu gon vé phai clia (***). That vay, nhd ding thic (ii)
ta dé dang thu dugc céc ddng thic sau day:

Vel +y? + V2 +y2 = (@ +y) + (@ +y))
V3 +y2 4 V2242 = (@ +yR + (@ +y)?)
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tuong tu v6i bai todn cuc tri hinh hoc (Bai toédn 12) trong hinh hoc phing (xem phin
chi thich ¢) 6 doan duéi).

a) Phat biéu bai toan:

Bai toan 15. Xét 2n bién s6 thuc duong z;, 2, (i = 1,2,...,n) thod man cdc didu kién
sau: ‘

a—+a? -0 <z,z, <a+ a2, : (4)

iz, = b% (0 < b < a), ' (i1)

Sz 2?) =402 + 2(n — 2) . (4i1)
Tim gid tri lon nhdt py va gid tri nhé nhét pm, cia ham 2n bzen T, z; (i € {1,2,...,n})
sau day: .

p(z1,2;. .. Tn, 7)) Z (\/x + %4 /x? +x + 4/ T +a: + 4/ z; +x) *)

1<i<j<n
Cha thich: Néu dit py; = pi;(zi, 7, 75, 333) thi (*) duge viét goh lai hon nhu sau:
p(z1, 23 T2, Th; . .. T, 20) = Z pij (2, T3, 75, )
1<i<j<n

va duéi ddu 3 c6 tét c& £(n—1)n = C? ham p;(x;, 7, z;, ;) cia bdn bién xz,xl,x,,:c
v6i1 <1< j < n, trong do pi; ¢6 dang 13 tdng cha bén cin thic bac hai & vé phéi ctia
(*).
b) Phudng an giai (15i giadi) ctia bai toan.

bat: X; = z; + z}; X; = z; + 2l 2 + ) + 23 —l—ac’ = 40,”, zo = 2b, Xo = 2a.
The thi ti (i), (i) va (iii) ta suy ra X? > 4zz] = 4b2, X,? + X7 = 4o + 4b% va do dé,
X2 < 4aZ;. ‘

T d6 ta dugc bat déng thitc va ding thic sau:
2b=xo§Xi§2aij_<_2a v
> im XP = 40® +2(n — 2)b? + 2nb? = 4a® + 4(n — 1)b® = X2 + (n — 1)z2

+) Ta hay tinh p;; theo X;, Xj, a;; va b.
T (ii) ta suy ra

\/zf + 22+ /2 + zf = \/(a:z +z5)? + (x5 + z})?,

\/x? + xf +/z + z3 = \/(xi +z;)? + (2} + z})?;

va do dé,

Py = py(z 74,75, 7) = /(@ + 27 + (25 + 22+ @ 4 2, 4 @2 ()
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Sau khi binh phuong hai v& cfia (1) v st dung céc hé thuc (ii) va ky hiéu rit gon

o+ o+ 23+ zf = 4aZ;, ta duge biéu thiic rit gon sau ciia pZ; dudi dang mat tam thic

bac hai déi véi bién X; + X
Py = (Xi + X5)* + day(X: + X;) + 4(aZ; + b%), (2)
trong d6 gita X; va X; c6 cac hg thitc sau day:
X?+ X} = 4al; . 4b%, (3)
(X + ;)" + (X — X;)? = 8(a? +b°). (4)

+) V1.X; > 0,X; > 0 nén biéu thitc (2) cta P} cho biét: p2 va do d6, p;; dat gié tri
max pij,, hay gia tri minpy;,, khi va chi khi X; + X; dat max hay min. Do do, tit (4) ta
suy ra: .
Xi + X dat max(min)  |X; — X;| dat min(max).

Tix (4) ta duge: (X; + X;)? < 8(aZ + b%) va do dé thay vio (2) ta dudgc:

2
P < 4(ai,-\/§+ \/ ak + 62) :

Vay

& X, ZXJ' (ZbSX, =Xj §2aij < 20,).

Mic khac, |X; — X;| dat max khi v& chi khi hofic X; dat max = 2a;;, X; dat min =
Zo = 2b hodc X; dat max = 2a,5, X; dat min = zg = 2b. Suy ra:
Pi 2 Py = (205 +20)" + dai (2045 + 2b) + 4(a?) — b?)
= 4(as; +b)* + 8ay;(ai; + b) + 4(ai; + b)(ai; — b)
= 16aij (a,-j + b)

Vay
Pij 2 Pij, (min) = 44/ai(ai; +b), (7
va X ¥ ) .
Y AT Xi = Xo = 2a;5, X; = o = 2b,
Pij = Pijm = 4 G,U((ZZJ + b) A [ Xj = 2aij, Xi = gq¢ = 2b. (8)
Va do dé:

4b\/§ (V61 Qij = b);
Pijm 4VaZ+ab=4da\/1+ 2t (véiay = a).
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Bay gios ta trd lai véi ham 2n bién p(z(, z7;. .. ; T, 24) (¥), ti (5) v& (7) ta thu duge bt
ding thitc kép sau:

4 Z aij(a; +b) <p= Z pUSZ[ Z .(a,-,-\/i-}-\/a?j-l—bz)], (*I) ‘
1<i<j<n 1<z<]<n 1<i<j<n
trong d6 0 < b < ay; < a.
+) Dén day, ta c6 thé tim dlIOC céc gid tri 16n nhét pys vA nhoé nhit p,, cla p.

- Truéc hét, ta tim gié tri nhé nhét p, cla p = Pz, 2. T, Tl T, 2h). D

tinh p,,, ta hiy dé ¥ ring:

()8

(n—1) [Z(xf + :Ef)] = Z (z2 + x;2 + 3:? + x’jz) = Z (4afj). (9)

i=1 1<i<j<n 1<i<j<n

T (iii) va (9) ta dugc:

(n-l)[4a2+2(n-—2)b2]=4( 3 afj).

1<i<j<n

Suy ra

Z al; = (n—1)a® + ;(n —Dn-2)* = (n—1)a? + C2_ B =const  (10)

1<i<j<n

= (n— 1)mazal; + C2_1mma,

He thic (10) ching té ring:
- Khong thé x3y ra a;; = b véi Vi, j (Diéu ndy dé dang suy ra bing phuong phéap
ching minh phén ching). Tuf dé suy ra ring phai ¢ mot sb gia tri aij = a. Mat khac,

c6 tht cd C2 = (n — 1) + C?_, gia tri cla ai;, md theo (10) thi téi da c6 C2_; gi4
tri a;; = b va vi thé, phai c6 n — 1 gi4 tri a;; ndo dé dat cyc dai bing a (ching han,

a12 = Q13 =+ = Q1 = @, tdc 1 a;; = a(j # 1). Cudi cung, suy ra:
pm=4[(n—-1) a(a+b)+%(n—1)(n—2)b\/§], | (11)»
hay I | | |
minp = 4[(n - 1)a\/1—+_2 + cg_lb\/i] = 4(n — 1)y/a(a +b) + 2(n — 1)(n — 2)bv/2.

(12)

X;(G#1) =2, j#i

Véi n = 2, ta duge: minp = 41/a(a +b), ta thiy lai k&t qua da thu duge & phan (I).

{xiﬂim; “2, (i€ {12,...,n)),
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- Bay gi0 tim gi4 tri 16n nhat py clia p. Ta st dung bAt déng thic -4 < —;"i,
(i > 0) d€ danh gia tiép bat ding thic & vé phai cia bét ding thitc kép (*') c6 st dung
dai lugng bat bién (10). Thé thi, vi Y1 Ui < /0. u2 nén ta dugc: ~

@) Xicicjen % < 4/C3(3 a2), hay viét cy thé hon 1a:

N

Z aij < \/C','“:[(n ~1)a?+ C2_,4?] = [____n(nz—- D) (nél)a2+n(n2_ Dn- 1)2(n — 2)b2] .

1<i<j<n

Do d6 ta dugc

Z Qij < ((n - 1)> \/2na‘2 +n(n — 2)b2. (13)

1<i<i<n

2
B) Ciing va 2 1)< 2y /s @HT) s 10) thi duge:
g vay, ZlSKan a; +0? )< C? = , T0i st dung (10) thi dugc:

> (yag +¥) s\/oz( > o+ o)

- 1<i<j<n

= /C2(n — 1)a? + C2C2_, 12 + (C2)2%2
= (n ; 1) V2n[a? + (n — 1)b2].

2[ D (,/a§j+b2)]5 (n - 1)v/2n[a? + (n — 1)52]. (14)

1<i<j<n

Do dé6:

Cubi cling, ti (13) va (14) ta dugc két qua (sau khi thay vao vé& phai ctia (*')):

p<(n—1) [\/Qn[2a2 + (=20 + /20[e? + (- DFF . (15)

Vay la:
P = (n—1) [\/2n[2a2 +(n— 20 + v/2n[a2 + (n = 1)b2]] | (16)
SXi=Xy= =X, = %x/n(ﬂ +nn -1 (Xi=z+3); (i=1,2,...,n) __

Véin = 2, thi duge py = 2(av2 + Va? + 02), ta thay lai két qua da thu duge & phan I.

¢) Chi thich: Dén day, bai todn 15 - mot bai toin cue tri dai s6_da duge gidi xong.
Nhung vi bai toan cuc tri dai sé nay lai chinh la ndi dung (ngon ngit) dai sé ctia mot
bai todn cuc tri hinh hoc trong khong gian Oclit n chidu E,(n > 3), tuong tu véi bai
toan cyc tri hinh hoc gbc trong miit phéng (da dugc gisi thieu 3 16i giai); bdi vay, chi
viéc cho n = 3 vao cic biéu thic (12) va (16) tren day cla pm va pp ta dude ngay tic
khc dap sb clia bai toan cuc tri tuong tu trong hinh hoc khong gian khi ta thay dudng
tron (0, a) bdi mit cau (O, a), tt gise ABCD ndi tiép duong tron (O, a) ¢6 hai dusng
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chéo AC, BD vudéng gbéc véi nhau 6 mot diém P ndm trong dudng tron bdi hinh béat

dién K(A.BCB'C'.A") ndi tiép mat cdu (O, a) c6 ba dudng chéo AA’, BB',CC’ ciing

12 ba day cung ctia C(O,a), vudng géc v6i nhau doi mdt & mot didm P cb dinh ndm

trong mat cdu C(0,a) (OP =d < a). .
Sau day, mot bai toan méi tht hai khéc, vé cuc tri dai sb duge dé xut trén co sé

phién dich sang ngdn ngit dai s6 ndi dung cla bai todn cuc tri hinh hoc trong khong

gian vira méi dé cap trong cha thich ¢ muc ¢) trén day (cu thé 1a cuc tri vé dién tich

ctia mdt ho hinh bat dien X(A.BCB'C'.A’) noi tiép mit cau C(O, a).

d) Phat biéu bai toan:

Bai toan 16. Xét 6 bién sé thuc duong z;, 7. (i = 1,2,3) thod man cdc diéu kién sau:

a—+vVa2—-b <z, 2. <a+ Va2 - b (a>b>0) (2)
ol =0 (i=1,2,3) (44)
33 (2 + zP) = 4a® + 202 (411)

Tim gid tri lon nhét sy va gid tri nhé nhét s, cia ham 6 bién z;,z. (1 = 1,2,3) sau
day:

, .
s = s(x1, T1; T, To; T3, T3) = Z 5\/z2y2 + y222 + 2272 (**)

trong dé: {z,y,z} C {1, 2}; T2, Th; T3, T4} va T, Y, z khong ¢ cing chi sd, tic la sao cho
{z,y} # {z:, %'}, {y,2} # {zi,zi} va {z, 2} # {xi, 2}}; © € {1,2,3}. Cha thich: Duéi
diu ¥ c6 tht ci 8 cin thitc bac hai ma bidu thic dudi ddu cin thic 13 8 da thitc thudn
nhit bac 4 cla ba trong 6 dbi sb z;, 7} nhung khong cting mét chi s6 (i € {1,2,3}). Cu
thé 1a bidu thitc (**) clia s c6 thé duge viét lai nhu sau:

s=81+85; + S+ S5+ S3+ S5 + 54+ 54,
trong doé
45? = 2z} + :c’f(x% +22), 457 = m22x32 + 2z + :v’32)
452 = 7272 + :r2 2(22 + 22), 45y = ms :vl + z2(zf + 21);
483 = zix3 + x4 222 +13), 487 = :cl ac2 + :cg(xl + z3);

2.2,
482 = x3x? + 232? + 2¥22,  4S7 = zfay + ziay + oy,

13 nhitng biéu thitc dudi diu cin thic bac hai § vé phai cta (**).
e) Gdi y hudng giai. Stt dung dai lugng bit bién (ii), hay tim cach rat bét sb csn thic -
& vé phai cla biéu thic (**) tir 8 xubng 4 rdi 2.

Dat X; = z; + % (i = 1,2, 3), chiing t0 ring:

2
> X2 = 4a? + 86 = da® + 2.45° = XT + 223 (Xo = 2a, 20 = 2b). (iv)
i=]

Ngoai ra, sit dung céc dai lugng bét bién (ii) va (iii), hay thiét 1ap thém nhing hé thic
lin quan dén céc dai lugng 375, S? + 5%, 31 i jcq X2X? v céc dai luong bét bién

(it), (iii) va (iv).
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f) Dap sb ctia bai toan.

Hay chitng minh ring biéu thic dai s6 (**) cta dai luong bién thién
s = s(z1, T}; T2, T3; T3, T5) cla 6 bién z;, 2} (4 = 1,2, 3) thuc dudng rang budc bdi céc bit .
dang thitc va ding thic didu kién (i), (ii) va (iii) vé cac bién z;, z}, dat cuc dai sp khi
va chi khi X7 = X5 = X3 va dat cuc tiéu s,, khi va chi khi, chdng han: X; = Xy = 2a
va Xo = X3 = o = 2b. TU d6 ma thiét lap duge cac gid tri cuc dai spr vA cuc tidu Sm
theo a va b.

g) V1noi dung bai todn cyc tri dai s6 nay chinh 13 ngdn ngit dai sé ciia bai todn va
cyc tri hinh hoc trong khong gian duge dé cap dén 8 muc ¢) "cht thich" vira méi néi &
trén (cu thé la cuc tri vé dién tich toan phin cia mdt ho céc hinh bat dien K nai tiép
mdt mit cau (O, a) theo cach chu tao da chi ra trong bai todn) nén gidi bai todn nay
cling tic la ching ta da gidi bai toan cyc tri hinh hoc khong gian bing phuong phép dai
s0. Va do d6, dap sb chi ra & day cing 13 dép sb clia bai toan cuc tri hinh hoc khéng
gian dé.
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Bat bién, don bién va tng dung

Tran Nam Ding

Tt cd réi sé dé; thay, chi Tinh yeu va Niém tin I3 mai mdi

Bét bién 13 mot trong nhing khéi niém trung tam cia todn hoc. N§ ¢4 mgt trong
hau hét cac linh vie cia Todn hoc: Dai s6, Hinh hoc, T6-po, Ly thuyét s6, Xac suét,
Phuong trinh vi phan A Chéng han, céc bat bién duge st dung trong viéc nghién city
cdc dd thi phing (dinh ly Kuratowsky), gidi tich ham (ching minh dinh ly vé diém b4t

S

dong Brawer hay chitng minh hinh ciy khong déng phai véi xuyén. Khé cé dinh Iy vé

Bit bién 13 nhing dai lugng (hay tinh chat) khéng thay déi trong qud trinh chiing
ta thuc hién cic phép bién déi. Ching han khi thuc hién phép tinh tién thl khodng cach

ddi, nhung s& c6 mot bit bién khéc, d6 1a ty Ie gilta hai doan thing,

Mot vi du khéc v& bit bién: L&y m¢t s6 nguyen duong N (viét trong he thap phan).
Phép bién déi T bién N thanh téng cic chit 6 ctia V. Vidu: 1997 - 26 -8 g

A Vay c6 gi bat bién & day? C6 day, tat ca cic b N,T(N),T(T(N)),... A ddu c6 cung
s6 du khi chia cho 8. Pg chinh 1a b4t bién.

Xét bd sb nguyen duong (a, b, c). Phép bién d&; T bién (a, b, ¢) thanh (lbcl, |cal, |ab)).
Khi d6 c6 thé chitng minh dudc ring ham sb

S(a,b,¢c) =a+b+c
1a mot ham khéng tang, tic 1a mot don bién déi ve; phép bién déi T
Trong bai viét nay, chiing ta s& tim hidu va b4t bién, don bién va ing dung cia ching

trong viéc gidi cic bai toan Olympic. C6 hai may bai toén tdng quat thudng duge gidi
quyét bing bat bién va dgp bién:
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Bai 1. C6 mot tap hop cdc trang thdi Q va tdp hop cdc phép bién doi T ta Q vao Q. C6
hat trang thdi o va B thuoc Q. Héi ¢é thé dung hdu han cdc phép bién déi thuoc T dé
dua trang thdi o vé trang thdi § duoc khong?

Bai 2. C6 mot tap hop cdc trang thdi Q va tap hop cdc phép bidn doi T tu Quao Q. Cén
chiing minh rdng, bdt ddu tv mot trang thdi a bt ky, sau mot s6 hiw han cée phép bién
doi tu T, ta sé di dén trang thdi két thic (trong nhiéu truong hop, dé la trang thdi én
dinh, tic la sé khong tiép tuc thay doi khi tdc dong cdc phép bién ddi tu T, tinh hubng
T(8) =8 d trén day la mot vi du).

Bat bién va don bién s& gitp chiing ta gidi quyét céc tinh hubng cin ban nay. Tht
nhién, cdc tinh hubng 4p dung s& mudn hinh van trang, nhung ciing can cé nhitng kién
thitc co bédn va 16i tu duy chung dé tiép can céc vin da. Ching ta sé bdt didu bing mot
s6 vi du don gian. ’

1 Cac vi du mé dau

Vi du 1. Xét mot bdng vuong 4 x 4 6. Tai méi 6 cia bdng vuong cé chia didu + hodc
dau — . M&i mot lan thuc hién, cho phép doi ddu cia tét cd cic 6 tren cting mot hang
hodc cing mot cot. Gid st bdng vuong ban ddu 6 1 déu + va 15 déu — . Héi c6 thé
dua bdng ban dau vé bdng cé toan déu cong duge khong?

Cau trd 18 1a khong. Va 15i gidi kha don gian. Thay diu cong bing sb 1 va du trix
bang -1. Xét tich tit ci cic sb trén béng vuéng. Khi d6, qua mdi phép bién déi, tich
nay khong thay ddi (vi sé ddi ddu 4 sb). Vi vay, cho dir ta thuc hién bao nhiéu lan, tir
bédng vuéng (1, 15) s& chi dua vé cac bang vudng c6 s6 1& dau -, ¢6 nghia 13 khong thé
dua vé bang c6 toan diu cong.

"Vidu 2. Trén bing c6 cic sé 1/96,2/96,3/96, ...,96/96. M&i mot lan thuc hién, cho

phép zod di hai s6 a,b bdt ky trén bing va thay bing a + b2ab. Héi sau 95 lan thuc hien
phép zod, s6 con lai trén bing la s6 nao?

Toi rat thich vi du nay. Khi dat bai toan cho céc hoc sinh, ban no ciing lic diu 1@
ludi vi dé bai yéu ciu tinh todn qua nhidu. Hon nita, trong bai todn trén, thd tu thuc
hien cac phép toan lai khong dudc néi 5, tao ra mot tinh hudng gdn nhu khong thé xi
1y nédi.

Nhung chinh nhitng khé khan dé lai goi md ra cach giai. O day toi sé khéng trinh
bay cu thé cach phan tich dé tim ra huéng giai. Chi biét ring, khi lai gidi duge dua ra,
cac ban hoc sinh déu v6 cling bat ngd va thich thia. Cing tit sy thich tha nay, viéc dua
tiép céc vi du tiép theo duge dén tiép mot cach ndng nhist hon hin.

Sau day 1 18i giai d6.

Gid sit cac sb trén dang 1a a, az, ..., ag. Ta cho tuong ting bang nay véi

(2(11 - 1)(2&2 — 1)(2(1}C - 1)
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Khi d6, sau méi 1an bién déi, tich tren bi mét di hai thita s6 (2a — 1)(2b — 1) va duoe
thém vao thita sé
2(a+b~2ab)~ 1= —(2a - 1)(26 - 1).

Do d6 tich trén vin khéong déi (chi déi dau). Vi tich ban ddu bing 0 (do bang ban diu
c6 chita 56 48/96 = 1/2!) nén sb cudi cling s cling phai cho tich s bing 0, tic 13 251 = 0,
suy ra s = 1/2! That 4n tugng.

K&t qua khéng phu thudc vao thit tu thuc hieén (diéu nay c6 thé dy doan duge qua
cach dit cau héi & dé bai). Va 18i gidi méi ngdn gon lam sao! Khong cin mot tinh todn
nao.

Vi du 3. Cho 8 s6 nguyén khong am a,b, c bdt ky. M&i mot lén thuc hién, ta bién bp

(a,b,c) thanh bj (|be], |cal, |ab]). Chiing minh ring sau mot sé hitu han céc phép bién
doi, ta thu dude b6 c6 chita sé 0.

Dit M = max{a,b, c}. Ta chiing minh rdng néu bo (a, b, c) khong chia sb 0 thi M
s& giam sau khi thyc hign phép bién déi. That vay, khong mét tinh tdng quét, gia st
az2b>c Khidétaco

lbe] < b < a, lc—al < a,|ab| < a,

suy ra
max{lbc|, |cal, |ab|} < a = max(a, b, c).

Nhu vay, néu ta chwa thu duge sé 0 thi M sé& nhé di it nhat mot don vi (do tinh chét

cia sb nguyén). Qué trinh nay khong thé kéo dai vo han. Vi thé, chic chin phai ¢6 lac
nao dé6 xuat hién sb 0.

Trong vi du trén, max{a, b, c} chinh 14 mét don bién. Day 1a mét phuong phép kha
higu qua dé chitng minh mot qud trinh 13 ding.

Chti y ring phuong phap nay thudng st dung céc tinh chit co ban sau day cta sb
nguyén:

i) m < mnsuyram < nl;
il) Mot tap con bat ky clia N déu c6 phin tit nhé nhét (tinh sip thi ty t6t).

Dé thiy r6 didu quan trong cia cc tinh chat xem chimg rat don gidn nay, ta sé dua
ra vi du cho thiy ring két luan & vi du 3 khong con ding néu q, b, ¢ khong con 14 sé
nguyen (hay ding hon, khong con 13 8 hitu ty).

That vay, goi o 14 nghiém dudng cla phuong trinh z2z1 = 0, Chon cécsba = a?, b =
a,c =1 thita co

lab] = 0® —a = (a - 1)q, lacf =®1 = (e~ 1)(a+1) = (a=1)a? |be|=a 1.

Suy ra bd s6 méi ty 1e véi bo sb ciy theo'ty 1& & — 1. V& nhu thé, sau n lin thuc hién, bo
80 ctia chiing ta s& 1a (a — 1)n(a?, a, 1), khong bao gio chia 0.
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Vi du 4. Trong quéc hoi Mg, méi mot nghi si cé khong qud 3 ké thu. Chung minh ring
¢6 thé chia qudc hoi thanh 2 vién sao cho trong mot vién, mé&i mot nghi si cé khong qud
mot ké thi.

bay ciing 1a mdt vi du ma t6i rét thich. C6 nhidu cach giai khic nhau nhung & day
ching ta sé trinh bay moét cach giai sit dung don bién. Y tudng tuy don gidn nhung c6
rdt nhiéu ing dung (trong nhiéu bai tosn phc tap hon).

Ta chia quéc hdi ra thanh 2 vién A, B mot cach tuy y. Véi moi vién A, B, ta goi
s(A), s(B) 1a tong cla tdng sb cdc k& thii cha mdi thanh vién tinh trong vién dé. Gia
st rang cach chia nay vin chua thod maén yéu cau, titc 1a vAn c6 mot nghi si nao d6 ¢6
nhiéu hon 1 ké thil trong vien cfia minh. Khong mét tinh tdng quat, gid st nghi si z
thudc A cé it nhdt 2 ké thii trong A. Khi d6 ta thuc hién phép bién déi sau: chuyén z
tit A sang B dé dugc céch chia méi 13 A = A\{z} va B = BU{z}. Vi z c6 it nhét 2
ké thl trong A vd A khéng con chia z nén ta cé

(trong tong méat di it nhat 2 cia s(z) va 2 clia céc ké thii cla x trong A).

Vi z c6 khong qua 3 ké thii va c6 it nhat 2 k& thii trong A nén z ¢6 nhidu nhit 1 ké
thu trong B (hay B), cho nén
s(B) < s(B) + 2.

Tt d6 s(A) + s(B)
legslants(A) + s(B)2.

Nhu vay néu (A, B) 1a mét cach chia chua thod man didy kién thi ta cé thé bién ddi
A, B dé c6 mot cach chia mdi c6 tong s(A) + s(B) nhé di it nhit 2 don vi. RS rang quéi
trinh nay khong thé thyc hien duge mai, c6 nghia la ton tai cdch chia (Ax, Bx) ma & do
khong ton tai nghi si ¢6 qua 1 k& thi trong vién clia minh, dé chinh 1a dpcm.

B4t bién ciing c6 thé xuit hién trong cac bai todn vé trd choi. Trd choi Nim.la mot
vi du dién hinh.

Vi du 5. C6 3 déng séi c6 k,m,n vién séi. Hai ngudi cing choi tro choi sau: Nguoi
thit mhat chon ra mot déng séi va bdc di mot sé séi tuy § (it nhdt la 1 vien s6i); sau dé
dén lugt ngui thit hai chon ra mét dong séi va bée di mot sé s6i tuy g (it nhat la 1 vién
§6%); v& ct nha thé tiép tuc. Ngudi nao dén luot mink khong thé béc duoc nita (tic la
khong con vién sdi ndo) sé la ngudi thua cude. Héi ai la ngudi cé chién thudt thing.

Y tudng cta 16i gidi bai todn nay la tim mét tinh chét cia bo (k,m,n) sao cho vdi
moi cich bdc séi thanh b (k,m,n), tinh chit nay sé bi mat di, nhung tit bo (k, m,n)
'khong c6 tinh chat nay, luon tim duoc mot cach bbe dé dura vé bd méi ¢6 tinh chét na

Gia sit ¢6 mot tinh chit nhu vay (gid st 1a T') va gid st b6 (0,0,0) c6 tinh chét 7.
Khi d6 ngudi di trudc sé théng cude néu bd (k,m,n) ban dau khong cé tinh chét T va
s€ thua cudc néu bd ban dau cé tinh chat T
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Ta sé quay lai 181 giai ctia bai todn ndy & phan sau, nhung truéc hét ta gidi thich v&
Otinh chit TO thong qua mét trudng hop don gidn cla bai todn Nim.

Cu thé, xét bai toan Nim trong trudng hop chi 6 hai déng séi. Khi d6 ta néj b
(m,n) c6 tinh chit T néu m = n. RG rang (0,0) c6 tinh chit T. Ty bs (m,n) c6 tinh
chét T (tic 12 m=n), véi moi cich béc 80l, ta déu pha di tinh chit T cia né, Ngugc lai,
v6i bd (m, n) khong c6 tinh chit T, ta ludn dua duge v& b cé tinh chit T bing cach
béc di |mn| vien séi & déng sbi c6 s6 s6i nhidu hon. Nhu thé tinh chdt T cla ching ta
thod méan yéu ciu dé bai. Va nhu thé, néu ban dau hai ddng s8i ¢6 sb sdi khac nhau th
ngudi thit nhat thing cude, con néu haj déng sbi ¢6 sb si gibng nhau thi ngudi thi haj
thing cudc.

Cudi ciing, ta xét dén mot ing dung ctia bt bién trong hinh hoc

Vi du 6. Ching minh ring trong mot da dién 163, luon tén tai it nhét 1 dinh la dinh
cla mot géc tam dién hodc it nhit mot mat la tam gidc.

Vi du nay hoi la so véi cac vi du trudc vi khéng c6 phép bién déi nio, Thuc ra, bat
bién khéng chi xuit hien & nhitng chd ¢6 c4c phép bidn ddi ma né con xult hién khi ta
xét mot 16p cac déi tugng thod man nhing tinh chat ndo d6. Vi du véi cie didm (z,y)
nam trén dudng tron don vi thi 22 + y2 1a mat bat bién. Con vé; mot da dién 16i bt ky
thi ta c6 céng thite Euler néi tiéng

VeE + F = 2,

trong d6 V' 1a s6 dinh, F 12 sé mit va E 13 s6 canh clia mot da dien 131 bét ky.
Ta s& dung cong thic nay dé gii bai tosn cla ching ta.

Gié stt nguge lai, tdn tai mot da didn ma khong ¢6 dinh nao 13 dinh ciia, mot géc
tam dién va khéng c6 mét nao la tam gidc. Khi d6, do mot mat sé c6 it nhit 4 canh vi

mot canh chf c6 thé 14 canh cfia haj mét nén ta cé F < E/2. Véi 1y luén tuong tu, ta

OV S E/2 VivayV 4+ FE < E/2+ E/2E = 0, mau thuin.

Cudi cuing, ching ta s& két thic phan vi du md diu béng phép chitng minh cong
thic Euler néu trén. Qua chitng minh nay c6 thé thdy sy xuat hién cia céc phép bién
déi. Phép chitng minh nay do Cauchy dua ra khi ong chi méi 20 tudi.

Remove one face of the polyhedron.

By pulling the edges of the missing face away from each other, deform all the rest
into a planar network of points and curves, as illustrated by the first of the three graphs

for the special case of the cube. (The assumption that the polyhedron is homeomorphic
to the sphere at the beginning is what makes this possible.) After this deformation, the

regular faces are generally not regular anymore O in fact, they are not even polygons.
However, the numbers of vertices, edges and faces remain the same as those of the given
polyhedron. (The removed face corresponds to the exterior of the network.)

If there is a face with more than three sides, draw a diagonal O that is, a curve
through the face connecting two vertices that aren’t connected yet. This adds one edge
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and one face and does not change the number of vertices, so it does not change the
quantity V' — E + F. Continue adding edges in this manner until all of the faces are
triangular.

Apply repeatedly either of the following two transformations:

1. Remove a triangle with only one edge adjacent to the exterior, as illustrated by
the second graph. This decreases the number of edges and faces by one each and does
not change the number of vertices, so it preserves V — E + F.

2. Remove a triangle with two edges shared by the exterior of the network, as illus-
trated by the third graph. Each triangle removal removes a vertex, two edges and one
face, so it preserves V — F + F.

Repeat these two steps, one after the other, until only one triangle remains.

At this point the lone triangle has V = 3, F =3, and F = 2 (counting the exterior),
so that V — E'+ F = 2. This equals the original V — E + F, since each transformation
step has preserved this quantity. Therefore at the start of the process it was true that
V — E + F = 2. This proves the theorem.

2 Béit bién va tung dung

Bay gid ta s& dua ra dinh nghia chit ché cho mot dang bat bién ma ta sé sit dung nhiéu
nht trong cac bai todn 4p dung, ciing nhu mét sé céc khai niém lién quan nhu quy dao,
bat bién toan ning, hé bit bién toan nang.

Dinh nghia 1. Cho Q la mgt tap hop cdc trang thdi. T la tap hop cdc phép bién doi tu
Q2 vao Q. Ham s6 f : Q — R dugc goi la bét bién trén tap cdc trang thd: Q déi vdi tap
cdc phép bién déi T néu

ftw)) = f(w), Yw e Q, V2 € T.

Nhu vay, bat bién f c6 thé gitp ching ta gidi quydt tron ven cau hdi OB&ng céc
phép bién ddi T, c6 thé dua tit trang théi w, vé trang thai w;O trong trudng hop ma
flws) # f(wy). Cu thé cau tra 15i s& 1a OkhongO (nhu 8 vi du 1). Tuy nhién, néu
f(ws) = f(ws) thi ta lai chua c6 thé két luan gi. Chinh vin dé nay dan dén mot khai
niém mdi: bat bién todn ning.

Dinh nghia 2. Bat bién f déi vdi cap (Q,T) dude goi la bét bién toan nang néu:

Trang thdi w; c6 thé dua vé tu trang thdi ws bing cdc phép bién d6i T khi va chi khi

- flwr) = fws).

Bat bién toan ning s& giap chiing ta giai quyét tron ven bai toan Ochuyén dugcO.
Tuy nhién, vigc xdy dung mot bit bién nhu vay khong don gidn. Trong nhiéu trudng
hop, sé dé dang hon khi chiing ta xét dén mot hé bit bién toan ning.
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Dinh nghia 3. He cdc bat bién (f,, f,, . .. , fi) doi vdi ciip (Q,T) duoe goi la he bét bién
toan ndng néu: Trang thdi wy ¢6 thé dua vé tu trang thdi ws bang cdc phép bién d6i T
khi va chi khi fi(wys) = fi(ws) vdi moii = 1, 2,... k.

Mot khéi niém quan trong khac c6é nhiéu tng dung trong viéc nghién cttu cic bét
bién, d6 1a khai niém quy dao. Trén Q, ta dua ra quan hé échuyén dugcO nhu sau: Ta
néi trang thai w, c6 thé chuyén duge vé trang thai wy bing céc phép bién déi T nédu tdn
tai mot day céc phép bién déi ¢,, ta,...,tm thudc T sao cho

LUf = tk(tk - 1((t1(w3) .. ))

Khi dé ta viét w,—qwy.

Trong nhiéu trudng hop, quan hé —4 ¢6 tinh phén xa (w, c6 thé dua v& w, bing cich
A khong 1am gi ca), béc ciu (thuc hién phép hop cac phép bién déi) va déi xtng (néu céc
phép bién déi T 1a kha nghich). Trong trudng hop d6 —r 14 mot quan hg tuong duong
va ta sé viét w, = — 71wy thay vi ws—Twys. V6i quan hé tuong duong nay, {2 sé dugc chia
thanh céc 16p tuong duong, c6 dai dién 1a wi,ws, ..., w,, ky hicu la ; = {wlw = —7w; }.
Ta goi §; 1a céc quy dao sinh bsi w;. D& thiy hai quy dao bat ky hoac trung nhau, hosc
khong giao nhau.

Vidu 7. Trén tap hop cdc ham s0, cho phép thuc hién cic phép todn sau:

1) Nhan hai ham s8 dé c6 vdi nhau,

2) Cong hai ham s6 da 6 vdi nhau,

3) Nhan ham sé vdi mot héng s6 thuc.

Cdc phép todn trén tiép tuc c6 thé duge thuc hién vdi cdc ham dd cé va cdc ham két
qud thu duge. Ching minh réng tit hai ham sé flz) =z +1/x va fo(z) = 22, bing cdc
phép todn trén khong thé thu dugc ham sé f(z) = z.

S(')l hda
Loi giai. Ta thiy {4(:) = 0 va f2(i) = —1. Qua céc phép bién ddi trén, s6 thyc ludn

bién thanh sb thuc'do d6 néu f 1a mot ham két qua thi £(3) 1a s6 thue. Vi thé, ham sé
f(z) = z khong thé 12 mot ham két qua.

Vi du 8. Hinh tron duge chia thanh n 6. Trén méi 6 c6 mot vien séi. Mdi mot budc di
cho phép chon hai vién séi va chuyén sang 0 bén canh, mot vién chuyén theo chidu kim,

dong ho, mot vién chuyén nguge chidy kim, dong hé. Véi nhiing ¢id tri ndo cia n thi cd
the chuyén tdt cé cic vien séi vé mot 6 sau mot s6 hitu han lan thuc hién.

Vi du 9. Cho bing vuong 4 x 4. Tren méi 6 vuong nguot ta ghi diu + hodc déu -. M&i
phép bién déi cho phép chon mot hang hodc mot cot va déi déu tét cd cdc déu tren do.

1) C6 thé bién mot bing gom 9 déu cong, 7 dau tric vé bdng cé toan déu cong dugc
khong?

2) Tap trang thdi c6 bao nhicy phan ti? C6 bao nhicu quy dao?

8) Hay tim mot hé bét bién toan ndng cia bai todn nay.
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3 Don bién va ting dung

Don bién 1a dai lugng ma ludn ting hodc lusn gidm trong qua trinh bién déi. Sau day
la dinh nghia chit ché cda don bién.

Dinh nghia 4. Cho Q la mét tap hop cic trang thdi. T la tap hop cdc phép bién ddi tic
Q vao Q. Ham s6 f : Q — N dugc goi la don bién trén tap cdc trang thdi Q dbéi vdi tap
cdc phép bién doi T néu

ftw)) < fw),VweQ, VteT.
Chi ¥ 1a dau béing doi khi c6 thé thay thé bing dau >,>, <. Ngoai ra, tap dich N
ciing ¢6 thé dugc thay thé bing mot tap hop c6 thit tu tdt bat ky.

Don bién dugc st dung trong viéc chitng minh mét qué trinh la dimg. Ching ta minh
hoa ung dung nay thong qua mét sé vi du.

Vi du 10. Cho ham sé [ NXZ— Z thod man dong thoi cic diéu kién sau:

i)£(0,0) = 5*°%%) £(0,n) = 0 vdi moi s6 nguyén n # 0,
i) f(m,n) = f(m - 1,n) _2[f(m— l,n} N [f(m~— 1,n— 1] N [f(m— 1,n+ 1]

A .. 2 2 2
VOl moi $O tir nhién
Chiing minh rang ton tai sé nguyén duong N sao cho

flm,n) = f(m,n)Vm,m > N, n €€ N.

Vi du 11. Cho 2n diém trén mat phdng, trong dé khong c6 3 diém nao thdng hang.
Chiing minh rdng nhimg diém nay c6 thé phan thanh n cdp sao cho cic doan thdng néi
ching khong cdt nhau.

Loi gidi. Dau tién ta phan cip cic diém mot cich ngiu nhién va néi ching lai véi
nhau. Goi S 1 téng céac doan théng dugc néi (Cht § ring, do chiing ta ¢6 hitu han cich
phan cdp nén tap gid tri chia S 12 hitu han). Néu ¢6 hai doan thing AB va CD cét nhau
tai O thi ta thay AB, CD biing AC, BD. Vi

AB+CD:(AO+OB)+(CO+OD)=(AO+OC)+(BO+OD) > AC + BD

theo bat ddng thic tam gidc, nén néu cip doan thang nao dé giao nhau, ta c6 thé thay
thé cach néi dé S gidm xubng. Vi S chi c6 hitu han céc gia tri nén mot lic nao dé quéa
trinh phéi dimg. Va khi dé, sé khong ¢6 céc ciap doan thing giao nhau.

4 Bai tap

1.0 Vuong quée OSéc mau ky 400 c6 45 hiep si: 13 hiép si téc dé, 15 hiep si téc vang,
17 hiép si téc xanh. Khi hai hiép s ¢6 mau téc khac nhau gdp nhau, téc cla ho sé lap
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tic doi sang mau thit ba. Hoi ¢6 thé cb mét lic nao d6, tat ca cac hiép si ddu ¢6 may
téc gibng nhau?

2. C6 7 chiéc cbc dung nude: chide cbe thi nhit chia 1 /2 nuédc, chiée cbe thit hai
chita 1/3 nuéc, chiée thit ba chia 1 /4 nudc, chiéc tht tu chita 1/5 nude, chiée thi nim
chita 1/8 nudc, chiéc thit siu chita 1/9 nude va chiée thi bay chita 1/10 nuéc. Cho phép
dd tat ca nudc tit cbe nay sang cbe khac hogic d6 nudc tir cdc nay sanng cée khéc cho
dén khi cbc chua diy. C6 thé sau mot sb 1an d6 nude, mot chibe cbe ndo dé chita

a) 1/12 nuée b) 1/6 nudc?

3. C6 1 bang vuéng n x n. Trong n — 1 6 clia bang c6 ghi cac sb 1, trong céc & con
lai ghi s6 0. Cho phép thuc hién trén bang phép bién ddi sau: chon mot 6, gidm sb dang
viét ¢ 6 d6 di 1 don vi va ting tAt ca cic sb & cac o cung hang, cling ¢t vdi 6 nay lén
mot don vi. Héi c6 thé tir bang ban diu, sau mot sb phép bién déi, thu duge bing gdm
toan céc sb bing nhau?

4. Trén bang c6 4 sb 3, 4, 5, 6. Méi mot 1an thue hién cho phép x6a di hai sé z,y ¢6
trén bang va thay bing z +y + /22 + 42,z + Y — v/2? + 2. Héi sau 1 s6 hitu han budc
thue hién, trén béng c6 thé xuit hien 1 s6 nhd han 1 dugc khong?

5. Trén ban c6 100 vién keo. Hai ngudi cung thay phién nhau béc di k vién keo,
trong d6 k € {1,2,3}. Hdi ai 13 ngudi c6 chién thuat thing? Clng cau héi trén véi
ke {1,2,a}, lasbd nguyén dudng cho trudc.

6. Trén béng c6 1 s6 nguyén. Ngudi ta ghi nhé chit sb cudi cung cia sb nay, sau dé
x04 di va cong thém vao véi sb con lai trén béng 5 lan chit s6 vita xo4. Ban diu trén
bang ghi sb 7'%%8. Hei c6 thé sau mot s6 s6 1an thyc hién nhu thé, thu dugc sé 199877

7. S6 nguyén duong ¢6 4 chit sb trén béng c6 thé bién ddi thanh mot sé ¢6 4 chit sb
khdc theo quy tic sau: hoic cong tham 1 vao hai chit s& lién tiép clia né, néu hai chit sb
nay deu khong biing 9; hoiic trir di 1 tit hai chit s lién ti€p clia né, néu hai chit sé nay
déu khong bing 0. Héi bing cac phép bién ddi nhu vay, ¢6 thé thu dugc sb 2002 tir sé
12347

8. Hal ngudi chai trd choi sau. Ban ddu 6 céc sé 1,2, 3, 4. M&i mét 1an thyc hién,
ngudi thit nhat cong vao hai sé canh nhau nao d6 1 don vi, con ngudi thit hai déi ché
hai s6 canh nhau nao d6. Ngudi tht nhét thdng néu sau mot nude di ndo d6 tt cd cac
s0 bang nhau. Héi ngudi thtt hai 6 thé can trd ngudi thit nhat chién thing?

Tai liéu tham khéo

1. Tolpygo, Bat bién, Kvant, 12/1976

2. N.Agakhanov, Olympic Todn toan nudc Nga, Nha xuét ban MCCME, 2007 (tiéng
Nga).

3. A.Schen, Tro choi va chién thuat dudi quan diém todn hoc, Nha xuit bin MCCME,
2007.

4. Kin Y.Li, Mathematical Games (1), Mathematical Excalibur, July-October 2002.
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Mot s6 van dé cua Toan roi rac

Nguyén Van Tién

Pit van dé

Trong chuyén dé nay ta sé& xét cdc bai toin ma db6i tudng nghién citu 14 cac dai lugng

rdi rac. Trong cudc sbéng ta cé thé hiéu céc hién tugng roi rac 12 nhitng hién tugng ma

gita cac thoi diém xuét hién cin c6 mot khodng thdi gian ndo d6. Trong toan hoc ta c6
. thé dinh nghia cdc dai lugng roi rac nhu sau:

Dinh nghia 1. Phan t z € A duoc goi la phan & rdi rac cla tap A néu
Jde > 0, dd bé, sao cho V(z;e) UA = {z}
trong dé ta ky hiéu V (z;€) := (z — €;z + €) va goi la e~ lan cincia diém x.

Dinh nghia 2. Tap A dugc goi la tap roi rac néu né chi gom cdc phan ti roi rac. Céc
phan ti cia tdp rdi rac cing dudc goi la cdc phan ik rdi rac nhau.

Chéng han céc tap: N, Z, 0..9:= {0;1;2;3;4;5;6;7; 8,9} , ... 1z nhitng tap r3i rac.

Toén rdi rac nghién citu cac tap rdi rac cling nhu cdc phan t clia tap roi rac.Vi céc
khai niém ctia Giéi tich nhu gidi han, dao ham, nguyén ham, tich phan cing nhu céac
ham sb sd cp duge hoc trong chuong trinh phd théng chi duge ap dung cho céc ham sb
lien tuc nén trong Toan rdi rac khong thé 4p dung céc phuong phép va kién thiic cia

- gidl tich (Trit mot s6 trudng hop dic bist.)

Toén hoc nghién cttu va mé hinh ho4 thé gisi thong qua céc quan tric. Cac két qua
quan tric thu dudc trong nhitng thoi diém roi rac nhau. B&i vay c6 thé néi Toan hoc chil
yéu 1a dya trén cd sd rdi rac. Tinh lién tyc ctia céc sy kién, hién tugng x3y ra trong thé
gidi thuyc chit 1a mot sy gid dinh, tién dé, in - Prior cla cdc nha toan hoc ma khong thé
nao kiém dinh dugc tinh ding - sai. Didu nay ciing giéng nhu anh sangla ludng tinh: c6
cd tinh chét séng va tinh chéit hat. B&i vy, trong nhitng nim gan day, nhét 1a khi Tin
hoc ¢6 nhitng thanh tuu dang ké va thoi gian tinh todn dugc céi thién nhiéu thi To4n
roi rac cang dude quan tdm nhiéu hon.

Trong nhitng nim cubi cla thé ky XX, 8 My ciing nhu nhidu nuéc Tay Au da dua
To4n rdi rac vao gido trinh gidng day trong nha trudng phd thong cla minh. Tuy nhién,
'd Viét Nam hién nay, tuy cac bai tip Toan rdi rac cling thudng dudce thiy trong céc ky
thi hoc sinh gidi cic cAp nhung Todn rdi rac vAn 1a mot diém yéu trong gidng day va hoc
tap khong nhiing trong céc trudng phd thong ma ngay ca & cic trudng dai hoc. Khong
nhitng d6i véi hoc sinh ma ngay ci déi véi cic thay co gido.

Hy vong tai liéu ndy phan nao khic phuc dugc hién tugng trén.
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1 Phuong phap phan ching

1.1 Tiéu dain

Phuong phap phan chitng c6 1é 1a mét trong nhitng phuong phép chimg minh sém
nhéit ma loai ngudi da biét dén, dic biet trong nghé thuat dién thuyét va tranh luan.
Trong Toan hoc, phuong phép phan ching (FC hay 1a CM: Contra-Method) ciing 1a
mot phuong phép rat thudng dudce sit dung, dic biét khi can ching minh tinh duy nhat
clia mot déi tuong T nao d6 thod man didu kién (*) cho trude(ma sy ton tai cla T da
dugc chitng minh trude d6) ta thudng gid sit con VT # T, T’ cling thod man diéu kién
(*), tit d6 suy ra mot didu vo 1y. Vay didu gid st clia ching ta 12 sai, tic 1a T duy nhét.

Céc vi du minh hoa xin xem thém trong ching minh céc dinh 1y hinh hoc, SGK
HH11).

1.2 Cd sd ly thuyét

Co s0 1y thuyét clia phuong phap FC la cdc dinh luat trong Logic: Goip; ¢; r 1a
cac ménh dé todn hoc ndo dé thi:

Dinh li 1 (Cic dinh luét co ban). 1. (Phi méu thudn): p&p=F
2. (Bai trung): p hodc p=T

Dinh li 2 (Cic dinh luat phéan ching). 1. (Phdn chzmg) = (p=q9 « (@=D).
2. (Phdn ching suy rong):

= ({p =>r><:><{i’ =7 (a)

3 E=q¢&7 =7
4. EF@=F)=q

Cac dinh luat trén c6 thd duge ching minh ching han bing phuong phép lap
bang gié tri chan 1§ hoic phuong phip bién ddi tuong duong.
Chdng han, ta c6 thé ching minh (a) nhu sau:
(p&q=>1) & p&q hoic r (doa= b« @ hodc b)
& P hodc g hoic r (do a&b < @ hoic b)
& (P hodc 7) hoic § (giao hoén, két hop va 7 & 1)
< p&T hodc §
< (p&7 = q) (dpcm).

1.3 NOoi dung phuong phap phan ching

Dé chiing minh khing dinh: p = ¢ () bing phuong phép phén ching ta gid st
g sai (tic 1a § 1 ménh d& ding). Néu tit d6 thu dugec mot diéu vo 1y (vl) thi digu d6
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chiing t6 gid s cla ta 1 sai, tic 12 g ding ® .
Diéu v6 1y vl 6 thé thudc mot trong céc dang sau:
+) Diéu tréi véi gid thiét p (vl = p).
+) Digu tréi v6i mot trong nhing kién thic da biét (vl = F).
+) Diéu tréi v6i gi st phén ching (vl = 7).
Khi xay dung ménh dé phan ching (3) ta cdn nhé:

1. p&p.

2. p&q < P hodc 7.

3. p hoic ¢ & p&7.

4. Yz, p(z) & 3z, p(z).

5. 3z, p(z) & Ve, p(z)

6. Vz, p(z) & Iz, p(x).

7. 3z, p(z) & Yz, p(z).

8. Néu p(z) := f(z) p(z)

Rg(z) () thip(z) la: f(z)Rg(z) trong d6, R va R dugc xac
dinh nhu sau: :

Néu | R :
thi | &

;

INIV
AWV

A
VA

RN

Ngoai ra con cé:

. Dinh 1i 3 (Dinh Iuat vé am ban). Cho A la mot cong thic Logic ma trong dé chi
chita cdc phép todn: Phi dinh ; &; hodc déi vdi cdc menh dé: D1;P2; - 1 Pn. Am bén
cia A, kj hiéu la Ay la mot cong thite thu duge ti A bing cdich thay: p; ~ 7; ; p; ~
pj; hoic ~ & ; & ~ hodc . Khi dé:

}ZZ@AG:

1.4 Trinh bay 18i giai cha phuong phap phan ching

Bai toan: Ching minh p = ¢.
Laoi giai .  Gié st nguoc lai, g sai, tic 1a q.
Mag= - =l
Vay gid sit cta ta 13 sai, titc la g ding. &
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2 Thi du minh hoa

Vidul. Cho f(z)=az®+bz+c Gia st al +|b] + || > 17 (*). Chttng minh réng;

Jz e (01, [f(z)>1 (1)
Loi gidi . (phdn chitng), Gia sit (1) sai, titc 1a:

Ve e[, [f(@) <1 (T)

1 -
Chon z = 0; 5 1, tit (1) ta duge: lc] <1 va:

la+b+c <1
a b = la| + |b] + || € 17
|Z+§+q<1

D¢ 1a diéu vé 1y (trai véi (*)). Vay didu gia st ca ta 13 sai, tic 1a (1) ding.®

Vidu 2. Ching minh ring tap cic sé nguyén t6 P 13 tap vo han.

L3igidi. (phanching) Giasi ngudc lai, tap P 1a hitu han. Gid st P = {p1;p2;-+ ;pn}.
Khi d6, ton tai s6 nguyen té 16n nhat. Goi d6 1a p,. Thic la:

Pn€P&Vpe P p<p,.

Xét sbx =pipy-- .p, +1. Ta ¢6, € N ; z khong chia hét cho cic sé P12 ; Dn
(Vinéu z : p; ndo d6 thi 1: p; : vo ly). Vay p € P. M3 hién nhién, z > p,. D6 la didu
v0 1y (tréi véi cich chon p,). Vay didu gia sl clia ta 13 sai, tic I3 P hitu han.¥
Vidu3. C6 thé chia céc s6 tu nhien tir 1 dén 21 thinh cie nhém d6i mot roi nhau
sao cho trong méi nhém sé 16n nhit bing tdng clia céc sb con lai hay khéng?.
Ldi gidi. Gid sit chia duge. Khi d6 tdng céc s6 & m&i nhém la mot s6 chén (bing hai
lan s6 16n nhit ). Vay tdng clia tat cd 21 s6 da cho 13 s6 chin (vi cdc nhém doi most rdi
nhau va tdng cila cac sé chin 13 sb chin). Nhung téng ctia 21 s6 d6 13 21.11=231 13 sé
1é. Dieéu vo ly d6 ching t8 gia stt cla ta 14 sai, tic 13 khong chia duge thanh cic nhém
thod man yéu ciu bai ra.X
Vidud4. Cé thé tim dugc hay khong 5 s6 nguyén sao cho cic téng cla hai sb mot
trong 5 s6 d6 lap thanh 10 s6 nguyén lién tiép?.
Loi gidi. Gid s tim dude 5 s6 nhy vay, goi s 1a tong clia 5 58 d6 va n 13 gia tri
nhd nhat cta tdng cic cap hai sé. Khi dé 10 sb nguyén lién tiép néi trong dé bai la
n,n+1 -+, n+9 Tatinh tdng T ctia 10 sb d6 theo hai c4ch khac nhau: Mot mat,
‘T—:n+(n+1)+(n+2)+---+(n+9) = 5(2n + 9). Mit khéc , T = 4s (do trong T
moi sb da cho ¢6 miit ding 4 lan). Tir d6 suy ra 4s = 5(2n +9) 1a didu v6 1y. Vay gid st
ban dau 1 sai, tic la khéng thé chon dugc 5 sé thod man yéu cau bai ra.
Vidu5. Cho ba diém 4, B, C phan biét trén mat phdng. Chitng minh ring néu tdn
tai didm G thudc mat phsemg dé6 thod man

—

OA+0B+00=T



thi diém G d6 1a duy nhét.

Vidu6. (Mdrong cta vidu 5) Trén mit phdng cho n diém phan bigt A1, A,, -+, An
va n sb thuc my, mag, - my, thod man m; +my+---+my :=m # 0. Ching minh rang
tén tai duy nhat diém T thod man:

> a4 g
mlTAl + ’TTLQTAQ + -+ mnTAn = 0.

Vidu?7. (IMO 1982) Cho phuong trinh z* —3zy*+y3=n (1), (n € N*).

1) Chitng minh ring néu (1) c6 nghiém nguyén thi n6 khong c6 nghiém nguyén duy
nhét.

2) Tim nghiém nguyén cta (1) khi n = 2005.
Lo giai .

1) Dé& dang bién déi:

2 =3uy® + ¢’ = (y — 2)° = 3(y — 2)a® + (~2)* = (~9)* = 3(~y) (¢ — v)? + (z — )*.

Tit d6 ta c6: néu (z;y) 13 mot nghiem cta (1) thi (y — z; —z), (—y;z — y) ciing la céc
nghiém cta (1). Ba nghiém nay doi mét khac nhau vi néu c6 hai nghiém nao dé6 bing
nhau thita cé £ =y =013 didu v6 1y do n > 0.

Vay néu (1) c6 nghiém thi né c6 it nhit ba nghiém phan biét, tic 1a (1) khong thé
¢6 nghiém duy nhét.X :

2) Véin = 2005 gia st (1) c6 nghiém (z;y) € Z2. Ta viét céc nghiém theo mod 3,
phuong trinh da cho trd thanh

2+ =~1 (mod3)=z+y=-1 (mod 3).

Do vay ta c6 cac trudng hop sau:

(i) =0 (mod 3) vay=~1 (mod 3);
(i) z=1 (mod 3) viy =1 (mod 3);
(iii) = —1 (mod 3) vd y =0 (mod 3).

Trong trudng hop (i) ddt £ = 3m, y = 3n — 1, thay vio phuong trinh da cho ta dudc

VT = ~1 (mod 9) con VP = 2005 = ~2 (mod 9) = v5 ly.

Trong trudng hop (ii), do (y — z; ~z) ciing 13 nghiém, ma y — z = 0 (mod 3) va
—z = -1 (mod 3) nén ta ciing thu dugc mdt diéu vo ly. Tuong ty, tir trudng heop (iii)
ta ciing thu dugce didu vo ly.

Véy véi n = 2005 phuong trinh da cho khéng c6é nghiem nguyén.

Vi du 8. (Tt IMO 83) Tim tit c4 nhing ham s6 f(z) : Rt — R*, 1a toan &nh va
thod man déng thoi hai didu kién sau:

1) fzf(y)) =yf(z), Vz, y e RT.

2)  f(z) — 0 khi z - +oo.

. Loi giai. Gid sit ton tai ham sb f(z) thod méan yéu cu bai ra.
-~ Do f(z) latoan 4nh va1 € Rt nén Jyo € R*: f(yg) = 1. Trong 1) choz =1, y =
yo dugc

F) = FDFAF(0)) = 9f(1) = yo=1 (do f(1) > 0) = gyo = 1= f(1) = 1.
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Vay f(z) ¢6 mot diém bat dong 1a z = 1. Ta sé ching minh d6 & diém bét dong duy
nhat. That vay, gid sit f(z) c6 hai diém bét dong z, y phan biét, khi d6 ta cé:

(i) flzy) = flzfw) =vf(z ) yT = zy = zy cing 1a diém bat dong clia f(z).

(i) 1= f(1) = f(%f( ) =zf(= ) l ciing la diém bat dong cia f(z).

Gia st f(z) con c6 diém bit dong T ;é 1, khi d6, theo (ii) f(z) con c6 diém bat dong
e Trong hai s6 d6 phéi c6 mot s6 > 1. Gid st z > 1. Theo (i) f(z) s& c6 vo sb diém

bat dong z, = 2™, n € N*. Ta ¢6 day déi sé (z,) — +oo (do z > 1), do d6 day ham
(f(zs)) = (zn) — +o0. Dibu d6 trai véi 2):  f(z) — 0 khi z — +o0.

Vay gid st clia ta 1a sai, tic 1a f(z) ¢6 duy nhat mot didm bt dong 1a z =

Nhung trong (i) cho y = z ta duge f(zf(z)) = zf(z), Vz € R* = zf(z) cling 13
diém bat dong cla f (z). Vay ta phai c6

VzeR": xf(x)zl@f(x):%.

. . , x e e ) Lo . .
De thay ham s6 nay thod méan céc didu kien ctia bai ra. Vay f(z) = - 1& ham sb can

tim.
Vidu9. (TuIMO 83) Cho céc sb a, b, c € N* , d6i mot nguyén t6 cing nhau. Chitng
minh ring phuong trinh

zhc+ yca + zab = 2abc — ab— bc — ca (1)

khéng c¢6 nghiém ty nhién.
Lai giai . Gid sk (1) c6 nghiem (z;y; 2) € N3,

Tu (1) ta c6 (2 + 1)abic. Ma (a,¢) = (byc) = 1= z+ 1ic, mh z+1> 0 nén tir d6
cbz+12e

Tuong ty, c6 z+1>a, y+1>0b Tt cic danh gid nay ta dugc

VT(1) 2 (a~1)bc+(b—1)ca+(c—1)ab = 3abc—ab—bc—ca > 2abc—ab—be— ca =VP(1)

Diéu v 1y nay chitng t6 gid sit ca ta I3 sai, tic la phuong trinh (1) khéng cé nghiem
tut nhién. X

Vidu 10. (Putnam 1998) Chufng minh rng véi moi sé nguyén a, b, ¢, ludn tim duge
s6 nguyén duong n sao cho s6

fR)=n*+an’+bn+c

khong phai 1a sb chinh phuong.
L3i gidi. Ta cin ching minh ménh da sau:

V(a;b;¢) € Z°, 3n € N*: f(n) khong phai 14 s6 chinh phuong. (p)

Nhan xét rang moi s6 chinh phuong déu = 0 (mod 4) hosic = 1 (mod 4).
Gid stt (p) 1a ménh dé sai, tic 13

J(asb;c) € Z°, Yn € N*: f(n) la sé chinh phuong. (D)
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Dac biat, tr d6 cé:

f(1) =a+b+c+1 12 s6 chinh phuong(i)
f(2) =4a+2b+c+8  lasb chinh phuong(ii)
f(3) =9a+3b+c+27 lasb chinh phuong(iii)
f(4) =16a+4b+c+64 lasé chinh phuong(iv)

Tu (i) va (iv) ta c6 f(4) — f(2) = 2b (mod 4).

Ma 2b 14 s6 ch8n, con theo nhan xét thi:

f(4) = f(2) chic6thé =0, 1, =1 (mod 4) = 2b =0 (mod 4).

T (i) va (iii) ta c6 f(3) — f(1) = (26 +2) (mod 4).

Tuong ty trén ta cling ¢6 2b+2 = 0 (mod 4) = 2 = 0 (mod 4) 1a diéu vo ly. Vay
gid st cla ta la sai, tic 12 (p) 12 ménh d& ding.X

-3 Phuong phap cuc han.

3.1

Tiéu dan

Mot trong nhitng 18i khuyén déi véi ngusi lam Toan la:

"Hay xét cdc truong hop ddac biét"

Khéi niém trudng hop dic biét c6 thé hidu theo nhidu géc do:

1.

Déi véi mot da gidc, cdc diém dic bigt 1a nhing diém thude canh (diém bién), cac
dinh (diém cuc bién) ho#ic cac diém ma tai d6 c6 mdt déc trung ndo d6 cta hinh
dat gia tri ddc bigt (= 0 ; =00 ; khong xac dinh ; dat Min ; dat Max ;V.v...), thi
du diém trong tam cta hinh.

Db6i v6i mét tap hop sip thi tu, cac didm dic biét la nhitng phan ti 16n nhat hoic
phan t& nhé nhit cha tap hop.

Trén truc s c6 ba diém dic biet 14 0 ; 400 ; —c0.

Déi v6i mot bai todn c6 didu kién, cac trudng hgp dac biét x4y ra khi céc bién cé
mit bing nhau hodc x3y ra diu bing trong cic dénh gis ciia didu kién.

Déi v6i mot ham s, cac diém dic bigt 1a nhing didm ma tai dé ham sb khoéng xac
dinh, hodc = 0, hodc dat cyc tri, v.v...

Déi véi mot dudng cong, d6 la céc didm gidn doan, diém cyc tri, diém udn, diém
bién, diém tu cit, v.v...

Khi tim quy tich, tap hop didm ta thudng xét céc vi tri dic biét cta didm chay,
t d6 tim ra céc vi trf tuong tng cla diém thusc quy tich va du doan quy tich.
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8. Trong Tam thin hoc, Kinh t& hoc ¢6 mot c6 mot bign phap chita tri duge goi 13
"Liéu phéap sbc", d6 chinh 13 phuong phap dua hé théng dang xét vé trang thai
khing hodng (dic biét) c6 kidm soat.

Cac diém, trudng hgp dic biét néi trén duge goi chung 13 cdc didm cuc han.

Tom lai, didm cuye han 13 diém m3 tai d6 mot dic trung nao dé cla dbi tuong dang
xét dat khling hodng, hay la c6 thay ddi v& chat. Tuy theo trudng hop ma diém cyc han
c6 céc tén goi khac nhau. Ching han: "Didm chuyén pha" trong Vat 1y, "Diém ky dj"
trong 1y thuyét ham phic, "Didm t&i han" khi xét su bién thién cta ham sé, "Diém gian
doan" khi xét tinh lién tuc clia ham s6, "Hb den" trong Thién vin hoc (nhan tign néi
thém 14 méi day, tic gia cla khai niém "H6 den", nha Vat 1y kiét xult ngudi Anh 13
Hawkins da pht dinh khai niém nay) v.v....

Céc diém cuc han clia mot he théng c¢6 mot vai trd quan trong trong viéc khio sat ha
théng d6, bdi vay trong nhiing thap ky cudi cta thé ky XX da xuét hien mot ly thuyét
goi 1a 1y thuyét khing hodng hoic Iy thuyét vé cic diém ky di.

3.2 Co sé ly thuyét
Ta sé chi xét mot sb trudng hop dic biet, riéng ciia diém cuc han. Mubn vay, trude
hét phai chi ra si tén tai cla né.

Dinh li 4. (VE su-tén tai didm cyc han cia tgp hop)
Trong tap gom hiu han phin 4 1 cic sé luon ton tai phan t lon nhét v phan t¢ nhé
nhat.

Dinh Iy trén 13 truong hop dic bist cia

Dinh 1 5. Xét tap A gém hiu han phan ti. M&i phin ti z € A duge dat tuong ving vdi
mot trang thdi f(x) nao dé cia né. Khi dd, néu méi trang thdi f(z) c6 mot dac trung
P(f(z)) va tap cdc dac trung: {P(f(z)) | z € A} c6 thé sdp thit ty thi ton tai

MinP(f(z)) v MazP(f(z)

He qua 1: Néu vai trd ciia cac chi sb trong tap goém n sé: x1;Ty; - - - ; 7, 13 nhu nhauy
thi ludn c6 thé gia su: ‘
1S < € 2,

Mot trong nhiing ing dung cda diém cue han 1a nguyén 1y néi tiéng cla Pontriagin:
Néu IMin f(z) ; Maxz f(x) thi cde gid tri Min ;. Maz ds thuong dat tai nhimg
TE€ TE

diém cuc han cia A

3.3 No6i dung phuong phap

Khi khao sat mot tinh chit nao d6 cia céc phan t& cla tap A ta 6 thé xét tinh chat
dé tai diém cyc han 7 € A. Do z la diém cyuc han neén ta c6 thém nhiing théng tin (didu
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kién) phu déi véi z. T cac két qud cla viéc khao sit tai nhing diém cuc han ta cé thé
du doan két qud chung cho cac phin tit € A.

3.4 Thi du minh hoa

Vidu1l. (DN-IMO 1983) Chitng minh ring trong moi tam gidc ABC ta ludn cé:

a®b(a — b) + b%c(b~c) + ta(c—a) = 0 (1)
Loi gidi . Gid st a = maz{a;b;c} =a-b=0; a—c>0. Taco:
VT(1) < a(b+c—a)(b—c)® +ba—b)(a—c)(a+b—c) >0 (dpem)
Vidu 2. (DBS: 150; VDCHLBDc) Cho a,b,c € [0;1]. Tim Maz ciia:

_ a + b N c
T b4c+1l atec+l atb+l

+(1—-a)1-0)(1~¢)

Loi giai . Gid st a = maxz{a; b;c}. Khi d¢:
b < b ; c < c
a+c+1 " b+c+1" a+b+1 “b4+c+1

(@)

Theo bit ding thitc Cauchy, c6

1—b+1~c+1+b+c>3
3

(1-0)1-c)(1+b+c) < <

= (1-5)(1~c¢) < (dol+b+c¢>0)

b+c+1
T do cé: 1
—-a
- - —C) K ——— l-az>
(1-a)(1-t1-0< ;s (§) ([dol-a>0)
Tit (a) ; (B) co:
a b c 1—a

<
\b+c+1+b+c+l+b+c+1+b+c+l
_ a+b+c+1—a

b+c+1

=1

Déu "=" x4y ra chdng han khia =b=c =0 € [0 1]. Vay Maz F = 1.R

Vi du 3. Ching minh riing bén hinh tron cé cic dudng kinh 1 bén canh ctia mot
tit gidc 161 thi phd kin mién td gidc dé.
Ldi giai. Goi M 13 moét diém bit ky nim trong mién tit gidc ABCD. Ta cé:

1

AMB + BMC + CMD + DMA = 360° (tinh chét ti gidc 16i)
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Do dé, géc 16n nhat trong bdn goc nay sé > 90°. Gid st BMC > 90°. Khi dé, M nim
‘trong hinh tron dudng kinh BC. Tit d6 ¢6 & .
Vidu 4. Trén dudng thang cho tap X gdm céc didm sao cho méi didm M € X I
trung diém cla doan thing néi hai diém € X. Ching minh ring tap X la vo han.
Loi giai . Gid st tap X 13 hitu han, khi d6 ton tai diém B 13 bién cta X, nhung B khi
d6 khong thé 1a trung diém ctia hai didm € X, vay gid s& sai, tic 1a tdp X 1a v han. ®
Vidu 5. Trén mit phéng cho tap X gdm céc didm sao cho méi didm M € X 13
trung diém cla doan thing néi hai didm € X. Chitng minh ring tap X 1a v6 han.
Vidu6. Tai mdio cla mot bang 6 vudng vo han viét mot sé sao cho mai sb dugc
viét bing trung binh cdng ctia bén sb k& véi né. Chitng minh r8ng tit ci céc sb dudc
viét déu bing nhau.
Vidu7. Trén mot ban ¢ qubc té cd n x n dit cac qudn xe thod man didu kién
sau: néu ¢6 mot 6 nao d6 khong ¢ quan xe thi tdng s6 cdc quan xe ding ciing hang va

. z -~ 2 - . Y -~ ~ ~ s ~ , n
cung cot véi 6 d6 khéng nhéd hon n. Chiting minh ring trén ban cd cé khéng it hon 5

quén xe.
Loi giai . Ton tai mot dudng (hang hosic cot, gid sk 1a hang ) c6 sb6 quan xe nhé nhét

n2

( gid st 1a k quan xe ). Néu k > g thl tdng sb cdc quan xe S thod mén S >'n.g =5

L .oon Z x. , :
Neu k < 5 thi trén duong dang xét con n—k 6 trong. Trong moi cot clia n—k cot di

qua nhitng 6 tréng d6 ¢6 > n — k quan xe va tdng sb céc quén xe nhu vay 1a > (n- k)2
Trong k cot con lai ¢6 > k? quan xe. Mat khéc, d& thay:

,n2

[(n—k)?+k) -2 =22 — g2 >0
2 2
Tt d6 suy ra & .

Vidu 8. Mot nude ¢6 80 sin bay ma khoang céch gilta cic cdp san bay bat ky déu
khéc nhau va khong c6 ba san bay nio théng hang. Cting mot thai didm tir m&i san bay
6 mot chiéc san bay cit canh va bay dén san bay n&o gan nhat. Ching minh ring trén
bat ky san bay nao ciing khong thé c¢6 qua 5 méy bay bay dén.

Ldi giai . Tt gia thiét suy ra ndu cac may bay bay tir cic san bay M va N dén san
bay O thi MN la canh 16n nhét trong tam gidc OMN vi vay ZMON la géc 16n nhit
trong tam giac OMN va do d6 ZMON > 60°. Gid st O 14 san bay c¢6 s6 méy bay bay
dén 1a nhiéu nhat (= n) va cdc may bay d6 bay dén tir cac san bay My, M,, -+ M,.
(Tén ctia cac san bay dudc dit sao cho cac tia [OM;) va [OM;41) 12 k& nhau va duge
x&p ngugc chidu kim déng h3, Moty := M,.). Do khéng cé ba san bay nao thing hang
nén ta sé dugc n goc LM;OM;y; c6 téng bing 360°. Géc nhd nhit trong s cac géc dé

. _ 360
phai < - Nhung theo trén, géc d6 phai > 60°. T d6 ta co:

360°

>60°=>n<b=>n<b5 K.

Tu ching minh trén ta thiy didu kién khong c6 ba san bay nao thing hang c6 thé
bod qua.
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Vidu 9. Mot qudc gia c6 2005 thanh phé. Giita hai thanh ph6 bat ky déu c6 dudng

ndi véi nhau. D6 dai cha cic con dudng dé ddi mét khac nhau. T mot thanh phd A
ndo dé ta di dén thanh phé B khac theo con dudng ngin nhit. T B ta lai di dén thanh
phé C khac theo con dudng ngin nhit khac véi con dudng vita di. Cit nhu vay cho dén
khi khong thé di tiép theo quy tic d6 nita. Hoi trén dudng di ¢6 thanh phé nao duge di
qua hai 1an hay khoéng?
L&i gidi . Biéu dién céc thanh phd bdi cic diém 4, (5 € 1..2005 trén mit phing. Gia
st ta xudt phat tit didm A; vA di dén diém A,. Khi d6 A;A4, 13 doan ngdn nhit trong
cac doan A;A; va Ay 1a duy nhét. Xét cdc doan A2A; va tim doan ngdn nhét trong sb
céc doan dé. Cé thé xay ra hai kha nang:

Kha nang 1: Min AA; = A>A;. Khi d6 dudng di két thac tai A, vA khong

5€1..2005,7#2
c6 thanh phé nao dugc di qua hai lan.
Kha néng 2: Min AgAj = A2A3. Khl dé A3 1a duy nhfxt va A2A3 < AgAl. Ta

§€T..2005,j7#2
di tiép dén diém A;. Déi v6i diém Aj ta ciing lam nhu vay. Gia st dudng di két thic tai
diém A, thi theo lap luan trén, mdi didm Ay, (k € 1..n) dugc chon mdt cach duy nhét
\Z:!

A1A2 > A2A3 > e > AiAi+1 > e > An—lAn-

Gia st trén dudng di ta di qua diém A; hai 1an, thé thi dudng di trén chita mot
dudng gip khic khép kin:
CAAin A AR

Theo nhan xét trén ta cé:
AiAi-H > Ai+1Ai+2 > > Am—-—lAm > AmA,‘ = AiAz'—H > AiAm.

D6 1a didu vo 1y (trai véi cach chon diém A;y; 13 diém duy nhit c6é khodng céch
. ngin nhit téi A;. '
Vay trén duong di khong ¢6 thanh phd ndo duge di qua hai lan.

4 Nguyén ly Dirichlet.

4.1 Tiéu dan

Phuong phép st dung nguyén ly Dirichlet 1a phuong phap ma hoc sinh duge lam quen
s6m nhit (tit tidu hoc) va la moét trong nhitng phuong phép thé hien ré cai dep ca Todn
hoc, lam cho hoc sinh thém yéu thich mén todn. Lap luan cla phuong phap Dirichlet
thudng duge st dung trong céc bai todn cho hoc sinh gidi vi diing dé chitng minh su
ton tai moét kha nang nao dé6 ma khéng can chi r6 kha niang d6 tdn tai khi ndo, ¢ dau
vd c¢6 bao nhiéu khd ning nhu vay tén tai. Phuong phap ching minh nhu vay con dudc
goi 1a phuong phap chitng minh khéng kién thiét.
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4.2 Cd sd ly thuyét

Dinh 1li 6. (Nguyén 1y Dirichlet. Peter Gustav Lejeune Dirichlet 14 nha toan
hoc ngudi Dic, 1805-1059)
C6 n phan ti dugc xép hét vao m tap hop. Khi dé, ton tai (c6 it nhat mot) tap hop
s n P 2, N
chia khong it hon () p— phan ti. Hay la:

= — 4]
FA=A; =34, keTm, Al > .

J=1

Vi s6 phan t cia mot tap hop X, ky higu la [X|, phai Ia sé tu nhién nén ta hidu
n
khéi niém: |X| > — nhu sau:
m

+)Néu%:keN (nm) thi:

X > 2 X[k (=
m

)

318

+) Néu % ¢ N (nkhoéng i m) thi:

X|> = o |X| > ['ﬂ}ﬂ—l
m m

(ta ky hiéu [z] := phin nguyén cfia 6 z € R).
Dé d& nh6, nguyen ly trén con duge phat bidu nhut sau:
Cé n con thd dudc nhét hét vio m cai 16ng. Khi d6, ton tai (c6 it nhét mot) 1éng
chita khéng it hon (2)% con tho.
Dic biét, néu s6 thé nhidu hon s6 16ng (n > m) thi tdn tai 1dng chita it nhét hai con
tho. :
Thudng ta chi xét trudng hop n > m.

—_— A
Lai giadi. (phan ching) Gid st nguge lai, tie la: VAj, j€Lim, |4 < M (7).

m
Khi dé:

Al = 16D 4]
i=1

(theo (i)

=Y 14y
=1
A
<) =
= M
= mﬂ = |A]
m

= |A| < |A|] 1A diéuvo ly.
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— A
Vay gid st clia ta 12 sai, tic 1a: JA,, k € L,m, |Ag| 2 L’I’I:Ll (dpcm)

Hé qua: Néu A la tap vo han va A dugc phan hoach thanh htu han cic tap con
A; thi c6 it nhit mot tap con ciling 13 tap vo han.

4.3 Noi dung phuong phap

Dé st dung nguyén 1y Dirichlet ta phai lam xuAt hién tinh hubng nhét "thé" vao

"chudng" thod man céc didu kién:

+) S6 "thé" phai nhidu hon sb chudng.

+) "Tho" phéi duge nhét hét vao céc "chudng", nhung khong bét busc 1a "chudng"
ndo ciing phai ¢6 "tha".

Thudng phuong phap Dirichlet duge ap dung kém theo phuong phap phan ching.

Chu y:C6 nhiéu bai tap c6 két lugn "gidng nhu" két luan cla nguyén 1y Dirichlet,
tuy nhién, 16i gidi hoan toan khéng st dung nguyén 1y Dirichlet.

4.4 Thi du minh hoa

Vidu 1. Trong hinh vuéng c¢6 canh bing 1 dit 51 diém bat k¥, phan biat. Ching

s . . y N 1

minh rang cé it nhét ba trong sb 51 diém dé nim trong mdt hinh tron ban kinh =
Ldi giai .  Chia hinh vudng da cho thanh 25 hinh vudng con bang nhau c¢6 canh bing

c Theo nguyén 1y Dirchlet, tdn tai it nhdt mot hinh vudng con (@) chita it nhit ba

. ; < 1 1
trong s0 51 diém da cho. Dudng tron ngoai tiép (¢) c6 ban kinh la m < 7 Vay ba

diém néi trén ndm trong hinh tron dong tam véi dudng tron ngoai tiép (a) c6 ban kinh

la —;— (dpcm)

Vidu 2. Trong hinh tron (C) c6 dien tich bing 8 dit 17 didm phan biét, bat ky.
Chiing minh ring bao gid ciing tim dudc it nhit ba didm tao thanh mot tam gic c6
dién tich bé hon 1.

Loi giai . Chia hinh tron (C) thanh 8 hinh quat bing nhau, méi hinh quat c6 dién
tich bing 1. Theo nguyén 1y Dirchlet, t3n tai it nhét mot hinh quat («) chia it rihat ba
trong s6 17 diém da cho. Tam gidc c6 ba dinh 12 ba diém dé nim tron trong hinh quat
() nén c6 dién tich nhd hon dién tich c@a hinh quat, tic 14 bé hon 1. X

Viduy 3. Chon 5 ngudi bt ky. Ching minh rang c6 it nhat hai ngudi ¢6 cing s6
nguoi quen trong sb 5 ngudi da chon.

Vidu4. Trong mét gidi vo dich béng d4 c6 10 dbi tham gia. Hai d6i bat ky phai
thi ddu véi nhau ding mét tran. Ching minh ring tai moi thdi diém cla gidi luon c6
hal doi da c6 sb tran dau bing nhau.

Vidu 5. Ching minh r¥ng tit 12 s6 tit nhién bét k¥ ludn chon dugc hai s6 c6 higu
chia hét cho 11.

Vidu 6. Viétn sb ty nhién thanh mot hang ngang. Chitng minh ring hodc ¢6 mét
s6 chia hét cho n hodc c6 mét sb sb lien tiép c6 tdng chia hét cho n.
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Vidu7. Ching minh ring ti 52 s6 ty nhién bat ky sao cho hoic tdng, hodc higu
ctia hai 86 d6 chia hét cho 100. Ké&t luan con dtng khong déi véi 51 s5?.

Vi du 8. Trong mot hinh vuéng don vi chon tuy § 101 diém (c6 thé thusc canh
cta hinh vudng) sao cho khong c6 ba diém nao thing hang. Ching minh rang tdn tai
tam gidc véi ba dinh 14 céc diém duge chon va ¢6 dién tich nhé hon 0, 01.

Vidu9. Trong hinh lap phuong don vi ¢6 2001 con rudi. Ching minh rang c6 it

. s s R 1
nhat ba con rudi ndm trong mét hinh ciu ban kinh T

Vi duy 10. Mat sb cung clia mot duong tron duge td6 mau den, cac cung codn lai
dugc t6 mau do. Biét ring tdng do dai cac cung mau den nhé hon nita chu vi cla dudng
tron. Chitng minh ring cé thé ké dugc mét dudng kinh clia dudng tron véi hai ddu mut
duge to mau dé.

Vi du 11. Trong hinh vudng ABCD c6 canh bing lem dit mot sé hinh tron c6
tdng cdc ban kinh bing 0, 6cm ( céc hinh tron 6 thé c6 didm chung hoic ké ci trung
nhau ). Ching minh ring tdn tai mot dudng thing song song véi canh AB va c6 didm
chung véi it nhat hai trong sé nhiing dudng tron néi trén.

Vi du 12. Trong sé 100.000.000 sé hang dau tién ctia day Fibonacei:

1;,1;2;3;5;8; -

c6 ton tai hay khéong s6 hang tan ciing bing 4 chit sé 07.

Vidu 13. Ching minh riing véi moi s tu nhién n, trong day sé Fibonacei néi trén
ludn ton tai sb hang tan cing bing n chit sb 0.

Vidu 14. Trong céc 6 clia mot béng cd n x n d&t mot cach tuy y cac sb nguyén ti
1 dén n?. Xét khing dinh sau: V

"Luén tim dugc hai 6 c6 canh chung sao cho hiéu cia hai s6 ndm & hai 6 dé lén hon
5‘ "

1) Chitng minh ring khing dinh dé diing véi n = 10.

2) Chimg minh réng khéng dinh dé déng véi moi n > 10.

3) Chitng minh riing khéng dinh d6 déng véi n = 9.

4) Ching minh riing khéng dinh d6 khong ding véi n = 5.

5) Hay xét tinh diing, sai ctia khéng dinh d6 khi n = 6, 7, 8.

Vi du15. Trén mit phing cho 5 diém A4, B, C, D, E c¢6 chc toa do 1 cac sb

nguyén. Ching minh ring trong s céc tam gisc dudc tao thanh tit 5 didm d6 c6 it nhét
ba tam gidc ¢6 céc dién tich nguyen. '
Loi giai . Nhan xét ring néu thay ddi toa do clia mot dinh mot s6 chin don vi thi
tinh nguyén cta dién tich khong ddi. Ta dich chuyén toa d6 clia cac didm da cho nhitng
s6 chén don vi sao cho thu duge cac didm méi A', B, C', D', E' ma céc toa do chi l1a
céc 86 0 hodic 1. Chi ¢6 4 truvng hop:

(0:0)5 (0;1) 5 (3;0); (151)
ma ¢6 5 diém nén sé c6 hai didm tring nhau. Gid st A’ = B’ = 0(0;0). Khi do,

ba tam gidc OOC", OOD', OOE' s& ¢6 cac dién tich bing 0 € Z nén cac tam giac
ABC, ABD, ABF s& c6 céc dién tich nguyén.X
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5 Mot chiat vé sang tao trong Toan hoc
Trong phan nay ching ta sé lam quen v8i moét trong nhitng phuong phap sang tao

trong Toén hoc, d6 13 phuong phép téng quét hoa.

5.1 Thi du md dau

Ta sé tim cich md rong mot khdng dinh hinh hoc da biét sau:

Qua hai diém phan biét c6 thé ké dugc mot va chi mot dudng thing | (1)

Hién nhién, vi d6 1a mét két qua cla hinh hoc nén trudc hét ta tim nhitng mé rong
vé mit hinh hoc.

Moi ngudi ddu biét, qua ba diém khéong thing hang c6 thé dung dugec mot vh chi
mdot dudng tron. Mot sb ngudi véi kién thitc tosn hoc rong hon cé thé biét ring qua bén
diém c6 thé dung dugc mot Parabol, con qua nam diém c6é thé dung duge mét Elip.
Nhung sau d6 13 ngé cut! Ta khong nghi ra duge dudng cong nao di qua siu diém.

Ta s& tim c4ch md rong theo con dudng dai sé. Ta biét ring moi dudng théng khong
vudng gbc véi z'0Ozx déu cé phuong trinh:

y=az+b (d)

Khang dinh (I) "dich" sang ngon ngit dai s6 c6 dang (II):

Luén tim dudc duy nhit bd sb a;b sao cho dudng thing
(d) : y=az+bdi qua hai diém M(zy;y1) ; N(z2; 1)
cho trudc (z; # z3). N6i cach khéac, hé:

azy +b=1y

azy +b =1y,

(4n a; b) luén c6 nghiém duy nhét véi moi
T1; Y1 Tas Yo (T # T2)

(1)

Nghiém cta he (1) 1a
Y1 — Y2 T1Y2 — T2
a="— h=—""
Iy — T2 Iy — X2

'Néi cach khac , dudng thing (d) c6 phuong trinh

— z — ol
y:<y1 y2>m+ 1Y2 2J1‘ (2)

T — Io Ty — X2
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Tu phuong trinh (2) ta rat ra duoc nhiing nhan xét gi?

1) Trude hét, z; — 75 1a bidu thic duy nhit ndm & mau thiec.
Diéu d6 c6 nghia 13 néu z; = z, thi bidu thic & V P(2) la v6 nghia. Khéng dinh d6 phi
hop véi ban chat hinh hoc ctia bai toan vi khi T, = x5 thi (d) L2’Oz ma ta chi xét nhing
dudng thing khong Lz”Ox.

2) VP(2) la bac nhat déi véi y; va y. N6i cach khac, khi ta cho z1; zo; z nhing gia
tri cu thé, tuy y thi (2) ludn cé dang

y=Ay + By
trong d6, A ; B la céc hing sb.

Tt nhén xét nay ta viét lai (2) va dang bac nhét ddi véi y; va ye, dude

<2>¢»y=y1(x‘“)+y2<$“’“) = p1u(e) +10(z) (3)

Iy — Iq Iy — I

3) Céc ham u(z) ; v(z) c6 nhitng tinh chét sau:
+) Khong xac dinh khi z, = Zs.
+) u(z1) = 1; u(zs) = 0 va tuong tu v(z1) =0; va2) = 1.

6 Mo hinh hoa toan hoc ctia cic bai toan

Phan 16n cac bai tap toin ma ta gip déu c6 két luan duoc phét bidu dusi dang tudng
minh, tifc 1a trong dé bai y&u ciu r6 ta phai lam gi. Chéng han phai giai phuong trinh,
bat phuong trinh, he phuong trinh, chiing minh ding thic, bAt déng thic, v.v....

Tuy nhién gid thiét cla cac bai tap thudng dugc téc gid "phiic tap hoa" nh¥m lam
cho ching ta khé phat hién ra méi lien hé gita "c4i di cho" va "cai can tim", khong
phan biét duge diéu kién chinh va didu kien phu, hodc doi khi khéng phat hién dioe
nhiing diéu kién thira, didu kién gay "nhidu".

" Nhiém vu cta ngudi giai todn 1a "phat biu lai" bai toan da cho, lam cho gia thiét
va két ludn trd nén c6 lién hé véi nhau va dua bai todn can gidi v& mét hodic nhidu baj
todn quen thudc, da cé thuat toan giai sin.

Mubn vay, khi gia thiét cla bai toan dudc cho bing "16i" , dusi "dang vin hoc", ta
phdi "dich" ngon ngit "vin hoc" clia bai toin da cho vé& ngén ngit todn hoc quen thudec.
Déi khi ching ta con phai ding céc phuong phap dic bist dé chuyén dang bai toan.
Ching han tit bai todn dai s6 vé& bai toan hinh hoc hosic lugng gidc hay 13 ngugce lai.

Con dudng nhu vay dugc goi 12 "md hinh hod" bai toan da cho. Trong phan nay ta
s€ dua ra mot s6 phuong phap "mé hinh hoi" thudng gap, chit yéu diing dé giai cac bai
toén t& hop.

Céc vi du va bai tap cha phén nay xem thém trong tai ligu: Ly thuyét hé théng.

6.1 To6 mau

Vi dul. Ching minh riing trong séu ngudi bt ky hodc ¢ ba ngudi dai mot quen
nhau, hodc ¢6 ba ngusi dsi mot khong quen nhau.
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Loi giai . Biéu dién mbi ngudi bdi mot diém trong khong gian sao cho khong c6 ba
diém ndo thing hang va khong c¢é bén diém nao déng phéng. N&i hai diém bat ky bsi
mot doan thdng. T6 mau céc doan thing thu duge (15 doan) béi hai miu: xanh va dé
nhu sau:

Néu hai ngudi quen nhau thi doan thing ndi hai diém biéu dién hai ngudi dé duoc
t6 bing mau dd. Trong trudng hop nguoc lai doan thing tuong ting dudc td mau xanh.

Chon mot diém A ndo dé. Trong 5 doan thdng ndi A véi cdc diém con lai c6 it nhét
ba doan thing cling mau (7). Khong gidm tinh tdng quét gid st d6 1a mau dd. Goi ba
doan d61a AB; AC ; AD. :

Xét mau cha ba doan BC ; CD; DA. C6 thé x3y ra hai kha ning:

+) Néu c6 mot doan mau dd, chdng han BC miu dé, thé thi tam gisc ABC cé ba
canh cing mau d8, tic 1& ba ngudi tuong tng véi ba diém A ; B ; C doi mdt quen
nhau. _

+) Néu khong c6 doan nau mau dd, thé thi cad ba doan déu c6 mau xanh va khi d6
ba ngudi tuong tng véi ba diém B ; C; D d6i mot khong quen nhau.

Tém lai, ludn tdn tai hodc ba ngudi d6i mot quen nhau, hoic ba ngudi ddi mot khong
quen nhau. D6 chinh la dpcm.
Vi dy 2. Ching minh ring khong thé 1at kin mot ban cd quéc té& (8 x 8) bing 15 L —
domino va 1 V — domino nhu hinh sau:

L — Domino

V — Domino Ban cd qubc té

LJi gidi . T6 mau ban cd nhu hinh v&. Khi dé, c6 32 6 den va 32 6 tréng. Véi moi vi
tri, mdi V — domino pht hai 6 den va hai 6 tréng, con mdi L — domino phti mot sb 18 6
den va mot s6 1€ 6 tréng. Nhu vay, 15 L — domino va 1 V — domino chi phti dugc mot
s6 1 6 den va do d6 khéng pht kin hét ban cd (dpem).

Vi du3. Cho mot ban ¢6 ¢34 x 50. Mot con ma ditng 3 & sat canh ban ¢d va di theo
duong chéo hinh chit nhat 2 x 3. Héi c¢6 ton tai hay khéng mot dudng di clia quan ma
lién tiép qua tit ci cic & clia ban cd mdi 6 mot 1an hay khong?

Ldi giai . T6 méau céc 6 cla ban cd bing 4 mau: Tring (T), den (D), vang (V), xanh

. (X) nhu hinh vé sau:
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Xanh:

Vang:

Vang:

Xanh:

Ban ¢4 x 50
Gid sl ton tai mot dudng di thod man yéu cdu bai ra vi ban diu quin ma diing
8 6 XT, khi dé céc 6 tiép theo ma quin ma cé thé di dén la:

XT VD 5 XT VD —....

Nhu vay cac 6 VT, XD s& khong bao gis dugc di qua. Vay khong ton tai mot dudng di
thod man yéu ciu bai ra.

6.2 Xay dung bt bién

D& gidi céc bai tosn dang:

Cho tap M ( ma cdc phén t cia né sé dugdc goi la cdc trang thdi). Cho mat quy
tdc Q sao cho khi dp dung quy tdc Q dd, tu mot trang thdi € M ta thu dugc mot trang
thdi khdc € M. Cho trudc hai trang thar o ; B € M. H6i sau mot sé hitu han budc dp
dung quy tdc Q, tw « ta cd thé thu duge B hay khong?

Trude hét ta xay dung mot s6 ky hieu:

+) Ta ky higu 8 = Q(a), hay 13 o — £ néu theo quy tic Q, tir trang thai o ta thu
dugc trang thai 3.

+) Ta ky higu 8 ~ o (doc 13 « tuong duong véi () néu tir o c6 thé thu duge § sau
mét s6 hitu han budc 4p dung Q. Phi dinh ciia diéu d6 duge ky hieu 1a 8 < a.
Ta s& chi xét cac quy tic Q c6 nhitng tinh chit sau: '

1) (Tinh phdn xa) Va € M, o ~ a.

2) (Tinh déi xing) Vo € M, o ~ =6~ o

3) (Tinh bdc cAu) Néu o~ S & 8~ thi a ~ 7.

Quy tic thod man ci ba tinh chit trén con duge goi 1a quy tdc ¢6 tinh tuong duong,
Dinh 1i 7. (Vé sy phan 16p tap trang thai theo quy tic tuong duong)
Néu Q la quy tdc c6 tinh tuong duong thy M duge phan thanh cic tap con d6i mot khong
gtao nhau:

M=MUMUMU.-.

thod man: V&i moi i, j € N*, luén c6

YVa;, €M, a~28.
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%) Néui#jthhVaeM,VBeM, a~p.

Dinh nghia 3. 1 Méi tap con M; néi trong dinh I trén duoc goi la mot quy dao cia
quy tic Q (zdc dinh tren tgp M ).

Hién nhién, cdc quj dao c6 tinh chét quan trong sau: Néu ta zudt phdt tit mot trang
thdi bat ky thudc qui dao M; niao dé thi sau mot hofic mot s6 lan dp dung Q ta chi c6
thé thu dugc nhing trang thds cing € M; dé va khong thé thu dudc cdc trang thdi thudc
cdc quy dao khdc.

Ngodi ra, néu M la tdp hiu han thi sé qu dao cia quy tdc Q zdc dinh trén tip M
la hitu han.

Dinh nghia 4. 2 Ham sé f zdc dinh tren tdp cdc trang thdi M duoc goi la mot bét bién
cia quy tdc Q (zdc dink trén tap M) néu né thod man

an~f= fla) = f(8).(1)

Dinh nghia 5. 3 Bét bién f dugc goi la bét bién tong qudt néu né thod man

a=f= fla) # £(8).(2)

Vay f la bat bién téng qudt khi va chi khi

Va, Be M, a~ [ & f(a) = f(B).

Vay néu ta zdc dinh duge mot bt bién tong qudt f thy véi hai trang thdi o ; B bit ky,
¢6 thé zdc dinh dudc o ~ B hay la o = B bing cdch so sdnh fla) va £(B).

Néu ta chi zdc dinh duoc mot bét bién [ va vdi hai trang thdi o ; B ta c6 fla) # f(B)
tht ta két luan « » B. Tuy nhién, néu f(a) = f(B) thi khong thé két lugn qi vé mbi
tuong quan gida o va B.

D€ zay dung bat bién téng qudt thuong st dung dinh Iy sau

Dinh 1i 8. Néu
a) Ton tai tap A := {8, ; 65; - : &1} gom | trang thdi phan biet cia M sao cho

Vae M, 36 €A, a~é;.

b) Bat bién f nhan it nhét | gid tri khdc nhau.
Thi f la bat bién tong qudt va cic trang thdi € A la doi mot khong tuong duong.

Chitng minh: _

Tt a) ta thiy cd khong qud | quij dao.

Tw b) ta thay cé khong it hon | quy dao.

Vay c6 ding | qu dao. Tw b) ta thdy f nhan ding l gid tri, suy ra f la bat bién téng
qudt.

Cubi cing, tit a) ta thdy cdc trang thdi khdc nhau cia A sé thuoc cdc qui dao khdc
nhau nén doi mot khong tuong duong.®
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6.3 Vidu

Vidul. Hnh tron duge chia thanh n hink quat. Ta Tép m vién s6i mot cich tuy
Y vao n hinh quat dé. Duge phép dong thi chuyén mot vién séi t mot hink quat baaats
ky sang hinh quat ké bén theo chidu kim dong hé va chuyén mot vien séi ti mét hinh
quat bit ky sang hinh quat ké ben theo hwdng nguoc lgi. Héi rdng lam nhu vay sau mot
s6 hitu han bude cé thé tir v tri ma & méi hinh quat cé ding mét vién séi thu duoc v
tri ma tat cd cdc vién séi duoge tap trung vé trong cang mot hinh quat hay khong?
HDG: Ddnh sé cic hinh quat tix 1 dén n theo chidu kim dong hé ké tit mot hinh quat
nao do. Voi mot trang thdi zép séi o, goi ar(a) la s6 vien s6i trong hinh quat thi k.

Dat g(e) := Lay(a) + 2.a5(c) + - - - + n.a, ()

va () == g(a) (mod n)

Ta ching minh cdc khing dinh sau:
1) r(a) la bat bién tong qudt.
2) Goi B la trang thdi méa ¢ méi hink quat ¢6 ding mot vién séi; v la trang thdi ma
n vién sou tdp trung vio hinh quat thi | thi r()=0var(B) =0« nlasb &
3) Tt dé suy ra
' B~vyen ldsslé

6.4 Xay dung ham dac trung

Vdi baz todn duoc phdt biéu trong phin, trude, néu chi yéu cdu ching minh tu trang
thdi o sau mot hodc mot sé hiw han lan dp dung quy tdc Q ta c6 thé thu dugc trang thdi
B (a; B la cée trang thds cho trude) ta cé thé ¢idi nhu sau:

1) Xay dung ham sé f(k) trong dé k € N* la s6 lan dp dung quy tdc Q vao trang
thdi a.

. 2) Chang té f(k) la ham khong gidm ( hodc khong ting).

8) Chimg 6 f(k) nhan gid tri lon nhét ( hodc nhd nhét ).

4) Chitng t6 trang thdi 8 tuong tng vdi truomg hop f(k) nhan gid tri lon nhét ( hodc
nhd nhdt ) dé.

5) T dé thu dugc dpcm.

Ham roirac f(k) con duoc goi la ham dic trung cda bai todn. Su ton tai Max (Min)
cia f(k) thuong duge chiing minh dua vao nguyén ly cuc han.

6.5 Vidu

Vidul. Tren mat phdng cho 2004 diém phan biet. Chitng minh réng cé thé dung cdc
doan thdng néi 2 diém mot vdi nhau sao cho 1002 doan thing duoc dung doi mot khong
c6 diém chung.
Lai gidi . Noi hai diém mot vdi nhau bdi che doan thdng.

Néu cdic doan thdng vita dung doi mot khong cé diém chung thi bai todn di dugc
ching minh.
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Néu ¢6 hai doan thcfng, chc“ing han AB va CD cit nhau tai O (vem Hinh 1).

C

Hinh 1

Goi f la té’ng do dai cde doan thc“ing duge noi. Khi dé, néu ta thay hat doan thd’ng
AB ; CD bdi hai doan dit nét AC ; BD thi do AB+ CD > AC + BD (?) nén tong
doé dai cde doan thc“fng duge ndi khi dé sé gidm (do cdc doan thcfng khdc van dugc git
nguyén). Ma tdp gid tri cia f la hitu han (?) nén sau mét sé hitu han lan thay doi lai
cde doan thdng nhu vay f sé dat gid tri nhd nhét. Khi f dat gid tri nhé nhét thi khong
¢6 hai doan thdng duoc néi nao cit nhau vi néu cé hai doan thdng cdt nhau thi ta lai
tiép tuc lam nhu trén va sé thu dugc trang thdi ma trong dé f dat gid tri nhé hon, trdi
vdi gid thiét la f nhd nhét.

Viy 6 thé dung duge 1002 doan thang thod man yéu cdu bdi ra (dpcm).

6.6 Bai tap luyén tap

Bai toan 1. 1 (D7) Cho mot ban c& ¢c6 7 x 7. Mot quan ma ding ¢ 6 (1;4) va di theo
dudmg chéo hinh cht nhat 2 x 3. Héi c6 ton tai hay khong mot duong di cia quén ma
lién tiép qua tdt cd cdc 6 cia ban cd méi 6 mot lin hay khong?

Ddp s6: Khong. To mau nhu ban cd quéc t6 va st dung tinh chdn, Ié (c6 25 6 den va
24 6 tring. Ban ddu, quan ma ding J 6 trdng. )

Bai toan 2. 2 (D71) Tréen mat phdng cho n dudng thing trong dé khong c6 hai dudng

nao song song va khong cé ba dudng ndo déng quy. chiing minh trong mdi mién mat

phdng ma cdc duong thing dé chia ra c6 thé dat mot sé nguyén € (—n;n)\ {0} sao cho
tong cdc s8 duoc viét & méi phia ciia mot duong thing bit kj luon bing 0.

Bai toan 3. 8 (D78) Trén ban co quéc té dat 8 quan tot sao cho ¢ méi hang va § méi
cot déu c6 ding mot quan tét. Ching minh ring s6 quan tét ndm J cic 6 den la sé chén.
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Bai toan 4. 4 (D85) Trén méi canh cia ti dien ABCD 18y mot diém bét kY. Qua méi
cap ba diém thudc ba canh cing Tudt phdt ti mét dinh cia t& dién dung mot mat phdng.
Ching minh ring néu ba trong sé bén mat phing thu dudc ma tiép mic vdi cdu noi tiép
te dién thi mat phang thit tu ciing tiép wic véi cdu do.

Bai toan 5. 5 (D70) C6 4m déng zu, trong dé ¢6 mot nila la cic ddng zu gtd. Cdc dong
zu that c6 khoi hugng bing nhau, cic déng zu gid cing 6 khéi higng bing nhau nhung
nhe hon. ching mink bing khong qué 3m phép can dia ( khong c6 qud can ) ta c¢6 thé
zdc dinh dugc tit cd cdc dong zu gid.

Bai toan 6. 6 (D71) Trén mang ludi nguyén dénh déu céc nit nio dé ( s6 miit duoc

ddnh déu > 1 ). Cho mot tap hiu han cdc vecto c6 toa do nguyén. Biét rdng néu dgt

diém gdc cila cdc vecto dé tai mot diém nit duoc ddnh déu bét ky thi s6 diém ngon duoc

ddnh ddu nhiéu hon s6 diém ngon khong dugc ddnh ddu. Ching minh réng c6 vé sé diém
- nit duoge dinh déu.

.2 N ¢ 12 S Iy
Bai toan 7. 7 (D 73) Cho diém Ay va n vecto &, a, as, -+, an c6 téng bing 0.
X . . 7 T — » ) i ¥ 3 . P ~ ¢ .2
Moi hodn vi (b1, by, by, --- , bn) cia cdc vecto dé zdc dinh mot tdp cdc diém :
Ay, Ay, oo An = A sao cho
— ey —_
_ bi = AoAi, by = A1 Ay, by = AyAg, -+, by = A, 1 A,.
Chitng minh rdng ton tai mot hodn vi cia cdc vecto dé cho sao cho tét cd cic diém
A1, Ag, o, Any déu ndm trong mién géc 6 sé do bang 60° vdi dinh la Ay (mién géc

duoc k€ cé canh cia goc).

Bai toan 8. 8 (D 72) Trén bd mot con song thdng dat hitu han cic sic g6 khong chong
lén nhau va méi stc gb tao vdi bo song géc < 45°. Ching minh rdng ta c6 thé lan luot
lan tdt cd cdc stic g6 d6 zudng song sao cho khi lan khong cé sic gé nao va cham véi
cdc sic go khdc. (Cédc siic g6 chi duge lan theo phuong vuéng géc vdi né va khong duge
quay.) ‘

Bai toan 9. 9 (D 69) Ching minh ring néu tréen mit phdng c6 mot sé hitu han cic da

x . ., ~ 32 S - NN A . N
gidc loi dat tuy g, khong cé diém chung thi vdi moi tia Ox ludn ton tai mot da gidc ma
khi tinh tién song song né theo hudng cia tia sé khéng cham vao cdc da gidc khdc.

Bai toan 10. 10 (D 65) Trén ban co quéc té dat cdc ddu +, — mot cdch tuy ¥ vao cdc
0. Dugc phép doi ddu déng thai & 15 6 thuse cing mot hang va cung mot cot. Héi cé thé
lam nhy viy dé sau mot sé hiu han bude, ti mot ban cd vdi cde ddu dudc dat bét ky thu
dugc mot ban co vdi cdc vi tri cic ddu da cho trude hay khong?.

147




7 Cuyc tri trén tap rdi rac

7.1 Phuong phap xay dung ciu tric cta diém ma tai dé dat
Min, Max

Dy dodn Min, Max cta biéu thic f(z) dat tai z* nao dé va ching minh du dodn
dé.
Trong phuong phdp ndy thuong ta phdi st dung cdc kién thic cia S6 hoc, T6 hop va
Todn roi rac. Viéc du dodn thuong dudc thyc hién bdi phép quy nap dua vao mot sb tinh
todn ban dau.

7.2 Vi du minh hoa

Vidu l. Cho métn - gidc loi (n > 4), trong d6 khong c6 ba dudong chéo nao dong
quy tai mot diém ndm trong da gide. Goi f(n) la sé6 cdc dudng chéo cé thé ké duoc sao
cho cdc phdn ma ching cdt ra khéi da gide da cho déu la cdc tam gidc.

Hay zdc dinh Max f(n).

Loi gidi. Goi f(n) la s6 cdc dudng chéo c6 thé ké dugc thod man yéu cdu bai ra. Xét
mot sé truong hop ban dau ciia n. Bdng cdch vé hinh cu thé ta duoc

n= (4|56|6|7|8]|9]| 10
fln)< || 2315668 9] 11

Tt dé ta ¢é du dodn

< |2 -4 e
Trong dé ta kj hiéu [z] la s6 nguyén ldn nhdt khong vuot qud z. Dé chung minh (*)
trudc hét ta chitng minh
Bd dé&: Néu tdp S cdc dudng chéo cla mot n - gidc 161 (n = 5) chia n - gide .dé thanh
cdc tam gidc thi cd it nhat mot dudng chéo € S khong cdt tét cd cdc duong chéo khdc € S
tai diém trong cta n - giac da cho.

Chitng minh: Xét cdc hinh vé sau:

Hinh 1. Hinh 2. Hinh 5.
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T cde hinh vé trén ta c6 cic nhan zét hidn nhién sau.

1) Khong c6 duong chéo nao € S cit 2 2 duong chéo € S khdc (zem Hinh 1). Do
hai géc o ; B c6 o+ 8 > 180° ).

2) Gid st moi duimg chéo € S déu cdt ding mot dudng chéo € S. Xét hai duong
chéo € S la AC ; BD cdt nhau tai O (zem Hinh 2) ). Don > 5 nén ¢6 it nhét mot
canh cia ti gidc ABCD la duong chéo cia n - gidc da cho. Gid su d6 la canh AB. Ta
¢d AB € 5 vi néu khong thi phédn n - gide vdi bien chia dudng gip khiic AOB sé khong
la tam gidc nén sé c6 mot duong chéo € S cit AB, khi d6 dudng chéo dé com cdt hodc
AC, hoGc BD. Diéu d6 tréi vdi nhan zét 1) (C6 mot dudng chéo € S cift hai duomg
chéo € S).

T hat nhan xét tren suy ra két lugn cia b3 dé.

Trd lai bai todn dang zét. Hien nhién, (*) da ding vdin = 4;5,6. Gid su (*) ding
vdi moi k, 5 < k <n, n>6. Theo b3 dé, tin tar mot dudng chéo € S khong cdt cdc
dudng chéo khdc € S va chia n - gide da cho thanh hag phan ri nhau. Gid sit duong
chéo dé la A1 A, (zem Hinh 8 ) vd né chia n - gidc da cho thanh p - gidc va q - gide (vdi
3<Spg<n;p+g=n+2)

Khi ds, s6 f(n) cdc duong chéo ké duge thod man yéu cdu bai ra la

f(n) =1+ 1) + f(a).
Theo gid thiét quy nap ta cé

= f(n) < (3”} — 4,

Vay (*) cing ding véi n.
Do ds, theo nguyén lj quy nap, (*) ding véi moin e N; n > 4. Vay s6 lon nhét céc

, . . . , 3
dudng chéo ké dugc thod man yéu cau bai ra lg {;J -4. K

Vidu2. (VMO 2003) Tim sén € N ion nhét sao cho hé phuong trinh sau cé
nghiém nguyén.

(x+1)2+yf=(w+2)2+y§=(x+3)2+y§=---=(w+n)2+y3~ (1)
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Loi giai . Hién nhién néu hé (1) khong cé nghiém (T v1; Y25 Yn) nguyén khi
n =k thi né cing khong cé nghiém nguyén vdi n > k.

Véin =3 dé thay hé ¢ nghiem: (z; y1; ya; ys) = (—=2; 0; 1; 0).

Ta sé ching minh vdin = 4 thi hé (1) khong cé cic nghiém nguyén.

That vy, gid st ton tai cdc s6 T ;y1; Y2 ; Ya; ya € Z va thod man:

(+1)°+y =(z+2°+¥3 =@ +3)2+12 = (2 +4)°+12. (2

T (2), do z+1 va x4 3 cing tinh chén, Ié nén y, vd ys cing tinh chin, lé. T wong tu,
Y2 vd Y4 cung tinh chdn, Ié.

Do z+1 va x+ 2 khdc tinh chdn, Ié nén y, va y; khdc tinh chén, Ié. Tuong ty, ys va yq
khdc tinh chén, Ié.

Nhan zét ring:

Véia€Z; aléthia®=1 (mod 8), con vdia € Z ; a chin thi 22 = (mod 8).

T (2) ta cé:

(T+1*+yi+ @ +3) + i =2z + 22 +i @ 22 = + 12+ 2. (*)
(E+22+y + (e +4)° +y; =2z +3)2 + 2 © 02 =2 + 12 + 2. (s

Néu y, chdn thi theo trén ta c6 yi;ys 16, va t (*) ta duoc:
0=(1+1+4+2) (mod8) :vo ly.

Néu y, 16 thi theo trén ta cb ys 6 ; ys chén va tix (**) ta dugc:
0=(1+1+2) (mod38) : vo ly.

Vay gid st ban ddu la sai, tic la véin = 4 thi hé (1) khong cé cdc nghiem nguyén.
Do dén =3 la gid tri lon nhét dé he phuong trinh dé cho c6 nghiém € Z.

Vidu3d. Chon >3 wvadcdcsbxi;ze;  ;Tnoy € N, bién thién va thod man

(1)

Dazi+zo+a+ - +Tn=n
2) T1+ 222+ 323+ + (n— 1)zpy =20 =2

n—1
Tim Minf vdi f = f(z1;20; ;Tp) = Zk.xk.(Qn — k).
k=1

Loi giai . Vi tap gid tri cia f la tdp con cda N nén tén tai Minf. Gid st
Minf = f(x*) = f(x};x3; - ;x5_,).

T diéu kién 2) suy ra z;_; < 2. Déu bing zdy ra khi va chi khi

ri=xy=--=x, ,=0=>n=2 (theo 1) ).
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Dé la dicwvo ljvin23. Vayz,_; < 1=az7_, € {0;1}.
+) Néuz;,_, =0 thi

Dal+zy+a5+ - +zi ,=n Q)
2)zi+ 205 +3z5+ -+ (n—2a;_,=2m -2

a) Neu3melin=2, 25, >0conz: =0, Vi#m thi

(z’)«:{“‘“’*:“

mz, =2n — 2
=>mn=2n-—2

=n(2-m)=2: vé6ljdon > 3.

b) Néu3i, j, 1<i<ji<n—2 j>i+2 sao cho z7, z; > 0.
Xét bo s6 z' := (xf;2h; -+ 2, zde dinh nhy sau

*

T, =1z khik ¢ {i;5;i+1;5+1}
§::ri+1;a:’iH::I:zH——l;x;-:x;—l;:c;-+1=x;+1+1

Dé dang kiém tra réng b5 cdc s6 1’ = (z};xh;- - ;.,_,) zdc dinh nhu vay thod man didu
kién (ii). Nhung !

fatay - sany) — flah ez, )= =2(j —i) >0
nén f khong dat Min tai z* = (23,23, ;28 _,).

Vay ta phdi cé: 34, xf, 2}, > 0vazi =0, Vk#4, i+ 1. Khi dé

@) e 5T En=n =, = (2—dn—2.
i} + (i + 1)z, =2n — 2

Dozi,, >0=i<2=i=1 Vayzy=n—2, z] =2 va
f(z*) = f(2in=2;0,0;--;0) =2(2n — 1) + 2(n — 2)(2n — 2) = 4n? — 8n + 6.
+) Név x|, =0 th

(i) & Dal+as+ai++zi ,=n—1
2)xi + 225+ 35+ -+ (n—2)zh_,=n—1

S Ty=ay=- =2, ,=02;=n—1
= f@)=1n-1)(2n -1+ (n-1).1.2n —n + 1) = 3n? — 3n.

Nhung vdi moin 2 3 ta luon cé

(4n® —8n +6) — (3n2—3n) = (n—=3)(n~2) = 0
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1

nén ta dugc két qud sau

Minf = 3n? = 3n = f(n — 1;0;0;--- ; 0; 1).

Vidud4. Ham sé (f(n)): N* > R zdc dinh nhu sau

nn+1)
f)=0; f)=f5D+(-1) 2 ,n>2
1) Xdc dinh Min; Max cida f(n) vdin < 1999 va tim tdt cd cdc gid trin € 1..1999 dé
f(n) dat Min; Max.
2) C6 bao nhiéu gid trin € 1..1999 dé f(n) =
Loigiai. Ta co

ol 3

fm)-fZ)=(-1) 2 =

Nhan zét rdng trong hé cd s6 2, néu n = G103 Gr_20r_10% thi

n
[E] = a102" " Gk—20k—-1.
Ngoai ra -
n=0;3 (mod 4) < ax_1ar = 00 hodc 11.
n=1;2 (mod 4) & @z_1ar = 01 hodc 10.
Nhu vay:
f(n) tdng 1 don vi dbi vdi f([%]) néun = Qi Gr_20k-10r VOi G = Qg—1.

f(n) gidm 1 don vi déi vdi f([E]) néun = 410y - Qr—20k_10% Vi Qg F# Q.

Ky hiéu u{n) la s6 cip 00 ; 11 com v(n) la s6 cip 01 ; 10 trong cdch viét theo cd sb
2 cida s6 n. Ta sé ching minh ‘

f(n) =u(n) —v(n), Vne N (%)

Ta sé ching minh ( *) bing phuong phdp quy nap todn hoc theo k la s6 chi sé trong cdch
viét nhi phan cia sé n.
Thit vay, khik=1=mn=1thi f(1)=0; u(l) =v(1) = 0= () ding vdi k = 1.
Néu k = 2 thi
+) Hogen=2=100 = u(2) =0; v(2) =1 con f(2) = -1 = f(2) =u(2) — v(2).
+) Hogcn =3 =113 =2 u(3) =1; v(3) =0 con

f@)=f)+1=1= f(3) =u(3) - v(3).

Gid si (*) ding tdi k, hay la (*) ding vdi moi s6 n = @163~ Qr—20k—1Ck-
Xétm = a1y * - - Qp—20k—1AKAk41-
m ? ~
Néuagy =0= [E]:n’ m+ 1 16 va

[CRICE NPT S A& £ A ST S e



Néu ay, = 0 thin chdn va
u(m) =u(n) +1; v(m) =v(n); (1" =1
= f(m) = f(n) + 1 = u(n) —v(n) + 1 = u(m) — v(m).
Néu ar =1 thin Ié va
u(m) =u(n) ; v(m) =w(n) +1; (-1 = —1

= f(m) =f(n) =1 =u(n) —v(n) — 11 = u(m) — v(m).

Néu aryy = 0 thi lap lugn tuong ty ta cung duge f(m) = u(m)—v(m). Vay (*) cing
ding tdi k + 1 nén theo nguyén lj quy nap ta duoc (*) ding véi moin € N*.

Trd lai bai todn dd cho
1) T (*) ta thay dé f(n) ldn nhét thi v(n) phdi nhé nhét. Ma v(n) = 0 nén ta phdi tim
s6 n ldn nhat, <1999 sao cho v(n) = 0. Nhan zét rdng

111111111115 = 2047 > 1999 ; 1111111111, = 1023 < 1999
nén s n lon nhdt € 1..1999 c6 v(n) nhé nhat la s6 1023. Khi dé f(n) =9—0=29.

Vay Max f(n)=9= f(1023).

Dé f(n) nhé nhét ta phéi c6 u(n) nhé nhét, dong thoi v(n) ldn nhét. Lap luan tuong tu
trén ta duge s6 101010101015 = 1365 la s6 c6 u(n) = 0 la nhé nhét va v(n) = 10 la ldn
nhét. Khi d6 f(n) =0— 10 = —10.

Vay . &Il%gg f(n) = —10 = f(1365).

2) Trong biéu dién n = ajay— "Gk—2Qk—10ky gila hai chit s6 gidng nhau ta dédt déu »”
con guita hai chit s6 khdc nhau ta dat déu " Khi d6 u(n) = sé déu ”” va v(n) = s6
ddu . Néu nhé ring chit s6 déu tien phdi la chit s6 1 tht méi day gom m ky hieu ””
va %" s€ zdc dinh duy nhdt mot s6 c6 m + 1 chiz s6 trong hé co s6 2.
Chdng han déy (. ., , .) sé ing vdi s 111011,
Nhu vay f(n) = 0 u(n) = v(n) & s6 déu ”” béng s6 déu ”” . Tw.dé = m chén.

Véi m chin c6 Ci2 cich zép % déu " vio m ché .
(Cdc ché con lai dat cde déu »7). Ma 1999 < 100000000000, = 2048. Trong 2047 sé
n < 2048 ¢d

Co+Cy+C3+C3+ CE+ C3, = 351

50 ¢6 f(n) = 0. Nhung trong cdc sé c6 f(n) =0 dé c6 56 > 1999 = 11111001111, I3
cdc sb

11111010010, = 2002 ; 11111010100, = 2004 ; 111110101105 = 2006 ;

11111011010, = 2010 ; 11111101010, = 2016.
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1

Vay cd tat cd 351 — 5 = 346 sé € 1..1999 la nghiém cda phuong trinh f(n) = 0.

Vidub5. Choa>2vahim séa(n):N— R zdc dinh nhu sau

a(0)=1, a(l) =a, a(n+1) = <a_26(Ln—(n:)—1—) ~ 2) a(n), (neN*).

Voi k € N*; dat
Chatng minh ring
Loi giai. Ta c6

1 1 1\?
a>2=>3b>1,a=b+—6=>a2—2=b2+z)—2—,a2—4=( )

Ta phdi chitng minh
1
HORE (2+a~\/a2~4) =p (1), VkeN

vd & vé phdi cia (1) khong thé thay o bdi s6 nhé hon. Ti dinh nghia cia ham sé va tu
cich dgt s6 b ta cé

ay = (Zzgéi _ 2) a(0) = (a® - 2).a = <b2 + blg) (b + %)
0= (58 -2) ot = 20= (1 1) (i 1) (b4 1)

Bdng phuong phdp quy nap ta ching minh dugc:

a1 1 n-2 1 1 1
2 2
a(n)—(b +ﬁ:?> (b2 +g2‘;_—2>“'<b +55> <b+3>

1 p2r T2 TR 2] p2n-1

=

a(n) (24 1)(b*+1)--- (b2 +1) M
(vor M = (b° + 1)(b* +1)--- (" + 1)). Mat khdc:
1 1 1 1
1
(Dob>1=>b—g>0).
Tit céc két qud trén ta cé

ety b il <14l
B2+1 0 (B2 +1)(b +1) B2+ 1)+ 1) (b2 + 1) b
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b? bt b%"
1. (2
D TN R e sy R (v Y (rorug oy o SR M ©)

Ta sé chitng minh vdi moi a; > 0, (i € T.n) ta luén cd

a; _ !
Sn :ZZ(1+GI)(1+CL2)-..(1+CL:}) =1 (I1+a)(I+ag) - (1+a,) ®)

j=1

a

That vay, ¢6 S, = =1- = (3) ding vdin = 1.
1+a1 1+a1
Gid su (3) ding dén n, khi d6 dat P = (14 a1)(1 +ay) - - - (1 +ay,) ta cé
Anyy 1 Qn+1 1
Sppr=8p+——"t =]y Gndl 4
i P14 ansy) P P(l+4an) P(1+4ans)

Vay (8) cing ding véin + 1, tic la theo nguyén lyj quy nap, (8) ding véi moi n € N*.
Theo (3), ta cé
1

VT(2) =1- eI D < 2 VT@ <L

Vay (2) ding nén (1) ding. Mgt khdc , khi cho b — 1+ (a—2%) tacds VT(2) - 1~
nén &'V P(2) khong thé thay 1 bdi s6 nhé hon, hay la ¢ V P(1) khong thé thay o bdi sé
nhé hon. Tém lai, ta dugc

Supf(k) = o = (2+a-x/ﬂ) (dpcm).

Foud

m
*
DO

Vidu6. ChoS,={1;2---; n}. Phdntij € S, duoc got la diém bit dong
cia song dnh p: S, — S, néu p(j) = ;.
Goi f(n) la s6 song dnh khong cé diém bét dong, con g(n) la s6 song dnh cé ding mot
diém bit dong : S, — S,,.
Tim gid tri ldn nhdt va gid tri nhé nhét cia H (n) vdi

H(n) :=|f(n) - g(n)|, n € N".

Loi giai. Goip la mét song dnh : S, — S, ma cé ding mot diém bét dong ;.
Cé n cich chon j € S, va f(n — 1) cdch lgp cdc song dnh - Sa\ {7} = Sn\ {j} ma
khong c6 diém bét dong. Vay

gn)=nf(n-1) (1), VYn>2

Bay gid, goir la song dnh : S, — S, ma khong cé diém bét dong.
Khi d6, (1) = j vdij # 1 va ¢c6 n— 1 cich chon 7 nhu vay.
Néur(j) =1 thi ¢6 f(n — 2) cdc song dnh : S, \ {15} — Sp\ {1;5} ma khong c6
diém bt dong. Néu b6 sung théem r(1) = j, 7(j) = 1 thi song dnhr dé6: S, — S, ciing
khong cé diém bét dong. Vay ¢6 (n — 1)f(n — 2) cdc song dnh : S, — S, loai nay.
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Néur(j) # 1 thi ¢6 f(n — 1) cdc song dnh : S, \ {1} = S, \ {1} ma khong c6 diém
bdt dong. Goiq la mot song dnh nhu vay. Bang cdch dat

{pm = g(1) néu q(3) # j
j (@) =3

ta cing dugc song dnh p khong cé diém bét dong : S, — S,. Vay c6 (n—=1)f(n—1) cdc
song dnh : S, — S, loai nay.
T6m lags, ta c6

f)=(n-1fn-2)+(n-1)f(n-1) (2),¥n>3.
T (1) va (2) ta duoc vdin > 2 thi
fn+1)=g(n+1) =n[f(n)+ f(n=1)] - (n+1)f(n) = nf(n—1) - f(n) = g(n) — f(n).

Mdfgl)—g(l)zo—l-—-—1=>f(2)—g(2): L, ---.
Bang phuong phdp quy nap ta chimg minh dugc

f(n) =g(n) = (=1)" = H(n) = |f(n) —g(n)| =1, Vn € N".

T dé ta cé ;
h/équ(n) = MeaxH(n) = 1.
Vidu7. Trén mdt phdng cho 2n + 1 dudng thing (n € N*). Ching cdt nhau
tao thanh cdc tam gidc.
n(n+1)(2n + 1)

6
L3i gidi . Goi s6 cdc tam gidc nhon tao thanh la f (n). Ta phdi ching minh

Ching minh rang sb cic tam gidc hhon tao thanh khong vugt qud

n(n+1)(2n + 1)

OB

(1), Vn e N*,

C6 thé gid st trong 2n + 1 'duong thdng da cho khong c6 hai dudmg thdng nao song
song, khong cé hai dudng thang nao vudéng géc véi nhau va khong cé ba dudng thing ndo
dong quy.

That vay, néu cé hai duong thing nao song song hodc vudng gdc thi ta chi viéc quay
ching mét géc di nhé sao cho cdc tam gide nhon van la cdc tam gidc nhon, khi dé sb
cac tam gide nhon khong gidm. Néu cé ba duong thing nao déng quy thi ta tinh tién
song song mot dudng vdi khodng cich di nhd, sé tam gidc nhon cung khong gidm.

Nhu vay, ba dudng thing bt ky trong sé cic duong thing da cho luon cit nhau va
tao thanh mgt tam gidc hodc nhon hodc ti.

- Goig(n) la sé cdc tam gide ti. Ta got mot tam gidc tao bdi ba dudng thdng a,b,c
ndo dé la "gid nhon canh a” néu cdc géc chung canh a cia tam gidc dé la cdc géc nhon.
Chon mot dudng thiang | nao dé va coi né la truc hoanh. Céc dudng thing con lai duoc
chia thanh hai tap: Tap T gém cdc dudng thing vdi he sé géc duong va tip T~ gbm
cdc duong thdng vdi hé sé géc am. Hai dudmg thdng tao vdi | mét tam gidc "gid nhon”
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néu mot duong € T, dudng kia € T~. Goi ) la s6 dudng thing € T+, p la sé dudng
thing € T~. Khi d6 p + q = 2n va sb tam gidc "gid nhon canh l” sé€ la pq. Nhé ring

2
pg < <2§ﬂ_> = n?

Nhung | c6 thé la duong thang bat ky trong sé 2n + 1 dmmg thang da cho nén ta c6 sé
cdp (dudng thing | ; tam gzac "gid nhon canh 1”) sé < n?*(2n+1).

Trong cdch tznh trén moi tam gidc nhon dugc tinh 8 ldn (theo 8 canh) con méi tam
gidc tt chi dugc tinh mot lan nén

3f(n) + g(n) < n*(2n +1).
Thé nhung téng s6 cic tam gide la C3,,,, tic la

(2n+ 1)(2n)(2n — 1).

Vay ta cé

2f(n) < n*(2n +1) = (f(n) + g(n)) = (2n + 1)(2(;1)(271 —-1) _n{n+ 1)3(2n +1)

n(n+1)(2n + 1)
6

= fln) <

(dpcm).

Vidu8. Chon >3 wvacdc sbézy;x;- ;xn €N, bidn thién va thod man

(i4)

1) i+ To+23+ -+ 1 =1
2) 1 + 220+ 3x3+ -+ (n— Dapy = 2n — 2

Tem Minf vdi f = f(zy;20; ;Tnot) kak 2n—k

Lai giai . Vi tap gid tri cia f la tdp con cia N nén ton tai Minf. Gid s
Minf = f(x*) = f(x];x3; -+ ;x5 _,) |

T diéu kién 2) suy ra z%_, < 2. Déu b&hg zdy ra khi va chi khi

] =x5=- =2, _,=0=>n=2(theo 1) ).

Dé la diéu vo lj vin > 3. Vay T, < 1=a:_;, €{01}.
+) Néu z2_, = 0 thi

Dal+ay+ay+ - +35 ,=n
2) 2y + 225+ 3z + -+ (n—2)zk_, = 2n — 2
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a) Néu3Im e 1..(n - 2), T, >0conz;=0,Vi#mth

mz,, = 2n — 2
= mn=2n—2
=n2-m)=2: Voljdon > 3.

b) Néu 31, j, 1<z’<j<n—2,j>i+2.saochoa:;

; , a:; > 0.
Xét b6 50 x' = (z!;x); - -- i Tn_1) Tdc dinh nhu sau

{x}c=x,’; khik ¢ {4,544+ 1,5 + 1}
/

—_ . / —_— . ) * . ’ —_— *

Dé dang kiém tra réng b6 cic sé 2’ = (z};2h; - ;2_,) zde dinh nhu vay thod man didy
kién (ii). Nhung

nén.f khong dat Min tei z* = (z}; 23; - -

S Tnot)-
Vay ta phdi c6: 3 3, T, ¢l >0viz=0,VEk #1, 1+ 1. Khi dé

(1) & { & T T =n =2, =(2-i)n -2
i+ (I + Dzf,, =2n—2

Dozi,, >0=i<2=4i=1. Viyz; =n—2, 2t =2 v
f(@) = f(2n - 2;0;0; . ;0):2(2n——1)+2(n—2)(2n—2):4n2~—8n+6.

+) Néu z%_| =0 thi

. Dai+ab+a+ +z* . =n—1
(’L)(:} 1 2 3 n—2
2)x{+2x§+3x§+---+(n——2)x;_2:n-1

=>x;=x§:---::c;_2=0, ] =n-—1

= f(@*) =1.(n~1)(2n - D+ (n—-1)1.2n~n+1) = 3n% — 3n.
Nhung vdi moin > 3 ta luon c6

(4n2—8n+6)—(3n2—3n):(n-3)(n—2)20

"nén ta duoc két qud sau

Minf=3n2—3n:f(n~1;0;0;-~- ;05 1).
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7.3

10.

Bai tap tuong tu
Choz,y,z€ N ; z+y+z=100. Tem Min, Maz cia P = zyz.
Choz,y € N* ; x+y=2003. Tim Min, Maz cia P = zly!.
Cho z,y € N* ; z+y=2003. Tim Min, Maz ciia P =z! + y!.

Hay viét s6 2008 thanh tong clia mot s s6 nguyén duong sao cho tich cia cdc sb
dugce viét la lon nhét.

Cho p1, D2, -+ ,Dn ld cdc $6 nguyén té khdc nhau. Ching minh ring:

e |- 0= 5= )] =1

i Ds p?l

Hay tim udc s6 chung lon nhét cia 20 sé tu nhién duong cé tong bing 2002.

Chon € N*. Cho tap httu han:

k
S ={a, a2, - ,ax} vdia; €(0;1); Za,->n.

i=1

Ddt ds = Inf
Xcs

n—gai.

a;€X

Tim
Mazds khi S bién thién, thod man |S| < +co

T¥m s6 nhé nhédt c6 dang:( k,l € Z)

e A=|11F -5}
e B = |36 — 56|
o C =53 - 37

Mét doi van nghé gom cd hoc sinh nam vd hoc sinh nit. Hay tinh zem doi vin nghé
nay cé it nhat bao nhiéu hoc sinh trong cdc truong hop sau:
a) Sé hoc sinh ni cia doi nhé hon 50% nhung lén hon 40%.
b) S6 hoc sinh nit cia doi nhd hon 44% nhung lén hon 43%.

Trong mot gidi béng dd ¢ m doi tham gia theo thé thitc vong tron mot luot. Doi
thing duoc hai diém, doi hoa dude mot diém, con doi thua khong duge diém. Sau
gidi, ban t6 chitc zép thit tu cic doi theo sé diém dat duge. H6i hai doi c6 vi thi
ké nhau cé thé hon kém nhau nhiéu nhét bao nhiéu diém?
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