Y

B 4t dang thitc (BDPT) 1a mot cong cu dé
giai nhiéu dang toan khdc nhau, dac biét
la giai phuong trinh va hé phuong trinh. Trong
pham vi bai viét nay ching t6i xin giGi thiéu
céch van dung BDT dé giai phuong trinh (PT)
va hé phuong trinh (HPT).

DANG 1. Sir dung BDT dé tao ra tinh doi
nghich cua hai vé trong phuong trinh

Phuong phdp. Ding BDT dé danh gi4 hai vé
(v€ trdi (VT) va v€ phai (VP)) cua PT, gia st

thu duge
VP> 4 _ |VP=4 VP=4
VT<A4 VT<A4 VT > 4.

VP =4

Khid6 VP=VT <
VT = A.

% Thi du 1. Gidi phuong trinh
Jx—4+36-x=x?~10x+27.

Loi gidi. DK 4<x<6.

Xét VT2 =2+2,/(x - 4)(6 - x).

Ap dung BDT Cauchy, ta c6

2J(x-4)(6-x)<x-4+6—x=2.

Suyra VT? <4 hay VT <2 )]

D4u bang xay ra khi va chi khi x = 5. Lai c6

VP= x2—10x+27 =(x=5)2 +2>2 Q)

Dadu béng xay ra khi va chi khi x = 5.

Tur (1), (2) d6i chiéu véi diéu kién, suy ra PT

c6 nghiém duy nhat x=5. 0

% Thi du 2. Gidi phitong trinh

44+4x—x*=|x—1|+|x-2]|+]2x-3|+|4x-14].

http://www.vnmath.com
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Loi gidi. Ta cé
VP= |x—1]+|x=2|+|2x~3| +|4x—14]

2 |x=1+x-2+2x-3+14-4x| =8 3)
D4u bang xay ra khi va chi khi x = 2.
Mit khic VT =8—(x—2)? <8 @)
D4u bang xay ra khi va chi x = 2.
Tir (3) va (4) suy ra PT da cho ¢6 nghiém duy
nhitx=2.0
% Thi du 3. Gidi phuong trinh

-2 +N—x+¥1+x=3.

Loi gidi. DK -1<x<1. Ap dung BPT
Cauchy ta c6:

PN =x2 =V1-x1+x S——l——x;——lﬁ (5)

\/“1~x=,/\/1—x.1s————“l'z’“rl (6)
\/“1+x=\/\/1+x.ls—-l—+7xj—l @A)

Cong theo vé€ clia (5), (6), (7) thu dugc
PN-x2 +N—x+N+x <1+V1-x+/1+x  8)
Lai theo BDT Cauchy ta cé

JI=x=J1-x).1 s(l_—z)“=2—"’ﬁ :

2
Jlex=Jd7x)1< (”’2‘)” =? :

Suy ra 1+vI—x+v/17x < 1+3-;—x+342'—x 9)

Tir (8) va (9) suy ra

Y-x2 +¥1-x+Y1+x <3.
D4u bang xay ra khi va chi khi x = 3. Vay PT
c6 nghiém duy nhat x=3. 0

TOAN HOC
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DANG 2. Sur dung BPT Cauchy dé dua vé
mot bat phuong trinh c6 nghiém duy nhat
% Thi du 4. Gidi phuong trinh

2v2 iy +21=3Y4x -4

Lo gidi. Ta c6

(10)

2
2x2-11x+21= x/i.x——ll—) +ﬂ >0
2J2) 8
nén 4x—4>0 hay x> 1.
Ap dung BPT Cauchy cho ba s6 duong ta dugc
Rax—-4=3322(x-1) <2+2+(x-D)=x+3 (11)
T (10) va(l1) suyra 2x2 —11x+21<x+3.
Hay 2x2-12x+18<0 < 2(x-3)? <0

< x=3. Thi lai ta dugc x = 3 1a nghiém duy
nhat caa PT (10). O

DANG 3. St dung diéu kién phuong trinh
bac hai c¢6 nghiém dé giai hé phuong trinh
a) Poi voi hé phuong trinh hai an
* Thi du 5. Giai hé phuong trinh
(12)
(13)
Loi gidi. Néu y = 0 thi tir PT (13) ta c6 x = 0.
Thay vao PT (12) ta dugc 2 =0 v6 1i.
Vay y # 0, khi d6 coi PT (12) 1a PT bac hai
4n x, PT nay c6 nghiém khi va chi khi
A=-1-y’20 © y<-1 (14)
Tuong tu, coi PT (13) 1a PT bac hai 4n x, ¢6
nghiém khi vi chi khi A'=1-4>0 =
1>y2>-1. Két hop v6i (14) suy ra y=—1.
Thay vao PT (12) ta dugc x = 1. C4c gid tri
nay thoa man PT (13). Vay HPT di cho cé
nghiém duy nhat (x;y) =(1;-1). 3
b) Péi véi hé phuong trinh ba an
% Thi du 6. Giai hé phitong trinh
j,\'+ y+o-=2
[4x+4y—2xv+ 20 =4

Loi gidi. Coi z 1a tham s6. Viét HPT trén dudi
x+y=2-z

_4-4z+z22

= ; _
Khi dé6 x, y 1a nghiém ctia PT bac hai 4n X
(z-2)

2

dang sau

X-Q2-2)X + =0 (14)

TOAN HOC
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PT (14) c6 nghiém khi va chi khi
_ 2
A=(z-2) —4.%20 & —(z-2)2 20
x+y=0

xy=0.
Suy rax =y =0. Vay hé c¢6 nghiém duy nhat
(x;¥32)=(0;0;2).0
DANG 4. Str dung BDT dé tao ra su sap
thu tu vong quanh
% Thi du 7. Giai hé phicong trinh

< z=2.V6iz=2,tacd

A
bl = .‘Q
X+
3y
v+
A -
04t 427+

2

Lo gidi. Vi y ==
x*+
truong hgp sau:
1) V6i y =0, khidé x=z=0.
Vay (x;y;z) =(0;0;0)1a mét nghiém ctia HPT.
2) VGiy >0, suy ra z > 0 va x > 0. Dé thay
2

" > 0,Vx nén xay ra hai

x?2+122x nén

<x hay y<x.

x2+1
Theo BDT Cauchy ta cé
Y+ 241233 y*yr 1 =32
3y3
Suyra ————<y hay z<y.
yr+y?+1

Tu PT thit ba cla hé suy ra x<z. Vay x<y<z<x,
diéu nay chi xay ra khi x = y =z. Thay vao
PT ddu ta dugc x=y=z=1. Dé thir dugc
(x;y;2) = (1;1;1) thoa man HPT da cho. Vay
hé ¢6 hai nghiém (x;y;z) 1a (1;1;1); (0;0;0).3
DANG 5. Su dung BDT Bunyacovsky
% Thi du 8. Gidi hé phiong trinh
I Jatl+ J‘\‘H +Vz+1=06
l,\"+)'+: =9
Loi gidi. PK x,y,z>-1. Ap dung BDT
Bunyacovsky ta c6
Ax+1 + 1y +1 +1z+1)2
<A+1+D)(x+1+y+1+z+1)=36.

-
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(Thoi gian lam bai: 150 phat)

Cau 1. (2,5 diém)
Giai h¢ phuong trinh
{yz =(x+8)(x?+2)
16x—8y+16=5x% +4xy — 2.
Cau 2. (2 diém)
Tim tat ca cac s0 nguyén dwong n cé tinh chét

véi mébi s6 nguyén 1é @ ma a? <» thi n chia
hét cho a.

Ciu 3. (3 diém) ,

Cho tam giac nhon ABC ndi tiép duong tron
(0). AD,BE,CF la ba duong cao (DeBC,
E & CA,F € AB). Dutmg thang EF cit BC tai

G, dudng thing AG cit lai duong tron (O) tai
diém thir hai M. ]

1) Chirng minh rang bdn diém 4, M, E, F cing
nam trén mdt dudng tron.

Suy ra x+1+,/y+1+,/y+1 <6.

D4u bang xay ra khi va chi khi x=y=z=3,
théa man PT thit hai cia HPT. Vay HPT cé
nghiém duy nhat (x;y;z)=(3;3;3). O

DANG 6. Du doan nghiém va chiing minh
do 1a nghiém duy nhat
* Thidu 9. Giai phiong trinh

\[ 0 +J—I~ =4.
22—y R

Loi gidgi. DK x<2. Nhan thayx—lla mot nghiém
cua PT. Ta chimg minh nghlem nay la duy nhat.

e Néu — <x<2th1 ,f >2: 4/ 10
~x —x

SuyraVT>4

e Néu x<l thi ,}—6—<2;‘fﬂ—<2.
2 2-x 3—x

Suyra VT < 4.

Vay PT c6 nghiém duy nhit x=—. O

Nlb—-

2) Goi N la trung diém canh BC va H la tryc
tam tam giac ABC. Ching minh rang GH 1. AN.
Céu 4. (1,5 diém)
Chimg minh ring

1 N 1 1 N 1
a+b b+c 2%/;1;;

(a+b+c+m)2
>

" (a+b)b+c)c+a)
Ciu 5. (1 diém)

Mbi 6 vudng don vi ciia bang kich thudc
10x10 (10 dong, 10 c4t) dugec ghi mot so
nguyén duorng khéng vuot qua 10 sao cho bat
ki hai s6 nao ghi trong hai 6 chung mdt canh
hodc hai 6 chung mét dinh cta bang 1a hai so

nguyén té cung nhau. Chimg minh rang c6 s6
duoc ghi it nhét 17 1an.

TA MINH HIEU
(GV Truong THCS Yén Lac, Vinh Phuc) gi6i thiéu

c+a

véimoi a,b,c > 0.

e = ¢ G— . & E— " MeMEn & = e = 4 e e 4 A 4 b SN e A et b e A

BAI TAP AP DUNG
Giai cac phuong trinh va hé phuong trinh sau:

1 Vx=2+410~x =22 ~12+40 (DS. x=6).
2P 42x+4=3Vx3 +4x (bS.x=2).
3 Jax-1+4/8x3-1=1 (bS. x=0,5).

®S. (x;)=(2;2)).

{(x DYy +(r—DVx =2y
1+y\/_— =xy

X2y =2x+y*=0
2x2-4x+3+y3 =0

n

®S. (x;¥)=(1;-1)).

=z @S.(x0;2)={(LD;(0;0;0))).

~3

{J4r+1+ dy+1+v4z+1=9 (BS.(x;y;2)=(2;2;2)).

X+y+z=6

) TOAN HOC
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NAM HOC 2010 - 2011
(Dé thi dd dang trén THTT 5o 401, thang 11 nam 2010)

VONG 1
(Danh cho moi thi sinh thi vao truong chuyén)

Caul. ) BPK x#-26;-6;-3;-1;1,2.
ps. 4=X=5
2x+6
2) Bién d6i 24 =3———15—3. Vay A nguyén khi
X+

B nguyén. PS. xe{-2;—-4;0;-8;12;-18}.
x+3

Cau 2. 1) PT hoanh d6 giao diém clad, vad, 1a

@Qm? +D)x+2m-1=mix+m-2.
Tim duoc I(— m+1 _—3m2+m—2)
’ m:+1’ m?+1 '

2) Gia st I(x;;y;), tacé
{y, =2m? +1)x; +2m—1
Yi

=mix; +m-2
Suy ra / thuoc dudng thing c6 dinh c6 phuong
trinh y=-x-3.

= Y =—x,—3.

Cau 3. 1) HPT () & {x_y:z—l
xy=-2z2+7z-10.
Suy ra
x24+y2 =(x—y)2+2xy=(z-1)2+2(-z*+7z-10)
=-22+12z-19 (dpcm).
2) Tix x2+y?=17 = z=6. Thay vao HPT (I)
tinh duge (x;y) = (4;-1); (x;) = (1,-4).

DS. (x;y;2)=(4;-1; 6); (x;y;2) =(1; —4; 6).
Caud. (h. 1)
1) Ké KE vuong géc véi BC, khi d6
KE = BE:i EC = “(2“6).
2’ 2
Tir d6 KC=a\/2—x/§.
TOAN HOC .

B E C
L
H M
L
A I D P
Hinh 1
2) Trong tam giéc vuoéng CDI c6
I =22 _2DI nen DCI = 30°. Mt khéc
NE)
HPD =90° — ABP =30°. Suy ra tf gisc CHDP
noi tiép (dpcm).

3) L4y trung diém L’ cha doan KC. Do tam
gidc CKD can tai K va M la trung diém cua

CP suy ra L va L’ d6i xing nhau qua KM =
LM = L'M. Do L'M 1a dudng trung binh cua

tam gidc CKP nén L‘M=—g 25 (dpcm).

Cau 5. Bién déi PT da cho vé dang
(x2—4)? - 5(x? —-4)(x-1)-6(x—-1)2 =

Vi x=1 khong 12 nghiém cla PT, nén x #1.
Khi d6 PT da cho tuong duong véi

2 _4)\? 2 _ 2 _
(" 4) —5.(" 4)—6=O. pat 1= 2
x-1 x—1 x—1

, t=-1

PT trén tr6 thanh 12-5t-6=0 & {

t=6.
PS. PT di cho c6 bon nghiém la

3+\/— 3-7; 1+\/— _1_\/—
2
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(Danh cho thi sinh thi vao chuyén Todn va chuyén Tin)

Cau 1. 1) Tir gia thiét, ta cé
ar1-@ =b+J1-0* = a/1-a? =bJ1-b?
= a?—a*=b*-b* = (a*-b* a*+b*-1)=0.
Vi a?-b2#0 (gia thiét a # b) nén a*>+b*=1.
2) bat a=2009, ta c6
20092 +20092.2010% +2010?

=a?+a*(a+1)? +(a+1)? =(a?+a+1)%.
Suy ra dpcm.
Cau 2. 1) Theo dinh i Vigte, ta c6

a+b=2c (1)

ab =-5d (2)

c+d=2a (3)

cd =-5b (4)
Tt (1) va () suyra a—c =c—b=d—a (dpcm).
2Qybat a-c=c-b=d-a=m, thi
c=a-m; b=c—-m=a-2m; d=a+m.
Dodbé a+b+c+d=4a-2m=2(2a—m).
Tu (2), (4)suy ra

—2am=-5a-5m; a* —m? =-5a+10m.

Tir d6, thu duge m? —2am=—15m.
Do a#c nén m# 0,suy ra m—2a=-15.
Suy ra a+b+c+d =30 (dpcm).
Cau 3. 1) Ta c6 (mn?
& n>1 (ding).
n2S <m2n* < m>n (dtng theo gia thiét).
2) Gia sit m # n, xét hai truong hop
e V6i m > n, theo 1) va do S 1a s6 chinh
phuong suy ra
niS =(mn?-1? = 4n?
e Véi m < n, khi d6
¥YNeum=2thin>2= 2mn>4m
= (mn)? < S < (mn+1)? (mau thuin v6i § 1a
s& chinh phuong).
*) Néum =1 thi
Véi n> 2 thi (n+1)2 <S<(n+2)? (mau thuin
v6i S 1a s6 chinh phuong).
V6i n=2 thi S=8 khong phai 1a s6 chinh
phuong. Vay phai c6 m = n.

-2)2<niS & nix>1

=2mn? +1 (sai)

Cau 4. 1) T CA+CB>AB

= AN+BM > AN +BN = BM>BN (dpcm).
2) (h. 2). Do ¢

tam gidc CBM

can tai B nén

BCM=BMC. 7

MaPMC=BCM 4
(so le trong)

M QP N B
Hinh 2

nén PMC=BMC. Tuong tu @V\C:/ﬁ\’\c, suy

ra c4c diém P,, Q, d6i ximg vdi céc diém P, Q

qua c4c dudng thang CM va CN déu thuéc AB

va CP = CP,, CQ = CQ,. Ta ACPM=ACRM;

ACON=ACQN = CRM=CPM, CQN=CQN.
Mit khic CPM=CON (ciing bix véi géc ACB)
— CRM=CQN nén CR=CQ, = CP=CQ.

3) (h. 3) Taco C
a
CB—BM-E ,
h
CA= AN—J;a 0
— MN=BM-BN MH\ 1 ’3’ N8
_ g— . \/§a _(\/g—l)a mn
2 2 2
Goi h 1a khoang céch tir C dén AB thi
AC a3 (3-+3)
=—=—" = Syv = 2,
2 4 P

a+b) (la-b])’
Cau 5. Do a2 +b? :[ ) +(—;—-)
V2 J2
nén téng binh phuong ba s6 khong thay d6i
sau méi 14n choi.

Tdng binh phuong ba s6 ban ddu la 122

Téng binh phuong ba s6 doi hoi 1 % +242.
Nhu vay, ta khong bao gid c6 thé nhan dugc
trang thai doi hai.
NGUYEN THANH HONG
(GV Truomg THPT chuyén DHSPHa N6i) giti thiéu

OAN HOC
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TiNH THE TICH KHOI DA DIEN

va thi vao
Dai hoc

O —y
R

PHAN CUNG PUC
(GV THPT chuyén KHTN, DHQG Ha N6i)

Qi todn tinh thé tich ciia mot khoi da dién xudt hién khd phd bién trong cdc ki thi Dai hoc va
Cao ddng hién nay. D€ gidi bai todn ndy thi sinh phdi tinh duoc dién tich mdt ddy va chiéu cao
cua khoi. Viéc tinh dién tich ddy thuomg duwoc thuc hién khd dé dang. Van dé khé khdn hon doi voi
cdc thi sinh la viéc xdc dinh duomg cao va tinh chiéu cao. Dudi day chiing ta xem xét moét so truong
hop thuomg gdp khi xdc dinh duong cao ciia mot khoi da dién c6 dinh S va mdt phdng (mp) chita

ddy la mp(P).

L TRUONG HOP 1. Xé4c dinh duge mit phang
(P,) qua dinh S va vuong géc (P). Goi A la
giao tuyén cta (P) va (P,) va H la hinh chiéu
vuong géc chia diém S 1én A. Khi d6 SH chinh
1a dudng cao cua khdi da dién.

* Thidu L. Cho khor chop S ABC ¢6 BC = 2a.
BAC 90 ACB = . Mdr phang (SAB) viong
aGc vt mar phang (ABCY. tam gide SAB can
tat S va e giac giae SBC vione. Tinde the
tich cua chop S ABC.
Lai gidi. (h. 1).

Tam gidc ABC c6
AB = 2asina,

AC = 2acosa nén
S.pc = a?sin2a.

Vi (SAB) L (ABC)
vai SA=SB nén
SH 1 (ABC) véi
H 1a trung diém
canh AB. Tam gi4c
SBC vuong & dinh nao? Néu ASBC vuéng & B
thi CB L BA (theo dinh Ilf ba dudng vuodng goc)
diéu nay vo li vi AABC vuong d A. Tuong tu
néu ASBC vuéng & C thi HCB = 90° (vé6 1),
Tir d6 tam gidc SBC vubng tai S.

Goi K 12 trung diém canh BC thi

Hinhl

SK=—;—BC=a, HK//AC va HK=%AC=aoosa

2 2 2 2 .2 .
= SH =8K"~HK' =a"sin" a = SH =asina.

TOAN HOC
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Tl:rdé VS.ABC I';-SAgc‘.SH
I 5. ) 1 5. )
=§a sm2a.asma=§a sin2asinga . O

* Thidu 2. Cho hindi lap phiong ABCD. LBCE
corcanth bang a. Goi MON theo thae i la tring
diem cac canh ABBC va O, O thae nf la tam
cacomdt VB3O D DDA Tk the el khoi
tedien MNOO-.

Loi gidi. (h. 2).
Tacé

\ Al B

mp(NO,0,) [)\ “L/, L // 7;,(/‘ /.

1 mp(4BCD) s

va chiing c4t nhau EA I

theo giao tuyén AT R S R
NE (E la trung AN i ‘
diém canh AD). |- _---"" O7~_ N
Goi O la tam cia 1), g

hinh vuong ABCD Hinh 2

thi MOLNE. Suy
ra MO la dudng cao cta hinh chép M.NO,0,.
Tacé

SN0, =SNEE N, —(SNNOy +SE 010, + SENOy)

, l[a2 a? azj 3q?
=@ | — o — | = —,
202 4 2 8

N 1
nén Vi noyo, =§SN0102 MO
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STRUONG HOP 2. Xdc di duqc hai mat
phéng (P,), (P,) qua dinh S cta kh6i da dién
va vuong géc véi mat phang day (P). Goi A 12
giao tuyén cua (P,) va (P,) thi A chita dudng
cao cta khoi da dién d6.

% Thi du 3. Cho khoi chip S.ABCD c¢o6 dav
ABCD la hinh vuong canh a. Gia si H la trung
diém canh AB va hai mdr phang (SHC), (SHD)
ciing vuong géc vai mdt phang dav. Tinh the
tich khot chop neu hinli chop ¢6 ba mat beén la
tar gidc vuong.

Loi gidi. (h. 3)

Vi (SHC) va (SHD)
cing vudng goc
v6i didy (ABCD)
nén SH la duodng
cao cta chép. Hai
tam gidc SAD va
SBC 14n lugt vudng
tai A va B (theo
dinh 1 ba dudng
vuong goc). Tam gide SCD ¢6 SC = SD (vi HC
= HD) nén né6 khong thé vuéng tai C hodc D.
Néu ASCD vuéng tai S thi SC < CD = a. Nhung
do ASBC vuong tai B nén SC > BC = a. Tt d6
ASCD khéng 1a tam gidc vuong. Tir gia thiét
suy ra ASAB phai la tam gidc vuong. Do SA =SB,
(vi HA = HB) nén ASAB vuong tai S, suy ra

SH=L14B-2 vay
2 2

Hinh 3

3
Vs.apco = ?IS’SABCD-SH =§02-% = a6 .
% Thi du 4. Cho hinh hop ABCD. A ,B,C\D,
co day la  hinh bang a va
BAD =60". Hai (ACC\4;) va
(BDD,\B,) ciing vuong goc voi mdt p/mng’ day.
Goi M, N lan luot la trung diem cua CD, B,C,
VAMN L BD,. Tinl thé tich ctia hinh hop.

Loi gidi. (h. 4). T gia thi€t ta c6
SABCD a’sin60° = az‘/é .

Vi hai mat chéo (ACC 4,) va (BDD,B;) cung
vuéng géc véi day nén giao tuyén la OO,
vuong géc véi mat phang ddy.

thot  canl

mdar  chéo

wW.ynmath.c

va bing canh bén N .

nén hinh hop dai A, Kl ! 7
cho 1& hinh hop A
ding. D& thdy R
MN song song YAt A
va bing OB, nén N A
trong hinh chit Loy~ O~ M
nhat BDD,B, c6 A D
BD, 1 B,O. Theo Hinh 4

mot két qua quen
thuoc BD, L OB, <> BD =~/2BB, (ban doc

V2 J_

tu chiing minh) < BB, = TBD =—

Vhép =S 4scp-BBy =(a2\/§]-(a\/—}= 2 \/—

2 2 4

. Vay

.a

**TRUONG HOP 3. Xét kh6i chép S.4,4,...4,
(n 2 3). St dung mdi lién hé giita duong xién,
hinh chiéu va géc nghiéng, ta ¢c6 ba ménh dé
sau tuong duong:

1) Céc canh bén ctia hinh chép bang nhau.

2) Céc canh bén hinh chép nghiéng déu trén day.

3) Ddy hinh chép noi ti€p dugc va chan dudng
cao cua hinh chép tring véi tam dudng tron
ngoai ti€p ddy.

% Thi du 5. Xér cac khoi chop SABCD 6 day
ABCD I hinh binh hanh vai AB = a. SA = SB

=sC=Ssp="1 tich

[on nhdat va tinh gic i lon nhat do.

Loi gidi. (h. 5)

Vi khoi chép
S.ABCD cé cic
canh bén bing
nhau nén day
phai ndi tiép.
Suy ra ABCD la
hinh chit nhat.

Goi H=ACNBD y
thi SH 1 (4BCD). ! B
bat BC =x (x> 0) Hinh 5
thi SABCD =dax,
4a? - x?
SH? =SA?-AH?=—— (DK x < 2a)
TOAN HOC
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2 _y2
:sz_ABC=%ax‘/4a ad =%,/x2(4a2—x2).

4

Vi x? +4a?—-x? =4a? nén theo Hé qua cha
BDT Cauchy Vs 4pcp dat gia tri 16n nhat khi

va chi khi x2=4a?—x? < x=aJ2. Lic d6

a’
MaxVs 4pcp = ‘3‘ a

% Thi du 6. Cho khéi chép SABC ¢6 SA = 1,
SB=2,5C=3,ASB= 60", ASC =90°, BSC = 120".
Tinh thé'tich khoi chép dé.

Loi gidi. (Ban doc tuy vé hinh). D€ sit dung
tinh chét ctia hinh chép c6 cdc canh bén bang
nhau, trén cic canh SB, SC dat SB, = SC, = SA
=1thiAB, =1, AC,=+/2, BC,=+3. Suyra
AAB]C] VuOng tal A nén SH] 1 (ABIC]) vai
H 12 trung diém canh B,C,. Tir d6

1 1J21 2
V ==8 SH{ =— —.—=—,
S.AB\C; 3 AB\Cy 1 372 2 12
Mat khic L548:C1 _ 54 5By SG 1

Veapc SA SB SC 6

2
Suy ra Vs 4pc =6Vs 48,c, = - (dvit). O

** TRUONG HOP 4. Xét kh6i chép S.44,...4,
(n2 32. Sir dung cédch xdc dinh goc giira hai
mat phang, ta ¢6 ba ménh dé sau tuong duong:
1) Céc mat bén nghiéng déu trén ddy.

2) DPudng cao cdc mat bén ké tir dinh S xudng
céc canh ddy bang nhau.

3) Chan duong cao H cua hinh chép cach déu
cé4c canh ddy. Tur d6, néu H nam trong da gidc
A A...A,, thi ddy c6 dudng tron noi ti€p va H
la tam duong tron do.

*Thi du 7. Cho khoi chp SABCD ¢6 day
ABCD la hinh thoi canh bang a va BAD = 60°.
Cac mdr phang (SAB), (SBD), (SAD) nghiéng
déu voi day (ABCD) mét goc a. Tinh thé tich
cua khoi chop do.

Lot gidi. Hinh chép S.ABCD c6 céc mat bén
nghiéng déu trén ddy va dudng cao cia nd
ciing 1a duong cao cua chép S.ABCD. C6 hai
trudng hop xay ra:

TOAN HOC
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) Néu chan

duong cao H ké
tr § xudéng mat
phang ddy (ABD)

nam trong AABD
thi H la tam
doms o
ép . 6). .
Theo gia thiét Hin 6
AABD déu, canh a nén H 1a tam cha né. Suy
ra HO=£{—3—, SOH =a, v6i O= ACBD
= SH=“—‘£tana. Tir d6
V. —l azig- E—J—g—tana _atana
SAED T3 2 g 12

2) Néu H nam ngoai AABD thi n6 phai la tam
dudng tron bang tiép clia tam gidc déu ABD.
Do ba dudng tron bang ti€p cla tam gidc déu
c6 bdn kinh bing nhau nén chi can xét mot
truong hop H 1a tam dudng tron bang ti€p ing
v6i dinh A.

Dé thdy C 12 tam s
duong tron bang B
ti€p phai tim C
(h. 7) va bén
kinh cta né 1a 1 D
CO va w=f‘i§_. Hinh 7
2
1 02\/5 a3 a’

Tir d6 ¥, == ——tana =—tana.(

SAP T g 4

% Thi du 8. Cho khoi chép SABCD c¢é day la
hinh thang can, dav lon AB bang 4 lan day nho
CD, chiéu cao cua day bang a. Bon duong cao
ctia bon mdt bén img voi dinh S ¢6 do dai bang
nhau va bang b. Tinh thé tich cua hinh chép.

N Léi gidi. (h. 8)
Goi H la chan
dudng cao cua
chép thi H phai
céch déu céc canh

A B cha ddy va trong

trudng hop nay ta
JE chitng minh dugc
H nidm trong day.
D N C

Hinh 8 (Xem tiép trang 11)
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DE SO 3
(Thoi gian lam bai : 180 phit)
PHAN CHUNG

Cau L (2 diém) ,
Choham s6 y =—x*+2(m+1)x2~2m-1.

1) Khao sét su bién thién va v& d6 thi ham s6
khim=0.

2) X4c dinh m dé d6 thi ham s6 cét truc hoanh
tai 4 diém phan biét c6 hoanh d¢ 1ap thanh
cdp s cong.
Cau IL. (2 diém)
1) Giai phuong trinh

2¢0s%2x + cos2x.sin3x + 3sin?2x = 3.

2) Giai hé phuong trinh
Ixy+x+y=1

6x2 —
x2+y? =1,

Cau IIL (1 diém)
Choham s6 f(x)=A4.3*+B.Timcics6 A, B

2
sao chof(0) =2va [f(x)dx=12.
1

Cau IV. (1 diém)

Trong mat phang (P) cho hinh vuéng ABCD
c6 canh bing a. S 1a mot diém b4t ki ndm trén
dudng thing At vudng géc v6i mat phing (P)
tai A. Tinh thé tich khéi cdu ngoai tiép hinh
chép S.ABCD khi SA = 2a.

Cau V. (1 diém)

Tim gid tr1 16n nhat va gia tri nho nhat cla

) x
sinx + 2cos— -
i trén doan l:O ; —:|.
cosx + 2sin5 2

ham s6 f(x)=

PHAN RIENG
(Thi sinh chi lam mét trong hai phdn A hodc B)

A. Theo chuong trinh Chuian

Cau Vla. (2 diém)

1) Trong mat phing toa do Oxy cho diém

A(1; 1) va dudng thing d c6 phuong trinh
4x+3y—-12=0.

Goi B, C 14n luot 12 giao diém cia d véi cic

truc Ox, Oy. X4c dinh toa d¢ truc tam cta tam

gidc ABC.

2) Trong khoéng gian véi hé toa do Oxyz, tir

diém P(2;3;~5) ha céc dudng thing vuong

géc v6i cdc mat phang toa do. Viét phuong

trinh mat phéng di qua chan cdc dudng vuéng

goéc do.

Cau VIla. (1 diém)

Chimg minh rang s6 phitc

( st 5n)24
=| 1+ cos—+isin—
6 6

c6 phén o bing 0.

B. Theo chuong trinh Nang cao
Cau VIb. (2 diém)
1) Cho dudng tron (C):x? +)y*—6x—2y+1=0.
Viét phuong trinh dudng thang d song song
v6i duong thang x—2y—4=0 vacit (C) theo
mot day cung c6 do dai bang 4.
2) Trong khong gian véi hé toa d6 Oxyz cho
hai dudng thang

1 x-1 y+1 ~Z dy - x-1 y-2 z

2 1 1 1 2 1

Viét phu'ong trinh mat phang (P) song song véi
mat phang(Q): x+y—2z+3=0 sao cho (P) cit
dl, d, theo mét doan thang ¢6 d6 dai nho6 nhat.

Cau VIIb. (1 diém)

Giai hé phuong trinh
4577143421 =2
x+3y=2-log,3.

TRAN VAN HANH
(GV DH Pham Vdn Dong, Qudng Ngdi)
, TOAN HOC
S6 402 (12-2010) & cl'uéltr;e 9
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HUONG DAN GIAI DE sO 2

Cau 1. 1) Ban doc tu giai.

2) Tiép tuyén (A) vé6i (C) tai M(x,;y,) thude
(C) c6 PT y =(6x3 —6x0)(x — %) +2x5 —3x3 +1
Vi (A) qua P(0;8) nén c6 duy nhdt diém
M(-1;—-4) thoa man.

Cau IL 1) T PT thit nhat cua hé c6
12-2>0 = | xS 243.

Ti PT that hai ¢6 | x || y |2243y = | x[2 23.
Suy ra | x |=2\/§ =xy=18.

Ddp s6. (x; y)e{(—2\/§;—3\/§),(2\/§ ;3J§)}.

2) PT di cho tuong duong v6i

2xr =1 x=0
=
2% =11—x 22 +x-11=0(*
Khao sdt ham f(x)=2*+x-1], ta thdy x=3
12 nghiém duy nhat ca PT (*).

Vay PT di cho c6 hai nghiém x =
x=3.

0 va

Cau IIL. Goi O 1a tam tam gidc déu ABC

thi SO = h 13 dudng cao hinh chép. Gia st M

= AO N BC. Trong ASAM ké MN L SA thi

MN = m. Sit dung hé thic SAMN = SO.AM,
2am

ta tim dugc h = .
’ 3 B3a? —am?

Tix d6
DK m <f£]

1 am
VSABC:"SABC r———
CaulV.Tacé
1= jxcosdx+ jxsinsxdx =1L +1,.

0 0
I, = =2 (sitdung phuong phdp tich phan ting phdn).
P6i véi I, ta dat ¢ = n—x, khi do
' 8n
I, == |(1-cos? x)’d(—cosx) =—.
2= [( y2d(-cosx) =2

TOAN HOC
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Dodé I = 8m_ 2.
15
CauV
Tir a(a+c) =b? c6 sin? A+sinA4sinC =sin* B
:>sinAsinC=%(cos2A—cosZB)

=sin(4 + B)(sin(B - 4)
= sind=sin(B—4) =>B=24

Tuong tu, tit b(a+b)=c* = C=28.

Vi A+B+C=n nen 4=", B=2 =2,
7’ 7 7
. 4n . 2m
1 1 sm—+s1n7
Dod6 ——+——= 4 >
sinB sinC 4T o <7
7 7
2sin§7TEcos§ 1
= = =—— = (dpcm).
2sin£cosEsin3—n sinE sin 4
7 7 7 7

Cau VIa. 1) Buong tron (C) c6 tam I(~1;3),
ban kinh R = 1. Vi d(I;d) =2 nén (d) khong
cit (C). Goi N, 1a hinh chi€u vuong goéc cua /
trén (d). Vi N, 1a giao diém cta dudng thing
(A) qua 1(-1;3) vudng géc voi (d) va (d") nén

tim duoc N, (l,l)
55

Gia st M,, M, 1a giao diém cla (A) va (C) thi
(241 ) n(-45)
55 55

PEé MN ngin nhat thi M =M;; N=N, va

MN =1. Ddp s6. M 22 ,N(l;lj.
55 55

2) Pdp s6. PT hai mat cdu cin tim
(S)): (x—11)2 +(y —26) +(z +35)2 =382,
(Sy):(x+D)2+(y-2)+(z—-1)*=4.
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Cau VIIa. Dé y

(I=-x+x2-x3)* =(1-x)*(1+x2)*
(e (2w
k=0 i=0

Tir gia thi€t c6 k +2i = 7(k,i€ 0,1,2,3,4}),
suy ra (k;i)e{(1;3),(3;2)}.
Vay a, = —CLC3 — C3C2 = —40.

Cau VIb. 1) Budng tron (C) c6 tam 1(-1;3)

ban kinh R=1. Tim dugc MI = 2. Ta c¢é

MN < MI +IN =3. D4u bing xay ra khi va

chi khi N 1a giao diém cua tia d6i cha tia IM
19

8
61 (C). b Nl —;—|.
v6i (C). Ddp s6. [55]

VE BAI TOAN... (Tiép trang 8)

Suy ra hinh thang can ABCD c6 duong tron
noi ti€p tam H 1a trung di€ém doan MN véi
M, N l4n luot 12 trung diém céc canh AB,
CD va MN = a. Duong tron dé ti€p xic véi

BC tai E thi HM = HN = HE = % 12 ban kinh

dudng tron va SE = SM =SN = b (b>%J =

_Lma.
2

bat CN = x thi BM = 4x, CE = x, BE = 4x.
Tam gidc HBC vuong & H nén HE* = EB.EC

2
oL 4 e x=2=cp=2 AB = 2,
4 4 2

2
suyra S,zcp =5%. Vay
Vs,wc —l Si—\/4b2 —-a’ = \/4b2 —-a2. a

http://www.vnmath.com

2) Sur dung c4ch giai twong ty nhu cau VIa.

Tim duoe M| -2:2.2 vaN—l—z-Z)
3°3°3 3°3°3

Cau VIIb. Tacé

i D =S0) _
f(O)—ll_f}.} .
=1m\/31+3x—(1+x)+(1+x)—\/1+2x
x>0

x2
~(3+x)
X—’O\F+3x)2+(1+x)\/1+3x+(1+x)2
1 1 1

+lim =—l+==—.
X—>°(1+x)+x/1+2x 2 2

\/3 1+3x—\/l+2x
_,0

X

DUONG CHAU DINH
(GV THPT chuyén Lé Quy Don, Qudng Tri)

BAITAP

1. Cho khéi chép S.ABCD cé ddy la hinh vudng
canh a. Tam gi4c SAB can tai S va mat phing (SAB)
vubng goc voi mat phé’mg (ABC). Gia st E 1a trung
di€ém SC va hai mat éphang (ABE), (SCD) vubng
géc v6i nhau. Tinh thé tich ca khéi chép d6.

I-ﬁnhchopSABCcoSA—a SA tao v6i day mot
géc a, ABC= 90°, ACB= @. G 1a trong tam AABC.

Hai mit phang (SGB), (SGC) cling vubng géc véi
mat phang (ABC). Tinh thé tich clia hinh chép d6.

3. Hinh lang tru ABC.4 B\C; c6 ddy la tam gidc
déu canh a. Cdc canh 4, 4, 4 B, 4C nghiéng déu
trén ddy mot géc a. Tinh dién tich xung quanh va
thé tich cta lang tru.

4. Hinh chép S.A4i14;...4, (n > 3) c6 dién tich ddy
bang D, chu vi ddy bang P. Cic mit bén nghiéng
déu trén ddy mot géc a. Hinh chi€u ca S 1én mat
phing ddy nim trong da gidc A A,...A,. Tinh thé
tich cua hinh chép d6.

mmwmmcnirounocvnwdlmmmlmzou
va CAC AN PiAM CUR TOR SOAN tai cac buu dién trén ca nuéc

TOAN HQC
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1) C6 nhiéu céch giai, & hinh 1
trinh bay mot duong di cua
quan Ma trén ban co.

L4y hinh d6i xing qua truc
thang ding MQ clia hinh chit
nhat ABCD ta dugc céch giai
khéc

2) Ghi ddu tat ca cic giao
diém clha hinh chi¥ nhat
ABEF b&i diém Tron va diém
Sao nhu & hinh 2. Véi céch
ghi ddu nhu th€ méi bude di
cha quian Mi s& chuyén tir
diém c6 hinh nay sang diém
¢6 hinh khdc. Lic ddu quan
mi & diém P Tron thi sau s
1¢ budc s& ding & diém Sao,
con sau s6 chin budc s&
ding & diém Tron. Gia st
quan M3 di dén dugc tdt ca
céc giao diém clia hinh chif
nhat ABEF, méi giao diém
diing ding mot 14n, thi sau
45 buéc di véi diém xudt
phét 12 diém Tron thi trong
qué trinh di quan M3 ding &
23 diém Tron va 22 diém
Sao, diéu nay khong xay ra
vi trdi v4i céch ghi dau trén
ban cd cb 22 diém Tron va
23 diém Sao.

PHI PHI

TOAN HOC
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D 0

(Pé ding trén THTT sé 393 thdng 3 nim 2010)

C

<

//

\

A\

A M
Hinh 1

R 1y

—

*
A

Hinh 2
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PHUONG PHAP

GIXI TOAR

I. Luong giac hoa bai toan dai so

Viéc lugng gidc héa dugce ti€n hanh thong qua
cac d4u hiéu dac biét ciia cic tham bién trong
bai todn va su ndm bit cdc ddu hiéu dé thong
qua mién gia tri va hinh thic cdc cong thirc
lugng gidc thong dung. Ching han:

1. Néu |x|<k v&i k>0 thi luén ton tai
¢e|:—§;§j| sao cho x=ksing; hodc ton
tai @ €[0;n] sao cho x =kcosg.

2. Néu a’x?+b2%y?2 =c?(a, b, ¢ > 0)thi luén

. . T T c .
ton tai ¢e[—5;—2—} sao cho x=—sing;

a

y—Ecosqp
P )

3. Néu t € Rthi ludn ton tai g € (—% ; gj sao
chot = tang.
% Thidu L.1. Cho | x |=] v | . Chimg minh ring

|x+y|+|x—y| = |)H~\/x2 -2 [+]x—\/x3 —v3| (1)

Loi giai
e Néu x = O thi (1) hién nhién diing.
e Néu x # 0, chia hai vé€ cia (1) cho |x|,ta cé

-

Do |x|=|y| nén HSI.Dat 4
x

x:
thi (2) c6 dang
[1+cos@|+|1-cosg| = |l+sing|+|l-sing|
(ludn ding). (Vi méi vé déu bing 2). O

()

cosp, pe[0;m],

http://ww

w.vnmath.com

LUONG GIAC HOA

€4ic bl €o4n A1 SO va HINE HOE

TRINH DINH HAI
(GV THPT chuyén Ha Long, Quang Ninh)

Trong chuong trinh SGK m&i hoc sinh Idp 10 da dugc gidi thiéu tuong déi day du
cac dinh nghia va cdng thifc bién d6i lugng giac. Tu thuc € gidng day, néu biét
khai thac kién thuc nay vdi vai tro la mét cong cu giup hoc sinh gidi toan trong
cac finh vuc quen thuéc: Dai s6 va Hinh hoc thi trong nhiéu tinh huéng vdi ban
chat "mém déo” cla kién thuc, phuong phap luong gidc héa sé dem lai I6i gidi
dep, ngdn gon, sang sia va khéng kém tinh bat ngo va gay dudc nhiéu himg thu.

% Thi du 1.2. Tim xe (0,6.1) la nghiém ciia
phiong trinh
6x+81-x2 = 5(\1+x +/1-x).

Loi gidi. Diéu kién |x[<1. Dat x =cose,

n
voi e 0;—].
(”{2}

Khi d6 phuong trinh di cho trd thanh

6cosp+8sing = 5(\/l+cos¢ + \fl —cos¢)
PN 10(0,6cosqo+0,85in(p)=5x/§[cosg+sin§j

T @
<> COS - =CoOS| ——— |,
(9o — ) (4 2)

(cosgy =0,6; sing, =0,8).

Do cos% = H_cg_m =.0,8 > COSE,

suy ra Po <~Z. Tir dé
Qo T T @
O<ppy——<— 2> @py—p=———. Vi
®o 2 <3 Do — @ R dy

X=cosp= cos(2(po —-725) =sin 2¢,
= 2sin g, cos @, =0,96.0

Y Thi du 1.3. Tim gid tri lon nhat va gid tri nho
nhdt cua biéu thite '
X —(x—4yv)’

x2 +4y?

P=
Loi gidi. e V6iy=0thi P =0.

TOAN HOC
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e Véi y # 0, chia ca tir va m&u cho 4y?, r6i dit

X s .
— =tanp, v0i ~—< <—. Khi d6
2y e 2593

p._tan’g—(tanp-2)

tan?¢@ +1
=2(cosz¢—sin2¢)+2=2ﬁcos(2¢+§)+2

Tird6 2-2J2< P<2+242.
Ta c6 khi ¢=-% thi P=2-2v2 va khi

;o=—3§7£th‘1P=2+2\/5.

[2 V2
Vay minP =2~ 2\/— 2 khi —=—
i 2+42°

maxP =2+ 242 khi - = 2+‘/5.t:|
2y \2-2

% Thi du 1.4. Gidi hé phiong trinh
3x-

5

= X"

x—-3y
3y —-=
Ve 3z
3z~-x
-3y

N

Il

.\‘

It

Loi gidi. R rang xyz #0,tacd
_3x-x

T 1-3x2
_y-y
1-3y2
3z-23
x= '

L 1-3z22

A

bat x =tang vdi tpe(—g-;g) va ¢ #0 thi

y=tan3g; z=tan9%p; x=tan27¢.

Suy ra tang =tan27¢. Do 46 27¢p =@ +kn,
kr T T

keZ) < ¢p=—. Do —<@<= va %0

(keZ) < p=— SSp<; VA g

nén ke{+l,+2,..,+12}.

TOAN HOC
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Ta c6 nghiém cua hé da cho 1a

kn 3kn 9%kn
(x; y;z) =| tan— ; tan—; tan— |.
26 26° 26

% Thi du 1.5. Cdc 56 ay.a-,....a, la cdc so'thuc

"
thoa man ~2<a, <2; Vi=1,2,...,n va Za,- =

i
Chimg minh rdang laf +as+..+ aﬂ < 2n.

Loi gidi. V6i mbi k =
a; = 2cosb;.

1, 2, ..., n ta dat

Theo cong thitc cos3a=4cos’a—3cosa, ta cod
2cos3b, =a} -3a;; k=1,2,..,n

Nhu vy c6 22”1 cos3b; = iag.

Mt khéc do |cosal<], Va, nén 2Zoos3h <2n
Suy ra diéu phai chiing minh. O

II. Luogng giac hoa bai toan Hinh hoc

Dé lugng gidc héa cdc bai todn hinh hoc, ta
can dén cic hé thic luong co ban trong tam
gidc d6 1a Dinh 1i sin, Dinh 1i c6sin, cdc cong
thic tinh d6 dai va cdc cong thic tinh dién
tich. Cic cong thitc nay dem lai cho ta m6i
quan hé hay céc rang budc giita cic yéu t8 co
ban trong tam gidc. Dac biét 1a cdc hing ding
thitc lugng giac clia cdc géce trong tam giac.

% Thidu 2.1. Trong tam gidc ABC ¢ v 1,5 1,00
theo thiv te la do dai ban kinh diomg tron noi tiép
va duong tron bang tiép cdac goc A, B, C ;a. b. ¢
Chung minh
rang Nl r4r +n +r =a+b+c thi tam gide
ABC vuong.

la do dai ba canh cua tam gidc.

Loi gidi. V6i tu tudng lugng gidc héa, sit
dung nhém cong thitc dién tich ta c6

L 4sin£sin£sin—c— (két qua quen thudc),
R 2 2 2

r A, B, C
suy ra — = tan —tan —tan—.
p 2
T A n B r C
RO rang —=tan—; —=tan—; —=tan—
p 2" p 2 p 2
(p 12 nira chu vi ctia tam gidc ABC).
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Khi d6 gia thiét bai todn thuc chat la
tan14-+ tan£+ tan£+ tanﬁtanétan-g- =2,
2 2 2 2 2 2

A B C A B, C
hay tan—+ tan— + tan— + tan—tan—tan—
2 2 2 c

A B C B A C
=1+ tan—z-tan—2—+ tan —tan — + tan—tan —.

Két qua nay tuong duong véi

(1 - tan£)(1 - tané)(l - tan—C—) =0.
2 2 2

Tir ddy suy ra tam gidc ABC hodc vuong tai A

hodc vuong tai B hodc vuong tai C. O

% Thi du 2.2. Cho tam giac ABC ¢6 do dai ba
canh la a, b, c va dién tich 1a S. Chimg minh rang
1) ab+bc+caz 4\/§S.

2) 2(ab+bc+cayza’+b*+c? + 438.

Lai gidi. 1) Dé luong giac héa, ta chia hai vé

cho 2§ va van dung coéng thic 28 = absinC =

bcsinA = casinB, khi d6 diéu phai chimg minh
. 1 . 1 ' 1 523

sin 4 sinC

BDT nay hién nhién ding, vi

tro thanh

sinB

(sinA+sinB+sinC)( -
sin 4

1 1 )

s >
sinB sinC
va 0<sinA4+sinB +sinC< 3\2/_—3
2) Chia hai v€ cho 4S va két hop v6i cac két qua
2 2 2

cotA+cotB+cotC=Lt*C
28 = absinC = besin A = casin B.

Khi d6 diéu cdn chimg minh tr¢ thanh

1 + .l + _1 >cot 4 +cot B+cotC++/3.
sinB sinC

<:>(—.—1——ootA)+(fl——cotB)+(_L—ootC _\/3
A inB C

S sin
& tan£+tan£+tan-c—2 \/5
2 2 2

Diéu ndy lu6n ding, bai vi

( A B c)z
tan—+tan—+tan—
2 2 2

A B B C C A
>3| tan—tan—+tan—tan—+tan—tan— |=3.
2 2 2 2 2 2

Ding thitc xay ra khi va chi khi A = B = C,
tirc 1a tam gidc ABC déu. O

% Thi du 2.3. Lav trén canh BC ciia hinh chir
nhdat ABCD diém K sao cho BK = 4KC, va lav
trén canh CD diém M sao cho CM = 4MD Vi tf

.AB . .
7] BC bang bao nhieu thi so do goc KAM dat

gid tri lom nhar?

Loi gidi. (hinh vé).  feg— B
Gia st AB:BC=1:x )i

va a=BAK; /5'=AZTD, K
ta cn xdc dinh x 4 D M C

a+ [ nho nhit.

R0 rang la tana=ﬂ va tanﬂ:—l—.
5 S5x

4x 1

tana+tanf 5 5y

Ta c6 tan(a+f)= =
(@+h) l-tanatanf |_4

25

4

My ¥ 4x 1 4
5

1 20
+— 2 2, |—~—=— nén tan(a+f)>—.
X 5 5x 5§ (@+p) 21

D4u dang thitc dat duoc khi x=%. Do dé6 véi

ti s6 i;%=2 thi géc KAM c6 s6 do 16n nhit. O3
- R 1
1. Giai phuong trinh —+
x
2. Giai cac hé phuong trinh

BAITAP
! =2 1+-\[3i .
1-x2 3
x\1-y? =1

i e

a) ‘11 b) {1 yz 3 ]
}’vl—xz =Z. X _‘yl

3. Chitng minh c4c b4t dang thiic sau

a) |1+ab|<Va? +1.4Ja? +1.

b) |avT-57 +bI=a?|s<l.

4.Tim c4c bo ba s6 (x;y;z) d6ng thdi théa man

3(x+lj=4(y+lj=5(z+1) s y+yztzx=l
x y z

(Xem tiép trang 29)
, TOAN HOC
S8 402 1220100 ! Cusilre 15
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CAC LGP THCS

Bai T1/402. (L6p 6). So sdnh téng
1 1 1 1

+ + +..+
1.24 257 3.8.10 1000.2999.3001

2

5
vOolL —.
24 .
TRAN DUC BIEN
(Nam Tan, Truc Ngi, Truc Ninh, Nam Dinh)

Bai T2/402. (Lop 7). Cho tam gidc ABC
vubng can tai A. Gid st D 13 diém ndm bén
trong tam gidc sao cho AABD can va ADB =150°.
Trén nita mat phang khong chita D ¢ bo 1a
dudng thing AC 14y diém E sao cho tam gidc
ACE déu. Ching minh ring ba diém B, D, E
thing hang.
NGUYEN TAN NGOC
(GV THCS Nhon My, An Nhon, Binh Dinh)

Bai T3/402. Tim céc gi4 tri nguyén duong m
dé phuong trinh

—-mxy+y2+1=0
c6 nghiém nguyén duong.
MAI THI THU HUONG

(SV Iop Y1H, K36, DH Y Thdi Binh)

Bai T4/402. Cho tam gidc nhon ABC c6 céac
dudng cao AH, BK, CL. Chimg minh rang
AK BL.CH =ALBH.CK = HK KL.LH.

MINH TRAN
(Phong GD&PT Huong Thuy, Thita Thién-Hué)

Bai T5/402. Giai phuong trinh
2
8x(1-x2)  22x(x+3) 5.5
(1+x2)? 1+ x2

BUI DINH THAN
(GV THCS Luong Thé' Vinh, TP. Thdi Binh)

TOAN HOC
16 ° CTusifpe SS 402 (12-2010)

CAC LOP THPT
Bai T6/402. Cho a, b, ¢ 1a ba s6 thuc duong
théa man abc = 1. Chiing minh ring
1 1

+
Jas—a?+3ab+6 b5 -b2+3bc+6
1

+
Jes —c? +3ca+6

<lI.

LE VAN QUY
(GV THPT Binh Son, Qudng Ngdi)

Bai T7/402. Giai phuong trinh

2sin(x+£]+22 sin(x+—%£j+...
3 3
+ 22010 sin(x+ 20:1307[) =0.

PHAN MANH HA
(GV THPT Nam Yén Thanh, Nghé An)

Bai T8/402. Cho ti dien OABC c¢6 OA, OB,
OC vudng gbéc véi nhau timg do6i moét. M 1a
mot diém thuéc mit phing chifa tam gidc
ABC. Goi G,, G,, G, 14n lugt 1a trong tdm cla
cédc tam gidc OAB, OBC, OCA. Dat OA = a,
OB = b, OC = c. Chitng minh b4t dng thitc
a2b202
a?b? +b%c? +c2a?
Déng thitc x4y ra khi nao?
HOANG SY LUYEN
(GV THPT — DTNT Quy Chdu, Nghé An)

MG} + MG} + MG} 2

TIEN TOGI OLYMPIC TOAN

Bai T9/402. Cho tam giic nhon ABC, duong
cao AD. Diém M thudc doan AD. Cic dudng
thdng BM, CM theo thit ty cat AC, AB tai E,
F. DE, DF theo thit tu cit lai cdc dudng tron
dudng kinh AB, AC tai K, L. Chiing minh rang
dudng thing n6i trung diém cla cdc doan
thing EF, KL di qua diém A.

NGUYEN MINH HA

(GV DHSP Ha Nogi)

Bai T10/402. Chitng minh ring ton tai v6 han
bd s6 nguyén duong (a, b, ¢) sao cho ab + 1,
bc + 1, ca + 1 déu 1a s6 chinh phuong.

NGUYEN DINH THANH CONG
(GV THPT TX. Qudng Tri)
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Bai T11/402. Tim t4t ca c4c s6 nguyén duong
a, b, ¢ sao cho phuong trinh

x+3¥x +Va—x+3Y4-x=a+b+c
c6 nghiém va biéu thic P =ab+2ac+3bc
dat gid tri 16n nhét.
KIEU DINH MINH

(GV THPT chuyén Hung Vuong, Phii Tho)
Bai T12/402. Tim t4t c4c s6 thuc duong a sao
cho t6n tai s6 thuc dwong k va ham so
f:R—> R théa man

S +/») Xty _yla
> Zf( > )+k-|x Y1,

vGi moi s6 thuc x, y.

HAN NGOC bUC
(Trung tdm CNTT EVNIT, Ha N¢i)

CAC PE VAT LI

Bai L1/402. Mot con lic 10 xo gm mot vat
nho khéi lugng 0,02kg va 1o xo c6 do ciing
k = IN/m. Vat nho duoc dat trén gia do c6
dinh nim ngang doc theo truc 10 xo. H¢ s6 ma
st truot giita gid do va vat nho 1a 0,1. Ban ddu
giit vat & vi trf 10 xo bi nén 10cm r6i budng nhe
dé con lic dao dong tit dan. Ly g = 10m/s*.

FOR LOWER SECONDARY SCHOOL
T1/402. (For 6™ grade). Compare the sum
1 1 1 1
+ + ot
1.24 257 3.8.10 1000.2999.3001

with z

T2/402. (For 7™ grade). Let ABC be an
isosceles right triangle, with right angle at
vertex A. Let D be a point inside the triangle
such that AABD is an isosceles triangle and
ADB =150°. Let ACE be an equilateral
triangle so that points D and E are on the

different side of the half-plane AC. Prove that
B, D, E are collinear.

T3/402. Find all positive integer numbers m

such that the following equation
x2—-mxy+y?+1=0

has positive integer roots.

T6c do 16n nhat cha vat nho dat duge trong qua
trinh dao dong 1a bao nhiéu?

NGUYEN QUANG HAU
(Ha Noi) suu tdm

Bai L2/402. Dat vao hai ddu mach dién A va
B mot hiéu dién thé xoay chiéu u c6 tan s
goéc o bién thién. Dién dung C cua tu dién va
hé s6 tu cam L clia 6ng day c6 thé bién déi,
dién tré R = 20Q). A B
1) Khao sit su ¢ U &
bién thién cua

cudng do dong L
dién hiéu dung

I theo w (khi L

va C c6 gia tri x4c dinh).

2) Diéu chinh L va C ta thdy khi L = lH va
T
C=l.10‘3F thi I trong mach cuc dai. Xac
T
dinh @ va I,,. Biét hiéu dién th€¢ hiéu dung
giita hai ddu mach dién 1a U = 120V.
3) Cho f bién thién tir 20Hz dén 80Hz. Hay
x4c dinh I theo can duéi va trén cla f, v6i L va

C d3 cho nhu cau 2).

NGUYEN VAN THUAN
(GV DHSP Ha Noi)

T4/402. Let ABC be an acute triangle and let
AH, BK, CL be its three altitudes. Prove that
AK.BL.CH =AL.BH.CK =HK.KL.LH.

T5/402. Solve the equation
— 2
8x(1-x2) 2+2x(x+3) s 7

(1+x2)? 1+x?

FOR UPPER SECONDARY SCHOOLS

T6/402. Let a, b, ¢ be three positive real
numbers such that abc = 1. Prove that
1 N 1
Ja’—a?+3ab+6 bS5 —b*+3bc+6
+ 1 <1
JesS—c2+3ca+6 )

(Xem tiép trang 27)

TOAN HOC
" cusite 17
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* Bai T1/398. Cho s6" nguvén dicong n sao
cho 27va 5" ¢é chit s6 dau tién giong nhau.
Chitng to rang so tao boi hai s6" 2" va 5" viét
lien nhau ¢é n + | chit 6, trong dé ¢ it nhat
hai chir so'3.

Loi gidi. Gia su khi viét trong hé thap phan s6
27 ¢6 k chit s6, s6 5" ¢6 h chit s6 va chit s6
dAu tién bén trdi cta hai s6 dd déulaa (k> 1,
h>2,n22).Vi2” va 5”7 déukhong chia hét
cho 10 nén ta cé

a.10% 1 <27 < (a+1).10%1;

a.10%1 <57 < (a+1).10,

Tu dé a2.104%2 <10” < (a+1)2.10%+4-2  (*)
Vi 1<a<10 nén tir (*) c6 10542 <107 < 10%+*,
Suy ra n=k+h—-1 hay k+h=n+1, do d6
s6 tao bdi hai s6 2”7 va 57 viét lién nhau c¢6
n+1 chit s6. Thay k+h=n+1 vao (*) ta thu
duoc a? <10 < (a+1)2. Tir d6 chi c6 thé xay
ra a=3. Chang han v6i n = 5 thi 25 =32 va
5% =3125. Nhu vay khi viét hai s6 27 va 5~
lién nhau thi phai c6 it nhat hai chit s6 3. O
>Nhan xét. Mot s6 ban chua chi ra su ton tai chit s6
a = 3 (ng vai it nhat mot chit s6 n. Cic ban sau cé 10i
giai tot:

Ha Noi: Phgm Minh Dicc, Nguyén Phwong Hoa,
Nguyén Minh Hoang, 6A4, THCS Déng Da, Nghé An:

http://www,ynmath.com. .....

Chuong, Nguyén Luwu Cdnh Hao, 6A, THCS Dang Thai
Mai, TP. Vinh.
VIET HAI

* Bai T2/398. Cho tam giac ABC can tai A.
Trén diong trung tuyén BD ldy diém E sao cho
DAE = ABD. Chimg minh rang DAE = ECB.

Loi gidi. Ha AF va
CG cung vuéng goéc
v6i BD, CH vuédng
gbc véi AE, ta c6

AABF = ACAH
(canh huyén va géc
nhon) = AF =CH.

AADF = ACDG
(canh huyén va
goc nhon) = AF = CG,
suy ra CH = CG = CEH = CEG.

Vi vay EBC + ECB = EAC + ECA (tinh chat
goc ngoai cua tam gidc).

e e

hay EBC+ ECB = EBA+ ECA ()

—m— e e—

Mat khac, EBA+ EBC = ECB+ ECA 2
Lay (1) trir (2) theo timg V&, ta dugc
ECB-EBA=EBA-ECB = EBA=ECB.
Vay DAE =ECB (dpcm). O

> Nhan xét. 1) Nhiéu ban sit dung kién thitc lién quan
dén tam gidc d6ng dang va t gidc noi ti€p, khong
thudc chuong trinh 16p 7.
2) Cé4c ban sau day c6 10i giai t6t:
Vinh Phiic: Truong Thi Hodi Thu, 6A, THCS Yén Lac;
Nghé An: Nguyén Hodang Thdo Hién, H6 Hitu Hdi, TA,
THCS H6 Xuan Huong, Quynh Lwu, Trdn Bdo Trung,
6A, THCS Ton Quang Phiét, Thanh Chuong; Quang
Ngai: Trdn Thi M5 Ninh, 7A, THCS Nghia My, Tu
Nghia, Nguyén Thiiy Phuong, Tong Thanh Nguyén, TA,
THCS Hanh Phu6c, Nguyén Thi Kiéu Duyén, 7A,
THCS Hanh Didc, Nghia Hanh; Binh Pinh: Nguyén
Trong Khiém, 6A1, THCS V6 Han, Tay Son.

NGUYEN XUAN BINH
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% Bai T3/398. Tim nghiém nguyén duong cia
phuong trinh

x(x+2y) —y(y+2x)* =27 H
Léi gidi. Bién d8i phuong trinh (1) ta c6
x(x3 +6x2y+12xy? +8y3)
—-y()3 +6xy? +12x2y +8x3) =27
& xt =yt +6xy(x? - y?)-8xp(x? —y?)=27
< (x2-y2)(x*+y?+6xy—-8xy)=27
< (x+yNx-y)y =27 2)
Vi x,y eN" nén x+y>1, két hgp vdi (2) suy
ra 0<(x—y)’<27 va (x—y)*eU(27). Do d6

)= ~14
(x-y)*=1 - x
x+y=27 y=13.
Vay nghiém nguyén duong cta PT (1) 1a
(14;13).0

>>Nhan xét. Nhiéu ban tham gia giai bai nay. Cic ban
¢6 10 gidi ngan gon la:

Vinh Phic: Nguyén Minh Tudn, Pai Thi Hoang Yén,
Nguyén Thi Hdang, 8A1, THCS Yén Lac; Phi Tho:
Nguyén Hitu Diing, 9A3, THCS Lam Thao; Bdc Ninh:
Pham Dirc Hiéu, 9A, THCS Yén Phong; Ha Noi:
Nguyén Minh Hoang, Nguyén Thi Bich Ngoc, Pham
Minh Dic, Nguyén Nhdt Minh, Nguyén Phuong Hoa,
6A4, THCS D6ng Da: Nghé An: Pham Thi Thdo
Nguyén, 9A, THCS H6 Xuan Huong, Quynh Luu;
Thanh Héa: Lé Thi Khanh, 9B, THCS Nhit B4 Sy,
Hoing Héa; Ha Tinh: Pham Hoang, 7B, THCS Hoang
Xuan Han, bic Tho. R

TRAN HOU NAM

% Bai T4/398. Tinh gid tri ciia biéu thitc
P=y12¥2-15+ 234 -3

Loi gidi. Cdch 1. Ta c6 (32+1).P
= 232152 +1 +2\3 412 +1y
=J1232-15)\¥4+232+1)

234 -6+ ¥4 +1)
—\9+9¥4 1842 +233 =3,/(1-32)? +6
=32-1)+6=3(2+1). vay P = 3.
Cdch 2. Dat 2 =a thi a*=¥4; @*=2;a*=2a.
Khi d6 P=+12a-15+23a%-3.

Suy ra P?=12a?+12a-27+12,/(4a-5)(a*>-1).
Nhan thay

(4a-5)(a*-1)=4a*-5a*-4a+5
=a*+a?>+9+2a*-6a%-6a=(a*+a-3)?

va a?+a—-3<0 nén ,/(4a-5)a?-1)=3~a-a>.
Vay P2=12a2+12a-27+12(3-a—a?)=9.
DoP>0nénP=3.0

> Nhan xét. Rt nhiéu ban tham gia gidi bai nay. Cic
ban c6 131 giai ngdn gon va chat ché la:

Nghé An: H6 Hitu Hdi, Hoang H6 Khdnh Linh, 8A,
Nguyén Thi Phuong Thdo, Pham Thi Thdo Nguyén, Vii
Diic Hanh, 9A, THCS H6 Xuan Huong, Quynh Lu,
Nguyén Tdt Khdnh, Nguyén Van Tién, 9B, THCS Ly
Nhat Quang; Thanh Héa: Nguyén Chién Céng, 9A,
THCS T6 Nhu, Hodng Loc, Hodng Héa; Bdc Ninh: Lé
Thi Hdi Linh, 8C, THCS Yen Phong; Bic Giang: Gidp
Thi Duong, 9A, THCS Tan Trung, Tan Yén; Ha
Tinh:Pham Hoang, Nguyén Thi Khanh Linh, 7B, THCS
Hoang Xuin Han, Didc Tho; Ha Noi: Duong Tu Anh,
9C, THCS Pa T6n, Gia Lam.

PHAM TH] BACH NGOC

* Bai T5/398. Cho tam gidc ABC véi ACB=170°,

ABC =50°. Goi D, E lan luot la trung diém
cua BC va AD. Dung EF vuong géc véi BC (F
thuoc BC). M la mot diém trén doan EF; N, P
lan Lot la hinh chiéu vuong goc cua diem M
lén cdc canh AC va AB. Biét rang ba diem N, E,
P thang hang. Hay tim s do géc MAB.

Loi gidi. Goi B,,
C, lan luot la
trung di€ém coba
AC va AB. Do E
la trung diém cla
AD nén ba diém
B,, E, C, thang
hang va E 1a trung
diém cta B,C,.

Theo gia thiét EF L BC ma B,C,//BC nén
EF L BC,, hay ME 1L B.C,.

Tam gidc MB,C, c¢6 ME la dudng trung tuyén
do6ng thoi 1a dudng cao tng véi canh B,C, nén
no la tam gidc can tai M. Dan dén

e—

MC,E=MBE (1)
Mat khic MNB, = MEB,=90°, nén bon diém
M, N, B,, E cing nim trén mo6t dudng tron,
— e

MB,E = MNE Q)

suy ra

Lai vi MAC]=A/4;"E=90°, nén bén diém M,

E, P, C, cing nim trén mot dudng tron, din téi
MC,E=MPE 3)

TOAN HOC
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Tu (1), (2), (3), két hop vop i thiét ba diém
N, E, P thing hing, ta duorc tam gidc MNP
can tai M, suy ra MN = MP. Do d6 M nam
trén dudng phan gidc trong clia géc BAC. Vi gia
thi€t ACB=70°, ABC=50°, ching ta im duoc

180°—(ACB+ ABC)

MAB= =300, (7

> Nhan xét. 1) D€ di dén két qua bai todn, diéu méu
chdt 12 chi ra diém M cdch déu hai canh AC vi AB clia
tam gidc ABC (MN = MP). Nghia 12 M nim trén dudng
phan gidc cla géc BAC.
2) S6 1o giai giti vé Toda soan khong nhiéu. Nhimg ban
sau c6 1oi giai diing:
Bdc Ninh: D6 Quang Long, 9A, THCS Yén Phong;
Ngh¢ An: Trdn Bdo Trung, 6A, THCS Tén Quang
Phiét, Thanh Chuong, Nguyén Thi Huyén, 7A2, THCS
Thuan Trung, Trung Son, Lé Hong Diic, 9B, THCS Ly
Nhat Quang, P6 Luong. R

HO QUANG VINH

K Bai T6/398. Tim gid tri nhé nhdt cua
biéu thic
T =3V1+2x2 +2,/40+9y7,

trong dé x, y la hai so thuc khong am thoa
man diéu kién x + y =1,

Loi gidi. Cdch 1 (Theo da s6 cdc ban). Sk
dung BDT Bunyakovsky cho hai bo s6 khong am

. 2 2 Y
tacé (1+2x?) 1+§ > 1+—§x .

Suy ra 3v1+2x2 > 3\1/1_1 (B+2x).

Déng thitc xay khi va chikhi x = %
Tuong tu c6 (40+92)(40+4)2(40+6y)’.
Suy ra 2,/40+9y? > —1‘[11——1(40+6y).

Ding thiic x4y ra khi va chi khi y = %

Tir d6 ta c6 Tz%(49+6(x+y)):5\/1—1.
Ding thitc xay ra khi va chi khi x =%,y =§.

Cdch 2. (Theo ban Vii Huy Hodng, 10A1,
THPT Tay Thuy Anh, Théi Thuy, Théi Binh).

TOAN HOC
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Trong khong gian véi hé toa do Oxyz, gia sir
u(a;b;c), ¥(d;e; f).Khidé lil+ 5| =i + v,

hay 1a Va2 +b? +c? +\Jd? +e? + 2
> J(a+d)? +(b+e)? +(c+ f)> (*)
d
a

Diéng thic xay ra khi va chi khi —

o |~

e
b
Sir dung BDT (*) ta c6

T =9+9x2 +9x2 +,[144 +16 +36)?

> \[225+(3x+4)? + (3x + 6)?
2
> \/225+(6Jf+6++‘*)

=511 (do x+y=1).

Vay gid tri nho nhét cta T 1a 5411, dat duoc
khi va chi khi

3x _3x l;3x+4=3x+6yvé\x+y=l.
4 6y 4

1 2
Sx=—,y==.0

37773

> Nhan xét. 1) C6 rat nhiéu ban tham gia giai bai todn
nay va hdu hét déu cho 10i gidi ding. Bing 1di giai theo
cdch 2, c4c ban da chi ra diéu kién hai s6 khong am 1a
khéng cdn thiét. M6t s6 ban suy tir gxa thi€fty=1-x, tir
d6 khao sit sy bién thién cia T(x) dé duge tim gid tri
nho nhit.

2) Mot s6 ban viét T dudi dang
T = (a2 + b2)(1+2x2) + \J(c2 + d2)(40+ 9y2)
2a+\/5bx+2\/—60+3dy s

trong dé a, b, ¢, d thod man c4c diéu kién a* + b* = 9,
¢ +d" =4, tix d6 If gii cho viéc chon “diém roi” trong
cdch 1.

3) Ngoai ban Hodng, cdc ban sau ciing c6 1di giai tot:
Bdc Ninh: D6 Quang Long, 9A, THCS Yeén Phong;
Phii Tho: Pham Minh Tudn, 10 Toan, THPT chuyén
Hing Vuong; Vinh Phiic: D6 Xudn Viér, 10A1, THPT
chuyén Vinh Phiic; Hai Dwong: Pham Pic Vuong,
10A1, THPT Thanh Mién I, Ha Noi: Pham Huy
Hoang, 10A1 Toan, THPT chuyén KHTN, PHKHTN,
DHQG Ha Noi; Thai Binh: Nguyén Viét Trinh, 8C,
THCS 14-10, Tién Hai; Nam Pinh: Trdn Quang Huy,
10A1, THPT Hai Hau; Nghé An: Trén Trung Hiéu, Lé
Hoadng Hiép, 10A1, THPT Thai Ho3; Kién Giang:
Nguyén Bich Y Linh, 10T1, Nguyén Ngoc Ha, Truong
Hitu Van Léc, 10T2, THPT chuyén Huynh Min Dat,
Rach Gi4; Quéng Tri: Vo Thi Hong Hanh, 10 Toén,
THPT chuyén L& Quy Do6n; Péng Nai: Ong Thé
Phuong, 10 Todn, THPT chuyén Luong Thé Vinh.

NGUYEN THANH HONG
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Chiing minh rdng

cos A cosB cosC >
B C C A A B
COS—COS—  COS— COS—  COS—COS—
2 2 2 2 2 2
Loi gidi. Bit ding thic phai chimg minh

tuong duong véi

cos A.cosg + cosB.cosg + cos C.cos%

22cos£cos£cos£ )]
2 2 2
Vi cos§>0; cosB_ <1 nén
A . B+C . B+C B-C
COS— = SIn 2> sin cos
2 2 2 2

= %(sin B+sinC).
Do cos 4 >0 suyra
cos A.cosg > %cosA.(sinB +sinC).
Tuong tu
B _1 ) ]
cosB.cos—é— > EcosB.(smC +sin4);
C_1 ) .
cosC.cosE > EcosC.(sm A+sinB).
Cong theo vé ba bat dang thiic trén, ta dugc
VT(I)Zé(cosAsinB+cosBsinA+cosAsinC
+c0sCsin A+cos BsinC+cosCsin B)
Z%(sin(A+B)+sin(B+C)+sin(C+ A))
Hay VT(I)Z%(sinA+sinB+sinC) )
Ta c6 hé thitc quen thudc trong tam gidc
sinA+sinB+sinC = 4cos£cos§cos§ 3)
Tir (2) va (3) suy ra

cos A.cosg + cos B.cosg +cos C.cos%

> 2cos§cos§cos%. BDT (1) duge ching minh

Dau déng thitc x4y ra khi va chi khi tam gidc
ABC déu. O

vhmath.com

Nhan xét. 1) Day 12 bai todn twong d6i khé nén cé
it ban tham gia guri 101 gidi. MOt s6 ban di gidi bai
toén bing phuong phap dai s6 ho4, ching han nhu dat

x:tan%; y=tan—§; z=tan% hoéc bién ddi bat ding

thirc pha1 chlmg m1nh theo a, b, ¢ la do dél ba canh cua
2) Céc ban sau day c6 1oi giai t6t:

Vinh Phic: Phing Thi Huong, 11A2, THPT Lé Xoay,
Vinh Tuong; Phi Tho: D6 Quéc Tién, 11A1, THPT
Thanh Thuy; Hai Dwong: Pham Diic Vuong, 10A1,
THPT Thanh Mién I, Ha Tinh: Trdn V6 Hoang, 11
Toén 1, THPT chuyén Ha Tinh; Quang Ngai: Vé Van
Cuong, 11B1, THPT chuyén Lé Khiét; Bén Tre: Trdn
Hoang An, 12 Toan, THPT chuyén Bén Tre.

NGUYEN ANH DUNG

* Bai T8/398. Cho tam gigc ABC. Mot
duong thang cdt cdc duong thing BC, CA va
AB theo thu ty tai ba diém A’, B’ va C’. Goi
A", B” va C” ciing theo thir twe la diém doi
xung cua A’ qua A, cua B qua B va cua C’
qua C. Chung minh rang dién tich tam gidc
A”B”C" bang 6 ldn dién tich tam gidc ABC.
Loi gidi. Ta chimg minh bai todn téng quat
sau day

Cho tam gidc ABC. Trén dudng thing BC,
CA, AB l4n luot 14y cdc diém A', B’, C’. Trén
dudng théng AA’, BB’, CC’ ciing 14n luot 1dy
cac diém A", B”, C” sao cho

AA'=kAA”: BB = kBB : CC’ = kCC"
(k 12 s6 thuc khéc 0). Khi d6
kz[ IIBI’ AI'CI!J

=[AB.AC |+ (k-1)(k-2)[AB,AC] ()
That vay

kA"B” :k(m+TB+EI?) =kAB+BB - AA’
=kAB+A'B'—AB=A'B’'+(k—1)AB.

Tuong tu, ta cé kA"C” = ’C’+(k l)AC

T d6 k*[ A"B”, A°C” |

=[ 4B’ + (k-1)4B, AT+ (k-DAC |

= [ZFA—CT} +(k—l)([TB,Zf‘7} +[ﬁﬁf])
+(k-1)’[ 4B,AC ]| 2)

OAN HOC
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=|4B,AB |+ A'C,AC |

- 4813, 5¢ ]+ A< c. ]
= =2[ AB.AC]- == 4B.C
_-[AB,3C

Thay vao (2) ta dugc cong thirc (1).

Ap dung (1) vao bai ton cy thé da cho,
khi d6 k=-1; A’, B, C’ thang hang nén

[A_B;,ﬁ] =(,suy ra
[W,A‘”‘ﬁ] = 6[,73,22’} =Sype =6Suc. O

>Nhan xét. 1) Tir cong thirc (1), ta ¢6 thé chitng minh
hodc sdng tao nhiéu bai todn khidc bang cdch chd y cac
tinh chat cha tich ¢6 huéng, méi lién he giita tich cé
hudng va dién tich tam gidc. Ching han

Bai 1. Mot dudng thing cit cdc canh BC, CA, AB (hoic
canh kéo dai) clia tam gidc ABC theo thi ty tai ba diém
A’, B’, C". Goi A”, B”, C” theo tht twr 12 cdc diém thuoc
cédc dudng thing AA’, BB’, CC’ sao cho

AA" =kAA',BB" =kBB',CC" = kCC’ .

Xéc dinh s6 thuc k d€ ba diém A", B”, C” cling nim trén
mot dudng thing. (DS. k=1 hodc k = % Khi k= —;— ,ta

c6 mot tinh chét clia tir gidc toan phdn, dudng théng
A”B"”C” 1a duong thing Gauss).

Bai 2. Cho P 1a mo6t diém nim trong tam gidc AjA;A;3.
Pudng thdng PA; cit canh d6i dién tai B;. Goi C; 1a
trung diém cha A;B; va D; 1a trung diém cha PB; .
Hay so sinh dién tich cha hai tam gidac C\C,C; va
DiD:D3 . (VMO 1980). (Huéng dan: Ap dung cong
thic (1) v6i k = 2 va dung phép vi tu).

2) Néu dinh huéng cho mat phing va sit dung dién tich
dai s6 clia tam gidc dinh hudng, ta c6 thé ching minh
cong thifc (1) gon hon mot chiit va ciing c6 thé sit dung
c6ng thite (1) dé di dén nhiéu bai toan thd vi.

3) Céc ban sau day c6 1oi giai tot:

Nghé An: Pham Nhdt Anh, 11A,, THPT chuyén Dai
hoc Vinh, TP. Vinh. Ha Nam: Nguyén Chi Linh, 10A,,
THPT chuyén Bién Hoa. Quang Ninh: Pham Trung
Kién, 11T, THPT chuyén Ha Long. Ha Tinh: Nguyén
Thi Cdm Nhung, Trdn Vé Hoang, 11 Toan 1, THPT
chuyén Ha Tinh. Nam Dinh: Nguyén Quang Nhdn, 11
Todn 2, THPT chuyén Lé H6éng Phong. Hai Duong:

TOAN HOC
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Tho: Nguyén Xudn Thanh, 11A1, THPT Thanh Ba.
Binh Dinh: Nguyén Danh Nhdn, 11A1, THPT Pha C4t 11

PHAN THI MINH NGUYET

% Bai T9/398. Nguoi ta t6 mau tdt cd cdc so

nguyén duong bang hai mau trdng va den.

Biét rdng tong cua hai s6 khdc mau la mot s6

duoc t6 mau den va c¢6 vo han cde s& duge 16
mau trang. Goi s6 nguyén dicong nho nhdt lon
hon 1 duoc t6 mau den la g. Ching minh rang
q la sO nguyén to.

Loi gidi. (Theo ban Lé Vdn Tu, 10A1, THPT
chuyén Vinh Phic).

e Gia st s6 1 dugc t6 mau trang: Néu g duoc
t6 mau den thi g +1 cling duoc t6 mau den,
suyra g+2=(g+1)+1 dugc t6 mau den. Cit
ti€p tuc nhu vay thi moi s6 n > g déu dugc t6
mau den. Thanh thir chi c6 mét s6 hitu han s6
dugc t6 mau tring. Diéu ndy trdi giad thiét.
Vay s6 1 phai dugc t6 mau den.

e Néu g = 2 hoac g = 3 thi g 1a s6 nguyén t6
(dpcm). Gia s ¢ > 3. Khi d6 ¢g-2eN°,
g-2<q do d6 ¢g—2 dugc t6 mau tring
= (¢g—2)+1=¢g-1 dugc t6 mau den. Nhung
q-1<g, do dé ta c6 mau thuin. O

>>Nhan xét. 1) Rt nhiéu ban tham gia gidi bai todn
nay. Tuy nhién c¢6 moét s6 161 giai dai dong va ciing ¢6
mot s6 1o giai lai qué van tit.

2) Céac ban sau day c6 10 giai t6t:

Hai Duong: Nguyén Ngoc Thién, 10A1, THPT Thanh
Mién I; Nam Binh: Phing Manh Linh, 11 Todn, THPT
chuyén L& Héng Phong; Thanh Héa: Nguyén Anh
Thdng, 12A, THPT chuyén Lam Son; Nghé An: Ddo
Khdnh Chi, 10A2, THPT chuyén Phan B6i Chau,
Nguyén Thé Tién, 10A1, THPT chuyén DPH Vinh; Bén
Tre: Khéng Hitu Hiép, Trdn Hoang An, 12 Toén,
THPT chuyén Bén Tre; Quang Nam: Nguyén Hong
Son, 12/1, THPT chuyén Nguyén Binh Khiém; Phu
Yén: V6 Van Huy, 12A1, THPT Le Héng Phong,
Tay Hoa.
DANG HUNG THANG

* Bai T10/398. Tim tdt cdc cdc ham s6

[ N* > N* thoa man diéu kién
S(f2m)+2f%(n))=m? +2n2,

voi moi m,ne N,

Loi gidi. Gia st f{n) 12 hAm s6 théa man bai todn.
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Nhdn xét. Néu my, my, e N°, f(m;)= f(m,;),
ldy ne N" tuy y ta c6 .
mi +2n? = f(f2(m)+2f*(n))
= f(f2(m2)+2f2(n))=m3 +2n?

suyra m; =m,. Tiucla f(n) la ham s6 don dnh.
e V& m=n=1ki hiéu a= f(1), ta nhan
dugc f(3a?)=3.
Ta lai c6
(5a?%)? +2(a?)? =27a* =(3a?)? +2(3a?)?
= f(f*(5a*)+2f?*(a?))=27a*

=f(f?Ba?*)+2/%(3a?)) = f(27)
= f2(5a?)+2f2(a?)=27.

Vi chi ¢6 hai cap cdc s6 nguyén duong (x; y)
thda man x2+2y2 =27 1a (x;»)=(3;3) va
(x;¥)=(5;1) vado f(5a%)# f(a?) ta suy ra
f(5a*)=5, f(a*)=1
Tuong tu
(5a?)?+2(2a?)? =33a* =(a?)? +2(4a?)?
= f2(5a%)+2/(2a%) = f2(a*)+ 21 *(4a?)
=2(f*(4a%)- [2(2a%)) = f*(5a))~ f2(@?)
=52-1=24
= f2(4a?)- f?(2a?)=12.
Ciing nhu vay, vi phuong trinh x? —y2 =12
S x-Yx+y)=12 & x-y=2,x+y=6
< x=4,y=2 Suyra f(4a?)=4, f(2a*)=2.
e VGi s6 nguyén duong m tuy ¥, vi
(m+4)2+2(m+1)2 =m?+2(m+3)?
nén f2 ((m+4)a2)+2f2((m+1)a2)
= fz(ma2)+2f2((m+3)a2).
Do d6, néu ta da két luan duoc f(ka?)=k
voi k=1,2...,m+3 (& trén chiing ta di chitng
minh véi k = 1, 2, 3, 4, 5) thi ta suy ra khing
dinh d6 ciing ding véi k =m + 4.
Bo&i vay, bang phuong phdp quy nap ta c6
f(ka?)=k v6imoi k e N*, Khi d6
f(@)=flaa®)=a=f(1) > a’=1 = a=1.

Nhu vay f(k)=k véi moi k € N* va 10 rang
ham s6 nay thoa man diéu kién cta bai toan.

>Nhan xét. Day 1a bai todn tim ham s& thudc loai
kho, nhung hay. Kiéu bai todn ndy da timg c6 trong cic
tap chi, dé thi ctia cdc nude. Céc ban hoc sinh sau 6 19i
giai ding:

Hai Phong: Phan Duic Minh, 12A15, THPT Théi
Phién; Vinh Phiic: Nguyén Van Hién, Lé Vdn Trong,
11A2, THPT Poi Cin; Ha Nam: Nguyén Chi Linh,
10A1, THPT chuyén Bién Hoa; Thanh Hoéa: Nguyén
Anh Thdng, 12T, THPT chuyén Lam Son; Nghé An:
Cao Quéc Viér, 11A2, Khéi THPT chuyén PH Vinh;
Binh Pinh: Trdn Podn Tdn, Lé Anh Tu, 12T, THPT
chuyén Lé Quy Don; Bén Tre: Khong Hiu Hiép, 12T,
THPT chuyén Bén Tre. -

NGUYEN MINH BUC

* Bai T11/398. Xét day so thue (x,) (n > 1)
duoc xac dinh boi x, =a (aeR) va

X, =23} =Sx2+4x, vaimoin > 1.

Tim tar cd cac giq iri ctia a dé ddy so' (x,) ¢o
gioi han hinu han. Hay tim ¢ioi han cua day so
(x,)) trong cdc truong hop do.

Li gidi. (Theo da s6 cic ban)

Xét ham s6 f(¢r) =2 —5¢? +4¢. Khi d6 day
da cho c6 dang x,,, = f(x,), Vne N*. Tacd

[(x) = 6x? —10x+4=6(x—§](x—1) va
f)—-x=x(x-1)(2x-3). Tud d6 f(x)=x
khi x =0 hoac x =1 hoac x=—;- vakhix<0
thi f(x)<x, khi x>% thi f(x)>x.

Bang cich 14p bang bién thién clia ham s6 f(x)
ta c6 kht 0<x<% thi O<f(x)<%.

Tir cdc nhan xét trén, ta thu duogc

(1) V6i x e(—o0;0) Iudn ludn cé f(x) € (—o0;0).

(i) V6i x € (0;—;—) luénluéncé f(x) e (0;%).
v e 3 . 3
(iii)) Véi xe 5;+oo luén luén c6 f(x) e §;+oo.

Ta xét céc trudng hop cu thé ctia a.

Truong hop 1. a<0. Theo (i) thi moi x, <0
Va X, —X, =X,(x, —1)(2x,-3)<0, do d6 (x,)
l1a ddy giam nén c6 giéi han limx, =54 . Khi

TOAN HQOC
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dé be(O 1; 5) va b<a, mau thuin vi ¢ <0.

Suy ra diy (x,) khong cé gi6i han hitu han
ing véi a < 0.

Truomg hop 2. a=0. Khi d6 (x,) 1a day
hing va limx, = 0.

Truong hop 3. a>%. Tx (ii) suy ra

X, e(%&ooj va X, —x,>0 nén (x,) la day
tang. Néu t6n tai giéi han hitu han ctia day 1a b
thi be{O;l;%} va b>a, diéunaylavoli.
s 3 i s s s
Truong hop 4. a= ) Khi d6 (x,) 1a day hing
. 1 3
va limx, ==,
2
Truong hop 5. 0<a <%. Tu (ii) suy ra moi

X, e(O ; é] va
2

(do x, e(O;%) nén |(x, -1)(2x, ~1)|<1).

_1I=(xn_l)2 lzxn —ll<|xn _1’

Béng phuong phdp quy nap todn hoc, tir
| %1 ~1|</x, —1]| ta thu dugc | X1 ~1| <] a1}

véi moi ne N*. Do 0<a<% nén la——1|<%.
Suy ra (x,) 1a ddy c6 gidi han 12 1.

Két lugn. Day (x,) c6 gi6i han hitu han khi
vachikhi ae [0;—;—:,.

Khi a=0 thi limx_ =0.
Khi 0<a<1 thi limx, =1,

Khi 1<aS§ thi limx, =—;—. 0

> Nhan xét. Bai ny 12 sy tuong ty nhu dé thi hoc sinh
gioi Quéc gia nam 2005 d6i véi ddy s6 (x,) dugc cho
nhu sau

TOAN HOC
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Xps1 =3x3 ~Tx2 +5x,.

C6 rdt nhiéu ban giri 151 giai (trén 50 bai) déu giai diing
theo cdch da trinh bay & tren.

NGUYEN VAN MAU

* Bai T12/398. Cho nit dién ABCD. Tim tap
hop diém P ndm trong tw dlen sao cho
xd +)dB+de+th C, VoI X, y, z,t, ¢ la cde

hang s6" dwong cho truce va d,,,dB,dC dp

lan luot 1a cac khodng cach tir P dén cac mdt
BCD, CDA, DAB, ABC titong iing ciia nrdién.

Loi gidi. Ta cdn c6 mot bé dé.

B dé. Cho diém O, vecto u va s6 k. Tap hop
céc diém P sao cho OP.u = k 1a mot mat phing.
Chitng minh b dé.

Ldy diém P, sao che OPO /lu va OPO u=k
(dé dang kiém tra rang P, t6n tai va duy nhat).
Goi (a) 12 mit phang di qua P, va vudng géc

v6i u. Ta thdy

OPu =k < OPu=OP,u
@(ED—O_&).ho@Eﬁ.a =0 Pe(a).
Tré lai giai Bai toan T12.

Goi 7 1a tam mat cdu noi ti€p cla ti dién
ABCD. Goi X Y, Z, T theo thit tu 1a hinh chiéu

cta / trén cdc mat phing (BCD), (CDA),
(DAB), (ABC).

V6i méi diém P nim trong tir dién, g01 P, Pp,
P, Py, theo tht tu 13 hinh chi€u clia P trén
mat phing (BCD), (CDA), (DAB), (ABC).

Goi (a) mit phiang gém céc diém P thod min
diéu kién
ﬁ(xi)?+yﬁ+zﬁ+tﬁ')=r(k—(x+y+z+t)r)
(xem B§ dé tren).

Goi (H) Ia giao cla (a) va mién trong cla ti
dien ABCD.

Chi y ring céc vecto IX, 1Y, IZ, IT theo thd

twr cling huéng véi cic vecto P_PA', PT’,;, ITPZ, P—P;,
theo dinh I hinh chiéu, ta thdy
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xd g+ ydy + zd Dttp Il WWW.

—xPPA+yPPB+ZPP(:+tPPD
= l( XIX.PP,+yIY .PPs +zIZ PP, +tIT .PPD)
7

=—(xIX PP + yIV PP, +:1Z.PF; +(T7 PF;
p

~ (IR (PI + ;) + yIF.(PI + TP,

+zﬁ.(ﬁ + I?C) +tﬁ.(ﬁ + ﬁ))
=l(ﬁ(x17 + y17+zﬁ+tﬁ")+(x+ y+z+t)r2).
r
Tir d6 suy ra
XdA +ydB +ch +th=k
@ﬁ’(xl_f +yIY +zﬁ+t17‘) =r{(x+y+z+t)r—k)
o Pe(H). O

> Nhan xét. C4c ban c6 10i gidi t6t Ia:

Pha Yén: V6 Van Huy, 12A1, THPT Lé Héng Phong,
Tay Hod; Quang Nam: Nguyén Héng Son, 12/1, THPT
chuyén Nguyén Binh Khiém.

NGUYEN MINH HA

K Bai L1/398. Mot tia sing chiéu Ién bdn
mdt song song ¢6 bé day a = 2cm. Géc 16i
a = 30°. Xdc dinh goéc 16 va do dich chuyén
ngang cua tia sdng sau khi qua bdn mdt néu

a) Chiét sudt cua bdn mdt khong doin = 1,5.
b) Chiét sudt thay doi theo hiucng phdp tuyén

theo quy ludt n = 1+

a
Loi gidi
N a
0 x
N 7/ |
H :
\\\\ :
“\
K| I
1 a’
]
]
:
MY Hinh ]

vnmath com

Ap dung dinh luat khiic xa tai diém O va
dlém I,tacé
sina = n.sin # (1)
n.sin f =sina’ @)
T (1) va (2) suy ra a'=a, tic 12 tia 16 ra
song song vdi tia téi.
Ciing van tix (1), ta cé

0
sn’B_smaf sin30 =—1-:>,Bz19°47'.
n 1,5 3

Tir hinh 1 ta thdy d6 dich chuyén ngang cia
tia sdng sau khi qua ban mat la

OH =Olsin(a-B), véi o = 2K __a_
cosfi  cosf3
Do d6 OH =g S2@ =58 . Thay s6 vao biéu
cosf

thitc nay ta tinh duoc OH ~0,38cm.

b) Chia ban mat song song thanh & 16p méng
song song vdi truc Ox (k da 16n) sao cho méi
16p c6 bé day rét nho dy, chiét suét trong méi
16p xem nhu khong thay déi va 14n luot bing
ny,ny,.,n. GOl a,a,,...,a, 14n lugt 1 géc
khuc xa trong céc 16p thit 1, 2, ..., k va ' 12
g6c 16 ra khoi ban mat. Dé thdy goc khic xa &
16p nay béang goc t6i & 16p k€ tiép. Theo dmh
luat khiic xa ta c6
sina =m sina, =n,sina, =....

=n;sinq; =sina’ 3)

Ta thdy géc 16 ra vin béing goc t6i ban ddu,
tifc 1a tia 16 ra khéi ban mat van song song véi
tia t¢i ban ddu.

Xét mot 16p thit i bt ki c6 toa d6 y, c6 chiét
suat n; (n, =1+Z). Goc khiic xa tai 16p nay
a

bang «;. Theo (3) ta c6
i asina

. sina .
sinq; = hay sina; = .
n; a+y

dy

dx
Hinh 2

TOAN HOC
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Hinh chiéu doc truc E j:)a tia sang trong
dang xét la (h. 2)

dx=tang;.dy = ;iy = d =
\,/sinza,-_1 \](%) -1
d( a+y j
hay dx =asina asina

( a+y jz _1
asing
Hinh chiéu doc truc Ox cua tia sdng di trong
ca ban mat la
o i
Kl=x; = Idx= J.asina asmo.;
e
asina
2
aty | _,
(asina)

Thay s6 ta tinh duoc K7 = 0,75cm.

. a+
=asina | In — +
asina

Tuong tu nhu phén a, ki hiéu 7 1a diém tia
sdng ra khoi ban, £ 1a géc lap boi Of va Oy,
ta ¢c6 do dich chuyén ngang cla tia sdng 1a

OH=a s1n(a A ,trong d6 géc A tinh duoc
cosf

gt L0753
a 2 8

Thay s6 ta tinh duoc OH ~0,35cm.

> Nhan xét. Céc ban c6 101 gidi diing:

Thai Nguyén: Vi Quang Minh, 11 Li, THPT chuyén
Thdi Nguyén; Thanh Héa: Nguyén Vin Manh, Mai
Van Tung, 12A1, THPT Hau Loc 4.

NGUYEN XUAN QUANG

* Bai 1.2/398. Hinh vé cho biét két qua cua
hai thi nehicm voi hai trai banh cua mon
khiie con cau thockev). Mat bdng nam ngange
va nhan. Cac phép do cho thayv v's =v". . Hav
tim 11 50 hai khoi lirong.
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{__, =)
Thi nehiém 1 Truoc va dmm
1 nghi¢i mo o
=" |
Sau va cham
Hi, v HI|
(21— (11"
Truoe va cham
‘Thinghi¢m 2 ‘ N IR
E_E—'j T a—
Sauva cham

Lo gidi. Va cham giita hai vat 1a va cham dan
héi. Chon chiéu duong 14 chiéu cta vecto v,.
Ap dung dinh luat bao toan dong luong va
dong nang, ta c6:

¢ DGi véi thi nghiém 1

mvy = myv; (D

%ml‘)g "'%’”2"'22 (2
¢ D6i v6i thi nghiém 2

myvo = myvy + my, (3)

l”’z"& = lmz"‘z'2 +lmlvi'2 4

2 2 2

Chd ¥ ring v, =v,,nén tir (1) va (3) suy ra

VI.. - (mz —ml)V() (5)

m,

Ciing nhu vay, tir (2) va (4) suy ra:
_ 2
V2= (mz m )Vo (6)

m
Tu (5) va (6) ta tim duge

my =2m; hay ™-2.0
n,

> Nhan xét: Cic ban sau day c6 1oi gidi tot:

Thai Nguyén: Vi Quang Minh, 11Li, THPT chuyén
Thai Nguyén; Bdc Ninh: Vi Thi Hinh, 11Toan, THPT
chuyén Béc Ninh; Ha Noi: Lé Nguyén Hdi Anh, 11Li,
THPT chuyén DHSP Ha N6i; Ha Nam: Pinh Ngoc
Hai, 11L{, THPT chuyén Ha Nam; Nghé An: Phan
Nguyén Thanh Son, 11A1, THPT Dién Chau 3, Nguyén
Vdn Tién, 11T1, THPT Anh Son I, Can Tho: Nguyén
Long Phuoc Puong, 11A3, THPT chuyén Ly Tu Trong;
Bén Tre: Liéu Khdc Vi, 10Li, THPT chuyén Bén Tre.

NGUYEN VAN THUAN
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CAC CHUYEN b CHUYEN TOAN
BOI DUONG HOC SINH GIOI THPT

"Vao céc ngay 27-28/11/2010, Hoi Toan hoc Ha Noi,
Trudng Dai hoc KHTN, DHQG Ha Noéi va S& GD&PT
Nam Dinh @3 ddng t§ chirc Héi thdo khoa hoc Cac
chuy8n dé chuyén Toén bl dudng hoc sinh giéi
THPT tai Trudng THPT chuyén Lé Héng Phong, TP.
Nam Binh do GS. TSKH. NGND Nguyén Vin Méu,
'Chd tich Hoi d8ng Khoa hoc trueng PHKHTN, BHQG
“Ha Noi kiem Chi tich Hi Toan hoc Ha Noi chdl tr.

"Hﬁl théo khoa hoc nham téng k&t cac hoat dong
ichaydn mon clia Sermina lién trudng — vien — hoi va

- thdng béo cic két qud mdi clia cac thay gido, co giao
vé cAc chuyén dé bdi dudng Toan phé thong.

HOi nghi han hanh dugc don ti€p nhiéu nha khoa
hoc, nha gido 180 thanh, cac chuyén gia Toan hoc
“ béo c4o tai cac phién toan thé va cac chuyén gia
‘g0 dyc, cac can b chi dao chuyén mon tir cac Sd
- GD&DT, céc gi4o vién tryc tiép bdi dudng hoc sinh
giéi bd mon Toén béo céo tai cac phién chuyén dé.

PROBLEMS... (Tiép trang 17)
T7/402. Solve the equation

2sin(x+£]+ 2zsin(x+g7£)+
3 3
+ 22010 sin(x+ ZO;OKJ =0.

T8/402. Let OABC be a tetrahedron where
OA, OB, OC are pairwise orthogonal. Let M
be a point on the plane containing the base
ABC. let G,, G,, G, be respectively the
centroids of triangles OAB, OBC and OCA . Put
OA=a, OB = b, OC = c. Prove the inequality

2b”62
a?b? +b2c?+c3a?

MG? + MG3 + MG$ 2

When does equality occur?

TOWARD MATHEMATICAL OLYMPIAD

T9/402. Let ABC be an acute triangle with
altitude AD. M is a point on AD. The lines
BM, CM meets AC, AB at E, F respectively.
DE, DF intersects with the circles whose

Bdc biét Hoi nghi dugce don tiép nhitg nha khoa hoc
cia qué huang Nam Dinh nhu: GS. TSKH Trén Vil
Nhung, Téng Thu ki HOi déng chirc danh Gido E
Nha nuéc; TS. Vi Dinh Chuén, Vi thadng W

Bo GDABT, NGND Biing Huy Rudn, PGS. TS Hodng
Chi Thanh, trudng BHKHTN,...

Nhén dip nay, Hoi nghi da t§ chic cho cc dai bidu -
giao luu van nghé véi Truong THPT chuyén Leé Héng,
Phong; thdam quan mot vai danh thing clia Nam
Binh: Dén Tran, Phd Day, Khu sinh thai N Ngam,
V@i syt chudn bi chu déo clia Ban T8 chirc va Ben -
Chuang trinh, clia Trugng THPT chuyén Lé Héng
Phong, S& GD&DT Nam Binh, Hoi thio da thanh
cong t6t dep va dé lai &n tuong sau 6am véi cac dai
biéu tham dy. Hi vong réng, phong trao gido duc béi
dudng hoc sinh giéi clia Tinh Nam Dinh s8 o6 bude -
phat trién manh mé va vimg chic hon na. i
PV

diameters AB, AC at K, L respectively. Prove
that the line connecting the midpoints of EF,
KL goes through A.

T10/402. Prove that there exist infinitely
many triples of positive integers (a, b, c¢)
such that ab+1, bc+1, ca+1 are all square
numbers.

T11/402. Find all positive integers a, b, ¢ s0
that the equation

x+3x+Va—x+3¥d4—x=a+b+c

has solution and the expression P=ab+2ac+3bc
is greatest possible.

T12/402. Find all positive real numbers a
such that there exists a positive real number &
and a function f:R — R such that

f(x)+f(y)Zf(x;y)”;,x_y,a,

2
for all real numbers x, y.
Translated by LE MINH HA
TOAN HQOC
S48 402 (12-2010) i CTusitre 27
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NGUYEN HAI CHAU - VU ANH CUONG

(Vu Gido duc Trung hoc, B6 Gido duc va Dao tao)

rén thé gidi, viéc phdt hién va bdi

I dudng tai nang tré da dugc chid trong,
quan tam tir rdt sém. Thoi nha Puong,

Trung Qudéc (nim 618 truéc Cong nguyén)
nhitng tré em c6 tai nang dac biét duoc moi
dén san réng dé hoc tap va dugc gido duc bang
nhimg hinh thitc diac biet. O chau Au, trong
sudt thdi ki Phuc hung, nhimg nguoi cé tai
nang vé nghé thuat, kién trdc, van hoc... déu
duge nha nuée va céc t6 chitc ¢4 nhan béo trg,
gitp d&. G Hoa Ky, nam 1920 da c6 2/3 cic
thanh phd 16n thuc hién chuong trinh gido duc
hoc sinh gidi, phat trién tai nang. G Chau A,
trong gido duc phé théng clia Han Quéc cé
chuong trinh dac biét danh cho hoc sinh gioi;
chuong trinh dao tao hoc sinh nang khi€u cua
Singapore dugc trién khai 14n ddu tién vao nam
1984, khdi ddu véi 2 trung tam chinh va
2 trung tdm nho, dén thang 3/2004 da md rong
ra thanh 9 trung tam vdi cam két sé bdi dudng
va tao diéu kién cho hoc sinh phét trién t6i da
nang khi€u cd nhan, nang lyc lanh dao, déng
g6p vao su phat trién cta xa hoi... C6 thé néi,
nhitng nudc c6 nén gido duc phét trién déu rat
coi trong vin dé dao tao hoc sinh nang khiéu
trong chién lugc phat trién gido duc phé thong.

O nu6c ta, véi quan diém “Hién tai la nguyén
khi quoc gia”, Dang va Nha nudc rdt mong
mudn nén gido duc nuéc nha phai cham lo,
khuyén khich nhiing hoc sinh cé nang khiéu,
say mé trong hoc tdp dao tao luc lugng khoa
hoc ki thuat tai nang cho dat nudc. Cach day
45 nam (14/9/1965) Thu tuéng Chinh phu
Pham Van Péng di ra quyét dinh thanh lap
"Lép Toan dic biét" dat tai Truong Pai hoc
Téng hop Ha Noi do c4c nha khoa hoc hang
dau dat nudc truc ti€p giang day. Day 1a méc
d4u tién cta hé thong cic khéi truong THPT
chuyén cua cdc tinh, thanh ph6 va moét s6
truong dai hoc.

bén nay, s6 hoc sinh THPT chuyén chiém
chiém khoang 1,74% s6 hoc sinh THPT véi t

T?g?-lugot;;& 402 (12-2010)

28

1é 46 vao dai hoc rat cao va gép phan chi yéu
vao thanh tich trong céc Ki thi Olympic Quéc
gia, Khu vuc, Quéc t€. Viéc hoa nhdp véi gido
duc phé thong tién tién trén thé gidi da duoc
mot s6 trudng THPT chuyén di ddu: Trudng
THPT chuyén Lé Quy Pon, Da Niang di lién
két v4i hon 10 truong dai hoc cua cic nudc
Uc, Anh, Singapore, New Zealand, Phép, da
gui hon 80 hoc sinh di dao tao tai nuGe ngoai
theo chuong trinh hop tic giita thanh phé Da
Néing va mot s6 truong dai hoc & Nhat Ban,
Anh, Uc, Phap, Hoa Ky; Trudng THPT chuyén
Ha Noi — Amsterdam hop tdc véi cdc truong
cta Phdp, Han Qudc, Trung Quéc, da dua hoc
sinh sang hoc theo chuong trinh hoc béng tai
cdc nudc Anh, Hoa Ky, Singapore ,...

Vé dinh huéng phat trién hé thong trudng
THPT chuyén, tai Thong bdo s6 242-TB/TW
ngay 15/4/2009 ctia B Chinh tri vé tiép tuc
thuc hién Nghi quyét Trung uvong 2 khéa II va
phuong huéng phat trién gido duc va dao tao
dén nam 2020 da néu: “Ra sodt va bo sung co
ché, chinh sdch, t6 chiic phdt hién, boi duéng
nhén tai ngay tr bdc hoc pho thong, ddc biét
d bdc dai hoc. Khuyén khich phdt trién ndng
cao chdt lugng cdc truong THPT ndng khiéu,
cdc lop dao tao cw nhdn khoa hoc tai ndng”.
Théng 6/2010 Thi tuéng Chinh phii da phe
duyét Dé dn Phat trién hé thong truong THPT
chuyén giai doan 2010-2020 v6i muc tiéu:
Xdy dung va phdt trién cdc truong THPT
chuyén thanh mot hé thong co so gido duc
trung hoc ¢é chdt luong gido duc cao, dat
chudn quoc gia, cé trang thiét bi day hoc
dong bo, hién dai dam bdo thyc hién nhiém
vy phdt hién nhiing hoc sinh cé tu chdt théng
minh, dat két qud xudt sdc trong hoc tdp dé
boi dudng thanh nhitng nguoi c6 long yéu ddt
nudc, tinh thdn tu hao, tu tén dan téc; c6 nén
tdng kién thitc viing vang, cé phuong phdp tu
hoc, ty nghién ciu va sdng tao; cé suc khode
tot dé tao nguon tiép tuc ddo tao thanh nhdn
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tai, ddp img yéu cdu phdt trién ddt nudc trong
thoi ki cong nghiép hod, hién dai hod, hoi
nhdp quoc té.

Pé 4n tap trung vao c4c gidi phdp cu thé, cin
thiét nham dam bao hé théng trudng THPT
chuyén phat trién bén vilng, chat lugng gido
duc cao. Giai phdp uu tién tap trung vao phat
trién doi ngil cdn bo quan li, gido vién dam
bao da vé s6 lugng, hop 1i vé co cdu, dat mirc
cao cla chufn nghé nghiép; nang ti 1& gido
vién, cdn bd quan Ii c6 trinh do tién si, thac si
déng thoi véi viéc nang cao trinh do chuyén
mon, nghiép vu, ngoai ngi, tin hoc va kha
nang nghién citu khoa hoc su pham ting dung;
md cic khéa dao tao trinh do thac si, boi
dudng vé quan 1i gido duc, giang day tiéng
Anh, giang day cdc mon Toan, Vat li, Hoéa
hoc, Sinh hoc, Tin hoc bang ti€ng Anh va cic
khoéa b6i dudng nang cao trinh do ngoai ng,
tin hoc, nang luc phét trién chwong trinh, tai
liéu day hoc; xay dung chinh sach wu tién d6i
véi gido vién tryc tiép giang day cdc moén
chuyén, gido vién c6 hoc sinh doat giai trong
cdc ki thi Quéc gia, Qudc t&; xay dung co ché
thu hit gido vién chidt lugng cao tham gia
giang day trong céc truong THPT chuyén, dac
biét 1a gido vién nudc ngoai tham gia giang
day ngoai ngir.

Chuong trinh gido duc trong cdc truong THPT
chuyén dugc ddi méi, xdy dung theo huéng
hién dai, tiép can véi trinh do tién ti€n cua
khu vuc va th€ gidi; nang cao chit lugng gido
duc toan dién, chii trong gido duc thé chét va
béi dudng nhan cach ngudi hoc; tao diu kién
dé hoc sinh phit trién toan dién, chuyén siu
mot finh vuc, gidi tin hoc, ngoai ngif; phét
trién nang luc tu duy doc lap, sing tao, ki
ning thuc hanh, tang kha nang hoat dong thuc
tién. POng thoi nghién citu thi diém 4p dung
mot s6 chuong trinh day hoc tién tién cta thé
gidi tai mot s6 truong THPT chuyén va tung
budc 4p dung viéc giang day mon Todn, Vit
1i, Héa hoc, Sinh hoc, Tin hoc bang tiéng Anh
trong cac truong THPT chuyén.

C6 su lién két giita viéc phat hién, boi dudng
hoc sinh nang khi€u & truong THPT chuyén
v6i dao tao tai bac dai hoc, diac biét véi céc
trudng dai hoc trong nude c6 16p ctt nhan nang,
Ki su chét lugng cao, dao tao theo chuong trinh

tién tién va cdc co s& gido duc dai hoc tién
ti€n nudc ngoai.

Tang cudng co s& vat chat, thi€t bi day hoc
cho cdc trudng THPT chuyén tir cdc ngudn
luc khéc nhau dam bdo trudng dat chuén quéc
gia mifc cao c6 trang thi€t bi day hoc hién dai
phuc vu cho viéc giang day va béi dudng hoc
sinh gioi.

Véi xu thé hoi nhap véi thé gidi, nhitg giai
phédp trén la nhitng dinh huéng co ban cho
viéc dao tao tai nang tré & gido duc phd thong
trong chién luge phat trién nguén nhan luc
chat lugng cao cho dit nudc, tao diéu kién
cho gido duc phat trién, chdt luong nguén
nhéan luc clia quéc gia duoc nang cao, dam
bdo cho dit nudc phét trién nhanh chéng bén
vimg. Hé thong truong THPT chuyén la co s&
gido duc quan trong, chu yéu cho viéc thuc
hién dinh huéng trén.

LUGONG GIAC HOA... Ti¢p trang 15)
S. Ching minh v6i moi cap s6 thuc (v ; y) tacod

x2+(x—y)? 24(x? +y2)sin21£0.

6. Cho tam giac ABC c6 BTIC=40°; ABC=6(.
Goi D va E 1a cic diém tuong img nam
trén hai canh AC va AB sao cho @)=40°;
BCE =70°. Gia sit BD cit CE tai F. Ching
minh ring AF vuong géc véi BC.

7. Cho tam gidc ABC khong déu. Goi /, O 14n
luot 14 tAm cdc dudng tron nodi ti€p va ngoai
ti€p cha tam gidc. Chitng minh rang AF vu6ng
gbc v6i BC.

8. Cho tit gidc 16i ABCD thoa min DAB = ABC
= BCD. Goi H va O lan luogt 12 tryc tam va
tam vong tron ngoai ti€p cla tam gidc ABC.
Chitng minh ring H, O, D thing hang.

9. Cho tam gidc ABC c6 ban kinh dudng tron
ngoai tiép bang 1. Goi r 1a ban kinh dudng
tron ndi tiép tam giac ABC codn r 1a ban kinh
dudng tron noi ti€p cha tam gidc A'B'C’ (A,
B’, C’ 1an luot 1a chan cdc duong vudng géc
cia A, B, C 1én cic canh BC, CA, AB). Chiing

2
minh ring n <1- d +3r) :

TOAN HOC
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res. TsTRAN K

PGS.TS Tran Kiéu la Thay
cua ching toi va chung toi
ciing theo nghiép Théy,
day Toén, nghién ctru Toan
hoc nha truong va mét s6
linh vuc khéac cua khoa
hoc gigo duc. Trong chung
t6i luén dong lai &n tugng
manh mé vé Théy, do la
su séc sdo, Iog/c trong tur
duy, ¢6 nhiéu y tuong mai
cung véi cach dién dat rat thuyet phuc. Va & Théy,
chét cua ngudi lam toan va chat cda nha khoa hoc
gido duc hinh nhur khé tach réi.
N3m nay tron 70 tudi, Thay van thuang xuyén dugc
mdi tham gia va dong gop tich cuc trong nhiéu hoi
thao, hoi nghi; trong cac dé tai, dy an Ion vé phat
trién gigo duc. C6 18 la do cong viéc dugc giao va
niém dam me clia Thay ma cho dén tan bay gio,
ngudi ta van biét dén Thay trong nhiéu mang nghién
ciu khoa hoc glao duc, d3c biét 1a gido duc phd
théng véi cac van dé vé muc tiéu, chuong trinh,
phuong phap, danh gié gido duc. Théy [& mét trong
nhiing nguai tham gia chi dao viéc déi mdi chuong
trinh, sach giao khoa phd thong, timg 1a Pho chi
nhiém chuong trinh nghién ctu cap Nha nudc KX05
vé con ngudi, van hoa va ngudn nhan luc, chi nhiém
cla hang chuc dé tai cap Nha nudc, cdp Bo vé
nhing finh vyc clia khoa hoc gido duc.
Thay da timg néi véi ching t6i la khong bao gidr rai
bo Toan hoc cung nhu Toan hoc trong nha truong, vi
vay Thay Ia tac gia clia mét s6 cudn sach giao khoa
Toan, 1a ch bien clia mdt s tai lieu vé déi mai
phuong phap day hoc, danh gia trong truong phé
thong va van dung tu duy toan hoc vao cac finh vue
quan Ii gi4o duc. D&n nay, Thay da huéng din cho
13 nghién clu sinh bao vé thanh cong Luan an Tién
sT va 12 Thac si. Tiép budc theo Thay, cac hoc tro
clia Thay du & cuong vi nao cling la nhiing nguai c
tinh than trach nhiém cao, ¢ gang dé xuat va gop
phan trién khai thanh cong cac y tudng dong gop cho
nganh Giéo duc.
Mot nét riéng, déic biét clia Thay Ia ludn ludn thé hign
sy manh mé va day tam huyet qua cac nhan xeét,
danh gia va nhiéu y tudng gop phan tao nén nhing
thay di tich cyc cho nén gido duc nudc nha ma
tru6e hét 1a gido duc phéd théng. Chang han, tai Hoi

PGS. TS Tran Kiéu

TOAN HQC
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,09u0i Thay ctin ching tdi

TRAN DINH CHAU (B6 Giao duc va Dao tao)
DANG THU THUY (Vién Khoa hoc Giao duc Viét Nam)

thdo “Phét trién g/ao duc phé théng Viét Nam® gan
day, PGS. TS Trén Kleu da lam khéng khi cta cudc
hoi thao sbi dong hén len bang nhimng danh gia vé
md hinh nha trugng phd thong Viét Nam hién fnay:
“Nha trurong phé thong Viét Nam vé co ban vén I3
mét nha truang truyen thong vdi hoat dong cobén la
thay truyén thu va tro tiép nhén nhimg diéu da duge
quy dinh s&n trong sach gigo khoa. V6i muc dich
cudi cung la hiéu duge bai, lam duge bai tap, bai
kiém tra, tmg pho durge voi céc ki thi. Khudn méu
nay dugc mét s6 nudc mé ta la “mé hinh 2 —4 — 8™
2 la muén néi tai gidi han trong hai bia cda cubn
sach gigo khoa, 4 la mu6n &m chi bon birc tuong
quay kin lop hoc va 8 la lién tu'ong t6i 16i lam viéc
trong tam gio hanh chinh, con thiéu linh hoat".
Thay cling da dua ra mét s6 dinh huéng dé gop
phan xay dung mé hinh nha truong phé thong trong
tuong lai.

Tham luén khoa hoc, nhat la tham fuan vé khoa hoc
giao duc nhiéu khi tao nén cac cuéc tranh luan dé
phan dinh dung sai, nhung diéu ma nhing ngudi
nghlen clu cm trong nhi€u hon la cai tam va céi
tam cla tac gia. Cac tham luan khoa hoc cla PGS.
TS Tran Kiéu theo chung toi déu luon thé hién dugc
hai yéu t6 nay.

Tréi qua nhiéu cong viéc khac nhau nhung luén gan
b6 véi nganh Gido duc, tir gidng vién Toan & trudng
Dai hoc, dén chuyén gia vé phuong phap gidng day
Toan, réi dam nhiém céc chitc vy quan Ii khac nhau
clia nganh Gigo duc nhu Vu truéng Vu T8 chirc can
b, Trudng ban Thanh tra, Vién trudng Vién Khoa
hoc Gigo duc, Trg Ii Bo trudng BO Giao duc va Dao
tao. Thay tung la Pho Chi tich Hoi déng bd mén
Toan clia Bo Gigo duc va Dao tao, hién dang la Chl
tich Hoi Giang day Toan hoc phé théng. Trong ¢4
qua trinh hoat dong phong phu va da dang nhu vay,
Thay ludn luon song vdi mét quan niém la “Hay séng
thén thién vdi moi nguo; song vOi day da trach
nhiém, luén bang long véi cai minh da co va khong
phién muén vi nhimg diéu chura c6”.

Chung toi, nhimg hoc tro clia Thay tur gan hai chuc
ndm vé trudc (va mai mai 1a hoc tro clia Thdy) vén
ludn hoc hdi nhidu diéu vé nhimg y tudng ludn mang
tinh thai sy clia Thay. Thay la mét nha su pham, nha
giao duc tam huyét, khong bao gi¢ can niém say mé
tim toi va giau y tudng dong gop vao thanh cong
chung cla sy nghiép giao duc nudc nha.
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