Chuyén dé bét déng thirc hinh hoc Nhom 5

PHAN I: BAT PANG THUC HINH HQC TRONG MAT
) PHANG.
BAI 1: PHUONG PHAP KEO THEO

L. So lwge vé phuong phap kéo theo: ’ o
Xuat phat tir cac bat dang thtrc da bié€t, van dung cdc tinh chat cua bat dang thirc dé suy
ra bat dang thirc can chirng minh. Sau day la cac vi du:

Vd 1: Cho tam gid&c ABC, M thuoc AC. Ching minh ring:

S e < %AB.AC;S < %BM.AC

ABC —

Giai:

Goi BH la dudng cao cua tam gidc ABC—= BH < AB

S e = %BH.AC < %AB.AC

MeBC=BH<BM=S,,. =%BH.AC S%BM.AC

Bét dang thirc dugc chimg minh xong.

Vd2: Cho tam gidc ABC, AM 1a trung tuyén. Chimg minh: AM < % thi BAC 290° va

nguoc lai.

Giai:
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a) Giasa BAC <90". " q
Goi D Ia diém do1 xung cua A qua M. Suy ra AD=2AM. M 1a trung di€ém hai doan thang
BCvaAD.

— AB=DC & AB//DC = BAC + ACD =180°ma BAC <90
— ACD >90° = BAC < ACD
Xét tam gidc ABC va tam gidc CDB c¢6: AB=DC, BC la canh chung, BAC < ACD

Do d6: BC<AD= AM > % (Vo ).

— BAC >90°

Vd 3: Cho tir gidc 16i ABCD sao cho AB cit CD tai E, AD cit BC tai F, va E,F,C ciing
thudc nira mat phéng ¢6 bo BD. bat AED = a, AFB = Biva S, =S .Ching minh
rang: AB.CD.sina+ AD.BC.sin 3<2S < AB.CD+ AD.BC .

Giai:
x ABF >«
Dé thay: <
ACE>f

BK //DE
DK //BF

* Trong AABD ta lay diém K sao cho {

1 . 1 .
Toudotacd S, + S <S :EAB.BK.sma+EAD.DK.sm,BSS

< AB.BK.sina+ AD.DK .sin f <28 )
D@ thiy DKBC 1a hinh binh hanh.

BK =CD
(2)
BC =DK
Thay (2) vao (1) ta cé:

AB.CD.sina@+ AD.BC.sin f <28 )
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DP =BC

* Trong nira mat phing c6 bd 1a BD ta ldy diém P sao cho .
BP=CD
D@ thiy

S sep = Sunrn = Sapp +Sazp = %AD.DP sin ADP+ % BA.BP.sin ABP

< % AD.DP + % BA.BP

< 28 <AB.CD+AD.BC
Vay AB.CDsina+ AD.BC.sin <28 < AB.CD+ AD.BC

*Mot sb kién thirc thwong dung dé giii téan cuc tri trong mit phing:

- St dung quan h¢ gitta duong vudng géc va duong xién, hinh chiéu.

- Trong cic tam gidc vudng (c6 thé suy bién thanh doan thing) c6 canh géc vudng AH va
canh huyén AB thi AH < AB. Xay ra ddu bang khi H =B.

- Trong céc doan thang ndi tir diém dén dudng thing, doan nao vudng géc véi duong
thang 12 doan thiang c6 d6 dai nho nhat.

- Trong c4c doan théng nbi 2 diém thudc hai duong théng song song, doan thing vudng
g6c v6i hai dudng thiang song song c6 do dai ngan nhat.

- Trong hai duong xién ké tir 1 diém dén ciing mot dudng thang, dudng xién 16n hon khi
va chi khi hinh chiéu ctia né 16n hon.

- Mot tir gidc 16 bi chira trong mot tir gidc khic (khong nhat thiét 12 16i) thi chu vi cua tir
gidc bi chtra s€ nhé hon chu vi cua tr gidc chtra né bén trong.

- D9 dai doan thing ndm trong mét da gidc 16i khong 16n hon do dai dudng chéo 16n
nhat..

- Trong tit ca cdc diy cung qua mét diém cho trudc trong mot duong tron thi diy cung c6
d6 dai nho nhét 12 ddy cung vudng géc v6i doan thang ndi tim duong tron véi diém dé.

- Trong cdc tam gidc ¢ cung chu vi thi tam gidc déu c6 dién tich 16n nhat.

- Mot duong thing c6 thé cit nhiéu nhat hai canh cia mot tam gidc.(nguyén tic
Dirichlet).

* Mot so vi du:

Vdl: Cho doan thang AB c¢6 do dai 2a. V& vé mot phia ctua AB céc tia Ax va By vudng
gbc voi AB. Qua trung diém M cua AB c6 2 dudng thing thay d6i ludn vudng géc véi
nhau va cét Ax, By lan luot tai C,D. Xdc dinh vi trf ctia cdc diém C,D sao cho AMCD c¢6
dién tich nho nhat. Tinh dién tich dé.

Giai:
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Goi K 1a giao diém ctia CM va DB,
AMAC = AMBK (gcg) = MC = MK

—~~

ADCK can = D, =D,
Ké MH 1 CD Do M thudc phan giac géc D nén MH=MB=a.
S\ep = %CD.MH .

Do CD 2 AB=2a& MH =a nén:

Sven = %2a.a =a’ = CD 1 Ax. Cic diém C,D dugc xic dinh trén Ax, By sao cho

AC=BD=a

* Trong 101 giai trén, Sycp duoc biéu thi boi %CP.MH . Sau khi chung minh MH khong

doi, ta thiy Sycp nho nhat khi va chi khi CD nho nhét. ,
- Néu bai toan trén khong cho M 1a trung diém AB thi ta phai giai quyét ra sao?

1 — — —
Svycp = EMC.MD,MAC =MDB =« (cung phu BMD)
a b .
= MC = ,MD =— nén
cosa sina
S _1 ab
ML sinarcosa

Do a,b,c 12 hang s6 nén Sycp nho nhat khi va chi khi 2sin acosa 16n nhit.

2sinacosa < sin2a+cosza=1:>SMCD >ab

ming =ab&sina=cosa S tana =1 a=45°

= Céc diém C,D trén Ax, By duoc xac dinh sao cho AC=AM, BD=BM
bay dugc xem la bai todn tong quat.

Vd 2: Cho AABCc6 B la géc tii, D di dong trén BC. Xdc dinh vj tri caa D sao cho téng
cdc khéang cich tir B va tur C dén duong thang AD c6 gid tri 16n nhat.
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Giai: A

Tacé: S, = %AH.BC = %BE.AD +%CF.AD :

2

. BE+CF = 25 Do a6 " B D ¢
AD (

(BE + CF ) max < AD min

AD nho nhét khi va chi khi hinh chiéu HD nho6 nhit. HD > HB va HD=HB khi D =B
Suy ra dpcm.

Vd3: Cho tam gidc ABC vudng ¢6 d6 dai canh géc vuobng AB=6cm, AC=8cm. M lé,diém
di dong trén canh huyén BC. Goi D va E la chan cic duong vudng goc ké tir M dén AB
va AC. Tinh di¢n tich 16n nhat cta t&r gidc ADME.

Giai:

bat AD = x thi ME = x. Theo Thalet:
%zngzngEzix:AE=8—ix
AB CA 6 8 3 3
Ta cé:

S .pme = AD.AE = x(S—%xJ = SX—%XZ

:—%(xz —6x) :—%(x2 —6x+9)+12:—%(x—3)2 +12<12

S e =12cm* & x=3= D 1a trung diém ciia AB, M la trung diém BC, E 1a trung diém
AC.

Vd4: Cho tam gidc ABC, diém M di chuyén trén canh BC. Qua M ké cdc duong thang
song song v&i AC va AB, ching cat AB va AC theo thu tu D va E. Xdc dinh vi tri M sao
cho ADME ¢c6 Smax-

Giai:

Got Sapc=S, Spom=S1, Semc=3S>.

‘ . + .
Ta nhén thay S,;,; max < (S, +S,)min < 5 SSZ min

Cic ADBM & AEMC ddng danh véi AABC nén:
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(2 43
s \(BC)’s BC

LSS, _ BM*+MC?
S BC® (x+y) 2

2 2
X +y >1

1 . . . . 2
Nhu vy max$,,,,, = ES . Dau “=" xdy ra khi va chi khi x=y . Khi d6 M la trung diém
cua BC.

Vd 5: Gia st C,,B,, A la cdc diém tiy ¥ trén céc canh AB,CA,BC ciia tam gidc ABC .Ky
hi¢u S,S,,S,,S,1a dién tich cac tam gidc ABC,AB,C,, BC|A,,CA B, CMR:

Js_1+\/s_2+Js_3s%J§

Giai:
BDT da cho twong duong voi \/E+ . /i +, /i < 3
S S S 2

\/ AB,.AC, \/BAI .BC, \/ CB,.CA, I(ABI AC, BC, BA CA CBlj 3
o + + <— + + +—L+ =1+ ==
ABAC \N ABBC VN ACBC 2\ AC AB AB BC BC AC) 2

MOT SO BAI TOAN CHON LOC:

1.Cho tam gidc ABC nhon. Dyng mdt tam gidc c¢6 chu vi nho nhét noi tiép tam gidc ABC,
tuc 1a c6 3 dinh nam trén ba canh cua tam giac ABC.

Giai:

Xét AMNP ndi tiép AABC mét céch tiy y. (M e AB,Ne BC,Pe AC). V& E,F sao cho

AB la trung tryc cua NE va AC 1a dudng trung tryc cua NF.
Chu vi AMNP = MN + MP + PN = EM + MP+ PF > FE

EAF =2A, +2A, =2BAC

AFAE 1a tam gidc can ¢6 goc & dinh khong doi nén canh ddy nho nhét khi va chi khi
canh bén nho nhat.




Chuyén dé bét déng thirc hinh hoc Nhom 5

Ta ¢6: EF nho nhat < AE min < AN min < AN 1 BC

Ta c6 nhan xét rang khi NV la chan duong vuong géc ké tir A thi M va P cling la chan 2
duong cao con lai cua tam giac.

Churng minh nhan xét trén nhu sau:

AHMP : AB la dudng phan gidc cuia EMH , AC la duong phan gidc cia FPH .

Ta c6: AB,AC gdp nhau tai A nén AH la tia phan gidc ctua goc trong cua tam giac tai H
hay HA la tia phan giac MHP. Vi AH L HC nén HC 1a duong phan gidc gbc ngoai cua
A tai dinh H.

F

B H C

Theo trén, AC la duong phan gidc ngoai tai dinh P, HC gap AC tai C nén MC la tia phan
gidc géc trong tai M.

MB va MC 1a céc tia phan gidc cta hai géc ké b nén MB L MC,PC L PB.

= Chu vi AMNP min khi M,N,P 1a chan 3 duong cao cua tam gidc ABC.

Do AABC nhon nén M,N, P thuQc bién cua tam giéc.

2. Hai anh em chia tai san 12 mot miéng dat hinh tam gidc ABC. Ho mudn chia doi dién
tich miéng dat bang mot bo rao ngan nhat. Tinh do dai m cua bo rao nay theo dién tich §
va goéc nho nhat ¢ cua tam giéc.

Giai:

B rao phai cit hai canh cua tam gidc. Gia sir géc tai dinh d6 1a A, d6 dai ciia bo rao la
IK=m va khoang cdch tir dinh ctia géc A t6i hai dau bo rao 12 x va .

= IK*=x"+y>=2xycosA (1)

, ) S
bat S, =S5, =5,A =x,AK =y, taco: S'=5=c0nst.
, 1 . N ’ < 5 A~ Ae A A A
Do § =ExysmA ma §° va A khong doi nén xy khong doi.
IK min (:)(x2+y2)min.Ap dung bt dang thic AM-GM, ta c6
(x2+y2)min<:>x=y

Nhu vdy xét bo rao chin géc A thi do dai bo rao ngin nhat khi va chi khi AAIK can tai
A.

IK=2‘/S'tané.Do S'=£ nén IKz,/Ztané.
2 2 2
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Vay do dai bo rao ngén nhat = m = Jztan% (a': min{A,B, 6})

3.Cho AABC ndi tiép dudng tron tim O ban kinh R c¢6 a,b,c 1a do dai 3 canh va
mg,mp,m, 1a trung tuyén lan lugt twong Umg voi 3 dinh A,B,C. Céc trung tuyén cua tam
gidc (theo thu ty trén) cat duong tron tai A,B,C. Tim GTLN cua:
a’+b> b +c” C+a’
+ +

m, m, m,

Giai:
‘ az
Trude hét ta c6 b +c” =2m’ o

2 2
+c

<4R

Ta s€ chung minh:
m

Theo h¢ thirc lvgng dudng tron:
2 2

MA,.MA = MB.MC < m MA, = % = MA =2

dm

Talai c6: MA+MA, = AA <2R

2

=>m,+ <2R=4m’+a’ <8Rm,

4m,
2

= 2m, +% <4R.m,

b +c*

m

Mot céch tuong t, va cong cic bat dang thirc lai vé theo vé ta ¢6 dpem.
Dau “=" xay ra khi va chi khi:

b’ +c* <4Rm, = <4R.

AA =2R
BB, =2R < AABC déu. Khi d6 d=2R.
CC, =2R

4. Goi H 1a tryc tim AABC nhon va r 1a ban kinh dudng tron ndi tiép tam gidc. Cm:
HA+ HB+ HC = 6r . Dau bang xay ra khi nao?

Giai:

Ta thay: HA.% =S, +5,

:>x§:SZ+S3:>ax:2(S2+S3)

Tuong tu:

10
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by=2(S,+5,)
cz=2(8,+5S,)

Ta can chimg minh: x+y+2z > 6r

}ax+by+cz =228 ¢

Gia sir: a >b > c¢. Theo quan niém vé dudng xién va hinh chiéu = x<y<z
Tur day ta s& chimg minh (a+b+c)(x+y+z)23(ax+by+cz) (2)

That vay:
(2)=a(x+y+z)-3ax+b(x+y+z)-3by+c(x+y+z)—3cz20
@Za[(y—x)—(x—z)]ZO

&Y (y-2)(a=b)20 (3)
Via=zb=>c, x<y<znén(3)ding.
Tu (1) va (2)

(a+b+c)(x+y+z)>34s =12970¥¢

r

=>x+y+z26r
Dau bang xay ra khi va chi khi:

a=b=c X
S a=b=c< AABC déu.
X=y=z

5. AABC c¢6 canh BC =a khong dbi va A=a khong déi. Hay x4c dinh vi trf ciia A dé
AABC ¢6 chu vi nho nhét.

Giai:

Xét A nam trén mot nita mat phang bo BC. Ta ¢6 A di chuyén trén cung chira géc o
dung trén BC.

Trén tia ddi ctia tia AB 14y D sao cho AD=AC.

Chu vi AABC bang AB+BC+CA=AB+BC+a

Chu vi AABC 16n nhét < (AB+ AC)max < BDmax .

11
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Ma BDC =%: D di dong trén cung chira %dung trén doan BC (c6 gi6i han boi tiép

tuyén tai B) d6 1a cung KC.
Do vay BD max khi va chi khi BD la duong kinh ctia cung chtra goc trén (tdm cia cung

chira géc % d6 chinh 1a diém A’, diém chinh giita cung chira géc &)

AABC ¢6 chu vi 16n nhat khi né 1a tam gidccantaiA c6 BC=a, A=«

6. Tam gidc ABC,M 1a diém & trong tam gidc. O bén ngdai tam gidc ké cdc dudng thing
song song voi cdc canh, cdch ching mot khoang bang khéang céch tir M dén canh do.
MOi dudng thiang d6 tao véi mot canh clia tam gidc va cdc duong thing chira hai canh kia
mot hinh thang. Ching to rang tong dién tich cia ba hinh thang d6 khong nho hon

7

5 SABC .

Giai:

H
M
F B C K
/ / Ao | M
E

D A,

Goi dién tich ciac tam gidc ABC,MBC,MAC,MAB va céic hinh thang lan Iuot 1a
S.S,,8,,85,5,,S,,5; .
Ta c6: AADE ~ AABC(g.g.8)

S :(AAIHWMMZI

Sise  AA, AA,
SS%SI’:(H%)Z (Do fgfz%}
:>S1’=2S1+S—‘2

S3 S;

Tuong tu tacé: S, =28, +?;S3' =28, +?3

12

Nhom 5




Chuyén dé bét déng thirc hinh hoc

Ma: 3(S2+87+82)=(8,+8,+8,) +(8,=8,) +(S,=8,) +(8,=5,)" 2(S,+5,+S,)°
2

=8’ +8S; +S; z% (Do S=S,+S,+S,)

Do d6: S+S +S >2S+§:>S+S +S S.

wl\l

Ta c6 dpcm.

7. Cho AABC, trén 2 canh AB va AC lay 2 diém E, F sao cho c¢6 diém a trong AAEF thoa
{SABE =28 \6r 4

Sy =35, . Chimg minh rang: Sprer TS cror 2 §SABC .

Giai:

Tadat:S=S
Ta co:

2 = Oupr = Oprcr T 2} = 8,+8, =Sp6r +Scrce O
38, =Syce =Screr TS, +5,
Ta co:

S +S,= ;(SACE +SABF):lS(S_E+ SABF]Z£S(£+£)

3 3°\aB " Ac
5,485,215 /ﬂ£ 25 [Saer

37\ AB AC
548,228 [0t
39V s
4

©5+5,2085 (@)

ascs S =Sape3 S, =8

AFG

T (1) va (2) suyra Sy.cr +Scree ZgS
A c_ 2 S =5,

Dau “=" xay ra
Ge EF

13
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% =k >1. Tir M ké day CD bat ki. Tim max; .

8.Cho duong tron tim O, dudng kinh AB va ban kinh R. Piém M nam trén AO va

Giai:

Susco _ Sacn*Spen _ AM | BM _ AB _2A0 _ 2(k-+1) = const
Socp Socp MO MO MO MO

= S ,,cp 160 nhat & S, 16n nhat

1

Ma ta lai ¢6: S,., =—OC.OD.sin nén S, khi sina 16n nhit < a nhé nhét.
2

Ma ta d& thay: 90 < @ <180. sin¢ 16n nhit < « nho nhit.
Tadeéthay ¢ < CD LOA.

Khi d6 ta co: max; = =S,cp

Ta co:
oM _1 _oM_ 1 _ - _R
MA k R k+1 k+1
2 2
mcr=g - % __ R [k(k+2)]

(k+1)"  (k+1)’
—mC'=2_ [k(k+2)
k+1
2R

D= [e(k+2)
k+1
SRS 7% Yo, T Sy ry pry
ocC'D' 2 ‘ (k+1)2
2
= Max, _2R k(k+2)
ABCD k+1

9. Gia st ¢c6 mot tam gidc nhon dién tich S;, va c6 mdt tam gidc vudng chura tam gidc
nhon ndéi trén, c6 dién tich S, . Hay tim S, nho nhat va so sanh §; va S».

Giai:

Goi tam gidc nhon 1a ABC ¢6 A 1a géc 16n nhét. Goi M la trung diém BC. Trén BC lay

E,F sao cho ME=MF=MA.

= BC =a. Tam gidc AEF vudng tai A.
Khi d6 AAEF c6 dién tich S, nho nhét.
Ta c6: vi A 16n nhat:

— A>B= BC>AC

Ta c6: AMF + AME =180°

= max(A/Aﬁ;M) >90°

Gia sit AMF >90°

14
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Suy ra tam gidc AMF tu.
— AM?+ME* < AC* < BC* - A
Ta cé:
a’ a3
AM?* +—<ad* = AM < ——
2 2
Ta co:
a3
S \r :EFZZMAS 2 :\/5
S.se BC 2BC a
’ F C M B

= SAEF < \/§SABC

* Bai tap tu luyén: ‘ " ‘
1. Cho AABC c6 cic canh khong bang nhau, goi cdc diém G, H lan lugt 1a trong tam,

tam dudng tron ndi tiép, truc tim ctia tam gidc. Chimg minh rang: GIH >90° .

2. Phan gidc cua géc A,B,C trong AABC cit duong tron ngoai tiép tai A, B,,C,.Giasu
A,,B,,C, lan luot 1 tam dudng tron bang tiép géc A,B,C . Ching minh:

AB,C, — “DAC,BACB, >
a)S 0200 _2S 1 1 1

b)SA“B(,C“ 2 4SABC :

3. Cho AABC can tai A va cé BAC <60°. Hay tim diém M trénmait phang sao cho tong
MB+ MC — MA nho nhat c6 the.

4. Tim diém O trong AABC cho trudc sao cho tong khoang cich tir O t6i ba dinh cta tam
gidc ABC nho nhat c6 thé (Biém Toricenli).

5..ABCD 1a mot ttr gidc ndi tiép. TAm duong tron ngoai tiép nam bén trong ABCD. Canh
ngin nhit c6 do dai bing v4—#> va canh dai nhit c6 do dai bang t, véi V2 <t <2. Céc
tiép tuyen tai A va B cat nhau tai A”, cdc ti€p tuyén tai B va C cat nhau tai D va A cat
nhau tai D".Tim gi4 tri 16n nhat va gi4 tri nho nhat cua ti s6

15
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BAI 2: PHUONG PHAP SU DUNG HE THUC LUONG

I. So lwoc vé phwong phép:

Khong chi trong bat déng thirc tam gidc ta mdi sir dung hé thuc lugng dé hd tro cho viéc
tinh todn va ching minh, ma trong cdc bai todn vé tam gidc néi chung, hé thuc luong
trong tam gidc ciing da tré thanh mot cong cu manh dé tinh to4n, don gian héa van dé, . ...
Qua vi¢c st dung hé thuc lugng trong tam giac ta c6 thé st dung cic cong cu tinh tdéan
manh hon nita nhu 4p dung cdc bit ddng thirc ¢b dién, hay cdc bét dang thirc trong tam
gidc (c6 nhiéu bét dang thirc trong tam gidc rat doc ddo ma néu khong dé y chic han cic
ban khong thé thiy duoc vé dep huyén bi ciia né). Hodc tir viée dp dung hé thirc lugng ta
co thé bién mot bai todn hinh hoc don thuan trd nén phue tap, khé nhin hon vi n6 bi an
gidu sau mot loat cdc cong thirc ma néu khong nam vimg kién thtrc chic han khong phai
ai cling lam dugc.

* Mot s6 hé thirc lwong va bat diang thirc co ban trong tam giic:
Cho tam gidc ABC, véi AB=c,AC=b,BC=a,m,,m,,m_d,d,,d lan lugt 1a cic

trung tuyén va cdc phan gidc tmg véi cdc canh a,b,c;d,.d, lan luot 1a khoang céch tir

tam dudng tron ngoai tiép téi trong tim tam gidc va tim dudng tron nodi tiép ti trong tAm
tam gidc, p la nura chu vi tam gidc, S 1a dién tich tam gidc; r,R 1a cic ban kinh dudng
tron ndi tiép va ngoai tiép tam gidc; r,.1,,r. 1a duong tron bang tiép cdc canh a,b,c. Ta
¢6 cac hé thuc sau:

m§:2b2+2c2—a2 : dz:Rz_az"‘bz"‘Cz
4 9

1 S S S
d22:§(p2+51"2—16R1") 5 r;l:p—a’rb:p—b’r;:p—c
_abe. S ;. S=\p(p-a)(p-b)(p-c)

48 p
i+ﬁ+L22\/§
Ma Ty TN : (a+b-c)(a+c—b)(b+c—a)<abe

m% 3\/_

—4 4 C>_
a b c 2

—(ab+bc+ca) <m,m, +m,m_ +mm, < %(ab+bc+ca)

Bay gid chiing ta dén v6i mot bai todn.

Cho tam gidc ABC v6i AB =¢,BC =a,CA=b.Goi S la di¢n tich tam gidc nay, var va R
14 ban kinh duong tron ndi tiép va ngoai tiép tam gidc; m,,m,,m, 1an Iuot 1a do dai cac
trung tuyén xuat phét tir A,B,C. M 1a mot diém bat ki, o, B,y 1a cdc sb thuc. Ta c6 bat
dang thirc sau 13 hién nhién:

(al\—/ﬁ+ﬁﬁ§+ 7/1\—/16)2 >0
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Chuyén dé bét déng thirc hinh hoc Nhom 5

Binh phuong hai vé cua MA—MB = BA ta dugc 2MA.MB = MA® + MB* — AB® va tix
day qua cdc phép bién doi tuong duong ta s€ cé dugc bdt sau:
(a+B+7)(aMA® + BMB* + yMC* )2 a’ By + b ay+c’off (1)

DAu bang xay ra khi va chi khi @MA+ SMB + yMC =0
Nhung khi cho M 1a trong tam tam gidc thi ta s€ c6 (1) tré thanh:

(a+B+7)(am,’ +Bm’ +ym’)= %(azﬂ}/+ bVay+ciapf) (1.1)

- Chon a =a, S =b,y = cthay vao (1.1) ta dugc:

am. +bm; +cm’ iabc (1.2)

Bién dbi trong duong bat dang thuc (1.2) ta s& c¢6 cdc bat ding thirc sau:
2 2

m,  m m zgR(zs_“bc ah, =bh, —chj
ho h  h 2 2

a

3(a3+b3+c )+9abc<2 at+b+c (a2+b2+c )
~Chon a=p—ab=p—bec=p (p a+b+cjthayvé0(l.l).

Ta cé:

az(P—b)(P—C)=ap(p—a)(p—b)(p—c)( ! _lj

p—a p
2
=S2(L—l—£j=5( PT —Pr—raj
p—a p p—a

Tuong ty v6i b (p—a)(p—c)&c*(p—a)(p—b) rdi dp dung h¢ thic:
1 1 1 4R+r
+ + =
p—-a p-b p-c  pr
Ta thu dugc bat dang thuc sau:
(p—a)m; +(p=b)m, +(p—c)m; 29S(R~r)
b

- Chon azi,ﬂz—,y:i thay vao 1.2 ta s€ duoc:
m mb m

a

am,m, +bm m_+cmm, = %abc (1.3)
- Chon a =bc, f =ca,y = ab thay vao 1.2 ta c6:

2 2 2 3 3 3

m, m, m. _9(a+b +c

My (I (M S 21 @ FD FC 1y
a b ¢ 4\ab+bc+ca

Chi can dwa vao viéc chon bd sd @, B,y thich hop ching ta di c6 duoc nhiing bat dang

thire dep, cdc bat dang thirc nay cling dugc tng dung rat nhiéu trong viéc giai cdc bai bat

dang thirc hinh hoc, hé thirc lugng.

IL. Mot s6 vi du:
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Vd 1: Cho AABC, tir diém F trén AC vé& cic doan thang EG//AB, va EF//AC (F,G thudc
doan AB vaAC).Cm S}, 2168, S -

Giai:

Qua d& bai ta d& nhan thay ring dé chimg minh bt dang thrc trén ta s& ding bat dng

thirc AM-GM va cong tht Herong 1a pht hop. Dé thay AFEG 1a hinh binh hanh.
AF =GE

=
AG =EF

Ta dat :

BC=a;BE =a,;CE =q,

AB=c;AF =c;FB=c,

CA=b;AG=b;GC =b,

Ta co6:

168500 Scre = 16\/p1(p1 —a)(p,—=b)(p,—¢)p,(p, —a,)(p, —=b,)(p, —¢,)

= 2Py 2{(p = a)(p, = ) 2{(py =b)(p, = ) 2 (P = €)(p, = by)

S{(pl +p2)[p1 +p,—(q +a2)][p1 +p,—(b +b2)][p1 +p,—(¢ +Cz)]}

=p(p—a)(p=b)(p—c)=Ss

Vay tacé: Sty 21688 e

ABC —

Dau “=" xdy ra khi va chi khi E 12 trung diém BC.

Vd 2: Cho tam gidc ABC vuong tai C. Ké duong cao CH va phan gidc CE ctua géc ACH,
CE ctia g6c BCH. Chitng minh ring S45€ > /2 41

CEF

Giai:
bat AB=c;BC=a;CA=b
Ta co: Sasc _ AB
Scer EF
Tacé: CBF =ACH
— ACF = FCB+ FBC = CFA c

= AACFcantai A. > AC=AF =b
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Tuong tu: tam gidc BCE can tai B suy ra BC=BE=a
= EF =BE+AF-AB=a+b—c
b¢ chting minh:

£2ﬁ+1(:)c(\/§—1)2EF
EF

sc(V2-1)2a+b-coc22a+b ()
Ta co:

ct=a’>+b*>2ab= 2c¢* >2ab +c*
=2 2\2ab+ (2)

Ma ta c6:

2ab+c? =a* +b* +2ab=(a+b)’

=\2ab+c* =a+b (3)
Tu (1),(2),(3) ta co:

éz\/iﬂ:fgﬂz\/iﬂ (dpcm)

CEF

Vd 3: Cho AABC . Liy M thudc AB, N thudc AC, thoa i—j‘; = ;‘—Z =k <1; Dung AMON

1am thanh hinh binh hanh. Ké 1 dudng thang bat ki d cit AB,AC tai E,F sao cho G khong
nam ngdai AAEF . Chimg minh: S ior +Sacr 2 4K>S e

Ta cé:

S =AN.ABcosa =AM .AC.cosa=S,,,
h,, h, 1an lugt 1a khoang céch tir M va B téi AC.
Khi dé ta co:
ﬁ:ﬂ:kj&ﬂ:mzﬂzk

hz AC SABF SABF h2
Tuong tu ta co: Sacr =k
SACE
Ta co:
S S
Suce T Sacr =k (Sycp + S ) =k| 2L+ ABEJ
SABC SABC
AE AF AE.AF
= kS pe | ot |2 2KS e |
ABC(AB ACJ A\ AB.AC

/ AE.AF .cosa S S. S
= 2kS \pon | = 2KkS e [FAEE > 2KS, . [FAGEACE
AB.AC.cosa S e S isc

& S ,op +Sor 2 2k>S 5 (dpem)
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EF//BC
Déu “=" xay ra {Ge EF

SAGE = SAGF

Vd 4: Trong tit ca cdc tir gidc c6 3 canh 12 a. Goi S 1a dién tich cic t gidgc d6. CM:
2
a’33

4

S <

Giai:

A d c

Tacé: (A+D)+(B+C)=360"

- min[(iuf) ;(Zz+6)} <180°

Qua C ké d//AB.

V& (A;2a) catd tai D”. Khi d6 ta c6 tir gidc ABCD’ ciing thoa diéu kién cua tir gidc néu
ra.

Ta cé: 5&5174'\6‘2900’ )

Suy ra khoang céch tir D dén AC nho6 hon khoéang cach tir D dén AC

= SADF < SAD'C At SABC + SADC < SAD'C +,SABC At SA‘BCD < SAB'C'D'

Nén dé tor gidc trén c6 di¢n tich 16n nhat thi c6 diéu kién 2 canh nay song song. Ta xét
dién tich hinh thang do6.

K¢ BE//AD.

Khi d6 ABED la hinh thoi. ABEC 1a tam gidc can tai B.

bat A/D\E = taco:

EBC=r7-2a

Ta c6:

1
_ . 2 .
S sen =S asen +Spepr =a sin@r+-a sin (7 -2a)

=4’ (sin a+%sin 26!) (1)
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. 1. . . .
S =s1na’+5s1n2a'=sma’+smacosa’=sm01(1+cosa) >0

4
= §* =[sina(l+cos@)] =(1-cos’a)(1+cos )’ =%(3—3cos a)(1+cosa)’ S%(gj (AM -GM )

= S#(Z)
33

T (1) va (2) S pep < Tef . Bét dang thtic dugc chimg minh xong.

Dau “=" xay ra

B—3cosa=1+cosa'(:)cosa'zl(:)a'=60"

Ttrc 1a tr gidc 1a ntra luc gidc déu.
Khai quat hoa bai toan ta c6 bai toan sau:

33

Vd 5: Cho tur gidc c6 mot canh c6 do dai I6n hon 1. Chirng minh: S < e

Giai:

Bang cdch tuong ty bai trén ta ching minh rang tir gidc d6 phai ¢6 2 canh song song
nhau.

Gia st BC/AD. Ké CE//AB cit AD tai E. Khong mit tinh tong qudt gia su:
CDLAB= f>«.

Ta co6:

S isen = Sapce T Sgcp = BC.CEsin a+%CE.CD sin ¥

Ssina+%sin(ﬂ'—(a’+ﬁ))

. I .
=S 50 Ss1na+5s1n(a+,3)=T

Qua C ta ké doan thang tao v6i AD géc o . A
Khi dé ta co:

* Néu 180° > ar+ 8> 90°

= ¥<90° = sin(a+ f) <sin 2«

33

:>TSsin0!+lsin2a'S—
2 4

Dau “=" xay ra

AB=CE=BC=1

sa=p
V4

==

3

Ttc 12 ABCD 1a nira luc gidc déu.
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Vd 6: Cho lyc gidc ABCDEF i tiép trong (O;R) va AB=BC;CD = DE;EF =FA.

Chirng minh:

SACE S SBDF

Giai:

Ta dat:
CAE=a
CEA=f
ACE=y

Khi dé
DFB= %(OH B)
— 1
DBF =1 (§+7)
— 1
BDF = 5( r+a)

Khi dé

Sace = %AC.CE.sin Y= %ZR sin 8.2Rsin asin ¥ = 2R” sin Bsin arsin ¥

Tuong tu:

SBDF:ZRZSin(a-i_ﬂjSin(ﬂ-i-ijin(mj
2 2 2

Suyrataco: S, <Sy,-

sin fsin @sin ¥ < sin at+p sin Pty sin rra ScoszcosécosZ
2 2 2 2 2 2
B

. a . .
(:)sm—sm—smzs
2 2 2

0| =

Bét dang thirc cudi ciing ding. DAu bang xdy ra khi va chi khi lyc gidc di cho déu.

IIL. Mot s6 bai toan chon loc:

‘2 POy A \ N < m L
1. Cho tam gidc ABC ndi tiép trong mot duong tron. Bat [, =—* tuwong tw voi [,,1 .

a

Véi m,,m,,m_ la do dai cic phan gidc ké tr A,B,C twong ung va M, M,,M_ 1a do
dai cic phan gidc kéo dai, tinh tir cdc dinh tuong tmg A,B,C dén cédc giao diém cua

chiing véi dudng tron ngoai tiép tam gidc ABC. Ching minh rang:
[ l l
—4—+—L—+—<—2>3

o sin“A sin“B sin"C .
Va dau dang thirc x4y ra khi va chi khi tam gidc ABC deéu.
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Gidi:

Gia su duong phén gidc goc A cit BC tai P va cit vong tron ngoai tiép tam gidc ABC & Q.
Ap dung dinh 1f ham s6 sin cho tam gidc ABP ta c6:

AP sin B sin B

—= = (1)
AB  n (1800 _B —fz‘j sin(B+;‘j

Véi chi § ring C = BOA va

~

— e~~~ -

ABQ = ABC +CBQ = ABC + CAQ = B+§

Ap dung dinh Ii ham s sin cho tam gidc ABQ ta c6:
AB  sinC

I ey

Nhan (1) va (2) vé theo vé ta duoc:

;=M :AP: sin BsinC > sin Bsin C

M, AQ sin’ (B+3j

Hoan toan tuong ty ta c6:

m sin Asin C . .
[, =—t= >sin Asin C

M, sin? (C +§j

m. sin Bsin A ) .
[ =—%= >sin Bsin A

M, sin’ (A + gj

Tu do suy ra
l A , sinBsinC sinCsinA sin Asin B
+ + 2

g > + +
sin?A  sin*B  sin’C sin? A sin’ B sin® C
sin BsinC sinCsinA sinAsinB
2 33— +— +— =3
sin” A sin” B sin C

£ s . e A . B . AT
Dau bang xay ra khi va chi khi: s1n(B+Ej =sin (C+5j = s1n(A+%j:1 tac 1a khi
tam gidc ABC déu.
2. Cho m,n,p 1a cic sb thuc théa min m+n,n+ p, p+m&mn+np+mp 1a céc s am.
bit a,b,c 1a do dai 3 canh, S 1a dién tich tam gidc ABC. Khi dé:
ma’ +nb* + pc® = 4mn+np+mpS

Giai:
Theo dinh 1i ham s0 cosin, ta cé:
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ma’ +nb* + pc® = 4mn+np+mpS

& ma’ +nb’ +p(a2 +b’ —2abcosC)2 2absin Cy\/mn+np +mp

<:>(m+p)% (n+p)b >2(«/mn+np+mp+pcosC)

Ap dung bét ding thirc BCS ta co:

(«/mn+np+mp+pcosC)2 S(pz+mn+np+pm)(sin2C+cos2 C)z(m+p)(n+p)

Mt khéc: [(r/fz+p)%+(n+p)§}2 >4(m+p)(n+p)

Do d6 ta c6 diéu phai chimg minh. v 9
Cau hoi dat ra cho chung ta 1a dang thirc xay ra khi nao? Dang thirc xay ra khi dang thuc
0 bat dang thirc BCS ma ching ta sit dung dé chirng minh xay ra. Tuc la:

(m+p)%=(n+p)§

cosC sinC

p NJmn+np+mp

a b
Jn+p ym+p
A 2 2
cos’C_ simC 1
p°  mn+np+mp (m+p)(n+p)
Thay cos C,b tuong tng vao biéu thirc: ¢ = a® +b* —2abcos C ta thu duogc:
ym+p 242 m+p p
—+t-2a
n+p n+p \/(m+p)(n+p)

2
@(ﬁj ST A, W
a n+p n+p

@c_ m+n@ a c
a n+p \/n+p \/m+n

Tuong tu ta ¢6 dang thirc xay ra khi va chi khi

2 2
c =a +a

a  _ b __ ¢
Jntp Jm+p m+n

Bai todn nay 1a mot dinh I quen thudc va cé rat nhiéu img dung trong vi¢c gidi cic bai
todn 16n hon. Vi du ta c¢6 thé sir dung dinh Ii nay dé chirng minh céc bai téan sau:

Dat a,b,c 1a d dai 3 canh tam gidc ABC va S 1a dién tich cua tam gidc do.
3. (BAt dang thirc Hadwiger-Finsler)Chimg minh:
a’+b*+c* > 4\/§S+(a—b)2 +(b—c)2 +(c—a)2

Gidi:
Thong thuong khi nhin vao bai nay ching ta s€ nghi ngay dén cong thirc Herong va mot
s6 bét dang thire c¢d dién quen thudc va dua né vé mot bai toan dai sé khong hon khong
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kém. Nhung néu tinh ¥ nhan ra sy lién hé giira bai toan nay va bai todn 2 thi bai toan trd
nén vo cling dé dang.
Bét ding thirc da cho twong duong voi:
2 b+c—a L c+a—b+cz at+b—c 24\/55
a c
Theo dinh Ii ta dd chimg minh & trén thi ta chi cAn ching minh:

Z:(b+c—aé)ll(9c+a—b) >3
(:)Za(a—b)(a—c)ZO

Day lai chinh 1a bt ding thirc Schur.

3
4. Chimg minh: a’b+b*c+c’a >8427S>

Giai:

O bai todn nay ta d& dang thiy rang né c6 lién hé gi d6 voi bai todn 3. Va tir bai todn 3 ta
de dang suy ra dugc rang:

ab+bc+ca = 43S

Bay gio ta c6 thé trd vé viéc dp dung dinh 1i ¢ bai todn 2. Ta c6:

3
a’b+b*c+c’a>4Jab+bc+caS ZSQ/ESZ

Bét ding thirc dugc ching minh xong.

5. Chimg minh: 3abc >4 a* +b* +c*S

Giai:
Ciing theo ¥ tudng 12 sir dung dinh 1i & bai todn 2, nhung & bai todn nay ching t6i mudn
gidi thiéu téi ban doc 2 céch giai:
Céch 1:
Cich giai nay gidng nhu cich giai & bai todn 3:
£, 12 L 2bc  ,ca  ,ab 2,732, 2
Bat dang thuc da cho twong duong: a 7+b 7+c - >4\a" +b"+c° S
Theo dinh Ii trén thi ta co6:

3abc > 4\a®> +b*> +c*S
Bat dang thuc dugc chirng minh xong.

Céch 2:

Cich nay lai hoan toan chang lién hé gi t6i dinh 1f trén nhung thid vi mot diéu 12 161 giai
cua né vO cung ngén gon va don gian.

Bét dang thtic da cho c6 thé viét dudi dang 9R* > a” +b* +¢*, dp dung dinh 1i ham sd sin
ta s& c6 duoc bit dang thirc tuong duong véi:

. . ) 9
sin® A+sin? B+sin’> C < Z

Pay 1a mot bdt luong gidc co ban, bat clir nguoi hoc todn nao ciing biét nén viéc chimg
minh bdt nay chiing t6i s€ bo qua, cdc ban c6 thé tu tim chimg minh cho minh.
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6. Chimg minh: ——a? +—2—p* +—= 2> 2/3S véi x,y,z 1a cc s6 thuc duong.

y+z X+z xX+y
Giai:
D¢ chting minh bai todn nay ta cé mot bo dé nhd:
Xy yZ Xz > 3

+ + >
(y+2)(x+2) (y+x)(z+x) (x+y)(z+y) 4

= x(y—z)2 +y(z—x)2 +z(x—y)2 >0
B6 dé da duoc chimg minh xong. )
Gio ta moi ching minh tiép tuc bat dang thirc nay. Ap dung dinh Ii trén ta c6:

X 2 Yy 2 Z 2 Xy yz Xz
a + b+ c” 248 + +
y+z  z+x  x+y \/y+Z)(x+Z) (y+x)(z+x) (x+y)(z+y)

Do d6 ta c6 dpcm.

7. (Bét déng thirc Pedoe) Dat a,b,c 1a do dai cdc canh cau tam gidc ABC véi dién tich S.
bat a,,b,,c, 1a d dai cic canh cua tam gidc A B,C, v6i dién tich §,. Ching minh
rang:

a’ (af +b] —c12)+b2 (bl2 +c —a12)+c2 (—bf +cf +a12) >16SS,

Giai:

O bai nay ching t6i cling dua ra hai cdch ching minh, mét cich sir dung dinh 1f trén va
mot cach khac sur dung hé thuc lugng trong tam giac 161 dua vé dinh i trén dé hoan tat
viéc chirng minh.

Céch 1:

Ap dung tryc tiép dinh 1 ta c6:

a’ (af +b] —cf)+b2 (bl2 +c —af)+c2 (—bf +cf +a12) >

245\/(a12 +b] —clz).(bl2 +c —af)+(b12 +c —af)(—blz +c +a12)+(—b12 +c +a12)(al2 +b} —cf)

:45\/(‘11 +b,+¢)(a, —b +c )(a +b —c)(~a +b +c¢ ) =16SS,

Bét dang thirc dugc chimg minh xong.

Céch 2:

Cach 2 nay la cach ma it ngudi nghi téi.

2bccosA b+ —-a’
S

Taco: 4cot A=

5 bcsin A
Vay thi bat dang thirc di cho twong duong:
a’ cot A +b* cot B, + ¢’ cot C, > 48
Ma cot A, cot B, +cot C, cot A, +cot B, cotC, =1 nén theo dinh Ii ta c6 dpcm.
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(Dya vao viéc tim truong hop dang thirc xdy ra khi ndo cta dinh Ii cdc ban hdy tim
truong hop xay ra dang thirc clia cdc bat dang thic trén, viéc nay hoan toan d& dang.)

IV. Bai tap tw luyén:
1. Chimg minh bat dang thic sau voi moi tam gidc ABC khong can thoa man
O<a<b<c:

ab(a—-D) ? be(b—c) ? ca(c—a) 2>
((b—c)(c—a)j +((c—a)(a—b)j +((a—b)(b—c)] 45

2. Ching minh bat ding thic sau v6i moi tam gidc ABC khong cin théa mian
O<a<b<c:

a—-b b—c c—a S
“b{(b-c)(c-a)+(c-a)(a-b)+(a-b)(b-c)}‘4ﬁ5

3. Cho tam gidc ABC v6i AB =c,BC =a,CA=b.m,,m,,m, lan luot 1a do dai cdc trung
tuyén xuat phét tir A, B,C. Chirmg minh:

a) 4m m,m_<bcm, +acm, +abm, < g\/(a2 +b° +¢? )(a4 +b' +c4)

b (a+b+c)(a3+b3+c3) Zm_j+m_b2+m_32 9(a3 +b +c3)
4abc a b ¢ 4(ab+ca+bc)

a+b+c [ +b+¢°
c) m,+m, +m_ <
2 abc

d) am, +bm, +cm, < 2\/612b2 +b’c’ +ca’

e)
Hat b+ 7)[0’(170’"0 )" +B(acm,)" +(abm, )2} >(a* +b* +¢) (ay+bay+ap)

2 2
f) (a+b+c)(a3 +b’ +c3) > 4(bcm§ +acm; +abmf) > (a2 +b’ +c2)
Goi ¥: sir dung bai toan dd xét & phan 1y thuyét, cdc phép bién doi, cac hé thic luong,
diém dat cua M va céc bat dang thuc c6 dién.
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BAI 3: PHUONG PHAP UNG DUNG TiCH VO HUONG

Nhiéu bai bt dang thirc tam gidc c6 khdi lwong tinh todn khong 16 hodc khé hinh dung
cic con sd hay hudng xdc dinh khi bat dau bai todn v6i mot cach binh thudng. Véi
phuong phap (mg dung tich v6 hudng, cac khdi lugng tinh todn va bién do6i dugce rit gon
dén muc tbi thiéu dong thoi bao dam dugc tinh chinh xdc va sdng to. Ngoai ra ta con ¢6
thé sir dung thém céc bat ding thic ¢ dién dé lam cong cu trg gidp cho phuong phap
nay.

Trudc hét ching t6i xin nhéc lai dinh nghia. Cho hai vecto a =(x,,y,).b=(x,,y,). Tich
v0 huéng cua ching, ki hidu ab  duoc xdc  dinh  béi
- = 1 - =2 -2 -

a.bzz(‘aﬂa‘ ~|a ~[p ) a

Biéu thirc toa do: a.b = XX+,

b‘cos ) voi (a b) l1a géc gitra hai vecto.

T d6 ta co:

COS(Zl l; ab _ X% 0,

‘ Hb‘ \/x1 LR \/x2+y2

Sau day la moét so vi du:

Vd 1: Chttng minh ring v6i moi tam gidc ABC luén c6:

3
cosA+cosB+cosC<—

2

Giai:
Tacéd cosA+cosB+cosC :1+4sin§sin§sin%

Bét ding thirc twong duong voi:
. A. B.C 1
sin—sin—sin— < —
2 8
Vi bai toan nay ta thay c¢6 nhiéu cdch giai nhu 4p dung dinh I cosin, dua vé tong binh
phuong, hodc bit dang thirc ham 16i. Nhung ching t6i mudn giéi thiéu véi ban vé
phuong phép tich v6 hudng cho bai nay.
Goi do dai BC =a, AC=b, AB = c.
Tu diém I tuy y trong mat phéng (ABC) dung 3 vecto \Z, Z,E c6 d6 dai don vi lan luot
vudng goc voi cac canh BC, AC, AB.
Theo tinh chat cua tich v6 hudng:
— = 2 — — — —_— ——
0< (v1 +v, +v3) :vl2 +v22 +v32 +2(v1v2 +v,v, +vlv3)
—2 =2

s 1A . T2
Ma theo gia thi€ttacé v, =v, =v, =1;

28



Chuyén dé bét déng thirc hinh hoc Nhom 5

V.V, =cos(v1,v2) =—cosC
V,.v; =—COs A

V,.v; =—Ccos B
Nén
0<3-2(cos A+cos B+cosC)

(:)cosA+cosB+cosCS%

Bét dang thirc dugc chimg minh xong.

Vd 2: Chirng minh v6i moi tam gidc ABC va ba sb thuc x,y,z bat ki ta lubn c6:
X’ +y*+7°22xycosC+2yzcos A+2zxcos B (1)

Gidi:

Lai chon Z,Z,g nhu vdl trén, 4p dung tich vd hudng cho cic vecto x;l, yg, z173 ta
duoc:

0S(x171+yv:+z\73)2 =x’+y>+7°—2(xycosC+xzcos B+ yzcos A)

Tir diy ta c6 ngay diéu phai chimg minh.

Vd 3: Chtng minh rang véi moi tam ABC va ba sé duong m,n,p tiy ¥ , ludn c6:

2 2
m- n p

. A . B . C _mnp( 1 1 1
msin—+nsin—+ psin— < —t+t—=+—
2 2 2 2

Giai:

Ta c6:
. 1 1 1 1 1

VP:mnp b — == Q_'_@@ _ (n2p2+m2p2+m2n2)
2 \m> n p 2\lm n p 2mnp

Bét ding thirc trong duong:
2 2 2 2 2 2 . A . B . C
n’p’+m’p’ +m’n’® = 2mnp ms1n5+n51n5+psmz (1)

Dit mn = x;mp = y;np = z, bat dang thtc (1) tré thanh:

B+C B
X +y 4+t 2 2(xycos + zxcos + yz cos j: 2(xy cos &+ xzcos B+ yzcos )

. B+ A+ A+B . : .
Véi a = 5 ¢ P = 5 ¢ ;Y= 5 tao thanh 3 géc mot tam gidc. Ta thay bai todn nay

tro v€ vd 2 ma ta vura xét ban nay.

Vd 4: Chiing minh rang véi moi tam gidgc ABC va moi s thuc x ta ludn c6:

1+%XZZCOSA+X(COSB+COSC) (1)
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Giai:
bit f(x)= 1+%x2 —cos A—x(cos B+cosC) (1)

Ta can ching minh f(x)>0,Vxe R.
Tuy nhién véi phuong phdp nay ta thay viéc tinh todn rat khé khiin va khéng hiéu qua. Ta
s€ chon phuong phép tich vd hudng cho bai nay:
Lai chon 171, Z, E nhu trén ta co:
— — —2

-2 — 2
0<v =(xv1+v2+v3) =x +2x(v1v2+vlv3)+2v3v2+v2 +v,

& 0<x* —2x(cosC+cos B)—2cos A+2

Tur do6 ta suy ra dugc dpem.

Tiép tuc van dung y tuong trén vao bai todn hinh hoc khong gian dac sac sau, phan ching
minh ching t6i s€ danh cho ban doc ty tim hiéu.

Vd 5: Chimg minh tam gidc ABC c6 cic trung tuyén tmg vé6i cdc canh AB va BC vudng

4
gbc thitaco cosB 2 3

Giai:

DatBC aBA ¢ ta co: m, =

(%5—5j(§5—5)=0<=55— (a +7)

Vay ta c6 dpcm.

—c,m, —Ec—a do m, L m_ nén

Vd 6: Cho tam gidc ABC. Chimg minh rang khoang cich gitra tryc tam va tam duong
trdn ngoai tiép bé hon ba 1an ban kinh dudng tron ngoai tiép.

Giai:

O bai todn ndy, thoat dau nhin vao ta s& nghi ngay dén ding hé thirc luong trong tam
gidc, hodc dung phuong phdp hinh hoc thong thuong, it ai nghi rang véi phuong phap
vecto thi bai toan tro nén vo6 cung don gian. .

Ta bi€t rang tdm O cua duong tron ngoai ti€p, trong tam G va tryc tam H nam trén mot
duong thang (duong thang Euler) va ta c6: OH =30G . Tu d6 ta cé:

OH =30G = OA+ 0B +0C

Suy ra: [0F| <04 +[0B| +[0C]| =38

Véi R 1a ban kinh duodng tron ngoai tiép Déng thirc Xay ra khi va chi khi A,B,C théng
hang. Nhung diéu nay khong xay ra dugc theo gia thiét. Tir d6 ta c6 dpcm. Vay la ta da
giai quyét xong mot bai APMO nita mot cach kha dé dang.

Mot so bai toan chon loc:
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1. Cho tir gide ABCD. Cic diém M&N thudc cdc doan AD,BC chia ching theo cling ti
s0. Chung minh rang MN < max{AB,CD}.

Giai:
M,N chia AD,BC theo ciing ti s6 k(M € AD;N € BC < k <0)
Véi moi diém O ta c6:

W:OA—kOD
1-k
HN:OB_kOC
1-k
. (oB-o0A)-kloCc-0D) . aB_1DE
Vi o i _\ 0B 0A)=K(0€-0D) oo AB-kbC
1-k 1-k
MN|<|AB|+|kDC _
_ [N < a8+ k| ap-ioc o
1—k| 1-k
2. Cho n diém X,,X,,...X, vasd duong a,,..,a,. M thuoc doan AB. Chirng minh
rang:
> a,MX, <max {Z aiAXi,ZaiBXi}
i=1 i=1 i=1
Giai:
A ~ . ., 2 MA
M thudc doan AB nén chia né theo ti so: VB
| _ XA+ 0 X8
= vOoimoi diém X,,i=1,n tacd: XM = MB
MA
I+——
MB

—— MBX,A+MAX,B _MB MA —
o XM = ' =X A+——XB(i=1n)
MA+ MB AB MB

MB MA
& aMX, < ——a,AX, +——a,BX,
AB AB

MB MA

=Y aMX, < (E + Ej max{» a,AX,,> aBX,} =max{)> a,AX,> aBX,}

Bit dang thirc dugc ching minh xong.
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BAI 4: PHUONG PHAP DPAI SO HOA.

I. So lwoc vé phwong phép:

Vi viée dit do dai cac doan thing hay sb do cédc gbe trong tam gidc 13 cdc chir hay céc ki
hiéu todn hoc ta s€ lam cho vi€c tinh toan tr¢ nén d& nhin hon. Budc tht hai 1a ta s& 4p
dung phuong phap dai s6 héa. D6 Ia viéc ching minh dya trén nhimg tinh toan, nhitng
bat dang thirc c6 dién, nhitng con sb, nhitng phan s co ban, nhitng tinh chit co ban trong
dai so,.

* Mot so vi du:

Vd 1: Cho tr gidc 16i ABCD c6 khoéng céch tir A dén BC nhé hon khodang cdc tir B dén
DC. CA va BD c6 giao diém K. Trén BC lay N, trén AD lay M, trén AC lay G, sao cho KN

// DC; GN // DC; KG // AB. Chimg minh: S, < % S sen

Giai:
Taco: KN/ DC; GN//DC; KG //AB

= AM _GM _AG _ BK _ BN = MN //AB = GMNK la hinh binh hanh.
AC. DC AD BD BC )
Theo dé bai ta c6 khdang céch tir A dén CD nho6 hon tir B dén DC

= SACD < SBCD
S
:>SAKD<SBKC:>MZQ >
Spxe  bx A
X a X a
=57 b - + g b+a N
y ytx
Ta c6: L N _— \
2 2 2 G M
S (AGY (8K [
Saicp AD BD x+y D
Tuong tu: S ok _ AGAK a «x

S.o ADAC a+bx+y

_ S _ x[x_aj(l)

Sip X+ty\lx+y a+b

Ta co:

SABC X SABCD X+ y
Tur (1) va (2) ta c6:

Saco AP Saco __J (2)
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¢ X x a y
M xrylx+y a+b)x+y

2xy X a
= Seunk = ( jSABCD < (

(x+y)2 x+y_a+b
Ta xét:
y
2x2y _ 2; _ 2t (tzzj
3 3 3
(x+) (Hyj (1+1) X
X
Ta cé: t+1:t+l+123§/Z
2 2 4
3 27

t+1) 22—t
& (i+1) 27

2t < 2t 8

=)

=N <—=—
(1+1) %}t 27

Tu (3)(4)(5) ta c6 dpem.

)c+y)2 Xty

Vd 2: Cho AABC cén tai C. Biét % =k(k #1). C4c duong phan gidc trong cua cic géc

cua tam giac cit cdc canh AB,BC,CA lan luot tai M,N,P. Ching minh: §

Giai:
AC CN o k CN
AB NB k+1 NB

Tacé: k=

Vi tam gidc ABC can tai C ¢6 BN,AN la phan giic cua hai géc day.

= PN //AB = ACPN ~ ACAB

_ Sepw _ CNCD :(CNJZ :( k jz (1)
S,sc CACB \ CB k+1

Ta xét: AMNB & AMCB c6:

Swws BN BC-CN 1

Sy BC — BC  k+l

Tuong tu: Sy 1
oy k1
1 — SAPM — SMNP — SAPM + SMNP (2)
k +1 SACN SMBC SABC
Tu (1) va (2) ta suy ra:
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2
SAPM+SMNB+SCPM — 1 +( k j
k+1 \k+1
Susc = Suwe _ k+1+K
SMNP — k > (3)
SABC (k+1)
Ma ta cé:
(k+1)" >4k
o<l @
(k+1)" 4
Tir (3) va (4) suy ra diéu phai chimg minh.

SABC

Vd 3: Chg AABC . Qua diém M thu,(f)c canh AB, dung hai tia lan luot song song vdi cac
trung tuyén AD va BE va ching cat BC va CA tai PQ. Dung hinh binh hanh MPSQ.
Chung minh:

3

SMPSQ < g SABC

Giai:

Goi N va T nhu hinh vé. Ta c6:
MN BG 2

MQ BE 3

MT AG 2

MP AD 3

= S,wvee = MN.ME.sino = gNQ.MN.sin o

4

:§SMPSQ (1)
Ta dat: MA =kMB
Ta co:

MN AM 1

GB AB k+1

MT BM  k

GA BA k+1

NMT = NGT

1 — SAPM — SMNP — SAPM + SMNP — SAPM + SMNP (2)
k+1 Sien Sucs Sacew +Sucs S asc

Tu (1) va (2) suy ra:
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SAPM+SMNB+SCPM — 1 +( k jz
S \sc k+1 \k+1
o Sanc = Suwp _ k14K
S ase k+1
olwe._L_ (3
S (k+1)
Ma ta co:
(k+1)° > 4k
=k <L
(k+1)" 4

Tu (3) va (4) suy ra:
4S\ynp < S ape (dpcm)

. , Lo 1
Vd 4: Cho AABC c6 cac phan gidc AM,BN,CP. Chung minh rang: S,,,, < ZS ABC
Giai: ) .
Trudce tién ta nhan thay day chinh la phan mo rong cua bai 3.
AB=c
Tadit: { BC=a ’
CA=b
p N
Vata co:
BP a BP a
_ = :> _—
PA b BA a+b
BN
MC b BC b+c
Sgpw _ BP.BM ac

S.c ABBC (a+b)(b+c)
Tuong tu voi cic AMNC & AAPN .
Ma

Syne =S apc _(SPN +Spem +SMNC)

— Sup _ 1_[SPN +Spen S e ] _ 2abc
S asc S asc (a+b)(b+c)(c+a)
Ta c6:

2abc <l:>d om
(a+b)(btc)(cta) 4 P

V6i truong hop tam gidc ABC can thi ta dua vé bai 3.
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BAI 5: SUDUNG CAC DINH LI, PINH NGHIA VE CAC
PUONG THANG, PUONG TRON

I. So lwoc vé phuong phap:
C6 thé néi, tir cap hai ching ta da duoc tham khao nhiéu sdch viét vé cac dinh 1i 16n, céc
duong tron, duong thing, céc hé thirc,... dugc sir dung rong rii trong viéc ching minh
cac bai toan hinh hoc.
1. DBinh 1i Menelaus:
Cho tam giac ABC, goi M,N,K lan Iuot 1a cac diém thudc cac duong théng AB,BC,CA
(c6 thé nam trén phan kéo dai chir khong nhat thiét phai ndm trén doan thing) chia
cdc canh tam gidc do6 theo ty s 1a m,n k (déu khac 1). Thi ta ¢c6 M,N,K théng hang
khi va chi khi m.n.p = 1.
Dinh i nay theo tdi nhé 1a chuong trinh sach gido khoa cip II khong c6 dé cap dén,
nhung néu céc ban chiu khé tham khao céc sdch tham khao ngoai thi trudng, thi c6
thé biét duoc rang dinh Ii nay da dugc gidi thiéu voi hoc sinh tir nhitg nidm cép IL
Nim dau cép III, cac ban da duoc hoc vé vecto thi dinh 1f nay lai dugc mé rong thém,
va phiét biéu chinh xdc hon, tir dy ta biét duoc chinh xé4c vé dinh 1i Ceva.

2. binh 1i Ceva:

Goi D,E, F 1a ba diém twong ung cdc dudng thing BC, CA, AB cia tam giic ABC.
Chia cdc canh tam gidc d6 theo ty sb 1a m,n,k (déu khic 1). Lic d6 ba dudng thing
AD, BE, CF cit nhau tai mot diém O hodc song song khi va chi khi mnp =—1.

* Chu y : cac duong AD, BE, CF goi la cac cevian.

Dinh Ii nay con duoc phét biéu dudi dang lwong gidc nhu sau:

Goi D,E, F 1a ba diém tuong tng trén cac canh BC, CA, AB cua tam gidac ABC.

Lic dé ba du’orng thang AD, BE, CF cit nhau tai mot diém O khi va chi khi

sin ABE sin BCF sin CAD

sin CBE sin ACF sin BAD i
Tu dinh 1f Menelaus va Ceva nay ta c6 thé suy ra cich ching minh dinh 1i Desargues.

=1

3. Dinh 1i Desargues:

Trong modt mdt phing cho hai tam gidc ABC va A'B'C'.Néu cic dudng thing
AA'.BB',CC' dong qui tai mot diém va cdc cap duong thang BC,B'C' ; AC,A'C';
AB,A'B' déu cit nhau thi cdc giao diém cua ching thing hang.

bay la mot bai todn duoc giai bang kién thirc THCS, ban doc c6 thé tu chtrng minh.

4. Puong thang Simson:

Puong thiang Simson 12 mot bai toan kha ndi tiéng trong chwong trinh todn hoc phd
thong. Binh ly dugc phat biéu nhu sau:

Tir mot diém D bat ky nam trén vong tron ngoai tiép tam gidgc ABC ké 3 duong vudng
g6c xudng 3 canh ctia tam gidc nay. Khi d6 khi D chuyén dong trén dudng tron chén
3 dudng vudng géc niy ludn thing hang.

5. Puong thing Steine:

36



Chuyén dé bét déng thirc hinh hoc Nhom 5

Puong thang steine 13 dudng thing ddi ximg cua dudng thing Simson qua cdc canh
cua tam giac. N6 luon ludn di qua tryc tdm cua tam gidc véi moi M thude (ABC).
Ngoai ra cling c6 mot diém khéc cling lién quan dén duong thang Simson d6 1a diém
Miquel:

6. Piém Miquel:

Cho 4 duong thang cat nhau tai 6 diém tao thanh 4 tam giac. Cac dudng tron ngoai
tiép 4 tam gidc nay c6 mot diém chung (goi la diem Miquel).

7. Pudng thing Euler, duong tron Euler, hé thirc Euler:

- Buong tron Euler:

Chén ba duong cao cua mot tam gidc bat ki, ba trung diém ctia ba canh, ba trung diém
ctia ba doan thang ndi ba dinh véi truc tdm, tit ca chin diém nay ciing nam trén mot
duong tron. Buong tron nay thuong dugc goi 1a duong tron Euler hay con goi la
duong tron Feuerbach hay dudng tron chin diém.

Goi R 12 ban kinh dudng tron ngoai tiép cua tam gidc thi dudng tron Euler c¢6 ban
kinh 12 R/2 va tdm ctia né 12 trung diém doan ndi truc tim va tim dudng trdon ngoai
tiép cua tam gidc do.

- Pinh 1i Feuerbach:

Pudng tron Feuerbach ctia mot tam gidc tiép xdc véi dudng tron ndi tiép va ba duong
tron bang tiép cuia tam gidc do.

- Puong thang Euler:

Puong théng Euler 1a dudng thang nbi céc diém 1a Truc tam, Trong tam va Tam vong
tron ngoai tlep tam gidc. Buong thang Euler 12 mot dinh 1y rat ni tiéng cta hinh hoc
so cAp ma mdi hoc sinh déu biét.

- H¢ thtc Euler:

Cho (O;R),(0';r) lan lugt 1a dudng tron ngoai tiép va ndi tiép tam gidc ABC thi ta

c6: 00” = R’ —2Rr . Pay chinh 12 h¢ thuc Euler.

- Cong thuc Euler:

Cong thirc Euler, hay con goi 12 dong nhit thirc Euler, 12 mot cong thirc todn hoc
trong nganh giai tich phuc, dugc xay dung boi nha toan hoc ngudi Thuy ST Leonhard
Euler. Cong thtrc chi ra mdi lién hé gitra ham s6 lwong gidc va ham sé mil phic.

Cu thé, v6i moi sb thuc x, ta c6:

€™ =cosx+isinx
O day e 1a co s6 logarit tu nhién, i 1a don vi cta sd phirc.
Khai trién tir cong thirc trén, cdc ham sO sin x & cos x c6 thé duoc viét dudi dang sau:

cosx:%(e +e‘”)

smx—%l(e —e )

Truong hop dic biét: khi x=7, ta c6: ¢” =coszw+isinT=-1 tir d6 din dén cong
thire rit gon ndi tiéng: ¢ +1=0

(Cach chimg minh cédc hé thirc nay céc ban c6 thé tham khao & trang wikipedia.org
hodc tu tim t01 sdng tao ra cich gidi rieng cho minh nhung ¢ cong thirc Euler thi ban

37



Chuyén dé bét déng thirc hinh hoc Nhom 5

doc cAn c¢6 kién thuc vé su dung $6 phtc, phép tinh vi tich phan, vi phan, chudi
Taylor moi c6 the hiéu dugc phan nay).

8. Pinh 1y Stewart: )
- bBinh 1y Stewart 1 :(Tinh chat duong phén gidc)
Cho tam gidc ABC, D la diém trén BC sao cho AD sao cho AD la dudong phan giac
cua goc A. Khi do: AB = AC
BD CD

- Dinh 1y Stewart:
Cho tam gidc ABC, D 1a diém tén BC. Khi dé ta c6:
AB*>.CD+ AC*.BD—-AD*BC = BC.BD.DC
- Pinh 1y Apolonius :(cho dudng trung tuyén):
Cho tam gidc ABC c6 canh a, b,c va d6 dai dudng trung tuyén m, . Khi do6 ta c6:
) b*+c* a°

m- =

¢ 2 4

+ Hé qua 1:(Tong binh phuong ba dudng trung tuyén)
m:+m; +m’ =%(a2 +b +cz)

+ H¢ qua 2 :(cong thuc duong phan giic)

g 2\Jbep(p—a)

b+c

9. Pbuong tron Apollonius:
Cho hai diém phan biét A,B va s6 thuc k #1. Chirng minh rang tdp hop nhitng diém

MA . .
M sao cho VB =k la mot duong tron, dé chinh l1a dudong tron Apollonius tng voi 2

diém A,B va ti so k.

10. Bét dang thirc va dinh 1y Ptolemy:

Dinh 1y Ptolemy vé tinh chét cia tr gidc noi tiép 1a mot trong nhitng két qua kinh
dién va dep ctia hinh hoc so cap.

C6 thé néi, bat dang thic Ptolemy va dinh 1y Ptolemy dep tir cdc cach chimg minh da
dang dén nhiing tng dung phong phu trong céc bai toan chimg minh, trong tinh todn
hinh hoc va trong cac bai toan bat ding thirc hinh hoc. Bt dang thirc Ptolemy 13 hé
qua cua bat dang thic tam gidc? Ai ciing biét bat dang thirc tam gidc: Véi A, B, C 1a

ba diém bat ky trén mit phang, ta c6 AB+BC > AC (1). Diu bang xay ra khi va chi

khi A, B, C thang hang va B nam giita A va C. N6i cich khic AB =kBC véik la
mot sb thuc duong.

Trong khi d6, bat dang thic Ptolemy khang dinh: Véi 4 diém A, B, C, D bat ky trén
mit phang, ta cé AB.CD+AD.BC > AC.BD (2).

R rang, theo mot quan diém nao d6 thi bat ding thirc Ptolemy chinh 12 mé rong cta
bat dang thic tam gidc. Vi sao vay? Xin giai thich Iy do:

Chia hai vé cua (2) cho BD, ta dugc
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ABC—D+BCA—D> AC
BD BD

Néu chon D “du xa” thi tir dy ta s& suy ra AB+BC > AC .
Diéu nay nghe cling ngac nhién, tuy nhién loi ich dem lai cua sy ddc biét hod nay
khong nhiéu, vi chang 18 lai diing bét ding thirc Ptolemy cao siéu dé ching minh bét
dang thirc tam gidc von dugc coi nhu tién de?
Tuy nhién, mot logic rat ty nhién din ching ta dén mot ¥ tudng hiru ich hon: Nhu vay
bat ding thic Ptolemy c6 lién quan dén bit dang thirc tam gidc. VAy c6 thé 1a bat
dang thic Ptolemy c6 thé duoc ching minh nhd vao bat ding thirc tam gidc? Diéu
nay qua 12 nhu vay. Dé chimg minh cho luan diém nay ta c6 thé diing ba phép chiing
minh tiéu biéu: St dung tinh chit tam gidc dong dang va bat ding thuc tam gidc, Su
dung phép nghich dao va bit dang thirc tam gidc, S6 phirc. Ta ciing ¢6 thé chimg
minh dinh Ii Ptolemy bang cach sir dung dudng thang Simson.
- Nhiing két qua kinh dién:
Trudc hét ta xem xét img dung cua bat dang thirc Ptolemy va truong hop déc biét cua
né — dinh 1y Ptolemy trong viéc chtrng minh céc két qua kinh dién ctia hinh hoc
phing
+ Piém Toricelli:
Xét bai toan “Cho tam gidc ABC bat ky. Hiy tim diém M trong mit phang tam
gidc sao cho MA+MB+MC dat gi tri nho nhat” Diém M tim dugc dugc goi 1a
diém Toricelli cua tam gidc ABC.
C6 thé giai ngdn gon bai todn nay bang cdch sir dung bat dang thirc Ptolemy nhu
sau:
Trén canh BC, dung ra phia ngoai tam gidc déu BCA’. Ap dung bit dang thuc
Ptolemy cho tir gide MBA'C ta c6 BM.CA'+CM .BA" > BC.MA’
Tur d6, do CA"= BA"= BC nén ta dugc BM +CM > MA’
Nhu thé AM +BM +CM > MA+MA’ > AA

Tac la AM +BM +CM > AA’(const)
Dau bang xay ra khi va chi khi

1. T gide BMCA’ noi tiép

2. M nam gita A va A
De thiy ta c6 thé tim dugc diém M thoa mén ca hai dleu kién nay khi va chi khi
tat ca cdc géc cua tam gidc ABC déu khong 16n hon 120°.
Néu chang han, géc A > 120° thi diém M can tim s& chinh 1a diém A (ban doc tu
chirng minh!).
RG rang phuong phép néi trén ¢6 thé dp dung cho bai todn tong quéit hon: “Cho
tam gidgc ABC va céc s6 thuc duong m, n, p. Hiy tim diém M trong mit phing
tam gidc sao cho m.MA+n.MB+ p.MC dat gia tri nhé nhat”.
Tat nhién, ching ta ciing s& gip phai tinh hudng tuong ty nhu tinh huéng tam
gidc ABC ¢6 1 géc 16n hon 120" nhu & trén.
Néu chid y dén xuét phat diém cia bat ding thirc Ptolemy, ching ta c6 thé dé
dang xay dung 161 giai truc tiép cho bai todn diém Toricelli ma khong qua bat
dang thuc ndy bang cich str dung viéc v& thém cdc tam gidc dong dang.
Chéng han véi bai todn diém Toricelli. Xét phép quay tdm C géc 60° bién M
thanh M’, B thanh B’ thi CMM’ 1a tam gidc déu vaMB =M B’ , do d6

AM +BM +CM =AM + MM’ + M B’ > AB’
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Déu bang xay ra khi va chi khi A,M,M’, B’thang hang. Diéu nay xay ra khi ca
ba géc AMC, CMB va AMB bang 120° va diém M nam trong tam gidc ABC.

+ Bat dang thirc Erdos-Mordell

Cho tam gidgc ABC. M 1a mot diém bat ky ndm trong tam gidc. Dat x, = MA,
=MB, x,=MC; p,,p,.p,lan luot 1a khoang cich tir M dén BC, CA, AB

twong Gng. Khi d6 ta c6 bat dang thic x, +x, +x, > 2(p, + p, + p;)

Déu bang xdy ra khi va chi khi tam gidc ABC déu va M tring v6i tAm O ciia tam
gidc.

Nhimng vi du trén mot lan nita cho thiy su gan giii giita bat dang thtrc Ptolemy
va bét dang thirc tam gidc. Sau ddy, ta s€ xem xét mot so ung dung cua dinh ly
Ptolemy vé tir gidc noi tiép trong viéc chimg minh mot sé cong thirc luong gidc
va hinh hoc.

+ Cong thure tinh sin(a + ) :
Vé6i a+ B 1a cic gée nhon, dung dudng tron dudng kinh AC va chon céc diém
B va D nam trén hai nira duong tron, sao cho BAC =a, DAC = B. Ap dung
dinh 1y Ptolemy, ta c6
ABCD+AD.BC=AC.BD (7)
Mit khac, 4p dung dinh nghia ctia ham s lugng gidc, ta c6
AB=AC.cosa,BC =AC.sina,CD = AC.sin ,DA= AC.cos
Cubi ciing, dp dung dinh 1y ham sé sin cho tam gidc ABD, ta dugc
BD = AC.sin(f+ )
Thay vao (7), ta dugc
sin(a+ B) =sina.cosff +sinf.cosx

+ Dinh 1y Pythagore:

Xét hinh chit nhat ABCD. RS rang ddy 12 mét t&r gidc ndi tiép. Vi thé ta c6
AB.CD+ AD.BC = AC.BD

Do AB=CD,AD = BC nén tir day suy ra

AB’ + BC* = AC? (dpcm)

+ Dinh 1y ham sb cosin:
Xét tam gidgc ABC voi cdc canh BC =a,CA=b,AB=c. Dyng diém D trén
duong tron ngoai tiép tam gidc sao cho AD=BC & AC =BD(D chinh la
diém déi xtmg cua C qua trung truc ctia AB). Goi E va F 1a hinh chiéu cua C va
D 1én AB. Ap dung dinh 1y Ptolemy cho tir gidc ndi tiép ABCD ta
c6 AB.CD+ AD.BC = AC.BD
Mat khac, CD= AB—- AE —BF = AB-2BCcos B
Thay CD = AB—-2BCcos B,AD =BC,BD = AC vao, ta c6

AB’ -2AB.BC.cos B+ BC* = AC®
Hay b*> =a’ +c* —2ac.cos B (dpcm)

+ Hé thtrc Feuerbach:
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Cho tir gidc ABCD ndi tiép trong mot dudng tron, khi d6
BD’.S,., = CDS,,,+ AD*.S,., (8)

+ Dinh 1y Carnot:
Trong tam gidc nhon ABC ndi tiép trong dudng tron tim O ban kinh R. Goi x, v,
z 12 cdc khoang cach tir O dén BC, CA, AB tuong tmg. Khi d6
x+y+z=R+r
trong d6 r 1 ban kinh dudng tron ndi tiép tam gidc.
Viét dudi dang lwong gidc, dinh 1y Carnot chinh 1a hé

r . . .,
thitccos A+cosB +cosC =1 + rs Chu y h¢ thtc nay ding véi moi tam gidc.

Véi hé thtc hinh hoc, dinh 1y Carnot van ding trong truong hop tam gidc ti,
nhung néu chang han A tuthitacé —x+y+z=R+r.

- Mé rong dinh 1y Ptolemy va bat dang thirc Ptolemy:
Dinh ly Ptolemy va bét dang thirc Ptolemy c6 nhiéu huéng mé rong khdc nhau. Tham
chi tir bat dang thirc Ptolemy, phat sinh ra han mot khai niém goi la khong gian metric
Ptolemy, do thi Ptolemy ... Dudi ddy, ching ta xem xét mot s6 mé rong cua dinh 1y
Ptolemy (va ciing 12 cta bat dang thirc Ptolemy)
+Dinh 1y Bretschneider
Cho tr gidc ABCD ¢6 do dai céc canh AB, BC, CD, DA lan Iuot la a, b, ¢, d va
dd0 dai hai duong chéo AC, BD la m, n. Khi d6 ta céb
m’n’ =a’c® +b’d’* —2abcd.cos(A+C)
R rang dinh 1y Ptolemy va ca bat dang thirc Ptolemy déu 12 hé qua cua dinh 1y
Bretschneider.

+Dinh 1y Casey (dinh 1y Ptolemy mé rong)
Cho tir gidc ABCD n0i tiép duong tron (C). Bon du’(‘mg tron a, B, 7,0 tiep xtc

v6i (C) 1an luot tai A, B, C, D. Goi 1,5 1a o dai doan tiép tuyén chung, trong d6
1,512 d§ dai doan tiép tuyén chung ngoai néu «, B cing tiép xic ngoai hoic
cung tiep xuc trong voi (C) va t,,1a do dai doan ti€p tuyen chung trong trong
truong hop nguoc lai. Cac dai luong Tgys Ly - duoc dinh nghia tuong ty. Khi
doé ta céd
taﬁ ty§+tﬂ},.t§a =tm.t5ﬁ. ©))

Dinh 1y Ptolemy chinh 1a truong hop dac bi¢t cua dinh ly Casey, khi
X = y =z = = 0

Dinh ly Casey c6 thé phét biéu mot cach khac, nhu sau: Cac duong tron A, B, C,
D tiép xtc v6i dudng tron (0); a,b,c,d,x,y 12 d6 dai cdc tiép tuyén chung cua cic
cap duong tron A va B,B va C,C va D,D Va AA va C, B va D tuong u:ng Kh1
déx.y=ac+bd . Chi y ta 1y do dai tiép tuyén chung trong hay tiép tuyén

chung ngoai theo nguyén tac da de cap ¢ trén. Cubi ciing, diém c6 thé coi nhu
dudng tron ban kinh 0 va tiép tuyén cta hai « dudng tron diém » chinh 1a duong
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thang di qua ching. Piéu nay s& dugc dung dén trong phan tng dung cua dinh
ly Casey.

+ Dinh 1y 1. Cho hai dudng tron (0Oy), (O,) tiép xtic ngoai nhau tai I va cling
tiép xdc trong v6i duong tron (O). Mot tiép tuyén chung ngoi cta (O;) va (O5)
cit O tai B va C, trong khi d6 tiép tuyén chung trong cta chiing cit (O) tai diém
A cuing phia v6i 1. Khi d6 112 tam dudng tron ndi tiép tam gidc ABC.

+ Dinh 1y 2. Cho tam gidc ABC ndi tiép trong dudng tron (O). Puong tron (C)
tiép xuc voi day cung BC tai D va cdc canh AB, AC tuong tmg tai P va Q. Khi
do6 trung di€ém cua PQ 1a tdm duong tron noi tiép tam gidc ABC.

11. Trong tAm ctia mot hé diém:

Cho n bd (A,m;) véi i =1n, trong d6 A, l1a cdc diém con m, 1a cdc s6 thuc duong.

Ta néi trong tim ctia hé n by (A,,m,) 1a mot diém T sao cho:

Zn:miﬁ =0
i=1

(C6 thé hiéu m, 1a céc trong lugng dit vao vitri A.. Khi n=3 va m;=m, =m, =1, ta
lai gap khai ni¢m trong tam ciia mot tam giac).

Dinh nghia nay hop 1i vi ta c6 tinh chat sau: Véi moi n bo nhu dé ndi trén, trong tim
1u6n ludn ton tai va duy nhat.

12. Bao 16i ciia hé n diém:

Trong mit phang cho n diém. Ta néi bao 16i ciia hé n diém nay 1a da gidc 16i nho nhat
chtra tat ca cdc diém d6, nghia 1 da gidc nay khong chira bt cit mot da gidc 16i nao
khdc ciing véi tinh chit d6. (Ta n6i mot da gidc 12 16i néu kéo dai mot canh bt ki thi
noé s€ khong cat bat it canh ndo khac). C6 thé chirng minh dugc r?mg bao 13i cua mot
hé hitu han diém ludn ludn ton tai va duy nhat.

13. Pinh 1i Pick:

Cho da gidc (P) khong ty cat nhau trong mat phang toa do voi cac dinh c6 toa do
nguyén. Ki hiéu B 1a s6 tat ca cic Chem c6 toa do nguyén nam trén bién cia (P), I 1a
sO tat ca cac diém c6 toa do nguyén nam bén trong cua (P). Khi d6, di¢n tich cua (P)
la:

[(P):|=I+%B—1

14. Pinh 1i Poncelet:
Gia stir c6 mot duong tron duoc dat bén trong mot duong tron khic. Goi A,i=1,n la

céc diém trén duong tron 16n sao cho mdi doan trong duong gip khic AA déu tiép

i+1

xuc voi duong tron nho. Khi d6, néu B,,i=1,n, la cic diém trén duong tron 16n sao
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cho mdi doan trong dudong gap khic B.B.,, déu tiép xic voi duong tron nho thi B, B,
12 tiép tuyén cta dudng tron nho.

I1. Mot s6 vi du:
Phép ching minh bat dang thirc Ptolemy ciing nhu cach tir bt dang thirc Ptolemy suy ra bat
dang thirc tam gidc cho thiy bat ding thirc nay c6 thé dp dung dé ddnh gid do dai cic doan
thang. Viéc dyng tam gidc déu BCA’ ra phia ngoai trong 10i giai bai toan Toricelli chinh 1a
mot cdch 1am mau muc dé 4p dung duoc bét ding thirc Ptolemy.

Y tuong chung la: Dé danh gid tong pMA+¢.MB, ta c6 thé dung diém N sao
chop.NA=g.NB. Sau d6 4&p dung bit ding thic Ptolemy thi duoc
NA.MB+ NB.MA > AB.MN
T d6
p-NA.NB+ p.NP.MA > AB.MN
< q.NB.MB+ p.NB.MA > AB.MN

M
< p.MA+qg.MB 2 AB.—N
q , NB
Chu y 1a diém N la c6 dinh, nhu thé p.MA + q.MB di duoc danh gid thong qua MN. )
Y tudng nay la chia khod dé giai hang loat cac bai todn cyc tri hinh hoc. Ta xem xét mot so
vi du:

Vd 1: Cho diém M nam trong géc nhon xOy. Hai diém A,B 1an luot thay ddi trén Ox, Oy sao
cho20A =30B . Tim vi tri cia A, B sao cho 2MA +3MB dat gia tri nho nhat.

Giai:

Ap dung bét dang thirc Ptolemy cho tir gidc OAMB, ta c6
OA.MB+OB.MA =2 OM .AB

Tur dé
20A.MB+2.OB.MA>2.0M .AB
< 30B.MB+2.0B.MA >2.0M .AB

& 2MA+3MB 2 2.0M.(£j
OB
< .z A A 7 s zZ A AB N A . A A < z
Vi tam gidc OAB ludn dong dang v6i chinh né nén OB 1a mot dai luong khong doi. Tu dé

suy ra 2MA+3MB dat gid tri nho nhit bang 2.0M (%) . Dau bang xay ra khi va chi khi tir

gidc OAMB ndi tiép.

Vd 2 : Mt lue gidc ¢6 d6 dai 6 canh déu bang 1. Chimg minh ring lyc gidc d6 ¢6 it nhat mot
duong chéo nho hon hay bang 2.

Giai :
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Khong ngd goi ¥ cho 10i giai bai todn nay lai 12 mot dang thirc 16p mot: « 1 véi 1122 ». Va

dé thuc hién phép cong hai canh thanh ra duong chéo d6, ta sé dp dung bat dang thirc

Ptolemy.

Xét luc gidc ABCDEF. Xét tam gidc ACE. Khong mét tinh téng quét, c6 thé gia st CE la

canh 16n nhét trong tam gidc. Ap dung bét dang thirc Ptlemy cho tir gidc ACDE, ta c6
AC.DE+AE.CD = AD.CE

Tu d6, do CD = DE =1va CE =2 AC,CE > AEnén ta suy ra AD <2 (dpcm).

Vd3. (IMO SL 1997) Cho lyc giic 16i ABCDEF ¢6 AB = BC,CD = DE, EF = FA . Chiing

.. s+ B DE FA
minh rang ¢ + > % Déu bing xay ra khi nao?

BE DA FC

Giai:
Ap dung bét dang thirc Ptolemy cho ti gidc ACDE ta dugc DE.AC + DC.AE > DA.CE . Stt

dung DE = DC , ta dugc DE(AC+ AE) > DA.CE hay DE,_ CE Tuong ty, ta
DA AC + AE

cofAs_EA o BC, EA . Cong céc bat ding thirc nay lai va sir dung bat dang
FC CE+ CA BE EA+EC

thirc Nesbitt ta thu duoc diéu phai ching minh.

Dé c6 ddu bing ta phai c6 ddu bang & ba bat dang thirc Ptolemy va & bt déng thirc Nesbitt.
Dau bang ¢ bét dang thire Nesbitt xay ra khi tam gidc ACE déu, nhu thé CAE=60°. Vi
ACDE 1a tir gidc ndi tiép nén géc D phai bang 120°. Bay gi0 cdc tam gidc ABC, CDE, EFA
phai bang nhau (Tam gidc ABC cin, vi viy cic géc ctia né bang 30°, 120°, 30° va canh AC 1a
canh ciia tam gidc déu). Nhu thé luc gidc c6 tit ca cdc canh déu béng nhau va tit ca cic géc
bang 120°, vay né 1a luc gidc déu. Nguoc lai, hién nhién 12 véi luc gidc déu, ta c6 diu bang
xay ra.

Vd 4: (IMO 2001) Cho tam gidc ABC voi trong tam G va do dai cac canh
a=BC,b=CA,c=AB. Tim diém P trén mat phang tam gidc sao cho dai luong
AP.AG+BP.BG+CP.CG dat gid tri nho nhat va tim gi4 tri nho nhat d6 theo a, b, c.

Giai:

V& dudng tron ngoai tiép tam gidc BGC. Néi dai
trung tuyen AL cat dudng tron ndy tai K. Goi M, N
1a trung diém céc canh AC, AB tuong ung.

Ap dung dinh 1y ham s6 sin cho tam gidc BGL, ta

. BG BL
co = .
sin BLG sin BGK )
Tuong tu, d4p dung dinh 1y ham s6 sin cho CGL, ta

cO— cG =— cL . Nhung L 1a trung diém
sin CLG sinCGK
cua BC vasin BLG =sin CLG,
.. BG sinCGK .
nén .Tacé
CG sin BGK
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BK =2R.sin(BGK), trong d6 R 1a ban kinh duong tron ngoai tiép. Tuong

tw CK =2Rsin CGK , do d’CK 56 va tu day BG_CG
BK CG’ CK BK

AG sinBGN sinBGN ., , ;. N
Tuong tu, = — =— (g6c doi nhau). Hon nira
BG sin AGN sinCGK

BC =2.R.sin(BKC)=2.R.sin(BGN) (Vi BGCK 1a tt gidc ndi tiép nén BKC = BGN . Tir
BC _sinBGN AG . .. BG _AG
do = tor d6 —

CK sinCGK BG  — ° CK
Bay gio 4p dung bét déng thirc Ptolemy cho t gidc PBKC: PK.BC < BP.CK + CP.BK . Tit
d6 PK.AG < BP.BG+CP.CG. Suy ra (AP+PK)AG<AP.AG+BP.BG+CP.CG va cudi
cing AK.AG < AP.AG + BP.BG +CP.CG véi du bang xay ra khi va chi khi (1) P ndm trén
duong tron gitta C va B (dé ¢ dang thirc & BDT Ptolemy) va (2) P nam trén AK (dé c¢6 dang
thirc trong bat dang thirc tam gidc). Do d6 gid tri nay dat duoc khi P=G .
a’+b*+¢?

vaBC:CK :BK = AG:BG:CG.

D@ dang tinh duoc rang AG* + BG* + CG* =

C6 thé thiy day 1a truong hop dic biét cua bai todn Toricelli tong quat ma ching ta dd xem
xét & phan du. Chi ¥ rang tir ba doan AG, BG, CG c6 thé dung duoc 1 tam gidc A. Ta chi
can dung tam gidc BCK dong dang véi tam gidc A 1a dugc. Céch giai néu trén chi ra céch
dung tuong minh cho diém K.

Vc} 5: Cho tam gidac ABC. Goi D la trung fiiém cua BC, E, ‘F lan Iwot 1a hai
diém trén AB va AC. Chung minh rang néu AD, BF, CE dong quy thi EF song song voi
BC.

Gidi : )
A Ap dung dinh 1 Ceva ta c6:
EA DB FC
. E EB DC FA
Vi DB =DC nén EAFC_ =1= EA_FA
6 EB FA EB FC
Vay EF song song BC.
B D c

Vd 6:Trén cic canh AB, BC, CA cua tam gidc ABC, ta liy cic diém C,, A, B sao cho céc
duong thang AA,,BB,,CC, ddng quy tai diém O. Puong thang v& qua O song song véi AC cit
cac duong thang AB, va B/C, tuong ung tai K, M. Chung minh: OK = OM .

Giai :
V& qua B dudng thing song song AC (nhu hinh v&)
M¢énh dé cAn cm BM, = BK,

Tir céc tam gidc dong dang AB,C,va BM,C, suy ra
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BC

1
A
. \4\
BA,
3: = M C M
1 'C A, \ : 1 1 B,
Chia cdc ding thirc va theo dinh 1y Ceva ta c6: \(

BM, _AB CABC | 4o N

BK, CB, BA AC, "
C . A B
Ky

Vd 7: Cho tam gidc ABC. V& phia ngoai cic tam gidc ABX, BCY va CAZ can tai X, Y, Z va
dong dang v6i nhau. Chirng minh AY, BZ va CX dong quy.

Giai:
Goi x la s6 do géc ddy cua tam gidc can va cic giao dieém L, M, N (nhu hinh v§).

1 .
BL S — AB.BY .sin (B + x) _ BAsin(B+x)

Ta c6: — =4y - 2 B

LC S,, ;CA.CY.sin(C +x) CA(C+x)
Tuong ty .
Tir d6 ta c6: %%%ﬂ

Vay AL, BM, CN dong quy (dpcm).

Vd 8: Cho nira duong tron (C) nam vé mot phia ctia duong théng (d). C va D 1a céc diém trén
(C) . Cac tiép tuyén cua (C)tai Cva D cit (d) tai B va A, va tam duong nam gifra hai diém
nay. Goi E la giao diém cua AC va BD, F 1a diém ndm trén (d) sao cho EF vudng goéc voi (d).
Chung minh EF 1a phan gidc géc CFD.

Giai:
Goi P 1a giao diém ctia AD va BC. Qua P dung PH vudng géc (d).

AH HP
Ta c6 tam gidc PAH va ODA dong dang nén E =—

DO

HB HP HP .
Tuong tu: = = ,trddtacdh: —=——
BC CO DO’ AD BC
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AH BC PD
Suyra: —.—.—=

HB CP DA .
Theo dinh 1y Ceva AC, BD, PH dong
quy, suy ra PH trung FE .
Dé thay 5 diém P, D, H, O, C cung nam
trén mot duong tron. Tu  do:

— e~

DHP = DOP = COP = CHP

Vd 9: Cho tam gidc ABC . Lay diém M trong tam gidc. AM cat BC tai E, CM ct AB tai F.
Goi N la diém doi xung cua B qua trung diém cua EF. Chimg minh rang duong thang MN
Iudn di qua mdt di€m co dinh khi diém M di chuyén bén trong tam gidc ABC.

A D

Giai :
Dung l}inh binh hanh ABCD. Goi cac
F | L giao diém nhu hinh v§.
Ta c¢6 BENF la hinh binh hanh.
M\ /K Suy
P B E C ra:
IF _FA KN _FN HE _PE (1)
IN EN KE EC HF FN
Mait khac:
EZEZE_C:PE: NE.EC hay PE _ NE.EC (2)
NE DL FA FA FN FN.FA
Tu (1) va (2) ta suy ra: Eﬂ@ =
IN KE HF

Theo dinh 1y Ceva : NH, FK, EI ddng quy, suy ra D, N, M thang hang. Vay MN ludn di
qua diém c6 dinh D khi M di dong trong tam gidc ABC.

Vd 10: Cho tam gidc ABC v61 AB > AC . Goi P 1a giao diém cua duong trung
tryc BC va duong phén gidc trong cua goc A. Dyng cdc diém X trén AB va Y trén AC
sao cho PX vudng géc AB va PY vuong géc AC.Goi Z la giao diém cua XY va BC. Xac

. ) . BZ
dinh gia tri ty sO —.
Innh g 1ty 7C

Giai:

Tac6 APAX =APAY ,suyra AX =AY va PX =PY
Suy ra APYC = APXB,suyra CY = BX

Vi X,Y,Z thang hang, 4p dung dinh 1y Menelaus ta dugc
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Vd 11: Cho C(0,R)1a dudng tron ndi tiép tam gidc ABC.Cho diém M nam trong tam gidc.
Goi A,,B,,C,1a hinh chiéu ctia M 1én ba canh BC,AC,AB.Chimg minh rang:

Sanc, IRP—0OM?|

Spe AR

ABC

Gidi:

Xét vi tri diém M ndm trong BAC va nim ngoai (O) (céc trudong hgp khédc twong tu). Ta c6
tor gidc MA,CB, noi tiép dudng tron duong kinh MC nén AB, =MCsinC, tuong tu thi
B,C,=MAsin A.

Goi D 1a giao diém ctiia MC véi dudng tron ngoai tiép tam gidc ABC. Ta c6:

MB,A = MCA, = BAD va C,BM =C,AM .

ABC, = MBA - MBC, = DAB—MAC, = MAD

. . . AM DM DM
Xét tam gidc ADM, theo dinh 1y sin ta c6: —
sinADM  sinMAD  sinA B,C,

Suy ra: AMsim@i\C1 = DMsinADM . Tix d6 ta c6:

1 — 1 — 1
wpc =—=B/A.CB,.sinABC, =— MCsinC.MAsinA.sinAB,C, =—MC.MD.sinAsinBsinC
2 2 2
Mit khéc, ta lai ¢6: S, = 2R*sinAsinBsinC va MC.MD = Py0) = OM?* - R’ | nén:
Sanc y R*-0OM’

|
S 4R?

ABC

Vd 12: Cho tam gidc va ba diém A, B,,C, tuong Ung nam trén ba canh BC, CA, AB sao cho
céc duong thang AA,, BB,,CC, cat nhau tai O. Gia sir ba cip AB va AB,, BC va B,C,,CAva
C,A lan luot cit nhau tai C,,A,,B,. Ching minh C,,A,, B, thang hang.
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Giai :

Ap dung dinh 1y Menelaus cho tam gidc BCD vdi cdc diém

AOAB&AI,BI,CZ:ﬂﬁﬂzl €))
OA, BB, AC,

AOBC & B,,C,, A, :%ﬁ%:I (2)
CC, OB, BA,

AOAC&Al,Cl,BZ:%ﬁﬂzl 3)
AA, OC, CB,

Nhan vé theo vé ta co: B_Q%& =1

AC, BA, CB,
Ap dung dinh Iy Menelaus (phan dao) ta suy ra dpcm.

Vd 13: Cho ABC 1a mot tam gidc khong can. Cdc duong trung tuyén ké tir A, B,C lan luot cét
duodng tron ngoai tiép tam gidc tai cac diém th hai L, M,N. Gia st LM = LN , chting minh:
2BC* = AB* + AC*.

Giai :
Goi G la trong tam cua tam gidc ABC.
Ta co:

ANLG ~ aAGL = £ _ LG
AC GC
Tuong tu:

LM _GL

AB  BG’
Tt do6 suy ra:

AB_BG \
AC CG NV
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Ap dung dinh 1f Stewart ta c6:

AB> _2AB’+2BC*-AC?

AC® 2AC*+2BC’-AB’

& (AC*-AB*)(2BC* - AB* - AC?)=0
Do tam gidc ABC khong cin nén < 2BC’ = AB* + AC’

IIL. Mot s6 bai toan chon loc:

1. Cho tam gidc ABC thoa b=%(a+c)ch1’mg minh rang: cos(A—C)+4cos B=3

Giai:

Néua =c, kiém tra ta thiy ding.

Néu a #c, lay D trén AC sao cho DB bang a. Pit AD = x
Theo dinh Ii Stewart ta c6:

> (b+x)+(b+x)bc=a’b+a’x
(:)bx2+(c2+b2 —az)x—b(az—cz)zo

Thay b= %(a+c) ta dugc:

X’ +%(5c—3a)—(a2 —c2)= 0=>x=2(a—c)
Ap dung dinh 1y cosin cho tam gidc ABD ta c6:

1 2 2 2 1 2 2
cos(A-C)=—--I\a +c"—x")=——|8ac—3a" -3¢
) ( ) 2ac ( ) 2ac ( )
Ap dung dinh ly cosin cho tam gidc ABC ta c6

4cosB = 4L(a2 +c? —bz) =L(3a2 +3¢? —2ac)
2ac 2ac

Tur d6 suy ra: cos(A—C)+4cosB=3

., s . . . A N A A A A N Zz LA M 3
2. Tam gidc ABC c6 sin® A,sin” B,sin® C 1ap thanh mot cap s6 cong va c6 tong bing 3

Puong cao ké tir A va dudng phin gidc trong cta géc B cua tam gidc ABC cit nhau
tai /, I thugc mién trong tam gidc ABC. Chung minh rang: S, =S,;-(S,c.Spe 12
dién tich tam gidc IAC,IBC)

Giai:

V& duong cao AH, phan gidc trong BD, CI cit AB tai M.

bat: BC=a,CA=b,AB=c

Vi I thudc mién trong tam gidc ABC, nén cdc géc B va C déu nhon.

iy X ) 1 . .
Tu gia thiét, ta suyra: sin’ B= 5 &sin® A+sin” C =1
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=sinB=cosB&sinA=sinC
Theo dinh 1y Céva :
MAHBDC | MA_HC DA
MB HC DA MB HB DB

MA bcosC ¢

MB  ccosB a

MA  sinBsinC _1

BM cos Bsin A B
Do dé M la trung diém cua AB.
Ha AE va BF vudng géc voi CM thi AE = BF
Twdosuyra: S,. =S5,

3. Cho tam gidgc ABC. Mot duong tron bat ki cit cdc canh AB, BC, CA lan luot tai O, M,
S, P, N, R nhu hinh v& PQNRS ={X},RS "MN ={Y},PONMN ={Z} .Cmr AX,
BY, CZ ddng quy.

Gidi :

m;ng dinh 1y Ceva cho tam gidc AQR.

sin A, sin @ sin @ -1 (1)

sin A, sin XQA sin XRQ

tuong tu cho tam gidc BMS, tam giac CNP ta c6:
s.inBl sin@ sin@ -1 (2)

sin B, sinYSB sin YMS
sin C, sinZ//Nz’ sin@ -1 (3)
sinC, sin ZNC sin ZPN

Nhan (1), (2), (3) ddng thoi, luu ¥ ring sin XOR = sin YSB, ta ¢6:
sin A, sin B, sinC;
sin A, sin B, sinC,

=1= dpcm.

4. Cho t gidc 16i ABCD théa diéu kién BAD >90° .Chimg minh ring néu MN va BD cét
nhau tai / thi /A vuéng géc AC.

Gidi :
Né:u M =C(hay N=C)thi I =D (hay I =B). Lic d6 bai todn ding. i
Néu I # B (hay I # D), 4p dung dinh 1y Menelaus cho tam gidc BCD vé6i 3 diém M, N,I

ta co:
MBEQZI(: S iz Save Sam o ABsin A; ACsin A, ADsin/Al\ -1
MC ND IB Savc Savo Sas ACsin A, ADsin A, ABsin IAB
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& sin A sin A, =sin A, sinljﬁl}(do sin A, =sin A;)
& sin A sin A, = cos (A, + A;)cos (A +A,)

& %[cos(Al —A;)cos(A +4,)] :%I:cos(Al +2A,+A;)cos (A — A,) |

& cos(A+A,+A)=0
Vay IA L AC .

5. Cho lyc giic 10i ABCDEF thda diéu kiéen AB=BC,CD=DE & EF =FA. Chung
minh ré“mg:

Ding thirc xdy ra khi nao?

Giai:
it AC =a,CE =b, AE = c. Ap dung dinh Ii Ptolemy cho tt gidc ACEF ta c6:
AC.EF +CE.AF > AECF

Vi EF = FA nén suy ra: ~4 > ¢
FC a+b
B
Tuong tu ta cling c6: — = b &C—> a . Tt do6 suy ra:

DA c+a BE b+c
BC+DE+FA2 a_ . b L€ Zé (1)
BE DA FC b+c c+a a+b 2
Ding thie xay ra khi cdc bat dang thire ¢ (1) dong thoi xay ra, tirc 1 khi cdc ti gide
ACEF,ABCE,ACDE ndi tiép duoc, nghia 12 khi ABCDEF 1a mot luc gidc noi tiép.
Ngoai ra dé cho ding thirc xay ra, bat dang thirc cudi ciing cling phai tré thanh dang thir,
tac la ta phai ¢6 a=b=cVay dang thirc xay ra khi va chi khi ABCDEF 13 mét luc gidc
déu.
(Bét dang thirc cudi cling ta c¢6 thé chimg minh bang nhiéu céch, ching tdi s& dua ra hai
cach ching minh dugc coi 12 co ban va dé hiéu:
Céch 1:

a b c
b+c c+a a+b
Ma theo BCS ta cé:

+

bat S =

+

.Tacé:S+3=(a+b+c)( : L, j
b+c c+a a+b

1 1 1 9
+ + >
b+c c+a a+b 2(a+b+c)
Suy ra dpcm.
Céch 2:

bat x=a+b,y=a+c,z=b+c.Khi do:

e b +—< 21 S S 2i
b+c c+a a+b 2\y x z x z Yy 2
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6. Gia su n(r) la so tat ca cac diém c6 toa d§ nguyén trén mot duong tron cé ban kinh

r>1. Chirmg minh rang: n(r) < 63/7r* .

Giai:
Xét duong tron ban kinh r c6 chtra n di€m c6 toa do nguyén trén d6. Ta can chirng minh

n<63xr’ .

Vi r>1 va 67 >8 nén ta c6 thé gia st n>8Goi n diém c6 toa do nguyén néi trén 1a
P,P,...P, nam theo th ty nguwoc chiéu kim dong hd. Do tong cic cung

19409ty
3 ~ N . ~ 2 X , s 4T
PP, PP,.. PP bang 47 nén mot trong cidc cung PP, , s€ c6 so do 16n nhat 1a —, va
n
khong mat tinh tong quit, ta gia sir d6 1a cung FPP,.
, ., e oK , . 4z A L, ., N , X .
Xét tam gidc ABC noi ti€p trong cung chira goc —. Dién tich tam gidc nay 16n nhat khi
n
hai diém A,C tring vé6i hai dau cung, va diém B 1a giao diém cua trung truc AC voi
duong tron (khi ay, khdang cich tr B dén duong thang AC 16n nhat). Tai day, ta co:
2r

CAB=BCA="& ABC =180° - =%
n n

b (Zr sin ﬂj(% sin 27[)(2;’ sin ﬂ-j
Do d6: [ABC] = a4 €= L y L L
r r

20w 2r2—7r 0 5 3
< n n n :4r7[

3
4r n

N - Y o A 4 2 A )
Vi tam gidc B PP, ndi ti€p trong cung chira goc —nén theo két qua trén ta co:
n

4r*n’
n3

[RRR]<

.2 e ‘ 1 2
Ma P, P, P, la cic diém c6 toa do nguyén nén gid tri bé nhat cua [RPRP] la 5 (c6 thé
chtng minh diéu nay bang dinh 1i Pick). Vi vay ta c6:

4r*r’
=’ <8’ = n< 23 r? <63 it

3
n

Sslrnr]s

IV. Bai tap tu luyén:

1. Cho tam gidc ABC noi tiép trong dudng tron (0) va AC = 2AB . Cic dudng thing tiép xdc
v6i duong tron (O) tai A, C cét nhau tai P. Chimg minh rang BP di qua diém chinh giira cta
cung BAC.

2. Cho tam gidc ABC ¢6 I 1a tam duong tron ndi tiép, O 1 tim dudng tron ngoai tiép va trong
tam G. Gia sir rang OIA =90° . Chiing minh rang /G song song v6i BC.
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3. (IMO Shortlist)y Gia st M,N 1a cic diém nam trong tam gidc ABC sao

—

cho MAB = NAC , MBA = NBC . Chting minh rang:
AM.AN BM.BN CM.CN

+ +
AB.AC BA.BC CACB

4. (VMO 1997) Trong mit phing, cho dudng tron tim O ban kinh R va diém P nam trong
duoc tron (OP =d < R).Trong tat ca cic tir gidc 16i ABCD ndi tiép trong dudng tron (0) va
c6 hai duong chéo AC va BD vubdng goc va cat nhau tai P, hdy tim tir gidc ¢6 chu vi 16n nhét
va tir gidc ¢6 chu vi nho nhat. Tinh cdc gid tri 1én nhat va nho nhat nay theo R va d.

. . 11
5. (Bulgaria 2007) Cho tam gidc ABC ¢c6 BC > AB> AC vacos A+cosB+cosC = e Xét

cac diém X thudc BC va Y thudc AC kéo dai vé phia C sao cho BX = AY = AB.

a) Chirng minh rang XY = %

b) Goi Z 1a diém nam trén cung AB ctia dudng tron ngoai tiép tam gidc khong chira C
sao cho ZC = ZA + ZB . Hay tinh ty s6 —————
XC+YC

6. Cho tam gidc ABC v6i BE, CF la cdc duong phan gidc trong. Céc tia EF, FE cat duong
tron ngoai tlep tam gidc theo thir ty tai M va N. Ching minh rang:
1 1 1 1 1 1
+ = +—+—+
BM CN AM AN BN CM

7. Cho tam gidc ABC ndi tiép dudng tron (0). Pudng tron (O’)nam trong (0) tiép xtc voi
(0) tai T thudc cung AC (khong chira B). K¢ cic tiép tuyén AA’, BB, CC’t6i(0’). Chiing
minh rang: BB"AC = AA’BC +CC’.AB.

8. (Pinh 1y Thebault) Cho tam gidc ABC ndi tiép trong dudng tron (O). D 1a trung diém cua
BC. Goi (0,),(0,) la céc duong tron nam trong (O), tiép xdc véi (0), BC va AD. Khi d6

duong thing néi tim ctia (0,),(0,) di qua I. Hiy ching minh.

9. (CMO 1988, Trung Qudc) Cho ABCD 1a mét tir gidc noi tiép véi duong tron ngoai tiép c6
tdm O va béan kinh R. Céc tia AB, BC, CD, DA cit duong tron tdim O ban kinh 2R 1an luot
tai A, B’,C’,D’. Ching minh rang chu vi t&r gidc A’B'C’D’ khong nhoé hon hai lan chu vi ti
gidc ABCD.

10. Cho dudng tron (0) va diy cung BC khdc duong kinh. Tim diém A thudc cung 16n BC
cua duong tron d¢ AB+2AC dat gid tri 16n nhat.

11. Luc giac 161 ABCDEF c6 ABF la tam gidc vudng can tai A, BCEF 1a hinh binh

hanh. AD =3, BC=1,CD+ DE = 2\/5 . Tinh dién tich luc giac.
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12. Cho tam gidc ABC ndi tiép duong tron tam O, P va Q 1a hai diém thudc (0) sao cho PQ
song song voi AB. AD la duong cao cua tam gidac ABC. Goi a la duong thang simson ctia

diém P g voi tam gidc ABC, b 1a dudng thang simson ctia diém Q tng voi tam gidc ABC.
CMR: (a), (b) vaAD dong quy.

13. Cho n gidc déu va mot diém M chuyén dong trén dudng tron ngoai tiép da gidc ay.
Chirng minh rang:

ZMA.Z =const .
i=1
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PHAN II: BAT PANG THU'C HINH HQC

TRONG KH(A)N’G GIAN
CHUONG I: TU DIEN.

BAI 1: UOC LUQNG HINH HOC.

1. Vai wéc lrong cac yéu to cia mét tam giic:

2 A z A .z A 7. M e \ M 3 A -
Ta c6 nhan xét: Mot tam gidc déu véi canh bang 1, c6 ba duong cao bang - dién tich

: 3 A 3 3 A e N 1N o K f0 iR ,
bang 7 va ban kinh (hinh tron ndi tiép) bang BN Nhan xét nay la xuat phat diém cua

bai todn sau day vé udc luong.

Bai to,n 1: Cho mdt tam gidc, dd dai mdi canh ciia né6 khong vuot qua 1. Ching minh

rang tam giac ay co:

a) It nhat hai duong cao voi do dai < 73

b) Dién tich < ?

¢) Bén kinh duong tron ndi tiép <

3
=

Giai:

a) Trong mot tam gidc, duong cao c6 do dai khong vuot qud do dai trung tuyén xudt
phét cing mot dinh, nén dé CM a) ta CM mot két qua manh hon: mdt tam gidc thdéa man

< A s A N z N 2z o2 A . A £ 3A NG 3
di€u kién bai toan thi c6 it nhat hai trung tuyén voi do dai < BN

Goi do dai cac canh tam gidc da cho la @, b, c. Ludn c6 thé coi rang: 0 <c<b<a<l.
Goi m,, m,,m_, la cic d§ dai cua cic trung tuyén ung véi canh ay. Theo cong thirc tinh

trung tuyén, ta c6:

2 2

2m’ =b>+¢’ —a—2+c—+
2b” 21
2 2

2m; =c’ +a’ —b—2+a—+
2¢" 21

e 3 .
Trdésuyra m,<——va m, <
2

13
2 2
1.3
2 2

¥3
=
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Nhan xét: Tam gidc cin v6i do dai ba canh bang 1,1,2¢ c6 mot dudng cao (dong thoi 1a
; . 3 . r VAL A4 Ax s LA
duodng trung tuyén) c6 do dai vV1-c* > %, khi ¢ kh4 nhé. Diéu d6é da ching to khong

thé cai tién hon két qua da phat biéu ¢ a).
a.h, NG

2 4

¢) Ta c6 nhan xét: mdt tam gidc dugc chura trong mot tam giac (16n hon) dong dang

véi nd, voi ti sO dong dang k >1; hon nira, néu mdt tam gidc dugc chura trong mdt tam
gidc khéc (khong can dong dang), thi ban kinh ndi ti€p cua tam gidc thir nhat khong vuot
qua ban kinh noi tiép cta tam gidc thir 2, boi vi hinh tron noi tiép cia mot tam gidc 1a
hinh tron 16n nhat duoc chua trong tam giac ay
Néu tam gidc ABC c6 canh 16n nhit @ = BC 16n hon 1, thi ta xét tam gidc dong dang

b) §=

k:1>1.Néntacéthécoir5ng a=BC=1,b=AC<l,c=AB<1
a

Khi d6, tam gidc ABC dugc chira trong tam gidc cong BCD chin boi BD, CD cua hai
duong tron tam B, C va ban kinh BC =1.

(hinh)

Goi I 1a trung diém cua doan BC, A’ 1a hinh chiéu vudng goc cua A 1én DI, r"1a ban kinh
noi tiépcua tam gidc A’BC . Tam gidc A’BC dugc chira trong tam gidc déu BCD ( ¢4 bén

kinh néi tiép bang 73) nén r’ < ? Vi vy, dé ching minh c) ta chi viéc chimg minh

rang r<r’.
bé y rang, A’BC la tam gi4c can c6 cung ddy BC va cung d6 dai duong cao Al = AH nhu
tam gidc ABC. Bdt r <’ 1a hé qua cua bai todn 2 sau day:

V3

Bai todn 2: Gia sur tam gidc ABC c6 dién tich § < T CMR tam giac c6:

a) It nhat mot duodng cao

b) Ban kinh ndi tiép r < 73 .

Bai todn 3: CMR néu ca ba dwong cao ciia mét tam gidc la < thi tam gidc cé bdn

ST

kinh néi tiép r < 73

Bai todn 4: CMR néu tam gidc ¢é bdn kinh néi tiép r <~ thi né ¢é it nhdt 1 dwong cao

¥3

5

3
2
h<

2. Vai wéc luong cac yéu to cua mot tw dién:
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Trong khong gian, t&r dién déu voi do dai canh bang 1 ¢6 4 dudng cao bang 76, thé tich

bang 1—22 va béan kinh hinh ciu ni tiép bang 1—26 .

Tur nhan xét trén ta c6 bai toan:

Bai toan 1: Cho t& dién v&i do dai mdi canh khong vugt qua 1. CMR  tr dién éy co it

nhit 2 dudng cao < vo .
a) Thé tich< 1—‘/25

5 L 6
b) Bén kinh mat cau noi tiép < 7

Giai:
a) ,Ta ¢6 nhan xét: Do dai trung tuyén cua mot tir dién khong nh§ hon d¢ dai duong cao
xuat phét tu cung dinh. Vay dé ching minh ta ching minh mdt két qua manh hon: Mot tu
A 5 ~ A A N ~ ISR, A . A 7. A IN: 6
dién thod man dicu kién bai todn phai c6 it nhat hai trung tuyén vdi do dai < 3
Tru6c tién ta bicu dién do dai trung tuyén AG cua tir dién ABCD theo céc canh véi G la
trung diém cua tam giac BCD. ) 7
QQi I 1a trung diém CD, ta ¢c6 BG = 2GI. Goi H 1a hinh 9hiéu cua A 1én BI. Vi H c6 thé
nam trong hodc ngoai doan BI nén ta s¢ dung do dai dai so.
Tacé:
AH?=AB*-BH’ =(BG+GH)’ = AB’ - BG* -GH’ -2BGGH
4 — 2— —

& AH?+GH® = AG® = AB’ —5312 -2BGGH (1) (do 5BI = BGJ
AH? = AI* —HI* = AI* = (HG +GI )’

1 — l— —
& AG* = A’ —5312 -2HGGI  (2) (do 5BI = GI]

()& (2) = 3AG* =2AI* + AB? —%BIZ (3)

Vi AT 1a trung tuyén cta tam gidc ACD, BI 1a trung tuyén cua tam gidc BCD, nén theo
cong thuc trung tuyén cua mét tam gidc ta co:

2AI° = AC* + AD? —%CD2 (4)

2BI* = BC* + BD? —%CDZ (5)
Vay cudi clung, tur 3), @), 5 ta suy ra
3AG* =(AB’ + AC’ +AD2)—%(BC2 +CD’ + DB*)
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D6 1a cong thire tinh trung tuyén ctia mot tt dién theo cic canh cua tir dién 4y. Trong
cong thuc ta dat:
d(A)=AB*+ AC” + AD* (1a tong binh phuong céc canh xuét phit tir dinh A)

s(A)=BC” +CD” + DB* (1a tong binh phuong céc canh ctia mat dbi dinh A).

Ciing nhu trén ta ki hi¢u d(B), d(C), d(D) 1an luot 1a tong binh phuong cdc canh xuét
phat tir dinh B, C, D va ki hi¢u s(B), s( C), s(D) 1a tong binh phuong cic canh C}ia mat doi
dién cdc dinh B, C, D. Ki hi€u 2k 1a tong binh phuong 6 canh cua tr di¢n. Hién nhién ta

d(A)+s(A)=d(B)+s(B)=d(C)+s(C)=d(D)+s(D)=2k
va d(A)+d(B)+d(C)+d(D)=s(A)+s(B)+s(C)+s(D)=4k
bit d(A)=k+a; d(B)=k+ d(C)=k+y, d(D)=k+0 thxtaca:

B:
s(A)=k-a; s(B)=k-p;, s(C)=k-y, s(D)=k-6
a+p+y+6=0
Khong mat tinh tong quaét, ta ¢ thé coi rang d (A)<d(B)<d(C)<d(D)
Tacla  a<B<y<S.Théthi da<a+B+y+5=0 (6)
Va a+3f<a+pf+y+5=0 dodé 4<p-a (7)
Goi m, &m, 1a do dai cic trung tuyén ctia ti dién, xuat phat tir cdc dinh A va B. Theo
5)va(6),tacod
3 =d(A)-Ls(A)=(k+a)-L(k-a)=2k+2a<Z<a (3)
3" 3 37373
Bo&i vi theo gia thiét, d0 dai moi canh cua tir dién <1, vay 2k <6. Tu (8) ta suy

ram, < T6 theo (6) va (7) , talai co

iy =d (B)=3(B) = (k+ f) =3 (k= B) =S k43 f< Sk +3(f-0)
:%(k+ﬁ)+%(k—a)S%d(B)+%d(A)S2

Boi do gida thiét ciia bai todn, ta c¢6 d(B)<3&s(A)<3. Thanh thir ta c6
m, < % (dpcm).

Ta c6 thé kiém nghiém rang t&r dién c6 5 canh bang 1, canh thtr 6 bang a, véi a >0
kh4 nho, ¢6 2 duong cao > ?6, vi vay khong thé cai thién hon két qua dd néu & phan a)
cua bai todn.

N - . - 5 ’ A 2 1A , 3 z A A -, 7 .
b) Theo bai todn 1, moi mat cta tr dién c6 dién tich < T do d6 néu lay mat ung voi

A 4o 6 .. X e o s i
mot duong cao < ? , thi udc lugng dugc thé tich cta tr dién da cho
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14346 2

V- i—=— (12
34312()

¢) Goi § la dién tich toan phan cua tir dién da cho, thé thi 3V =rS vdi r 12 banh kinh
mit cau ndi tiép cua tir dién dy. Ta c6 bat dang thirc bd dé .
Trong mét tir dién tuy ¥ véi thé tich V va dién tich toan phan S, ta ¢é

21643V < §° 9)
(M& rong cua bt ding thie 3+/3S < p* lién hé dién tich S va ntra chu vi p cta mot tam
giic)

3
Theo b) ta ¢6 vs%,vi viy 216V3V: <5° =277,
r\

3
do d6 r3sLsi\/€=[ﬁJ

8J3 43 2

hay r< 1—\/26 . (dpcm)

Dé di dén bat dang thirc (9), trudc tién ta phai ching minh

Bai todn 2: Trong tit ca cdc tir dién c6 ciing thé tich V va ¢6 ddy ABC cho trude, hiy xdc
dinh tr dién c6 di¢n tich toan phan nhd nhat.

Giai: Goi D la dinh thir tu cta tir dién, H la chan duong cao ha tr D xudng day ABC. Vi
H c6 thé nam trong hay ngoai tam gidc ABC nén hdy xac dinh khoang céch dai s6 tr H
dén céc duong thang BC, CA, AB nhu sau

4=

;, Z| _ HC,
Vé6i A’,B’,C’ 1a cic hinh chiéu vudng géc ciia H 1én BC, CA, AB. Déi voi diu cua x, ta
coi rang x>0 néu H va A ¢ cling vé mét phia déi voi dudng thang BC, x = 0 néu H nim
trén dudng thing BC, x<0néu H va A & vé 2 phia di voi duong thiang BC. Tuong tu
v6i cach xét ddu cta y va z.
Véia = BC, b = CA, ¢ = AB, c6 thé thiy rang trong moi truong hop, ta ludn cé
ax + by +cz=2S (10)

v6i S 1a dién tich tam gidc ABC.
Theo gia thiét ctia bai todn, h = DH 1a khong d6i, hon nita

2dt(DBC) = BCOA = a > + X* =N a** + a*x°

2dt(DCA) = CAOB =b\I* +y* =\[b’h* + by’

2dt(DAB) = ABOC = c\I* +7° =N + 22
Nhu vdy, ta phai xdc dinh x, y, z thoa diéu kién (10), sao cho biéu thirc
T = \/a2h2 +a’x’ +\/bzh2 +l)2y2 +\/c2h2 +c%7’
Pat gid tri nho nhat.
Str dung bat dang thirc Minkowski, ta dugc
T > \/(ah +bh+ch)* + (ax + by +cz7)° = \/4p2h2 +4s* = 2\/192h2 + 57
Piang thirc xay ra khi va chi khi
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@ _by_c

ah bh ch )
Tic la x =y = z; khi d6 T dat gid tri nho nhat

Toin Z\/(a+b+c)2 hz+(a)c+by+cz)2 :2m

Vi p 1a ntra chu vi tam giac ABC.

Tém lai ta c6 két luan:

Trong tat ca cdc tir dién OABC c6 cung thé tich V, va c6 cung ddy ABC cho trude tir dién

c6 dién tich toan phan nhé nhat 1a t&r dién c6 chan H 1a duong cao OH trung voi tam ndi

tiép cua tam gidc ABC. Dién tich toan phan nho nhét ay bang S,=s++p°h°+s> trong
£1%

doé s, p 1a dién tich va ntra chu vi ctia tam gidc ABC va h=0H =—.
s

Tir bai todn 2, ta chuyén sang

Bai todn 3: Trong céc tir dién c6 cung thé tich V, va ¢6 cung dién tich ddy s cho trudc,
hay x4c dinh tir dién c6 dién tich toan phan nhé nhat.

Giai:

Bai todn 3 chi khdc bai todn 2 & chd: khong doi hoi ddy ABC 1a ¢b dinh ma chi doi hoi
dién tich s cua ddy ay la co dinh.

Vi cac ki hiéu cua bai toan 7, ta c6, nhu da biét S > 3\/§S.

Dau dang thirc xay ra khi va chi khi diy ABC la mot tam gidc déu, va tir dién 1a mdt hinh
chop tam gidc deéu.

Cuoi cling, ta hay gidi thich vi sao ta lai c6 bat dang thtrc (9), ching ta ¢c6 mot bat dang
thtrc quen thudc trong tam giac 1a p* > 3435 va tir bai todn 2, ta c6

S, =5 =s++ph +5° > 5 +33sh® + 5

Neén ta chi can chirng minh dugc

3 2
(s +33sh* + 52 ) >2164/3V2 = 216\/3(%%) = 24/35%h?
3
331 24312

+1] 2
S S

S| 1+

2

bat r = thi ta cAn chtng minh

S
(1+\/3r+1)3 > 24t

Lai dit mot 1an nita u =~+/3f +1 = 3¢t =u® —1 va ta chuyén bat dang thirc thanh
(I+u) 28w’ -1) = u—-3)"(u+1)=0.
Bét ding thirc cubi hién nhién ding nén ta c6 dpem.
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BAI 2: CAC PINH Li VA BAI TOAN VE GOC TAM DIEN
BAT PANG THUC VE TU DIEN

A- GOC TAM DIEN:

I-Cac dinh li:

Dinh i 1:

Mbi goc phdng ciia mét goc tam dién bé hon tong hai géc phdng kia.

Chiéng minh:

Néu tit cd cdc géc phang clia géc tam dién SABC déu bing nhau thi rd rang dinh li
dang.

Gid sit ASC > BSC

Trong nia mit phing (CS,A) (tdc 1a nira mit phing xédc dinh bdi dudng thing CS va

diém A) dung géc CSD, bing goéc CSB. Nhu vay, tia SD § gitta goc CSA . Gid st

dudng thing AC cit tia SD & diém D va gid sit SB=SD . D& dang thdy ring nhu vay

BC=CD.Vi AC<AB+BC,nén AD< AB.

So sénh 2 tam gidc ASD va ASB, ta nhan thiy ASD < ASB

Thém vao hai v&€ clia bat ding thic d6 cdc géc tuong tng bing nhau CSD va CSD, ta
dugc

ASC < ASB+CSB

d6 1a diéu phai chitng minh.

Chi §: Pinh 1i v& géc clia tam dién trén dudc tuong ty tir bat ding thifc trong tam gidc.
Nhung khong nén nghi riing sir tuong tu giita cic da gidc phing va géc da dién 12 hoan
toan: c6 thé chi ra nhitng tinh chit cla da gidc phing khong chuyén dudc sang cho géc
da dién; mit khdc, c6 thé nhan thay nhitng tinh chat cia géc da dién ma khong c6 tinh
chat tuong tu trong da gidc phing. C6 thé xdc nhin diéu d6 bing vi du don gidn sau
day:

Nhu di biét, tdng cdc géc clia mot da gidc phiang n canh biing 7(n—2), cho nén tdng
Ay chi phu thudc vao n, con tong clia cdc gc ngoii clia da gidc thi khong phu thudc n
va bang 27 (zn—m(n—2)=2x). C6 nhitng vi du cho ta thdy ring nhing sy kién d6
khong thé chuyén sang cic géc da dién duge. Ching han, hiy xét géc tam dién Oxyz
tao bdi cdc tia o duong ciia hé toa do dé-cdc vudng géc trong khong gian. Cédc géc nhi
dién déu vudng va cé téng bing 37 . Cong thic vé tdng cic gbc trong mit phing
m(n—2) khong con hi€u lyc nira.
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Vd 1: Tia SC’ nim bén trong géc tam dién SABC dinh S. Chiing minh riing tdng cic
géc phing clia géc tam dién SABC 16n hon tdng cdc géc phiang clia géc tam
dién SABC’.

Giai:
Gia st K 1a giao di€m ctia mit SCB va dudng thing AC’. Xét hai géc tam dién SKBC’
va SACK, theo dinh 1i 2 ta co:

CSK+KSB >C5B (1)
va G54+ CSK > ASK = ASC' + C5K 2)

— e~~~

Cong (1) va (2) ta dugc CSA+ CSK + KSB > ASC'+C'SB  (3)
Ma CSK + KSB =CSB nén suy ra

— e~ — — e~ -

CSA+CSB+ ASB > ASC’+ C'SB+ ASB  (dpcm)

Vd 2: Mot diém O niim trén ddy cda hinh chép tam gidc SABC. Chitng minh ring tong
cdc gdc gilf tia SO va cdc canh bén nhd hon téng cdc géc phing tai dinh S va 16n hon
mot nita tdng do.

Giai:
Theo dinh 1i 2 v6i géc tam dién SABO ta c6 ASB < ASO + BSO xay dung thém hai bat

— e~

ding thic tuong ty ta duge ASO + BSO + CSO > E(CSA + BSA + BSC) .

Lai vi tia SO nim bén trong géc tam dién SABC, nén ZS\O+B/SB < 6S71+Eb% (st
dung k& qud (3) cla bai todn vi du 1). Tuong tr ta dudc

— — e~~~ -

— e~~~ e~

Dinh i 2:
Tong cdc goc phdng ciia mot géc da dién 16i ludn bé hon 27.

Chdng minh: Trudc tién ta hdy xét géc tam dién SABC. Gid st SA” 1a tia bu cla tia
SA. Theo dinh 1i 1 (4p dung vao géc tam dién SA'BC):

BSC < BSA'+ A'SC
tic 1a:

BSC < (7 — BSA)+(z — ASC)
tor d6 suy ra ngay:
BSC+CSA+ASB <21
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Ta xét géc da dién 16i SAA,...A . Chon hai mdt cich nhau mot cia géc da dién la
SA A, va SA

" . A, . Gid sit SP 12 giao tuy€n cta 2 mit d6, khi d6 , tia ndy va géc da
dién da cho nidm vé hai phia khdc nhau cia mit phdng SA A, .
Vi A_SA., <A SP+A_SP

nén téng cdc géc phing clia n-dién di cho bé hon tdng cdc géc phing trong
(n—1)-dién: SAA,...APA,,...A . Néu n—1=3 thi dinh li d3 dudc ching minh. Néu

n>4 thicé thé 4p dung phép dung trén day ddi véi géc (n—1)-dién cé duge, nhu vay,

s6 mit clia né gidm mot don vi, ddng thdi tdng cdc gbc phing cda né lai ting 1én. Sau
hitu han phép dung nhu thé, ching ta s& dugc mot géc tam dién, ma d6i v6i mot géc
tam dién thi dinh 1i dd dugc chirng minh.

Chi ¥ ring: yéu cdu géc da dién phdi 16i la quan trong ddi vdi ménh dé néi trén. Ta cé
thé thdy ring tong cdc goéc phdng ciia mot goéc da dién khong 16i ¢6 thé 16n tivy Y.

Vi du 3: Mot dudng chéo cia hinh hop chit nhit tao véi cdc canh cliia n6 cac
goca, 5,y . Chiing minh ringa+ S+ y< 7.

Giai:

Gi sit O 1a tam hinh hop chit nhat ABCD.A B,C,D, . Pudng cao OH cia tam gidc cin
AOC song song v6i canh AA,, vi vay AOC = 2a,§ d6 o 1a goc giit canh AA va dudng
chéo AC,. Li luan chiing t ring cdc géc phing clia géc tam dién OACD, bing 2,28
va 2y v6i B & ¥ la gbc giita canh AB va AD v6i dudng chéo AC,. Ap dung dinh Ii ta
¢ 2a+2p+2y<2mhay a+ f+y<m (dpcm)

Chi y: Mot sy tuong tu hoan toan vé tinh chat sé& dugc thyc hién, néu so sdnh géc da
dién, khong phai vdi da gidc phing ma 13 da gidc cAu, dudc tao nén tai giao clia cdc
mit clia géc da dién v6i mit cau ¢6 tAm & dinh clia né. C6 thé gidi thich sy tuong tu
d6, néu chi y ring, v6i R=1 thi mdi canh clia mot da gidc cau c6 s& do bing géc
phing tuong tng cla géc da dién, va mdi géc clia da gidc cAu c6 sd do bing gbc nhi
dién gifta cdc mit tuong ng vi né dudc do bdi géc giita cdc ti€p tuyén véi canh clia da
gidc cdu tai dinh chung cta ching.
P¢& riit ra nhitng tinh chit quan trong nhat cia géc tam dién, nhiéu khi ta dung té6i
goc tam dién bu. Géc tam dién SA’B’C” dugc goi 1a bu véi géc tam dién SABC néu:
tia SA” (tudng ng SB’,SC”") vudng géc véi mit phing SBC (tuong tng SCA, SAB) va
nim cuing phia vdi tia SA (tuong &ng SB, SC) d6i v6i mit phiang dé.
Ta c6 nhitng tinh chit quan trong nhat vé géc tam dién va géc tam dién bu véi
ching:

1) N&u SA’B'C’ 1a géc tam dién bu ctia SABC thi SABC 1a géc tam dién bu cla
SA’B’C’ (tinh tuong hd)
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2) Mbi géc phing cia mdt géc tam dién s& bu véi géc phang clia géc nhi dién
tuong @ng (nghia 13 géc nhi dién c6 canh vudng géc vdi mit phing clia géc phiang) clia
gbc bu.

3) Néu hai géc tam dién biing nhau (c6 thé tring khit v6i nhau) thi cdc géc bu clia
ching ciing bang nhau.

Dinh Ii 3:
Tong cdc goc nhi dién ciia mot tam dién luén > wva <37

Ching minh:

Cho «, 3,y 1a nhitng g6c nhi dién clia mot géc tam dién cho trude; o, F,y 1a goc
phing tuong tng cla géc tam dién bu. Theo tinh chat 2):

ad=r-a.f =n-.Y=n-y,

va theo dinh i 2:

O<ad'+p'+y<2rx,

Viay O0<(r—a)+(x— )+ (m—y) <2~

tor d6 suy ra ngay:

T<a+pB+y<3m

va dé 1a diéu phdi chitng minh

Bé sung thém vao dinh Ii 4y, ching ta nhan thiy ring tdng cdc nhi dién ctia mot géc
tam dién c6 thé gan 37 tuy y. Thit vay, ching han tuéng tugng dinh S clia hinh chép
tam gidc SABC, chuyén dong teo dudng cao SP clia hinh chép Ay va ti€n gin vd han
dén mit phing ddy, thi rd rang mdi nhi dién clda mot géc tam dién SABC trong khi
ting din sé ti€n dan vo han d&€n mot géc bet.

Vd: a) Chting minh ring tng cdc géc giif cdc canh cda géc tam dién ddi véi cdc miit
ddi ctia né khong vudt qua tdng cdc géc phing ciia né.

b) Chitng minh ring néu cdc géc nhi dién cia mdt géc tam dién 1a cdc géc nhon,
thi tdng cdc géc giif cdc canh clia né véi cac mit ddi khdng nhé hon nita tdng cic goc
phing ctia né.

Gidi:

a)Gia st a, [,y la cac goc gitt cac canh SA, SB va SC véi cac mit cla ching. Vi géc
gitta mit phang 1 véi mit phing 7khdng vudt qud géc gilta dudng thing 1 v6i mot
dudng thing bat ki ctia mit phing 7, néna < ASB, B< BSC & y < CSA.

Bai todn nay cho ta cho ta mdt k&€t qua manh hon 1a: géc giita canh clia géc tam dién
ddi v6i mit d6i clia n6 nhd hon géc phiang nhé nhat clia géc tam dién k& vé6i canh d6.

b)Cédc gbc nhi dién cda géc tam dién SABC 1a cdc géc nhon, vi vdy hinh chi€u SA cida

tia SA trén mit phing SBC miin bén trong géc BSC.
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Vi vay tif cdc bat déng thitc ASB < BSA + ASA, va ASC < CSA, + ASA,
suy ra rang ASB + ASC — BSC < 2ASA

Viét cdc bat ddng thifc twong tu ddi vdi cdc canh SC va SD rdi cong chiing lai, ta dugc
diéu phai chitng minh.

II-DAu hiéu biing nhau ciia géc tam dién

Trén cdc canh cia mot géc tam dién chon 3 di€ém tudng tng: A, B, C. Néu tir dinh ciia
géc tam dién ta thay chiéu quay clia AABC theo chiéu kim ddng ho, thi ta néi riing géc
tam dién da cho c6 huéng thuin, ngudc lai ta néi n6 c6 huéng nghich.

Nhan xét trén cin thi€t cho nhitng phin sau: néu dinh S va hai canh SA, SB clia géc
tam dién cd dinh, con canh thit ba SC thay d6i trong khong gian, thi huéng clia géc tam
dién sé& thay ddi khi va chi khi tia SC chuyén tir nita khong gian nay, d6i v6i mit phing
ASB, sang ntta khong gian kia.

Xét hai géc tam dién c6 dinh huéng SABC va S’A’B'C”. Goi cdc phin tf tuong Gng 1a
cdc phin tir dugc danh diu bdi cling mot chit. Ta c¢6 dinh 1i sau diy néi vé diu hiéu
bing nhau clia géc tam dién cuing huéng

Dinh 1i 4:
Hai géc tam dién cing hudng sé bang nhau trong moi truong hop sau ddy:

1) Néu mét géc phdng ciia géc tam dién nay bing goc phdng tuong ving ciia goéc tam
dién kia, con cdc géc nhi dién ma canh la canh ciia hai géc phdng bdng nhau, twong ving
bang nhau.

2)Néu mot nhi dién ciia géc tam dién nay bdng goc nhi dién tuong ting ciia géc tam
dién kia va nhitng goéc phdng, ciia ching la nhiing mdt ciia géc nhi dién bdng nhau
twong ving bdng nhau.

3)Néu cdc géc phdng ciia goéc tam dién nay bdng cdc géc phdng tuong iing ciia géc
tam dién kia.

4)Néu cdc géc nhi dién cia goéc tam dién nay bing cdc goc nhi dién tuong ting ciia
goc tam dién kia.

B- CONG THUC CO-SIN TRONG GOC TAM DIEN :

Trong hinh hoc phing ta biét ring cho trudc hai canh AB=c¢,AC=b clia tam gidc
ABC va gbéc A thi canh thd ba BC=a dugc tinh theo cong thic
a’>=b"+c* —2bccos A (1). D6 1a cong thiic cdsin cho tam gidc.

Tuong dng véi tam giac, trong goc tam dién c6 bai toan: Trong mdt géc tam dién
SABC, cho trudc hai mit ASB=7y,ASC = va nhi dién A cia canh SA, hay tinh mat
thiba BSC=a.

Gidi:
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Ta chon ABC sao cho SA=1, AB va AC vudng goéc véi SA hay BAC 1a g6c nhi dién
clia canh SA nén c6 do 16n bing A. Ap dung cong thiic cdsin cho cdc tam gidc BSC va
BAC ta dudgc:

BC? =SB’ +SC*-2SB-SCcos a

BC?=AB*+AC?-2AB-ACcos A

1 1 . 2
Nhung SB = , SC= , AB=tan ¥, AC =tan . Thay vao hai dang thdc trén,
cosy cos 3
ta rut ra:
12 12 __ 2008 _ e y+tan’> B—2tan Stan ycos A
cos” B cos“y cosfcosy
tr d6 dé dang dwa dén cong thiic cos @ =cos Scos y+sin Ssin ycos A (2)

D6 12 cong thiic cosin cho cdc géc tam dién. Cong thiic d6 c6 thé viét thanh:
cosa —cos fcosy

sin fsin y
Cong thifc (2°) cho phép ta tinh dudc cdc géc nhi dién clia géc tam dién khi biét cic
mit ctia géc tam dién d6. Tir cong thic d6 ¢ thé suy ra dau hiéu bing nhau 3) clia 2
gbc tam dién.

COS A=

(2°)

Mot bai todn ngugce duge dit ra la: cho biét cdc goc nhi dién ciia mot goéc tam dién,
hdy tinh cdc mdt ctia goc tam dién do.

Gidi:
Ta dung tam dién ba SA’B’C’ clia géc tam dién SABC cho trudc va viét cdng thifc cho
cos @ —cos ' cos Y

g6c tam dién bu d6 cos A’ = —
sin f’sin ¥
véi &, .7 1a gbc cua tam dién bu SA'B’C” tuwong ung v6i a, S, 7.
Theo tinh chat 2) cua g6c tam dién bu ta co

& =rn-Apf =r-B,yY=n-C,A=r-«.
Thay vao ta dudc:

cos A+cos BcosC
cos = - - 3)
sin B.sinC
Cong thifc ndy 13 18i gidi clia bai todn trén. Cong thic nay ciing c6 thé suy ra diu hiéu
bing nhau.

Pinh li cda gbc tam dién.

C4c cong thiic (2) va (3) x4c dinh mdi quan hén giita mit va nhi dién clia mot tam
dién. B6 1a cong thiic ¢ ban ctia hinh hoc tam dién.
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Pinh li sin déi véi géc tam dién : Gid st «, 3,7.1a géc phing clia mot géc tam dién;

A, B va C la cdc gbéc nhi dién d6i dién cla ching. Chiéng minh
« sina_sinf siny

sinA sinB sinC

Giai :

LAy trén canh SA cda géc tam dién mot diém M tuy y. Gid s&¢ M’ 13 hiinh chi€u cda
M trén mit phang SBC, P va Q la hinh chi€u ctia M trén mit phing SB va SC. Theo
dinh 1i 3 dudng vuong géc MP L SB va M'Q L SC.NE&uSM =a, thi MQ =asin B va
MM’ = MQ sinC =asin Bsin C (vi Cla gbc gitta QM va OM).

Tuong ty MM’ =MP sin B=asin y.sin B

. sin sin 2 a1 . s
Do dé —’B = —7/ . bang thdc thi hai chitng minh hoan toan tuong tu.
sinB sinC

Cic bai todn bat diang thic vé géc

Bai todn 1: Chiing minh ring khong thé c¢6 nhiéu hon mot dinh cla t dién c6 tinh chat
1a t8ng cha bt ki hai géc phing nao tai dinh nay 16n hon 180°.

Giai:

Ta gia thi€t ring cdc dinh A va B clia t dién ABCD c6 tinh chit da néu. Tic 12 nhiéu
hon mot dinh cia t dién ludn c6 tinh chat tdng bat ki clia hai géc phdng 16n hon 180°.
Khi d6 CAB + DAB >180°&CBA +DBA > 180°

Mit khic CAB +CBA =180° — ACB < 180°

Khi d6 ta c6 DBA + DAB >180°. V5 Ii

Nén ta c6 diéu phai chitng minh.

Bai todn goc da dién

Bai todn 1: Chitng minh riing tdng mot géc tii dién 16i bat ki tdn tai mot thiét dién 12
hinh binh hanh, ddng thdi c4c thiét dién nhu thé song song nhau.

Chting minh ring mot géc ti dién 16i vdi cdc géc phing bing nhau tdn tai thiét
dién la hinh thoi.

Bai todn 2: Mot trong hai géc da dién 18i v6i dinh chung nim trong géc da dién kia.
Chnitg minh ring tdng cla cdc géc phing ciia géc da dién nim bén trong nhé hon tdng
clia cdc géc phing cta da dién nim bén ngoai.

Bai todan 3: Chting minh ring tdng cla cdc géc nhi dién ctia mot géc n_dién 16i 16n hon
(n - 2)7[
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Bai todn 4: N€&u tit cd cdc géc phing cla géc tam dién 1a th thi tit ¢4 cdc géc nhi dién
clia n6 déu ti.

Bai todn 5: Néu tit cd cdc géc nhi dién trong mot tam dién 12 nhon thi tit cd cdc gbc
phang ctia n6 ciing nhon.

Bai todn 6: Chitng minh riing tdng cdc géc c6 dinh 1a mot diém tily ¥ nim bén trong t
dién, con céc canh di qua cdc dinh cia ti dién, 16n hon 3.

Gidi:

Gia st O 1a mot di€ém nim bén trong ti dién ABCD; a, 3, 7.1a géc nhin tir O d@&n céc
canh DA, DB va DC; a, b va ¢ 1a cdc géc nhin tit O dén cdc canh AB, BC va CA; P 1a
giao di€m cia mit phing ABC véi dudng thing DO. Vi tia OP nim trong géc tam dién
OABC, nén AOP + BOP < AOC + BOC (1) (st dung két qué (3) cda bai todn vi du 1).
Ma AOP = 7 — AOB&BOP=7—BOD nén ta ¢6
()eor-a+z-f<a+bsa+b+ f+a>2x

Tuong t, B+ y+b+c>27m,y+a+a+c>2x. Néu cong cic bat ddng thic niy lai ta

c6 diéu phdi chitng minh.

C- BAT PANG THUC Vit TU DIEN:

I- Li thuyét tif dién:

T dién bat ki:

T dién 12 mot hinh chép tam gidc. P6 1a hinh chép duy nhit ma moi mit déu c6 thé
14y lam ddy.

Thé tich t& dién: V = %SAhA :%SBhB = éabd sina trong d6 S ,h la dién tich mdt ddy
ddi dién véi dinh X va dudng cao xuit phdt tir dinh X; a, b 13 hai canh d6i va d, & 1a
khodng cédch va géc gitta hai canh dé.
Trong mot ti dién bat ki 7 doan thing niy sau diy ludén ddng qui tai mot di€ém goi 1a
trong tAm cua td dién:

- 4 doan n6i mot dinh dén trong tAm mit d6i dién.

- 3 doan ndi trung di€ém 2 canh d6i.
Goi M va N 1an luot 13 trung diém CD va AB,A’& B’1a trong tim cla cdc tam gidc
BCD va ACD.
GM =GN
GA =3GA’
AA’(hay BB’)thudng dugc goi la trong tuyén t dién.
Ti dién déu :
T dién ABCD dugc goi 1a déu néu va chi néu tit cd cdc canh clia né bing nhau.

Véi G 1a trong tdm t dién, ta c6 {
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N a3 PN o aea LA Y en
Mot tir dién déu thi c6 : hthrong do6 a la canh cua t&r dién, h 1a chiéu cao tir dién

_a\2

V= = V 1a thé tich cua tit dién

r= a;/g r, R 12 bén kinh mit cdu ndi ti€p va
ngoai ti€p

R=3r= 3a6

4
. 5 N 1
S6 do goc clia mdt canh bat ki bang arccosg

Ti dién gan déu

T dién gin déu 12 tf dién c6 cdc cip canh ddi d6i mot biing nhau.

Tinh chat va diéu kién cin va dd d€ mot tf dién 1 tf dién gan déu:

Téng céc géc phdng & mdi dinh géc tam dién bing 180°

Hai géc phing tam dién nio dé cda ti dién bing 180" ddng thdi c6 mot cip canh ddi
bing nhau.

Céc doan thing ndi trung di€m clia hai canh ddi dién 13 dudng vudng géc chung clia
hai canh dé.

Bon mit 13 tam gidc ¢6 dién tich bing nhau.

TAm mit cau ndi ti€p va ngoai ti€p triing nhau.

TAm mit cau ndi ti€p va trong tAm tring nhau.

TAm mit cau ngoai ti€p va trong tAm triing nhau.

Céc géc phing nhi dién tng vdi cdc cip canh d6i dién bing nhau.

1. Cho tir dién déu ABCD. Hiy tim trén cdc mit phang (BCD),(CDA),(DAB),(ABC)
céc diém X,Y,Z,T sao cho téng do dai cac canh cua tir dién XYZT nho nhit.

Giai:

Goi O 1a tam cua t& dién déu ABCD. H,I,J,K theo thir tu 12 hinh chiéu cia O trén mat

phing (BCD),(CDA),(DAB),(ABC).

Vi ABCD 1a ti dién déu nén:
HI HT HR) | (gep)
HI HJ HK
£+E+ﬂ 1 (CDA)
IJ IK IH
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L (o)

JK JH JI
KH KI KJ

(—+—+—J L (ABC) (*)

KH KI KJ

Gia st X,Y,Z T la cdc diém bét ki, theo thir tw thugc mp (BCD),(CDA),(DAB),(ABC).

Ta thy:
XY+ XZ+XT+ZT+TY +YZ =

XY.Hl X/Z.HJ] XTHK ZTJK TY.KI YZJI
+ + + + +

HJ HK JK K1 JI

XY.HI XZ.HJ] XT.HK ZT.JK TY.KI YZ.JI

> + + + + + =
HI HJ HK JK K1 JI

S

—_— — . s e

SY=XH+HI+1Y;XT = XH+ HK + KT
XZ=XH+HJ+JZ.ZT =7J +JK + KT
TY =TK+KI+1V:YZ =Yl + 1] + JZ

HI HJI HK
—[ﬂ IK ﬂj@(ﬂﬂi}ﬁ[m Ki KJ]

:>S=H1+HJ+HK+JK+K1+IJ+E[HI HJ HKJ

+IY ——t—t+—
IJ IK IH JK JH JI KH KI KJ

Vi XH,YI,ZJ,TK theo thtt ty thudc mp (BCD),(CDA),(DAB),(ABC) nén theo (*) ta c6:

XY+YZ+ZT+TX + XZ+YT 2 HI+JI+HK +JK+KI+JH (1)
Néu dang thirc & (1) xay ra thi

XY ™M HLYZ T 17;2T 11 JK.TX T KH =3, 57,5 >0

Sao cho

aﬁ:ﬁ;ﬁﬁ:ﬁ;ﬁi:ﬁ;éﬁi:ﬁ

= aHI + B1J + yJK + SKH =0

Lai c6: HI +1J +JK + KH =0 va 3 vecto bat ki trong 4 vecto nay khong dong phiang nén

aHI = XZ
=2y — —
aKH =7ZX
a(HI+JI+HK +JK+KI+JH)= XY +YZ+ZT+TX + XZ+YT (2)
Sosanh (1) va(2)tacdé a=1.
Suyra:ﬁ:ﬁ:ﬁ:ﬁ
Dit HX=IY=JZ=KT =a

Ta thiy tir dién XYZT 1a anh ctia HIJK qua phép tinh tién 7.. Néu a#0 thi H # X,

[#Y, HX//IY = a//CD . Tuong tu a//DB . Mau thuin.

Vay a=0. Suy ra X,Y,Z,T twong tng tring véi H,1,J,K d& thdy ding thirc xay ra & (1).
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Két luan: Téng do dai cdc canh cta tir dién XYZT nho nhat khi va chi khi X,Y,Z T tuong
ung trung voi H,1,J,K.

2. Cho tir dién ABCD, trong tim G. M Ia diém bat ki, N 1a diém thoa NM =4MG .
Ching minh va tim dau bang xay ra khi nao cua bat dang thuc sau:
NA+NB+NC+ND <2MN +MA+MB+MC+MD (1)

Giai:
*Truong hop 1:
M =G =M =N = (1) ding va diu bang xay ra.

*Truong hop 2:

M # G . Goi O la trung diém cua MN.
Ta co:

{W +AN =2A0

_—

—AM + AN = MN

2AOMN < 2AOMN

= AN?> —AM? =2A0MN < —AM + AN = <
AM + AN MN

Tuong tu voi BN,CN,DN.
2(AO+BO+CO+DO)MN
= (AN +BN +CN +DN)—(AM + BM +CM + DM ) < N
~A AINT 2
_24GOMN _2MN~ _ SMN
MN
dpcm. “=" xay ra ¢ truong hop 1.

Ngoai cdch trén ta con c6 thé sir dung bét ding thirc gid tri tuyét doi:
‘}+§+Z‘+‘§+Z+?‘+‘Z +?+}‘+‘}+§+?‘ < 2‘}+§+Z+?‘+‘}‘+‘§‘+‘Z‘+ﬂ

Téng quét 1én:

Cho n diém A (n23). Cdc diém M,N,N théa: > GA, =0,MN =nMG . Ching minh:

S NA <3 MA +(n-2) MN

3. Cho tit dién OABC vudng tai O. Goi a, 3,7 1a géc tao bdi dudng cao xudt phat tir
dinh O véi cac canh OA, OB, OC. Chitng minh:
33in2a +3sinzﬁ +3sin2}/ > COSZ a,.32—cosza +COSZ ,6.32_0082'6 +COSZ 7/'32—0052}/

Giai:
1 N 1 N 1
OH? O0OA* OB* 0cC?
OH? OH* OH*
>t ;T 2:1
0OA*> OB*> 0OC

Ta co

nén cos’@+cos’ B+cos’ y=
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bit a=cos’ a,b=cos’ B,c=cos’ ythi a+b+c=1 va
sin*a@=1-a,sin” f=1-b,sin” y=1-c
Bit ddng thic cAn chitng minh tuong dudng véi:
3 3 3_.9a 9% O9c
e e

N T T TR T
o (1-3a) 4+ = (1-3b) + - (1-3¢) 20
3¢ 3’ 3¢

<:>%(b+c—2a)+3ib(c+a—2b)+3—lc(a+b—2c)20

(:)(%—%)(b—a)+(%—%}(c—b)+(%—%)(a—c)20

| 2 -, ~ A , ~ , 1 ~ ~ A . o A A
Bat dang thitc nay ludn ding vitacd y = 3—Xla ham s6 nghich bi€n nén:

1 1

31 31 3(—”——,]](1?—0)20
alb=>—2>2— ¥ 3
33

DAubiing xdy ra & a=b=c < cos’ @ =cos’ B =cos’ ¥ hay tif dién OABC vudng cin
tai O.

4. Cho tt dién vudng OABC v61 OA = OB = OC = a.

a) X4dc dinh mit phing (P) sao cho tong dién tich hinh chi€u cdc mit clia ti dién
1én (P) dat gid tri 16n nhat.

b) (P) hgp véi (BOC),(COA),(AOB) céc géc nhon a, B,y .Ching to:

a+pB+y<rw .

Giai:

a)_Xét mdt phdp tuyén cia (P) 1a dudng thing d qua O. (P) hdp vé6i (BOC), (COA),
(AOB) céc gbc o, 3, ~ tuong tng 1a géc hgp bdi d véi OA, OB, OC.

Goi i, j,k,elan lugt 1a cdc véctd don vi cta OA, OB,0C va d.

Ta c6: e=cosai+cosf.j+cosy k

voi & =(.8). B =(e). 7 = (£.¢)

—l=e¢ =cos’d/i+ cos’ 3. j +cos* Y k (1)

Ma a, 8, ~ < 90° nén o biing hay bl v6i &’,cos® & = cos’ & . Tuong tu d6i véi S,7 nén

tr (1) = cos’ @+cos” f+cos’ y=1  (2)
2
Do Spus =Sose =Soca = %, nén téng dién tich hinh chi€u cdc mit ti dién 1én (P) 1a
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2

S =%(cos a+cos f+cosy)+ S, cos@ v6i @ 1a géc hop bdi (P) v6i (ABC).

Ma cosa+cos B+cosy < \/3(cos20{+cosz,3+cos27/) =3

2
a\/§+S

ABC *
2

Va cosp<1,nén §<

(P)//(ABC)

S &cosa=cosf=cosy,cosp=1<
max B ¥,c0s @ {PE(ABC)

b) Tt (2) = cos2a+cos2B+2cos” y=0

Gid st a+f+y2 7[,%2 y2r—(a+p5)20

= cosy<cos(7—(a+B))=—cos(a+p) (4)

Nén tlr (3) suy ra cos2a+cos2+2cos’ (a+5)>0

= 2cos(a+ f)[ cos(a— f)+cos(a+ ) ]20

= cos(a+ fB)cosacos f20  (5)

Ma (4) = cos(a+ f)<—cosy<0

Va cosa >0,cos >0 nén (5) khong thé x4y ra. Suyra a+fB+y<7x.

5. Trong khong gian cho mot ti dién déu. Chitng minh ring tdng khodng cch tir mot
di€m nao d6 dén cic dinh cta t¢ dién 12 nhé nhat néu va chi néu diém d6 tring
véi tAm hinh ciu ngoai ti€p i dién déu di cho.

Gidi:

Gi4 sit ABCD 1a i dién déu c6 O 1a tAm hinh cau ngoai ti€p va P 1a diém tly ¥ trong

khong gian. Goi X 12 trung di€ém CD. Cho P’1a chan dudng vudng géc ha tir P xudng

mit phing (AXB). Ta sé& chiing minh ring néu P khong tring v6i P’thi

PA+PB+PC+PD>PA+PB+PC+PD.

That vay, gia st P khong tring v6i P, ta c6 PA> P’A vi géc PP’ A vudng; ciing vy,

ta c6 PB > P’B. Do BX va AX vudng géc CD nén (BAX) 13 mit phing trung truc cia

CD. Suy ra P’CD Ia tam gidc cin tai P’, con PCD thi khong cén tai P (néu ngudgc lai thi

P tring P’ bdi khi 4y P cling thudc mit phing (ABX))

Mt khdc, PP’ va CD nim trén hai mit phing song song nhau nén khodng cich giita P

va CD ciing biing khodng cdch giita P’ va CD. Piéu nay kéo theo

PC+PD > P'C+CD.DE thiy diéu nay, ta goi C’& D’ 1an lugt 1 cdc di€m d6i xiing

ciia C va D qua dudng thing PP’, ta c6:
PC+PD=PC'+PD>CD'=PC'+PD=PC+PD.

Tir d6 ta suy ra di€u phai chitng minh.
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TU ching minh trén, ta suy ra dudc ring néu P 1a di€m sao cho PA + PB + PC + PD
nhé nhat, P phdi nim trong mit phang (ABX); hoan toan tudng ty, né ciing phdi nim
trong mit phing (CDY), v6i Y 13 trung di€m cia AB. Suy ra ring P phdi nim trén XY,
dudng noi trung di€m clia cc cip canh d6i AB va CD.

Lip lai li luAn mot cdch tuong tu nhu trén, P ciing nim trén dudng ndi trung di€m hai
cip canh con lai clia tif dién ABCD; néi ciach khédc, P tring v6i tAim mit cau ngoai tiép
cua td dién.

6. Ching minh ring moi tif dién déu c6 mot dinh ma 3 canh xuat phét tir dinh d6 c6
dd dai thich hgp d€ 1ap thainh mot tam giac.

Giai.

Ta xét canh dai nhat clia tif dién. Gid st AB 13 canh dai nhat cla ti dién ABCD. Gi s
ngudc lai, khing dinh clia bai todn 1a sai, nghia 12 khong c6 dinh nao trong ti dién
ABCD d& cho 3 cann xuét phét tir dinh d6 c6 d6 dai thich hop dé 1ap thanh mot tam
gidc.

Lic d6 ta phai c6:

AB>AC+AD (xétdinh A),

BA > BC + BD (xét dinh B)

Tu d6 ta suy ra 2AB> AC+AD+BC+BD, (*)
Nhung trong tam gidc ABC va ABD ta la c6:

AB< AC+CB;AB < AD+ DB nén ta dugc2AB< AC+ AD+ BC + BD, (%)

MaAu thuin giita (¥) va (¥¥) cho ta diéu phdi chitng minh.

7. Td dién ABCD c6 géc BCD = 90° va chan duong vudng géc ha tir D xudng mit
phing (ABC) tring véi truc tim tam gidc ABC. Chiing minh ring:
(AB+BC+CA)’ <6(AD’ + BD* +CD”)

Gidi:
Trudc tién ta s€ chitng minh ring CDA =90
That vdy, goi H 12 hinh chi€u ca D xu6ng mit phing (ABC), gid st CH cit AB tai E.
Do ABLCE&AB L DH nén AB L (DEC), suy ra ABLDE. T d6, cdc tam gidc
vudng BED va CED cho ta:
BD® = DE*+BE*,CB* =CE* + BE”.
Trit v€ theo v& cd hai ddng thic trén ta dugc: CB> — BD* = CE* — DE”.
Nhung vi tam gidc BCD vudng nén ta lai c6 CB*> — BD*> = CD’, suy ra
CE’* = CD*+ DE?, tiic 14 tam gidc CDE vudng tai D. Tém lai, ta c6 CD 1L DB va
CD L DE nén CD 1 AD . Néi c4ch khéc, CDA=90°. Hoan toan tuong ty ta cling c6
ADB =90".
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Tir d6 ta duge: AB”+BC’ +CA” =2(AD* + BD’ + CD?). (1)
Mt khic bat ding thitc AM-GM cho ta :

(AB+BC+CA) <3(AB*+BC*+CA?)  (2)

K&t hop (1) va (2) ta dude (AB+BC+CA)’ <6(AD’ + BD* +CD?)

Dau bing xdy ra khi AB = BC = CA.

8. Goi R 12 ban kinh mit cau ngoai ti€p tit dién ABCD. Goi G,, G, G, G41a trong
tdm cdc tam gidc BCD, CDA, DAB, ABC. biat: G, =m_;G, =m,;G.=m_;G, = m,.

Ching minh ring: R > %(mﬂ +m, +m_+m,)

Giai.

JO 12 tim hinh ciu ngoai ti€p t& dién ABCD. Ta cé:

4R* =0A*+O0B*+0C*+0D* = (7G+54)2 +...+(@+@)2

(v6i G la trong tam t& dién ABCD).

Do: GA+GB+GC+GD =0

— 4R>=40G +GA +GB +GC +GD +20G(GA+GB+GC +GD)
& 4R* =40G* +GA® +GB* + GC* + GD?

Theo tinh chét trong tam tur dién:

GA=§ma;GB=§mb;GC=§mC;GD=§md;
4 4 4 4

< 4R =40G® +2(mj +m; +m +m§)
16

= 4R’ 22(m§+mb2+mf+m§)
16

Mit khéac theo cauchy-schwarz:
2
4(m5 +m,f +m€2 +m§) > (ma +my, +m, +md)

91 2
=SA4R*>——(m +m, +m +m
164( a h C d)

@RZ%(ma+mb+mc+md)

. G=0 .
Pang thic xdy ra & { = ABCD la tit dién déu.
m,=m,=m, =m,

9. Chtng minh ring tdn tai khoi tif dién ABCD ma cdc mit clia n6 1a cdc tam gidc
vudng dong dang vdi cdc géc nhon tai cdc dinh A va B. Hiy x4c dinh canh nao cia
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tr dién 12 16n nhat, con canh nao 12 nhd nhAit va hay tinh do dai canh nhd nhit néu
do dai canh 16n nhat 12 mot.

10. Chitng minh ring néu mdt ti dién c¢é canh a noi ti€p trong tit dién déu canh b sao
cho trén mdi mit cta khdi tit dién canh b ¢6 ding mot dinh cta khdi tif dién noi
ti€p, thi 3a > b.

11. Trong ti dién ABCD céc canh AD, BC va CD vudng géc 1an nhau, con do dai
tuong Wng cia ching 13 g, b, c. Chting minh riing v6i mdi di€ém M nim trén mdi
canh clia tam gidc ABC, tong S cdc khodng cach tir cdc dinh A, B va C dén dudng
thing DM théa min bit ding thic:

S <J2(a* +b* +¢?) . Khi ndo x4y ra ding thic?

feoX)

Gi
P& xdc dinh, gid st M niim trén canh AB vi MND = ¢ khi d6 S = c+acos @+bsin @

1

PN . a 2 1A 32 .,
Kihi€u d =acos@+bsing,y = arccos ———— ta c6 bat dang thic
a +b

d =~a’ +b* (cos ycos@+sin ysin@) =va’ +b° cos(¢—y) <Va’ +b’

Pdng thdi déng thic ciing xay ra khi va chi khi ¢ = y, nghia 12 khi

AD - = ’ 2
cos Q= B =cos DAB hay DM L AB.Mitkhéc ta c6 bat dang thic

S=c+d< 2(c2 +d2) va ding thic x4y ra khi ¢ = d hay cdc canh AD, BD, CD c6

thé 1am canh cla mot tam gidc vuéng. Con DM 13 dudng cao ha xudng canh bé nhat
cla tam gidc ABC

12. Cho ti dién ABCD c6 trong tim G vandi ti€p trong mit ciu tim O. Cic dudng
thing AG, BG, CG, DG lan lugt cit mit cau tai diém thi hai A’,B’,C’,D’. Chiing
minh ring:

AA”+ BB’+CC’+DD’>i(AB+CA+AD+BC+CD)

6

Giai

D_at S=AB’+AC*+AD* + BC* + BD* +CD*

Ta c6 AA"AG =(AG+GA')AG = AG* + AG.GA

Mt phing qua tim O va AA” cit mit cAu theo dudng tron 16n ban kinh R.
Dé thiy GA.GA’=R* -0G’

Vi thé: AA'AG = AG” +(R*-0G* ) > 2\/AG2 (R*-0G?)

Hay AA">+4R?-40G> (1)
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Do G la trong tam t& dién nén GA+GB+GC+GD =0
I —\2 - —\2
Tir d6 GA2+GB2+GC2+GD2=(G0+OA) +---+(G0+0D)

_—

—4GO* +4R* +2GO(0A+OB+OC+0D)

=4GO® +4R’ +2GO-40G
Vay GA’ +GB’ +GC* +GD* =4GO’ +4R* -8GO’ =4(R* - 0G*)  (2)

Tu (1) va (2) tacéd : AA > JGA® +GB> +GC? +GD?
Ta c6 cong thie tinh trung tuyén t& dién

3AG* =(AB*+AC* + AD’)- ; (BC*+CD* + DB?)

= GA*> +GB*> + GC? + GD? :i(ABz +AC?+ AD? + BC? +CD? +DBZ)

Nho thé: AA'ZL\/ABZ+-'-+CD2 ZL(AB+'-'+CD)
2 2.6

21\/1(AB+---+CD)2
2\6

Nén AA'ZL(AB+---+CD).

2.6

Tuong tu,
’ 1 ’ 1 , 1
BB 2 —=(AB+---+CD);CC" 2—=(AB+---+CD); DD 2 ——=(AB+---+CD).
2J6 2J6

2.6

Cong 4 bat ddng thic trén ta co:
AA’+ BB +CC’+ DD’ >—(AB+AC+AD+BC+BD+CD)

NG

e , AG’ =(R*-0G")
Dau dang thic xay ra khi

AB=AC=AD=BC=BD=CD

hay ABCD Ia tit dién déu.

13. Cho tt dién ABCD v6i AB = CD = a; BC = AD = b; AC = BD = c. M 1a diém ty §
trong khong gian. Tim gid tri nhd nhat cda biéu thitc MA + MB + MC + MD.

Giai.
Vi tif dién ABCD 1a tif dién gin déu nén trong tim clia tif dién tring véi tAm O cla
mit cau ngoai ti€p t& dién ABCD. Do d6 ta c6:
OA+OB+0C+0D =0
OA=0B=0C =0D =R (bin kinh mit cau ngoai tiép ABCD)
Ta co:

MA =L [414|-[OA] > L MA-OA = - (MO + OA)-OA =~ MO -OA+R.
R R R R
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Tuong tu’:MBZ%MB-EE+R
MC2%M5-55+R.
MDZ%M—O-W)+R.
Do dé:MA+MB+MC+MDz%m-(ﬁ+ﬁ+%+@)+4R:4R

Ta c6 tit dién gan déu véi 3 kich thudc a, b, ¢ thi ban kinh mit cAu ngoai tiép

R:l }c12+bz+c2
2 2

Viy MA+MB+MC+MD > \[2(a* +1% +*)

DAu ding thic xdy ra & M =0.
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CHUONG II: THIET DIEN.

I. M6t s6 khai niém:
- Thiét di¢n: 12 mot mdt cit ciia mot hinh da dién hodc hinh cau.
- Mudn tinh dién tich thiét dién c6 nhiéu céch: Néu thiét dién 1a mot tam gidc thi viéc tinh
s& tro nén dé dang hon. N6 dugc tinh dua trén cic phuong phap co ban sau:
+ Ap dung luong gidc hay luong gidc héa bai téan.
+ Ap dung hé thtc luong.
+ Ap dung toa do.
- Néu thiét dién 12 mot da gidc tir 4 dinh trd 1én ta c6 cdc phuong phép:
+ Chia thanh céc tam gidc dé tinh.
+ Ap dung lugng gidc hay luong gidc héa bai téan.
+ Ap dung hé thiic luong.
+ Ap dung toa do.
- Tir d6 dé tim cyc tri hay ching minh cdc bit ding thirc dién tich thiét dién ta c6 cic
phuong phép sau:
+ Ap dung luong gi4c hay luong gidc héa bai téan.
+ Ap dung hé thtc luong.
+ Ap dung toa do.
+ Ap dung cdc bat dang thirc cd dién(Cauchy, Bunhia, ..)
+ Phan tich di 1én bai toan dé tim hudng giai.
+ Lién tuong téi nhitng bai tuong tu.
+ Duya vao céc dai lugng bét bién.

* Mot s6 dinh nghia, dinh li:

Dinh nghia I:

Mat phéng tao bodi trung diém cta 1 canh trong tir di¢n va doan th'fmg dbi dién véi canh
do goi la mat trung dién.

Mot tr dién c6 sdu mat trung dién va sdu mat trung dién nay déng quy tai trong tam cua
tur dién.

Dinh nghia 2.

Mit phing d6i xtng voi mit trung dién qua mat phan gidc duoc goi la mat dbi trung.

Mot tir dién c6 sdu mat déi trung va cdc mat nay dong quy tai diém ddi trong tim cua tir
dién.

Dinh li 1:

Cho tir dién ABCD. M 1a 1 diém nam trong tir dién, H,1,J,K 1a hinh chiéu cia M xudng
cdc mp(BCD),mp(CDA),mp(DAB),mp(ABC). Khi d6 céc diéu kién sau 1a tuong

duong:

1) M la doi trong tam cua tor dién ABCD.

2) V(MBCD) _ V(MCDA) _ V(MDAB) _ V(MABC)
S \ Se S5

3) M la trong tdm tur dién HIJK.
(S,.85.8:.5, ladién tich cua cic mit(BCD),(CDA),(DAB),(ABC)).
Dinh li 2:
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Trong godc tam dién, mdi mat nho hon tong hai mat kia.

Hé qua cua dinh li 2:

Hi¢u hai mdt cua géc tam dién nho hon mat thir ba. Mbi quan hé vé s6 do cua cdc mat
g6c tam dién gidng nhu mdi quan hé vé do dai cdc canh ciia mot tam gidc.

Dinh li 3:

Téng céc mat cia mot gée da dién 16i nho hon 27 .

Dinh nghia:

Tam dién bu vdi mot gbe tam di¢n bat ki: Cho gbc tam dién OABC, dyng ntra mat phéng
OA’ vudéng géc v6i mp(OBC)va nam cung phia véi OA déi  véi
mp (OBC);0B’,0C’ ciing dugc dung tuong ty. Ta ¢6 tam dién OA’B’C” 1a géc tam dién

bl voi géc tam dién OABC da cho.

Ttc 12 géc tam dién tao boi céc nira duong thing xudt phét tir dinh cta géc tam dién ban
dau, vudng géc v6i mot trong 3 mit phing tao thanh géc tam dién ban dau va ciing phia
v6i canh (xudt phit tir O) con lai.

Cdc tinh chdt ciia géc tam dién bi:

- Quan hé tam dién bu c6 tinh chét ddi xtmg. C6 nghia 1a néu OA’B'C” 1a géc tam dién
bii cia ABCD thi diéu nguoc lai ciing ding.

- Téng ctia mdi mit ctia mot géc tam dién véi nhi dién tuong ung (nhi dién c¢6 canh
vudng géc véi mat d6 trong géc tam dién bu) bang 7.

- Néu 2 géc tam dién bang nhau thi 2 géc tam dién bi chiing ciing bang nhau.

Str dung géc tam dién bu ta c6 dinh Ii sau:

- Téng céc nhi dién trong mot géc tam dién 16n hon 7 va nho hon 37 .

Dinh li 4: Pinh 1i trung binh:

Cho céc sb duong al.,(i = I,_n), ta co:

=

DAu dang thiic xay rakhi a, =a,,,

*MVot so vi du:

Vdl: a) Chimg minh rang dién tich ctia mot thiét dién tam gidc bat ki cua tr dién khong
vuot qué dién tich cua mdt trong cdc mat cia no.

b) Ching minh rang dién tich cia mét thiét dién tr gidc bt ki cua tir dién khong vuot
qué dién tich cua mdt trong cdc mat cua no.

Giai:

a) Néu thiét dién tam gidc khong di qua mot dinh cua tir dién, thi ton tai thiét dién tam
gidc song song voi mot mat cua no, khi do dién tich thiét dién khong 16n hon. Vi vay chi
can xét truong hop khi thiét dién di qua mot dinh cua tir dién.

Gia st diém M nam trén canh CD cua tir dién ABCD. Do dai duong cao ha t diém M
xubng duong thang AB, bao gdm giita cdc do dai cua hai duong chéo ha tir cdc diém C va
D xubng duong thing nay.
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Vi Vay: SABM - SABC hOéC SABM - SABD

Gia sir cdc diém M va N ndm trén cdc canh CD va CB cuia ti dién ABCD. C6 thé 4p dung

diéu khang dinh vira duoc ching minh cho thiét dién AMN cua tt dién AMBC.

Vi Vay: SAMN - SACM - SACD hOéC SMNA - SABM

b) Gia str mat phang cit canh AB,CD,BD va AC cua ti dién ABCD tai céc diém K,L, M,N

twong Gng. Ta xét hinh chiéu trén mit phing vudng géc véi duong thing MN. Vi

K'L'=KLsina, &6 d6 «a 1a géc giita cdc dudng thang KL MN nén dién tich cua thiét
. .y K'L'MN

dién bang —

Vi vdy can chig minh ring K’L'< A’C’ hoic K'L'<SB'D".

Con lai chting minh diéu khang dinh sau dy trong hinh hoc phang: “ P¢ dai doan thing

KL, di qua giao diém hai dudng chéo cua tir gidc 16i ABCD, khong vuot qua do dai cua

mot trong cdc dudng chéo clia né (cdc diu mit clia doan thang nam trén cic canh cua ti

gidc)”. Ta ké qua cdc dau mit cua doan thiang KL cic dudng vudng géc voi nd, va xét

hinh chiéu cua céc dinh t&r gidc trén ching, va ciing nhu giao diém cua cc dudng thang

AC va BD voi ching.

Gia str, dé xdc dinh, diém A nam bén trong dai duoc cho boi cdc dudng thiang nay, con

diém B nim bén ngdai dai. Khi d6 c6 thé coi rang D nam trong dai, vi néu khéc di thi

BD>KL va chtitng minh xong. Vi:

AA'< AK _CL < cc'

BB' BK DL DD'

Thi hoac la AA'< CC'(vakhi d6 AC>KL), hodc la BB'> DD'(va khi d6 BD>KL).

Vd 2: Trong mit phang @ cho dudng tron (C) c6 dudng kinh AB=2R. V& SA vudng
gbéc v6i a; SA=2R. Goi M 1a diém di dong trén (C), B la mat phang qua A va vudng
g6c v6i SB. Tim gi4 tri 16n nhét cua dién tich thiét dién do S cit hinh chép SABM. Suy
ra vi tri cua M khi dé.

Giai:
D@ dang tim duoc thiét dién chinh 12 tam gidc AIN. Ta c6 BM L AM & BM L SA nén
BM 1 (SAM)= BM 1 AN . Mit khéc, B 1 SB nén SB L AN . Do vay AN 1 (SBM),

‘ . . Al . \
suy ra AN L NI . Nhu the, tam gidc ANI vudng tai I nén NH < EX (vo1 NH 1a duong cao

. 1 £ 4 A A os
trong tam gidc ANI). Ta ¢6: S,,, = EAI .NH , vi Al co dinh (Al L SB) nén dién tich tam

gidgc NI 16n nhét khi NH 16n nhat, nghia 1a khi H tring vé6i trung diém O’ cua Al va:

2
N =AL_5B_ R\/_ . Vay (S,u) :lR\/ER—\/E=R—. Ldic nay, tam gidc ANI
2 4 2 maxe 2 2 2
A A A Al
vudng can tai I nén AN =—==R.
V2
Tt hé thuc: ! = L + ! tasuyra AM =2—R.

AN?  SA*  AM?*’
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Tém lai, dién tich thiét dién 16n nhat khi diém M nim trén dudng tron va & vi tri cich A

2R
5

mot doan béng
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CHUONG IIT: PHUONG PHAP CHUNG MINH CHUNG
TRONG CAC BAI BAT PANG THU'C HINH HOC
TRONG KHONG GIAN
BAI 1: PHUONG PHAP HINH HOC

I Gi6i thiéu vé phwong phap:

Nhirng bai toan cuc tri vé dién tich va thé tich déu quy vé viéc tim cuc trj ctia do dai doan
thiang hay do 16n cta géc. Nén ngudi ta thuong diung phuong phdp hinh hoc dé giai
quyét. Mot s6 bai bt ding thirc hinh hoc héc bda ciing vay. Nguoi ta sir dung cdc tinh
chat, cdc bat dang thtrc hinh hoc co ban dé chimg minh.

- Pinh i vé dudng vudng géc va dudng xién.

- Bét dang thtic tong qudt ctia bat dang thic tam gidc :

AB<Y AA, +AB
Déu bang xdy ra khi va chi khi A, € AB(i=0,n-1)

- Dinh Ii v& so sdnh canh va géc trong mot hinh tam gidc.

- Dinh 1i vé so sdnh canh va géc trong 2 hinh tam giic.

- Cé4c bat dang thuc trong mot géc tam dién hay goc da dién 16i.

- Bat dang thirc lién h¢ gitra canh va duong chéo trong hinh hdp:
dZ

a2 + b2 + C2 > ?

(a,b,c 1a 3 do dai cia hinh hop, d 1a do dai dudong chéo).

- C6 mot hinh 1ap phuong canh 1 thi ta c6 tong céc khoang cdch tir mot diém tuy y dén

tat ca cdc dinh ctia né khong nho hon 43

- Mot doan thang nim bén trong mot da dién 15i thi do dai ctia né khoéng vuot quéa do

dai doan théng 16n nhit véi cdc dau mit 1a cdc dinh da dién.

- Bén trong mdt da dién 15i ¢6 2 diém thi tOon tai mot trong cdc dinh cua da dién gﬁn

mot trong hai diém hon diém kia.

- Tbng d6 dai tir mot diém nam trong t&r dién dén cic dinh cia ti dién khong 16n hon

téng do dai cac canh cua tir dién.

- Dinh Ii Cosin téng quét: Gia su A,B,M 1a ba diém tuy y trong khong gian. Thé thi:
2MAMB = MA* + MB* — AB®

(Céc bat déng thirc hinh hoc co ban nay ban doc c6 thé ty tim toi cdch chirng minh cho

riéng minh vi né hoan toan co ban va dé dang).

IT Mét s6 vi du:

Vd 1: Cho d va A 1a hai duong thang chéo nhau. Goi A,B 12 hai diém ¢6 dinh trén d va
CD=I[ (khdong doi) di’déng trén A. Hay tim vi tri cia CD dé dién tich toan phan cua tr
di¢n ABCD la nho nhit.

Giai:
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Déy: S, &Sy, khong doi.

(S;,) — min & (S, + SDAB) — min

& %AB[CE+DF] — min

& (CE+DF) — min

Xét mit phang (&) L d tai O, chiéu CD xuéng (@) thanh C’D’. (E,F nam trén d sao cho
CE va DF vudng géc voi d.).

CE//=C'O;DF[/=D'0,suyra (S,, = min & (C'0+D'0) — min).

V& 0I//=C'D'=0C’+0D"=0D"+D’T>0"I (0"dbi xtimg ctia O qua C’'D”). Suy ra
rang OC’+OD dat gid tri nho nhat khi D" trung véi M, giao diém cua C'D"va 01 .
Tur d6 ta suy ra cach dung diém D trén A d€ dién tich toan phan cua tir dién ABCD nho
nhat:

Goi (@) 1a mit phiang vudng géc véi d tai diém O bit ki. Goi A” 12 hinh chiéu ciia A 1én

(a).Ha OM L A’. Tt M ké dudng vudng géc voi (a), cat A tai D. Suy ra vi tri clia C.

Vd2: Cho chép déu (P), €6 day la mot da gidc déu n canh, ma dién tich bang dién tich
moi mat bén. Dbi véi mdi diém M & bén trong hinh chép (P), nguoi ta dung (n+17) hinh
chop dong dang véi (P), ¢6 ‘ddy thudc mdt cua (P) con dinh la diém M. Hay tim vi trf cia
diém M bén trong (P) dé tong dién tich cdc mit cta (n+1) hinh chép d6 dat gid tri nho
nhat.

Giai:

Xét (n+1) hinh chép c6 dinh tai M va day cua ching 1an lugt ndm trén (n+1) mit cua (P),

1a nhitng hinh chép nay dong dang véi (P).

Goi hy,ho,hs,...,h, 12 dO dai cdc dudng cao cua (rn+1) hinh choép trén dugc ké tir dinh M.
n+l

Ta c6: ZlShi ~Lan
e, 3

Trong d6 h 1a dudng cao cua (P) con S 1a dién tich cia mot mat cua (P).

n+l

Suy ra Z h,=h

i=1
Goi ti s6 ddng dang cta hinh chép dinh M thi i (n6i trén) v6i hinh chép (P) 1a K;. Khi d6
ta co:

n+1 n+l n+l

Sho-$k -3

Trong d6 §; la dién t1ch mdi mat cua hinh chép th i dong dang véi (P).
Theo bat dang thuc BCS ta cé:

(i(j (n+1 "ZHS :"ZHS > 2
= n+l’

Dau bang xdy ra khi va ch1 khi céc §; bang nhau, do d6 céc h; ciing bang nhau, nén M
tring véi tAm mit cau noi tiép hinh chép (P). D6 1a vi tri diém M thoa man yéu cau dé
bai.
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Vd 3: Tt dién ABCDc6 BCD =90° vi chan dudng vudng géc ha tir D xudng mit phing
(BCA) tring véi tryc tam ctia tam gidc ABC . Chimg minh rang:
(AB+BC +CA)’ <6(AD’ + BD* +CD?)

Dau bang xay ra khi nao?

Giai:
Trudc tién ta s& chirng minh rang CDA=90".
Thét vay, goi H 1a hinh chiéu cia D xuéng mat phang (ABC), gia sit CH cat AB tai E.
Do ABLCE&AB 1 DH nén ABL(DEC), suy ra AB L DE. Tt d6, cic tam gidc
vuong BED & CEB cho ta:

BD® = DE* + BE?

, S CB* =CE® + BE’
Tru vé theo vé hai dang thuc trén ta dugc:
CB*-BD’ =CE* - DE?

Nhung vi tam gidc BDC vudng nén ta lai co:

CB*-BD’ =CD?
Suy ra CE’> =CD” + DE”, tirc 12 tam gidc CDE vuong tai D.
Tém lai, ta c6: CD L. DB& CD 1. DE nén CD 1 AD . Néi cach khac, C/‘D71 =90”. Hoan
toan tuong tu ta cling co: ADB =90° . Tir do, ta dugc:

AB’+BC*+CA* =2(AD’+BD* +CD*) (1)

Mit khdc dp dung bat dang thirc AM-GM ta c6:
(AB+BC+CA)’ = AB> + BC* + CA” +2(AB.BC + AB.AC + BC.CA) < 3(AB> + BC* +CA*) (2)

Tu (1) va (2) ta cé:
(AB+BC +CA)’ <6(AD* + BD* +CD?)
Dau dang thirc xdy rakhi AB=BC =CA.

Vd 4: Gia str G 1a trong tAm tam gidgc ABC va B 1a mot diém thy ¥ trong khong gian. Thé
AB*> +BC? +CA® o
thi MA*> + MB*> + MC* =3MG” + 3C c (hé thirc Leibniz).

Giai:

Vi G la trong tam tam gidc ABC nén :

- - - - -— - —_—\2

MA +MB +MC =3MG = (MA+MB+MC) = 9MG>

= MA® + MB* + MC? + 2MAMB + MCMA+ MBMC =9MG"

St dung dinh 1f cosin tong quat, ching han 2MAMB = MA® + MB* — AB’, ta suy ra diéu
phai chung minh.

Téng quét héa bai todn nay 1én ta s& c6 bai toan sau:
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Vd 4: Gia str G 1a trong tAm ciia hé n diém A va M 1a mot diém tuy y trong khong gian.
Ta co:

Zn:MA, MG+ ZAAZ

111
i<j

Phuong phap chirng minh vd 4 hoan toan tuong tu phuong phap ching minh vd3. Va tur
két qua vd4 ta c6 thé giai quyét d& dang 2 vd sau:

Vd5: Cho hé diém A ¢d dinh. Tim mot diém M trong khong gian sao cho Z:MAi2 dat

gid tri nho nhat.

Vd 6: Cho hé diém A, c6 dinh va k 12 d6 dai cho trudc. Tim tap hop nhiing diém M trong

khong gian thda méan diéu kién Y MA’ =k’

Vvd7: Cho t dién ABCD cé
AB=a,CD=a,,AC=bBD=h,AD=c,BC=c,,a=(AB,CD),

pB= (E’,E)), y= (E,ﬁ‘) . Tinh cosa,cos f,cos ¥ theo cac canh cua tir dién.

Giai:
T AB.CD = ‘XEH@‘.COS(KE,@) suy ra
2aa, cos o = ZXE(E—XE) =2AB.AD-2AB.AC
=(AB*+AD* - BD*)-(AB’ + AC* - BC?)
= (a2 +c? —blz)—(a2 +b* —clz) =c? +012 -b* —bf
cc+cl—b*-b}

2aaq,

Do d6: cosar =

Tuong tu ta c6 thé suy ra duoc cos B,cos ¥

Tt vi du nay ta c6 thé suy ra cac h¢ qua sau:

H¢ qua 1: Tﬁ: dién dél{ la t diénqtru’c giao.

H¢ qua 2: Diéu ki¢n can va da dé tir dién ABCD la tr di¢n tryc giao la

AB’+CD* =AC* +BD* = AD* +BC*

H¢ qua 3: Gia st ABCD la tur dién gan déu c6 AB=CD =a,AC=BD =b,AD = BC =c,
=(AB,CD),=(AC,BD),y=(AD,BC). Khi d6 mit trong ba gid tri

a’ cos &, b’ cos B,c” cos ¥ bang tong hai gid tri con lai.
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Vd 8: Cho tam dién Oxyz c6 Ox,Oy,0z vudng géc nhau timg doi mot. Goi I 1a diém
trong tam dién va a,b,c 1a khoang cach tir I dén cac mit (Oyz),(O0zx),(Oxy). Mat phang

o (di déng) qua I cit Ox, Oy,0z 1an luot tai A,B,C.
a) Chung minh: —+L+L
OA OB OC

b) Tim gi4 tri nhé nhat ctia V,,, ., cho biét vi tri ctia  d6i v6i tam gidc ABC lic do.

Giai:
a) Ta co: Viupe =Vioas +Viose +Vioca

= éOA.OB.OC = é(OB.OC.a +0C,0Ab+0OA.OB.c)

b c

—t—t—=

OA OB OC
b) Vi [ ) dinh nén a,b,c khong ddi. Do ta c6: L+L+L=1, suy ra tich

OA OB OC
a4 i —— dat gi4 tri 16n nhat khi: in Lzl Luc do, OAOBOC dat gia
OA OB OC OA OB 0C 3 ab.c
tri nhé nhét, tirc 1a OA,0B,0C dat gié tri nhd nhit.
1

Ma V,,,. =—OA.OB.OC nén diéu nay c6 nghia la thé tich OABC dat gi4 tri nho nhat 1a
6

%abc khi OA =3a,0B=3b,0C =3c. Khi d6 d& thay rang I 12 trong tdm clia tam gidc
ABC.

II1. Bai tip tw luyén:
1. Chung minh rang trong tam gidc ABC, ta c6:

3
aym’ +m; +m’ =—(a2+b2+cz)
4

bym'! +m; +m’ :%(a4 +b* +c4)

2. Cho tir dién ABCD. Goi M,N 1an luot 12 trung diém cta AB, CD.

a) Tinh MN theo AC+BD

b) Ching minh rang MN la duong vudng goéc chung cua AB va CD khi va chi khi
AC=BD va AD=BC.

3. Cho hinh 1ap phuong ABCD.A’B’'C’D’ c¢6 d6 dai canh bang a. M&N thir tu chuyén
dong trén AC & A'B sao cho AM = A'N =c(0<x<aV2)

a) Chung minh rang MN 1udn ludn song song voi mot mat phang c6 dinh.

b) Tim tap hop trung diém / cua MN. ) ,

¢) Tinh d6 dai MN theo a&x. Tim x dé MN dat gid tri nhé nhat va tim gid tri nhé nhat
deé.
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d) Goi a&f thir ty 1a cic géc tao béi MN véi AC va A’B. Chung minh ring

1
cos2a+cos2,3:5.
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BAI 2: PHUONG PHAP PHUONG TRINH
PUONG VA MAT

I. Kién thirc co ban:
1. Lién quan giita cip vecto chi phuong va phdp vecto ctia mit phang (a):

—_—

Gia st a, =(x,y,,2,),a, =(X,,y,,2,) 12 cp vecto chi phuong va n=(A,B,C) la phip
vecto ciia mit phang (). Ta s& c6:

A (al,az,n;tﬁ)

X, W

X,
;C=
L X

2. Piéu kién dé hai diém khéc phia d6i v6i mot mit phang (@)

Dinh 1i: Cho (&) ¢6 phuong trinh:

Ax+By+Cz+D=0 (A’+B’+C’#0)

Diéu kién cin va du dé hai diém M =(x,,y,,z),N =(x,,Y,,2,) & khéc phia dbi v6i mat
phang (&) 1a f(M)f(N)<O0(Trong d6 f(M)= Ax, + By, +Cz,+ D).

IL. Mot s6 vi du:

Vd 1: Cho hinh 1ap phuong ABCD.A’B'C'D’canh bang 1. M,N,I di dong trén
AA",BC,C'D’ sao choA’M =BN =CT=a(0<a<1).

a) (@)1a mat phang qua M,N,I. Chitng minh () ludn tu song song.

b) Tinh d (A,(c)) theo a.

c¢) Tinh dién tich tam gidc MNI theo a va xac dinh M dé dién tich d6 nho nhat.

Giai:

a) Chon hé truc toa dg: A(0,0,0), B(1,0,0),D(0,1,0), A’(0,0,1).

Tur d6 ta c6 toa do cua céc diém con lai ciia hinh lap phuong canh 1.

Pé chiing minh (@) tw song song ta can ching minh phdp vecto cia (&) 1a xédc dinh.

That vdy MN =(l,a,a—1),MI =(1—a,1,a)la cip vecto chi phuong ciia (&) thi phap

e

vecto n, =(1,—1,1) 1a phédp vecto ciia (&) (dpcm).

a—1 1

a 1-a

1 a
1-a 1

a a-1

| j hay n=(a’-a+1)(1,-L1). Ta ¢6 thé chon
a

90



Chuyén dé bét déng thirc hinh hoc Nhom 5

b)Trudc hét ta 1ap phuong trinh (c) biét phap vecto n, =(1,—1,1) va qua diém
M (0,0,1-a) la x—y+z+a—-1=0.

a1 _1-a

Vay d(A,a)—T— 7

c¢) Ta cé:

S, :%JMNZMIZ ~(MNMI) (1)
MN?*=2(a’-a+1) (2)

MI* =2(a* —a+1) (3)

MNMI =a*—a+1 (4)

Thay (2),(3),(4) vao (1) ta dugc:

S :Szg( *—a+1)

AMNI

2
Rorang S, (:)az—a+1:(a—%j +%min(:)a:% tirc 12 M 1a trung diém ctia AA”.

Vd2: Cho hinh l4p phuong ABCD.A’B'C’D’ canh a. Liy M thudc doan AD’, N thudc

doan BD v&i AM = DN = x. (O <x< a\/z) . Chirng minh rang véi x = a% thi doan MN

ngan nhat.

Giai:
A(0,0,0),B(a,0,0),C(a,a,0),D(0,a,0),A'(0,0,a),B'(a,0,a),C'(a,a,a),D'(0,a,a)

X x X X — X —x
—=M|0,—,— |.N| ——=,a———,0|=> MN =| ——,a—xJ/2,—=
LEEEF e )
Ta co:

2 2
MN*=3 x—a\/E +7i
3 9

Suy ra dpcm.
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BAI 3: PHUONG PHAP DPAI SO

1Ly thuyét:

Dé chimg minh cdc bt ding thirc hinh hoc, ngdai phuong phép hinh hoc thuan nhat
ching ta con c6 thé ching minh bang cich st dung céc tinh chat dai sb, cdc bat dang thuc

co dlen

* Mot s6 bat diang thirc c6 dién thuong dung dé chirng minh:

_- Bt dang thitc AM-GM:

E(Zn:xi]nZn”ﬁxi (xi>0,n22,i:1,_n)
Po\Ui=1 i=1

i Dau bang xay ra khi va chi khi x, = x_

- Bat dang thirc BCS:

Cho trude hai bo s6 thyc thy ¥ x, & y, (i=1,n.n

2
(in yl.j < (foj(z y,.j voi déng thirc chi khi 2L =201
i=1 i=1

i=1 Vi Vin

> 1) ta c6 bat dang thuc:

- Bat dang thirc Minkowski:

i=1

2 2 2
+ z\/al.2+bi2+ci2 2\/{2@} ‘{sz} +(Zcij
i=1 i=1 i=1 i=1

Tong quit 1én ta s& c6 bat dang thirc véi k bo.

IT Mét s6 vi du:

Vdl: Trong mat ph'fmg (P) cho duong théng (D) c6 dinh. A 12 mét diém cb dinh nam trén
(P) va khong thugc dudng théng (D). Mt g6c vuodng xAy quay quanh A, hai tia Ax va Ay
lan luot cit (D) tai B va C. Trén dudng thang (L) qua A va vudng géc véi (P), 1ay diém S
cb dinh khéc A. Goi H K 1an Iuot 12 hinh chiéu vuodng goc cua A 1én SB,SC.

a) Chtng minh rang nim diém A, B,C,H,K cing nam trén mot mit cau.

b) bat SA=h va d 1a khoang cach tor A dén (D). Tim gia tri nhd nhét cua thé tich t dién

SABC khi xAy quay quanh A.

Giai:

a) Ta cé: AB L(SAC) nén AB L SC, ta c6 AM = d theo gia thiét. Thé tich tir di¢n

SABC la:
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V= %SA.AM.BC = éthC .

Vay V nho nhét khi d6 dai caa BC nho nhit. Nhung ta lai cé:
ABAC _AB’+AC* BC’

BA = < = hay BC2>2d
d 2d 2d

Nén gid tri nho nht ctia BC 1a 2d.

2

Tém lai thé tich to dién SABC dat gid trj nho nhit Ia , khi BC = 2d, lic 4y, M 1a

trung diém BC va tam gidc BAC vudng cin tai A.

Vd 2: Cho hinh chép S.ABC trong d6 SA,SB,SC vudng géc nhau timg doéi mot. Lay
A B ,C’tuong ung trén SA,SB,SC sao cho SA'SA=SB'SB=SC'SC. Vg
SH L(A'B'C"); SH cit (ABC) tai G.
a) Chtrng minh G 1a trong tam tam gidc ABC. ’
b) Cho SA=a, SB=b, SC=c. Goi r la ban kinh hinh cau ndi tiép hinh chép S.ABC.
Chirng minh:

SSAB +SSAC +SBC _SABC

a+b+c

¢) Gia sit @ =max{a,b.c}. Chimg minh:a > (3+/3)r

Giai:

a) Péy SH L(A'B'C’), ta cé H 1a tryc tim cua tam gidc A’B'C’. Vi SB'.SB=SC’.SC
nén tir gide BB'C’C ndi tidp, do do: BBC=SC'B’. Ma B'SN=SCB’ (gbc c6 canh
vudng goéc) nén B'SM = CBB tr d6 SM =MB . Tuong ty: SM =MC, suy ra AM 1a

trung tuyen cta tam gidgc ABC. Li luan hoan tdan twong tu dé c6 dugc G nam trén mot
trung tuyén khéc va suy ra diéu phai chtirng minh.

b) r:3_V: abc _ abc(Sgp+ Sepc +Ssca = Sunc) 1)
Stp 2(Ssup +Sspe + Ssea +SABC) ((SSAB +Sgpe T S5ea)’ — ABC)
Ma S}, +Sic +Sec =S, VA Sgp = %ab, S pe =%bc, Sees = %ca thay vao (1) ta suy
ra diéu phai chimg minh.
¢) Tu cau (b) ta cé dugce: r= abe . Ta can chtirng minh:
ab+bc+ca+2S

BAC
abc(3+\/§)

ab+bc+ca+2S,,.

Tu gia thiét ta c6:

ab+bc+ca=3bc (3)

Mit khéc, c¢6 it nhat mot géc trong tam gidgc ABC 16n hon hodc bang 60° nén ta c6
ﬁ’ > 607, suy ra:

<as ab+bc+ac+2S,,. 2bc(3+\/§) (2)
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S \pe = \/a +b*\Ja* +¢* sin BAC = — \/Za \/;\/_

:>2SABC >\3abc  (4)
Tu (3) va (4) ta suy ra (2), dpcm.

Vd 3: Cho hinh 1ap phuong ABCD.A’B’C’D’ ¢6 canh 1a a. Tim gid tri nho nhit cua do dai
doan thang c6 2 dau nam trén hai duong thang AB’ & BC’ dong thdi hop voi mit phang
ABCD mot géc 60° .

Giai:

Goi M’,N’ 1a hinh chiéu cia M,N xubng (ABCD), xét hé truc gbc B trong mit phing
(ABCD). Dat:

BN'=x,BM '=y.

Tacé: M'N”? =x"+y*,MN* =x* +y* +[a—(x+ y)]2

MN hop v6i (ABCD) mdt géc 60° nén MN=2M'N’. Suy ra:

X+’ +[a—(x+ y)]2 =4()c2 +y2)

o 3(x2 + y2) = [a—(x+ y):l2

batS=x+y, P =xy.

Ta phai tim min(S*>-2P) (1) véi diéu kién:

3(82-2p)=(a=b)" (2)

S*24p  (3)
(2):P_2S2+2aS—a2
6
2 2
(3) > 52225 F20570" 5 2 _48a—24° <0

3

o —(2+V6)a<s<(-2+6)a

) (S—a)’ . (\/8—3)2 a’
Xeét: F(S)ZTDmmF(S):#
Vay: minM'N'= ‘\/—\/_3‘ \/_ \/—)

Vd 4: Gia sir G 1a trong tAm cua tir dién A A,A,A, ndi tiép trong mit ciu tim O. Goi giao
diém tht hai ctia dudng thang GA; v6i mat cau (0) 1a A (i = 1,_4) . Chimg minh rang :
a)GA, GA,.GA,.GA, < GA, .GA,.GA,GA, (1)
1

)Z—<lla (2)
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Giai:

a) Do GAGA =R’ —0G” nén (1) tuong duong véi :
(R*-0G?)’ > GAGA,GAGA, (1)

Va (2) tuong duong vOi:

(F-06")5 1> T (2)

i=1 i
Ta co:

>04 - ¥(G4 -Go)

4 4
& 4R =) GA’+4G0O’ +2G0Y GA

i=1 i=1

(:)4(R2—GOZ)2 ; \/@:4@

(R -Go*) >HGA,

Vay (1) dugc qhung mlnh xong.
b) Theo bat dang thic BCS ta c6:

424: GA’ 2 (i GAfj2 :
i=1 i=1
iGAiiGLzm
N T 4 2 4 1 4
Suy ra: —ZGAZI IG—A>—(ZGAJ ZGA ZGAi

i=1

Do dé: (R —0G2)ZG—> ZGA

i=1 i

Vay (2) dugc ching minh.

Vd 5: Tt dién ABCD nbi tiép trong hinh ciu ban kinh R véi tim O. Goi giao diém cua
céc duong thang A0, BO,CO, DO lan luot vé6i céc mit (BCD),(CDA),(DAB),(ABC)
tai A,B,,C,,D,.Ching minh ring:

AA + BB, +CC, + DD, 2§R

Giai:

Ta co: Viper =Vouse +Vosen

- OA OB OC OD
AA BB C C DD

Do doé:

+V

OCDA

+V

ODAB *
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AA —R 13
AR oy L2
cyc 1 cyc AA] R

Theo bat dang thirc AM-GM:

(AA + BB, +CC, +DDl)(ZL] >4 =16

cyc 1
1
Nén: AA +BB, +CC,+DD, 2 ?6R

Dau bang xay ra khi tr dién déu.

Vd 6: Xét tap hop T gom tat ca cic tir dién ABCD c6 tinh chét 1a tong dién tich cdc mit
ABD, ACD, BCD khong vuot qua 1. Hay tim tat ca cac tir dién thudc tap hop T sao cho

ttr dién d6 c6 thé tich 16n nht.

Giai:

Goi P 1a chan dudng cao ké tir dinh C dén mit (ABD) cua ta dién ABCD thudc T. Dat:

DA=a,DB=b,DC =c,Cp=h,sin ADB=1 va x,y la khoang cich tir P dén AD va DB.

Khi d6 ta co:

1
Vasco = abhl

a ah b r——=>_bh
ABCZE h2+x227’SDBC:§ ]’l2+y227

Ap dung bét dang thirc AM-GM va gia thiét ta c6:

S

1
2>abl+ah+bh>3(a’b’h’l)}
2
e}

1 2 _L
Do [ <1 nén: (a’b’W’l)> =(6V )31 *=(6V)

Vay: Vél\/2
9V3

Dau bang xay ra khi tit ca cdc ddu bang bat dang thic trén xdy ra ddu bang nghia 12 khi:

x=y=0,l=1,a=b=h=\/%,khid(’)tﬁ:diénvu()ngtaiDVé DA=DB=DC=\/;.

A 1N 7z A ’ AB . N < R N -
Vd 7: Cho ling try déu ABCD.A'B'C'D" ¢6 chiéu cao AA =7 .Goi M 1a diém tuy y

trén AD. Tim gid tri 16n nhit c6 thé dat duoc cua géc A’MC’.

Giai:
o ’ AB VT
biat AA =7=1&AM =x,aa=AMC’ .
AM?+C'M-AC*

Ta co: cosa= - y
2AM.CM
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(v 1)
& cosa = >0,Vxe [0,2]

\/(1+x)2[5+(2—x)2}

o 16n nhit khi cosa =0, ldc d6 a=90° va x=1, diém M tré thanh trung diém AB.

Vd 8: Cho hinh hop chit nhat ABCD.A’B'C’'D" ¢6 ddy 1a hinh vudng ABCD canh
AB=1,AA"=x. Tim gi4 tri 16n nhat (tuy theo gi4 tri x) c6 thé ¢ cua géc tao boi BD’

véi mit phang (BDC’).

Giai:

Khoang cich tir B dén mit phang (D'DC’) ciing bang BC.
. . 1 1

Do d6 ta c6: Ve = 5SDD,C,.BC =g (1)

Vv 1 S. .BD'sina

DpBDC” ~ 3 2BDC (2)

V

BDD'C’ —

(= D'BH ,H la hinh chiéu ctia D’1én mit phing (BDC’)).
X
J2+x)(1+22)
X _ 1
2xt+5x7 +2

Tu (1) va (2) ta dugce: sina =

) 1
sin’ o = <=
9

2x2+%+5
X

Vi O<a'<§ nén suy ra sinaé%,sina 16n nhat 12 % khi x=1.

o , , , R
Vay gid tri 16n nhét c6 thé dat duoc ctia a = g(BD,mp(BDC’)) la arcsin - diéu nay
xdy rakhi x=AA"=1.

I11. Bai tap tw luyén:

1. Trong t&r dién ABCD, cic canh AD,BD,CD vudng goc 1an nhau, con céc do dai
tuong Ung cua ching 12 a,b,c. Chimg minh rang v6i mdi diém M nam trén mot canh cua
tam gidc ABC, téng S cdc khoang cich tir cdc dinh A, B, C dén duong thing DM thoa man
bat ddng thirc:

S s\/z(az +b*+c’)

Dau bang xay ra khi nao?

2. Xét cdc khdi 1ap phuong c6 tim tring véi tim ddi xtang cta khéi hop chit nhat cho
trudc voi canh a <b < ¢, con cac mat thi song song vdi cdc mat cia khéi hop chir nhat.
Tim canh cta khéi 1dp phuong ma hiéu thé tich giita hop va giao ctia né véi khdi hop chit
nhat 12 nho nhét.
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3. Kihiéu S va V 1an luot 12 dién tich tdoan phan va thé tich cta hinh chép déu n-gidc.
a) Vi céc gid tri cho trude n va S, hay tim gid tri [6n nhat cia V.
b) Tinh c4c canh ddy va duong cao cua tat ca cac hinh chop véi n=4,5 =114,V =64.

4. Chimng minh ring véi moi ne N,n > 1, giira tat ca céc ling tru déu 2n -gidc

A, A, LA, A, v6i bin kinh dudng tron ngoai tiép ddy bang R cho trude, géc 16n
nhét gitta dudng chéo A A, va mét phing (AAA,,,
cos180°

n

) dat duoc khi ta cé:

AA =2R

5. Cho Ox,0y,0z vudng géc nhau timg ddi mot. Liy A€ Ox,Be Oy,C € Oz sao cho
OA=a,0B=b,0C=c.
a) Tinh dién tich tam giac ABC theo a,b,c.
b) Gia sir A,B,C thay d6i nhung ludn ludn cé:
OA+OB+O0C + AB + BC + CA = k khong d6i. Hiy xéc dinh gid trj 16n nhat
ctia thé tich tir dién OABC.

6. Cho tam gidc déu ABC, goi S 1a diém & trén tryc tam gidc cta tam gidc ABC,
SA=a,BSC =2q.
a) Ching minh: O< & <§ khi S di dOng trén tam gidc va S khong trung vé1 O.

b) Xét hinh hop c6 ba canh la SA,SB,SC. Ching minh ré“mg hinh hop c6 sdu mat
déu 1a hinh thoi bang nhau. Xéc dinh géc « dé thé tich hinh hdp 16n nhat.
Nhan xét?
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BAI 4: CUC TRI HINH HQOC

Bai todn cuc tri: Tim gid tri [6n nhdt va nhé nhdt ciia mot dai lugng hinh hoc bién thién
f(dé dai doan thdng, dién tich da gidc, thé tich khéi da dién...) yéu cau phdi tim duoc
cdc gid tri f1, f> c& dinh luén théa mén bat ddng thiic:

fisfsh
Péng thoi chi ré cdc vi tri hinh hoc ciia dai luong bién thién dang xét, dé tai dé f dat gid
tri nhé nhdt f; hay gid tri 16n nhat f>. Péi khi bai todn chi cé thé tim dugc 1 trong hai
gid tri nay.
Trong qu4 trinh tim ki€m 15i gidi nhiéu bai todn cuc tri hinh hoc, s& c6 16i néu chiing ta
xem xét cdc phan tif bién, phan t gidi han nao d6, tifc 1a phan ti ma tai 46 mdi dai
lugng hinh hoc ¢6 thé nhin gid tri 16n nhat hay nhd nhat. Nhitng tinh chat cia phin ti
cyc bién, phan tif gidi han nhiéu khi gitp chiing ta tim dugc 15i gidi thu gon clia bai
todn . Phuong phép ti€p can bai todn nhu vy dudc goi 1a nguyén tic cuc han.
Co s3 cia phuong phap 1a cin két hdp gitta cdc quan niém cyc tri nhu sau:

L. SUDUNG BAT PANG THUC THONG DUNG
B4t ding thitc AM-GM cho céc bi€n dai lugng khong 4m.
f(x)=A(x)+ B(x)=22,/A(x).B(X) =const;Nxe D (1)
A(x)+ B(x)
2
Néu 3x, € D, d€ ddng thic trong (1) hodc (2) xdy ra < A(x,) = b(x,)

minJ;(x) = f(x)
maxg(D=g(x) )

xeD

g(x)=A(x).B(x) < [ } =const;Vxe D 2)

BAt ding thifc Cauchy cho cdc bién dai lugng tuy §.
p(x)=a(x).a(x)+b(x)B(x)< \/[a2 (x)+b° (x)}[a’z (x)+p° (x)] =const;Vxe D (3)
q(x)= [az (x)+b° (x)][a’z (x)+p° (x)] > [a(x)a’(x) +b(x),3(x)]2 =const;Vxe D (4)

Néu ; @€ dang thifc trong (3) hoic (4) x4y ra:

() _ply)_ |
Oc(xO)_B(xO) minq(x):q(x()) (ycbt)

xeD

IL SU DUNG TiNH BI CHAN CUA HAM LUONG GIAC
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sinu(x,)=1
= Jmax h(x)=h(x,)=1
cosu(x,)=1 xeD

111 SUDUNG PAO HAM PF. LAP BANG BIEN THIEN

h(x)=sinu(x),cosu(x)<1; néudx,e D:

IV. SUDUNG CAC NGUYEN LI HINH HOC CUC HAN
Céc bai todn cuc tri cia do dai doan thiang
(doan thang véi cac ddu miit trén hai dudng thing chéo nhau, khoang cédch)
Da6i véi bai todn cuc tri vé dd dai doan thiang ta sit dung cdc két qua

Bai todn 1: Tat cd cdc canh cla ling try tam gidc ABCA B,C, c6 d6 dai a. Céc di€m M
va N nim trén dudng thing BC, va CA,, dong thdi dudng thing MN song song v6i mit
phéng AA B . P9 dai nhd nhit clia doan thing MN nhu thé 12 bao nhiéu?

Gidi:

Néu M’ & N’1a hinh chiu ctia diém M va N trén mit phing ABC, thiM'N //AB . Gia
st CM’ = x, con d0 dai hinh chi€u céia doan thing MN trén dudng thing
CC,bingla — 2x|. Do d6:

MN? =xz+(a—2x)2 =5x*—4dax+d*

a

J5

D6 dai nhé nhit clia doan thing MN bing

Bai todn 2: Cho hinh 1ap phuong ABCDA,B,C,D, véi canh a. Cdc dau miit ctia doan
thing cit canh C,D, nim trén hai dudng thing AA va BC. Poan thing d6 c6 thé c6 dd

dai nhé nhat 1a bao nhiéu?

Giai:
Gia st diém M va N nim trén cdc canh AA va BC tuong Gng va doan thing MN cit
canh C,D, tai diém L. Khi d6 cdc diém M va N niim trén cdc tia AA, va BC, dong thdi
x=AM >a va y=BN >a. Néu xét phép chiéu trén mit phing AAB va ABC. Ta
dudc tuong Ung:

GL _ (y—a) W GL__a

LD, a LD, (x—a)

Vi vy (x—a)(y-a)=d’, tic 12  xy=(x+y)a, cdOn c6 nghia
1 (xy) =(x+y) a® = 4xya®, tic 1a xy > 4a’. Do do,
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MN? =x*+y* +a’ :()c+y)2—2xy+a2 =

2 g 2
:();yz) —2xy+a2 :%29612

Gi4 tri nhd nhat clia dd dai doan thing MN bing 3a, n6 x4y ra khi AM = BN =2a.

Bai todn 3: Cho hinh 14p phudng ABCDA,B,C,D, v6i canh a. Cdc diu mit ctia doan
thdng nghiéng trén mit phing ABCD géc 60° nim trén dudng thing AB,va BC,. Poan

thing d6 c6 thé c6 dd dai nhd nhat 1a bao nhiéu?

Giai:
Xét hé toa do, hudng clia cdc truc Ox, Oy va Oz theo cédc tia BC, BA va BB’ tuong ting,
gid st diém M cla duong thing BC,c6 toa dd (x,0,x), con di€ém N clia dudng thing

BAcé toa d5(0,y, a—y). Khi d6 tdng binh phuong do dai doan thing MN
biing x> + y> +(a—x—y)’, con binh phuong do dai hinh chi€uM,N, clia n6 nim trén
mit phang chia mit ABCD bing x” + y*>. Vi géc gifta cdc dudng thing MN va M|N;
bing 60°, nén MN = 2M N, , tic la(a - x— y)’ =3(x* +y?).

Gid stu’ =x"+y* &v=x+y.Khid6 MN =M N, =2u.

Ngoaira (a—v)’ =3u’theo didu kién va 2u® >v’
2
Do d6, (a—v)’ z%, nghia 1a v<a(6-2)

Vi viy u® = (a=v) > “(3-) =a*(V3-V2) .tc la MN 22a(V3-2)

3 3
Cl(\/g—Z)

2

Ping thifc dat dugc khix=y=

Bai todn 4: a) Ta xét mdi di€m & bén trong tif dién déu, téng khodng cach tir né dén ta
dién. Chitng minh ring tdng nay s& nhd nhat ddi véi tAm tif dién.

b) Hai canh ddi nhau ciia tf dién biing b va ¢, cdc canh con lai biing a. Gia tri
nhé nhit cda tong cdc khodng cdch tir mot di€m tly ¥ trong khong gian dén cdc dinh
clia t¢ dién ndy bang bao nhiéu?

Gidi:

a) Ta dung qua cdc dinh cda ti dién déu ABCD céc mit phiang song songvéi cdc miit
ddi . Cac mit phing nay ciing tao thanh cdc t& dién déu. Vi tong khodng cdch clia
chiing t6i di€ém X trong tit dién ABCD 13 khong ddi. Khodng céch tir di€ém X dén mot
mit phing nhu thé khong vudt qud khodng cich tir diém X dén dinh tuong tng cla td
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dién, hon nita,tdng cac khodng cach tir diém X dén t¢ dién bing tdng khodng céch tir
di€m X dén cdc mit phing nay, chi néu X 13 tim clia tif dién.

b) Gid sit trong tit dién ABCD canh AB va CD bing b va c, céc canh con lai bing a.
Né&u M va N la trung diém cla cdc canh AB va CD, thi dudng thing MN la truc d6i
xtng cla ti dién ABCD. Gia st X 12 mot diém tuy y trong khong gian, diém Y d6i xdng
vdi né qua MN; K 1a trung diém cta XY, (tAt nhiénk nim trén MN).

Khi d6 XA+ XB=XA+YA>2KA=KA+ KB

Tuong ty XC + XD > KC + KD . Vi vy chi cin xdc dinh gid tri nhé nhat clia tdng cic
khodng cdch tir cdc dinh clia tif dién d6i véi cac di€ém cda dudng thing MN 1a bao
nhiéu. Péi vé6i cdc di€m clia dudng thing nay tdng cic khodng cdch dén cdc dinh clia
tt dién ABCD khong bi thay ddi, n€u dudng thing AB quay quanh dudng thing nay sao
cho né trd nén song song véi CD, khi d6 ta dugc hinh thang cAnABCD véi céc day b va

a—(bP+ct) e .
¢, dudng cao MN = — boi v6i mot i gidce 161 bat ki , tong khoang céch tu

mot diém dén cac dinh dat gi4 tri nhd nhat tai giao di€m cla hai dudng chéo; khi d6 né
sé& bing tong dd dai cdc dudng chéo. D& dang ki€ém nghiém ring tong dd dai cic
dudng chéo clia hinh thang cin thu dugc ABCD biing /4a’ +2bc

Bai todn 5: Cho hinh lap phuong ABCDA,B,C,D, v6i canh a. Trén cic tia

AA,AB, & AD, 1dy céc di€m tuong Gng E, F va G sao cho AE =AF = AG =b .Gid
st M 1a di€m cda dudng tron S, ndi ti€p trong hinh vudng ABCD, con N la di€m cda
dudng tron S, di qua E, F va G. Gi4 tri nhd nhat ctia do dai doan thing MN bing bao
nhiéu?

Bai todn 6: C4c d6 dai ctia ba doan thing ddi modt vudng géc v6i nhau OA, OB va OC
bing a, b va c,a <b < c. Gid tri 16n nhat va gia tri nhé nhat c6 thé nhan dugc clia tong
khodng cdch tir cic diém A, B va C dén dudng thing 1 di qua diém O 12 bao nhiéu?

Bai todan 7: Cho khdi t& dién ABCD.

a) Mot mit phing song song véi canh BC cit canh AB, AC, DC, DB & cic diém M,
N, P va Q. Chiing minh riing t& gidc MNPQ 1a hinh thang. Piéu kién nao dé MNPQ 1a
hinh binh hanh ? 1a m6t hinh vuong?

b) Cho biét cdc géc BAC, CAD, DAB 1a vudng, con BCD 1a mot tam giac déu canh
a. Tinh thé tich khoi t& dién theo a.

¢) Cho biét BCD 13 mot m gidc déu canh a c¢6 tim 1a diém O. Tinh doan OA theo A
sao cho mit cAu ngoai ti€p tit dién ABCD nhan dudng tron (BCD) lam dudng tron 16n.
Xdc dinh vi trf cia dinh A trén mit ciu 4y d€ thé tich t dién ABCD 16n nhat.

Gii:
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a) Ta c6 mp(P)// BC=(ABC)n(BCD)= MN //PQ

Vay thi€t dién MNPQ 1a mot hinh thang.

Muén cho MNPQ 1a hinh binh hanh; twong tu nhu trén ciing phdi cé thém diéu kién
NP//MQ, (P)IIAD.

Vay diéu kién d€ MNPQ 1a hinh binh hanh 12 mit phing (P) phdi song song dong thdi
v6i BC va AD.

Hon nita dé€ MNPQ 1a hinh ch@ nhat thi ta phdi c6 MN 1L NP, vi BC//MN va
AD//NP = BC L AD.

Vay diéu kién d€ MNPQ 1 hinh chit nhat1a BC L AD

BC=CD=DB=a

b) Td dién ABCD la t& dién vudng 6 A=
AB:AC:AD:CDZ\/E:CI\Z/E

Vay khoi tif dién ABCD d6 bing :
3 3

veLas(Lacap|=lap =t @2] _aV2

37712 6 6| 2 24

¢)Pé y ring dudng tron (BCD) 1a modt dudng tron 16n clia mit cAu ngoai ti€p ti dién
ABCD va c6 O 1a tAm ctia tam gidc BCD canh a, nén tim O ciing 13 tAm cda mit cau
ngoai ti€p tif dién ABCD.

av3
= 0A=0B= =
Tir d6 dién tich S mit cau ngoai tiép tif dién ABCD biing :

a\/gjz 4
- — TTa

S =4mOA* = 47{ 3

3
Goi AH 13 dudng cao clia tit dién ABCD ha tir dinh A xudng mit ddy (BCD)
AHOC(H =90") = AH < 0A

Va tinh dugc thé tich khoi ti dién ABCD bing:

velg apg=1 l.&.a AH
3 2" 2

AABCD 3
2 2
=*/§'a AH < 3a oA (1)
12 12

.OA

D4u ding thic trong (1) x3y ra < Imax V=

J3.4°
12

Bai todn 8: Trong mit phing (P), cho hinh vuéng ABCD c6 canh bing a. Trén dudng
thing Ax di qua A va vudng géc vdi (P), ngudi ta 1dy mot di€m S ty ¥, roi dung mit
phing (Q) qua A cdt SB, SC va SD lan lugt tai B, C’,D’. Bi€t (Q) L SC.
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a) Chitng minh ring SB vudng géc géc AB” va SD vudng géc véi AD’.

b) Xdc dinh vi trf clia S trén Ax sao cho hinh chép C’ABCD c6 thé tich 16n nhit va

tinh thé aYy.

CB 1 AB , ,
a)Ta co: = CB1(SAB)D AB = CB 1 AB
CB 1 SA

Mit khdc ta c6: SC L AB"(vi AB” nim trong mit phang (Q)ma SC L (Q)). Do d6
AB" L (SBC)> AB’= AB’' L SB
Chidng minh hoan toan tuong tu ta ¢c6 AD" L SD.

Bai todn 9: Cho hinh vudng ABCD canh a. Goi SA doan thing géc véi mit phiang
(ABCD) va SA = a va M 13 mot diém di dong trén doan SD. Bit SM = x.

a)Mit phang (ABM) cit doan SC tai N. Chitng minh ti gidc MABN 13 mdt hinh thang

vuodng.
b)Pit y = AM*. Tinh y theo a va x.
c)Kh3o sit sy bién thién va vé dudng biéu dién ctia y = AM *khi M vé doan SD.

a) Ta co:
AB//CD= AB//(SCD); ABc(ABMN)
= (ABMN)N(SDC)=MN /] AB//CD

AB L AD}

z

Lai c6: = AB 1 (SAD)= AB 1L AM = MN L (SAD)= MN L AM

Vay AMNB la mot hinh thang vudng véi hai ddy 1a AB va MN

b)Goi H 1a hinh chi€u cia M xudng canh CD.
MH:MD_a 2—x MH:a 2—x

= = = —_—
SA DS a2 V2

AAHM = AM? = AH?* + HM *

aN2—x

V2

2
2 |lav2—-x 2 2, 2
Do do: AMZ:%+( . ) _X +2a +); 2a2.x

Vay y=x>—av2x+a’;Vxe [o;a\/ﬂ

:AHzAD—HDza—[a—ijz

V2

X

=

HMD vudng cin = HD = BM =

= AM? = x* —a\/§x+a2

¢)Mién xdc dinh clia y, ta c6: D, = [O; aﬁ}
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2
:y':2x—a\/5=0<:>x:a22 :y[a\zﬁj:%

Lap bang bién thién ta s& c6 dugc dpem.

Bai todn 10: Trong khong gian cho ba tia Ox, Oy, Oz ting d61 mot tao v61 nhau mot goc
a’(O <a< 900) trén Ox, Oy, 0z 14y 1an ludt cdc di€ém A, B, C sao cho:
OA=a,0B=b,0C=c.

a) a, b, ¢ phai thda hé thiic gi d€ tam gidc ABC c6 géc A vudng ? Hay tim diéu kién
cAn va dd riing budc a, b, ¢ d€ tim dudc a thda man hé Ay.

b)Gid st o c8 dinh (0<a<90°)va b=const. Xdc dinh a d€ tam gidc ABC c6 géc
A 16n nhat. Gid tri I6n nhit 4y cda géc A bing bao nhiéu.

¢)Véi cdc gid thiét clia b). Hay tinh thé tich clia tif dién OABC tng véi gia tri 16n
nhat clia géc A.

Giai:

a) AABCvudng tai A < BC® = AB* + AC® (1)
Dinh li ham s6 cosin trong tam gidc:
AOAB,AOBC&AOAC cho:

AB*>=a’>+b*—2abcosa  (2)

BC* =b*>+c* —2bccosa  (3)

AC?=a’+¢* —2accosax  (4)

Thay (2), (3), (4) vao (1):
(1)
&b’ +c* —2bccosa=2a’+b’ +c* —2a(b+c)cosa

& a’—a(b+c)cosa+bccosa =0
<:>g(a)=a2—[(b+c)cosoc]a+bcc0soc=0 (5)
D€ tim dugc a thda di€u kién (2) thi

= A=(b+c)’ cos’ o —4bccos o> 0

(:)A:cosoc[(b+c)2cosoc—4bc}20(0<0c<90° = cosa>0)

& (b+c)zcosoc—4bc >0 (6)
(6) 1a diéu kién cAn va di rang budc b, ¢ va a d€ tim dugc a thda man (5)
b) Xét gid thiét: b=c < AOAB = AOAC

Goi HB1 OA< CH L OA= BH =CH
Xét hai tam giac can ABC va HBC; ching c¢6 canh chung BC.
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AB>HB — —
= = BAC<BHC

AC>HC
— max BAC = BHC tuonging A=H .

OH =bcosa
AOBH =
HB = HC =bsina
AHBC = BC? = HB* + HC* —=2HB.HC cos H
< BC? =2b”sin”* o.— 2b” sin” o.cos H (7)

AOBC = BC? = OB> + OC* =20B.0C cos . (8)

& BC? =2b* —2b” cos o,
So sdnh (7) va (8) theo vé:
= 2b* —2b* cos o, = 2b* sin® a.— 2b* sin” aL.cos H
= 1—cos o =sin’ ot —sin” o.cos H

= sin’ a.cos H =sin” oL+ cos o, — 1 = ¢os oL — cos> O

2sin? 2
cos(l—cosq)  €OSC.csIn” COS O
2

=cosH = — = - o o
Sin- o 4sin’ —.cos’ — 2cos’ —
2 2 2

COS O
= H =arccos

o
2cos” —
2
Vay gid tri 16n nhat clia A 1a:

] cos O
min A = H = arccos

2005 &
2

c¢) Thé tich V ctia t¢ dién OABC la:

V= %dt(AHBC).OH = %.%.HB.HC sin H.OH

=V-= é.bz sin 20.sin H.b cos o

Bai todn 11: Trén canh AD ctia hinh vuéng ABCD canh a, ngudi ta 1y diém M
véi AM = x (0< x<a), va nita trén dudng thing Ax vudng géc tai A v6i mit phing cta
hinh vuéng, ngudi ta 1dy diém S véi SA=y (y>0)

a)Chting minh riing nhi dién canh SB tao bdi cdc mit phang (SAB) va (SBC) 12 mot
nhi dién vudng.
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b)Goi I 13 trung di€m clia SC, H 13 hinh chi€u vudng géc clia I 1én CM, véi gid thiét
x>+ y*=a’ . Tim gid tri 16n nhat cda thé tich hinh chép SABCM.

Bai todn 12: Trong khong gian, cho hinh chép S.ABCD, ddy ABCD la hinh chit nhat
vG6i AB = a,AD =b ; canh SA cta hinh ch6p vudng géc véi ddy, AS =2a.

a) M 1a mot diém trén canh AS, v6i AM bing x(0 < x < 2a) . Mit phing MBC cit
hinh chép theo thi€t dién gi? Tinh dién tich thiét dién 4y theo a, b, x.

b)Xdc dinh x sao cho thiét dién trén c6 dién tich 16n nhat.

c¢)X4c dinh x sao cho mit phdng (MBC) chia hinh chép ra 1am hai phan c6 thé tich
bing nhau.

Bai todn 13:Cho ti dién SABC, ddy ABC la tam gidc vuong tai A, AB =2a, AC =3a,
canh SB vudng géc véi ddy SB = aV3.

a) chi rd tAm va ban kinh mit cu ngoai tié€p tif dién SABC.

b) M 12 mot diém di dong trén canh SC, dit MC = x. Goi H va K 1an ludt 14 hinh
chi€u vudng géc ctia M 1én cdc mit phing ABC va SAB. Mit phang KMN, cit AB tai L.
Chdng minh ring: KMHL 1a mot hinh chit nhat, vé6i gid tri ndo ctia x thi KMHL 1a mot
hinh vudng.

¢) Tinh theo a va x dd dai dudng chéo ML cia hunh chit nhat KMHL. Véi gia tri
nao cta x thi ML c6 d6 dai nhd nha't? Ung véi gid tri ndo cla x, hiy néu 1én dic tinh
hinh hoc cia ML.

d)Hay tinh theo a va x thé tich V ciia hinh chép dinh A, ddy KMHL. Kh3o sit sy
bién thién va vé dd thi cia ham V

43

e)Xac dinh sao cho: V=——qa
27
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BAI 5: PHUONG PHAP VECTO

I.So lwoc vé phuong phap: o 7
Phuong phap vecto la mét van dé hay va dugc str dung pho bién trong viéc giai toan. B¢
st dung phuong phédp vecto ta can mot so kién thirc co ban sau:

- Quy téc hinh hop ABCD.A’‘B’'C’'D’: AB+AD+ AA = AC’

- a,b,¢ dong phing: 3k,le R:d =kb +1¢

—

- d,b,¢ khong ddng phing: kd+1b+mé=0=k=1=m=0.

- d,l;,E khong déng ph'fmg, khi d6 véi moi d 1uon ton tai ba $b thuc x,y,z sao cho:
d = xa+ yl; +zcC.

- Muén ching minh hai duong thing a,b phan biét song song ta chi can ching minh
a=kb.

- Mubn ching minh ba diém A,B,C thing hang, ta chirng minh hai vecto AB & AC
cong tuyén nghia 1 c6 dang AB=kAC. Ngoai ra ta con c6 thé dung cdch khdc 1a
chQI} mot diém O nao d6 rdi gh&ng minh: OC = nOA +mOB véi n+m=1. q

- Muon chirng minh duong thang a c¢6 vecto chi phuong 1a @ song song v41 mat phang
P hogc nam trén (P) ta Iy trong P hai vecto 7,7 khong cong tuyén rdi ching minh
ba vecto ,7i,a dong phang. Sau d6 tuy theo dudng thang a c6 diém chung véi mit

phang P hay khong c6 diém chung ma ta két ludn a P hodc a// P.
- Mubn chtmg minh bén diém A,B,C,D trong khong gian ciing nim trong mot mat

phang ta chimg minh ba vecto AB,AC,AD dong phang, tirc 1a: AB =mAC +nAD .
Hoac béng cidch khic ta c6 thé chon mot diém O ndo d6 rdi chiing minh
OA=kOB+10C+mOD (k+I+m=1).

- Muén ching minh duong gp khic A A ...A, A, khép kin nghia la A, = A, ta ching
minh:

ZAAM =
- |4 \E\ > \55\ déing thirc xay rakhi @b clng phuong.
- a+ \5 \ > \a +b \ ding thirc xay rakhi @b clng chiéu.
- la|-[p|=

Za

i=1

i—b ‘ dang thirc xay ra khi a,b cling chiéu.

< Z|a | dang thirc xay ra khi tat ca cdc vecto ciing chiéu.

IL. Mot s6 vi du:

Vdl: Chuing minh trong AABC':
a) a’ +b”> +c* <9R?
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b) R +a*> +b* > ¢?

Giai:

, . . 2
a) Goi O la tam duong tron ngoai tiép, ta co: (OA +0B+0C ) >0
= OA’ + 0B’ + 0C” +2(0A.0B + OBOC + 0C.0A) 2 0 (1)

V6i 20A.0B = OA®> + OB® — AB* =2R - ¢’
Tuong tw 20B.OC = 2R?> —a*;20C.0A = 2R? — b*
Nén (1) tré thanh: 9R* —(a” +b” +¢*) 2 0. Suy ra dpem.

, - . 2
b)Tuong tu nhu cau a, nhung ta s€ khai trién (OA +O0B-0C ) >0.

Vd2: Chimg minh trong cic t& dién ABCD néi tiép mit cau (O,R) cho truéce thi hinh ¢6
g6c tam dién dinh A vuong khi va chi khi: AB> + AC*> + AD*> — BC> —CD* — DB’ min .

Giai:
N _ _ _ —\2
Khai trién: (OB +0OC+0D-— OA) >0
Ta co:

OB’ +0C” + 0D’ + 0A® +2(0B.OC + OB.OD — OBOA + ODOC — OCOA — ODOA ) 2 0
Véi 20BOC = 2R’ - BC” o
Khai trién tuong tu va thé vao bat dang thuc & trén ta co:
AB?> + AC* + AD* = BC* —CD* — DB* > —4R’®
Ding thirc xay ra & OA=0B+0C+0D < AB+AC + AD =2A0 = AA’
( A" 1a dbi tAm clia A trén mat cau (0))
Tac la ABD’C.DC’A’B’ ngi tiép miat cau (O,R) < Géc tam dién dinh A 1 tam dién
vudng.
d—kd

<= =4 (d =m{AB,CD})

Vd3: Tir dién ABCD, trong tim G, ban kinh méit cAu ngoai tiép va noi tiép 1a R,r, do dai
cdc canh 1a a,b,c,d,e,f. Ching minh rang:

a) a’+b°+c’+d* +e’ + P <16R?

a+b+cl+d +et+ f?

b) GA+ GB+GC+GD 2 iR

) 8R%r >33V

Giai:
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- — —_ _ —\2
a) Khai trién (OB +OC +OD +0A) >0 (nhu vi dy 2)
b) Ta c6: GA.R > GAOA = GA(OG +GA) = GA.R > GA’ + GA.OG
Viét twong tu v6i GB.R,GC.R,GD.R, ta suy ra:
R(GA+GB+GC+GD)2GA’ +GB’ +GC’ + GD* + 0G(GA+GB+GC + GD) (1)
Ma GA+GB+GC+GD =0 (2)
Nén (1) = R(GA+GB+GC +GD) 2 GA> +GB* +GC* +GD* (3)
Binh phuong 2 vé clia (2) ta suy ra:
a+b’+ct+d e+ f°

GA® +GB*> +GC* +GD* = J . Do d6 (3) suy ra dpcm.

¢) Trong tam gidc ¢6 3 canh a,b,c thi a® +b> +¢> > 45+/3.
Cong 4 bdt nhu vay tng v6i 4 mat va két hop ciu a ta suy ra dpem.

Vd 4: Tt dién ABCD, trong tdim G, ban kinh mit ciu ngoai tiép R. Cic duong thing
AG,BG,CG,DG lan lugt cit mit cau tai diém tht hai A’,B,C’,D’. Pit
a=DA,b=DA,c=DC,d =BC,b'=CA,c’= AB . Chlitng minh:

L3P0 N N T 1,34\/8 1,1, 10,1 1 1
R GA GB GC GD 9

a b ¢ d b ¢

Giai:
, , , A’ + GB* + GC* + GD?
Do: GAGA’ = GBGB = GC.GC =R —0G* =S4 +C 4GC ¢
Z1 D .GA 4ZGA (1)
- = =
GA'" R’-0G* ) GA’
1 _4
Theo vd trén: ) GA*<RY GA nén (1)= > —2>—
GA" R
2 2
(l+l+l+l/+l/ l’j 2 36 2 2 2 2 2216/2 72 72 (2)
a b ¢ a b c (a+b+c+d +b'+c’) a +b +c +a " +b" +c

a2+b2+c2+a/2+b/2+c;2
4
2
Nen ()= (L L L L L S
a b ¢ a b c GA® +GB*> +GC* +GD
54(GA2+GBZ+GC2+GD2)> 27(GA+GB+GC+GD)2

(GA*+GB*+GC*+GD?)”  2(GA® +GB* +GC* +GD?)’

Ciing theo vi dy trén ta c6: ) GA® =

3W6(GA+GB+GC+GD
Suyra:l+l+l+l+l+l,2 \/_( * + + ):3\/6

1
a b ¢ d bV c 2(GA2+GBZ+GC2+GD2) 8 zGA’
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I 1R U S I
GA” 9 b e

a c a C

Vd 5: Tir dién ABCD ndi tiép trong mit cau (O,R). Goi m, ,m,,m_m, 1a do dai cic
trong tuyén vé& tir cdc dinh A,B,C,D. Ching minh rang:

RZ%(mﬂ+mb+mc+md)

Giai:
Goi G la trong tam t&t dién GA+GB+GC+GD =0
Ta c6: 4R* = 0A* + OB* + OC* + OD*

- —\2 _— —\2 _ —\2 _— —\2
=(OG+GA) +(OG+GB) +(OG+GC) +(0G+GD)
:4G02+GA2+GBZ+GCZ+GDZ+2%(§4+FB+R+@)
=4G0O* + GA* + GB* + GC* + GD?
= GA’+GB’+GC*+GD* <4R* (1)

Ma GA=§ma,GBzimh,GC:imc,GDzémd
4 4 4 4

Nén (1) = 4R > %(mj +m, +m’ +m§) (2)
Theo bét ding thirc BCS:
m:+m, +m’ +m, Zi(ma +m, +m, +m,)’

Nén (2) suy ra dpcm.

Vd 6: Tr dién ABCD vuédng tai A va diém M tuy y. Chtng minh:
2MA® < MB* + MC* + MD?

Giai:

Goi A’ 1a diém sao cho AB+A'C+AD-2AA =0

& AB+AC + AD = AA’

A’ 1a dinh d6i A cta hinh hop 3 canh AB,AC,AD (1).
MB* + MC? + MD* —2MA’ =

=(MA + ATB)Z +(MA + A’C)2 +(MA + A’D)2 —2(MA’ + m)z

=MA” + AB*+ A'C*+ AD* —24°A* + 2MA'(AB+ A'C + AD - 2A7A)
=MA?+AB*+AC’+A'D*-2A4'A> (2)

Tir (1) = 24A” =2(AB* + AC* + AD* )= AB* + A'C* + A'D’

Nén (2) = MB* + MC* + MD*> —2MA* 20
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Vd 7: Cho tt dién gan déu. (AB=CD =a,BC = AD=b,AC =BD =c)

a) Chimg minh véi moi diém M thi: MA*> < MB* + MC* + MD*?
b) Ching minh: MA+ MB+ MC +MD = 4R

Giai:

—_— _ —_ —_ —

Ta lam tuong tu nhu vi du trén, ta c¢é dpcm.

b) Tacé: MAR > MA.OA (O 1a mat clu ngoai tiép)
MAR >(0OA-OM )OA=0A’ - OM OA = R* — OM .OA
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) PHAN III: CAC VAN DE NGOAI LE ’
HINH HQC HOA CAC BAI BAT PANG THUC DAI SO

Trong mét sb bat dang thirc dai sb ta c6 thé giai nhanh hon binh thuong bang cich hinh
hoc héa né. Tuy theo dit kién ta c6 thé lién tudng tim ra cic dac diém hinh hoc cta né, va
tr d6 ¢6 thé tim duoc cich gidi ngén gon doc ddo. Cac vi du sau s€ cho cac ban théy ro
hiéu qua cua phuong phép nay:

Vd 1: ChoO< x, y, z<1.Ching minh: x(1-y)+ y(I-2)+z(1-x)<1

Giai:
MGai tich & vé tri cua bat dang thirc ta ¢6 thé xem 1a tich cta 2 canh cua 1 tam gidc.
Khong mét tinh tong quét ta chon tam gidc déu ABC c6 canh bang 1. Trén cdc canh
AB,BC,CA lan Iuot léy céc diém M,N,P sao cho AM = x, BN = 7,CP = y.Tacé bat d'fmg
thtrc dién tich:

S +S

+S <S

AAMP AMBN ANCP AABC

= ) s(l — y)sin 60° + % z(1—x)sin 60” + % y(1—-2z)sin60° < %sin 60°

Viy ta c6 dpcm.

Vd 2: Chirng minh rang véi moi gid tri ctia x,y ta déu c6:

\/4cos2 xcos”® y+sin’(x—y) +\/4sin2 xsin® y+sin’*(x—y) =2

Gidi:
Nhin céc cin thire nay chiing ta ¢ thé lién tuong toi gi? B6 la cac cong thirc do dai cua
mot dudng thing. Trong mit phing toa do Oxy ldy céc diém

M (2cos x.cos y;sin(x—y)); N(2sinx.sin y;sin(x—y)).Tacé :

OM = \/40052 xcos® y+sin® (x—y)

ON = \/4sin2 xsin’ y+sin® (x—y)
Dung hinh binh hanh ONPM
Ta c6: OM +ON =OM + PM = OP

Ciing dé thdy P c6 toa dd la: {2(cosxcos y+sinxsin y);2sin(x—y)};
Do do
\/4cosz xcos® y+sin® (x—y) +\/4sin2 xsin® y+sin® (x—y) 2 \/4cosz (x—y)+4sin’(x—y) =2

Vd 3: Chirng minh rang néu x* + y* =u? +v* =1& xu+ yv =0 thi:
X Hut =y +1=1&xy+uv=0
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Giai:

Hg mit phang toa dd Oxy phuong trinh x* + y*> =1 12 phuong trinh duong tron ¢6 tim

0(0,0) ban kinh bang 1. Nhung déng nhit mit phing toa do Oxy véi mit phang toa do

Ouv thi dudng tron d6 ciing c¢6 phuong trinh u? +v* =1. Trén dudng tron d6 ldy hai diém

M(x,y), N(u,v) va xét hai vecto OM = (x, ))),5]\7 =(u,v). T gia thiét ta co:

xu+yv:0—MW =0 nén OM LON . Néu M thudc cung vudng (I) thi N hoac nam

trong cung vudng thtt (II) hodc nam trong cung vuong (V). Nhung du nim trong cung

vuong nao di nira ta cling c6: |x| = |v| &|u| = |y| . Binh phuong 2 vé cdc dang thirc trén ta
) XZ — VZ

co: {yz 2

>+t =y +1 =1&xy+uv=0

Sau day la mdt s6 bai tap tu luyén danh cho ban doc:
1. Cho 3 s6 xyz duong théa xyz(x+y+z)=1. Tim gid tri nho nhit cua
(x+y)(z+x)=1.

Goi y: Str dung lién hé gitra cdc cong thirc tinh di¢n tich tam giéc.

2. Tim gid tri nho nhat cua:
F=+2x° +2x+1+\/2x2+(\/§+1)x+1+\/2x2 —(\/5—1)x+1

Goi y: St dung mit phing toa do.

3. Cho a+b+c=2&ax+by+cz=>6 tim gid tri nho nhit cua:
P= \/16a2 +a’x’ +\/16b2 +b%y? +\/16c2 +c*7’
4. Tim gid tri nho nhat ciia ham sd:

y=Axt —x+1+/x° —Bx+1
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BAI TOAN PANG CHU

I. Nhitng kién thifc cd ban vé bai todn ding chu

Gia st trong mit phing c6 mién déng D nao d6, va gia si L 13 dudng bién cta né. Ta
ki hiéu do dai dudng bién cta né 1a L va goi d6 1a chu vi cia D. Hai mién nhu th€ c6
chu chu vi biing nhau goi 12 ding chu. Ta k/h dién tich ctia mién D 1 S(D).

Biy gid bai todn ding chu dudc dit ra nhu sao: Trong I6p cho trude K cdc tdm ddng
chu, hay chi ra cdc tdm cé dién tich I6n nhdt.

Dinh Iy ding chu chinh:

Trong tdt cd nhitng tdm phdng cé chu vi cho trudc, hinh tron cé dién tich 16n nhét
Dé€ chiing minh dinh 1y trén, ta s& phan phép chitng minh ra lam m4y phan sau:
I- TAm ¢ Vi chu vi cho trude (/) ma c6 dién tich 16n nhat thi phdi 12 hinh 16i.

that vay, n€u n6 khong 15i thi 4t phii c6 c6 mdt ddy AB c6 cdc dau miit thudc tAim con
cdc di€m trong né nim ngoai tAm. ta thuc hién phép ddi xitng cung AmB qua dudng
thing AB va sé& c6 cung AnB. Xét tim phing ApBnA. N6 cung chu vi nhung dién tich
lai 16n hon tdm cii.

II- Néu 1 tAm 16i ¢, v6i chu vi cho truSe, c6 dién tich 16n nhit va diy cung AB chia
chu vi ra 1am hai phan c¢6 do dai bing nhau thi AB ciing chia tAm thanh hai phan coa
dién tich bing nhau.

That vay, gid st dién tich tim ¢ bing S va gia s ton tai diy AB phian tim ¢ thanh hai
phin : AmBrA va ApBrA, ddng thdi cic AmB va AoB bing nhau vé dd dai (mdi cung ¢

. S l . 2 2 A 2 A Y 2 9 z
do dai bang 5) nhung dién tich cua cdc phan d6 khong bang nhau. Gia su AmBrA c6

. . 2 z 2 S N 7z e 2,
dién tich I6n hon (vi vay di€n tich cua né 16n hon 5). Ta thuc hién phép doi xing

AmBrA qua dudng thing AB ta thu dugc dudng thing AmBnA ciing c6 chu vi /, nhung
lai c6 dién tich 16n hon S. Do dé tAim ¢ khong phdi 1a tim c6 dién tich 16n nhat, véi

chu vi [ cho truSc (tAm AmBnA c6 dién tich 16n hon). Suy ra ta ¢6 diéu mau thuin.

I1I- N&u tAm 16i ¢, v6i chu vi 18i d cho, ¢6 dién tich 16n nhat (S) thi dudng chu vi cla
no6 la dudng tron.
That vay, ta hdy dung mdt didy AB chia chu vi cla hinh ¢ thanh hai cung c6 d6 dai

S . X N . ’ . S s .
bang nhau. Khi d6. moi phan ma diay AB chia tam ¢ c6 dién tich 7 Néu dudng chu vi
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R S a4 ~
khong 1a dudng tron hti ta s€ tim dugc trrén chu vi mot diém APB # bR Cung APB sé&

gdm hai phan AmP va PnB.
Ta hay dung tim ¢ nhu sau:

—

1) TruSc hét dung AA’P'B” sao cho A'P'B'z%,P'A': PA,P'B’=PB (dung tam gidc

vudng theo hai canh géc vudng)

2) Pip thém & phia ngoai AA’P’B’ cdc hinh A'm’'P’A” va P’n/’B’P’ tuong ting bing cic
hinh AmPA va PnBP.

3) Thuc hién phép ddi xitng AA’P’B’ ciing v6i cdc hinh dung trén cdc canh géc vudng
clia né qua dudng thing A’B’ va khi dé, ta tao dudc thanh tim ¢, ta hiy so sidnh dién
tich hai tam gidc A'P’'B" va APB:

S my = %A’P'~ PB > %AP .PBsinAPB=S,,,

tic 13 S,y > S
Nhung khi d6 rd rang dién tich clia hinh ¢* 16n hon dién tich hinh ¢ . Nhu vy néu ¢

khong phai 13 hinh tron thi tdn tai tAim ¢  c6 cling chu vi nhung cé dién tich 16n hon.

APB

IV — Tir cdc ménh dé L, II, III suy ra ring: tim ¢, véi chu vi |l cho trudc, ¢ dién tich
16n nhat phdi 13 hinh tron.
(Pay la chitng minh ctda Staine)

Ta c6 bai todn Crame vé da gidc cé khép.

Khi xét mot 16p K gdm toan bd cdc da gidc don (?) c6 dd dai va thif ty cdc canh cho
trudc, hay chi ra trong ching c6 dién tich 16n nhat.

C6 thé hinh mot cach tryc quan hinh dnh sau: cin phdi truyén cho mot da giac c6 khdp,
ciu tao b&i nhitng thanh citng, mot hinh dang sao cho né chodn mot dién tich 16n nhat.
K&t qua ctia bai todn trén 13, trong cdc da gidc dudc xét, da gidc c6 dién tich 16n nhat
12 da gidc c6 thé ngoai ti€p dugc mot dudng tron.

Ngodi ra ta con c6 mot s& ménh dé nhd sau day:

Ménh dé 1:

Trong tdt cd cdc hinh binh hanh c6é chu vi cho trudc thi hinh vuéng la hinh cé dién tich
I6n nhat.

Ménh dé 2:

Trong tdt cd cdc hinh binh hanh ¢é chu vi va chiéu dai ciia mdt duong chéo cho trudce
thi hinh thoi la hinh c6 dién tich l6n nhat.

Ménh dé 2 tuong duong v6i ménh dé sau
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Ménh dé 2’:
trong tdt cd cdc tam gidc cé chu vi va chiéu dai ciia mot canh cho trudc thi tam gidc
cdan la hinh c6 dién tich 16n nhat.

Ménh dé 3:

Trong tdt cd cdc tam gidc cé chu vi cho trudc thi tam gidc deu la hinh cé dién tich lon
nhat.

C4c ménh dé 1-3 trén 12 15i gidi cla bai todn: Trong s& nhitng hinh ¢é hinh dang xdc
dinh va chu vi cho trudc hiy tim hinh c6 dién tich 16n nhat. Ménh dé 1 va 31a nhitng
trudng hop dic biét ciia ménh dé tdng quat hon: Trong tdt cd nhitng hinh N canh ¢é chu
vi cho trudc thi hinh N canh déu la hinh cé dién tich 16n nhat.

Nhitng bai todn tuong tu v6i bai todn ddng chu ciing c6 thé dit ra trng khong gian. Pay
1a mot trong nhitng bai todn quan trong nhat:

Trong tdt cd cdc thé cé dién tich bé mdt cho trude, hdy chon ra mot hinh cé thé tich lon
nhat.

Ta c6 thé tién dodn ddp 4n 12 hinh ciu

Bay gi® ta khong gidi quyét bai todn lond trén ma di gidi quyét bai todn trong khong
gian dugc khdi quét 1én tf bai todn 1-3, trong d6 hinh binh nanh dudc thay bing hinh
hop, tam gidc dudc thay bing ti dién

Bai toan 1:
Trong tit cd nhitng hinh hop c6 tdng chiéu dai cla cdc canh cho trudc, hdy tim hinh
hop c6 thé tich 16n nhat.

Bai todn 2:

Trong tit cd nhitng hinh hdp c6 téng chiéu dai cla cdc canh va chiéu dai cta mot
dudng chéo cho tru6e, hdy tim hinh hop c6 thé tich 16n nhat.

Ta thdng nhat mot s6 dinh nghia.

Tit gidc ghénh: Mot dudng gap khic kin gdm 4 canh ma nhitng dinh khong nim trong
cling mot mit phiang duge goi 14 mot it gidc ghénh. Né&u nhitng dinh clia mot t dién
tring vdi nhitng dinh ctia mot ## gidc ghénh thi ta néi ring né trudng t gidc do.

Ta c6: thé tich clia mot ti dién trudng mot ti gidc ghénh ma cdc canh 13 mot dudng

chéo va ba canh ké lién ti€p ctia hinh hdp thi bing é thé tich hinh hop (dé thay).

Vi viy, bai todn 2 tuong dudng vdéi bai todn sau:

Bai toan 2’:

Trong tit c4 nhitng tif gidc ghénh c6 chu vi cho trudc bing 2p va chiéu dai mot canh
cho trudc bing h, hiy tim ti gidc ghénh sao cho ti dién trudng né c6 thé tich 16n nhat.

Bai toan 3:
Trong tit cd cdc tam gidc ghénh c6 chu vi cho tru6c bing 2p, hdy tim tif sao cho hinh
t dién truong né c6 thé tich 16n nhat.
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Giai bai todn 1.

Gi4 stt hinh hop da cho c6 ba kich thudc a,b,c Gng véi 3 ba canh xuit phat tit mot dinh
12 AB, AD, AA’. Goi g6c giita AB va AD 1a «, goc gitta AA” va (ABD)1a f3.

Ta c6 thé tich ctia hinh hop

3 3
V:AB-AD-sina’-AA'-sin,Bzabcsina’-sinﬁﬁabcs(a_i_g_i_cj S(Ej

6
a=b=c
Dau ding thitc chi x3y ra khi va chi khi # hay hinh hdp phdi tim 12 hinh 14p
)
phuong.
Tu d6 ta c6 dinh ly:

Dinhly 1:
Trong tit ca nhitng hinh c6 tdng cdc canh cho trudc thi hinh 14p phuong 13 hinh c6 thé
tich 16n nhAt.

Giai bai todn 2’:

Pé€ gidi bai todn nay, ta sé ding bd dé sau.

Goi P 12 mit phang vudng géc vdi canh AB clia mot tif gidc ghénh ABCD.
Chi€u vudng géc ABCD 1én mit phing P, ta dugc ABEF.

Bo dé

Thé tich V ciia mot tik dién truong tit gidc ABCD dugc tinh cong thiic
1

V=—hS 1
3 (1)

Trong dé h la chiéu dai AB, S la dién tich ABEF
Chtng minh:
1

Ta c6 SABc:SABEZEAB'BE

d (D,(ABEC))=d(F,(ABEC))

vi DF //( ABEC)

= Viper = Vaper = %hS

Cong thifc (1) goi ¥ cho ta cdch gidi bai todn 2°: CAn xdc dinh d6 dai va va vi tri cdc
canh BC, CD va AD sao cho dién tich ABEF 13 16n nhat.

Pé dat dudc diu d6, truSc nhat ciAn 1am sao cho chu vi clia né c6 gid tri 16n nhat. Ta
trdi cdc mit ABFD, FDCE va CEB 1én mot mit phing. Trén hinh phing ma ta thu
dugc, chiéu dai canh BB, biing chu vi clia tam gidc BEF, tir d6 ta thiy riing chu vi d6
s& 16n nhat khi A, D, C va B, thing hang trén mit phing da dugc trii phing, hay khi
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L ma thoi (2). Do
2p—h

dé6 ti gidc ghénh c6 canh AB =h va chu vi 2p sao cho ABEF c6 chu vi 16n nhat c6 thé
dung theo cdch sau day:

Gap mdt hinh chit nhat c6 canh AB, =h va dudng chéo AB, =2p—h thanh mit xung

cac doan AD, DC va CB chi tao vGi canh AB mdt géc « = arccos

quanh ctia mot ling tru ddy tam gidc sao cho di€m B, dén trung v6i di€m B, va doan
AB, 1a mdt canh bén cta né. Khi d6, dudng B,ADCB, tr$ thanh ti gidc ghénh ma ta
mudn co.

Biing cach d6, bai todn clia ching ta da dudc dua vé bai todn ding chu d6i vdi ABEF.
Nhu ching ta da biét, v6i mot chu vi cho trude, tam giac nay c6 dién tich 16n nhat khi
BF = FE = EB, do d6 tit gidc ghénh ABCD ddp ting yéu cau clia bai todn 2’, phii ¢
cdc canh AD, DC va CB bing nhau. V§i diéu kién nay va diéu kién (2), t& gidc ghénh
ABCD sé& dudc x4c dinh mot cdch duy nhat.

Va nhu vay 1a ta da chiing minh xong va ta c6 dinh li:

Pinh li:

Trong tdt cd nhitng ti dién truong tit gidc ghénh ABCD cé chu vi cho trudc bdng 2p va
chiéu dai ciia canh AB cho trudc bang h thi tit dién cé thé tich lon nhdt la tit dién truong
it gidc ma cdc canh AD, DC va CB béng nhau va lam thanh vdi canh AB nhitng géc
bdng nhau.

Ta c6 dugc cach dung truong tif dién 16n nhat: ta 14y mot hinh chit nhat ¢6 mot canh
bing h va dudng chéo bing 2p—h va gip n6 thanh xung quanh cia mdt hinh ling tru
déu.

Ta d€ y ring vdi kich thudc ciia ba canh ti gidc ghénh tuong ng vdi ba kich thudc clia
hinh hop bing nhau khi va chi khi hinh hop d6 ¢6 cdc mit bing nhau va bing hinh
thoi. Nén ddp dn cda bai 2 1a hinh hdp c6 cdc mat 1a hinh thoi.

Gidi bai todn 3:
Ta hiy tinh thé tich cuc dai néi t6i trong dinh 1i 2.

Tit hinh 5, ta thiy chu vi cdia ABEF bing \/(2p—#*)-h* =2,p(p—h)
2
2Jp(p=h) | N3 _p(p-h)

3 4 33
cudi cling, thé tich 16n nhat clia hinh tif dién dugc truong, theo cong thic (1) bing:
—h h(p—h
yoL, plp=h) _ph(p—1h) 3)
3 33 93
D¢ gidi bai todn nay, can 14y gid tri h trong bai todn trén sao cho vé& phai clia cong thifc
(3) c6 gi4 tri 16n nhat. Gi4 tri h d6 dudc xac dinh tir bt ding thiic AM-GM:

nghia 12 dién tich cuc dai clia n6 bing

119



Chuyén dé bét déng thirc hinh hoc Nhom 5

d&u ding thic xay ra khi va chi khi 7= g .

Tur d6 ta suy ra 15i gidi ctia bai todn 3:

Dinh li 3:

Trong tdt cd nhitng tit dién truong cdc tit gidc ghénh cé chu vi cho trudc thi tit dién cé
thé tich 16n nhdt la ti dién truong ti gidc trong dé cdc canh bing nhau va géc gifta moi
cdp canh ciing bdng nhau.

That vdy, néu h =§ thi chiéu dai ciia mdi canh con lai sé& bing %; c6 thé chitng minh

st biing nhau clia cdc géc bing céch truc ti€p (vi A zg nén tit cd cdc géc déu bing

1 *A A z 2 z e oY 2 LN N
arccosg ); tuy nhi€én mdt cdch don gian hon, c6 thé chd y rdng trong ti di€n ma ta dang

xét tat cd cdc canh c6 vai trd nhu nhau.

120



Chuyén dé bét déng thirc hinh hoc Nhom 5

POLYTOPE 4 CHIEU

1. Polytope la cai gi?

Polytope 1a tén goi tong quat cua tat ca cdc da dién 15i trong khong gian n chiéu, n>—1. Vi
du trong khéng gian 2 chiéu thi cdc Polytope chinh 1a cdc da gidc, trong khong gian 3 chiéu
thi 12 cdc da dién 3 chidu. Ngay nay khdi niém Polytope duoc hiéu ludn thanh convex
polytope tirc 1a cdc da dién 16i. Trong tdan bo chu dé nay t6 ciing chi néi dén cac da dién 16i.
Dinh nghia cu thé ciia mot Polytope bét ky nhu sau:

a) Mot Polytope P thudc R" 1la mot bao 1i cta mot s6 hiru han cac diém trong khong gian

R". Tac la P=conv(S)= {Zaixi I Zai,ai 20,Vi,n2 1} v6i S < R". Céch dinh nghia nay
i=1 i=1
goi 12 V-description, Polytope duoc dinh nghia theo kiéu nay duoc goi 1a V-Polytope.

Céch dudi day 1a mot cach dinh nghia khac cho P, goi 1a H-description:
b)P=P(Az)={xcR'IAx<z}véi AcR"

Giai nghia cho d& hiéu thi thé nay cach dinh nghia V-polytope ndi riang: mot bao 16i 2 chiéu
cia mot tap hop S 1a mot hinh da gidc, trong d6 1 s diém cua S 1a cic dinh, sd con lai ndm
bén trong da gidc tao boi cdc dinh kia. Cdc dinh nay chinh 1a cdc phan tir cta bao 16i cua S,
viét 1a conv(S).

Con céch dinh nghia H-Polytope néi rang: mot polytope 2 chiéu 1a phan giao cua it nhat 3
nra mat phéng sao cho hinh dugc tao ra la mdt da giac. Vi du hinh vuéng don vi c6 trung
diém 12 tAm gbc toa do (0,0) 12 phan giao ctia 4 nira mit phang —1< x, y<1.

2. Thé nio 1a mot mit (face) ciia mot Polytope:

Pinh nghia tong qudt cua Polytope dan dén mot van dé don gian: véi da dién 3 chiéu ching
ta goi cdc thanh phan cta né 1a : dinh, canh, mat. Vay voi da dién 4 chiéu ching ta goi cdc
thanh phan ctia né 12 dinh, canh, ‘mat, nhung cic thanh phan 3 chiéu cua né goi 1a gi? Nguoi
ta goi n 12 cdc mat 3 chiu, va tdng hop lai cach goi cdc thanh phan ctia mot da dién n chiéu
nhu sau:

C4c dinh thi goi la mat 0 chiéu- hay O-faces, cic canh la mat 1 chiéu- tuc 1a 1-faces..., cho téi
(n-1)-faces. Dé ky hiéu né6 cho gon, nguoi ta goi ching lan lwot 12 cdc
£0, f1, £2, ..., fun—1(hay con goi la cdc f- vectors cia mot Polytope n chiéu).

3. Hé thirc Euler cho da dién 3 chiéu: D-C + M =2

Trong d6 D 1a s6 dinh, C 12 s6 canh, M 1a sb mit cta da dién 3 chiéu. Hodc néu biéu dién
theo cdch goi tong qudt, ching tacé: fO— fl+ f2=2

Chung ta ai ciing biét cong thirc Euler cho céc da dién 3 chidu & trén. Leonhard Euler tim ra
cong thirc nay vao nim 1750, nhung chimg minh cta 6ng ay bi khiém khuyét. Mai cho dén
nim 1794- Legendre méi dua ra dyoc mot ching minh hoan chinh dau tién. Sau d6, néu t&
khong nham, thi Cauchy 1 ngudi dua ra ching minh duoc diing phd bién hién nay- diing
Duality. Cho t&i hién nay, t& duoc biét c6 khoang gan 20 chimg minh cho cong thirc nay.
Trong d6, chimg minh gdy chéang nhét c6 1& 1a cua William Thurston (The Guru of
Geometry ). C4c ban mudn tim hiéu k¥ c¢6 thé vao ddy dé nghién ctru cdc cich ching minh
(http://www.ics.uci.edu/~eppstein/junkyard/euler/).
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4. Hé thirc Euler-Poincare cho da dién n chiéu: 13 cic mit i-faces

Vi du:

- cho mot da dién bat ky trong khong
gian 4 chiéu, ching ta ¢ hé thirc:

(hinh 14p phuong 4 chiéu chiéu xudng
khong gian 3 chiéu st dung k¥ thuat
biéu dd Schlegel)

- cho mét da dién bat ky trong khong
gian 199.999.999 (da dién mot trdm chin
chin tri¢u chin trdm chin muoi chin ngan
chin trdm chin muoi chin chiéu ) chiéu
ching ta c6:

FO = f1 + f2 — f3.. +/— ... + 199999998 = (zero oops two oops zero.. oops 0ops ..oops)= 2

Tuc 12 tém lai- két qua cua hiéu sd tf)ng 'sach mat chin trir di tong cta "sach mit 18" cua
mot polytope ludn bang 0 hodc 2. Neu polytope c6 s6 chiéu 18, thi hiéu s trén bang 0, néu
polytope c6 sb chiéu chén, thi hiéu sb trén 1a 2.

5. Thé 1y thuyét da dién nhiéu chiéu dwoc viéc gi?

Viéc nghién ctru cdc bai todn linear optimization - nganh téan trng dung dic biét quan trong
trong kinh té va k¥ thuét (ngudi ta cho rang ddy 1a nganh téan phat trién manh mé& va quan
trong nhét trong thé ky 20)- da dan dén viéc nguoi ta quan tdm dén Simplex algorithm cua
George Dantzig ciing nhu céc polytopes. Vi cdc hé bat phuong trinh ctia LP chang qua 1a céc
polytopes, hay néi nguoc lai, cic polytopes c6 thé biéu dién bang cic bat phuong trinh nay.
Bai téan traveling salesman véi sd lyong thanh phé 1a 10 ching han- tuwong Gmg voi mot
polytopes cua khong gian 5 chiéu, va vi thé, ngudi ta ¢6 thé nghién ctru cdc polytopes 5 chiéu
dé tim ra giai phdp toi vu hon cho van dé Traveling Salesman va nhiéu bai téan khc.

Vé mat "khong" trng dung thuc tién - thi hinh hoc, nhét 1a céc dang da dién luén c6 mot vé
dep nhét dinh ndo d6- mic di nhin né c¢6 vé "khd cung, thd so, lanh lung, vd6 cam va don
diéu" v.v.v . Ngay xua Platon ciing 1a ngudi mé tdéan hoc, cu thé 1a hinh hoc. Trudc ctra
phong 6ng iy c6 ciu thé nay: "Ai khong biét hinh hoc, ding budc vao!" Nhung thoi cua
Platon, nguoi ta méi chi biét cic da dién 3 chiéu 12 ciing, chir khong ¢6 cich nao nhin thiy,
hay tuéng tuong duoc gi nhiéu vé cic da dién nhiéu chiéu hon. Ngay nay, ¢6 mot sb k¥ thuat
cho phép chiing ta nhin c4c hinh nhiéu hon 3 chiéu trong nén khéng gian 3 chiéu- c6 thé goi
1a pseudo-high-dimensition ciing dugc. Chung ta da c6 thé "nhin" duoc nhing hinh 4 chiéu-
nhitng thir chi ton tai trong hinh hoc, trong tuong tuong ma khong ton tai trong thé gioi thye,
va ca nhirg polytopes ma thuc ra khong ton tai ca trong hinh hoc va ciing khéng thé tudong
twong chung la cac da dién duoc!! Vi du nhu cdc Correlation Polytopes.
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(hinh 18p phuong 4 chiéu chiéu xudng 2 khong gian 2 chiéu st dung biéu dd
chiéu su dung ky thuat biéu do Schlegel) Schlegel)
(Hinh 13p phuong 7 chiéu chiéu xuong

That ra ma néi thi mot phan 16n ly
thuyét da dién nhin chung c6 thé qui
vé dai s6 tuyén tinh va téan to hop cho
nén n6é kha elementary, chir khong
phtrc tap nhu cidc nganh hinh hoc dai
sO, topo dai s6- nhitng nganh ma ly
thuyét di rat phat trién va duoc xiy
dung chdng chéo 1én nhau sudt trim
nim nay béi rat nhidu nguoi.
C6 1€ c6 mot nguyén nhan quan trong
lam cho né khéng duoc phét trién
manh trong khoang giira thé ky 19-
e L gitta thé ky 20 1a vi vao thoi diém
S =5 Felix Klein dua ra "Erlangen
Programm", thi cic bai téan lién quan
dén céc tinh chat t6 hop cta cdc da dién 16i nhiéu hon 3 chiéu dugc goi 1a "hopeless
hard", chi ¢6 céc tinh chat dai s6 12 nghién ctru dwoc- nhung lic d6 né da nhap vao
analytic geometry va linear algebra. Cung véi trao luu maéi 1a hinh hoc vi phan - mot
thr moi toanh, c6 nhiéu viéc dé lam, céc 1y thuyét da dién di vao quén lang, khong
con thude vao mainline cia téan hoc nhu né von da 1a mainline cta téan hoc sudt gén
mAy ngan nim (tr Platon, Pytagore cho t&i Kopernicus).
Pén dau thé ky 20, thuc chat di c6 nhitng cong trinh dot phd vé 1y thuyét da dién, vi du nhu
Steinitz, Schlegel, Poincare v.v. Steinitz tong hop, phan 16p tat ca cdc da dién 3 chiéu,
Schlegel dua ra k¥ thuat chiéu cdc hinh nhiéu hon 3 chiéu vé khéng gian 3 chiéu, Poincare
t6ng hop hé thirc Euler cho khéng gian n chidu. Nhung liic d6 ¢6 it ngudi di theo hirong nay,
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