MOT SO PHUONG PHAP GIAI CAC BAI TOAN
LIEN QUAN PEN PUONG PHAN GIAC TRONG TAM GIAC
(Lé Phuc L, SV bPai hoc FPT TP HCM)
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I. Cac kién thirc can nhé.

1.Tinh chét duong phan gide.

Cho tam gidc ABC c6 phan gidc trong AD, phan giac ngoai AE. Khi d6
DB EB AB
DC EC AC

2.Dinh li Menelaus.
Cho céc diém M, N, P lan lugt ndm trén cac duong théng chra cac canh BC, CA, AB cuia tam
gidc ABC (ca ba hodc c6 dung mdt diém nim ngoai cic doan thing nay).

MB NC PA

Khi 6, M, N, P thang hang khi va chi khi —.—.——=1.
MC NA PB

3.DPinh li Ceva.
Cho céc diém M, N, P lan luot ndm trén cac duong théng chra cac canh BC, CA, AB ctia tam
giac ABC (cé ba hodc c6 dung mét diém thudc cac doan théng nay).
Khi 6, M, N, P dong quy khi va chi khi MB NC PA_,
MC NA PB

4.Céc cong thic tinh quen thudec.
Cho tam gidc ABC ¢c6 4B =c¢,BC=a,CA=>b,plantachuvi. Goi H, D lan luot 1a chan duong
cao, chan duong phan giac trong goc A. Ta tinh dugc

ac ab a’*+c*-b’ a’*+b*-c* 2
DB—b+C,DC—b+C va BH_—2a ,CH——2a , AD—E«/bcp(p a).
5.Vecto don vi.

Vecto c¢6 do dai bang 1 1a vecto don vi. Ta biét rang tong ciia hai vecto 1a mot vecto va xéc dinh
theo quy tic hinh binh hanh, néu hai vecto nay c6 d6 dai bang nhau thi hinh biéu dién tong cua
chiing 14 hinh thoi; vecto tong ciing chinh 1a tia phan gidc ciia goc tao boi hai vecto ban dau.
Nhur thé trong hinh hoc giai tich, khi can viét phuong trinh dwdng phéan gidc ctia goc tao boi hai
duong thing ta c6 thé chon trong cac vecto chi phuwong cta hai duong thang ra vecto don vi rdi
tinh tong cia hai vecto nay; khi dé, ta thu duoc vecto chi phuong ciia dudng phan giac can tim.
6.Cong thirc vecto vé toa do tim duong tron ngoai tiép.

Trong tam giac ABC, ta luon co6: alA+bIB+cIC =0 véilla tam duong tron ndi tiép va a,b,cla
dd dai cac canh ung voi goc A, B, C.

Ta hdy ciing tim hiéu cu thé cdc phwong phdp nay dé thdy ré hiéu qua cia ching.



I1. Cac bai toan vi du.

Mot s6 vi du dudi day duwoc giai bc%ng hai cach dé cé thé dé dsi chiéu dwoc tinh tw nhién va tinh
hiéu qua riéng ciia moi cach tiép cdn van de.

Bii 1. Cho tam gidc ABC cé hai phén gidc BD va CE cit nhau tgi I. Biét rang ID = IE.
Chitng minh rang tam gidc ABC cin tai A hodic BAC =60".

Loi giai 1.
P Ta xét hai truong hop sau
Néu 4D = AE thi
AAID = AAIE(c.c.c) = ADI = AEI .
F
E D Suy raAADB = AAEC(g.c.g) = AB = AC nén tam

gidc ABC can tai A.
-Néu AD # AE , khong mit tinh tong quat, ta gia sir
AD < AE . Trén doan AE, liy diém F sao cho
AD = AF ; khi do,

B C

AADI = AAFI(c.gc)= IF =ID = IE .

Tam giac IEF can tai I nén IFE = IEF => AFI = BEI = ADI = BEI .

Tir ddy suy ra tr gidc ADIE noi tiép va

—

BAC + DIE =180" :@+90+¥:1800 — BAC = 60".

Do d6 BAC = 60"
Tur hai truong hop nay, ta co dpem.

Loi giai 2.

2 -b
Theo cong thitc tinh d¢ dai duong phin gidc, ta co BD = Y PP —0)

c+a
o1 1A . . o . AD ¢ bc AT N A i o
ViBD la phan giac goc Bnén —=—= 4D = . Hon nira, Al 1a phan giac goc A trong
CD a a+c
ID AD b ID b b

tam gidc ABD nén — =

= - = =—,
AB a+c BD a+b+c 2p

_ 2 B
Do doé [D:iBD:wjﬂy :ab C(p b)

2p p(c+a) p(c+0¢)2



abc*(p—c)

Tuong ty IE* = .
pla+b)

Tur gia thiét da cho, ta c6

ab’c(p —b) _ abc®(p—c) - b(a+c—b) _ cla+b—c) o blatb)(a+c—b)=clc+a)(a+b—c)
p(c+a)’ p(a+b)’ (c+a) (a+b)’

s b-c)a+b+e)a®-b - +bc)=0<
( X X ) a*=b*+c*—bc

-Néu b =c thitam gidc ABC cén tai A.

2, 2 2 -
Néu o =b2+c2—bc:>cosA=b+2%=%:>BAC=60°.
C

Vay két hop hai truong hop nay lai, ta co dpem.

Bii 2. Goi K la tim dwong tron ndi tidp ciia tam gidc ABC. Goi B,,C, theo thir tw la trung
diém cdc canh AC, AB. Pwong thing CK cdt dwong thing AC tai B,, dwong thing BK cit
AB tai C, sao cho di¢n tich tam giac ABC va tam giac AB,C, bing nhau. Tinh géc BAC.

Loi gidi. Khong mat tinh tong quét, gid st 4B < AC . Dit 4B, =x,AC, = y,x,y>0. Tatinh

dugc: AD = be va D nam giita A va B,. Ap dung dinh 1i Menelaus cho tam gidc 4BD v&i cat
a+c
. bc
. B.D CA B
tuyén BKC, taco 220 G4 KBy 7 awe are_y . bc
B,A4 CB KD X b a+c—b
A , bC
Tuong ty, ta tinh dugce: y = .
a+b-c

Theo gid thiét thi S, =S . . nén xy=bc.

Thay tryc tiép cac biéu thirc d tinh dugc vao
dang thirc nay, ta co:

bc bc
. =bc
at+tc—b a+b-c
Sbe=(a+c-b)a+b-c)=a> =b*+c* —bc
Do do:

- 2, 2 2 -
cosBAC=DFC =@ 1 phc— 60,
2bc 2




Bii 3. Cho tam gidc ABC cé I la tim dwong tron ngi tiép va M, N, P lan liwot la trung diém cdc
canh BC, CA, AB. Chirng minh rang I nam trong tam gidc MNP va
S S S

IMN — INP — IPM
at+b-c b+c—a c+a-b

Loi giai. Trudc hét, ta chung minh nhan xét

Néu diém M va tam giac ABC nam trong mit phang thoa XMA+ y]\ﬁ +2MC =0 v6i x,y,z>0
thi M ndm trong tam giac ABC.

Thét vay: ta ldy A’ thoa méin yﬁ +z4'C=0,vi y,z>0 nén A’ thuc doan BC. Ta co:

XMA+ yMB +zMC = xMA+ y(MA'+ A'B)+ z(MA'+ A'C) =
= xMA+(yMA'+ zMA)+(yA'B+2A4'C) = xMA+(y + 2)MA'

Do x,y+z>0 nén M thudc doan AA’ hay nam trong tam gidc ABC. Nhan xét dugc ching minh.
Tré lai bai toan, tu déng thirc quen thudc a.a +b.§ + c.]?‘ = 6, ta co
a.ﬁ+b.£+c.]?’:6@((p—b)+(p—c)).]71+((p—c)+(p—a)).E+((p—a)+(p—b)).E:6

& (p—a)IB+IC)+(p—b)YIC+IA) +(p—c)IB+14) =0
@(b+c—a)ﬁ+(c+a—b)]7\7+(a+b—c)]7’=6

Hon nita: b+c—a,c+a—b,a+b—c >0 nén I ndm trong tam gidc MNP.

Tu day, ta cling co: S, IM +S oy IN+S N IP=0. Do c4c vecto nay khong cung phuong nén
S S

IMN — INP — IPM
at+b-c b+c—a c+a-b

cac hé sb trong hai dang thic trén phai ti 1& véi nhau, tirc 1a:

Bii 4. Cho tam gidc ABC nhon ngogi tiép dwong tron (I,r) cé M la trung diém BC. Goi E la
giao diém ciia IM véi dwong cao AH ciia tam giic ABC. Chirng minh rang: AE =r.

Loi gidi 1.

Goi D 1a tiép diém cua (I) 1én BC, F 14 tiép diém ctia dudng tron bang tiép (J) cua goc A. Goi P,
Q lan luot 13 giao diém cua AF véi (I), trong d6 Q nim giita A va P.

Gia st ID cit (I) tai diém tht hai 13 Q’. Qua Q’ v& duong thing song song v6i BC cit AB va AC
lan lugt tai B’ va C.

D@ thiy ton tai mot phép vi tu bién A4B'C' thanh A4BC .



Phép vi tu d6 ciing bién tiép diém Q’ ctia dudng tron bang tiép (I) cia AAB’C’ 1én B’C’ thanh
tiép diém D cta dudng tron bang tiép (J) cia A ABC 1én BC.

Suyra 4,Q', F thang hang hay diém Q’
tring voi diém Q.

D@ thiy D dbi xtmg v6i F qua M nén:

MD =MF ,ma ID =1Q nén IM la dudng
trung binh cia ADQF hay IM // PQ hay t&r
gidc AEIQ 1a hinh binh hanh.

Do d6: AE=1Q =r.Tacéd dpcm.

Loi giai 2.

Khong mit tinh tong quét, gia sir

AB < AC & ¢ <b . Dé dang chirng minh
duoc trén doan BC, cac diém B, H, D, M, C
nam thang hang theo thir ty d6. Ta co:

DM:DC—MC=a+b_C a:b—c

2 2 2
2 2 2 2 2
MH = HC-MCc =3 b =c a_b—c
2a 2 2a
Theo dinh li Thales thi:
ID DM b-c b’-" a A
HE MH 2 2a b+c
:>HE=(b+c)r
a
Ta cling co:
AH:§:2pr:(a+b+c)r
a a a
:>AE=AH—HE=(a+b+C)r—(b+C)r=r
a a B H D M C

Ta co6 dpcm.

Bai 5. Cho tam gidc ABC c6 2BC = AB+ AC. Goi O, I lan lwot la tim dwong tron ngogi tiép,
néi tiép tam gidc ABC. Chirng minh tam gidc AIO vuéng tai L.

Loi gidi 1. GoiH, D,M lan luot 1a chan duong cao, phan giac va trung tuyén ung voi dinh A cta
tam giac ABC. E 1a tiép diém ctia duong tron ndi tiép 1én B. Gia sir AD cat OM tai K.



—

[ AB

A Ta thdy: HAB = 0AC =90° _TC’ ma Al 1
phan giac BAC = IAB = IAC nén: IAH = I40.
Mait khac: AH // OK nén: IAH = IK/\O, do do:
140 = IKO hay tam gidc AOK cén tai O. Ta dé
dang tinh dugc DE = DM

o} nén DI = DK hay IK =2ID.
Dong thoi, theo dinh 1i Thales
DA HA AB+BC+CA _3:£_
DI IE BC DI

B H E D\ |M ¢ Do d6: Al = IK hay]I la trung diém ciia doan
AK, suy ra: OI Ia trung tuyén ctia tam gidc can
AOK nén OI ciing 1a duong cao cua AAOK .

K Do d0, tam giac AOI vuong tai I (dpcm).

2.

Loi giai 2. Goi R, r lan luot 1a ban kinh duong tron ngoai tiép va ndi tiép tam giac ABC.
Ta co: AO* = R*,10* = R* —2Rr . Theo dinh li Pythagores, ta chi can chimg minh A7*> =2Rr .

ac
b+c

Ta tinh dugc BD = . Xét tam gidc ABD, ta thay Al chinh 1 phan gi4c ciia tam giac nay nén

2 <
4] AB.AD _c.b+c bep(p—-a) :2\/bcp(p—a) :Alzzbc(b+c—a)

" AB+BD oq ¢ a+b+c a+b+c
b+c
Mat khac: R:a—bc,r:§:>2Rr= abe . Ta can ching minh:
4S5 p a+b+c

be(b+c—a)  abc

= o b+c—a=a< 2a=b+c.Ping thic nay dung nén ta co dpem.
a+b+c a+b+c

Bii 6. Trong mdt phing cho hai diém A, B cé dinh (A khdc B). Mét diém C di dong trong mit
phéng sao cho géc ACB = a khéng ddi (0° < o <180°). Puong tron tam I ni tiép tam gidc
ABC va tiép xiic véi cdc canh AB, BC, CA lan luot tai D, E, F. Puwong thing Al, BI lin luot
cat dwong thang EF tai M, N.

Chirng minh rang

1 Doan MN cé dp dai khéong doi.
2. DPuwong tron ngoai tiép tam gidc DMN luén di qua mét diém cé dinh.

(Pé thi hoc sinh gidi quoc gia 2009)
Loi gidi 1.



— — 180°-C — — —

Ta co: MEB=CEF=T, MIB =IAB+ IBA =

180_C:>A7E\B=A7173, do do:

=%(ﬁ:+,@>=

Tt giac EMBI ndi tiép = IMB = IEB = 90° hay tam
gidc AMB vudng & M.

Tuong tu, ta cling c6 tam gidc NAB vuong tai N.
Tir 46, ta dwoc tir giac ANMB noi tiép duong tron
duong kinh AB. Ta c6:

4B 4
AAIB ~ ANIM (g.0) = 22 _ 4
&)= n =N

— MN = AB.% — AB.sin NAI

= AB.sinE = AB.sin%, khong dbi. Hon nita, ta thay:

MDN = IDN +IDM = 2(90° —M): C.

Goi P 1a trung diém cta AB thi P chinh Ia tim duong tron ngoai tiép tir gi/éc\ AN/M\B:

MPN = MPA— NPA = 2(MBA — NBA) = 2(90° — MAB — NBA) = 2(90"° —M): C.

Do dé: m = MDN = Tt giac MNDP néi tiép hay duong tron ngoai tiép tam giac DMN ludn
di qua P c0 dinh. Pay chinh la dpcm.

Loi giai 2.

1. Pit AB = ¢ (khong ddi), BC =a, CA =b. Do ACB =« khong d6i nén C di dong trén cung
chira goc a dung trén doan AB. Goi AH, BK 1a cac dudng phan giac ciia AABC.

Ta sé€ tinh MN trong truong hop N thudc
doan EF va M nam ngoai doan EF.

Khi d6, E nam giita C va H; K nam giira F
va C.

Ta cling c6: AC<AB<b<c,
AB<BC < c<a hay b<c<a.

Cac truong hop con lai hoan toan tuong tu.
Theo tinh chit dudng phén giac:

HC _AC _b HC _ b ab

= =— & HC =
HB AB ¢ BC b+c b+c

Do E 1a tiép diém cua (I) 1én BC, F 1a tiép
diém cua (I) 1én CA nén:
CA+CB—-AB a+b-c

CE=CF = ,
2 2




AB+AC—-BC c+b-a
2 2
ab a+b—c) 2ab—(b+c)a+b-c)
b+cj_( 2 j_ 2(b+c) B

AF =AD =

Suy ra: HE=HC—CE=(

_ab-b*+c’—ca (c-b)(b+c—a)
-~ 2(b+c)  2(b+c)

Tuong ty, ta tinh dugce: KC :ﬂ, KF = (a=c)a+c=b) )
a+c 2(a+c)

Ta cling c6: EF = 2CF.sin ECI = (a+b—c).sin%.

Do A, H, M thing hang va ldn lugt ndm trén cac dudng thang chira cac canh ciia A CEE nén theo
dinh li Menelaus:

b+c—a ab
AF HC ME o) b+c ME
—_———=ls . . =1
AC HE MF b (c=b)b+c—a) MF
2(b+c¢)
b+c—a. 2ab .MF_EF:I@I—E:C_Z)@MF:EF. a
2b  (c-b)(b+c—a) MF MF a a+b-c
Twong tu: K, N, B thing hang va lan lwot nim trén cac duong thing chira canh ciia A CEF nén:
ab ct+a-b
KC NF BE a+c NF 2 NF a-c
—— =1l . . =l =
KF NE BC (a-c)a+c—b) EF-NF  a EF-NF b
2(a+c)
& NF(a+b—c¢)=EF(a—c) < NF = EF.—2"¢
a+b-c
a a—c

. a
=c.Smm-—.

—EF. = (a+b—c).sing
a+b-c a+b—c 2a+b-c

Do ¢ va gbc a khong d6i nén MN khong ddi. Vay ta c6 dpem.

Suy ra: MN = MF — NF = EF.

2.




Goi P 1a trung diém cta AB. Ta s& chirng minh P chinh 1a diém c6 dinh can tim.

-Néu CA = CB, nghia la tam giac ABC can tai C thi D tring véi P va (DMN) di qua P.

Ta co6 dpcm.

-Néu C4 # CB, gia st BC >AC (a > b) thi dudng thing MN cit duong thing AB tai J.

Do cac diém E, F, J thang hang va lan luot nam trén cac duong thang chira canh ciia tam giac
ABC nén theo dinh li Menelaus:

EC FAJB_| _ JB_EB_a+c=b  JA+AB_a+c-b  AB_a+c-b |
EB FC JA JA FA b+c-a JA b+c—a JA b+c-a
AB _20a=b) _ ,, _clb+c—q)
JA b+c-a 2(a—b)
Suy ra: JD = JA+ ap =SLre=a) brcza_(brc—a)ctazb)
— 2
Jpggsap_Clte-a) ¢ <
2a-b) 2 2a-b)
_ _ 2 2 B B
Do dé: ypp_bte-aleta=b) ¢ _c(btc-a)cta-b) (1)

2(a—b) 2(a-b) 4a-b)’
Tuong tu, do J, A, B théng hang va lAn luot nam trén cic duong théng chira cac canh cua tam
gidc CEF nén:

b+c—a
JE AF BC | _ JF+EF — @ _ |y EF _blatc-b)
JF AC BE JFE b atc-b JF  a(b+c—a)
2
@EFz(a_b)(aer_c)@JF—EF a(b+c—a)
JF a(b+c—a) (a-b)a+b-c)

Suy ra:
M = JF+MF=F—%0¥¢=) _pp_ @ _pp ac .

(a—b)a+b—-c) a+b—c (a—b)(a+b—c)
IN=JF+FN=F.—30€=@)  pp_a7¢ _pp be

(a—b)a+b—c) ‘a+b—c  (a-b)a+b-c)

2
JM.JN = EF?. ac . be —(a+b—c)sin? L. ab < .
(a—=b)a+b-c) (a—b)a+b—c) 2 (a+b-c) (a-b)
_(I-cosa) abc® (I a> +b? —cz) abc®> ¢’ —(a-b)* abc’
2 (a-b) 2ab ~ 2(a-b)’ 4ab  (a—b)
(b+c—a)c+a-b
4(a—-Db)
Tir (1) va (2), suy ra: JD.JP = JE.JF ; do d6: tt gidsc DPEF ndi tiép hay dudng tron ngoai tiép
tam gidc DMN di qua P.

Ta co6 dpcm.



Bii 7. Cho tam gidc nhon khéng cin ABC cé I la tim dwong tron ni ticp. Goi E la tiép diém
ciia (I) trén cdc canh BC, doan thing AE cit (I) tai diém thir hai khdc E la D. Trén dwong
thing AE liy diém F sao cho CE = CF . Puwong thing BD cit dwong thing CF tqi K.
Chitng minh rang: KF = CE .

(Pé chon doi tuyén Trung Quoc di thi IMO 2008)

Loi giai 1.

Khong mit tinh tong quat, gia
st B<C.GoiM, N lan luot 1
tiép diém cta dudng tron ndi
tiép (I) 1én cac canh AB, AC.
Goi P 1a giao diém cia duong
thing MN va BC.
Theo mt tinh chat quen thudc
v€ cuc va doi cuc, ta thiy rang
PD chinh la tiép tuyén cua (I),
suy ra: PED = PDE .
Hon nira, @:(ﬁ:(ﬁ
nén suy ra PD va CF song
song v&i nhau. De thay:
K PB EB

o PC EC
mot hang diém di€u hoa. Suy ra D cung v6i P, B, E, C lap thanh mdt chum di€u hoa. Do PD song
song voi CF,? dong thoi K thugc DB, F thudc DE nén theo tinh chat vé chum diéu hoa, ta c6 duogc
F la trung diém cua KC. Ta c6 dpcm.

nénP, B,E, Cla

Loi giai 2. Goi H 1a hinh chiéu ctia A 1én BC, M la trung diém cua BC.

Khong mit tinh téng quét, ta gia st AB < AC , tlic
la c<b.

Khi ¢6: M nam giita C va E. Vi E 14 tiép diém cua
(I) 1én BC nén ta co cac két qua:

BE=$,CE=a+b_C

b

2
 ME=CE_Cm=%tb=¢c_a_b-c
2 2
:ME: b—c (1)
BE c+a-b

Do AH la duong cao cta tam gidc ABC nén:

2,72 2
CH=M. Suy ra:
2a

10



(b=c)b+c—a)
2a '
Do CE = CF nén tam giac CEF can ¢ C, ta co:
cos AEH ZE,COSCEF = EF = HE = EF = EF :—2HE'CE
AE 2CE AE 2CE AE
GoiG la tiép diém cua (I) Ién canh AB, theo tinh chét phuong tich, ta co:
AG? = AD.AE = AD = AG" :>DE=AE—AD=M
AE AE
Do db: EF :2HE.CE:AE2—AG2 __2HECE _(b-c)b+c—a)a+b-c)
DE AE AE (AE* — AG?) a(AE* — AG?)
AE — 4G = A + HE — AG* = 25, (b= (brea)
a 4a

B 168> +(b—c)*(b+c—a)’ —4a*(b+c—a)’ 3
B 4q’ -

(a+b+c)(a+b—c)(a—b+c)(b+c—a)+(b+c—a)2[(b—c)z—az]
B 4a’
_(a+b+c)(a+b—c)(a—b+c)(b+c—a)—(b+c—a)2(a+b—c)(c+a—b)
B 4q*
_(a+b-c)a-b+c)b+c—a)a+b+c—b-c+a)
B 4a’ -
_2a(a+b-c)a-b+c)b+c—a) (a+b-c)a—-b+c)b+c—a)
B 4q* - 2a
Suy ra: EF _ (b-c)b+c—a)a+b—c) : (a+b-c)b+c—a)c+a—Db) _ b—c @)

DE 2a 2a c+a->b

Tu (1), (2), ta dugc: % = % theo dinh 1i Thales dao, ta c6: MF//BD hay MF // BK.

HE =HC-EC=

—(b+c—a)’ =

Trong tam gidc BCK c6 MF di qua trung diém ctia BC va song song v6i BK nén ciing di
qua trung diém cua CK, suy ra F 13 trung diém cua CK hay CF = KF, ma CE = CF (gia thiét)
nén KF =CE . Pay chinh la dpcm.

Nhén xét. Trong cdc bai todn da néu, doi khi viéc dung cdach tim tryc tiép d¢ dai cac doan thang
kha phirc tap, doi hoi ki nang tinh todn va bién doi nhiéu; the nhung cach tiép cdn va gidi bai
toan theo kzeu nay rat tw nhién va khong doi héi hiéu biét vé cac dinh li vé dwong phan gidc. Ta
ciing biét rang, viéc iing dung toa dé vaio gidi cdc bai toan dang nay thuong khong kha thi va y
twong da néu trén chinh la mét cach gidi quyét kha hivu hiéu khi gdp bé tac trong viéc ké cdc
duong phu, van dung mot dinh li nao do khi gap mot bai toan lién quan.
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Trong phan tiép theo, ta sé xét mét sé bai todn hinh hoc gidi tich va tim hiéu vmg dung ciia vecto
don vi, tam ti ci trong viéc viét phwong trinh dwong phan gidc ciing nhw tim toa do tam dwong
tron ngi tiép tam gidc.

Bii 8. Trong mit phing Oxy, cho A(3,4) va B(6,0).

Viét phwong trinh phén gidc trong ciia géc AOB ciia tam gidc OAB.

Loi gidi 1. Ta c6: 04 = (3;4), 0B = (6;0)

A
Phuong trinh dudng thing qua O va A 1a:
Tl o ax-3y=0.
3 4
° Phuong trinh dudng thing qua O va B la: y = 0.
Theo cong thirc duong phan gidc cua goc tao boi hai dudong
5 c thing OA va OB:
4x — - 4x-8y=0 -2y=0 (*
x3y:ir y <:>4x 3y=iy® X—8y @x y (*)
Va2 +32 12 +0? 5 4x+2y=0 |2x+y=0

Thay toa do A va B vao (*) va nhan lai: (3—2.4)(6—2.0)=—-12<0, suy ra A, B ndm khac phia
voi nhau so v6i duong thang (*), viy x—2y =0 chinh 14 duong phan giac can tim.

Loi gidi 2. Vecto chi phuong cua OA va OB lAn luot 1a [%;%j,(l;O) . Téng cua chung la:

9

U= (§ij . Puong phén giac can tim di qua O ¢6 vecto chi phwong 13 u nén phuong trinh 1a:

Bii 9. Trong mit phing toa dp Oxy cho diém N(2,-1). Viét phwong trinh cdc canh ciia
AMNP biét rang dwong cao ha tic M ciia tam gidc cé phwong trinh 3x —4y+27=0, dwong
phén gidc ngoai vé tir P co phuwong trinh la x+2y—-5=0.

Loi gidi. Phuong trinh NP 1a 4(x—2)+3(y+1)=0 "
hay 4x+3y—-5=0. Do P 1a giao di€m ctiia dudong

phan giac ngoai tai dinh P va duong NP nén toa do P

la nghiém cua hé:

x+2y-5=0 x=-1 K
=
4x+3y-5=0 y=3




Ta c6 dugc: P(—1,3). Phuong trinh duong phan giac trong tai dinh P: 2(x+1)—(y—3) =0 hay
2x-y+5=0.

Dén ddy, ta c6 hai hudng giai nhu sau.
Huwdng giai 1.

Toa do giao diém K ctia phan giac trong tai P va dudng cao ké tir M 1a nghiém ctia hé:

7
2x—y+5=0 Ty
=
3x-4y+27=0 39
y=—=
5
4Z+3.39—5‘ 24
Khoang cach tir K dén NP la: > =—.
3+ 47 5

Goi u(a;b) 1a vecto chi phuong cua MP, khi d6 phuong trinh MP la:

a(x+1)+b(y—3)=0. Khoang cach tir K dén MP:

a(z+l)+b(359—3)

_ﬁ@ |a+2b| _5

Ja* + b 5 Ja® +b’

< (a+2b)’ =4(a2+b2)©3a2—4ab=0®a=0va=§

Do do6 phuong trinh cia MP la: y—3=0. Suy ra: toa d0 M 1a nghiém cua hé:

y=3=0 x=-5
<
3x—-4y+27=0 y=3
e , . , L ox=2 y+1
Tu:dotacophucmgtrmhcuaMNla:ﬁ=ﬁ©4x+7y—1=0.
—5- +

Huwdng giai 2.

=1. Goi v =(a;b) 1a vecto chi phuong don

u

Vecto chi phuong cua NP: (3;-4) // 0= (%%4),

vicua MP, tic 1a: a> +b> =1 (*). Tacod: u+v=_(a +%;b —%) chinh 13 vecto chi phuong ctia



3 4
a+- b——
phan giac trong tai P nén : " > =Tsc> 2a+2=>b. Thay vao (*), ta co:
a=-1=b=0
54 +8a+3=0& -3 )
a:? (loai)

Tur d6, suy ra phuong trinh cia MP 1a: y —3 =0, phuong trinh cia MN la: 4x+7y—-1=0.

Bai 10. Trong khong gian cho cdc diém A(2;-1;0),B(2,3,2),C(1,-1,-2). Wétphwo’ng trinh
duwong phdn gidc trong cua goc A cua tam giac ABC.

Loi giai.

Ta co: E = (0,4,2),2' =(—-1,0,-2). Ta chon tuong ung hai vecto don vi cua hai doan nay la

- 2 1 - 1 2
u=0,—,—),v=(——7,0,———).

NERNES NERA]

, . , A . . c s T 1 2 1
Do do, vecto chi phuong cua phan giac trong goc A chinh1a u+v=(-—,—=,——=), vecto

5’5 s
nay song song voi (1,-2,1).
x-2 y+1 =z

Vay phuong trinh duong phén giac trong géc A chinh la " = — = e

Bai 11. Trong khong gian Oxyz cho cdc diém A(,2,3), B(4,2,5), C(4,6,5).

Tim tim dwong tron ni tiép I ciia tam gidc ABC.

Loi gidi.

Ta dé dang tinh dugc do dai cac canh cta tam giac ABC 1a AB = \/E,BC =4,CA= \/E .

4.04+29.0B++/13.0C

4+:29++13

Do do, toadd cualla (x,,y,,z,) trong do x,,y,,z, xac dinh nhu sau:

N _4(/13++29+1) , _6V13+2429+8 ] _5V13+5V29 +12
4429413 T 444294413 T 4+29+13

T d6 suy ra 4.J4+~/29.1B+~/13.1C =0 < OI =
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Bii 12. Trong mt phéing toa dp Oxy, cho cdc diém D(0,2), E(2,5), F(3,0). Dung tam gidc
ABC sao cho D, E, F lan lwot la chdn dwong phén gidc géc A, B, C trong tam gidc ABC.

Loi gidi. Ta tinh dwoc DE® = DF* =13, EF* = 26 nén tam gidc DEF vudng can tai D.
Ta s& chimg minh rang tam gidc ABC cin tai A bang cach ching minh cac nhan xét sau

“Tam gidc ABC ¢6 D, E, F lan lwot la chdan dwong phén gidc img véi géc A, B, C. Khi dé
DE = DF khi va chi khi tam gidc ABC cdn tai A hodc tir gidc ADEF néi tiép.”

Huwoéng giai 1. That vay, goi H, K lan luot 1a
hinh chiéu cua D 1én AB, AC. Do DH = DK
nén ADHF = ADKE , suy ra HFD = KED (*).

Ta xét ba truong hop sau

-Néu H, K lan luot thuéc BF va CF thi tir (¥), ta
¢6 ADE = ADF => AADE = AADF(g.c.g), do do

bc AF = bc
a+c a+b
dugc AB = AC hay tam giac ABC can tai A.

nén ta

AE = AF , mi AE =

B D -Néu H khong thudc BF va K khong thudc CE
thi chirng minh tuong tu.

-Néu H thudc BF nhung K khong thudc CE (truong hop nguoc lai tuong tu) thi tir (), dé thay
rang tir giac AEDF ndi tiép.

Nhan xét dugc chung minh.

Tiép theo, ta s& chimg minh nhan xét rang “Néu ABC la tam gidc vuéng nhung khéng cén tai A
vé6i D, E, F lan lwot la chdn dwong phan gidc géc A, B, C thi tam gidc DEF khéng cdn.”

That vay, trong mat phéng toa do Oxy, xét cac diém A(0,0),B(b,0),C(0,c),b,c>0.

Phuong trinh dudng thing BC la %+ Yoloext by —bc =0, phuong trinh phan gidc goc A la
c
x—y =0 nén toa do diém D 1a D( be , be .
b+c b+c
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bc bc

Tacod BC=b*+¢* = AE=—25 = E(0,—25 ) do do
b+b*+c? b+~b* +¢*

2
be Y bc bc
DE* = + — :
(bﬂ‘j [bJrC b+\/b2+c2j

bc bc bc ?
Tuong tu, ta cling c6 DF? = - + . Suyra
et : {b+c b+\/b2+c2j (bwj Y

2 2 2 2
DE:DFQ( bcj+ bc B bc _ bc B bc +( bc}
b+c b+c b+\/b2+6'2 b+c b+\/b2+62 b+c

bc bc bc bc bc bc

bc bc
=N - = - v - e
b+c pib* +c* bHc b+ bt b+ bte b +C?

Sb=cvb+c=2b*+¢*

D@ thiy c4 hai dang thirc déu khong thé xdy ra nén nhan xét dugc ching minh.

Tir hai diéu nay, ta thiy rang néu tam gidc DEF ban dau vudng can thi tam giac ABC phai can, vi
néu xay ra trudng hop tam giac ABC khong can thi tir giac AEDF ndi tiép, ma goc D vudng nén
goc A ciing phai vuong, theo nhan xét thr hai thi day 1a diéu vo 1i.

Huwoéng giai 2. Ta s& chimg minh cic nhan xét tryc tiép bang cach bién ddi dai sb. Ta co

ab j:_( ab jz_z ab ’ ab ‘a2+b2—c2

DE? =CD?+CF?*-2CD.CF .cosC =( .
b+c b+c c+a 2ab

c+a
B a’bh’ [(b +c) +(c+ a)z}— ab(b+c)(c+a)(a® +b* —c?)
- (b+c)(c+a)

a’c? [(b +c) +(a+b) } —ac(b+c)a+b)(c* +a* -b?)
(b+c)’(a+b)

Tuong tu, ta cling c6 DF’ =

Néu DE = DF thi cho hai biéu thirc trén bang nhau, quy ddng va phén tich thanh nhan tir, ta c6

abe(b—c)b+c)a’ +a*b+a’c—b’ —ab® —c* —ac® —bc* —b*c—abc) =0

sb=cv(a+b+c)a®-b*—c*)=abc

Dén ddy, ta thiy rang tam giac ABC phai can hodc ti tai A, tiép tuc chirng minh nhan xét thir hai
dé suy ra tam giac ABC can tai A.

Tré lai bai toan da cho, ta c6 cach dung hinh nhu sau
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-Duong thing d qua D, song song v6i EF chinh 1a duong thang chira canh BC. Ta c6
EF = (1,-5) nén dudng thing BC 1a 5(x—0)+(y—2)=0< 5x+y-2=0.

-Tam giac BEF can tai F (do EBF = FEB = %A/Z-?E' ) nén B chinh 13 giao diém cua duong tron

(E,EF) vo6id. Ta xét hé phuong trinh

-3  —1453

Sx+y-2=0 y=-5x+2 r= 7 V= >
f P
(x=3)*+)* =26 (x=3)*+(5x-2)* =26 1+3 —1-53
x= , V=
2 2

Ta can chon diém nam khac phia v6i D so véi hinh chiéu cua F 1én d. D& thdy goc BDF = 45°

\/% 1+\/§ —1—5\/§J
5 .

nén BD > DF.cos45° = - Thir truc tiép, ta duogc B( 5

-Do C dbi xing v6i B qua D nén C( 5

~1-3 9+5\/§J
> .

-Diém A 14 giao diém cua trung truc EF véi dudng thing BF, ma trung tryc EF la

10-133

(x—0)—5(y—2)=0< x—5y+10=0, dudng thing BF 1a x+Ty=3. Ta ¢6 hé phuong

Xx—5y+10=0 L1553
. 6
trinh sau 10—13+/3 =
)C+T\/_y:3 _15+\/§

6

Vay toa do cac dinh cta tam gidc ABC can tim 1a

A(15+5J§ 15“/5},3{1“/5 —1—5\/5}(:[—1—\/5 9+5\/§J'

6 6 2 72 2 72

Nhan xét. Ta thdy rang trong cdc bai todn néu trén, néu khong sir dung phirong phdp vecto ma
diing cong thire dwong phdn gidc thi viée viét dwoc phwong trinh dé ciing la chuyén khong don
gidn hon nita, dé tim giao diém ciia hai dwong thang trong khéng gian khé hon trong mdt phang
rdt nhiéu. Tham chi cach ding cdc vecto nhie trén la cdch duy nhat dimg dé gidi quyét cac bai
todn lién quan dén dwong phan gidc va tam dwong tron ndi tiép ciia tam gidc trong khong gian.
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I11. Bai tap ap dung.
Bai 1. Cho tam giac ABC ndi tiép (O) c¢6 cac phan giac AD, BE, CF (v6i D, E, F lan luogt thudc
cac canh BC, CA, AB). Goi M, N, P lan luot 13 giao diém ctua AD, BE, CF véi (O).

AD + BE + cF > 2 Ding thirc xdy ra khi nao?
AM BN CP 4

Chirng minh rang;

Bai 2. Cho tam giac ABC c6 cac phan giac AD, BE, CF. Chitng minh ring 45

DEF = SABC :

Bai 3. Chirng minh cac tinh chét vé duong ddi trung.

Cho tam giac ABC c6 trung tuyén AM, phan gidc AD va AS dbi xting véi AM qua AD. Khi do,

AR dugc goi la duong dbi trung ciia tam giac ABC.

RB > AR _ 2bc

RC p*" AM b+

b. Céc duong ddi trung BS, CT duoc xac dinh tuong ty. Chimg minh ring: AR, BS, CT
dong quy tai mot diém.

a. Chirng minh rang;

c. Chirng minh tia AS di qua giao diém cua hai tiép tuyén tai B va C ctia duong tron (ABC).
Bai 4. Cho tam giac ABC thoa man 2(sin A +sin B +sin C) + tan 4 = 0 . Chirng minh rang chan

dudng phan giac goc A cach déu chin duong phan giac goc B va goc C.

Bai 5. Cho tam gidc ABC nhon, khong can, ngoai tiép duong tron (I) ¢6 H 1a chan dudng cao
g véi goc A. Goi M 14 trung diém BC. Biét rang trung truc HM di qua I. Ching minh rang do
dai cac canh cua tam giac 1ap thanh mot cép sd cong.

Bai 6. Cho tam giac ABC ngoai tiép duong tron (I). Tiép diém cua (I) Ién BC, CA, AB lan luot
14 D, E, F. Poan AD cit (I) tai M. Puong thing qua M vudng goc v6i AD cit EF o N,

Chirng minh ring AN song song v6i BC.

Bai 7. Cho tam gidc ABC c6 BC la canh nho nhat; cic dudng phan giac trong AA', BB, CC'
déng quy tai I va theo thu tu cit cac canh BC, CA, AB tai A', B', C'. Gia st ban kinh céc duong
tron ndi tiép cac tam gidc I4'B',I4'C' bang nhau. Chirng minh tam giac ABC cn tai A.

Bai 8. Cho tam giac ABC véi (I) 1a duong tron ndi tiép. Tiép diém cia (I) trén BC, CA, AB lan
luot 14 D, E, F. Goi M, N, P 1an luot 1a diém chung cua céc cap dudng théng
(EF,BC),(DF,CA),(DE, AB) . Chiing minh réng M, N, P théng hang.

Bai 9. Cho tam gidc ABC ¢ AB < AC vé&i BD 1a dudng trung tuyén, duong phan giac BE.
Puong thang qua C vudng goc voi BE o F va cit BD ¢ G. Goi K 1a trung diém ciia GE.

Chirng minh rang D, K, F thang hang.
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Bai 10. Cho tam gidc ABC nhon, dudng tron (I) ndi tiép tam giac tiép xic véi cac canh BC, CA,
AB lan luot tai K, L, M. Puong thang qua B va song song véi MK cit LM, LK lan luot 0 R, S.
Chirng minh rang goc RIS nhon.

Bai 11. Trong mat phéng toa do Oxy, cho céac diém M (1, 0),N(5,0),P(3,2\/§) )

Viét phuong trinh cac canh ctia tam gidc ABC nhan cac diém M, N, P lam chén céc duong phan
gidc trong tng véi cac dinh A, B, C.

x=1+3¢

. , +y+z=3
Bai 12. Trong khong gian Oxyz, cho hai duong thang (d, )y =2+2¢ va (dz){)C yre

2x—yp+dz=1
z=3+¢ Xoy+az

Viét phuong trinh duong phéan gidc goc nhon tao boi hai duong thing nay.

* Tai liéu tham khdo.
(1) NXB Gi4o duc, “Tuyén tap 10 nim Olympic 30-4”.
(2) Nguyén Minh Ha, “Chuyén dé nang cao hinh hoc 10",
(3) Hoang Quéc Khanh, “Ung dung cua cuc va ddi cuc”.

(4) Tai li€u trén cac dién dan http://mathlinks.ro, http://mathscope.org, http://math.vn
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