LOI GIAI BE THI HSG THANH PHO HA NOI MON TOAN 9
Nim hoc 2023-2024

1. Bail

1. Giai phuong trinh sau  vx*+2x+6+x*=V2x+2—x+3

2. Cho cac so thuc a, b, ¢ thdéa man dong thoi cac dicu kién
a _ 8b> _ ., 2¢
——=b,——=cva—

a+1 4b°+1 c'+1

Tinh gia tri cua bi€u thirc P=a +b +c

=a.

Loi gidi.
1. BPKXP: x>—1. Khi @6
VX +2x+6+Xx°=V2x+2—x+3

S VX 4+2x+6-3+x*+x—2=V2x+2-2

- x’+2x-3 lxa2][x—1)= 2X=2
VX +2x+6+3 ’ V2x+2+2

x=1 *

< x+3 +x+2= 2 ( )

VX2 +2x+6+3 V2Xx4242

Ta thdy & phuong trinh (*), do diéu kién x>—1nén VT > 1 > VP. Do d6
phuong trinh ¢6 nghiém duy nhat x = 1.

2. Tur gia thiét ta suy ra a, b, ¢ >0.

Néu trong ba sb a, b, ¢ ¢c6 mot sd ¢d gia tri bﬁng 0, gia stta = 0. Khi do
b=0 va kéo theo ¢ =0. Ta c6 P=0+0 +0 = 0. Tuong tu, néu b = 0 hoic
c=0 cling kéo theo (a,b,c) = (0,0,0), din dén P=0.

Gia st a, b, ¢ > 0. Khi d6 . theo bat déng thire CO6 si ta ¢co
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2c” _2¢
c’+1 2c

a= =C
2 2
__8b° _8b°_

= <=—=2b
©T 4pi+1 4D




(12 C12 a
= S—:—
b a’+1 2a 2

, , A ) . ) . 1 .
DodotacoaSCSZbSa.Dau=Xayrakh1Vachlkhla=1,b=§,c=1.Kh1

dc’)P=%

Vay P=0hogc P= 2

2. BAI2
1. Tim tat ca sd nguyén duong n dé 3n+ 1 va 12n — 11 1a céc s6 chinh
phuong.

2. Cho P(x) = ayx*+a,xX**'+a,x**+...+ay,, 13 da thirc voi hé sb thuc
thoa man dong thoi cac diéu kién P(k) = k—_{l v6ik=0,1,2...,2022.
Tinh gia tri P(2023).
Loi gidi.

1. Taco3n+ 1 1a s6 chinh phuwong nén 12n + 4 = 4(3n + 1) 1a s6 chinh
phuong.

Pat 12n+4 = x*; 12n— 11 = y* v6ix >y € N.

Ta dugc x*—y’=(x—yl|(x+y|=15nén x +y, x — y € U(15) va
x+tyz2x—-y>0.

Tt d6 c6 cac TH sau :

e THI: );-I-_yy=:115 ,gldiray=7nénn=>5.
e TH2: ;i};]zg ,gldiray=1nénn=1.

Thir lai ta thdy thoa méan.

Vay n € (1;5).

2. Xét da thirc f(x) = (x+1)P(x) -1 . Pa thirc f(x) ¢ bac 12 2023, hé s6 cao
nhét 13 a,. Vi da thiec nhanx =0, 1, 2,..., 2022 1a nghiém nén da thirc f(x)
co dang

f(x) =apx(x - 1)(x - 2)...(x — 2022).
Do d6 ta c6 2024P(2023) — 1 =(2023) =2023! . a,
Bay gio ta s€ tim a,.



Ta co:
-1=(-1+1DP(-1)-1=A1(-1)
=ay(-1)(-1 = 1)...(-1 = 2022)

= -a,2023!
Do d6 a, = 2023, Thé nén £(2023) = 2023! 2023, =1
X o141 21
Vay P2023) = 5050 = 2004 = To12
3. BAI3

Véi a, b, ¢ 1a cac s6 nguyén duong thoa man diéu kién a + b + ¢ = 16. Tim gia tri
16n nhat, nhé nhat cua biéu thirc

a+b b+c c+a
+ +

b= c a b

Loi gidi. Taco
P+3=16|1+7+).
c

. 2 A . , 1 11
Do d0, ta chi can tim min, max cua B = PR

Khéng mat tinh tong quat, gia str a<b<c. Tir gai thiét suy ra 6 <c<14.

Tim gi4 tri nhé nhat:

1 4 1
Khidé B = +b c 16—c+z'
Ta s& chirng minh: %+% o+ That vay, BDT do tuong duong véi
3c+16 _ 17
>
c(16—c) 30
& 90c + 480 >272¢-17¢"
©17¢°—182¢+480=0
& (c-6)(17c - 80) 20 (dung, do c =6).
Vay gia tri nho nhat cua P = 1017 31

30 15°



D&du bang xdyrakhia=b =5, c = 6.

Tim gia tri 16n nhat:

~ , . 1.1 PO . I
Ta sé ching minh: RIS 1+ That vay, BDT do tuong duong voi

b a+b—1"

a+b< a+b
ab “a+b-1

a+b-1c<ab
e (a-1)(b-1) >0 (ding)

1

Ta tiép tuc chimg minh B <2+-7. , BDT nay tuong

Khi d6, B 31+%+

duong voi

15—c¢”

Betu
& c(15-c) 214
s (c-14)(c-1) <0,
luén dung, vi 6<c<14.

1629 ,_211
14 7

Vay gia tri 1é6n nhat cua P =

Diu bang xdyrakhia=b =1, ¢ = 14.

4. Bai4
Cho tam gidc ABC vuong tai A (AB < AC ) noéi ti€p duong tron
(0). Céc tiép tuyén tai A va C ctia duong tron (O) cat nhau tai
S. Trén tia doi cta tia CA 1dy diém M(M=#C). Qua S ké duong
thang vudng goéc véi OM, cdt duong tron (O) tai hai diém phan
biét E va F (E nam gitta S va F).

1. Chtrng minh rang duong thang ME Ia tiép tuyén cua (O).
2. Goi D la chan duong vuong goc ké tir M xuéng duong
thang BC. Chimg minh EC la tia phan gidc cta géc FED



3. Goi P,Q lan luot 1a giao diém ctia MD véi hai duong thang
BE va BF. Goi K la tam duong tron ngoai ti€p tam giac
BPQ. Chirng minh rang géc FDK=90°.

Loi giai.
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. Goi T la giao diém cua OS va AC, N la giao diém ciia OM
voi EF.

, n OS ON
Ta coO £STM=4SNM=90° nen AONS~AOTM.Suy ra —=——

OM OT"
Tw doé
ON .OM = 0OS . OT = 0C*=0E*=0F",



Suy ra £OEM=<0FM=90° hay ME va MF la hai ti€p tuyén
cua (O).

2. V6i P, Q la giao diém cta MD véi BE, BF. Ta c6
£ MEP=90°— £ OEB=90°— 2 OBE= £ EPM,
Suy ra MP=ME.
Tuong tw MQ=MF. Suy ra MP = ME = MQ = MF
Tw d6 £ QEP=90°= £ CEP.
Suy ra E, C, Q thdng hang. Twong tu F, C, P thdng hang.

Ta thu duoc tam gidc BPQ cé BD, QE, PF la 3 duong cao dong
quy tai C.

Tw do

A BEF ~ A BQP ~ A DEP,
Dan dén < BEF= £ DEP.
Cu6i cung ta thu dwgc £CEF=<%.

3. Ta c6 C la truc tam cua tam gidc BPQ, K 1a tam duong tron
ngoai ti€p tam giac BQP nén BC = 2KM. Suy ra OC = KM

Do £DCM=£OCT=£0SC,suyra ACDM ~ A SCO. Tr d6
CD _SC_ SC
DM CO0 MK’
Suy ra ASCD~AKMD(c.g.c), kéo theo £SDC=<MDK. Tlr d

£LSDK=4CDM=90°,

5. Baib
1. Tim tat ca cac s6 nguyén t6 m, n, p thdéa man
m’+3n°+5 p°—8mnp=0.
2. Cho da giac déu A.A,...Ax;-Goi S la tap hop gom céc trung
diém cla cac doan thang AA;(1<i<j<2023) va M la tong do dai
cla tat ca cdc doan thang c6 hai dau mut 1a hai diém thudc S.



Goi N 13 t6ng dd dai ctia tat cd cdc doan thang AA;(1<i<j<2023),
Chimg minh rang M < 1011°N.

Lot giat.
1. Ta viét lai gia thiét nhw saui:
() m*+3n°+5 p’=8mnp.

Xét tinh chia hét cho 2 hai vé& cua biéu thirc, ta thay ton tai mot
trong 3 s6 m, n, p phai la s6 chan, nén s6 d6 phai bang 2.

Xét tinh chia hét cho 3 hai vé cta bi€u thirc. Néu ba s6 déu
khong chia hét cho 3 thi m*,n*,p’=1  (mod 3).

Suy ra VT, chia hét cho 3, VP;) khong chia hét cho 3, vo li.

Do do, ton tai it nhat mot trong ba sé6 la 3.

e Néum = 3 hoac p = 3, do VPuchia hét cho 3nén cam, p
déu phai chia hét cho 3, dandénm =p = 3, n = 2. Thu
lai ta thay khong thoa man.

e Néun = 3, ta xét 2 TH sau:

TH1: m = 2, n = 3. Thay vao phuwong trinh ta dwoc 31 +5p°=48p
. Phuong trinh nay khéng c6 nghiém nguyén.

TH2: n = 3, p = 2. Thay vao phwong trinh ta duwoc m*+47=58m,
suyram = 47.

Vay (m,n,p) = (47,3,2).

2. Goi E; la trung diém ctua doan AA,. Ta cé
1 1
M== Z By Z Eithk
2 1<i#j<2023 2 1<h#k<2023
N =+ A A

i“rj
2 1<i#j<2023

7 4 o / Ve 1
Xet twr giac AiA;AA, ta co EU-EhkSE(AiAﬁ A;A). Suy ra

1 1
M=§ Z E Z Eithk

1<i#j<2023 1<h#k<2023
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1<i<h<2023

Z AiAh

1<h#k<2023

N | =
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